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An analytica! verification methad of numerical studies 

Summary 

Prob/em, Goal 
This project is a derivative of the problems involved in verifying the finite element methad 

models of complex structures. The goal for this project was to design a simple hand 

calculation methad to analyse the deflections of a complex high-rise structure with shifts in the 

neutral axes of the structure. 

Analyse 

Approach 
The original structure consists of eight storeys, each with a different cross-section. This 

structure is simplified by making a finite element methad model with only three different cross

sections, each three storeys high. Complicating factors of the design are, among others, the 

shifts in neutral axes of the structure, the misalignment of the shear centre en centraid of the 

middle cross-section, the discrete character of the structure, and the torsional moments on 

the structure due to wind loading. In this research, the structure is examined, subjeeled to a 

point laad and a torsional moment at the top of the structure. 

The structure is approximated by means of an "equivalent non-uniform 

column". However, in order to be able 

to investigate this non-uniform 

structure, first three uniform structures 

are examined, that later combine to 

farm the non-uniform structure. These 

uniform structures are examined with 

"equivalent uniform columns". 

The properties of the individual cross-seelions are implemenled in the non

uniform column. All cross-seelions are examined for shear, bending and torsional deflections, 

where the top cross-section is rotated compared to the other two cross-sections, so this 

cross-section is subject to "double bending". 

Boundary conditions 
A number of boundary conditions are used to enable the comparison of the 30 truss 

structures to the equivalent columns. For example, the top floors of the uniform structures are 

nat only infinitely stiff in plane, but also infinitely stiff out of plane. This is also the case for the 
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floors at the connecting levels of the non-uniform structure. This ensures that plain sections 

remain plane, which is a boundary condition necessary for applying Steiners theorem. This 

theerem is at the basis of the equivalent column theory, so it must be applied in order to 

campare the two types of structures. Another condition that must be met is that all 

connections of all elements in the truss must be hinged connections. The analysis itself is 

linear elastic only, and finally, warping for the middle cross-sectien is nat taken into account. 

This is accomplished by transforming the middle cross-sectien into a "Neuber tube". This 

ensures that no warping occurs, only pure torsion. The difference between the "Neuber tube" 

of the middle cross-section, and the original middle cross-sectien is assumed to account for 

the warping stiffness. This assumption is still subject to debate, and requires further research 

in order to be shown valid. 

Results 
lf the results of the uniform and non-uniform structures are compared with the hand 

calculations and the equivalent columns, the shear deflections are found to correlate 

completely. Between the results of the bending deflections the differences are minimal (the 

maximum difference is less than 2%), and the torsional deflections correlate exactly as well. 

All of these differences are within the boundaries set in the goal for this project (maximum 

difference of 5%), and furthermore, the differences can be explained. 

The most important reasans for the differences between the different models are the 

discretization errors. For a nine storey uniform structure, the discretization error can be 

computed to be 0.309%. This matches the differences found for the uniform structures. For 

the non-uniform structures the discretization error is larger, but the deformations are all within 

the goals set for this project. Due to the positioning of the equivalent columns (in the shear 

centres) the Z-deflections of the equivalent non-uniform column deviate from the Z-deflection 

of the simplified non-uniform structure. The X- and Y-deflections however correlate 

completely. This is expected, and it is suggested that accurate X- and Y-deflections are more 

important. 

Conclusions 
Same important conclusions that can be drawn from this project are: 

For structures where the shear centre and the centraid do nat coincide, the methad applied is 

nat fully applicable. lt is possible to examine part of the structural behaviour with the 

equivalent columns, but this will require placing the equivalent column in one of either 

centres. The choice, what centre to use is dependant on the results that are required. 

lf a structure consists of braeed frames (exclusively ar nat) where the neutral axes of the 

braeed frames do nat coincide with the neutral axis of the complete structure, the diagenals of 

these braeed frames also contribute to the bending stiffness. 

This research has shown that the methad of approximating a non-uniform structure with a 

non-uniform column is an insightful way to describe the structural behaviour of the non

uniform structure. Especially in the preliminary design stages the non-uniform column methad 

has many benefits over traditional methods in examining the structure. 
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Samenvatting 

Probleemstelling, doelstelling 
Dit project is tot stand gekomen in reactie op de moeilijkheid om eindige elementen modellen 

van complexe constructies op juistheid te toetsen . Het doel van dit project was om een 

eenvoudige handberekeningsmethode te maken van een complexe hoogbouw met 

verspringende neutrale lijn, om het gedrag op het gebied van stijfheid te beschrijven. 

Vereenvoudigen 

Analyseren 

Methode 
Het originele gebouw bestaat uit 8 verdiepingen, die allemaal anders zijn . Van dit gebouw is 

een vereenvoudigd eindig elementen model gemaakt, met slechts drie verschillende 

verdiepingen, die ieder drie keer voorkomen . Complicerende factoren van de constructie zijn 

onder andere het verspringen van de neutrale lijnen, het niet samenvallen van het 

zwaartepunt en dwarskrachtencentrum van de middelste doorsnede, het discrete karakter 

van de constructie en torsiemomenten ten gevolge van de windbelasting . Er is uitgegaan van 

een puntlast en een torderend moment aan de top van de constructie. 

De constructie is onderzocht met behulp van een zogenaamde 

"equivalente niet-uniforme kolom". Alvorens tot deze niet uniforme 

constructie te komen zijn de individuele 

delen van de vereenvoudigde niet-uniforme 

constructie onderzocht met behulp van 

vereenvoudigde uniforme constructies en 

"equivalente uniforme kolommen". 

De eigenschappen van de individuele doorsneden zijn vervolgens 

toegepast in de niet uniforme kolom . Alle doorsneden zijn onderzocht op afschuiving, buiging 

en torsie, waarbij voor de bovenste doorsnede geldt dat deze doorsnede gedraaid is ten 

opzichte van de onderliggende doorsneden en dus ook onderhevig is aan "dubbele buiging". 

Uitgangspunten 
Er zijn enkele randvoorwaarden en uitgangspunten toegepast om de vergelijking tussen de 

driedimensionale vakwerkconstructies en de equivalente staafconstructies mogelijk te maken. 

Zo zijn de vloeren van de bovenste verdiepingen van de uniforme constructies niet alleen stijf 

in hun vlak gemodelleerd, maar ook oneindig stijf uit hun vlak. Dit geldt ook voor de vloeren 

ter plaatse van de overgangen tussen de verschillende doorsneden van de niet uniforme 
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constructies. Hierdoor blijven alle vlakke doorsneden vlak, wat een voorwaarde is voor het 

toepassen van de regel van Steiner. Deze regel is de basis voor het bepalen van de 

buigstijfheid van de constructie, die nodig is om de equivalente kolommen te maken. Een 

andere voorwaarde waaraan voldaan moet worden, is dat alle verbindingen tussen de staven 

van het vakwerk alleen druk en trek op kunnen nemen en dus volledig scharnierend 

bevestigd zijn. Daarnaast wordt alleen lineair elastisch gerekend en is het gebouw 

scharnierend aan de oneindig stijve fundering bevestigd. Tot slot wordt welving voor de 

middelste doorsnede buiten beschouwing gelaten. Daartoe is de middelste doorsnede 

aangepast, zodat hij voldoet aan de eisen voor een "Neuber tube". Dit zorgt ervoor dat er 

geen welving optreedt, slechts zuivere torsie. Het verschil tussen de "Neuber tube" van de 

middelste doorsnede en de oorspronkelijke middelste doorsnede zou voor de welvingstijfheid 

van de oorspronkelijke doorsnede kunnen zorgen. De juistheid van deze stelling staat nog ter 

discussie en dient verder onderzocht te worden. 

Resultaten 
Indien de uniforme en niet uniforme constructies worden vergeleken met de 

handberekeningen en de equivalente kolommen, dan blijken de schuifstijfheden volledig 

overeen te komen. Tussen de buigstijfheden zitten minimale verschillen (minder dan 2%) en 

de torsiestijfheden komen exact overeen. Al deze verschillen zijn binnen de gestelde marge 

van dit project (maximaal 5% afwijking) en zijn verklaarbaar. 

De belangrijkste redenen voor de afwijkingen tussen de verschillende modellen zijn de 

discretisatiefouten. Bij een uniforme constructie van 9 verdiepingen kan de fout worden 

berekend op 0.309%. Dit komt overeen met de afwijkingen van de uniforme constructies . 

Voor de niet uniforme constructie zou de discretisatiefout groter worden, maar de fouten 

blijven binnen de grenzen gesteld voor dit project. Doordat de equivalente kolommen 

gepositioneerd worden in de dwarskrachtencentra, komen de Z-verplaatsingen van de 

equivalente kolommen en de vereenvoudigde constructies niet volledig overeen . De X- en V

verplaatsingen komen wel volledig overeen. Dit is conform de verwachtingen en voor dit 

onderzoek worden de X- en V-verplaatsingen belangrijker geacht dan de Z-verplaatsingen . 

Conclusies 
Het is voor constructies waar de buig en afschuif centra niet samenvallen niet mogelijk om 

een equivalente kolom te ontwerpen die alle eigenschappen van de constructie in rekening 

brengen. Gedeeltes van het gedrag kunnen worden onderzocht door een kolom in een van de 

twee centra te plaatsen. Welk centrum gekozen dient te worden is afhankelijk van de 

gewenste resultaten. Indien een constructie is opgebouwd uit vakwerken waarbij de neutrale 

lijn van de vakwerken niet samenvalt met de neutrale lijn van de gehele constructie, dan 

dienen de diagonalen meegenomen te worden in de buigstijfheid van de doorsnede. Dit 

onderzoek heeft aangetoond dat de methode om een niet uniforme constructie te beschrijven 

met een niet uniforme staaf een goede methode is om inzicht te krijgen in het gedrag van de 

constructie. Zeker in het stadium van het voorontwerp heeft deze methode veel voordelen ten 

opzichte van conventionele methoden . 
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Symbols 

a Width of framewerk wall [mm] 

A Area lmm 2 J 

Ac Cross sectional area of column lmm2 J 

Ad Cross sectional area of diagonal lmm2 J 

A;;c Enclosed area of core lmm 2 J 

A;;F Enclosed area of framewerk lmm2 J 

A os Segment of area lmm2 J 

b Distance of braeed frame to shear axis [mm] 

C; Variabie [mm] 

d Length of brace [mm] 

E Modulus of elasticity l%m 2 j 
G Shear Modulus l%m 2 j 
h Height of single storey (braced frame) [mm] 

H Height of complete structure [mm] 

lp Polar moment of inertia lmm4 J 

ft Torsional moment of inertia lmm 4 J 

Iw Warping moment of inertia lmm4 J 

K Lengthof bisecting line of base triangle [mm] 

L Radius or side length of hexagon (girder length) [mm] 

Mt Torsional moment [Nmm] 

n Number of storeys per brace [-] 

0 Point on tubular periphery where w0 = 0 [-] 

q Uniform line load l%mJ 
R Radius [mm] 

r Length along radius [mm] 

s Circumferential distance [mm] 
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t* 

T 

te 

w 

Wo 

x 

a 

r 

B 

V 

I'max 

Thickness 

Equivalent wall thickness of framewerk walls 

Resisting torque 

Wall thickness of core 

Warping displacement 

lnitial warping displacement 

Distance from top of structure 

Angle of wind direction and windblown surface 

Shear strain 

Angle of twist per unit of length 

Poisson's ratio 

Shear stress 

Maximum shear stress 

Definitions 

Braeed frame 

[mm] 

[mm] 

[Nmm] 

[mm] 

[mm] 

[mm] 

[mm] 

lRa%mJ 
lm%mJ 
lRa%mJ 
[-] 

l%m2j 
l%m2j 

A braeed frame consists of columns, beams and diagonals, conneeled with hinged 

connections. lt has in plane stiffness, due to these diagenals {braces), that can transfer 

transverse loads to lower levels by means of axial stresses. This is facilitated by the beams, 

and can result in axial stresses in the columns. 

Cantilever beam 

A cantilever beam is a beam that has a free end, and a fixed end. Two examples of cantilever 

beams are a flag post or a diving board. The first has a fixed end, where no rotations can 

occur, while thesecondis an extension of a simply supported beam. This report only refers to 

the first type of cantilever beam. 

Centre of twist 

The centre of twist of a cross-section is the point that has only rotations when the cross

sectien is subjeeled to pure torsion [1]. This point coincides with the shear centre. lf a cross

sectien is subject to warping the position of the centre of twist can differ from the shear 

centre. This depends on the warping constraints placed on the structure. 
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Centraid 

The centraid of a cross-section (also known as centre of gravity) is located at the point though 

which the moment of the area is zero. This is the point, where the axial strains are zero if this 

structure is subjected to bending only. This point is located at all lines of symmetry, so for a 

cross-section with more than one line of symmetry, the position of the centraid is easily 

determined. lf however only one, or even no line of symmetry is present, the centraid can be 

found by means of the area moment of inertia. lt can be found by multiplying all individual 

areas of a cross-section with their respective shortest distances to a random line, and than 

divide that product by the combined areas. The value that is found is the shortest distance of 

the centraid to the random line. lf this process is repeated with another, non-parallel line, the 

position of the centraid can be found [2, 3, 4] . 

Centreidal axis 

The centreidal axis (also known aselastic axis or neutral axis) passes through all centraids in 

the different cross-sections along the length of a structure. 

EUCi 

This is an abbreviation for the Equivalent Uniform Column with i triangles. This is an 

equivalent uniform column model approximation of the simplified uniform structure with i 

triangles. 

Equivalent uniform column (EUC) 

An equivalent uniform column is an approximation of a structure by means of a cantilever 

beam. The cross-sectional properties of the column correspond to the cross-sectional 

properties of the approximated structure and do not vary along the length of the column. 

Usually an equivalent uniform column coincides with the position of the centreidal axis of a 

structure. 

Equivalent non-uniform column (ENC) 

In this report , an equivalent non-un iform column consists of a cantilever beam, with an 

infinitely stift appendage attached perpendicularly at its free end. At the end of this 

appendage, another cantilever beam is attached, parallel to the first cantilever beam, with its 

fixed end consisting of the conneetion to the infinitely stift appendage. The connections to the 

appendage are full moment connections (see Figure 1 ). 
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Figure 1 Equivalent non-uniform column 

Further cantilever beams can be attached with appendices in the same method. This type of 

equivalent non-uniform column is used to approximate a structure with a non-uniform cross

sectien along its length. The cantilever beams coincide with the shear axes of the different 

cross-sections of the structure, and have cross-sectional properties that correspond to the 

respective cross-sections of the structure. 

Finite element method model (FEM) 

A model of a structure, consisting of a finite number of elements used for finding an 

approximate salution of a continuous model by means of matrix methods. A continuous model 

is thus approximated by a discrete model with a finite number of degrees of freedom, which 

can be solved by means of algebra ie equations [5]. 

Flexural axis 

The flexural axis (also known as shear axis or centre of twist) passes through all shear 

eentres in the different cross-seelions along the length of a structure. 

Flexural centre 

see shear centre 

Major axes 

The major axes of a cross-section are parallel to the lines of symmetry. lf an odd number of 

lines of symmetry exist, one of the major axes is parallel to any one of these lines of 

symmetry, and the other major axis is perpendicular to this line of symmetry. lf an even 

number of lines of symmetry exists, the major axes can be chosen to align with any set of two 

perpendicular lines of symmetry. The importance of these major axes can be seen , if a 

structure is loaded with a laad that is nat aligned with one of these axes. The result is, that the 

deflection of the structure is nat aligned with the direction of the laad. 
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Neuber tube 

A Neuber tube is a hollow, thin walled cross-section, where the product of the wall thickness 

with the distance of the wall to the centre of twist is constant along the radius of the cross

section. A Neuber tube has no warping, and is therefore only subjected topure torsion. 

Original structure 

The original structure is the structure as was designed in the course of the preliminary master 

project in collaboration with Marielle Rutten [6]. The original structure is described in appendix 

A and in paragraph 2.1. 

Simplified non-uniform structure (SNS) 

This is an approximation of the original structure. lt consists of three different segments 

stacked together. For more information on the simplified non-uniform structure see paragraph 

2.2. 

Simplified uniform structure (SUS) 

There are three simplified uniform structures. Each corresponds to a part of the simplified 

non-uniform structure. For more information on the simplified uniform structures see 

paragraph 2.3. 

Shear centre 

The shear centre (also known as the flexural centre) is aligned with the point in a cross

sectien through which transverse loads must be applied to ensure no twist occurs , but only 

bending and shear deflections. This axis is always located at all planes of symmetry, and 

therefore always coincides with the centroidal axis if multiple planes of symmetry exist. lf only 

one or no plane of symmetry exists, the positions of the two axes may nat coincide [2, 4] . 

SUS i 

This is an abbreviation for the simplified uniform structure with i triangles . 

Torsion 

Torsion is the twisting of a member by application of torsional moments (torques). 

Twist 

A twist is a deflection where one end of a member is turned (perpendicular to the axis of that 

member) with respect to the other end of that member. 

Warping (prevented warping, warping stiffness) 

Warping is the out of plane deflection of a cross-section due to twist of a member. lf warping 

is (partially) prevented in a member, axial stresses arise that increase the resistance to twist 

of that member. The added stiffness is the warping stiffness l(l)· 
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1. Introduetion 

The basis of this graduation project is a design for a high-rise structure in Eindhoven . This 

structure was designed in the course of a previous project [6]. The goal was to make a 

landmark with a daring, extravagant structure, expressing the motto of the city, "Eindhoven, 

leading in technology" . The resulting design has references to surrounding buildings, is 

placed on an important hub in the city and stands out from its surroundings because of its 

looks as well as its overall height of 144 metres. For more information about the architectural 

design of this structure (original structure) see paragraph 2.1 and Appendix A. 

1. 1. Problem 
The original structure has a non-uniform character. In Figure 2 it can be seen that for different 

heights of the structure, the cross-section of the structure differs, every five storeys the cross

section of the structure changes abruptly. 

Figure 2 Original structure 

The result of these changes in cross-section is that the behaviour of the structure cannot be 

analysed with simple hand calculations using an equivalent uniform column model. An 

equivalent uniform column model is a single cantilever beam, with cross-sectional properties 

like bending stiffness (El), shear stiffness (GA), torsional stiffness (GI1) and warping stiffness 

(Eiw) that correspond to the complete structure. This beam usually coincides with the 

centroidal axis of the complete structure. The centroidal axis of a structure is the centre for 

bending stiffness, also defined as the elastic axis or the centre of gravity. In this report the 

term centroidal axis will be used. 

Another axis that is important to the structural behaviour is the shear axis, a lso defined as the 

shear axis. The shear axis goes through the shear eentres of the structure. lf a structure is 

subjeeled to loads at the shear axis (that are not torsional moments) , no torsion will occur. 

Also, if no warping is present, the shear centre coincides with the centre of twist, the point in a 
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cross-sectien that has only rotations if the cross-sectien is subjected to torsional moments 

only. The centreidal and shear axes do nat always coincide. Since the positions of the 

centreidal axis, shear axis and the cross-sectional properties of the different cross-sections 

vary, na equivalent uniform column can be made of the original structure. 

The course of the previous project was toa short to analyse the structure extensively, sa the 

structure was analysed with the aid of a Finite Element Method model (FEM model} in the 

program ESA Prima Win . This FEM model consisted of a large number of elements 

(approximately 1800), reprasenting the primary as well as the secondary structural elements. 

They were connected to each ether with connections that could transfer farces, as well as 

bending and torsional moments. This resulted in data that could nat be verified easily, sa na 

definitive conclusions could be drawn from the results. 

Same of the problems involved with non-uniform building cross-sections are the shifts in the 

centreidal axis, the shear axis and the laad resultants. The shifts in shear and centreidal axes 

will play a major role in the structural behaviour. Due to the shifts eccentricities occur, which 

can lead to torsional moments and, for some cross-sections warping. The torsional 

deflections are related to the position of the centre of twist (aligned with the shear axis). The 

different leads will lead to a combination of different structural behaviours that will complicate 

the analysis of the structure considerably. Same parts of the structure will be subjected to 

farces that are nat aligned with their major axes, further complicating the structural behaviour 

of the non-uniform building. These inclined loads will result in deflections that are nat 

necessarily aligned with the directionsof these loads. 

1.2. Goal 
The goals for this graduation project are derived from the inadequacy of the given ESA Prima 

Win FEM model. Analysing the structure with equivalent column models, and camparing the 

results of the equivalent column models with FEM models is the basis of this project. 

The first step is to make a simplified approximation of the original structure, the simplified 

non-uniform structure (see Figure 3} . 

Figure 3 Simplification of original structure to simplified non-uniform structure 
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The ditterences between the original structure and simplified non-uniform structure consist of, 

among others, only three different cross-sections, two diagenals per face instead of one and 

the cross-sectien of the care is the same as that of the other columns. These ditterences will 

be discussed extensively in chapter 2. 

The second step is then to approximate the three different parts of the simplified non-uniform 

structure with three simplified uniform structure models (see Figure 4) . 

Figure 4 Simplification of simplified non-uniform structure in three simplified uniform structures 

These three-dimensional approximations will be called the simplified uniform structures with 

six, two and four triangles, respectively SUS6, SUS2 and SUS4. 

The next step should be to analyse these simplified uniform structures by determining the 

bending, shear, torsional and warping properties of these simplified uniform structures and 

the structural behaviour of these simplified uniform structures by means of the equivalent 

uniform column method. 

This results in equivalent uniform columns (EUC6, EUC2 and EUC4) with the same structural 

behaviour as the simplified uniform structures. These equivalent uniform columns will coincide 

with the shear axes of the simplified uniform structures as can be seen in Figure 5, where the 

equivalent columns are represented by the red lines. The choice to align the equivalent 

columns with the shear axes is subject to discussion. The choice is motivated in chapter 2. 
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~ ~ 

" ~ 
Figure 5 Simplified uniform structures with equivalent uniform columns at positions of shear 
a x es 

The positions of the shear (and centroidal) axes will be discussed in chapter 3, as well as the 

motivation for positioning the equivalent columns at the shear axes. Apart trom an analytica! 

determination of the structural behaviour of the simplified uniform structures by means of the 

equivalent uniform columns; the equivalent uniform columns will also be investigated as FEM 

models. 

The six structures (SUS and EUC) will be analysed subjeeled to point loads and torsional 

moments at the top. 

A next step is to analyse the complexities of the shifting centreidal and shear axis of the 

simplified non-uniform structure (see Figure 6). 

Figure 6 Simplified non-uniform structure 
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The simplified non-uniform structure will be analysed with analytica! methods as well as FEM 

models, the simplified non-uniform structure FEM model, and the equivalent non-uniform 

column FEM model (see Figure 7). 

Figure 7 Simplified non-uniform structure with equivalent non-uniform column at shear axes 

The last step will be to build an equivalent non-uniform column FEM model (ENC), 

implementing the complexities of the simplified non-uniform structure. These two models will 

be subjected to point loads at the top of the structure, a torsional moment at the top of the 

structure and an approximation of the symmetrical wind loading according to the Dutch design 

codes [7], as specified in appendix B. 

For all analyses, the deflections will be examined of the nodes at the core of the structure. 

The core of the structure is aligned with the shear and centroidal axis of the bottam part of the 

structure. lf the structure is subjected to point loads, these point loads will be placed at the 

core nodes. 

The goal of this graduation project is to develop an equivalent non-uniform column model, 

which can be used to analyse and optimise the simplified non-uniform structure. Therefore the 

bending, shear, torsional and warping properties of the various cross-sections of the 

simplified non-uniform structure have to be determined, and the influence of the shifting shear 

axis and centroidal axis needs to be investigated. 
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1.3. Methad 
To validate the structural behaviour of the original structure as can be found by examining the 

complete FEM model in ESA Prima Win, several steps have to be taken: 

1. Simplify the original structure to the simplified non-uniform structure 

2. Simplify the simplified non-uniform structure to the simplified uniform structures 

3. Analyse the simplified uniform structures with simplified uniform structure FEM models 

4. Analyse the simplified uniform structures with hand calculations 

5. Analyse the simplified uniform structures with equivalent uniform column FEM models 

6. Analyse the simplified non-uniform structure with simplified non-uniform structure FEM 

model 

7. Analyse the simplified non-uniform structure with equivalent non-uniform column hand 

calculation 

8. Analyse the simplified non-uniform structure with equivalent non-uniform column FEM 

model 

The first and secend steps consist of designing the approximations. The analyses of the 

different models are done in steps 3 through 8. After designing the approximations, first the 

simplified uniform structures have to be analysed. Next the influence of the shifts in shear and 

centreidal axes on the structural behaviour has to be investigated . Finally, the different 

uniform structures have to be combined to farm the simplified non-uniform structure. 

Understanding the structural behaviour of the simplified non-uniform structure will be the 

result of this graduation project, so the ditterences between the original structure and the 

simplified non-uniform structure are nat taken into account in this graduation project. This 

should have been the ninth and final step. 

For these analyses some new FEM models need to be built. For the FEM models the 

program ANSYS will be used . The analytica! models will be based on the equivalent column 

theorem . 

For the third step a FEM model of the simplified uniform structures has to be build. These 

simplified uniform structure FEM models will consist of a strongly reduced number of 

elements (maximum 171) compared to the original FEM model in ESA Prima Win and the 

analyses will be based on hinged connections only, so no bending or torsional moments, but 

only axial torces will be introduced in the individual members of the structural model. The 

simplified uniform structure FEM models will be analysed, and will result in static behaviour of 

these structures. From these simplified uniform structure FEM models equivalent uniform 

column models will be made. These equivalent uniform column models will have the same 

properties as the simplified uniform structures, but they will each consist of only one column . 

The cross-sectional properties of these single column models will correspond to the cross

sectional properties of the complete simplified uniform structure models. The equivalent 

uniform columns will result in analytica! solutions (fourth step) as well as FEM model solutions 

(fifth step) . 
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The sixth step will be to build and analyse a FEM model of the simplified non-uniform 

structure. This will give insight in the static behaviour of the simplified non-uniform structure. 

The behaviour of the simplified non-uniform structure will be analysed analytically in the 

seventh step and in the eighth step an equivalent non-uniform column FEM model will be 

made. This equivalent non-uniform column FEM model should closely resembie (with a 

maximum enveloping ditterenee for each of the governing analyses of 5%) the structural 

behaviour of the simplified non-uniform structure. With the aid of this equivalent non-uniform 

column FEM model it should be possible to optimise the structural components of the 

simplified non-uniform structure for stiffness of the structure. 

The analysis and optimisation of the original structure is beyond the scope of this project. 
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2. Simplification of original structure 

The original structure will be simplified to the simplified non-uniform structure, which will be 

simplified further to the simplified uniform structures. These will then be analysed, and will 

result in equivalent uniform columns. The simplified non-uniform structure will also be 

analysed, resulting in the equivalent non-uniform column. The models, and their individual 

differences will be discussed in this chapter. 

2. 1. Original structure 
The original structure has a lot of different elements with varying functions and structural 

importance. In this chapter only the primary structural elements will be described. This entails 

the care, mega columns, diagonals and every fifth floor. The belt structure, intermediale 

columns and intermediale floors, while being a part of the original structure and of the original 

structural analysis are not taken into account. Also, like in the preceding project the 

underlying structure of the parking garage is not taken into account and the conneetion to the 

foundation is assumed fully fixed . 

2.1.1. Geometry 

The original structure (see Figure 8) has a distinct non-uniform character. Every five floors the 

cross-section of the structure changes abruptly, influencing the position of the shear axis and 

centroidal axis. The structure has diagonals on the outer façade of the structure, forming a 

mega frame structure. However, there are some gaps in the structure, where these diagonals 

are absent. These gaps, aligned in an upward spiral, reduce the bu ilding stiffness and result 

in shifts in the shear axis and centroidal axis. Also, the top twenty floors are reduced in size 

(see Figure 8). The top five floors consist of only one triangle and consequently only of two 

mega columns and the care. The next five floors consist of one triangle more (two triangles in 

total) and also one mega column more (three mega columns in total). The same applies for 

the next five floors (three triangles and four mega columns) and the next (four triangles and 

five mega columns) . The underlying sets of five floors each have six mega columns, but 

rotate one triangle (60 degrees) per five floors. 
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Figure 8 Original structure with non-uniform character 

A railout of the façade is shown in Figure 9. 

Figure 9 Rollout of façade of original structure 

The inner faces are nat stabilised by diagonals. This can be seen in Figure 8. The result is 

that the care will be needed for stabilising the ten uppermost floors of the structure. For the 

top five floors the care must provide the stability perpendicular to the plane in which the 

diagonal brace is present. The next five floors, the two planes with the diagonal braces 

intersect, so the structure is considered unstable if no other stabilising elements are present. 

2.1.2. Properties of structural elements 

The structure has some key structural components. The vertical loads are transferred to the 

concrete care in the centre of the structure, and the steel mega columns at the corners of the 

hexagon. The diagonals are circular hollow tubes with a diameter of 457 mm and a thickness 

of 40 mm. The mega columns consist of the same circular hollow tubes as the diagonals, 

welded tagether with horizontal rectangular hollow tubes (300 x 300 x 10 mm) (see Figure 

1 0). The resulting space frames with a length of eighteen metres or five floors are bolted 

tagether on the site. 
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Figure 10 Mega column 

The care is used for the evacuation stairs and the ducts for vertical transport of air, water and 

other utilities. The care consists of prefab concrete elements and has an overall geometry as 

is shown in Figure 11 . 

120 

120 

Figure 11 Concrete core 

The floors are composite steel plate floors on HEA450 girders ( see Figure 12). Th is ensures a 

stiff plane, since the surface can be poured in a single section. 
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Welded steel late 

HEA450 

Figure 12 Composite steel plate floer 

Concrete d-= 75mm 
Rebor !2l8-1 50mm 
steel plote h = 100mm 
IPE240 

2. 2. Simplified non-uniform structure 
The simplified non-uniform structure (SNS) consists of three different cross-seelions (see 

Figure 13). 

Figure 13 Simplified non-uniform structure 

The structure is based on the fooiprint of the original structure, and has the same side lengths 

(L = 22 .321 metres), the same mega columns at the corners and the same cross-sectional 

properties of the diagenals as the original structure. Also the diagenals span the sa me heights 
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(the equivalent of five stories, h = 18 metres), however, two diagonals are used, instead of 

one. The added diagonal is used to reduce the error of approximating the braeed frames if 

only one diagonal is present (see a lso paragraph 5.1 ). In the original structure, the core 

consists of a prefab concrete structure, whereas the core in the simplified non-uniform 

structure has the same characteristics as the mega columns at the corners of the hexagon . 

Furthermore, in the simplified non-uniform structure only one in five floors is modelled, as 

opposed to every floor in the original structure. The floors in the simplified non-uniform 

structure are stift in plane, but also stift out of plane, to insure that no shear lag or warping is 

present. Another reason for this out of plane stiffness is the transferral of torces from one part 

of the structure to the next part of the structure. This would normally result in localised 

deformations that cannot be taken into account with equivalent column methods . In the 

original structure, the belt structure was used to reduce these effects as wel! as optimise the 

use of the columns. The floors in the original structure are only stift in their planes. The 

simplified non-uniform structure consists of 9 sections each 18 metres high, bringing the total 

height of the structure to 162 metres. This is an increase in height with respect to the original 

structure by 18 metres, with the main benefit that the structure can be divided in three equal 

sized parts . 

2.2.1 . Geometry 

Bottom part (simplified uniform structure with six triang/es) 
The bottam part of the simplified non-uniform structure is the simplified uniform structure with 

six triangles (SUS6). This part of the simplified non-uniform structure has a cross-section as is 

shown in Figure 14. 

K 

K/2 K/ 2 K/2 K/2 

I 
L/ 2 

L/2 

L 

L/2 

L/2 

Figure 14 Cross-section of bottorn part of simplified non-uniform structure 
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The shape of the cross-section is based on a regular hexagon with side lengths L. The result 

is that the distance Kin Figure 14 equals: 

J3 
K =-· L ;=:; 19331 mm 

2 
( 1 . ) 

This is the length of the bisecting line of the base triangle that constitutes the hexagon. At the 

corners and the centre of the hexagon the columns are placed. These have a cross-sectional 

area Ac of 2.62 · 105 mm2 (see paragraph 2.1.2). At the eentres of the sides of the hexagon, 

the equivalent area of the diagonals Aeq;d is placed. This is a projeeled area of the diagonals, 

and it is proposed that for this type of diagonals (two diagonals in an X-shaped arrangement) 

the equivalent cross-sectional area is at the middle of the braeed frame. The cross-section of 

a single diagonal Ad is 5.24 · 104 mm2 and the equivalent cross-sectional area of two 

diagonals in aforementioned arrangement can be found with (see paragraph 3.3.1 for more 

information): 

(2.) 

Where dis the length of the diagonals: 

(3.) 

This results in Ae ·d ;=:; 25.9 ·103 mm 2
. q, 

The equivalent area of the diagonals is needed to find the bending stiffness of the cross

section. lt can be shown that the centroidal axis is located at the intersectien of all lines of 

symmetry in a cross-section. For a hexagon, this point coincides with the centre of the 

hexagon. lf a cross-section has more than one line of symmetry, it can also be shown that the 

position of the centroidal axis coincides with the position of the shear axis. Therefore, the 

shear axis (FA in Figure 14) and the centroidal axis (CA in Figure 14) are bath located at the 

centre of the hexagon [4]. 

Middte part (simplified uniform structure with four triangtes) 
The middle part of the simplified non-uniform structure is the simplified uniform structure with 

four triangles (SUS4). This part of the simplified non-uniform structure has a cross-section as 

shown in Figure 15. 
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K K 
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Figure 15 Cross-section of middle part of simplified non-uniform structure 

In this cross-section, nat all diagonals have the same cross-sectional properties. The 

diagonals in the faces parallel to the Y-axis are exactly half the cross-sectional areas of the 

other diagonals. This results in: 

Aeq;d = (!!..)
3 

·A = 13.0 ·103 mm 2 

2 d d 
(4.) 

This reduction in diagonal size was chosen to ensure that no warping occurs (see appendix 

D). By reducing the diagonals, the cross-section camplies with the rules for a Neuber tube 

and therefore will nat be subjected to warping stresses [8, 2]. Since the middle part of the 

simplified non-uniform structure has a cross-section with only one line of symmetry, the 

position of the centraid has to be determined by means of the first moments of area. This 

results in the location of the centraid as shown in Figure 15. This position of the centraid is 

slightly inaccurate, as can beseen with: 

2·0·A +1 ·(L)·A +2 · L ·A +1· (
3
·L)·A c 2 c c 2 c 2 

YFC ·Ac = =-·L 
' 6 ·Ac 3 

2 · ( L) · A + 2 · ]_ · ( L) · A + 2 · (~) · A 
4 

eq;d 
2 2 

eq;d 
4 

eq;d 
7 

y = =-·L FC;Aeq;d 5 . A 1 O 
eq;d 

(5.) 

6·3._·L·A +5· -
1 

·}_·L·A 
3 c 10 10 c 

6·A +2_·A 
c 10 c 

A ~ Ac=> y . eq;d 1 0 FC;combtned 
87 

= - · L ~ 0.669 · L 
130 

The value of YFc combined that is used is 2
/ 3L, which is a deviance in relation to the exact value 

of 0.38%. The reason to use this inaccurate position of the centraid is because the ultimate 

Master of science thesis by Jeppe van Zanten 25 



An analytica! verification methad of numerical studies 

goal for this structure would be to optimise the cross-sectional properties of the columns and 

diagonals. lf the exact position of the centraid was computed, the influence of the relationship 

between the cross-sectional areas of the columns and diagonals would have to be taken into 

account. This would result in a different position of the centraid for each different cross

section. This would complicate the optimisation considerably. The influence of this inaccuracy 

is discussed in paragraph 5.5. 

The position of the shear centre can be found by examining the shear farces in the braeed 

frame walls. No torsion is present, if the equivalent of all farces travels through the shear 

centre. lf the shear stiffness is examined more closely, it can be seen that the shear stiffness 

of a braeed frame is directional. This means that the shear stiffness is related to the direction 

of the braeed frame with regard to the direction of the force. The braeed frame has zero shear 

stiffness when subjected to a force perpendicular to its direction and it has maximum shear 

stiffness when subjected to a force parallel to its direction. The relationship between the 

maximum shear stiffness of a braeed frame GAmax and the angle of the force with regard to 

the orientation of the braeed frame a (where a = 0 defines a force parallel to the braeed 

frame) can be found with [9]: 

GA= GAmax · cos 2 a (6.) 

Therefore it stands to reason, that it is possible to find the equivalent shear wall of two braeed 

frames if they are parallel with one and other by means of the "shear moment of inertia". Two 

equal, parallel braeed frames have one equivalent braeed frame with twice the shear stiffness 

of one of the original frames in the middle between the original frames (see Figure 16). 

Figure 16 Equivalent shear wall 

lf this methad is applied for the cross-section of the middle part of the simplified non-uniform 

structure, the resulting equivalent shear walls will be oriented as is shown in Figure 17. 
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Figure 17 Position and orientation of equivalent shear walls in simplified uniform structure with 
tour triangles 

At the cross-section of the lines through these three equivalent shear walls, the shear centre 

is located (see Figure 15). This can be explained, since the rotation about this point results in 

no shear torces in the equivalent frames. This is shown to be valid for this cross-section , and 

can also be shown for the other two uniform cross-seelions used in this project. lt is 

suggested that this rule applies for all thin-walled hollow cross-sections. Also, a uniform shear 

stress in the façades results in a constant torsional moment per length of the circumference 

around this point (see appendix D). This satisfies the rules for a Neuber tube, if this point is 

the shear centre. lt also proves the fact that the shear centre and the centre of twist coincide 

tor this cross-section. 

Top part (simplified uniform structure with two triang/es) 
The top part of the simplified non-uniform structure is the simplified uniform structure with two 

triangles (SUS2) . This part of the simplified non-uniform structure has a cross-section as is 

shown in Figure 18. 
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Î~ x 
Figure 18 Cross-section of top part of simplified non-uniform structure 
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The positions of the shear and centreidal axes coincide since two lines of symmetry exist tor 

this cross-section. These two axes are located at the position of the star, in the middle of the 

diamond shape. The two lines of symmetry coincide with the mayor axes of the cross-section. 

These axes are however rotated with regard to the global orientation of the simplified non

uniform structure. The rotatien of these axes is a positive rotatien of 30° in the XY-plane. 

2.3. Simplified uniform structures 

2.3.1. Simplified uniform structure with six triangles 

This model has the sameoverall height as the simplified non-uniform structure; however, it is 

completely filled with the hexagonal cross-sectien of the bottom part of the simplified non

uniform structure (see Figure 19). 

Figure 19 Simplified uniform structure with six triangles 
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2.3.2. Simplified uniform structure with two triangles 

Again, this model has the same overall height as the simplified non-uniform structure; 

however, it is completely tilled with the cross-section of the top part of the simplified non

uniform structure (see Figure 20). 

Figure 20 Simplified uniform structure with two triangles 

2.3.3. Simplified uniform structure with four triangles 

This model also has the same overall height as the simplified non-uniform structure; however, 

it is completely tilled with the cross-section of the middle part of the simplified non-uniform 

structure (see Figure 21). 

Figure 21 Simplified uniform structure with tour triangles 
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2.4. Equivalent uniform columns 

2.4.1. Equivalent uniform column with six trianqles 

The red line in Figure 22 represents the equivalent uniform column with six triangles (EUC6). 

Figure 22 Equivalent uniform column with six triangles 

The structure consistsof one column, 162 metres high, divided in nine equal sections of 18 

metres each. lt is located at the position of the shear axis of the simplified uniform structure 

with six triangles that coincides with the centroidal axis and the position of the core. 

2.4.2. Equivalent uniform column with two trianqles 

The red line in Figure 23 represents the equivalent uniform column with two triangles (EUC2). 

Figure 23 Equivalent uniform column with two triangles 

The structure consists of one column, 162 metres high, divided in nine equal sections of 18 

metres each. lt is located at the position of the shear axis of the simplified uniform structure 

with two triangles that coincides with the centroidal axis. 
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2.4.3. Equivalent uniform column with four triangles 

The red line in Figure 24 represents the equivalent uniform column with four triangles (EUC4). 

Figure 24 Equivalent uniform column with four triangles 

The structure consists of one column, 162 metres high, divided in nine equal sections of 18 

metres each. 1t is located at the position of the shear axis of the simplified uniform structure 

with four triangles . This axis does not coincide with the centroidal axis of this structure. 

2.5. Equivalent non-uniform column 
The equivalent non-uniform column is placed at the position of the shear axes of the 

simplified non-uniform structure. lt is represented by the red line in Figure 25. 

Figure 25 Equivalent non-uniform column 
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This equivalent non-uniform column has cross-sectional properties that correspond to the 

properties of the simplified non-uniform structure. 

The structure consists of three columns, each 54 metres high, connected by eenstraint 

equations. These columns are located at the shear axes of the different cross-sections. 

Furthermore, a column with very small cross-sectional properties has been attached to this 

model at the middle and top floors, in line with the shear and centreidal axes of the bottam 

part. This column is used to laad the model and to read the results. The deflections and 

rotations of these nodes should correspond to the deflections and rotations of the care nodes 

of the simplified non-uniform structure. 

2.5.1. Constraint eguations 

The node at the top of the bottam part is connected to the node at the bottam of the middle 

part by eenstraint equations. These equations give the relationship between the rotations and 

deflections of the two nodes. The same applies for the nodes at the top of the middle part, 

and the bottam of the top part. These relationships ensure that the rotations of the connected 

nodes are equal, and the deflections are found by adding the deflection of one node to the 

rotatien of said node multiplied with the distance of that node to the other node. This is called 

a rigid link, where nat only the distance between the two nodes is fixed, but also the relative 

position of the nodes toeach other. 

Previously it is stated, that torsional deflections of a column are related to the centre of twist, 

instead of the centreidal axis. Therefore the equivalent columns are placed at the shear 

eentres instead of the centroids. The eenstraint equations as described here do nat take into 

account that the shear and centreidal axes of the middle part of the simplified non-uniform 

structure do nat coincide. The result is that the deflections in Z-direction (related to the 

bending rotations in relation to the position of the centreidal axis) are nat taken into account 

accurately (see paragraph 3.4). lf however the equivalent column is placed in the centroids, 

the X- and Y-deflections due to torsional rotations are nat accurate. lt is proposed that the Z

deflections are of less importance than the X- and Y-deflections. 
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3. Analysis of simplified uniform structures 

To find the cross-sectional properties of the three different parts of the simplified non-uniform 

structure, the simplified uniform structures will de examined. 

3.1. Loads 
The structures will be examined with point loads at the top of the structure in X- and Y

direction with a value of: 

F = H · q = 1.47 ·1 04 kN 

The models will also be loaded with a torsional moment at the top of the structure with a value 

of: 

M z =1.14 ·106 kNm 

These loads are arbitrary loads. 

3. 2. Shear deflections 
The deflection due to shear c5shear in metres for a single column subjected to a point load at the 

top can be computed for every point at a distance x in metres from the bottorn of the column 

with: 

F · x 
0 =-

shear(x ) GA 

Where Fis the point load in kN and GA is the shear stiffness of the structure in kN. 

3.2.1. Analvtical determination of shear stiffness 

(7.) 

The shear stiffness GA,, of a braeed frame with two diagonals with hinged connections can be 

found with [9]: 

h·E·L2 ·A 
GA = 2· d 

Jr d3 (8.) 

Shear stiffness of simplified uniform structure with six triang/es 
The shear stiffness of the hexagonally arranged braeed frame structure can be computed 

from the angle of the frames to the direction of the force. In Y-direction two braeed frames are 

parallel to the wind direction, and will be used fully, while four other frames are placed under 

an angle of 60. to the wind direction and will only be used fora reduced value of cos2 60. (9]. 

The shear stiffness of the simplified uniform structure with six triangles becomes: 

h · E ·L2 ·A 
GA5u56 = 2 · GAJr + 4 · GA1, · cos 2 60 = 3 · GAJr = 6 · 3 d 

d 
(9.) 

This shear stiffness applies to all orientations of the structure, as can be shown if formula 11 

is computed for different values of a (see Figure 26). 
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cos 2 (0 +a)+ cos 2 (60 +a)+ cos 2 (120+ a)+ cos 2 (180 +a)+ cos2 (240 +a) 

+ cos 2 (300 +a)= 3 

(180+a)0 

(1 0.) 

Figure 26 lnfluence of orientation on shear stiffness of simplified uniform structure with six 
triangles 

Shear stiffness of simplified uniform structure with two triangles 
The shear stiffness of the simplified uniform structure with two triangles can be computed in 

the same manner as the simplified uniform structure with six triangles. However, the main 

orientations of the cross-section are rotated with respect to the main orientations of the 

simplified uniform structure with six triangles and the simplified uniform structure with four 

triangles . The result is that the cross-sectional properties are given for the rotated cross

section , where the X-axis is translated in a U-axis and the Y-axis is translated in a V-axis. The 

U- and V-axes have a Z-rotation of + 30 degrees with respect to the X- and Y-axes. The 

shear stiffness of the simplified uniform structure with two triangles becomes (see Figure 27): 

h · E·L2 ·A 
GAsus 2;u =4 · GA1r· cos

2
60=GA1r =2· d 3 d 

h·E·L2 ·A 
GA SUS2;V =4-GA/r ·COS

2
30=3·GAfr =6· d 3 d 

( 11.) 

Ac 

Aeq;d 

A eq;d 
Ac 

A c A eq;d 
y 

L x Äeq; 

Figure 27 Simplified uniform structure with two triangles cross-section with shear axis at origin 
of major axes of inertia 
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To find the deflections of the simplified uniform structure with two triangles in X- and Y

direction, the loads must be resolved in U- and V-direction : 

F = F · sin 60 + F · cos 60 = F · J3 + F · _!_ 
u x y x 2 y 2 

F = F · sin 60- F · cos 60 = F · J3 - F · _!_ 
v y x y 2 x 2 

(12.) 

These loads will then result in deflections in U- and V-directions, which can be resolved in 

deflections in X- and Y-direction: 

J3 1 
8 =-·8 -- ·8 

X 2 U 2 V 

J3 I 
8 =- ·8 +- ·8 

y 2 V 2 U 

(13.) 

lf these formulae are combined with formula 7, the shear deflections of the simplified uniform 

structure with two triangles in X- and Y-direction due to farces in X- and Y-direction can be 

found with: 

(14.) 

Shear stiffness of simplified uniform structure with four triangles 
The shear stiffness of the simplified uniform structure with four triangles becomes (see Figure 

28) : 

2 h·E·L2 ·A 
GASUS4 ;X =4·GA/r · COS 30=3·GA/r =6 · d J d 

GA fr 2 h · E · L2 · Ad 
GA SUS 4-Y = 2.-2- + 4 . GA/r . cos 60 = 2. GA/r = 4. __ d_3 _ ___:;;_ 

(15.) 
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Ac 

Figure 28 Simplified uniform structure with tour triangles cross-sectien 

3.2.2. Results 

The shear deflection of the simplified uniform structure FEM models can be extracted by 

restraining the axial deflections of all nodes. This boundary condition results in deflections 

due to axial stresses and strains in the diagonals only. The shear deflections of the EUC FEM 

models can be extracted by implementing an infinitely large bending stiffness. 

The shear deflection of the different models is given in X-direction in Figure 29. 

- Analytica! SUS2 

- Analytica! SUS4 

0 SUS6 FEM model 

0 SUS2 FEM model 

0 SUS4 FEM model 

x EUC6 FEM model 

18 x EUC2 FEM model 

x EUC4 FEM model 

50 100 150 200 250 
Oefleetiens (mm) 

Figure 29 Shear deflection due to point load at top in positive X-direction 

In Figure 29 the deflections of the SUS6 models cannot be seen, since they coincide with the 

SUS4 models. The shear deflection of the different models is given in Y-direction in Figure 30. 
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Figure 30 Shear deflection due to point load at top in positive Y-direction 

In Figure 30 the deflections of the SUS2 models cannot be seen, since they coincide with the 

SUS4 models. 

3.2.3. Conclusions 

lt can be seen that the shear deflections of all models coincide with each other. This proves 

that the shear stiffness as was calculated for the equivalent uniform column FEM model was 

correct. Furthermore, due to the loads in X-direction the SUS2 also deflects in Y-direction, 

and due to the loads in Y-direction the SUS2 also deflects in X-direction. This is nat 

presented. The fact that the deflections of the SUS4 models coincide with the deflections of 

the SUS6 models in X-direction is expected, since the shear stiffness of the SUS4 models in 

X-direction is equal to the shear stiffness of the SUS6 models in X-direction. The fact that the 

deflections of the SUS4 models in Y-direction coincide with the deflections of the SUS2 

modelsin Y-direction can also be expected, since the shear stiffness of the SUS2 modelscan 

be found to be equal to the shear stiffness of the SUS4 models in X-direction . 
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3.3. Bending deflections 
The deflection due to bending !5bend in metres fora single column subjected to a point load at 

the top can be computed for every point at a distance x in metres from the bottom of the 

column with: 

o ---· H--F. x2 
( x) 

bend- 2. EI 3 (16.) 

Where El is the bending stiffness of the structure in kNm2
. 

3.3.1. Analvtical determination of bending stiffness 
The bending stiffness of a single braeed frame with hinged connections (see Figure 31) can 

be determined with: 

1 2 
EI =-·E·A ·L I 2 c (17.) 

Here E is the Young's modulus, Ac is the area of a single column, and L is the width of the 

braeed frame. This formula can be derived from Steiner's theorem. This formula is only valid, 

when the floors are infinitely stiff in their planes. The deflection of the diagonals is taken into 

account when the shear stiffness is considered. 

f 

-Llli 

Figure 31 Deflected shape due to bending (blue colour represents axial elongation, red colour 
represents axial compression, and green colour represents zero axial strains) 

lf however the neutral axis of the braeed frame is not equal to the neutral axis of the complete 

structure, the axial deflection of the diagonals also has to be taken into account. The axial 

stiffness of the diagonals can be determined when the deformed shape of a braeed frame 

loaded with an axial strain is examined (see Figure 32). 
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f f 

Figure 32 Deformed shape due to axial tension (blue colour represents axial elongation and 
green colour represents zero axial strains) 

An equivalent area of the cross section of the braeed frame A eq can be determined with : 

F ·h F · h 
~ = eq => A = _eq __ 

E· A eq E · ~ 
eq 

(18.) 

Where Feq is the summation of all axial farces on the braeed frame (in Figure 32 this equals 

2F), ~ is the axial elangation of the complete braeed frame and h is the height of a single 

storey of the braeed frame. The axial strain of the diagonal can be determined with : 

8= Fd ·d 
E· A d 

lt can also be found by considering the deflection as shown in Figure 32 : 

The equivalent force Feq can be found with: 

F -2·F +2·F eq - c zd 

(19.) 

(20.) 

(21.) 

Where Fe is the force that is loaded on a single column and Fzd is the vertical component (in 

Z-direction) of the force that is loaded on the diagonal. The axial force Fe can also be found 

with: 

E·A ·~ 
F = c 

c h (22.) 

And the axial force in the diagonal Fd can be found with : 

F 
_ E ·Ad ·8 

d -
d 

E· A · ~ · !!_ 
d d 

d 
(23.) 

From Figure 32 the vertical component of the force in the diagonal can be found : 
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(24.) 

This leads to: 

( 
E·A ·~ E·A · ~ · h 2 J 2· c +2· d ·h 

h d 3 h3 

Aeq = = 2 · Ac. + 2 · Ad · -
E·~ d 3 

(25.) 

From this can be concluded that the equivalent area of the cross section of the diagonal is 

equal to: 

h) 
Aeq;d = Aeq - 2 . Ac = 2 . Ad . --;]3 (26.) 

This equivalent area of the diagenals should be located at the centre of the braeed frames, 

since this is the centreidal axis of the diagonals. 

The bending stiffness can be computed by Steiner's theorem, stating that the bending 

stiffness of a cross-section can be found by multiplying the cross-sectional areas of individual 

components (A;) by the square of their respective directional distances (x;, y;) to the centreidal 

axis (see for example Figure 33) . Steiner's theorem can be written as: 

I x = I [A; . X; 
2

] 

I y = I [Ai . Y; 
2

] 

(27.) 

The centreidal axis is located at the centre of gravity of the cross-section, which coincides 

withall axes of symmetry. 

3L./ 4 

3L/4 

Figure 33 Cross-sections for bending stiffness and their distances to gravitational centre 

Bending stiffness of simplified uniform structure with 6 triangles 
Since the simplified uniform structure with six triangles has multiple axes of symmetry, the 

centreidal axis can be found easily. The location of the centreidal axis is in the centre of the 

cress-section, at the position of the core. This results in: 
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I,~ L[A,. y/ l~ A, ·(-L)' +2 A, ( -
2
L r +2· A, tr +A, (L)' 

-3 · L 2 3 · L 2 9 2 
( )

2 ( )2 
+2·Aeq;d · -

4
- +2 · Aeq;d ·(O·L) +2·Aeq;d · 4 =3·Ac ·L + 

4 
·Aeq;d ·L 

" [ 2 ] [ - J3 · L J 
2 

( )z [ J3 · L J 
2 

I Y = L. A; · x; = 2 · Ac · 
2 

+ 2 · Ac · 0 · L + 2 · Ac · -
2
-

[-.f3 ·LJ2 [-.f3·LJ2 [.f3 ·LJ2 [.f3 ·LJ2 + Aeq;d . 2 + 2. Aeq;d . 4 + 2. Aeq;d . -4- + 2. Aeq;d . -2-

2 9 2 =3 · A ·L +- · A ·L c 
4 

eq;d 

The bending stiffness of the complete simplified uniform structure with six triangles becomes: 

EI . = 3 · E · A · L 2 + 2._ · ~ · E · A · L2 

x,SUS6 c 2 d3 d 

2 9 h
3 

2 
EI = 3 · E · A · L +-·-· E · A · L y;SUS6 c 2 d3 d 

The bending stiffness, like the shear stiffness also applies for each orientation. 

For the given structure, with the values : 

E = 2.1 · 105 N/mm2 

Ac= 2.62 · 105 mm2 

L = 22.321 m 

h = 18.00 m 

d = (L2 + h2
)
05

::::: 28.67 m 

Ad= 5.24 · 104 mm2 

The bending stiffness El becomes: 

EI = 3 · 2.1 ·1 os · 2.62 · 1 os · (22.321 · 103 Y 
+2._· (Is .oo-Io

3r ·2.1 ·10s · 5.24 ·104 -(22.321·103 Y 
2 (28.67 . 103 y 

EI= 8.834 · I 0 19 Nmm 2 = 8.834 · I 0 10 kNm 2 

Bending stiffness of simplified uniform structure with 2 triangles 

(28.) 

The cross-sectional properties of the simplified uniform structure with two triangles are given 

for the rotated cross-section, where the X-axis is rotated to a U-axis and the Y-axis is rotated 

toa V-axis. The U- and V-axes have a positive Z-rotation of 30 degrees with respect to the X

and Y-axes. 

The bending stiffness of the simplified uniform structure with two triangles becomes: 
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EI =]_·E·A ·L2 +]_·~ · E · A · L2 
SUS 2,U 2 c 2 dJ d 

EI = ]_ · E ·A · L2 + ]_ · ~ · E ·A · L2 

SUS2;V 2 c 2 dJ d 

(29.) 

The bending deflections in X- and Y-direction due to loads in X- and Y-direction of the 

simplified uniform structure with two triangles can be found with : 

(30.) 

Bending stiffness of simplified uniform structure with 4 triangles 
The bending stiffness of the simplified uniform structure with four triangles becomes: 

EI . = !.!_ · E · A · L 2 + I.2_ · ~ · E · A · L 2 

SUS 4,X 6 c 9 dJ d 

EI = 3 · E · A · L 2 + 3 · ~ · E · A · L 2 

SUS 4;Y c dJ d 

(31.) 

Here the position of the centroidal axis is slightly erroneous as can be seen in paragraph 

2.2.1. The difference in bending stiffness only applies to the bending stiffness around the Y

axis Elsus4;x· This difference is approximately 2.8%. This difference is acceptable. 

3.3.2. Results 

Since all elements are of influence on the bending stiffness of the structure, it is nat possible 

to extract the bending deflections of the simplified uniform structure FEM models without 

taking the shear deflection and the combined deflection into account. Therefore the bending 

deflection of these FEM models shown in the following figures is the difference between the 

combined deflection and the shear deflection of the individual models. The analytica! models 

and the equivalent uniform column FEM models do nat have these problems and are 

therefore given directly. 

The bending deflection of the different modelsis given in X-direction in Figure 34. 

42 



The influence of a non-uniform building cross-section on its structural behaviour 

162 

144 

126 

108 - Analytica! SUS2 

I go - Analytica! SUS4 

:E 
Cl 
'iP 72 

0 SUS6 FEM model 

J: 
D SUS2 FEM model 

54 -
D SUS4 FEM model 

36 x EUC6 FEM model 

18 x EUC2 FEM model 

x EUC4 FEM model 
0 

0 250 500 750 1000 1250 
Deflections (mm) 

Figure 34 Bending deflection in X-direction due to point load 

The bending deflection of the differentmodelsis given in Y-direction in Figure 35. 
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Figure 35 Bending deflection in Y-direction due to point load at top 

3.3.3. Conclusions 

When examining the data more closely, it can be seen that the bending deflection of the 

SUS4 FEM model in Y-direction is slightly smaller than the bending deflections of the 

analytica! and equivalent uniform column FEM models in Y-direction (a ditterenee of 0.31 %) . 

This ditterenee is caused by the ditterenee in bending stiffnesses between the SUS4 FEM 

model and the analytica! bending stiffness used in the EUC4 FEM model and the analytica! 

calculations. The other deflections are all the same, so the bending stiffness is deduced 

correctly. The bending stiffness of the SUS4 models in X-direction is slightly smaller than the 
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bending stiffness of the SUS6 models in X-direction due to the reduced diagonals in the 

SUS4 cross-section. 

3.4. Torsional def/ections 
Due to torsional rotations of a cross-section, all points on that cross-section that do nat 

coincide with the centre of twist will be subject to deflections. These deflections are important 

if a structure has a non-uniform character. The centre of twist coincides with the shear centre, 

as was stated earlier [1] . 

3.4.1. Analytica! determination of torsional stiffness 

Torsional stiffness is solely related to torsional shear deflections, while warping is related to 

axial deflections. The torsional stiffness of the simplified uniform structures can be found by 

using a hollow thin-walled cross-section analogy. A braeed frame can be modelled as a thin 

shear wall, with equal shear stiffness. lf several braeed frames are coupled tofarm a tube-like 

structure, the equivalent shear wall structure becomes a hollow thin-walled cross-section. For 

this particular type of cross-section, an effective way to examine the torsional and warping 

stiffness is given in references Rees and Neuber [8, 2]. They prove that a hollow thin-walled 

cross-section is nat subjected to warping if the product of the wall thickness tand its shortest 

distance to the centre of twist is constant for every part of the cross-section (see appendix D 

tor more information). This type of cross-section is called a Neuber tube. 

Torsional stiffness of simplified uniform structure with 6 triang/es 
The simplified uniform structure with six triangles is a Neuber tube, since all braeed frames 

are equal , and their respective distances to the shear axes are also equal. The warping 

stiffness is therefore irrelevant, since no warping stresses occur. The torsional stiffness can 

be computed with : 

2 v3 h·E·L · Ad 
( 

r;; )2 4 
Glt ;SUS6 = L (GA; . R; )= 6. GAl . 2. L = 9. d 3 (32.) 

Torsional stiffness of simplified uniform structure with 2 triangles 
The simplified uniform structure with two triangles also camplies with the rules for a Neuber 

tube, so the warping stiffness is again irrelevant, since no warping stresses occur. The rotated 

orientation of the cross-section in the XY-plane is of no influence on the torsional stiffness of 

the structure. The torsional stiffness can be computed with: 

GI,suS> = I(GA, R,' )=4 GA, {~·Lr (33.) 

Torsional stiffness of simplified uniform structure with 4 triang/es 
The cross-section of the simplified uniform structure camplies with the rules for a Neuber 

tube, since the diagonals on the faces parallel to the Y-axis have a cross-section that is 

exactly half the cross-section of the other diagonals. These diagonals have been reduced 

specifically for this purpose. The torsional stiffness of the simplified uniform structure with four 
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triangles can therefore be computed in the same manner as the other cross-sections , 

resulting in a torsional stiffness of: 

GI. ="(GA · R 2 )= 4 ·GA · [fj · LJ2 

+ 2 ·GA, . [fj . LJ
2 

= 3. h . E. L
4 

. Ad (34.) 
t,SUS4 L.. I I I 4 2 2 dJ 

In chapter 5.6 the subject of warping will be discussed. 

3.4.2. Results 

The torsional deflection of all models can be found by loading the models with a torsional 

moment at the top. The resulting rotations of the eentres of twist will cause deflections of the 

care nodes, due to the eccentricities of the care nodes in regard to the eentres of twist. These 

eccentricities are given in Figure 40. The applied torsional moment has a value of 1.14 · 106 

kNm. The torsional rotations of the different models are given in Figure 36. 
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Figure 36 Torsional deflections due to torsional moment at top of structure 

The importance of the influence of the torsional deflection on the combined deflection can be 

seen if the combined deflection of the SUS4 modelsis examined. In Figure 37 the analytica! 

results are based on an equivalent column placed in the centre of twist, the EUC4 FEM model 

SA is also based on an equivalent column placed in the centre of twist (in the Shear Axis) but 

the EUC4 FEM model CA is based on an equivalent column model placed in the Centreidal 

Axis (see also Figure 42 for a graphical representation of the torsional deflections with 

centraid and shear centre) . 
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Figure 37 Combined deflections (of core nodes) of SUS4 models due to point load in positive X
direction on top of structure 

3.4.3. Conclusions 

lt can be seen that the torsional deflections of all models coincide with each other. This 

proves that the torsional stiffness as was calculated for the analytica! results as well as for the 

equivalent uniform column FEM model was correct. The relationship between the torsional 

deflections of the different cross-sections is explained by the ditterences in torsional stiffness 

of these cross-sections. The SUS2 cross-section has a torsional stiffness that is exactly half 

the torsional stiffness of the SUS4 cross-section, resulting in twice the torsional deflection. 

The same type of relationship applies for the SUS6 cross-section. From Figure 37 it can be 

seen that, in this case, where the shear and centreidal axes do nat coincide, the standard 

approach of placing an equivalent column in the centraid gives erroneous results. lt is 

therefore vital in this research to place the equivalent columns in the centre of twist. This does 

however give erroneous results when the deflections in Z-direction are researched. This will 

be discussed in paragraph 5.4. 

3.5. Combined deflections 
When the individual deflections are added together, the structural behaviour due to bending, 

shear and torsional deflections is found. 

3.5.1. Results 

Deflections in X-direction (of the care) due to a point laad in positive X-direction at the top of 

the structure, aligned with the care are given in Figure 38. 
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Figure 38 Combined deflections in X-direction due to point load at top of structure in X-di reetion 

Deflections in Y-direction (of the care) due to a point laad in positive Y-direction at the top of 

the structure, aligned with the care are given in Figure 38. 
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Figure 39 Combined deflections in X-di reetion due to point load at top of structure in X-di reetion 

3. 6. Conclusions 
lt can be seen that in bath X- and Y-direction, the deflections of the SUS FEM models can be 

described with great accuracy by examining the bending, shear and torsional deflections, in 

combination with the positions of the eentres of twist. Furthermore, the torsional deflection in 

itself is also shown to be accurate. 
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4. Analysis of simpli'fied non-uniform structure 

The simplified non-uniform structure consists of the three previously examined cross-sections, 

stacked together. This results in a structure with shifts in the positions of the shear axes as 

well as the positions of the centroidal axes. The middle cross-section has a shear axis and 

centroidal axis that do nat coincide. 

4.1. Loads 
On this model the point loads will be applied at the top, located at the 'care'. This results in 

two load cases with a point laad in respectively positive X- and Y-direction with a value of 

14.7 · 103 kN. The model will also be loaded with a torsional moment with a value of 1.14 · 106 

kNm at the top of the structure. The final laad case will be based on the Dutch design codes 

[7] and is described in appendix 8 . 

4.2. Ana/ysis of structural behaviour 
The influences of the shifts in axes on the structural behaviour, as well as on the loads 

applied to the structure are taken into account in this chapter. This is also discussed slightly in 

paragraph 2.5.1, where the constraint equations of the equivalent non-uniform structure are 

discussed. 

4.2.1. gualitative description of structural behaviour 

As was explained in paragraph 3.4, the equivalent columns are placed at the shear axes of 

the structure. Due to the shifts in the shear axes of the different parts of the simplified non

uniform cross-section, point loads positioned at the shear axis of one cross-section may nat 

coincide with the position of the shear axis of another cross-section, resulting in torsional 

moments. The positions of the shear and centroidal axes of the different cross-seelions of the 

simplified non-uniform structure are given in Figure 40. 
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Figure 40 Positions of shear and centreidal axes of different cross-seelions of simplified non
uniform structure with blue circle for SUS6 axes, red circle tor SUS4 shear axis, red diamond for 
SUS4 centreidal axis and green circle for SUS2 axes 
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The methad for finding the shear axes of the cross-sections is given in paragraph 2.2.1. 

Also, since the shear and centreidal axis of the middle part of the SNS do nat coincide, the 

deflections in Z-direction due to bending rotations of the bottorn part of the structure will nat 

be taken into account correctly for the equivalent non-uniform column. This discrepancy is 

supposed to be of little relevanee on the structural behaviour of the given structure. lf a 

structure is examined, where outriggers or belt structures are used, this discrepancy will result 

in greater problems . 

/nfluence of shift in shear axis on def/ection 
lf the simplified non-uniform structure is loaded with a point laad in Y-direction at the top of 

the structure that coincides with the shear axis of the top part of the structure, this point laad 

does nat only result in bending and shear deflections, but also results in a torsional moment 

on the middle and bottam part of the structure that is equal to the point laad, multiplied by the 

shortest distance of this point laad to the shear axes (centres of twist) of the middle and 

bottam part of the structure. The resulting rotations around the Z-axis result in added 

deflections in the direction of the laad. In Figure 40 it can be seen that the shortest distance 

between the laad (in positive Y-direction at the top of the shear axis of the top part) and the 

shear eentres of the two lower parts of the structure is equal to: 

J3 -L 
e=--- . 

4 

lf the laad case is examined further, it is expected that the laad, torsional moment and rotatien 

of the structure are shaped as is shown in Figure 41 . 

- I 
I 

F cpt 
Figure 41 Load torsional moment and rotation of simplified non-uniform structure subjected to 
point load in positive Y-direction at top 

In Figure 41 the figures on the outer left the cross-sections of the different parts of the 

structure are depicted , with their shear and centreidal axes and with the position of the laad. 

On the left the side view of the shear axes of the simplified non-uniform structure is depicted, 

where the shear axes are represented as lines. The green circle represents the position of the 
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point laad at the top of the structure. The middle figure gives the torsional moment on the 

structure, with no torsional moment for the top part, and an equal torsional moment for the 

middle and bottam parts. The axial rotation in the right figure shows a different slope for the 

bottam part than the middle part, since the bottam part has a higher torsional stiffness. The 

top part shows no extra torsional rotations, since no torsional moment is present for this 

cross-section. In this particular case, all shear and centroidal axes are aligned, so the figure 

would be equal if the centroidal axes were shown. 

The deflections due to the axial rotations can be seen in Figure 42 where the bending and 

shear deflections are neglected for presentational reasons. In Figure 42 the blue circle 

represents the original and deflected position of the shear axis of the bottam part, the red 

circle and diamond outline represent the original positions of the shear and centroidal axis of 

the middle part respectively, the red filled circle and diamond represent the deflected position 

of the shear and centroidal axis of middle part respectively, the green circle represents the 

original position of the shear and centroidal axis of the top part, and finally, the green filled 

circle represents the deflected position of shear and centroidal axis of the top part. 

y 

L x 
Figure 42 Deflections due to axial rotations of simplified non-uniform structure subjeeled to 
point load in positive Y-direction at top, aligned with shear centre of top part 

lt can be seen that the axial rotations will result in deflections in the direction of the laad, as 

well as deflections perpendicular to the direction of the laad. The effect of the axial rotations 

on the combined deflections will be discussed in paragraph 4.2.2. 

lf the simplified non-uniform structure is subjected to a point laad in positive X-direction at the 

top of the shear axis of the top part, the force, torsional moment and rotation are as is shown 

in Figure 43. 
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Figure 43 Laad torsional moment and rotation of simplified non-uniform structure subjected to 
point laad in positive X-direction at top 

In this case, the shear and centreidal axes are not aligned for the middle part. The red dashed 

line represents the position of the centreidal axe for the middle part. 

The deflections due to the axial rotations can be seen in Figure 44 where the bending and 

shear deflections are neglected for presentational reasons . 

• 

y 

L x 
Figure 44 Deflections due to axial rotations of simplified non-uniform structure subjected to 
point laad in positive X-direction at top, aligned with shear centre of top part 

Again, the axial rotations will result in deflections in the direction of the load, as well as 

deflections perpendicular to the direction of the load . Also, the rotatien of the bottam part is 

opposite to the rotatien of the middle and top part. 
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lnfluence of shift in centroidal axis on deflection 
Due to the bending deflection of the structure, above lying parts may deform. This is shown in 

Figure 45, where the simplified non-uniform structure is loaded with a point load at the top of 

the bottom part, in positive Y-direction. 
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Figure 45 Deflection in Z-direction due to positions of centroidal axes in combination with 
bending deflection 

lt must be noted that only deflections in Z-direction are affected by these bending deflections. 

The bending and shear deflections in X- and Y-directions are only influenced by the torsional 

rotations of the cross-sections, and are therefore linked to the relativa positions of the shear 

axes of the respective cross-sections, as was discussed in the previous paragraph. lt can be 

shown (see Figure 46) that the axial deflection will change if the structure is examined by 

means of an equivalent non-uniform column placed at the positions of the shear axes, or by 

means of an equivalent non-uniform column placed at the positions of the centreidal axes. 
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Figure 46 Deflections due to point load at top of middle part in positive Y-direction with elements 
in shear centre (left) and elements in centroidal axis (right) 

The deflections of the equivalent non-uniform column with the elements in the centreidal axis 

represent the axial deflections of the simplified non-uniform structure, but the deflections in X

and Y-directions are more important for this analysis and these deflections are erroneous for 

this model. 

4.2.2. Analytica! solution of deflections by means of an equivalent 

non-uniform column 

The simplified non-uniform structure can be modelled with an equivalent non-uniform column 

as described in the previous paragraphs. In order to campare the results of the equivalent 

non-uniform column with the results of the simplified non-uniform structure, one arbitrary axis 

of the structure was chosen. This axis is positioned at the 'care' of the original structure, at the 

centre of the base hexagon. The axis is aligned with the shear and centreidal axis of the 

bottorn part. For the middle and top part of the equivalent non-uniform column eenstraint 

equations are used to find the deflections of the care-nodes (see Figure 4 7). 

y 

x y <jl-- x 
Figure 47 Equivalent non-uniform column with blue line representing shear and centroidal axis 
of bottorn part, red line representing shear axis of middle part, green line representing shear and 
centroidal axis of top part and cyan dots representing nodes on core above bottorn part 
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x 

Figure 48 Nodes on equivalent non-uniform column 

lf the nodes on the equivalent non-uniform column are numbered as is shown in Figure 48 the 

bending, shear and torsional deflections of the odd nodes of the simplified non-uniform 

column can be found with the following formulae: 

2 EI 
+ (/J x ;i-l 

' x; i-l l i 

(35.) 

M y;; . L Fx;i. L2 

(/J y ;i = + + (/J y;i-1 
Eiy; i-t ! ; 2. Eiy;i-tli 

(36.) 

(37.) 

F . · L3 M . ·L2 F L 8 . = x; t + y; t + x;i ' S: 
n + 0 ,;i-l + (/J y; i-1 · L 
, 3. Eiy; i-1 / i 2. Eiy ;i-t l i GAx;i-1 / i 

(38.) 

M . ·L2 F . ·L 
x;t + y; t + 8 . L 

2 ·EI G'A y;t-t - (/J,.;i-1 . 
x;i-l l i y ;i- l l i 

(39.) 
3 · Eix i- l l i 

(40.) 

Here, the following definitions are used: 

(/J x; i Rotation of node i around the X-axis. 

Rotation of node i around the Y-axis. 

Rotation of node i around the Z-axis. 

(/J x;i-1 Rotation of node i-1 around the X-axis. 

Rotation of node i-1 around the Y-axis. 

Rotation of node i-1 around the Z-axis. 
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Moment on node i around the X-axis. 

Moment on node i around the Y-axis. 

Moment on node i around the Z-axis. 

Deflection of node i in X-direction . 

Deflection of node i in Y-direction. 

Oeflection of node i in Z-direction. 

Deflection of node i-1 in X-direction . 

Deflection of node i-1 in Y-direction. 

Deflection of node i-1 in Z-direction. 

Force on node i in X-direction . 

Force on node i in Y -direction . 

Force on node i in Z-direction. 

EJx; i-1 / i Bending stiffness around X-axis of segment between nodes i and i-1 

Ely;i-lt i Bending stiffness around Y-axis of segment between nodes i and i-1 

Torsional stiffness of segment between nodes i and i-1 

GAr·i- lt i Shear stiffness in X-direction of segment between nodes i and i-1 . ' 

Shear stiffness in Y-direction of segment between nodes i and i-1 

L Lengthof segment (54 metres) 

The deflections of the even nodes can be found with: 

ffJ x; i = ffJx; i- l 

q; y;i = q; y;i-l 

Jx;i = -q;z;i . ey;i (+ Jri-1) 

J y;i = ffJz ;i . ex;i (+ Jy ;i-l) 

With the additional definitions: 

er;i Eccentricity in X-direction of node i in regard tonode i-1 

Eccentricity in Y-direction of node i in regard tonode i-1 
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(41.) 

(42.) 

(43.) 

(44.) 

(45.) 

(46.) 
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The eccentricities ex;i and ey;i are defined in regard to the shear centre of node i-1: 

node Position Height (m) ex;i (mm) ey;i (mm) 

1 co re 54 0.00 0.00 

2 Shear centre SUS4 54 0.00 11160.50 

3 Shear centre SUS4 108 0.00 0.00 

4 Shear centre SUS2 108 9665.28 -5580.25 

5 Shear centre SUS2 162 0.00 0.00 

6 co re 162 -9665.28 -5580.25 

a Shear centre SUS4 108 0.00 -11160.50 
0 •• 

Table 1 Eccentnc1t1es per node 

The deflections of node a can also be found with formulae 41 to 46, by inputting node 3 as 

node i-1. 

Adding all loads on the above lying structure and taking into account the eccentricities of 

these loads to the nodes results in the loads on the nodes. For the laad case with a point laad 

at the top of the care and for the laad case with a torsional moment at the top of the care the 

loads on the structure are given in Table 2. 

node leads due to lead inpositive X-direction on to:> of core(1.47e7 N) 
node FX (N) Fi.(Nt MX (Nmm) MY'.(Nmm). MZ (Nmm) 
0 1.47E+07 O.OOE+OO O.OOE+OO 2.38E+12 O.OOE+OO 
1 1.47E+07 O.OOE+OO O.OOE+OO 1.59E+12 O.OOE+OO 
2 1.47E+07 O.OOE+OO O.OOE+OO 1.59E+12 1.64E+11 
3 1.47E+07 O.OOE+OO O.OOE+OO 7.94E+11 1.64E+11 
4 1.47E+07 O.OOE+OO O.OOE+OO 7.94E+11 8.20E+10 
5 1.47E+07 O.OOE+OO O.OOE+OO O.OOE+OO 8.20E+10 
6 1.47E+07 O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 
a 1.47E+07 O.OOE+OO O.OOE+OO 7.94E+11 O.OOE+OO 
node leads due to lead in positive Y-direction on to:> of core (1.47e7 N) 
node FX (N) FY (N) MX (Nmm) MY (Nmm) MZ (Nmm) 
p O.OOE+OO 1.47E+07 2.38E+12 O.OOE+OO O.OOE+OO 
1 O.OOE+OO 1.47E+07 1.59E+12 O.OOE+OO O.OOE+OO 

~ O.OOE+OO 1.47E+07 1.59E+12 O.OOE+OO O.OOE+OO 
3 O.OOE+OO 1.47E+07 7.94E+11 O.OOE+OO O.OOE+OO 
4 O.OOE+OO 1.47E+07 7.94E+11 O.OOE+OO -1.42E+11 

~. O.OOE+OO 1.47E+07 O.OOE+OO O.OOE+OO -1 .42E+11 
6 O.OOE+OO 1.47E+07 O.OOE+OO O.OOE+OO O.OOE+OO 

~ O.OOE+OO 1.47E+07 7.94E+11 O.OOE+OO O.OOE+OO 
node leads due to torsionalload on top of core (1.14e12 N) 
node FX {N) FY (N) MX (Nmm) MY (Nmm) MZ{Nmm) 

~ O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 
1 O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 

~ O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 

~ O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 

~ O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 

~ O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 
p O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 
a O.OOE+OO O.OOE+OO O.OOE+OO O.OOE+OO 1.14E+12 

Table 2 Node loads on eqwvalent non-umform column 
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The bending, shear and torsional stiffnesses of the different cross-seelions are (chapter 3): 

EI x-Sus 6 = 8.834 ·1 0 19 Nmm 2 

EI y;sus6 = 8.834 ·1 0 19 Nmm 2 

GAX"SUS6 = 2.511·1 0 10 
N 

GAy;SUS6 = 2.511·1010 
N 

Gir;sus6 = 1.877 ·1 0 19 Nmm 2 

Eix;sus4 =5.312·10 19 Nmm 2 

EI y;sus4 = 8.631·1 0 19 Nmm 2 

GAx;SUS4 = 2.511·1 0 10 
N 

GA ·SUS4 = 1.674 ·1 0 10 
N y, 

GII"SUS4 = 6.256 ·1 0 18 Nmm 2 

Eiu;sus 2 = 4.315 ·10
19 Nmm 2 

Eiv;sus 2 = 1.438 ·10 19 Nmm 2 

GAu;SUS 2 = 8.371·10 9 N 

GAv;SUS 2 = 2.511·10
10 N 

Girsus 2 = 3.128 ·10
18 Nmm 2 

The resulting deflections of node 1 due to a point laad in positive X-direction at the top of the 

care become: 

= 0 · 54000 _ 0 · 54000 
2 

+ 0 = 0 rad 
(/Jx;l 8.834 ·1 0 19 2 · 8.834 ·1 Û19 

= 1.5876 ·1 0
12 

. 54000 1.47 ·1 0 
7 

. 54000
2 

0 = 1 213 ·10-3 d 
rpy;I 8.834 ·10 19 + 2 · 8.834 ·10 19 + · ra 

0·54000 
rpz- 1 = 

19 
+0 = 0 rad 

, 1.877 ·10 

§x·l = 1.47 ·10
7 

· 54000
3 

+ 1.5876 ·10
12 

· 54000
2 

+ 1.47 ·10
7 

• 54000 _ O. O + O + O. 54000 
3·8.834·10 19 2·8.834·10 19 2.511·10 10 

8x;l = 66.549 mm 

8 = 0. 54000
3 

y;I 3 · 8.834 ·1 0 19 

8z;l =0 mm 

0·54000 2 0·54000 
------:,-:-

9 
+ 

10 
+ 0 · 0 + 0 - 0 · 54000 = 0 mm 

2. 8.834. 10 2.511· 10 

The deflections of node 2 due to the same point laad become: 

rpx; 2 = 0 rad 

rp 2 = 1.213 ·10-3 rad y, 

(/)2 ; 2 = 0 rad 

t5x;i = -0 ·11160.5 + 66.549 = 66.549 mm 

t5y;i = 0 · 0 + 0 = 0 mm 

t5z;i = 0 · 11160.5- 0 · 0 + 0 = 0 mm 

This methad can be used to calculate the deflections and rotations of the complete structure. 
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4.3. Results 
The SNS FEM model and the ENC FEM model are loaded with point loads and torsional 

moments at the top of the care. The deflections and rotations of all levels are taken at the 

care. At the levels where different cross-sections conneet and at the top of the structure the 

deflections are also calculated with hand calculations. The results of the laad cases are given 

in the following paragraphs. 

4.3.1. Oefleetiens due to point load in positive X-direction at the top 

When the structure is loaded with a point laad in positive X-direction of 1.4 7 · 107 N at the top 

of the care the combined deflections in X-direction are given in Figure 49. 
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Figure 49 Deflections in X-direction due to point load in X-direction at top of core 

The deflections of the three models in X-direction show a maximum ditterenee of 0.40% 

between the analytica! calculation and the SNS FEM model, at the top of the structure. The 

simplified non-uniform structure FEM model shows a lesser deflection. The maximum 

ditterenee between the analytica! calculation and the ENC FEM model is 0.004%. 

Since the top part of the structure is subjected to double bending, the structure will also 

deflect in Y-direction if subjected to a laad in X-direction. The deflections in Y-direction due to 

the point laad in X-direction are given in Figure 50. 
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Figure 50 Oefleetiens in Y-direction due to point load in X-direction at top of core 

The deflections up to the base of the top part are all zero for the structure, but the top part of 

the structure will deflect. This maximum difference in deflection in Y-direction due to a point 

laad at the top in X-direction becomes 1.53%. This is the difference between the analytica! 

calculation and the SNS FEM model at the top . Again, the simplified non-uniform structure 

FEM model shows the least deflection . The maximum difference between the analytica! 

calculation and the ENC FEM model is 0.041%. 

The rotations around the Z-axis due to the point laad in X-direction are given in Figure 51 . 
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O.E+OO 1.E-03 Rotations (rad) 2.E-03 3.E-03 

Figure 51 Rotations around the Z-axis due to point load in X-direction at top of core 

The rotations around the Z-axis show a maximum ditterenee of 0.007% between the 

analytica! calculations and the SNS as well as ENC FEM models. 

The deflections in Z-direction and the rotations around the X-axis and around the Y-axis show 

a maximum ditterenee between the different models of 0.109%. Here the influence of the 

positions of the centraid and shear centre of the middle part is zero, since the eentres are 

aligned for bending in this direction. 
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4.3.2. Deflections due to point load in positive Y-direction at the top 

When the structure is loaded with a point load in positive Y-direction of 1.47 · 107 Nat the top 

of the core the combined deflections in Y-direction are given in Figure 52. 
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Figure 52 Deflections in Y-direction due to point load in Y-direction at top of core 

The maximum difference between the deflection in the Y-direction due to a load in the Y

direction of the analytica! calculation and the SNS FEM model is 1.372% at the top. The 

maximum difference of this deflection between the analytica! calculation and the ENC FEM 

model is 0.007%. 

The deflections in X-direction due to the point load in Y-direction are given in Figure 53. 
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Figure 53 Deflections in X-direction due to point load in Y-direction at top of core 

Here, the maximum ditterenee between the analytica! calculation and the SNS FEM model is 

1.592%. The maximum ditterenee between the analytica! calculation and the ENG FEM model 

is 0.103%. 

The rotations around the Z-axis due to the point laad in Y-direction are given in Figure 54. 
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Figure 54 Rotations around the Z-axis due to point load in Y-direction at top of core 

Here, the maximum ditterenee between the analytica! calculation and the SNS FEM model is 

0.012%, and the ditterenee between the analytica! calculation and the ENG FEM model is 

0.008%. Bath maximum ditterences occur at the top of the structure. 
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The deflections in Z-direction due to the point laad in Y-direction are given in Figure 55. 
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Figure 55 Deflections in Z-direction due to point load in Y -di reetion at top of core 

24 

Here, significant differences in the results of the analytica! calculations and the SNS FEM 

model can be seen. These differences have been predieled and will be discussed in the next 

paragraph. The difference between the analytica! calculations and the EI\IG FEM model are 

maximum 0.046% at the top of the structure. 

The rotations around the X-axis and around the Y-axis show a maximum difference between 

the analytica I calculation model and the SNS FEM model of 2.31% (rotation around the X-axis 

at the top) and a maximum difference between the analytica! calculation model and the ENG 

FEM model of 0.116%. 

4.4. Conclusions 
The results of the analytica! calculations and the SNS and ENG FEM models show that the 

approach of building an equivalent non-uniform column to find the structural behaviour of a 

non-uniform structure is valid. The deflections off all models differ no more than 2% between 

one and other, apart from the Z-deflection due to rotations of the middle part around the X

axis. 

This difference however can be explained by examining the positions of the shear and 

centroidal axes of the middle part in respect to each other. The deflections in Z-direction of 

the top of the middle part can be found by implamenting the difference in positions of these 

two axes in the formula for the deflection: 

J ""-1.210 · I o-3 
·- L = 4.501 mm z ,a 

6 

The deflection that was found with the SNS FEM model is 5.495 mm. lt can beseen that even 

for this analytica! calculation the deflections of the SNS FEM model differ significantly. The 

difference between the two deflections is 18.1 %. Th is difference is largely dependent on the 
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bending rotations of the middle part of the structure. lt was discussed in paragraph 2.2.1 that 

the position of the centroidal axis of the middle part of the structure has an approximation 

error of 0.38%. In paragraph 3.3.1 the bending stiffness around the X-axis of the middle part 

of the structure was shown to have an approximation error of 2.8%. Due to these 

approximation errors, the deflections of the top of the middle part, as calculated above, will 

differ from the deflections of the SNS FEM model. 
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5. Discussion 

5. 1. Discretization error 
In order for the structures to be more continuous, the choice was made to double the 

diagonals of the braeed frames that are the building blocks of the structure. The result is that 

the diagonals have a repeating pattern for every storey, instead of every two storeys. The 

cross-sectional properties of the equivalent columns are based on the behaviour of the 

discrete system of the simplified structures (behaviour of an infinite number of storeys) . The 

braeed frames are modelled as shear walls, with a continuous cross-section. lf only one 

storey is examined, the shear stiffness of a braeed frame remains the same, but the bending 

stiffness becomes dependant of the methad of loading. lf the structure is subjected to a 

bending moment at the top, the deflections will be exact. lf the structure is subjected to a point 

laad at the top, the deflections that are found by using the equivalent column methods are nat 

the same as the deflections that can be computed by examining the structures in Figure 56. 

2F C> F (\ Fn 
d d 

h Ac 

~ + (; Ac h 

L 
l L l ~ L l l L ~ 1 1 , "! 

Figure 56 One floor of braeed frame 

When the frame is subjected to a point laad at the top, the literature gives the bending 

stiffness and shear stiffness as [9]: 

EI = }_ · E · A · L2 

2 c 

From these formulae the deflections of a single storey would become: 

2·F · h 3 

{ibend ;equivo/en/ co/umn = J . EI 

2·F · h 
{ishear ;equivalen/ column = GA 

4·F · h3 

3 · E · A ·L2 
c 

(47.) 

(48.) 

lf however the two combined structures on the middle and right of Figure 56 are examined, 

the bending and shear deflections (see Figure 57) can also be found by examining the 

elongations and compressions of the columns and diagonals: 
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F 

l L ., 
Figure 57 Deflections of half frame 

!1d = F . d z 
E · L·Ad 

!1h = F. hz 
E·L·Ac 

The angle a can be found by applying the eosine rule: 

(h + !1hf + L2
- (d- !1d)

2 

cos a = --'-----------'------,-------,c'-------'--

2·(h+!1h)·L 

This angle is also found by examining the angle ~ and the triangle formed by the deflection t5 

and the elongated length of the column: 

a= 90- fJ 
. fJ 8 

sm = (h + !1h) 

8 
cosa=( ) 

h+!1h 

lf these formulae are combined, the deflection Orrame can be found : 

8 (h+!1hf +L2 -(d-!1df 
cos a = = ....:...._-----'-----,------,,.:------'--

(h+!1h) 2 · (h+!1h) · L 

2 · L · 8 = h 2 + 2 · h · !1h + !1h2 + L2 
- d 2 + 2 · d · !1d- M 2 

8 = !1h. !!_ + !1d. d = F · hJ + F ·dJ 
frame L L E · L2 · A E · L2 · A 

c d 

The ditterenee between the two deflections can be ascribed to the bending deflections: 

F · hJ F ·d J 4 · F · hJ F · d J F · hJ 
8 -8 . = + - - = 

frame eqmv.col . E. Lz . A E . Lz . A 3 . E . Lz . A E . Lz . A 3. E . Lz . A 
c d c d c 

lf the bending deflections of the frame and of the equivalent column are compared, the 

ditterenee can be found to be: 
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(
1 - obend;frame J 0 100% = (1 - 41 J 0 100% = 25% 

obend;eqwvalent column ().j') 
lf a second storey is added to the structure, the ditterences between the two bending 

deflections reduce to (see Figure 58): 

0 _ 2. F . (2. h f __ 4_· F_·_;_(2_·_h )'---
3 

bend;equivalent column - 3 . EJ - 3 . E. A • L2 
c 

32 · F · h 3 

3·E·A · L2 
c 

2·F·h3 

0 =---
2 ·Mz 2·F·h3 

+-- ·h+---~ 
bend;frame E. A . L2 

c bend bollom part L rota/ion bollom part E · Ac · L 
2 

hend top part 

2·F·!!_ · h 
óh = F. h2 + L 3. F. h2 

E · Ac · L E · A c E · A c · L 

2·F·h3 3·F·h 3 2 ·F·h 3 lO·F ·h3 

0 . = +2· +----
hend,Jrame E . A . L2 E. A . L2 E. A . L2 E . A . L 2 

c c c c 

2·F·h3 

obend;equivalem column - obendJrame = 
3

. E. A . L 2 
c 

difference = 32 
·100% = 6.25% 

2 

lt can be seen that the only ditterences occur due to the bending deflections of each section 

subjected to a point laad. The deflections due to the rotations at intermediate levels are taken 

into account correctly, as are the deflections due to the bending moments applied at 

intermediate levels. Figure 58 gives the deduction of torces at the intermediate level, and 

shows the torces that are taken into account falsely in red . 

Figure 58 Deduction of torces on parts of structure with torces that are not taken into account 
correctly in red 

The deflections due to point loads on the frames wiJl not be computed correctly. The rotations 

due to the bending moments and point loads at the intermediate level are taken into account 

correctly, as well as the deflections due to the bending moments at the intermediate levels. 

The result is that the ditterenee in deflections of the top part is only related to the summation 

of all deflections due to point loads. The ditterenee between these deflections is constant, at 

25% per storey. The influence of the other deflections increases per storey, resulting in an 

error in relationship to the number of storeys. This formula can be derived from the deflections 

of the individual storeys, where the number of storeys is n: 
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Where the discretization error is caused by the first term between the brackets (related to the 

red loads in Figure 58) . For n = 1, the term "13 is 100% of the deflection. The error for 1 storey 

is 25%. Therefore the dependenee of this error to the number of storeys can be found by 

finding the product of the error for one storey (25%), with the percentage of the term 0
/ 3 for n 

storeys. The resulting formula becomes: 

1 
Discretization error= 25 · -

2 
% 

n 

Resulting in an error for 1 storey of 25%, for two storeys of 6.25%, for three storeys of 2.78% 

etc. These results were compared to results obtained with ANSYS and correspond completely 

to each other. Since the uniform structure consists of nine segments, the error in bending 

deflections would become 0.309%. The difference between the bending deflections of the 

SUS and EUC FEM models due to a point load at the top is shown to be 0.31 %. For an 

infinite number of storeys the discretization error will become zero, as was expected. 

Due to the discretization error the deflection of the equivalent uniform columns will be larger 

than that of the simplified uniform structures. This can also be seen with the results for the 

simplified uniform structure finite element method models in relationship to the hand 

calculation and the equivalent column finite element method models. The discretization error 

will result in a safe approximation of the deflections. From the relationship between the point 

loads, the bending moments and the error it can be seen that the discretization error will 

increase if the structure is subjeeled to a uniform line load. The equivalent point load at each 

level is relatively of greater influence than the bending moments on these levels, in 

comparison to a point load at the top of the structure. The discretization error per number of 

storeys for a uniform line load can be computed in a similar manner as was shown previously. 

The simplified non-uniform structure consists of three segments that themselves consist of 

three segments. The result is that the error due to discretization cannot be found quite as 

simply. The error at the top of the bottom part is not equal to the error for three segments, 

since the formula is based on a point load at the top only. In the case of the simplified non

uniform structure, the bottom part will be subjeeled to a bending moment as well as a point 

load if the structure is subjeeled to a point load at the top. The formula that was used to find 

the discretization error in the uniform structures will not apply, since the loads on the structure 

will vary. For the top part, the discretization error will be equal to the discretization error for 

three parts, but for the middle and bottom parts, the discretization error will be reduced due to 

the ditterenee in loading of the parts. This will reduce the combined discretization error, 

placing it somewhere between the value of the discretization error for nine parts (0.31%), and 

the discretization error for three parts (2.78%). The analysis of the discretization error of the 
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simplified non-uniform structure is not included, since it transcends the goals that were set for 

this project. 

5.2. Shear lag in simplified uniform structures 
Shear lag is the effect, where not all parts of a cross-section are fully involved in bending. 

This effect is caused by reduced shear flow reactions to applied loads. The effect of shear lag 

is most easily explained graphically; see Figure 59. 

Figure 59 The exaggerated graphical representation of the effect of shear lag in deflection of a 
structure, left without shear lag, right with shear lag 

Due to the reduced shear flow some parts of the cross-section will be subjected to smaller 

axial forces, resulting in smaller axial deflections. In the right model of Figure 59 the outer pair 

of columns is subjected to smaller axial forces, resulting in a smaller axial deflection of the 

structure. These components of the cross-section are not utilised as effectively as the outer 

columns, so the total deflection of the structure subjected to an equal load will be larger. 

Shear lag has an influence on the applicability of Steiner's theorem to calculate the bending 

stiffness. Since the stress and more importantly strain of the individual components with 

rooo nnn9oo oo ooocnn9 on nooooon 9ooo nnoo oon9 ooono~o 
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determined accurately through Steiner's theorem. The bending stiffness of the combined 

structure will be reduced due to shear lag, rather than increased. The severity of this 

~~~ ~dtletióm>t1~is::g~rtefltf'iletiSWSSo~i~~~60.~fbam>l!le ~~ umtEa:ttltl 

diá{Jro1~as öz 30 and 50 are exactly half the axial deflection of öz 40, which is consistent with 

the respective distances U2 and L. 
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öz 40 

öz 30 and 50 

.. 
60 

öz 70 

Figure 60 Axial deflection due to bending only. 

The possible effects of shear lag were nat taken into account in this project by applying 

eenstraint equations in the simplified structures that resulted in a plane, with infinite out of 

plane stiffness as well as infinite in plane stiffness for every floor. This corresponds to the 

hand calculations and the equivalent column models, but nat to the way the structure would 

actually behave. The floors have a finite stiffness out of plane, possibly resulting in a 

deflection that is nat linearly related to the distance trom the centreidal axis (see Figure 61 ). 

öz 40 

öz 30 and 50 

.. 
60 

öz 70 

Figure 61 Axial deflection due to bending and shear lag 

Here the axial deflections öz 30 and 50 are nat linearly related to the axial deflection öz 40. 

In the simplified uniform structure with two triangles the stiffness of the floors is nat per 

definition infinitely stift out of plane. Examining Figure 62 shows that the relationship between 

three equally spaeed points, of which one is aligned with the centreidal axis can bath be 

described with a straight line, and a curved line. The curved line shows that the effect of shear 

lag cannot be revealed with these three specific points. However, shear lag will only influence 

the use of the fictitious columns with cross-sections corresponding to the equivalent cross-
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sections of the diagonals. lf these columns are nat taken into account, the aspect of shear lag 

does nat occur, since Steiners theorem will always apply. 

Figure 62 The influence of shear lag on the simplified uniform structure with two triangles 

In the simplified uniform structure with six triangles and the simplified uniform structure with 

two triangles, shear lag is of no influence. This is due to the fact that the shear stiffness of the 

cross-sections is constant over the cross-section. This results in an even distribution of the 

shear farces over the cross-section. The boundary condition that plane cross-sections must 

remain plane will therefore always apply in this regard . For the simplified uniform structure 

with four triangles, the shear stiffness in X-direction is also constant. In Y-direction however, 

the shear stiffness is nat constant. This can be seen by observing the side view of the 

simplified uniform structure with four triangles in Figure 63. 

Figure 63 Side view of simplified uniform structure with tour triangles (in positive X-direction) 

The shear stiffness of the structure in Y-direction can be represented graphically as in Figure 

64. 

z 

y <Ji------- - ' 
Figure 64 Equivalent shear stiffness of simplified uniform structure with tour triangles in Y
direction 
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The influence of this non-uniform shear stiffness on the structure can be seen by releasing 

the boundary condition that the top floors are infinitely stiff out of plane. The deflections of the 

top floor of the simplified uniform structure with four triangles finite element methad model 

subjected to a point laad in positive Y-direction at the top of the care are given in Figure 65. 

Figure 65 Deflections of simplified uniform structure with tour triangles finite element method 
model due to point load at top of core in positive Y-direction 

lt can be seen that this cross-section is subject to shear lag in this direction. The influence of 

shear lag on the deflection can be found by dividing the deflection of the FEM model where 

shear lag is restrained with the FEM model where shear lag is nat restrained. This difference 

becomes: 

(
1_ {j{jy;core;top;shear/agrestrained J ·100% = (1- ~~~:~!) ·100% = 10.09% 

y;core;top;shear lag nol restramed 

The influence of shear lag on this cross-section in this direction is nat negligible and must 

therefore be taken into account. 

5.3. Connecting levels of the SNS 
The connecting levels of the simplified non-uniform structure are modelled infinitely stiff out of 

plane. This can be arranged by using outrigger structures on these levels. The importance of 

this out of plane stiffness becomes apparent if the deflection in Y-direction is examined for the 

simplified non-uniform structure at the connecting level between the bottam and middle part 

(see Figure 66). 

Figure 66 Side view (in positive X-direction) of connecting level of SNS between bottorn partand 
middle part, subjected to point load at top of core in positive Y-direction 
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When Figure 66 is examined closely, it can be seen that the column on the far right side of 

the tigure has a relatively smaller axial elangation as can be expected if the connecting level 

is infinitely stift out of plane. This is caused by the fact that the columns and diagonals 

transfer the farces trom the middle part of the simplified non-uniform structure to only six of 

the seven columns of the bottam part. The diagonals of the bottorn part, one level down trom 

this level, will supply the loads for the seventh column. The top of this seventh column is 

therefore nat loaded axially. The influence of the finite out of plane stiffness on the deflection 

of the simplified non-uniform structure can be found by dividing the deflection of the FEM 

model where the connecting levels are infinitely stift out of plane, with the FEM model where 

these levels have zero out of plane stiffness. This ditterenee becomes: 

(
1_ {jy;core;top;inf initelysliff J ·lOO% = (1- 438.38) ·1 00% = 12.69% 

{jy ;core;top ;not stijf 502.10 

The floors on these intermediate levels will have a slight out of plane stiffness, but if no 

outrigger structure is used, this stiffness will be negligible. Therefore, the influence of the 

introduetion of loads on these levels must be taken into account if no outrigger structure is 

used on these levels. 

5.4. Position of equivalent column of the SUS4 
lt has been shown that for cross-sections where the shear and centroidal axes do nat 

coincide, it might nat always be prudent to place an equivalent column of that cross-section in 

the centroidal axis. When torsional deformations are involved, placing the equivalent column 

in the centroidal axis may give false results to the deflections of the structure in the direction 

of the loads. This is dependant on the nature of the misalignment of the two axes, in 

relationship to the direction of the loads. On the other hand, the bending deformations of the 

structure are related to the centroidal axis, and will therefore give good results for the axial 

deflections of the structure when the equivalent column is placed in the centroidal axis. These 

results can be erroneous if the equivalent column is placed in the shear centre of the cross

section. lt can be concluded that no equivalent column can be madefora structure where the 

shear and centroidal axes are nat aligned. lt is therefore important to decide which axis will be 

used on a demand driven basis. lf the results of the axial deflections are desired the 

centroidal axis is advisable, if the results of the transverse deflections are desired the shear 

axis is advisable. 

5. 5. Approximation error of position of centroidal axis 
ofSUS4 

lt has been discussed in paragraph 2.2.1 that the position of the centroidal axis of the 

simplified uniform structure with tour triangles is dependent on the relationship between the 

cross-sectional areas of the columns and the diagonals. Since the ultimate goal of the 

equivalent non-uniform column methad is to optimise the columns and diagonals of the 
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structure, the influence of the reduced diagenals on the position of the centreidal axis are not 

taken into account. This was done to facilitate the optimisation of the structural elements in a 

later stage, since the position of the centraid is dependant on the relationship between the 

cross-sections of the columns and the diagonals. This approximation can be supported further 

by the tact that the only reason tor the misalignment is the reduction in diagonal cross

sections in the two faces parallel to the Y-axis. lf these diagenals were to have the same 

cross-sectional properties as the rest of the diagonals, the gravitational centre of the columns 

and the diagenals would be aligned regardless of the cross-sectional properties of the two. 

The influence of this approximation error on the analysis of the structure has been shown to 

be significant tor the given cross-sectional properties of diagenals and columns (see 

paragraph 4.3.2) . Due to the misalignment, the bending stiffness of the cross-sectien around 

the X-axis is reduced by 2.8% with respect to the bending stiffness if the correct centreidal 

axis were used . Due to this decrease in bending stiffness, bending deflections and bending 

rotations of the simplified uniform structure with four triangles around the X-axis are too large. 

This effect is also present in the middle part of the simplified non-uniform structure. The 

deflection in the Y-direction and the deflection in the Z-direction are the two effected 

deflections. The deflection in Y-direction stays within an error margin of 1.4% (when subjected 

to a point load at the top of the structure in Y-direction) . Only the deflection in Z-direction 

shows significant ditterences with the SNS FEM model. This ditterenee however is of little 

importance on the structural behaviour of the structure, and it can be argued that this 

ditterenee is caused by more than one approximation error (see paragraph 4.2.1). 

5.6. Torsion and warping of SUS4 
The simplified uniform structure with tour triangles when all diagenals have equal cross

sections does not comply with the rules for a Neuber tube, so is subject to warping (see 

appendix D) . However, the influence of warping on the behaviour of the simplified uniform 

structure with four triangles has shown to be too complex to be taken into account in this 

project. Therefore a methad is suggested to divide the cross-sectien in a Neuber tube and a 

remaining cross-section, in a manner that ensures that the Neuber part of the cross-sectien is 

as close to the original cross-sectien as possible . The cross-sectien can be divided in a part 

that satisfies the Neuber rules, and a part that doesn't as is shown in Figure 67. lt is 

proposed, that this remaining part will cause the warping stiffness of the structure. 
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Ac 

Ac • 

~~ • ~:/2 Ao/2 Ad/2 + Ad/ 2 • Ac 

Ac Ac 

Figure 67 SUS4 divided in Neuber tube and warping sectien 

When the structure is subjeeled to a torsional moment, the shear stresses in the Neuber part 

result in a continuous shear flow around the shear axis, with a constant torsional moment per 

radium. The shear torces in the remaining part result in a bi-moment [10]. This bi-moment 

results in warping stresses, and the part of the structure that withstands these stresses 

provides the warping stiffness. In short, it is proposed that the torsional stiffness of the cross

section is the torsional stiffness of the Neuber part, and the warping stiffness of the cross

section is the warping stiffness of the remaining part. With this analogy it might be possible to 

investigate the properties of the cross-section on torsion, while not taking into account the 

warping stiffness. lt is however recommended to investigate the warping stiffness more 

thoroughly in order to show the feasibility of this theory. 
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6. Conclusions 

The goal of this research project was to build an equivalent column that could describe the 

behaviour of a non-uniform structure in the design stages of a project. The equivalent column 

could than be used to verify a more complex finite element method model that would be built 

in a later stage to find the exact stresses and strains on individual elements. 

Since in high-rise structures the stiffness of the structure usually is the leading structural 

design aspect, the equivalent column was used to find the deflections of the structure due to 

lateral and torsional loads. 

This research project has shown that for the given non-uniform structure, the approach of 

making an equivalent non-uniform column to analyse the structural behaviour for stability and 

stiffness is valid. However, the given equivalent non-uniform column cannot completely 

describe the structural behaviour of the simplified non-uniform structure accurately, since the 

shear centre and centroid of the middle part of the structure are not aligned. The result is that 

the axial deflections of the structure cannot be described accurately, which is of little 

importance on the structural behaviour on stiffness, but is of significant importance if outrigger 

structures are used to model (out of plane) stift floors. Also, the stresses on the columns 

cannot be found by finding the strains of said columns. Therefore, the optimisation of 

structural elements by use of this method is only partially possible, since the individual 

stresses and strains cannot be computed correctly. The only optimisation criterion would 

become the deflections of the structure as a whole. 

This method can be used as a preliminary study to find cross-sectional properties of major 

structural components in a complex structure. The method can further be used to check the 

results of complex finite element method models in order to verify the accuracy of said model. 

One of the more important findings of this research is that contrary to traditional methods it 

can be advisable to place an equivalent column in the shear centre of a structure instead of 

the centroid . The reason for this is that the torsional rotations of structures are related to the 

position of the centre of twist, which coincides with the shear centre if the structure has no 

prevented warping. Therefore the added deflections due to torsional moments (caused by 

symmetrical wind loads on asymmetrical structures or asymmetrical wind loads on 

symmetrical structures) will have to be related not to the position of the centroid but to the 

position of the centre of twist. 

Another important condusion that can be drawn from this research is that the diagonals of 

braeed frames can contribute to the bending stiffness of a structure, if the neutral axis of the 

braeed frame is not aligned with the neutral axis of the complete structure. 
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6. 1. Recommendations 

Shear lag in the simplified uniform structures 
The influence of shear lag on the simplified uniform structures has been researched, and has 

been found to be of influence on the simplified uniform structure with four triangles in Y

direction only. lt is recommended to find a method to incorporate the reduction in stiffness due 

to shear lag for this cross-section, if this method is used to find the exact deflections of the 

structure. 

Finite out of plane stiffness of connecting levels of SNS 
The effect of a finite out of plane stiffness of the connecting levels of the simplified non-

uniform structures must be taken into account. The columns that are ended at connecting 

levels will not be stressed by the above laying structure but will be stressed by the diagonals 

of the structure itself. This will reduce the bending stiffness of these top levels of the under 

laying structures. 

Transtorming the SUS4 into a Neuber tube 
The warping stresses can possibly be acceptable, in combination with the larger shear, 

bending, and torsional stiffnesses. The warping stresses will further increase the resistance to 

twist and the warping stresses may be small enough not to have to result in larger column 

cross-sections. 

Warping and torsional stiffness of SUS4 
lt is recommended to investigate the warping stiffness in order to validate the statement that a 

hollow thin walled cross-section can be divided in a Neuber part and a remaining part, with 

the purpose of finding the warping stiffness of the original cross-section by analysing the 

remaining part. lf this theory is valid, this theory might also be applied to open cross-sections 

like channels, by means of "adding" a part to form a Neuber tube, and later extracting this part 

(and generating a 'negative' stiffness). This could result in a method of finding the torsional 

stiffness and warping stiffness of a thin walled cross-section in a much more insightful manner 

than is currently available. 
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A. Architectural design 
The structural design of the master project Verdiepingsbouw 1 by Mariëlle Rutten and Jeppe van Zanten [6] wil I be 

explained in this chapter. 

A. 1. Concept 
The city Eindhoven has been developed as an industrial city. Philips has formed the city and has established its 

social and industrial character. Also Philips has provided the city with an icon, the Evoluon, that forty years afterits 

completion still relates to the cities Motto "Eindhoven Leading in Technology". With this motto, the city tries to 

continue its industrial history. This requires a progressive attitude, which stimulates innovative ideas. The city 

must see it as its task to put itself on the map through risky projects, that represent the cities motto, but that also 

incorporate the city's rich history in design. Projects have to be technica! masterpieces that awaken an 

international interest in the city, but the projects must also fit in this city and its social and historica! background. 

This concept has been the basis of this design. 

A.2. Urban fit 
Historically the proposed location for the high-rise building is the conneetion between the villages Eindhoven and 

Woensel. Since the formation of the two villages, the link of the Demer with the Kruisstraat has been the gate 

between them. When the train track was raised, in 1955 a separation has arisen, that has prevented the urban 

development of Woensel for a long time. This barrier was a lso enforced due to the industrial character of the area 

between the track and the Fellenoord. The combination of offices and the elevated train track formed a wall with 

an introverted character, while this area should have an inviting, open character, enticing one to dweil, with shops 

and café's. By creating a square with a single tower, people will automatically be attracted to this landmark. The 

tower can serve as a porter that keeps the gate open between the two farmer villages. The tower, named The 

Porter will have a large impact on its surroundings. This asks for a radical design with an attractive style. 

Considering the central position of the location within the city, the prominent role and its surroundings, high-rise 

building is a logica! choice. By placing a high-rise tower on this busy location, an impravement of the current 

situation is established, and by combining this tower with public space, a conneetion between the city centre and 

Woenselse Markt is created. This design can easily be integrated in the urban plans of the city. The plan 

Stationsgebied Eindhoven lowers the elevated Fellenoord and replaces the dark uninviting tunnels for pedestrians 

and cyclists, by bridges. This also serves to accommodate the conneetion between Eindhoven and Woensel. A 

combination of living and work was chosen, guaranteeing round the clock activity. On the ground floor level of the 

high-rise, shops and restaurants are located, linking the building to the shopping area and making it publicly 

accessible. The higher floors will house living and office space. Beneath the structure a parking garage is located 

that doesn't only provide parkingspace for users of the tower, but also for commuters and shoppers. 

A.3. Architecture 
The design has been based on a regular structure built from equilateral triangles, which farm an equilateral 

hexagon. This farm relates to the honeycomb structure, which is the basis for the shopping mali Bijenkorf. In this 

way it bridges the train track towards this menumental building. The recurrences in this regular structure provide 

many advantages, amongst which the detailing of the structural components and the variatien in connections, as 
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well as spatial advantages with respect to the flexibility of the design. The structure is a combination of groups of 

five layers hexagons piled up on each other, where always two of the base triangles have been omitted beside 

each other. These omissions rotate per group sixty degrees, which results in an upward spiral that pulls the 

viewer's perspeelive up (see Figure 68) . 

Figure 68 Spiralling structure with reducing top 

The spiral also relates to the hectic traffic surrounding the location, due to the dynamics of its shape. The upper 

floers reduce in floor plan, ultimately resulting in only one triangle as floor plan for the top five floers . This 

enhances the perception of a slender high-rise, when in fact the structure is relatively stocky. The building will be 

the tallest high-rise in the city at this moment, which can serve as a stimulant for a more challenging skyline. 

The structure that ensures the strength, stiffness and stability of this high-rise has played a leading part in the 

design of this building. Elements like diagenals and a belt structure have been placed outside the building façade 

so they can be observed from outside. They give some insight in the structural design and give the structure a 

technological look that associates to the businesslike character of the area. The structural and architectural 

designs merge, where the result is greater than the sum of its parts (see Figure 69) . 
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Figure 69 Diagenals on the outside of façade 

A further benefit of placing structural components on the outside of the building is that the floor space can be 

utilised fully. This enhances the treedom of use, which increases the flexibility of the design. 

A.4. Location 
The building entrance is oriented at the crossing of the roads Fellenoord and Veldmaarschalk Montgommerylaan. 

Here some of the most important ways leading into the city come together, ensuring a great deal of traffic and a 

highly visible entrance of the building. A further benefit for this orientation is that the flow of people coming from 

the train station is directedat the building entrance. The commuters receive a warm welcome. Finally, the building 

opens towards Woensel, further enhancing the image of Porter. 

The high-rise building is situated in the centre of the site (see Figure 70). This in combination with a small footprint 

provides an open space around the building, which can be used for recreational purposes. Some examples of 

possible functions can be a park, with places for picnics and grass for playing sports or games, café's and 

terraces, meeting places and of course the location will be used as a passage for pedestrians and cyclists 

between Woensel and Eindhoven. 
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Figure 70 lmpression of location, with building in centre of site 

A. 5. /nterior /ayout 
The basis of the design is flexibility on floor plan level. Nat only is it possible to adjust the layout of individual 

floors, also the functions living and offices can be interchanged freely, in order to adjust to the fluctuating real 

estate markets. The starting point for the layout is a triangle. The triangles can be combined tofarm apartments or 

offices. There are apartments of one or two triangles (see Figure 71 ), and offices with one, two or four triangles. lt 

is also possible to create smaller apartments or offices, but this requires corridors, which will reduce the rentable 

floor space percentage. The current percentage of rentable floor space is 73 % [6]. The layout is also strongly 

dependent onsome fixed structural components. The concrete care that provides a fire escape, as well as space 

for duet shafts is present at every floor. Also at each outer corner of the triangles an elevator is situated at the 

mega columns. These elevators are the entrances to the individual floors. By entering the floors at the corner of 

the triangles, the floors seem larger, due to the expanding walls. Also, by placing the elevators at the exterior of 

the building, the view on the city becomes an interesting aspect of riding these elevators. 
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Figure 71 Floor plan of a standard housing floor 

A. 6. Details of design 
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The building consistsof 40 stories, each 3.6 meters high, resulting in a structure with a total height of 144 meters. 

The plan of the building is based on a regular hexagon, where a concrete core presents the centre of the hexagon 

and each corner of the hexagon contains a steel mega column (Figure 71 ). 

The hexagon is divided in 6 regular triangles of which a maximum of 4 triangles per storey will be tilled with floors. 

Consequently two triangles will not be fil led. These two triangles are clustered, and rotate clockwise one triangle 

per five floors. The first twenty floors all have four tilled triangles, the next five floors each have three filled 

triangles, the next five floors two, the last five floors consist of only one triangle (see Figure 68). lnside the 

concrete core evacuation stairs have been situated. Two elevators are located at each mega column. Floors span 

from mega column tomega column and from mega column to core. 

This span is too large (app. 20 m.) for a beam of limited structural height, so intermediale supports have been 

established via a belt structure on the twenty-first floor. Columns on intermediale points support all floors above 
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this belt structure. These same columns suspend all floors below the belt structure that are situated above gaps. 

These columns are not part of the main structure and do not play a major part in the structural stability. The belt 

structure itself however is a key part of the main structure. Apart from supporting the intermediale columns it also 

couples the mega columns so they can work together. This belt structure in combination with the braces between 

the mega columns plays a major part in the structural stability and the torsional stiffness. 

The building will house a combination of offices and housing. Normally housing would be situated on top, for the 

best views and offices below forthebest access. In this design these functions have been turned around. Housing 

is below, where the sway of the building is least, and offices are at the top . Also on the ground floor shops are 

situated. The combination of these three functions ensures a twenty-four hour a day accupation and generates a 

lively environment. 

A. 7. Structural design 
The building is a slender high-rise that needs a lot of lateral stability measures. The three-dimensional support 

structure consists of mega columns at the corners of the hexagon, coupled via diagonal braces, horizontal beams 

and one belt structure (see Figure 68) . These couplings are necessary to prevent shear deflection of the mega 

columns. The structure can be compared toa hexagonal tube with longitudinal cuts where the braces are absent. 

The effectiveness in preventing displacement via the belt structure also shows the shear deflection. 

For further details about the design see [6] . 
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B. Wind loading according to Dutch design codes 
The Dutch design codes specity the loads necessary to analyse the capacity of a structure to cape with all wind 

loads that can occur during the lifespan of said structure. These loads are based on measurements of winds at 

different positions in the Netherlands. The Dutch design codes specity loads for different heights, different types of 

landscape, and different zones in the Netherlands. The loads for this particular structure, with its surrounding city 

and the location of the city in the different wind zones are specified in this chapter. These loads can be used to 

optimise the structural elements for stability and stiffness. This wind loading analysis is only suited for the 

preliminary stages of the design, since this methad is nat valid for structures with heights exceeding 70 meters. In 

the course of this project the structure is only subjected to point loads, and torsional moments at the top of the 

structure. The torsional moments are applied, since the wind loads will result in torsional moments on the 

structure. 

The Dutch design codes NEN 6702 [7] specify the wind loads with : 

(49.) 

Where Prep is the wind force per area due to pressure, suction, friction and under- ar overpressure. Cdim is a factor 

that takes into account the dimensions of the structure. C ;ndex is a factor that takes into account the shape of the 

structure, and whether the structure is subject to pressure, suction, friction, under- ar overpressure. Ceq is the 

pressure-equalizing factor. <p1 is the factor that takes in account the dynamica! aspect of the wind laad. Pw is the 

extreme of the wind thrust pressure. 

B. 1. Diroension factor 

The dimension factor is dependent on the height and width of the structure. The factor can be determined with: 

1+7·/ .JB C _ top 

dim - 1 + 7 . J 
top 

(50.) 

With: 

1 

/top = ln(!!__) 
0.2 

(51.) 

And: 

B = 1 
0.94 + 0.021· H 213 + 0.029 · b213 

(52.) 

Where H is the structural height, in this case 162 metres and b is the structural width, in this case 44.6 metres. 

/top = ( 162) = 0.149 ln -
0.2 

1 
B = = 0.518 

0.94 + 0.021·1 62 2 13 + 0.029 . 44.62 13 

This results in the factor Cdim of: 
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c. = 1 + 7. 0.149 . .Jü.5T8 = 0.857 
d•m 1+7·0.149 

8. 2. Pressure factor 
The factor C;ndex for pressure is 0.8 and for suction the factor C;ndex is 0.4. Only projected surfaces will be 

examined, sa wind coming at an angle is nat an issue in this stage of the research. Also, for structures that are 

examined as a whole, aften the factor 1.2 is used in combination with the projected surface. This is the sum of the 

index for pressure and suction together. 

8.3. Local wind factor 
The factor C eq is 1, since na local wind effects are researched, only wind loading on the complete structure. 

8.4. Dynamic wind factor 
The factor cp1 can be determined with : 

1 + 7 · ! ,op · .J B + E 
rp - ------'------;::::=--

1- 1+7·1 . .JE 
top 

0.0394 . J: -~ 
E= e 

D · (1 + 0.1 · Ie · H) · (1 + 0.16 ·Ie · b) 

-~ 
E = 0.0394 · 0.284 = 0_538 

0.01· (1 + 0.1. 0.284 ·162). (1 + 0.16. 0.284. 44.6) 

46 46 
Ie"" H = 

162 
= 0.284 [9] 

This is an approximation formula, which is adequate for this stage of the design. 

This results in the factor cp1 of: 

rp, = 1+7 ·0.149·.J0.518+0.538 =1.184 

1+7·0.149·.J0.518 

For this structure a safe assumption for this value would be: 

(/)1 = 1.2 
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8.5. Wind pressure 
The factor Pw is dependent on the height and the location . The structure is placed in Eindhoven, situated in wind 

area 3, and it is placed in the middle of the city (see NEN 6702). For different heights the value for Pw is given in 

Table 3: 

Height (m) Pw (kN/m2
) 

0 1,03 

18 1,03 

36 1,03 

54 1,20 

72 1,32 

90 1,41 

162 

144 

126 

108 

I 90 
:E 
OI 72 ëjj 
:I: 

54 

-
I 

I 
.i 

J 
J 

/ 
~ 

36 
108 1,49 

18 
126 1,56 

0 
144 1,61 0.8 1.2 1.4 1.6 

162 1,65 
Pw (kN/m"2) 

Table 3 Pw for different heights of the given structure 

In this stage of the research, as a safe assumption the structure will be subjected toa wind pressure Pw of 1.65 

kN/m2 on all heights. The proper values for Pw should ultimately be found with the aid of wind tunnel research, 

since the structure has an irregular shape and is of considerable height. 

8.6. Representative wind pressure 
The value for Prep for faces subjeeled to wind pressure becomes: 

Prep;pressure = 0.857 · 0.8 · 1.0 ·1.2 ·1.65 = 1.357 k%2 
The value for Prep for faces subjeeled to wind suction becomes: 

prep ;suction = 0.857 · 0.4 ·1.0 · 1.2 ·1.65 = 0.679 k%2 
The resultant value for Prep with these two loads combined becomes: 

Prep = 1.357 + 0.679 = 2.036 k%2 

8.7. Wind force 

(56.) 

(57.) 

(58.) 

All loads will be placed on the core of the original structure. The equivalent force on these nodes can be found 

with: 

(59.) 

Where A; is the area i adjourning the node on which F;ndex applies. Per node A; consists of two half storeys, apart 

from the bottam and top nodes, where A; consists of only one half storey. 
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Only two defining directions of the wind loads can be found that give different values to wind loading as well as 

structural stiffness if the structure is a hexagonal shape, but for the non-uniform shape at least two more directions 

apply. These four directions are given in Figure 72. 

4 4 4 

0 0 

70 70 

m ID 
Figure 72 Different wind directions tor three cross-sections 

The value for F;ndex fora node at 18metres subjected to wind in direction 1 (see Figure 72 left figure) would be: 

A.= h·2·L 
I 

Findex = 2 · h · L · Prep = 2 ·18 · 22.321· 2.036 = 1636 kN 

In direction 2 the value for this node at 18 metres would become: 

A. =h·-fi·L 
I 

Findex =-fi·h·L·Prep =-Ji-18·22.321·2.036=1417 kN 

This laad would have to be divided in a laad in X- direction and a laad in Y-direction: 

F = J3 ·F = J3 ·1417 =1227 kN 
mdex;x 

2 
mdex 

2 
1 1 

F =- · F =- ·1417 = 708 kN mdex;y 2 mdex 2 

(60.) 

(61.) 

(62.) 

(63.) 

(64.) 

(65.) 

(66.) 

lf the laad in direction 1 is examined at a height of 90 metres, the node is nat positioned in the middle of the 

windblown surface. Therefore, a torsional moment must be added in addition to the point laad at this node: 

(67.) 

3 
A =h·-·L 

I 2 (68.) 

3 3 
F = - · h · L · P =- · 18 · 22.321 · 2.036 = 1227 kN mdex 2 rep 2 (69.) 

Mz = Findex · enode = 1227 · -( ~ · 22.321) = -6847 kNm (70.) 

90 



The influence of a non-uniform building cross-section on its structural behaviour 

The values for Findex and Mz as should be applied on the simplified non-uniform structure are given in Table 4. 

loads Dlrecllon 1 Direction 2 Direction 3 
tleight (m) F.(kN) Fy (kN) M. (kNm) F. (kN) Fy (kN) M.(kNm) F.(kN) Fy (kN) Mz (kNm) 
0 818 0 0 614 354 0 0 709 0 
18 1636 0 0 1227 709 0 0 1417 0 
36 1636 0 0 1227 709 0 0 1417 0 
54 1432 0 -3423 1227 709 0 0 1417 0 
72 1227 0 -6847 1227 709 0 0 1417 0 
90 1227 0 -6847 1227 709 0 0 1417 0 
108 1227 0 -6847 1227 709 0 0 1063 3424 
126 1227 0 -6847 1227 709 0 0 709 6848 
144 1227 0 -6847 1227 709 0 0 709 6848 
162 614 0 -3423 614 354 0 0 354 3424 .. Table 4 Node loads due to symmetncal w1nd on s1mphf1ed non-umform structure 

Allloads on the simplified non-uniform structure are placed on the nodes of the care. 

B. 8. Asymmetrical wind /oad 

Direction 4 
F. (kN) Fy (kN) Mz (kNm) 

-354 614 0 
-709 1227 0 
-709 1227 0 
-709 1227 0 
-709 1227 0 
-709 1227 0 
-531 920 4565 
-354 614 9129 
-354 614 9129 
-177 307 4565 

The Dutch design codes [7] also require asymmetrie wind loads on the structure. Here the symmetrical wind loads 

are taken, and half the loads on one side of the structure are removed. These laad cases will nat be examined in 

the course of this project, but it is apparent that the asymmetricalloads will result in greater torsional moments. 

Master of science thesis by Jeppe van Zanten 91 



An analytica! verification methad of numerical studies 

C. Properties and loads of simplified uniform structures 
In order to be able to determine the bending, shear and torsional deflection of the EUC, the bending, shear and 

torsional stiffness of the SUS have to be determined. These cress-sectional properties are dependant on the 

locations of the centreidal and shear axes. Bath axes are placed at the intersectien of all lines of symmetry. lf only 

one, ar no line of symmetry exists, the positions of these axes can be found by means of the momentsof inertia. 

The location of the centreidal axes can be found by finding the centre of gravity for all elements that contribute to 

the bending stiffness. The position of the shear axis can be found by finding the gravitational centre for all 

elements that contribute to the shear stiffness. However, in the case of the shear centre, the direction of the shear 

elements has to be taken into account [9]. Two parallel shear walls with equal cross-sectional properties will have 

a shear axis on a parallel line in the middle between these two walls. This results for this particular research in the 

positions of the centreidal axes and shear axes as are shown in Figure 73. 

Cen roid 

Sheo r ce nt re 
Figure 73 Positions of centroid and shear centre of different cross-sections 

lt can be seen that for the SUS6 (left in Figure 73) and the SUS2 (right in Figure 73) the shear and centreidal axes 

coincide . This was to be expected, since bath cross-sections have more than one line of symmetry. The SUS4 (in 

the middle of Figure 73) has only one line of symmetry, so it is nat surprising that the two axes do nat coincide for 

this cross-seet ion. 

For a structure with braeed frames the bending stiffness can be determined with the aid of Steiner's theorem, 

taking only the cross-sectional areas and positions of the columns into account. For the shear stiffness the 

diagenals are examined, and in case of only single diagonal bracing, the beams are taken into account as wel! [9]. 

lf however the neutral axis of the braeed frames is nat located at the neutral axis of the complete structure, the 

diagenals participate in the bending resistance. 
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C. 1. Bending stiffness 
The bending stiffness of the different simplified uniform structures can be found with: 

El. =3·E· A ·L2 +2._·i!}_·E·A ·L2 =8.834·10 19 Nmm 2 

:r,SUS6 c 2 d 3 d 

El . =3 · E·A ·L2 +2._·i!}_ · E· A ·L2 =8.834 · 10 19 Nmm 2 
y ,SUS6 c 2 d 3 d 

El _ lJ.· E ·A ·L2 +!.2_· i!}_ ·E · A ·L2 = 5.312·1019 Nmm 2 
:r;SUS4 - 6 c 9 d 3 d 

(71.) 

El =3 · E ·A ·L2 +3 · i!}_ · E· A ·L2 =8 631 · 10 19 Nmm 2 

y ;SUS 4 c d 3 d . 

3 2 3 h
3 

2 19 2 
Elu;sus2 =2 · E· Ac · L +2 ·-;Ji·E·Ad ·L = 4.3 15 ·10 Nmm 

El . =]_ · E·A · L2 +_!_ · i!}_ · E ·A ·L2 = 1.438 · 1019 Nmm 2 
v,SUS2 2 c 2 d 3 d 

C.2. Shear stiffness 
The shear stiffness of the different simplified uniform structures can be found with: 

h·E · L2 · A 
GArSUS6 =6 · 

3 
d =2.511·10 10 N 

. d 

h · E · L2 ·A 
GAy;SUS6 = 6 . d 3 d = 2.511 · 1010 N 

h · E · L2 ·A 
G ArSUS4 =6· 

3 
d =2.511·10 10 N 

. d (72.) 

h · E · L2 ·A 
G Ay;SUS4 = 4· d 3 d =1.674 · 10

10 
N 

h · E ·L2 ·A 
GAusus2 =2 · 

3 
d=8.371 · 109 N 

. d 

h · E ·L2 ·A 
GAv;SUS2 = 6 · d 3 d = 2.511 · 10

10 
N 

C.3. Torsional stiffness 
The shear stiffness of the different simplified uniform structures can be found with: 

h · E ·L4 ·A 
Glt ;SUS6 =9· d3 d =1.877· 10

19 
N 

h · E ·L4 ·A 
G l ,.SUS4 = 3 . 3 d = 6.256 ·1018 N 

. d 
(73.) 

Gl . = ~ · h · E · L
4 

· Ad =3.128 · 10'8 N 
t ,SUS2 2 d 3 
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C.4. Loads 
The simplified uniform structures are examined subjected to point loads and torsional moments at the top of the 

structures, aligned with the core nodes. The point loads are directed in positive X- direction and in positive Y

direction. The value for the point loads is loosely derived trom the wind loads, where the point loads are the 

equivalent of all wind on the structure (162 x 22.231 x 2 x 2.036). The torsional moments are arbitrarily chosen. 
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D. Torsion and warping 

u 

When a structure is loaded with a torsional moment it usually results in a twist deflection (see 

Figure 74). In some structures cross sections initially plane also experience out of plane 

deflection t5z or warping. Torsion with tree warping (ar zero warping) is called St. Venant torsion 

or pure torsion (see Table 5). When warping is prevenled this results in additional normal 

stresses, increasing the torsional stiffness. This chapter will review pure torsion. First torsion in 

circular sections will be discussed. Here warping does nat occur and the prevention of warping 

is irrelevant. Next narrow rectangular cross sections will be discussed. Here some warping does 

occur, but tree warping will be assumed. Finally hollow cross sections wil! be investigated. Here 

also some warping may occur depending on the shape of the cross section, but again tree 

warping will be assumed. 

Figure 74 Twist deflection due to torsional moment 

Torsion 8-::F- 0 

u u 
Warping t5z ::F- 0 No warping t5z = 0 

u 
Warping prevented Warping tree u u u 

Pure torsion B = C 

Table 5 Torsion and warping 

0.1. Torsion in circular sections 
When examining a column, three different moments perpendicular toeach other can be determined. Two of these 

moments result in bending of the column, while the third moment in longitudinal direction, results in twist. When a 

circular cross section is considered some aspects of torsion will be simplified significantly. 

l L t 

According to the Prandtl analogy [11] the torsional moment can be 

related to the deflection of a membrane under a constant pressure, 

stretched over an opening with the same shape as the cross section 

(see Figure 75). The shear stress r is always perpendicular to the 

radius R, trom the shear axis. The isolines of the membrane's 

deflection are called contour lines. In the case of a circular cross 

section these contour lines are all circles at a regular interval with 

their centre on the central axis of the column. Therefore, the shear 
Figure 75 Prandtl's membrane analogy 

stress at any point of this section is proportional to the length r trom 

the centre and to the angle of twist per unit length of the column B [12]. 

r = G·B·r (74.) 

Where G is the shear modulus: 
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G= E 
2·(1+v) 

Here, Eis the modulus of elasticity and vis the Poisson's ratio. 

The relation between twist, the torsional moment Mw and the shear modulus can be found in: 

8= Mw 
G·l p 

Here lp is the polar moment of inertia: 

(75.) 

(76.) 

(77.) 

When a circular cross sectien is examined the condusion can be drawn that the shear stress is at its maximum 

furthest away from the centre. This results in: 

M = Jrmax ·r2 ·dA = rmax .J 
IV R R p 

A 

(78.) 

Where '<max is the shear stress at the cross sectien perimeter and A is the area of the cross section. The shear 

stress can be written as a function of r. 

(79.) 

This leads to: 

2·M 
rmax = R; 

J[· 
(80.) 

0.2. Torsion in random solid cross sections 
In most cases one is more interested in the torsional rigidity than in the shear stresses. The torsional rigidity is a 

tunetion of the Torsional constant K. In the case of the circular cross sectien the torsional constant is equal to the 

polar moment of inertia, but in most cases this does nat apply. lt is however a tunetion of the polar moment of 

inertia lp and the area of the cross sectien A. Saint-Venant has estimated this relationship as: 

A4 
K=----

4·n2· 1 p 

(81.) 

This constant applies to arbitrarily shaped solid cross sections, without re-entrant corners. lt proves to be valid for 

many cross sections with an accuracy of at least ninety percent, while most compact cross sections reach up to 

ninety-nine percent accuracy [11]. Using the torsional constant the angle of twist per unit length can be 

determined though the following formula: 

8= Mw 
G·K 

(82.) 

A general formula for '<max cannot be given for a random cross section. lt can be determined via the membrane 

analogy [12]. 
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D.3. Narrow reetangu/ar cross section 
In a rectangular cross section or wall where the length b by far exceeds thickness t, the short sides of the 

rectangle are only of influence on the torsional stresses for a length of t along the sides. This leads to the 

conclusion that the torsional stresses can be considered cylindrical along the length of the cross section. lf: 

1 3 1 3 
I =1 +1 =-·b·l +-·l ·b 

p u ~ 12 12 
(83.) 

and b >> t, then the torsional constant tor this cross section becomes: 

(84.) 

and the twist per unit length becomes: 

B = "2. M"' "" M"' 
3 · G · 13 

• b 0.304 · G · 13 
• b 

(85.) 

Here the St. Venant torsional constant proves to be erroneous by approximately 8.8%, because the correct 

formula should be [11 , 2]: 

(86.) 

The maximum shear stress t"max becomes: 

r =G ·B ·I ma x (87.) 

Which shows a close relationship with the formula tor the shear stress of a circular cross-section. 

D.4. Hol/ow cross sections 
When considering a hollow cross section in torsion different aspects have to betaken in consideration. lf the wall 

thickness t is constant the torsional moment can be written as [2]: 

M =r·I·JR·ds w 'j (88.) 

Where sis the perimeter of the cross section (see Figure 76). 
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Figure 76 Torsion in hollow cross sections 

lt can also be shown that: 

fRods=2°A 

Here A is the area enclosed by this cross-sectiono Combining these two tormula's leads to: 

(890) 

(900) 

Here the thickness t no longer has to be a constant valueo When the cross sectien is built up from one material 

and has a uniform cross section, the twist per unit length Bcan be written as : 

(91 0) 

Combining (93 0) and (940) leads to: 

M w = G ° K -( ~:) = 2 ° A 0 r 0 t (920) 

Where the torsional constant Kis defined as: 

(930) 
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0.5. Warping 
Warping can be illustrated by twisting a shaft with a rectangular cross section. When examined closely this shaft 

will show that the deflection of the sides is nat constant [13]. One of the most important aspects of torsion is the 

validity of Bernculii's law. A circular cross sectien subjected to torsicnat loads abides by Bernculii's law because 

all cross sections remain plane. When a non-eireular cross sectien is examined for instanee an 1-shaped cross 

section, this is nat the case (see Figure 77) . Pure torsion can only occur when the ends of the flanges are tree to 

warp. lf in one or more of the cross sections the axial displacement of the flanges is restrained, warping is 

prevented which leads to additienat stresses [14]. 

a 

b 
-------------- --

Figure 77 Unrestrained warping (a) and prevenled warping (b) of 1-shaped cross section 

D. 6. Warping disp/acements 
Considering the sections trom the previous chapter, the circular cross-sectien does nat warp. Warping 

displacements in rectangular cross-sections can be found with the formula: 

(94.) 

The warping displacement w is 0 for all x at y = 0 (where the x-axis is parallel to the cross-section's main 

direction). 

In hollew cross-sections the warping displacements ware tound by the following formula: 

w = t . 2.__}_ _ Aas 

[ 

M w . ~_qs_l fds 

2 ·A ·G ~~s A 
(95.) 

Here 0 is a point on the periphery and s is the circumterential distance trom 0 (see Figure 76). Aos is the segment 

of area enclosed between starting point 0, the point on the periphery tor which w is requ ired and the centre of 

twist. lt can be concluded trom this tormula that a sectien does not warp if: 
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(96.) 

This condition will be satisfied if: 

2·A 
R · t = -- = constant 

{ds 
t 

(97.) 

Which is the case in for instance, circular tubes with a uniform thickness, regular polygonal tubes with uniform 

thickness (see Figure 78), and rectangular tubes with an equal ratio of the side lengths to the ratio of their 

thicknesses. These tubular sections are known as Neuber tubes [2] . 

Figure 78 Some Neuber tubes 

D. 7. Prevented warping 

= i 
i 
i 
i 
i 

t ! 
-'----c , -

1 

i 

R R 

The resisting torque fora warping section, T is based on two parts . The first, T1 is due to the shear deflection and 

can be found with: 

I (88) r/2 2 (88) (' 3 î ~ = ( r . b . dy) · y = 2 · G · b · & · !,
12 

y dy = 2 · G · b · & · }2) (98.) 

The secend part, T2 is due to vertical shear stress and proves to be equal to h Therefore T is: 

T=4 G b(~}(::] (99.) 

D.B. 1-shaped beam 
For simplicity, first the case of a cantilever I-shaped beam subjected to a torsional moment at the tree end is 

examined. The laad case is shownat the left side of Figure 80. lf a structure is subject to warping , and warping is 

(partially) prevented, an extra rotational stiffness arises due to the prevention of warping deflections (see appendix 

D) . This added stiffness is the warping stiffness. A structure with prevented warping will counteract the torsional 

moment with pure torsional shearing stresses, in combination with lateral shearing stresses. The warping (axial) 

stresses are caused by these lateral shearing stresses. This combination of two momentscan be written as [15] : 

M -M +M I - t ;tor t;warp (100.) 
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Where Mr;tor is the St. Venant torsion, and Mr;warp is the warping torsion. The relationship between Mr.tor and the 

angle of twist rp can be found with [11]: 

drp 
M/'lor = G/1 · -

' dz 

Where z is the height at which the angle of twist is examined and G/1 is the torsional stiffness. The warping 

moment Mr;warp is [11]: 

Where Elw is the warping stiffness. For an I-shaped beam the warping moment can also bedefinedas [15] : 

(101 .) 

(1 02.) 

(103.) 

Where h1 is the height of the 1-shaped beam, and F is the shearing force acting on both flanges of the cross

section. lt can be seen in this type of cross-sectien that the web does not warp, therefore not resulting in warping 

stresses. lt will be proposed further on, that the SUS4 has a similar cross-sectien for warping. To find the shearing 

torces F the torsional displacement b1 must be found. This displacement is equal to: 

do, -!2. drp 
dz 2 dz 

(104.) 

This displacement of the flanges is caused by bending and shear deflection. However, for an 1-shaped beam 

shear deflection is negligibly smal!, resulting in [15]: 

EI1 ·h, d 2rp 

2 dz 2 

E/1 ·h, d 3 rp 
(105.) 

2 dz 3 

The shear deflection of a braeed frame is not negligible, so in examining the SUS4 it must be accounted for. This 

will be investigated further on. Substituting formula 107 in 105 gives: 

(106.) 

The relationship between the warping torsion and the warping stiffness is given with: 

(107.) 

Combining formulae 108 and 109 gives the warping stiffness of an I-shaped beam: 

(108.) 

Substitution of formulae 1 03 and 11 0 in 1 02 gives the total torsiena I moment: 

2 
drp E11 ·h, d 3 rp 

M =Gl ·- - · -
, ' dz 2 dz 3 

(109.) 

Fora cantilever I-shaped beam, the boundary conditions are: 
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(j)z=O = 0, ( dq;) = 0 
dz z=O ' 

[ d
2;J = 0 

dz z=H 

lndicating that the rotatien is zero at the fixed end, the angle of rotatien per unit length is zero at the fixed end and 

the warping (bi-) moment is zero at the free end. By inputting the latter two boundary conditions in formula 111 it 

becomes [15]: 

dq; = M 1 • [ 1- cosh(a ·(H-z))] 
dz GI

1 
cosh(a · H) 

(110.) 

With: 

(111.) 

Fora beam with infinite length equation 112 becomes: 

dq; = M 1 • [1 _ e -az] 
dz GI

1 

(112.) 

lf formula 114 is integrated, satisfying the first boundary condition, an expressing for the angle of twist is found: 

(113.) 

0.9. Hol/ow thin-wal/ed cross-sections 
A hollow thin-walled cross-section loaded with a torsional moment, is subjected to torsional shearing stresses r. lf 

the product of the resulting farces of these shearing stresses with their respective distances to the shear axis is 

constant, no warping occurs [8]. This type of hollow thin-walled cross-section is called a Neuber tube [2] (see 

Appendix D). A simple example of a Neuber tube is a square tube, with equal wall thickness allround, as shown in 

Figure 79. 

F 

i 1 
F 

Dl 
'l;t-.----=------,11 

Figure 79 Neuber tube subjeeled to torsional moment 

The shear stresses on each side would, upon dividing the structure in tour separate walls result in axial stresses 

at the wall ends. lf the axial stresses in wallAB are examined, it has tension at point A, and compression at point 

B. Wall BC has tension at point B and compression at point C. The tension due to wall BC nullifies the 

compression due to wall AB. This can be shown for every point in the structure, and for every shape of Neuber 
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tube. Since no axial stresses (warping stresses) occur in the cross-section, the cross-sectien is not subject to 

warping. The warping stiffness of a Neuber tube is therefore irrelevant. 

lf however a hollow thin-walled cross-sectien does not satisfy the Neuber rules, it is proposed that the structure 

can be divided in a part that does satisfy the Neuber rules, and a part that remains. The part that remains can than 

be subjected to lateral shearing farces in a similar manner as with the flanges of the 1-shaped beam, resulting in 

the warping stiffness of the structure. 

0.10. Torsion and warping of simplified uniform structure with 4 triangles 
The cross-sectien of the simplified uniform structure with four triangles is given in Figure 80. 

~ Mt 

H 

m-+,--,-;/ 
lz 

Equivalent co iL mn model 

Figure 80 SUS4 subjected to torsional moment M, 

A- A' cross - sect ion of 
actua l floor plan 

In cross-sectien A-A' the shear axis is located at the position of the starand the values a and bare: 

-J3 
a=-·L 

2 

b = J3 ·L 
4 

(114.) 

lf the torsional moment M1 consists of six identical farces F applied on the top of each individual braeed frame, as 

is shown in Figure 81, it becomes: 

M = 4·F·b+2·F ·a=2·-J3·F·L I 
(115.) 
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F 

i 
F 

1 
Figure 81 Load Mt 

The SUS4 can be thought of as a hollow thin-walled cross-section. lt is suggested, that the SUS4 can be divided 

in a part that satisfies the Neuber rules, and a part that doesn't as is shown in Figure 82. 

SUS4 

Ac • 
Ac • Ac 

Ad/2 Ad/2 + Ad/2 •Ac Ad/2 

Ac Ac 
SUS4-Neuber SUS4-remains 

Figure 82 SUS4 divided in Neuber tube and warping section 

The shear stresses in the first part result in a continuous shear flow around the shear axis, with a constant 

moment, thus satisfying the rules for a Neuber tube. The shear farces in the second part result in a bi-moment 

[1 0]. Th is bi-moment results in warping stresses, and the part of the structure that withstands these stresses 

provides the warping stiffness. In short, it is suggested that the torsional stiffness of the SUS4 is the torsional 

stiffness of the Neuber part, and the warping stiffness of the SUS4 is the warping stiffness of the remaining part. 
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0.11. Torsiona/ stiffness of SUS4 
The torsional stiffness can be found by multiplying the shear stiffnesses of the individual braeed frames GA; with 

the square of their shortest distance to the shear axis R; [8, 2]: 

GI, = I(GA; ·R;2
) (116.) 

Where G/1 is the torsional stiffness, and GA 1 is the shear stiffness of a single braeed frame as is shown in Figure 

83: 

GA = 2. h .E. L2 . Ad 
I d3 

h 

Figure 83 Braeed frame 

This results in: 

GJt;SUS4 = GJt;SUS4-Neuber 

( )
2 GA1 ( )2 3 2 

Glt;SUS4-Neuber = 4. GA, . b + 2. -2- . a = 2. GA, . L 

h·E·L4 ·A 
Glt;SUS4 = 3. dJ d 

(117.) 

(118.) 

The torsional rotation for an equivalent column subjeeled to a point load at the top can be computed for every 

point at a distance x trom the bottorn of the column with: 

M, ·X 
(/Jtorsion(x) = GJ 

I 

D. 12. Warping stiffness of SUS4 

(119.) 

The SUS4-remains consists of two braeed frames and two single columns. These single columns do not attribute 

to torsional or warping stiffness, since they can deflect laterally without causing stresses. Therefore the SUS4-

remains has similar properties to an 1-shaped beam, in that it also has two 'flanges' at equal distances to the 

shear axis. Here however, the shear deflection of the 'flanges' is not negligible. To find the warping stiffness of the 

SUS4-remains, the deflection brzJ of the 'flanges' duetoashearing force F has to be found (see Figure 84) : 

( 
z

3 (H-z) ·z2 
z J 8 -F · --+ +-

(z)- 3·El 2 · El GA 
I I I 

(120.) 
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Where E/1 is the bending stiffness of a single braeed frame. 

l 
F 

Figure 84 Point loads at top of structure, resulting in torsional couple 

1 2 
El =-·E·A ·L 

1 2 c 

For small rotations, the rotatien of the structure can be found with: 

By examining the deflection of the braeed frame, the lateral shearing force F becomes: 

Combining formulae 122 and 124 gives: 

2·F ( z
3 

(H-z)·z
2 

z J 
q;(z) = .Jj. L . 3 · E/

1 
+ 2 · E/

1 
+ GA, 

To find the warping stiffness, the third derivative of the rotatien is needed [2] : 

dq;(z) = 2__!_. (.i:_+ 2 · H · Z-3 · z 2 + _l_J 
dz .Jj . L E/1 2 · E/1 GA, 

d2

qJ(z) 2 · F (2·z H-3·zJ 2·F ( H z J 
dz 2 = .J3 -L . EI,+ EI, = .J3-L. EI,- EI, 

2 · F 

From Figure 84 the warping moment M1;warp becomes: 

Mr;warp = F · .Jj · L 

The general formula for warping stiffness is: 

The warping stiffness is found by combining formulae 127, 128 and 129: 

(121.) 

(122.) 

(123.) 

(124.) 

(125.) 

(126.) 

(127.) 
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EIIV = (128.) 

lt can be seen that the shear stiffness of the flanges is not part of the warping stiffness. This can be expected if 

one considers the warping stresses are oriented in axial direction, and the shear stiffness is oriented in radial 

direction. 

Formula tor rotation of simp/ified uniform structure with tour triang/es subjected to a torsional 

moment at the top 
In comparison to the 1-shaped beam, where the shear deflection of the web and flanges is negligible, the shear 

deflection of a braeed frame is not. This has a large influence on one of the boundary conditions used to find the 

formula for the rotation of the cantilever beam, the condition that the rotation per unit length at the fixed end is 

zero. This boundary condition is derived from the deflection of a shearing wall subjected to a point laad at the top, 

for which the slope at the base is zero. Since the shear deflection of the braeed frame walls that make up the 

SUS4 is not negligible, the slope at the base of these braeed frames is not zero when subjeeled to a point laad at 

the top. Therefore this boundary condition does not apply. The result is that formulae as referenced in Ugural 

(formula 115) [15], Heidebrecht (formula 131) [10] and in Young (formula 132) [4] cannot accurately describe the 

rotation of this structure. 

= M, . [z _ tanh(a · H) · (1- cosh(a · z))+ sinh(a · z)] 
rp<zl GI, a (129.) 

_ M, ·(H-z) M, ( anh( H) sinh(a·z) J rp - - · t a· +--..:....__....;._ 
<zl GI, a · GI, cosh(a · H) 

(130.) 

The height z in formula 132 is in opposite direction as opposed to the other formulae. lt can be noted that formula 

131 changes into formula 115 when the total height of the structure is assumed infinitely long. 

In Neuber [8] a general formula is given without the predefined boundary condition that the slope of twist is zero at 

the fixed end: 

:: = G ~ 
1 

· [M, + C, · cosh(a · z) + C2 • sinh(a · z )] 
I 

(131 .) 

Where Cn are inlegration constants that can be found by inputting the boundary conditions of the structure and a 

is: 

a = ~G·l, 
E·l (jJ 

( 132.) 

lf the boundary conditions for a regular cantilever beam subjected to a warping moment at the top are 

implemented, the formula for the slope of twist results in formula 131. Fora structure with braeed frames however, 

the second boundary condition does not apply, since the shear deflection of the braeed frames is not negligible, 

resulting in a non-zero rotation per unit length at the fixed end. lt is therefore necessary to find a formula for 

rotation that camplies with the correct boundary conditions. The remaining boundary conditions are: 
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(/J(O) = 0 

The formula for the rotatien can be found by integrating formula 133: 

Upon satisfying the first boundary condition the integration constant C3 is found: 

rp =0=-
1--[M ·O+S_·sinh(a·O)+ C2 ·cosh(a·O)]+C 

<ol G ·I ' a a 3 

I 

c2 ·I+ C
3 

= o 
a·G·I I 

C -- c2 
3-

a·G·I I 

By inputting C3 in formula 135 it becomes: 

(/J<zl = G~I, ·[ M, ·z+; ·sinh(a·z)+; ·(cosh(a·z)-1)] 

The first derivative of formula 136 becomes: 

~~ = G~I ·[M, +C1 ·cosh(a·z)+C2 ·sinh(a·z)] 
I 

This corresponds to formula 133. The second derivative becomes: 

From the second boundary condition follows: 

-
2 

=0=--·[C, ·a·stnh(a·H)+C2 ·a·cosh(a·H)] (
d

2
rpJ 1 . 

dz (z=H) G ·I, 

C, ·a·sinh(a·H)+C2 ·a·cosh(a·H)=O 

C 2 = - tanh( a· H) · C, 

By inputting C2 in formula 136 it becomes: 

1 [ C, . ( ) tanh( a· H) · C, ( ( ) )] 
rp<zl = G·I, · M, ·z+~·stnh a·z- a · cosh a·z -1 

rp<zl = M, ·z + C, ·[sinh(a·z)-tanh(a·H)·(cosh(a·z)-1)] 
G·I a·G·I I I 

(133.) 

(134.) 

(135.) 

(136.) 

(137.) 

Since no more boundary conditions remain, the integration constant C1 cannot be found analytically. Further 

research is needed to find the combined warping and torsional stiffness of the SUS4 cross-section. 
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E. FEM models 

E. 1. Simp/ified (non-) uniform structure 
A finite element method (FEM) model of the simplified (non-) uniform structure is made, by modelling all elements 

that have a large influence on the stability of the complete structure. 

The boundary condition that states that floors have infinite stiffness in their plane and infinite stiffness out of plane 

results in constraint equations that conneet the columns and care at each level. The columns and core consist of 

18 metres long elements and the columns, core and diagonals are connected with hinged connections at each 

fifth floor level. The cross-sectional properties of the core are adapted to the cross-sectional properties of the 

columns . The resulting torces in the columns, core and diagonals are all axial farces . For the geometry of the SNS 

see Figure 13. The structure is connected to the foundation with hinged connections. 

The SNS FEM model consistsof beam elements, link elements and constraint equations. These elements and the 

constraint equations will be described in this paragraph. The floors are modelled with constraint equations, 

guaranteeing infinite in plane and out of plane stiffness. The columns and diagonals are modelled with link 

elements; ensuring only axial torces are present. The core elements also are only loaded with axial forces, but for 

constraint equation modelling the core nodes need to have rotational degrees of treedom and therefore the care 

needs to consist of elements that have rotational and bending stiffnesses. The core consists of beam elements. In 

order for the core not to be loaded with bending or torsional moments, rotational releases are used at the bottorn 

of all core elements [16] . 

Element types 

For the core elements the element type is BEAM44. This is a three-dimensional elastic un iaxial element with 

tension, compression, torsion, and bending capabilities. The element has six degrees of treedom at each node: 

translations in the nodal x, y, and z directions and rotations about the nodal x, y, and z-axes. 

For the columns and diagonals the element type is LINK8. This is a three-dimensional uniaxial tension

compression spar element with three degrees of treedom at each node: translations in the nodal x, y, and z 

directions. As in a pin-jointed structure, no bending of the element is considered. 

Key options 

In these analyses, only one key option for the BEAM44 elements is used. This is key option 7, used fora stiffness 

release at node i. The element has two nodes, i and j, at respectively the beginning and end of the element. This 

key option is used to describe a rotational release at the i-node around the nodal x, y, and z-axes. The input for 

this is: 

KEYOPT, 1 ,7, 111 

In this analysis no key options are required for the LINK8 elements. 

Real constants 

The primary real constants for the BEAM44 elements are respectively the cross-sectional area, the moment of 

inertia around the element z-axis, the moment of inertia around the element y-axis, the thickness in z-direction of 

the bottom, the thickness in y-direction of the bottorn and the torsional moment of inertia . All of these properties 

can be input for each node of the element individually. lt is even possible to give the element a tapered cross

section if needed. This is not the case for this analysis. In this analysis only the cross-sectional area is of 
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importance in this analysis , since the element has bending and torsional releases around the element x, y, and z

axes at the i-node. This results in axial farces only, so the moments of inertia and the thickness of the bottam is 

irrelevant. These values have to be input, but are set to 1, effectively resulting in an input that is negligible. 

The real constants for the LINKS elements are respectively the cross-sectional area and the initial strain. The 

initia! strain is set to 0. 

Material properties 

The material used for the analysis is steel. The relevant material property is the young's modulus, which is set to 

2.1 · 105 N/mm2
. 

Build up of nodes and elements 

The nodes are defined by the N command. This cammand can define a node by its coordinates in the global 

(Cartesian) coordinate system. The base node of the structure (node 10) defines the foot of the core and it has the 

coordinates (0,0,0). The core is in positive z-direction, so the second node on the core has coordinates 

(0,0,1SOOO) . The elements are defined by theE command, defining an element by nodes. 

Degree of freedom constraints 

The nodes at the base of the structure are constrained for translations and rotations. The connecting elements 

however are, apart from the core element all LINKS elements, and can therefore not describe bending and 

torsional moments. The core element has rotational releases at the bottam node, so here the bending and 

torsional momentscan also not be transferred to the foundation. In effect all supports are pins. 

Constraint equations floors 

The floors are modelled with constraint equations. These equations guarantee a plane with infinite in plane 

stiffness and zero out of plane stiffness, by defining the relative relationship of the nodes on the plane. On each 

plane, a single node is selected (the care node) that will define the positions of the other nodes by its own 

translations and rotations. For instance, if the core node has a rotation about the nodal z-axis, the floor would 

rotate in its plane. This implies that all other nodes undergo a translation that is dependent on the distance of 

those nodes to the core and the rotation of the core (see Figure S5) . 

40 

50 

60 

70 
Figure 85 Displacement of nodes due to rotation of core node around z-axis (in plane rotation) 

The displacement in x-direction of node 70 due to the rotation of node 10 can be found with: 
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§ 70;x = fPIO;z · L (138.) 

Where ~7o;x is the displacement in x-direction of node 70 and q> 1o;z is the rotation of node 10 around the z-axis. 

A similar relationship applies for translations (see Figure 86): 

(139.) 

50 

V 
3 

10 

60 20 

70 
Figure 86 Displacement of nodes due to translation of core node in x- and y-direction (in plane translation) 

lf bath translations and rotations occur, the deflections can be combined (see Figure 87): 

§ 70;x = §IO;x + fPIO ;z · L (140.) 

jQ 

60 
y 

70 
Figure 87 Displacement of nodes due to translation of core node in x- and y-direction and rotation of core node 
around z-axis 

For all nodes these relationships can be found, nat only for displacements in x-directions, but also for 

displacements in y-d irections. The displacements of the nodes in z-direction is nat described as a tunetion of the 

rotation and translation of the care nodes, since this would result in a plane with infinite out of plane stiffness as 

well as infinite in plane stiffness. 
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L=22321 
XL=3**(0.5)*U2 
YL=U2 
ET,1,BEAM44 
ET,2,LINK8 
KEYOPT,1,7,111 
R, 1 ,2.62E5, 1,1, 1,1, 1 
R,2,2.62E5,0 
R,3,5.24E4,0 
MP,EX, 1 ,2.1 E5 
MP,GXY, 1 ,EST/2.6 
N,10,0,0,0 
N,19,0,0,162000 
FILL 
N,20,XL,-YL,O 
N,29,XL,-YL, 162000 
FILL 
N,30,XL,YL,O 
N,39,XL,YL, 162000 
FILL 
N,40,0,L,O 
N,49,0,L, 162000 
FILL 
N,50,-XL,YL,O 
N,59,-XL,YL, 162000 
FILL 
N,60,-XL,-YL,O 
N,69,-XL,-YL, 162000 
FILL 
N, 70,0,-L,O 
N,79,0,-L,162000 
FILL 
TYPE,1 
REAL,1 
MAT,1 
EN,10,10,11 
EGEN,9,1 ,10 
TYPE,2 
REAL,2 
EN,20,20 ,21 
EGEN,9, 1,20 
EGEN,6 , 10,20,28 
REAL,3 
EN, 101 ,20,31 
EN, 102,21 ,30 
EN, 103,31 ,40 
EN ,104,30,41 
EN , 105,41,50 
EN, 106,40,51 
EN ,107,51 ,60 
EN ,108,50,61 
EN ,109,61,70 
EN ,110,60,71 
EN , 111 ,71,20 
EN,112,70,21 
EGEN,9, 1,101,112 
D,10,ALL 
D,20,ALL 
D,30,ALL 

A.1.1. Input file simplified uniform structure with six triangles 
D,40,ALL 
D,50,ALL 
D,60,ALL 
D,70,ALL 
CERIG, 11,21 ,UXYZ 
CERIG, 11,31 ,UXYZ 
CERIG, 11,41 ,UXYZ 
CERIG, 11,51 ,UXYZ 
CERIG, 11,61 ,UXYZ 
CERIG, 11,71 ,UXYZ 
CERIG, 12,22,UXYZ 
CERIG, 12,32,UXYZ 
CERIG, 12,42,UXYZ 
CERIG, 12,52,UXYZ 
CERIG, 12,62,UXYZ 
CERIG, 12,72 ,UXYZ 
CERIG, 13,23,UXYZ 
CERIG, 13,33,UXYZ 
CERIG, 13,43, UXYZ 
CERIG, 13,53,UXYZ 
CERIG, 13,63,UXYZ 
CERIG,13,73,UXYZ 
CERIG, 14,24,UXYZ 
CERIG, 14,34,UXYZ 
CERIG, 14,44,UXYZ 
CERIG, 14,54,UXYZ 
CERIG, 14,64,UXYZ 
CERIG, 14,74,UXYZ 
CERIG, 15,25,UXYZ 
CERIG, 15,35,UXYZ 
CERIG, 15,45,UXYZ 
CERIG, 15,55,UXYZ 
CERIG, 15,65,UXYZ 
CERIG, 15, 75,UXYZ 
CERIG, 16,26,UXYZ 
CERIG, 16,36,UXYZ 
CERIG,16,46,UXYZ 
CERIG, 16, 56, UXYZ 
CERIG, 16,66,UXYZ 
CERIG, 16, 76, UXYZ 
CERIG,17,27,UXYZ 
CERIG, 17,37,UXYZ 
CERIG,17,47,UXYZ 
CERIG, 17,57 ,UXYZ 
CERIG, 17,67,UXYZ 
CERIG, 17,77,UXYZ 
CERIG, 18,28,UXYZ 
CERIG, 18,38,UXYZ 
CERIG, 18,48,UXYZ 
CERIG, 18,58,UXYZ 
CERIG,18,68,UXYZ 
CERIG,18,78,UXYZ 
CERIG, 19,29,UXYZ 
CERIG, 19,39,UXYZ 
CERIG, 19,49,UXYZ 
CERIG,19,59,UXYZ 
CERIG, 19,69,UXYZ 
CERIG,19,79,UXYZ 
FINISH 
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L=22321 
XL=3**(0.5)*U2 
YL=U2 
ET,1,BEAM44 
ET,2,LINK8 
KEYOPT,1,7,111 
R,1,2.62E5,1,1,1 ,1,1 
R,2,2.62E5,0 
R,3,5.24E4,0 
MP,EX,1,2.1 E5 
MP,GXY,1,EST/2.6 
N,10,0,0,0 
N,19,0,0,162000 
FILL 
N,20,XL,-YL,O 
N,29,XL,-YL,162000 
FILL 
N,30,XL,YL,O 
N,39,XL,YL,162000 
FILL 
N,40,0,L,O 
N,49,0,L,162000 
FILL 
TYPE,1 
REAL,1 
MAT,1 
EN,1 0,10,11 
EGEN,9,1,1 0 
TYPE,2 
REAL,2 
EN,20,20,21 
EGEN,9,1,20 
EGEN,3,1 0,20,28 
REAL,3 
EN,101 ,20,31 
EN,102,21,30 
EN,103,31,40 
EN,1 04,30,41 

The influence of a non-uniform building cross-section on its structural behaviour 

A.1.2. Input file simplified uniform structure with two triangles 
EN,1 05,41,10 
EN,1 06,40,11 
EN,107,11,20 
EN,108,10,21 
EGEN,9,1 ,101,108 
D,10,ALL 
D,20,ALL 
D,30,ALL 
D,40,ALL 
CERIG,11,21,UXYZ 
CERIG,11 ,31,UXYZ 
CERIG,11,41,UXYZ 
CERIG,12,22,UXYZ 
CERIG,12,32,UXYZ 
CERIG,12,42,UXYZ 
CERIG,13,23,UXYZ 
CERIG,13,33,UXYZ 
CERIG,13,43,UXYZ 
CERIG,1 4,24,UXYZ 
CERIG,14,34,UXYZ 
CERIG,14,44,UXYZ 
CERIG,15,25,UXYZ 
CERIG,15,35,UXYZ 
CERIG,1 5,45,UXYZ 
CERIG,16,26,UXYZ 
CERIG,16,36,UXYZ 
CERIG,16,46,UXYZ 
CERIG,17,27,UXYZ 
CERIG,17,37,UXYZ 
CERIG,17,47,UXYZ 
CERIG,18,28,UXYZ 
CERIG,18,38,UXYZ 
CERIG,18,48,UXYZ 
CERIG,19,29,UXYZ 
CERIG,19,39,UXYZ 
CERIG,19,49,UXYZ 
FINISH 
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L=22321 
XL=3 .. (0.5)*U2 
YL=L/2 
ET,1,BEAM44 
ET,2,LINK8 
KEYOPT, 1 ,7, 111 
R, 1 ,2.62E5, 1,1, 1,1, 1 
R,2,2.62E5,0 
R,3,5.24E4,0 
R,4,5.24E4/2,0 
R,5, 1,1, 1,1, 1,1 
MP,EX, 1 ,2.1 E5 
MP,GXY, 1 ,EST/2.6 
N,10,0,0,0 
N,19,0,0,162000 
FILL 
N,20,XL,-YL,O 
N ,29 ,XL,-YL, 162000 
FILL 
N ,30,XL, YL,O 
N,39,XL,YL, 162000 
FILL 
N,40,0,L,O 
N,49,0,L, 162000 
FILL 
N,50,-XL,YL,O 
N,59,-XL,YL,162000 
FILL 
N,60,-XL,-YL,O 
N,69,-XL,-YL, 162000 
FILL 
N,80,0,U2,0 
N,89,0,U2, 162000 
FILL 
N,90,0,U6,0 
N,99,0,U6, 162000 
FILL 
TYPE,1 
REAL,1 
MAT,1 
EN,10,10,11 
EGEN,9, 1,10 
TYPE,2 
REAL,2 
EN,20,20,21 
EGEN,9, 1,20 
EGEN,5, 10,20,28 
REAL,3 
EN,101,31,40 
EN,102,30,41 
EN,103,41 ,50 
EN, 104,40,51 
EN, 105,61 ,10 
EN, 106,60 ,11 
EN, 107,11 ,20 
EN,108,10,21 
EGEN,9, 1,101,108 
REAL,4 
EN,201 ,21 ,30 
EN,202,20,31 
EGEN,9, 1,201,202 
EGEN,2,30,201 ,218 
TYPE,1 
REAL,5 
EN,300,80,81 
EGEN,9,1,300 
EN,400,90,91 
EGEN,9, 1,400 
EN,500, 11,21 
EGEN,5,10,500 
EN,505,61, 11 
EGEN,9, 1 ,500,505 

A.1.3. Input file simplified uniform structure with four triangles 
D,10,ALL 
D,20,ALL 
D,30,ALL 
D,40,ALL 
D,50,ALL 
D,60,ALL 
D,80,ALL 
D,90,ALL 
CERIG, 11 ,21 ,UXYZ 
CERIG,11,31 ,UXYZ 
CERIG,11 ,41 ,UXYZ 
CERIG, 11 ,51 ,UXYZ 
CERIG,11 ,61 ,UXYZ 
CERIG, 11 ,81 , UXYZ 
CERIG, 11,91 ,UXYZ 
CERIG,12,22,UXYZ 
CERIG, 12,32,UXYZ 
CERIG, 12,42,UXYZ 
CERIG, 12,52,UXYZ 
CERIG, 12,62,UXYZ 
CERIG, 12,82,UXYZ 
CERIG,12,92,UXYZ 
CERIG, 13,23,UXYZ 
CERIG, 13,33,UXYZ 
CERIG, 13,43,UXYZ 
CERIG, 13,53,UXYZ 
CERIG, 13,63,UXYZ 
CERIG, 13,83,UXYZ 
CERIG, 13,93,UXYZ 
CERIG, 14,24,UXYZ 
CERIG, 14,34,UXYZ 
CERIG, 14,44,UXYZ 
CERIG, 14,54,UXYZ 
CERIG,14,64,UXYZ 
CERIG, 14,84,UXYZ 
CERIG, 14,94,UXYZ 
CERIG, 15,25,UXYZ 
CERIG, 15,35,UXYZ 
CERIG, 15,45,UXYZ 
CERIG, 15,55,UXYZ 
CERIG, 15,65,UXYZ 
CERIG, 15,85,UXYZ 
CERIG, 15,95,UXYZ 
CERIG, 16,26,UXYZ 
CERIG, 16,36,UXYZ 
CERIG, 16,46,UXYZ 
CERIG, 16,56,UXYZ 
CERIG, 16,66,UXYZ 
CERIG,16,86,UXYZ 
CERIG, 16,96,UXYZ 
CERIG, 17,27,UXYZ 
CERIG, 17,37,UXYZ 
CERIG,17,47,UXYZ 
CERIG,17,57,UXYZ 
CERIG,17,67,UXYZ 
CERIG,17,87,UXYZ 
CERIG,17,97,UXYZ 
CERIG, 18,28,UXYZ 
CERIG,18,38,UXYZ 
CERIG, 18,48,UXYZ 
CERIG,18,58,UXYZ 
CERIG,18,68,UXYZ 
CERIG, 18,88,UXYZ 
CERIG, 18,98, UXYZ 
CERIG, 19,29,UXYZ 
CERIG, 19,39,UXYZ 
CERIG, 19,49,UXYZ 
CERIG, 19,59,UXYZ 
CERIG, 19,69,UXYZ 
CERIG, 19,89,UXYZ 
CERIG, 19,99,UXYZ 
FINISH 
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L=22321 
XL=3**(0.5)*U2 
YL=U2 
ET,1,BEAM44 
ET,2,LINK8 
KEYOPT, 1 ,7, 111 
R, 1 ,2.62E5, 1,1, 1,1 , 1 
R,2,2.62E5,0 
R,3,5.24E4,0 
R,4,5.24E4/2,0 
MP,EX,1 ,2.1E5 
MP,GXY, 1 ,EST/2.6 
N,10,0,0,0 
N,19,0,0,162000 
FILL 
N,20,XL,-YL,O 
N,29,XL,-YL, 162000 
FILL 
N,30,XL,YL,O 
N,39,XL,YL, 162000 
FILL 
N,40,0,L,O 
N,49,0,L, 162000 
FILL 
N,50,-XL,YL,O 
N,56,-XL,YL, 108000 
FILL 
N,60,-XL,-YL,O 
N,66,-XL,-YL, 108000 
FILL 
N,70,0,-L,O 
N,73,0,-L,54000 
FILL 
N,83,0,L/2,54000 
N,86,0,L/2, 108000 
FILL 
N,96,XU2,U4, 108000 
N,99,XL/2,U4, 162000 
FILL 
TYPE,1 
REAL,1 
MAT,1 
EN,10,10,11 
EGEN,9,1,10 
TYPE,2 
REAL,2 
EN,20,20,21 
EGEN,9, 1 ,20 
EGEN,6, 10,20,22 
EGEN,5, 10,23,25 

A.1.4. Inputfile simplified non-uniform structure 
EGEN,3, 10,26,28 
TYPE,2 
REAL,3 
EN,101,20,31 
EN,1 02,21,30 
EN,103,31,40 
EN,104,30,41 
EN,105,41,50 
EN, 106,40,51 
EN,107,51 ,60 
EN,1 08,50,61 
EN,109,61,70 
EN,110,60,71 
EN, 111,71,20 
EN,112,70,21 
EGEN,3,1,101,112 
EN,141 ,43,54 
EN,142,44,53 
EN, 143,63,1 4 
EN,144,64,13 
EGEN,3,1,141,144 
EN,161,13,24 
EN,162,14,23 
EN,163,33,44 
EN, 164,34,43 
EGEN,6,1 ,161,164 
EN,221,46,17 
EN,222,47,16 
EN,223,26,37 
EN,224,27,36 
EGEN,3,1,221,224 
REAL,4 
EN,301 ,23,34 
EN,302,24,33 
EGEN,3,1 ,301,302 
EGEN,2,30,301,306 
TYPE,1 
REAL, 1 
EN,400,83,84 
EGEN,3,1 ,400 
EN,410,96,97 
EGEN,3,1,410 
D,10,ALL 
D,20,ALL 
D,30,ALL 
D,40,ALL 
D,50,ALL 
D,60,ALL 
D,70,ALL 
CERIG,11,21 ,UXYZ 

E.2. Equivalent (non-) uniform column 

CERIG,11,31,UXYZ 
CERIG,11,41,UXYZ 
CERIG,11 ,51,UXYZ 
CERIG,11 ,61,UXYZ 
CERIG, 11 ,71,UXYZ 
CERIG, 12,22,UXYZ 
CERIG,12,32,UXYZ 
CERIG ,1 2,42, UXYZ 
CERIG, 12,52,UXYZ 
CERIG, 12,62,UXYZ 
CERIG,12,72,UXYZ 
CERIG, 13,23,UXYZ 
CERIG, 13,33,UXYZ 
CERIG, 13,43,UXYZ 
CERIG,13,53,UXYZ 
CERIG,13,63,UXYZ 
CERIG,13,73,UXYZ 
CERIG,14,24,UXYZ 
CERIG, 14,34,UXYZ 
CERIG,14,44,UXYZ 
CERIG,14,54,UXYZ 
CERIG,14,64,UXYZ 
CERIG, 15,25,UXYZ 
CERIG,15,35,UXYZ 
CERIG,15,45,UXYZ 
CERIG, 15,55,UXYZ 
CERIG, 15,65,UXYZ 
CERIG, 16,26,UXYZ 
CERIG,1 6,36,UXYZ 
CERIG,1 6,46,UXYZ 
CERIG,16,56,UXYZ 
CERIG, 16,66,UXYZ 
CERIG ,17,27,UXYZ 
CERIG,17,37,UXYZ 
CERIG,1 7,47,UXYZ 
CERIG, 18,28,UXYZ 
CERIG,18,38,UXYZ 
CERIG, 18,48,UXYZ 
CERIG,1 9,29,UXYZ 
CERIG,1 9,39,UXYZ 
CERIG, 19,49,UXYZ 
CERIG, 13,83,UXYZ 
CERIG, 14,84,UXYZ 
CERIG,1 5,85,UXYZ 
CERIG, 16,86,UXYZ 
CERIG, 16,96,UXYZ 
CERIG, 17,97,UXYZ 
CERIG, 18,98,UXYZ 
CERIG,1 9,99,UXYZ 
FINISH 

The equivalent column models consist of BEAM 4 elements, in combination with constraint equations. 

The connections between different cross-sections and the connections to the core nodes are modelled with 

constraint equations, guaranteeing infinite stiffness. 

Element type 

The only element type in this analysis is BEAM4. This is a three-dimensional elastic uniaxial element with tension, 

compression , torsion , and bending capabilities. The element has six degrees of treedom at each node: 

translations in the nodal x. y, and z directions and rotations about the nodal x. y, and z-axes. The main difference 

with the BEAM44 elements is that this element is not capable of describing releases, rotational or translational. 

For this analysis this capability is not necessary soa simpler element is used. 
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Key options 

In this analysis no key options are required. 

Real constants 

The primary real constants for the BEAM4 elements are respectively the cross-sectional area, the moment of 

inertia around the element z-axis , the moment of inertia around the element y-axis , the thickness in z-direction of 

the bottom, the thickness in y-direction of the bottom, the orientation about the X-axis, the initia! strain, the 

torsional moment of inertia, the shear deflection constant in the element z-direction, the shear deflection constant 

in the element y-direction, the rotational frequency and the added mass per unit length. 

Material properties 

The material used for the analysis is steel. The relevant material property is the young's modulus, which is set to 

2.1 · 105 N/mm2
. 

Build up of nodes and elements 

The nodes are defined by the N command. This cammand can define a node by its coordinates in the global 

(Cartesian) coordinate system. The base node of the structure (node 1 0) defines the foot of the core and it has the 

coordinates (0,0,0). The core is in positive z-direction , so the second node on the core has coordinates 

(0,0,18000). The elements are defined by the E command, defining an element by nodes. 

Degree of treedom constraints 

The nodes at the base of the structure are constrained for translations and rotations. The connecting elements 

can transfer bending and torsional moments, resulting in an encastrement at the base. 

Gonstraint equations floors 

The connecting floors are modelled with constraint equations in a similar manner as with the simplified structures. 
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L=22321.0 
XL=0.5*3**(0.5)*L 
YL=0.5*L 

A.1.5. 

GXY=2.1 E5/(2*(1 +0.3)) 
AREA 1 =1.989540E6 
AREA2=1. 701617E6 
AREA3=1.172432E6 
IZZ1=4.2066667E14 
IZZ2=2.5295238E 14 
IZZ3=2.0547619E14 
IYY1 =4.2066667E14 
IYY2=4.1100000E14 
IYY3=6.8476190E13 
TKZ1 =3**(0.5)*L 
TKZ2=3**(0.5)*L 
TKZ3=3**(0.5)/2*L 
TKY1=2*L 
TKY2=3/2*L 
TKY3=3/2*L 
IXX1 =2.32390476E14 
IXX2=7.74552381 E13 
IXX3=3.87276191 E13 

L=22321 .0 
XL=0.5*3**(0.5)*L 
YL=OSL 

A.1.6. 

GXY=2.1 E5/(2*(1 +0.3)) 
AREA1=1.989540E6 
AREA2=1 .701617E6 
AREA3=1.172432E6 
IZZ1 =4.2066667E14 
IZZ2=2.5295238E 14 
IZZ3=2.0547619E14 
IYY1=4.2066667E14 
IYY2=4.1100000E14 
IYY3=6.8476190E13 
TKZ1 =3**(0.5)*L 
TKZ2=3**(0.5)*L 
TKZ3=3**(0.5)/2*L 
TKY1=2*L 
TKY2=3/2*L 
TKY3=3/2*L 
IXX1=2.32390476E14 
IXX2=7.74552381 E13 
IXX3=3.87276191 E13 

The influence of a non-uniform building cross-section on its structural behaviour 

Input file equivalent uniform column with six triangles 
SHEARZ1=AREA1/2.511 E10*GXY 
SHEARZ2=AREA2/1 .674E1 O*GXY 
SHEARZ3 =AREA3/2.511 E10*GXY 
SHEARY1 =AREA1/2.511 E10*GXY 
SHEARY2=AREA2/2.511 E10*GXY 
SHEARY3=AREA3/8.371 E9*GXY 
MP,EX,1,2.1E5 
MP,PRXY,1,0.3 
MP,GXY,1, GXY 
N,1,0,0,0 
N,10,0,0,162000 
FILL 
ET,1,BEAM4 
R,1,AREA 1,1ZZ1,1YY1 ,TKZ1,TKY1 ,0 
RMORE,O,IXX1,SHEARZ1,SHEARY1,0,0 
TYPE,1 
MAT,1 
REAL,1 
EN,1,1,2 
EGEN.9,1,1 
0,1 ,ALL 
FINISH 

Input file equivalent uniform column with two triangles 
SHEARZ1=AREA1/2.511E10*GXY 
SHEARZ2=AREA2/1 .67 4E 1 O*GXY 
SHEARZ3 =AREA3/2.511 E10*GXY 
SHEARY1 =AREA1/2.511 E1 O*GXY 
SHEARY2=AREA2/2.511 E10*GXY 
SHEARY3=AREA3/8.371 E9*GXY 
MP,EX,1,2.1E5 
MP,PRXY,1,0.3 
MP,GXY,1, GXY 
N,1,0,0,0 
N,1 0,0,0,162000 
FILL 
ET,1,BEAM4 
R,3,AREA3,1ZZ3,1YY3,TKZ3,TKY3,30 
RMORE,O,IXX3,SHEARZ3,SHEARY3,0,0 
TYPE,1 
MAT,1 
REAL,3 
EN,1,1,2 
EGEN,9,1,1 
D,1,ALL 
FINISH 
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L=22321.0 
XL=0.5*3**(0.5)*L 
YL=0.5*L 

A.1.7. Input file equivalent uniform column with four triangles 
SHEARZ1=AREA1/2.511 E10*GXY 
SHEARZ2=AREA2/1.67 4E 1 O*GXY 

GXY=2.1 E5/(2*(1 +0.3)) 
AREA1=1.989540E6 
AREA2=1.701617E6 
AREA3=1.172432E6 
IZZ1=4.2066667E14 
IZZ2=2.5295238E 14 
IZZ3=2.0547619E14 
IYY1 =4.2066667E14 
IYY2=4.1100000E14 
IYY3=6.8476190E13 
TKZ1=3**(0.5)*L 
TKZ2=3**(0.5)*L 
TKZ3=3**(0.5)/2*L 
TKY1=2*L 
TKY2=3/2*L 
TKY3=3/2*L 
IXX1=2.32390476E14 
IXX2=7.74552381 E13 
IXX3=3.87276191 E13 

SHEARZ3 =AREA3/2.511 E10*GXY 
SHEARY1 =AREA1/2.51 1 E10*GXY 
SHEARY2=AREA2/2.511 E 1 O*GXY 
SHEARY3=AREA3/8.371 E9*GXY 
MP,EX,1 ,2.1 E5 
MP,PRXY,1,0.3 
MP,GXY,1 ,GXY 
N,1,0,0,0 
N,10,0,0,162000 
FILL 
ET,1,BEAM4 
R,2,AREA2,1ZZ2,1YY2,TKZ2,TKY2,0 
RMORE,O,IXX2,SHEARZ2,SHEARY2,0,0 
TYPE,1 
MAT,1 
REAL,2 
EN,1,1,2 
EGEN,9,1,1 
D,1,All 
FINISH 

A.1.8. Input file equivalent non-uniform column 
L=22321.0 
XL=0.5*3**(0.5)*L 
YL=0.5*L 
GXY=2.1 E5/(2*(1 +0.3)) 
AREA 1 =1.989540E6 
AREA2=1 .701617E6 
AREA3=1 .172432E6 
IZZ1=4.2066667E14 
IZZ2=2.5295238E14 
IZZ3=2.0547619E14 
IYY1 =4.2066667E14 
IYY2=4.1100000E14 
IYY3=6.8476190E 13 
TKZ1 =3**(0.5)*L 
TKZ2=3**(0.5)*L 
TKZ3=3**(0.5)/2*L 
TKY1=2*L 
TKY2=3/2*L 
TKY3=3/2*L 
IXX1=2.32390476E14 
IXX2=7.74552381 E13 
IXX3=3.87276191 E 13 
SHEARZ1 =AREA 1/2.511 E10*GXY 
SHEARZ2=AREA2/1 .67 4E 1 O*GXY 
SHEARZ3 =AREA3/2.511E10*GXY 
SHEARY1 =AREA 1/2.511 E 1 O*GXY 
SHEARY2=AREA2/2.511 E10*GXY 
SHEARY3=AREA3/8.371 E9*GXY 
MP,EX, 1 ,2.1E5 
MP,PRXY,1 ,0.3 
MP,GXY,1,GXY 
N,1,0,0,0 
N, 10,0,0,162000 
FILL 
N, 11 ,O,L/2,54000 
N,14,0,U2,108000 
FILL 

N, 15,XU2,U4, 108000 
N,18,XU2,L/4,162000 
FILL 
ET,1,BEAM4 
R, 1 ,AREA 1,1ZZ1 ,IYY1 ,TKZ1 ,TKY1 ,0 
RMORE,O,IXX1 ,SHEARZ1 ,SHEARY1 ,0,0 
R,2,AREA2,1ZZ2,1YY2,TKZ2,TKY2,0 
RMORE,O,IXX2,SHEARZ2,SHEARY2,0,0 
R,3,AREA3,1ZZ3,1YY3,TKZ3,TKY3,30 
RMORE,O,IXX3,SHEARZ3,SHEARY3,0,0 
R,4 ,1,1,1 ,1,1,0 
TYPE,1 
MAT,1 
REAL,1 
EN,1,1,2 
EGEN,3,1,1 
REAL,2 
EN,4,11 ,12 
EGEN,3,1,4 
REAL,3 
EN,7,15,16 
EGEN,3,1,7 
REAL,4 
EN,20,5, 12 
EGEN,3, 1 ,20 
EN,25,8,16 
EGEN,3, 1 ,25 
CERIG,11,4 
CERIG,12,5 
CERIG,13,6 
CERIG,14,7 
CERIG,14,15 
CERIG,16,8 
CERIG,17,9 
CERIG,18,10 
D,1,ALL 
FINISH 
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