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PREFACE 

Design rules regarding combined bending and axial force interaction resistance (M-N) of circular hollow sections 

are provided by EN 1993-1-1 clause 6.2 [28]. These design rules are based on applied mechanics. However, there 

are many discussions about the accuracy of these design rules. Consequently in this master research, assessment 

of the design rule in EN 1993-1-1 [28] is necessary to ensure sufficient safety. 

This master research is supervised by prof.ir. H.H. (Bert) Snijder, Professor of Steel Structures at the Eindhoven 

University of Technology; ir. R.W.A. (Rianne) Dekker, TU/e doctoral candidate (PhD) for the assessment of cross-

sectional design rules regarding the ductile failure modes and prof.dr.ir. J. (Johan) Maljaars, Professor of 

Aluminum Structures at the Eindhoven University of Technology. I wish to express my gratitude to my supervisors 

for contributing to the successful completion of this master thesis. 

The master research is separated into two parts. The first part presents the literature survey regarding the research 

of the numerical and statistical evaluation of combined bending and axial force interaction resistance of circular 

hollow sections. The second part contains the results regarding the numerical and statistical evaluation. 

G.A. (Giorgio) Vermeulen 

Eindhoven, September 16 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   5 

ABSTRACT 

Steel structures are often used in the built environment. These structural systems are subjected to several types of 

loads, which induce stresses and strains in their components. For the verification of the ultimate limit state of the 

critical cross-section, determining the cross-sectional resistance is of major importance. EN 1993-1-1 clause 6.2 

[28] provides design resistances for cross-sections in pure tension, compression, bending, shear and torsion. 

However in practice, situations where a structural system is subjected to one single load is not common. Usually 

a combination of loads is acting on the system. In these cases the effect of the interaction between internal forces 

has to be considered.  

Design rules regarding combined bending and axial force interaction resistance (M-N) of circular hollow sections 

are provided by EN 1993-1-1 clause 6.2 [28]. These design rules are based on applied mechanics. In recent years, 

the accuracy of these design rules have been point of discussion. Consequently, assessment of the design rule in 

EN 1993-1-1 clause 6.2.9 [28] is necessary to ensure sufficient safety. Therefore, the main aim of the research is 

as follows: 

Assess the design rule for cross-sectional resistance provided by EN 1993-1-1 clause 6.2.9 [28] regarding 

combined bending and axial force interaction resistance of circular hollow steel sections by means of a 

numerical and statistical evaluation. 

In September 2015, Rotter [17] proposed an amendment to the design rule of EN 1993-1-1 clause 6.2.9. [28], 

which describes the case of circular hollow sections subjected to pure bending or to combined bending and axial 

force. Additionally, the plastic section modulus ����is not defined in EN 1993-1-1 [28]. Therefore, Rotter [17] 

proposed a definition concerning the plastic section modulus ���. 

No experimental research is performed regarding combined bending and axial force interaction resistance of 

circular hollow sections. By means of theoretical models, design rules are compared and a finite element model is 

validated. 

In case for a perfectly circular hollow section, the exact M-N interaction resistance [30] is given in Equation (0-1). 

π� �
= � �

� �
���

�
� �

� � (0-1) 

�� Utilization ratio of design bending moment to design plastic resistance for bending [-] 

�� Utilization ratio of design axial force to design plastic resistance to axial force of the gross cross-section [-] 

The exact M-N interaction resistance for a perfectly circular hollow section [30] is independent of geometrical 

properties and material properties, since these parameters do not appear in the exact M-N interaction resistance. 

To simulate the structural behavior of a circular hollow section subjected to combined bending and axial force, a 

finite element model is set up by making use of the Finite Element (FE) software ABAQUS CAE 6.14. Since no 

experimental research is performed regarding the behavior of circular hollow section under combined bending and 

axial force, the finite element model is validated with respect to the exact solution for a perfectly circular hollow 

section [30].  

A finite element analysis is carried out for the following reasons: 

� The exact solution for a perfectly circular hollow section [30] assumes the area subjected to axial force 

to be situated around the neutral axis. In contrast to the finite element method, which distributes the 

bending moment and axial force in the most optimized way over the cross-section. However, the 

assumption made regarding the exact solution is presumable the most optimized way. By performing a 

finite element analysis, that assumption may be verified.  

� The exact solution for a perfectly circular hollow section [30] assumes a bilinear material behavior. The 

influence of the effect of strain hardening cannot be solved analytically. Therefore, verification by means 

of the finite element method is needed. 
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The finite element model is analyzed by a geometrical and material nonlinear analysis (GMNA), where the solution 

of the structural behavior is obtained by the Riks method [6]. Prior to setting up the main features of the finite 

element model, a two-dimensional applied mechanics scheme is determined, i.e. a simply supported beam 

subjected to a constant bending moment � and axial force 	�along the beam length. Half of the simply supported 

beam is modelled to decrease the computation time 
�of the finite element analysis. By means of an element and 

mesh convergence study, the most favorable element type and mesh density are determined, which results in an 

S4 shell element with 64 elements over the perimeter of the cross-section, 5 integration points over the thickness 

of the cross-section and 64 elements over the half-length of the beam. Additionally, a study of the results of several 

lengths of the beam ��is performed. It is concluded that in case of � = 3.5� the M-N interaction resistance curve 

is predicted the most accurate. Therefore, a length of the beam � = 3.5� is chosen for the parametric study.  

A parametric study by the finite element model is performed in order to investigate the influences of varying the 

geometrical properties and material properties on the design rule of EN 1993-1-1 clause 6.2.9 [28], the design rules 

proposed by Rotter [17] and the exact solution for a perfectly circular hollow section [30]. Several test sets are 

distinguished to perform the parametric study, i.e. utilization ratios with respect to axial force, types of cross-

sections (CHS 244.5/12.5, CHS 244.5/8.0, CHS 273.0/8.0 and CHS 273.0/6.3) and steel grades (S235, S355, 

S460). It is concluded that the exact solution for a perfectly circular hollow section [30] is the most accurate and 

the design rule of the proposal by Rotter (first version) [17] is least accurate. 

A statistical evaluation regarding the obtained population of numerical test results of the parametric study is 

performed in order to determine the partial safety factor ��. It is concluded that the design rules of EN 1993-1-1 

[28] and the exact solution for a perfectly circular hollow section [30] generate the most acceptable statistical 

results. Additionally, the design rule of the proposal by Rotter (first version) [17] generates non-acceptable 

statistical results, since Rotter [17] proposed an incorrect M-N interaction resistance design rule in the amendment 

to EN 1993-1-1 [28], which considers a circular solid cross-section. 

Note that the statistical evaluation is extended by the design rules of the proposal by Rotter (first version) [17] and 

(revised version) and the exact solution for a perfectly circular hollow section [30]. Therefore, the main conclusion 

regarding the master research is as follows: 

The partial safety factor �� = 1.0 regarding the design rules for cross-sectional resistance provided by EN 

1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) [17] and (revised version) and the exact 

solution for a perfectly circular hollow section [30] of combined bending and axial force interaction resistance 

of circular hollow steel sections is statistically acceptable for steel grades S235 and S355. For steel grade S460 

the following is recommended: 

� A partial safety factor �� = 1.03 in case of considering bilinear material behavior; 

� A partial safety factor �� = 1.00 in case of considering strain hardening material behavior. 
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NOMENCLATURE 

Capital Latin letters 

� Area of the gross cross-section [mm2] 

�� Area of the cross-section subjected to axial force [mm2] 

��� Matrix n/a 

CF3 Axial force in the z-direction according to ABAQUS CAE 6.14 [N] 

CM1 Bending moment with respect to the x-axis according to ABAQUS CAE 6.14 [Nmm] 

� External diameter [mm] 

�� Design modulus of elasticity [N/mm2] 

�	�� Applied external force vector [N] 

�� Second moment of area about the y-y axis   [mm3] 

�� Second moment of area about the z-z axis   [mm3] 

��� Stiffness matrix [N/mm] 

� Length of the member [mm] 

��� Buckling length [mm] 

���� Bottom length of the curved element [mm] 

���� Upper length of the curved element [mm] 

��� The upper bound regarding the length of the beam [mm] 

��!" The lower bound regarding the length of the beam [mm] 

�����#� Reduced plastic design resistance for bending by axial forces about the y-y 

axis 

[Nmm] 

�����#� Reduced plastic design resistance for bending by axial forces about the z-z 

axis 

[Nmm] 

�$��%&'�#� Target design resistance to bending [Nmm] 

����#� Plastic design resistance for bending [Nmm] 

����� Design bending moment about the y-y axis  [Nmm] 

���#� Design resistance for bending about the y-y axis [Nmm] 

����� Design bending moment about the z-z axis  [Nmm] 

���#� Design resistance for bending about the z-z axis [Nmm] 

(�� Design axial force [N] 

(#� Design resistance to axial force [N] 

($��%&'�#� Target design resistance to axial force [N] 

(�� Critical buckling force for the relevant buckling mode based on the gross 

cross sectional properties 

[N] 

(���#� Plastic design resistance to axial force  [N] 

)�* Lognormal coefficient with respect to the resistance values [-] 

)�+�* Lognormal coefficient with respect to the theoretical resistance values [-] 

),* Lognormal coefficient with respect to the error terms [-] 

RF3 Reaction axial force in the z-direction according to ABAQUS CAE 6.14 [N] 

(RF3)nodal Nodal reaction axial force in the z-direction according to ABAQUS CAE 

6.14 

[N] 
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RM1 Reaction bending moment with respect to the x-axis according to ABAQUS 

CAE 6.14 

[Nmm] 

U2 Displacement in the y-direction according to ABAQUS CAE 6.14 [mm] 

-�* Coefficient of variation with respect to the resistance values [-] 

-�+�* Coefficient of variation with respect to the theoretical resistance values [-] 

-,* Coefficient of variation with respect to the error terms [-] 

�&� Elastic section modulus [mm3] 

����� Plastic section modulus of the cross-section subjected to bending [mm3] 

��� Plastic section modulus [mm3] 

./012 Nominal value of the basic variable [mm] 

.3 Vector of independent basic variables [mm]; [N/mm2] 

./ Basic variable  [mm]; [N/mm2] 

Small Latin letters  

4 Lever arm with respect to the neutral line [mm] 

5 Least-square approximation factor [-] 

6 Internal diameter [mm] 

7� Acceptance limit [-] 

7��� Design ultimate strength  [N/mm2] 

7���&� Representative value of the ultimate strength  [N/mm2] 

7��� Design yield strength [N/mm2] 

8�9�*:.
3; Experimental resistance function regarding the numerical test results [Nmm] 

8�+�<:.
3; Theoretical resistance function regarding the design rule of EN 1993-1-1 [Nmm] 

8�+�=:.
3; Theoretical resistance function regarding the design rule of the proposal by 

Rotter (first version) 

[Nmm] 

8�+�>:.
3; Theoretical resistance function regarding the design rule of the proposal by 

Rotter (revised version) 

[Nmm] 

8�+�?:.
3; Theoretical resistance function regarding the exact solution for a perfectly 

circular hollow section 

[Nmm] 

8�+�*:.
3; Theoretical resistance function regarding the design rule of @ [Nmm] 

AB&��� Nominal value according to Serra et al. [mm] 

C Shape factor [-] 

C��" Design fractile factors for � single test results  [-] 

C��D Design fractile factors for infinite single test results [-] 

�� Utilization ratio of design bending moment to design plastic resistance for 

bending  

[-] 

�� Utilization ratio of design axial force to design plastic resistance to axial 

force of the gross cross-section 

[-] 

E Power of the interaction by Rotter [-] 

F��! Design resistance values [-] 

F&�! Experimental resistance values regarding the numerical test results [Nmm] 

F! Resistance values  [Nmm] 

F'�G Theoretical resistance values regarding the design rule of EN 1993-1-1 [Nmm] 
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F'�H Theoretical resistance values regarding the design rule of the proposal by 

Rotter (first version) 

[Nmm] 

F'�I Theoretical resistance values regarding the design rule of the proposal by 

Rotter (revised version) 

[Nmm] 

F'�J Theoretical resistance values regarding the exact solution for a perfectly 

circular hollow section 

[Nmm] 

F'�! Theoretical resistance values regarding the design rule of @ [Nmm] 

KLM Estimated standard deviation of the error terms [-]

N Wall thickness [mm] 

�O�� Displacement vector [mm] 

PQ� Eigenvector n/a 

R3� Distance from the plastic neutral axis to the center of gravity of the areas in 

compression 

[mm] 

R3' Distance from the plastic neutral axis to the center of gravity of the areas in 

tension 

[mm] 

Capital Greek letters 

M! Natural logarithm of the error terms [-] 

S Capacity factor according to the AS 4100 Table 3.4 [-] 

T Effect of ovalisation on the local buckling resistance  [-] 

Small Greek letters 

U� Scale factor with respect to bending [-] 

U� Scale factor with respect to axial forces [-] 

�� Partial factor for resistance of cross-sections whatever the class is [-] 

��
V Corrected partial safety factor [-] 

��'��%&' Already existing partial safety factor [-] 

W! Error terms [-] 

X Coefficient depending on the design yield strength [-] 

X� Engineering strain [-] 

X��:G; Engineering strain of point (1) [-] 

X��:H; Engineering strain of point (2) [-] 

X��:I; Engineering strain of point (3) [-] 

X'��& True strain [-] 

X��� Design ultimate strain [-] 

X���&� Representative value of the ultimate strain  [-] 

XY��� Design yield strain regarding the end the yield plateau  [-] 

X��� Design yield strain [-] 

Z� Eigenvalue n/a 

Z Relative slenderness [-] 

[/�B&��� Mean value according to Serra et al. [mm] 

[LM Estimated mean value of the error terms [-] 

\� Engineering stress [N/mm2] 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   10 

\��:G; Engineering stress of point (1) [N/mm2] 

\��:H; Engineering stress of point (2) [N/mm2] 

\��:I; Engineering stress of point (3) [N/mm2] 

\'��& True stress [N/mm2] 

] Parameter that indicates the amount of area of the cross-section subjected to 

axial force 

[rad] 

^ Parameter that indicates the degree of ovalisation of the cross-section due to 

geometrical imperfections 

[-] 

_ Parameter that indicates the degree of ovalisation of the cross-section due to 

geometrical imperfections 

[-] 
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CHAPTER 1 INTRODUCTION 

Steel structures are often used in the built environment. These structural systems are subjected to several types of 

loads, which induce stresses and strains in their components. For the verification of the ultimate limit state of the 

critical cross-section, determining the cross-sectional resistance is of major importance. EN 1993-1-1 clause 6.2 

[28] provides design resistances for cross-sections in pure tension, compression, bending, shear and torsion. 

However in practice, situations where a structural system is subjected to one single load is not common. Usually 

a combination of loads is acting on the system. In these cases the effect of the interaction between internal forces 

has to be considered. EN 1993-1-1 clause 6.2 [28] provides design rules in case of combined bending and shear 

interaction resistance (M-V), combined bending and axial force interaction resistance (M-N) and finally combined 

bending, axial force and shear interaction resistance (M-N-V). These design rules are based on the reduction of 

the plastic design resistance for bending. 

PROBLEM DEFINITION 

The Eurocode is used in all countries affiliated to the European Union. In order to provide a uniform level of safety 

and a common approach regarding buildings and civil works, CEN/TC250 developed a collection of ten European 

standards. These standards are composed of parts of former national standards and newly developed design rules.  

To ensure that building structures can be designed while future structural safety still is guaranteed, the Eurocode 

is improved constantly since its first draft. This is also the case for EN 1993-1-1 [28], which is the standard 

regarding steel structures. For example in steel structures, applying steel with an increased strength leads to 

reassessment of the design rules to ensure sufficient safety. Hence, other parts of the Eurocode should be reassessed 

too. 

Design rules regarding combined bending and axial force interaction resistance (M-N) of circular hollow sections 

are provided by EN 1993-1-1 clause 6.2 [28]. These design rules are based on applied mechanics. In recent years, 

the accuracy of these design rules have been point of discussion. Consequently, assessment of the design rule in 

EN 1993-1-1 clause 6.2.9 [28] is necessary to ensure sufficient safety. 

In EN 1993-1-1 clause 6.2.1 [28], a conservative approximation for combined bending and axial force interaction 

resistance is described, based on the linear summation of the utilization ratios, see Equation (1-1). The 

approximation is valid for Class 1, 2 and 3 cross-sections. 

+ + ≤� �

� �

�
� �� � ����

�� � �� � ��

� ��

� � �
(1-1) 

(�� Design axial force [N] 

(#� Design resistance to axial force [N] 

����� Design bending moment about the y-y axis  [Nmm] 

���#� Design resistance for bending about the y-y axis [Nmm] 

����� Design bending moment about the z-z axis  [Nmm] 

���#� Design resistance for bending about the z-z axis [Nmm] 

The more accurate design rule regarding combined bending and axial force interaction resistance of circular hollow 

sections is described in EN 1993-1-1 clause 6.2.9 [28]. Based on a reduced plastic design resistance for bending 

by axial forces ���#�, EN 1993-1-1 clause 6.2.9 [28] defines the reduced plastic design resistance for bending in 

case of Class 1 and 2 cross-sections as given in Equation (1-2).  

( )= = − ��	

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (1-2) 

�����#� Reduced plastic design resistance for bending by axial forces about the y-y axis [Nmm] 

�����#� Reduced plastic design resistance for bending by axial forces about the z-z axis [Nmm] 

����#� Plastic design resistance for bending [Nmm] 

�� Utilization ratio of design axial force to design plastic resistance to axial force of the gross cross-section [-] 
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Where the plastic design resistance for bending ����#� �and the utilization ratio with respect to the axial force ��
are given in Equation (1-3) and (1-4), respectively. 

γ
=

�

�




	
 � �

	
 ��

�

� �
� (1-3) 

=
�

��

�

	
 ��

�
�

�
(1-4) 

��� Plastic section modulus [mm3] 

7��� Design yield strength [N/mm2] 

�� Partial factor for resistance of cross-sections whatever the class is [-] 

(���#� Plastic design resistance to axial force  [N] 

In Equation (1-3), the plastic section modulus ��� is given in Equation (2-4). Note that the plastic section modulus 

��� �is not defined in EN 1993-1-1 [28]. From Equation (1-4), the design plastic resistance to axial forces of the 

gross cross-section (���#� is given in Equation (1-5). 

γ
=

�

�




� �

	
 ��

�

�
� (1-5) 

� Area of the gross cross-section [mm2] 

AIM OF THE MASTER RESEARCH  

The main aim of the master research is as follows: 

Assess the design rule for cross-sectional resistance provided by EN 1993-1-1 clause 6.2.9 [28] regarding 

combined bending and axial force interaction resistance of circular hollow steel sections by means of a 

numerical and statistical evaluation. 

APPROACH OF THE MASTER RESEARCH  

In section 1.1, the problem definition showed that the design rule regarding combined bending and axial force 

interaction resistance (M-N) of circular hollow sections provided by EN 1993-1-1 clause 6.2.9 [28] has to be 

reassessed to ensure sufficient safety.  

To assess the design rule, the following research approach is determined. 

A) Searching and reading literature 

To get familiar with the subject and associated problems, literature is studied. Standards, books and scientific 

articles are used to gain knowledge regarding combined bending and axial force interaction resistance (M-N) of 

circular hollow sections. 

B) Graduation plan 

To finish this research project successfully, a graduation plan is set up. In the graduation plan, the approach of the 

research is described. Defining the problem and the aim of the research is of major importance. Therefore, studying 

literature regarding the subject is done in advance.  

C) Literature survey 

The obtained literature is processed in detail in a literature survey. Interaction between the graduation plan and 

literature survey is necessary to obtain an achievable research project. For example, describing the problem 

definition cannot be done without studying literature.  
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D) Setting up a finite element model 

A finite element model is set up in the software ABAQUS CAE 6.14. The structural behavior of a circular hollow 

sections subjected to combined bending and axial force is simulated. The finite element model is validated by 

means of a theoretical model of the combined bending and axial force interaction resistance.  

When setting up the finite element model, several studies are done:  

� Element and mesh convergence study: A finer mesh results in more accurate results. However, the 

computation time of the simulation of the finite element model increases by applying a finer mesh. By 

performing a mesh convergence study, a balance between accuracy and computation time is found.  

� Geometrical imperfection study: Geometrical imperfections in the finite element analysis are taken into 

account in order to investigate the influence on the finite element results. 

� Length of the beam study: Beam theory cannot be applied for a beam with a relative small length 

compared to the height of the cross-section i.e. a deep beam. Additionally, beams which have a relatively 

large length are sensitive for global buckling. By performing this study, satisfying beam lengths are 

determined with respect to the cross-sectional dimensions.  

� Material properties study: A study between the results of a bilinear material model and strain hardening 

material model is performed.

E) Parametric study 

A parametric study with the finite element model is performed in order to investigate the influences of varying the 

geometrical properties and material properties on the design rule of EN 1993-1-1 clause 6.2.9 [28]. 

F) Statistical evaluation 

A statistical evaluation regarding a population of finite element test results is performed in order to determine the 

partial safety factor ��. The procedure according to EN 1990-1-1 Annex D [28] is used to perform the statistical 

evaluation. 

G) Consideration adapting design rules of EN 1993-1-1 

The final step is to elaborate and to present the results. A recommendation to EN 1993-1-1 [28] is formulated after 

assessing the design rule regarding combined bending and axial force interaction resistance of circular hollow 

sections. 

In Figure 1-1, the flowchart of the research approach is shown.  

Figure 1-1: Flowchart research approach 
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PREVIEW OF THE MASTER THESIS 

1) First, Chapter 2 summarizes the literature survey regarding the master research to combined bending and 

axial force interaction resistance of circular hollow sections. 

2) Thereafter, Chapter 3 describes the set up of the finite element model by making use of the Finite Element 

(FE) software ABAQUS CAE 6.14 in order to simulate the structural behavior of a circular hollow section 

subjected to combined bending and axial force. 

3) A parametric study by the finite element model is performed in order to investigate the influences of 

varying the geometrical properties and material properties on the design rule of EN 1993-1-1 clause 6.2.9 

[28], the design rules proposed by Rotter [17] and the exact solution for a perfectly circular hollow section 

[30] in Chapter 4. 

4) Then, a statistical evaluation regarding a population of finite element test results is performed in order to 

determine the partial safety factor �� in Chapter 5. 

5) Finally, the conclusions and recommendations regarding the research of the numerical and statistical 

evaluation of combined bending and axial force interaction resistance of circular hollow sections are 

discussed. 

In Figure 1-2, the flowchart of the preview of the master thesis is shown.  

Figure 1-2: Flowchart preview of the master thesis 
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CHAPTER 2 LITERATURE SURVEY 

In this chapter, the literature survey regarding the research into combined bending and axial force interaction 

resistance of circular hollow sections is summarized. For the extended version of the literature survey, see [30]. 

1) First, section 2.1 introduces circular hollow sections (CHS). Historical facts and the manufacturing 

process concerning circular hollow sections are briefly explained. In addition, the section properties are 

outlined. 

  

2) Then, by means of the section properties of circular hollow sections, a classification is introduced in order 

to distinguish the cross-sectional design rules based on the theory of elasticity or plasticity in section 2.2. 

3) No experimental research is performed regarding combined bending and axial force interaction resistance 

of circular hollow sections. By means of theoretical models in section 2.3, also known as exact solutions, 

design rules are compared. Additionally, the finite element model is validated with reference to the 

theoretical models. 

4) Thereafter, different design rules regarding combined bending and axial force interaction resistance are 

compared to the exact solution for a perfectly circular hollow section in section 2.4. 

5) Finally, the conclusions and recommendations regarding the literature survey are discussed in section 2.5. 

INTRODUCTION OF CIRCULAR HOLLOW SECTIONS  

Designing steel structures by means of circular hollow section members needs another approach than designing 

steel structures by means of open section members, for example H-shaped sections and I-shaped sections. The 

designer should be aware of the special features of circular hollow sections and their joints.  

The main advantages [31] of circular hollow sections are as follows: 

� The shape is attractive in architectural applications; 

� Circular hollow sections have a relatively high corrosion resistance due to the closed shape without sharp 

corners; 

� Circular hollow sections have relatively low drag coefficients of approximately 0.47 (compared to the 

drag coefficient of rectangular hollow sections of 1.15); 

� As a result of the internal void, fire protection or bearing capacity is increased. The bearing capacity 

increases by filling the void with concrete to obtain a composite structure.  

However, a main disadvantage [31] of circular hollow sections is as follows: 

� Circular hollow sections have relatively high manufacturing costs compared to other sections. 

Circular hollow sections are applied in all fields, like bridges, buildings and halls, offshore structures and towers 

and masts. One of the earliest outstanding example of the use of tubular shaped steel sections is the Firth of Forth 

Bridge [31] in Scotland (1890), see Figure 2-1. To span 521 m, the structure is constructed by tubular members, 

which are composed of rolled plates riveted together.  

Figure 2-1: Firth of Forth Bridge 
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2.1.1 Manufacturing processes of circular hollow sections

During the first half of the 19th century, the first tubular members were manufactured. Rolled strips or sheets were 

butt or lap welded to obtain circular hollow section members [7]. At the end of the 19th century, manufacture 

methods became available which made it possible to manufacture seamless tubes. By improving the manufacture 

methods regarding seamless tubes, the production increased rapidly. Hereby, the welded tubes were almost pushed 

out of the market. Until the Second World War, the seamless tubes dominated the market. After the Second World 

War, welding techniques were improved, which caused also an increase in the market regarding welded tubes [7]. 

As a result of the imposed requirements on circular hollow section members, the manufacturing processes are 

constantly improved. 

2.1.2 Section properties of circular hollow sections 

Consider a circular hollow section as given in Figure 2-2. The external diameter and internal diameter of the cross- 

section are specified by ��and 6��respectively. Note that the elastic and plastic neutral axis coincide as a result of 

symmetry and 7��� a 7��'.  

Figure 2-2: Circular hollow section (a), stress distribution (b), internal forces (c) 

The area of the gross cross-section � [10] is given in Equation (2-1). 

( )π
= −� �

�
 � � (2-1) 

� External diameter [mm] 

6 Internal diameter [mm] 

In addition, the second moment of area � [10] is similar about every principle axis of the cross-section, i.e. y-y axis 

and z-z axis, as shown in Equation (2-2). 

( )π= = −� ��

��
� �
� � � � (2-2) 

�� Second moment of area about the y-y axis   [mm3] 

�� Second moment of area about the z-z axis  [mm3] 

Then, the elastic section modulus �&�   [10] is defined as the second moment of area � divided by the distance from 

the neutral axis to the most extreme fiber, see Equation (2-3). 

( ) ( )π π� �
= = − = −� �

� �

� � � �� �

�� �
�


�
� � � � �

� � �
(2-3) 

�&� Elastic section modulus [mm3] 

Thereafter, the plastic section modulus ��� [10] is defined as the summation of the areas of the cross-section in 

compression and tension multiplied by the distance from the plastic neutral axis to the center of gravity of the areas 

in compression and tension, see Equation (2-4).  
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( ) ( ) ( ) ( )π

π

� �−� � � � � �
= + = = ⋅ − ⋅ = −� �� � � � � �

−� � � � � �� �

 

� �  

� �

� � �
� �

� � � �  �
	
 � � ��

  � �
� � � � � � � �

� �
(2-4) 

R3� Distance from the plastic neutral axis to the center of gravity of the areas in compression [mm] 

R3' Distance from the plastic neutral axis to the center of gravity of the areas in tension [mm] 

In Equation (2-4), the distance from the plastic neutral axis to the center of gravity of the areas in compression and 

tension is specified by R3� and R3' [10], respectively, see Equation (2-5). 

( )

π π

π π
π π

� �� � � �� �
−� �� � � �� � −� �� � � �� �= = =

−−
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��  � 



�

� �

� �
� �

� �
� �

� �
� �

(2-5) 

Finally, the shape factor C�[10] is defined as the ratio of the plastic section modulus ��� �to the elastic section 

modulus �&�  and is given in Equation (2-6). 

( )

( )

( )
( )

( )( )
( )( )π π π

− −−
= = = =

− −−

  
 

� � �
� �

�
��� ���

  �
�

	


�


� � � �� � ��
�

� � � � �� �
�

(2-6) 

C Shape factor [-] 

CLASSIFICATION OF CIRCULAR HOLLOW SECTIONS 

The classification of circular hollow sections are introduced in order to distinguish the cross-sectional design rules 

based on the theory of elasticity or plasticity. 

2.2.1 General 

Consider a circular hollow section as shown in Figure 2-3. By applying a pure bending moment on the cross-

section, the stresses behave elastic over the cross-section, see Figure 2-3(a). Here, the occurring stresses are smaller 

than the design yield strength�7���. Increasing the load leads to yielding in the outer fibers of the cross-section, 

which is shown in Figure 2-3(b). Note that the behavior of the stresses are still linear elastic. In Figure 2-3(c), more 

fibers are starting to yield by increasing the load. Full plastic behavior is reached in case when all fibers in the 

cross-section have reached the design yield strength�7��� as shown in Figure 2-3(d). 

Figure 2-3: Stress distribution of a circular hollow section 

Depending on the properties of the cross-section, plastic behavior can be reached. To determine whether the cross-

section can reach plastic behavior, a classification is introduced, which is based on the theory of elasticity or 

plasticity. Circular hollow sections are classified and defined in Table 2-1. The classification is based on the 

rotational capacity of the cross-section. 
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Table 2-1: Definitions cross-sectional classification 

Cross-sectional classification Definition 

Class 1 Cross-sections which have sufficient rotation capacity to form a plastic hinge 

without reduction of the plastic resistance to bending. 

Class 2 Cross-sections which have limited rotation capacity due to local buckling but 

can develop their plastic resistance to bending. 

Class 3 Cross-sections which reaches the yield strength in the outer fibers assuming 

an elastic stress distribution where the plastic resistance to bending cannot be 

developed due to local buckling.  

Class 4 Cross-sections which reaches not the yield strength due to occurring of local 

buckling of one or more parts before attainment of the yield strength.  

2.2.2 Classification according to EN 1993-1-1 

According to EN 1993-1-1 Table 6.2 [28], circular hollow sections are classified by means of the width-to-

thickness ratio �/N, see Table 2-2. Where ��and N�are the external diameter and the wall thickness of the cross-

section, respectively.  

Table 2-2: Width-to-thickness ratio regarding circular hollow sections according to EN 1993-1-1 

Class Section in bending and/or compression 

1 � Nb � 50XH

2 � Nb � 70XH

3 � Nb � 90XH

In Table 2-2, X is depending on the design yield strength 7��� and defined as shown in Equation (2-7), according 

to EN 1993-1-1 Table 6.2 [28]. 

ε =
�

��

� �
�

(2-7) 

X Coefficient depending on the design yield strength [-] 

Note from Equation (2-7) that in case the design yield strength 7��� increases, the coefficient X decreases. That 

means that the width-to-thickness limit according to EN 1993-1-1 Table 6.2 [28] decreases. 

Figure 2-4 shows the relation between the resistance to bending �#� and the width-to-thickness ratio �/N with 

associated cross-section classification boundaries according to EN 1993-1-1 [28]. Note that Class 1 and 2 are based 

on the theory of plasticity. Class 3 and 4 are based on the theory of elasticity, where Class 4 is limited due to local 

buckling.  

�
Figure 2-4: Cross-sectional classification regarding circular hollow sections according to EN 1993-1-1 

2.2.1 Classification according to the proposal by Rotter 

In September 2015, Rotter [17] proposed an amendment to EN 1993-1-1 clause 6.2.9 [28] in case of the 

classification of circular hollow sections. In EN 1993-1-1 [28], the classification is based on the buckling behavior 

of flat plates. Flat plates are keeping their original geometry up to the point of buckling. However, circular hollow 
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members subjected to bending do not keep their original geometry, i.e. ovalisation of the cross-section starts to 

occur. Ovalisation of the cross-section leads to a reduced effective section modulus and increases the radius of the 

curvature in the parts of the member which are under compression. The effect of the length of the member 

determines the degree of ovalisation of the cross-section T, see Equation (2-8). 

Ω = � �
� �

� �
(2-8) 

T Effect of ovalisation on the local buckling resistance  [-] 

� Length of the member [mm] 

Rotter [17] proposed the width-to-thickness ratios �/N regarding circular hollow sections as given in Table 2-3. 

Note, there is made a distinction in the width-to-thickness ratios �/N between compression and bending, in contrary 

to EN 1993-1-1 Table 6.2 [28]. As a result of the importance of the length of the member in case of bending, it is 

necessary that these ratios are separated according to Rotter [17].   

Table 2-3: Width-to-thickness ratio regarding circular hollow cross-sections according to the proposal of Rotter

Class Section in compression Section in bending 

1 � Nb � 50XH � Nb � 50XH
2 � Nb � 72XH � Nb � 72XH
3 � Nb � 72XH � Nb � 215XH cd e f

gh

Note from Table 2-3 that the width-to-thickness limit of Class 2 is increased from 70XH to 72XH, in contrary to EN 

1993-1-1 Table 6.2 [28]. Additionally note that regarding the width-to-thickness limit of Class 3, the effect of 

ovalisation is present. Figure 2-5 shows the relation between the resistance to bending �#� and the width-to-

thickness ratio �/N with associated cross-section classification boundaries according to the proposal by Rotter [17]. 

Figure 2-5: Cross-sectional classification regarding circular hollow sections according to the proposal by Rotter

THEORETICAL MODELS 

No experimental research is performed regarding combined bending and axial force interaction resistance of 

circular hollow sections. By means of theoretical models, design rules are compared. Additionally, the finite 

element model is validated with reference to the theoretical models. 

2.3.1 General 

Theoretical models are developed in order to derive a design rule regarding combined bending and axial force 

interaction resistance of circular hollow sections. The theoretical models are based on dividing the area of the 

cross-section into a part subjected to bending and a part subjected to axial force, assuming a plastic distribution of 

stresses of the cross-section. Calculating the design resistances of both parts of the cross-section results in a 

bending and axial force resistance combination. Adapting the size of the parts of the cross-section subjected to 

bending and axial force and following the procedure again results in a M-N interaction resistance relation.  

To derive theoretical models regarding combined bending and axial force interaction resistance, several types of 

circular hollow sections are considered, see Figure 2-6. In Figure 2-6(a), a perfectly circular hollow section with 
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uniform wall thickness is shown. Additionally in Figure 2-6(b) and (c), imperfectly circular hollow sections with 

uniform and non-uniform wall thicknesses are shown, respectively.  

Figure 2-6: Perfectly circular hollow section (a), imperfecty circular hollow section with uniform (b) and non-uniform (c) wall thickness 

The circular hollow sections in Figure 2-6(b) and (c) are considered as geometrical imperfect cross-sections. In 

practice, a perfectly circular hollow section cannot be obtained due to the manufacturing process. However, the 

design rules in standards are based on considering a perfectly circular hollow section, see Figure 2-6(a). By 

deriving combined bending and axial force interaction resistance design rules in case of imperfectly circular hollow 

sections, the influences on the resistance of geometrical imperfections are obtained. 

2.3.2 Assumptions 

The conditions which are assumed in order to derive the exact M-N interaction resistances regarding combined 

bending and axial force interaction resistance for perfectly and imperfectly circular hollow sections are as follows: 

� A perfectly plastic material behavior is assumed. 

� The hypothesis by Bernoulli is assumed. Meaning that the cross-section subjected to combined bending 

and axial force remains plane and that shear stresses can be neglected.   

� The considered cross-sections are of Class 1 and 2, as described in section 2.2. Therefore, plastic behavior 

of the cross-section is assumed.  

� The external diameter and internal diameter of the cross-section are indicated as ��and 6��respectively, 

where � i jklmno p 6 i jklmno. 

� The wall thicknesses of the cross-section are indicated as N, where NH i jklmno p NG i jklmno and NG a
G

H
:� e 6;. 

� In case of ovalisation of the cross-section due to geometrical imperfections, the parameters ^�and _�are 

scalars and indicate the degree of ovalisation, where ^ i qlmno p _ i qlmno. 

� The cross-section is symmetrical with respect to the y- or z-axis. 

� A plastic stress distribution of the cross-section is assumed, where the area of the cross-section subjected 

to axial force is situated around the plastic neutral axis. 

2.3.3 Perfectly circular hollow section with uniform wall thickness 

Consider a perfectly circular hollow section as shown Figure 2-6(a). Polar coordinates are used to derive the exact 

solution of the combined bending and axial force interaction resistance. The derivation is shown in Appendix A. 

In Equation (2-9), the exact M-N interaction resistance for a perfectly circular hollow section is given. 

π� �
= � �

� �
���

�
� �

� � (2-9) 

�� Utilization ratio of design bending moment to design plastic resistance for bending  [-] 

Note that the exact M-N interaction resistance of Equation (2-9) is independent of geometrical properties and 

material properties, since these parameters do not appear in the design rule. However, note that the assumptions 

described in section 2.3.2 should be satisfied. 
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In Figure 2-7, the M-N interaction resistance curve according to the exact solution for a perfectly circular hollow 

section is shown. On the horizontal axis, the utilization ratio with respect to the axial force �� is plotted. 

Additionally on the vertical axis, the utilization ratio with respect to bending �� is plotted.  

Figure 2-7: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section  

2.3.4 Imperfectly circular hollow sections with uniform wall thickness 

Consider an imperfectly circular hollow section with uniform wall thickness as shown Figure 2-6(b). Polar 

coordinates are used to derive the exact solution of the combined bending and axial force interaction resistance. 

The derivation is shown in Appendix A. In Equation (2-10), the exact M-N interaction resistance for an imperfectly 

circular hollow section with uniform wall thickness is given. 

π

ψ

π π
ψ

ψ ψ

� �� �� �
� �� �� �

� �� �� �=
� � � �� � � �� � � �

+� � � �� � � �� � � �
� � � �� � � �� � � �

� � �

�
��� ������ ���

�

� �
��� ������ ��� ��� ������ ���

� �

�

�

� �

�

�

� �

(2-10) 

^ Parameter that indicates the degree of ovalisation of the cross-section due to geometrical imperfections [-] 

In Figure 2-8, the M-N interaction resistance curve according to the exact solution for an imperfectly circular 

hollow section with uniform wall thickness is shown.  

Figure 2-8: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section with uniform wall 

thickness 
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From Figure 2-8 is concluded that the degree of ovalisation ^ does not influence the M-N interaction resistance 

curve of an imperfect circular hollow section with uniform wall thickness, since the found numerically results do 

not differ. Note that the utilized loads are considered. 

2.3.5 Imperfectly circular hollow sections with non-uniform wall thickness

Consider an imperfectly circular hollow section with uniform wall thickness as shown Figure 2-6(c). Polar 

coordinates are used to derive the exact solution of the combined bending and axial force interaction resistance. 

The derivation is shown in Appendix A. Note that an exact M-N interaction resistance cannot be derived, as a 

result of the complexity of the functions. However, the utilization ratio of design axial force to design plastic 

resistance to axial forces of the gross cross-section �� is given by Equation (2-11). 

( )( ) ( )( )( )
( )

ψ ψ ϕ ω ω ϕ

π ψ ω

−
= = =

−

� �

�

� �
� �

� ������ ��� � ������ ���
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 �� � �

� � ��
�

� � � �
(2-11) 

�� Area of the cross-section subjected to axial force [mm2] 

_ Parameter that indicates the degree of ovalisation of the cross-section due to geometrical imperfections [-] 

] Parameter that indicates the amount of area of the cross-section subjected to axial force [rad] 

Additionally, the utilization ratio of design bending moment to design plastic resistance to bending moments of 

the gross cross-section �� is given by Equation (2-12). 
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(2-12) 

����� Plastic section modulus of the cross-section subjected to bending [mm3] 

In Figure 2-9, the utilization ratios regarding the M-N interaction resistance curve according to the exact solution 

for an imperfectly circular hollow section with uniform wall thickness is shown. The M-N interaction resistance 

curve is obtained by substituting the geometrical properties and material properties of a given circular hollow 

section (CHS 244.5/12.5 [13]). 

Figure 2-9: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section with non-uniform wall 

thickness 

From Figure 2-9 is concluded that the degree of ovalisation ̂  and _ do not influence the M-N interaction resistance 

curve for an imperfectly circular hollow section with non-uniform wall thickness, since the found numerically 

results do not differ. Note that the utilized loads are considered. 
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DESIGN RULES COMBINED BENDING AND AXIAL FORCE INTERACTION 

RESISTANCE 

In this section different design rules regarding combined bending and axial force interaction resistance are 

compared to the exact solution for a perfectly circular hollow section [30]. To compare these design rules with the 

exact solution, deviation plots are shown to indicated the relatively deviation of the design rule with respect to the 

exact solution for a perfectly circular hollow section. 

2.4.1 Design rule of EN 1993-1-1 

EN 1993-1-1 clause 6.2 [28] provides design resistances for cross-sections in pure tension, compression, bending, 

shear and torsion. However in practice, situations where structural systems are subjected to one single load is not 

common. Usually a combination of loads are acting on the system. In these cases the effect of the interaction 

between internal forces has to be considered. For that reason, EN 1993-1-1 clause 6.2 [28] also provides design 

rules in case of combined bending and axial force interaction resistance (M-N). The focus regarding the design 

rules of cross-sectional resistances are on Class 1 and 2 cross-sections. Class 3 cross-section are calculated by 

means of the theory of elasticity and Class 4 cross-sections are sensitive to local buckling and are therefore 

considered out of scope.

In EN 1993-1-1 clause 6.2.1 [28] and clause 6.2.9 [28], a linear summation (see Equation (1-1)) and a more 

accurate design rule (see Equation (1-2)) for combined bending and axial force interaction resistance is described, 

respectively. 

2.4.1 Amendments to EN 1993-1-1 by Rotter 

In September 2015, Rotter [17] proposed an amendment to EN 1993-1-1 clause 6.2.9 [28], which describes the 

case of circular hollow sections subjected to pure bending or to combined bending and axial force.  

The plastic section modulus ����is not defined in EN 1993-1-1 [28]. Therefore, Rotter [17] proposed the following 

definition, see Equation (2-13). 

� � � �� � � � � �
= − + ≈ −� � � �� � � � � �� �� � � � � �� �� �

�

� ��
� � � �


	


� � �
� � � ��

� � �
(2-13) 

N Wall thickness [mm] 

Additionally, the more accurate design rule regarding combined bending and axial force interaction resistance of 

circular hollow sections in EN 1993-1-1 clause 6.2.9 [28] uses the power of the interaction E = 1.7, see Equation 

(1-2).  However, according to the proposal of Rotter [17], the power of the interaction should be replaced for E = 

2.13, see Equation (2-14). 

( )= = − ���

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (2-14) 

The M-N interaction resistance design rule of Equation (2-14) is based on an exact solution derived by Rotter [18] 

[19]. The exact solution by Rotter [18], [19] was originally derived for extreme thick and extreme thin circular 

hollow section, with a strict yield boundary parallel to the neutral axis. Rotter proposed a general M-N interaction 

resistance design rule as shown in Equation (2-15).

( )= = −
� � � � �

�
	

� � �� � � �� 	
 �� �
� � � � (2-15) 

E Power of the interaction by Rotter [-] 

Note from Equation (2-15), that the power of the interaction is indicated by the coefficient E. In Figure 2-10, Rotter 

proposed different powers of the interaction E depending on the internal to external diameter ratio r for extreme 

thick and extreme thin circular hollow sections. 
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Figure 2-10: Variation of interaction power with internal to external diameter ratio according to Rotter 

From Figure 2-10 is concluded that in case of E = 2.13 a circular solid cross-section is considered. Therefore, it is 

concluded that Rotter [17] proposed an incorrect M-N interaction resistance design rule in the amendment to the 

EN 1993-1-1 [28]. The revised M-N interaction resistance design rule regarding relatively thin circular hollow 

sections should be as given in Equation (2-16). 

( )= = − ��	�

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (2-16) 

Rotter corrected this error in a revised version (October 2015) of the amendment to EN 1993-1-1 clause 6.2.9 [28]. 

Additionally, a more precise alternative of the M-N interaction resistance design rule is proposed, see Equation 

(2-17). 

( )= = − +� ��

� � � � �
� ���� 
 ����

� � �� � � �� 	
 �� � �
� � � � � (2-17) 

2.4.2 Design rule of BSK 99 

BSK 99 [16] is the Swedish standard regarding steel structures. Design rules regarding combined bending and 

axial force interaction resistance of solid sections and hollow sections are provided by BSK 99 clause 6.251 [16] 

and given in Equation (2-18). 
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(2-18) 

In Equation (2-18), the shape factor C is defined as in Equation (2-6). BSK 99 clause 6.242 [16] states that the 

shape factor C < 1.25 in case of Class 1 cross-sections. Additionally in case of Class 2 cross-sections, the shape 

factor C�has a minimum of C = 1.0. Therefore, it is concluded that in case of Class 1 and 2 cross-sections, the 

domain of the shape factor C�is equal to 1.0 � C � 1.25. 

2.4.3 Design rule of ANSI/AISC 360-10 

In the United States of America, steel structural design is based on the rules provided by ANSI/AISC 360-10 [3]. 

Design rules regarding combined actions on doubly symmetric cross-sections are provided by Chapter H of the 

ANSI/AISC 360-10 [3]. In Equations (2-19) and (2-20), the design rules for combined bending and axial force 

interaction resistance are given. Note that the design rule is split into two parts, which are based on the utilization 

ratio with respect to the axial force���. 

+ ≤
� �

��

�

�� ��

	
 �� 	
 ��

� �

� �
for 0.0 � ����< 0.2 (2-19) 
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for 0.2 � ����� 1.0 (2-20) 

2.4.4 Design rule of AS 4100 

AS 4100 [12] is the Australian standard of steel structures. Clause 8.1 to 8.4 of AS 4100 [12] provides design rules 

regarding combined action on doubly symmetric cross-sections. According to AS 4100 clause 8.3 [12], the design 

rule for combined bending and axial force interaction resistance is given in Equation (2-21). Where the capacity 

factor S = 0.9 according to AS 4100 Table 3.4 [12]. 

φ

� �
= −� �� �

� ��

� ��

�� 	


	
 ��

�
� �

�
(2-21) 

S Capacity factor according the AS 4100 Table 3.4 [-] 

2.4.5 Evaluation of the design rules 

In Figure 2-11, the combined bending and axial force interaction resistance curves according to the design rules 

of section 2.4.1 to 2.4.4 and the exact solution for a perfectly circular hollow section [30] are shown.  

Figure 2-11: M-N interaction resistance curves according to the design rules  

Note from Figure 2-11 that the design rules regarding combined bending and axial force interaction resistance are 

differ largely from each other.  

To compare the M-N interaction resistance curves according to the exact solution for a perfectly circular hollow 

section [30], a deviation plot is shown in Figure 2-11. On the horizontal axis, the utilization ratio with respect to 

axial force �� is plotted. The deviation of the curves with respect to the exact solution is plotted on the vertical 

axis. In case the deviation is negative, the M-N interaction resistance curve underestimates the exact solution. A 

positive deviation means an overestimation of the M-N interaction resistance curve with respect to the exact 

solution. Where the M-N interaction curve intersects the horizontal axis, the M-N interaction resistance curve is 

equal to the exact solution, i.e. there is no deviation.  



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   30 

Figure 2-12: Deviation plot of the design rules with respect to the exact solution for a perfectly circular hollow section 

To evaluate the accuracy of the design rules, the maximum and minimum deviations are given in Table 2-4 

according to the deviation plot of Figure 2-12. In case of conservative results, the design rule underestimates the 

exact solution for a perfectly circular hollow section [30]. Additionally in case of unconservative results, the design 

rule overestimates the design rule of the exact solution for a perfectly circular hollow section [30].

Table 2-4: Maximum and minimum deviations with respect to the exact solution for a perfectly circular hollow section 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

EN 1993-1-1 clause 6.2.1 0.0% -36.3% - - 

EN 1993-1-1 clause 6.2.9 0.0% -2.4% 0.0% 7.9% 

Proposal by Rotter (first version) - - 0.0% 34.8% 

Proposal by Rotter (revised version) 0.0% -1.4% 0.0% 10.9% 

Proposal by Rotter (alternative version) 0.0% -0.2% 0.0% 0.1% 

BSK 99 (s = 1.0) 0.0% -33.3% - - 

BSK 99 (s = 1.25) 0.0% -5.7% 0.0% 7.6% 

ANSI/AISC 360-10 0.0% -36.5% - - 

AS 4100 0.0% 93.5% - - 

Evaluating the accuracy of the several design rules leads to the following conclusions: 

� The design rule of EN 1993-1-1 clause 6.2.1 [28], BSK 99 clause 6.251 [16] in case of C = 1.0, 

ANSI/AISC 360-10 Chapter H [3] and AS 4100 clause 8.3 [12] predict only conservative results; 

� The design rule of EN 1993-1-1 clause 6.2.1 [28] and BSK 99 clause 6.251 [16] in case of C = 1.0 give 

similar results; 

� The design rule of the proposal by Rotter (first version) [17] predicts only unconservative results; 

� For relatively high values of the utilization ratio with respect to axial force���, the design rules of EN 

1993-1-1 clause 6.2.9 [28] and BSK 99 clause 6.251 [16] in case of C = 1.25 predict unconservative 

results; 

� The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact 

solution for a perfectly circular hollow section [30], therefore both design rules give similar results; 

� The design rule of the EN 1993-1-1 clause 6.2.9 [28] predicts the exact solution for a perfectly circular 

hollow section [30] the most accurate. 

CONCLUSIONS AND RECOMMENDATIONS 

In this section, the conclusions of the literature survey regarding the combined bending and axial force interaction 

resistance of circular hollow sections are shown. Additionally, the recommendations are outlined in order to 

continue the master research. 
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2.5.1 Conclusions 

The conclusions of section 2.1 concerning the introduction of circular hollow sections are as follows:

� Circular hollow sections are applied in all fields, like bridges, buildings and halls, offshore structures and 

towers and masts; 

� Circular hollow sections are mostly used for columns, lattice structures and space frame structures in 

buildings; 

� The manufacturing methods regarding circular hollow sections are the seamless manufacturing process 

and the welded manufacturing process; 

� The Cross Roll Piercing process [7] and Pilgering process [7] are two of the most important seamless 

manufacturing process; 

� The improvements regarding the welding techniques of circular hollow section are based on the Fretz-

Moon welding process [7]. 

The conclusions of section 2.2 concerning the classification of circular hollow sections are as follows: 

� The classification to determine whether the cross-section can reach plastic behavior is based on the theory 

of elasticity or plasticity; 

� Cross-sectional Class 1 and 2 are based on the theory of plasticity;  

� Cross-sectional Class 3 and 4 are based on the theory of elasticity, where Class 4 is limited due to local 

buckling; 

� Rotter [17] proposed the width-to-thickness limit of Class 2 cross-sections from 70XH to 72XH, contrary 

to EN 1993-1-1 Table 6.2 [28]; 

� Rotter [17] proposed to made a distinction in the width-to-thickness ratios �/N between compression and 

bending, as a result of the importance of the length of the member in case of bending; 

� Rotter [17] proposed to take effect of ovalisation in account regarding the width-to-thickness limit of 

Class 3. 

The conclusions of section 2.3 concerning the theoretical models are as follows:  

� The M-N interaction resistance of the exact solution for a perfectly circular hollow section [30] is 

independent of geometrical properties and material properties, since these parameters do not appear in 

the exact M-N interaction resistance; 

� The degree of ovalisation ^ does not influence the M-N interaction resistance curve according to the 

exact solution for an imperfectly circular hollow section with uniform wall thickness [30], since the found 

numerically results do not differ; 

� In case of an imperfectly circular hollow section with non-uniform wall thickness, an exact M-N 

interaction resistance cannot be obtained analytically using a Polar coordinate system. 

The conclusions of section 2.4 concerning the design rules regarding the combined bending and axial force 

interaction resistance are as follows:  

� EN 1993-1-1 clause 6.2 [28] provides design rules in case of combined bending and axial force interaction 

resistance (M-N); 

� The plastic section modulus ���  is not defined in EN 1993-1-1 [28]. 

� The proposal of Rotter [17] defines a plastic section modulus ���, which is not currently defined in EN 

1993-1-1 [28]; 

� According to the proposal of Rotter [17], the power of interaction E in the more accurate design rule 

regarding bending and axial force interaction resistance of circular hollow sections in EN 1993-1-1 clause 

6.2.9 [28] should be replaced for E = 2.13, which is incorrect since the power of the interaction E�= 2.13 

only valids for circular solid sections; 

� Rotter proposed an general M-N interaction resistance for extreme thick and extreme thin circular hollow 

sections, based on different powers of the interaction E depending on the internal to external diameter 

ratio r; 

� The revised M-N interaction resistance design rule by Rotter regarding relatively thin circular hollow 

sections should take the power of the interaction E�= 1.75 into account; 

� Rotter proposed a more precise alternative of the M-N interaction resistance design rule; 

� BSK 99 clause 6.242 [16] provides design rules in case of combined bending and axial force interaction 

resistance (M-N) depending on the shape factor C; 

� ANSI/AISC 360-10 [3] provides design rules regarding combined actions on doubly symmetric cross-

sections; 

� AS 4100 Clause 8.1 to 8.4 [12] provides design rules regarding combined action on doubly symmetric 

cross-sections depending on the capacity factor S = 0.9 according to AS 4100 Table 3.4 [12]; 
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� The design rule of EN 1993-1-1 clause 6.2.1 [28] always underestimates the exact solution for a perfectly 

circular hollow section [30] by a maximum of -36.3%; 

� The design rule of EN 1993-1-1 clause 6.2.9 [28] predicts conservative results regarding the utilization 

ratio with respect to bending��� for �� < 0.70 by a maximum deviation of -2.4% and unconservative 

results with a maximum deviation of 7.9% for��� � 0.70, compared to the exact solution for a perfectly 

circular hollow section [30]; 

� The design rule of the proposal by Rotter (first version) [17] predicts always unconservative results 

regarding combined bending and axial force interaction resistance, since Rotter [17] always overestimate 

the exact solution for a perfectly circular hollow section [30] by a maximum of 34.8%; 

� The proposal by Rotter (revised version) predicts conservative results regarding the utilization ratio with 

respect to bending��� for �� < 0.64 by a maximum deviation of -1.4% and unconservative results with a 

maximum deviation of 10.9% for��� � 0.64, compared to the exact solution for a perfectly circular hollow 

section [30]; 

� The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact 

solution for a perfectly circular hollow section [30], therefore both design rules give similar results in a 

range of -0.2% to 0.1%; 

� The design rule regarding combined bending and axial force interaction resistance of BSK 99 clause 

6.251 [16] takes the shape factor C into account i.e. the domain of the shape factor C�is equal to 1.0 � C �
1.25 in case of Class 1 and 2 cross-sections; 

� The design rule of BSK 99 clause 6.251 [16] always predicts conservative results by a maximum of -

33.3% in case of C = 1.0 i.e. the lower bound of the design rule compared to the exact solution for a 

perfectly circular hollow section [30]; 

� The design rule of BSK 99 clause 6.251 [16] approaches the exact solution for a perfectly circular hollow 

section [30] in a range of -5.7% to 7.6% in case of C = 1.25 i.e. the upper bound of the design rule 

compared to the exact solution for a perfectly circular hollow section [30]; 

� The design rule of ANSI/AISC 360-10 Chapter H [3] predicts always conservative results regarding 

combined bending and axial force interaction resistance, since the design rule of ANSI/AISC 360-10 

Chapter H [3] always underestimates the exact solution for a perfectly circular hollow section [30] by a 

maximum of -36.5%. 

� The design rule of AS 4100 clause 8.3 [12] predicts always conservative results regarding combined 

bending and axial force interaction resistance, since the design rule of AS 4100 clause 8.3 [12] always 

underestimates the exact solution for a perfectly circular hollow section [30] by a maximum of -93.5%;

� The design rule of EN 1993-1-1 clause 6.2.1 [28], BSK 99 clause 6.251 [16] in case of C = 1.0, 

ANSI/AISC 360-10 Chapter H [3] and AS 4100 clause 8.3 [12] predict only conservative results; 

� The design rule of the proposal by Rotter (first version) [17] predicts only unconservative results; 

� For relatively high values of the utilization ratio with respect to axial force���, the design rules of EN 

1993-1-1 clause 6.2.9 [28] and BSK 99 clause 6.251 [16] in case of C = 1.25 predict unconservative 

results; 

� The design rule of EN 1993-1-1 clause 6.2.9 [28] predicts the exact solution for a perfectly circular hollow 

section [30] the most accurate. 

2.5.2 Recommendations 

The main recommendations in order to continue the master research are as follows: 

� Since there is no experimental research performed regarding combined bending and axial force interaction 

resistance of circular hollow sections, it is recommended to validate the numerical model by the 

theoretical models; 

� It is recommended to investigated if the numerical test results in case of higher steel grades can be 

obtained by scale factors; 

� The influence of the effect of strain hardening on the numerical test results has to be investigated; 

� It is recommended to perform a statistical evaluation regarding the design rules of EN 1993-1-1 clause 

6.2.9 [28], the proposals by Rotter [17] and the exact solution for a perfectly circular hollow section [30] 

in order to compare these design rules. 
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CHAPTER 3 FINITE ELEMENT MODEL 

To simulate the structural behavior of a circular hollow section subjected to combined bending and axial force, a 

finite element model is set up by making use of the Finite Element (FE) software ABAQUS CAE 6.14. The finite 

element model is controlled by means of a PYTHON script, see Appendix B . In this chapter, the finite element 

model is described. 

The chapter is outlined as follows: 

1) First, section 3.1 explains the motivation to carry out a finite element analysis. 

2) Then, section 3.2 outlines the types of finite element analysis in order to explain which type of analysis 

needs to be used to simulate the behavior of a circular hollow section subjected to combined bending and 

axial force.  

3) Then, the solution methods to solve these types of finite element analysis are described in section 3.3. 

4) Subsequently, the structural behavior of a circular hollow section subjected to combined bending and 

axial force is translated to a mechanical model in section 3.4. Additionally, the dimensions of a Class 1 

cross-section and a length of the beam are assumed.

5) After determining the mechanical model, the main features of the finite element model regarding the 

geometry, boundary conditions, loads and constraints are described in section 3.5.  

6) In section 3.6, the finite element model is provided with elements and a mesh density in order to obtain 

results like loads, displacements, stresses and/or strains. Continuum solid elements and conventional shell 

elements with several mesh densities are compared in order to determine the most favorable result. This 

is done by means of an element and mesh convergence study. 

7) The influence of geometrical imperfections of the circular hollow section are investigated in section 3.7. 

8) The length of the beam is assumed in section 3.4.2. In section 3.8, a study between the results of several 

lengths of the beam ��within the lower bound ��!"�and upper bound ��� �is performed. 

9) Finally in section 3.9, a material model is determined which is assigned to the elements that are modelled. 

A material properties study between the results of a bilinear material model and strain hardening material 

model is performed.  

Figure 3-1: Overview chapter  

MOTIVATION OF THE FINITE ELEMENT ANALYSIS 

The finite element model simulates the structural behavior of a circular hollow section subjected to combined 

bending and axial force. Since there is no experimental research perfomed regarding the behavior of circular 

hollow section under combined bending and axial force, the finite element model is validated with respect to the 

exact solution for a perfectly circular hollow section [30].  
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A finite element analysis is carried out due to the following reasons: 

� The exact solution for a perfectly circular hollow section [30] assumes the area subjected to axial force 

to be situated around the neutral axis. In contrast to the finite element method, which distributes the 

bending moment and axial force in the most optimized way over the cross-section. However, the 

assumption made regarding the exact solution is presumable the most optimized way. By performing a 

finite element analysis, that assumption may be verified.  

� The exact solution for a perfectly circular hollow section [30] assumes a bilinear material behavior. The 

influence of the effect of strain hardening cannot be solved analytically. Therefore, verification by means 

of the finite element method is needed. 

TYPES OF FINITE ELEMENT ANALYSIS 

3.2.1 Linear elastic analysis 

In case of a linear elastic analysis (LEA) [6], it is assumed that applied stresses and strains are linearly dependent 

according to Hooke’s law [23]. The behavior of the structure is completely reversible. Additionally, the 

equilibrium equations are based on the undeformed state of the structure and are solved by a system of linear 

algebraic equations as shown in Equation (3-1). 

[ ][ ] [ ]=� � � (3-1) 

��� Stiffness matrix [N/mm] 

�O�� Displacement vector [mm] 

�	�� Applied external force vector [N] 

The linear elastic analysis results in a material nonlinear analysis (MNA) [6] in case also plastic behavior is 

modelled.  

3.2.2 Material nonlinear analysis 

In case of a material nonlinear analysis (MNA) [6], a nonlinearity is assumed between stresses and strains. To load 

a structure after its yield point, elastic-plastic behavior is simulated due to this type of analysis. In this case, the 

material nonlinear analysis is considered as a time-independent behavior. To solve a nonlinear finite element 

problem, several solutions methods are available like the Newton-Raphson method [6] or the Riks method [6], see 

section 3.3. 

3.2.3 Geometric nonlinear analysis 

In case of a geometrical nonlinear analysis (GNA) [6], the change in geometry as a result of the load is assumed 

to be nonlinear. The equilibrium equations of the structure take the deformed shape into account in contrast to a 

linear elastic analysis, in which the equilibrium equations are formulated with respect to the undeformed shape. 

During this type of analysis, large or small displacement, strains (>5%) and rotations (>10°) are considered. To 

solve this type of nonlinear finite element problem, the Newton-Raphson method [6] or the Riks method [6] are 

used, see section 3.3. 

3.2.4 Linear buckling analysis 

In case of a linear buckling analysis (LBA) [23] i.e. an eigenvalue analysis, the buckling strength of an idealized 

elastic structure without imperfections is predicted. The resulting eigenvalues are corresponding to buckling 

modes, which represent the buckling shapes of the structure. To solve eigenvalue problems, the Subspace method 

[11] or the Lanczos method [15] are used, see section 3.3. 

3.2.5 Evaluation finite element analysis 

To simulate the structural behavior of a circular hollow section subjected to combined bending and axial force, the 

types of finite element analysis are determined, see Figure 3-2. The focus of this master research is on the plastic 

behavior of circular hollow sections, i.e. Class 1 and 2 cross-sections. That means that an elastic-plastic behavior 

is simulated, which results in a linear elastic analysis (LEA) [6] and a material nonlinear analysis (MNA) [6]. 

Additionally as a result of applying an axial force on the structure, second-order effects are taken into account. 

That means that the type of finite element analysis is also considered to be geometrical nonlinear. Combining these 

types of finite element analysis results in a geometrical and material nonlinear analysis (GMNA). In case 
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geometrical imperfections are taken into account, the type of finite element analysis results in a geometrical and 

material nonlinear analysis with imperfections (GMNIA). Geometrical imperfections are obtained by the linear 

buckling analysis (LBA).  

Figure 3-2: The representation of the finite element analysis 

SOLVING METHODS 

In section 3.2, the type of finite element analysis to simulate the structural behavior of a circular hollow section 

subjected to combined bending and axial force is determined. The solution of the structural behavior is obtained 

by a nonlinear analysis and an eigenvalue analysis.  

The Newton-Raphson method [6] and the Riks method [6] are procedures to perform a nonlinear analysis. To find 

a nonlinear response of the structure, two steps are defined in ABAQUS CAE 6.14 [1]. The first step is the initial 

step, where the structure is modelled with associated boundary conditions and constraints. During the second step 

the loads are applied to deform the structure. The solution of the defined step is obtained by specifying the load as 

a function of time, which means that the loading history is partitioned into a number of increments. By 

incrementing the time, a nonlinear solution is determined, since an approximate equilibrium configuration is 

founded at the end of every time increment. To find equilibrium at the end of every time increment, a number of 

iterations takes place to obtain a proper solution. In section 3.3.1 and 3.3.2, the Newton-Raphson method [6] and 

the Riks method [6] are explained, respectively. 

Additionally, the eigenvalue analysis is performed by the Subspace method [11] or Lanczos method [15]. In 

ABAQUS CAE 6.14 [1] a linear perturbation step can be defined to find the eigenvalues with corresponding 

buckling modes of the structure. In section 3.3.3 and 3.3.4, the Subspace method [11] and Lanczos method [15] 

are explained, respectively. 

3.3.1 The Newton-Raphson method 

The Newton-Raphson method [6] is a numerical procedure to solve a nonlinear system of algebraic equations. A 

trial function is guessed, where after the ‘’guess’’ is improved by using the slope of the force-displacement curve. 

By a number of applicable tangents, the nonlinear curve is approached.  

In Figure 3-3, the representation of the Newton-Raphson method [6] is shown. On the horizontal axis a 

displacement O is plotted. Additionally, a load 	�is plotted on the vertical axis. The displacement O is solved by 

an iterative procedure for an incremental external load�M	& '�", which is as follows: 

� Based on the slope of the force-displacement curve, a tangential stiffness matrix �'! is determined; 

� The distance between the intersection of the tangent and the horizontal line 	& '�"kG and the force-

displacement curve is defined as the residual load�t"kG! , i.e. the difference between the external load 

	& '�"kG��and the internal load�	!"'�"kG! ; 

� For the structure to be in equilibrium, the external forces and internal forces should balance, i.e. 	& '�"kG a
	!"'�"kG or t"kG!  = 0.0; 

� The residual load t"kG!  is calculating for every iteration; 

� In case when the residual load t"kG!  is relatively small i.e. a tolerance value of 0.5% according to standard 

settings in ABAQUS CAE 6.14 [2], the structure is considered to be in equilibrium and the iteration 

procedure terminates.  
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Figure 3-3: The representation of the Newton-Raphson method  

Note from Figure 3-3 that for each iteration, the tangential stiffness matrix �'! is evaluated, causing different slopes. 

This method is considered as the full Newton-Raphson method [6], see Figure 3-4(a). Updating the tangential 

stiffness matrix �'! for each iteration increases the computation time, which results in a relatively expensive 

calculation. Therefore, the quasi Newton-Raphson method [6] is introduced, see Figure 3-4(b). The slope of the 

tangential stiffness matrix �'! �is kept constant for the iteration procedure during each increment. At the start of 

each increment, the tangential stiffness matrix �'! is evaluated depending on the information of the previous 

increment. This method results in a slower convergence but is relatively inexpensive per iteration compared to the 

full Newton-Raphson Method [6]. 

Figure 3-4: The full Newton-Raphson method (a) and the quasi Newton-Raphson method (b) 

In ABAQUS CAE 6.14, the full Newton-Raphson method [6] and the quasi Newton-Raphson method [6] can be 

chosen when defining the step as Static General [1]. 

As the solution evolves, it might happen that the load and/or displacement decreases in case of snap-through 

behavior and/or snap-back behavior, see Figure 3-5. These phenomena can occur in case of geometric nonlinear 

problems, which is the case in this finite element analysis, see section 3.2.5.    

The Newton-Raphson procedure is usually load-controlled i.e. the load is increased by small increments. In case 

of snap-through behavior, the force-displacement tangent becomes horizontal where after it descends at the so-

called limit point, see Figure 3-5(a). That means that the tangential stiffness matrix �'! has to changes its sign, 

causing that the solution is not defined since there cannot be find two displacements O" and O"kG for the same 

external load�	& '�". Therefore, a displacement-controlled procedure should be used to follow the load path. Here, 

the displacement is increased by small increments. 
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Figure 3-5: Snap-through behavior (a) and snap-back behavior (b) 

In case of snap-back behavior, the force-displacement tangent becomes vertical i.e. there are several solutions 

regarding the external load�	& '�", 	& '�"kG and 	& '�"kH for the same displacement O"�as shown in Figure 3-5(b). 

Load-controlled procedures and displacement-controlled procedures cannot find a solution in case of snap-back 

behavior. The Riks method [6] can solve problems regarding snap-back behavior, see section 3.3.2. 

3.3.2 The Riks method 

The Riks method [6] is also a numerical procedure to solve a nonlinear system of algebraic equations. It is an 

iterative solution procedure, which provides a reliable and accurate solution in case the force-displacement curve 

changes its sign at so-called limit points. During the Riks procedure, the load and displacement are both 

incremented until equilibrium is satisfied. 

The Riks method [6] is also called the arc length method, because the external load increments M	& 'u" and 

displacement increments MO" are describing an arc in the force-displacement diagram during the iterations, see 

Figure 3-6. On the horizontal axis a displacement O is plotted. Additionally, a load 	�is plotted on the vertical axis.  

�
Figure 3-6: The representation of the Riks method  

The procedure of the Riks method [6] is almost similar to the Newton-Raphson method and is as follows:

� First a tangential stiffness matrix �'! is determined based on the slope of the force-displacement curve; 

� The distance between the intersection of the tangent and the arc and the force-displacement curve is 

defined as the residual load�t"kG! , i.e. the difference between the external load 	& '�"kG��and the internal 

load�	!"'�"kG! ; 

� For every iteration, the residual load t"kG!  is calculated; 

� In case when the residual load t"kG!  is relatively small, the structure is considered to be in equilibrium 

and the iteration procedure terminates. 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   38 

In ABAQUS CAE 6.14, the Riks method [6] is simplified by replacing the arc for a tangent line, see Figure 3-7(a). 

Additionally, the slope of the tangential stiffness matrix �'!�is kept constant for the iteration procedure during each 

increment. At the start of each increment, the tangential stiffness matrix �'! is evaluated. This method is called the 

modified Riks-Wemper method [8], see Figure 3-7(b).  

  
Figure 3-7: The Riks-Wemper method (a) and the modified Riks-Wemper method (b) 

In ABAQUS CAE 6.14, the modified Riks-Wemper method [8] is chosen when defining the step as Static Riks 

[1]. Solving the solution of the structural behavior is done by using the modified Riks-Wemper method [8]. 

3.3.3 The Subspace method 

The Subspace method [11] is a numerical procedure to solve eigenvalue problems in finite element analysis. In 

Equation (3-2), the standard eigenvalue problem [11] is defined, where a nontrivial solution needs to be founded 

for the eigenvalue Z (i.e. Z� i �qlmno). 

[ ] λ=
� �

 � � (3-2) 

��� Matrix n/a 

PQ� Eigenvector n/a 

Z� Eigenvalue n/a 

The Subspace method [11] is an iterative calculation procedure to approximate the Eigen pairs (Z,PQ) by the Eigen 

pairs (v,4Q). Let w i �q" be a A-dimensional search space, where A << �, then v � Z, 4Q�� PQ and 4Q i w. To find the 

approximated Eigen pairs (v,4Q), a linear subspace i.e. the Krylov subspace is spanned up, see Equation (3-3).  

[ ]( ) [ ] [ ] [ ]{ }−
=

� � � � �� �
� ���� � � �����

�

�
�  � �  �  �  � (3-3) 

The Krylov subspace of Equation (3-3) is expanded until the results of ���!4Q become almost linearly dependent. 

In that case the approximated eigenvalue x � Z is found.  

In ABAQUS CAE 6.14, the Subspace method [8] can be chosen, when defining the linear perturbation step as 

Buckle [1]. Performing the linear buckling analysis [23] of the circular hollow section is done by using the 

Subspace method [8]. 

3.3.4 The Lanczos method 

The Lanczos method [15] is also a numerical procedure to solve eigenvalue problems in finite element analysis. 

The structure is considered as ideal elastic i.e. described by a system of linear algebraic equations. By means of 

the Block Lanczos algorithm [15], the eigenvalues corresponding to the buckling modes are obtained. Based on 

finding the kernel i.e. the null space of the matrix over a finite field by multiplying the matrix by vectors.  

In ABAQUS CAE 6.14, the Lanczos method [15] can be chosen, when defining the linear perturbation step as 

Buckle [1]. However, the Lanczos method [15] is only efficient in case of solving a large number of Eigen modes 

[5]. Therefore, the Subspace method [8] is chosen to perform the linear buckling analysis [23] of the circular 

hollow section. 
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MECHANICAL MODEL 

From the previous sections, the type of finite element analysis and solving methods are determined and explained. 

Before describing the set-up of the finite element model in section 3.5, the structural behavior of a circular hollow 

section subjected to combined bending and axial force is translated to a mechanical model. 

In Figure 3-8, the two-dimensional applied mechanics scheme of the simply supported beam is shown. Support A 

(left) is considered as a roller, while support B (right) is considered as a hinge. To subject the beam to a combined 

bending and axial force, a point load�	 parallel to the beam and a bending moment ��clockwise at support A and 

B are applied. Note that there is a constant bending moment � and axial force 	�along the beam length, see Figure 

3-8. 

Figure 3-8: Simply supported beam with associated N-line and M-line 

To decrease the computation time 
�of the finite element analysis, half of the simply supported beam is modelled, 

see Figure 3-9.  Note that there is still a constant bending moment � and axial force 	�along the beam length. 

Figure 3-9: Half of the simply supported beam with associated N-line and M-line 

3.4.1 Defining the dimensions of the cross-section  

Elastic-plastic behavior of the beam can only be simulated in case the cross-section can form a plastic hinge without 

reduction of the plastic moment resistance and it has sufficient rotation capacity. It is chosen to apply a circular 

hollow section with an external diameter � = 244.5 mm and an internal diameter 6 = 219.5 mm, i.e. CHS 

244.5/12.5 cross-section. The width-to-thickness ratio �/N is given in Equation (3-4). 

( ) ( )
= = = =

− −

����� �����
����

� � ����
����� �����

� �

� �

�
� �

(3-4) 

Comparing the width-to-thickness ratio of a CHS 244.5/12.5 cross-section from Equation (3-4), with the width-

to-thickness limit according to EN 1993-1-1 Table 6.2 [28] for steel grades S235, S355 and S460, concludes that 

a CHS 244.5/12.5 cross-section is of Class 1 in case of steel grades S235, S355 and S460.  
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Table 3-1: Width-to-thickness limits regarding circular hollow sections according to EN 1993-1-1 for steel grades S235, S355 and S460 

Class S235 S355 S460 

1 � Nb � 50.0 � Nb � 33.1 � Nb � 25.5 

2 � Nb � 70.0 � Nb � 46.3 � Nb � 35.8 

3 � Nb � 90.0 � Nb � 59.6 � Nb � 46.0 

In Figure 3-10, the CHS 244.5/12.5 cross-section in case of steel grades S235, S355 and S460 are shown in the 

schematic representation of the cross-sectional classification curve according to EN 1993-1-1 clause 5.6 [28]. 

Figure 3-10: Cross-sectional classification regarding CHS 244.5/12.5 according to EN 1993-1-1 

3.4.2 Defining the length of the beam 

A first assumption is made regarding the length of the beam �, considering the two-dimensional mechanical 

scheme of the simply supported beam. Beam theory cannot be applied to a beam with relative small lengths 

compared to the height of the cross-section i.e. a deep beam. Moreover, beams which have relatively large lengths 

are sensitive to global buckling. Therefore, boundaries regarding the length of the beam are assumed. 

In the theory of elasticity, the difficulty of the mathematical solution of beam problems depends on the longitudinal 

stress distribution. To approximate the actual behavior of a beam, Saint-Venant [20], [24] stated a principle as 

follows: 

‘If some distribution of forces acting on a portion of the surface of a body is replaced by a 

different distribution of forces acting on the same portion of the body, then the effects of the 

two different distributions on the parts of the body sufficiently far removed from the region 

of application of the forces are essentially the same, provided that the two distributions of 

forces are statically equivalent.’ 

The Saint-Venant principle [20] is often used in beam problems. The effect of the eccentricities of the local 

distribution of stresses and strains at the position of application are negligible relative to the state of stresses and 

strains far enough from the position of application. According to Saint-Venant [20], it is commonly assumed that 

the local eccentricities are not felt at distances that are about one times the greatest linear dimension of the area 

over which the forces are distributed. Therefore, the lower bound regarding the length of the beam���!"  in case 

of a CHS 244.5/12.5 cross-section is given by Equation (3-5).  

= =
���

��������� � (3-5) 

��!" The lower bound regarding the length of the beam [mm] 

From Equation (3-5) is concluded that the length of the beam should be larger than ��!"  = 244.5 mm. 

To ensure that the beam reaches the plastic resistance to axial forces (���#� �and is not able to buckle due to the 

axial loading, the relative slenderness is limited. In Figure 3-11, the schematic representation of buckling curve 

(a) according to EN 1993-1-1 clause 6.3.1.2 [28] is shown. Note that for Z < 0.2, the plastic resistance to axial 

forces (���#� does not need to be reduced due to global buckling, since the reduction factor y = 1.0. 
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Figure 3-11: Buckling curve (a) according EN 1993-1-1 

According to EN 1993-1-1 clause 6.3.1.2 [28], the relative slenderness Z is given in Equation (3-6). 

λ = �	
 ��

��

�

�
(3-6) 

Z Relative slenderness [-] 

(�� Critical buckling force for the relevant buckling mode based on the gross cross sectional properties [N] 

As a result of this limitation, the critical buckling force (��  and the plastic resistance to axial forces (���#� �are 

related as given in Equation (3-7). 
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It follows that the upper bound regarding the length of the beam ��� � is given in Equation (3-8). Note that steel 

grade S460 is taken into account, to make sure that the beam does not buckle for the considered steel grades. 
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(3-8) 

�� Design modulus of elasticity [N/mm2] 

��� The upper bound regarding the length of the beam [mm] 

��� Buckling length [mm] 

From Equation (3-8) is concluded that the length of the beam should be less than ���  = 1,102.8 mm. 

In Table 3-2, the length-to-diameter ratios �/� regarding a CHS 244.5/12.5 cross-section with corresponding 

relative slenderness Zz  for steel grades S235, S355, and S460 are given. Note that in every case, the relatively 

slenderness Zz < 0.20. Therefore, global buckling does not occur.

Table 3-2: Length-to-diameter ratio regarding a CHS 244.5/12.5 with corresponding relative slenderness Zz�for S235, S355, and S460 

Length-to-diameter ratio {|} [-] Length of the beam { [mm] Relative slenderness ~ [-] 

S235 S355 S460 

1.00 244.50 0.03 0.04 0.04

1.50 366.75 0.05 0.06 0.07

2.00 489.00 0.06 0.08 0.09

2.50 611.25 0.08 0.10 0.11

3.00 733.50 0.10 0.12 0.13

3.50 855.75 0.11 0.14 0.16

4.00 978.00 0.13 0.16 0.18

4.50 1,100.25 0.14 0.18 0.20



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   42 

It is assumed to apply a length of the beam � = 3.5� = 855.75 mm. Since, beam theory is applicable and global 

buckling is not decisive for the chosen dimensions of the CHS 244.5/12.5 cross-section in case of the considered 

steel grades. In section 3.8, the length of the beam is investigated further after performing the element and mesh 

convergences study of section 3.6. 

FINITE ELEMENT MODEL 

The mechanical model is determined in section 3.4. Therefore, the main features of the finite element model 

regarding the geometry, boundary conditions, loads and constraints are determined in the following sections. 

3.5.1 Geometry 

The circular hollow steel beam is modelled in ABAQUS CAE 6.14 in a three-dimensional space. In the XY-plane, 

the cross-section of the circular hollow member is modelled. In section 3.6, simulations regarding the finite element 

model are performed in case of solid elements and shell elements. Therefore, two types of geometry are considered. 

The geometry regarding solid elements and shell elements is slightly different. In case of solid elements, the wall 

thickness N is modelled by modelling the external diameter � = 244.5 mm and the internal diameter 6 = 219.5 mm 

in the XY-plane, see Figure 3-12(a). Additionally in case of shell elements, the thickness of the cross-section is 

defined in the section property of ABAQUS CAE 6.14. Therefore, only the mid-surface of the thickness of the 

cross-section N is modelled by modelling a circle with radius F! = 
G
H :� e N; = 116.0 mm, see Figure 3-12(b). 

Note that the origin of the XY-plane is positioned in the center of the cross-section, see Figure 3-12. Besides, the 

length of the beam � is modelled in the direction of the positive z-direction by an offset of � = 427.875 with respect 

to the XY-plane, since the half of the beam length is modelled i.e. 
G
H � = 427.875 mm. 

Figure 3-12: Geometry of the finite element model in case of solid elements (a) and shell elements (b) 

Note from Figure 3-12 that surfaces are assigned to the finite element model. The cross-sectional planes at � = 0.0 

and � = 427.875 are assigned as surface 1 and surface 2, respectively. Additionally, a reference point (RP) is 

assigned to the center of surface 1. Therefore, RP1 is modelled in the origin, i.e. (0.0; 0.0; 0.0). By means of a 

rigid body constraint, RP1 is constraind rigidly to surface 1. 

Additionally, note that the displacement in the x-, y- and z-directions are indicated by U1, U2 and U3, respectively. 

3.5.2 Boundary conditions 

The half of the simply supported beam is on the left side at the position of RP1 supported by a roller support, 

which restrains displacement in the x- and y-direction, i.e. U1 = U2 = 0.0, see Figure 3-13. 

To avoid torsion around the z-axis of the beam, half of the simply supported beam is restrained at the top in the x-

direction, i.e. U1 = 0.0, see Figure 3-13. 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   43 

As described in section 3.4, half of the simply supported beam is modelled to reduce the computation time 
�of 

the finite element analysis. Therefore, a symmetric boundary condition is applied on surface 2. Using symmetry 

with respect to the XY-plane indicated by ZSYMM, the displacement in the z-direction and rotation in the x- and 

y-direction are restrained, i.e. U3 = UR1 = UR2 = 0.0, see Figure 3-13. 

Figure 3-13: Boundary conditions of the finite element model in case of solid elements (a) and shell elements (b)

3.5.3 Loads 

Half of the simply supported beam is loaded by a combined bending and axial force according to the mechanical 

model of Figure 3-9. Therefore, a bending moment CM1 is applied on RP1 clockwise in the YZ-plane. 

Additionally, a point load CF3 is applied at RP1 in the positive z-direction. The loads are shown in Figure 3-14. 

Figure 3-14: Loads of the finite element model in case of solid elements (a) and shell elements (b) 

To determine the ABAQUS CAE 6.14 input values regarding to the loads CF3 and CM1, the utilization ratio with 

respect to the axial force �� is used as starting point. By means of the exact solution of a perfect circular hollow 

section [30], the utilization ratio with respect to bending ���is given in Equation (3-9). 

π� �
= � �

� �
���

�
� �

� � (3-9) 

The loads in ABAQUS CAE 6.14 are given as input as the ratio between the axial force CF3 and the bending 

moment CM1 due to using the solving procedure of the Riks method [6]. The CF3 value is defined as the utilization 

ratio with respect to the axial force ��, see Equation (3-10). 

=��
�

� (3-10) 

CF3 Axial force in the z-direction according ABAQUS CAE 6.14 [N] 
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Additionally, the CM1 value is defined as the ratio between the target design resistance to bending �$��%&'�#� and 

the plastic resistance to axial force (���#� as shown in Equation (3-11). 

= =
������� �

� �

���
�� � 	
 ��

	
 �� 	
 ��
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� �
(3-11) 

CM1 Bending moment with respect to the x-axis according to ABAQUS CAE 6.14 [Nmm] 

�$��%&'�#� Target design resistance to bending [Nmm] 

3.5.4 Constraints  

From section 3.5.2 and 3.5.3 is known that boundary conditions and loads are modelled with respect to RP1. By 

applying a rigid body constraint, the motion of the assembly of the surface is constraint to the motion of the 

reference point. Therefore, surface 1 is constrained rigidly to RP1, see Figure 3-15. Applying a rigid body 

constraint also disables the cross-section of surface 1 to deform, i.e. the cross-section behaves infinitely stiff. 

Besides, the rigid body constraint ensures uniform introduction of the loads and avoids local buckling of the cross-

section. 

Figure 3-15: Rigid body constraint of the finite element model in case of solid elements (a) and shell elements (b) 

ELEMENTS AND MESH CONVERGENCE STUDY 

The finite element model is provided with elements and a mesh density in order to obtain results like forces, 

displacements, stresses and/or strains. In the following sections, the continuum solid elements and conventional 

shell elements are explained. By means of an element and mesh convergence study, the most favorable element 

type and mesh density are determined in order to perform the finite element simulations of the structural behavior 

of circular hollow sections subjected to combined bending and axial force. 

3.6.1 Continuum solid elements 

The solid element library of ABAQUS CAE 6.14 contains isoparametric elements. Hexahedra or ‘’brick'’ elements 

can be used in a three-dimensional space. These elements are provided with first-order and second-order 

interpolation functions i.e. linear and quadratic displacement functions. In Table 3-3 and Figure 3-16, the available 

solid elements are shown. 

�

Table 3-3: Available continuum solid elements according to ABAQUS CAE 6.14 

Element Name Number of nodes Interpolation function 

C3D8 8-node linear brick 8 Linear 

C3D8R 8-node linear brick, reduced integration with 

hourglass control 

8 Linear 

C3D8I 8-node linear brick, incompatible modes 8 Linear 

C3D20 20-node quadratic brick 20 Quadratic 

C3D20R 20-node quadratic brick, reduced integration 20 Quadratic 
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�

�
Figure 3-16: Geometry of the available solid elements according to ABAQUS CAE 6.14: C3D8 (a) and C3D20 (b) 

�

Note, that some of the elements in Table 3-3 are extended by adding a capital ‘’R’’ or ‘’I’’. The capital ‘’R’’ is 

referring to elements which are using ‘’reduced’’ integration schemes. Additionally, the capital ‘’I’’ is referring to 

elements which make use of incompatible modes. 

To calculate occurring stresses and strains in elements, ABAQUS CAE 6.14 makes use of integration points. The 

solid elements are numerically integrated by a ‘’full’’ or a ‘’reduced’’ integration scheme. In Figure 3-17, the 

integration points regarding to the integration schemes of the 8-node solid elements and 20-node solid elements 

are shown.  

�

�
Figure 3-17: Integration points regarding the integration schemes of solid elements: C3D8 (a) and C3D20 (b) 

In case of fully integrating a first-order solid element i.e. an 8-node solid element, a phenomena called ‘’shear 

locking’’ is able to occur. Elements subjected to bending cannot provide the pure bending solution, because the 

integration points are shearing in order to respond in a correct kinematic way corresponding to bending. As a result 

of shearing of the integration points, the element responds too stiff.  

In Figure 3-18, an 8-node solid element with associated integration points indicated by the red marks is shown. In 

case when the element is subjected to pure bending, the bottom edge elongates and the upper edge shortens. As a 

result of the change in length of the bottom edge and upper edge, the angle of the isoparametric lines through the 

integration points in case of a full integration scheme are not equal to 90° anymore, see Figure 3-18(a). Hereby, 

shear strains are detected in the integration points. As a result of the occurring shear stresses, the strain energy 

increases, which results in a more stiff behavior. In case of a reduced integration scheme, the angle of the 

isoparametric lines through the integration point remains 90°, see Figure 3-18(b). Therefore, no shear strains are 

detected at the integration points.  

�

�
Figure 3-18: Phenomena ‘’Shear locking’’ in case of a full integration scheme (a) and a reduced integration scheme (b) 

�

Avoiding shear locking can be done by using solid elements, which makes use of a reduced integration scheme or 

a higher order interpolation function i.e. a second-order solid element. 
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In case of using a reduced integration scheme regarding 8-node solid elements, the effect of spurious singular 

modes may occur. This phenomena is also called ‘’hour glassing’’, see Figure 3-19. During evaluation of the 

stiffness matrix, the values of the strains in the integration points are calculated. In case when the strains in the 

integration point are zero, but not zero in the other parts of the element, the stiffness matrix is a zero matrix. This 

implies that the change in strain energy of the element is also equal to zero, which causes a rigid body displacement. 

In case of applying four or more elements over the thickness of a model, ‘’hour glassing’’ does not occur, since 

the elements capture either compressive or tensile axial strain. Therefore, the strains are calculated in a correct 

way.  

�

�
Figure 3-19: Phenomena ‘’hour glassing’’ in case of one element (a) and four elements (b)  

Note that 20-node solid elements do not have to deal with the effect of ‘’hour glassing’’, since there are always 

two or more integration points divided over the height or width of the element.�

Additionally, there are first-order solid which make uses of incompatible modes. These elements eliminate the 

occurring parasitic shear stresses, which causes the response to bending to be too stiff. Besides, these elements 

eliminate the stiffening as a result of the Poisson’s effect in bending.  

In case of modeling a circular hollow section, 20-node solid elements are able to provide higher accuracy as a 

result of modelling the shape more ‘’smooth’’. Contrary, 8-node solid elements provide more element distortions 

and more elements are needed to model a curved surface. Additionally, 20-node elements are more effective in 

bending problems. 

�

In Table 3-4, a summary of the problems and solutions regarding solid elements are shown.  

�

Table 3-4: Problems and solutions regarding solid elements  

Element Problem which can occur Solution 

C3D8 Shear locking Replace the C3D8 solid element for the following elements: 

� 8-node solid elements C3D8R or C3D8I; 

� 20-node solid elements C3D20 or C3D20R. 

C3D8R Hour glassing Replace the C3D8R solid element for the following elements: 

� 8-node solid elements C3D8R or C3D8I; 

� 20-node solid elements C3D20 or C3D20R. 

Add multiple solid elements over the thickness of the structure, 

i.e. four or more elements. 

C3D8I Increases the computation time 
 Replace the solid C3D8I element for the following elements: 

� 8-node solid elements C3D8 or C3D8R. 

C3D20 Increases the computation time 
 Replace the C3D20 solid element for the following elements: 

� 8-node solid elements C3D8, C3D8R or C3D8I. 

C3D20R Increases the computation time 
 Replace the C3D20R solid element for the following elements: 

� 8-node solid elements C3D8, C3D8R or C3D8I. 
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3.6.2 Conventional shell elements 

The library of ABAQUS CAE 6.14 contains also conventional shell elements, which can be applied for modelling 

of structures with a relatively small thickness compared to the other dimensions. The thickness of the structure is 

defined in the section property of ABAQUS CAE 6.14. Shell elements in a three-dimensional space are able to be 

used for modelling a circular hollow section. In Table 3-5 and Figure 3-20, the available shell elements are shown. 

Table 3-5: Available conventional shell elements according to ABAQUS CAE 6.14  

Element Name Number of nodes Interpolation function 

S4 4-node general-purpose shell, finite membrane 

strains 

4 Linear 

S4R 4-node general-purpose shell, reduced integration 

with hourglass control, finite membrane strains 

4 Linear 

S8R 8-node doubly curved thick shell, reduced 

integration 

8 Quadratic 

Figure 3-20: Geometry of the available shell elements according to ABAQUS CAE 6.14: S4 (a) and S8 (b) 

Similar to solid elements, shell elements make use of integration points, in order to calculate the occurring stresses 

and strains in the elements. The in-plane stresses are numerically integrated by a ‘’full’’ or ‘’reduced’’ integration 

scheme, see Figure 3-21 for the positions of the integration points.  

Figure 3-21: Integration points regarding the integration scheme of shell elements: S4 (a) and S8 (b) 

In addition, the integration points over the thickness of the shell element are defined by the section property of 

ABAQUS CAE 3.14. There is a minimum of 3 integration points that are able to be used over the thickness.  

3.6.3 Element and mesh convergence study 

By means of an element and mesh convergence study, the most favorable element type and mesh density are 

determined in order to perform the finite element simulations of the structural behavior of circular hollow sections 

subjected to combined bending and axial force. A finer mesh results in more accurate results regarding the 

structural behavior. However, the computation time 
�of the finite element simulations increases by applying a 

finer mesh. By performing a mesh convergence study, a balance between the accuracy of the solution and the 

computation time 
 is obtained. 

To perform the element and mesh convergence study, the mechanical model and finite element model described 

in section 3.4 and 3.5 are used, respectively. Besides, a bilinear material model is assigned to the elements, which 

is discussed in section 3.9.1. Note that the finite element model is validated with respect to the design rule of the 

exact solution of a perfect circular hollow section [30]. 
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3.6.3.1 Defining the mesh density 

The finite element models during the element and mesh convergence study are subjected to several mesh densities.  

To define the density of the mesh, several parameters are used: 

� The number of elements over the perimeter of the cross-section; 

� The number of elements over the thickness of the cross-section; 

� The number of elements over the half-length of the beam. 

During the element and mesh convergence study, finite element simulations regarding solid elements (C3D8, 

C3D8R, C3D8I, C3D20 and C3D20R) and shell elements (S4, S4R and S8R) are performed. The number of 

elements over the perimeter is kept constant, i.e. 64 elements. These elements are slightly curved i.e. these elements 

do not have their ideal shape, see Figure 3-22.  

Figure 3-22: Slightly curved elements over the perimeter 

According to Fagan [4], the effect of the element distortion on the results is negligible, since the ratio between the 

upper length of the curved element ���� and the bottom length of the curved element ���� is smaller than 3.0, see 

Equation (3-12). 
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���� Upper length of the curved element [mm] 

���� Bottom length of the curved element [mm] 

The number of elements over the thickness of the cross-section varies between 1 and 8 in case of solid elements. 

Additionally in case of shell elements, the number of integration points varies between 3 and 9.  

In case of elements divided over the half-length of the beam, the number of elements varies between 16, 32, 64 

and 128.  Note that the mesh density is refined by multiplying the number of elements. Therefore, the fine mesh 

lines are part of the coarse mesh lines in order to compare the different mesh densities. 

In Figure 3-23, an example of a mesh density is given. In this example, there are 64 elements divided over the 

perimeter of the cross-section indicated by green. Additionally, there are 2 elements divided over the thickness of 

the cross-section indicated by yellow and 16 elements divided over the half-length of the beam indicated by blue.  

  

Figure 3-23: Example mesh density: 64 elements over the perimeter, 2 elements over the thickness and 16 elements over the length 

����

����
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3.6.3.2 Defining the comparison model 

A comparison model is set up to compare the numerical results regarding solid elements and shell elements. In 

Table 3-6, element types are sorted by the number of integration points over the thickness of the cross-section. 

From section 3.6.1 and 3.6.2, the number of integration points regarding one element is known e.g. one C3D8 

solid element contains 2 integration points over its height. To compare several element types, the number of 

integration points over the thickness of the cross-section is kept constant. However, the number of elements over 

the thickness of the cross-section are varied. Therefore, the number of elements over the thickness of the cross-

section are also shown in Table 3-6. 

Table 3-6: Comparison model regarding solid elements and shell elements sorted by integration points over the thickness of the cross-section 

Integration points 

over the thickness

Element type Elements over 

the thickness  

Integration points 

over the thickness

Element type Elements over 

the thickness  

3 C3D8R 3 4 C3D8 2 

C3D20 1 C3D8R 4 

S4 1 C3D8I 2 

S4R 1 C3D20R 2 

S8R 1   

5 C3D8R 5 6 C3D8 3 

S4 1  C3D8R 6 

S4R 1  C3D8I 3 

S8R 1  C3D20 2 

   C3D20R 3 

7 C3D8R 7 8 C3D8 4 

S4 1  C3D8R 4 

S4R 1  C3D8I 8 

S8R 1  C3D20R 4 

9 C3D8R 7    

C3D20 3    

S4 1    

S4R 1    

S8R 1    

Note from Table 3-6, that the number of elements over the thickness of the cross-section in case of shell elements 

are in every case equal to 1. In case of modelling shell elements, the number of integration points over the thickness 

is defined in the section property of ABAQUS CAE 6.14, see section 3.6.2. 

An example of element types with a similar number of integration points over the thickness of the cross-section is 

given in Figure 3-24. There are 3 integration point divided over the thickness of the cross-section. From Table 3-6, 

it is known that the element types three C3D8R, one C3D20, one S4, one S4R and one S8R element are satisfying 

the number of integration points. 

Figure 3-24: Example different elements with the same number of integration points (3) over the thickness 
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3.6.3.3 Defining the load input values 

During the element and mesh convergence study, a ratio between the loads CF3 and CM1 is chosen, also known 

as the target load combination. It is chosen to apply a relatively high utilization ratio with respect to axial force i.e. 

�� = 0.75.  

It follows that the utilization ratio with respect to bending ���is given by Equation (3-13), using the exact solution 

for a perfectly circular hollow section [30]. 

π π� � � �
= = ⋅ =� � � �
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� �
� �

� � (3-13) 

The target utilization ratios with respect to the axial force ���and bending����are indicated in the M-N interaction 

resistance curve according to the exact solution for a perfectly circular hollow section [30], see Figure 3-25.  

Figure 3-25: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the chosen 
target load combination 

The loads in ABAQUS CAE 6.14 are inputted as the ratio between the applied axial force CF3 and the applied 

bending moment CM1 due to using the solving procedure of the Riks method. Therefore, the applied bending 

moment CM1 is given in Equation (3-14). 
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In Equation (3-14), the plastic resistance to bending ����#� and the plastic resistance to axial force (���#� regarding  

CHS 244.5/12.5 cross-sections are given in Equation (3-15) and (3-16), respectively.   
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3.6.3.4 Verification of the loads 

The element and mesh convergence study is performed by applying a rigid body constraint at surface 1, which 

causes the cross-section to be infinite stiff, i.e. the cross-section cannot deform. As a result of applying a rigid 

body constraint, a reference point RP1 is modelled in the middle of the cross-section.  

To analyze the behavior of the circular hollow section, it is required to measure the reaction axial force RF3 and 

reaction bending moment RM1 at the symmetry-plane, i.e. at z = 427.875. The cross-section modelled in the XY-
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plane at z = 427.875 deforms due to the loads, which results that the reaction axial force RF3 and reaction bending 

moment RM1 of this cross-section cannot be easily obtained. Therefore, verification of the internal and external 

loads is necessary to make it possible to measure the applied bending moment CM1 and applied axial force CF3 

in RP1, which are measured more easily. 

In Figure 3-26, a close up of the finite element model is shown in case of solid elements (a) and shell elements (b). 

The red arrows indicate the nodal reaction axial forces (RF3)nodal.  

Figure 3-26: Nodal reaction axial forces RF3 in case of solid elements (a) and shell elements (b) 

To verify the internal and external axial force, the sum of the reaction axial forces RF3 of each nodal at surface 2 

and the applied axial force CF3 at RP1 should give similar results, see Equation (3-17). 

( )
=

≈ =�
��




��  �  �
����


�

(3-17) 

RF3 Reaction axial force in the z-direction according to ABAQUS CAE 6.14 [N] 

(RF3)nodal Nodal reaction axial force in the z-direction according to ABAQUS CAE 6.14 [N] 

In Appendix C, the numerical results regarding the verification of the axial force are shown. In case of a number 

of increments the sum of the reaction axial forces RF3 of each nodal at surface 2 and the applied axial force CF3 

at RP1 for solid elements and for shell elements are given. It is concluded that the internal and external axial force 

give relatively similar numerical results, since the deviations at the maximum of the force-displacement curve are 

equal to 0.00007% in case of solid elements and -0.00003% in case of shell elements. 

In Figure 3-27, an arbitrary nodal reaction axial force RF3 with associated lever arm with respect to the neutral 

line of the cross-section is shown. In case of every nodal reaction axial force (RF3)nodal, the lever arm with respect 

to the neutral line 4 is determined. Multiplying the nodal reaction axial force RF3 by its lever arm equals the 

reaction bending moment (RM1)nodal, which is caused by every nodal. Summing up all these bending moments 

result in the reaction bending moment RM1 of the cross-section.  

Figure 3-27: Lever arm nodal reaction forces RF3 in case of solid elements (a) and shell elements (b) 
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To verify the internal and external bending moment, the sum of the reaction bending moments RM1 of each nodal 

at surface 2 and the applied bending moment CM1 at RP1 should give similar results, see Equation (3-18). 
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RM1 Reaction bending moment with respect to the x-axis according to ABAQUS CAE 6.14 [Nmm] 

4 Lever arm with respect to the neutral line [mm] 

Additionally in Appendix C, the numerical results regarding the verification of the bending moment are shown. In 

case of any number of increments the sum of the reaction bending moments RM1 and the applied bending moment 

CM1 at RP1 is given. It is concluded that the internal and external bending moment give relatively similar 

numerical results, since the deviations at the maximum of the force-displacement curve are equal to 0.65700% in 

case of solid elements and 0.00072% in case of shell elements. 

It is concluded that the internal forces and external loads gives similar numerical results. Therefore, the applied 

axial force CF3 and applied bending moment CM1 at RP1 are measured during the element and mesh convergence 

study. Since these outputs are easily obtained compared to the reaction bending moment RM1 and reaction axial 

force RF3. 

3.6.3.5 Example result element and mesh convergence study 

During the simulations of the finite element models regarding the element and mesh convergence study, several 

outputs are measured: 

� The applied bending moment CM1 in RP1; 

� The displacement U2 of surface 2; 

� The applied axial force CF3 in RP1. 

These outputs are combined to obtain moment-displacement curves and force-displacement curves in case of each 

finite element simulation.  

An example of a moment-displacement curve and force-displacement curve is shown in Figure 3-28. In this case 

a circular hollow section subjected to combined bending and axial force is modelled with S4 shell elements. There 

are 64 elements over the perimeter of the cross-section, 1 element over the thickness of the cross-section and 64 

elements over the half-length of the beam modelled. On the horizontal axis, the displacement U2 of surface 2 is 

plotted. Additionally, a scale factor U is plotted on the vertical axis.  

Figure 3-28: Example moment-displacement curve and force-displacement curve regarding S4 shell elements 

The scale factor U makes it possible to plot the moment-displacement curve and the force-displacement curve in 

the same graph. In Equation (3-19) and (3-20) respectively, the scale factors with respect to bending U� and axial 

force U��are given. 
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U� Scale factor with respect to bending [-] 

U2 Displacement in the y-direction according to ABAQUS CAE 6.14 [mm] 

U� Scale factor with respect to axial forces [-] 

In Figure 3-28, the red dotted line at U = 1.0 indicates the target design resistance to bending �$��%&'�#� �and axial 

force ($��%&'�#�, which are defined in Equation (3-21) and (3-22), respectively.  
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($��%&'�#� Target design resistance to axial force [N] 

In Table 3-7, the numerical results of the example regarding a S4 shell element according to ABAQUS CAE 6.14 

are given. 

Table 3-7: Numerical results example regarding a S4 shell element according to ABAQUS CAE 6.14  

Results    

Reaction axial force RF3 1,565,780.00 [N] 

Reaction bending moment RM1 65,329,901.12 [Nmm] 

Scale factor with respect to axial force U� 0.98 [-] 

Scale factor with respect to bending  U� 1.08 [-] 

Utilization ratio with respect to axial force �� 0.73 [-] 

Utilization ratio with respect to bending �� 0.41 [-] 

Note from Table 3-7 that the force-displacement curve has its maximum of RF3 = 1,565,780.00 N, i.e. U = 0.98 at 

U2 = 4.01 mm. Therefore, the maximum of the force-displacement curve underestimates the target design 

resistance to axial force ($��%&'�#� �by -2.0%. 

Measuring the applied bending moment at U2 = 4.01 mm gives RM1 = 65,329,901.12 Nmm, i.e. U = 1.08. That 

means that reaction bending moment RM1 overestimates the target design resistance to bending �$��%&'�#� �by 

8.0%. 

The results of Table 3-7 regarding the reaction axial force RF3 and the reaction bending moment RM1 are utilized 

and plotted in the M-N interaction resistance curve according to the exact solution for a perfectly circular hollow 

section [30], see Figure 3-29. Note that the target point i.e. (0.75, 0.38) is indicated by the blue dot.  
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Figure 3-29: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the result of 
the S4 shell element 

In Figure 3-30, a zoom-in plot of the M-N interaction resistance curve according to the exact solution for a perfectly 

circular hollow section [30] is given. Note that the S4 shell element result predicts the M-N interaction resistance 

curve very accurate.  

Figure 3-30: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the result of 
the S4 shell element (ZOOM IN) 

In Appendix D, moment-displacement curves and force-displacement curves regarding several types of solid 

elements and shell elements with different mesh densities according to Table 3-6 are shown. 

3.6.4 Evaluation element and mesh convergence study  

In this section, continuum solid elements and conventional shell elements are evaluated according to the element 

and mesh convergence study. To determine the most favorable element and mesh density, the following aspects 

are evaluated, whereafter the most favorable element and mesh density is chosen.: 

1) Evaluation of the numerical results regarding the reaction axial force RF3, reaction bending moment 

RM1 and computation time 
 of the several element types; 

2) Evaluation of the shape of the moment-displacement curves and force-displacement curves regarding 

solid elements and shell elements; 

3) Evaluation of the influence of increasing the number of elements over the thickness of the cross-section 

in case of solid elements; 

4) Evaluation of the influence of increasing the number of integration points over the thickness of the 

cross-section in case of shell elements; 

5) Evaluation of the deflection shapes regarding solid elements and shell elements; 

6) Evaluation of the stress distributions regarding solid elements and shell elements; 

7) Evaluation of the symmetric boundary condition. 

ZOOM IN  

Figure 3-30 
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3.6.4.1 Evaluation of the numerical results regarding the reaction axial force, reaction bending moment 

and computation time 

In Appendix D, moment-displacement curves and force-displacement curves regarding several types of solid 

elements and shell elements with different mesh densities according to Table 3-6 are shown. The results regarding 

the reaction axial force RF3, reaction bending moment RM1, deviations with respect to the target design resistance 

to axial force ($��%&'�#� � and bending �$��%&'�#� ���utilization ratios with respect to axial force �� and bending 

���and computation time 
 in case of 5 integration points over the thickness of the cross-section are given in Table 

3-8. Note that in Table 3-8:  

� P = number of elements over the perimeter of the cross-section;  

� T = number of elements over the thickness of the cross-section; 

� L = number of elements over the half-length of the beam. 

Table 3-8: Results loads, deviations, utilization ratios and computation times in case of 5 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8R 64 5 16 1,563,640.00 65,793,060.95 -2.62% 8.63% 0.73 0.42 322.0 

C3D8R 64 5 32 1,563,200.00 65,021,799.25 -2.65% 7.36% 0.73 0.41 660.0 

C3D8R 64 5 64 1,563,120.00 65,055,262.98 -2.65% 7.42% 0.73 0.41 2054.0 

C3D8R 64 5 128 1,563,110.00 65,169,359.24 -2.66% 7.60% 0.73 0.41 3792.0 

S4 64 1 16 1,566,880.00 65,915,341.89 -2.42% 8.84% 0.73 0.42 175.0 

S4 64 1 32 1,565,920.00 65,866,834.20 -2.48% 8.76% 0.73 0.42 200.0 

S4 64 1 64 1,565,780.00 65,329,901.12 -2.49% 7.87% 0.73 0.41 449.0 

S4 64 1 128 1,565,640.00 64,967,947.50 -2.50% 7.27% 0.73 0.41 905.0 

S4R 64 1 16 1,566,280.00 65,900,948.24 -2.46% 8.81% 0.73 0.42 139.0 

S4R 64 1 32 1,565,620.00 65,863,831.27 -2.50% 8.75% 0.73 0.42 144.0 

S4R 64 1 64 1,565,410.00 64,849,006.62 -2.51% 7.08% 0.73 0.41 420.0 

S4R 64 1 128 1,565,360.00 64,843,661.71 -2.52% 7.07% 0.73 0.41 598.0 

S8R 64 1 16 1,542,370.00 61,597,029.03 -3.95% 1.71% 0.72 0.39 286.0 

S8R 64 1 32 1,542,560.00 61,594,756.03 -3.94% 1.70% 0.72 0.39 448.0 

S8R 64 1 64 1,518,230.00 58,723,364.59 -5.45% -3.04% 0.71 0.37 722.0 

S8R 64 1 128 1,525,920.00 59,222,339.59 -4.97% -2.22% 0.71 0.37 1550.0 

Note from Table 3-8 that C3D8R, S4 and S4R elements give similar numerical results regarding the reaction axial 

force RF3 and reaction bending moment RM1. However S8R shell elements, predict the target design resistance 

to axial force ($��%&'�#� � and bending �$��%&'�#� � less accurate.  

In Figure 3-31, the numerical results regarding the utilization ratios with respect to axial force �� and bending ��
in case of C3D8R solid elements and S4 shell elements with several elements over the half-length of the beam are 

plotted in the M-N interaction resistance curve according to the exact solution for a perfectly circular hollow 

section [30]. It is concluded that in case of 32, 64 and 128 solid elements and 64 and 128 shell elements over the 

half-length of the beam, the M-N interaction resistance curve is predicted the most accurate. Note that the chart is 

zoomed in to see the difference between the results more clearly. 
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Figure 3-31: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several elements over the half-length of the beam (ZOOM IN)

Additionally in Figure 3-32, the numerical results regarding the utilization ratios with respect to axial force �� and 

bending �� in case of 64 elements over the half-length of the beam are plotted in the M-N interaction resistance 

curve according to the exact solution for a perfectly circular hollow section [30]. Note that the chart is zoomed in 

to see the difference between the numerical results clearer. The overall chart is shown in Appendix D.

Figure 3-32: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 
results of several types of elements (ZOOM IN)

From Figure 3-32 is concluded that C3D8R solid elements and S4 shell elements predict the M-N interaction 

resistance curve the most accurate. Additionally, S4R shell elements slightly overestimate the M-N interaction 

resistance curve. However, S8R shell elements give the most deviating numerical results.  

Subsequently, the numerical results of several types of elements in case of 64 elements over the half-length of the 

beam and any number of integration points over the thickness of the cross-section are shown in Table 3-9. 
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Table 3-9: Results loads, deviations, utilization ratios and computation times in case of several integration points over the thickness 

Integration 

points 

Element 

type 

Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

3 C3D8R 1,562,760.00 65,641,370.74 -2.68% 8.38% 0.73 0.41 730.0 

C3D20 1,566,270.00 65,174,074.66 -2.46% 7.61% 0.73 0.41 2446.0 

S4 1,565,630.00 64,821,784.40 -2.50% 7.03% 0.73 0.41 382.0 

S4R 1,565,520.00 65,497,231.23 -2.51% 8.15% 0.73 0.41 268.0 

S8R 1,505,930.00 58,029,088.19 -6.22% -4.19% 0.70 0.37 723.0 

4 C3D8 1,564,380.00 65,804,404.02 -2.58% 8.65% 0.73 0.42 844.0 

C3D8R 1,562,990.00 65,646,580.26 -2.66% 8.39% 0.73 0.41 1185.0 

C3D8I 1,563,390.00 65,061,285.35 -2.64% 7.43% 0.73 0.41 1157.0 

C3D20R 1,566,200.00 64,978,963.07 -2.46% 7.29% 0.73 0.41 3540.0 

6 C3D8 1,564,420.00 65,803,189.87 -2.57% 8.65% 0.73 0.42 1263.0 

C3D8R 1,563,160.00 65,650,744.70 -2.65% 8.40% 0.73 0.41 2257.0 

C3D8I 1,563,340.00 65,653,337.79 -2.64% 8.40% 0.73 0.41 1647.0 

C3D20 1,566,200.00 64,978,878.74 -2.46% 7.29% 0.73 0.41 5298.0 

C3D20R 1,566,210.00 64,979,116.45 -2.46% 7.29% 0.73 0.41 7002.0 

7 C3D8R 1,563,240.00 65,176,407.99 -2.65% 7.62% 0.73 0.41 2992.0 

S4 1,565,780.00 65,408,875.51 -2.49% 8.00% 0.73 0.41 560.0 

S4R 1,565,410.00 64,849,059.66 -2.51% 7.08% 0.73 0.41 267.0 

S8R 1,514,060.00 58,477,450.33 -5.71% -3.44% 0.71 0.37 703.0 

8 C3D8 1,564,440.00 65,802,785.05 -2.57% 8.65% 0.73 0.42 1767.0 

C3D8R 1,563,280.00 65,177,398.05 -2.64% 7.62% 0.73 0.41 4020.0 

C3D8I 1,563,330.00 64,879,465.52 -2.64% 7.13% 0.73 0.41 2291.0 

C3D20R 1,566,210.00 64,979,132.11 -2.46% 7.29% 0.73 0.41 13208.0 

9 C3D8R 1,563,330.00 65,298,137.96 -2.64% 7.82% 0.73 0.41 4858.0 

C3D20 1,566,290.00 65,294,476.13 -2.46% 7.81% 0.73 0.41 9175.0 

S4 1,565,730.00 65,023,354.19 -2.49% 7.36% 0.73 0.41 408.0 

S4R 1,565,460.00 64,968,053.68 -2.51% 7.27% 0.73 0.41 285.0 

S8R 1,525,240.00 59,178,058.77 -5.01% -2.29% 0.71 0.37 914.0 

From Table 3-9 is concluded that in case of any number of integration points over the thickness, the reaction axial 

force RF3 and reaction bending moment RM1 are similar. However, S8R shell elements predict the target design 

resistance to axial force ($��%&'�#� � and bending �$��%&'�#� � less accurate. 

� In case of C3D8, C3D8R, C3D8I, C3D20, C3D20R, S4 and S4R elements, the target design resistance to 

axial force ($��%&'�#� is underestimated by a maximum of -3.0%; 

� In case of S8R shell elements, the target design resistance to axial force ($��%&'�#� is underestimated by 

a maximum of -6.5%; 

� In case of C3D8, C3D8R, C3D8I, C3D20, C3D20R, S4 and S4R elements, the target design resistance to 

bending �$��%&'�#� is overestimated by a maximum of 9.5%; 

� In case of S8R shell elements, the target design resistance to bending �$��%&'�#� is overestimated by a 

maximum of 2.0% in case of 16 and 32 elements over the half-length of the beam and underestimated by 

a maximum of -4.0% in case of 64 and 128 elements over the half-length of the beam; 

� In case C3D8, C3D8R, C3D8I, C3D20, C3D20R, S4 and S4R elements with 64 and 128 elements over 

the half-length of the beam, the M-N interaction resistance curve according to the exact solution for a 

perfectly circular hollow section [30] is predicted very accurate; 

� The more elements divided over the half-length of the beam, the reaction axial force RF3 decreases; 

� The more integration points over the thickness of the cross-section, the differences in reaction axial force 

RF3 become relatively small; 

� Elements which make use of linear displacement functions result in a relatively small computation time 


 compared to solid elements which make use of quadratic displacement functions; 

� The more elements divided over the half-length of the beam, the computation time 
 increases; 
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� The more integration points over the thickness of the cross-section, the computation time 
 increases in 

case of solid elements; 

� The more integration points over the thickness of the cross-section, the computation time 
 remains 

similar in case of shell elements. 

Overall, it is concluded that the differences in reaction axial force RF3 and reaction bending moment RM1 

regarding the comparison of solid elements and shell elements are relatively small excluding S8R shell elements. 

However, the computation time 
 regarding shell elements are relatively small compared to the computation time 


 of solid elements. 

3.6.4.2 Evaluation of the shape of the moment-displacement curves and force-displacement curves 

regarding solid elements and shell elements 

In Figure 3-33 and Figure 3-34, the moment-displacement curves and force-displacement curves regarding solid 

elements and shell elements are given, respectively. The focus of these graphs is on the maximum of the force-

displacement curve. Both elements are modelled with 5 integration points over the thickness of the cross-section. 

Figure 3-33: Load curves regarding C3D8R solid elements in case of 5 integration points over the thickness of the cross-section (ZOOM-IN) 

Figure 3-34: Load curves regarding S4 shell elements in case of 5 integration points over the thickness of the cross-section (ZOOM-IN) 

From Figure 3-33 and Figure 3-34 is concluded that the differences of the curves are relatively small in case when 

the number of elements over the length of the beam increases.  

In Figure 3-35, the results regarding C3D8R solid elements and S4 shell elements in case of 5 integration points 

over the thickness of the cross-section are given in the same chart. It is concluded that solid elements and shell 

elements are resulting in similar shapes in case of moment-displacement curves and force-displacement curves.  
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Figure 3-35: Comparison load curves regarding C3D8R solid elements and S4 shell elements in case of 5 integration points over the thickness 

of the cross-section 

3.6.4.3 Evaluation of the influence of the number of elements over the thickness of the cross-section in 

case of solid elements 

In Table 3-10, the numerical results of C3D8 solid elements regarding several number of elements over the 

thickness of the cross-section are given, where the results regarding the utilization ratios with respect to axial force 

�� and bending �� are given in the M-N interaction resistance curve according to the exact solution for a perfectly 

circular hollow section [30] in Figure 3-36. Note that the chart is zoomed in, to show the difference clearer. 

Table 3-10: Results loads, deviations, utilization ratios and computation times in case of 64 elements over the half-length of the beam 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 1 64 1,563,750.00 64,800,730.99 -2.62% 7.00% 0.73 0.41 418.0 

C3D8 64 2 64 1,564,380.00 65,804,404.02 -2.58% 8.65% 0.73 0.42 844.0 

C3D8 64 4 64 1,564,440.00 65,802,785.05 -2.57% 8.65% 0.73 0.42 1767.0 

C3D8 64 8 64 1,564,450.00 65,802,452.40 -2.57% 8.65% 0.73 0.42 5316.0 

Figure 3-36: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several C3D8 elements over the thickness of the cross-section (ZOOM IN) 

From Figure 3-36 is concluded that only in case of 1 element divided over the thickness of the cross-section, the 

numerical result underestimates the M-N interaction resistance curve. Besides, in case of 2, 4 and 8 elements 

divided over the thickness of the cross-section, the numerical results are similar and overestimate the M-N 

interaction resistance curve. However, difference in computation time 
�is relatively large, the more elements over 

the thickness of the cross-section are applied. 
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In Figure 3-37, the moment-displacement curves and the force-displacement curves regarding the C3D8 elements 

are shown.

Figure 3-37: Load curves regarding C3D8 solid elements in case of several number of elements over the thickness of the cross-section 

From Figure 3-37 is concluded that the difference in maximum reaction axial force RF3 and the shape of the curves 

for displacements U2 < 25.0 mm are relatively small when increasing the number of elements over the thickness 

of the cross-section.  

3.6.4.4 Evaluation of the influence of the number of integration points over the thickness of the cross-

section in case of shell elements 

In Table 3-11, the numerical results of S4 shell elements regarding several number of integration points over the 

thickness are given, where the numerical results regarding the utilization ratios with respect to axial force �� and 

bending �� are given in Figure 3-38. Note that the chart is zoomed in, to enlarge the difference. 

Table 3-11: Results loads, deviations, utilization ratios and computation times in case of 64 elements over the half-length of the beam  

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

S4 64 3 64 1,565,520.00 65,497,231.23 -2.51% 8.15% 0.73 0.41 121.0 

S4 64 5 64 1,565,410.00 64,849,006.62 -2.51% 7.08% 0.73 0.41 175.0 

S4 64 7 64 1,565,410.00 64,849,059.66 -2.51% 7.08% 0.73 0.41 121.0 

S4 64 9 64 1,565,460.00 64,968,053.68 -2.51% 7.27% 0.73 0.41 124.0 

Figure 3-38: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several integration points over the thickness of the cross-section (ZOOM IN) 
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From Figure 3-38 is concluded that in case of any number of integration points over the thickness of the cross-

section, the M-N interaction resistance curve is overestimated. Additionally, the numerical results in case of 5, 7 

and 9 integration points over the thickness of the cross-section give similar numerical results and predict the M-N 

interaction resistance curve very accurate. The difference in computation time 
 is also relatively small, the more 

integration points over the thickness are applied. 

In Figure 3-37, the moment-displacement curves and the force-displacement curves regarding S4 shell elements 

are shown.

Figure 3-39: Load curves regarding S4 shell elements in case of several number of integration points over the thickness of the cross-section 

From Figure 3-39 is concluded that the difference in maximum reaction axial force RF3 and the shape of the curves 

are relatively small when increasing the number of integration points over the thickness of the cross-section.  

3.6.4.5 Evaluation of the deflection shapes regarding solid elements and shell elements 

To evaluate the deflection shapes of solid elements and shell elements, several points in the force-displacement 

curves are chosen, see Figure 3-40. In Figure 3-40, the moment-displacement curves and force-displacement 

curves regarding C3D8R solid elements and S4 shell elements are indicated by the blue and orange dots, 

respectively. Note that both elements have 5 integration points over the thickness of the cross-section and 64 

elements over the half-length of the beam. 

Figure 3-40: Deflection shape positions in case of C3D8R solid elements and S4 shell elements 

In Figure 3-40(A), the deflection shape position of the beam is shown in the elastic branch, at U2 = 0.2 mm. Then, 

the deflection shape position of the beam just prior to yielding is shown in Figure 3-40(B), at U2 = 0.4 mm. At U2 

= 4.0 mm the maximum of the force-displacement curve is reached, see Figure 3-40(C). The beam yields in the 

descending part of the force-displacement curves. In Figure 3-40(D) and (E), the deflection shape positions of the 

beam during yielding are shown, at U2 = 21.0 mm and U2 = 39.5 mm, respectively.  
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The deflection shapes (A) to (E) in case of C3D8R solid elements are shown in Figure 3-41. The shaded parts 

indicate the un-deformed shape of the beam in Figure 3-41, where (A) and (B) are the deflection shapes prior to 

yielding and (C), (D) and (E) are the deflection shapes during yielding. 

   

    

Figure 3-41: Deflection shapes (A) to (E) regarding C3D8R solid elements 

Note from Figure 3-41 that local buckling of the beam occurs near the symmetry-plane of the model, see Figure 

3-42. The buckling shape is symmetrical over the longitudinal axis of the beam, i.e. the z-axis. Additionally, local 

buckling is not significant at small deflections, up to U2 = 6.0 mm.  

   
Figure 3-42: Local buckling near the symmetry-plane at U2 = 39.5 mm, top view (left) and isometric view (right) 

In Figure 3-43, the deflection shapes (A) to (E) in case of S4 shell elements are shown. 
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Figure 3-43: Deflection shapes (A) to (E) regarding S4 shell elements 

The shaded parts indicates the un-deformed shape of the beam in Figure 3-43, where (A) and (B) are the deflection 

shapes prior to yielding and (C), (D) and (E) are the deflection shapes during yielding. The deflections of the beam 

modelled by shell elements are shown at the same deflections U2 of the beam modelled by solid elements of Figure 

3-41. Therefore, the deflection shapes of solid elements and shell elements may be compared.   

Comparing the deflection shapes of solid elements and shell elements, similar shapes are observed at large 

deflections, i.e. U2 = 39.5 mm. Local buckling near the symmetry-plane of the model is present in case of solid 

elements than in case of shell elements, see Figure 3-44. Additionally, local buckling is not significant for small 

deflections, up to U2 = 6.0 mm, for both elements, see Figure 3-41(A)-(C) and Figure 3-43(A)-(C). 

  
Figure 3-44: Deflection shapes solid elements (left) and shell elements (right) at U2 = 39.5 mm 

3.6.4.6 Evaluation of the stress distribution regarding solid elements and shell elements 

To evaluate the longitudinal stress distributions, several points in the force-displacement curves are chosen, see 

Figure 3-40.  
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In Figure 3-45, the longitudinal stress distributions shapes (A) to (E) in case of C3D8R solid elements are shown. 

Shapes (A) and (B) are the longitudinal stress distribution in the elastic branch of the force-displacement curve. 

Shape (C) represents the longitudinal stress distribution at the maximum of the force-displacement curve. Besides, 

shapes (E) and (D) represent the longitudinal stress distribution in the plastic branch of the force-displacement 

curve. Note that negative stresses are considered as compression stresses and positive stresses as tension stresses. 

                                 
Figure 3-45: Longitudinal stress distribution shapes (A) to (E) regarding C3D8R solid elements 

In Figure 3-46, the longitudinal stress distribution shapes (A) to (E) in case of S4 shell elements are shown. Note 

that the shapes in case of S4 shell elements are shown at the same position in the force-displacement curve as the 

shapes in case of the C3DR solid elements of Figure 3-46. 

   

                                 
Figure 3-46: Longitudinal stress distribution shapes (A) to (E) regarding S4 shell elements 

(A)                                                    (B)                                                      (C)

z

y

x

z

y

x

z

y

x

z

y

x

z

y

x

(D)                                                    (E)                                                    

(A)                                                    (B)                                                      (C)

z

y

x

z

y

x

z

y

x

z

y

x

z

y

x

(D)                                                    (E)                                                    



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   65 

From Figure 3-45 and Figure 3-46 is concluded that in case of solid elements and shell elements, the longitudinal 

stress distribution of shape (A) to (C) is similar. Comparing shape (E) regarding solid elements and shell elements 

show remarkable differences. The C3D8R solid elements show peak compression stresses at the compression side 

near the symmetry plane, see Figure 3-47(a). In contrast to S4 shell elements, which show peak tension stresses 

near the symmetry plane, see Figure 3-47(b). Note that at the position where local buckling occurs, the S4 shell 

elements show compression stresses and the C3D8R solid elements show tension stresses. 

                              

Figure 3-47: Peak longitudinal stresses in case of shape (E) regarding solid elements (a) and shell elements (b) 

From Figure 3-40 is known that the maximum of the force-displacement occurs in shape (C). The longitudinal 

stress distribution of the mid-section of the beam i.e. at the symmetry-plane in case of C3D8R solid elements and 

S4 shell elements are shown in Figure 3-48. On the horizontal axis, the stress S is plotted. Longitudinal stresses in 

ABAQUS CAE 3.14 are presented in case of solid elements by S33 and in case of shell elements by S22. 

Additionally on the vertical axis, the external diameter � of the cross-section is plotted in y-direction.  

Figure 3-48: Longitudinal stress distribution in case of C3D8R solid elements (left) and S4 shell elements (right) regarding shape (C) 

From Figure 3-48 is concluded that both types of elements give similar numerical results regarding the 

compression stresses. However in case of tension stresses, C3D8R solid elements give larger results compared to 

S4 shell elements. The stresses in case of S4 shell elements give a more equal distribution. 

In Appendix E, the elastic longitudinal stresses of the mid-section of the beam in case of C3D8R solid elements 

and S4 shell elements are shown. It is concluded that both types of elements give similar stress distributions. 

3.6.4.7 Evaluation of the symmetric boundary condition 

To verify that the symmetric boundary condition gives proper numerical results, finite element simulations are 

performed for the half-length of the beam and the full-length of the beam in case of solid elements and shell 

elements. In Table 3-12, the numerical results are given, where the moment-displacement curve and force-

displacement curve are shown in Figure 3-49 and Figure 3-50, respectively. 

ELEMENT C3D8R ELEMENT S4 
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Table 3-12: Results loads, deviations, utilization ratios and computation times regarding a half-length model and a full-length model 

Element 

type 

Model type Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8R Half-length 1,563,120.00 65,055,262.98 -2.65% 7.42% 0.73 0.41 2054.0 

C3D8R Full-length 1,563,930.00 64,855,528.83 -2.60% 7.09% 0.73 0.41 4720.0 

S4 Half-length 1,565,780.00 65,329,901.12 -2.49% 7.87% 0.73 0.41 449.0 

S4 Full-length 1,565,750.00 66,152,850.81 -2.49% 9.23% 0.73 0.42 1087.0 

Figure 3-49: Load curves regarding C3D8R solid elements in case of a half-length model and a full-length model 

Figure 3-50: Load curves regarding S4 shell elements in case of a half-length model and a full-length model 

From Table 3-12, Figure 3-49 and Figure 3-50 is concluded that the differences in numerical results regarding the 

reaction axial force RF3 and reaction bending moment RM1 and the shape of the curves are relatively small in 

case of a half-length model and a full-length model for both types of elements.  

In Figure 3-51, the longitudinal stress distributions shapes (A) to (E) in case of C3D8R solid elements regarding a 

full-length model are shown. Shapes (A) and (B) are the longitudinal stress distribution in the elastic branch of the 

force-displacement curve. Shape (C) represents the longitudinal stress distribution at the maximum of the force-

displacement curve. Besides, shapes (E) and (D) represent the longitudinal stress distribution in the plastic branch 

of the force-displacement curve. The position of the shapes in the force-displacement curve is shown in Figure 

3-40. 
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Figure 3-51: Longitudinal stress distribution shapes (A) to (E) regarding C3D8R solid elements in case of a full-length beam 

The longitudinal stress distributions shapes (A) to (E) in case of C3D8R solid elements regarding a half-length 

model are shown in Figure 3-41. Comparing the longitudinal stress distributions of the half-length model and the 

full-length model concludes that the longitudinal stress distribution shapes give similar results. Note that local 

buckling occurs near the middle section of the beam. Comparing longitudinal stress distribution shapes (E) of the 

half-length model and the full-length model notes that the local buckling occurs in a similar longitudinal stress 

distribution shape, see Figure 3-52. Therefore, it is concluded that symmetry-plane gives proper numerical results 

in case of solid elements. 

                                            
Figure 3-52: Longitudinal stress distribution shape (E) of C3D8R solid elements regarding a half-length model (a) and a full-length model (b)  

The longitudinal stress distributions shapes (A) to (E) in case of S4 shell elements regarding a full-length beam 

are shown in Figure 3-53. 

(A)                                                    (B)                                                      (C)

(D)                                                    (E)                                                      
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Figure 3-53: Longitudinal stress distribution shapes (A) to (E) regarding S4 shell elements in case of a full-length beam 

The longitudinal stress distribution shapes (A) to (E) in case of S4 shell elements regarding a half-length model 

are shown in Figure 3-43. Comparing the longitudinal stress distributions of the half-length model and the full-

length model concludes that the longitudinal stress distribution shapes give similar numerical results. In Figure 

3-54, longitudinal stress shape (E) regarding the local buckling near the middle section of the beam is shown. Also 

in case of shell elements, the symmetry-plane gives proper results, since the local buckling occurs in a similar 

longitudinal stress distribution shape. 

                          
Figure 3-54: Longitudinal stress distribution shape (E) of S4 shell elements regarding a half-length model (a) and a full-length model (b) 

3.6.4.8 Conclusion element and mesh convergence study 

It is concluded that the differences in reaction axial force RF3 and reaction bending moment CM1 regarding the 

comparison of solid elements and shell elements are relatively small. However, the computation time 
 making 

use of shell elements is relatively small compared to solid elements. For these reasons, shell elements are chosen 

for finite element simulations which is later used in the parametric study. 

Comparing the shell element types concluded that S8R shell elements predict the M-N interaction resistance curve 

according to the exact solution for a perfectly circular hollow section [30] less accurate compared to S4 and S4R 

shell elements. The difference with respect to the results in case of S4 and S4R shell elements are relatively small. 

However, S4 shell elements predict the M-N interaction resistance curve more accurate. Therefore, it is chosen to 

apply S4 shell elements.  

From Figure 3-38, it is known that the differences in numerical results regarding number of integration points over 

the thickness of the cross-section is relatively small in case of 5 integration points or more. Additionally, the 

differences in computation time 
 is also relatively small. Therefore, it is chosen to apply 5 integration points over 

the thickness of the cross-section.  

(A)                                                    (B)                                                      (C)

(D)                                                    (E)                                                      
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The computation time 
 increases in case the number of elements over the half-length of the beam increase. Note 

from Figure 3-31 that in case of 64 and 128 elements, the M-N interaction resistance curve is predicted the most 

accurate. The differences with respect to the results are relatively small. Therefore, it is chosen to apply 64 elements 

over the half-length of the beam based on a lower computation time 
. 

In Table 3-13, the chosen element and mesh density is shown. S4 shell elements are used with 64 elements over 

the perimeter of the cross-section, 5 integration points over the thickness of the cross-section and 64 elements over 

the half-length of the beam. 

Table 3-13: Chosen element and mesh density 

Element type S4 

Number of elements over the perimeter of the cross-section 64 

Number of integration points over the thickness of the cross-section 5 

Number of elements over the half-length of the beam 64 

GEOMETRICAL IMPERFECTIONS STUDY 

In section 3.6, the finite element model is provided with elements and a mesh density. No imperfections regarding 

the circular hollow section are taken into account. That means that the finite element analysis is considered as a 

geometrical and material nonlinear analysis (GMNA). In this section, geometrical imperfections in the finite 

element analysis are taken into account in order to investigate the influence on the numerical results. These analysis 

are considered as geometrical and material nonlinear analysis with imperfections (GMNIA). 

Linear buckling analysis (LBA) are performed regarding solid elements and shell elements in order to obtain the 

first buckling mode with corresponding eigenvalues Z. Performing the linear buckling analysis [23] of the circular 

hollow section is performed by using the Subspace method [8], see section 3.3.3 for a brief explanation of this 

method. 

In Table 3-14, the numerical results of the linear buckling analysis regarding several solid elements and shell 

elements are given. Note that the number of integration points over the thickness of the cross-section in case of 

solid elements and shell elements are different. However, from section 3.6.4 is concluded that the difference in 

numerical results are relatively small by varying the number of integration points over the thickness of the cross-

section.  

Table 3-14: Results linear buckling analysis (LBA) 

Element 

type 

Elements Numerical results ABAQUS CAE 6.14 

P T L Eigenvalue ~�[-] Axial force 

CF3 [N] 

Critical buckling 

force ��� [N] 

Relative slenderness 

~3  [-] 

C3D8 64 6 64 109,927,000.00 1.0 109,927,000.00 0.14 

C3D8R 64 6 64 104,405,000.00 1.0 104,405,000.00 0.14 

C3D8I 64 6 64 105,341,000.00 1.0 105,341,000.00 0.14 

C3D20 64 6 64 104,849,000.00 1.0 104,849,000.00 0.14 

C3D20R 64 6 64 104,846,000.00 1.0 104,846,000.00 0.14 

S4 64 5 64 104,297,000.00 1.0 104,297,000.00 0.14 

S4R 64 5 64 104,333,000.00 1.0 104,333,000.00 0.14 

S8R 64 5 64 98,138,200.00 1.0 98,138,200.00 0.15 

In Figure 3-55, the critical buckling modes regarding C3D8R solid elements and S4 shell elements are shown. 

Note that the critical buckling modes are similar in case of both types of elements.  
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Figure 3-55: Critical buckling modes in case of solid elements (left) and in case of shell elements (right) 

The results regarding the utilization ratios with respect to axial force �� and bending �� in case of the considered 

types of elements of Table 3-14 are presented in Table 3-15. Besides, the M-N interaction resistance curve 

according to the exact solution of a perfect circular hollow section [30] and the numerical results are shown in 

Figure 3-56 and Figure 3-57. Note that during these finite element simulations, no imperfections i.e. � = 0.0000 

mm are taken into account.  

Table 3-15: Results loads, deviations, utilization ratios and computation times in case of no imperfection � = 0.0000 mm 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 6 64 1,564,420.00 65,803,189.87 -2.57% 8.65% 0.73 0.42 1263.0 

C3D8R 64 6 64 1,563,160.00 65,650,744.70 -2.65% 8.40% 0.73 0.41 2257.0 

C3D8I 64 6 64 1,563,340.00 65,653,337.79 -2.64% 8.40% 0.73 0.41 1647.0 

C3D20 64 6 64 1,566,200.00 64,978,878.74 -2.46% 7.29% 0.73 0.41 5298.0 

C3D20R 64 6 64 1,566,210.00 64,979,116.45 -2.46% 7.29% 0.73 0.41 7002.0 

S4 64 5 64 1,565,780.00 65,329,901.12 -2.49% 7.87% 0.73 0.41 449.0 

S4R 64 5 64 1,565,410.00 64,849,006.62 -2.51% 7.08% 0.73 0.41 420.0 

S8R 64 5 64 1,518,230.00 58,723,364.59 -5.45% -3.04% 0.71 0.37 722.0 

Figure 3-56: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several types of elements in case of no imperfection � = 0.0000 mm 

ZOOM IN  

Figure 3-57 
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Figure 3-57: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several types of elements in case of no imperfection � = 0.0000 mm (ZOOM IN) 

From Figure 3-57 is concluded that the C3D8, C3D8R, C3D8I, C3D20, C3D20R, S4 and S4R elements predict 

the M-N interaction resistance curve very accurate. Besides, the difference between the numerical results are 

relatively small. However, the S8R shell element predicts the M-N interaction resistance curve less accurate. 

Subsequently in Table 3-16 and  

Table 3-17, the numerical results of the considered types of elements of Table 3-14 are shown in case when 

imperfection � = 0.001� and � = 0.001� are taken into account, respectively.  

Table 3-16: Results loads, deviations, utilization ratios and computation times in case of a imperfection � = 0.2445 mm 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 6 64 1,565,140.00 65,794,603.02 -2.53% 8.64% 0.73 0.42 1227.0 

C3D8R 64 6 64 1,564,020.00 65,173,165.39 -2.60% 7.61% 0.73 0.41 2429.0 

C3D8I 64 6 64 1,564,190.00 65,551,056.64 -2.59% 8.23% 0.73 0.41 1585.0 

C3D20 64 6 64 1,565,350.00 64,978,809.18 -2.52% 7.29% 0.73 0.41 5166.0 

C3D20R 64 6 64 1,567,020.00 64,977,591.59 -2.41% 7.29% 0.73 0.41 7134.0 

S4 64 5 64 1,566,580.00 65,327,240.10 -2.44% 7.87% 0.73 0.41 507.0 

S4R 64 5 64 1,566,200.00 64,847,458.89 -2.46% 7.07% 0.73 0.41 347.0 

S8R 64 5 64 1,514,970.00 58,499,211.37 -5.65% -3.41% 0.71 0.37 612.0 

Table 3-17: Results loads, deviations, utilization ratios and computation times in case of a imperfection � = 0.8558 mm 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 6 64 1,566,760.00 65,767,076.89 -2.43% 8.59% 0.73 0.42 1165.0 

C3D8R 64 6 64 1,565,910.00 65,162,708.16 -2.48% 7.59% 0.73 0.41 2372.0 

C3D8I 64 6 64 1,566,040.00 65,745,542.49 -2.47% 8.56% 0.73 0.42 1479.0 

C3D20 64 6 64 1,563,060.00 64,971,246.54 -2.66% 7.28% 0.73 0.41 5613.0 

C3D20R 64 6 64 1,568,990.00 65,280,824.03 -2.29% 7.79% 0.73 0.41 7180.0 

S4 64 5 64 1,568,240.00 66,025,785.35 -2.34% 9.02% 0.73 0.42 495.0 

S4R 64 5 64 1,568,010.00 66,020,388.84 -2.35% 9.01% 0.73 0.42 356.0 

S8R 64 5 64 1,523,810.00 58,979,790.38 -5.10% -2.62% 0.71 0.37 672.0 

The numerical results of Table 3-16 and  

Table 3-17 are presented in combination with the M-N interaction resistance curve according to the exact solution 

for a perfectly circular hollow section [30] in Figure 3-58 and Figure 3-59. Note that these plots are zoomed in.  
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Figure 3-58: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several types of elements in case of imperfection � = 0.2445 mm (ZOOM IN) 

Figure 3-59: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several types of elements in case of imperfection � = 0.8558 mm (ZOOM IN) 

From Figure 3-58 and Figure 3-59 is concluded that the influence of the imperfection on the numerical results can 

be neglected, since the numerical results are slightly similar.  

In Figure 3-48, the longitudinal stress distribution of the mid-section of the beam regarding C3D8R solid elements 

are given. To investigate the influences of geometrical imperfections, the longitudinal stress distribution of the 

mid-section of the beam in case of imperfections � = 0.2445 mm and � = 0.8558 mm are given in Figure 3-60. 

` = 0.2445 mm ` = 0.8558 mm 
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Figure 3-60: Longitudinal stress distribution in case of C3D8R solid elements regarding imperfection � = 0.2445 mm (left) and � = 0.8558 

mm (right)  

From Figure 3-48 and Figure 3-60 is concluded that the influence of the geometrical imperfections are relatively 

small. However, the stresses in case of the imperfection � = 0.8558 mm are distributed more equal. 

In Appendix F, longitudinal stress distribution of the mid-section of the beam regarding the considered types of 

elements of Table 3-14 in case of no imperfections � = 0.0000 mm and the imperfections � = 0.2445 mm and �
= 0.8858 mm are shown. It is concluded that in case of several types of solid elements, the difference between the 

numerical results are negligible small considering an equal imperfection. Note that in case of several types of shell 

elements, it is concluded that S4 and S4R shell elements give similar numerical results as the imperfection �
increases. The longitudinal stress distribution regarding S8R shell elements show relatively large deviations 

compared to S4 and S4R shell elements. 

LENGTH OF THE BEAM STUDY 

In section 3.6, the finite element model is provided with elements and a mesh density, assuming the length of the 

beam to be equal to � = 3.5�. Additionally in section 3.4.2, a lower bound and upper bound regarding to the length 

of the beam ��is determined in case of a CHS 244.5/12.5 cross-section of steel grade S460. In this section, a study 

between the numerical results of several lengths of the beam ��within the lower bound ��!"�and upper bound 

��� �is performed. 

From section 3.4.2, it is determined that the length of the beam�� should be larger than ��!"  = 1.0� and should be 

less than ���  = 4.5�. Finite element simulations are performed by varying the length of the beam ��by M� = 

0.5�. In Table 3-18, the numerical results of S4 shell elements regarding several lengths of the beam � are given. 

Table 3-18: Results loads, deviations and utilization ratios in case of several lengths of the beam 

Length-to-

diameter ratio 

{/} [-] 

Length of 

the beam 

{ [mm] 

Numerical results Deviation Utilization ratio 

RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

1.00 244.50 1,591,330.00 66,932,582.91 -0.90% 10.52% 0.74 0.42 

1.50 366.75 1,603,620.00 62,162,934.47 -0.13% 2.64% 0.75 0.39 

2.00 489.00 1,604,730.00 64,680,575.53 -0.06% 6.80% 0.75 0.41 

2.50 611.25 1,591,330.00 66,932,582.91 -0.90% 10.52% 0.74 0.42 

3.00 733.50 1,577,390.00 65,646,552.25 -1.77% 8.39% 0.74 0.41 

3.50 855.75 1,565,780.00 65,329,901.12 -2.49% 7.87% 0.73 0.41 

4.00 978.00 1,555,260.00 64,403,532.89 -3.14% 6.34% 0.73 0.41 

4.50 1,100.25 1,546,010.00 65,351,623.28 -3.72% 7.91% 0.72 0.41 

From Table 3-18 is concluded that the target design resistance to axial force ($��%&'�#� is always underestimated. 

In case the length of the beam � increases, the deviation with respect to the target design resistance to axial force 

($��%&'�#� also increases. Additionally, the target design resistance to bending �$��%&'�#� is always overestimated. 

In Figure 3-61, the numerical results regarding the utilization ratios with respect to axial force �� and bending ��
in case of several lengths of the beam are plotted in the M-N interaction resistance curve according to the exact 

solution for a perfectly circular hollow section [30]. Additionally, a zoom-in plot is shown in Figure 3-62. 
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Figure 3-61: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 
results of several lengths of the beam  

Figure 3-62: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of several lengths of the beam (ZOOM IN) 

From Figure 3-62 is concluded that in case of � = 3.5� the M-N interaction resistance curve is predicted the most 

accurate. Therefore, a length of the beam � = 3.5� is chosen regarding the parametric study.  

In Appendix G, the longitudinal stress distribution of the mid-section of the beam regarding several lengths of the 

beam are shown. In case of the considered lengths of the beam �, the compression stress give similar numerical 

results. However, the tension stresses are different in all cases and vary between \' = 50.0 N/mm2 and \' = 170.0 

N/mm2. Additionally, longitudinal stress distribution on the compression side differ in case of the considered 

lengths of the beam �, i.e. from an equal distribution to an unequal distribution. There is no relation obtained 

between the length of the beam ��and the stress distribution of the mid-section of the beam.  

MATERIAL PROPERTIES STUDY 

In this section a material model is determined, which is assigned to the elements that are modelled. A study between 

the numerical results of a bilinear material model and strain hardening material model is performed. 

3.9.1 Bilinear material model 

In case of a bilinear material model, it is assumed that the yield strength of steel is constant for every arbitrary 

plastic deformation. The bilinear material model contains of an elastic and a plastic material property. The elastic 

and plastic material properties are shown in  

Table 3-19 and Table 3-20, respectively. Note that the yield stress in Table 3-20 is considered as a true stress \'��&, 

considering an engineering stress 7��� = \� = 235.0 N/mm2. 

ZOOM IN  

Figure 3-62
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Table 3-19: Elastic material properties 

Material property    

Modulus of elasticity  210,000.0 [N/mm2] 

Poisson’s ratio  0.3 [-] 

Table 3-20: Plastic material properties 

Material property    

Yield stress  235.263 [N/mm2] 

Plastic strain  0.0 [-] 

3.9.2 Strain hardening material model 

It is assumed that during plastic deformation, the yield strength keeps increasing in case of a strain hardening 

material model. To simulate the behavior of a circular hollow section subjected to combined bending and axial 

force, a material model which describes strain hardening can be used. Different material models are provided by 

several standards to relate stresses and strains regarding a strain hardening behavior. The following methods are 

discussed in this section: 

1) EN 1993-1-5 [29]; 

2) NEN 6770 [26]; 

3) BSK 99 [16]. 

These methods are compared to the strain hardening curve according to the experimental data A11 provided by 

Francken and Rombouts [9].  

The stress-strain relations provided by EN 1993-1-5 [29], NEN 6770 [26] and BSK 99 [16] are based on 

engineering stresses and strains. However, measured engineering stresses and strains are not meeting the 

requirement of geometrical nonlinear behavior in a finite element analysis. The engineering stress \� is the stress 

defined with respect to the original cross-section of a material. However, the cross-section of a material changes 

during a geometrical nonlinear finite element analysis. Therefore, the engineering stress \��is converted to a true 

stress�\'��&, which is the stress defined by the force over an instantaneous area, see Equation (3-23) according to 

the EN 1993-1-5 Annex C.6 [29]. 

( )σ σ ε= +

 

�

���� (3-23) 

\'��& True stress [N/mm2] 

\� Engineering stress [N/mm2] 

X� Engineering strain [-] 

The engineering strain X� is the strain defined by the ratio between the change in length over a given gauge length 

to the original length and is only valid in case when the strains in the model are ‘’small’’, up to 5.0%. However 

during the finite element analysis, large strains may occur. Therefore, the engineering strains�X� is converted to 

true strains�X'��&, see Equation (3-24) according to the EN 1993-1-5 Annex C.6 [29]. 

( )ε ε= +



"� �
���� (3-24) 

X'��& True strain [-] 

3.9.2.1 Strain hardening material model EN 1993-1-5 

EN 1993-1-5 [29] provides two methods regarding strain hardening material models, see Figure 3-63. On the 

horizontal axis, the engineering strain X��is plotted. On the vertical axis, the engineering stress \� is plotted. Both 

methods start off with a linear elastic line from the origin up to the yield stress�7���. Then, a plateau is considered 

in which the two methods are distinguished. The first method considers the plateau as a horizontal line, while the 

second method considers the plateau as a line with a slope of ��/100,000. Where �� is defined as the design value 

of the modulus of elasticity of steel.  Note from Figure 3-63 that the plateau ends at an engineering strain X� of 

2%, i.e. X� = 0.020, where after the line rises with a slope of ��/100. 
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Figure 3-63: EN 1993-1-5 methods regarding a strain hardening material model 

From Figure 3-63 is known that the second method provided by EN 1993-1-5 [29] considers a slope regarding the 

plateau after yielding. The models were designed in a time when finite element software only used the Newton-

Raphson method [1] as solution procedure. Therefore, a relatively small slope was assigned to the horizontal 

plateau in order to solve plastic behavior. Introducing the Riks method [1] causes that horizontal plateau can be 

solved. Therefore, only the first method provided by EN 1993-1-5 [29] is considered. 

The strain hardening material model data and curve of the first method provided by EN 1993-1-5 [29] are shown 

in Table 3-21 and Figure 3-64, respectively. In Figure 3-64, the blue curve represents the engineering stresses and 

strains and the orange curve represents the true stresses and strains.  

Table 3-21: Engineering stress-strain and true stress-strain according to the EN 1993-1-5 

Point Engineering stress  

�� [N/mm2] 

Engineering strain 

�� [-] 

True stress  

����� [N/mm2] 

True strain   

����� [-] 

(1) 235.00 0.00 235.26 0.00 

(2) 235.00 0.02 239.70 0.02 

(3) 360.00 0.08 388.63 0.08 

Figure 3-64: Engineering stress-strain curve and true stress-strain curve according to EN 1993-1-5 

Note from Figure 3-64 that the strain hardening material model curve is defined by four points. Regarding the 

engineering stresses and strains, the definitions of the points (1) to (3) are given in Equation (3-25), (3-26) and 

(3-27), respectively. 

(1) ( )ε = �


� �

� �

�

�

�
( )σ =

�
� � � �
� (3-25) 
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(2) ( )ε =

� �


�
�
 ( )σ =
�
� � � �

� (3-26) 

(3) ( ) ( ) ( )ε ε= + −
� �
�  
� �

�


� � � �

�

� �
�

( )σ =
�
�  � �

� (3-27) 

X��:G; Engineering strain of point (1) [-] 

X��:H; Engineering strain of point (2) [-] 

X��:I; Engineering strain of point (3) [-] 

\��:G; Engineering stress of point (1) [N/mm2] 

\��:H; Engineering stress of point (2) [N/mm2] 

\��:I; Engineering stress of point (3) [N/mm2] 

3.9.2.2 Strain hardening material model NEN 6770 

Subsequently, NEN 6770 [26] also provides two methods regarding strain hardening material models, see Figure 

3-65. Compared to the methods provided by EN 1993, the methods of NEN 6770 [26] considers also a plateau 

after yielding. Where the first method considers the plateau as a horizontal line and the second method considers 

the plateau as a line with a slope of �� /100,000. Additionally, an end engineering stress and strain is defined by 

7'�� and�X'��, respectively. 

Figure 3-65: NEN 6770 methods regarding a strain hardening material model 

From Figure 3-65 is known that the second method provided by NEN 6770 [26] considers a slope regarding the 

plateau after yielding. For a similar reason regarding EN 1993-1-5 [29] methods, only the first method provided 

by NEN 6770 [26] is considered. 

The strain hardening material model data and curve of the first method provided by NEN 6770 [26] are shown in 

Table 3-22 and Figure 3-66, respectively. In Figure 3-66, the blue curve represents the engineering stresses and 

strains and the orange curve represents the true stresses and strains. 

Table 3-22: Engineering stress-strain and true stress-strain according to NEN 6770 

Point Engineering stress  

�� [N/mm2] 

Engineering strain 

�� [-] 

True stress  

����� [N/mm2] 

True strain   

����� [-] 

(1) 235.00 0.00 235.26 0.00 

(2) 235.00 0.01 236.84 0.01 

(3) 360.00 0.08 388.80 0.08 
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Figure 3-66: Engineering stress-strain curve and true stress-strain curve according to NEN 6770 

Note from Figure 3-66 that the strain hardening material model curve is defined by four points. Regarding the 

engineering stresses and strains, the definitions of the points (1) to (3) are given in Equation (3-28), (3-29) and 

(3-30), respectively. 

(1) ( )ε ε= = �

�
� �

� �

� �

�

�

�
( )σ =

�
� � � �
� (3-28) 

(2) ( )ε ε ε= =
� �
� �

	
 
 � � � ( )σ =

�
� � � �
� (3-29) 

(3) ( ) ( )ε ε ε ε ε
−

= = + −
−

� �

� � � �
� 

� �

� � � �

� �  
 � � ��	  
 �

� ��	 � �

� �

� �
( )σ =

�
�  � �
� (3-30) 

X��� Design yield strain [-] 

XY��� Design yield strain regarding the end the yield plateau  [-] 

X��� Design ultimate strain [-] 

7��� Design ultimate strength  [N/mm2] 

7���&� Representative value of the ultimate strength  [N/mm2] 

X���&� Representative value of the ultimate strain  [-] 

3.9.2.3 Strain hardening material model BSK 99 

BSK 99 [16] is the Swedish standard regarding steel structures. A strain hardening material model is provided by 

this standard, see Figure 3-67.  Note that BSK 99 [16] considers two plateaus, in contrast to EN 1993-1-5 [29] and 

NEN 6770 [26]. 

Figure 3-67: BSK 99 method regarding a strain hardening material model 
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The strain hardening material model data and curve provided by BSK 99 [16] are shown in Table 3-23 and Figure 

3-68, respectively. In Figure 3-68, the blue curve represents the engineering stresses and strains and the orange 

curve represents the true stresses and strains. 

Table 3-23: Engineering stress-strain and true stress-strain according to BSK 99 

Point Engineering stress  

�� [N/mm2] 

Engineering strain 

�� [-] 

True stress  

����� [N/mm2] 

True strain   

����� [-] 

(1) 235.00 0.00 235.26 0.00 

(2) 235.00 0.02 238.86 0.02 

(3) 360.00 0.05 377.91 0.05 

Figure 3-68: Engineering stress-strain curve and true stress-strain curve according to BSK 99 

From Figure 3-68, the definitions of the engineering stresses and strains regarding point (1) to (3) are given in 

Equation (3-31), (3-32) and (3-33), respectively. 

(1) ( )ε = �


� �

� �

�

�

�
( )σ =

�
� � � �
� (3-31) 

(2) ( )ε = − �


� �

�
�� �

� �

�

�

�
( )σ =

�
� � � �
� (3-32) 

(3) ( )ε
−

= + � �


� 

�
� �


� � � �

�

� �

�
( )σ =

�
�  � �
� (3-33) 

3.9.2.4 Strain hardening material model experimental data A11 

To determine which strain hardening material model is the most accurate to describe a realistic behavior, a sample 

of an experimental database is used to test the accuracy of the strain hardening material models. The experimental 

data A11 curve according to Francken and Rombouts [9] is shown in Figure 3-69. 
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Figure 3-69: Engineering stress-strain curves and true stress-strain curves according to the experiment data A11 

In Figure 3-69, the engineering stresses and strains according to the experimental data A11 [9] are shown by the 

blue color. Note that the yield stress of the original data is equal to 7��� = 283.0 N/mm2. By means of a scale factor, 

the engineering stresses and strains are obtained for a design yield stress of 7��� = 235.0 N/mm2 and a design 

ultimate strength of�7��� = 360 N/mm2, which is indicated by the orange color. Additionally, the true stresses and 

strains belonging to the scaled experimental data are indicated by the green color.  

3.9.2.5 Evaluation strain hardening material models 

To evaluate the strain hardening material models, the true stresses and strains according to the experimental data 

A11 [9], EN 1993-1-5 [29], NEN 6770 [26] and BSK 99 [16] are used as input in ABAQUS CAE 6.14 regarding 

the element and mesh density as determined in section 3.6.4.7. Finite element simulations with each of these true 

stress-strain relations are performed. The numerical results of these finite element simulations are given in Figure 

3-70 by means of moment-displacement curves and force-displacement curves. 

Figure 3-70: Load curves regarding the experimental data A11 and the strain hardening material models

The results according to the experimental data A11 [9] are indicated by the blue solid-line and blue dotted-line in 

Figure 3-70. In addition, the numerical results of the strain hardening material models are indicated by the colored 

dots. Note from Figure 3-70 that the difference between EN 1993-1-5 [29], NEN 6770 [26] and BSK 99 [16] are 

relatively small. Besides, note that the strain hardening material model according to EN 1993-1-5 [29] predicts the 

experimental data the most accurate. Therefore, the strain hardening material model according to EN 1993-1-5 

[29] is used. 

3.9.3 Evaluation material models 

In the previous sections, the bilinear material model and the strain hardening material model are described. In 

Figure 3-71, both material models are shown. Note that the effect of strain hardening starts at a strain of X��= 0.02.  
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Figure 3-71: Engineering stress-strain curves regarding a bilinear material model and a strain hardening material model 

To determine if the effect of strain hardening can be neglected, finite element simulations with the finite element 

model are performed in case of the bilinear material model and the strain hardening material model. In Table 3-24, 

results regarding the bilinear material model and the strain hardening material model are given, where the 

numerical results regarding the utilization ratios with respect to axial force �� and bending �� are given in the M-

N interaction resistance curve according to the exact solution for a perfectly circular hollow section [30] in Figure 

3-73. 

Table 3-24: Results loads, deviations and utilization ratios in case of a bilinear material model and a strain hardening material model 

Material model Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

Bilinear 1,565,780.00 65,329,901.12 -2.49% 7.87% 0.73 0.41 449.0 

Strain hardening 1,806,310.00 109,093,262.60 12.49% 80.13% 0.84 0.69 470.0 

Figure 3-72: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 
results of a bilinear material model and a strain hardening material model 

From Figure 3-72 is concluded that a strain hardening material model gives a larger numerical results compared 

to modelling a bilinear material model, since the strain hardening numerical result overestimates the M-N 

interaction resistance curve. That means that the effect of strain hardening cannot be ignored in case of the 

considered CHS 244.5/12.5 cross-section. 

In Figure 3-73, the moment-displacement curves and the force-displacement curves regarding the bilinear material 

model and the strain hardening material model are shown.
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Figure 3-73: Load curves regarding a bilinear material model and a strain hardening material model 

Note from Figure 3-73 that the force-displacement curve regarding the strain hardening material model ascend for 

relatively large displacement U2 > 10.0 mm. The ascending part of this curve shows the effect of strain hardening. 
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CHAPTER 4 PARAMETRIC STUDY 

In this chapter, a parametric study with the finite element model is performed in order to investigate the influences 

of varying the geometrical properties and material properties on the design rule of EN 1993-1-1 clause 6.2.9 [28], 

the design rules proposed by Rotter [17] and the exact solution for a perfectly circular hollow section [30].  

The chapter is outlined as follows: 

1) Primarily, the theoretical resistance functions are given in section 4.1. Where after the parameters are 

determined in order to investigate the influences on the design rules. 

2) By knowing the parameters, test sets to perform the parametric study are determined in section 4.2. 

3) Thereafter, the influences of the parameters on the theoretical resistance functions are investigated in 

section 4.3. 

4) Finally, the results regarding the parametric study are discussed in section 4.4. 

THEORETICAL RESISTANCE FUNCTIONS AND PARAMETERS 

In Equation (4-1) to (4-4), the theoretical resistance values F'�! according to the design rule regarding bending and 

axial force interaction resistance of circular hollow sections provided by EN 1993-1-1 clause 6.2.9 [28], the 

proposal by Rotter (first version) [17] and (revised version) and the exact solution for a perfectly circular hollow 

section [30] are given, respectively.  
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F'�G Theoretical resistance values regarding the design rule of EN 1993-1-1 clause 6.2.9 [Nmm] 

F'�H Theoretical resistance values regarding the design rule of the proposal by Rotter (first version) [Nmm] 

F'�I Theoretical resistance values regarding the design rule of the proposal by Rotter (revised version) [Nmm] 

F'�J Theoretical resistance values regarding the exact solution for a perfectly circular hollow section [Nmm] 

8�+�<:.3; Theoretical resistance function regarding the design rule of EN 1993-1-1 clause 6.2.9 [Nmm] 

8�+�=:.3; Theoretical resistance function regarding the design rule of the proposal by Rotter (first version) [Nmm] 

8�+�>:.3; Theoretical resistance function regarding the design rule of the proposal by Rotter (revised version) [Nmm] 

8�+�?:.3; Theoretical resistance function regarding the exact solution for a perfect circular hollow section [Nmm] 

.3 Vector of independent basic variables [mm]; [N/mm2] 

Note that the design rules of Equation (4-1) to (4-4) are not utilized, i.e. dividing the design rules by the design 

plastic resistance to bending ����#� to obtain the utilization ratio with respect to bending���. Since the utilized 

design rules are independent of geometrical properties and material properties and therefore the influences cannot 

be investigated. 

In Equation (4-1) to (4-4), the plastic design resistance for bending about one principal axis of a cross-section 

����#� and the utilization ratio with respect to axial force ���are given in Equation (4-5) and (4-6), respectively. 
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From Equation (4-6), the design plastic resistance to axial forces of the gross cross-section (���#� is given in 

Equation (4-7). 
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π

π= = − = −� �
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The first parameter is the utilization ratio with respect to axial forces ��, retrieved from Equation (4-1) to (4-4) 

and defined in Equation (4-6). In addition, the geometrical parameters and material parameters are retrieved from 

Equation (4-5) and (4-7) as given in Table 4-1. 

Table 4-1: Parameters regarding the parametric study  

Parameter   

Geometrical � External diameter  [mm] 

Geometrical N Wall thickness  [mm] 

Material 7��� Design yield strength [N/mm2] 

NUMERICAL TEST SETS 

In the previous section, the parameters regarding the theoretical resistance values F'�!  are determined. Therefore, 

several test sets are distinguished to perform the parametric study: 

� Utilization ratios with respect to axial force; 

� Types of cross-sections; 

� Steel grades. 

4.2.1 Test set regarding the utilization ratios with respect to axial force 

In Table 4-2, the number of numerical tests regarding the utilization ratio with respect to axial force ���is shown. 

Note that the test set is divided in four sub-sets, where the utilization ratio is varied with M�� = 0.01. Meaning that 

a total number of 100 numerical test are performed regarding the utilization ratio with respect to axial forces ��. 

Table 4-2: Number of numerical tests with respect to the utilization ratio with respect to axial forces 

Utilization ratio Number of numerical  tests 

0.00 < �� < 0.25 25  

0.25 � �� < 0.50 25  

0.50 � �� < 0.75 25  

0.75 � �� < 1.00 25 + 

100  

4.2.2 Test set regarding the types of cross-sections 

The second test set is with respect to the type of cross-section, see Table 4-3. There are four types of cross-sections 

chosen, which have different types of width-to-thickness ratio �/N. For every type of cross-section, the utilization 

ratio with respect to axial force �� is varied. From Table 4-2 is known that 100 numerical test are performed with 

respect to the utilization ratio with respect to axial force ��. Therefore, the total number of numerical test after 

varying the type of cross-section is equal to 400. 
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Table 4-3: Number of numerical tests with respect to the types of cross-sections 

Cross-section Number of numerical tests 

CHS 244.5/12.5 100  

CHS 244.5/8.0 100  

CHS 273.0/8.0 100  

CHS 273.0/6.3 100 + 

400  

The parameters according to the considered types of cross-sections from Table 4-3 are given in Table 4-4. The 

width-to-thickness ratio �/N increases, from a relatively stocky cross-section to a relatively slender cross-section. 

In case of the first two types of cross-sections, the external diameter ��is kept equal, i.e. � = 244.5 mm. 

Additionally in case of the second and third type of cross-section, the wall thickness N is kept equal, i.e. N = 8.0 

mm. Finally, the external diameter � of the third and fourth type of cross-section is kept equal, i.e. � = 273.0 mm. 

Table 4-4: Parameters with respect to the type of cross-section  

Cross-section

  

External 

diameter 

} [mm] 

Wall 

thickness 

� [mm] 

Internal 

diameter 

� [mm] 

Area of the 

cross-section 

� [mm2] 

Plastic section 

modulus  

��� [mm3] 

Width-to-

thickness ratio 

}/� [-] 

CHS 244.5/12.5 244.50 12.50 219.50 9,110.62 673,451.04 19.56 

CHS 244.5/8.0 244.50 8.00 228.50 5,943.89 447,628.67 30.56 

CHS 273.0/8.0 273.00 8.00 257.00 6,660.18 561,970.67 34.13 

CHS 273.0/6.3 273.00 6.30 260.40 5,278.54 448,195.36 43.33 

4.2.3 Test set regarding the steel grades 

For the third numerical test set, the steel grade is varied between S235, S355 and S460. The total number of 

numerical test is shown in Table 4-5. It is known from Table 4-4 that 400 numerical test are performed for every 

type of cross-section. That means that for every steel grade, a number of 400 numerical test are performed.  

Table 4-5: Number of numerical tests with respect to the steel grade 

Steel grade Number of numerical tests 

S235 400  

S355 400  

S460 400 + 

1200  

From Table 4-5 is concluded that the total number of numerical tests regarding the parametric study is equal to 

1200. 

Comparing the width-to-thickness ratio of the types of cross-sections of Table 4-4 with the width-to-thickness 

limits according to EN 1993-1-1 Table 6.2 [28] for steel grades S235, S355 and S460 give the cross-sectional 

classification as shown in Table 4-6. 

Table 4-6: Classification with respect to the types of cross-sections according to EN 1993-1-1 

Steel grade Boundary Types of cross-sections 

S235 Class 1 �/N < 50.0 CHS 244.5/12.5 CHS 244.5/8.0 CHS 273.0/8.0 CHS 273.0/6.3 

Class 2 �/N < 70.0 - - - - 

Class 3 �/N < 90.0 - - - - 

S355 Class 1 �/N < 33.1 CHS 244.5/12.5 CHS 244.5/8.0 - - 

Class 2 �/N < 46.3 - - CHS 273.0/8.0 CHS 273.0/6.3 

Class 3 �/N < 59.6 - - - - 

S460 Class 1 �/N < 25.5 CHS 244.5/12.5 - - - 

Class 2 �/N < 35.8 - CHS 244.5/8.0 CHS 273.0/8.0 - 

Class 3 �/N < 46.0 - - - CHS 273.0/6.3 
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From Table 4-6 is concluded that almost the considered types of cross-sections are of Class 1 and 2 according to 

EN 1993-1-1 Table 6.2 [28], which means that the cross-section can form a plastic hinge without reduction of the 

plastic resistance to bending and it has sufficient rotation capacity. Note that CHS 273.0/6.3 cross-section of steel 

grade S460 is classified as a Class 3 cross-section. Therefore, the influence of the decreased rotational capacity of 

the cross-section can be investigated, since the plastic resistance to bending of the cross-section cannot be reached 

in case of Class 3 cross-sections. 

In Table 4-7, the width-to-thickness limits according to the proposal by Rotter [17] for steel grades S235, S355 

and S460 are compared to the considered types of cross-sections. 

Table 4-7: Classification with respect to the types of cross-sections according to the proposal of Rotter 

Steel grade Boundary Types of cross-sections 

S235 Class 1 �/N < 50.0 CHS 244.5/12.5 CHS 244.5/8.0 CHS 273.0/8.0 CHS 273.0/6.3 

Class 2 �/N < 70.0 - - - - 

Class 3 �/N < n/a - - - - 

S355 Class 1 �/N < 33.1 CHS 244.5/12.5 CHS 244.5/8.0 - - 

Class 2 �/N < 47.7 - - CHS 273.0/8.0 CHS 273.0/6.3 

Class 3 �/N < 59.6 - - - - 

S460 Class 1 �/N < 25.5 CHS 244.5/12.5 - - - 

Class 2 �/N < 36.8 - CHS 244.5/8.0 CHS 273.0/8.0 - 

Class 3 �/N < 86.2 - - - CHS 273.0/6.3 

From Table 4-7 is concluded that the considered types of cross-sections are classified in a similar way according 

to the proposal by Rotter [17] and EN 1993-1-1 [28]. Note that only the width-to-thickness limit regarding Class 

2 and 3 according to the proposal by Rotter [17] differs compared to EN 1993-1-1 [28]. 

INFLUENCES OF THE PARAMETERS ON THE THEORETICAL RESISTANCE 

FUNCTIONS 

In section 4.2, numerical test sets regarding geometrical parameters and material parameters are determined. To 

investigated the influence of the geometrical parameters on the design rule of EN 1993-1-1 clause 6.2.9 [28], the 

proposal by Rotter (first version) [17] and (revised version) and the exact solution for a perfectly circular hollow 

section [30], M-N interaction resistance curves are plotted in Figure 4-1 for the considered types of cross-section 

of Table 4-3 for steel grade S235. 

Figure 4-1: M-N interaction resistance curves regarding the influence of geometrical parameters for steel grade S235 

Note from Figure 4-1 that for every utilization ratio with respect to axial force ��, the reduced plastic design 

resistance for bending by axial forces ���#� increases in case the plastic section modulus ��� increases.  
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Additionally, the M-N interaction resistance curves according to EN 1993-1-1 clause 6.2.9 [28], the proposal of 

Rotter (revised version) and the exact solution for a perfectly circular hollow section [30] differ slightly, where 

the M-N interaction resistance curve according to the proposal by Rotter (first version) [17] always predicts larger 

numerical results.   

The influence of the material parameters on the design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by 

Rotter (first version) [17] and (revised version) and the exact solution for a perfectly circular hollow section [30] 

are shown in Figure 4-2 for the considered CHS 244.5/12.5 cross-section. 

Figure 4-2: M-N interaction resistance curves regarding the influence of material parameters for CHS 244.5/12.5 cross-sections 

Note from Figure 4-2 that the reduced plastic design resistance for bending by axial forces ���#� increases in case 

the design yield strength 7��� increases, i.e. applying a higher steel grade. Note that again, the M-N interaction 

resistance curves according to EN 1993-1-1 clause 6.2.9 [28], the proposal of Rotter (revised version) and the 

exact solution for a perfectly circular hollow section [30] differ slightly, where the M-N interaction resistance 

curve according to the proposal by Rotter (first version) [17] always predicts larger numerical results.   

NUMERICAL TEST RESULTS 

In this section, the numerical test results regarding the parametric study are discussed. The numerical test results 

in case of the considered types of cross-sections of steel grade S235 are shown in section 4.4.1 to 4.4.4. 

Subsequently, the numerical test results in case of higher steel grades are discussed in section 4.4.5. Finally, the 

effect of strain hardening on the numerical test results are presented in section 4.4.6. 

4.4.1 CHS 244.5/12.5 cross-section 

In Figure 4-3, the numerical test results of a CHS 244.5/12.5 cross-section of steel grade S235 regarding the M-N 

interaction resistance are shown. On the vertical axis, the reduced plastic design resistance for bending by axial 

forces ���#� is plotted. Additionally, the utilization ratio with respect to the axial force �� is plotted on the 

horizontal axis. The design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) [17] and 

(revised version) and the exact solution for a perfectly circular hollow section [30] are indicated by the colored 

lines. Besides, the numerical test results are indicated by the black dots. 
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Figure 4-3: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel grade 
S235 bilinear 

A deviation plot of the design rules of the EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) 

[17] and (revised version) and of the exact solution for a perfectly circular hollow section [30] with respect to the 

numerical test results are shown in Figure 4-4. On the horizontal axis, the utilization ratio with respect to axial 

force �� is plotted. The deviation of the design rules with respect to the numerical test results are plotted on the 

vertical axis. A positive deviation means an overestimation and a negative deviation means an underestimation of 

design rules with respect to the numerical test results. 

Figure 4-4: Deviation plot regarding the numerical test results CHS 244.5/12.5 of steel grade S235 with respect to the design rules 

To evaluate the accuracy of the design rules with respect to the numerical test results, the deviations are given 

Table 4-8 according to the deviation plot of Figure 4-4. 

Table 4-8: Deviations regarding the numerical test results CHS 244.5/12.5 of steel grade S235 with respect to the design rules 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

EN 1993-1-1 clause 6.2.9 -0.068% -3.348% 0.013% 10.634% 

Proposal by Rotter (first version) - - 0.418% 36.535% 

Proposal by Rotter (revised version) -0.046% -2.118% 0.098% 13.760% 

Exact solution perfectly CHS -0.023% -4.381% 0.025% 3.773% 

From Figure 4-4 and Table 4-8 is concluded that only the design rules of the EN 1993-1-1 clause 6.2.9 [28], the 

proposal by Rotter (revised version) and the exact solution for a perfectly circular hollow section [30] predict 

conservative results with respect to the numerical test results, i.e. the design rules underestimate the numerical test 

CLASS 1 CROSS-SECTION 

STEEL GRADE S235 

UNCONSERVATIVE RESULTS

CONSERVATIVE RESULTS
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results. Conservative results are predicted in case of �� < 0.75. Note that the design rule of the proposal by Rotter 

(first version) [17] always overestimates the numerical test results.  

It is concluded that the exact solution for a perfectly circular hollow section [30] is the most accurate, since the 

deviations are in a range of -0.03% to 3.78%. The design rule of the proposal by Rotter (first version) [17] is the 

less accurate, since the design rule overestimates the numerical test results by a maximum of 36.5%.  

4.4.2 CHS 244.5/8.0 cross-section 

The numerical test results of a CHS 244.5/8.0 cross-section of steel grade S235 regarding the M-N interaction 

resistance are shown in Figure 4-5. 

Figure 4-5: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel grade 

S235 bilinear 

A deviation plot of the design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) [17] 

and (revised version) and the exact solution for a perfectly circular hollow section [30] with respect to the 

numerical test results are shown in Figure 4-6. Additionally, more accurate deviations are given in  

Table 4-9 in order to evaluate the numerical test results. 

Figure 4-6: Deviation plot regarding the numerical test results CHS 244.5/12.5 of steel grade S235 with respect to the design rules 

CLASS 1 CROSS-SECTION 

STEEL GRADE S355 

UNCONSERVATIVE RESULTS

CONSERVATIVE RESULTS
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Table 4-9: Deviations regarding the numerical test results CHS 244.5/8.0 of steel grade S235 with respect to the design rules 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

EN 1993-1-1 clause 6.2.9 -0.029% -2.585% 0.051% 7.985% 

Proposal by Rotter (first version) - - 0.651% 33.999% 

Proposal by Rotter (revised version) -0.031% -1.509% 0.025% 11.036% 

Exact solution perfectly CHS -0.051% -3.900% 0.053% 3.457% 

Note from Figure 4-6 and  

Table 4-9, that only the design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (revised version) and 

the exact solution for a perfectly circular hollow section [30] underestimate the numerical test results. Conservative 

results are predicted in case of �� < 0.70. Note that the design rule of the proposal by Rotter (first version) [17] 

always overestimates the numerical test results. 

Again, the exact solution for a perfectly circular hollow section [30] is the most accurate, since the numerical test 

results are predicted in a range of -3.9% to 3.5%. Additionally, the design rule of the proposal by Rotter (first 

version) [17] is least accurate, since the design rule overestimates the numerical test results by a maximum of 

34.0%.  

4.4.3 CHS 273.0/8.0 cross-section 

The numerical test results of a CHS 273.0/8.0 cross-section of steel grade S235 regarding the M-N interaction 

resistance are shown in Figure 4-7. 

Figure 4-7: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel grade 

S235 bilinear 

A deviation plot of the design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) [17] 

and (revised version) and the exact solution for a perfectly circular hollow section [30] with respect to the 

CLASS 1 CROSS-SECTION 

STEEL GRADE S235 
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numerical test results are shown in Figure 4-8. Additionally, more accurate deviations are given in Table 4-10 in 

order to evaluate the numerical test results. 

Figure 4-8: Deviation plot regarding the numerical test results CHS 273.0/8.0 of steel grade S235 with respect to the design rules 

Table 4-10: Deviations regarding the numerical test results CHS 273.0/8.0 of steel grade S235 with respect to the design rules 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

EN 1993-1-1 clause 6.2.9 -0.025% -2.246% 0.122% 9.355% 

Proposal by Rotter (first version) - - 0.748% 36.382% 

Proposal by Rotter (revised version) -0.035% -1.106% 0.030% 12.511% 

Exact solution perfectly CHS - - 0.159% 4.688% 

Note from Figure 4-8 and Table 4-10 that only the design rules of EN 1993-1-1 clause 6.2.9 [28] and the proposal 

by Rotter (revised version) underestimate the numerical test results. Conservative results are predicted in case of 

�� < 0.60. The exact solution for a perfectly circular hollow section [30] is the most accurate, since the numerical 

test results are predicted in a range of -0.2% to 4.7%. Additionally, the design rule of the proposal by Rotter (first 

version) [17] is least accurate, since the design rule overestimates the numerical test results by a maximum of 

36.4%. 

4.4.4 CHS 273.0/6.3 cross-section 

The numerical test results of a CHS 273.0/6.3 cross-section of steel grade S235 regarding the M-N interaction 

resistance are shown in Figure 4-9. 

Figure 4-9: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel grade 

S235 bilinear 
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A deviation plot of the design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) [17] 

and (revised version) and the exact solution for a perfectly circular hollow section [30] with respect to the 

numerical test results are shown in Figure 4-10. Additionally, more accurate deviations are given in Table 4-11 in 

order to evaluate the numerical test results. 

Figure 4-10: Deviation plot regarding the numerical test results CHS 273.0/6.3 of steel grade S235 with respect to the design rules 

Table 4-11: Deviations regarding the numerical test results CHS 273.0/6.3 of steel grade S235 with respect to the design rules 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

EN 1993-1-1 clause 6.2.9 -0.089% -1.350% 0.002% 9.478% 

Proposal by Rotter (first version) - - 1.015% 35.292% 

Proposal by Rotter (revised version) -0.008% -0.438% 0.029% 11.968% 

Exact solution perfectly CHS - - 0.844% 8.869% 

Note from Figure 4-10 and Table 4-11 that only the design rules of EN 1993-1-1 clause 6.2.9 [28] and the proposal 

by Rotter (revised version) underestimate the numerical test results. Conservative results are predicted in case of 

�� < 0.50. The exact solution for a perfectly circular hollow section [30] is the most accurate, since the numerical 

test results are predicted in a range of 0.8% to 8.9%. Additionally, the design rule of the proposal by Rotter (first 

version) [17] is least accurate, since the design rule overestimates the numerical test results by a maximum of 

35.3%.  

4.4.5 Higher steel grades 

In case of higher steel grades i.e. S355 and S460, several finite element simulations are performed in order to 

determine the scale factors, which related the numerical test results of steel grade S235 to higher steel grades. 

Table 4-12 shows the scale factors of steel grade S235 to higher order steel grades.  

Table 4-12: Scale factors steel grade S235 to higher steel grades 

Cross-section  Scale factor S235 to S355 Scale factor S235 to S460 

CHS 244.5/12.5 1.51 1.96 

CHS 244.5/8.0 1.51 1.96 

CHS 273.0/8.0 1.51 1.96 

CHS 273.0/6.3 1.51 1.90 

The numerical test results in case of higher steel grades obtained by the scale factors of Table 4-12 are shown in 

Appendix H. Additionally, the minimum and maximum deviations of the design rules of the EN 1993-1-1 clause 

6.2.9 [28], the proposal by Rotter (first version) [17] and (revised version) and the exact solution for a perfectly 

circular hollow section [30] with respect to the numerical test results are shown in Table 4-13 and Table 4-14 for 

steel grades S355 and S460, respectively. 

UNCONSERVATIVE RESULTS

CONSERVATIVE RESULTS
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Table 4-13: Deviations regarding the numerical test results of steel grade S355 with respect to the design rules

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

CHS 244.5/12.5 Steel grade S355     

� EN 1993-1-1 clause 6.2.9 -0.142% -3.413% 0.056% 11.664% 

� Proposal by Rotter (first version) - - 0.443% 38.547% 

� Proposal by Rotter (revised version) -0.032% -2.056% 0.026% 14.817% 

� Exact solution perfectly CHS -0.053% -2.331% 0.021% 4.753% 

CHS 244.5/8.0 Steel grade S355     

� EN 1993-1-1 clause 6.2.9 -0.053% -2.528% 0.014% 9.052% 

� Proposal by Rotter (first version) - - 0.694% 35.990% 

� Proposal by Rotter (revised version) -0.007% -1.452% 0.068% 12.197% 

� Exact solution perfectly CHS -0.025% -0.538% 0.029% 3.754% 

CHS 273.0/8.0 Steel grade S355     

� EN 1993-1-1 clause 6.2.9 -0.078% -2.187% 0.018% 11.493% 

� Proposal by Rotter (first version) - - 0.791% 39.121% 

� Proposal by Rotter (revised version) -0.011% -1.046% 0.040% 14.709% 

� Exact solution perfectly CHS - - 0.228% 4.813% 

CHS 273.0/6.3 Steel grade S355     

� EN 1993-1-1 clause 6.2.9 -0.045% -1.294% 0.046% 11.388% 

� Proposal by Rotter (first version) - - 1.057% 39.219% 

� Proposal by Rotter (revised version) -0.002% -0.388% 0.033% 14.632% 

� Exact solution perfectly CHS - - 0.888% 9.028% 

Table 4-14: Deviations regarding the numerical test results of steel grade S460 with respect to the design rules 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

CHS 244.5/12.5 Steel grade S460     

� EN 1993-1-1 clause 6.2.9 -0.019% -3.620% 0.086% 9.050% 

� Proposal by Rotter (first version) - - 0.286% 36.036% 

� Proposal by Rotter (revised version) -0.034% -2.308% 0.043% 12.200% 

� Exact solution perfectly CHS -0.016% -4.160% 0.093% 3.151% 

CHS 244.5/8.0 Steel grade S460     

� EN 1993-1-1 clause 6.2.9 -0.030% -2.762% 0.094% 6.347% 

� Proposal by Rotter (first version) - - 0.520% 30.813% 

� Proposal by Rotter (revised version) -0.026% -1.686% 0.079% 9.133% 

� Exact solution perfectly CHS -0.044% -3.645% 0.039% 2.541% 

CHS 273.0/8.0 Steel grade S460     

� EN 1993-1-1 clause 6.2.9 -0.011% -2.429% 0.102% 7.136% 

� Proposal by Rotter (first version) - - 0.617% 31.657% 

� Proposal by Rotter (revised version) -0.065% -1.289% 0.003% 10.038% 

� Exact solution perfectly CHS -0.548% -4.387% 0.003% 4.304% 

CHS 273.0/6.3 Steel grade S460     

� EN 1993-1-1 clause 6.2.9 - - 1.538% 32.417% 

� Proposal by Rotter (first version) - - 2.190% 65.409% 

� Proposal by Rotter (revised version) - - 1.851% 36.264% 

� Exact solution perfectly CHS - - 2.165% 23.089% 
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The results from  

Table 4-13, Table 4-14 and Appendix H conclude the following:

� The design rules of EN 1993-1-1 clause 6.2.9 [28] and the proposal by Rotter (revised version) 

underestimate the numerical test results in case of the considered types of cross-sections of steel grade 

S355; 

� The exact solution for a perfectly circular hollow section [30] underestimates the numerical test results 

in case of CHS 244.5/12.5 and CHS 244.5/8.0 cross-sections of steel grade S355; 

� The design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter (revised version) and the exact 

solution for a perfectly circular hollow section [30] underestimate the numerical test results in case of the 

considered types of cross-sections excluding a CHS 273.0/6.3 cross-section of steel grade S460; 

� The design rule of the proposal by Rotter (first version) [17] always overestimates the numerical test 

results; 

� Conservative results in case of  CHS 244.5/12.5 cross-sections of steel grades S355 and S460 are 

predicted for �� < 0.75; 

� Conservative results in case of CHS 244.5/8.0 cross-sections of steel grades S355 and S460 are predicted 

for �� < 0.70; 

� Conservative results in case of CHS 273.0/8.0 cross-sections of steel grades S355 and S460 are predicted 

for �� < 0.60; 

� Conservative results in case of CHS 273.0/6.3 cross-sections of steel grade S355 are predicted for �� < 

0.50; 

� In case the slenderness of the cross-section increases i.e. the width-to-thickness ratio increases, the 

boundary with respect to conservative results becomes smaller, i.e. �� decreases; 

� The numerical test results underestimate the design rules in case of a CHS 273.0/6.3 cross-section of steel 

grade S460, which is considered as a Class 3 cross-section, by relatively large deviations; 

� The influence of the decreased rotational capacity of the CHS 273.0/6.3 cross-section of steel grade S460 

is relatively large, since the plastic moment resistance of the cross-section is not reached and the 

deviations with respect to the design rules are relatively large; 

� The exact solution for a perfectly circular hollow section [30] is the most accurate, since the deviations 

are relatively small compared to the other design rules; 

� The design rule of the proposal by Rotter (first version) [17] is least accurate, since the design rule 

overestimates the numerical test results by the larges maximum deviations compared to the other design 

rules. 

4.4.6 Strain hardening 

Performing the parametric study is done by considering a bilinear material model. Since it was concluded that the 

effect of strain hardening cannot be neglected in section 3.9, finite element simulations are performed, for several 

values of ��, considering the effect of strain hardening.   

In section 3.9, the strain hardenings material models of EN 1993-1-5 [29], NEN 6770 [26] and BSK 99 [16] were 

compared to the experimental data A11 [9]. It was concluded that the strain hardening material model according 

to EN 1993-1-5 [29] predicts the experimental data the most accurate. Therefore, it was chosen to use the strain 

hardening material model according to EN 1993-1-5 [29]. 

In Figure 4-11 to Figure 4-14, the M-N interaction resistance curves regarding the considered types of cross-

sections of the parametric study are shown. Note that the numerical test results of steel grade S235 considering the 

effect of strain hardening are indicated by the red dots.  
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Figure 4-11: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 
grade S235 strain hardening 

Figure 4-12: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel grade 
S235 strain hardening 

Figure 4-13: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel grade 

S235 strain hardening 
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Figure 4-14: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel grade 
S235 strain hardening 

From Figure 4-11 to Figure 4-14 is concluded that the effect of strain hardening influences the reduced plastic 

design resistance for bending by axial forces ���#�, since the strain hardening results predict larger numerical test 

results. Note that the influences of strain hardening decreases in case the slenderness of the cross-section decreases. 

For relatively high values of �� the effect of strain hardening influences the reduced plastic design resistance for 

bending by axial forces ���#� the most. 

In Figure 4-15, the classification curve according to EN 1993-1-1 [28] along with the numerical test results of steel 

grade S235 considering the effect of strain hardening is shown. On the horizontal axis, the width-to-thickness ratio 

�/N is plotted. Additionally, the utilization ratio with respect to bending �� is plotted on the vertical axis. Note 

that the plastic design resistance for bending ����#� corresponds with �� = 1.0. The elastic design resistance for 

bending �&��#� is obtained by calculating the inverse of the shape factor C�G considering the width-to-thickness 

limit of Class 2 i.e. �/N = 70.0, see Equation (4-8). 
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Figure 4-15: Classification curve according to EN 1993-1-1 along with the numerical test results of steel grade S235 strain hardening 

In Table 4-15, the numerical test results of the reaction bending moments RM1 regarding bilinear and strain 

hardening in case of steel grade S235 are shown, corresponding to Figure 4-15. 
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Table 4-15: Numerical test results of the reaction bending moments RM1 regarding bilinear and strain hardening in case of steel grade S235 

Cross-section  Width-to-

thickness 

ratio }/� [-] 

Reaction bending moment 

(RM1)Bilinear [Nmm] 

Reaction bending moment 

(RM1)Strain_hardening [Nmm] 

Ratio [-] 

CHS 244.5/12.5 19.56 157,603,000.00 184,046,000.00 1.17 

CHS 244.5/8.0 30.56 104,430,000.00 112,096,000.00 1.07 

CHS 273.0/8.0 34.13 131,000,000.00 137,268,000.00 1.05 

CHS 273.0/6.3 43.33 104,235,000.00 104,743,000.00 1.00 

From Figure 4-15 and Table 4-15 is concluded that the effect of strain hardening decreases in case the slenderness 

of the cross-section i.e. the width-to-thickness �/N increases. Note that the considered types of cross-sections are 

of Class 1. According to the trend line, it is concluded that in case of steel grade S235 the effect of strain hardening 

is only present for Class 1 cross-sections. 

In Figure 4-16 and Figure 4-17, the classification curves according to EN 1993-1-1 [28] along with the numerical 

test results of steel grades S355 and S460 considering the effect of strain hardening are shown.  

Figure 4-16: Classification curve according to EN 1993-1-1 along with the numerical test results of steel grade S355 strain hardening 

Figure 4-17: Classification curve according to EN 1993-1-1 along with the numerical test results of steel grade S460 strain hardening 

Additionally in Table 4-16 and Table 4-17, the numerical test results of the reaction bending moments RM1 

regarding bilinear and strain hardening in case of steel grade S235 are shown, corresponding to Figure 4-16 and 

Figure 4-17, respectively. 
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Table 4-16: Numerical test results reaction bending moments RM1 regarding bilinear and strain hardening in case of steel grade S355 

Cross-section  Width-to-

thickness 

ratio }/� [-] 

Reaction bending moment 

(RM1)Bilinear [Nmm] 

Reaction bending moment 

(RM1)Strain_hardening [Nmm] 

Ratio [-] 

CHS 244.5/12.5 19.56 237,980,530.00 262,380,000.00 1.10 

CHS 244.5/8.0 30.56 157,689,300.00 162,445,000.00 1.03 

CHS 273.0/8.0 34.13 197,810,000.00 200,594,000.00 1.01 

CHS 273.0/6.3 43.33 157,394,850.00 157,536,000.00 1.00 

Table 4-17: Numerical test results reaction bending moments RM1 regarding bilinear and strain hardening in case of steel grade S460 

Cross-section  Width-to-

thickness 

ratio }/� [-] 

Reaction bending moment 

(RM1)Bilinear [Nmm] 

Reaction bending moment 

(RM1)Strain_hardening [Nmm] 

Ratio [-] 

CHS 244.5/12.5 19.56 308,901,880.00 330,100,000.00 1.07 

CHS 244.5/8.0 30.56 204,682,800.00 206,548,000.00 1.01 

CHS 273.0/8.0 34.13 256,760,000.00 256,279,000.00 1.00 

CHS 273.0/6.3 43.33 156,570,000.00 203,112,000.00 0.99 

From Figure 4-16 and Table 4-16 is also concluded that the effect of strain hardening decreases in in case the 

slenderness of the cross-section i.e. the width-to-thickness �/N increases. Note that the effect of strain hardening 

is significant present in Class 1, where it is negligible in Class 2.   

Comparing Figure 4-15 to Figure 4-17 i.e. the numerical test results of the different types of steel grades, concludes 

that the effect of strain hardening decreases from a maximum of 17.0% to 7.0% in case of applying a higher steel 

grade.  

In case of CHS 244.5/12.5, CHS 244.5/8.0 and CHS 273.0/8.0 cross-sections, the plastic design resistance for 

bending ����#� i.e. at �� = 0.0 results into a larger value when the effect of strain hardening is considered. In 

Figure 4-18, the longitudinal stress distribution shapes regarding a CHS 244.5/12.5 cross-section of steel grade 

S235 in case of bilinear (a) and strain hardening (b) material behavior are shown. Note that the shapes are taken at 

the maximum of the force-displacement curve. 

                   

Figure 4-18: Longitudinal stress distribution shapes of a CHS 244.5/12.5 in case of bilinear (a) and strain hardening material behavior (b) for 

�� = 0.0 

From Figure 4-18 is concluded that the longitudinal stress distribution in case of a bilinear and a strain hardening 

material behavior are similar. However in case of strain hardening material behavior, the deflection at the 

maximum of the force-displacement curve is relatively large compared to considering a bilinear material behavior. 

Therefore, the numerical test results regarding the plastic design resistance for bending ����#� in case of 

considering the effect of strain hardening is larger. 

In Figure 4-19, the longitudinal stress distribution shapes of a bilinear and a strain hardening material behavior in 

case of CHS 244.5/12.5 cross-sections are given. Additionally, an utilization ratio with respect to axial force �� = 

0.7 is taken into consideration. 
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Figure 4-19: Longitudinal stress distribution shapes of a CHS 244.5/12.5 in case of bilinear (a) and strain hardening material behavior (b) for 

�� = 0.7 

From Figure 4-19 is concluded that the longitudinal stresses on the compression side of the beam are relatively 

large in case of considering a strain hardening material behavior. Additionally, the deflection of the beam in case 

of a strain hardening material behavior is relatively larger compared to the deflection of the beam considering a 

bilinear material behavior. The larger deflection results into a larger reduced plastic design resistance for bending 

by axial forces ���#�, since the eccentricity of the axial force with respect to the undeformed neutral axis of the 

beam is larger. 

Note that in case of CHS 244.5/12.5 and CHS 244.5/8.0 cross-sections, the effect of strain hardening predicts a 

larger design plastic resistance to axial forces of the gross cross-section (���#� i.e. at �� = 1.0. In case of CHS 

244.5/12.5 cross-sections, the longitudinal stress distribution shapes for bilinear and strain hardening material 

behavior are shown in Figure 4-20. 

                   

Figure 4-20: Longitudinal stress distribution shapes of a CHS 244.5/12.5 in case of bilinear (a) and strain hardening material behavior (b) for 

�� = 1.0 

From Figure 4-20 is concluded that the compression stresses in case of considering a strain hardening material 

behavior is relatively large compared to considering a bilinear material behavior. Therefore, the design plastic 

resistance to axial forces of the gross cross-section (���#� results into larger value in case of considering a strain 

hardening material behavior. 

Overall is concluded that the effect of strain hardening causes a larger reduced plastic design resistance for bending 

by axial forces ���#� compared to considering bilinear material behavior. The extra capacity due to the effect of 

strain hardening may be contribute to better statistical results in section 5.2. 
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CHAPTER 5 STATISTICAL EVALUATION 

In this chapter, a statistical evaluation regarding the obtained population of numerical test results of section 4.4 is 

performed in order to determine the partial safety factor ��. The safety assessment procedure according to EN 

1990-1-1 Annex D [27] is used to perform the statistical evaluation. 

SAFETY ASSESMENT PROCEDURE 

In this section, the methodology of the procedure of the statistical evaluation is described according to EN 1990-

1-1 Annex D [27]. 

5.1.1 Assumptions 

The assumed conditions in order to perform the statistical evaluation according to EN 1990-1-1 Annex D8.2.1 [27] 

are as follows: 

� The resistance value F! is a function of the vector of independent basic variables .3 a
�.G� .H� �.��G� .��, i.e. F! a 8�*:.3; a 8�*:.G� .H� �.��G� .�;, where � is the total number of basic 

variables ./; 
� There are a sufficient number of experimental resistance values F&�!  available; 

� All applicable geometrical properties and material properties are measured; 

� The basic variables ./ �are normal distributed or lognormal distributed.  

5.1.2 Stepwise methodology 

According to EN 1990-1-1 Annex D8.2.2 [27], the stepwise methodology of the safety assessment procedure [25] 

is outlined in this section.  

A) Develop a calculation model in order to determine the theoretical resistance values ���� and the 

experimental resistance values ����
The theoretical resistance values F'�! and the experimental resistance values F&�! form the basis of the safety 

assessment procedure and are defined in Equation (5-1) and (5-2) according to EN 1990-1-1 Annex D8.2.2.1 [27], 

respectively. 

( ) ( ) ( )= = =
� � � �� � � �#�

� ����$ � � �$
� � � � � � � �� � � � # � � � �

� ! " ! " " " ! " " (5-1) 

( ) ( ) ( )−= = =
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� ���� � � �$
� � � � � � � �� � � � # # � � � �

� ! " ! " " " " ! " " (5-2) 

F'�! Theoretical resistance values regarding the design rule provided by @ [Nmm] 

8�+�*:.3; Theoretical resistance function regarding the design rule provided by @ [Nmm] 

./ Basic variable  [mm] or [N/mm2] 

F&�! Experimental resistance values regarding the numerical test results [Nmm] 

8�9�*:.3; Experimental resistance function regarding the numerical test results [Nmm] 

In this case, the theoretical resistance values F'�!  are according to the design rule regarding bending and axial force 

interaction resistance of circular hollow sections provided by EN 1993-1-1 clause 6.2.9 [28], the proposal by Rotter 

(first version) [17] and (revised version) and the exact solution for a perfectly circular hollow section [30]. 

Equation (5-3) to (5-6) show the theoretical resistance values F'�! with respect to the basic variables ./, respectively. 
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In Equation (5-3) to (5-6), the basic variables ./ are defined as .� a �, .' a N and .���� a 7���. 

Additionally, experimental resistance values F&�! are according to the obtained population of numerical test results 

by the finite element model, which simulates the structural behavior of a circular hollow section subjected to 

combined bending and axial force. Similar basic variables ./ as inputted in the theoretical resistance function 8�+�*
can be varied and measured in the experimental resistance function 8�9�*:.3;. 

B) Compare the theoretical resistance values ���� and the experimental resistance values ����
The theoretical resistance values F'�! �are calculated by the measured basic variables ./, which form the basis of the 

experimental resistance values F&�!. Subsequently, the corresponding pairs of theoretical resistance values and 

experimental resistance values (F'�! ,�F&�!) are plotted in a scatter plot, see Figure 5-1. 

Figure 5-1: Scatter plot of corresponding pairs of theoretical resistance values and experimental resistance values 

The line through the origin of the scatter plot of Figure 5-1 is called the regression line, which is calculated in the 

following steps.  

C) Estimate the least-square approximation factor �
By means of linear regression analysis [14], an approach for the relation between the theoretical resistance values 

F'�! �and experimental resistance values F&�! �is modelled. The regression line through the origin of the scatter plot of 

Figure 5-1 is assumed to be linear and is defined as in Equation (5-7) according to EN 1990-1-1 Annex D8.2.2.3 

[27]. Note that the resistance values F! are the approached relation between the theoretical resistance values F'�! �and 

experimental resistance values F&�!. 

δ=
�� � � �

� �� (5-7) 

F! Resistance values  [Nmm] 

5 Least-square approximation factor [-] 

W! Error terms [-] 

In Equation (5-7), the slope of the regression line is denoted as the least-square approximation factor 5, which is 

defined in Equation (5-8) according to EN 1990-1-1 Annex D8.2.2.3 [27]. 
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D) Estimate the coefficient of variation with respect to the error terms ���
Subsequently, the coefficient of variation�with respect to the error terms -,*  is estimated, which is defined as the 

dispersion of corresponding pairs (F'�!,�F&�!), i.e. the error terms with respect to the estimated mean value of the 

error terms [LM. 

First, the error terms W! are defined in Equation (5-9) according to EN 1990-1-1 Annex D8.2.2.4 [27]. 
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��
(5-9) 

Then in Equation (5-10), the natural logarithm of the error terms M!  are defined according to EN 1990-1-1 Annex 

D8.2.2.4 [27]. 

( )δ∆ = "�
� � (5-10) 

M! Natural logarithm of the error terms [-] 

Subsequently, the estimated mean value of the error terms [LM is defined in Equation (5-11) according to EN 1990-

1-1 Annex D8.2.2.4 [27]. 
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[LM Estimated mean value of the error terms [-] 

In Equation (5-12), the estimated standard deviation KLM is given according to EN 1990-1-1 Annex D8.2.2.4 [27]. 
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KLM Estimated standard deviation of the error terms [-] 

Finally, the coefficient of variation with respect to the error terms -,*�is defined in Equation (5-13) according to 

EN 1990-1-1 Annex D8.2.2.4 [27]. 

( )δ ∆= −�%��� �
�

% $ (5-13) 

-,* Coefficient of variation with respect to the error terms [-] 

E) Estimate the coefficient of variation with respect to the theoretical resistance values �����
The coefficient of variation with respect to the theoretical resistance values -�+�* is defined as the dispersion of the 

theoretical resistance values F'�!  with respect to the mean value of the theoretical resistance function 8�+�*:[�3;. 

First, the partial derivatives of the theoretical resistance function 8�+�*:.
3; with respect to the basic variables ./ are 

given in Equation (5-14) to (5-16). 

( ) ( ) ( ) ( ) ( )
∆ →

∂ + ∆ − + ∆ −
= ≈

∂ ∆ ∆
� � � � �



"��

� � � � � � � � � �� � � � �

�
�

! " ! � � ! � ! � � ! �

" � �
 (5-14) 
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( ) ( ) ( ) ( ) ( )
∆ →

∂ + ∆ − + ∆ −
= ≈

∂ ∆ ∆
� � � � �



"��

� � � � � � � � � �� � � � �

�
�

! " ! � � ! � ! � � ! �

" � �
 (5-15) 

( ) ( ) ( ) ( ) ( )
∆ →

∂ + ∆ − + ∆ −
= ≈

∂ ∆ ∆
� �� �� �� ��

�

�

� � � � � �



� �

"��
� � � � � �

� �

� �

� � � � � � � � � � � � � � � � �

�
� � � � �

! " ! � � ! � ! � � ! �

" � �
(5-16) 

Note that the partial derivatives of Equation (5-14) to (5-16) are approached numerically. In this case, the change 

in basic variables are assumed as M� = MN = M7��� = 0.001. 

Then, the mean value [�� �and the standard deviation K�� �of the basic variables ./ and are given in Table 5-1. The 

geometrical parameters are according to Serra et al. [21] and the material properties are according to Simoes da 

Silva et al. [22]. 

Table 5-1: Statistical data regarding the geometrical parameters [21] and material parameters [22] 

Parameter Nominal value basic 

variable � 

Mean value basic 

variable ¡� 

Standard deviation 

basic variable ¢� 

External diameter } 244.50 244.19 0.21 

273.00 272.66 0.21 

Wall thickness � 6.30 6.76 0.15 

8.00 8.11 0.11 

12.50 12.89 0.10 

Design yield strength £¤�� 235.00 297.30 17.10 

355.00 419.38 20.30 

460.00 520.88 26.56 

Note that the mean value [�� �and the standard deviation K�� �of the basic variables ./ regarding the geometrical 

parameters of Table 5-1 are based on CHS 101.8/8.0 and CHS 139.7/6.3 cross-sections according to Serra et al. 

[21]. In case of obtaining the mean value [�� of � = 244.50 mm, � = 273.00 mm and N = 12.50 mm, the ratio 

between the mean value [/�B&��� and the nominal value AB&��� is multiplied by the nominal value ./012 of the basic 

variable ./, see Equation (5-17).  

µ
µ = �

� ��#

� &����

" �

&����

"
�

(5-17) 

[/�B&��� Mean value according to Serra et al. [mm] 

AB&��� Nominal value according to Serra et al. [mm] 

./012 Nominal value of the basic variable [mm] 

The theoretical resistance value with respect to the mean values of the basic variables F'�! is given in Equation 

(5-18). 

( )µ=
�� � �� � � "

� ! (5-18) 

Finally, the coefficient of variation with respect to the theoretical resistance values -�+�* is given in Equation (5-19) 

according to EN 1990-1-1 Annex D8.2.2.7 [27], since the theoretical resistance function 8�+�*:.
3;�is a complex 

function i.e. no product function. 

( )
( )µ =

� � ∂� �� �= ≅ ⋅ � �� �∂� �
�� �

�

�

�

�

� �
��

�� � � �

� � �

� �

#
� �

� "

� �� � �"

%� ! " !
% $

"! �
(5-19) 

-�+�* Coefficient of variation with respect to the theoretical resistance values [-] 
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F) Determine the design resistance values ����
Primarily in this step, the coefficient of variation with respect to the resistance value -�* is defined as the dispersion 

of the resistance values F! with respect to the mean value of the resistance values according to EN 1990-1-1 Annex 

D8.2.2.7 [27], see Equation (5-20). 

δ= +
�

� � �

� � � �� �
% % % (5-20) 

-�* Coefficient of variation with respect to the resistance values [-] 

Subsequently, the lognormal coefficients with respect to the error terms ),*, theoretical resistance values )�+�* and 

resistance values )�*�are given in Equation (5-21) to (5-23) according to EN 1990-1-1 Annex D8.2.2.7 [27], 

respectively.  

( )δ δ= +�
"� �

� �
' % (5-21) 

( )= +
� �

�
"� �

� � � �� �
' % (5-22) 

( )= +�
"� �

� �� �
' % (5-23) 

),* Lognormal coefficient with respect to the error terms [-] 

)�+�* Lognormal coefficient with respect to the theoretical resistance values [-] 

)�* Lognormal coefficient with respect to the resistance values [-] 

Thereafter in Equation (5-24), the design resistance values F��! are defined in Equation (5-24) according to EN 

1990-1-1 Annex D8.2.2.7 [27]. 

( ) δ
µ ∞

� �
� �= ⋅ ⋅ − − −
� �
� �

�

� �

�

� � � �
��� 
��

� � �

� �

� �

�

� � � � � � � �"

� �

' '
� � ! � � '

' '
(5-24) 

F��! Design resistance values [-] 

C��D Design fractile factors for infinite single test results [-] 

C��" Design fractile factors for � single test results  [-] 

Note that the design fractile factors C��D and C��" of Equation (5-24) are according to EN 1990-1-1 Table D2 [27]. 

G) Determine the corrected partial safety factor ¥��
V

In the final step, the corrected partial safety factor ��
V  is defined by Equation (5-25) according to EN 1990-1-1 

Annex D8 [27]. 

γ
=

= � �&




� �

� �
� �

�

� � �

�

� �
(5-25) 

��
V Corrected partial safety factor [-] 

After determining the corrected partial safety factor ��
V , this value is compared to the already existing partial 

safety factor ��. In Table 5-2, a summary regarding the stepwise methodology is shown. 

Table 5-2: Summary stepwise methodology safety assessment procedure 
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Step Description 

A) Develop a calculation model in order to determine the theoretical resistance values F'�!  and the 

experimental resistance values F&�!
B) Compare the theoretical resistance values F'�!  and the experimental resistance values F&�!
C) Estimate the least-square approximation factor 5
D) Estimate the coefficient of variation with respect to the error terms -,*
E) Estimate the coefficient of variation with respect to the theoretical resistance values -�+�*
F) Determine the design resistance values F��!
G) Determine the corrected partial safety factor ��V

STATISTICAL RESULTS 

In this section, the statistical results regarding the parametric study are discussed. The statistical results are 

determined according to the safety assessment procedures as described in section 5.1.2. 

5.2.1 Statistical results regarding the design rule of EN 1993-1-1 clause 6.2.9 

The statistical results regarding the considered types of cross-sections for several steel grades in case of the design 

rule of EN 1993-1-1 clause 6.2.9 [28] are shown Table 5-3. 

Table 5-3: Statistical results regarding the design rule of EN 1993-1-1 clause 6.2.9 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/12.5 S235 100 1.02 0.033 0.114 0.119 0.85 

CHS 244.5/12.5 S355 100 1.02 0.036 0.108 0.114 0.93 

CHS 244.5/12.5 S460 100 1.02 0.031 0.126 0.130 1.05 

CHS 244.5/8.0 S235 100 1.01 0.031 0.120 0.124 0.89 

CHS 244.5/8.0 S355 100 1.01 0.033 0.116 0.120 0.98 

CHS 244.5/8.0 S460 100 1.01 0.026 0.137 0.139 1.11 

CHS 273.0/8.0 S235 100 1.01 0.033 0.120 0.124 0.90 

CHS 273.0/8.0 S355 100 1.01 0.036 0.115 0.121 0.99 

CHS 273.0/8.0 S460 100 1.01 0.027 0.137 0.139 1.12 

CHS 273.0/6.3 S235 100 0.99 0.039 0.108 0.115 0.82 

CHS 273.0/6.3 S355 100 0.99 0.041 0.103 0.111 0.89 

CHS 273.0/6.3 S460 100 0.96 0.074 0.114 0.136 1.08 

From Table 5-3 is concluded that in case of steel grades S235 and S355 for the considered types of cross-sections, 

the corrected partial material factors���V  underestimate the already existing partial safety factor ���'��%&'  = ��
= 1.0.  

To evaluated the corrected partial safety factors ��V  with the already existing partial safety factor ��'��%&'  = ��
= 1.0, the following condition is defined in Equation (5-26). 

γ

γ
=

&





�������

�

�

�

� (5-26) 

���'��%&' Already existing partial safety factor [-] 

7� Acceptance limit [-] 

The acceptance limit 7� of Equation (5-26) is according to the proposal by SAFEBRICTILE [25]. In Figure 5-2, 

the acceptance limit plot regarding the corrected partial safety factors ���V  of EN 1993-1-1 clause 6.2.9 [28] is 

shown. Note that the recommend acceptance limits by the proposal of SAFEBRICTILE [25] is indicated by the 

red solid line. Besides, the acceptance limit 7� as function of the coefficient of variation with respect to the 

resistance value -�*  for each steel grade are indicated by the colored dots. 
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Figure 5-2: Acceptance limit plot regarding the corrected partial safety factors ���
V  in case of EN 1993-1-1 clause 6.2.9 for ���'��%&' = 1.0 

From Figure 5-2 is concluded that in case of CHS 244.5/8.0 and CHS 273.0/8.0 cross-sections of steel grade S460, 

the corrected partial safety factors ���
V  are not statistically acceptable, since the statistical results exceed the 

acceptance limit proposed by SAFEBRICTILE [25]. Note from Figure 5-2 that the corrected partial safety factor 

���
V  increases in case a higher steel grade is applied. Additionally, CHS 244.5/8.0 and 273.0/8.0 cross-sections 

with corresponding wall thicknesses N�show slightly similar statistical results. 

5.2.2 Statistical results regarding the design rule of the proposal by Rotter (first version) 

The statistical results regarding the considered types of cross-sections for several steel grades in case of the design 

rule of the proposal by Rotter (first version) [17] are shown Table 5-4. 

Table 5-4: Statistical results regarding the design rule of the proposal by Rotter (first version) 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/12.5 S235 100 0.95 0.092 0.115 0.147 1.02 

CHS 244.5/12.5 S355 100 0.95 0.095 0.108 0.144 1.11 

CHS 244.5/12.5 S460 100 0.96 0.090 0.126 0.155 1.22 

CHS 244.5/8.0 S235 100 0.94 0.096 0.120 0.154 1.07 

CHS 244.5/8.0 S355 100 0.94 0.098 0.115 0.152 1.18 

CHS 244.5/8.0 S460 100 0.95 0.090 0.136 0.163 1.30 

CHS 273.0/8.0 S235 100 0.94 0.096 0.115 0.150 1.04 

CHS 273.0/8.0 S355 100 0.94 0.098 0.109 0.147 1.13 

CHS 273.0/8.0 S460 100 0.95 0.090 0.127 0.156 1.24 

CHS 273.0/6.3 S235 100 0.93 0.104 0.109 0.151 1.00 

CHS 273.0/6.3 S355 100 0.93 0.106 0.103 0.148 1.09 

CHS 273.0/6.3 S460 100 0.90 0.140 0.113 0.181 1.36 

From Table 5-4 is concluded that in all cases regarding the considered types of cross-sections and steel grades, the 

corrected partial material factors���
V  overestimate the already existing partial safety factor ���'��%&' = �� = 1.0.  

In Figure 5-3, the acceptance limit plot regarding the corrected partial safety factors ���
V  of the proposal by Rotter 

(first version) [17] is shown. 

NOT ACCEPTABLE RESULTS

ACCEPTABLE RESULTS
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Figure 5-3: Acceptance limit plot regarding the corrected partial safety factors ���
V  in case of the proposal by Rotter (first version) for ���'��%&'

= 1.0 

From Figure 5-3 is concluded that in case of cross-sections of steel grade S235 and CHS 273.0/6.3 and CHS 

244.5/12.5 cross-sections of steel grade S355, the corrected partial safety factors ���
V  are statistically acceptable, 

since the statistical results do not exceed the acceptance limit proposed by SAFEBRICTILE [25]. Note from Figure 

5-3 that the corrected partial safety factor ���
V  increases in case a higher steel grade is applied.  

5.2.3 Statistical results regarding the design rule of the proposal by Rotter (revised version) 

The statistical results regarding the considered types of cross-sections for several steel grades in case of the design 

rule of the proposal by Rotter (revised version) are shown Table 5-5. 

Table 5-5: Statistical results regarding the design rule of the proposal by Rotter (revised version) 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/12.5 S235 100 1.01 0.039 0.114 0.121 0.87 

CHS 244.5/12.5 S355 100 1.01 0.042 0.108 0.116 0.95 

CHS 244.5/12.5 S460 100 1.01 0.037 0.126 0.132 0.87 

CHS 244.5/8.0 S235 100 1.00 0.037 0.120 0.126 0.91 

CHS 244.5/8.0 S355 100 1.00 0.040 0.116 0.122 1.00 

CHS 244.5/8.0 S460 100 1.00 0.033 0.137 0.141 1.13 

CHS 273.0/8.0 S235 100 1.00 0.040 0.120 0.126 0.91 

CHS 273.0/8.0 S355 100 1.00 0.042 0.115 0.123 1.00 

CHS 273.0/8.0 S460 100 1.00 0.034 0.137 0.141 1.13 

CHS 273.0/6.3 S235 100 0.99 0.047 0.108 0.118 0.84 

CHS 273.0/6.3 S355 100 0.98 0.049 0.103 0.114 0.91 

CHS 273.0/6.3 S460 100 0.95 0.082 0.114 0.140 1.11 

From Table 5-5 is concluded that in case of CHS 244.5/12.5 cross-sections of all steel grades, CHS 244.5/8.0 and 

CHS 273.0/6.3 cross-sections of steel grade S235 and CHS 273.0/6.3 cross-sections of steel grades S235 and S355, 

the corrected partial material factors���
V  underestimate the already existing partial safety factor ���'��%&'  = ��

= 1.0.  

In Figure 5-4, the acceptance limit plot regarding the corrected partial safety factors ���
V  of the proposal by Rotter 

Revised version is shown. 

NOT ACCEPTABLE RESULTS

ACCEPTABLE RESULTS
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Figure 5-4: Acceptance limit plot regarding the corrected partial safety factors ���
V  in case of the proposal by Rotter (revised version) for 

���'��%&' = 1.0 

From Figure 5-3 is concluded that in case of CHS 244.5/8.0, CHS 273.0/8.0 and CHS 273.0/6.3 cross-sections of 

steel grade S460, the corrected partial safety factors ���
V  are not statistically acceptable, since the statistical results 

exceed the acceptance limit proposed by SAFEBRICTILE [25]. Note from Figure 5-3 that the corrected partial 

safety factor ���
V  increases in case a higher steel grade is applied. Additionally, CHS 244.5/8.0 and CHS 273.0/8.0 

cross-sections with corresponding wall thicknesses N�show slightly similar statistical results. 

5.2.4 Statistical results regarding the exact solution for a perfectly circular hollow section 

The statistical results regarding the considered types of cross-section for several steel grades in case of the exact 

solution for a perfectly circular hollow section [30] are shown Table 5-6. 

Table 5-6: Statistical results regarding the exact solution for a perfectly circular hollow section 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/12.5 S235 100 1.00 0.012 0.113 0.114 0.85 

CHS 244.5/12.5 S355 100 1.00 0.013 0.107 0.108 0.92 

CHS 244.5/12.5 S460 100 1.00 0.011 0.126 0.126 1.04 

CHS 244.5/8.0 S235 100 1.00 0.010 0.119 0.119 0.89 

CHS 244.5/8.0 S355 100 1.00 0.009 0.115 0.115 0.97 

CHS 244.5/8.0 S460 100 1.00 0.010 0.136 0.137 1.11 

CHS 273.0/8.0 S235 100 0.99 0.011 0.119 0.119 0.89 

CHS 273.0/8.0 S355 100 0.99 0.012 0.115 0.115 0.98 

CHS 273.0/8.0 S460 100 0.99 0.012 0.136 0.137 1.12 

CHS 273.0/6.3 S235 100 0.98 0.025 0.107 0.110 0.81 

CHS 273.0/6.3 S355 100 0.98 0.025 0.102 0.105 0.88 

CHS 273.0/6.3 S460 100 0.94 0.055 0.113 0.126 1.06 

From Table 5-6 is concluded that in case of steel grades S235 and S355 for the considered types of cross-sections, 

the corrected partial material factors���
V  underestimate the already existing partial safety factor ���'��%&'  = ��

= 1.0.  

In Figure 5-4, the acceptance limit plot regarding the corrected partial safety factors ���
V  of the exact solution for 

a perfectly circular hollow section [30] is shown. 

NOT ACCEPTABLE RESULTS

ACCEPTABLE RESULTS
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Figure 5-5: Acceptance limit plot regarding the corrected partial safety factors ���

V  in case of the exact solution for a perfect circular hollow 

section for ���'��%&' = 1.0 

From Figure 5-5 is concluded that in case of CHS 244.5/8.0 and CHS 273.0/8.0 cross-sections of steel grade S460, 

the corrected partial safety factors ���
V  are not statistically acceptable, since the statistical results exceed the 

acceptance limit proposed by SAFEBRICTILE [25]. Note from Figure 5-3 that the corrected partial safety 

factor���
V  increases in case a higher steel grade is applied. Additionally, CHS 244.5/8.0 and 273.0/8.0 cross-

sections with corresponding wall thicknesses N�show slightly similar statistical results. 

5.2.5 Evaluation statistical results 

In Table 5-7, an overview of the statistical results regarding the design rules is given. Note that (non-)acceptable 

statistical results are indicated by a crossmark and checkmark, respectively. 

Table 5-7: Overview acceptable statistical results regarding the design rules 

  EN 1993-1-1 

clause 6.2.9 

Proposal by Rotter 

(first version) 

Proposal by Rotter 

(revised version) 

Exact solution for 

a perfectly CHS 

CHS 244.5/12.5 S235 � � � �

S355 � � � �

S460 � x � �

CHS 244.5/8.0 S235 � � � �

S355 � x � �

S460 x x x x 

CHS 273.0/8.0 S235 � � � �

S355 � x � �

S460 x x x x 

CHS 273.0/6.3 S235 � � � �

S355 � � � �

S460 � x x �

From Table 5-7 is concluded that the design rules of EN 1993-1-1 clause 6.2.9 [28] and the exact solution for a 

perfectly circular hollow section [30] generate the most acceptable statistical results. Additionally, the design rule 

of the proposal by Rotter (first version) [17] generates the most non-acceptable statistical results, since Rotter [17] 

proposed an incorrect M-N interaction resistance design rule in the amendment to the EN 1993-1-1 clause 6.2.9 

[28], which considers a circular solid cross-section.  

Note that in case of steel grade S460, many statistical results are not accepted. This is explained by a relatively 

larger deviation of the mean value of the design yield strength [���� = 520.88 N/mm2 to the nominal value of the 

yield strength 7��� = 460.00 N/mm2 and a relatively large standard deviation of the yield strength K���� = 26.56 

N/mm2. In case these values could be reduced, the statistical result will improve to an acceptable statistical result. 

NOT ACCEPTABLE RESULTS

ACCEPTABLE RESULTS
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5.2.6 Improving statistical results 

In this section, the non-accepabtle statistical results regarding the design rules of EN 1993-1-1 clause 6.2.9 [28], 

the proposal by Rotter (revised version) and the exact solution for a perfectly circular hollow section [30] of Table 

5-7 are improved in order to generate acceptable statistical results. By means of assuming a target partial safety 

factor ��'��%&'  = 1.03, the acceptance limits plot is given in Figure 5-6. 

Figure 5-6: Acceptance limit plot regarding the corrected partial safety factors ���
V  in case of the design rules for ���'��%&' = 1.03 

From Figure 5-6 is concluded that all statistical results do not exceed the acceptance limit proposed by 

SAFEBRICTILE [25]. That means that the statistical results of CHS 244.5/8.0, CHS 273.0/8.0 and CHS 273.0/6.3 

cross-sections in case of steel grade S460 regarding the design rules of EN 1993-1-1 clause 6.2.9 [28], the proposal 

by Rotter (revised version) and the exact solution for a perfectly circular hollow section [30] are acceptable in case 

of the target partial safety factor ��'��%&'  = 1.03. 

From section 4.4.6 is concluded that the effect of strain hardening causes a larger reduced plastic design resistance 

for bending by axial forces ���#� compared to considering bilinear material behavior in case of the considered 

types of cross-sections for steel grades S235, S355 and S460.  

For CHS 244.5/8.0, CHS 273.0/8.0 and CHS 273/6.3 cross-sections in case of steel grade S460, a statistical 

evaluation is performed considering the effect of strain hardening. In Table 5-8 to Table 5-10, the statistical results 

are given. 

Table 5-8: Statistical results considering the effect of strain hardening regarding the design rule of EN 1993-1-1 clause 6.2.9 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/8.0 S460 100 1.09 0.057 0.116 0.129 1.04 

CHS 273.0/8.0 S460 100 1.05 0.033 0.113 0.118 1.04 

Table 5-9: Statistical results considering the effect of strain hardening regarding the design rule of the proposal by Rotter (revised version) 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/8.0 S460 100 1.09 0.054 0.116 0.128 1.04 

CHS 273.0/8.0 S460 100 1.04 0.030 0.113 0.117 1.05 

CHS 273.0/6.3 S460 100 0.98 0.019 0.099 0.101 0.99 

Table 5-10: Statistical results considering the effect of strain hardening regarding the exact solution for a perfectly circular hollow section 

Cross-section  Steel grade   [-] � [-] ��� [-] ����� [-] ���  [-] ¥��
V  [-] 

CHS 244.5/8.0 S460 100 1.08 0.063 0.117 0.133 1.06 

CHS 273.0/8.0 S460 100 1.04 0.038 0.114 0.120 1.06 

NOT ACCEPTABLE RESULTS

ACCEPTABLE RESULTS
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In Figure 5-7, the acceptance limit plot regarding the corrected partial safety factors ���
V  of the design rules is 

shown in case of the target partial safety factor ��'��%&'  = 1.03 considering the effect of strain hardening.

Figure 5-7: Acceptance limit plot regarding the corrected partial safety factors ���
V  in case of the design rules for ���'��%&' = 1.0 considering 

the effect of strain hardening  

From Figure 5-7 is concluded that all statistical results do not exceed the acceptance limit proposed by 

SAFEBRICTILE [25]. That means that the non-accepabtle statistical results of Table 5-7 are statistically 

acceptable in case the effect of strain hardening is considered for the target partial safety factor ��'��%&'  = 1.0. 

  

NOT ACCEPTABLE RESULTS

ACCEPTABLE RESULTS
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CONCLUSIONS AND RECOMMENDATIONS 

In this chapter, the partial conclusions and the main conclusions of the master research regarding the combined 

bending and axial force interaction resistance of circular hollow sections are given. Additionally, the 

recommendations are outlined for further research in the field. 

6.1 PARTIAL CONCLUSIONS 

In this section, the partial conclusions of the master research regarding the combined bending and axial force 

interaction resistance of circular hollow sections are outlined by subject as follows: 

Verification of the loads 

� The internal forces and external forces give similar numerical results, therefore the applied axial force 

CF3 and applied bending moment CM1 at RP1 are measured during the element and mesh convergence 

study. 

Element and mesh convergence study 

� The mesh and convergence study concludes to apply S4 shell elements with 64 elements over the 

perimeter of the cross-section, 5 integration points over the thickness of the cross-section and 64 elements 

over the half-length of the beam. 

Geometrical imperfection study  

� The influence of geometrical imperfections on the numerical results is neglected, since the numerical 

results are similar in case of no imperfection and the imperfections � = 0.2445 mm and � = 0.8558 mm. 

Length of the beam study  

� In case of � = 3.5� the M-N interaction resistance curve according to the exact solution for a perfectly 

circular hollow section [30] is predicted the most accurate. 

Material properties study 

� The effect of strain hardening cannot be ignored in case of the considered CHS 244.5/12.5 cross-section, 

since the strain hardening material model gives a larger numerical result compared to a bilinear material 

model, therefore the effect of strain hardening is further investigated during the parametric study. 

Numerical test results regarding a CHS 244.5/12.5 cross-section of steel grade S235 

� The exact solution for a perfectly circular hollow section [30] is the most accurate, since the deviations 

are in a range of -0.03% to 3.78%; 

� The design rule of the proposal by Rotter (first version) [17] is the less accurate, since the design rule 

overestimates the numerical test results by a maximum of 36.5%. 

Numerical test results regarding a CHS 244.5/8.0 cross-section of steel grade S235 

� The exact solution for a perfectly circular hollow section [30] is the most accurate, since the numerical 

test results are predicted in a range of -3.9% to 3.5%; 

� The proposal by Rotter (first version) [17] is least accurate, since the design rule overestimates the 

numerical test results by a maximum of 34.0%. 

Numerical test results regarding CHS 273.0/8.0 of steel grade S235 

� The exact solution for a perfectly circular hollow section [30] is the most accurate, since the numerical 

test results are predicted in a range of -0.2% to 4.7%; 

� The design rule of the proposal by Rotter (first version) [17] is least accurate, since the design rule 

overestimates the numerical test results by a maximum of 36.4%. 

Numerical test results regarding CHS 273.0/6.3 of steel grade S235 

� The exact solution for a perfect circular hollow section [30] is the most accurate, since the numerical test 

results are predicted in a range of 0.8% to 8.9; 
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� The design rule of the proposal by Rotter (first version) [17] is least accurate, since the design rule 

overestimates the numerical test results by a maximum of 35.3%. 

Numerical test results regarding higher steel grades 

� The exact solution for a perfectly circular hollow section [30] is the most accurate, since the deviations 

are relatively small compared to the other design rules; 

� The design rule of the proposal by Rotter (first version) [17] is least accurate, since the design rule 

overestimates the numerical test results by the larges maximum deviations compared to the other design 

rules. 

Numerical results regarding strain hardening 

� The effect of strain hardening decreases in case the slenderness of the cross-section increases; 

� The effect of strain hardening is significantly present in Class 1, where it is negligible in Class 2 for the 

considered steel grades; 

� In case of CHS 244.5/12.5, CHS 244.5/8.0 and CHS 273.0/8.0 cross-sections, the plastic design resistance 

for bending ����#� i.e. at �� = 0.0 results into a larger value when the effect of strain hardening is 

considered. 

� Overall is concluded that the effect of strain hardening causes a larger reduced plastic design resistance 

for bending by axial forces ���#� compared to considering bilinear material behavior. The extra capacity 

due to the effect of strain hardening may be contribute to better statistical results 

Statistical results regarding the design rule of EN 1993-1-1 clause 6.2.9 

� In case of steel grades S235 and S355 for the considered types of cross-sections, the corrected partial 

material factors���
V  underestimate the already existing partial safety factor ��'��%&'  = �� = 1.0; 

� In case of CHS 244.5/8.0 and CHS 273.0/8.0 cross-sections of steel grade S460, the corrected partial 

safety factors ���
V  are not statistically acceptable, since the statistical results exceed the acceptance limit 

proposed by SAFEBRICTILE [25]. 

Statistical results regarding the design rule of the proposal by Rotter (first version) 

� In all cases regarding the considered types of cross-sections and steel grades, the corrected partial material 

factors���
V  overestimate the already existing partial safety factor ��'��%&'  = �� = 1.0; 

� In case of the considered cross-sections of steel grade S235 and CHS 273.0/6.3 and CHS 244.5/12.5 of 

steel grade S355, the corrected partial safety factors ���
V  are statistically acceptable, since the statistical 

results do not exceed the acceptance limit proposed by SAFEBRICTILE [25]. 

Statistical results regarding the design rule of the proposal by Rotter (revised version) 

� In case of CHS 244.5/12.5 cross-sections of all steel grades, CHS 244.5/8.0 and CHS 273.0/6.3 cross-

sections of steel grade S235 and CHS 273.0/6.3 cross-sections of steel grades S235 and S355, the 

corrected partial material factors���
V  underestimate the already existing partial safety factor ��'��%&'  = 

�� = 1.0; 

� In case of CHS 244.5/8.0, CHS 273.0/8.0 and CHS 273.0/6.3 cross-sections of steel grade S460, the 

corrected partial safety factors ���
V  are not statistically acceptable, since the statistical results exceed the 

acceptance limit proposed by SAFEBRICTILE [25]. 

Statistical results regarding the exact solution for a perfectly circular hollow section 

� In case of steel grades S235 and S355 for the considered types of cross-sections, the corrected partial 

material factors���
V  underestimate the already existing partial safety factor ��'��%&'  = �� = 1.0; 

� In case of CHS 244.5/8.0 and CHS 273.0/8.0 cross-sections of steel grade S460, the corrected partial 

safety factors ���
V  are not statistically acceptable, since the statistical results exceed the acceptance limit 

proposed by SAFEBRICTILE [25]. 

Evaluation statistical results  

� The design rules of EN 1993-1-1 clause 6.2.9 [28] and the exact solution for a perfectly circular hollow 

section [30] generate the most acceptable statistical results; 
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� The design rule of the proposal by Rotter (first version) [17] generates the most non-acceptable statistical 

results, since Rotter [17] proposed an incorrect M-N interaction resistance design rule in the amendment 

to EN 1993-1-1 clause 6.2.9 [28], which considers a circular solid cross-section. 

Improving statistical results 

� All statistical results do not exceed the acceptance limit proposed by SAFEBRICTILE [25] in case of the 

target partial safety factor ��'��%&'  = 1.03; 

� All statistical results do not exceed the acceptance limit proposed by SAFEBRICTILE [25] in case the 

effect of strain hardening is considered for the target partial safety factor ��'��%&'  = 1.0. 

6.2 MAIN CONCLUSION 

In this section, the main conclusion of the master research regarding the combined bending and axial force 

interaction resistance of circular hollow sections is outlined. From section 1.2, the main aim of the research was 

formulated as follows: 

Assess the design rule for cross-sectional resistance provided by EN 1993-1-1 clause 6.2.9 [28] regarding 

combined bending and axial force interaction resistance of circular hollow steel sections by means of a 

numerical and statistical evaluation. 

Note that the statistical evaluation is extended by the design rules of the proposal by Rotter (first version) [17] and 

(revised version) and the exact solution for a perfectly circular hollow section [30].  It is concluded that the 

statistical results do not exceed the acceptance limit proposed by SAFEBRICTILE [25] for the already existing 

partial safety factor �� = 1.0 in case of: 

� The design rule of EN 1993-1-1 clause 6.2.9 [28] for the considered types of cross-sections of steel grades 

S235 and S355 and CHS 244.5/12.5 and CHS 273.0/6.3 cross-sections of steel grade S460; 

� The design rule of the proposal by Rotter (first version) [17] for the considered cross-sections of steel 

grade S235 and CHS 273.0/6.3 and CHS 244.5/12.5 of steel grade S355; 

� The design rule of the proposal by Rotter (revised version) for the considered types of cross-sections of 

steel grades S235 and S355 and CHS 244.5/12.5 of steel grade S460; 

� The exact solution for a perfectly circular hollow section [30] for the considered types of cross-sections 

of steel grades S235 and S355 and CHS 244.5/12.5 and CHS 273.0/6.3 cross-sections of steel grade S460.

In Table 5-7, an overview of the acceptable statistical results of the design rules is given according to the 

acceptance limit proposed by SAFEBRICTILE [25].  

The main conclusion regarding the master research is as follows: 

The partial safety factor �� = 1.0 regarding the design rules for cross-sectional resistance provided by EN 

1993-1-1 clause 6.2.9 [28], the proposal by Rotter (first version) [17] and (revised version) and the exact 

solution for a perfectly circular hollow section [30] of combined bending and axial force interaction resistance 

of circular hollow steel sections is statistically acceptable for steel grades S235 and S355. For steel grade S460 

the following is recommended: 

� A partial safety factor �� = 1.03 in case of considering bilinear material behavior; 

� A partial safety factor �� = 1.00 in case of considering strain hardening material behavior. 

6.3 RECOMMENDATIONS 

The main recommendations for further research in the field are as follows: 

� The influences of shear force on the reduced plastic design resistance for bending by axial forces ���#�

could be investigated, since EN 1993-1-1 clause 6.2.9 [28] allows a load effect of the maximum shear 

force -���of half the shear resistance -#� without reduction; 

� Improving the design yield strength [���� and the standard deviation of the yield strength K���� regarding 

steel grade S460 will lead to more acceptable statistical results in case of the considered design rules; 

� The influences of welded cross-sections on the reduced plastic design resistance for bending by axial 

forces ���#� could be investigated, since this research only considers seamless cross-sections. 
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APPENDIX A DERIVATION REGARDING THE DESIGN RULES OF 

THE EXACT SOLUTIONS FOR A PERFECTLY AND IMPERFECTLY

CIRCULAR HOLLOW SECTIONS 
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A.1 PERFECTLY CIRCULAR HOLLOW SECTION 

Consider a perfectly circular hollow section as shown Figure A-1(a). Polar coordinates are used to derive the exact 

solution of the combined bending and axial force interaction resistance. Each point on a plane in a polar coordinate 

system is determined by a distance from a reference point F�and an angle from a reference direction ¦. The 

reference point and reference direction are in this case given by the origin and the positive z-axis, respectively, see 

Figure A-1(b). 

Figure A-1: Geometry perfectly circular hollow section (a), definition of polar coordinates (b), N- and M- area (c) 

Additionally, the areas of the cross-section subjected to axial force and bending are indicted by N-areas and M-

areas, respectively, as shown in Figure A-1(c). The area of the cross-section subjected to axial force �� is assumed 

to be situated around the plastic neutral axis.  

Note that the angle ]�indicates the amount of area of the cross-section subjected to axial force ��. In case of ] a
n��no area of the cross-section is subjected to axial force. However, in case of ] = 

G
H§��the complete area of the 

cross-section is subjected to axial force. Therefore, the domain 0 � �¨�� G
H� applies in this derivation. 

A.1.1 Derivation of the exact combined bending and axial force interaction resistance  

The external diameter � and internal diameter 6 of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (A-1) and (A-2), respectively.  

( ) ( )θ =
�

�

�
� � for 0 � �¦�� G

H§ (A-1) 

( ) ( )θ =
�

�

�
� � for 0 � �¦�� G

H§ (A-2) 

F Distance from the pole [mm] 

¦ Angle from the polar axis [rad] 

The area of the cross-section subjected to axial force �� is determined by means of integration, see Equation (A-3). 

The area enclosed by the functions of Equations (A-1) and (A-2) in the 1th quadrant is shown in Figure A-1(b). 

Due to symmetry, the factor 4 is in included in Equation (A-3) to obtain all areas of the cross-section subjected to 

axial force ���of all quadrants, see Figure A-1(c).  
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(A-3) 

] Parameter that indicates the amount of area of the cross-section subjected to axial force [rad] 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   119 

In Equation (A-3), the area of the cross-section subjected to axial force �� depends on the angle ]. The associated 

design axial force (�� of that area is given by Equation (A-4). 

( )ϕ
= = −� �

� �
�

�� � � � � �
�  � � � � (A-4) 

The utilization ratio of design axial force to design plastic resistance to axial forces of the gross cross-section ��
is given by Equation (A-5). 

ϕ

π
= = =

�

� �

�� � ���
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 ��
�

� �
(A-5) 

Subsequently, the plastic section modulus of the area of the cross-section subjected to bending ����� is given by 

Equation (A-6). 
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(A-6) 

In Equation (A-6), the plastic section modulus of the area of the cross-section subjected to bending ����� depends 

also on the angle�]. The associated design bending moment ��� of that area is given by Equation (A-7). 

( ) ( )
ϕ

= = − 

� � �

���

�
�� 	
 � � � � �

� � � � � � (A-7) 

The utilization ratio of design bending moment to design plastic resistance to bending of the gross cross-section 

�� is given by Equation (A-8). 

( )ϕ= = =
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Solving Equation (A-5) for the angle ] leads to Equation (A-9). 

π
ϕ =

�
�

� (A-9) 

Substituting Equation (A-9) into Equation (A-8) leads to the exact combined bending and axial force interaction 

resistance for the considered perfectly circular hollow section in Figure A-1(a), see Equation (A-10).

π� �
= � �

� �
���

�
� �

� � (A-10) 

Note that the exact M-N interaction resistance of Equation (A-10) is independent of geometrical properties and 

material properties, since these parameters do not appear in the exact M-N interaction resistance. However, note 

that the assumptions described in section 2.3.2 should be satisfied. 

A.1.2 M-N interaction resistance curve 

In Figure A-2, the combined bending and axial force interaction resistance curve for a perfectly circular hollow 

section is shown. On the horizontal axis, the utilization ratio with respect to the axial force �� is plotted. 

Additionally on the vertical axis, the utilization ratio with respect to bending �� is plotted.  

Figure A-2: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section 
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A.2 IMPERFECTLY CIRCULAR HOLLOW SECTION WITH UNIFORM WALL 

THICKNESS 

Consider an imperfectly circular hollow section with uniform wall thickness as shown Figure A-3(a). Polar 

coordinates are used to derive the exact solution of the exact combined bending and axial force interaction 

resistance. The derivation procedure is similar to the derivation for a perfectly circular hollow section using a polar 

coordinate system, see section A.1. 

Figure A-3: Geometry imperfectly circular hollow section with uniform wall thickness (a), definition of polar coordinates (b), N- and M- area 

(c) 

A.2.1 Derivation of the exact combined bending and axial force interaction resistance 

The external diameter � and internal diameter 6 of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (A-11) and (A-12), respectively.  
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^ Parameter that indicates the degree of ovalisation of the cross-section due to geometrical imperfections [-] 

Then, the area of the cross-section subjected to axial force �� is obtained by integrating the expressions regarding 

the external diameter � and internal diameter 6, see Equation (A-13). 
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In Equation (A-13), the area of the cross-section subjected to axial force �� depends on the angle ]. The associated 

design axial force (�� �of that area is given by Equation (A-14). 

( )( )( )ψ
ψ ϕ= = −� �
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������ ���

�
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�  � � � � (A-14) 

The utilization ratio of design axial force to design plastic resistance to axial forces of the gross cross-section ��
is given by Equation (A-15). 
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Subsequently, the plastic section modulus of the area subjected to bending ����� is given by Equation (A-16). 
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In Equation (A-16), the plastic section modulus of the area subjected to bending ����#� depends also on the angle 

]. The associated design bending moment ��� �of that area is given by Equation (A-17). 
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The utilization ratio of design bending moment to design plastic resistance to bending moments of the gross cross-

section �� is given by Equation (A-18). 
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Solving Equation (A-15) for the angle ] leads to Equation (A-19). 
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Substituting Equation (A-19) into Equation (A-18) leads to the exact combined bending and axial force interaction 

resistance for the considered imperfectly circular hollow section with uniform wall thickness in Figure A-3(a), see 

Equation (A-20). 
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To verify that the obtained exact M-N interaction resistance of Equation (A-20) is also valid in case for a perfectly 

circular hollow section i.e. ^ a dun. Substituting ^ a dun�and simplifying the formula by using the identities 

©ª«¬©:¬©:P;; a P for P i ®e G
H§�

G
H§¯�and «°±H:P; ² ±³H:P; a d for P i q, see Equation (A-21). 
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It is concluded that the substituted exact M-N interaction resistance of Equation (A-21) is similar to the found 

exact M-N interaction resistance of Equation (A-10). 

A.2.2 M-N interaction resistance curve 

In Figure A-4, the combined bending and axial force interaction resistance curves for an imperfectly circular 

hollow section with uniform wall thickness in case of several the degree of ovalisation ^ are shown. It is concluded 

that the degree of ovalisation ^ does not influence the interaction resistance curve for an imperfectly circular 

hollow section with uniform wall thickness, since the found numerically results do not differ. 

Figure A-4: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section  with uniform wall 

thickness in case of several degree of ovalisation 
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A.3 IMPERFECTLY CIRCULAR HOLLOW SECTION WITH NON-UNIFORM WALL 

THICKNESS 

Consider an imperfectly circular hollow section with non-uniform wall thickness as shown Figure A-5(a). Polar 

coordinates are used to derive the exact solution of the combined bending and axial force interaction resistance. 

The derivation procedure is similar to the derivation for the imperfectly circular hollow section with uniform wall 

thickness using a polar coordinate system, see section A.1. 

Figure A-5: Geometry imperfectly circular hollow section with non-uniform wall thickness (a), definition of polar coordinates (b), N- and M- 
area (c) 

A.3.1 Derivation of the exact combined bending and axial force interaction resistance  

The external diameter � and internal diameter 6 of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (A-22) and (A-23), respectively.  
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_ Parameter that indicates the degree of ovalisation of the cross-section due to geometrical imperfections [-] 

Then, the area of the cross-section subjected to axial force �� is obtained by integrating the expressions regarding 

the external diameter � and internal diameter 6, see Equation (A-13). 
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In Equation (A-24), the area of the cross-section subjected to axial force �� depends on the angle ]. The associated 

design axial force (�� �of that area is given by Equation (A-25). 
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The utilization ratio of design axial force to design plastic resistance to axial forces of the gross cross-section ��
is given by Equation (A-26). 
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Subsequently, the plastic section modulus of the area subjected to bending ����� is given by Equation (A-27). 
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In Equation (A-27), the plastic section modulus of the area subjected to bending ����#� depends also on the angle 

]. The associated design bending moment ��� �of that area is given by Equation (A-28). 
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The utilization ratio of design bending moment to design plastic resistance to bending moments of the gross cross-

section �� is given by Equation (A-29). 
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Since Equation (A-26) cannot be solved for the angle ], the combined bending and axial force interaction 

resistance curve in section A.3.2 is obtained by substituting the geometrical properties and material properties for 

a given circular hollow section (CHS 244.5/12.5). 

A.3.2 M-N interaction resistance curve 

In Figure A-6, the combined bending and axial force interaction resistance curve for an imperfectly circular hollow 

section with non-uniform wall thickness in case of several the degree of ovalisation ^ and _�are shown. It is 

concluded that the degree of ovalisation ^ and _ do not influence the M-N interaction resistance curve for an 

imperfectly circular hollow section with non-uniform wall thickness, since the found numerically results do not 

differ. 

Figure A-6: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section with non-uniform wall 

thickness in case of several degree of ovalisation 
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APPENDIX B PYTHON SCRIPT FINITE ELEMENT MODEL  
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# PYTHON SCRIPT FOR ABAQUS CAE 6.14 

# Combined bending and axial force interaction resistance regarding circular hollow sections 

# Type of Finite Element Analysis (LBA, GMNIA) 

FE_analysis = 'GMNIA' 

# Cross-section (CHS244-5_12-5, CHS244-5_8-0, CHS273-0_8-0, CHS273-0_6-3) 

Cross_section = 'CHS244-5_12-5' 

# Length of the beam ratio (L/D) 

f = 3.5 

# Element Type (C3D8, C3D8R, C3D8I, C3D20, C3D20R, S4, S4R, S8R) 

Element_type = 'S4' 

# Mesh density 

Elements_perimeter = 64 

Elements_thickness = 3 

Elements_length = 64 

Integration_points_thickness = 5 

# Steel grade (S235, S355, S460, S235_strainhardening, S355_strainhardening, S460_strainhardening) 

Material = 'S235_strainhardening' 

# Loads 

n_N = 0.75 

n_M = cos(0.5*3.141592654*n_N) 

# File Output 

Job_name = Element_type+'_'+ Material

#Import modules 

from part import * 

from material import * 

from section import * 

from assembly import * 

from step import * 

from interaction import * 

from load import * 

from mesh import * 

from optimization import * 

from job import * 

from sketch import * 

from visualization import * 

from connectorBehavior import * 

# Geometry 

mdb.models['Model-1'].ConstrainedSketch(name='__profile__', sheetSize=300.0) 

if Cross_section == 'CHS244-5_12-5': 

D = 244.5 

t = 12.5 

if Cross_section == 'CHS244-5_8-0': 

D = 244.5 

t = 8.0 
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if Cross_section == 'CHS273-0_8-0': 

D = 273.0 

t = 8.0 

if Cross_section == 'CHS273-0_6-3': 

D = 273.0 

t = 6.3 

if Element_type == 'C3D8' or Element_type == 'C3D8R' or Element_type == 'C3D8I' or Element_type == 

'C3D20' or Element_type == 'C3D20R': 

mdb.models['Model-1'].sketches['__profile__'].CircleByCenterPerimeter(center=(0.0, 0.0), 

point1=(D/2.0, 0.0)) 

mdb.models['Model-1'].sketches['__profile__'].CircleByCenterPerimeter(center=(0.0, 0.0), 

point1=((D-2*t)/2.0, 0.0)) 

mdb.models['Model-1'].Part(dimensionality=THREE_D, name='CHS',  

type=DEFORMABLE_BODY) 

mdb.models['Model-1'].parts['CHS'].BaseSolidExtrude(depth=(f*D)/2, 

sketch=mdb.models['Model-1'].sketches['__profile__']) 

del mdb.models['Model-1'].sketches['__profile__'] 

mdb.models['Model-1'].parts['CHS'].DatumPlaneByPrincipalPlane(offset=0.0, 

principalPlane=YZPLANE) 

mdb.models['Model-1'].parts['CHS'].DatumPlaneByPrincipalPlane(offset=0.0, 

principalPlane=XZPLANE) 

mdb.models['Model-1'].parts['CHS'].PartitionCellByDatumPlane(cells=mdb.models['Model-1'].p 

arts['CHS'].cells.getSequenceFromMask(('[#1 ]', ), ), 

datumPlane=mdb.models['Model-1'].parts['CHS'].datums[3]) 

mdb.models['Model-1'].parts['CHS'].PartitionCellByDatumPlane(cells=mdb.models['Model-1'].p 

arts['CHS'].cells.getSequenceFromMask(('[#3 ]', ), ), 

datumPlane=mdb.models['Model-1'].parts['CHS'].datums[2]) 

if Element_type == 'S4' or Element_type == 'S4R' or Element_type == 'S8R': 

mdb.models['Model-1'].sketches['__profile__'].CircleByCenterPerimeter(center=(0.0, 0.0), 

point1=((D-t)/2, 0.0)) 

mdb.models['Model-1'].Part(dimensionality=THREE_D, name='CHS',  

type=DEFORMABLE_BODY) 

mdb.models['Model-1'].parts['CHS'].BaseShellExtrude(depth=L/2, 

sketch=mdb.models['Model-1'].sketches['__profile__']) 

del mdb.models['Model-1'].sketches['__profile__'] 

mdb.models['Model-1'].parts['CHS'].DatumPlaneByPrincipalPlane(offset=0.0,principalPlane=YZ 

PLANE) 

mdb.models['Model-1'].parts['CHS'].DatumPlaneByPrincipalPlane(offset=0.0,principalPlane=XZ 

PLANE) 

mdb.models['Model-1'].parts['CHS'].PartitionFaceByDatumPlane(datumPlane=mdb.models['Model- 

1'].parts['CHS'].datums[2], 

faces=mdb.models['Model-1'].parts['CHS'].faces.getSequenceFromMask(('[#1 ]', ), )) 

mdb.models['Model-1'].parts['CHS'].PartitionFaceByDatumPlane(datumPlane=mdb.models['Model- 

1'].parts['CHS'].datums[3], 

faces=mdb.models['Model-1'].parts['CHS'].faces.getSequenceFromMask(('[#3 ]', ), )) 

# Material 

if Material == 'S235': 

mdb.models['Model-1'].Material(name='S235_bilinear') 

mdb.models['Model-1'].materials['S235_bilinear'].Elastic(table=((210000.0,0.3), )) 

mdb.models['Model-1'].materials['S235_bilinear'].Plastic(table=((235.263, 0.0), )) 
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if Material == 'S235_strainhardening': 

mdb.models['Model-1'].Material(name='S235_strainhardening') 

mdb.models['Model-1'].materials['S235_strainhardening'].Elastic(table=((210000.0,0.3), )) 

mdb.models['Model-1'].materials['S235_strainhardening'].Plastic(table=((235.263, 

0.0),(239.7,0.019),(312.9,0.048), )) 

if Material == 'S355': 

mdb.models['Model-1'].Material(name='S355_bilinear') 

mdb.models['Model-1'].materials['S355_bilinear'].Elastic(table=((210000.0,0.3), )) 

mdb.models['Model-1'].materials['S355_bilinear'].Plastic(table=((355.6, 0.0), )) 

if Material == 'S355_strainhardening': 

mdb.models['Model-1'].Material(name='S355_strainhardening') 

mdb.models['Model-1'].materials['S355_strainhardening'].Elastic(table=((210000.0,0.3), )) 

mdb.models['Model-1'].materials['S355_strainhardening'].Plastic(table=((355.6, 

0.0),(362.1,0.018),(438.9,0.047), )) 

if Material == 'S460': 

mdb.models['Model-1'].Material(name='S460_bilinear') 

mdb.models['Model-1'].materials['S460_bilinear'].Elastic(table=((210000.0,0.3), )) 

mdb.models['Model-1'].materials['S460_bilinear'].Plastic(table=((461.008, 0.0), )) 

if Material == 'S460_strainhardening': 

mdb.models['Model-1'].Material(name='S460_strainhardening') 

mdb.models['Model-1'].materials['S460_strainhardening'].Elastic(table=((210000.0,0.3), )) 

mdb.models['Model-1'].materials['S460_strainhardening'].Plastic(table=((461.008, 

0.0),(469.2,0.018),(549.15,0.047), )) 

# Section 

if Material == 'S235' and Element_type == 'C3D8': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_bilinear', 

name='CHS_S235_bilinear', thickness=None) 

if Material == 'S235' and Element_type == 'C3D8R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_bilinear', 

name='CHS_S235_bilinear', thickness=None) 

if Material == 'S235' and Element_type == 'C3D8I': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_bilinear', 

name='CHS_S235_bilinear', thickness=None) 

if Material == 'S235' and Element_type == 'C3D20': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_bilinear', 

name='CHS_S235_bilinear', thickness=None) 

if Material == 'S235' and Element_type == 'C3D20R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_bilinear', 

name='CHS_S235_bilinear', thickness=None) 

if Material == 'S235_strainhardening' and Element_type == 'C3D8': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_strainhardening', 

name='CHS_S235_strainhardening', thickness=None) 

if Material == 'S235_strainhardening' and Element_type == 'C3D8R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_strainhardening', 

name='CHS_S235_strainhardening', thickness=None) 
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if Material == 'S235_strainhardening' and Element_type == 'C3D8I': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_strainhardening', 

name='CHS_S235_strainhardening', thickness=None) 

if Material == 'S235_strainhardening' and Element_type == 'C3D20': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_strainhardening', 

name='CHS_S235_strainhardening', thickness=None) 

if Material == 'S235_strainhardening' and Element_type == 'C3D20R':

mdb.models['Model-1'].HomogeneousSolidSection(material='S235_strainhardening', 

name='CHS_S235_strainhardening', thickness=None) 

if Material == 'S355' and Element_type == 'C3D8': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_bilinear', 

name='CHS_S355_bilinear', thickness=None) 

if Material == 'S355' and Element_type == 'C3D8R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_bilinear', 

name='CHS_S355_bilinear', thickness=None) 

if Material == 'S355' and Element_type == 'C3D8I': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_bilinear', 

name='CHS_S355_bilinear', thickness=None) 

if Material == 'S355' and Element_type == 'C3D20': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_bilinear', 

name='CHS_S355_bilinear', thickness=None) 

if Material == 'S355' and Element_type == 'C3D20R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_bilinear', 

name='CHS_S355_bilinear', thickness=None) 

if Material == 'S355_strainhardening' and Element_type == 'C3D8': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_strainhardening', 

name='CHS_S355_strainhardening', thickness=None) 

if Material == 'S355_strainhardening' and Element_type == 'C3D8R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_strainhardening', 

name='CHS_S355_strainhardening', thickness=None) 

if Material == 'S355_strainhardening' and Element_type == 'C3D8I': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_strainhardening', 

name='CHS_S355_strainhardening', thickness=None) 

if Material == 'S355_strainhardening' and Element_type == 'C3D20': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_strainhardening', 

name='CHS_S355_strainhardening', thickness=None) 

if Material == 'S355_strainhardening' and Element_type == 'C3D20R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S355_strainhardening', 

name='CHS_S355_strainhardening', thickness=None) 

if Material == 'S460' and Element_type == 'C3D8': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_bilinear', 

name='CHS_S460_bilinear', thickness=None) 

if Material == 'S460' and Element_type == 'C3D8R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_bilinear', 

name='CHS_S460_bilinear', thickness=None) 
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if Material == 'S460' and Element_type == 'C3D8I': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_bilinear', 

name='CHS_S460_bilinear', thickness=None) 

if Material == 'S460' and Element_type == 'C3D20': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_bilinear', 

name='CHS_S460_bilinear', thickness=None) 

if Material == 'S460' and Element_type == 'C3D20R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_bilinear', 

name='CHS_S460_bilinear', thickness=None) 

if Material == 'S460_strainhardening' and Element_type == 'C3D8': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_strainhardening', 

name='CHS_S460_strainhardening', thickness=None) 

if Material == 'S460_strainhardening' and Element_type == 'C3D8R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_strainhardening', 

name='CHS_S460_strainhardening', thickness=None) 

if Material == 'S460_strainhardening' and Element_type == 'C3D8I': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_strainhardening', 

name='CHS_S460_strainhardening', thickness=None) 

if Material == 'S460_strainhardening' and Element_type == 'C3D20': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_strainhardening', 

name='CHS_S460_strainhardening', thickness=None) 

if Material == 'S460_strainhardening' and Element_type == 'C3D20R': 

mdb.models['Model-1'].HomogeneousSolidSection(material='S460_strainhardening', 

name='CHS_S460_strainhardening', thickness=None) 

if Material == 'S235' and Element_type == 'S4': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S235_bilinear', name='CHS_S235_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S235' and Element_type == 'S4R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S235_bilinear', name='CHS_S235_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S235' and Element_type == 'S8R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S235_bilinear', name='CHS_S235_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S235_strainhardening' and Element_type == 'S4': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S235_strainhardening', 

name='CHS_S235_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 
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if Material == 'S235_strainhardening' and Element_type == 'S4R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S235_strainhardening', 

name='CHS_S235_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S235_strainhardening' and Element_type == 'S8R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S235_strainhardening', 

name='CHS_S235_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S355' and Element_type == 'S4': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S355_bilinear', name='CHS_S355_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S355' and Element_type == 'S4R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S355_bilinear', name='CHS_S355_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S355' and Element_type == 'S8R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S355_bilinear', name='CHS_S355_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S355_strainhardening' and Element_type == 'S4': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S355_strainhardening', 

name='CHS_S355_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S355_strainhardening' and Element_type == 'S4R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S355_strainhardening', 

name='CHS_S355_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S355_strainhardening' and Element_type == 'S8R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S355_strainhardening', 

name='CHS_S355_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 
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if Material == 'S460' and Element_type == 'S4': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S460_bilinear', name='CHS_S460_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S460' and Element_type == 'S4R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S460_bilinear', name='CHS_S460_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S460' and Element_type == 'S8R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S460_bilinear', name='CHS_S460_bilinear', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S460_strainhardening' and Element_type == 'S4': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S460_strainhardening', 

name='CHS_S460_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S460_strainhardening' and Element_type == 'S4R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S460_strainhardening', 

name='CHS_S460_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature=GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

if Material == 'S460_strainhardening' and Element_type == 'S8R': 

mdb.models['Model-1'].HomogeneousShellSection(idealization=NO_IDEALIZATION, 

integrationRule=SIMPSON, material='S460_strainhardening', 

name='CHS_S460_strainhardening', 

numIntPts=Integration_points_thickness, poissonDefinition=DEFAULT, preIntegrate=OFF, 

temperature= 

GRADIENT, thickness=t, thicknessField='', thicknessModulus=None, 

thicknessType=UNIFORM, useDensity=OFF) 

# Section Assignments 

if Material == 'S235' and Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S235' and Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 
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if Material == 'S235' and Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S235' and Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S235' and Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), 

)),sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), 

)),sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   136 

if Material == 'S355' and Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), 

)),sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460' and Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460' and Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 
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if Material == 'S460' and Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460' and Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460' and Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='',  

offsetType=MIDDLE_SURFACE, region=Region(cells=mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235' and Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S235' and Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_bilinear', thicknessAssignment=FROM_SECTION) 
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if Material == 'S235' and Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= 

('[#f ]', ), )), sectionName='CHS_S235_bilinear', 

thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S235_strainhardening' and Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S235_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355' and Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S355_strainhardening' and Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S355_strainhardening', thicknessAssignment=FROM_SECTION) 
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if Material == 'S460' and Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460' and Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460' and Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_bilinear', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

if Material == 'S460_strainhardening' and Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].SectionAssignment(offset=0.0, offsetField='', 

offsetType=MIDDLE_SURFACE, region=Region(faces=mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(mask= ('[#f ]', ), )), 

sectionName='CHS_S460_strainhardening', thicknessAssignment=FROM_SECTION) 

# Assembly 

mdb.models['Model-1'].rootAssembly.DatumCsysByDefault(CARTESIAN) 

mdb.models['Model-1'].rootAssembly.Instance(dependent=ON, name='CHS-1', 

part=mdb.models['Model-1'].parts['CHS']) 

if Element_type == 'C3D8' or Element_type == 'C3D8R' or Element_type == 'C3D8I' or 

Element_type == 'C3D20' or Element_type == 'C3D20R': 

mdb.models['Model-1'].rootAssembly.ReferencePoint(point=mdb.models['Model-1'].rootAssembly 

.instances['CHS-1'].InterestingPoint(mdb.models['Model-1'].rootAssembly.instances['CHS-

1'].edges[8], CENTER)) 

mdb.models['Model-1'].rootAssembly.Set(name='RP-1', referencePoints=(mdb.models['Model- 

1'].rootAssembly.referencePoints[4], )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-1', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#1 ]', ), )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-2', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#4000 ]', ), )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-3', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#20 ]', ), )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-4', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#400 ]', ), )) 
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if Element_type == 'S4' or Element_type == 'S4R' or Element_type == 'S8R': 

mdb.models['Model-1'].rootAssembly.ReferencePoint(point=mdb.models['Model-1'].rootAssembly 

.instances['CHS-1']. InterestingPoint(mdb.models['Model-1'].rootAssembly.instances['CHS-

1'].edges[3], CENTER)) 

mdb.models['Model-1'].rootAssembly.Set(name='RP-1', referencePoints=(mdb.models['Model- 

1'].rootAssembly.referencePoints[4], )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-1', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#80 ]', ), )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-2', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#10 ]', ), )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-3', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#4 ]', ), )) 

mdb.models['Model-1'].rootAssembly.Set(name='U-4', vertices=mdb.models['Model- 

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(('[#2 ]', ), )) 

# Step 

if FE_analysis == 'LBA': 

mdb.models['Model-1'].BuckleStep(maxIterations=3000, name='LBA', numEigen=1, 

previous='Initial', vectors=2) 

if FE_analysis == 'GMNIA': 

mdb.models['Model-1'].StaticRiksStep(minArcInc=1e-30, name='Apply_loads', 

nlgeom=ON, previous='Initial') 

# History Output 

if FE_analysis == 'GMNIA': 

mdb.models['Model-1'].HistoryOutputRequest(createStepName='Apply_loads', name='Loads', 

rebar=EXCLUDE, region=mdb.models['Model-1'].rootAssembly.sets['RP-1'], 

sectionPoints=DEFAULT, variables=('CF3', 'CM1')) 

mdb.models['Model-1'].HistoryOutputRequest(createStepName='Apply_loads', name='U-1', 

rebar=EXCLUDE, region=mdb.models['Model-1'].rootAssembly.sets['U-1'], 

sectionPoints=DEFAULT, variables=('U2', )) 

mdb.models['Model-1'].HistoryOutputRequest(createStepName='Apply_loads', name='U-2', 

rebar=EXCLUDE, region=mdb.models['Model-1'].rootAssembly.sets['U-2'], 

sectionPoints=DEFAULT, variables=('U2', )) 

mdb.models['Model-1'].HistoryOutputRequest(createStepName='Apply_loads', name='U-3', 

rebar=EXCLUDE, region=mdb.models['Model-1'].rootAssembly.sets['U-3'], 

sectionPoints=DEFAULT, variables=('U2', )) 

mdb.models['Model-1'].HistoryOutputRequest(createStepName='Apply_loads', name='U-4', 

rebar=EXCLUDE, region=mdb.models['Model-1'].rootAssembly.sets['U-4'], 

sectionPoints=DEFAULT, variables=('U2', )) 

del mdb.models['Model-1'].historyOutputRequests['H-Output-1'] 

# Boundary Conditions 

if Element_type == 'C3D8' or Element_type == 'C3D8R' or Element_type == 'C3D8I' or 

Element_type == 'C3D20' or Element_type == 'C3D20R': 

mdb.models['Model-1'].DisplacementBC(amplitude=UNSET, createStepName='Initial', 

distributionType=UNIFORM, fieldName='', localCsys=None, name='Left_support', 

region=Region(referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], 

)), u1=SET, u2=SET, u3=UNSET, ur1=UNSET, ur2=UNSET, ur3=UNSET) 

mdb.models['Model-1'].DisplacementBC(amplitude=UNSET, createStepName='Initial', 

distributionType=UNIFORM, fieldName='', localCsys=None, name='Line_support', 

region=Region(edges=mdb.models['Model-1'].rootAssembly.instances['CHS-

1'].edges.getSequenceFromMask(mask=('[#1 ]', ), )), u1=SET, u2=UNSET, u3=UNSET, 

ur1=UNSET, ur2=UNSET, ur3=UNSET) 
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mdb.models['Model-1'].ZsymmBC(createStepName='Initial', localCsys=None, name= 'Z_symm', 

region=Region(faces=mdb.models['Model-1'].rootAssembly.instances['CHS-

1'].faces.getSequenceFromMask(mask=('[#81060 ]', ), ), edges=mdb.models['Model-

1'].rootAssembly.instances['CHS-1'].edges.getSequenceFromMask(mask=('[#505f4828 ]', ), 

), vertices=mdb.models['Model-1'].rootAssembly.instances['CHS-

1'].vertices.getSequenceFromMask(mask=('[#7469 ]', ), ))) 

if Element_type == 'S4' or Element_type == 'S4R' or Element_type == 'S8R': 

mdb.models['Model-1'].DisplacementBC(amplitude=UNSET, createStepName='Initial', 

distributionType=UNIFORM, fieldName='', localCsys=None, name='Left_support', 

region=Region(referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], 

)), u1=SET, u2=SET, u3=UNSET, ur1=UNSET, ur2=UNSET, ur3=UNSET) 

mdb.models['Model-1'].DisplacementBC(amplitude=UNSET, createStepName='Initial', 

distributionType=UNIFORM, fieldName='', localCsys=None, name='Line_support', 

region=Region(edges=mdb.models['Model-1'].rootAssembly.instances['CHS-

1'].edges.getSequenceFromMask(mask=('[#100 ]', ), )), u1=SET, u2=UNSET, u3=UNSET, 

ur1=UNSET, ur2=UNSET, ur3=UNSET) 

mdb.models['Model-1'].ZsymmBC(createStepName='Initial', localCsys=None, name='Z_symm', 

region=Region(edges=mdb.models['Model-1']. rootAssembly.instances['CHS-

1'].edges.getSequenceFromMask(mask=('[#642 ]', ), ))) 

# Constraints 

if Element_type == 'C3D8' or Element_type == 'C3D8R' or Element_type == 'C3D8I' or 

Element_type == 'C3D20' or Element_type == 'C3D20R': 

mdb.models['Model-1'].RigidBody(name='Constraint',  

pinRegion=Region(faces=mdb.models['Model-1'].rootAssembly.instances['CHS-1']. 

faces.getSequenceFromMask(mask=('[#44204 ]', ), ), edges=mdb.models['Model-

1'].rootAssembly.instances['CHS-1'].edges.getSequenceFromMask(mask=('[#a3a02782 ]', ), 

), vertices=mdb.models['Model-1'].rootAssembly.instances['CHS-1']. 

vertices.getSequenceFromMask(mask=('[#8b96 ]', ), ), 

referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], )), 

refPointRegion=Region(referencePoints=(mdb.models['Model-

1'].rootAssembly.referencePoints[4], ))) 

if Element_type == 'S4' or Element_type == 'S4R' or Element_type == 'S8R': 

mdb.models['Model-1'].RigidBody(name='Constraint', 

pinRegion=Region(edges=mdb.models['Model-1'].rootAssembly.instances['CHS-1']. 

edges.getSequenceFromMask(mask=('[#8a8 ]', ), ), vertices=mdb.models['Model-

1'].rootAssembly.instances['CHS-1'].vertices.getSequenceFromMask(mask=('[#69 ]', ), ), 

referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], )), 

refPointRegion=Region(referencePoints=(mdb.models['Model-

1'].rootAssembly.referencePoints[4], ))) 

# Loads 

if Cross_section == 'CHS244-5_12-5' and Material == 'S235': 

N_pl = 2140995.39 

M_pl = 158260994.79 

if Cross_section == 'CHS244-5_8-0' and Material == 'S235': 

N_pl = 1396814.93 

M_pl = 105192736.67 

if Cross_section == 'CHS273-0_8-0' and Material == 'S235': 

N_pl = 1565141.46 

M_pl = 132063106.67 

if Cross_section == 'CHS273-0_6-3' and Material == 'S235': 

N_pl = 1240455.82 

M_pl = 105325908.66 
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if Cross_section == 'CHS244-5_12-5' and Material == 'S235_strainhardening': 

N_pl = 2140995.39 

M_pl = 158260994.79 

if Cross_section == 'CHS244-5_8-0' and Material == 'S235_strainhardening': 

N_pl = 1396814.93 

M_pl = 105192736.67 

if Cross_section == 'CHS273-0_8-0' and Material == 'S235_strainhardening': 

N_pl = 1565141.46 

M_pl = 132063106.67 

if Cross_section == 'CHS273-0_6-3' and Material == 'S235_strainhardening': 

N_pl = 1240455.82 

M_pl = 105325908.66 

if Cross_section == 'CHS244-5_12-5' and Material == 'S355': 

N_pl = 3234269.64 

M_pl = 239075119.79 

if Cross_section == 'CHS244-5_8-0' and Material == 'S355': 

N_pl = 2110082.12 

M_pl = 158908176.67 

if Cross_section == 'CHS273-0_8-0' and Material == 'S355': 

N_pl = 2364362.63 

M_pl = 199499586.67 

if Cross_section == 'CHS273-0_6-3' and Material == 'S355': 

N_pl = 1873880.06 

M_pl = 159109351.38 

if Cross_section == 'CHS244-5_12-5' and Material == 'S355_strainhardening': 

N_pl = 3234269.64 

M_pl = 239075119.79 

if Cross_section == 'CHS244-5_8-0' and Material == 'S355_strainhardening': 

N_pl = 2110082.12 

M_pl = 158908176.67 

if Cross_section == 'CHS273-0_8-0' and Material == 'S355_strainhardening': 

N_pl = 2364362.63 

M_pl = 199499586.67 

if Cross_section == 'CHS273-0_6-3' and Material == 'S355_strainhardening': 

N_pl = 1873880.06 

M_pl = 159109351.38 

if Cross_section == 'CHS244-5_12-5' and Material == 'S460': 

N_pl = 4190884.60 

M_pl = 309787479.17 

if Cross_section == 'CHS244-5_8-0' and Material == 'S460': 

N_pl = 2734190.92 

M_pl = 205909186.67 

if Cross_section == 'CHS273-0_8-0' and Material == 'S460': 

N_pl = 3063681.16 

M_pl = 258506506.67 

if Cross_section == 'CHS273-0_6-3' and Material == 'S460': 

N_pl = 2428126.28 

M_pl = 206169863.76 

if Cross_section == 'CHS244-5_12-5' and Material == 'S460_strainhardening': 

N_pl = 4190884.60 

M_pl = 309787479.17 

if Cross_section == 'CHS244-5_8-0' and Material == 'S460_strainhardening': 

N_pl = 2734190.92 

M_pl = 205909186.67 
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if Cross_section == 'CHS273-0_8-0' and Material == 'S460_strainhardening': 

N_pl = 3063681.16 

M_pl = 258506506.67 

if Cross_section == 'CHS273-0_6-3' and Material == 'S460_strainhardening': 

N_pl = 2428126.28 

M_pl = 206169863.76 

N = n_N*10000.0 

M = ((n_M*M_pl)/N_pl)*10000.0 

if FE_analysis == 'LBA': 

mdb.models['Model-1'].ConcentratedForce(cf3=-1.0, createStepName='LBA',   

distributionType=UNIFORM, field='', localCsys=None, name='Point_load', region= 

Region(referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], ))) 

if FE_analysis == 'GMNIA': 

mdb.models['Model-1'].ConcentratedForce(cf3=-N, createStepName='Apply_loads', 

distributionType=UNIFORM, field='', localCsys=None, name='Point_load', region= 

Region(referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], ))) 

mdb.models['Model-1'].Moment(cm1=-M, createStepName='Apply_loads', 

distributionType=UNIFORM, field='', localCsys=None, name='Bending_moment', region= 

Region(referencePoints=(mdb.models['Model-1'].rootAssembly.referencePoints[4], ))) 

# Element Type Assignment 

if Element_type == 'C3D8': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=C3D8, 

elemLibrary=STANDARD, secondOrderAccuracy=OFF, distortionControl=DEFAULT), 

ElemType(elemCode=C3D6, elemLibrary=STANDARD), ElemType(elemCode=C3D4, 

elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(('[#f ]', ), ), )) 

if Element_type == 'C3D8R': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=C3D8R, 

elemLibrary=STANDARD, secondOrderAccuracy=OFF, distortionControl=DEFAULT), 

ElemType(elemCode=C3D6, elemLibrary=STANDARD), ElemType(elemCode=C3D4, 

elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(('[#f ]', ), ), )) 

if Element_type == 'C3D8I': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=C3D8I, 

elemLibrary=STANDARD, secondOrderAccuracy=OFF, distortionControl=DEFAULT), 

ElemType(elemCode=C3D6, elemLibrary=STANDARD), ElemType(elemCode=C3D4, 

elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(('[#f ]', ), ), )) 

if Element_type == 'C3D20': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=C3D20, 

elemLibrary=STANDARD), ElemType(elemCode=C3D15, elemLibrary=STANDARD), 

ElemType(elemCode=C3D10, elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(( '[#f ]', ), ), )) 

if Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=C3D20R, 

elemLibrary=STANDARD), ElemType(elemCode=C3D15, elemLibrary=STANDARD), 

ElemType(elemCode=C3D10, elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].cells.getSequenceFromMask(( '[#f ]', ), ), )) 
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if Element_type == 'S4': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=S4, 

elemLibrary=STANDARD, secondOrderAccuracy=OFF), ElemType(elemCode=S3, 

elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(('[#f ]', ), ), )) 

if Element_type == 'S4R': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=S4R, 

elemLibrary=STANDARD, secondOrderAccuracy=OFF), ElemType(elemCode=S3, 

elemLibrary=STANDARD)), regions=(mdb.models['Model-

1'].parts['CHS'].faces.getSequenceFromMask(('[#f ]', ), ), )) 

if Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].setElementType(elemTypes=(ElemType(elemCode=S8R, 

elemLibrary=STANDARD), ElemType(elemCode=STRI65, elemLibrary=STANDARD)), 

regions=(mdb.models['Model-1'].parts['CHS'].faces.getSequenceFromMask(('[#f ]', ), ), )) 

# Mesh Density Assignment 

if Element_type == 'C3D8' or Element_type == 'C3D8R' or Element_type == 'C3D8I' or 

Element_type == 'C3D20' or Element_type == 'C3D20R': 

mdb.models['Model-1'].parts['CHS'].seedEdgeByNumber(constraint=FINER, 

edges=mdb.models['Model-1'].parts['CHS']. 

edges.getSequenceFromMask(('[#f1f56d00 ]', ), ), number=Elements_perimeter/4) 

mdb.models['Model-1'].parts['CHS'].seedEdgeByNumber(constraint=FINER, 

edges=mdb.models['Model-1'].parts['CHS']. 

edges.getSequenceFromMask(('[#20a02aa ]', ), ), number=Elements_thickness) 

mdb.models['Model-1'].parts['CHS'].seedEdgeByNumber(constraint=FINER, 

edges=mdb.models['Model-1'].parts['CHS']. 

edges.getSequenceFromMask(('[#c009055 ]', ), ), number=Elements_length) 

mdb.models['Model-1'].parts['CHS'].generateMesh() 

if Element_type == 'S4' or Element_type == 'S4R' or Element_type == 'S8R': 

mdb.models['Model-1'].parts['CHS'].seedEdgeByNumber(constraint=FINER, 

edges=mdb.models['Model-1'].parts['CHS']. 

edges.getSequenceFromMask(('[#eea ]', ), ), number=Elements_perimeter/4) 

mdb.models['Model-1'].parts['CHS'].seedEdgeByNumber(constraint=FINER, 

edges=mdb.models['Model-1'].parts['CHS']. 

edges.getSequenceFromMask(('[#115 ]', ), ), number=Elements_length) 

mdb.models['Model-1'].parts['CHS'].generateMesh() 

# Job 

mdb.Job(atTime=None, contactPrint=OFF, description='', echoPrint=OFF, 

explicitPrecision=SINGLE, getMemoryFromAnalysis=True, historyPrint=OFF, 

memory=90, memoryUnits=PERCENTAGE, model='Model-1', modelPrint=OFF, 

multiprocessingMode=DEFAULT, name=Job_name, nodalOutputPrecision=SINGLE, 

numCpus=4, numDomains=4, numGPUs=0, queue=None, resultsFormat=ODB, scratch='', 

type=ANALYSIS, userSubroutine='', waitHours=0, waitMinutes=0)
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APPENDIX C VERIFICATION OF THE LOADING  
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C.1 VERIFICATION OF THE AXIAL FORCE 

Table C-1: Verification of the axial force in case of solid elements 

Incr. Reaction axial 

force RF3 [N] 

Applied axial 

force CF3 [N] 

Deviation  Incr. Reaction axial 

force RF3 [N] 

Applied axial 

force CF3 [N] 

Deviation  

0 0.00 0.00 0.000000% 46 615,175.39 615,174.00 -0.000225%

1 7.50 7.50 -0.000070% 47 613,504.78 613,504.00 -0.000128%

2 15.00 15.00 0.000129% 48 611,775.61 611,776.00 0.000064%

3 26.25 26.25 -0.000187% 49 610,001.36 610,002.00 0.000104%

4 43.13 43.13 -0.000008% 50 608,173.30 608,174.00 0.000115%

5 68.44 68.44 0.000018% 51 605,202.03 605,204.00 0.000325%

6 106.41 106.41 -0.000032% 52 601,800.91 601,800.00 -0.000151%

7 163.36 163.36 0.000321% 53 596,704.11 596,703.00 -0.000186%

8 248.79 248.79 -0.000183% 54 588,769.58 588,770.00 0.000071%

9 376.93 376.93 -0.000160% 55 578,649.56 578,649.00 -0.000096%

10 569.14 569.14 0.000126% 56 567,258.99 567,260.00 0.000178%

11 857.45 857.45 0.000032% 57 555,344.66 555,345.00 0.000061%

12 1,289.90 1,289.91 0.000433% 58 543,393.34 543,391.00 -0.000432%

13 1,938.58 1,938.58 -0.000147% 59 531,707.25 531,707.00 -0.000046%

14 2,911.55 2,911.54 -0.000208% 60 520,360.21 520,359.00 -0.000233%

15 4,370.86 4,370.86 -0.000021% 61 509,422.34 509,423.00 0.000130%

16 6,559.60 6,559.60 -0.000003% 62 493,827.79 493,829.00 0.000245%

17 9,842.17 9,842.17 0.000035% 63 479,265.60 479,267.00 0.000292%

18 14,764.77 14,764.80 0.000232% 64 465,624.22 465,623.00 -0.000262%

19 22,146.01 22,146.00 -0.000059% 65 452,811.88 452,811.00 -0.000194%

20 33,211.51 33,211.50 -0.000041% 66 434,944.95 434,945.00 0.000011%

21 49,795.83 49,795.80 -0.000059% 67 418,540.38 418,541.00 0.000149%

22 74,640.63 74,640.90 0.000365% 68 403,373.40 403,372.00 -0.000347%

23 111,838.20 111,838.00 -0.000180% 69 389,359.87 389,360.00 0.000032%

24 167,473.88 167,474.00 0.000070% 70 376,353.30 376,353.00 -0.000081%

25 250,573.41 250,573.00 -0.000165% 71 358,493.43 358,493.00 -0.000119%

26 374,422.04 374,421.00 -0.000278% 72 342,388.03 342,389.00 0.000284%

27 547,622.44 547,623.00 0.000103% 73 327,616.51 327,617.00 0.000148%

28 588,514.43 588,515.00 0.000098% 74 313,990.55 313,991.00 0.000143%

29 603,825.86 603,826.00 0.000023% 75 301,432.33 301,433.00 0.000222%

30 612,106.91 612,106.00 -0.000149% 76 289,812.55 289,813.00 0.000156%

31 618,949.60 618,950.00 0.000065% 77 279,002.66 279,003.00 0.000124%

32 622,680.25 622,681.00 0.000121% 78 268,912.65 268,913.00 0.000130%

33 624,716.48 624,717.00 0.000084% 79 259,453.43 259,453.00 -0.000165%

34 625,778.88 625,778.00 -0.000140% 80 250,555.93 250,556.00 0.000029%

35 626,242.56 626,243.00 0.000070% 81 242,197.72 242,198.00 0.000115%

36 626,175.09 626,175.00 -0.000014% 82 234,375.95 234,376.00 0.000023%

37 625,899.70 625,901.00 0.000208% 83 227,066.77 227,067.00 0.000100%

38 625,357.22 625,359.00 0.000285% 84 220,253.52 220,253.00 -0.000237%

39 624,640.23 624,641.00 0.000124% 85 213,898.48 213,898.00 -0.000224%

40 623,844.06 623,844.00 -0.000010% 86 207,951.74 207,952.00 0.000126%

41 622,940.62 622,942.00 0.000221% 87 202,388.04 202,388.00 -0.000018%

42 621,922.78 621,925.00 0.000357% 88 197,188.29 197,188.00 -0.000148%

43 620,845.40 620,846.00 0.000097% 89 192,334.65 192,334.00 -0.000336%

44 619,729.49 619,730.00 0.000083% 90 187,803.34 187,803.00 -0.000182%

45 617,986.79 617,987.00 0.000034% 91 183,554.62 183,555.00 0.000209%
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Table C-2: Verification of the axial force in case of shell elements 

Incr. Reaction axial 

force RF3 [N] 

Applied axial 

force CF3 [N] 

Deviation  Incr. Reaction axial 

force RF3 [N] 

Applied axial 

force CF3 [N] 

Deviation  

0 0.00 0.00 0.00000% 46 1,201,220.00 1,201,221.00 0.00008%

1 7,499.79 7,499.79 0.00003% 47 1,189,400.00 1,189,402.46 0.00021%

2 14,999.20 14,999.18 -0.00014% 48 1,172,110.00 1,172,105.62 -0.00037%

3 26,247.50 26,247.47 -0.00012% 49 1,147,220.00 1,147,221.88 0.00016%

4 43,118.20 43,118.20 0.00001% 50 1,112,110.00 1,112,123.38 0.00120%

5 68,420.30 68,420.35 0.00007% 51 1,079,600.00 1,079,549.03 -0.00472%

6 106,365.00 106,364.74 -0.00024% 52 1,056,760.00 1,056,795.14 0.00333%

7 163,262.00 163,261.64 -0.00022% 53 1,034,970.00 1,034,925.58 -0.00429%

8 248,562.00 248,562.19 0.00008% 54 1,019,290.00 1,019,317.62 0.00271%

9 376,413.00 376,412.73 -0.00007% 55 1,004,160.00 1,004,191.24 0.00311%

10 567,962.00 567,962.40 0.00007% 56 989,544.00 989,502.32 -0.00421%

11 854,777.00 854,776.78 -0.00003% 57 978,915.00 978,930.70 0.00160%

12 1,283,290.00 1,283,286.14 -0.00030% 58 968,524.00 968,536.60 0.00130%

13 1,394,280.00 1,394,280.91 0.00007% 59 958,370.00 958,388.80 0.00196%

14 1,438,140.00 1,438,142.51 0.00017% 60 948,431.00 948,453.28 0.00235%

15 1,464,540.00 1,464,537.68 -0.00016% 61 938,719.00 938,748.00 0.00309%

16 1,489,610.00 1,489,612.51 0.00017% 62 929,229.00 929,258.86 0.00321%

17 1,512,230.00 1,512,235.08 0.00034% 63 926,896.00 926,895.62 -0.00004%

18 1,531,280.00 1,531,279.91 -0.00001% 64 924,576.00 924,577.50 0.00016%

19 1,546,330.00 1,546,330.38 0.00002% 65 921,117.00 921,118.98 0.00021%

20 1,557,200.00 1,557,198.55 -0.00009% 66 915,975.00 915,982.77 0.00085%

21 1,563,720.00 1,563,724.05 0.00026% 67 908,373.00 908,396.23 0.00256%

22 1,565,150.00 1,565,154.63 0.00030% 68 900,908.00 900,918.93 0.00121%

23 1,565,560.00 1,565,562.59 0.00017% 69 899,068.00 899,067.77 -0.00003%

24 1,565,780.00 1,565,779.48 -0.00003% 70 896,318.00 896,319.96 0.00022%

25 1,565,610.00 1,565,612.21 0.00014% 71 892,220.00 892,214.34 -0.00063%

26 1,565,130.00 1,565,132.67 0.00017% 72 889,932.00 889,934.81 0.00032%

27 1,563,920.00 1,563,923.30 0.00021% 73 886,520.00 886,519.80 -0.00002%

28 1,561,180.00 1,561,178.12 -0.00012% 74 881,447.00 881,437.88 -0.00103%

29 1,555,850.00 1,555,846.00 -0.00026% 75 880,191.00 880,191.24 0.00003%

30 1,549,670.00 1,549,672.82 0.00018% 76 878,938.00 878,937.94 -0.00001%

31 1,542,840.00 1,542,838.26 -0.00011% 77 877,065.00 877,065.26 0.00003%

32 1,535,390.00 1,535,387.46 -0.00017% 78 874,270.00 874,269.74 -0.00003%

33 1,527,230.00 1,527,233.02 0.00020% 79 870,111.00 870,110.10 -0.00010%

34 1,517,990.00 1,517,986.16 -0.00025% 80 863,943.00 863,949.60 0.00076%

35 1,507,230.00 1,507,233.42 0.00023% 81 854,852.00 854,850.52 -0.00017%

36 1,494,710.00 1,494,706.60 -0.00023% 82 849,834.00 849,833.76 -0.00003%

37 1,480,090.00 1,480,085.00 -0.00034% 83 847,040.00 847,037.88 -0.00025%

38 1,463,140.00 1,463,134.88 -0.00035% 84 842,880.00 842,881.36 0.00016%

39 1,443,580.00 1,443,575.24 -0.00033% 85 840,560.00 840,557.06 -0.00035%

40 1,421,020.00 1,421,015.06 -0.00035% 86 838,252.00 838,250.86 -0.00014%

41 1,394,580.00 1,394,576.74 -0.00023% 87 835,957.00 835,958.52 0.00018%

42 1,361,500.00 1,361,497.58 -0.00018% 88 834,673.00 834,675.00 0.00024%

43 1,317,470.00 1,317,460.06 -0.00075% 89 832,751.00 832,749.28 -0.00021%

44 1,265,440.00 1,265,434.16 -0.00046% 90 830,837.00 830,835.84 -0.00014%

45 1,213,270.00 1,213,270.20 0.00002% 91 828,930.00 828,931.54 0.00019%
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C.2 VERIFICATION OF THE BENDING MOMENT  

Table C-3: Verification of the bending moment in case of solid elements 

Incr. Reaction 

bending 

moment RM1 

[Nmm] 

Applied 

bending 

moment CM1 

[Nmm] 

Deviation  Incr. Reaction 

bending 

moment RM1 

[Nmm] 

Applied 

bending 

moment CM1 

[Nmm] 

Deviation  

0 0.00 0.00 0.000% 45 30,244,693.36 30,452,331.96 0.682%

1 291.41 291.78 0.127% 46 30,861,907.89 31,074,870.14 0.685%

2 582.82 583.56 0.127% 47 31,200,753.58 31,417,112.12 0.689%

3 1,019.94 1,021.23 0.127% 48 31,533,297.10 31,753,282.11 0.693%

4 1,675.61 1,677.73 0.127% 49 31,859,641.10 32,083,281.38 0.697%

5 2,659.13 2,662.50 0.127% 50 32,175,582.78 32,405,455.58 0.709%

6 4,134.42 4,139.64 0.126% 51 32,624,900.91 32,862,862.87 0.724%

7 6,347.32 6,355.35 0.126% 52 33,017,990.94 33,269,583.10 0.756%

8 9,666.69 9,678.92 0.126% 53 33,257,577.96 33,520,055.86 0.783%

9 14,645.82 14,664.34 0.126% 54 33,310,586.71 33,581,430.90 0.807%

10 22,114.34 22,142.34 0.126% 55 33,221,306.46 33,498,550.70 0.828%

11 33,317.49 33,359.63 0.126% 56 33,042,889.15 33,325,407.44 0.848%

12 50,122.25 50,185.58 0.126% 57 32,818,421.14 33,105,461.93 0.867%

13 75,329.72 75,424.87 0.126% 58 32,576,186.92 32,867,781.92 0.887%

14 113,141.47 113,284.15 0.126% 59 32,333,740.16 32,630,988.97 0.911%

15 169,861.65 170,075.90 0.126% 60 32,098,074.21 32,399,638.28 0.931%

16 254,946.60 255,266.86 0.125% 61 31,873,075.04 32,178,781.19 0.950%

17 382,583.71 383,061.79 0.125% 62 31,561,353.06 31,870,268.14 0.969%

18 574,058.37 574,773.16 0.124% 63 31,283,083.00 31,595,338.12 0.988%

19 861,620.09 862,386.49 0.089% 64 31,033,256.57 31,349,049.09 1.007%

20 1,292,734.01 1,293,903.77 0.090% 65 30,808,603.11 31,128,261.36 1.027%

21 1,939,359.60 1,941,407.45 0.105% 66 30,512,865.07 30,835,468.99 1.046%

22 2,909,589.14 2,913,157.13 0.122% 67 30,258,136.66 30,584,152.99 1.066%

23 4,365,453.07 4,371,908.51 0.148% 68 30,034,772.32 30,364,528.74 1.086%

24 6,550,361.48 6,562,547.30 0.186% 69 29,847,215.26 30,176,840.26 1.092%

25 9,830,446.80 9,854,092.19 0.240% 70 29,683,917.46 30,013,625.38 1.099%

26 14,756,465.14 14,803,832.74 0.320% 71 29,474,901.49 29,806,315.22 1.112%

27 21,732,249.32 21,827,341.53 0.436% 72 29,299,122.61 29,638,628.22 1.145%

28 23,527,947.61 23,656,602.86 0.544% 73 29,140,419.34 29,488,040.88 1.179%

29 24,321,894.25 24,477,414.28 0.635% 74 28,993,696.10 29,350,051.67 1.214%

30 24,847,356.33 25,021,329.98 0.695% 75 28,861,339.84 29,227,175.11 1.252%

31 25,439,984.71 25,620,618.38 0.705% 76 28,739,980.28 29,116,107.07 1.292%

32 25,918,132.59 26,099,001.32 0.693% 77 28,626,102.88 29,012,540.65 1.332%

33 26,331,868.03 26,513,755.22 0.686% 78 28,516,532.35 28,913,641.97 1.373%

34 26,711,685.11 26,892,754.63 0.673% 79 28,405,455.40 28,815,980.37 1.425%

35 27,070,981.73 27,250,123.47 0.657% 80 28,291,969.78 28,717,314.98 1.481%

36 27,403,728.20 27,588,193.80 0.669% 81 28,172,005.85 28,620,294.47 1.566%

37 27,734,432.83 27,917,723.18 0.657% 82 28,057,887.45 28,529,926.89 1.655%

38 28,054,716.65 28,236,005.40 0.642% 83 27,952,748.15 28,448,571.37 1.743%

39 28,364,769.25 28,546,441.27 0.636% 84 27,859,321.12 28,379,221.91 1.832%

40 28,666,443.22 28,852,564.63 0.645% 85 27,777,386.26 28,322,001.10 1.923%

41 28,959,615.21 29,153,170.37 0.664% 86 27,704,323.29 28,274,833.72 2.018%

42 29,250,547.72 29,447,898.68 0.670% 87 27,640,720.40 28,238,172.95 2.116%

43 29,537,942.80 29,738,648.58 0.675% 88 27,592,168.92 28,213,262.71 2.201%

44 29,822,647.17 30,026,469.35 0.679% 89 27,555,125.03 28,201,557.82 2.292%
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Table C-4: Verification of the bending moment in case of shell elements 

Incr. Reaction 

bending 

moment RM1 

[Nmm] 

Applied 

bending 

moment CM1 

[Nmm] 

Deviation  Incr. Reaction 

bending 

moment RM1 

[Nmm] 

Applied 

bending 

moment CM1 

[Nmm] 

Deviation  

0 0.00 0.00 0.00000% 45 83,834,325.87 83,773,743.62 -0.00723%

1 282,883.77 282,855.65 -0.00099% 46 83,500,030.75 83,427,178.96 -0.00873%

2 565,782.07 565,725.91 -0.00099% 47 83,172,244.46 83,087,404.48 -0.01021%

3 990,154.89 990,056.81 -0.00099% 48 82,693,828.58 82,591,259.81 -0.01242%

4 1,626,778.21 1,626,617.15 -0.00099% 49 82,012,351.90 81,883,695.56 -0.01571%

5 2,581,839.48 2,581,584.81 -0.00099% 50 81,066,871.95 80,900,142.49 -0.02061%

6 4,014,721.98 4,014,329.35 -0.00098% 51 80,216,581.92 80,012,297.32 -0.02553%

7 6,164,734.27 6,164,136.12 -0.00097% 52 79,634,986.13 79,404,685.57 -0.02900%

8 9,391,243.58 9,390,345.79 -0.00096% 53 79,084,999.12 78,827,874.12 -0.03262%

9 14,234,379.27 14,233,048.84 -0.00093% 54 78,693,306.16 78,417,855.95 -0.03513%

10 21,506,770.52 21,504,820.67 -0.00091% 55 78,319,156.06 78,025,181.26 -0.03768%

11 32,432,382.99 32,429,581.49 -0.00086% 56 77,961,291.95 77,648,443.33 -0.04029%

12 48,837,443.78 48,833,626.02 -0.00078% 57 77,703,690.47 77,378,037.53 -0.04209%

13 53,162,324.85 53,160,017.87 -0.00043% 58 77,452,260.31 77,113,461.12 -0.04394%

14 54,940,042.38 54,937,826.37 -0.00040% 59 77,207,587.63 76,855,911.91 -0.04576%

15 56,055,854.38 56,053,660.87 -0.00039% 60 76,967,948.92 76,603,603.33 -0.04756%

16 57,179,280.65 57,177,120.64 -0.00038% 61 76,734,956.90 76,358,149.88 -0.04935%

17 58,296,614.81 58,294,476.71 -0.00037% 62 76,508,311.21 76,119,233.47 -0.05111%

18 59,409,058.96 59,406,909.12 -0.00036% 63 76,453,126.34 76,060,656.95 -0.05160%

19 60,567,267.07 60,565,264.17 -0.00033% 64 76,398,329.09 76,002,811.68 -0.05204%

20 61,863,830.90 61,862,540.31 -0.00021% 65 76,316,407.91 75,916,355.61 -0.05270%

21 63,440,959.38 63,441,601.14 0.00010% 66 76,194,526.92 75,787,822.00 -0.05366%

22 64,243,027.84 64,245,230.17 0.00034% 67 76,014,374.11 75,597,920.39 -0.05509%

23 64,678,893.10 64,682,055.74 0.00049% 68 75,837,847.86 75,411,499.07 -0.05654%

24 65,317,359.22 65,322,055.62 0.00072% 69 75,794,711.20 75,365,799.00 -0.05691%

25 65,940,568.80 65,947,392.41 0.00103% 70 75,730,061.08 75,297,496.72 -0.05745%

26 66,551,103.64 66,560,344.42 0.00139% 71 75,633,249.22 75,195,213.06 -0.05825%

27 67,446,894.42 67,461,103.71 0.00211% 72 75,579,189.72 75,138,204.37 -0.05869%

28 68,750,862.66 68,774,879.82 0.00349% 73 75,498,450.62 75,052,936.21 -0.05936%

29 70,648,769.21 70,689,485.64 0.00576% 74 75,378,137.73 74,925,871.36 -0.06036%

30 72,498,177.23 72,555,559.74 0.00791% 75 75,348,422.55 74,894,579.80 -0.06060%

31 74,307,298.07 74,378,578.93 0.00958% 76 75,318,917.38 74,863,382.25 -0.06085%

32 76,079,291.10 76,162,094.15 0.01087% 77 75,274,569.26 74,816,550.48 -0.06122%

33 77,811,518.25 77,902,921.53 0.01173% 78 75,208,423.17 74,746,731.37 -0.06177%

34 79,485,218.95 79,582,038.58 0.01217% 79 75,109,819.18 74,642,640.64 -0.06259%

35 81,073,003.45 81,172,342.17 0.01224% 80 74,963,259.25 74,488,050.89 -0.06380%

36 82,551,659.40 82,651,137.73 0.01204% 81 74,746,581.78 74,259,381.20 -0.06561%

37 83,895,242.91 83,992,709.02 0.01160% 82 74,627,488.85 74,133,637.40 -0.06662%

38 85,080,315.42 85,174,082.56 0.01101% 83 74,561,265.95 74,063,661.29 -0.06719%

39 86,079,791.11 86,167,732.21 0.01021% 84 74,462,274.30 73,959,172.33 -0.06802%

40 86,861,383.49 86,941,915.77 0.00926% 85 74,407,194.30 73,900,955.80 -0.06850%

41 87,363,150.78 87,434,175.05 0.00812% 86 74,352,314.94 73,843,027.68 -0.06897%

42 87,406,879.15 87,462,401.47 0.00635% 87 74,297,778.10 73,785,459.91 -0.06943%

43 86,692,603.69 86,719,864.28 0.00314% 88 74,267,138.78 73,753,131.06 -0.06969%

44 85,342,871.28 85,329,490.09 -0.00157% 89 74,221,278.39 73,704,676.04 -0.07009%
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APPENDIX D LOAD CURVES AND INTERACTION RESISTANCE 

ELEMENT AND MESH CONVERGENCE STUDY   



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   151 

D.1 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 3 

Table D-5: Results loads, deviations, utilization ratios and computation times in case of 3 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8R 64 3 16 1,563,030.00 65,778,108.14 -2.66% 8.61% 0.73 0.42 152.0 

C3D8R 64 3 32 1,562,770.00 65,756,724.08 -2.68% 8.57% 0.73 0.42 331.0 

C3D8R 64 3 64 1,562,760.00 65,641,370.74 -2.68% 8.38% 0.73 0.41 730.0 

C3D8R 64 3 128 1,562,750.00 65,636,492.82 -2.68% 8.38% 0.73 0.41 1563.0 

C3D20 64 1 16 1,566,010.00 66,180,397.76 -2.47% 9.27% 0.73 0.42 494.0 

C3D20 64 1 32 1,566,280.00 65,584,452.45 -2.46% 8.29% 0.73 0.41 1039.0 

C3D20 64 1 64 1,566,270.00 65,174,074.66 -2.46% 7.61% 0.73 0.41 2446.0 

C3D20 64 1 128 1,566,300.00 65,385,892.56 -2.46% 7.96% 0.73 0.41 4857.0 

S4 64 1 16 1,566,840.00 65,171,900.44 -2.42% 7.61% 0.73 0.41 121.0 

S4 64 1 32 1,565,980.00 65,127,656.44 -2.48% 7.54% 0.73 0.41 194.0 

S4 64 1 64 1,565,630.00 64,821,784.40 -2.50% 7.03% 0.73 0.41 382.0 

S4 64 1 128 1,565,580.00 64,846,577.58 -2.50% 7.07% 0.73 0.41 712.0 

S4R 64 1 16 1,566,220.00 65,899,495.17 -2.46% 8.81% 0.73 0.42 94.0 

S4R 64 1 32 1,565,410.00 64,584,477.56 -2.51% 6.64% 0.73 0.41 148.0 

S4R 64 1 64 1,565,520.00 65,497,231.23 -2.51% 8.15% 0.73 0.41 268.0 

S4R 64 1 128 1,565,470.00 65,545,730.78 -2.51% 8.23% 0.73 0.41 504.0 

S8R 64 1 16 1,542,780.00 61,157,787.54 -3.92% 0.98% 0.72 0.39 294.0 

S8R 64 1 32 1,542,910.00 61,220,819.70 -3.91% 1.08% 0.72 0.39 636.0 

S8R 64 1 64 1,505,930.00 58,029,088.19 -6.22% -4.19% 0.70 0.37 723.0 

S8R 64 1 128 1,543,190.00 61,157,186.66 -3.90% 0.98% 0.72 0.39 2307.0 

Figure D-7: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 3 integration points 
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Figure D-8: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 3 integration points (ZOOM IN) 

Figure D-9: Load curves regarding C3D8R solid elements in case of 3 integration points over the thickness of the cross-section 

Figure D-10: Load curves regarding C3D20 solid elements in case of 3 integration points over the thickness of the cross-section 
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Figure D-11: Load curves regarding S4 shell elements in case of 3 integration points over the thickness of the cross-section 

Figure D-12: Load curves regarding S4R shell elements in case of 3 integration points over the thickness of the cross-section 

Figure D-13: Load curves regarding S8R shell elements in case of 3 integration points over the thickness of the cross-section 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   154 

D.2 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 4 

Table D-6: Results loads, deviations, utilization ratios and computation times in case of 4 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 2 16 1,569,300.00 66,017,234.15 -2.27% 9.00% 0.73 0.42 185.0 

C3D8 64 2 32 1,565,380.00 65,708,516.04 -2.51% 8.49% 0.73 0.42 389.0 

C3D8 64 2 64 1,564,380.00 65,804,404.02 -2.58% 8.65% 0.73 0.42 844.0 

C3D8 64 2 128 1,564,140.00 65,791,658.07 -2.59% 8.63% 0.73 0.42 1825.0 

C3D8R 64 4 16 1,563,430.00 65,356,887.96 -2.64% 7.91% 0.73 0.41 452.0 

C3D8R 64 4 32 1,563,020.00 65,760,774.45 -2.66% 8.58% 0.73 0.42 582.0 

C3D8R 64 4 64 1,562,990.00 65,646,580.26 -2.66% 8.39% 0.73 0.41 1185.0 

C3D8R 64 4 128 1,562,970.00 65,642,371.68 -2.66% 8.39% 0.73 0.41 2670.0 

C3D8I 64 2 16 1,563,210.00 66,092,577.34 -2.65% 9.13% 0.73 0.42 399.0 

C3D8I 64 2 32 1,563,400.00 65,026,457.28 -2.64% 7.37% 0.73 0.41 652.0 

C3D8I 64 2 64 1,563,390.00 65,061,285.35 -2.64% 7.43% 0.73 0.41 1157.0 

C3D8I 64 2 128 1,563,330.00 64,875,882.53 -2.64% 7.12% 0.73 0.41 2032.0 

C3D20R 64 2 16 1,566,250.00 65,132,455.00 -2.46% 7.54% 0.73 0.41 605.0 

C3D20R 64 2 32 1,566,270.00 65,562,719.26 -2.46% 8.25% 0.73 0.41 1571.0 

C3D20R 64 2 64 1,566,200.00 64,978,963.07 -2.46% 7.29% 0.73 0.41 3540.0 

C3D20R 64 2 128 1,566,290.00 65,385,943.85 -2.46% 7.96% 0.73 0.41 8235.0 

Figure D-14: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 4 integration points 
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Figure D-15: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 4 integration points (ZOOM IN) 

Figure D-16: Load curves regarding C3D8 solid elements in case of 4 integration points over the thickness of the cross-section 

Figure D-17: Load curves regarding C3D8R solid elements in case of 4 integration points over the thickness of the cross-section 
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Figure D-18: Load curves regarding C3D8I solid elements in case of 4 integration points over the thickness of the cross-section 

Figure D-19: Load curves regarding C3D20R solid elements in case of 4 integration points over the thickness of the cross-section 
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D.3 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 5 

Table D-7: Results loads, deviations, utilization ratios and computation times in case of 5 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8R 64 5 16 1,563,640.00 65,793,060.95 -2.62% 8.63% 0.73 0.42 322.0 

C3D8R 64 5 32 1,563,200.00 65,021,799.25 -2.65% 7.36% 0.73 0.41 660.0 

C3D8R 64 5 64 1,563,120.00 65,055,262.98 -2.65% 7.42% 0.73 0.41 2054.0 

C3D8R 64 5 128 1,563,110.00 65,169,359.24 -2.66% 7.60% 0.73 0.41 3792.0 

S4 64 1 16 1,566,880.00 65,915,341.89 -2.42% 8.84% 0.73 0.42 175.0 

S4 64 1 32 1,565,920.00 65,866,834.20 -2.48% 8.76% 0.73 0.42 200.0 

S4 64 1 64 1,565,780.00 65,329,901.12 -2.49% 7.87% 0.73 0.41 449.0 

S4 64 1 128 1,565,640.00 64,967,947.50 -2.50% 7.27% 0.73 0.41 905.0 

S4R 64 1 16 1,566,280.00 65,900,948.24 -2.46% 8.81% 0.73 0.42 139.0 

S4R 64 1 32 1,565,620.00 65,863,831.27 -2.50% 8.75% 0.73 0.42 144.0 

S4R 64 1 64 1,565,410.00 64,849,006.62 -2.51% 7.08% 0.73 0.41 420.0 

S4R 64 1 128 1,565,360.00 64,843,661.71 -2.52% 7.07% 0.73 0.41 598.0 

S8R 64 1 16 1,542,370.00 61,597,029.03 -3.95% 1.71% 0.72 0.39 286.0 

S8R 64 1 32 1,542,560.00 61,594,756.03 -3.94% 1.70% 0.72 0.39 448.0 

S8R 64 1 64 1,518,230.00 58,723,364.59 -5.45% -3.04% 0.71 0.37 722.0 

S8R 64 1 128 1,525,920.00 59,222,339.59 -4.97% -2.22% 0.71 0.37 1550.0 

Figure D-20: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 5 integration points 
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Figure D-21: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 5 integration points (ZOOM IN) 

Figure D-22: Load curves regarding C3D8R solid elements in case of 5 integration points over the thickness of the cross-section 

Figure D-23: Load curves regarding S4 shell elements in case of 5 integration points over the thickness of the cross-section 
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Figure D-24: Load curves regarding S4R shell elements in case of 5 integration points over the thickness of the cross-section 

Figure D-25: Load curves regarding S8R shell elements in case of 5 integration points over the thickness of the cross-section 
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D.4 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 6 

Table D-8: Results loads, deviations, utilization ratios and computation times in case of 6 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 3 16 1,569,360.00 66,009,192.18 -2.27% 8.99% 0.73 0.42 443.0 

C3D8 64 3 32 1,565,320.00 65,093,951.68 -2.52% 7.48% 0.73 0.41 578.0 

C3D8 64 3 64 1,564,420.00 65,803,189.87 -2.57% 8.65% 0.73 0.42 1263.0 

C3D8 64 3 128 1,564,180.00 65,790,115.83 -2.59% 8.63% 0.73 0.42 2407.0 

C3D8R 64 6 16 1,563,810.00 65,054,827.73 -2.61% 7.42% 0.73 0.41 407.0 

C3D8R 64 6 32 1,563,290.00 65,024,297.67 -2.64% 7.36% 0.73 0.41 987.0 

C3D8R 64 6 64 1,563,160.00 65,650,744.70 -2.65% 8.40% 0.73 0.41 2257.0 

C3D8R 64 6 128 1,563,160.00 65,170,698.26 -2.65% 7.61% 0.73 0.41 5234.0 

C3D8I 64 3 16 1,563,470.00 65,041,307.73 -2.63% 7.39% 0.73 0.41 354.0 

C3D8I 64 3 32 1,563,390.00 65,026,343.59 -2.64% 7.37% 0.73 0.41 740.0 

C3D8I 64 3 64 1,563,340.00 65,653,337.79 -2.64% 8.40% 0.73 0.41 1647.0 

C3D8I 64 3 128 1,563,330.00 64,876,076.33 -2.64% 7.12% 0.73 0.41 3014.0 

C3D20 64 2 16 1,566,240.00 65,130,663.33 -2.46% 7.54% 0.73 0.41 883.0 

C3D20 64 2 32 1,566,240.00 65,121,829.73 -2.46% 7.53% 0.73 0.41 2357.0 

C3D20 64 2 64 1,566,200.00 64,978,878.74 -2.46% 7.29% 0.73 0.41 5298.0 

C3D20 64 2 128 - - - - - - - 

C3D20R 64 3 16 1,566,250.00 65,132,220.06 -2.46% 7.54% 0.73 0.41 1082.0 

C3D20R 64 3 32 1,566,230.00 65,035,689.43 -2.46% 7.38% 0.73 0.41 2707.0 

C3D20R 64 3 64 1,566,210.00 64,979,116.45 -2.46% 7.29% 0.73 0.41 7002.0 

C3D20R 64 2 128 - - - - - - - 

Figure D-26: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 6 integration points 
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Figure D-27: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 6 integration points (ZOOM IN) 

Figure D-28: Load curves regarding C3D8 solid elements in case of 6 integration points over the thickness of the cross-section 

Figure D-29: Load curves regarding C3D8R solid elements in case of 6 integration points over the thickness of the cross-section 
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Figure D-30: Load curves regarding C3D8I solid elements in case of 6 integration points over the thickness of the cross-section 

Figure D-31: Load curves regarding C3D20 solid elements in case of 6 integration points over the thickness of the cross-section 

Figure D-32: Load curves regarding C3D20R solid elements in case of 6 integration points over the thickness of the cross-section 

  



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   163 

D.5 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 7 

Table D-9: Results loads, deviations, utilization ratios and computation times in case of 7 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8R 64 7 16 1,564,030.00 66,115,864.28 -2.60% 9.17% 0.73 0.42 561.0 

C3D8R 64 7 32 1,563,440.00 65,380,980.73 -2.63% 7.95% 0.73 0.41 1158.0 

C3D8R 64 7 64 1,563,240.00 65,176,407.99 -2.65% 7.62% 0.73 0.41 2992.0 

C3D8R 64 7 128 1,563,180.00 65,580,896.44 -2.65% 8.28% 0.73 0.41 6998.0 

S4 64 1 16 1,566,880.00 65,915,551.57 -2.42% 8.84% 0.73 0.42 121.0 

S4 64 1 32 1,565,930.00 65,867,149.91 -2.48% 8.76% 0.73 0.42 200.0 

S4 64 1 64 1,565,780.00 65,408,875.51 -2.49% 8.00% 0.73 0.41 560.0 

S4 64 1 128 1,565,640.00 64,967,910.12 -2.50% 7.27% 0.73 0.41 946.0 

S4R 64 1 16 1,566,290.00 65,901,691.82 -2.46% 8.81% 0.73 0.42 102.0 

S4R 64 1 32 1,565,640.00 65,865,041.03 -2.50% 8.75% 0.73 0.42 157.0 

S4R 64 1 64 1,565,410.00 64,849,059.66 -2.51% 7.08% 0.73 0.41 267.0 

S4R 64 1 128 1,565,420.00 64,962,648.81 -2.51% 7.26% 0.73 0.41 641.0 

S8R 64 1 16 1,542,370.00 61,016,905.87 -3.95% 0.75% 0.72 0.39 249.0 

S8R 64 1 32 1,542,560.00 61,594,454.96 -3.94% 1.70% 0.72 0.39 426.0 

S8R 64 1 64 1,514,060.00 58,477,450.33 -5.71% -3.44% 0.71 0.37 703.0 

S8R 64 1 128 1,536,070.00 60,050,930.14 -4.34% -0.85% 0.72 0.38 1406.0 

Figure D-33: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 7 integration points 
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Figure D-34: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 7 integration points (ZOOM IN) 

Figure D-35: Load curves regarding C3D8R solid elements in case of 7 integration points over the thickness of the cross-section 

Figure D-36: Load curves regarding S4 shell elements in case of 7 integration points over the thickness of the cross-section 
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Figure D-37: Load curves regarding S4R shell elements in case of 7 integration points over the thickness of the cross-section 

Figure D-38: Load curves regarding S8R shell elements in case of 7 integration points over the thickness of the cross-section
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D.6 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 8 

Table D-10: Results loads, deviations, utilization ratios and computation times in case of 8 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8 64 4 16 1,569,350.00 66,326,516.56 -2.27% 9.52% 0.73 0.42 400.0 

C3D8 64 4 32 1,565,340.00 65,093,918.56 -2.52% 7.48% 0.73 0.41 765.0 

C3D8 64 4 64 1,564,440.00 65,802,785.05 -2.57% 8.65% 0.73 0.42 1767.0 

C3D8 64 4 128 1,564,190.00 65,789,814.60 -2.59% 8.63% 0.73 0.42 3735.0 

C3D8R 64 8 16 1,564,400.00 65,817,074.27 -2.57% 8.67% 0.73 0.42 521.0 

C3D8R 64 8 32 1,563,520.00 65,383,889.66 -2.63% 7.96% 0.73 0.41 1420.0 

C3D8R 64 8 64 1,563,280.00 65,177,398.05 -2.64% 7.62% 0.73 0.41 4020.0 

C3D8R 64 8 128 1,563,210.00 65,142,198.77 -2.65% 7.56% 0.73 0.41 9488.0 

C3D8I 64 4 16 1,563,470.00 65,041,376.46 -2.63% 7.39% 0.73 0.41 530.0 

C3D8I 64 4 32 1,563,390.00 65,026,037.10 -2.64% 7.37% 0.73 0.41 1095.0 

C3D8I 64 4 64 1,563,330.00 64,879,465.52 -2.64% 7.13% 0.73 0.41 2291.0 

C3D8I 64 4 128 1,563,330.00 64,876,201.39 -2.64% 7.12% 0.73 0.41 4784.0 

C3D20R 64 4 16 1,566,260.00 65,171,689.94 -2.46% 7.61% 0.73 0.41 1611.0 

C3D20R 64 4 32 1,566,290.00 65,400,222.39 -2.46% 7.99% 0.73 0.41 3792.0 

C3D20R 64 4 64 1,566,210.00 64,979,132.11 -2.46% 7.29% 0.73 0.41 13208.0 

C3D20R 64 4 64 - - - - - - - 

Figure D-39: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 
results of the types of elements in case of 64 elements over the length and 8 integration points 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   167 

Figure D-40: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 8 integration points (ZOOM IN) 

Figure D-41: Load curves regarding C3D8 solid elements in case of 8 integration points over the thickness of the cross-section 

Figure D-42: Load curves regarding C3D8R solid elements in case of 8 integration points over the thickness of the cross-section 
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Figure D-43: Load curves regarding C3D8I solid elements in case of 8 integration points over the thickness of the cross-section 

Figure D-44: Load curves regarding C3D20R solid elements in case of 8 integration points over the thickness of the cross-section 
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D.7 INTEGRATION POINTS OVER THE THICKNESS OF THE CROSS-SECTION 9 

Table D-11: Results loads, deviations, utilization ratios and computation times in case of 9 integration points over the thickness 

Element 

type 

Elements Numerical results Deviation Utilization 

ratio 

Comp. 

time �
[s] P T L RF3 [N] RM1 [Nmm] RF3 RM1 �� [-] �� [-] 

C3D8R 64 9 16 1,564,600.00 66,134,700.69 -2.56% 9.20% 0.73 0.42 699.0 

C3D8R 64 9 32 1,563,550.00 65,775,452.96 -2.63% 8.61% 0.73 0.42 2078.0 

C3D8R 64 9 64 1,563,330.00 65,298,137.96 -2.64% 7.82% 0.73 0.41 4858.0 

C3D8R 64 9 128 1,563,230.00 65,549,755.37 -2.65% 8.23% 0.73 0.41 12073.0 

C3D20 64 3 16 1,566,240.00 65,130,935.61 -2.46% 7.54% 0.73 0.41 1540.0 

C3D20 64 3 32 1,566,240.00 65,082,006.28 -2.46% 7.46% 0.73 0.41 4228.0 

C3D20 64 3 64 1,566,290.00 65,294,476.13 -2.46% 7.81% 0.73 0.41 9175.0 

C3D20 64 3 128 - - - - - - - 

S4 64 1 16 1,566,890.00 65,915,957.75 -2.42% 8.84% 0.73 0.42 144.0 

S4 64 1 32 1,565,930.00 65,867,365.57 -2.48% 8.76% 0.73 0.42 250.0 

S4 64 1 64 1,565,730.00 65,023,354.19 -2.49% 7.36% 0.73 0.41 408.0 

S4 64 1 128 1,565,590.00 64,848,928.16 -2.50% 7.08% 0.73 0.41 942.0 

S4R 64 1 16 1,566,300.00 65,901,412.50 -2.46% 8.81% 0.73 0.42 78.0 

S4R 64 1 32 1,565,640.00 65,864,774.87 -2.50% 8.75% 0.73 0.42 133.0 

S4R 64 1 64 1,565,460.00 64,968,053.68 -2.51% 7.27% 0.73 0.41 285.0 

S4R 64 1 128 1,565,370.00 64,843,798.78 -2.51% 7.07% 0.73 0.41 625.0 

S8R 64 1 16 1,543,230.00 61,535,140.94 -3.89% 1.60% 0.72 0.39 299.0 

S8R 64 1 32 1,543,500.00 61,405,434.05 -3.88% 1.39% 0.72 0.39 598.0 

S8R 64 1 64 1,525,240.00 59,178,058.77 -5.01% -2.29% 0.71 0.37 914.0 

S8R 64 1 128 1,542,760.00 61,120,262.22 -3.92% 0.92% 0.72 0.39 2950.0 

Figure D-45: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 9 integration points 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   170 

Figure D-46: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section along with the numerical 

results of the types of elements in case of 64 elements over the length and 9 integration points (ZOOM IN) 

Figure D-47: Load curves regarding C3D8R solid elements in case of 9 integration points over the thickness of the cross-section 

Figure D-48: Load curves regarding C3D20 solid elements in case of 9 integration points over the thickness of the cross-section 
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Figure D-49: Load curves regarding S4 shell elements in case of 9 integration points over the thickness of the cross-section 

Figure D-50: Load curves regarding S4R shell elements in case of 9 integration points over the thickness of the cross-section 

Figure D-51: Load curves regarding S8R shell elements in case of 9 integration points over the thickness of the cross-section
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APPENDIX E LONGITUDINAL ELASTIC STRESS DISTRIBUTION 

ELEMENT AND MESH CONVERGENCE STUDY
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E.1 LONGITUDINAL ELASTIC STRESS DISTRIBUTION IN CASE OF C3D8R SOLID 

ELEMENTS 

Figure E-52: Stress distribution shape positions in case of C3D8R solid elements 

                
Figure E-53: Stress distribution in case of C3D8R solid elements shape (A) 

              
Figure E-54: Stress distribution in case of C3D8R solid elements shape (B) 
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E.2 LONGITUDINAL ELASTIC STRESS DISTRIBUTION IN CASE OF S4 SHELL 

ELEMENTS 

Figure E-55: Stress distribution shape positions in case of S4 solid elements 

              
Figure E-56: Stress distribution in case of S4 shell elements shape (A) 

               
Figure E-57: Stress distribution in case of S4 shell elements shape (B) 
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APPENDIX F LONGITUDINAL STRESS DISTRIBUTION 

GEOMETRICAL IMPERFECTION STUDY  
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F.1 STRESS DISTRIBUTION IN CASE OF NO IMPERFECTION ` = 0.0000 MM 

Figure F-58: Stress distribution in case of no imperfection � = 0.0000 mm C3D8 (left) and C3D8R (right) 

Figure F-59: Stress distribution in case of no imperfection � = 0.0000 mm C3D8I (left) and C3D20 (right) 

Figure F-60: Stress distribution in case of no imperfection � = 0.0000 mm C3D20R (left) and S4 (right) 
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Figure F-61: Stress distribution in case of no imperfection � = 0.0000 mm S4R (left) and S8R (right)
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F.2 STRESS DISTRIBUTION IN CASE OF IMPERFECTION ` = 0.2445 MM  

Figure F-62: Stress distribution in case of imperfection � = 0.2445 mm C3D8 (left) and C3D8R (right) 

Figure F-63: Stress distribution in case of imperfection � = 0.2445 mm C3D8I (left) and C3D20 (right) 

Figure F-64: Stress distribution in case of imperfection � = 0.2445 mm C3D20R (left) and S4 (right) 
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Figure F-65: Stress distribution in case of imperfection � = 0.2445 mm S4R (left) and S8R (right) 
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F.3 STRESS DISTRIBUTION IN CASE OF IMPERFECTION ` = 0.8558 MM  

Figure F-66: Distribution of stress in case of imperfection � = 0.8558 mm C3D8 (left) and C3D8R (right) 

Figure F-67: Distribution of stress in case of imperfection � = 0.8558 mm C3D8I (left) and C3D20 (right) 

Figure F-68: Distribution of stress in case of imperfection � = 0.8558 mm C3D20R (left) and S4 (right) 
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Figure F-69: Distribution of stress in case of imperfection � = 0.8558 mm S4R (left) and S8R (right) 
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APPENDIX G LONGITUDINAL STRESS DISTRIBUTION LENGTH OF 

THE BEAM STUDY 
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Figure G-70: Stress distribution in case of L = 1.0� (left) and L = 1.5� (right) 

Figure G-71: Stress distribution in case of L = 2.0� (left) and L = 2.5� (right) 

Figure G-72: Stress distribution in case of L = 3.0� (left) and L = 3.5� (right) 
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Figure G-73: Stress distribution in case of L = 4.0� (left) and L = 4.5� (right) 
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APPENDIX H NUMERICAL TEST RESULTS BILINEAR  
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H.1 NUMERICAL TEST RESULTS CHS 244.5/12.5 BILINEAR 

Figure H-74: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 

grade S235 bilinear 

Figure H-75: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 
grade S355 bilinear 

Figure H-76: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 
grade S460 bilinear 
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Figure H-77: Deviation plot regarding the numerical test results CHS 244.5/12.5 of steel grade S235 with respect to the design rules 

Figure H-78: Deviation plot regarding the numerical test results CHS 244.5/12.5 of steel grade S355 with respect to the design rules 

Figure H-79: Deviation plot regarding the numerical test results CHS 244.5/12.5 of steel grade S460 with respect to the design rules
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H.2 NUMERICAL TEST RESULTS CHS 244.5/8.0 BILINEAR 

Figure H-80: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel 
grade S235 bilinear 

Figure H-81: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel 
grade S355 bilinear 

Figure H-82: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel 
grade S460 bilinear 
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Figure H-83: Deviation plot regarding the numerical test results CHS 244.5/8.0 of steel grade S235 with respect to the design rules 

Figure H-84: Deviation plot regarding the numerical test results CHS 244.5/8.0 of steel grade S355 with respect to the design rules 

Figure H-85: Deviation plot regarding the numerical test results CHS 244.5/8.0 of steel grade S460 with respect to the design rules 
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H.3 NUMERICAL TEST RESULTS CHS 273.0/8.0 BILINEAR 

Figure H-86: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel 
grade S235 bilinear 

Figure H-87: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel 
grade S355 bilinear 

Figure H-88: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel 
grade S460 bilinear 
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Figure H-89: Deviation plot regarding the numerical test results CHS 273.0/8.0 of steel grade S235 with respect to the design rules 

Figure H-90: Deviation plot regarding the numerical test results CHS 273.0/8.0 of steel grade S355 with respect to the design rules 

Figure H-91: Deviation plot regarding the numerical test results CHS 273.0/8.0 of steel grade S460 with respect to the design rules 
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H.4 NUMERICAL TEST RESULTS CHS 273.0/6.3 BILINEAR 

Figure H-92: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel 

grade S235 bilinear 

Figure H-93: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel 

grade S355 bilinear 

Figure H-94: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel 

grade S460 bilinear 
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Figure H-95: Deviation plot regarding the numerical test results CHS 273.0/6.3 of steel grade S235 with respect to the design rules 

Figure H-96: Deviation plot regarding the numerical test results CHS 273.0/6.3 of steel grade S355 with respect to the design rules 

Figure H-97: Deviation plot regarding the numerical test results CHS 273.0/6.3 of steel grade S460 with respect to the design rules 
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APPENDIX I NUMERICAL TEST RESULTS STRAIN HARDENING  
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I.1 NUMERICAL TEST RESULTS CHS 244.5/12.5 STRAIN HARDENING 

Figure I-98: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 
grade S235 strain hardening 

Figure I-99: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 

grade S355 strain hardening 

Figure I-100: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/12.5 of steel 

grade S460 strain hardening 
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I.2 NUMERICAL TEST RESULTS CHS 244.5/8.0 STRAIN HARDENING 

Figure I-101: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel 
grade S235 strain hardening 

Figure I-102: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel 
grade S355 strain hardening 

Figure I-103: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 244.5/8.0 of steel 
grade S460 strain hardening 
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I.3 NUMERICAL TEST RESULTS CHS 273.0/8.0 STRAIN HARDENING 

Figure I-104: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel 
grade S235 strain hardening 

Figure I-105: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel 
grade S355 strain hardening 

Figure I-106: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/8.0 of steel 

grade S460 strain hardening 
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I.4 NUMERICAL TEST RESULTS CHS 273.0/6.3 STRAIN HARDENING 

Figure I-107: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel 
grade S235 strain hardening 

Figure I-108: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel 

grade S355 strain hardening 

Figure I-109: M-N interaction resistance curves according to the design rules along with the numerical test results CHS 273.0/6.3 of steel 
grade S460 strain hardening 
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PREFACE 

Design rules regarding combined bending and axial force interaction resistance (M-N) of circular hollow sections 

are provided by EN 1993-1-1 clause 6.2 [18]. These design rules are based on applied mechanics. However, there 

are many discussions about the accuracy of these design rules. Consequently in this master research, assessment 

of the design rule in the EN 1993-1-1 [18] is necessary to ensure sufficient safety. 

This master research is supervised by prof.ir. H.H. (Bert) Snijder, Professor of Steel Structures at the Eindhoven 

University of Technology; ir. R.W.A. (Rianne) Dekker, TU/e doctoral candidate (PhD) for the assessment of cross-

sectional design rules regarding the ductile failure modes and prof.dr.ir. J. (Johan) Maljaars, Professor of 

Aluminum Structures at the Eindhoven University of Technology. I wish to express my gratitude to my supervisors 

for contributing to the successful completion of this master thesis. 

The master research is separated into two parts. The first part presents the literature survey regarding the research 

of the numerical and statistical evaluation of combined bending and axial force interaction resistance of circular 

hollow sections. The second part contains the results regarding the numerical and statistical evaluation. 

G.A. (Giorgio) Vermeulen 

Eindhoven, September 16 
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ABSTRACT 

Steel structures are often used in the built environment. These structural systems are subjected to several types of 

loads, which induce stresses and strains in their components. For the verification of the ultimate limit state of the 

critical cross-section, determining the cross-sectional resistance is of major importance. EN 1993-1-1 clause 6.2 

[18] provides design resistances for cross-sections in pure tension, compression, bending, shear and torsion. 

However in practice, situations where a structural system is subjected to one single load is not common. Usually 

a combination of loads is acting on the system. In these cases the effect of the interaction between internal forces 

has to be considered.  

Design rules regarding combined bending and axial force interaction resistance (M-N) of circular hollow sections 

are provided by EN 1993-1-1 clause 6.2 [18]. These design rules are based on applied mechanics. In recent years, 

the accuracy of these design rules have been point of discussion. Consequently, assessment of the design rule in 

EN 1993-1-1 clause 6.2.9 [18] is necessary to ensure sufficient safety. Therefore, the main aim of the research is 

as follows: 

Assess the design rule for cross-sectional resistance provided by EN 1993-1-1 clause 6.2.9 [18] regarding 

combined bending and axial force interaction resistance of circular hollow steel sections by means of a 

numerical and statistical evaluation. 

Circular hollow sections are applied in all fields, like bridges, buildings and halls, offshore structures and towers 

and masts. Mostly circular hollow sections are used for columns, lattice structures and space frame structures in 

buildings. There are two manufacturing methods regarding circular hollow sections i.e. the seamless 

manufacturing process and the welded manufacturing process. The Cross Roll Piercing process [2] and Pilgering 

process [2] are one of the most important seamless manufacturing process. Additionally, welding techniques of 

circular hollow sections are based on the Fretz-Moon welding process [2].  

Consider a circular hollow section as shown in Figure 3-1. By applying a pure bending moment on the cross-

section, the stresses behave elastic over the cross-section, see Figure 3-1(a). Here, the occurring stresses are smaller 

than the design yield strength�����. Increasing the load leads to yielding in the outer fibers of the cross-section, 

which is shown in Figure 3-1(b). Note that the behavior of the stresses are still linear elastic. In Figure 3-1(c), more 

fibers are starting to yield by increasing the load. Full plastic behavior is reached in case when all fibers in the 

cross-section have reached the design yield strength����� as shown in Figure 3-1(d). 

Figure 0-1: Stress distribution of a circular hollow section 

Depending on the properties of the cross-section, plastic behavior can be reached. To determine whether the cross-

section can reach plastic behavior, a classification is introduced, which is based on the theory of elasticity or 

plasticity. The classification of the cross-section are classified by means of the width-to-thickness ratio �/�
according to EN 1993-1-1 Table 6.2 [18] and an amendment to EN 1993-1-1 [18] proposed by Rotter [14]. 

In September 2015, Rotter [14] proposed an amendment to the design rule of EN 1993-1-1 clause 6.2.9 [18], which 

describes the case of circular hollow sections subjected to pure bending or to combined bending and axial force. 

Additionally, the plastic section modulus �	
 �is not defined in EN 1993-1-1 [18]. Therefore, Rotter [14] proposed 

a definition concerning the plastic section modulus �	
. 
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At the Eindhoven University of Technology, research is done by Rombouts [12], [13] and Kamphuis [6] regarding 

the combined bending and axial force interaction resistance of doubly symmetric I-shaped cross-sections and 

rectangular hollow sections, respectively. In order to assess the design rule regarding combined bending and axial 

force interaction resistance according to EN 1993-1-1 [18]. 

Rombouts [12], [13] concluded that doubly I-shaped cross-sections with slender flanges subjected to combined 

bending and axial force behave similar to the behavior of the exact solution. Besides, the partial safety factor ��
regarding the M-N interaction resistance design rule of EN 1993-1-1 clause 6.2.9 [18] is statistically acceptable 

regarding cross-sections of steel grades S235, S355 and S460. 

Additionally, Kamphuis [6] concluded that the partial safety factors �� regarding rectangular hollow sections and 

square hollow sections should be separated. Additionally, the recommended partial safety factor ���regarding to 

rectangular hollow sections are �� = 1.02 in case of steel grade S235, �� = 1.08 in case of steel grade S355 and 

�� = 1.14 in case of steel grade S460. The recommended partial safety factor��� regarding to square hollow 

sections are �� = 1.00 in case of steel grade S235, �� = 1.04 in case of steel grade S355 and �� = 1.09 in case 

of steel grade S460. 

No experimental research is performed regarding combined bending and axial force interaction resistance of 

circular hollow sections. By means of theoretical models, design rules are compared.  

In case for a perfectly circular hollow section, the exact M-N interaction resistance is given in Equation (0-1). 

π� �
= � �

� �
���

�
� �
� � (0-1) 

The exact M-N interaction resistance for a perfectly circular hollow section is independent of geometrical 

properties and material properties, since these parameters do not appear in the exact M-N interaction resistance. 

  

Design rules of EN 1993-1-1 clause 6.2 [18], the proposals by Rotter [14], BSK 99 clause 6.251 [10], ANSI/AISC 

360-10 Chapter H [1] and AS 4100 clause 8.3 [7] regarding combined bending and axial force interaction 

resistance are compared to the exact solution for a perfectly circular hollow section. 

Evaluating the accuracy of the several design rules leads to the following conclusions: 

� The design rule of EN 1993-1-1 clause 6.2.1 [18], BSK 99 clause 6.251 [10] in case of � = 1.0, 

ANSI/AISC 360-10 Chapter H [1] and the AS 4100 clause 8.3 [7] predict only conservative results; 

� The design rule of EN 1993-1-1 clause 6.2.1 [18] and BSK 99 clause 6.251 [10] in case of � = 1.0 give 

similar results; 

� The design rule of the proposal by Rotter (first version) [14] predicts only unconservative results; 

� For relatively high values of the utilization ratio with respect to axial force���, the design rules of EN 

1993-1-1 clause 6.2.9 [18] and BSK 99 clause 6.251 [10] in case of � = 1.25 predict unconservative 

results; 

� The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact 

solution for a perfectly circular hollow section, therefore both design rules give similar results; 

� The design rule of EN 1993-1-1 clause 6.2.9 [18] predicts the exact solution for a perfectly circular hollow 

section the most accurate. 
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NOMENCLATURE 

Capital latin letters 

� Area of the gross cross-section [mm2] 

�� Area of the cross-section subjected to axial force [mm2] 

�� Shear area  [mm2] 

� External diameter [mm] 

�� Second moment of area about the y-y axis   [mm3] 

�� Second moment of area about the z-z axis   [mm3] 

� Length of the member [mm] 

� Bending moment [Nmm] 

����� Design resistance for bending about one principal axis of a cross-section [Nmm] 

������� Reduced plastic design resistance for bending by axial forces about the y-y axis [Nmm] 

������� Reduced plastic design resistance for bending by axial forces about the z-z axis [Nmm] 

�	
��� Plastic design resistance for bending [Nmm] 

����� Design bending moment about the y-y axis  [Nmm] 

����� Design resistance for bending about the y-y axis [Nmm] 

����� Design bending moment about the z-z axis  [Nmm] 

����� Design resistance for bending about the z-z axis [Nmm] 

� Axial force [N] 

����� Design resistance to axial forces of the cross-section for uniform compression [N] 

��� Design axial force [N] 

�	
��� Plastic design resistance to axial force  [N] 

��� Design resistance to axial force [N] 

����� Design resistance to axial forces of the cross-section for uniform tension [N] 

� First moment of area  [mm3] 

� Shear force [N] 

����� Design resistance to shear [N] 

�	
��� Plastic design resistance to shear [N] 

��
�	
 Elastic-plastic section modulus [mm3] 

��
 Elastic section modulus [mm3] 

�	
 Plastic section modulus [mm3] 

�	
�� Plastic section modulus of the cross-section subjected to bending [mm3] 

�	
�� Plastic section modulus of the cross-section subjected to axial force [mm3] 

Small latin letters  

� Internal diameter [mm] 

���� Design yield strength [N/mm2] 

� Shape factor [-] 

 Power of the interaction according to the proposal of Rotter in case of elastic 

resistance 

[-] 
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�� Utilization ratio of design bending moment to design plastic resistance for bending  [-] 

�� Utilization ratio of design axial force to design plastic resistance to axial force of the 

gross cross-section 

[-] 

! Distance from the pole [mm] 

� Plate thickness at location of shear stress determination  [mm] 

� Wall thickness [mm] 

" Cartesian coordinate  [-] 

"#� Distance from the plastic neutral axis to the center of gravity of the areas in 

compression 

[mm] 

"#� Distance from the plastic neutral axis to the center of gravity of the areas in tension [mm] 

$ Cartesian coordinate  [-] 

Capital Greek letters 

% Capacity factor according to AS 4100 Table 3.4 [-] 

& Effect of ovalisation on the local buckling resistance  [-] 

Small Greek letters 

�� Partial factor for resistance of cross-sections whatever the class is [-] 

' Coefficient depending on the yield strength [-] 

( Parameter that indicates the amount of area of the cross-section subjected to axial 

force 

[mm] 

) Angle from the polar axis [rad] 

*+ Local longitudinal stress [N/mm2] 

*++��� Design value of the local longitudinal stress [N/mm2] 

*+���� Design value of the local shear stress [N/mm2] 

*����� Design value of the local transverse stress [N/mm2] 

*����� Design value of the local shear stress [N/mm2] 

*�+��� Design value of the local shear stress [N/mm2] 

*����� Design value of the local transverse stress [N/mm2] 

,+� Shear stress [N/mm2] 

- Parameter that indicates the amount of area of the cross-section subjected to axial 

force 

[rad] 

. Parameter that indicates the degree of ovalisation of the cross-section due to 

geometrical imperfections 

[-] 

/ Parameter that indicates the degree of ovalisation of the cross-section due to 

geometrical imperfections 

[-] 
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CHAPTER 1 INTRODUCTION 

Steel structures are often used in the built environment. These structural systems are subjected to several types of 

loads, which induce stresses and strains in their components. For the verification of the ultimate limit state of the 

critical cross-section, determining the cross-sectional resistance is of major importance. EN 1993-1-1 clause 6.2 

[18] provides design resistances for cross-sections in pure tension, compression, bending, shear and torsion. 

However in practice, situations where a structural system is subjected to one single load is not common. Usually 

a combination of loads is acting on the system. In these cases the effect of the interaction between internal forces 

has to be considered. EN 1993-1-1 clause 6.2.9 [18] provides design rules in case of combined bending and shear 

interaction resistance (M-V), combined bending and axial force interaction resistance (M-N) and finally combined 

bending, axial force and shear interaction resistance (M-N-V). These design rules are based on the reduction of 

the plastic design resistance for bending. 

PROBLEM DEFINITION 

The Eurocode is used in all countries affiliated to the European Union. In order to provide a uniform level of safety 

and a common approach regarding buildings and civil works, CEN/TC250 developed a collection of ten European 

standards. These standards are composed of parts of former national standards and newly developed design rules.  

To ensure that building structures can be designed while future structural safety still is guaranteed, the Eurocode 

is improved constantly since its first draft. This is also the case for EN 1993-1-1 [18], which is the standard 

regarding steel structures. For example in steel structures, applying steel with an increased strength leads to 

reassessment of the design rules to ensure sufficient safety. Hence, other parts of the Eurocode should be reassessed 

too. 

Design rules regarding combined bending and axial force interaction resistance (M-N) of circular hollow sections 

are provided by EN 1993-1-1 clause 6.2 [18]. These design rules are based on applied mechanics. In recent years, 

the accuracy of these design rules have been point of discussion. Consequently, assessment of the design rules in 

EN 1993-1-1 clause 6.2.9 [18] is necessary to ensure sufficient safety. 

In EN 1993-1-1 clause 6.2.1 [18], a conservative approximation for combined bending and axial force interaction 

resistance is described, based on the linear summation of the utilization ratios, see Equation (1-1). The 

approximation is valid for Class 1, 2 and 3 cross-sections. 

+ + ≤� �

� �

�
� �� � ����

�� � �� � ��

� ��

� � �
(1-1) 

��� Design axial force [N] 

��� Design resistance to axial force [N] 

����� Design bending moment about the y-y axis  [Nmm] 

����� Design resistance for bending about the y-y axis [Nmm] 

����� Design bending moment about the z-z axis  [Nmm] 

����� Design resistance for bending about the z-z axis [Nmm] 

The more accurate design rule regarding combined bending and axial force interaction resistance of circular hollow 

sections is described in EN 1993-1-1 clause 6.2.9 [18]. Based on a reduced plastic design resistance for bending 

by axial forces �����, EN 1993-1-1 clause 6.2.9 [18] defines the reduced plastic design resistance for bending in 

case of Class 1 and 2 cross-sections as given in Equation (1-2). 

( )= = − ��	

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (1-2) 

������� Reduced plastic design resistance for bending by axial forces about the y-y axis [Nmm] 

������� Reduced plastic design resistance for bending by axial forces about the z-z axis [Nmm] 

�	
��� Plastic design resistance for bending [Nmm] 

�� Utilization ratio of design axial force to design plastic resistance to axial force of the gross cross-section [-] 
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Where the plastic design resistance for bending �	
��� �and the utilization ratio with respect to the axial force ��
are given in Equation (1-3) and (1-4), respectively. 

γ
=

�

�




	
 � �

	
 ��

�

� �
� (1-3) 

=
�

��

�

	
 ��

�
�

�
(1-4) 

�	
 Plastic section modulus [mm3] 

���� Design yield strength [N/mm2] 

�� Partial factor for resistance of cross-sections whatever the class is [-] 

�	
��� Plastic design resistance to axial force  [N] 

In Equation (1-3), the plastic section modulus �	
 is given in Equation (2-4). Note that the plastic section modulus 

�	
 �is not defined in EN 1993-1-1 [18]. From Equation (1-4), the design plastic resistance to axial forces of the 

gross cross-section �	
��� is given in Equation (1-5). 

γ
= �

�




� �

	
 ��

�

�
� (1-5) 

� Area of the gross cross-section [mm2] 

AIM OF THE MASTER RESEARCH  

The main aim of the master research is as follows: 

Assess the design rule for cross-sectional resistance provided by EN 1993-1-1 clause 6.2.9 [18] regarding 

combined bending and axial force interaction resistance of circular hollow steel sections by means of a 

numerical and statistical evaluation. 

APPROACH OF THE MASTER RESEARCH  

In section 1.1, the problem definition showed that the design rules regarding combined bending and axial force 

interaction resistance (M-N) of circular hollow sections provided by EN 1993-1-1 clause 6.2.9 [18] has to be 

reassessed to ensure sufficient safety.  

To assess the design rules, the following research approach is determined. 

A) Searching and reading literature 

To get familiar with the subject and associated problems, literature is studied. Standards, books and scientific 

articles are used to gain knowledge regarding combined bending and axial force interaction resistance (M-N) of 

circular hollow sections. 

B) Graduation plan 

To finish this research project successfully, a graduation plan is set up. In the graduation plan, the approach of the 

research is described. Defining the problem and the aim of the research is of major importance. Therefore, studying 

literature regarding the subject is done in advance.  

C) Literature survey 

The obtained literature is processed in detail in a literature survey. Interaction between the graduation plan and 

literature survey is necessary to obtain an achievable research project. For example, describing the problem 

definition cannot be done without studying literature.  
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D) Setting up a finite element model 

A finite element model is set up in the software ABAQUS CAE 6.14. The structural behavior of a circular hollow 

sections subjected to combined bending and axial force is simulated. The finite element model is validated by 

means of a theoretical model of the combined bending and axial force interaction resistance.  

When setting up the finite element model, several studies are done:  

� Element and mesh convergence study: A finer mesh results in more accurate results. However, the 

computation time of the simulation of the finite element model increases by applying a finer mesh. By 

performing a mesh convergence study, a balance between accuracy and computation time is found.  

� Geometrical imperfection study: geometrical imperfections in the finite element analysis are taken into 

account in order to investigate the influence on the finite element results. 

� Length of the beam study: Beam theory cannot be applied for a beam with a relative small length 

compared to the height of the cross-section i.e. a deep beam. Additionally, beams which have a relatively 

large length are sensitive for global buckling. By performing this study, satisfying beam lengths are 

determined with respect to the cross-sectional dimensions.  

� Material properties study: A study between the results of a bilinear material model and strain hardening 

material model is performed.

E) Parametric study 

A parametric study with the finite element model is performed in order to investigate the influences of varying the 

geometrical properties and material properties on the design rule of EN 1993-1-1 clause 6.2.9 [18]. 

F) Statistical evaluation 

A statistical evaluation regarding a population of finite element test results is performed in order to determine the 

partial safety factor ��. The procedure according to EN 1990-1-1 Annex D [18] is used to perform the statistical 

evaluation. 

G) Consideration adapting design rules of EN 1993-1-1 

The final step is to elaborate and to present the results. A recommendation to EN 1993-1-1 [18] is formulated after 

assessing the design rules regarding combined bending and axial force interaction resistance of circular hollow 

sections. 

In Figure 1-1, the flowchart of the research approach is shown.  

Figure 1-1: Flowchart research approach 
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PREVIEW OF THE LITERATURE SURVEY 

1) First, Chapter 2 introduces circular hollow sections (CHS). Historical facts and the manufacturing process 

concerning circular hollow sections are briefly explained. In addition, the section properties are outlined. 

  

2) Then, by means of the section properties of circular hollow sections, a classification is introduced in order 

to distinguish the cross-sectional design rules based on the theory of elasticity or plasticity in Chapter 3. 

3) After classifying the circular hollow sections, the design rules regarding axial tension, axial compression, 

bending moment, shear and combined bending and axial force interaction resistance (M-N) are given in 

Chapter 4. The focus regarding the design rules are on Class 1 and 2 cross-sections.  

4) Earlier research regarding combined bending and axial force interaction resistance is briefly discussed in 

Chapter 5, in order to get knowledge about the research done prior to this master research. 

5) From Chapter 5, it is concluded that no experimental research is performed regarding combined bending 

and axial force interaction resistance of circular hollow sections. By means of theoretical models derived 

in section Chapter 6, also known as exact solutions, design rules may be compared. Additionally, the 

finite element model is validated with reference to the theoretical models. 

6) Thereafter, different design rules regarding combined bending and axial force interaction resistance are 

compared to the design rule of the exact solution of a perfect circular hollow section in Chapter 7. 

7) Finally, the conclusions and recommendations regarding the literature survey are discussed, which form 

the basis for the research perdformed in the master thesis. 

In Figure 1-2, the flowchart of the preview of the literature survey is shown.  

Figure 1-2: Flowchart preview of the literature survey 
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CHAPTER 2 INTRODUCTION OF CIRCULAR HOLLOW SECTIONS 

In this chapter, circular hollow sections (CHS) are introduced. Historical facts and the manufacturing process 

concerning circular hollow sections are briefly explained. In addition, the section properties are outlined.  

GENERAL 

Designing steel structures by means of circular hollow section members needs another approach than designing 

steel structures by means of open section members, for example H-shaped sections and I-shaped sections. The 

designer should be aware of the special features of circular hollow sections and their joints.  

The main advantages [20] of circular hollow sections are as follows: 

� The shape is attractive in architectural applications; 

� Circular hollow sections have a relatively high corrosion resistance due to the closed shape without sharp 

corners; 

� Circular hollow sections have relatively low drag coefficients of approximately 0.47 (compared to the 

drag coefficient of rectangular hollow sections of 1.15); 

� As a result of the internal void, fire protection or bearing capacity is increased. The bearing capacity 

increases by filling the void with concrete to obtain a composite structure.  

However, a main disadvantage [20] of circular hollow sections is as follows: 

� Circular hollow sections have relatively high manufacturing costs compared to other sections. 

Circular hollow sections are applied in all fields, like bridges, buildings and halls, offshore structures and towers 

and masts. One of the earliest outstanding example of the use of tubular shaped steel sections is the Firth of Forth 

Bridge [20] in Scotland (1890), see Figure 2-1. To span 521 m, the structure is constructed by tubular members, 

which are composed of rolled plates riveted together.  

Figure 2-1: Firth of Forth Bridge 

Circular hollow sections are mostly used for columns, lattice structures and space frame structures in buildings. 

For example, the departure hall of Stuttgart, Germany [20] is supported by a tubular columns, see Figure 2-2.    

Figure 2-2: Departure hall airport Stuttgart, Germany 
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MANUFACTURE PROCESSES OF CIRCULAR HOLLOW SECTIONS 

During the first half of the 19th century, the first tubular members were manufactured. Rolled strips or sheets were 

butt welded or lap welded to obtain a circular hollow section member. At the end of the 19th century, manufacture 

methods became available which made it possible to manufacture seamless tubes. By improving the manufacture 

methods regarding seamless tubes, the production increased rapidly. Hereby, the welded tubes were almost pushed 

out of the market. Until the Second World War, the seamless tubes dominated the market. After the Second World 

War, the welding techniques were improved, which caused also an increase in the market regarding welded tubes. 

As a result of the imposed requirements on circular hollow section members, the manufacturing processes are 

constantly improved. In the following sections 2.2.1 and 2.2.2, the seamless manufacturing process and the welded 

manufacturing process are explained.  

2.2.1 Seamless manufacturing processes of circular hollow sections 

The seamless manufacturing method of circular hollow sections had its upcoming toward the end of the 19th

century. In 1880, the Mannesmann brothers invented the Cross roll piercing process [2], which is considered as 

the first seamless manufacturing method, see Figure 2-3. A solid steel ingot rolls through the cross rolls, where a 

piercing mandrel produces a hollow shell. However, this method produced only thick walled tubes. Therefore, the 

Mannesmann brothers developed another process, called the Pilgering process [2] several years later. Combining 

Cross roll piercing process [2] and the Pilgering process [2] resulted in the development of longer and thinner 

walled hollow sections. By means of elongating the thick walled hollow shell and forging action of pilger rolls, 

the required dimensions are obtained. The combination of these methods is also called the Mannesmann process 

[3]. 

Figure 2-3: Cross Roll Piercing process and Pilgering process 

The Cross Roll Piercing process [2] and Pilgering process [2] are one of the most important seamless 

manufacturing process and are often used these days. In addition as a result of further development of the industry, 

new manufacturing processes were invented. These manufacturing process are as follows: 

� Plug rolling process [2]; 

� Continuous mandrel rolling process [2]; 

� Push bench process [2]; 

� Pierce and draw process [2]; 

� Tube extrusion process [2];  

� Assel rolling process [2]; 

� Diescher rolling process [2].   
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2.2.2 Welded manufacturing method of circular hollow sections 

In order to manufacture a tube in the 19th century, steel strips or plates were bend and connected at its edges by 

means of forge-welding developed by James Whitehouse [2]. The forge-welding is one of the oldest welding 

process. As a result of heating and pressing metal plates over an open seam tube a welded tube is produced.  

Improving the welding techniques resulted in the Fretz-Moon welding process [2] in 1930. Hereby, the production 

of the amount of welded circular hollow sections increased. In Figure 2-4, the Fretz-Moon welding process [2] is 

shown. By forming a steel strip or a plate into a cylindrical shape an open seam tube is obtained. The edges are 

pressed together and are forming a welding line. By means of a process related to the forge-welding technique a 

welded tube is produced. 

Figure 2-4: Fretz-Moon welding process viewed from below 

The welding techniques are further improved since the invention of the Fretz-Moon welding process [2]. In Figure 

2-5, the edges of the open seam tube are welded together longitudinally by an electrical welding process. 

Additionally, other welding processes are as follows: 

� Induction welding process [2]; 

� Fusion welding process [2].  

  

Figure 2-5: Electrical welding process 
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SECTION PROPERTIES OF CIRCULAR HOLLOW SECTIONS 

Consider a circular hollow section as given in Figure 2-6. The external diameter and internal diameter of the cross- 

section are specified by ��and ���respectively. Note that the elastic and plastic neutral axis coincide as a result of 

symmetry and ���� 1 ����.  

Figure 2-6: Circular hollow section (a), stress distribution (b), internal forces (c) 

The area of the gross cross-section � [5] depending on the external diameter � and the internal diameter � is given 

in Equation (2-1). 

( )π
= −� �

�
 � � (2-1) 

� External diameter [mm] 

� Internal diameter [mm] 

In addition, the second moment of area �  [5] is similar about every principle axis of the cross-section, i.e. y-y axis 

and z-z axis, as shown in Equation (2-2). 

( )π
= = −� �

��
� �
� � � � (2-2) 

�� Second moment of area about the y-y axis   [mm3] 

�� Second moment of area about the z-z axis  [mm3] 

Then, the elastic section modulus ��
   [5] is defined as the second moment of area � divided by the distance from 

the neutral axis to the most extreme fiber, see Equation (2-3). 

( ) ( )π π� �
= = − = −� �

� �

� � � �� �

�� �
�


�
� � � � �

� � �
(2-3) 

Thereafter, the plastic section modulus �	
  [5] is defined as the summation of the areas of the cross-section in 

compression and tension multiplied by the distance from the plastic neutral axis to the center of gravity of the areas 

in compression and tension, see Equation (2-4).  

( ) ( ) ( ) ( )π

π

� �−� � � � � �
= + = = ⋅ − ⋅ = −� �� � � � � �

−� � � � � �� �

 

� �  

� �

� � �
� �

� � � �  �
	
 � � ��

  � �
� � � � � � � �

� �
(2-4) 

��
 Elastic section modulus [mm3] 

"#� Distance from the plastic neutral axis to the center of gravity of the areas in compression [mm] 

"#� Distance from the plastic neutral axis to the center of gravity of the areas in tension [mm] 
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In Equation (2-4) is the distance from the plastic neutral axis to the center of gravity of the areas in compression 

and tension specified by "#� and "#� [5], respectively, are given in Equation (2-5). 

( )

π π

π π
π π

� �� � � �� �
−� �� � � �� � −� �� � � �� �= = =

−−

� �

 

� �
� �

� �

��  � 



�

� �

� �
� �

� �
� �

� �
� �

(2-5) 

Finally, the shape factor ��[5] is defined as the ratio of the plastic section modulus �	
 �to the elastic section 

modulus ��
 �and is given in Equation (2-6). 

( )

( )

( )
( )

( )( )
( )( )π π π

− −−
= = = =

− −−

  
 

� � �
� �

�
��� ���

  �
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�


� � � �� � ��
�

� � � � �� �
�

(2-6) 

� Shape factor [-] 
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CHAPTER 3 CLASSIFICATION OF CIRCULAR HOLLOW SECTIONS 

In this chapter the classification of circular hollow sections are introduced in order to distinguish the cross-sectional 

design rules based on the theory of elasticity or plasticity.  

GENERAL 

Consider a circular hollow section as shown in Figure 3-1. By applying a pure bending moment on the cross-

section, the stresses behave elastic over the cross-section, see Figure 3-1(a). Here, the occurring stresses are smaller 

than the design yield strength�����. Increasing the load leads to yielding in the outer fibers of the cross-section, 

which is shown in Figure 3-1(b). Note that the behavior of the stresses are still linear elastic. In Figure 3-1(c), more 

fibers are starting to yield by increasing the load. Full plastic behavior is reached in case when all fibers in the 

cross-section have reached the design yield strength����� as shown in Figure 3-1(d). 

Figure 3-1: Stress distribution of a circular hollow section 

Depending on the properties of the cross-section, plastic behavior can be reached. To determine whether the cross-

section can reach plastic behavior, a classification is introduced, which is based on the theory of elasticity or 

plasticity. 

In section 3.2 and 3.3 the theory of elasticity and plasticity are briefly explained. Then in section 3.4, the 

classification of the cross-section according EN 1993-1-1 Table 6.2 [18] and an amendment to EN 1993-1-1 [18] 

proposed by Rotter [14] are explained.   

THEORY OF ELASTICITY 

Consider an arbitrary steel cross-section. To determine the resistance of this cross-section using the theory of 

elasticity, the following conditions should be satisfied: 

� The stress distribution along the cross-section and the internal forces acting on the cross-section are in 

equilibrium; 

� The stresses do not exceed the yield criterion at any fiber of the cross-section; 

� The relation between stresses and strains are linear. 

3.2.1 Equilibrium 

The first condition is satisfying equilibrium between the stresses integrated over the area of the gross cross-section 

and the internal forces acting on the cross-section. In Equations (3-1) to (3-3), the equilibrium equations regarding 

axial force �, bending � and shear � are given, respectively.  

σ= � �
�



� � � σ=
�

�  (3-1) 

σ= � �
�



� � � � σ=
� �


� � (3-2) 
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τ= � �
��



� � � τ=
��

��
�

�
(3-3) 

� Axial force [N] 

*+ Local longitudinal stress [N/mm2] 

� Bending moment [Nmm] 

� Shear force [N] 

,+� Shear stress [N/mm2] 

� Plate thickness at location of shear stress determination  [mm] 

� First moment of area  [mm3] 

3.2.2 Yield criterion 

The second condition states that the stresses at any fiber of the cross-section should not exceed the yield criterion. 

Von Mises [11] states the stress state of an infinitesimal piece of material in a continuum given by three axial 

stresses, see Figure 3-2(a). 

  

Figure 3-2: Stress states according Von Mises 

In Figure 3-2, the three-dimensional stress state (a), plane stress state (b) and uniaxial stress state (c) are shown. 

Von Mises [11] defines the yield criterion for a three-dimensional stress state as given in Equation (3-4). 

σ σ σ σ σ σ σσ σ

γ γ γ γ

� �� � � � � �− − + +−
+ + + ≤� �� � � � � �� � � � � � � �

� � � � � � � �

� � �
� � �

� � � � � � �� �

� 
 � 
 � 
 � 


 �
�� �� �� �� �� �� �� �� �� �� �� �� �� ���� �� �� ��

� � � � � � � � � � � �
� � � �

(3-4) 

*++��� Design value of the local longitudinal stress [N/mm2] 

*����� Design value of the local transverse stress [N/mm2]

*����� Design value of the local transverse stress [N/mm2]

*+���� Design value of the local shear stress [N/mm2]

*����� Design value of the local shear stress [N/mm2]

*�+��� Design value of the local shear stress [N/mm2]

From Equation (3-4), the yield criterion in case of a plane stress state is derived by setting the boundary conditions 

*����� 1 2� �*����� 1 2 and *�+��� 1 2��see Equation (3-5). 

σ σ σσ σ

γ γ γ γ γ

� �� � � � � �� �
+ + + ≤� �� � � � � �� �� � � � � �� � � �

� � � � � �� � � �

� �
�

� � �� �

� 
 � 
 � 
 � 
 � 


 �
�� �� �� �� �� ���� �� �� ��

� � � � � � � � � � � � � � �
� � � � �

(3-5) 

Setting the boundary conditions *���� 1 2 and�*+���� 1 2��the yield criterion of an uniaxial stress state is obtained, 

see Equation (3-6). 

σ

γ

� �
≤� �� �

� �

�

�

� 


�
�� ��

� � �
�

(3-6) 
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Note that Equation (3-6) looks rather familiar. In case when only axial stresses acting in the same direction are 

present, the axial stresses have a maximum value equal to the design yield strength ����. 

3.2.3 Elastic stress distribution 

The last condition states that the relation between stresses and strains are linear. That means that only the linear 

elastic part regarding the stress-strain curve regarding steel is used, see Figure 3-3. According to Hooke’s law [17], 

the stresses *�and strains ' are related by the modulus of elasticity 3��i.e. * 1 3'. Note that the dotted line indicates 

the actual stress-strain relation of steel in Figure 3-3. Besides the solid line, indicates the simplified bilinear stress-

strain relation of steel.  

Figure 3-3: Elastic part of the stress-strain curve regarding steel 

THEORY OF PLASTICITY 

Consider again an arbitrary steel cross-section. To determine the resistance of this cross-section using the theory 

of plasticity, the following conditions should be satisfied: 

� The stress distribution along the cross-section and the internal forces acting on the cross-section are in 

equilibrium; 

� The stresses do not exceed the yield criterion at any point of the cross-section; 

� In the most favorable manner, the stresses along the cross-section are distributed, provided that occurring 

deformations are in reasonable agreement with the plastic stress distribution.  

3.3.1 Equilibrium 

The first condition of the theory of elasticity and plasticity is similar i.e. equilibrium should be satisfied between 

the stresses integrated along the area of the gross cross-section and the internal forces acting on the cross-section. 

In Equations (3-7) to (3-9), the equilibrium equations regarding axial force �, bending � and shear � are given, 

respectively. 

σ= � �
�



� � � σ=
�

�  (3-7) 

σ= � �
�



� � � � σ=
� 	


� � (3-8) 

τ= � �
��



� � � τ=
��

��
�

�
(3-9) 

Note that in the equilibrium equation regarding bending �, the elastic section modulus ��
  in Equation (3-2) is 

replaced by the plastic section modulus��	
, see Equation (3-8). The ratio between the elastic section modulus���

and plastic section modulus �	
 of circular hollow sections is defined by the shape factor � and is given by 

Equation (2-6). 
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3.3.2 Yield criterion 

The second condition states that the stresses at any fiber of the cross-section should not exceed the yield criterion. 

Similar to the theory of elasticity, the Von Mises yield criterion [11] for the different stress states is used, see 

Equations (3-4) to (3-6). 

3.3.3 Plastic stress distribution 

In the most favorable manner, the stresses along the cross-section should be distributed, provided that occurring 

deformations are in reasonable agreement with the plastic stress distribution. That means that only the linear plastic 

part i.e. horizontal part regarding the stress-strain curve is used, see Figure 3-4. 

Figure 3-4: Plastic part of the stress-strain curve regarding steel 

In case of single forces, the plastic distribution is as shown in Figure 3-5. Note, that every fiber in the cross-section 

has reached the design yield strength ����.  

Figure 3-5: Plastic stress distribution in case of single forces: axial force (a), bending moment (b), shear force (c) 

In case of several forces, the stresses are divided in different ways, see Figure 3-6. However, the stresses may 

never exceed the yield criterion. It is possible to combine stresses at separated parts on the cross-section. Though, 

this would not mean that combining stresses leads to the most favorable plastic stress distribution.  

Figure 3-6: Plastic stress distribution in case of several forces 
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CLASSIFICATION OF CIRCULAR HOLLOW SECTIONS 

To determine whether the resistance of the cross-section has to be calculated according to the theory of elasticity 

or plasticity, circular hollow sections are classified and defined in Table 3-1. The classification is based on the 

rotational capacity of the cross-section. 

Table 3-1: Definitions cross-sectional classification 

Cross-sectional classification Definition 

Class 1 Cross-sections which have sufficient rotation capacity to form a plastic hinge 

without reduction of the plastic resistance to bending. 

Class 2 Cross-sections which have limited rotation capacity due to local buckling but 

can develop their plastic resistance to bending. 

Class 3 Cross-sections which reaches the yield strength in the outer fibers assuming 

an elastic stress distribution where the plastic resistance to bending cannot be 

developed due to local buckling.  

Class 4 Cross-sections which reaches not the yield strength due to occurring of local 

buckling of one or more parts before attainment of the yield strength.  

In section 3.4.1, the classification limits according to EN 1993-1-1 Table 6.2 [18] are described. Additionally in 

section 3.4.2, amendments to EN 1993-1-1 [18] regarding the classification limits by the proposal by Rotter [14] 

are explained.  

3.4.1 Classification according to EN 1993-1-1 

According to EN 1993-1-1 Table 6.2 [18], circular hollow sections are classified by means of the width-to-

thickness ratio �/�, see Table 3-2. Where ��and ��are the external diameter and the wall thickness of the cross-

section, respectively.  

Table 3-2: Width-to-thickness ratio regarding circular hollow sections according to EN 1993-1-1 

Class Section in bending and/or compression 

1 � �4 � 50'5

2 � �4 � 70'5

3 � �4 � 90'5

In Table 3-2, ' is depending on the design yield strength ���� and defined as shown in Equation (3-10), according 

to EN 1993-1-1 Table 6.2 [18]. 

ε =
�

��

� �
�

(3-10) 

' Coefficient depending on the design yield strength [-] 

Figure 3-7 shows the relation between the resistance to bending ��� and the width-to-thickness ratio �/� with 

associated cross-section classification boundaries according to EN 1993-1-1 Table 6.2 [18]. Note that Class 1 and 

2 are based on the theory of plasticity. Class 3 and 4 are based on the theory of elasticity, where Class 4 is limited 

due to local buckling.  

�

�
Figure 3-7: Cross-sectional classification regarding circular hollow sections according to EN 1993-1-1 
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3.4.2 Classification according to the proposal by Rotter 

In September 2015, Rotter [14] proposed an amendment to EN 1993-1-1 [18] in case of the classification regarding 

circular hollow sections. In EN 1993-1-1, the classification is based on the buckling behavior of flat plates. Flat 

plates are keeping their original geometry up to the point of buckling. However, circular hollow members subjected 

to bending do not keep their original geometry, i.e. ovalisation of the cross-section starts to occur. Ovalisation of 

the cross-section leads to a reduced effective section modulus and increases the radius of the curvature in the parts 

of the member which are under compression. The effect of the length of the member determines the degree of 

ovalisation of the cross-section, see Equation (3-11). 

Ω = � �
� �

� �
(3-11) 

& Effect of ovalisation on the local buckling resistance  [-] 

� Length of the member [mm] 

Rotter [14] proposed the width-to-thickness ratios �/� regarding circular hollow sections as given in Table 3-3. 

Note, there is made a distinction in the width-to-thickness ratios �/� between compression and bending, in contrary 

to EN 1993-1-1 Table 6.2 [18]. As a result of the importance of the length of the member in case of bending, it is 

necessary that these ratios are separated according to Rotter [14]. 

Table 3-3: Width-to-thickness ratio regarding circular hollow cross-sections according to the proposal of Rotter

Class Section in compression Section in bending 

1 � �4 � 50'5 � �4 � 50'5
2 � �4 � 72'5 � �4 � 72'5
3 � �4 � 72'5 � �4 � 215'5 67 8 9

:;

Note from Table 3-3 that the width-to-thickness limit of Class 2 is increased from 70'5 to 72'5, contrary to EN 

1993-1-1 Table 6.2 [18]. Additionally note that regarding the width-to-thickness limit of Class 3, the effect of 

ovalisation is present. Figure 3-8 shows the relation between the resistance to bending ��� and the width-to-

thickness ratio �/� with associated cross-section classification boundaries according to the proposal by Rotter [14]. 

Figure 3-8: Cross-sectional classification regarding circular hollow sections according to the proposal by Rotter
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CHAPTER 4 RESISTANCE OF CIRCULAR HOLLOW SECTIONS 

In this chapter, the cross-sectional resistance of circular hollow sections regarding axial tension, axial compression, 

bending moment, shear and combined bending and axial force interaction resistance according to EN 1993-1-1 

clause 6.2 [18] are outlined. The focus regarding the design rules of cross-sectional resistances are on Class 1 and 

2 cross-sections. Class 3 cross-section are calculated by means of the theory of elasticity and Class 4 cross-sections 

are sensitive to local buckling and are therefore considered out of scope. 

GENERAL 

EN 1993-1-1 clause 6.2 [18] provides design resistances for cross-sections in pure tension, compression, bending, 

shear and torsion. However in practice, situations where a structural system is subjected to one single load is not 

common. Usually a combination of loads acting is on the system. In these cases the effect of the interaction between 

internal forces has to be considered. For that reason EN 1993-1-1 clause 6.2.9 [18] also provides design rules in 

case of combined bending and axial force interaction resistance (M-N).

RESISTANCE TO AXIAL TENSION 

According to EN 1993-1-1 clause 6.2.3 [18], the design resistance to axial forces of the cross-section for uniform 

tension ����� �is given by Equation (4-1). Note, that it is assumed that there are no holes for fasteners in the cross-

section. 

γ
= =

�

� �




� �

� �� 	
 ��

�

�
� � (4-1) 

����� Design resistance to axial forces of the cross-section for uniform tension [N] 

In Equation (4-1), the area of the gross cross-section � is given in Equation (2-1) for Class 1 and 2 cross-sections. 

RESISTANCE TO AXIAL COMPRESSION 

Then, the design resistance to axial forces of the cross-section for uniform compression ����� is given by Equation 

(4-2), according to EN 1993-1-1 clause 6.2.4 [18]. 

γ
= =

�

� �




� �

� �� 	
 ��

�

�
� � (4-2) 

����� Design resistance to axial forces of the cross-section for uniform compression [N] 

In Equation (4-2), the area of the gross cross-section � is given in Equation (2-1) for Class 1 and 2 cross-sections. 

RESISTANCE TO BENDING  

Subsequently, the plastic design resistance for bending about one principal axis of the cross-section ����� is given 

by Equation (4-3) for Class 1 and 2 cross-sections, according to EN 1993-1-1 clause 6.2.5 [18]. 

γ
= =

�

� �




	
 � �

� �� 	
 ��

�

� �
� � (4-3) 

����� Design resistance for bending about one principal axis of a cross-section [Nmm] 

In Equation (4-3), the plastic section modulus �	
 is given in Equation (2-4). Note that the plastic section modulus 

�	
 �is not defined in EN 1993-1-1 [18]. 
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RESISTANCE TO SHEAR 

Finally, according to EN 1993-1-1 clause 6.2.6 [18], the design resistance to shear ����� is given by Equation (4-4). 

γ

� �
� �
� �= =

� �






��

�

� �� 	
 ��

�

�


� �
(4-4) 

����� Design resistance to shear [N] 

�	
��� Plastic design resistance to shear [N] 

�� Shear area  [mm2] 

In Equation (4-4), the shear area �� is the effective area of the cross-section which is able to resist shear and is 

given in Equation (4-5).  

π
=
�

�


 (4-5) 

RESISTANCE TO COMBINED BENDING AND AXIAL FORCE 

In EN 1993-1-1 clause 6.2.1 [18] and clause 6.2.9 [18], a linear summation (see Equation (1-1)) and a more 

accurate design rule (see Equation (1-2)) for combined bending and axial force interaction resistance is described, 

respectively. 
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CHAPTER 5 EARLIER RESEARCH COMBINED BENDING AND AXIAL 

FORCE INTERACTION RESISTANCE 

In the previous chapter, the design rule regarding combined bending and axial force interaction resistance is shown. 

In this chapter, earlier research regarding combined bending and axial force interaction resistance is briefly 

discussed. 

BACKGROUND INFORMATION OF EN 1993-1-1 

The design rules on cross-sectional resistance in EN 1993-1-1 clause 6.2 [18] are based on performed research in 

the 50’s to 80’s. Especially, performing research to the web slenderness ratios to support the cross-sectional 

verification as described in section 3.4. In case of cross-sectional resistance, not as much information is available. 

However, the research information that is available in case of cross-sectional resistance are discussed in the 

following sections. Note that only the research information regarding combined bending and axial force interaction 

resistance is discussed.  

The calculation method of the combined bending and axial force interaction resistance are based on three 

researches. These researches are performed by executing an eccentric axial load on a doubly symmetric I-shaped 

steel cross-section.  

5.1.1 Research by Lay, Adams and Galambos  

To gain further insight in the local buckling behavior of high strength steel members, Lay, Adams and Galambos 

[8] performed two centric and two eccentric stub column tests at the Lehigh University in 1965. The results were 

later used to obtain procedures regarding rational plastic design of High Strength Steel (HSS) in combination with 

theoretical solutions.  

In Figure 5-1, the test setup by Lay, Adams and Galambos [8] is shown in case of the eccentric loaded stub column. 

Test were performed indicated by HT-18 and HT-2. In case of test HT-18, the eccentric force < has an eccentricity 

of 0.218=. Where =�is the height of the specimen. Additionally in case of test HT-2, the force eccentricity was 

equal to 0.500=. 

Figure 5-1: Test setup by Lay, Adams and Galambos 

In Figure 5-2, the moment-curvature diagram of test HT-18 is shown. Additionally, the associated combined 

bending and axial force interaction resistance curve is also shown in Figure 5-2 with the indicated test results of 

HT-18 and HT-2. It appears that test HT-18 corresponds to the theory. Note that the calculated full plastic 

resistance to bending of the stub column is not reached, while yielding occurred. The same applied for test HT-2. 

Therefore, the main conclusion of this research is that the tests were not useful to do research to cross-sectional 

resistance.  
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Figure 5-2: Result M-� diagram and My-N interaction resistance curve 

5.1.2 Research by Perlynn and Kulak 

Perlynn and Kulak [4] examined the present web slenderness limitations for compact I-shaped beam-columns 

according to the Canadian Standards Association Standard S16. At the Civil Engineering at the University of 

Alberta in 1974, nine compact beam-column test were performed.  

The tests were conducted depending on the utilization ratio with respect to the axial force ��, i.e. 0.2, 0.4 and 0.6 

in order to obtain a wide range of representative results. For every utilization ratio, three tests were conducted in 

which the web slenderness was varied.  

In Figure 5-3, the test setup by Perlynn and Kulak [4] is shown. The beam-column is subjected to a combined 

bending and axial force, caused by an concentric force <> and an eccentric fore <5.  As shown in Figure 5-3, the 

beam-column is loaded by an axial force of ?<> @ <5A and a constant bending moment of ?<5BA. In which B is 

defined as the eccentricity of the force <5.  

Figure 5-3: Test setup by Perlynn and Kulak 

As a result of the combined bending and axial force on the beam-column, it was possible that the beam-column 

could buckle along its length. By adding stiffeners at the end of the beam-column, buckling did not occurred in 

these parts of the member. In case when the centerline started to deflect significantly, the axial force increased the 

bending moment in the middle section of the beam-column. In this manner, buckling was initiated in the middle 

section. 

To ensure that the beam-column did not buckle overall prematurely over the strong-axis of the cross-section, the 

length was kept equal to 45’’ (1143 mm). This length provides also adequate space to set up the required gauges 

and recording equipment. Lateral buckling over the weak-axis is prevented by lateral bracing of the compression 

flange and tension flange.  
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The specimens that were tested are indicated by BC-1 to BC-9. Seven test specimens showed the first lines in the 

compression flange at 68% of the plastic design resistance for bending �	
. In the web, the yield lines started to 

occur at 0.94�	
. Additionally, the cross-section started to change visually at 1.13�	
, where rupture occurred at 

1.13�	
. In case of specimen BC-3, local buckling occurred in early staged, prior to the plastic design resistance 

for bending �	
. Specimen BC-9 showed inadequate strength. 

Perlynn and Kulak [4] concluded that the moment-rotation curves in case of seven specimens were able to reach 

plastic behavior. Therefore, the main conclusion of this research is that the tests were useful to do research to 

cross-sectional resistance. 

5.1.3 Research by Nash and Kulak 

Nash and Kulak [4] performed six beam-column tests at the department of Civil Engineering at the University of 

Alberta, Canada. In order to determine web slenderness ratios for I-shaped cross-sections. It is concluded that the 

test specimens failed around the state of yielding. Additionally, yielding of the beam-columns started before 

reaching the plastic design resistance for bending �	
. Therefore, the main conclusion of this research is that the 

tests were not useful to do research to cross-sectional resistance. 

AMENDMENTS TO EN 1993-1-1 BY ROTTER 

In September 2015, Rotter [14] proposed an amendment to EN 1993-1-1 [18] in case of circular hollow sections 

subjected to pure bending or to combined bending and axial force. There are many discussions about the step 

change in resistance between Class 2 and Class 3 cross-sections in EN 1993-1-1 [18]. In the former standard there 

is a sudden drop regarding the resistance to bending at the critical cross-section slenderness, i.e. �C�'5 = 70. 

Rotter [14] proposed amendments to improve the design rules regarding circular hollow sections subjected to pure 

bending and combined bending and axial force as a result of several key aspects. 

1) In EN 1993-1-1 [18], the plastic resistance of circular hollow sections are described incompletely. 

2) By defining the slenderness ratios of �C�'5, the effect of the length of the member is neglected. 

3) There is no distinction regarding slenderness ratios made between axial compression and bending. Note 

that the length of the member is critically important in case of bending, therefore a distinction between 

slenderness ratios in case of axial compression and bending should be made. 

4) In case of circular hollow sections, the change of the plastic section modulus of Class 2 and Class 3 cross-

sections is relatively large (factor 1.27), compared to I-sections and rectangular hollow sections (factor 

1.12 – 1.15). There is required a more smooth transition between the plastic section modulus and elastic 

section modulus. 

5) Class 3 cross-sections subjected to combined bending and axial force need carefully defined design 

resistances to ensure sufficient safety. 

In the following sections, the key aspects according to the proposal of Rotter [14] are discussed. 

5.2.1 Plastic resistance of circular hollow sections 

The elastic section modulus ��
��and plastic section modulus �	
 �are not defined in EN 1993-1-1 [18]. Therefore, 

Rotter [14] proposed the following definitions as given in Equation (5-1) and (5-2). 

� � � �� � � � � �
= − + ≈ −� � � �� � � � � �� �� � � � � �� �� �

�

� ��
� � � �


	


� � �
� � � ��

� � �
(5-2) 

� Wall thickness [mm] 

π � � � �� � � � � � � �
= − + − ≈ −� � � �� � � � � � � �� �� � � � � � � �� �� �

� 

� �
�  � � 
�	�� � 

�
�


� � � �
� � � ��

� � � �
(5-1) 
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Additionally, the more accurate design rule regarding combined bending and axial force interaction resistance of 

circular hollow sections in the EN 1993-1-1 clause 6.2.9 [18] uses the power of the interaction D = 1.7, see Equation 

(1-2).  However, according to the proposal of Rotter [14], the power of the interaction D should be replaced for D
= 2.13, see Equation (5-3). 

( )= = − ���

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (5-3) 

The M-N interaction resistance design rule of Equation (5-3) is based on an exact solution derived by Rotter [15] 

[16]. The exact solution by Rotter [15], [16] was originally done for extreme thick and extreme thin circular hollow 

section, with a strict yield boundary parallel to the neutral axis. Rotter proposed a general M-N interaction 

resistance design rule as shown in Equation (5-4). 

( )= = −
� � � � �

�
	

� � �� � � �� 	
 �� �
� � � � (5-4) 

D Power of the interaction by Rotter [-] 

Note from Equation (5-4), that the power of the interaction is indicated by the coefficient D. In Figure 5-4, Rotter 

proposed different powers of the interaction D depending on the internal to external diameter ratio E for extreme 

thick and extreme thin circular hollow sections. 

Figure 5-4: Variation of interaction power with internal to external diameter ratio according to Rotter 

From Figure 5-4 is concluded that in case of D = 2.13 a circular solid cross-section is considered. Therefore, it is 

concluded that Rotter [14] proposed an incorrect M-N interaction resistance design rule in the amendment to EN 

1993-1-1 [18]. The revised M-N interaction resistance design rule regarding relatively thin circular hollow sections 

should be as given in Equation (5-5). 

( )= = − ��	�

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (5-5) 

Rotter corrected this error in a revised version (October 2015) of the amendment to EN 1993-1-1 [18]. 

Additionally, a more precise alternative of the M-N interaction resistance design rule is proposed, see Equation 

(5-6). 

( )= = − +� ��

� � � � �
� ���� 
 ����

� � �� � � �� 	
 �� � �
� � � � � (5-6) 
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5.2.2 Ovalisation and length effects  

The effect of the length determines the degree of ovalisation of the cross-section. In section 3.4.2, the ovalisation 

and length effect according to the proposal of Rotter [14] is briefly explained. 

5.2.3 Width-to-thickness ratios circular hollow sections in axial compression and bending 

In section 3.4.2, the width-to-thickness ratios �/� regarding circular hollow sections in axial compression and 

bending according to the proposal of Rotter [14] are briefly explained. 

5.2.4 Transition in resistance between Class 2 and 3 cross-sections 

In case of circular hollow sections, the change of the plastic section modulus of Class 2 and Class 3 cross-sections 

is relatively large (factor 1.27), compared to I-sections and rectangular hollow sections (factor 1.12 – 1.15). Rotter 

[14] proposed an elastic-plastic section modulus ��
�	
 for Class 3 cross-sections, see Equation (5-7). Note that 

the effect of the steel grade is also present in the definition. 

ε

ε ε

� �� �
−� �� � � �� �� �� �= − −� �� �� �Ω� �� � � �� �− −� �� �� �

� �� �� �

�

�

�

� �

	�

� 
���� � 

��� � 	�
	

�
 	


�

��� � �
�

(5-7) 

��
�	
 Elastic-plastic section modulus [mm3] 

5.2.5 Elastic resistance of circular hollow sections 

In case of Class 3 cross-sections, the design rule regarding combined bending and axial force interaction resistance 

of circular hollow sections is given in Equation (5-8), according to the proposal of Rotter [14]. 

( )= = −
� � � � � �

�
�

� � �� � � �� �
 	
 �� �
� � � � (5-8) 

In Equation (5-8), the power of the interaction is defined as  , see Equation (5-9). 

ε

ε ε

� �
−� �

� �= −
Ω� �� �

− −� �� �
� �� �

�

� �

	�

��� ���

��� � 	�
	

�

�� (5-9) 

 Power of the interaction according to the proposal of Rotter in case of elastic resistance [-] 

MASTER RESEARCH BY ROMBOUTS 

At the Eindhoven University of Technology, research is done by Rombouts [12], [13] regarding the combined 

bending and axial force interaction of doubly symmetric I-shaped cross-sections. By means of an experimental, 

numerical and statistical evaluation the effect of axial force on the design resistance for bending���� is assessed 

in case of doubly symmetric I-shaped cross-sections. In this section, a summary of this master research is given. 

EN 1993-1-1 clause 6.2.9 [18] provides design rules regarding the combined bending and axial force interaction 

of doubly symmetric I-shaped cross-sections. According to Rombouts [12], [13], this design rule predicts unsafe 

approximations of the reduced plastic design resistance for bending by axial forces ������� compared to a 

theoretical reference curve [12], see Figure 6-5.  
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Figure 5-5: My-N interaction resistance curve of the design rule of EN 1993-1-1 and the exact solution of a doubly symmetric I-shaped cross-

section HE240A 

Additionally, there is no spare capacity available, since the partial safety factor �� = 1.0 is used and relative large 

shear force are allowed. Also, the effect of the interaction of internal force on a cross-section could react differently 

than predicted by theory. Therefore, assessment of the design rules in EN 1993-1-1 [18] is necessary to ensure 

sufficient safety. 

By means of a numerical model, numerical test results are obtained to assess the design rules of EN 1993-1-1 [18] 

and to determine the partial safety factor ��. Rombouts [12], [13] performed experimental research in order to 

validate a numerical model. A specific test set-up was designed to subject a HE240A beam to combined bending 

and axial force, see Figure 5-6. Hydraulic jacks caused a centric force (CF) and eccentric force (EF) to the beam. 

Figure 5-6: Experimental test set-up according to Rombouts 

During the experimental research, the cross-section are subjected to a relatively large compressive force. As a 

result of this, the flanges and web of the beam started to buckle after yielding but prior the state of strain hardening.  

Rombouts [12], [13] concludes the following after performing the experimental research: 
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� It is assumed that the material behavior of a HE240A is homogenous, which is in contrast to the 

experimental research by Rombouts [12], [13]. Different material behavior is discovered at ‘’free’’ 

positions and ‘’locked’’ up positions, like the positions of the roots. This might be caused due to a more 

violent roll process at ‘’locked up’’ positions; 

� The material behavior is much the same under compression (up to ' = 2%) and tension; 

� Force-displacement curves obtained by the full-scale M-N interaction resistance tests all show a clearly 

elastic behavior followed by a descending plastic behavior, see for example Figure 5-6. As a result of 

relatively small additional bending moments due to an increased eccentricity B5 of the eccentric force 

with respect to the middle section of the beam (see Figure 5-6(b)) and local buckling of the flanges the 

plastic branch decreases. 

Figure 5-7: Force-displacement curves regarding My-N interaction resistance in case of nN � 0.6 

Rombouts [12], [13] performed numerical simulations by means of a finite element model, which was validated 

by the experimental test results. This validation enables that the finite element model could replicate the full-scale 

M-N interaction resistance tests. The numerical test results of a HE240A of steel grade S235 are shown in Figure 

5-8. Note that the numerical test results and the exact solution of a doubly symmetric I-shaped section give similar 

results. Comparing the numerical test results with EN 1993-1-1 [18] shows that EN 1993-1-1 [18] gives relatively 

higher results for relatively small utilization ratios with respect to axial force, i.e. �� < 0.2. 

Figure 5-8: My-N interaction resistance curves according to the design rules along with the numerical test results HE240A of steel grade S235 

bilinear 

There is a statistical evaluation performed by means of the numerical test results in order to determine the partial 

safety factor ��. The conclusions according to Rombouts [12], [13] are stated a follows: 

� The partial safety factor �� regarding the M-N interaction resistance design rule of EN 1993-1-1 [18] 

is statistically acceptable regarding cross-sections of steel grades S235, S355 and to some extend too low 

for steel grade S460; 
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� The statistical evaluation is influenced by a constantly changing distribution of variables. Therefore, the 

partial safety factor can change in time. Although, varying the distribution of the design yield stress 

�����leads to a favorable decrease of the partial safety factor ��. 

Finally, the main conclusion of the master research according to Rombouts [12], [13] is as follows: 

� Doubly I-shaped cross-sections with slender flanges subjected to combined bending and axial behave 

similar to the behavior of the exact solution [12]. Besides, the partial safety factor �� regarding the M-

N interaction resistance design rule of EN 1993-1-1 [18] is statistically acceptable regarding cross-

sections of steel grades S235, S355 and S460. 

MASTER RESEARCH BY KAMPHUIS 

Kamphuis [6] performed numerical and statistical research to the structural behavior of rectangular hollow sections 

subjected to combined bending and axial force at the Eindhoven University of Technology. In order to assess the 

design rule regarding combined bending and axial force interaction resistance according to EN 1993-1-1 [18]. 

Since these design rules are not validated by experimental research and/or numerical research. In this section, the 

results are briefly discussed. 

The accurate design rule of EN 1993-1-1 [18] is compared to the exact solution of a rectangular hollow section 

derived by Kamphuis [6]. It was found that EN 1993-1-1 [18] predict unsafe results in case �� < 0.4. Additionally, 

safe results are predicted by EN 1993-1-1 [18] in case of �� > 0.4, see Figure 5-5. 

Figure 5-9: My-N interaction resistance curve of the design rule of EN 1993-1-1 and the exact solution of a rectangular hollow section HF 

RHS 200/100/10 y-y axis 

The exact solution of a rectangular hollow section is used by Kamphuis [6] as reference to set up a numerical 

model, which simulates the behavior of a rectangular hollow section subjected to combined bending and axial 

force. By means of the numerical model, numerical test results are obtained to assess the design rules of EN 1993-

1-1 [18] and to determine the partial safety factor ��.  

In case of a HF RHS 200/100/10 of steel grade S235, the numerical test results are given in Figure 5-8. The 

numerical test results are compared to the design rules of EN 1993-1-1 [18] and the exact solution of a rectangular 

hollow section [6].  
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Figure 5-10: My-N interaction resistance curves according to the design rules along with the numerical test results HF RHS 200/100/10 of 

steel grade S235 bilinear 

Kamphuis [6] concludes the following after performing the numerical research: 

� The numerical test results predict the design rule of the exact solution of a rectangular hollow section the 

most accurate by a maximum of 7%; 

� Applying a higher steel grade, the relative resistance of the cross-section increases; 

� The deviation of the relative resistance of the cross-section between the steel grades are approximately 

1.0-2.0%. 

By means of the numerical test results, Kamphuis [6] performed a statistical evaluation in order to determine the 

partial safety factors �� regarding rectangular hollow sections. The conclusions are as follows: 

� The partial safety factors �� regarding rectangular hollow sections and square hollow sections should 

be separated; 

� The recommended partial safety factor ���regarding to rectangular hollow sections are �� = 1.02 in 

case of steel grade S235, �� = 1.08 in case of steel grade S355 and �� = 1.14 in case of steel grade 

S460; 

� The recommended partial safety factor��� regarding to square hollow sections are �� = 1.00 in case of 

steel grade S235, �� = 1.04 in case of steel grade S355 and �� = 1.09 in case of steel grade S460. 

  



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   39 

CHAPTER 6 THEORETICAL MODELS 

From previous chapters, it is concluded that there is no experimental research performed regarding combined 

bending and axial force interaction resistance of circular hollow sections. By means of theoretical models, design 

rules are compared. Additionally, the finite element model is validated with reference to the theoretical models.  

GENERAL 

To derive theoretical models regarding combined bending and axial force interaction resistance, several types of 

circular hollow sections are considered, see Figure 6-1. In Figure 6-1(a), a perfectly circular hollow section with 

uniform wall thickness is shown. Additionally in Figure 6-1(b) and (c), imperfectly circular hollow sections with 

uniform and non-uniform wall thicknesses are shown, respectively.  

Figure 6-1: Perfectly circular hollow section (a), imperfecty circular hollow section with uniform (b) and non-uniform (c) wall thickness 

The circular hollow sections in Figure 6-1(b) and (c) are considered as geometrical imperfect cross-sections. In 

practice, a perfectly circular hollow section cannot be obtained due to the manufacturing process. However, the 

design rules in standards are based on considering a perfectly circular hollow section, see Figure 6-1(a). By 

deriving combined bending and axial force interaction resistance design rules in case of imperfectly circular hollow 

sections, the influences of geometrical imperfections are obtained. 

ASSUMPTIONS 

The conditions which are assumed in order to derive the exact M-N interaction resistances regarding combined 

bending and axial force interaction resistance of perfect and imperfect circular hollow sections are as follows: 

� A perfectly plastic material behavior is assumed. 

� The hypothesis by Bernoulli is assumed. Meaning that the cross-section subjected to combined bending 

and axial force remains plane and that shear stresses can be neglected.   

� The considered cross-sections are of Class 1 and 2, as described in section 3.4. Therefore, plastic behavior 

of the cross-section is assumed.  

� The external diameter and internal diameter of the cross-section are indicated as ��and ���respectively, 

where � F GHIJ2K L � F GHIJ2K. 

� The wall thicknesses of the cross-section are indicated as �, where �5 F G
HIJ2K L �> F G

HIJ2K and �> 1
>

5
?� 8 �A. 

� In case of ovalisation of the cross-section due to geometrical imperfections, the parameters .�and /�are 

scalars and indicate the degree of ovalisation, where . F MIJ2K L / F MIJ2K. 

� The cross-section is symmetrical with respect to the y- or z-axis. 

� A plastic stress distribution of the cross-section is assumed, where the area of the cross-section subjected 

to axial force is situated around the plastic neutral axis. 
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PERFECTLY CIRCULAR HOLLOW SECTION USING A CARTESIAN 

COORDINATE SYSTEM 

Consider a perfectly circular hollow section as shown Figure 6-2(a). Cartesian coordinates are used to derive the 

exact solution of the combined bending and axial force interaction resistance.  

Figure 6-2: Geometry perfectly circular hollow section (a), definition of Cartesian coordinates (b), N-area and M-area (c) 

Additionally, the areas of the cross-section subjected to axial force and bending are indicated by N-areas and M-

areas, respectively, as shown in Figure 6-2(c). The area of the cross-section subjected to axial force �� is assumed 

to be situated around the plastic neutral axis.  

Note that the parameter (�indicates the amount of area of the cross-section subjected to axial force���. In case of 

( = 0, no area of the cross-section is subjected to axial force. However, in case of ( = 
>

5
� the complete area of the 

cross-section is subjected to axial force. Therefore, the domain 0 � �(��
>

5
� applies in this derivation. 

6.3.1 Derivation of the combined bending and axial force interaction resistance 

The external diameter � and internal diameter � of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (6-1) and (6-2), respectively. 

� �
+ = � �

� �

�

� �

�

�
� � � = −

�

�

�

�
� � (6-1) 

� �
+ = � �

� �

�

� �

�

�
� � � = −

�

�

�

�
� � (6-2) 

" Cartesian coordinate  [-] 

$ Cartesian coordinate  [-] 

The area of the cross-section subjected to axial force �� is determined by means of integration, see Equation (6-3). 

The area enclosed by the functions of Equations (6-1) and (6-2) in the 1th quadrant is shown in Figure 6-2(b). Due 

to symmetry, the factor 4 is in included in Equation (6-3) to obtain all areas of the cross-section subjected to axial 

force �� of all quadrants, see Figure 6-2(c). 
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�� Area of the cross-section subjected to axial force [mm2] 

( Parameter that indicates the amount of area of the cross-section subjected to axial force [mm] 

As a result of the domain of the function i.e. 0 � �(�� >5 � in Equation (6-3), not the complete area of the cross-

section described in the 1th quadrant is obtained. Therefore, a second formula is needed to obtain the area of the 

cross-section subjected to axial force �� corresponding to the domain 
>
5 � � �(��

>
5�, see Equation (6-4). 

( )π η η� �� �� � � �
= − − −� �� �� � � �

� � � �� �� �

�

� �

��

� �
������� ��� �������

� �
�

�
 � �

� �
(6-4) 

In Equation (6-3) and (6-4), the area of the cross-section subjected to axial force �� depends on the parameter (. 

The associated design axial force ��� of that area corresponding to the domains of parameter ( are given by 

Equation (6-5) and (6-6). 
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The utilization ratios of design axial force to design plastic resistance to axial forces of the gross cross-section 

���corresponding to the domains of parameter ( are given by Equation (6-7) and (6-8). 
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Subsequently, the plastic section modulus of the area of the cross-section subjected to bending �	
��
corresponding to the domain 0 � �(�� >5 � is given by Equation (6-9).  
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�� Plastic section modulus of the cross-section subjected to axial force [mm3] 

Additionally, the plastic section modulus of the area of the cross-section subjected to bending �	
�� corresponding 

to the domain�>5� � �(��
>
5��is given by Equation (6-10). 
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In Equation (6-10), the plastic section modulus of the area of the cross-section subjected to bending �	
�� depends 

also on the parameter (. The associated design bending moment ��� of that area of the cross-section corresponding 

to the domains of parameter (�are given by Equation (6-11) and (6-12). 
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The utilization ratios of design bending moment to design plastic resistance to bending of the gross cross-section 

�� corresponding to the domains of parameter (�are given by Equation (6-13) and (6-14). 
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( )

η� �� �
� �� �
� �� �= = =

−

 

� �� ���

��  

� �

�
��� ������

	
 � � ���

�

	
 �� 	
 � �

�
� �� �

�
� � � � �

for 
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>
5� (6-14) 

�� Utilization ratio of design bending moment to design plastic resistance for bending  [-] 

Since Equations (6-7) and (6-8) cannot be solved for parameter (, the combined bending and axial force interaction 

resistance curve in section 6.3.2 is obtained by substituting the geometrical properties and material properties of a 

given circular hollow section (CHS 244.5/12.5 [9]), see Table 6-1 and Table 6-2. 
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Table 6-1: Geometrical properties of the given circular hollow section 

Geometrical properties    

External diameter of the cross-section � 244.50 [mm] 

Internal diameter of the cross-section � 219.50 [mm] 

Wall thickness of the cross-section  � 12.50 [mm] 

Area of the gross cross-section � 9,110.62 [mm2] 

Plastic section modulus �	
 673,451.04 [mm3] 

Table 6-2: Material properties of the given circular hollow section 

Material properties    

Design yield strength  ���� 235.00 [N/mm2] 

Design plastic resistance to axial forces of the gross cross-

section 

�	
��� 2,140,995.39 [N] 

Plastic design resistance for bending about one principal 

axis of a cross-section 

�	
��� 158,260,994.79 [Nmm] 

6.3.2 M-N interaction resistance curve 

In Figure 6-3, the combined bending and axial force interaction resistance curve for a perfectly circular hollow 

section is shown. On the horizontal axis, the utilization ratio with respect to the axial force �� is plotted. 

Additionally on the vertical axis, the utilization ratio with respect to bending �� is plotted. Note that the M-N 

interaction resistance curve is only valid when the assumptions described in section 6.2 are satisfied.  

Figure 6-3: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section using a Cartesian coordinate 
system 

Note from Figure 6-3 that at �� = 0.88, the domain of parameter ( transits from 0 � �(��
>

5
� to 

>

5
� � �(��

>

5
��. The 

corresponding data to plot the M-N interaction resistance curve of Figure 6-3 is shown in Appendix A. 

It is concluded that an exact M-N interaction resistance regarding combined bending and axial force interaction 

resistance for a perfectly circular hollow section cannot be obtained analytically using a Cartesian coordinate 

system. By substituting geometrical and material properties of a given circular hollow section, the utilization ratios 

regarding the combined bending and axial force interaction resistance curve are obtained.  

Therefore in section 6.4, a derivation of the exact M-N interaction resistance is given using a Polar coordinate 

system, in order to prove that there is a calculation procedure possible to solve an exact M-N interaction resistance 

analytically. 
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PERFECTLY CIRCULAR HOLLOW SECTION USING A POLAR COORDINATE 

SYSTEM 

Consider a perfectly circular hollow section as shown Figure 6-4(a), which is similar to the perfectly circular 

hollow section of Figure 6-2(a). Polar coordinates are used to derive the exact solution of the combined bending 

and axial force interaction resistance. Each point on a plane in a polar coordinate system is determined by a distance 

from a reference point !�and an angle from a reference direction ). The reference point and reference direction are 

in this case given by the origin and the positive z-axis, respectively, see Figure 6-4(b). 

Figure 6-4: Geometry perfectly circular hollow section (a), definition of polar coordinates (b), N- and M- area (c) 

Additionally, the areas of the cross-section subjected to axial force and bending are indicted by N-areas and M-

areas, respectively, as shown in Figure 6-4(c). The area of the cross-section subjected to axial force �� is assumed 

to be situated around the plastic neutral axis.  

Note that the angle -�indicates the amount of area of the cross-section subjected to axial force ��. In case of - 1

2��no area of the cross-section is subjected to axial force. However, in case of - = 
>

5
N��the complete area of the 

cross-section is subjected to axial force. Therefore, the domain 0 � �(��
>

5
� applies in this derivation. 

6.4.1 Derivation of the combined bending and axial force interaction resistance design rule 

The external diameter � and internal diameter � of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (6-15) and (6-16), respectively.  

( ) ( )θ =
�

�

�
� � for 0 � �)��

>

5
N (6-15) 

( ) ( )θ =
�

�

�
� � for 0 � �)��

>

5
N (6-16) 

! Distance from the pole [mm] 

) Angle from the polar axis [rad] 

The area of the cross-section subjected to axial force �� is determined by means of integration, see Equation 

(6-17). The area enclosed by the functions of Equations (6-15) and (6-16) in the 1th quadrant is shown in Figure 

6-4(b). Due to symmetry, the factor 4 is in included in Equation (6-17) to obtain all areas of the cross-section 

subjected to axial force ���of all quadrants, see Figure 6-4(c).  
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(6-17) 

- Parameter that indicates the amount of area of the cross-section subjected to axial force [rad] 
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In Equation (6-17), the area of the cross-section subjected to axial force �� depends on the angle -. The associated 

design axial force ��� of that area is given by Equation (6-18). 

( )ϕ
= = −� �

� �
�

�� � � � � �
�  � � � � (6-18) 

The utilization ratio of design axial force to design plastic resistance to axial forces of the gross cross-section ��
is given by Equation (6-19). 

ϕ

π
= = =

�

� �

�� � ���

�

	
 �� � �

 ��
�

� �
(6-19) 

Subsequently, the plastic section modulus of the area of the cross-section subjected to bending �	
�� is given by 

Equation (6-20). 
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(6-20) 

In Equation (6-20), the plastic section modulus of the area of the cross-section subjected to bending �	
�� depends 

also on the angle�-. The associated design bending moment ��� of that area is given by Equation (6-21). 

( ) ( )
ϕ

= = − 

� � �

���

�
�� 	
 � � � � �

� � � � � � (6-21) 

The utilization ratio of design bending moment to design plastic resistance to bending of the gross cross-section 

�� is given by Equation (6-22). 

( )ϕ= = =
� �
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���
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(6-22) 
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Solving Equation (6-19) for the angle - leads to Equation (6-23). 

π
ϕ =

�
�
� (6-23) 

Substituting Equation (6-23) into Equation (6-22) leads to the design rule of the combined bending and axial force 

interaction resistance for the considered perfectly circular hollow section in Figure 6-4(a), see Equation (6-24). 

π� �
= � �

� �
���

�
� �
� � (6-24) 

It is concluded that by using a Polar coordinate system, it is possible to derive an M-N interaction resistance 

regarding combined bending and axial force interaction resistance for a perfectly circular hollow section. Note that 

the exact M-N interaction resistance of Equation (6-24) is independent of geometrical properties and material 

properties, since these parameters do not appear in the M-N interaction resistance design rule. However, note that 

the assumptions described in section 6.2 should be satisfied. 

6.4.2 M-N interaction resistance curve 

In Figure 6-5, the combined bending and axial force interaction resistance curve for a perfectly circular hollow 

section is shown. On the horizontal axis, the utilization ratio with respect to the axial force �� is plotted. 

Additionally on the vertical axis, the utilization ratio with respect to bending �� is plotted.  

Figure 6-5: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section using a Polar coordinate 
system 
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EVALUATION OF THE INTERACTION RESISTANCE CURVES PROVIDED BY THE 

COORDINATE SYSTEMS 

In case of deriving the M-N interaction resistance design rule of the perfect circular hollow section, Cartesian 

coordinates and Polar coordinates are used. To evaluate that these derivation procedures obtain similar results, the 

numerical results provided by the Cartesian coordinate system are compared with the analytical results provided 

by the Polar coordinate system, see Appendix B.  

The utilization ratio with respect to bending �� is calculated in case of both coordinate systems by using a similar 

data set regarding the utilization ratio with respect to the axial force ��. By performing a deviation calculation 

using the obtained utilization ratios with respect to bending provided by both coordinate systems, the coordinate 

systems are evaluated. 

A deviation plot regarding the utilization ratio with respect to bending �� is shown in Figure 6-6. On the horizontal 

axis, the utilization ratio with respect to axial force �� is plotted. The deviation of the Cartesian coordinate system 

with respect to the Polar coordinate system is plotted on the vertical axis. A negative deviation means an 

underestimation of the Polar coordinate system with respect to the Cartesian coordinate system.  

Figure 6-6: Deviation plot regarding the coordinate systems of deriving the exact solution for a perfectly circular hollow section 

Note from Figure 6-6 that both exact M-N interaction resistances provided by both coordinate systems give similar 

results in case for a perfectly circular hollow section, since the utilization ratio with respect to bending �� using a 

Cartesian coordinate system deviates by a maximum of -5.0% with respect to using a Polar coordinate system. For 

relatively high values of �� > 0.75 the deviation increases. However, the deviation is still relatively small and 

therefore the M-N interaction resistance curves are considered as equal. 
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IMPERFECTLY CIRCULAR HOLLOW SECTION WITH UNIFORM WALL 

THICKNESS  

Consider an imperfectly circular hollow section with uniform wall thickness as shown Figure 6-4(a). Polar 

coordinates are used to derive the exact solution of the combined bending and axial force interaction resistance. 

The derivation procedure is similar to the derivation for a perfectly circular hollow section using a polar coordinate 

system, see section 6.4. 

Figure 6-7: Geometry imperfectly circular hollow section with uniform wall thickness (a), definition of polar coordinates (b), N- and M- area 

(c) 

6.6.1 Derivation of the combined bending and axial force interaction resistance 

The external diameter � and internal diameter � of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (6-25) and (6-26), respectively.  
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. Parameter that indicates the degree of ovalisation of the cross-section due to geometrical imperfections [-] 

Then, the area of the cross-section subjected to axial force �� is obtained by integrating the expressions regarding 

the external diameter � and internal diameter �, see Equation (6-27). 
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In Equation (6-27), the area of the cross-section subjected to axial force �� depends on the angle -. The associated 

design axial force ��� �of that area is given by Equation (6-28). 

( )( )( )ψ
ψ ϕ= = −� �

� �
������ ���

�
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�  � � � � (6-28) 

The utilization ratio of design axial force to design plastic resistance to axial forces of the gross cross-section ��
is given by Equation (6-29). 
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(6-29) 

Subsequently, the plastic section modulus of the area subjected to bending �	
�� is given by Equation (6-30). 
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(6-30) 

In Equation (6-30), the plastic section modulus of the area subjected to bending �	
��� depends also on the angle 

-. The associated design bending moment ��� �of that area is given by Equation (6-31). 
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The utilization ratio of design bending moment to design plastic resistance to bending moments of the gross cross-

section �� is given by Equation (6-32). 
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( )

( ) ( )

ϕ

ϕ ψ ϕ
= = =

+

� �

� � �
� �

���

��� ���

	
 � � ���

�

	
 �� 	
 � �

� ��
�

� � �
(6-32) 

Solving Equation (6-29) for the angle - leads to Equation (6-33). 

π
ϕ
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� �� �
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������ ���

�
�
� (6-33) 

Substituting Equation (6-33) into Equation (6-32) leads to the formula of the combined bending and axial force 

interaction resistance for the considered imperfectly circular hollow section with uniform wall thickness in Figure 

6-7(a), see Equation (6-34). 
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(6-34) 

To verify that the obtained exact M-N interaction resistance of Equation (6-34) is also valid in case for a perfectly 

circular hollow section i.e. . 1 7O2. Substituting . 1 7O2�and simplifying the formula by using the identities 

PQRSPT?SPT?UAA 1 U for U F V8 >5N�
>
5NW�and RXY5?UA @ YZT5?UA 1 7 for U F M, see Equation (6-35). 
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(6-35) 

It is concluded that the substituted exact M-N interaction resistance of Equation (6-35) is similar to the found exact 

M-N interaction resistance of Equation (6-24). 

6.6.2 M-N interaction resistance curve 

In Figure 6-8, the combined bending and axial force interaction resistance curves for an imperfectly circular hollow 

section with uniform wall thickness in case of several the degree of ovalisation . are shown. It is concluded that 

the degree of ovalisation . does not influence the interaction resistance curve for an imperfectly circular hollow 

section with uniform wall thickness, since the found numerically results do not differ. 

Figure 6-8: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section with uniform wall 

thickness in case of several degree of ovalisation 
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IMPERFECTLY CIRCULAR HOLLOW SECTION WITH NON-UNIFORM WALL 

THICKNESS 

Consider an imperfect circular hollow section with non-uniform wall thickness as shown Figure 6-9(a). Polar 

coordinates are used to derive the exact solution of the combined bending and axial force interaction resistance. 

The derivation procedure is similar to the derivation for the imperfectly circular hollow section with uniform wall 

thickness using a polar coordinate system, see section 6.6. 

Figure 6-9: Geometry imperfectly circular hollow section non-uniform wall thickness (a), Definition of polar coordinates (b), N- and M- area 
(c) 

6.7.1 Derivation of the combined bending and axial force interaction resistance design rule 

The external diameter � and internal diameter � of the cross-section in the 1th quadrant are described by the 

expressions as shown in Equation (6-36) and (6-37), respectively.  
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/ Parameter that indicates the degree of ovalisation of the cross-section due to geometrical imperfections [-] 

Then, the area of the cross-section subjected to axial force �� is obtained by integrating the expressions regarding 

the external diameter � and internal diameter �, see Equation (6-27). 
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In Equation (6-38), the area of the cross-section subjected to axial force �� depends on the angle -. The associated 

design axial force ��� �of that area is given by Equation (6-39). 

( )( ) ( )( )ψ ψ ϕ ω ω ϕ
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= = −� �
� �

� �

� �
������ ��� ������ ���

� �
�� � � � � �

� �
�  � � (6-39) 

The utilization ratio of design axial force to design plastic resistance to axial forces of the gross cross-section ��
is given by Equation (6-40). 
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(6-40) 

Subsequently, the plastic section modulus of the area subjected to bending �	
�� is given by Equation (6-40). 
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In Equation (6-30), the plastic section modulus of the area subjected to bending �	
��� depends also on the angle 

-. The associated design bending moment ��� �of that area is given by Equation (6-42). 

( )

( ) ( )

( )

( ) ( )

ψ ϕ ω ϕ

ϕ ψ ϕ ϕ ω ϕ

� �
� �= = −
� �+ +� �

 

� � �
� � � � � �

��� ���

� ��� ��� � ��� ���
�� 	
 � � � � �

� �
� � � � (6-42) 

The utilization ratio of design bending moment to design plastic resistance to bending moments of the gross cross-

section �� is given by Equation (6-43). 
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Since Equation (6-40) cannot be solved for the angle -, the combined bending and axial force interaction resistance 

curve in section 6.7.2 is obtained by substituting the geometrical properties and material properties of a given 

circular hollow section (CHS 244.5/12.5), see Table 6-1 and Table 6-2. 

6.7.2 M-N interaction resistance curve 

In Figure 6-10, the combined bending and axial force interaction resistance curve for an imperfectly circular hollow 

section with non-uniform wall thickness in case of several the degree of ovalisation . and /�are shown. The 

corresponding data to plot the M-N interaction resistance curve of Figure 6-10 is shown in Appendix B. It is 

concluded that the degree of ovalisation . and / do not influence the M-N interaction resistance curve for an 

imperfectly circular hollow section with non-uniform wall thickness, since the found numerically results do not 

differ. 

Figure 6-10: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section with non-uniform wall 

thickness in case of several degree of ovalisation 
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CHAPTER 7 DESIGN RULES COMBINED BENDING AND AXIAL 

FORCE INTERACTION RESISTANCE 

In this chapter different design rules regarding combined bending and axial force interaction resistance are 

compared to the exact solution for a perfectly circular hollow section, which is derived in section 6.3. To compare 

these design rules with the exact solution for a perfectly circular hollow section, deviation plots are shown to 

indicated the relatively deviation of the design rule with respect to the exact solution for a perfectly circular hollow 

section. 

The following design rules regarding combined bending and axial force interaction resistance are discussed in this 

chapter: 

� EN 1993-1-1; 

� Proposals by Rotter; 

� BSK 99; 

� ANSI/AISC 360-10; 

� AS 4100. 

DESIGN RULES OF EN 1993-1-1 

EN 1993-1-1 [18] is the standard regarding steel structures used in Europe. There are two design rules provided 

by EN 1993-1-1 clause 6.2 [18], which are given in section 4.6. Again, the conservative approximation (clause 

6.2.1 [18]) and the more accurate design rule (clause 6.2.9 [18]) regarding combined bending and axial force 

interaction resistance of circular hollow sections are given in Equation (7-1) and (7-2), respectively. 
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(7-1) 
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 �� �
� � � � (7-2) 

In Figure 7-1, the M-N interaction resistance curves according to the design rules of EN 1993-1-1 [18] and the 

exact solution for a perfectly circular hollow section are shown. The conservative approximation of Equation (7-1) 

is a linear function and indicated by the orange color. Additionally, the more accurate design rule of Equation (7-2) 

is plotted and indicated by the green color. The corresponding data to plot the M-N interaction resistance curves 

of Figure 7-1 are shown in Appendix C. 

Figure 7-1: M-N interaction resistance curves according to the design rules of EN 1993-1-1 and the exact solution for a perfectly circular 

hollow section 

To compare the M-N interaction resistance curves according to the design rules of EN 1993-1-1 [18] with respect 

to the exact solution for a perfectly circular hollow section, a deviation plot is shown in Figure 7-2. On the 

horizontal axis, the utilization ratio with respect to axial force �� is plotted. The deviation of the M-N interaction 
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resistance curves with respect to the exact solution for a perfectly circular hollow section is plotted on the vertical 

axis. In case the deviation is negative, the M-N interaction resistance curve underestimates the exact solution. A 

positive deviation means an overestimation of the M-N interaction resistance curve with respect to the exact 

solution. Where the M-N interaction resistance curve intersects the horizontal axis, the M-N interaction resistance 

curve is exact equal to the exact solution, i.e. there is no deviation.  

Figure 7-2: Deviation plot of the design rules of EN 1993-1-1 with respect to the exact solution for a perfectly circular hollow section 

From Figure 7-2 is concluded that the design rule of EN 1993-1-1 clause 6.2.1 [18] always underestimates the 

exact solution for a perfectly circular hollow section by 0.0% to -36.3%. That means that the design of EN 1993-

1-1 clause 6.2.1 [18] is always on the conservative side.  

The design rule of EN 1993-1-1 clause 6.2.9 [18] approaches the exact solution for a perfectly circular hollow 

section in a range of -2.4% to 7.9%. For �� < 0.70, the design rule of EN 1993-1-1 clause 6.2.9 [18] predicts 

conservative results regarding the utilization ratio with respect to bending���. However for��� � 0.70, results 

predicted by the design rule of EN 1993-1-1 clause 6.2.9 [18] are unconservative with a maximum deviation of 

7.9%. 

DESIGN RULE OF THE PROPOSAL BY ROTTER 

In September 2015, Rotter [14] presented an amendment to EN 1993-1-1 [18] in case of the design rule regarding 

combined bending and axial force interaction resistance of circular hollow sections, see Equation (7-3).  

( )= = − ���

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (7-3) 

Note that the design rule presented by Rotter [14] is different in its power of the interaction D�regarding the 

utilization ratio with respect to the axial force �� compared to the design rule of EN 1993-1-1 clause 6.2.9 [18], 

see Equation (7-2). The design rule of EN 1993-1-1 clause 6.2.9 [18] uses a power of the interaction D = 1.7, which 

Rotter [14] replaced for a power of the interaction D = 2.13. Increasing the power of the interaction D�means that 

for every particular utilization ratio with respect to the axial force���, the utilization ratio with respect to the 

bending ���increases. 

Rotter [14] proposed an incorrect M-N interaction resistance design rule in the amendment to EN 1993-1-1 [18], 

since the design rule considers a circular solid cross-section. The revised M-N interaction resistance design rule 

regarding relatively thin circular hollow sections should be as given in Equation (7-4). 

( )= = − ��	�

� � � � �
�

� � �� � � �� 	
 �� �
� � � � (7-4) 

Rotter corrected this error in a revised version (October 2015) of the amendment to EN 1993-1-1 [18]. 

Additionally, a more precise alternative of the M-N interaction resistance design rule is proposed, see Equation 

(7-5). 
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Additionally, the plastic section modulus used by Rotter [14] is given in Equation (7-6). 
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(7-6) 

Note, that the plastic section modulus �	
 �used by Rotter [14] is depending on the wall thickness ��of the circular 

hollow section. However, the plastic section modulus �	
 of Equation (2-4) depends on the internal diameter��. 

Therefore, the relation between the internal diameter � and the wall thickness � is given by (7-7). 

= − �� � � (7-7)  

To verify that the plastic section modulus��	
 used by the other proposals of Equation (2-4) is similar to the plastic 

section modulus �	
 �used by Rotter [14], Equation (2-4) and (7-7) are combined, which leads to Equation (7-8). 
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(7-8) 

From Equation (7-8) is concluded that the plastic section moduli��	
 of Equation (2-4) and (7-6) are similar.  

The M-N interaction resistance curves according to the design rule of the proposal by Rotter (first version) [14], 

the (revised version), the (alternative version) and the exact solution for a perfectly circular hollow section are 

shown in Figure 7-3. By the blue, yellow and purple color, the M-N interaction resistance curves according to 

exact solution for a perfectly circular hollow section and the proposals by Rotter [14] are indicated, respectively. 

The corresponding data to plot the M-N interaction resistance curves of Figure 7-3 are shown in Appendix C. 

Figure 7-3: M-N interaction resistance curves according to the design rules of the proposal by Rotter and the exact solution for a perfectly 

circular hollow section 

To compare the M-N interaction resistance curves according to the design rules of the proposals by Rotter [14] 

with the exact solution for a perfectly circular hollow section, a deviation plot is shown in Figure 7-4. 
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�
Figure 7-4: Deviation plot of the design rule of the proposals by Rotter with respect to the exact solution for a perfectly circular hollow section 

It is concluded that the design rule of the proposal by Rotter (first version) [14] predicts always unconservative 

results regarding combined bending and axial force interaction resistance, since Rotter [14] always overestimates 

the exact solution for a perfectly circular hollow section by a maximum of 34.8%. 

Additionally, the design rule of the proposal by Rotter (revised version) approaches the exact solution for a 

perfectly circular hollow section in a range of -1.4% to 10.9%. For �� < 0.60, the design rule of the proposal by 

Rotter (revised version) predicts conservative results regarding the utilization ratio with respect to bending���. 

However for��� � 0.60, results predicted by the design rule of the proposal by Rotter (revised version) are 

unconservative with a maximum deviation of 10.9%. 

The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact solution 

for a perfectly circular hollow section, therefore both design rules give similar results. 

DESIGN RULE OF BSK 99 

BSK 99 [10] is the Swedish standard regarding steel structures. Design rules regarding combined bending and 

axial force interaction resistance of solid sections and hollow section are provided by the BSK 99 clause 6.251 

[10] and given in Equation (7-9). 
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(7-9) 

In Equation (7-9), the shape factor � is defined in Equation (2-6). The BSK 99 clause 6.242 [10] states that the 

shape factor � < 1.25 in case of Class 1 cross-sections. Additionally in case of Class 2 cross-sections, the shape 

factor ��has a minimum of � = 1.0. Therefore, it is concluded that in case of Class 1 and 2 cross-sections, the 

domain of the shape factor ��is equal to 1.0 � � � 1.25. 

The M-N interaction resistance curve according to the design rule of the BSK 99 clause 6.251 [10] in case of � = 

1.0 (lower bound) and � = 1.25 (upper bound) and the exact solution for a perfectly circular hollow section are 

shown in Figure 7-5.  The corresponding data to plot the M-N interaction resistance curves of Figure 7-5 are shown 

in Appendix C. 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   58 

Figure 7-5: M-N interaction resistance curves according to the design rule of the BSK 99 clause 6.251 in case of � = 1.0 and � = 1.25 and the 
exact solution for a perfectly circular hollow section 

To compare the M-N interaction resistance curves according to the design rule of the BSK 99 clause 6.251 [10] 

with the exact solution for a perfectly circular hollow section, a deviation plot is shown in Figure 7-4.  

Figure 7-6: Deviation plot of the design rules of the BSK 99 in case of � = 1.0 and � = 1.25 with respect to the exact solution for a perfectly 
circular hollow section 

First in case of � = 1.0 i.e. the lower bound of the design rule, the BSK 99 clause 6.251 [10] always predict 

conservative results by a maximum of -33.3%. In case of � = 1.25, it is concluded that the design rule of the BSK 

99 clause 6.251 [10] approaches the exact solution for a perfectly circular hollow section in a range of -5.7% to 

7.6%. For �� < 0.89, the design rule of the BSK 99 clause 6.251 [10] predicts conservative results regarding the 

utilization ratio with respect to bending���. However for��� � 0.89, results predicted by the design rule of the 

BSK 99 clause 6.251 [10] are unconservative with a maximum deviation of 7.6%. 

DESIGN RULE OF ANSI/AISC 360-10 

In the United States of America, steel structural design is based on the rules of ANSI/AISC 360-10 [1]. Design 

rules regarding combined actions on doubly symmetric cross-sections are provided by Chapter H of ANSI/AISC 

360-10 [1]. In Equations (7-10) and (7-11), the design rules for combined bending and axial force interaction 

resistance are given. Note that the design rule is split into two parts, which are based on the utilization ratio with 

respect to the axial force���. 
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for 0.0 � ����< 0.2 (7-10) 
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The M-N interaction resistance curve according to the design rule of ANSI/AISC 360-10 Chapter H [1] and the 

exact solution for a perfectly circular hollow section are shown in Figure 7-7. Note that the M-N interaction 

resistance curve according to the design rule of ANSI/AISC 360-10 Chapter H [1] curve is bilinear and transits 

at��� = 0.20. The corresponding data to plot the M-N interaction resistance curve of Figure 7-7 are shown in 

Appendix C. 

Figure 7-7: M-N interaction resistance curve according to the design rule of ANSI/AISC 360-10 Chapter H and the exact solution for a 
perfectly circular hollow section 

To compare the M-N interaction resistance curve according to the design rule of ANSI/AISC 360-10 Chapter H 

[1] with the exact solution for a perfectly circular hollow section, a deviation plot is shown in Figure 7-8.  

Figure 7-8: Deviation plot of the design rule of ANSI/AISC 360-10 Chapter H with respect to the exact solution for a perfectly circular hollow 

section 

It is concluded that the design rule of ANSI/AISC 360-10 Chapter H [1] predicts always conservative results 

regarding combined bending and axial force interaction resistance, since the design rule of ANSI/AISC 360-10 

Chapter H [1] always underestimates the exact solution for a perfectly circular hollow section by a maximum of -

36.5%. 

DESIGN RULE OF AS 4100 

AS 4100 [7] is the Australian standard of steel structures. Clause 8.1 to 8.4 of the 4100 [7] provides design rules 

regarding combined action on doubly symmetric cross-sections. According to AS 4100 Clause 8.3 [7], the design 
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rule for combined bending and axial force interaction resistance is given in Equation (7-12). Where the capacity 

factor % = 0.9 according to AS 4100 Table 3.4 [7]. 

φ

� �
= −� �� �

� ��

�
��

�� 	


	
 ��

�
� �

�
(7-12) 

% Capacity factor according to AS 4100 Table 3.4 [-] 

In Figure 7-9, the M-N interaction resistance curve according to the design rule of the AS 4100 clause 8.3 [7] and 

the exact solution for a perfectly circular hollow section are shown. The corresponding data to plot the M-N 

interaction resistance curves of Figure 7-9 are shown in Appendix C. 

Figure 7-9: M-N interaction resistance curves according to the design rule of AS 4100 clause 8.3 and the exact solution for a perfectly circular 

hollow section 

To compare the curve according to AS 4100 clause 8.3 [7] with the exact solution for a perfectly circular hollow 

section, a deviation plot is shown in Figure 7-10. It can be concluded that AS 4100 clause 8.3 [7] predicts always 

conservative results regarding combined bending and axial force interaction resistance, since AS 4100 clause 8.3 

[7] always underestimates the exact solution for a perfectly circular hollow section by a maximum of -93.5%. 

Figure 7-10: Deviation plot of the design rule of AS 4100 clause 8.3 with respect to the exact solution for a perfectly circular hollow section
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EVALUATION OF THE DESIGN RULES  

In the previous sections, several design rules are compared with respect to the design rule of the exact solution for 

a perfectly circular hollow section. The M-N interaction resistance curves according to the design rules are plotted 

together in Figure 7-11. 

Figure 7-11: M-N interaction resistance curves according to the design rules  

Note from Figure 7-11 that the design rules regarding combined bending and axial force interaction resistance are 

differ much from each other. To evaluate the accuracy of the design rules, the deviations are given Table 7-1. 

Table 7-1: Maximum and minimum deviations with respect to the design rule of the exact solution for a perfectly circular hollow section 

Design rule Conservative results Unconservative results 

Minimum 

deviation 

Maximum 

deviation  

Minimum 

deviation 

Maximum 

deviation  

EN 1993-1-1 clause 6.2.1 0.0% -36.3% - - 

EN 1993-1-1 clause 6.2.9 0.0% -2.4% 0.0% 7.9% 

Proposal by Rotter (first version) - - 0.0% 34.8% 

Proposal by Rotter (revised version) 0.0% -1.4% 0.0% 10.9% 

Proposal by Rotter (alternative version) 0.0% -0.2% 0.0% 0.1% 

BSK 99 (0 = 1.0) 0.0% -33.3% - - 

BSK 99 (0 = 1.25) 0.0% -5.7% 0.0% 7.6% 

ANSI/AISC 360-10 0.0% -36.5% - - 

AS 4100 0.0% 93.5% - - 

Evaluating the accuracy of the several design rules leads to the following conclusions: 

� The design rule of EN 1993-1-1 clause 6.2.1 [18], BSK 99 clause 6.251 [10] in case of � = 1.0, 

ANSI/AISC 360-10 Chapter H [1] and AS 4100 clause 8.3 [7] predict only conservative results; 

� The design rule of EN 1993-1-1 clause 6.2.1 [18] and BSK 99 clause 6.251 [10] in case of � = 1.0 give 

similar results; 

� The design rule of the proposal by Rotter (first version) [14] predicts only unconservative results; 

� For relatively high values of the utilization ratio with respect to axial force���, the design rules of EN 

1993-1-1 clause 6.2.9 [18] and BSK 99 clause 6.251 [10] in case of � = 1.25 predict unconservative 

results; 

� The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact 

solution for a perfectly circular hollow section, therefore both design rules give similar results; 

� The design rule of the EN 1993-1-1 clause 6.2.9 [18] predicts the exact solution for a perfectly circular 

hollow section the most accurate. 
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CONCLUSIONS AND RECOMMENDATIONS 

In this chapter, the conclusions of the literature survey regarding the combined bending and axial force interaction 

resistance of circular hollow sections are shown. Additionally, the recommendations are outlined in order to 

continue the master research. 

8.1 CONCLUSIONS 

The conclusions of Chapter 2 concerning the introduction of circular hollow sections are as follows: 

� Circular hollow sections are applied in all fields, like bridges, buildings and halls, offshore structures and 

towers and masts; 

� Circular hollow sections are mostly used for columns, lattice structures and space frame structures in 

buildings; 

� There are two manufacturing methods regarding circular hollow sections i.e. the seamless manufacturing 

process and the welded manufacturing process; 

� The Cross Roll Piercing process [2] and Pilgering process [2] are one of the most important seamless 

manufacturing process; 

� The improvements regarding the welding techniques of circular hollow section are based on the Fretz-

Moon welding process [2]. 

The conclusions of Chapter 3 concerning the classification of circular hollow sections are as follows:

� The classification to determine whether the cross-section can reach plastic behavior is based on the theory 

of elasticity or plasticity; 

� Cross-sectional Class 1 and 2 are based on the theory of plasticity;  

� Cross-sectional Class 3 and 4 are based on the theory of elasticity, where Class 4 is limited due to local 

buckling; 

� Rotter [14] proposed the width-to-thickness limit of Class 2 is increased from 70'5 to 72'5, contrary to 

EN 1993-1-1 Table 6.2 [18]; 

� Rotter [14] proposed to made a distinction in the width-to-thickness ratios between compression and 

bending, in contrary to EN 1993-1-1 Table 6.2 [18], as a result of the importance of the length of the 

member in case of bending; 

� Rotter [14] proposed to take effect of ovalisation in account regarding the width-to-thickness limit of 

Class 3. 

The conclusions of Chapter 4 concerning the resistance of circular hollow sections are as follows: 

� EN 1993-1-1 clause 6.2 [18] provides design resistances for cross-sections in pure tension, compression, 

bending, shear and torsion; 

� EN 1993-1-1 clause 6.2.1 [18] and clause 6.2.9 [18] provides design rules in case of combined bending 

and axial force interaction resistance (M-N); 

� The plastic section modulus �	
  is not defined in EN 1993-1-1 [18]. 

The conclusions of Chapter 5 concerning the earlier research combined bending and axial force interaction 

resistance are as follows: 

� There is no experimental research done regarding combined bending and axial force interaction resistance 

of circular hollow sections; 

� The design rules on cross-sectional resistance in EN 1993-1-1 clause 6.2 [18] are based on performed 

research in the 50’s to 80’s; 

� The performed research in the 50’s to 80’s are regarding doubly symmetric I-shaped cross-sections; 

� The main conclusion of the research of Lay, Adams and Galambos [8] is that the tests were not useful to 

do research to cross-sectional resistance of doubly symmetric I-shaped cross-sections, since the calculated 

full plastic resistance to bending of the stub column is not reached, while yielding occurred; 

� Perlynn and Kulak [4] concluded that the moment-rotation curves in case of seven specimens were able 

to reach plastic behavior, which causes that this research were useful to do research to cross-sectional 

resistance of doubly symmetric I-shaped cross-sections; 

� The main conclusion of the research of Nash and Kulak [4] is that the tests were not useful to do research 

to cross-sectional resistance of doubly symmetric I-shaped cross-sections, since yielding of the beam-

columns started before reaching the plastic design resistance for bending �	
; 
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� According to the proposal of Rotter [14], the power of interaction D in the more accurate design rule 

regarding bending and axial force interaction resistance of circular hollow sections in EN 1993-1-1 clause 

6.2.9 [18] should be replaced for 2.13, which is incorrect since the power of the interaction D�= 2.13 only 

valids for circular solid sections; 

� Rotter proposed an general M-N interaction resistance for extreme thick and extreme thin circular hollow 

sections, based on different powers of the interaction D depending on the internal to external diameter 

ratio E; 
� The revised M-N interaction resistance design rule by Rotter regarding relatively thin circular hollow 

sections should take the power of the interaction D�= 1.75 into account; 

� Rotter proposed a more precise alternative of the M-N interaction resistance design rule; 

� Rotter [14] proposed an elastic-plastic section modulus ��
�	
 for Class 3 cross-sections, where the effect 

of the steel grade is present in the definition; 

� Rotter [14] proposed a design rule regarding combined bending and axial force interaction resistance of 

circular hollow sections in case of Class 3 cross-sections; 

� The main conclusion of the master research according to Rombouts [12] [13] is that doubly I-shaped 

cross-sections with slender flanges subjected to combined bending and axial force behave similar to the 

behavior of the exact solution. Besides, the partial safety factor �� regarding the M-N interaction 

resistance design rule of EN 1993-1-1 [18] is statistically acceptable regarding cross-sections of steel 

grades S235, S355 and S460; 

� The partial safety factors �� regarding rectangular hollow sections and square hollow sections should 

be separated according to Kamphuis [6]; 

� Kamphuis [6] recommend the partial safety factors ���regarding to rectangular hollow sections as ��
= 1.02 in case of steel grade S235, �� = 1.08 in case of steel grade S355 and �� = 1.14 in case of steel 

grade S460; 

� Kamphuis [6] recommend the partial safety factors��� regarding to square hollow sections as �� = 1.00 

in case of steel grade S235, �� = 1.04 in case of steel grade S355 and �� = 1.09 in case of steel grade 

S460. 

The conclusions of Chapter 6 concerning the theoretical models are as follows:  

� An exact combined bending and axial force interaction resistance for a perfectly circular hollow section 

cannot be obtained analytically using a Cartesian coordinate system; 

� By using a Polar coordinate system, it is possible to derive an exact combined bending and axial force 

interaction resistance for a perfectly circular hollow section; 

� The exact M-N interaction resistance for a perfectly circular hollow section is independent of geometrical 

properties and material properties, since these parameters do not appear in the exact M-N interaction 

resistance; 

� Both exact M-N interaction resistances provided by both coordinate systems give similar results in case 

for the perfectly circular hollow section, since the utilization ratio with respect to bending �[ using a 

Cartesian coordinate system deviates by a maximum of -5.0% with respect to using a Polar coordinate 

system; 

� The degree of ovalisation . does not influence the M-N interaction resistance curve regarding an 

imperfectly circular hollow section with uniform wall thickness, since the found numerically results do 

not differ; 

� In case of an imperfectly circular hollow section with non-uniform wall thickness, an exact M-N 

interaction resistance cannot be obtained analytically using a Polar coordinate system. 

The conclusions of Chapter 7 concerning the design rules regarding the combined bending and axial force 

interaction resistance are as follows:  

� The design rule of EN 1993-1-1 clause 6.2.1 [18] always underestimates the exact solution for a perfectly 

circular hollow section by 0.0% to -36.3%; 

� The design rule of EN 1993-1-1 clause 6.2.9 [18] predicts conservative results regarding the utilization 

ratio with respect to bending��� for �� < 0.70 by a maximum deviation of -2.4% and unconservative 

results with a maximum deviation of 7.9% for��� � 0.70, compared to the exact solution for a perfectly 

circular hollow section; 

� The design rule of the proposal by Rotter (first version) [14] predicts always unconservative results 

regarding combined bending and axial force interaction resistance, since Rotter [14] always overestimates 

the exact solution for a perfectly circular hollow section by a maximum of 34.8%; 

� The design rule of the proposal by Rotter (revised version) predicts conservative results regarding the 

utilization ratio with respect to bending��� for �� < 0.64 by a maximum deviation of -1.4% and 
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unconservative results with a maximum deviation of 10.9% for��� � 0.64, compared to the exact solution 

for a perfectly circular hollow section; 

� The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact 

solution for a perfectly circular hollow section, therefore both design rules give similar results in a range 

of -0.2% to 0.1%; 

� The design rule of BSK 99 clause 6.251 [10] takes the shape factor � into account i.e. the domain of the 

shape factor ��is equal to 1.0 � � � 1.25 in case of Class 1 and 2 cross-sections; 

� The design rule of BSK 99 clause 6.251 [10] always predict conservative results by a maximum of -

33.3% in case of � = 1.0 i.e. the lower bound of the design rule compared to the exact solution for a 

perfectly circular hollow section; 

� The design rule of BSK 99 clause 6.251 [10] approaches the exact solution for a perfectly circular hollow 

section in a range of -5.7% to 7.6% in case of � = 1.25 i.e. the upper bound of the design rule, compared 

to the exact solution for a perfectly circular hollow section; 

� The design rule of ANSI/AISC 360-10 Chapter H [1] predicts always conservative results regarding 

combined bending and axial force interaction resistance, since the design rule of ANSI/AISC 360-10 

Chapter H [1] always underestimates the exact solution for a perfectly circular hollow section by a 

maximum of -36.5%. 

� The design rule of AS 4100 clause 8.3 [7] predicts always conservative rules regarding combined bending 

and axial force interaction resistance, since the design rule of AS 4100 clause 8.3 [7] always 

underestimates the exact solution for a perfectly circular hollow section by a maximum of -93.5%; 

� The design rule of EN 1993-1-1 clause 6.2.1 [18], BSK 99 clause 6.251 [10] in case of � = 1.0, 

ANSI/AISC 360-10 Chapter H [1] and AS 4100 clause 8.3 [7] predict only conservative results; 

� The design rule of EN 1993-1-1 clause 6.2.1 [18] and BSK 99 clause 6.251 [10] in case of � = 1.0 give 

similar results; 

� The design rule of the proposal by Rotter (first version) [14] predicts only unconservative results; 

� For relatively high values of the utilization ratio with respect to axial force���, the design rules of EN 

1993-1-1 clause 6.2.9 [18] and BSK 99 [10] in case of � = 1.25 predict unconservative results; 

� The design rule of the proposal by Rotter (alternative version) is equal to the Taylor series of the exact 

solution for a perfectly circular hollow section, therefore both design rules give similar results; 

� The design rule of the EN 1993-1-1 clause 6.2.9 [18] predicts the exact solution for a perfectly circular 

hollow section the most accurate. 

8.2 RECOMMENDATIONS 

The main recommendations in order to continue the master research are as follows: 

� Since there is no experimental research performed regarding combined bending and axial force interaction 

resistance of circular hollow sections, it is recommended to validate the finite element model by the 

theoretical models; 

� The influence of the effect of strain hardening has to be investigated in case of setting up the finite element 

model; 

� It is recommended to investigated if the numerical test results in case of higher steel grades can be 

obtained by scale factors; 

� It is recommended to perform a statistical evaluation regarding the design rules of the EN 1993-1-1 clause 

6.2.9 [18], the proposal by Rotter [14] and the exact solution for a perfectly circular hollow section in 

order to compare these design rules. 
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APPENDIX A DATA EXACT SOLUTION FOR A PERFECTLY 

CIRCULAR HOLLOW SECTION USING CARTESIAN COORDINATES
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Table A-1: Data exact solution for a perfectly circular hollow section using Cartesian coordinates for 0.0 � ( � 47.5 

Parameter 

\ [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

Parameter 

\ [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

0.0 0.000 1.000 24.0 0.133 0.978 

0.5 0.003 1.000 24.5 0.135 0.977 

1.0 0.005 1.000 25.0 0.138 0.977 

1.5 0.008 1.000 25.5 0.141 0.976 

2.0 0.011 1.000 26.0 0.144 0.975 

2.5 0.014 1.000 26.5 0.147 0.974 

3.0 0.016 1.000 27.0 0.150 0.973 

3.5 0.019 1.000 27.5 0.152 0.972 

4.0 0.022 0.999 28.0 0.155 0.970 

4.5 0.025 0.999 28.5 0.158 0.969 

5.0 0.027 0.999 29.0 0.161 0.968 

5.5 0.030 0.999 29.5 0.164 0.967 

6.0 0.033 0.999 30.0 0.167 0.966 

6.5 0.036 0.998 30.5 0.169 0.965 

7.0 0.038 0.998 31.0 0.172 0.964 

7.5 0.041 0.998 31.5 0.175 0.962 

8.0 0.044 0.998 32.0 0.178 0.961 

8.5 0.047 0.997 32.5 0.181 0.960 

9.0 0.049 0.997 33.0 0.184 0.959 

9.5 0.052 0.997 33.5 0.187 0.957 

10.0 0.055 0.996 34.0 0.189 0.956 

10.5 0.058 0.996 34.5 0.192 0.955 

11.0 0.060 0.995 35.0 0.195 0.953 

11.5 0.063 0.995 35.5 0.198 0.952 

12.0 0.066 0.995 36.0 0.201 0.951 

12.5 0.069 0.994 36.5 0.204 0.949 

13.0 0.071 0.994 37.0 0.207 0.948 

13.5 0.074 0.993 37.5 0.210 0.946 

14.0 0.077 0.993 38.0 0.212 0.945 

14.5 0.080 0.992 38.5 0.215 0.943 

15.0 0.083 0.992 39.0 0.218 0.942 

15.5 0.085 0.991 39.5 0.221 0.940 

16.0 0.088 0.990 40.0 0.224 0.939 

16.5 0.091 0.990 40.5 0.227 0.937 

17.0 0.094 0.989 41.0 0.230 0.936 

17.5 0.096 0.989 41.5 0.233 0.934 

18.0 0.099 0.988 42.0 0.236 0.932 

18.5 0.102 0.987 42.5 0.239 0.931 

19.0 0.105 0.987 43.0 0.242 0.929 

19.5 0.108 0.986 43.5 0.245 0.927 

20.0 0.110 0.985 44.0 0.248 0.925 

20.5 0.113 0.984 44.5 0.251 0.924 

21.0 0.116 0.983 45.0 0.254 0.922 

21.5 0.119 0.983 45.5 0.257 0.920 

22.0 0.121 0.982 46.0 0.260 0.918 

22.5 0.124 0.981 46.5 0.263 0.916 

23.0 0.127 0.980 47.0 0.266 0.914 

23.5 0.130 0.979 47.5 0.269 0.912 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   69 

Table A-2: Data exact solution for a perfectly circular hollow section using Cartesian coordinates for 48.0 � ( � 95.5 

Parameter 

\ [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

Parameter 

\ [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

48.0 0.272 0.910 72.0 0.426 0.784 

48.5 0.275 0.908 72.5 0.430 0.781 

49.0 0.278 0.906 73.0 0.433 0.777 

49.5 0.281 0.904 73.5 0.437 0.774 

50.0 0.284 0.902 74.0 0.441 0.770 

50.5 0.287 0.900 74.5 0.444 0.767 

51.0 0.290 0.898 75.0 0.448 0.763 

51.5 0.293 0.896 75.5 0.451 0.759 

52.0 0.296 0.894 76.0 0.455 0.756 

52.5 0.299 0.892 76.5 0.459 0.752 

53.0 0.302 0.890 77.0 0.462 0.748 

53.5 0.305 0.887 77.5 0.466 0.744 

54.0 0.308 0.885 78.0 0.470 0.740 

54.5 0.311 0.883 78.5 0.473 0.736 

55.0 0.315 0.881 79.0 0.477 0.732 

55.5 0.318 0.878 79.5 0.481 0.728 

56.0 0.321 0.876 80.0 0.485 0.724 

56.5 0.324 0.873 80.5 0.489 0.720 

57.0 0.327 0.871 81.0 0.492 0.716 

57.5 0.330 0.869 81.5 0.496 0.712 

58.0 0.333 0.866 82.0 0.500 0.707 

58.5 0.337 0.864 82.5 0.504 0.703 

59.0 0.340 0.861 83.0 0.508 0.699 

59.5 0.343 0.859 83.5 0.512 0.694 

60.0 0.346 0.856 84.0 0.516 0.690 

60.5 0.349 0.853 84.5 0.520 0.685 

61.0 0.353 0.851 85.0 0.524 0.680 

61.5 0.356 0.848 85.5 0.528 0.676 

62.0 0.359 0.845 86.0 0.532 0.671 

62.5 0.362 0.843 86.5 0.536 0.666 

63.0 0.366 0.840 87.0 0.540 0.661 

63.5 0.369 0.837 87.5 0.545 0.656 

64.0 0.372 0.834 88.0 0.549 0.651 

64.5 0.375 0.831 88.5 0.553 0.646 

65.0 0.379 0.828 89.0 0.557 0.641 

65.5 0.382 0.825 89.5 0.562 0.636 

66.0 0.385 0.822 90.0 0.566 0.631 

66.5 0.389 0.819 90.5 0.570 0.625 

67.0 0.392 0.816 91.0 0.575 0.620 

67.5 0.395 0.813 91.5 0.579 0.614 

68.0 0.399 0.810 92.0 0.584 0.609 

68.5 0.402 0.807 92.5 0.588 0.603 

69.0 0.406 0.804 93.0 0.593 0.597 

69.5 0.409 0.801 93.5 0.598 0.591 

70.0 0.413 0.797 94.0 0.602 0.585 

70.5 0.416 0.794 94.5 0.607 0.579 

71.0 0.419 0.791 95.0 0.612 0.573 

71.5 0.423 0.788 95.5 0.617 0.567 
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Table A-3: Data exact solution for a perfectly circular hollow section using Cartesian coordinates for 96.0 � ( � 122.0 

Parameter 

\ [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

Parameter 

\ [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

96.0 0.622 0.561 109.5 0.795 0.317 

96.5 0.627 0.554 110.0 0.807 0.300 

97.0 0.632 0.548 110.5 0.818 0.283 

97.5 0.637 0.541 111.0 0.830 0.266 

98.0 0.642 0.534 111.5 0.841 0.249 

98.5 0.647 0.527 112.0 0.852 0.233 

99.0 0.652 0.520 112.5 0.862 0.217 

99.5 0.658 0.513 113.0 0.873 0.201 

100.0 0.663 0.505 113.5 0.883 0.185 

100.5 0.669 0.498 114.0 0.893 0.170 

101.0 0.674 0.490 114.5 0.902 0.156 

101.5 0.680 0.482 115.0 0.911 0.141 

102.0 0.686 0.474 115.5 0.920 0.127 

102.5 0.692 0.466 116.0 0.929 0.114 

103.0 0.698 0.458 116.5 0.937 0.101 

103.5 0.704 0.449 117.0 0.945 0.088 

104.0 0.711 0.440 117.5 0.953 0.076 

104.5 0.717 0.431 118.0 0.960 0.065 

105.0 0.724 0.421 118.5 0.967 0.054 

105.5 0.731 0.412 119.0 0.973 0.043 

106.0 0.738 0.402 119.5 0.979 0.034 

106.5 0.745 0.391 120.0 0.985 0.025 

107.0 0.752 0.380 120.5 0.989 0.017 

107.5 0.760 0.369 121.0 0.994 0.010 

108.0 0.768 0.357 121.5 0.997 0.005 

108.5 0.777 0.345 122.0 0.999 0.001 

109.0 0.786 0.332   

Figure A-1: M-N interaction resistance curve according to the exact solution for a perfectly circular hollow section using a Cartesian coordinate 

system 
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APPENDIX B DATA EXACT SOLUTION FOR AN IMPERFECTLY 

CIRCULAR HOLLOW SECTION WITH NON-UNIFORM WALL 

THICKNESS 
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Table B-4: Data exact solution for an imperfectly circular hollow section with non-uniform wall thickness for 0.000 � - � 1.492 

Parameter 

` [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

Parameter 

` [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

0.000 0.000 1.000 0.754 0.480 0.729 

0.016 0.010 1.000 0.770 0.490 0.718 

0.031 0.020 1.000 0.785 0.500 0.707 

0.047 0.030 0.999 0.801 0.510 0.696 

0.063 0.040 0.998 0.817 0.520 0.685 

0.079 0.050 0.997 0.833 0.530 0.673 

0.094 0.060 0.996 0.848 0.540 0.661 

0.110 0.070 0.994 0.864 0.550 0.649 

0.126 0.080 0.992 0.880 0.560 0.637 

0.141 0.090 0.990 0.895 0.570 0.625 

0.157 0.100 0.988 0.911 0.580 0.613 

0.173 0.110 0.985 0.927 0.590 0.600 

0.188 0.120 0.982 0.942 0.600 0.588 

0.204 0.130 0.979 0.958 0.610 0.575 

0.220 0.140 0.976 0.974 0.620 0.562 

0.236 0.150 0.972 0.990 0.630 0.549 

0.251 0.160 0.969 1.005 0.640 0.536 

0.267 0.170 0.965 1.021 0.650 0.522 

0.283 0.180 0.960 1.037 0.660 0.509 

0.298 0.190 0.956 1.052 0.670 0.495 

0.314 0.200 0.951 1.068 0.680 0.482 

0.330 0.210 0.946 1.084 0.690 0.468 

0.346 0.220 0.941 1.100 0.700 0.454 

0.361 0.230 0.935 1.115 0.710 0.440 

0.377 0.240 0.930 1.131 0.720 0.426 

0.393 0.250 0.924 1.147 0.730 0.412 

0.408 0.260 0.918 1.162 0.740 0.397 

0.424 0.270 0.911 1.178 0.750 0.383 

0.440 0.280 0.905 1.194 0.760 0.368 

0.456 0.290 0.898 1.210 0.770 0.353 

0.471 0.300 0.891 1.225 0.780 0.339 

0.487 0.310 0.884 1.241 0.790 0.324 

0.503 0.320 0.876 1.257 0.800 0.309 

0.518 0.330 0.869 1.272 0.810 0.294 

0.534 0.340 0.861 1.288 0.820 0.279 

0.550 0.350 0.853 1.304 0.830 0.264 

0.565 0.360 0.844 1.319 0.840 0.249 

0.581 0.370 0.836 1.335 0.850 0.233 

0.597 0.380 0.827 1.351 0.860 0.218 

0.613 0.390 0.818 1.367 0.870 0.203 

0.628 0.400 0.809 1.382 0.880 0.187 

0.644 0.410 0.800 1.398 0.890 0.172 

0.660 0.420 0.790 1.414 0.900 0.156 

0.675 0.430 0.780 1.429 0.910 0.141 

0.691 0.440 0.771 1.445 0.920 0.125 

0.707 0.450 0.760 1.461 0.930 0.110 

0.723 0.460 0.750 1.477 0.940 0.094 

0.738 0.470 0.740 1.492 0.950 0.078 
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Table B-5: Data exact solution for an imperfectly circular hollow section with non-uniform wall thickness for 1.508 � - � 1.571 

Parameter 

` [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

Parameter 

` [-] 

Utilization ratio 

]^ [-] 

Utilization ratio 

]_ [-] 

1.508 0.960 0.063 1.555 0.990 0.016 

1.524 0.970 0.047 1.571 1.000 0.000 

1.539 0.980 0.031    

Figure B-2: M-N interaction resistance curve according to the exact solution for an imperfectly circular hollow section with non-uniform wall 

thickness in case of several degree of ovalisation 



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   74 

APPENDIX C DATA DESIGN RULES COMBINED BENDING AND 

AXIAL FORCE INTERACTION RESISTANCE 
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C.1 DATA DESIGN RULE OF EN 1993-1-1 CLAUSE 6.2.1 

Table C-6: Data design rule of EN 1993-1-1 clause 6.2.1 for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.550 -27.670% 

0.010 0.990 -0.988% 0.460 0.540 -28.011% 

0.020 0.980 -1.952% 0.470 0.530 -28.343% 

0.030 0.970 -2.892% 0.480 0.520 -28.666% 

0.040 0.960 -3.810% 0.490 0.510 -28.982% 

0.050 0.950 -4.706% 0.500 0.500 -29.289% 

0.060 0.940 -5.581% 0.510 0.490 -29.589% 

0.070 0.930 -6.435% 0.520 0.480 -29.881% 

0.080 0.920 -7.269% 0.530 0.470 -30.165% 

0.090 0.910 -8.083% 0.540 0.460 -30.441% 

0.100 0.900 -8.878% 0.550 0.450 -30.710% 

0.110 0.890 -9.655% 0.560 0.440 -30.972% 

0.120 0.880 -10.413% 0.570 0.430 -31.227% 

0.130 0.870 -11.154% 0.580 0.420 -31.474% 

0.140 0.860 -11.878% 0.590 0.410 -31.714% 

0.150 0.850 -12.585% 0.600 0.400 -31.948% 

0.160 0.840 -13.275% 0.610 0.390 -32.175% 

0.170 0.830 -13.950% 0.620 0.380 -32.394% 

0.180 0.820 -14.609% 0.630 0.370 -32.608% 

0.190 0.810 -15.254% 0.640 0.360 -32.814% 

0.200 0.800 -15.883% 0.650 0.350 -33.014% 

0.210 0.790 -16.498% 0.660 0.340 -33.208% 

0.220 0.780 -17.099% 0.670 0.330 -33.395% 

0.230 0.770 -17.686% 0.680 0.320 -33.576% 

0.240 0.760 -18.260% 0.690 0.310 -33.751% 

0.250 0.750 -18.821% 0.700 0.300 -33.919% 

0.260 0.740 -19.368% 0.710 0.290 -34.082% 

0.270 0.730 -19.904% 0.720 0.280 -34.238% 

0.280 0.720 -20.427% 0.730 0.270 -34.389% 

0.290 0.710 -20.938% 0.740 0.260 -34.533% 

0.300 0.700 -21.437% 0.750 0.250 -34.672% 

0.310 0.690 -21.925% 0.760 0.240 -34.805% 

0.320 0.680 -22.402% 0.770 0.230 -34.932% 

0.330 0.670 -22.867% 0.780 0.220 -35.053% 

0.340 0.660 -23.322% 0.790 0.210 -35.169% 

0.350 0.650 -23.766% 0.800 0.200 -35.279% 

0.360 0.640 -24.200% 0.810 0.190 -35.383% 

0.370 0.630 -24.624% 0.820 0.180 -35.482% 

0.380 0.620 -25.038% 0.830 0.170 -35.575% 

0.390 0.610 -25.442% 0.840 0.160 -35.663% 

0.400 0.600 -25.836% 0.850 0.150 -35.745% 

0.410 0.590 -26.221% 0.860 0.140 -35.822% 

0.420 0.580 -26.597% 0.870 0.130 -35.893% 

0.430 0.570 -26.963% 0.880 0.120 -35.959% 

0.440 0.560 -27.321% 0.890 0.110 -36.020% 
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Table C-7: Data design rule of EN 1993-1-1 clause 6.2.1 for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.100 -36.075% 0.960 0.040 -36.296% 

0.910 0.090 -36.125% 0.970 0.030 -36.314% 

0.920 0.080 -36.170% 0.980 0.020 -36.328% 

0.930 0.070 -36.210% 0.990 0.010 -36.335% 

0.940 0.060 -36.244% 1.000 0.000 0.000% 

0.950 0.050 -36.273%   

Figure C-3: M-N interaction resistance curve according to the design rule of EN 1993-1-1 clause 6.2.1 and the exact solution for a perfectly 
circular hollow section 

Figure C-4: Deviation plot of the design rule of EN 1993-1-1 clause 6.2.1 with respect to the exact solution for a perfectly circular hollow 

section 
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C.2 DATA DESIGN RULE OF THE EN 1993-1-1 CLAUSE 6.2.9 

Table C-8: Data design rule of EN 1993-1-1 clause 6.2.9 for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.743 -2.330% 

0.010 1.000 -0.027% 0.460 0.733 -2.296% 

0.020 0.999 -0.080% 0.470 0.723 -2.256% 

0.030 0.997 -0.147% 0.480 0.713 -2.211% 

0.040 0.996 -0.223% 0.490 0.703 -2.161% 

0.050 0.994 -0.307% 0.500 0.692 -2.106% 

0.060 0.992 -0.395% 0.510 0.682 -2.046% 

0.070 0.989 -0.487% 0.520 0.671 -1.980% 

0.080 0.986 -0.581% 0.530 0.660 -1.909% 

0.090 0.983 -0.677% 0.540 0.649 -1.833% 

0.100 0.980 -0.774% 0.550 0.638 -1.751% 

0.110 0.977 -0.870% 0.560 0.627 -1.664% 

0.120 0.973 -0.966% 0.570 0.615 -1.571% 

0.130 0.969 -1.061% 0.580 0.604 -1.473% 

0.140 0.965 -1.155% 0.590 0.592 -1.369% 

0.150 0.960 -1.247% 0.600 0.580 -1.260% 

0.160 0.956 -1.336% 0.610 0.568 -1.145% 

0.170 0.951 -1.424% 0.620 0.556 -1.025% 

0.180 0.946 -1.509% 0.630 0.544 -0.898% 

0.190 0.941 -1.591% 0.640 0.532 -0.767% 

0.200 0.935 -1.670% 0.650 0.519 -0.629% 

0.210 0.930 -1.746% 0.660 0.507 -0.485% 

0.220 0.924 -1.818% 0.670 0.494 -0.336% 

0.230 0.918 -1.887% 0.680 0.481 -0.181% 

0.240 0.912 -1.953% 0.690 0.468 -0.020% 

0.250 0.905 -2.015% 0.700 0.455 0.148% 

0.260 0.899 -2.072% 0.710 0.441 0.321% 

0.270 0.892 -2.126% 0.720 0.428 0.500% 

0.280 0.885 -2.176% 0.730 0.414 0.686% 

0.290 0.878 -2.221% 0.740 0.401 0.877% 

0.300 0.871 -2.263% 0.750 0.387 1.075% 

0.310 0.863 -2.300% 0.760 0.373 1.279% 

0.320 0.856 -2.332% 0.770 0.359 1.490% 

0.330 0.848 -2.360% 0.780 0.345 1.706% 

0.340 0.840 -2.384% 0.790 0.330 1.930% 

0.350 0.832 -2.403% 0.800 0.316 2.159% 

0.360 0.824 -2.417% 0.810 0.301 2.396% 

0.370 0.816 -2.427% 0.820 0.286 2.639% 

0.380 0.807 -2.432% 0.830 0.271 2.888% 

0.390 0.798 -2.432% 0.840 0.257 3.145% 

0.400 0.789 -2.427% 0.850 0.241 3.408% 

0.410 0.780 -2.418% 0.860 0.226 3.678% 

0.420 0.771 -2.403% 0.870 0.211 3.955% 

0.430 0.762 -2.384% 0.880 0.195 4.239% 

0.440 0.752 -2.360% 0.890 0.180 4.530% 
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Table C-9: Data design rule of EN 1993-1-1 clause 6.2.9 for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.164 4.829% 0.960 0.067 6.774% 

0.910 0.148 5.134% 0.970 0.050 7.125% 

0.920 0.132 5.447% 0.980 0.034 7.484% 

0.930 0.116 5.768% 0.990 0.017 7.851% 

0.940 0.100 6.096% 1.000 0.000 0.000% 

0.950 0.084 6.431%   

Figure C-5: M-N interaction resistance curve according to the design rule of EN 1993-1-1 clause 6.2.9 and the exact solution for a perfectly 

circular hollow section 

Figure C-6: Deviation plot of the design rule of EN 1993-1-1 clause 6.2.9 with respect to the exact solution for a perfectly circular hollow 

section 
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C.3 DATA DESIGN RULE OF THE PROPOSAL BY ROTTER (FIRST VERSION) 

Table C-10: Data design rule of the proposal by Rotter (first version) for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.817 7.504% 

0.010 1.000 0.007% 0.460 0.809 7.813% 

0.020 1.000 0.025% 0.470 0.800 8.128% 

0.030 0.999 0.054% 0.480 0.791 8.450% 

0.040 0.999 0.092% 0.490 0.781 8.778% 

0.050 0.998 0.139% 0.500 0.772 9.113% 

0.060 0.998 0.195% 0.510 0.762 9.453% 

0.070 0.997 0.259% 0.520 0.752 9.801% 

0.080 0.995 0.330% 0.530 0.741 10.154% 

0.090 0.994 0.409% 0.540 0.731 10.515% 

0.100 0.993 0.496% 0.550 0.720 10.882% 

0.110 0.991 0.590% 0.560 0.709 11.255% 

0.120 0.989 0.690% 0.570 0.698 11.636% 

0.130 0.987 0.798% 0.580 0.687 12.023% 

0.140 0.985 0.912% 0.590 0.675 12.417% 

0.150 0.982 1.033% 0.600 0.663 12.818% 

0.160 0.980 1.161% 0.610 0.651 13.227% 

0.170 0.977 1.295% 0.620 0.639 13.642% 

0.180 0.974 1.435% 0.630 0.626 14.064% 

0.190 0.971 1.582% 0.640 0.613 14.494% 

0.200 0.968 1.734% 0.650 0.601 14.931% 

0.210 0.964 1.893% 0.660 0.587 15.375% 

0.220 0.960 2.058% 0.670 0.574 15.827% 

0.230 0.956 2.230% 0.680 0.560 16.286% 

0.240 0.952 2.407% 0.690 0.546 16.753% 

0.250 0.948 2.590% 0.700 0.532 17.227% 

0.260 0.943 2.779% 0.710 0.518 17.710% 

0.270 0.939 2.974% 0.720 0.503 18.200% 

0.280 0.934 3.175% 0.730 0.488 18.699% 

0.290 0.928 3.382% 0.740 0.473 19.205% 

0.300 0.923 3.595% 0.750 0.458 19.720% 

0.310 0.917 3.814% 0.760 0.443 20.243% 

0.320 0.912 4.039% 0.770 0.427 20.774% 

0.330 0.906 4.269% 0.780 0.411 21.314% 

0.340 0.900 4.506% 0.790 0.395 21.863% 

0.350 0.893 4.748% 0.800 0.378 22.420% 

0.360 0.887 4.997% 0.810 0.362 22.986% 

0.370 0.880 5.251% 0.820 0.345 23.561% 

0.380 0.873 5.512% 0.830 0.328 24.146% 

0.390 0.865 5.778% 0.840 0.310 24.739% 

0.400 0.858 6.051% 0.850 0.293 25.342% 

0.410 0.850 6.329% 0.860 0.275 25.954% 

0.420 0.842 6.614% 0.870 0.257 26.576% 

0.430 0.834 6.904% 0.880 0.238 27.207% 

0.440 0.826 7.201% 0.890 0.220 27.849% 
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Table C-11: Data design rule of the proposal by Rotter (first version) for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.201 28.500% 0.960 0.083 32.628% 

0.910 0.182 29.162% 0.970 0.063 33.354% 

0.920 0.163 29.834% 0.980 0.042 34.091% 

0.930 0.143 30.516% 0.990 0.021 34.840% 

0.940 0.123 31.209% 1.000 0.000 0.000% 

0.950 0.103 31.913%    

Figure C-7: M-N interaction resistance curve according to the design rule of the proposal by Rotter (first version) and exact solution for a 

perfectly circular hollow section 

�
Figure C-8: Deviation plot of the design rule of the proposal by Rotter (first version) with respect to the exact solution for a perfectly circular 

hollow section 
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C.4 DATA DESIGN RULE OF THE PROPOSAL BY ROTTER (REVISED VERSION) 

Table C-12: Data design rule of the proposal by Rotter (revised version) for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.753 -1.006% 

0.010 1.000 -0.019% 0.460 0.743 -0.940% 

0.020 0.999 -0.057% 0.470 0.733 -0.868% 

0.030 0.998 -0.105% 0.480 0.723 -0.792% 

0.040 0.996 -0.161% 0.490 0.713 -0.710% 

0.050 0.995 -0.221% 0.500 0.703 -0.623% 

0.060 0.993 -0.285% 0.510 0.692 -0.531% 

0.070 0.990 -0.351% 0.520 0.682 -0.434% 

0.080 0.988 -0.418% 0.530 0.671 -0.331% 

0.090 0.985 -0.486% 0.540 0.660 -0.223% 

0.100 0.982 -0.554% 0.550 0.649 -0.110% 

0.110 0.979 -0.621% 0.560 0.637 0.009% 

0.120 0.976 -0.688% 0.570 0.626 0.134% 

0.130 0.972 -0.752% 0.580 0.615 0.264% 

0.140 0.968 -0.816% 0.590 0.603 0.399% 

0.150 0.964 -0.877% 0.600 0.591 0.540% 

0.160 0.960 -0.935% 0.610 0.579 0.687% 

0.170 0.955 -0.992% 0.620 0.567 0.840% 

0.180 0.950 -1.045% 0.630 0.555 0.998% 

0.190 0.945 -1.096% 0.640 0.542 1.162% 

0.200 0.940 -1.143% 0.650 0.529 1.332% 

0.210 0.935 -1.187% 0.660 0.517 1.508% 

0.220 0.929 -1.228% 0.670 0.504 1.690% 

0.230 0.924 -1.265% 0.680 0.491 1.877% 

0.240 0.918 -1.298% 0.690 0.478 2.071% 

0.250 0.912 -1.328% 0.700 0.464 2.271% 

0.260 0.905 -1.354% 0.710 0.451 2.477% 

0.270 0.899 -1.375% 0.720 0.437 2.689% 

0.280 0.892 -1.393% 0.730 0.423 2.908% 

0.290 0.885 -1.406% 0.740 0.410 3.132% 

0.300 0.878 -1.416% 0.750 0.396 3.363% 

0.310 0.871 -1.421% 0.760 0.381 3.601% 

0.320 0.864 -1.421% 0.770 0.367 3.845% 

0.330 0.856 -1.417% 0.780 0.353 4.095% 

0.340 0.849 -1.409% 0.790 0.338 4.353% 

0.350 0.841 -1.396% 0.800 0.323 4.616% 

0.360 0.833 -1.379% 0.810 0.308 4.887% 

0.370 0.824 -1.357% 0.820 0.293 5.164% 

0.380 0.816 -1.330% 0.830 0.278 5.449% 

0.390 0.808 -1.298% 0.840 0.263 5.740% 

0.400 0.799 -1.262% 0.850 0.248 6.038% 

0.410 0.790 -1.220% 0.860 0.232 6.343% 

0.420 0.781 -1.174% 0.870 0.216 6.656% 

0.430 0.772 -1.123% 0.880 0.200 6.975% 

0.440 0.762 -1.067% 0.890 0.184 7.302% 
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Table C-13: Data design rule of the proposal by Rotter (revised version) for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.168 7.637% 0.960 0.069 9.804% 

0.910 0.152 7.979% 0.970 0.052 10.193% 

0.920 0.136 8.328% 0.980 0.035 10.590% 

0.930 0.119 8.685% 0.990 0.017 10.995% 

0.940 0.103 9.050% 1.000 0.000 0.000% 

0.950 0.086 9.423%    

Figure C-9: M-N interaction resistance curve according to the design rule of the proposal by Rotter (revised version) and exact solution for a 
perfectly circular hollow section 

�
Figure C-10: Deviation plot of the design rule of the proposal by Rotter (revised version) with respect to the exact solution for a perfectly 

circular hollow section 

  



COMBINED BENDING AND AXIAL FORCE INTERACTION RESISTANCE OF CIRCULAR HOLLOW SECTIONS

EINDHOVEN UNIVERSITY OF TECHNOLOGY   83 

C.5 DATA DESIGN RULE OF THE PROPOSAL BY ROTTER (ALTERNATIVE VERSION) 

Table C-14: Data design rule of the proposal by Rotter (alternative version) for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.760 0.005% 

0.010 1.000 0.000% 0.460 0.750 0.008% 

0.020 1.000 0.000% 0.470 0.740 0.010% 

0.030 0.999 -0.001% 0.480 0.729 0.012% 

0.040 0.998 -0.001% 0.490 0.718 0.015% 

0.050 0.997 -0.001% 0.500 0.707 0.017% 

0.060 0.996 -0.002% 0.510 0.696 0.020% 

0.070 0.994 -0.003% 0.520 0.685 0.023% 

0.080 0.992 -0.003% 0.530 0.673 0.026% 

0.090 0.990 -0.004% 0.540 0.661 0.028% 

0.100 0.988 -0.005% 0.550 0.650 0.031% 

0.110 0.985 -0.006% 0.560 0.638 0.034% 

0.120 0.982 -0.007% 0.570 0.625 0.037% 

0.130 0.979 -0.008% 0.580 0.613 0.040% 

0.140 0.976 -0.009% 0.590 0.601 0.042% 

0.150 0.972 -0.009% 0.600 0.588 0.045% 

0.160 0.968 -0.010% 0.610 0.575 0.048% 

0.170 0.964 -0.011% 0.620 0.562 0.050% 

0.180 0.960 -0.012% 0.630 0.549 0.053% 

0.190 0.956 -0.013% 0.640 0.536 0.055% 

0.200 0.951 -0.013% 0.650 0.523 0.057% 

0.210 0.946 -0.014% 0.660 0.509 0.059% 

0.220 0.941 -0.014% 0.670 0.496 0.061% 

0.230 0.935 -0.015% 0.680 0.482 0.062% 

0.240 0.930 -0.015% 0.690 0.468 0.064% 

0.250 0.924 -0.015% 0.700 0.454 0.065% 

0.260 0.918 -0.016% 0.710 0.440 0.066% 

0.270 0.911 -0.016% 0.720 0.426 0.066% 

0.280 0.905 -0.015% 0.730 0.412 0.066% 

0.290 0.898 -0.015% 0.740 0.397 0.066% 

0.300 0.891 -0.015% 0.750 0.383 0.066% 

0.310 0.884 -0.015% 0.760 0.368 0.065% 

0.320 0.876 -0.014% 0.770 0.354 0.063% 

0.330 0.869 -0.013% 0.780 0.339 0.061% 

0.340 0.861 -0.012% 0.790 0.324 0.059% 

0.350 0.853 -0.011% 0.800 0.309 0.056% 

0.360 0.844 -0.010% 0.810 0.294 0.053% 

0.370 0.836 -0.009% 0.820 0.279 0.049% 

0.380 0.827 -0.008% 0.830 0.264 0.044% 

0.390 0.818 -0.006% 0.840 0.249 0.038% 

0.400 0.809 -0.005% 0.850 0.234 0.032% 

0.410 0.800 -0.003% 0.860 0.218 0.025% 

0.420 0.790 -0.001% 0.870 0.203 0.018% 

0.430 0.780 0.001% 0.880 0.187 0.009% 

0.440 0.771 0.003% 0.890 0.172 -0.001% 
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Table C-15: Data design rule of the proposal by Rotter (alternative version) for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.156 -0.011% 0.960 0.063 -0.096% 

0.910 0.141 -0.022% 0.970 0.047 -0.114% 

0.920 0.125 -0.035% 0.980 0.031 -0.134% 

0.930 0.110 -0.048% 0.990 0.016 -0.155% 

0.940 0.094 -0.063% 1.000 0.000 0.000% 

0.950 0.078 -0.079%    

Figure C-11: M-N interaction resistance curve according to the design rule of the proposal by Rotter (alternative version) and exact solution 
for a perfectly circular hollow section 

Figure C-12: Deviation plot of the design rule of the proposal by Rotter (alternative version) with respect to the exact solution for a perfectly 

circular hollow section 
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C.6 DATA DESIGN RULE OF BSK 99 IN CASE OF 0 = 1.0 

Table C-16: Data design rule of BSK 99 in case of ��= 1.0 for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.556 -26.817% 

0.010 0.990 -0.968% 0.460 0.547 -27.136% 

0.020 0.980 -1.913% 0.470 0.537 -27.445% 

0.030 0.971 -2.834% 0.480 0.527 -27.746% 

0.040 0.961 -3.733% 0.490 0.517 -28.038% 

0.050 0.951 -4.610% 0.500 0.507 -28.322% 

0.060 0.941 -5.466% 0.510 0.497 -28.597% 

0.070 0.931 -6.302% 0.520 0.487 -28.864% 

0.080 0.922 -7.117% 0.530 0.477 -29.123% 

0.090 0.912 -7.913% 0.540 0.467 -29.374% 

0.100 0.902 -8.690% 0.550 0.457 -29.617% 

0.110 0.892 -9.448% 0.560 0.447 -29.852% 

0.120 0.882 -10.188% 0.570 0.437 -30.079% 

0.130 0.872 -10.911% 0.580 0.427 -30.299% 

0.140 0.863 -11.617% 0.590 0.417 -30.510% 

0.150 0.853 -12.306% 0.600 0.407 -30.714% 

0.160 0.843 -12.978% 0.610 0.397 -30.911% 

0.170 0.833 -13.635% 0.620 0.387 -31.099% 

0.180 0.823 -14.277% 0.630 0.377 -31.281% 

0.190 0.813 -14.903% 0.640 0.367 -31.455% 

0.200 0.804 -15.514% 0.650 0.357 -31.621% 

0.210 0.794 -16.111% 0.660 0.347 -31.780% 

0.220 0.784 -16.694% 0.670 0.337 -31.931% 

0.230 0.774 -17.263% 0.680 0.327 -32.075% 

0.240 0.764 -17.819% 0.690 0.317 -32.212% 

0.250 0.754 -18.361% 0.700 0.307 -32.341% 

0.260 0.744 -18.891% 0.710 0.297 -32.462% 

0.270 0.735 -19.408% 0.720 0.287 -32.576% 

0.280 0.725 -19.913% 0.730 0.277 -32.682% 

0.290 0.715 -20.405% 0.740 0.267 -32.781% 

0.300 0.705 -20.886% 0.750 0.257 -32.872% 

0.310 0.695 -21.355% 0.760 0.247 -32.955% 

0.320 0.685 -21.813% 0.770 0.237 -33.029% 

0.330 0.675 -22.259% 0.780 0.227 -33.096% 

0.340 0.665 -22.695% 0.790 0.217 -33.154% 

0.350 0.656 -23.120% 0.800 0.206 -33.204% 

0.360 0.646 -23.534% 0.810 0.196 -33.244% 

0.370 0.636 -23.938% 0.820 0.186 -33.276% 

0.380 0.626 -24.332% 0.830 0.176 -33.297% 

0.390 0.616 -24.715% 0.840 0.166 -33.309% 

0.400 0.606 -25.089% 0.850 0.156 -33.310% 

0.410 0.596 -25.454% 0.860 0.146 -33.300% 

0.420 0.586 -25.808% 0.870 0.135 -33.277% 

0.430 0.576 -26.154% 0.880 0.125 -33.241% 

0.440 0.566 -26.490% 0.890 0.115 -33.190% 
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Table C-17: Data design rule of BSK 99 in case of ��= 1.0 for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.105 -33.123% 0.960 0.043 -32.146% 

0.910 0.094 -33.037% 0.970 0.032 -31.782% 

0.920 0.084 -32.929% 0.980 0.022 -31.251% 

0.930 0.074 -32.795% 0.990 0.011 -30.319% 

0.940 0.063 -32.628% 1.000 0.000 0.000% 

0.950 0.053 -32.417%    

Figure C-13: M-N interaction resistance curve according to the design rule of BSK 99 in case of � = 1.0 and the exact solution for a perfectly 
circular hollow section 

Figure C-14: Deviation plot of the design rule of BSK 99 in case of � = 1.0 with respect to the exact solution for a perfectly circular hollow 
section 
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C.7 DATA DESIGN RULE OF BSK 99 IN CASE OF 0 = 1.25 

Table C-18: Data design rule of BSK 99 in case of ��= 1.25 for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.718 -5.633% 

0.010 0.999 -0.061% 0.460 0.708 -5.658% 

0.020 0.998 -0.168% 0.470 0.698 -5.677% 

0.030 0.996 -0.299% 0.480 0.687 -5.690% 

0.040 0.994 -0.445% 0.490 0.677 -5.697% 

0.050 0.991 -0.603% 0.500 0.667 -5.698% 

0.060 0.988 -0.768% 0.510 0.656 -5.692% 

0.070 0.985 -0.940% 0.520 0.646 -5.680% 

0.080 0.981 -1.115% 0.530 0.635 -5.662% 

0.090 0.977 -1.293% 0.540 0.624 -5.637% 

0.100 0.973 -1.472% 0.550 0.613 -5.606% 

0.110 0.969 -1.652% 0.560 0.602 -5.569% 

0.120 0.964 -1.832% 0.570 0.591 -5.524% 

0.130 0.960 -2.011% 0.580 0.579 -5.473% 

0.140 0.955 -2.188% 0.590 0.568 -5.416% 

0.150 0.949 -2.364% 0.600 0.556 -5.351% 

0.160 0.944 -2.537% 0.610 0.545 -5.280% 

0.170 0.938 -2.707% 0.620 0.533 -5.201% 

0.180 0.933 -2.874% 0.630 0.521 -5.116% 

0.190 0.927 -3.038% 0.640 0.509 -5.023% 

0.200 0.921 -3.198% 0.650 0.497 -4.923% 

0.210 0.914 -3.355% 0.660 0.485 -4.815% 

0.220 0.908 -3.507% 0.670 0.472 -4.700% 

0.230 0.901 -3.656% 0.680 0.460 -4.577% 

0.240 0.894 -3.799% 0.690 0.447 -4.447% 

0.250 0.887 -3.939% 0.700 0.434 -4.308% 

0.260 0.880 -4.073% 0.710 0.422 -4.161% 

0.270 0.873 -4.203% 0.720 0.409 -4.006% 

0.280 0.866 -4.328% 0.730 0.396 -3.842% 

0.290 0.858 -4.448% 0.740 0.383 -3.669% 

0.300 0.850 -4.563% 0.750 0.369 -3.487% 

0.310 0.842 -4.673% 0.760 0.356 -3.295% 

0.320 0.834 -4.778% 0.770 0.343 -3.094% 

0.330 0.826 -4.877% 0.780 0.329 -2.883% 

0.340 0.818 -4.971% 0.790 0.315 -2.661% 

0.350 0.810 -5.059% 0.800 0.302 -2.429% 

0.360 0.801 -5.142% 0.810 0.288 -2.184% 

0.370 0.792 -5.220% 0.820 0.274 -1.928% 

0.380 0.783 -5.292% 0.830 0.259 -1.659% 

0.390 0.774 -5.358% 0.840 0.245 -1.376% 

0.400 0.765 -5.418% 0.850 0.231 -1.078% 

0.410 0.756 -5.473% 0.860 0.216 -0.764% 

0.420 0.747 -5.522% 0.870 0.202 -0.433% 

0.430 0.737 -5.565% 0.880 0.187 -0.083% 

0.440 0.727 -5.602% 0.890 0.172 0.289% 
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Table C-19: Data design rule of BSK 99 in case of ��= 1.25 for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.158 0.684% 0.960 0.065 3.932% 

0.910 0.142 1.108% 0.970 0.049 4.785% 

0.920 0.127 1.565% 0.980 0.033 5.895% 

0.930 0.112 2.062% 0.990 0.017 7.630% 

0.940 0.097 2.610% 1.000 0.000 0.000% 

0.950 0.081 3.224%    

Figure C-15: M-N interaction resistance curve according to the design rule of BSK 99 in case of � = 1.25 and the exact solution for a perfectly 
circular hollow section 

Figure C-16: Deviation plot of the design rule of BSK 99 in case of � = 1.25 with respect to the exact solution for a perfectly circular hollow 

section 
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C.8 DATA DESIGN RULE OF ANSI/AISC 360-10 

Table C-20: Data design rule of ANSI/AISC 360-10 for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.619 -18.629% 

0.010 0.995 -0.488% 0.460 0.608 -19.012% 

0.020 0.990 -0.951% 0.470 0.596 -19.385% 

0.030 0.985 -1.391% 0.480 0.585 -19.750% 

0.040 0.980 -1.806% 0.490 0.574 -20.105% 

0.050 0.975 -2.199% 0.500 0.563 -20.450% 

0.060 0.970 -2.568% 0.510 0.551 -20.787% 

0.070 0.965 -2.914% 0.520 0.540 -21.116% 

0.080 0.960 -3.237% 0.530 0.529 -21.435% 

0.090 0.955 -3.538% 0.540 0.518 -21.746% 

0.100 0.950 -3.816% 0.550 0.506 -22.049% 

0.110 0.945 -4.072% 0.560 0.495 -22.344% 

0.120 0.940 -4.305% 0.570 0.484 -22.630% 

0.130 0.935 -4.516% 0.580 0.473 -22.908% 

0.140 0.930 -4.705% 0.590 0.461 -23.179% 

0.150 0.925 -4.872% 0.600 0.450 -23.441% 

0.160 0.920 -5.016% 0.610 0.439 -23.696% 

0.170 0.915 -5.138% 0.620 0.428 -23.944% 

0.180 0.910 -5.237% 0.630 0.416 -24.183% 

0.190 0.905 -5.314% 0.640 0.405 -24.416% 

0.200 0.900 -5.368% 0.650 0.394 -24.641% 

0.210 0.889 -6.060% 0.660 0.383 -24.859% 

0.220 0.878 -6.736% 0.670 0.371 -25.069% 

0.230 0.866 -7.397% 0.680 0.360 -25.273% 

0.240 0.855 -8.042% 0.690 0.349 -25.470% 

0.250 0.844 -8.673% 0.700 0.338 -25.659% 

0.260 0.833 -9.289% 0.710 0.326 -25.842% 

0.270 0.821 -9.892% 0.720 0.315 -26.018% 

0.280 0.810 -10.480% 0.730 0.304 -26.187% 

0.290 0.799 -11.055% 0.740 0.293 -26.350% 

0.300 0.788 -11.617% 0.750 0.281 -26.506% 

0.310 0.776 -12.166% 0.760 0.270 -26.655% 

0.320 0.765 -12.702% 0.770 0.259 -26.798% 

0.330 0.754 -13.226% 0.780 0.247 -26.935% 

0.340 0.743 -13.737% 0.790 0.236 -27.065% 

0.350 0.731 -14.237% 0.800 0.225 -27.188% 

0.360 0.720 -14.725% 0.810 0.214 -27.306% 

0.370 0.709 -15.202% 0.820 0.202 -27.417% 

0.380 0.698 -15.667% 0.830 0.191 -27.522% 

0.390 0.686 -16.122% 0.840 0.180 -27.621% 

0.400 0.675 -16.565% 0.850 0.169 -27.713% 

0.410 0.664 -16.999% 0.860 0.157 -27.800% 

0.420 0.653 -17.421% 0.870 0.146 -27.880% 

0.430 0.641 -17.834% 0.880 0.135 -27.954% 

0.440 0.630 -18.236% 0.890 0.124 -28.023% 
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Table C-21: Data design rule of ANSI/AISC 360-10 for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.112 -28.085% 0.960 0.045 -28.333% 

0.910 0.101 -28.141% 0.970 0.034 -28.354% 

0.920 0.090 -28.191% 0.980 0.022 -28.368% 

0.930 0.079 -28.236% 0.990 0.011 -28.377% 

0.940 0.067 -28.274% 1.000 0.000 0.000% 

0.950 0.056 -28.307%    

Figure C-17: M-N interaction resistance curve according to the design rule of ANSI/AISC 360-10 and the exact solution for a perfectly circular 

hollow section  

Figure C-18: Deviation plot of the design rule of ANSI/AISC 360-10 with respect to the exact solution for a perfectly circular hollow section 
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C.9 DATA DESIGN RULE OF AS 4100 

Table C-22: Data design rule of AS 4100 for 0.000 � �� � 0.890 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.000 1.000 0.000% 0.450 0.500 -34.246% 

0.010 0.989 -1.099% 0.460 0.489 -34.824% 

0.020 0.978 -2.174% 0.470 0.478 -35.403% 

0.030 0.967 -3.226% 0.480 0.467 -35.983% 

0.040 0.956 -4.256% 0.490 0.456 -36.563% 

0.050 0.944 -5.264% 0.500 0.444 -37.146% 

0.060 0.933 -6.251% 0.510 0.433 -37.732% 

0.070 0.922 -7.217% 0.520 0.422 -38.321% 

0.080 0.911 -8.165% 0.530 0.411 -38.915% 

0.090 0.900 -9.093% 0.540 0.400 -39.514% 

0.100 0.889 -10.003% 0.550 0.389 -40.120% 

0.110 0.878 -10.895% 0.560 0.378 -40.734% 

0.120 0.867 -11.771% 0.570 0.367 -41.356% 

0.130 0.856 -12.629% 0.580 0.356 -41.989% 

0.140 0.844 -13.472% 0.590 0.344 -42.633% 

0.150 0.833 -14.299% 0.600 0.333 -43.290% 

0.160 0.822 -15.111% 0.610 0.322 -43.962% 

0.170 0.811 -15.908% 0.620 0.311 -44.650% 

0.180 0.800 -16.692% 0.630 0.300 -45.357% 

0.190 0.789 -17.462% 0.640 0.289 -46.085% 

0.200 0.778 -18.220% 0.650 0.278 -46.837% 

0.210 0.767 -18.964% 0.660 0.267 -47.614% 

0.220 0.756 -19.697% 0.670 0.256 -48.420% 

0.230 0.744 -20.418% 0.680 0.244 -49.259% 

0.240 0.733 -21.128% 0.690 0.233 -50.135% 

0.250 0.722 -21.827% 0.700 0.222 -51.051% 

0.260 0.711 -22.516% 0.710 0.211 -52.014% 

0.270 0.700 -23.195% 0.720 0.200 -53.027% 

0.280 0.689 -23.865% 0.730 0.189 -54.099% 

0.290 0.678 -24.526% 0.740 0.178 -55.236% 

0.300 0.667 -25.178% 0.750 0.167 -56.448% 

0.310 0.656 -25.822% 0.760 0.156 -57.744% 

0.320 0.644 -26.459% 0.770 0.144 -59.136% 

0.330 0.633 -27.088% 0.780 0.133 -60.638% 

0.340 0.622 -27.711% 0.790 0.122 -62.267% 

0.350 0.611 -28.327% 0.800 0.111 -64.044% 

0.360 0.600 -28.938% 0.810 0.100 -65.991% 

0.370 0.589 -29.543% 0.820 0.089 -68.139% 

0.380 0.578 -30.143% 0.830 0.078 -70.525% 

0.390 0.567 -30.738% 0.840 0.067 -73.193% 

0.400 0.556 -31.330% 0.850 0.056 -76.202% 

0.410 0.544 -31.918% 0.860 0.044 -79.626% 

0.420 0.533 -32.503% 0.870 0.033 -83.562% 

0.430 0.522 -33.085% 0.880 0.022 -88.141% 

0.440 0.511 -33.666% 0.890 0.011 -93.537% 
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Table C-23: Data design rule of AS 4100 for 0.900 � �� � 1.000 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

Utilization 

ratio ]^ [-] 

Utilization 

ratio ]_ [-] 

Deviation with 

respect to the 

exact solution 

0.900 0.000 0.000% 0.960 0.000 0.000% 

0.910 0.000 0.000% 0.970 0.000 0.000% 

0.920 0.000 0.000% 0.980 0.000 0.000% 

0.930 0.000 0.000% 0.990 0.000 0.000% 

0.940 0.000 0.000% 1.000 0.000 0.000% 

0.950 0.000 0.000%   

Figure C-19: M-N interaction resistance curve according to the design rule of AS 4100 and the exact solution for a perfectly circular hollow 

section 

Figure C-20: Deviation plot of the design rule of AS 4100 with respect to the exact solution for a perfectly circular hollow section 
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