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SUMMARY 

In order to minimize the deflections at the top of high-ri se building structures due to lateral 
loading, efficient lateral bracing systems have been developed. One of these lateral bracing sys
tems is the rigger braced structure. 
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Figure I . Rigger braeed structures 

Rigger braced structures can be categorized into outrigger braced structures, facade rigger 
braced structures, and belt trussed structures as shown in Figure l(a-c). For c1arity only the ma
jor structural elements that participate in resisting the lateral loading are shown. These struc
tures consist of a central core, comprising trussed frames or shear walls, which is connected to 
one or more peripheral columns by a bracing system. When a rigger braced structure is sub
jected to lateral loading, tensile forces are introduced into the windward columns and compres
sive forces into the leeward columns. These axial forces form a restraining moment M r th at re
duces the core moment and thus the deflection at the top of the structure as shown in Figure 2. 
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Figure 2. Bending moments and lateral deflections 
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Figure 3. Shear lag in flang e frame 

Methods of analysis for preliminary design of flexible outrigger and facade rigger braced struc
tures have already been developed. These methods of analysis can be used to estimate the opti
mum rigger location, the core moment, and the deflection at the top of the structure. The objec
tive of this research project was to develop a method of analysis for preliminary design of high
ri se building structures with a flexible belt truss subjected to lateral loading. The existing 
method of analysis for facade rigger braced structures has been expanded to inc1ude an equiva
lent flange frame parameter À to take shear lag in the flange frames into account (Figure 3). The 
equivalent flange frame parameter ), expresses the contribution of the inner flange frame col
umns to the axial stiffness of a single corner column and is only dependant on the structural pa
rameter ç. The structural parameter ç is the ratio between the axial stiffness of the flange frame 
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columns and the stiffness of the belt truss. Figure 4 shows the equivalent flange frame parame
ter À as a function of the structural parameter ç for flange frames with up to ten supporting col
umns . A numerical analysis has been performed to investigate the validity of several simplify
ing assumptions whlch are made in the manual method of analysis, e.g., neglecting shear lag in 
the web frames . It shows th at for realistically dimensioned structures, the assumptions introduce 
only small errors. 
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Figure 4. Equivalent flange frame parameter À. 

The optimum location of a belt truss, whlch is defined as the location for which the deflection 
reduction has a maximum value, can be deterrnined by maximizing the reduction in lateral de
flection due to the restraining moment Mp It appears that the solution of the optimum location 
of the belt truss is rather complex in case shear lag in the flange frames is taken into account. 
Several methods have been suggested to approximate the optimum location of the belt truss. 
The approximate method in which shear lag in both the web and flange frames is neglected, 
gives an accurate predication of the optimum location of the belt truss. 
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Figure 5. Value offunction L 

The expres sion for the equivalent flange frame parameter À differs for every number of flange 
frame columns. By treating the flange frames as beams on elastic foundation, these different ex
pressions can be replaced by a single expression. The equivalent flange frame parameter À now 
depends on the number of bays nr and on the value of L whlch is a function of (Rr (Figure 5) . 
The structural parameter (Rr is the ratio between the axial stiffness of the foundation and the 
stiffness of the beam. For beams with little stiffness, the prediction of the equivalent flange 
frame parameter À by the continuous method is inaccurate and therefore, several correction fac
tors have been proposed. An analysis of various belt trussed structures showed that the continu
ous method with correction factor can be used to obtain an accurate prediction of the core mo
ments at the base and the deflections at the top. 
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bending stiffness of belt truss section in web frame 
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bending stiffness of core 
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force 
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CHAPTERI 
Introduction 

1.1. Rigger braeed structures 

In today's building practice, structures are getting taller and their height-to-width ratio in
creases. Because of the increased height-to-width ratio, there is relatively less space for efficient 
bracing which may lead to excessive deflections at the top of these structures. The rigidity and 
stability of high-rise building structures thus dominate the structural design. In order to mini
mize the deflections at the top of these structures, efficient bracing systems have been devel
oped which increase the rigidity of the structure. One of these bracing systems is the rigger 
braced structure. 
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Figure 1.1. Rigger braeed structures 

Rigger braced structures can be categorized into outrigger braced structures, facade rigger 
braced structures, and belt trussed structures as shown in Figure 1. I (a-c), where for clarity only 
the major structural elements that participate in resisting the lateral loading are shown. These 
structures consist of a central core, comprising trussed frames or shear waUs, which is con
nected to one or more peripheral columns by a bracing system. The connected columns partici
pate in resisting the lateral loading and therefore, the rigidity of the structure is increased. 
In outrigger braced structures, the core directly interacts with the columns at the outrigger ends. 
In facade rigger braced structures and belt trussed structures, however, the core interacts with 
the peripheral columns through the floor diaphragms adjacent to the top and bottom chords of 
the riggers. Facade rigger braced structures are basically outrigger braced structures where the 
outriggers are uncoupled from the core and moved parallel to the facade structure of the build
ing . The advantage of this configuration is that there are no obstructions at floor level due to the 
diagonals of the outriggers. Belt trussed structures are similar to facade rigger braced structures 
with the exception that also the columns in the frames perpendicular to the lateral loading are 
connected by a belt truss to participate in resisting the lateral loading. In addition, belt trusses 
increase the stiffness of high-rise building structures in both major wind directions . 
Outriggers, facade riggers, and belt trusses can be combined to stiffen cores in high-rise build
ing structures. The structural floor plans in Figure I.2(a-f) give an overview of the various com
binations of rigger braced structures for the given wind direction. Most common are the outrig
ger braced structures (a), belt trussed structures (e), and belt trussed structures in combination 
with outriggers (f). The structure shown in Figure I.2(e) is the subject of this study. 
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Figure 1.2. Overview of the various combinations of rigger braeed structures 

1.2. Preliminary design 

In an early stage of the design, it is important for a structural engineer to come forward with al
temative structural solutions and being able to estimate the overall dimensions of the different 
structural elements. Simple methods of analysis have been developed to facilitate evaluating 
these structural solutions. By using these methods, it is possible to obtain an indication of the 
forces in the structural elements and the deflections at the top of these structures. Simple meth
ods of analysis with accurate results can thus be very useful for a well-considered choice of a 
bracing system. For preliminary analysis of flexible outrigger and facade rigger braced struc
tures, simple methods of analysis have already been developed. 
Belt trussed structures can be analysed by using the method of analysis for facade rigger braced 
structures. The contribution of the additional columns in the frames perpendicular to the lateral 
loading is then neglected. When the belt truss is assumed to be infinitely rigid, the contribution 
of the additional columns can simply be taken into account. However, this gives an overestima
ti on of the restraining effect of the belt truss for belt trusses with finite stiffness. 

1.3. Objective 

The objective of this research project is to develop a method of analysis for preliminary design 
of high-ri se building structures with a flexible belt truss subjected to lateralloading. Therefore, 
the existing method of analysis for facade rigger braced structures will be expanded to include 
the additional columns perpendicular to the lateral loading. The method of analysis can be used 
to estimate the optimum belt truss location, the core moment, and the deflection at the top of the 
structure. 

1.4. Outline of the report 

Several studies of rigger braced structures have been published since 1975. In Chapter 2, sum
maries of relevant studies for this research project are given. Chapter 3 describes the behaviour 
of outrigger and facade rigger braced structures in detail. In addition, the methods of analysis 
for both types of structures are discussed. Chapter 4 starts with a description of the behaviour of 
belt trussed structures. Subsequently, the existing method of analysis for facade rigger braced 
structures is expanded to include the additional columns perpendicular to the lateral loading. 
The solution of the optimum belt truss location is also discussed. Moreover, a simplification for 
the method of analysis is proposed by using beams on elastic foundation and an example is 
given to illustrate the various methods of analysis for belt trussed structures. Chapter 5 is con
cemed with an error analysis to investigate the validity of the various methods of analysis. Fi
nally, conclusions and recornrnendations are given in Chapter 5. 
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CHAPTER2 
Literature 

The first artic1es about rigger braced high-ri se building structures appeared in the seventies, sev
eral years af ter the introduction of the bracing system. A method of analysis for preliminary de
sign of high-rise building structures with belt trusses was introduced by Taranath (1975). Struc
tures with one and two rigid belt trusses were studied. The deflections at the top of the struc
tures were assumed to be only dependant on the belt truss locations. It was shown th at the opti
mum location of a single belt truss is at 0.455H from the top, where H is the building height. 
The optimum locations for two belt trusses were found by using a computer model of a 46-
storey high building. Figure 2.1 shows the results. It was conc1uded that several combinations of 
belt truss locations result in deflections near to the optimum solution. 
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Figure 2.1. Optimum belt truss location (Taranath, 1975) 

McNabb and Nuvdi (1975) showed that the deflection at the top of a belt trussed structure de
pends on both the belt truss location and the structural properties of the core as well as the struc
tural properties and spacing of the exterior columns. The optimum location of a single belt truss, 
as found by Taranath, was verified. 
Later on, McNabb and Nuvdi (1977) studied structures with two rigid belt trusses and showed 
that the optimum locations of the trusses are at 0.312H and 0.685H from the top. It was also 
conc1uded that each additional belt truss has a smaller effect on the reduction of the deflection at 
the top of the structure. 
Multi-outrigger braced structures were studied by Stafford Smith and Nwaka (1980). Formulae 
were developed for estimating the core moment and the deflection at the top of the structure for 
any number of outriggers at any levels. In addition, formulae were derived th at allow the opti
mum location of the outriggers to be determined. It was conc1uded that locating the outriggers at 
equidistant height intervals, but omitting one at the top, results in deflections near to the opti
mum solution. Moreover, Stafford Smith and Nwaka verified th at each additional outrigger has 
a smaller effect on the reduction of the deflection at the top of the structure. It was thus sug
gested that no more than four outriggers can be justified. 
Multi-outrigger braced structures with flexible outriggers were studied by Stafford Smith and 
Salim (1981). The method of analysis requires three stiffness parameters: the bending stiffness 
of the core and the outriggers, and the axial stiffness of the exterior columns. It was noted that 
both the optimum location of the outriggers and the deflection at the top of the structure are in-
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fluenced by outrigger flexibility. Graphs were derived for an assessment of the optimum loca
tion of the outriggers as a function of a characteristic structural parameter as shown in Figure 
2.2. The characteristic structural parameter consists of the core to column and core to outrigger 
stiffness ratios. 
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Figure 2.2. Optimum outrigger location (Stafford Smith and Salim, 1981) 

In all preceding studies, elements are assumed prismatic and the distribution of the lateral load
ing is uniform. Non-prismatic elements and triangularly distributed lateral loading for a single 
flexible outrigger were studied by Boggs and Gasparini (1983). The perimeter column and core 
stiffnesses were assumed to vary linearly along the height of the structure, with a constant pe
rimeter column to core stiffness ratio. It was concluded that the results for uniform and triangu
lar lateralloadings are not significantly different. Moreover, it was shown that the optimum out
rigger location shifts towards the top when non-prismatic cores and columns are used. 
Rutenberg and Tal (1987) studied non-prismatic elements and non-uniforrnly distributed lateral 
loading for one and two outriggers with one outrigger fixed at the top. Two methods of stiffness 
variation along the height, with a constant perimeter column to core stiffness ratio, were studied . 
The first is where the axial stiffness of the perimeter columns and the bending stiffness of the 
core were taken to be constant between two adjacent outriggers. In the second method, the stiff
nesses were varied linearly along the height of the structure. Furthermore, various lateral load
ing distributions were taken into account. It was concluded that several combinations of outrig
ger locations result in deflections near to the optimum solution. In addition, it was shown that 
the results for uniform and triangular lateralloadings are not to be significantly different. 
Coull and Lau (1989) developed an approximate analysis of multi-outrigger braced structures 
based on the continuous medium theory. An uniform bracing medium along the height of the 
structure was used to represent the outriggers. The accuracy of the method of analysis for struc
tures with a small number of outriggers was determined by comparing the results with data ob
tained from the study by Stafford Smith and Salim (1981). The method of analysis showed to be 
reasonably accurate even for a small number of outriggers. Graphs were derived for an assess
ment of the deflections and the core base moments for any number of outriggers as a function of 
two characteristic structural parameters. 
Facade rigger braced structures were studied by Hoenderkamp and Snijder (2000) . The behav
iour of the facade rigger braced structure can be described by a single parameter, similar to that 
of outrigger braced structures with flexible outriggers. However, the characteristic structural pa
rameter now includes the racking shear stiffness of the facade riggers. The graphs for outrigger 
braced structures, earlier presented by Stafford Smith and Salim (1981), can also be used for fa
cade rigger braced structures. 
Later on, Hoenderkamp and Snijder (2003) studied facade rigger braced structures of which the 
core comprises trussed frames instead of concrete walls. The method of analysis requires a fifth 
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stiffness parameter: the racking shear stiffness of the trussed frames. It was conc1uded th at the 
optimum location of a facade rigger depends on two characteristic structural parameters. For a 
single facade rigger, the optimum location was plotted in a graph as shown in Figure 2.3. 

0.2 r---~--~----~--~----~--~----~--~----~--~ 

0.3 

~ 
c 
S 
;;; 

0.4 u .s ... ., 
Ol} 
Ol} 

VaJues o f fJH ei: 
- > JOO 

0.5 -0- 10 -- 6 
-0- 4 

3 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1.0 

Yalue of (J) 

Figure 2.3. Optimumfacade rigger location (Hoenderkamp and Snijder, 2003) 

Outrigger braeed structures of which the core comprises trussed frames were studied by 
Hoenderkamp and Bakker (2003). The method of analysis also requires five stiffness parame
ters. The optimum location of a single outrigger was plotted in a graph which is similar to the 
graph derived for facade rigger braeed structures of which the core comprises trussed frames. 
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CHAPTER3 
Basic theory 

3.1. Outrigger braeed structures 

3.1.1. Behaviour 
Outrigger braced structures consist of a central core, comprising trussed frames or shear walls, 
and one or more outriggers which extend from the core to the exterior columns. Figure 3.1 (a-b) 
shows a doubly symmetric structural floor plan of an outrigger braced structure and the corre
sponding mechanical model of the structure. Because of symmetry of the structure about the x
axis, only one half of the structure needs to be represented in the mechanical model. The me
chanical model can be simplified further as shown in Figure 3.2(a). 
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(a) Structural floor plan (b) Mechanical model 

Figure 3.1. Outrigger braeed structure 

When the structure is subjected to lateral loading, tensile forces are introduced into the wind
ward columns and compressive forces into the leeward columns as shown in Figure 3.2(b). 
These axial forces form a restraining moment that reduces the core moment and thus the deflec
tion at the top of the structure. Figure 3.2(c) shows the moments in afreestanding core and in a 
braced core. At outrigger level, the braced core moment is reduced by the restraining moment 
Mr formed by the axial forces in the exterior columns. The magnitude of the reduction depends 
on the stiffnesses of the core, the outriggers, and the exterior columns as weil as on the outrigger 
location up the height of the structure. 
It should be noted that the shear forces in the core are not reduced because the shear stiffness of 
the core is much higher in comparison to the shear stiffness of the peripheral columns and the 
peripheral columns are pin-connected to each other and to the foundation. 
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Figure 3.2. Outrigger braeed structure 
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3.1.2. Method of analysis 
A method of analysis for outrigger braced structures, which was earlier presented by Stafford 
Smith and Salim (1981), will be discussed. This method of analysis forms the basic theory that 
is used for the analysis of facade rigger braced structures. Several simplifying assumptions have 
been made: 

• The structure behaves linear elastically; 
• The core is rigidly fixed at the base; 
• All outriggers are rigidly connected to the core and pin-connected to the exterior colunms; 
• Only axial forces are introduced into the exterior colunms; 
• The in plane stiffness of the flOOf diaphragms is infinite and the out of plane stiffness of the 

flOOf diaphragms is negligible; 
• The sectional properties of the core and the colunms remain constant up the height; 
• The distribution of the lateralloading is uniform; 
• The structure is symmetric about the x-axis. 

The deflection at the top of the structure consists of three terms as shown in Figure 3.3: the de
flection of the freestanding core subjected to the fulliateralioading and two reduction terms due 
to the restraining moment. 

J,op 
~-~ 

J[ 
/'-( 

J22 ~ ("2 [ 
~.~~ - - .1< - -- - x - - , - -- - " - -w - w - + H - -- -- - '~ Elw - -- -- -- -

Figure 3.3. Deflection at the top of the structure 

The deflection at the top of the structure is gi ven by 

8 = wH 4 
_ Mr(H -xr)2 _ Mr(H -xr) x = wH 4 

_ M r(H
2 

-x;) 
top 8El w 2El w El w r 8El w 2El w 

(3.1) 

The restraining moment Mr is the only unknown variable in Equation (3.1). In order to find an 
expression for the restraining moment, the rotation of the core is set equal to the rotation of the 
outrigger at outrigger level as shown in Figure 3.4. 

---- x, 

-----w ___ 
+ H -----------

Figure 3.4. Rotation at outrigger level 
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The rotation of the core at outrigger level is given by 

The rotation due to axial strain in the exterior columns is given by 

20o'c 2M r (H - x r ) 

()o;c = -,,-' = ,,2 EA 
c 

where the axiallengthening and shortening of the exterior columns is 

o = F(H -xr) 
o;c EA 

c 

and Fis the force in the exterior columns which can be deterrnined by 

F=M r 

" 
The rotation due to the bending of the outrigger is gi ven by 

() = M r
" 

o;b 12EI 
o 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

Setting the rotation of the core equal to the rotation of the outrigger at outrigger level yields 

thus 

The expression for the restraining moment Mr becomes 

M - w(H -xr) _1_+_2_ H-x +_,,_ 3 3 {( 1 }-l 
r - 6E1w E1w ,,2EAç ( r) 12E1o 

Introducing flexibility parameters for the vertical and horizontal structure 

and 

s --"
h - l2E1o 

8 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11 ) 



the second term on the right hand side of Equation (3 .9) can then be simplified, resulting in 

(3 .12) 

Substituting Equation (3.12) into Equation (3.1) results in an expression for the deflection at the 
top of the structure 

(3.13) 

The optimum location of the outrigger to give minimum deflection can be found by maximizing 
the reduction term of Equation (3.13). Simplifying the reduction term yields 

where x is the outrigger location parameter, defined as 

- x r x =-
H 

(3.14) 

(3.15) 

and 0) is a single parameter defining the deflection behaviour of the outrigger braced structure 

(3.16) 

The reduction can be maximized by differentiating Equation (3.14) with respect to x, setting it 
equal to zero, and sol ving for x. 

(3 .17) 

Solving Equation (3 .17) yields five solutions for the optimum location of the outrigger. Only 
one of these is a practical solution for va lues of the characteristic structural parameter 0) and 
outrigger locations x between 0 and 1. Figure 3.5 shows the optimum outrigger location for a 
range of the characteristic structural parameter 0) . 
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Figure 3.5. Optimum outrigger location 

3.2. Facade rigger braeed structures 

3.2.1. Behaviour 

0.8 0.9 

Facade rigger braeed structures consist of a central core, comprising trussed frames or shear 
waUs, and trusses in both facade frames connecting the facade columns. Figure 3.6(a-b) shows a 
doubly symmetrie structural floor plan of a facade rigger braeed structure and the corresponding 
mechanical model of the structure. Because of symmetry of the structure about the x-axis, only 
one half of the structure needs to be represented in the mechanical model. Since all connections 
in the end-frames are pinned the mechanical model can be simplified as shown in Figure 3.7(a). 

Facade rigger -+ 

-+ 

'- .---__ -.----;-..--------. 3 

Facade frame { -,,-;, __ .--"t_c--,-ir_e.L.~_' --,,: ~ 
I : I 

-+ 

-+ 

-+ 

-+ 

w-+ 
-+ 

-+ 

H 

I -+ 

-+ 

-+ 

-+ 

)( 

Core 2 3 

(a) Structural floor plan (b) Mechanical model 

Figure 3.6. Facade rigger braced stntcture 

When the structure is subjected to lateralloading, the floor diaphragms transfer the lateral load
ing to the core. The resulting bending moments and shear forces cause the core to deflect. Since 
the floors are assumed to be infinitely rigid in their own plane, the core and all peripheral col
umns on a particular level are subject to identical lateral deflections. At facade rigger level, the 
inter-storey deflection of the core is restrained by the facade riggers and rotation of the facade 
rigger is restrained by the columns in the facade frame as shown in Figure 3.7(b) . This restrain
ing action results in a couple which is transferred between the facade rigger and the core by 
means of shear forces in the floor diaphragms adjacent to the top and bottom chords of the fa
cade rigger. The restraining moment reduces the core moment and thus the deflection at the top 
of the structure. 
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(a) Simplified mechanical model 

-+ 
-+ 

-+ 
-+ 
-+ 

w -+ 
-+ 
-+ 
-+ 
-+ 
-+ 
-+ 
-+ 
-+ 

'-v-' 
Core 

Inter-storey 
deflection 

,~---j 

'--,--' 

Facade frame 

(b) Deformation 

Figure 3.7. Facade rigger braeed structure 

3.2.2. Method of analysis 

H 

A method of analysis for facade rigger braced structures, which was earlier presented by 
Hoenderkamp and Snijder (2000), will be discussed. This method of analysis forms the basic 
theory that is used for the analysis of belt trussed structures. Several simplifying assumptions 
have been made: 

• The structure behaves linear elastically; 
• The core is rigidly fixed at the base; 
• All connections in the facade frames are pinned; 
• The facade riggers are connected to the structure at the columns only; 
• Shear lag in the facade frames is neglected; 
• Axial strain of the vertical members of the facade riggers is neglected; 
• The in plane stiffness of the floor diaphragms is infinite and the out of plane stiffness of the 

floor diaphragms is negligible; 
• The sectional properties of the core and the columns remain constant up the height; 
• The distribution of the lateral loading is uniform; 
• The structure is syrrunetric about the x-axis. 

The deflection at the top of the structure is given by 

4 2 2 iJ = wH _ M r (H - X r ) 

top 8El 2El 
w w 

(3.18) 

In order to find an expression for the restraining moment M" the rotation of the core is set equal 
to the rotation of the facade rigger at facade rigger level as shown in Figure 3.8. 
The rotation of the core is given by 

w(H 3 _x3) M (H ) () = r r - x r 

w 6Elw Elw 
(3.19) 

The rotation of the facade rigger due to axial strain in the facade frame columns is 

() = M r (H - x r ) 

r;c El f (3.20) 

where Elf is the bending stiffness of the facade frame which cau be determined using Equation 
(A.Il) in Appendix A. 
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Figure 3.8. Rotarian at facade rigger level 

The rotation due to bending of the facade rigger is given by 

() = M/. 
,;b l2EI , 

rJ 
'" 

'> 
GAr 

H 

77 

e 
"v 

(3.21) 

where El, is the bending stiffness of the facade riggeL The bending stiffness of the facade rigger 
can be obtained from Equation (Al). 
The rotation due to shear deformation of the facade rigger is given by 

() =~ 
,;s hGA , (3.22) 

where GAr is the racldng shear stiffness of the facade rigger wruch can be obtained from Equa
tion (A.6). In Appendix A, the racking shear stiffnesses for severa1 types of bracing are given. 
Setting the rotation of the core equal to the rotation of the facade rigger at facade rigger level 
yie1ds 

thus 

The expression for the restraining moment M, becomes 

M - w(H
3 
-x;) _1_+_1_ H -x +_e_+_l_ 
{() )

-1 

,- 6Elw Elw Elf ( ,) l2EI, hGA: 

Introducing flexibi1ity parameters for the vertical and horizontal structure 

H H 
S =--+

v El wElf 

and 

12 

(3.23) 

(3.24) 

(3.25) 

(3.26) 



l 1 
Sh=--+--

12Elr hGAr 
(3.27) 

the second term on the right hand side of Equation (3.25) can then be simplified, resulting in 

(3 .28) 

Substituting Equation (3.28) into Equation (3.18) results in an expression for the deflection at 
the top of the structure 

5 _ wH _ w(H - X r )(H - X r ) H 4 332 2{ } 
tOP-8Elw 12(E1w)2 Sy(H-xr)+HSh 

(3.29) 

The optimum location of the facade rigger to give minimum deflection can be found by maxi
mizing the reduction term of Equation (3.29). Simplifying the reduction term yields 

where x is the facade rigger location parameter, defined as 

- xr x=-
H 

(3 .30) 

(3.31) 

and w is a single parameter defining the deflection behaviour of the facade rigger braced struc
ture 

(3.32) 

The reduction can be maximized by differentiating Equation (3 .30) with respect to x, setting it 
equal to zero, and solving for x. 

(3.33) 

Equation (3.33) is the same as Equation (3.17) which is used for outrigger braced structures. 
The optimum location of the facade rigger as a function of the characteristic structural parame
ter wis shown in Figure 3.5. 
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CHAPTER4 
Belt trussed structures 

4.1. Behaviour 

A belt trussed structure consists of a central core, comprising trussed frames or shear walls, and 
a belt truss around the structure connecting all peripheral columns. Figure 4.l(a) shows a belt 
trussed structure of whlch only the major structural elements that participate in resisting the lat
eralloading are shown. Belt trussed structures are sirnilar to facade rigger braced structures with 
the exception that also the columns in the frames perpendicular to the lateral loading are con
nected by a belt truss to participate in resisting the lateralloading. The frames parallel to the lat
eralloading are the web frames and the frames perpendicular to the lateralloading are the flange 
frames. 

(a) Perspective view (b) Deformation 

Figure 4.1. Belt trussed structure 

Inler-storey 
;;--deflection 

ew 

(c) Inter-Slorey deflection 

When a belt trussed structure is subjected to lateral loading, the floor diaphragms transfer the 
lateralloading to the core. The resulting bending moments and shear forces cause the core to de
flect as shown in Figure 4.1 (b). Since the floors are assumed to be infinitely rigid in their own 
plane, the core and all peripheral columns on a particular level are subject to identicallateral de
flections . At belt truss level, the inter-storey deflection of the core is restrained by the trusses in 
the web frames as shown in Figure 4.l(c) and rotation of the belt truss is restrained by all pe
ripheral columns. This restraining action results in a couple which is transferred between the 
belt truss and the core by means of shear forces in the floor diaphragms adjacent to the top and 
bottom chords of the belt truss. The restraining moment reduces the core moment and thus the 
deflection at the top of the structure. In addition, the restraining moment causes the belt truss 
and all supporting columns in both the web and flange frames to deform. 

4.1.1. Web frames 
The restraining moment causes rotation of the belt truss. As aresuit, the supporting columns are 
subjected to tensile and compressive forces on opposite sides of the neutral axis. In theory the 
stress distribution across the web frames is linear as shown in Figure 4.2(a). However, shear lag 
increases the stresses in the corner columns and reduces the stresses in the inner columns as 
shown in Figure 4.2(b). Shear lag is the result of the flexible connections between the peripheral 
columns. Due to bending and shear deformations in these connections, the compressive defor
mation of a column is not fUllY transferred to the adjacent column resulting in reduced stresses. 

14 



In the method of analysis for facade rigger braced structures, shear lag in the web frames is ne
glected which is standard for methods of analysis for preliminary design of high-ri se structures. 
A linear stress distribution is thus assumed across the web frames as shown in Figure 4.2(c). 

<~<'bf'=' Flange frame~~~~~n~// ~~'bfmm, 
Flange frame~ 

(a) Theoretical stress distribution (b) Actual stress distribution (c) Assumed stress distribution 

Figure 4.2. Stress distributions 

The restraining moment also causes bending deformations in the belt truss which are the result 
ofaxial strain in the top and bottom chords of the trusses in the web frames as shown in Figure 
4.3(a). Since all columns on a particular level are subject to the same rotation, the trusses in the 
web frames are forced into double curvature between the columns. It is assumed that the trusses 
are attached to the structure at the columns only. In addition, at least two bracing segments be
tween adjacent columns have to be present in order to allow bending into double curvature to 
take place. 
Shear deformations in the belt truss, caused by the restraining moment, are the result ofaxial 
strain in the diagonals of the trusses in the web frames as shown in Figure 4.3(b). 

s.~; .........•...... ; " 
.fj ......... , ... i. '.. lh 

. . . 
: : : . . 

(a) Bending deformations (b) Shear deformations 

Figure 4.3. Belt truss deformations in the web frames 

4.1.2. Flange Frames 
The flange frames are connected to the web frames at the common corner columns in which 
vertical forces F are transferred between the frames as shown in Figure 4.4(a-b). These forces 
introduce shear forces in the flange frames. The distribution of these shear forces across the 
flange frames depends on the relation between the bending and shear stiffness of the belt truss 
and the axial stiffness of the supporting columns. 

bf bI' 
r r 

r 
fr 

~v 

(a) Bending deformations (b) Shear de forma ti ons 

Figure 4.4. Belt truss deformations in the jlange frames 

Both bending and shear deformations occur in the trusses in the flange frames. Bending defor
mations are the result ofaxial strain in the top and bottom chords of the belt truss as shown in 
Figure 4.4(a). It should be noted that the supporting columns remain parallel because the floors 
are assumed to be infinitely rigid in their own plane. Therefore, the belt truss is forced into dou
ble curvature. At least two segments between adjacent columns have to be present in order to 
allow bending into double curvature to take place. Shear deformations are the result ofaxial 
strain in the diagonals of the belt truss as shown in Figure 4.4(b). The bending and shear defor-
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mations cause shear lag in the flange frames which is reduced by the out of plane stiffness of the 
floor diaphragms. However, the out of plane stiffness of the floor diaphragms is very small in 
comparison to the vertical stiffness of the belt truss. In the method of analysis for belt trussed 
structures, the out of plane stiffness of the floor diaphragms is thus neglected. Shear lag in the 
flange frames is taken into account as shown in Figure 4.2(c). 

4.2. Mechanical model 

A symmetric belt trussed structure subjected to lateral loacling can be analysed by reducing the 
structure to aplanar mechanical model as shown in Figure 4.5(a-b). Several simplifying as
sumptions have been made: 

• The structure behaves linear elastically; 
• The core is rigidly fixed at the base; 
• All connections in the web and flange frames are pinned; 
• The trusses in the web and flange frames are connected to the structure at the columns only; 
• The in plane stiffness of the floor diaphragms is infinite and the out of plane stiffness of the 

floor diaphragms is negligible; 
• The sectional properties of the core and the columns remain constant up the height; 
• The distribution of the lateral loading is uniform; 
• The structure is symmetric about both the x- and z-axis. 

As aresuit, the web frames as weIl as the flange frames are subjected only to planar actions. 
Because of symmetry of the structure about both the x- and z-axis, one quarter of the structure 
needs to be represented in the mechanical model. Consequently, the structure is subjected to one 
quarter of the lateral loading. 

Belt truss Flange frame 
~ 

1 12 3 

{ : a: "'"IbW] : . 1 4 
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(a) StructuraJ floor plan 
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(b) Mechanical model 

Figure 4.5. Belt trussed structure 

H 

2 

Since shear deformations are negligible in the central core, only the bending stiffness is taken 
into account. The core is connected to the web frame by rigid floor diaphragms that are mod
elled as rigid links. The rigid links are pin connected to both the core and the web frame result
ing in identical lateral displacements. The shear forces, which are a result of the restraining ac
tion of the belt truss and the peripheral columns, are transferred to the core by the rigid links ad
jacent to the top and bottom chords of the belt truss only. The other rigid links do not participate 
in transferring the shear forces because all connections in the web frame are pinned. The me
chanical model can thus be simplified as shown in Figure 4.6(a). The rigid links are also present 
at each floor level between adjacent columns in the web and flange frame to model the rigid 
floor diaphragms. 
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The web and flange frame are connected by a common corner column. The links between the 
corner columns 3 and 3' coup Ie the vertical displacement and decouple the rotation and horizon
tal displacement. Hence, only vertical forces are transferred between the web and flange frame. 
For stability, the flange frame is constrained against lateral displacements. Figure 4.6(a) shows 
the mechanical model with the appropriate support systems to simulate the required boundary 
conditions. Figure 4.6(b) shows the deformation of the structure when subjected to lateralload
ing. The behaviour of belt trussed structures is sirnilar to the behaviour of facade rigger braced 
structures with the exception that the flange frames also resist the rotation of the facade rigger. 
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(b) Deformation 

Figure 4.6. Belt trussed structure 

4.3. Equivalent flange frame parameter 

x,. 

H 

Belt trussed structures can be analysed by using the method of analysis for facade rigger braced 
structures. When the stiffness of the belt truss in the flange frames is assumed to be negligible in 
comparison to the stiffness of the supporting columns, only the corner columns of the flange 
frames are subject to axial forces. The behaviour of the belt trussed structure is then identical to 
the behaviour of a facade rigger braced structure. 
When the stiffness of the belt truss in the flange frames is assumed to be infinite in comparison 
to the stiffness of the supporting columns, all flange frame columns are subject to identical axial 
forces. This effect can be taken into account by using the method of analysis for facade rigger 
braced structures and adjusting the bending stiffness of the facade frames to include all peri ph
eral columns. 
When the stiffness of both the belt truss and the supporting columns are fini te, a certain distribu
ti on of the shear forces across the flange frames arises. It is pos si bie to take the contribution of 
the inner flange frame columns to the bending stiffness of the web frame into account by in
creasing the axial stiffness of the corner columns. The increased axial stiffness of these equiva
lent corner columns represents the total axial stiffness of the flange frames. 

(a) Flange frame (b) Equivalent corner column 

Figure 4.7. Equivalent corner column 
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Figure 4 .7(a-b) shows a symmetric flange frame of which both halves can be replaced by 
equivalent corner columns . The axial stiffness of the equivalent corner columns can be obtained 
by equating the axial deformation of an equivalent corner column to the axial deformation of a 
corner column of the flange frame. This yields 

(4.1) 

thus 

F(H - xr ) RI (H - xr ) 

EAeq EAcf 
(4.2) 

From Equation (4.2), the axial stiffness of the equivalent corner column can be solved. The ax
ial stiffness becomes 

(4.3) 

The ratio between the vertical force F and the force in a corner column of the flange frame Rl 
will be ca lied the equivalent flange frame parameter À. which expresses the contribution of the 
inner flange frame columns to the axial stiffness of a single corner column. When the axial 
stiffnesses of all supporting columns are the same, the equivalent flange frame parameter is 
given by 

(4.4) 

where Nr is the number of flange frame columns including the corner columns, Rl is the reaction 
force in a corner column, and Ri is the reaction force in column i. 
For a belt truss with negligible stiffness in comparison to the stiffness of the supporting col
umns, the equivalent flange frame parameter ..1.=1 which means that the inner flange frame col
umns do not contribute to the bending stiffness of the peripheral frame. Therefore, the axial 
stiffness of the corner columns is not increased. When the stiffness of the belt truss is assumed 
to be infinite in comparison to the stiffness of the supporting columns, all reaction forces are the 
same. The equivalent flange frame parameter simplifies to N12. 
The axial stiffnesses of the flange frame columns may differ in practice. In high-ri se building 
structures which are braced by a central core, the axial forces in the corner columns are usually 
about 50% of the axial force in a typical facade column. The sectional areas of the corner col
umns can thus be reduced. In belt trussed structures on the other hand, the deflection at the top 
of the structure can be reduced by increasing the sectional areas of the corner columns. How
ever, increasing the sectional areas of the corner columns decreases the contribution of the inner 
flange frame columns to the bending stiffness of the peripheral frame. To take different sec
tional areas of the corner columns into account, a parameter a is introduced which expresses the 
ratio between the sectional area of a corner column and the sectional area of an inner column. 
Equation (4.4) can then be rewritten as 

(4.5) 
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where RI and Ri represent the reaction forces in the flange frame columns for 0.= 1. For a rigid 
belt truss Equation (4.5) simplifies to 

À, = 1 + _N~f _-_2 
2a 

(4.6) 

The equivalent flange frame parameter can thus be deterrnined when the reaction forces in the 
flange frame columns are known. In the foUowing paragraphs, the distribution of the shear 
forces across the flange frames wiU be determined. 

4.3.1. Double bending 
In this paragraph, the distribution of the shear forces across the flange frames wiU be deter
rnined for a belt truss with finite bending stiffness and infinite racking shear stiffness. For the 
analysis several simplifying assumptions have been made: 

• The belt trussed structure is symmetric and the lateral loading is uniform. Therefore, only 
identical vertical forces are introduced in the corner columns of the flange frame; 

• AU flange frame columns remain paraUel because the in plane stiffness of the floor dia
phragms is infinite. The out of plane stiffness of the floor diaphragms is neglected; 

• The flange frame columns are placed at equidistant intervals; 
• The sectional areas of aU columns are assumed to be identical, with the exception of the sec

tional areas of the corner columns. The sectional areas of the corner columns are adjusted 
with a parameter 0. which is the ratio between the sectional area of a corner column and the 
sectional area of an inner column; 

• The racking shear stiffness of the belt truss is assumed to be infinite to isolate the bending de
formations. 

~R2 

i RI i R2 i R3 
bi br 

,/'-.. 

.den :çl' 71'" 
H-x, 

2 

er 
~ - i Rl 

(a) Flange frame (b) Part 1-6,6-7 and 2-7 

Figure 4.8. Flangeframe with three supporting columns 

Figure 4.8(a) shows a flange frame with three supporting columns. The reactions in the support 
system wiU be solved. Since horizontalloads are absent, no horizontal forces wiU be introduced 
in the support system. In addition, the structure is symmetrical and the vertical forces F are 
identical, thus 

(4.7) 

From the vertical equilibrium foUows 

(4.8) 

The reactions in the support system can be solved by equating the displacements of the common 
joints of different parts. Using Figure 4.8(b), the displacement of joint 6 is given by 
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(4.9) 

thus 

(4.10) 

Solving Equations (4.8) and (4.10) simultaneously, results In the solutions for the reaction 
forces in the supporting columns 

( 4.11) 

and 

(4.l2) 

where the structural parameter Çb is given by 

j: _ EAcf I(H - x r ) 

~b - 3 
12El rf I bf 

(4 .13) 

The equivalent flange frame parameter becomes 

(4.14) 
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Figure 4.9. EquivaLentflange frame parameters À.b ;r-~b;25 
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In Appendix A, the equivalent flange frame parameters ..tby..tb;lO and a genera I equation to de
termine additional equivalent flange frame parameters are inc1uded. The equivalent flange frame 
parameters ..tb are a function of the characteristic structural parameter Çb which inc1udes the axial 
stiffness and length of the supporting columns, the bending stiffness of the belt truss, and the 
di stance between adjacent columns. The distance between adjacent columns is an important de
sign parameter because it is raised to the third power. In addition, the bending stiffness can be 
increased significantly by increasing the height of the belt truss. 
Figure 4.9 shows the equivalent flange frame parameters ..tbY)'b;25 as a function of the character
istic structural parameter Çb. When the characteristic structural parameter Çb is zero, the stiffness 
of the trusses in the flange frames is much higher than the stiffness of the supporting columns. 
Therefore, all flange frame columns are subject to identical axial forces. Wh en the characteristic 
structural parameter Çb is infinite, the stiffness of the trusses in the flange frames is negligible in 
comparison to the stiffness of the supporting columns and therefore, only the corner columns 
are subject to axial forces . . 
The curves in Figure 4.9 are plotted for a= I which means that the sectional are as of all flange 
frame columns are the same. For different values of a, the equivalent flange frame parameters 
obtained from Figure 4.9 should be modified. Figure 4.10 shows two curves of the equivalent 
flange frame parameter ..tb;i as a function of the characteristic structural parameter Çb for a=1 and 
ai!. 

~r-----~~----------------------, 
2 

Structural parameter (b 

Figure 4.10. Equivalentflangeframe parameterÀb:Jor a= land a:j::.1 

The maximum values of both curves in Figure 4.10 can be determined by using Equation (4.6). 
For a=1 the maximum value is given by 

( 4.15) 

From the equivalent flange frame parameters in Appendix A, it can be conc1uded th at the de
nominator of every equivalent flange frame parameter is multiplled with a. The values of the 
equivalent flange frame parameters are thus adjusted with a for every value of the characteristic 
structural parameter Çb. Therefore, the ratio between the equivalent flange frame parameter ob
tained with the characteristic structural parameter Çb minus I and the maximum value of the 
equivalent flange frame parameter minus 1 is the same for both curves. Because the ratio is 
known for the curve a= I, the value of the corresponding equivalent flange frame parameter ..tb;a 
is given by 

Àt,.a =1+ -- =1+--{ 
Àt, - 1 }{ N f - 2} Àt, - I 

. Nf /2-1 2a a 
(4.16) 

where..tb is the equivalent flange frame parameter for a=1 and )'b;a is the corresponding equiva
lent flange frame parameter for ail. 
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The equivalent flange frame parameters in Figure 4.9 can be presented in a different form as 
shown in Figure 4.11 which is more convenient for an accurate determination of the equivalent 
flange frame parameter. The equivalent flange frame parameters in Figure 4.11 are normalized 
and can be obtained as follows 

A = _A-=--b _-_1_ 
b;nor N f / 2 - I (4.17) 

The normalized equivalent flange frame parameters in Figure 4 .11 are shown for an odd number 
of columns only. For an even number of columns, the normalized equivalent flange frame pa
rameters can be determined with reasonabie accuracy by using linear interpolation. 
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Figure 4.11. Odd numbered and normalized equivalent flange frame parameters À.b;nor;rÀ.b;nor;25 

To obtain the equivalent flange frame parameter from Figure 4.11, the normalized equivalent 
flan ge frame parameter should be adjusted as follows 

(4.18) 

Equation (4.18) can be substituted into Equation (4.16) to obtain the equivalent flange frame pa
rameter in case the sectional areas of the corner columns differ from the sectional areas of the 
inner flange frame columns, i.e., ail. Substituting Equation (4.18) into Equation (4.16) yields 

~'a = 1 + _~-,-,-;n--,-o_r (_N_f _-_2_) 
, 2a 

(4.19) 

4.3.2. Shear 
In this paragraph, the distribution of the shear forces across the flange frame will determined for 
a belt truss with finite rac1ang shear stiffness and infinite bending stiffness. The racking shear 
stiffnesses for several types of bracing are given in Appendix A. The same assumptions have 
been made as in the previous paragraph with the exception that the bending stiffness is now as
sumed to be infinite to isolate the shear deformations. 
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Figure 4.12. Flange frame with three supporting columns 

Figure 4.12(a) shows a flange frame with three supporting columns. The reactions in the support 
system will be solved. Since horizontal loads are absent, no horizontal forces will be introduced 
in the support system. In addition, the structure is symmetrical and the vertical forces F are 
identical, thus 

(4.20) 

From the vertical equilibrium follows 

(4.21) 

The reactions in the support system can be solved by equating the displacements of the common 
joints of different parts. Using Figure 4.12(b), the displacement of the truss in joint 6 is given by 

(4.22) 

thus 

g6 = Rl (H - X r ) = R2 (H - X r ) + (F - RI )bf 

aEAcf EAcf GArf 
(4.23) 

Solving Equations (4.21) and (4.23) simultaneously, results in the solutions for the reaction 
forces in the supporting columns 

(4.24) 

and 

(4.25) 

where the structural parameter Çs is given by 

ç = EAcf /(H - x r ) 

S GAn / bf 
(4.26) 

The equi valent flange frame parameter becomes 
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(4.27) 

In Appendix A, the equivalent flange frame parameters ).s;3-).s;10 and a general equation to de
termine additional equivalent flange frame parameters are included. The equivalent flange frame 
parameters)., are a function of the characteristic structural parameter Çs which includes the axial 
stiffness and length of the supporting columns, the racking shear stiffness of the belt truss, and 
the di stance between adjacent columns. 
Figure 4.11 in combination with Equation (4.19) can also be used to obtain the equivalent flange 
frame parameters ).S because the relation between ).S and Çs is identical to the relation between ).b 

and Çb. 

4.3.3. Double bending and shear 
The distribution of the shear forces across the flan ge frame for a belt truss with finite bending 
and racking shear stiffness depends on two variables Çb and çs. The equivalent flange frame pa
rameter is thus a function of both variables. It is possible to express the equivalent flange frame 
parameter as a function of a single variabie Çb;red or çs;red by reducing either the bending stiffness 
or the racking shear stiffness of the belt truss. The distribution of the shear forces across the 
flange frame for a belt truss with a reduced stiffness and for a belt truss with finite bending and 
racking shear stiffness is identical. 
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Figure 4.13. Belt truss sections 

An expression for the reduced bending stiffness can be deri ved by using Figure 4.l3( a-b) which 
shows two si mi lar belt truss sections that are both subject to a vertical force F. The bending and 
racking shear stiffness of belt truss section (a) are fini te and therefore, both bending and shear 
deformations occur in the belt truss section. In belt truss section (b) only bending deformations 
occur because the racking shear stiffness has been given an infinite value. The bending stiffness 
of belt truss section (b) is reduced so that the deformations at the ends of both belt truss sections 
are identical. An expression for the reduced bending stiffness can be obtained by equating the 
deformations at the ends of both belt truss sections which yields 

(4.28) 

thus 

Fbt Fbt Fbf ---'--- = + - -
l2EI rf;red 12EI rf GArf 

(4.29) 

From Equation (4.29), the reduced bending stiffness of the belt truss can be solved. The reduced 
bending stiffness, to be used in Equation (4.13), becomes 

EI = _1_+ 12 
{ )

-1 

rf;red EI rf GAnbl 
(4.30) 
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Figure 4.11 in combination with Equation (4.19) can then be used to obtain the equivalent 
flange frame parameter À-b;s. It is also possible to obtain the equivalent flange frame parameter 
À-b;s by reducing the racking shear stiffness. The reduced racking shear stiffness, to be used in 
Equation (4.26), is given by 

GA = _1_+ bf { 
2 }-I 

rf;red GArf 12EI rf 
(4.31) 

Subsequently, Figure 4.11 in combination with Equation (4.19) can be used to obtain the 
equivalent flange frame parameter À-b;s' 

4.4. Optimum belt truss location 

The optimum location of a belt truss, which is defined as the location for which the deflection 
reduction has a maximum value, can be determined in a similar way as the optimum location of 
an outrigger (Stafford Smith and Salim, 1981) or facade rigger (Hoenderkamp and Snijder, 
2000) . Since the equivalent flange frame parameter ), is a function of the belt truss location x" 
the optimum location of a belt truss differs from the optimum location of a facade rigger. Only 
in case the stiffness of the trusses in the flange frames is either infinite or negligible in compari
son to the stiffness of the supporting columns, the same graph to determine the optimum loca
ti on of a facade rigger can be used to determine the optimum location of a belt truss. In these 
cases, the equivalent flange frame parameter is not a function of the belt truss location. 
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Figure 4.14. Optimum belt truss location 

Figure 4.14 shows the optimum location of a belt truss of which the stiffness of the trusses in 
the flange frames is either infinite or negligible in comparison to the stiffness of the supporting 
columns. 

4.4.1. Theoretical optimum belt truss location 
In this paragraph, the optimum location of a single belt truss will be determined as a function of 
four characteristic structural parameters . In addition to the four characteristic structural parame
ters , the optimum location of the belt truss will also be dependent on the number of flange frame 
columns, i.e., for every equivalent flange frame parameter a different solution will be found. 
The procedure to determine the optimum location of a belt truss is analogous to the procedure to 
determine the optimum location of an outrigger or a facade rigger. First, the deflection at the top 
of the structure is determined and expressed as a function of the belt truss location and all other 
structural parameters. Subsequently, the reduction term of the deflection is simplified by reduc-
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ing the number of structural parameters. The optimum location of the belt truss can then be ob
tained by maximizing the reduction term of the deflection. 
The deflection at the top of a belt trussed structure is given by 

4 2 2 g _ wH _ M r (H - X r ) 

top - 8El 2El 
w w 

(4.32) 

In order to flnd an expression for the restraining moment M r, the rotation of the core is set equal 
to the rotation of the belt truss in the web frame at belt truss level. The rotation of the core is 
given by 

(4.33) 

The rotation of the belt truss in the web frame due to axial strain in all peripheral columns is 

where Elfw is the bending stiffness of the peripheral frame which is given by 

Nw -] 

El fw = ÀEAcw;] c~;] + I EAcw;i C ~;i + ÀEAcw;N w C ~;N w 

;=2 

(4.34) 

(4.35) 

where the flrst and last term on the right hand side represent the contribution of the flange frame 
columns to the bending stiffness of the peripheral frame and the second term represents the con
tribution of the inner web frame columns to the bending stiffness of the peripheral frame. 
To obtain a closed form solution, it is required that all structural parameters which contain the 
belt truss location Xr are expressed as a function of Xr. Otherwise, the solution becomes an itera
tive procedure. The bending stiffness of the peripheral frame Elfw is a function of the equivalent 
flange frame parameter which in turn is a function of the belt truss location Xr. Since only the 
corner columns are adjusted with the equivalent flange frame parameter, the bending stiffness of 
the peripheral frame can be split up into two terms. Equation (4.35) can th us be rewritten as 

El fw =)..El fw'c + El fW ' i , , (4.36) 

where the contribution of the corner columns to the bending stiffness of the peripheral frame is 
given by 

2 2 
El fw'c = EAcw']cw.] + EAcw'k CW'k , " 'w' w 

and the contribution of the inner web frame columns is 

Nw-l 

El fw;i = I EAcw;i C ~;i 
;=2 

Substituting Equation (4.36) into Equation (4.34) yields 
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(4.39) 

The rotation due to bending of the belt truss in the web frame is given by 

e =M/, w 
rw;b 12EI 

rw 
(4.40) 

The rotation due to shear deformation of the belt truss in the web frame is given by 

e = M r 
rw;s hGA 

rw 
(4.41) 

Setting the rota ti on of the core equal to the rotation of the belt truss at belt truss level yields 

(4.42) 

thus 

(4.43) 

The expression for the restraining moment M r becomes 

M - w(H - Xr ) 1 1 (H) f w 1 3 3 {[ 1 }-I - --+ -x + +--
r 6EI w EI w ÀEI fw;c + EI fw;i r 12EI rw hG~ 

(4.44) 

Substituting Equation (4.44) into Equation (4.32) results in an expression for the deflection at 
the top of the structure 

g, = wH
4 

_ w(H 3 -x:)(H
2 
-x;) 

top SElw 12(Elw)2 

{[ 1 }
-I 

1 1 fw 1 ... --+ (H -xr )+ +--
Elw ÀElfw;c +Elfw;i 12Elrw hG~ 

(4.45) 

The optimum location of the belt truss to give minimum deflection can be found by maximizing 
the reduction term of Equation (4.45). The reduction term is given by 

(4.46) 

Simplifying Equation (4.46) yields 
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where X is the belt truss location parameter, defined as 

- Xr x=-
H 

and S2, SJ, and S4 are characteristic structural parameters which are defined as 

Elfw;i 
S3=-

Elw 

S Rw 1 H 
{ }{ }

-I 

4 = 12EI rw + hGArw EI w 

(4.47) 

(4.48) 

(4.49) 

(4.50) 

(4.51) 

The equivalent flange frame parameter À in Equation (4.47) should be expressed as a function of 
the belt truss location Xr. To illustrate tlus, the equivalent flange frame parameter for a flange 
frame with five columns is taken as an example. The equivalent flange frame parameter is 

where the characteristic structural parameter Çb is given by 

ç _ EAcf /(H - xr ) 

b- 12Elrf/bl 

(4.52) 

(4.53) 

The expression for the equivalent flange frame parameter is then rewritten in the following form 

À = 1 + 3(1 - i) 2 + SI (1 - i) 

2(1- i)2 + 4S1 (1- i) + S? 

where the characteristic structural parameter SI is given by 

S 
_ EAcf / H 

J-
12EI rf / bI 

(4.54) 

(4.55) 

When substituting Equation (4.54) into Equation (4.47), the optimum location of a single belt 
truss for a belt trussed structure with five flange frame columns can be determined. This is done 
by differentiating Equation (4.47) with respect to X, setting it equal to zero, and solving for x. 
The solution yields the exact optimum location of the belt truss within the limiting assumptions. 
For a practical application, the solution should be presented in a graphical form. However, it is 
difficult to produce useful graphs for the optimum location of the belt truss because the opti-

28 



mum location of the belt truss depends on four characteristic structural parameters. Moreover, 
for every number of flange frame columns a different solution will be found. 

4.4.2. Approximate methods 
The exact method, described in the previous paragraph, is too complex and the re fore , not suit
able for a simple method of analysis for preliminary design. In this paragraph, three methods 
will be discussed to obtain an approximation of the optimum location of a single belt truss. 
In the first approximate method, the optimum facade rigger location is used for the belt truss 10-
cation. The optimum facade rigger location can be determined by discarding the flange frames 
of the belt trussed structure and then using the method of analysis for facade rigger braced struc
tures. The effect of the flange frames on the optimum location of the belt truss is thus neglected, 
i.e., the equivalent flange frame parameter 2= I. 
The optimum belt truss location can also be approximated by taking the flange frames fully into 
account. Shear lag in the flange frames is neglected, i.e. the maximum value for the equivalent 
flange frame parameter is used. The stress distribution in the peripheral frame of the belt trussed 
structure is identical to the theoretical stress distribution which is shown in Figure 4.2(a). 
It is also possible to approximate the optimum location of the belt truss by using an iterative 
method as shown in Figure 4.15. This method starts by making a first guess of the belt truss 10-
cation, e.g., at the top of the structure. When the location of the belt truss is known, the equi va
lent flange frame parameter and the bending stiffness of the periphera1 frame can be determined. 
Subsequently, it is possible to determine cv which is similar to the characteristic structural pa
rameter cv th at is used in the method of analysis for facade rigger braced structures. However, 
the bending stiffness of the facade frame has been replaced by the bending stiffness of the pe
ripheral frame. Figure 4.14 can then be used to obtain an approximation of the optimum location 
of the belt truss which can be used to start a new iteration. 

First guess of belt truss location 

Equivalent flange frame parameter (A.13-A.20) 

Bending stiffness of penphcral frame (A.12) 

Charactenstic structural parameter (3.32) 

Approximate belt truss location (after i iterations) 

Figure 4.15. lterative method 

In the iterative method, the contribution of the inner flan ge frame columns to the bending stiff
ness of the peripheral frame is taken into account by means of the equivalent flange frame pa
rameter. When in the iterati ve method the deflection reduction is maximized, it is assumed that 
the equivalent flange frame parameter does not dep end on the belt truss location and thus has a 
constant value. This assumption is only valid in case the stiffness of the trusses in the flange 
frames is either infinite or negligible in comparison to the stiffness of the supporting columns. 
In these cases, the exact optimum location of the belt truss can be determined at once using 
Figure 4.14. 
In paragraph 5.3, the accuracy of the approximate methods will be investigated. 

4.5. Beams on elastic foundation 

In the previous paragraphs, the flange frames are treated as beams supported by a finite number 
of columns. The contribution of the inner flange frame columns to the bending stiffness of the 
peripheral frame of the belt trussed structure is taken into account by means of the equivalent 
flange frame parameter J" which is used to increase the axial stiffness of the corner columns. 
The expression for the equivalent flange frame parameter differs for every number of flange 
frame columns. It is possible to replace these different expressions for the equivalent flange 
frame parameter with a single expression by treating the flange frames as beams on elastic 
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foundation. Figure 4.16(a-b) shows the replacement of a flange frame (discrete system) by a 
be am on elastic foundation (continuous system). The be am inherits the structural properties of 
the belt truss and the elastic foundation represents the axial stiffness of the flange frame col
umns. 

,E:=,~~m",::3~ 
Elastic foundation 

(a) Discrete system (b) COnlinuous system 

Figure 4.16. Discrete system vs. continuous system 

In the derivation of the equivalent flange frame parameter of the discrete system, it is assumed 
that the floor diaphragms are infinitely rigid in their own plane causing the flange frame col
umns to remain parallel. Therefore, all belt truss sections between adjacent columns are forced 
into double curvature as shown in Figure 4.17(a). Although it is possible to adjust the continu
ous system so that the beam deforms into double curvature per section, the solution would be 
directly dependant on the number of columns in the discrete system. To avoid the expression for 
the equivalent flange frame parameter to be dependant on the number of flange frame columns, 
an additional simplifying assumption has been made. The flange frames are assumed to be at
tached to the floor diaphragms at both ends only which causes the corner columns to remain 
parallel. Therefore, the belt truss deforms into symmetric double curvature over the entire length 
as shown in Figure 4.17(b). The continuous system can easily be adjusted so that the beam de
forms into symmetric double curvature over the entire length and the solution no longer depends 
directlyon the number of columns in the discrete system. However, the additional simplifying 
assumption causes the beam to behave less stiff which leads to an underestimation of the actual 
equivalent flange frame parameter. A correction factor will be proposed to increase the stiffness 
of the beam. 

" I 

(a) Rigid noors bet ween adjacent columns (b) Rigid noors between corner columns 

Figure 4.17. Sectional double curvature vs. symmetrie double curvature 

Another approximation is made when the flange frame columns are replaced by an elastic foun
dation. The accuracy by which the elastic foundation approximates the flange frame columns 
depends on the structural properties of the flange frame and the number of supporting columns. 
In the following paragraphs, the deflection behaviour of the continuous system, which deforms 
into symmetric double curvature over the entire length, will be investigated. Subsequently, the 
equivalent flange frame parameter of the continuous system wil! be derived. 

4.5.1. Deflection behaviour 
The deflection of a beam on elastic foundation can be obtained by sol ving the differential equa
tion of the elastic line (Hetenyi, 1958). It is assumed that the elastic foundation consists of rows 
of closely spaced elastic springs which are able to take up both tensile and compressive forces. 
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The elastic springs are independent of each other and therefore, the reaction force of the founda
tion at any point is proportional to the deflection of the beam at that point. The elasticity of the 
foundation k, also referred to as the modulus of the foundation, can be regarded as the force per 
unit of area which causes a deflection equal to unity. However, since the width of the be am will 
not be taken into account, the modulus of the foundation is the force per unit of length, instead 
of the force per unit of area, which causes a deflection equal to unity. 
Figure 4.18 shows a beam on elastic foundation which is subjected to vertical forces F at both 
ends. Since rotation of the ends of the beam is prevented, the beam deforms into symmetric 
double curvature over the entire length. 

Figure 4. J 8. Beam on elastic foundation 

The deflection curve of the beam on elastic foundation in Figure 4.18 can be deterrnined by us
ing the theory discussed in Hetenyi (1958). In Appendix B, the derivation of the deflections at 
the ends of the beam due to the vertical forces F is inc1uded. The deflections at the ends of the 
beam are gi ven by 

{} = {} = F ç { sinh ÇC f + sin ÇC f } 
cs;4 cs;6 k h !'IJ !'IJ cos ~{; f - cos ~{; f 

where the characteristic structural parameter (is defined as 

The deflection at the rniddle of the beam is given by 

FÇ 
{}cs'5 =-. k 

2e çe f /2 { ( -I + e çe f ) cos ~ + (l + e çe f ) sin ~ } 

1 + e 2çef - 2Jef cos çe f 

(4.56) 

(4.57) 

(4.58) 

To illustrate the deflection behaviour of a beam on elastic foundation, which deforms into sym
metric double curvature over the entire length, the ratio between the deflection at the rniddle and 
at the ends is deterrnined. The ratio ~cS;s/~CS;4 is given by 

(4.59) 

In Figure 4.19, the ratio ~cs;5/~CS;4 is shown as a function of (Cf. When (Cr approaches zero, the 
bending stiffness of the beam is much higher than the modulus of the foundation and therefore, 
the beam does not deform when subjected to the vertical forces at the ends as shown in Figure 
4.19(a). The stress distribution in the elastic foundation is uniform. For increasing values of (Cr, 
i.e., the stiffness of the be am decreases in comparison to the modulus of the foundation, the 
beam deforms into symmetric double curvature over the entire leng th as shown in Figure 
4. 19(b-c). In Figure 4.19(b), the middle of the beam moves downward, whereas in Figure 
4.19(c), the rniddle of the beam moves upward. The upward movement of the rniddle of the 
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be am causes tension in the foundation which is also known as negative shear lag. Negative 
shear lag occurs for ( t' r> 1. 5 n-, where at ( t'F1.5n-, downward movement turns into upward move
ment at the middle of the beam. When ( t'f is increased further, the beam is pulled downward in 
the middle as shown in Figure 4.19(d). 
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Figure 4.19. Deflection behaviour 
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Since the effect of the flange frames on the deflection reduction of a belt trussed structure is 
relatively small in case negative shear lag occurs, it is advised to choose the structural properties 
of the flange frames so that (t'r:S 1. 5 n-. By using Equation (4.57), the condition ( t'r:::: 1.5n- can be 
rewritten as 

kf.4 
El ~_f_ 

b 1973 

4.5.2. Determination of the modulus of the foundation 

(4.60) 

The modulus of the foundation k can be derived from the axial stiffness of the flange frame col
umns. Figure 4.20 shows a flange frame with three supporting columns. It is assumed th at the 
ratio between the sectional areas of the corner columns and the inner columns 0=0.5 which is 
convenient for determining the modulus of the foundation . With a simple adjustment, which 
will be discussed later, the results for different values of 0 can be obtained. 
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br br 
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Figure 4.20. Flange frame 

To obtain the modulus of the foundation, the spring constants of the individu al flange frame 
columns are determined first. The spring constants can be determined as follows 
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k = EAçr 
I H-x 

r 
(4.61) 

Since the sectional areas of the corner columns are halved, the spring constants of the corner 
columns are also halved. Therefore, the modulus of the foundation can easily be determined by 

(4.62) 

The expression for the modulus of the foundation can be simplified to 

(4.63) 

4.5.3. Determination of the bending stiffness of the beam 
The bending stiffness of the beam EIb can be obtained from the reduced bending stiffness of the 
belt truss EIrf;red in Equation (4.30). It is noted that the belt truss in the discrete system deforms 
into double curvature per section as shown in Figure 4.17(a) and the beam in the continuous 
system deforms into symmetric double curvature over the entire length as shown in Figure 
4.17(b). Therefore, the beam in the continuous system behaves less stiff than the belt truss in the 
discrete system in case the reduced bending stiffness of the belt truss is assigned to the beam. 
This causes the continuous method to underestimate the actual equivalent flange frame parame
ter. Especially for a large number of supporting columns, the underestimation of the actual 
equivalent flange frame parameter will be large because the belt truss in the discrete system de
forms into double curvature per section, i.e., between adjacent columns. 

Figure 4.21. Belt InISS deformationsfor two to six belt truss sections 

To improve the prediction of the equivalent flange frame parameter by the continuous method, a 
correction factor 'P, is introduced which increases the bending stiffness of the beam as follows 

EI b = If/I EI rf;red (4.64) 

Analogous to Equation (A.3) in Appendix A, the bending stiffness of the beam is adjusted with 
the number of sections in the belt truss which deform into double curvature. It is noted that the 
middle section of a belt truss with an odd number of sections does not deform into double cur
vature as shown in Figure 4.21. Therefore, the middle sections are not taken into account. In 
Table 4.1, the correction factor 'P, is gi ven for a varying number of belt truss sections nfo 
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It should be noted that the derivation of correction factor 'PI is based on the assumption that the 
distribution of the forces in the supporting columns along the length of one half of the symmet
ric flange frame is Iinear as shown in Figure 4.22. In addition, it is assumed that the length of all 
belt truss sections is the same. 

.." ..... -. --~, .. ',: 7< ' .. -, ... 

1 
Figure 4.22. Linear distribution ofaxial forces 

In paragraph 5.4, additional correction factors will be proposed and the accuracy of all correc
tion factors will be investigated. 

4.5.4. Equivalent flange frame parameter 
Figure 4.20 shows a flan ge frame which is subjected to vertical forces F at the corners. When 
the reaction force RI in the corner column is known, the equivalent flange frame parameter can 
be deterrnined as follows 

(4.65) 

The reaction force in the corner column of the flange frame can be obtained by using the deflec
tion at the corner of the belt truss , thus 

(4.66) 

The deflection at the corner of the belt truss JCS ;4 can be deterrnined by using Equation (4.56) 
which is derived for a beam on elastic foundation. Substituting Equation (4.56) into Equation 
(4.66) yields 

_ 0.5EAcf FÇ {sinh çe f + sin Çf f } Rl - -_-=..:....---=---
(H - xr)k cosh Çf f - cos Çf f 

(4.67) 

Subsequently, the expres sion for the equivalent flange frame parameter can be obtained by sub
stituting Equation (4.67) into Equation (4.65). The equivalent flange frame parameter becomes 

À. - (H - xr )k {COSh Çf f - cos Çf f } 

b - 0.5EAcf ç sinh Çf f + sin Çf f 

The expression for the equivalent flan ge frame parameter can be rewritten as 

À. _ kf f {COSh çe f - cos Çf f } 

b - 0.5EAcf /(H - xr ) Çf f (sinh Çf f + sin Çf f ) 

Substituting Equation (4.62) into Equation (4.69) yields 
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(4.68) 

(4.69) 



(4.70) 

The first term on the right hand si de represents the sum of the spring constants of all supporting 
columns divided by the spring constant of a single corner column. By substituting Equation 
(4.61) into Equation (4.70), the equivalent flange frame parameter for the flange frame in Figure 
4.20 becomes 

0.5EAçr EAçr 0.5EAcr - -----'''- + + ------'''-
I/. _ H - xr H - xr H - xr { cosh çt r - cos çt r } 

b - 0.5EAcr çt f (sinh çe r + sin çt r ) 
H -xr 

{
I}{ cosh çt r - cos çt r } 

= 2 + 0.5 çt r (sinh çt r + sin çt r ) 

Equation (4.70) can thus be simplified into 

1 { N r - 2}{ cosh çt r - cos çt r } 
/Lb = 2 + ---'---

0.5 çt r (sinh çt r + sin çt r ) 

= {2N r - 2}{ cosh çf. r - cos çt r } 
çt r (sinh çt r + sin çt r ) 

(4.71) 

(4.72) 

Equation (4.72) only holds for a=0.5 . For different values of a, the equivalent flange frame pa
rameter should be adjusted. Analogous to Equation (4.16), the value of the corresponding 
equivalent flange frame parameter À,b;a can be determined by 

1/.. = 1 + { I/.b - 1 }{ N r - 2} = 1 + I/.b - 1 
b,a N f - 2 2a 2a 

(4.73) 

where À,b is the equivalent flange frame parameter for a=0.5 and À,b;a is the corresponding equiva
lent flange frame parameter for a;l:0.5. 
Substituting Equation (4.72) into Equation (4.73) yields 

1 (2Nr -2)L-l 1 2nrL-1 
/Lb' = 1 + = + -'----
~ 2a 2a 

(4.74) 

Where function L is gi ven by 

L = cosh çt r - cos çt r 
çt r (sinh çt r + sin çt f ) (4.75) 

In Figure 4.23, L is shown as a function of (f.r. 
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Figure 4.23. Value of L 

It is noted that (is a function of the belt truss location X,. This means that the value of (has to 
be deterrnined every time to obtain the value of L at another belt truss location. However, Figure 
4.23 can be adjusted so that the value of (has to be deterrnined only once to obtain the value of 
function L at any belt truss location. This can be done by substituting Equation (4.63) into Equa
tion (4 .57) which gives 

(4.76) 

When the belt truss is located at the top of the structure, the expression for (is given by 

(4.77) 

For another belt truss location, e.g., at rnid-height of the structure, the expression for (becomes 

(4.78) 

In case the belt truss is located at rnid-height of the structure, it shows that the value of ( in
creases and therefore, the value of L decreases. It is possible to generate an additional curve in 
Figure 4.23 by plotting the smaller value of L in the same graph. Figure 4.24 shows the result. 
The value of (fr has to be deterrnined as if the belt truss is located at the top of the structure and 
subsequently, the value of function L can be obtained in case the belt truss is located at the top 
or at rnid-height. For any belt truss location between rnid-height and the top of the structure, the 
value of L can be approximated by using linear interpolation between both curves. 
In paragraph 5.4, the accuracy by which the continuous method approximates the equivalent 
flange frame parameter will be investigated. 
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4.6. Example 

In the following example, the belt trussed structure in Figure 4.25(a-b) wil! be analysed to illus
trate the various methods of analysis for belt trussed structures. The equivalent flange frame pa
rameter will be determined by using both the discrete and the continuous method. These meth
ods take shear lag in the flange frames into account. In addition, the belt trussed structure wiU 
be analysed by neglecting shear lag in the flange frames, i.e., the maximum value of the equiva
lent flange frame parameter wiU be used. The structure will also be analysed by using the 
method of analysis for facade rigger braeed structures in which the contribution of the inner 
flange frame columns to the bending stiffness of the peripheral frame is neglected, i.e., the 
equi valent flange frame parameter À= 1. 
Figure 4.25(a) shows the structural flOOf plan of a belt trussed structure which is 144 m high. 
The structure consists of a reinforeed concrete core with a bending stiffness of 1.4333x I 010 
kNm2 and a 3 m high belt truss located at 28.5 m from the top of the structure. For the determi
nation of the belt truss location, the procedure which is discussed in paragraph 4.4.1 has been 
used. Figure 4.25(b) shows the steel belt truss which consists of eight sections that are 4 m in 
width and comprise two X-braced segments each. The elastic modulus of steel is 2.1 X 108 kN/m2 

and the sectional areas of the peripheral columns are 2.402x10,2 m2, the sectio na I areas of the 
beams are 1.335x 10'2 m2, and the sectional areas of the diagonals are 7 .684x 10,3 m2. The struc
ture is subjected to an uniformly distributed lateral load of 2 kN/m2. Since the structure is sym
metrie, only one half of the structure will be analysed. 

Belt truss Flange frame 
,-'-----., 

(a) Structural floor plan 
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(b) Bel! truss 

Figure 4.25. Belt trussed structure 
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4.6.1. Equivalent flan ge frame parameter 
The equivalent flange frame parameter takes the contribution of the inner flange frame columns 
to the axial stiffness of the corner columns into account. First, the equivalent flange frame pa
rameter of the discrete system À,ds will be determined. The required structural parameters are ob
tained as foUows. The bending stiffness of a single belt truss segment in a flange frame, which 
can be obtained from Equation (A2), is given by 

I 2 1 8 -2 2 7 2 
EIrf;i ="2EAbfh ="2X2.lx1O x1.335x1O x3 =1.2616x10 kNm (4.79) 

The belt truss is treated as a continuous member, whereas in reality it behaves like a discrete 
member. Therefore, the bending stiffness of the belt truss segment should be corrected by using 
Equation (A5). The correction factor for the bending stiffness of the belt truss segment is 

I 1 
Y=I+--=1+--=13333 2 2 . h-I 2-1 

(4.80) 

The adjusted bending stiffness of the belt truss segment then becomes 

EIrf ='}EIrf'i = 1.3333x 1.2616x 107 =1.6821x107 kNm2 (4.81) 

The racking shear stiffness of a single X-braced belt truss segment in a flange frame, which can 
be obtained from Equation (A7), is given by 

2h 2 a 2 x 32 
X 2 8 -3 6 

GArf = -d
3 

EAdf = 3 x 2.1 x 10 x7.684xl0 = 1.2394x 10 kN 
3.6056 

(4.82) 

It should be noted that the height h has been interchanged with the length a of the segment in 
Equation (4.82) because the segment deforms vertically. 
The reduced bending stiffness of the belt truss, which can be obtained from Equation (4.30), is 
given by 

EI 
_ 1 12 _ 1 12 

{ }

-I -I 

;red EI rf GArfbl L.6821 x 107 1.2394 x 106 x 42 } 
rf - --+ - + 

(4.83) 

Using Equation (4.13), the characteristic structural parameter c;b;red th en becomes 

;: = EAcf /(H - xr ) = 2.1 X 10
8 

x 2.402 x 10-
2

/(144 - 28.5) = I 5480 10-1 
." b'red 3 6 3 . X 

. 12EIrf'red /b f 12x1.5047x1O /4 
(4.84) 

Subsequently, the equivalent flange frame parameter of the discrete system can be determined 
by using Figure 4.11 in combination with Equation (4.19). It can be ascertained that the equiva
lent flange frame parameter À,ds=2.9. The equivalent flange frame parameter À,ds can also be ob
tained directly from Equation (A.15) which yields 
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=1+ 7+14xO.15480+7xO.15480
2 

+0.154803 

I X (2 + 16 xO.15480 + 20x0.154802 + 8x 0.154803 + 0.154804) 

= 2.8729 (4.85) 

To obtain the equivalent flange frame parameter of the continuous system Àcs, the bending stiff
ness of the beam and the modulus of the foundation have to be determined. The bending stiff
ness of the beam can be obtained by correcting the reduced bending stiffness in Equation (4.83). 
The correction factor can be obtained from Table 4.1. For flange frames with eight belt truss 
sections, the correction factor '1'1=42. The bending stiffness of the beam then becomes 

(4.86) 

Using Equation (4.63), the modulus of the foundation can be determined as follows 

k = EAcf = 2.1 X 10
8 

X 2.402 x 10-
2 

=1.0918x10 4 kN/m2 
bf(H -xr ) 4x(144-28.5) 

(4.87) 

The characteristic structural parameter (er then becomes 

çe
f 
=~ k e

f 
=4 1.0918xl0

4 
x32 = 3.3020 

4EI 4x 2.4074 x 107 
(4.88) 

The value of function L can be determined by using Figure 4.23 . It can be ascertained that the 
value of function L=0.33. The value of L can also be obtained directly from Equation (4.75) 
which yields 

L= coshÇ-e f -cosçe f = cosh3.3020-cos3.3020 =3 .2958xI0-1 

çe f (sinh ç-e f + sin çe f ) 3.3020 x (sinh 3.3020 + sin 3.3020) 
(4.89) 

Subsequently, the equivalent flange frame parameter of the continuous system can be deter
mined by using Equation (4.74). The equivalent flange frame parameter Àcs is given by 

À =1+ 2nf L-I =1+ 2x8x3.2958xl0-
1 
-I =3.1367 

cs 2a 2x I 
(4.90) 

It shows that the equivalent flange frame parameter of the continuous system Àcs overestimates 
the actual equivalent flange frame parameter Àds. 

4.6.2. Restraining action of peripheral frame 
In order to obtain the deflection at the top of the structure, the restraining action of the periph
eral frame has to be deterrnined. The equivalent flange frame parameter of the discrete system 
Àds will be used for the determination of the restraining action. At the end of the analysis, the re
sults which are obtained by using the equivalent flange frame parameter of the continuous sys
tem Àcs are given. 
The bending stiffness of the peripheral frame can be determined by using Equation (A. 12). The 
effect of shear lag in the flan ge frames is taken into account by the equivalent flange frame pa
rameter and the effect of shear lag in the web frames is neglected. A linear stress distribution is 
assumed across the web frames. Therefore, the bending stiffness of the peripheral frame can be 
determined as follows 
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Nw-l 

EI fw = ÀEAcw; I c~; I + L EAcw;i C ~;i + ÀEAcw;N w C ~;N w 
i=2 

(4.91) 

Since the web frame in trus example is symmetric and the sectional areas of all web frame col
umns are the same, Equation (4.91) can be simplified to 

(4.92) 

The bending stiffness of a belt truss segment in the web frame is given by 

(4.93) 

The correction factor for the bending stiffness of the belt truss segment is 

1 1 r = 1 + -- = 1 + -- = 1.3333 
j~-1 2 2 -1 

(4.94) 

The adjusted bending stiffness of the belt truss segment in the web frame then becomes 

EI rw;i;adj = ]EI rw;i = 1.3333x 1.2616x 10
7 

= 1.6821x 10
7 

kNm2 (4.95) 

Subsequently, the bending stiffness of the belt truss in the web frame, which is the sum of the 
bending stiffness of all sections, can be deterrnined. Using Equation (A.3), the bending stiffness 
of the web frame becomes 

2 2 6 7 06 9 2 EIrw =nwEIrw;i ;adj =8 xl. 821xlO =1. 7 5xlO kNm (4.96) 

The racldng shear stiffness of a single X-braced belt truss segment in the web frame is given by 

2 2 2a h 2 x 2 x 3 8 - 3 5 
G~'i =-3-E'Actw = 3 x2.1xl0 x7.684xlO =8.2623xlO kN 

'd 3.6056 
(4.97) 

The racking shear stiffness of the belt truss in the web frame is the sum of the racking shear 
stiffness of all sections . Using Equation (A.6), the racking shear stiffness of the web frame be
co mes 

Sw 

G~ = L G~; i = 16x8.2623xl06 = 1.3220x107 kN (4.98) 
i=l 

The characteristic structural parameters Sv and Sh, which can be obtained from Equations (3.26) 
and (3.27), are 

40 



s =~+~= 144 + 144 =3.4971xlO-8 
v E1w El fw 7. 1664x109 9.6793x109 (4.99) 

and 

s - Rw +_1_= 32 + =2.7692xlO-8 
h -12Elrw hG~ 12x 1.0765 x 109 3x1.3220x107 (4.100) 

The restraining moment, which can be determined by using Equation (3 .28), becomes 

32X(l443 -28.53
){ 144 } 

6x 7.1664x 109 3.4971 x 10-8 x (144 - 28.5) + 144 x 2.7692x 10-8 

=39557 kNm (4.101) 

Subsequently, the deflection at the top of the belt trussed structure can be obtained from Equa
tion (3.29). The deflection at the top of the structure is given by 

iJ = wH
4 

_ M r(H
2 

- x;) _ 32x 144
4 

top 8EI w 2E1w 8x7. 1664x 109 

= 185.01 mm 

4.6.3. Results 

39557x(l442 
- 28.52

) 

2x7.1664x 109 

(4.102) 

The results of all analyses are shown in Table 4.2. In the column marked 'Freest. core', the lat
eral deflection at the top and the core moment at the base of afreestanding core subjected to the 
full lateral loading are given. In the other columns, the lateral deflections at the top, the core 
moments at the base, and the percentages of reductions in comparison to the freestanding core 
are shown. The percentages of reductions are defined as 

~ = iJ\Op;b - iJ1op;f 10001 
vlOp;red X -/0 

iJtop;f 
(4.103) 

and 

MC'b -M c·f 
M =' . 10001 c;red X -/0 

Mc;f 
(4.104) 

where 8rop;b is the deflection at top of the braced structure, 8rop ;f is the deflection at top of the 
frees tanding core, MC:b is the core moment at the base of the braced structure, and Mc:f is the 
core moment at the base of the freestanding core. 
In the column marked '..{= I' in Tab1e 4.2, the results which are obtained with the method of 
analysis for facade rigger braced structures are shown. The columns marked ')'d; and 'À.cs' show 
the results of the method of ana1ysis for belt trussed structures of which the equivalent flange 
frame parameter has been determined by using the discrete and the continuous method, respec
tively. In the last column, the results of the method of analysis in which shear lag in the flange 
frames is not taken into account are shown. 
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Table 4.2. Comparison bet ween the various methods of analysis 

Structure Freest. core Rigger braeed structure 

T~Ee À=I Àds=2.8729 Àes=3.1367 À=4.5 

,)IOP [mm] 240.00 194.70 185.01 184.23 181.20 

,)top;red [%1 - 1888 -22 .9 J -23 .24 -24.50 

Me [kNml 6.6355x10
5 

5.9837x10
5 

5.8444xI0
5 

5.8331 x 10
5 

5.7895x10
5 

Me jred [%) -9.82 - 11.92 -12 .09 -J 2.75 

4.6.4. Conclusion 
When the belt trussed structure is analysed with the method of analysis for facade rigger braced 
structures, the detlection at the top of the structure is reduced with 18.88% in comparison to the 
detlection at the top of the freestanding core. The discrete method of analysis for belt trussed 
structures results in a 22.91 % reduction. In high-ri se building structures with a more or less 
square tloor plan, the stiffness of the structure usually needs to be increased in both major wind 
directions which justifies the choice of a belt truss around the structure. The contribution of the 
inner flange frame columns to the bending stiffness of the peripheral frame is neglected in the 
method of analysis for facade rigger braced structures. The discrete method of analysis for belt 
trussed structures takes this contribution into account and results in less conservative values of 
the detlection at the top of the structure. When shear lag in the tlange frames is neglected, the 
restraining action of the peripheral frame and the detlection reduction is overestimated. 
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CHAPTER5 
Error analysis 

5.1. Introduction 

In chapter 4, methods have been proposed for a manual analysis of belt trussed structures. To 
check the accuracy of these methods, error analyses will be performed. 
The manual analysis of facade rigger braced structures, which is discussed in chapter 3, is ex
panded in chapter 4 so that it can be used for belt trussed structures as weil. The manual analysis 
of belt trussed structures is based on a simplified version of the full mechanical model presented 
in paragraph 4.2. Three additional simplifying assumptions have been made in the simplified 
mechanical model. A numerical analysis will be perforrned in paragraph 5.2 to check whether 
these additional simplifying assumptions can be justified. 
In addition, several methods have been proposed for the deterrnination of the optimum belt truss 
location. The exact method, however, is too complex and therefore, not suitable for a simple 
method of analysis for prelirninary design. Three methods have been suggested to approximate 
the optimum location of a single belt truss. The accuracy of these approximate methods will be 
investigated in paragraph 5.3. 
Finally, an approximation of the flange frames (discrete system) by beams on elastic foundation 
(continuous system) has been proposed so that the number of expressions for the equivalent 
flange frame parameter A can be reduced to a single expression. In paragraph 5.4, the accuracy 
by which the continuous method approximates the equivalent flange frame parameter will be 
investigated. 

5.2. Manual analysis 

The manual analysis of belt trussed structures is based on a simplified vers ion of the full me
chanical model presented in paragraph 4.2. In this paragraph, a numerical analysis will be per
formed to check whether the additional simplifying assumptions, which are made in the simpli
fied mechanical model, can be justified. Therefore, a numerical model is built which is identical 
to the simplified mechanical model. Af ter verifying that the results of both models are identical, 
the numerical model is expanded gradually to resembie the full mechanical model. This will be 
done by elirninating one simplifying assumption at a time and subsequently, elirninating all 
simplifying assumptions. The expanded numerical models are used to investigate whether the 
additional simplifying assumptions can be justified. A schematic view of the total analysis is 
shown in Figure 5.1. The numerical analysis is perforrned by using numerical models which are 
built in the finite element computer program ANSYS 8.1. 

Mechanical model 
with simpJifications 

Testing the validity of 
the simplifications 

Verifying 

Expanding 

Expansion I 

Expansion 2 

Expansion 3 

Expansion 1,2, and 3 
(Full mechanical model) 

Figure 5.J. Schematic view ofthe analysis 
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5.2.1. Numerical model of the simplified mechanical model 
First, a numerical model is built which is identical to the simplified mechanical model. The 
simplified mechanical model is based on the full mechanical model presented in paragraph 4.2. 
All simplifying assumptions in paragraph 4.2 are also valid for the simplified mechanical 
model. However, three additional simp!ifying assumptions have been made which are: 

• In the simplified mechanical model, the restraining moment is located at x, from the top, 
whereas in the full mechanical model, the restraining moment consists of a couple at x,-h/2 
and x,+h/2 from the top. The latter is more realistic because the restraining action of both the 
web and flange frames is transferred bet ween the belt truss and the core in the floor dia
phragms adjacent to the top and bottom chords of the belt truss; 

• The vertical members of the belt truss are infinite!y rigid and the supporting columns in both 
the web and flange frames are attached to the belt truss at rnid-height of the vertical members; 

• In the simplified mechanical model, shear lag in the web frames is neglected and a linear 
stress distribution is assumed, whereas in the full mechanica! model, shear lag in the web 
frames is taken into account. It is noted that shear lag on!y occurs in structures of which the 
web frames consist of more than two bays . Therefore, the assumed linear stress distribution in 
the simp!ified mechanica! model is correct for structures with only one or two bays in the 
web frames. 

--- Bw=8, ----
... (... ...................... . 

··· ... ··~I-~~-'(I-~yl -w_ H -- '-; - ~ 
- 4 --- ft -

bw bw br br , bw bw 
'-/ ~ t , ./'--->( , ( 

be 
I 

be 
.i' .-

Care fw et ew 
y r-- "Ic A' 

er 

Lx '---y----/ '---y----/ '-.,..--' 

Web frame Flange frame Web frame 
'------,------' 

Flange frame 

Figure 5.2. Numerical model ofthe simplified mechanical model 

Figure 5.2 shows the numerica! model which represents the simplified mechanical model. Be
cause of symmetry of the structure about both the x- and z-axis, only one quarter of the structure 
needs to be represented in the numerical model. However, when the belt truss in the web or 
flange frames consists of an odd number of sections and segments, it is complicated to assign 
the appropriate boundary conditions to the nodes of the intersected belt truss . To avoid prob
lems, the entire structure is represented in the numerical model, comprising the core, two web 
frames, and two flange frames. 
The core consists of storey-high BEAM3-elements which are uniaxial elements with tension, 
compression, and bending capabilities . The elements have three degrees of freedom at each 
node: translations in the nodal x and y directions and rotation about the nodal z-axis. Shear de
flections of the core are neg!ected. 
The web and flange frames consist of LINK1-elements which are uniaxial tension-compression 
elements with two degrees of freedom at each node: translations in the noda! x and y directions. 
All connections in the web and flange frames are automatically pinned by using LINK1-
e!ements. 
The interaction between the core and the periphera! frame of the belt trussed structure is mod
elled by using a constraint equation which couples the rotation of the core at Xr from the top and 
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the rotation of the adjacent belt truss vertical. Therefore, the restraining action of the peripheral 
frame is transferred to the core by a moment at x, from the top which is similar to the simplified 
mechanical model. 
Shear lag in the web frames is prevented. This is do ne by using constraint equations to prescribe 
a linear stress distribution in the web frames. 
Constraints are used to model the rigid floor diaphragms between adjacent columns and to cou
ple the web and flange frames in the y direction. 

5.2.2. Numerical model vs. simplified mechanical model 
The results of the numerical model in Figure 5.2 should be identical to the results of the simpli
fied mechanical model. To verify this, the results of numerical model and the simplified me
chanical model will be compared for a range of twelve belt trussed structures. 

Belt truss ~ang~ fram~ 

J ról ; j 
W,b ,"ro, l -l'fJ- i 32 

I 4 ~ 

~Ih 
~. " .. +4- 4 4 

32 32 
,," 

(a) Structural floor plan (b) Belt truss 

Figure 5.3. Belt trussed struCltlre 

The structures are 144 m high and comprise a reinforced concrete core and a steel belt truss as 
shown in Figure 5.3(a-b). The belt truss in both the web and flange frames consists of eight sec
tions which are 4 min width and comprise two X-braced segments each. The elastic modulus of 
steel is 2.1 x 1 08 kN/m2 and for the elastic modulus of the concrete core a value of 3x 107 kN/m2 

is assumed. All structures are subjected to an uniformly distributed lateralload of 2 kN/m2
• To 

obtain a range of structures with different structural configurations, the following structural pa
rameters are varied: 

• The bending stiffness of the core E1w; 
• The height of the belt truss h; 
• The belt truss location X,; 
• The sectional areas of the peripheral columns (Acr=Acw), the beams (AbFAbw), and the diago

nals (Actf=Actw). 

Table 5.1. Structural configurations 

Structure number I 2 3 6 9 12 
2 

E1w IkNm J 1.9110xl0
10 

1.911Oxi0
10 

1.911Oxi0
1O 

1.4333x 10
10 

9.5551x10
9 

9.5551x10
9 

h[ml 3 3 6 6 6 6 

x, [mi 1.5 70.5 69 69 69 69 

Acr=Acw [m
2

J 
.. 2 .. 2 .. 2 -2 

2.402x 10-
2 

2.402x10 2.402x10 2.402xl0 2.402xl0 00 

Abr=Abw [m
2

] 
-2 .. 2 -2 l.335xlO-2 -2 

l.335xl0 l.335xlO l.335xl0 1.335xlO 00 

Actr=Actw [m 2J 
.. 3 .. 3 -3 -3 -3 

7.684xlO 7.684xl0 7.684xlO 7.684xl0 7.684x10 00 

Table 5.1 shows the different structura1 configurations of six representative belt trussed struc
tures which are obtained by varying the structural parameters listed above. An overview of all 
twelve structures is included in Table C.1 in Appendix C. 
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Table 5.2 shows the results of the analyses. The lateral deflections at the top and the core mo
ments at the base of both the numerical and the simplified mechanical model are shown. In ad
dition, the percentages of errors of the numeri cal model in comparison to the simplified me
chanical model are given. The percentages of errors are defined as 

E s: = glop;n - gtop;m loom rror u top X -/0 

glop;m 
(5.1) 

and 

M C' n -Mc'm 
E M ' . loom rror C = X 70 

Mc;m 
(5 .2) 

where 6lop;n is the deflection obtained from the numerical model, 6lOp;m is the deflection obtained 
from the simplified mechanical model, Mc;n is the core base moment obtained from the numeri
cal model, and Mc;m is the core base moment obtained from the simplified mechanical model. 

Table 5.2. Numerical model vs. simplified mechanical model 

Slruclure number 2 3 6 9 12 

"top;m lmml 148.10 152.29 155.93 199.27 276.43 44.056 

"top;n [mm] 148.10 152.29 155.92 199.27 276.43 44.056 

Error "top [%1 0 0 0.01 0 0 0 

Me;m[kNm] 6.0475xl0
5 

5.9638x 1 0
5 

6.0595xl0
5 

5.9046xI0
5 

5.6358xl0
5 

2.8560x10
5 

Me;n [kNm] 6.0475x10
5 

5.9638x10
5 

6.0595x10
5 

5.9046x 10
5 

5.6358xl0
5 

2.8560x 10
5 

Error Me [%) 0 0 0 0 0 0 

The results of the numeri cal and the simplified mechanical model in Table 5.2 are almost the 
same. Therefore, it can be concluded that the numerical model represents the simplified me
chanical model. 

5.2.3. Simplified mechanical model vs. full mechanical model 
In this paragraph, an analysis will be performed to test the validity of the additional simplifying 
assumptions which have been made in the simplified mechanical model. This will be done by 
expanding the numerical model which is discussed in the previous paragraph and comparing the 
results with these of the simplified mechanical model. The effect of each simplifying assump
tion is investigated separately by elirninating one simplifying assumption at a time in the nu
merical model. Subsequently, all simplifying assumptions wiU be elirninated so th at the numeri
cal model resembles the full mechanical model presented in paragraph 4.2. For the analysis, the 
same structural configurations as in the previous paragraph will be used. The results of each 
analysis of all twelve structures are included in Tables C.3-C.6. 
First, the numerical model is expanded so that the restraining action of the peripheral frame of 
the belt trussed structure is transferred by a couple at Xr-h/2 and xr+h/2 from the top. In the sim
plified mechanical model, the restraining action of the peripheral frame is transferred by a mo
ment at Xr from the top. Table 5.3 shows the results of the analysis. The lateral deflections at the 
top and the core moments at tbe base of the expanded numerical model are given. These results 
are compared with the results of the simplified mechanical model in Table 5.2. The errors of the 
simplified mechanical model in comparison to the expanded numerical model are given as per
centages which are defined as 

E s: = glop;m - gtop ;n loom rror u top X -/0 

glop;n 
(5.3) 
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and 

M C' m -M c'n 
E M ' , 10001. rror C = X 70 

Mc ;n 
(5.4) 

where ÓlOp;m is the deflection obtained from the simplified mechanical model, Ólop;n is the deflec
tion obtained from the numerical model, Me;m is the core base moment obtained from the simpli
fied mechanical model, and Me;n is the core base moment obtained from the numerical model. 
The only d.ifference bet ween the simplified mechanical model and the expanded numerical 
model in Table 5.3 is the way by wruch the restraining action of the peripheral frame is trans
ferred to the core. When the peripheral frame and consequently the restraining action are negli
gible, the results of both modeIs will be almost identical. The errors between both models will 
increase in case the stiffness of the peripheral frame increases in comparison to the stiffness of 
the core. This is illustrated by the larger errors wruch are obtained for the structures of which 
the belt truss height is increased or the core stiffness is decreased. It is also found th at the errors 
increase in case the belt truss is located at mid-height instead of at the top of the structure. The 
errors wruch are obtained for structure 12 are rather large because all stiffnesses of the peri ph
eral frame have been given infinite values. Therefore, the core does not rotate at belt truss level 
and the part of the core below the belt truss is fully forced into double curvature. In the simpli
fied mechanical model, the core does not rotate at Xr from the top, whereas in the expanded nu
merical model the core does not rotate between x r-h/2 and xr+h/2 from the top. The restraining 
moment in the simplified mechanical model is smaller than the restraining coup Ie in the ex
panded numerical model. In general, it shows that the errors for realistic structures with finite 
stiffnesses are relatively small. 

Table 5.3. Moment vs. couple 

StruClure number I 2 3 6 9 12 

<llop;n [mm] 148.07 152.26 155.88 199.18 276.17 39.931 

Error <ltop [% I 0.02 0.02 0.03 0.05 0.09 10.33 

Me;n [kNmi 6.0469xI0
5 

5.9631xi0
5 

6.0585x10
5 

5.9029x10
5 

5.6325x10
5 

2.8059x 10
5 

Error Me [%] 0.01 0.01 0.02 0.03 0.06 U9 

Table 5.4 shows the results of the numerical model which is expanded so th at the vertical mem
bers of the belt truss are non-rigid and the supporting columns are attached at the bottom of the 
belt truss. The results of the simplified mechanical model and the expanded numerical model 
are compared and the errors are given as percentages. 
The errors which are obtained for the analysed structures are very small. For structure 12, the 
errors are zero because the stiffness of the peripheral frame has been given an infinite value. 

Table 5.4. Rigid verticals vs. non-rigid verticals 

Structure number 2 3 6 9 12 

<llop;n [mm] 148.08 152.27 155.88 199.20 276.30 44.065 

Error <llop [%1 0.01 0.01 0.03 0.04 0.05 0 

Me;n [kNmi 6.0470x10
5 

5.9632x10
5 

6.0584XI0
5 

5.9033x10
5 

5.6342x 10
5 

2.8561x 10
5 

Error Me [%] 0.01 0.01 0.02 0.02 0.03 0 

The results of the expanded numerical model in which shear lag in the web frames is taken into 
account are shown in Table 5.5. In addition, the errors of the simplified mechanical model in 
comparison to the expanded numerical model are given as percentages. 
Shear lag only occurs in case the stiffness of the belt truss is finite. Therefore, it can be con
cluded th at the errors between the simplified mechanical model and the expanded numerical 
model will increase when the stiffness of the belt truss is decreased. This is iIIustrated by the 
larger errors which are obtained for the structures of which the belt truss height is 3 m instead of 
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6 m. The errors which are obtained for structure 12 are zero because the stiffness of the peri ph
eral frame is infinite and consequently shear lag does not occur. 

Table 5.5. Linear stress distribution in web frame vs. shear lag 

Structure number 2 3 6 9 12 

Jtop;n [mm] 148.38 152.67 156.29 199.86 277.55 44.065 

Error J lOp [%] -0.19 ·0.25 -0.23 -0.30 -0.40 0 

Me;n [kNm] 6.0527xI0
5 

5.973IxI0
5 

6.0683x10
5 

5.9153x10
5 

5.6492xI0
5 

2.8561x10
5 

Error Me [%] -0.09 -0.16 -0.15 -0.18 -0.24 0 

In Table 5.6, the results of the expanded numerical model in which all simplifying assumptions 
have been eliminated are shown. The expanded numerical model resembles the full mechanical 
model presented in paragraph 4.2. Table 5.6 also gives the percentages of errors of the simpli
fied mechanical model in comparison to the expanded numerical model. 
The errors gi ve an indication whether the additional simplifying assumptions, which are made 
in the simplified mechanical model, can be justified. Because all simplifying assumptions are 
related to the peripheral frame, the errors between the simplified mechanical model and the ex
panded numerical model increase when the stiffness of the peripheral frame increases in com
parison to the stiffness of the core. This is shown by the larger errors which are obtained for the 
structures of which the core stiffness is reduced. The errors which are caused by neglecting 
shear lag in the web frames are relatively large in case the flexibility of the belt truss is high. 
For structures of which the stiffness of the peripheral frame increases in comparison to the stiff
ness of the core, however, the errors which are caused by the simplification of the restraining 
coup Ie into a moment becomes predominant. Moreover, it can be seen that the errors due to the 
individual simplifying assumptions in the simplified mechanical model partly neutralize each 
other. 

Table 5.6. Simplified mechanical model vs. ful! mechanical model 

Slruclure number 2 3 6 9 12 

Jlop;n [mm] 148.32 152.60 156.18 199.66 277.07 39.931 

Error J lOp [% I -0.15 -0.20 -0.16 -0.20 -0.23 10.33 

Me;n [kNmi 6.0515x10
5 

5.9712xI0
5 

6.0656x10
5 

5.9115x10
5 

5.6433x10
5 

2.8059x10
5 

Error Me [%1 -0.07 -0.12 -0.10 -0.12 -0.13 1.79 

5.2.4. Conclusion 
Table 5.6 shows that for realistic structures with finite stiffnesses, the results of the simplified 
mechanical model are in accordance with the results of the fuIl mechanical model. However, 
small errors occur due to the additional simplifying assumptions which are made in the simpli
fied mechanical model. 

5.3. Optimum belt truss location 

In this paragraph, the accuracy of the approximate methods for the deterrnination of the opti
mum location of a single belt truss will be investigated. This will be done by analysing a range 
of six belt trussed structures. For each structure, the differences in the deflections at the top and 
the core moments at the base for various belt truss locations will be investigated. The belt truss 
of each structure is located at four different locations: 

• The optimum belt truss location; 
• The optimum facade rigger location; 
• The approximate optimum belt truss location obtained by neglecting shear lag; 
• The approximate optimum belt truss location obtained by using the iterative method. 
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The belt truss is located at rnid-storey level nearest to the theoretically derived optimum loca
tion. 1t is noted that the storey nearest to the theoretically derived location is not necessarily the 
storey for which the deflection reduction has a maximum value. 

Belt lfUSS, Flange f rame 
~ 

(a) Slrucrural fl oor plan (b) Belt truss 

Figure 5.4. Belt trussed structure 

5.3.1. Structural configurations 
The analysed belt trussed structures are 87 m high and comprise a reinforced concrete core and 
a3 m high steel belt truss as shown in Figure 5.4(a-b). The elastic modulus of steel is 2.1x108 

kN/m2 and the sectional areas of the peripheral columns are 3.12xlO-2 m2
, the sectional areas of 

the beams are 1.78xlO-2 m2
, and the sectional areas of the diagonals are 9.726xlO·3 m2

. Both the 
web and flange frames consist of ten columns. The width and the number of X-braced segments 
of the belt truss sec ti ons are varied. All structures are subjected to an uniformly distributed lat
eral load of 2 kN/m2

. The following structural parameters are varied to obtain structures with a 
range of values for the characteristic structural parameter cv and the equivalent flange frame pa
rameter À: 

• The bending stiffness of the core E1w; 
• The length of the belt truss sec ti ons in the web frames bw and flange frames br; 
• The number of segments in the belt truss sections in the web framesjw and flange frames jr. 

Table 5.7 shows the different structural configurations of the six belt trussed structures which 
are obtained by varying the structural parameters listed above. 

Table 5.7. Structural configurations 

Structure number I 2 3 4 5 6 
2 

E1w [kNm ] 3xlO
8 

3xlO
8 

3xlO
9 

3xlO
9 

3xlO
9 

3xlO
9 

bw=br [m] 2 4 2 4 2 4 

iw [ol 3 3 2 2 I 

id - ] 2 I 2 2 

5.3.2. ResuIts 
The results of the analysis are shown in Tables 5.8-5.12. First, the belt truss of each structure is 
located at the optimum belt truss location which is obtained by following the procedure dis
cussed in paragraph 4.4.1. Table 5.8 shows the theoretical optimum location of the belt truss. 
The actual belt truss location is shown in parentheses. In addition, the deflections at the top and 
the core moments at the base of the structures are gi ven. 
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Table 5.8. Belt truss located at optimum belt truss location 

Structure number 2 3 4 5 6 

X r rml 30.312 (31.5) 28.435 (28.5) 13.731 (13.5) 9.1123(10.5) 8.8128 (7.5) 4.6430 (4.5) 

OIOP [mm] 161.46 342.26 35.663 73.885 38.564 80.180 

Me [kNmI 8.7304xI0
4 

1.8065xl0
5 

1.2438xl0
5 

2.5310x 10
5 

1.292lx10
5 

2.6334x10
5 

Table 5.9 shows the results of the structures of which the belt truss is located at the optimum fa
cade rigger location. In order to determine the optimum facade rigger location, the flange 
frames of the belt trussed structures are discarded, i.e., the equivalent flange frame parameter 
,1,= 1. Subsequently, the method of analysis for facade rigger braced structures is used to deter
mine the optimum facade rigger location for the remaining structure. Table 5.9 shows the de
flections at the top and the core moments at the base of the six structures. The differences in de
flections and moments, in comparison to the structures of which the belt truss is located at the 
optimum belt truss location, are given as percentages. The percentages are defined as 

s: . = JlOp;a - Jtop;e 10001 
vlOp;diff X -/0 

JlOp;e 
(5.5) 

and 

Mc;a -M c;e 
M C"diff = x 100% 

, Mc;e 
(5.6) 

where ÓlOp;a is the deflection obtained from the approximate method, Ó1op;e is the deflection ob
tained from the exact method, Me;a is the core base moment obtained from the approximate 
method, and Me;e is the core base moment obtained from the exact method. 
When the results in Table 5.9 are compared to the results in Table 5.8, it shows that the maxi
mum difference between the theoretical locations is found in structure 3 which is about 4.1 m 
(17.815-13.731). When comparing the actuallocations, the maximum difference of two storeys 
is found in structure 5. Although the belt truss is located two storeys below the optimum loca
tion, the differences in deflection at the top and the core moment at the base are very small. 

Table 5.9. Belt truss located at optimumfacade rigger location 

Structure number 2 3 4 5 6 

X r rml 31.091 (3 \.5) 28.645 (28.5) 17.815 (16.5) 10.224 (10.5) 12.079 (13.5) 5.3165 (4.5) 

J1op[mm] 161.46 342.26 35.674 73.885 38.580 80.180 

OlOp;diff [%] 0 0 0.03 0 0.04 0 

Me [kNmI 8.7304xI0
4 

1.8065x I 0
5 

1.2425 x 10
5 

2.5310x10
5 

1.2912xl0
5 

2.6334x10
5 

Me;diff[%) 0 0 -0.10 0 -0.07 0 

In Table 5.10, the results of each structure of which the optimum location of the belt truss is ap
proximated by neglecting shear lag in both the web and flange frames are shown. The optimum 
loc at ion of the belt truss is deterrnined by using the maximum value of the equivalent flange 
frame parameter, i.e., ,1,=5. 
When comparing Tables 5.8 and 5.10, it shows that the maximum difference between the theo
retical locations is found in structure I which is about 0.3 m (30.585-30.312). The actual loca
tions are the same for all analysed structures. 
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Table 5.10. Belt truss located at approximate optimum belt tnlss location (shear lag neglected) 

Structure number 2 3 4 5 6 

xr[ml 30.585 (31.5) 28.490 (28.5) 13.851 (13.5) 9.0060 (10.5) 8.7768 (7.5) 4.5600 (4.5) 

J lOp [mm] 161.46 342.26 35.663 73.885 38.564 80.180 

Jtop;diff [%] 0 0 0 0 0 0 

Mc [kNm] 8.7304xI0
4 

1.8065xl0
5 

1.2438xl0
5 

2.531Ox10
5 

1.292 Ix 10
5 

2.6334x10
5 

Mcjdiff[%] 0 0 0 0 0 0 

Table 5.11 shows the results of the structures of which the optimum location of the belt truss is 
approximated by using the iterative method. The iterative method has been started by placing 
the belt truss at the top of the structure. In Table 5.11, the theoretical and actual belt truss loca
tions are given for one, two, and three iterations. For the actual belt truss locations of the third 
iteration, the deflections at the top and the core moments at the base are shown. 
When the results in Table 5.11 are compared to the results in Table 5.8, it shows that the maxi
mum difference between the theoretical locations is found in structure 3 which is about 1.1 m 
(17.815-13.731). When comparing the actual locations, the only difference of one storey is 
found in structure 5. Although the belt truss is located one storey below the optimum location, 
the differences in deflection at the top and the core moment at the base are very smal!. 

Table 5.11. Belt truss located at approximate optimum belt truss location (iterative methodfrom top) 

Structure number 2 3 4 5 6 

xr;start [m 1 0(1.5) 0(1.5) 0(1.5) 0(1.5) 0(1.5) 0(1.5) 

xr;l rml 30.685 (31.5) 28.541 (28.5) 14.736 (13.5) 9.4164 (10.5) 9.4818 (10.5) 4.8109 (4.5) 

xr;2 rml 30.720 (31.5) 28.553 (28.5) 14.849 (13.5) 9.4405 (10.5) 9.5342 (10.5) 4.8169 (4.5) 

xr;3 rml 30.720 (31.5) 28.553 (28.5) 14.850 (13.5) 9.4405 (10.5) 9.5346 (10.5) 4.8169 (4.5) 

J top [mm] 161.46 342.26 35.663 73.885 38.565 80.180 

Jtop;diff [%] 0 0 0 0 0.00 0 

Mc [kNm] 8.7304xI0
4 

1.8065xl0
5 

1.2438xl0
5 

2.5310x 10
5 

1.2916x10
5 

2.6334x10
5 

Mcjdiff [%1 0 0 0 0 -0.04 0 

The results in Table 5.12 are also obtained by using the iterative method. However, the iterative 
method has been started by placing the belt truss at the bottom of the structure. 
The results of the third iteration are almost identical to the results in Table 5.11. Therefore, it 
can be conc1uded that it does not matter which location is used to start the iterative method. 

Table 5.12. Belt truss located at approximate optimum belt truss location (iterative methodfrom bottom) 

Structure number I 2 3 4 5 6 

xr;start [m] 87 (85.5) 87 (85.5) 87 (85.5) 87 (85.5) 87 (85.5) 87 (85.5) 

Xr;l rml 31.091 (31.5) 28.645 (28.5) 17.815 (16.5) 10.224 (10.5) 12.079 (13.5) 5.3165 (4.5) 

xr;2 rml 30.721 (31.5) 28.553 (28.5) 14.880 (13.5) 9.4431 (10.5) 9.5531 (10.5) 4.8179 (4.5) 

xr;3 rml 30.720 (31.5) 28.553 (28.5) 14.851 (13.5) 9.4405 (10.5) 9.5349 (10.5) 4.8169 (4.5) 

J top [mrnl 161.46 342.26 35.663 73.885 38.565 80.180 

JlOp;diff [%] 0 0 0 0 0.00 0 

Mc [kNm] 8.7304xI0
4 

1.8065xl0
5 

1.2438x 10
5 

2.531Ox10
5 

1.2916xl0
5 

2.6334x10
5 

Mc;diff [%l 0 0 0 0 -0.04 0 

Figure 5.5 shows the equivalent flange frame parameters of the six structures as a function of 
the belt truss location. The structural parameters of the flange frames and thus the equivalent 
flange frame parameters are identical for the structures with the even and odd numbers. 
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Figure 5.5. Equivalent flange frame parameters for structures 1-6 

In Figure 5.6, the deflection reductions of the structures with the even numbers are shown as a 
function of the belt truss location. Similar curves are also found for the structures with the odd 
numbers. 
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Figure 5.6. Deflection reductions of structures 2, 4 and 6 

5.3.3. Conclusion 
Although the locations of the belt truss may differ significantly (e.g. two storeys), the differ
ences in deflections at the top and the core moments at the base between the analysed structures 
are very small. Figure 5.6 shows that the reductions in deflection for a range of belt truss loca
tions nearby the optimum location of the beIt truss are almost the same. 
Since it is difficuIt to produce useful graphs for the optimum location of a single belt truss, it is 
suggested to use one of the approximate methods. The approximate method in which shear lag 
in both the web and flange frames is neglected, gives a very accurate predication of the opti
mum location of the belt truss. It can then be concluded that for the analysed structures, the in
fluence of shear lag in the flange frames on the optimum location of the belt truss is small. The 
iterative method gives a reasonable accurate predication of the optimum location of the belt 
truss, but it requires extra computations. Therefore, the method is not suitable for a simple 
method of analysis for preliminary design. Placing the belt truss at the optimum facade rigger 
location requires fewer computations, but the prediction of the optimum belt truss location is 
less accurate. 
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Because of the accuracy and the simplicity of the method, it is suggested to use the approximate 
method in which shear lag in both the web and flange frames is neglected. The earl ier published 
graphs for outrigger braced structures (Stafford Srnith and Salim, 1981) can therefore also be 
used to obtain an approximation of the optimum location of the belt truss. 

5.4. Beams on elastic foundation 

In this paragraph, the accuracy of the approximation of the flange frames (discrete system) by 
beams on elastic foundation (continuous system) will be investigated. First, the accuracy by 
which the continuous method approximates the equivalent flange frame parameter A is investi
gated. Subsequently, an analysis will be performed to check the effects of the inaccuracies of 
the continuous method on the deflections at the top and the core moments at the base of various 
belt trussed structures. 

5.4.1. Equivalent flange frame parameter 
The accuracy by which the continuous method approximates the equivalent flange frame pa
rameter will be investigated by comparing the equivalent flange frame parameters of the dis
crete and the continuous system. For the discrete system, the equivalent flange frame parameters 
are deterrnined by using the formulae in Appendix A and the equivalent flange frame parame
ters of the continuous system are obtained by following the procedure which is discussed in 
paragraph 4.5.4. 
The mechanical models of the discrete and the continuous system are shown in Figure 5.7(a-b). 
It is noted th at the belt truss in the discrete system deforms into double curvature per section as 
shown in Figure 4.17(a) and the be am in the continuous system deforms into symmetric double 
curvature over the entire length as shown in Figure 4.l7(b). 

(a) Discrete system (b) Continuous syslem 

Figure 5.7. Mechanical models 

For the determination of the equivalent flange frame parameter, it is assumed th at the sectional 
areas of all flange frame columns are the same, i.e., a= 1. The equi valent flange frame parame
ters of the discrete and the continuous system are deterrnined for a range of values of the struc
tural parameter (fr and for a varying number of supporting columns Nr. For each combination of 
(fr and Nr, the error which is caused by the approximation of the flange frames by beams on 
elastic foundation is determined. The error is defined as 

À, -À, 
Error À, = cs ds x 100% 

À,ds 
(5.7) 

where Acts and Acs are the equivalent flange frame parameters of the discrete and the continuous 
system, respectively. It is found th at in case all flange frame columns are identical, the error de
pends on the structural parameter (fr and on the number of flange frame columns Nr only. 
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5.4.2. Accuracy without correction factor 
First, the errors are determined in case the bending stiffness of the beam in the continuous sys
tem is not corrected, i.e., Elb=Elrf;red. In Figure 5.8, the errors are shown. The values of the 
equivalent flange frame parameters of the discrete and the continuous system are included in 
Tables C.7-C.10 in Appendix C. 
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Figure 5.8. Accuracy without correctionfactor 

The errors between the discrete and the continuous method are caused by the approximation of 
the flange frame columns by an elastic foundation and the differences in deflection behaviour 
between the belt truss and the beam. For flange frames with a small number of supporting col
umns, the error of the approximation of the columns by an elastic foundation is large, whereas 
for an increasing number of columns the error becomes negligible. The error wruch is caused by 
the differences in deflection behaviour between the belt truss and the beam increases with the 
number of columns and is zero for flange frames with only three columns. 
In general, it can be concluded that the errors between the equivalent flange frame parameters of 
the discrete and the continuous system are negligible for very small values of (.er. Moreover, the · 
error increases with the number of flange frame columns which can be contributed to the differ
ences in deflection behaviour between the belt truss and the beam. 
The contribution of the inner flange frame columns to the axial stiffness of the corner columns 
is underestimated when the continuous method without correction factor is used for the deter
mination of the equivalent flange frame parameter. For flange frames with a large number of 
columns and certain values of (.er, the actual contribution of the inner flan ge frames columns re
duces with more than 50%. 
Finally, it can be seen th at for a flange frame with three supporting columns and (.eF4.7, the 
equivalent flange frame parameter of the continuous system À.cs< I, i.e., the contribution of the 
inner flange frame columns to the axial stiffness of the corner columns becomes negative. Trus 
can be explained by the fact that for large values of (.er, the stiffness of the beam is relatively 
small in comparison to the stiffness of the foundation. Moreover, the stiffness of the foundation 
is spread out over the entire length of the be am in contrast to the discrete system. Therefore, the 
deflections at the corners of the continuous system can be rather large. The deflection at a cor
ner of the continuous system is used to determine the force in a corner column of the discrete 
system as described in paragraph 4.5.4. It is possible that the force in the corner column is larger 
than the force to which the flange frame is subjected and therefore, the equivalent flange frame 
parameter À.cs<l. This can also occur for flange frames with more than three supporting columns. 
The value of (.er for which the equivalent flange frame parameter )'cs=l depends on the number 
of flange frame columns and can be approximated by 
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(5.8) 

The continuous method should not be used to approximate the equivalent flange frame parame
ter in case (lf >2nf' In these cases, a value of 1 should be assumed for the equivalent flange 
frame parameter ..1.. 

5.4.3. Accuracy with correction factor 
Figure 5.9 shows the errors which are obtained in case the bending stiffness of the be am in the 
continuo us system is corrected with correction factor 'PI in Table 4.1. 
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Figure 5.9. Accuracy with correctionfactor 'PI 

Correction factor 'PI=l for flange frames with only three or four supporting columns and there
fore, the results are the same as those in Figure 5.8. For flange frames with more than four sup
porting columns, it shows that the errors become positive, i.e., the continuous method with cor
rection factor 'PI overestimates the actual equivalent flange frame parameter. In comparison to 
the continuous method without correction factor, the errors are smaller. 
Two additional correction factors for the bending stiffness of the beam have been investigated. 
Correction factor 'Pz is basically a simplification of 'PI and is defined as 

V/2={~r (5.9) 

Correction factor 'PJ is derived from 'Pz. Because correction factor 'Pz results in an overestima
ti on of the actual equivalent flange frame parameter, the average of correction factor 'Pz and no 
correction factor is taken. Correction factor 'PJ then becomes 

{
nf }2 1 
2 + nl +4 V/3 = ---

2 8 

(5.10) 

Figures 5.10-5.13 show the accuracy of the approximation of the equivalent flange frame pa
rameter by the continuous method with the correction factors 'PI, 'Pz, and 'PJ. In addition, the er
rors which are obtained without correction factor are shown. 
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Figure 5.10. Accuracy with and without correctionfactorsfor (RF 1.7 
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Figure 5.12. Accuracy with and without correction factors for (ff=3.7 
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Figure 5.13. Accuracy with and without correctionfactorsfor t;fF4.7 

As expected, the errors which are obtained by using the continuous method with correction fac
tors ijl! or 1J12 are similar. The smallest errors are obtained by using correction factor ijl). More
over, correction factor ijl) results in an underestimation of the actual equivalent flange frame pa
rameter for (~r<4.7. Therefore, it is suggested to use correction factor ijl) to adjust the bending 
stiffness of the beam. 

5.4.4. Effects of the inaccuracies 
In this paragraph, an analysis wiII be performed to check the effects of the inaccuracies of the 
continuous method on the deflections at the top and the core moments at the base for various 
belt trussed structures. This wiII be done by comparing the results of the discrete and the con
tinuous method. In addition, the method of analysis for facade rigger braced structures wiJl be 
used to obtain an indication of the structural performance of the flange frames. 
For the determination of the equivalent flange frame parameter of the continuous system, cor
rection factor ijl! will be used. It is noted that correction factor ijl) results in a more accurate pre
diction of the equivalent flange frame parameter. However, the differences in deflections at the 
top and core moments at the base wiU be more pronounced when correction factor ijl! is used. 

Belt truss 

r 

Web frame 1-
Flange frame 
r - . /"'---. 

(a) Structural floor plan 

HE 280 M HE 340 A VariabJe 

32 ~I3 
4 4 4 4 4 4 4 4 

j' r 
32 

r-------------~~-------------.~ 

(b) Belt truss 

Figure 5.14. Belt trussed structure 

In Figure 5.14(a), the structural flOOf plan of the analysed belt trussed structures is shown. The 
144 m high structures consist of a reinforced concrete core with a bending stiffness of 
9.5551 x 109 kN m2 and a 3 m high belt truss located at 46.5 m from the top of the structure. 
Figure 5. 14(b) shows the steel belt truss which consists of eight sections that are 4 m in width 
and comprise two X-braced segments each. For the elastic modulus of steel, a value of 2.1 x I 08 

kN/m2 is assumed. The sectional areas of the peripheral columns are 2.402xl0-2 m2 and the sec-
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tional areas of the beams are 1.335xlO·2 m2
. To obtain structures with a range of values for the 

characteristic parameter (Rf, the sectional are as of the diagonals are varied. The structures are 
subjected to an uniformly distributed lateralload of 2 kN/m2

. 

The results of the analysis are shown in Table 5. 13 (a-b ) for a range of values of (Rr. It should be 
noted th at the value of (.e f depends on the correction factor. In the column marked 'Freest. core', 
the lateral deflection at the top and the core moment at the base of afreestanding core subjected 
to the full lateral loading are gi ven. In the other columns, the lateral deflections at the top, the 
core moments at the base, and the percentages of reductions in comparison to the freestanding 
core are shown. The percentages of reductions are defined as 

s: = glop;b - glop;f loom 
v1op;red X 70 

glop;f 
(5.11) 

and 

M c;b -M c;f 
M c-red = X 100% 

• MC;f 
(5.12) 

where c)lop;b is the deflection at top of the braced structure, c)lop;f is the deflection at top of the 
frees tanding core, Me;b is the core moment at the base of the braced structure, and Mc;f is the 
core moment at the base of the freestanding core. 
In the column marked '2=1' in Table 5.13(a-b), the results which are obtained with the method 
of analysis for facade rigger braced structures are shown. The columns marked '2ds ' and '2es' 
show the results of the method of analysis for belt trussed structures of which the equivalent 
flange frame parameter has been determined by using the discrete and the continuous method, 
respecti vely. 

Table 5.J3(a). ContinuOlIS method vs. discrete method (9 jlangeframe columns) 

Struclure Freest. core Rigger braeed slruclure çep4.2 Rigger braeed strucrure çeF3.4 

T:tl2e À=I Àds=2.0947 Àes=2.457 I À=I Àds=2.7339 Àes=3.0166 

OIOP [mml 360.00 300.19 295.62 294.70 268.24 253 .08 251.67 

Olop;red [%l -16.61 -17.88 -18.14 -25.49 -29.70 -30.09 

Me [kNrn] 6.6355xI0
5 

6.0201x10
5 

5.9732x10
5 

5.9636x10
5 

5.6914XI0
5 

5.5354x10
5 

5.5210x10
5 

Me;red [%] -9.27 -9.98 -10.13 -14.23 -16.58 -16.80 

Table 5. J3(b). ContinuOlIS method vs. discrete method (9 jlange frame columns) 

Structure Freest. core Rigger braeed strucrure çeF3.0 Rigger braeed strucrure çeF2.8 

T:tl2e À=I Àds=3.1317 Àes=3.3589 À=I Àds=3.3868 Àcs=3.5760 

IÎlOp [mml 360.00 251.17 226.27 224.81 241.25 208 .94 207.56 

Olop;red [%l -30.23 -37.15 -37.55 -32.99 -41.96 -42.34 

Me [kNrn] 6.6355x10
5 

5.5158x10
5 

5.2596x10
5 

5.2446xI0
5 

5.4137x10
5 

5.08J3x10
5 

5.0671x10
5 

Mc;red [%1 -16.87 ·20.74 -20.96 -18.41 -23.42 -23.64 

It can be concluded that the inaccuracies of the continuous method have a small influence on the 
deflections at the top and the core moments at the base. For (.eF4.2, the error of the prediction 
of the equivalent flange frame parameter is about 17%, whereas the differences in deflections at 
the top and core moments at the base in comparison to the discrete metbod are smaller than 1 %. 
This can be explained by the fact that for large values of (Rr, the contribution of the inner flange 
frame columns to the bending stiffness of the peripheral frame is negligible. Therefore, the in
fluence of the inaccuracy of the continuous method is smal!. For smaller values of (Rr, the con
tribution of the inner flange frame columns increases but also the accuracy of the approximation 
of the equivalent flange frame parameter by the continuous method. 
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Figure 5.15. Belt truss 

To investigate the effects of the inaccuracies of the continuous method for belt trussed struc
tures with more supporting columns, several additional structures have been analysed. The 144 
m high structures consist of a reinforced concrete core with a bending stiffness of 1.6124xl01o 

kN m2 and a 3 m high belt truss located at 46.5 m from the top of the structure. Figure 5.15 
shows the steel belt truss which consists of 24 sections th at are 1.5 m in width and comprise 
only one X-braced segment each. For the elastic modulus of steel, a value of 2.1 x 108 kN/m2 is 
assumed. The sectional areas of the peripheral columns are 1.133x 10-2 m2 and the sectional ar
eas of the beams are 1.335xlO-2 m2

. To obtain structures with a range of va lues for the charac
teristic parameter (lr, the sectional areas of the diagonals are varied. The structures are subjected 
to an uniformly distributed lateralload of 2 kN/m2

• 

The results of the analysis are shown in Table 5.14(a-b) for a range of values of (lf. 

Table 5.l4( a). Continuous method vs. discrete method (25 flange frame columns) 

Structure Freest. core Rigger braeed structure ( ep4.8 Rigger braeed structure çep3.8 

Tn~e À=I Àds=4. 1168 '\cs=5 .5628 À=I '\ds=5.9827 Àcs=7.1298 

"top [mm1 240.00 210.88 208.77 208.24 190.69 182.22 181.23 

" top;red [%) -12.13 -13 .01 -13.23 -20.55 -24.08 -24.49 

MclkNm) 7.4650x10
5 

6.9593x10
5 

6.9228xI0
5 

6.9136x10
5 

6.6088x 10
5 

6.4617x10
5 

6.4446xl0
5 

Mc;red [%) -6.77 -7.26 -7.39 -11.47 -13.44 -13.67 

Table 5.l4(b). Continuous method vs. discrete method (25 flange frame columns) 

StrucLUre Freest. core Rigger braeed structure (ep3.4 Rigger braeed structure (ep3.0 

T~Ee À=I Àds=7.3602 '\cs=8.2844 À=I '\ds=8.3693 Àcs=9.1256 

"top [mmJ 240.00 178.08 162.11 160.97 170.05 147.27 146.15 

"top;red [%) -25.80 -32.45 -32.93 -29. 15 -38.64 -39.10 

Mc [kNmi 7.4650x10
5 

6.3899x10
5 

6.1125x10
5 

6.0429x10
5 

6.2505x10
5 

5.8550x10
5 

5.8356x10
5 

Mc;red [%) -14.40 -18.12 -19.05 -16.27 -21.57 -21.83 

It shows that the results are similar to those in Table 5.13(a-b). However, the contribution of the 
inner flange frame columns to the bending stiffness of the peripheral frame is larger. 

5.4.5. Conclusion 
By using a correction factor, the accuracy of the prediction of the equivalent flange frame pa
rameter by the continuous method can be improved. The best results are obtained by using cor
rection factor 'JI). 
It shows that the inaccuracies of the continuous method have a small influence on the core mo
ments at the base and the deflections at the top of the analysed structures. Therefore, the con
tinuous method can be used as a simplification of the discrete method of analyses for belt 
trussed structures. However, the continuous method should not be used in case (ff>4.7 or in 
case (ff>4 for structures with only three supporting columns in the flange frames. For these 
structures, the contribution of the inner flange frame columns to the bending stiffness of the pe
ripheral frame is negligible. 
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CHAPTER6 
Conclusions and recommendations 

6.1. Conclusions 

The objective of this research project was to develop a method of analysis for preliminary de
sign of high-rise building structures with a flexible belt truss subjected to lateralloading. There
fore, the existing method of analysis for facade rigger braced structures has been expanded to 
include an equivalent flange frame parameter À. which expresses the contribution of the inner 
flange frame columns to the axial stiffness of a single corner column. With this parameter, it is 
possible to take shear lag in the flange frames into account. A numerical analysis has been per
formed to investigate the validity of several simplifying assumptions which are made in the 
manual method of analysis, e.g., neglecting shear lag in the web frames. It shows that for realis
tically dimensioned structures, the assumptions introduce only small errors. The percentages of 
errors are less than 1% for the analysed structures. 
In addition, it can be concluded that the solution of the optimum location of the belt truss is 
rather complex in case shear lag in the flange frames is taken into account. The optimum loca
tion of the belt truss becomes a function of four non-dimensional structural parameters which 
are ratios of the stiffnesses of the core, the belt truss, and the peripheral columns. Several meth
ods have been suggested to approximate the optimum location of the belt truss. The approxi
mate method in which shear lag in both the web and flange frames is neglected, gives an accu
rate predication of the optimum location of the belt truss for the analysed structures. It can 
therefore be concluded that for the analysed structures, the influence of shear lag in the flange 
frames on the optimum location of the belt truss is smal!. By using this approximate method, the 
earlier published graphs for outrigger braced structures can be used to obtain an approximation 
of the optimum location of the belt truss. 
The expression for the equivalent flan ge frame parameter À. differs for every number of flange 
frame columns. By treating the flange frames as beams on elastic foundation, it is possible to 
replace these different expressions by a single expression. For high flexibilities of the belt truss, 
the prediction of the equivalent flange frame parameter by the continuous method is inaccurate 
and therefore, several correction factors have been proposed. An analysis of various belt trussed 
structures showed that the continuous method with correction factor can be used to obtain an 
accurate prediction of the core moments at the base and the deflections at the top. 
In high-rise building structures with a more or Ie ss square floor plan, the stiffness of the struc
ture usually needs to be increased in both major wind directions which justifies the choice of a 
belt truss around the structure. The contribution of the inner flange frame columns to the bend
ing stiffness of the peripheral frame is neglected in the method of analysis for facade rigger 
braced structures and is overestimated in case shear lag in the flange frames is neglected. By us
ing the method of analysis for belt trussed structures, the contribution of the inner flange frame 
columns can be taken into account accurately. For an optimal performance of the flange frames, 
it is suggested to use a large number of closely spaced columns. 

6.2. Recommendations 

Shear lag in the web frames is neglected in the method of analysis for belt trussed structures. 
Further study is suggested to investigate whether shear lag in the web frames can be taken into 
account, e.g., by introducing an equivalent web frame parameter. Although the numerical analy
sis showed that shear lag in the web frames can be neglected, it gives the opportunity to investi
gate the effect of shear lag on the optimum location of the belt truss. The solution of the opti
mum location of the belt truss becomes rather complex in case shear lag is taken into account. 
Therefore, it is suggested to investigate the accuracy of the approximate method in which shear 
lag is neglected further. 
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In the method of analysis for belt trussed structures, it is assumed that the belt truss is attached 
to the structure at the columns only. The floor diaphragms between adjacent columns are as
sumed to be infinitely rigid in their own plane. Especially in prefab floor structures, the floor 
diaphragms are not infinitely rigid which influences the distribution of the forces across the pe
ripheral frame. Non-rigid floor diaphragms between adjacent columns rnight increase the effect 
of shear lag significantly. Therefore, a study is suggested to investigate the effect of non-rigid 
floor diaphragms between adjacent columns. 
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APPENDIX A 
Structural parameters 

A.l. Trusses 

A.l.l. Bending stiffness 
Figure A.I shows a truss which is subjected to a coupie. The truss comprises three sections of 
varying width which are divided into a total of nine segments. Since the floor ctiaphragms be
tween two adjacent columns are assumed to be infinitely rigid in their own plane, all columns 
on a particular level are subject to the same rotation. Therefore, the truss sections are forced into 
double curvature between two adjacent columns. It is assumed that the truss is attached to the 
structure at the columns only. In addition, at least two bracing segments between two adjacent 
columns have to be present in order to allow bending into double curvature to take place. 

h 

Figure A.J. Bending deformations 

The bending stiffness of a fulliength truss between the corner columns is the sum of the bend
ing stiffnesses of all sections, thus 

(A.l) 

where n is the number of truss sections and EIr:; is the bending stiffness of a truss section which 
is given by 

I 2 
El ri = - EAb h , 2 

For a truss of which the length of all sections is the same, Equation (A.I) simplifies to 

2 
Elr = n Elr;i 

(A.2) 

(A.3) 

In the method of analysis, the truss is treated as a prismatic member when calculating the rota
tions due to bending in the structure. Figure A.2(a) shows a prismatic beam which is forced into 
double curvature due to the identical end moments M. The bending moment varies linearly 
along the length of the beam. The bending moment in an actual truss section, resulting from the 
normal forces in the chords, cannot vary linearly along the length of the truss as shown in 
Figure A.2(b). Therefore, the rotations at the ends of the prismatic beam and the truss section, 
which can be deterrnined using the moment area method, will be different. 
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Figure A.2. Bending moments 

For a truss section with only two X-braced segments, the approximation by a prismatic beam 
results in a 33.33% overestimation of the rotation at the ends. The accuracy of the prediction of 
the rotation can be improved by adjusting the bending stiffness of the prismatic beam as follows 

Elr;i;adj = 'jElr;i (A.4) 

where y is a correction factor which is the ratio between the angle of rotation at the ends of the 
prismatic beam and the angle of rotation at the ends of the truss section. The correction factor 
for trusses with a varying number of X-braced segments is given by 

I 
y=I+-.2 1 J -

(A.5) 

where j is the number of segments in a truss section. For a truss section comprising one segment 
only, the correction factor must be given an infinite value. 
The accuracy of the approximation of the rotation by a prismatic beam increases with an in
creasing number of segments in the truss as the correction factor decreases rapidly with the 
number of segments. 

A.1.2. Racking shear stiffness 
Figure A.3 shows a truss comprising three sections of varying width which are divided into a 
total of nine segments. For the calculation of the racking shear stiffness of the truss, it is as
sumed that the shear force is distributed to the segments according to their individual racking 
shear stiffness. Therefore, the lateral deflections of all segments wiU be identical as shown in 
Figure A.3. 

,~'-----------------~ 

Figure A.3. Shear deformations 

The racking shear stiffness of a fuIl length truss bet ween the corner columns is the sum of the 
racking shear stiffnesses of aU segments, thus 

s 

GAr = LGAr;i 

;=1 

(A.6) 
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where s is the total number of segments in the truss and GAr;j is the racl<ing shear stiffness of a 
truss segment. 
Figure A4(a-d) shows several types of bracing for trusses. The racl<ing shear stiffnesses of 
these bracing systems are given for a segment with a length a and a height h. It is assumed that 
all connections are pinned with exception of the K- and knee-braced segments where the braces 
are pin-connected to a continuous beam. The influence of the vertical members on the racl<ing 
shear stiffness of the segment is neglected. 

~ 
m e m 

,," " ~----,r 

~ /\ . I, • /~d "' \ ' 

\ b 

a a a a 
~ 

, 

al X-braced segment b) N-braced segment c) K-braced segment d) Knee-braced segment 

Figure A.4. Truss bracings 

Figure A.4(a) shows an X-braced segment ofwhich the racl<ing shear stiffness is given by 

(A7) 

Bracing systems with a single diagonal, N-bracing, as shown in Figure A.4(b) have the follow
ing racl<ing shear stiffness 

(A8) 

For K-braced segments as shown in Figure A.4(c), the racl<ing shear stiffness is 

a 2hE 
GAj'K = 3 3 

. 2d a (A9) 
--+--
Ad 4Ab 

The racl<ing shear stiffness of a knee-braced segment as shown in Figure A.4(d) is given by 

(AIO) 

A.2. Facade frame and web frame 

Figure A5(a) shows a facade frame of a facade rigger braced structure. When a linear stress dis
tribution is assumed across the facade frame, the bending stiffness of the facade frame due to 
axial strain in the facade columns is given by 

N 

EI f = I EAf;j Cj2 

i=1 

where Nis the number of facade frame columns. 
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Figure A.5. Bending stiffness 

Figure A.S(b) shows a web frame with adjusted corner columns which represents the peripheral 
frame of a belt trussed structure. Analogous to the facade frame, shear lag in the web frame is 
neglected and a linear stress distribution is assumed across the frame. The bending stiffness of 
the web frame is then given by 

Nw-I 

El fw =A.EAcw;lc~;1 + IEAcw;iC~;i +A.EAcw;NwC~;Nw 
i=2 

(A.12) 

where Nw is the number of web frame columns and Je is the equivalent flange frame parameter. 
The expression for the equivalent flange frame parameter differs for every number of flange 
frame columns. For flange frames with three to ten supporting columns, the equivalent flange 
frame parameters are given by 

1 
~ =1+ a(2+ç) (A.13) 

A. =1+ __ 1_ 
4 a(l +ç) 

(A.14) 

(A.IS) 

(A.16) 

(A. 17) 

(A.18) 

~ =1+ 7+14ç+ 7ç2 +e 
a(2 + 16ç + 20ç2 + 8ç3 + ç4) 

(A.19) 

(A.20) 
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where for bending deformations in the belt truss, the characteristic structural parameter ç is 

(A.21) 

and for shear deformations, the characteristic structural parameter ç is given by 

(A.22) 

Additional equivalent flange frame parameters can be determined by 

À. = (2 + ;)Ài - 2;num - Ài- 4;num 

J (2 + ;)Ài- 2;den - Ài- 4;den 
(A.23) 

where Ài is the equivalent flange frame parameter for a flange frame with i supporting colurrms, 
Ài-2;num is the numerator of Ài-2' and Ài-2;den is the denominator of Ài-2' 
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APPENDIXB 
Beams on elastic foundation 

B.l. Introduction 

Figure B.l shows a finite beam on elastic foundation which is subjected to vertical forces Fat 
both ends. Since rotation of the ends of the be am is prevented, the beam deforms into symmetric 
double curvature over the entire length. The deflection curve of the finite beam can be de ter
rnined by using the method of superposition discussed in Hetenyi (1958). By superposing for
mulae for infinite beams, which can simply be derived, solutions can be obtained for finite 
beams with any loading and end conditions. 
In the following paragraph, the deflection, rotation, moment, and shear curves (ó, (), M, V) for 
infinite beams subjected to a force Fa or a moment Ma wi11 be derived. Subsequently, these for
mulae wiU be used to determine the deflection curve of the finite beam which deforms into 
symmetric double curvature over the entire length. 

!F __ __ - lF 
i ,t:::::iJiiiiJ~iJ 

Figure B.l. Beam on elasticfoundation 

B.2. Infinite beams 

The general solution for the deflection curve of a beam on e\astic foundation subjected to trans
verse loading is gi ven by 

(B .I) 

where Cl. C2, C3, and C4 are integration constants and r; is a characteristic structural parameter 
which is defined as 

(B.2) 

in which kis the modulus of the foundation and E1b is the bending stiffness of the beam. 
For an infinite beam subjected to a force Fa as shown in Figure B.2, the integration constants 
can be obtained from the following considerations: 

• For X=CO, the deflection ó=o; 
• For x=O, the rotation ()=O; 
• The sum of the reaction forces of the foundation keeps equilibrium with the force Fa. 

When the expres sion for Ó is known, the expressions for (), M, and V can be obtained by succes
sive derivations of ó with respect to x. The Ó, (), M , and V curves shown in Figure B.2 are given 
by 

J= Fo( AÇx 
2k 
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Fo 
M=-Cr 4( ~x 

Fo 
V=--Dr 2 ~x 

in which the functions AÇx, BÇx, CÇx, and DÇx are given by 

B -Çt.)'. 
Çx = e SIn ~x 

Dçx = e -Çt cos Çx 

For x=0, the functions AÇx, BÇx, CÇx , and DÇx become 

Aço = e-Ço (cos (0 + sin (0) = 1 

Bço = e-Ço sin (0 = 0 

Cço = e -ço (cos (0 - sin (0) = 1 

Dço = e-Ço cos (0 = 1 

~; - !!.. 

M -----"---------=----=--=--~4w.(,-- ? ..... ' 7'/-:::---"""",,---=---=(===--'--
1+ 
i 

, ~ 

V _______ -L~~+r--2(~--------

Figure B.2. Infinite beam subjected to force Fo 
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Figure B.l. lnfinite beam subjected to moment Mo 

For an infinite beam subjected to a moment Ma as shown in Figure B.3, the b, fJ, M, and V 
curves are given by 

M 1'3 
()=_o_~_C 

k Çx 

Mo 
M=-Dr 

2 "x 

Mo( 
V =----Ar 

2 "x 

(a) 

(b) 

(c) 

v 
Irl/-'-' I-~'-::~':-"-'I/-' -I/-' -II-'-II-,5-, -"-'-"-'-/l-,-;;-,:::J 

M O:4 1 F +FO:4 F +Fo:61 MO:6 

I" " ~,:"" "",,, ",51/"" " ,1/ ' " ~,: /, ,I 

er 
~----~--------~ 

Figure B.4. Finite beam subjected to farces F at bath ends 
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B.3. Finite beams 

Solutions for finite beams with any loading and end conditions can be obtained by superposing 
the formulae for infinite beams. Figure BA(a) shows an infinite beam which is subjected to ver
tical forces F. As aresuIt, certain values for b, 8, M, and V wiU be produced at points 4 and 6. 
By superposing on the infinite beam two pairs of forces and moments as shown in Figure 
BA(b), it is possible to adjust the elastic curve so that the conditions at both ends of the finite 
beam as shown in Figure BA(c) will be fulfllled. The superposed forces and moments are called 
the end~conditioning forces . Because of symmetry, the end-conditioning forces will be the same 
at points 4 and 6, thus 

FO;4 = FO;6 = Fo and M 0;4 = M 0;6 = M 0 (B.19) 

In the infinite beam, a rotation 84 and a shear force V4 are produced at point 4, whereas in the 
finite beam 8=0 and V=-F at that point. The end-conditioning forces thus have to produce -84 

and -F-V4 at point 4. Using Equations (BA), (B.6), (B.16), and (B.I8), these conditions can be 
written as 

(B.20) 

Fo Fo MoS MoS 
- - I+-Dçe ---I+--Açe =-F-V 

2 2 2 2 4 

where the rotation 84 in point 4 of the infinite beam due to the vertical forces Fis given by 

FS
2 

FS
2 

8 ---O+--Bre 
4 k k" 

(B.21) 

and the shear force V4 at that point is 

F F 
V4 =--1 + -Dçe 

2 2 
(B.22) 

Substituting Equations (B.21) and (B.22) into Equation (B.20) yields 

(B .23) 

Fo MoS F 
- - (1- Dçe ) - -- (1 - Açe) = - F + - (1- Dçe ) 

2 2 2 

Solving Equation (B.23) results in the solution for the end-conditioning forces Fo and Mo 

{ 

(1- Cçe )(-1 - Dçe ) - Bçe (1- Açe) } 
~=- F 

(1- Cçe )(1- Dçe) - Bçe (1- Açe) 
(B .24) 

(B.25) 
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Using Equations (B.3) and (B.IS), the deflections at both ends of the beam can be written as 

Substituting Equations (B.24) and (B.2S) into Equation (B.26) yields 

s: _ s: _ F S sinh Se f + sin Se f 
V4 - V6 -

k cosh (e f - cos (e f 
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APPENDIXC 
Tables 

Table Cl. Structural configurations 

Structure number I 2 3 4 5 6 
2 

EIw [kNm 1 1.9110xl0
1O 

1.911OxiO
JO 

1.9110xl0
1O 

1.4333x I 0 10 1.4333x I 0 JO 1.4333xl0
1O 

h[m] 3 3 6 3 3 6 

x, [mI 1.5 70.5 69 1.5 70.5 69 
2 

AeFAew [m I 2.402x10 
-2 

2.402xI0-
2 

2.402x10 
-2 

2.402xlO-
2 

2.402xI0 
-2 

2.402x10 
-2 

2 
AbFAbw [m ] 1.335xl0 

-2 
1.335xl0 

-2 
1.335xl0 

-2 
l.335xl0 

-2 
1.335xl0 

-2 
2.402x10 

-2 

2 
AdFAdw [m] 7.684x10 

-3 
7.684x10 

-3 
7.684x10 

-3 
7.684x10 

-3 
7.684x10 

-3 
2.402x 10-

2 

Table C2. Numerical model vs. simp/ified mechanica/ model 

"top;m [mm] 148.10 152.29 155.93 187.86 193.47 199.27 

"top;n [mm] 148.10 152.29 155.92 187.86 193.47 199.27 

Error "top [%] 0 0 0.01 0 0 0 

Me;m[kNm] 6.0475x10
5 

5.9638x10
5 

6.0595x10
5 

5.9147x10
5 

5.7894x10
5 

5.9046x10
5 

Me ;n [kNmI 6.0475x10
5 

5.9638x10
5 

6.0595x10
5 

5.9147x10
5 

5.7894xI0
5 

5.9046xI0
5 

Error Me I%J 0 0 0 0 0 0 

Table C3. Moment vs. couple 

Otop;n [mm] 148.07 152.26 155.88 187.80 193.43 199.18 

Error "top [%] 0.02 0.02 0.03 0.03 0.02 0.05 

Me;n [kNmI 6.0469xI0
5 

5.9631x10
5 

6.0585x 10
5 

5.9138x10
5 

5.7882x10
5 

5.9029x10
5 

Error Me [%] 0.01 0.01 0.02 0.02 0.02 0.03 

Tab/e C4. Rigid vertica/s vs. non-rigid vertica/s 

"top;n [mm] 148.08 152.27 155.88 187.83 193.43 199.20 

Error "top [% I 0.01 0.01 0.03 002 0.02 0.04 

Me;n [kNmI 6.0470xI0
5 

5.9632x 10
5 

6.0584x10
5 

5.9 142x 10
5 

5.7887xI0
5 

5.9033x10
5 

Error Me [%) 0.01 0.01 0.02 0.01 om 0.02 

Tab/e C5. Linear stress distribution in web frame vs. shear lag 

"top;n [mmJ 148.38 152.67 156.29 188.29 194.07 199.86 

Error Otop [%] -0.19 -0.25 -0.23 -0.23 -0.31 -0.30 

Me;n [kNmI 6.0527x10
5 

5.9731x10
5 

6.0683x10
5 

5.9206x10
5 

5.8004xI0
5 

5.9153x10
5 

Error Me [%] -009 -0.16 -0.15 -0.10 -0.19 -0.18 

Tab/e C6. Simp/ified mechanica/ model vs. fu/l mechanica/ model 

Otop;n [mm] 148.32 152.60 156./8 188.18 193.94 199.66 

Error Otop [%J -0.15 -0.20 -0.16 -0.17 -0.24 -0.20 

Me;n [kNmI 6.05J5x10
5 

5.9712x10
5 

6.0656xl0
5 

5.9190x10
5 

5.7980x10
5 

5.9115x10
5 

Error Me [%] -0.07 -0.12 -0.10 -0.07 -0.15 -0.12 
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Structure number 7 8 9 10 II 12 
2 

E1w [kNm 1 9.5551x10
9 

9.5551x10
9 

9.5551x10
9 

9.5551x10
9 

9.5551x10
9 

9.5551XI0
9 

h rml 3 3 6 3 3 6 

xr[m] 1.5 70.5 69 1.5 70.5 69 

AeFAew [m
2

] 
-2 

2.402xI0-
2 -2 

2.402x10 2.402x 10 cc cc cc 
2 -2 -2 -2 

AbFAbw [m ] 1.335xl0 1.335xl0 1.335xl0 cc cc cc 
2 -3 -3 -3 

AdFAdw [m ] 7.684x 10 7.684xIO 7.684x 10 cc cc cc 

Olop;m [mm] 258.98 265.73 276.43 117.50 44.452 44.056 

Olop;n [mm] 258.98 265.73 276.43 117.50 44.452 44.056 

Error OIOP [%] 0 0 0 0 0 0 

Me;m[kNm] 5.7044xI0
5 

5.4928xJ0
5 

5.6358x10
5 

4.4004xI0
5 

2.8106xI0
5 

2.8560xI0
5 

Me;n [kNm] 5.7044x 10
5 

5.4928xI0
5 

5.6358x10
5 

4.4004xI0
5 

2.8106xI0
5 

2.8560x 10
5 

Error Me [%] 0 0 0 0 0 0 

Olop;n [mm] 258.83 265.54 276.17 116.66 42.333 39.931 

Error Otop [%] 0.06 0.07 0.09 0.72 5.01 10.33 

Me;n [kNm] 5.7030x10
5 

5.4905x 10
5 

5.6325x10
5 

4.3926x10
5 

2.7848x 10
5 

2.8059x10
5 

Error Me [%] 0.02 0.04 0.06 0.18 0.93 1.79 

J1op;n [mm] 258 .92 265.65 276.30 117.50 44.460 44.065 

Error J10p [%] 0.02 0.03 0.05 0 0 0 

Me;n [kNm] 5.7038x 10
5 

5.4919x10
5 

5.6342x 10
5 

4.4004x 10
5 

2.8 107 x 10
5 

2.8561x10
5 

Error Me [%] 0.01 0.02 0.03 0 0 0 

Olop;n [mm] 259.69 266.83 277.55 117.50 44.460 44.065 

Error J lOp [%] -0.27 -0.4 1 -0.40 0 0 0 

Me;n [kNm] 5.7110x10
5 

5.5062x10
5 

5.6492xI0
5 

4.4004x 10
5 

2.8 107 x 10
5 

2.8561x10
5 

Error Me [%] -0.12 -0.24 -0.24 0 0 0 

Olop;n [mm] 259.45 266.52 277.07 116.66 42.333 39.931 

Error OIOP [%] -0.18 -0.30 -023 0.72 5.01 10.33 

Me;n [kNm] 5.7088x 10
5 

5.5024x10
5 

5.6433xl0
5 

4.3926x 10
5 

2.7848xI0
5 

2.8059x 10
5 

Error Me [%] -0.08 -0.17 -0 13 0.18 0.93 1.79 
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Table C 7. Equivalent flange frame parameters for (fr= 1.7 

Nd-] 3 4 5 10 15 20 25 

Ads [-I 1.4600 1.9668 2.4733 4.9873 7.4918 9.9939 12.495 

AcS [-] 1.4565 1.9347 2.4130 4.8042 7.1954 9.5866 11.978 

Error A [%] -0.24 -1.63 -2.44 -3.67 -3.96 -4.08 -4.14 

Table CS. Equivalent flange frame parameters for (fr=2.7 

Nf[-] 3 4 5 10 15 20 25 

Ads [ol 1.3218 1.8205 2.3452 4.9208 7.4480 9.9614 12.469 

AcS [-] 1.2922 1.6883 2.0843 4.0648 6.0452 8.0256 10.006 

Error A [%1 -2.24 -7.27 -11.12 -17.40 -18.83 -19.43 -19.76 

Table C 9. Equivalent flange frame parameters for (Rr=3 . 7 

Nf[-] 3 4 5 10 15 20 25 

Ads [ol 1.1694 1.5646 20686 4.7350 73208 9.8657 12.393 

AcS [-] 1.0791 1.3686 1.6581 3.1058 4.5534 6.0011 7.4488 

Error A [%] -7.72 -12.53 -19.84 -34.41 -37.80 -39.17 -39.89 

Table CID. Equivalent flange frame parameters for (Rr=4.7 

Nf[-] 3 4 5 10 15 20 25 

Ads [-I 1.0822 1.3324 1.7351 4.3817 7.0554 9.6597 12.226 

Acs [-] 0.9336 1.1504 1.3672 2.4511 3.5351 4.6191 5.7030 

Error) [%] -13.73 -13.66 -2 1.21 -44.06 -49.90 -52.18 -53.35 
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