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N O TAT I O N S

The following is a list of frequently used notations and symbols.

P(A) Probability of the event A;

Var(X) Variance of the random variable X;

E[X] Expectation of the random variable X;

Xn
d→ X The sequence of random variables Xn converges in distribution to

the random variable X;

Xn
a .s .→ X The sequence of random variables Xn converges almost surely to

the random variable X;

Xn
P→ X The sequence of random variables Xn converges in probability to

the random variable X;

Bin(N , p) The Binomial distribution with parameter N and p.

[n] The set {1 , 2 , . . . n};

u ↔ v There is a path that connects the vertices u and v in the graph;

V (G) The set of vertices of the graph G;

E(G) The set of edges of the graph G;

N(v) Set of vertices that are neighbours of the vertex v;

N(A) Set of vertices that are neighbours with a vertex in the set A;

CMn (d) Configuration model on n vertices with degree sequence d;

Ln Total number of half-edge in CMn(d);

Dn (u , v) Graph-distance between the vertices u and v in CMn(d);

Wn (u , v) Weight-distance between the vertices u and v in CMn(d);

Hn (u , v) Hopcount between the vertices u and v in CMn(d);

1{E} The indicator function for the event E;

Gp The percolated graph with edge-retention probability p starting
from the graph G;
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1
I N T R O D U C T I O N

1.1 complex networks

A network is a system composed of objects that are connected in some way. Net-
work structures appear in many fields: examples are given by social networks such
as friendship networks, Facebook (see [79]) and Twitter, telecommunication net-
works such as the Internet (see [62]), electric power-grid and the World Wide Web
(see [75]), transportation networks (see [14]) such as railways and power lines, and
biological networks, such as gene regulatory networks (see [29]) and the brain (see
[7]). From a mathematical point of view, a network is a graph in which the ver-
tices represent the objects, or individuals of the network and the edges represent
the connections or relations between them. In recent years, the amount of available
observation data has increased extremely quickly, and in many cases it has became
possible to obtain a significant mapping of networks composed of a large number of
highly interconnected vertices, for instance the Internet (see [75]). These networks
have irregular structures that are not reducible to simple laws and randomness is
involved in the way in which the nodes are connected. For this reason these objects
are called complex networks. One of the main goals of the theory of complex net-
works is to understand their topology, that is the way in which their elements are
arranged.

1.1.1 Empirical network topology

Many complex networks share common properties: a first one is that there are rela-
tively many nodes that have a number of connections, or degree, that is significantly
higher than most of the other vertices in the network. As was observed in the late
1990s (see [40]), in many networks including the World-Wide Web and the Internet,
a scale-free behavior appears. In other words, the proportion of connections of a ver-
tex turns out to follow a power-law distribution, that is the fraction of vertices with
k connections goes as k−τ, with τ ∈ [2, 3] for large k. Another property that many
of these networks share is the small-world property (see [81]), and, in some cases,
an ultrasmall-world property. This means that the minimal number of steps using
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2 introduction

the connections to go from one node to another is proportional to the logarithm of
the number of nodes, or the logarithm of the logarithm respectively. Internet and
many other real-world transmission networks, for instance, have an ultra-small be-
havior (see [28]), while an example of a small-world network is given by the airport
network (see [3]). A third characteristic that has been noted (see [81]) is that many
complex networks have high clustering, meaning that two vertices are more likely
to be connected if they have common neighbors.

1.1.2 Weighted networks

A recent area of study focuses on the spread of information in complex networks.
Considering the network as a spatial structure in which occurs the movement of
a mass or the spread of some information or a disease from some sources, a real-
istic model has to take into account that connections can have different intensities,
strengths or capacities. In the Internet, for instance, the connections represent opti-
cal fibres, the vertices represent routers, and the spread of information depends on
the bandwidth of the optical fibre. Similarly, in the brain, the spread of electricity
depends on the intensity of the synapsis. The different physical properties that af-
fect the performance of a network can be represented by adding extra information,
such as deterministic or random values, to its edges and vertices. A rich field within
the universe of complex networks is given by transportation networks. These might
represent the transportation of a vehicle or a good in a road network, or the spread
of information in the Internet or social networks. One of the aims of that research
is to find the most efficient way for a flow to spread from a node of the network
using the available connections. The performance of the flow, that is the number of
nodes that the flow can reach in a given time, depends mainly on two factors: the
topology of the network and the weight distribution on it.

1.2 random graphs

Before the end of the 20-th century, the approach to modeling a network consisted
in embedding its structures into regular mathematical objects such as d-regular lat-
tices, hypercubes or the d-regular torus. The process that determines the topology
of a complex network however is too complex to be described by such simple ge-
ometric shapes, and there is indeed an intrinsic randomness in its formation. For
instance, if we consider friendship networks in the real world, nobody could precon-
ceive a simple law to predict the creation of new friendships between individuals,
and a partially intrinsic randomness is a characteristic of almost all complex net-
works. Therefore, aware of these limits, the aim of the theory is to find a model that
matches the topology of the network in its most relevant properties. If a network is
represented by a graph, a complex network is modeled by a graph that is the result
of some random process. Originally invented to solve combinatorial problems with
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probabilistic methods, the Erdős-Rényi random-graph (see [35]) was historically one
of the first models for complex networks. In this graph there is a link between any
pair of nodes independently of the other pairs with a certain fixed probability. As
a result the nodes have, on average the same number of links and the degree of
a uniform vertex tends to be concentrated around a typical value. This model has
an importance in graph theory, combinatorics and pure probability. However, the
emergence of a scale-free behavior, that has been observed in many complex net-
works, is not present in this graph. The study of complex networks with a scale-free
structure leads us to the study of scale-free random graphs having power-law de-
gree sequences with finite mean and infinite variance. Many graph models can be
parametrized in such a way that the degree sequence satisfies a power law: an in-
complete list includes the inhomogeneus random graph model (see [78]), where the
probability of occupation of an edge depends on the weights of the vertices that
form the edge, the Chung-Lu model (see [2]), which is a modified Erdős-Rényi ran-
dom graph with a prescribed expected degree sequence, the preferential attachment
model (see [11]), a dynamical model in which new vertices are attached to old ver-
tices with probability that are proportional to their degrees, and the configuration
model (see [10]), a static model that allows generating a graph with a prescribed
degree sequence. In this thesis we will focus on the configuration model.

1.3 the configuration model

A good model for many complex networks should have a scale-free behavior and
a flexible choice on the degrees of the vertices. The configuration model graph allows
to choose the degrees of the nodes. In particular, it can be parametrized in such
a way that the scale-free behavior holds. The configuration model on n vertices is
the undirected multigraph with an assigned degree sequence d = (d1, . . . ,dn) ob-
tained as follows: every vertex i has a number di of half-edges attached to it. We
pair these half-edges uniformly ar random so that when two half-edges are paired,
they form an edge and are removed from the list of unpaired half-edges. We con-
tinue this procedure until there are no more half-edges available. The characteristics
of the configuration model depend on the choice of the degree sequence. A realistic
assumption in the modeling of complex networks is that the degrees are indepen-
dent and identically distributed and satisfy a power-law distribution. Under this
hypothesis the graph has few short loops and triangles, therefore this model de-
scribes networks better when the process of formation of new connections has low
dependence on the history of the neighborhood of that vertex until that time. This
may be the case of Internet and the World Wide Web, but is less realistic for other
networks, for instance the social networks, in which new connection are more likely
to be created between individuals that have common friends.
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1.4 first-passage percolation

The problem of finding the optimal routes in a weighted network is related to the
study of First-Passage Percolation in a random setting. First-passage percolation de-
scribes the paths and the nodes that are reachable starting from a node of the net-
work in a given time. Historically (see [53]), the study of first-passage percolation
started from the physical problem of modelling the flow of a fluid through a porous
medium in a random setting. Further, as a purely mathematical tool, first-passage
percolation has became an important model in probability theory and has been ex-
tensively studied in deterministic graphs such as the d− dimensional lattice with
independent and identically distributed weights and the d− dimensional torus as
well as in random graphs (see [59]). The mathematical setting for the first-passage
percolation is made by a simple graph G with a weight distribution on its edges.
The weights can be seen as the cost or traversal time through them. Under these
assumptions, first-passage percolation is the study of the subgraph of G which can
be reached from a vertex in a given time with the weights representing the passage
times through the edges. One of the usual settings for the first-passage percolation
is given when the weights are independent and identically distributed exponential
random variables. In this case first-passage percolation is a Markovian process, that
is, the stochastic process in which the future state depends on the present state
and not on the past states of the system. This growth process is also called 1-type
Richardson model (see [76]), and it turns out that for this choice the model is more
easily tractable than in many different settings.

1.5 distances on the graph

One of the aspects involved in the study of first-passage percolation is the study of
distances and some related functionals. For this, we consider the graph-distance, the
minimal weight-distance and the hopcount. The first one is the number of edges in
the shortest path between two vertices, the second is the minimal weight between all
the paths that connect two vertices, and the third is the number of edges in the least-
weight path between two vertices. In modeling a transportation network in which
the weights represent the cost of the passage through a connection, the hopcount
may represents the time delay experienced, while the weight-distance represents
the cost to go from one point of the network to another. One question that arises is
whether the addition of edge weights changes the topology of the graph. In other
words, we may wonder whether the topology induced by the edge-distance metric
differs significantly from the topology induced by the weight-distance. For random
graphs satisfying a power-law degree assumption, the answer is strongly related to
the second moment of the power-law degree sequence. For instance, for the con-
figuration model case with infinite second moment degrees and exponential edge
weights, it was proven (see [18]) by Bhamidi, van der Hofstad and Hooghiemstra,
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that the hopcount has small but not ultra-small behavior, and the weight-distance
differs even more strongly, converging to the limit of the sum of two i.i.d. random
variables. On the other hand, the more general setting of random graphs with finite
variance is markedly different. Indeed, in [20] the same authors prove that when the
degree sequence has finite variance with an extra logarithmic moment, the weight-
distance and the hopcount have a homogeneus behavior. The weight-distance con-
verges to the logarithm of the network size multiplied by a positive constant, and the
hopcount satisfies an asymptotic central limit theorem with asymptotic mean and
variance proportional to the logarithm of the size. Remarkably, this result holds for
a class of random graphs including the configuration model and the inhomogeneus
random graph.

1.6 universality classes in random graphs

In many fields, including statistical mechanics and probability, we deal with the
concept of universality. We have universality when some properties, for a large class
of systems, are independent of the precise details of the system. In the context of the
theory of random graphs, a graph in a given model is generated according to the
choice of some parameters. In the Erdős-Rényi model, for instance, these parameters
are the number of vertices and the probability of having a connection between a pair
of vertices. We have universality when some properties that hold asymptotically can
be deduced from one or more of these parameters. Considering the parameter that
determines the edge intensity, one universal property is the phase transition for the
largest connected component of the graph. Depending whether the edge intensity
parameter is sufficiently large, the largest component will have asymptotically a
size that is a linear proportion of the size of the graph. The first result of this type
was proven by Erdős and Rényi for the Erdős-Rényi model (see [35]). In random
graphs that can be parametrized in such a way that the degree sequence satisfies a
power law, as the inhomogeneus random graphs and the configuration model, one
parameter that leads to universality classes is the exponent of the power-law of the
degree sequence. For the configuration model the exponent identifies three main
classes of behavior of the graph-distance, depending on whether to degrees having
finite mean, finite mean but infinite variance, and infinite mean.

1.7 competition on random graphs

A rich part of the theory on complex networks concerns the dynamics of processes
on them. In competitive dynamic processes, two or more individuals compete to
occupy the majority of the network. Examples are given by the spread of a disease,
a process of opinion formation in a social network or a viral marketing campaign
on the internet. In cooperative dynamic processes, the aim of the parts can be the
fastest occupation of the network by the union of the spreading diseases (see [6]).
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In both cases, the setting consists in two or more flows that progressively occupy
a larger and larger proportion of the network. The parameters of the process may
consist in the spreading intensity, which can be different for different sources, the
starting position of the sources, the number of competitive units and the way in
which they interact. In the corresponding random graph models, this corresponds
to the study of some stochastic processes on them. One possible assumption in the
models for the spread of a disease is that, once a vertex is occupied by a type of
infection, it will forever remain of the same type. In this case the growth of the
process has two possible complementary outcomes: the first is that, at a given time,
the growth of one of the competitors will completely block the growth of the oth-
ers and the second is that the competitors will continue to grow forever. This last
event is called coexistence. Models for complex network consist of sequences of finite
random graphs, where the infinite growth cannot happen, so by coexistence we re-
fer to asymptotic coexistence (see [6]), meaning that with high probabiliy, each of
the competitors occupies a positive proportion of the graph. If coexistence occurs,
a further problem consists in determining the winning type and the asymptotic
proportion of the graph that is occupied by the sources. While the spread of a sin-
gle flow is modeled by first-passage percolation, the spread of competing sources
leads to competing first-passage percolation. These different types of processes have
been studied in different settings. Historically, the first was the grid Zd in which
uninfected units become infected with a rate that is proportional to the number of
infected nearest-neighbors. In this case it has proven that coexistence occurs with
positive probability (see [51]). A natural question concerns the role that the under-
lying topology of the graph has in influencing the outcome of the dynamics. In the
case of random graphs with power-law degree sequence, what turns out to be de-
cisive is the part played by the hub vertices of the graph, that is, the set of vertices
of high degree. The fastest competitor to conquer one of these vertices will rapidly
conquer a large proportion of the graph, while the other competitor will have a
smaller proportion or will be completely bounded in its growth. This behavior has
been shown in the configuration model with i.i.d. exponential edge weights and
power-law degree with finite mean and infinite variance degrees (see [74]) where
coexistence will not occur. It has been also shown (see [60]) that for deterministic
weights the coexistence can occur.

1.8 contribution of this thesis

1.8.1 Universality results

In this thesis we focus on the configuration model with finite mean, infinite variance
power-law degrees and i.i.d. edge weights. We analyze two properties of the graph:
the weight-distance and the competitive spreading behavior. In the unweighted set-
ting, the exploration of the neighborhood of a vertex in the graph can be described
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in terms of a branching process, that is, a discrete time stochastic process that mod-
els the evolution of the size of a population of individuals. In the weighted setting
the local neighborhood can be coupled with an age-dependent branching process,
that is, the continuous-time version of a branching process. This last process can
have two behaviors. The first one is that with positive probability in a finite time
there will be infinitely many individuals alive in the process, this means that the
process is explosive. The other one is that this event cannot occur, in this case the
process is conservative. Based on these two possible behaviors, we can classify the
weights into two classes, explosive and conservative, so that once the exponent of
the power-law has been fixed, a family of weights belongs to one of the two. We
prove the existence of a universality class for the weight-distance and for the hop-
count that is identified by the class of the explosive weights, and another universal-
ity class that determines the behavior of the fluctuations of the weight-distance that
is identified by the class of the explosive weights plus a constant. On the other hand,
we give examples of weights that do not belong to the explosive class for which the
behavior of the weight-distance and the competitive spreading are markedly differ-
ent.

1.8.2 The weight-distance

It has been proven (see [19]) that in the setting of the configuration model with i.i.d.
degrees with finite mean and infinite variance power-law distribution, the addition
of exponential weights causes a complete change in the topology of the graph. In
particular the weight-distance converges to the sum of two i.i.d. random variables.
We prove that this behavior can be extended to a wider class of weights, the class of
the explosive weights. On the other hand, we show that for a large family of conser-
vative weights, the weight-distance will behave as the underlying graph-distance
that is ultrasmall but not finite. This is a non-universality result in contrast with
the finite variance setting in which the weight-distance is of order logn with tight
fluctuations (see [20]). A further result regards the nature of the fluctuations of the
weight-distance and the hopcount. We prove that the family of weights of the form
a constant plus a random variable, that we call additional weight, has two universal
behaviors. If and only if the additional weights are explosive, the weight-distance
will be tight around the mean of the graph-distance, while in the other conservative
case, the fluctuations will diverge. To prove these results, we analyze two struc-
tures, the local topology of the graph, and the global structure of the graph. For
this, we describe the branching process approximation of the local exploration of
the weighted graph and the connectivity structure of the vertices of high degree.
We show that this set, the hubs, can be partitioned into a relatively small number
of mutually interconnected sets that allow the construction of paths of small length
from the periphery of the graph to the vertices of the highest degrees. Moreover, we
prove that, consequently to this choice of power-law degree sequence, the resulting
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graph is robust. This means that the deletion of many edges does not significantly
change the structure of the graph. This deletion procedure is referred to as bond
percolation (see [50]). We generalize the bond percolation technique to perform a
percolation dependent on the weights of the edges. We will show that, as a result of
this percolation, we will have a subgraph with a structure similar to the configura-
tion model before percolation, but with smaller weights. The connectivity structure
results applied to this subgraph will allow us to construct paths of bounded weight
that permit a bound on the weight-distance.

1.8.3 Competition models

The other setting that we consider is competitive spreading on the configuration
model with i.i.d. degrees with finite mean and infinite variance power-law degree
distribution. We consider the property of coexistence for spreading flows. We as-
sume of two different infections spreading, and, once a vertex is infected by one
kind of infection, it will remain infected forever by the same kind. We prove a result
for competitive spreading on a particular class of conservative weights, the constant
ones. In this case the coexistence of the two species will not occur. The two struc-
tures that determine the result of the competition are the local neighborhood of a
vertex and the vertices of high degree. The winner is the one that first occupies at
least one vertex of the hubs. The high connectivity inside the hub permits the flow
to quickly occupy the entire set of hubs and, immediately after, the vertices of lower
degree outside of it. We prove that in the conservative case of unequal deterministic
speeds, the fastest type of infection will occupy the majority of the graph but will
not block the growth of the others, even if it will force the losing kind to grow until
it will occupy a subpolynomial fraction of the graph. In this case we prove a precise
asymptotic result for the proportion of the vertices of the graph occupied by the
different species.

1.9 structure of the thesis

This thesis is structured as follows: in Chapter 2 we give a survey of the theory of
random graphs, gradually focusing on the configuration model with a finite mean
and infinite variance power-law degree distribution. To this end we describe the part
of the theory that is the base for our results in the further chapters. This includes
the branching process approximation of the exploration process on the graph, the
connectivity structure for the high-degree vertices and the results on percolation
theory on the configuration model. Chapters 3 and 4 describe our results on the
weight-distance and hopcount in the configuration model. In Chapter 3 we prove
that for explosive weights, the weight-distance in the graph converges to the sum
of two independent and identically distributed random variables, and we define a
conservative setting in which the weight-distance and the graph-distance are asymp-
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totically the same. In Chapter 4 we extend the results in Chapter 3 by proving the
tightness of fluctuations for a family of conservative weights. In Chapter 5 we de-
scribe our results on competitive spreading. We analyze a competition model in the
configuration model with constant weights. We prove that the asymptotic coexis-
tence of the two flows will not occur and we state a precise result on the proportion
of the graph that the two flows will asymptotically occupy.





2
C O N F I G U R AT I O N M O D E L A N D R A N D O M G R A P H S

2.1 introduction

In this chapter we introduce some examples of random graphs that play a significant
role as complex networks models and we focus on one of these, the configuration
model. This model allows us to generate a graph with a prescribed degree sequence,
which makes it a suitable model for many telecommunication networks, such as the
Internet. We consider the setting, coherent with the network modeling (see [10] and
[72]), in which the degree sequences satisfies a power law degree with finite mean
and infinite variance. After a survey of the theory of branching processes and age-
dependent branching process, we analyze the local structure of the graph and we
describe it in terms of these processes. Further, we look at the global structure of
the configuration model. To this end, we describe our results on the connectivity
structure of the configuration model and we introduce percolation theory. These
two structures will be the basis for the results in the further chapters. In the last
part we present recent universality results on distances in the configuration model.

2.2 random graphs

A random graph is a graph-valued random variable. For instance, we obtain a ran-
dom graph starting from a given number of isolated vertices, and creating connec-
tions between them, or between newly created vertices, with a probabilistic process.
The theory of random graphs is commonly considered to have started in 1950s with
a paper of Erdős (see [35]) followed by a series of seminal papers (see [37], [39], [38]
and [36]) in which Erdős, together with Rényi, defined a very simple model of a
graph that is the result of a probabilistic process. Due to its simplicity, the model
is a paradigm for the theory of random graphs. For instance it is one of the first
mathematical models in which a phase transition phenomenon is appearing, and
thus it forms the background for the study of different models which came out
later on. In the late 1970s, the theory of these graphs, also called classic random
graphs, was already well developed, and new models were defined. An influential
paper in this period is the one written by Bollobás ([22]) in which the author gener-

11
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alizes the model of Erdős and Rényi and defines the configuration model graph. In
the last decades, the increase in the importance of the theory of complex networks
has influenced the development of random graph theory, so that random graphs
have acquired an additional interest as mathematical models for these objects. This
is partly related to the increasing amount of data which has permitted discover-
ing some properties of complex networks. For instance, in 1999 Albert, Jeong, and
Barabási estimated that the mean of the diameter of the WWW is close to the log-
arithm of its size, or, in other words, the WWW is a small world network (see [75]
and [25]). Other studies have suggested that the empirircal degree distribution of
the nodes of many complex networks follows a power-law (see for instance [3]). To
take these characteristics into account, new models have been proposed, with flex-
ibility about the degree sequence, which permits to approximate a realistic degree
sequence for the complex network that is being modeled. We will now define some
of them.

2.2.1 The Erdős-Rényi graph and the Gilbert model

In [35], the authors, Erdős and Rényi, defined a random graph Γm,M on m vertices
with M edges between them. It arises as the outcome of a uniform choice between
all the graphs that can be formed with m independent labelled vertices by select-
ing M edges from the

(
m
2

)
possible without replacement. Around the same time a

similar model was introduced by Gilbert (see [48]). This model is often denoted by
G(n,p), where n is the size of the graph and p ∈ [0, 1] is the edge-retention proba-
bility, that is, the probability to keep an edge. The undirected graph on n vertices
and the edge retention probability p ∈ [0, 1] is obtained as follows. We consider any
pair of vertices i, j ∈ [n], i 6= j, then, with probability p, the edge {i, j} is in the graph
independently for different edges. If D is the random variable that describes the
degree of a given vertex, the probability that a vertex v has degree d is given by

P(D = d) =

(
n− 1

d

)
pd(1− p)n−d−1, (2.1)

so that, if X is the total number of edges in the graph,

E[X] =
n(n− 1)p

2
. (2.2)

By the asymptotic convergence of a binomial random variable to a Poisson ran-
dom variable, if we set p = λn

n , with λn → λ, we have that the asymptotic degree
distribution is given by

lim
n→∞P(D = d) =

e−λλd

d!
. (2.3)

Thus, we can identify this model by the choice of the parameter p or λ when
p = λ/n. The model defined by Erdős and Rényi and the one of Gilbert are very
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similar to each other, but not identical. The main difference is that in the Erdős and
Rényi model, the presence of an edge between a pair of vertices is not independent
of the presence of edges in other pairs. However, they are asymptotically equivalent
for the choice p = λ/n, where λ is a positive constant, and M = λm

2 . Erdős and
Rényi proposed many questions that stand at the core of the literature of random
graphs. For this, let us introduce some notations. Let v be a vertex in the graph. We
define the connected component that contains v by

C(v) = {x ∈ [n] : x↔ v}, (2.4)

and the size of the giant component of the graph as

|C1| = max
v∈[n]

|C(v)|. (2.5)

Note that we can have possibly several connected components that satisfy (2.5). In
that case we choose one of them uniformly at random. However in our setting this
will happen with vanishingly small probability. In greater generality, we define Ci as
the i−th component in order of size. A basic question is: for which values of p is the
graph completely connected? A second question is: what is the size, i.e., the number
of vertices of the connected components, and how many connected components are
in the graph? Erdős and Rényi proved the existence of a threshold phenomenon in
their graph, that is, an abrupt change in the asymptotics of a property depending on
a parameter of the graph. The property of interest is the size of the giant component
and the parameter p is the probability of a connection between two vertices. We may
suppose that p depends on the size of the graph as p = c/n. More generally, given
p(n), we define a threshold function t(n) for an event, or a property E, as follows:

1. P(E)→ 0 if limn→∞ p(n)
t(n) < 1,

2. P(E)→ 1 if limn→∞ p(n)
t(n) > 1.

If there exists a function satisfying these two conditions, we say that a phase
transtion occurs at that threshold. If we consider the event E that the graph is con-
nected, so that Ec is the event that the graph contains isolated vertices, Erdős-Rényi
proved the following theorem (see [36]).

Theorem 2.1. A threshold function for G(n,p) and the event of connectivity is

t(n) =
logn
n

. (2.6)

Moreover, they gave a description of the relation between p and the size of the
giant component. This is the substance of the following theorem (see [36]), which is
one of the most striking results from the early age of random graph theory.
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Theorem 2.2. Let p = λ
n , if

λ < 1 then |C1| ∼ logn,

λ = 1 then |C1| ∼ n
2
3 ,

λ > 1 then |C1| ∼ an,

for some a = a(λ) ∈ (0, 1].

2.2.2 Inhomogeneus-random graph

The Erdős-Rényi graph is an example of a homogeneous random graph, as the de-
grees of all vertices tend to be concentrated around a typical value. However, one
of the characteristics that emerges in the analysis of real-world networks is that
the degree of the vertices is highly heterogeneous, and in many complex networks
the degree is close to a power law. An extension of the classic models consists
in considering, for the vertices, weight distributions that are independent but not
equally distributed. In the following models, to each vertex i there is assigned a
variable wi such that the probability that two vertices i and j are connected is a
function f(wi,wj), the variable w1, . . . ,wn are called vertex weights. Depending on
the choice of f we have the following models.

1. In the Poissonian random graph, introduced by Norros and Reitu in [73], for any
pair of vertices i, j ∈ [n], i 6= j, the edge {i, j} is in the graph with probability
given by

pi,j := p
NR
i,j = 1− exp

{
−
wiwj

ln

}
, (2.7)

with wi > 0 that can be deterministic or random and
ln =

∑
i∈[n]wi. Different edges are present independently.

2. In the generalized random graph model (see [24]), the edges are attached inde-
pendently with probability

pi,j := p
GRG
i,j =

wiwj

ln +wiwj
. (2.8)

3. In the Chung-Lu model, for any pair of vertices i, j ∈ [n], i 6= j, the edge {i, j} is
in the graph independently with probability given by

pi,j := p
LU
i,j = max

{wiwj
ln

, 1
}

. (2.9)

All these three models are also called rank-1 models and are asymptotically equiv-
alent under some assumptions on the weights. The following theorem holds (see
[64]):
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Theorem 2.3. Let M1,n and M2,n be two rank-1 models with n vertices and let wn, w̃n
be the weights of a uniformly chosen vertex in M1,n and M2,n respectively. Suppose that
wn, w̃n satisfy the following condition:

Condition 2.4. LetWn be the weight of a uniformly chosen vertex in a rank-1 models with
n vertices. There exists a variable W for which:

Wn
d→W,

E[Wn]→ E[W],

E[(Wn)
2]→ E[W],

Then, M1,n and M2,n are asymptotically equivalent, i.e. all the events in the graphs
generated by the two models have, asymptotically, the same probability.

One of the characteristics of interest of these models is that we can approximate
a given degree distribution. It is possible to approximate a given degree sequence
asymptotically by choosing the weights appropriately (see [24]). Let

wi = w
(n)
i = [1− F]−1

( i
n

)
, (2.10)

where

[1− F]−1(u) = inf{s : [1− F](s) 6 u}. (2.11)

In this case, it can be proved (see [57]) that the limiting degreeD of a uniform vertex
in each of these three models is given by

P(D = k) = E
[Wk
k!
e−W

]
. (2.12)

2.3 the configuration model

In the configuration model, the aim is to create a random graph with a given de-
gree sequence. We obtain the configuration model (see [23]) on [n] = {1, . . . ,n} with
degree distribution d = (d1, . . . ,dn) by the following procedure:

(1) We assign to each vertex i ∈ [n] the integer value di, describing the number
of half-edges of that vertex.

(2) If
∑n
i=1 di is odd, then we add an extra half-edge to the vertex n. Let Ln =

{h1,h2, . . . ,h|Ln|} be the ordered set of these half-edges, where
|Ln| =

∑n
i=1 di + 1{

∑n
i=1 diis odd}.
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(3) Let Ln(0) = Ln. To pair the t-th half-edge we pick an arbitrary element of
Ln(t), we call it h, and another element uniformly chosen between the re-
maining half-edges. We denote it with g. Let (h,g) be the edge that is formed
by these two half-edges. We set
Ln(t+ 1) = Ln(t) \ {h,g}.

(4) We repeat step (3) until Ln(t) is empty.

The process ends when there are no more half-edges to pair. This process allows
us to pick an arbitrary half-edge every time we start pairing an half-edge, i.e. the
process of pairing is exchangeable. Hence, we can do this in the order that we prefer.
The procedure allows the creation of self-loops and multiple edges. We call CMn(d)

the resulting multi-graph.

2.3.1 The configuration model with i.i.d. degrees

We now describe some commonly used choices for the sequence
d1, . . . ,dn. One option is to choose them independent and identically distributed,
according to random variables that we denote by D1, . . . ,Dn, where the variable

Di is the degree of the vertex i, and Di
d
= D for some random variable D. Let FD be

the distribution function for D. In our results, we will often consider the assump-
tion that the degrees are i.i.d. according to a random variable D with cumulative
distribution FD that satisfies the following power law condition:

Condition 2.5. Let the distribution function FD of D satisfy

c1
xτ−1

6 1− FD(x) = P(D > x) 6
C1
xτ−1

, (2.13)

for some c1,C1 > 0 and τ > 1 and x > x0 for some positive x0.

A similar choice is to assume that the degree distribution is regularly varying,
that is when FD(x) satisfies the following condition:

Condition 2.6. Let the distribution function FD of D satisfy

1− FD(x) = x−(τ−1)L(x), (2.14)

for some τ > 1 and x > x1 for some positive x1.

Here x→ L(x) is a slowly varying function at infinity, meaning that L(tx)/L(x)→
1 for all t > 0, as x → ∞. In our results we will consider almost everywhere the
assumption that τ ∈ (2, 3), corresponding to finite mean and infinite variance degree
distribution. These choices are in accordance with the properties of many real-world
networks that have an heavy-tailed degree distribution (see [10]). The hypothesis of
minimal degree greater than or equal to two, as we will see in Corollary 2.21, has the
consequence that asymptotically almost all the vertices are in the same connected
component.
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2.3.2 Forward degree distribution

We now define a new random variable, the forward degree distribution, that we denote
by B. Let D? be the size-biased version of the random variable D, i.e.,

P(D? = k) :=
k

E[D]
P(D = k), (2.15)

and the random variable B := D? − 1, so that :

P(B = k) := P(D? = k+ 1) =
k+ 1

E[D]
P(D = k+ 1). (2.16)

As we will see in more detail, the variable B has the following asymptotic meaning:
choosing an half-edge uniformly at random between all the possible half-edges, this
is attached to a vertex of degree B+ 1. If the random variable D satisfies the power
law in (2.13), B also satisfies a power law with a different exponent. More precisely,
if FB(x) := P(B 6 x), there exists the following relation between the variable D and
the variable B (see e.g. [12, Theorem 3.1]):

Theorem 2.7. IfD and B are related as in (2.16) andD satisfies (2.13), there exist constants
0 < c?1 < C

?
1 <∞ such that

c?1
xτ−2

6 1− FB(x) = P(B > x) 6
C?
1

xτ−2
. (2.17)

Proof. Using an elementary re-arrangement of the weights we have

1− FB(x) =

∞∑
j=x+1

(j+ 1)P(D= j)

E[D]
(2.18)

=
1

E[D]

(
(x+ 2)[1− FD(x+ 1)] +

∞∑
j=x+2

[1− FD(j)]
)

. (2.19)

Combined with the bounds in (2.13) and elementary estimates, immediately yields
that there exist constants 0 < c∗1 6 C∗1 <∞ such that, for x large enough, Theorem
2.7 holds.

2.3.2.1 The empirical degree distribution

We have a slightly more general setting than the one in Condition 2.5, when the
degree sequence satisfies some regularity conditions. Let us consider a degree se-
quence d = (d1, . . . ,dn), we denote the empirical degree sequence with distribution
function given by

Fn(x) =
1

n

∑
j∈[n]

1{dj6x}. (2.20)
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Fn(x) is called the empirical degree distribution for the sequence d. Then Dn corre-
sponds to the degree of a uniformly chosen vertex U in [n].

Condition 2.8. There exists a random variable D such that the following conditions hold:

1. Dn
d→ D,

2. E[Dn]→ E[D],

3. E[D2n]→ E[D2],

In this case we call D the asymptotic distribution for Dn.

From the Law of Large Numbers, an i.i.d. degree sequence that satisfies Condition
2.5 with τ ∈ (2, 3) also satisfies Condition 2.8 (1-2). When τ > 3 it satisfies all the
three conditions above.

2.3.3 Simplicity of the configuration model and the erased configuration model

The process that generates the configuration model has possibly self-loops and mul-
tiple edges as a common outcome, but real-world networks are, in most cases, sim-
ple. We may be interested in generating a graph with a structure that is the most
similar to the configuration model but that is a simple graph. One way to obtain
this structure is to repeatedly perform a matching procedure of the half-edges until
we obtain a simple graph. This is called the repeated configuration model. Note that
the number of repetitions of the matching procedure is a geometric random vari-
able with success probability equal to the probability of simplicity. So, if we want
to finish this procedure in a bounded number of trials, we need that the probability
of simplicity is bounded from below. This is the case for i.i.d. degrees with finite
second moment. More precisely, the following asymptotic bound (see [57, Theorem
7.21]) holds:

Theorem 2.9. We consider CMn(D) with i.i.d. degree sequence distributed as D, s.t.
E[D2] <∞ and D is at least 1. Then

lim
n→∞P(CMn(D) is simple ) = e−

ν
2−

ν2

4 , (2.21)

with

ν =
E[D(D− 1)]

E[D]
. (2.22)

On the other hand, in the case of i.i.d. degrees with infinite second moment, the
probability of generating a simple graph is vanishingly small as the size of the
graph tends to infinity (see [57, Theorem 7.22]). A different approach consists in
merging the multiple edges and deleting the self-loops once the pairing of all the
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half-edges has been performed. This is called the erased configuration model. Starting
from CMn(d) with degrees di,i∈[n] that can be fixed or random, we denote by
(deri )i∈[n] the degree sequence for the erased configuration model. Moreover, let

pk,n =
1

n

n∑
i=1

1{dj=x} (2.23)

and

P
(er)
k,n =

1

n

n∑
i=1

1{derj =x}. (2.24)

Then the following theorem states that, under mild assumptions, the empirical de-
gree distribution for the erased configuration model converges to the empirical de-
gree distribution of the starting one:

Theorem 2.10 ([57, Theorem 7.10]). If d satisfies the first two conditions in Condition
(2.8), then (P

(er)
k,n )n>1 converges in probability to pk = P(D = k), where D is the random

variable such that Dn
d→ D.

In [61, Lemma 5.9], van der Hoorn and Litvak proved that, in the directed config-
uration model, when the degrees are sampled at random from a regularly-varying
distribution, the proportion of erased edges converges to zero as the graph grows
to infinity. In the setting of the weighted configuration model we can choose to keep
uniformly at random one edge between all the edges that connect the same pair of
vertices.

2.4 branching processes

In order to understand the local structure of the configuration model, both for the
unweighted and the weighted case, we give a brief survey of the theory of branching
processes. A branching process is a model for the evolution of a population in which
every individual in the n-th generation produces some random number of new
individuals that form generation n+ 1. The theory of branching processes is related
to the theory of random graphs, and in particular to the local description of the
graph structure. We define two types of stochastic processes, the Galton-Watson
branching process, and a more general one in which individuals are supposed to
have a life length according to a random variable, the Bellmann-Harris branching
process. A good introduction to the theory of branching processes can be found in
[54].

2.4.1 The Galton-Watson process

We hereby define the Galton-Watson process. This process was investigated by Galton
and Watson at the end of 19-th century (see [45]) as a model arising from the statisti-
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cal investigation of the extinction of the family names. Later on, in the 1930s, it was
reinvented by Leó Szilárd as a model of proliferation of free neutrons in a nuclear
reaction. Among the branching processes, it is characterized by the assumption that
the progeny of each individual is given by a random variable independently with
the same distribution across individuals. It is an example of a Markov process, a
process in which the probabilistic structure for the future does not depend on the
whole history of the process but only on its present state. More formally, the model
is a stochastic process {Zn}

∞
n=0, where Zn describes the size of the n−th generation

and evolves in the following way:

Z0 = 1,

Zn+1 =

Zn∑
j=1

Xn,j,

where (Xn,j)n,j>1 are i.i.d. random variables with distribution

Xn,i
d
= X for a given non-negative integer-valued random variable X. We define the

extinction probability as:

η = lim
n→∞P(Zn = 0). (2.25)

It has been shown that η is related to the expectation of X and there is a phase
transition depending on whether the expectation is strictly smaller or strictly larger
than one. More precisely, the following theorem (see [9]) holds.

Theorem 2.11. For a Galton-Watson branching process with offspring distribution X, η =

1 when E[X] < 1, while η < 1 when E[X] > 1. Moreover, if E[X] = 1, and P(X = 1) < 1,
then η = 1. In more generality, η can be found as the smallest solution of the equation
η = GX(η), where GX(η) = E[sX] is the probability generating function for X.

A Galton-Watson branching process is supercritical, critical or subcritical if E[X] >

1, E[X] = 1 or E[X] < 1, respectively. When the process is supercritical the evolution
of the generation sizes is described by the following theorem.

Theorem 2.12 ([57, Theorem 3.9]). For a branching process with i.i.d. offspring X having
finite mean µ = E[X] > 1,

µ−nZn
a.s.→ W (2.26)

for some non-negative random variable W which is finite with probability 1.

2.4.2 The age-dependent Bellmann-Harris branching process

In the previous section, the progeny of each of the individuals in the same genera-
tion is considered to be created at the same time. We consider now a more general
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process, called the Bellman-Harris process, which is a particular case of a branch-
ing process in which individuals have random life-lengths, according to a random
variable Y with distribution function FY with FY(0) = 0 (see [15]). At death, an in-
dividual produces offspring of random size according to a random variable X with
probability generating function hX(s), and all life-lengths and family sizes are in-
dependent from each other. We assume that the process starts at time t = 0 with
one individual of age 0. We can identify a Bellman-Harris process with the pair
(hX, FY). Without considering the age factor, the Bellman-Harris process is nothing
else than a Galton-Watson process with progeny distribution given by the random
variable X, so that we have a correspondence between a Bellmann-Harris process
and the underlying Galton-Watson one. When the latter process is supercritical, we
can distinguish two different possible behaviors:

Definition 2.13 (Explosive age-dependent process). We say that the age-dependent
branching process (hX, FY) is explosive if there is a positive probability that Nt = ∞,
where Nt denotes the number of individuals alive at some finite time t > 0. Otherwise, the
branching process is called conservative. We also define the explosion time as

V = inf{t > 0 : Nt =∞}. (2.27)

A necessary condition for explosiveness is that the offspring distribution has infi-
nite mean. This condition, however, is not sufficient. The following theorem (from
[49]) shows that, for every offspring distribution FX with infinite expectation, there
is a weight distribution FY for which the process is explosive and conversely, for
every strictly positive weight distibution there exists a p.g.f. for which the process
is explosive. Let hX(s) be the probability generating function for FX.

Theorem 2.14 ([49, Theorem 6,7]). Given hX such that h ′X(1) =∞, there exists FY with
FY(0) = 0 such that the process (hX, FY) is explosive. Given a distribution G with G(0) = 0
and G(t) > 0 for all t > 0, there exists a p.g.f. h such that the process (h,G) is explosive.

Examples of conservative processes are given in [49, Example 3].
We now consider the process of the form (hB, FY), where B is related to D as in

(2.16) and D satisfies condition 2.5. In this case the explosivity can be characterized
by the following integral condition:

Condition 2.15. Let Y have cumulative distribution function FY(y) with generalised in-
verse
F
(−1)
Y (y) := inf{t ∈ R : FY(t) > y} that satisfies that, for some ε,C > 0,∫∞

1/ε
F
(−1)
Y

(
e−Cu

) 1
u

du <∞. (2.28)

The following theorem holds.
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Theorem 2.16. Let (hB, FY) be the age-dependent branching process where individuals
have random life-lengths with distribution FY(t) and B is related to D as in (2.16) and
D satisfies Condition 2.5. Then, (2.28) holds if and only if the age-dependent branching
process (hB, FY)is explosive.

Proof. See [4] or [67, Section 6] for the proof of this result.

2.5 the exploration process in the configuration model

We consider the configuration model on n vertices. Under the hypothesis that the
degree distribution satisfies a power law, the local structure around a vertex is a
random tree, or, in other words, the neighborhood of a vertex can be described in
terms of a modified branching process with the following characteristics: the first
generation has progeny distribution given by a random variable, while the further
generations have progeny distributions given by the size-biased distribution minus
1 of the random variable that describes the first generation. We start by describing
an algorithm for the exploration of the graph.

2.5.1 Exploration process on the unweighted graph

We want to describe the local neighborhood of a given vertex of the configuration
model. For this, we examine a process of exploration on the graph starting from one
vertex. Since the choice of the half-edge to be paired is arbitrary, we can start from
any set of vertices, and explore their cluster simultaneously with the construction
of the graph. We call this procedure the exploration process on the random graph
CMn(D). We will describe the exploration process in more detail in the case that
the initial set is a single uniformly chosen vertex v0 ∈ [n], and we will relate it
to its corresponding branching process as follows. In each step of the exploration
process, each vertex belongs to exactly one of following three sets: it can be active
(A), explored (E) or unexplored (U). Initially E0 = ∅ and all vertices except v0 are
in U0. We start setting the status of the initial vertex v0 to active, A0 = {v0}, and we
write Ai for the set of active vertices after the i−th step of the exploration. In each
step we pick a vertex vi+1 from Ai (we do this in a first-in-first-out way, i.e. we keep
track of when a vertex enters the set A) and do three things: remove vi+1 from Ai;
add it to the set of the explored vertices Ei; put all its unexplored neighbors in the
active set of vertices, i.e.

Ai+1 := Ai \ {vi+1}∪ {N(vi+1)∩Ui},
Ui+1 := Ui \N(vi+1),

where N(vi+1) denotes the neighbors of vi+1 in CMn(D). The explored vertices
form the sequence Ei = {v = v1, v2, . . . , vi}. Let Bi be one less than the number
of half-edges of the vertex vi in the exploration process, so that Bi = |N(vi) ∩ Ui|
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whenever there is no self-loops at vi. We aim to determine the distribution of Bi. To
do this, we note that in the construction of the random graph CMn(D) an arbitrary
half-edge is chosen and paired to a uniformly chosen unpaired half-edge. Hence, we
can do the construction of the graph together with the exploration process. Further,
the probability of picking a half-edge which belongs to a vertex with degree j+ 1
is proportional to (j+ 1)P(D = j+ 1), and as long as the size of the neighborhood
is small, the probability that a vertex is connected to some vertex explored earlier
vanishes. Hence, we get the size-biased distribution (2.16) as a natural candidate
for the forward degrees of the vertices vi in the exploration process. The following
result states that we can couple the exploration process in the neighborhood of a
vertex with an infinite mean branching process or, in other terms, that the graph is
locally tree-like:

Proposition 2.17. [18, Proposition 4.1] Let D satisfy Condition 2.5 with τ ∈ (2, 3).
Then there exists 0 < ρ < 1 such that the random vector

(
Bi
)nρ
i=2

of forward degrees

can be coupled to an independent sequence of random variables
(
B̃i
)nρ
i=2

with cumulative

distribution that satisfies (3.3) and
(
Bi
)nρ
i=2

=
(
B̃i
)nρ
i=2

w.h.p.

Proof. See [18, Proposition 4.5] and the proof of Proposition 4.7 in [18, Appendix
A.2].

2.5.2 The exploration on the weighted graph

We now consider the weighted configuration model, that is, we assign a collection
of i.i.d. random edge weights (Ye)e∈E to the edges E of the graph CMn(D). To
describe the local neighborhood of the weighted graph, we first introduce a metric
on it.

Definition 2.18. If u is a fixed vertex in CMn(D), then we define the passage-time from
u to a vertex v as

Wn(u, v) := min
π:u→v

∑
e∈π

Ye, (2.29)

where the minimum is taken over all the paths of the form π ⊂ E from u to v. Here, we set
Wn(u, v) = 0 when u = v, while Wn(u, v) = ∞ when u and v are not connected. Wn is
a metric on the weighted graph (CMn(D),E). Moreover we define the hopcount Hn(u, v),
as the number of edges in the smallest-weight path between u and v, which is unique when
(Ye) are i.i.d. with a continuous distribution.

In analogy to the exploration process of the unweighted graph defined in Section
2.5.1, we define how to explore the neighborhood of a vertex in the weighted graph.
We define the shortest-weight graph SWG

v
m from a vertex v to the m−th vertex as

follows: Let SWG
v
m be the ordered sequence {v, v1,y1, e1, v2, e2,y2, . . . , vm, em,ym},
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where the vi are vertices, the ei are edges, and yi are the weights of ei. The weights
yi are defined inductively with the following procedure. We start with vertex v; e1
is the edge with the minimal weight starting from v, then v1 is the vertex that is at
the other end of the newly paired edge e1, while y1 = Ye1 is the weight of the edge
e1; in general, vi is the vertex for which

vi = arg min
w∈[n]\{v1,...,vi−1}

Wn(v,w). (2.30)

Note that the minimum is always attained by a vertex vi that is a neighbor of
a vertex in {v1, . . . , vi−1} that is not in {v1, . . . , vi−1} itself. Also, ei is the edge that
connects vi to one of the vertices in SWG

v
i−1, and yi = Yei is its weight. This process

is generally called the exploration process of the neighborhood of v in the graph.

2.5.3 Weighted graphs and their age-dependent branching processes

We now consider the coupling between the growth of the smallest-weight path and
a modified age-dependent branching process. We remind the reader that Bi stands
for the number of edges minus 1 that are incident to vi. At each step of the growth
of CMn(D), an arbitrary half-edge is chosen and paired to an uniformly chosen
unpaired half-edge. As a consequence of Proposition 2.17, the forward degrees of
the vertices vi in the exploration process can be coupled to an i.i.d. sequence of
random variables (B̃i)

nρ

i=2 according to the size-biased distribution B given in (2.15).
As an immediate consequence, SWG

v
nρ is w.h.p. a tree.

Definition 2.19. Given the random variables D, B, with p.g.f. hD and hB respectively,
and Y, with cumulative distribution FY , we define the modified age-dependent (hD,hB, FY)
process as follows:

1. Start the process with the root which dies immediately giving rise to D children.

2. Each live offspring lives for a random amount of time, with distribution FY indepen-
dent of any other randomness involved.

3. When the m−th (where m > 1) vertex dies, it leaves behind Bm live offspring.

This process is a modified age-dependent two-stage process in the sense that the
offspring in the first generation are different from the offspring in the second and
further generations. The construction of SWG

v
nρ is equivalent to this construction,

but then on the graph
CMn(D) rather than on the branching process tree. Notice that, if D and B are
related as in (2.16), the process (hB, FY) is explosive if and only if the modified
process (hD,hB, FY) is explosive.
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2.6 the global structure of the configuration model

We now consider the global structure of the configuration model graph with a
power law degree sequence. In the setting of finite mean and infinite variance, the
graph has a peculiar structure: the vertices of high degree are highly interconnected,
meaning that these vertices are separated by a number of steps that is independent
from the size of the graph. Further the graph is robust, meaning that the structure
does not change significatively if we remove a positive proportion of the edges. We
look at three characteristics of the configuration model: the giant component, the
connectivity of vertices of high degree and the resistence of the graph structure to
the deletion of edges.

2.6.1 The giant component

We consider the configuration model with degree sequence that satisfies Condition
2.42. The following theorem holds.

Theorem 2.20. [63, Proposition 3.1] Let CMn(d) be the configuration model with degrees
satisfying Condition 2.42 (1-2), and let C1 and C2 be the largest component and the second
largest component of the graph respectively. Then

|C1|

n

P→1− hD(ξ), (2.31)

|C2|

n

P→0, (2.32)

whereD is the asymptotic degree distribution, and hD is the probability generating function
of D. Further, ξ is the smallest solution of

hD?−1(ξ) = ξ, (2.33)

and D? is the size-biased version of D defined in (2.15). Finally,

vk(C1)

n

P−→ P(D = k)(1− ξk), (2.34)

where vk(C1) is the number of vertices with degree k in the giant component.

Notice that, by Theorem 2.11, the solution ξ of hD?−1(ξ) = ξ is the extinction prob-
ability of a branching process with offspring distribution D? − 1. Further, 1−hD(ξ)
is the survival probability of a branching process, where the root has offspring D
and all the other individuals have offspring distributed as D? − 1. Theorem 2.20

is valid for the i.i.d. degrees case according to (2.13). Under the assumption that
P(D > 2) = 1, we have the following corollary (see [41]).
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Corollary 2.21. Let CMn(D) be the configuration model with i.i.d. degrees whose distri-
bution D satisfies Condition 2.5, with τ ∈ (2, 3) and with P(D > 2) = 1. Then,

|C1|

n
= 1+ oP(1). (2.35)

Proof. Under the hypothesis P(D > 2) = 1, the survival probability of the two-
stage branching process equals 1, therefore, by (2.31), the largest component has
size (1+ oP(1)).

2.6.2 The nested sequence of sets

One of the consequence of the power law assumption with finite mean and infinite
variance in Condition 2.5 with τ ∈ (2, 3) is that the vertices of high degree are highly
interconnected. We now prove that in this setting these vertices can be decomposed
in a sequence of nested sets of vertices such that any vertex in a set is connected
with some vertex in the next set. These sets are given by vertices of larger and larger
degrees. This allows us to construct paths of a limited number of edges from the
periphery of the graph to the vertex of maximum degree. To do this, we define the
following sequence of sets:

Definition 2.22. Given a graph G = (V ,E), a sequence of subsets of V , (Ai)i∈I, with
I = [n] for some n or I = N, is a nested sequence of layers in G if the following two
properties hold:

1. Ai ⊇ Ai+1, ∀i ∈ I.

2. ∀v ∈ Ai there exists at least one vertex w ∈ Ai+1 s.t. (v,w) ∈ E.

By definition, given a nested sequence of layers in the graph, for any pair (i, j),
with i, j ∈ I and i < j, we can define a path of length at most j− i from any vertex in
Ai to some vertex in Aj. Under the hypothesis of i.i.d. degrees that satisfy Condition
2.5 with τ ∈ (2, 3), we now construct a nested sequence of layers that starts from the
set of vertices with degree of order nρ, with ρ ∈ (0, τ− 2), to the set of vertices with
the highest degrees in CMn(D). Let us define the sets

Γi := {v : Dv > ui}, (2.36)

where ui is defined recursively by

u0 :=

(
nρ

C logn

)1/(τ−2)
, ui+1 =

(
ui

C logn

)1/(τ−2)
, (2.37)

for a large enough constant C > 0 and ρ ∈ (0, τ− 2). It is not hard to see that

ui = n
ρ ′′(τ−2)−(i+1)

(C logn)−hi with hi =
1

3− τ

(( 1

τ− 2

)i+1
− 1

)
. (2.38)
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Note that, since (τ− 2)−1 > 1, ui is growing, hence

Γ0 ⊃ Γ1 ⊃ Γ2 ⊃ . . . Γi ⊃ Γi+1 ⊃ . . . . (2.39)

Let A be a set of vertices in the graph. Then we define N(A) as the set of vertices
in the graph that are connected to a vertex in A.

Lemma 2.23. Let CMn(D) be the configuration model with i.i.d. degrees according to
the random variable D with cumulative distribution FD satisfying Condition 2.5 with τ ∈
(2, 3). Then, if ui and Γi are defined as in (2.36) and (2.37), for every v ∈ Γi, w.h.p. there
is a vertex w ∈ Γi+1 such that (v,w) ∈ CMn(D). In short,

Γi ⊂ N(Γi+1) w.h.p..

Furthermore, the previous statement can be applied repeatedly to build a path from Γ0 to Γi
as long as ui = o(n1/(τ−1)), which is equivalent to

i < −
log((τ− 1)ρ)
| log(τ− 2)|

. (2.40)

We denote the index of the last layer for which Γi is nonempty by i?.

2.6.3 The structure of the vertices of high degree structure

We now prove an asymptotic lower bound on the degree of the maximum degree
vertex and we show that the vertices of high degree form a complete graph. The
first statement is given by the following lemma:

Lemma 2.24. Let Xi, i = 1, . . . ,m be i.i.d. random variables with power law tail exponent
α, i.e., the distribution function of Xi satisfies Condition 2.5 with τ− 1 replaced by any
α > 0. Then,

P

(
max

i=1,...,m
Xi <

( m

K logn

)1/α)
6

1

nc1K
, (2.41)

where c1 arises from (2.13).

As an easy corollary we have the following lower bound on the maximal degree:

Corollary 2.25. With high probability,

max
i∈[n]

Di > εnn
1
τ−1 , (2.42)

for any εn → 0, where v∗ is the vertex with the maximum degree in CMn(D) where the
degrees are i.i.d. with distribution function satisfying 2.5 with τ ∈ (2, 3).
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Proof. The cumulative distribution F in (2.13) and (2.16) satisfies the condition of
Lemma 2.24 with α = τ− 1.

Let SA and SB be the number of half-edges from the vertices in A and B respec-
tively. We have the following general lemma:

Lemma 2.26. Suppose that

SASB

n
> h(n),

for some function h(n). Then, the probability that the two sets are not directly connected,
conditioned on the degree sequence with
Ln 6 2E[D]n, is bounded from above by

Pn(A= B) < e−h(n)/4E[D]. (2.43)

Proof. When we pair the half-edges sticking out from A, the probability that the i-th
paired one is not directly connected to an half-edge in B, is (1− SB/(Ln − 2i− 1)).
Thus,

Pn(A= B) 6
dSA/2e∏
i=0

(
1−

SB

Ln − 2i− 1

)
6 exp

{
−

SASB

2(Ln − 2SA)

}
6 exp

{
−
h(n)

4E[D]

}
.

The product only goes until SA/2− 1, since in the worst case the first bSA/2c half-
edges are all paired back to another half-edge in A, thus the last bSA/2c half-edges
are not used anymore. In both cases, we can pair at least dSA/2e half-edges.

As a corollary the vertices of very high degree form a complete graph.

Corollary 2.27. Let Γa = {v ∈ CMn(D) : deg(v) > na}, then ∀ε > 0, Γ 1
2+ε

is almost
surely a complete graph:

Proof. We define the following event

E =: {there exist a pair of vertices (u, v) in Γ 1
2+ε

s.t. u= v}, (2.44)

then, by a union bound and using Lemma 2.26, we have the following inequalities:

P(E) 6

(
|Γa|

2

)
P(u= v)

6 n2 exp {
−Cnana

n
}

6 n2 exp {−Cnb}.

for some C > 0,b > 0 and P(E) → 0 as n → ∞ and a = 1/2 + ε > 1/2. This
completes the proof of Corollary 2.27.
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Figure 1: A picture representing the layering structure and the construction of paths through
consecutive layers to the vertex of maximal degree. Disclaimer: the number of half-
edges of the vertices in the picture is not representative of the number of half-edges
in the layers, ku and kv are positive integers representing the fact that the path can
jump one or more layers in a single step.
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2.7 bond percolation on the configuration model

2.7.1 Percolation

Percolation on a graph consists in removing vertices or edges independently. The
first procedure is called site percolation, the second one is called bond percolation.
Percolation theory was introduced as a model for a random medium. Consider a
porous stone that is plunged into a liquid. Which part of the stone will be wet?
In modeling this situation, Hammersley (see [52]) defined the basis of percolation
theory. The basic model he formulated was the following: Consider the grid Z2 and
remove each bond or edge independently with probability p. Since Z2 is an infinite
graph, a natural question is whether, and for which values of p, there exists an
infinite component of edges that are kept. What happens is that, if the probability
of keeping the edges is high, the graph structure is close to the original graph and
the connected component will be a positive proportion of the graph. On the other
hand, if the probability is low, there is no infinite component and all connected
components are of finite size, so, the structure of the graph will be completely
destroyed. The percolation process is one of the simplest examples of a process on
a graph that admits a phase transition.

2.7.2 Bond percolation in the configuration model

In the study of complex networks and random graphs, the study of percolation is
related to the property of robustness, that is, the ability of a network to maintain
its efficiency despite failures and perturbations of its components. More generally,
bond percolation (see [63]) on a graph consists in each existing edge’s having an
independent probability 1−p to be deleted. Starting from a graph G, we denote the
percolated graph by Gp. The property of robustness can be expressed in terms of
the behavior of a graph sequence.

Definition 2.28. We say that a graph sequence Gn is robust under percolation if, for every
p ∈ (0, 1], the percolated graph (Gn)p has a linear size giant component. In other words,
for all p ∈ (0, 1],

lim
n→∞ |C1(Gn)p)|

|Gn|
> 0, (2.45)

where C1(Gn)p) is the giant component of the graph (Gn)p.

We show now that, under the hypothesis of i.i.d. power law degrees as in Condi-
tion 2.5, the percolated configuration also has a power law degree. Moreover, when
the exponent τ is in (2, 3) in (2.13), the giant component of the percolated graph
has linear size proportional to p. We call CMn(d)p the percolated configuration
model graph. Janson (see [63]) has shown that the percolated configuration model
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is equal in distribution to a configuration model with a new degree distribution
dp = Bin(d,

√
p) plus a random removal of half-edges. The idea behind his result

is the following. We consider every half-edge independently and we remove it with
probability 1−

√
p, for a fixed p s.t. 0 6 p 6 1. Then we connect it with a new vertex

of degree 1. We finally remove these new vertices, and their incident edges. Since an
edge consists of two half-edges, and each of these survives with probability

√
p, this

is equivalent to randomly deleting an edge with probability 1− p, independently
from all other edges, so the two processes are equivalent. We consider CMn(d)p
as a subgraph of CMn(d), with the same vertices but with fewer edges. The graph
CMn(d)p is the result of the matching of n vertices, with degrees distributed as
Bin(d,

√
p), and a number n+ =

∑n
i=1(di − Bin(d,

√
p) of newly created vertices

of degree 1. We call these vertices artificial. Lastly, we choose uniformly at random
n+ vertices of degree 1 together with the edges to which they are attached, and
we delete them from the graph. In Chapter 4 we will prove this procedure more
formally and we will extend to a more general case. Let Dp := Bin(D,

√
p) with D

that satisfies Condition 2.5. We now prove that Dp still satisfies Condition 2.5. To
do this, we first state a useful lemma:

Lemma 2.29 (Concentration of binomial random variables). Let R be a binomial ran-
dom variable. Then

P (R /∈ [E[R]/2, 2E[R]]) 6 2 exp{−E[R]/8}. (2.46)

Proof. See e.g. [57, Theorem 2.19].

Now we can prove the following lemma:

Lemma 2.30 (Percolation degree). Let D be a random variable with cumulative distri-
bution FD satisying Condition 2.5. Then, Dp still satisfies Condition 2.5 with a different
constants c̃1 in the lower bound.

Proof. Let Dp be as above. We want to show that there exists two constants c̃1 and
C̃1 such that

c̃1
kτ−1

6 P(Dp > k) 6
C̃1
kτ−1

. (2.47)

The upper bound is obvious since

P(Dp > k) = P(Bin(D,
√
p) > k) 6 P(D > k) 6

C1
kτ−1

, (2.48)
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1)

2)

3)

4)

5)

Figure 2: An illustration of the Janson procedure. In 1) we start with a generic degree se-
quence d. In 2) some half-edges, the green ones, are selected with probability 1−

√
p.

In 3) the green half-edges are removed and attached to some new vertices. In 4) we
pair uniformly at random the removed half-edges. In 5) we delete the half-edges
paired with the artificials and we obtain the new degree sequence of the percolated
graph.
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so C̃1 = C1. For the lower bound, we first fix a constant K and consider k 6 K. We
choose c̃1 = c̃1(K) sufficiently small, so that the lower bound for k 6 K is trivially
satisfied. To prove the inequality for k > K, we bound

P(Bin(D,
√
p) > k) > P

(
Bin(D,

√
p) > k,D >

2k√
p

)
(2.49)

> P

(
D >

2k√
p

)
− P

(
Bin(D,

√
p) 6 k,D >

2k√
p

)

>
c1
√
pτ−1

(2k)τ−1
− P

(
Bin(D,

√
p) 6 k,D >

2k√
p

)
.

Now, by stochastic domination of Bin(m,
√
p) by Bin(n,

√
p) when m 6 n,

P

(
Bin(D,

√
p) 6 k,D >

2k√
p

)
6 P

(
Bin
( 2k√
p

,
√
p
)
6 k

)
. (2.50)

By Lemma 2.29,

P

(
Bin(D,

√
p) 6 k,D >

2k√
p

)
6 e−k/4. (2.51)

Thus, for k > K and K large,

P(Bin(D,
√
p) > k) > c1

√
pτ−1/(2k)(τ−1) − e−k/4 >

c̃ ′1
kτ−1

, (2.52)

so that c̃1 is the minimum of c̃1(K) and c̃ ′1.

As a consequence of Lemma 2.30 and of the procedure of Janson, we start from
CMn(D) with i.i.d. degrees according to a random variable D with cumulative
distribution FD that satisfies Condition 2.5. Then, the percolated graph CMn(D)p
is the result of the matching of n vertices with i.i.d. degrees according to Dp that
still satisfies Condition 2.5 and n+ vertices with degree 1. The resulting degree in
CMn(D)p, which we denote by D̃p = (D̃p1 , . . . , D̃pn), is no longer an i.i.d. sequence,
but satisfies Condition 2.8 (1-2), as the following lemma states (see [63, Section 2.2]).

Lemma 2.31. LetDpn be a uniformly chosen element from the degree sequence of CMn(d)p.
If Dn is a uniformly chosen element of d that satisfies Condition 2.8 (1-2), so does Dpn.

So, in particular for CMn(D) with i.i.d. degrees that satisfies Condition 2.5,
CMn(D)p still satisfy Condition 2.8 (1-2). We now look at the giant component of
the percolated graph CMn(D)p. The following theorem describes the asymptotic
size of the giant component for the configuration model when the degrees satisfy
own regularity conditions.
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Theorem 2.32 (Giant component of percolated configuration model). ([63, Theorem
3.9]) Fix p ∈ [0, 1] and consider percolation with parameter p on the configuration model
with degree sequence satisfying Condition 2.8 (1-2). Then, w.h.p. there is a giant component
in the percolated graph CMn(d)p if and only if

p >
E[D]

E[D(D− 1)]
, (2.53)

where D is the asymptotic degree for CMn(d). Moreover, the size of
C1(CMn(D))p is given by:

|C1(CMn(D)p)|

n

P→ 1− hD(1−
√
p+
√
pξp) > 0, (2.54)

where hD is the p.g.f. of D and ξ(p) is the unique positive solution of the equation

√
p h

′
D(1−

√
p+
√
pξ(p)) + (1−

√
pξp) = E[D]ξp. (2.55)

Corollary 2.33. The configuration model CMn(D), with degree sequence satisfying Con-
dition 2.5, is robust.

Proof. Under these hypothesis, E[D]/E[D(D− 1)] is zero, so that, by Theorem 2.32,

for any p > 0, |C1(CMn(D)p)|n
P→ ap for some ap > 0.

On the other hand, the configuration model CMn(D), with degree sequence
satisfying (2.13) with τ > 3 and minimal degree two, is not robust. In this case
E[D]/E[D(D − 1)] < 1, so that the condition in (2.53) is not satisfied for some
p ∈ (0, 1).

In Section 3, we will choose p = p(ε0) to be the probability that the weight of an
edge is less than ε0 for an appropriately chosen ε0 > 0, so CMn(D)pε0 will consists
only of edges of length less than ε0. This procedure will allow us to find paths
of bounded weight connecting vertices of high degree with the vertex of highest
degree. In Chapter 4 we will define a more general bond percolation in which the
deletion of edges is proportional to the degree of the vertices to which the edges
are attached, and will see that even in this case, when the edge probability do not
vanish too quickly, the power law structure is kept.

2.8 universal behavior for configuration model

For configuration models with degrees sequence that satisfy a power law, and for
other power law random graphs, we have universality when some behavior de-
pends asymptotically on the choice of the exponent of the power law only. We con-
sider the weighted configuration model with power law degree sequence and the
behavior of three functionals: the weight-distance, the hopcount, that we introduced
in Definition 2.18, and a third one, that is the following metric:
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Definition 2.34. The graph-distance Dn(u, v) between two connected vertices u and v in
[n] is the number of edges in the shortest path between u and v. If u and v are not in the
same connected component then we say that Dn(u, v) =∞.

In the setting defined above, the behavior of the graph-distance leads to three
universality classes, which are characterized by the exponent τ of the power law: the
first is for τ > 3, corresponding to a finite variance degree, the second is for τ ∈ [1, 2],
corresponding to infinite mean degree and the third is for τ ∈ (2, 3), corresponding
to finite mean but infinite variance degree. When the weights are chosen according
to i.i.d. exponential random variables, the same classes correspond to three different
behaviors for weight-distance.

2.8.1 Finite mean and infinite variance

We consider the configuration model CMn(D) on n vertices with i.i.d. degree se-
quence according to a cumulative distribution FD satisfying the following condition
on the degree.

Condition 2.35. For every x > 1,

x−τ+1−C(logx)γ−1 6 1− FD(x) 6 x−τ+1+C(logx)γ−1 , (2.56)

for γ ∈ (0, 1), C > 0 with τ ∈ (2, 3).

We further assume the following condition for the weights:

Condition 2.36. CMn(d) has i.i.d. edge weights according to an exponential distribution
with mean 1.

Then, the graph-distance between two uniformly chosen vertices in the same
connected components is ultra-small and the fluctuations around the mean are
bounded. More precisely, the following condition holds:

Theorem 2.37. [58, Corollary 1.4] Let CMn(D) with i.i.d. degrees that satisfy Condition
4.1, then if u and v are in the same connected component,

Dn(u, v)
2 log logn

P→ 1

| log(τ− 2)|
, (2.57)

moreover, the random variable Dn(u, v) − 2 log logn/| log(τ− 2)| is a tight sequence of
random variables, that is:

lim
K→∞ lim sup

n→∞ P
(
|Dn(u, v) −

2 log logn
| log(τ− 2)|

| 6 K | Dn(u, v) <∞) = 1. (2.58)

In a similar setting, we have the following asymptotic results for weight-distance
and hopcount:
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Theorem 2.38. [18, Theorem 3.2] Let CMn(D) with i.i.d. degrees that satisfy Condition
2.5 with τ ∈ (2, 3), and edge weights satisfying Condition 2.36, then:

Hn(u, v) −α logn√
α logn

d→ Z, (2.59)

where α =
2(τ−2)
τ−1 and Z has a standard normal distribution. Moreover, if u and v are two

uniformly chosen vertices in the same connected component

Wn(u, v) d→ V (2.60)

for some random variable V .

In the next chapter we will define more precisely the geometric meaning of the
random variable V .

2.8.2 Finite variance

In the case of finite variance the weight-distance is proportional to logn and the
hopcount satisfies a central limit theorem. More precisely:

Theorem 2.39. Let CMn(D) with i.i.d. degrees that satisfy Condition 2.6 with τ > 3, and
edge weights satisfying Condition 2.36, then:

Hn(u, v) −α logn√
α logn

d→ Z, (2.61)

and

Wn(u, v) −
logn
ν− 1

→ V
′

(2.62)

where α and Z are defined in Theorem 2.38, ν = E[D(D− 1)]/E[D] and V
′

is a random
variable that depends on a certain continuous-time branching process.

2.8.3 Infinite mean

Lastly, we consider the infinite mean case, then graph-distance is w.h.p. at most 3,
as the following theorem states:

Theorem 2.40. [21, Theorem 1.1] Let CMn(D) with i.i.d. degrees that satisfy Condition
2.6 for τ ∈ (1, 2). Then

lim
n→∞P(Dn(u, v) = 2) = 1− P(Dn(u, v) = 3) = p (2.63)

for some p ∈ (0, 1).
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While the weight-distance converges to the sum of two i.i.d. random variables as
stated by the following theorem:

Theorem 2.41. [21, Theorem 3.1] Let CMn(D) with i.i.d. degrees with distribution FD
that satisfies Condition 2.6 for τ ∈ (1, 2), and edge weights satisfying Condition 2.36. Then

Wn
d→ V1 + V2 (2.64)

where Vi, i = 1, 2 are i.i.d. random variables with Vi ∼
Ei
Di

, where Ei is exponential random
variable with rate 1 and Di are i.i.d. random variables with distribution FD.

2.8.4 Finite variance and extra logarithmic moment

When the degree sequence is of finite variance (with an extra logarithmic moment),
then there is only one universality class in the sense that Wn(u, v) − γ logn con-
verges in distribution for some γ > 0, while Hn(u, v) satisfies an asymptotic central
limit theorem with asymptotic mean and variance proportional to logn. More pre-
cisely, suppose that the degree Dn of a uniformly chosen vertex in CMn(d) satisfies
the following conditions:

Condition 2.42. There exists a random variable D such that:

1. Dn
d→ D

2. E[D2n]→ E[D2]

3. For every Kn →∞, lim supn→∞E[D2n log(DnKn )+] = 0

where log(x)+ = log x for x > 1 and log(x)+ = 0 for x 6 1.

For the configuration model with degree chosen according to Condition 2.42 and
for a general class of edge weights, we have the following theorem.

Theorem 2.43 (Joint convergence of hopcount and weight). [20, Theorem 1.2] Let
CMn(d) be the configuration model with degree sequence d that satisfies Condition 2.42,
and with i.i.d. edge weights (Xe) according to a continous distribution g : [0,∞)→ [0,∞).
Then, there are constants α,β,γ ∈ (0,∞) and αn, βn with αn → α and γn → γ such
that the hopcount Hn and the weight-distance Wn of two vertices uniformly chosen in the
same connected component satisfy

(Hn − γn logn√
β logn

,Wn −
1

αn
logn

)
d→ (Z,Q), (2.65)

where Z andQ are independent, Z has a standard normal distribution andQ has a continous
distribution.
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Moreover Q can be identified as

Q =
1

λ
(− logW(1) − logW(2) − λ+ c

)
, (2.66)

where P(λ 6 x) = e(−e−x) and W(1), W(2) are two i.i.d. copies of a limiting random
variables describing a certain supercritical continous-time branching process.

2.9 outline of the chapters

In the further chapters we will prove results in the setting of i.i.d. degrees with
finite mean and infinite variance. In Chapter 3 we prove results on the weight-
distance and the hopcount. We extend the weight-distance result of Theorem 2.38

to the class of explosive edge weights, that is, the class of weights for which the
continuous-time branching process describing first-passage percolation exploration
has a positive probability to reach infinitely many individuals in a finite time. We
prove the existence of a class of edge weights for which the weight-distance con-
verges asymptotically to the graph-distance and thus, do not satisfy the central
limit theorem in Theorem 2.43. In Chapter 4 we prove results for first-passage per-
colation on the configuration model with i.i.d. weights with strictly positive support
of the form Y = a+ X, where a is a positive constant. We prove that the weight of
the optimal path has tight fluctuations around the asymptotical mean of the graph-
distance if and only if the following condition holds: the random variable X is such
that the continuous-time branching process describing first-passage percolation ex-
ploration in the same graph with excess edge weight X has a positive probability to
reach infinitely many individuals in a finite time. This shows that almost shortest
paths in the graph-distance proliferate. This means that if Dn(u, v) is the distance
between two uniformly chosen vertices, there are many paths that have a number
of edges given by Dn(u, v) plus a tight random variable. This makes possible that,
when we add the edge-weights, there will be paths with tight extra edge-weights.
To prove these results, we extend the percolation procedure of Janson to a degree-
dependent percolation and we find a nested sequence of sets that connect vertices
of large, but fixed degree, with the vertex with the highest degree in approximately
log logn steps. In Chapter 5 we study the competition of two spreading colors start-
ing from single sources In this model two colors spread with a fixed and unequal
speed on the unweighted random graph. We show that if the speeds are not equal,
then the faster color paints almost all vertices, while the slower color can paint only
a random subpolynomial fraction of the vertices.
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W E I G H T E D D I S TA N C E S

3.1 introduction

We prove non-universality results for first-passage percolation on the configuration
model with i.i.d. degrees having infinite variance. We focus on the weight of the
optimal path between two uniformly chosen vertices. Depending on the properties
of the weight distribution, we use an example-based approach and show that rather
different behaviors are possible. When the weights are a.s. larger than a positive
constant, the weighted distance and the hopcount grow proportionally to log logn,
as for the graph distances. On the other hand, when the continuous-time branch-
ing process describing the first passage percolation exploration through the graph
reaches infinitely many vertices in finite time, the weight converges to the sum of
two i.i.d. random variables representing the explosion times of the continous-time
processes started from the two sources. This non-universality is in sharp contrast to
the setting where the degree sequence has a finite variance.

3.2 our model

In all this chapter we consider the setting as in Condition 2.5, that is the configura-
tion model CMn(D) on n vertices, where each vertex has a number of half-edges
given by i.i.d. random variables (Dv)v∈[n], where [n] = {1, . . . n}, distributed as D,
with a power-law distribution so that its distribution function FD satisfies

c1
xτ−1

6 1− FD(x) = P(D > x) 6
C1
xτ−1

. (3.1)

We also assume that

P(D > 2) = 1, (3.2)

and that τ ∈ (2, 3), so that the degrees have finite mean, but infinite variance. We
consider all edges to be equipped with i.i.d. weights or lengths with distribution
function FY(y) = P(Y 6 y), where Y is a non-negative random variable having a
continous distribution. We assume that P(Y > 0) = 1. Let B be the forward-degree

39
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distribution defined in (2.16), so that, by Theorem 2.7 and (3.1), if FB(x) := P(B 6 x),
there exist constants 0 < c?1 < C

?
1 <∞ such that

c?1
xτ−2

6 1− FB(x) = P(B > x) 6
C?
1

xτ−2
. (3.3)

Let hB(s) =
∑∞
k=1P(B = k)sj be the probability generating function of B. The

main tool in the proof of typical distances is the connection to continuous-time
(age-dependent) branching processes.

3.2.1 Previous results

When the random variable that describes the passage-time Y has exponential distri-
bution with mean 1, then, in [18, Theorem 3.2], the following result was proved for
Wn(u, v):

Theorem 3.1 (Weighted distances in the configuration model with exponential edge
weights, [18]). Consider the configuration model CMn(D) where the degrees are i.i.d.
with distribution function FD satisfying (2.13), with τ ∈ (2, 3) and with i.i.d. edge weights
Y having exponential distribution with mean 1. Then, the weight Wn(u, v) of the smallest-
weight path between two uniformly chosen vertices u and v satisfies

Wn(u, v) d→ V(1) + V(2), (3.4)

where V(1),V(2) are independent copies of the explosion time of a continous-time age-dependent
branching process with infinite-mean offspring distribution defined below.

In the main result of this chapter we extend Theorem 3.1 to a more general fam-
ily of edge weights. For this, let (hB, FY) be a modified age-dependent branching
process where individuals have random life-lengths with distribution FY(t) and, at
death, the first individual (the root) produces a family of random size with offspring
distribution FD and the further generations have offspring distribution FB.

3.2.2 Our results

The first result of our paper is the following theorem that generalizes Theorem 3.1
to general explosive edge weights:

Theorem 3.2 (Universality class for explosive weights). Consider the configuration
model with i.i.d. degrees having distribution function FD satisfying Condition 2.13 with τ ∈
[2, 3], minimal degree greater at least 2 and i.i.d. edge weights (Ye)e∈E having distribution
FY . Further suppose that (hB, FY) is explosive. If u and v are two uniformly chosen vertices,
then

Wn(u, v) d→ V(1) + V(2), (3.5)
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where V(1) and V(2) are two i.i.d. copies of the explosion time of the process (hB, FY) defined
above. Moreover, when (hB, FY) is a conservative process, it holds that

Wn(u, v) P→∞. (3.6)

Theorem 3.2 implies that all edge weights for which the age-dependent branching
process that approximates the local neighborhoods of vertices is explosive are in the
same universality class. We next investigate one class of random edge weights that
are in a different universality class. For this, we remind the reader the definition of
the hopcount between two vertices u and v, indicated with Hn(u, v), as the number
of edges in the smallest-weight path between u and v. The next result determines
the asymptotic behaviour of the weight and the hopcount in a different setting. We
now consider the case when the weight is given by Y = c+X such that X is a random
variable with inf supp(X) = 0, where c is a constant satisfying c > 0 and supp(X)
is the support of the distribution. Without loss of generality, we may assume that
c = 1. Then, our result in this setting is the following theorem:

Theorem 3.3 (Universality class for weights with inf supp(Y) > 0). Consider the
configuration model with i.i.d. degrees from distribution FD satisfying (3.1), and i.i.d. edge
weights

Y = 1+X, (3.7)

where inf supp(X) = 0. Then,

Wn(u, v)
log logn

P−→ 2

| log (τ− 2)|
,

Hn(u, v)
log logn

P−→ 2

| log (τ− 2)|
. (3.8)

Let us comment on the result in Theorem 3.3. In Theorem 2.37, it was shown that

Dn(u, v)
log logn

P−→ 2

| log (τ− 2)|
. (3.9)

Then, Theorem 3.3 shows that the shortest path in terms of its number of edges is
such that the average additional weight compared to the graph distance vanishes. In
other words, there must exist an almost shortest path for which the sum of the extra
weights is o(log logn).

Note that the configuration model in the parameter range τ ∈ (2, 3) is a multi-
graph, in particular, it contains a lot of multiple edges and self-loops. It is an in-
teresting question whether the main theorems of this paper, namely, Theorems 3.2
and 3.3 remain valid for a uniform simple graph with power-law degree distribution
with exponent τ ∈ (2, 3). Unfortunately, this question is hard, since the probability
of being simple is extremely small in n, so, we should provide even smaller error
bounds for our proofs to work. However, one can easily obtain a simple graph from
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the configuration model with the same power-law exponent τ simply by erasing all
the self-loops and collapsing the multiple edges into a single edge, that is, the erased
configuration model defined in Section 2.3.3 denoted by ECMn(D).

We make the assumption that if we have multiple edges between two vertices,
the one that is kept is chosen independently from its weight, or equivalently, we
assign the edge weight to the edge only after the collapsing procedure is done.
We conjecture that both Theorem 3.2 and 3.3 remain valid for ECMn(D), since the
majority of edges in CMn(D) on the smallest-weight path from u to v is in fact
unique in CMn(D) and thus has the same weight in ECMn(D).

3.2.3 Overview of the proofs of Theorems 3.2–3.3.

In this section we present an overview of the proof of our main results.

overview of the proof of theorem 3 .2 . The key ideas in the proof of
Theorem 3.2 are the following:

1. Perfect coupling to an age-dependent branching process and lower bound on the
weight. First we couple the growth of two smallest-weight graphs from u and
v respectively, denoted as SWG

u
nρ and SWG

v
nρ and defined in Section 2.5.2,

where u and v are uniformly chosen vertices, to two age-dependent branching
processes. This can be successfully performed until the time that they reach
size nρ, where ρ is a small constant. With high probability these two graphs
representing the local neighborhoods of u and v, are disjoint trees (see Propo-
sition 3.5). The lower bound in Theorem 3.2 follows immediately from the
coupling because the two smallest-weight graphs are with high probability
disjoint. We define N(1)

t , respectively N(2)

t , as the number of dead individu-
als in the age-dependent branching process associated to SWG

u
nρ , respectively

SWG
v
nρ , at time t, and

V(1)
m = min{t : |N(1)

t | = m}. (3.10)

Also, if n is large enough, V(1)
m and V

(2)
m are the time for SWG

u
m, SWG

v
m re-

spectively to reach the m−th vertex for any m < nρ, where ρ > 0 is a small
constant. If V(i)∞ = min{t : |N(i)

t | =∞}, then it coincides with the explosion time
of the process that we call V(i), where i = 1, 2.

2. Upper bound on the weight.

To prove the upper bound Wn(u, v) 6 V
(1)

nρ + V
(2)

nρ + ε where ε > 0 is some
arbitrary small constant, we show that w.h.p. there exists a path that connects

SWG
v
nρ to SWG

u
nρ with weight at most ε. Then we use that (V(1)

nρ ,V(2)

nρ)
d→

(V(1),V(2)). We find this path using percolation on the so-called core of the
graph consisting of vertices of large degrees. In more detail, we only keep
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edges with weight less than ε ′ and then show that there still remains a path
via the high degree vertices from SWG

v
nρ to SWG

u
nρ that has a number of

edges not depending on n. Picking ε ′ small enough finishes the proof.

overview of the proof of theorem 3 .3 The proof consists in verifying that,
w.h.p. and for all ε > 0,

2(1− ε) log logn
| log(τ− 2)|

6 Dn(u, v) 6 Hn(u, v), (3.11)

and

Hn(u, v) 6Wn(u, v) 6
2(1+ ε)

| log(τ− 2)|
log logn. (3.12)

The first inequality has been shown in Theorem 2.37, the second and the third are
obvious since every path with q edges has weight greater than q for our choice of Y.
It remains to prove the upper bound on Wn(u, v) which is stated in the following
proposition:

Proposition 3.4 (Upper bound on weight when inf supp(X) > 0). Consider the config-
uration model with i.i.d. degrees from distribution FD satisfying (3.1) with τ ∈ (2, 3), and
i.i.d. edge weights Y = 1+ X with inf supp(X) = 0. If u and v are two uniformly chosen
vertices in [n], then, for any fixed ε > 0 and with high probability as n→∞,

Wn(u, v)
log logn

6
2(1+ ε)

| log(τ− 2)|
. (3.13)

Theorem 3.3 follows directly from Proposition 3.4 and ((3.11)- (3.12)).

3.2.4 Discussions and related problems

The configuration model is often studied because of its relation to uniform sim-
ple graphs. Indeed, the configuration model conditioned on simplicity is a uniform
graph with the same degrees. For CMn(d) when the degrees are i.i.d. with distribu-
tion function (3.1), the graph obtained is simple with vanishing probability as seen
in Theorem 2.9. Since the probability of simplicity is very low, the conditioning on
simplicity is difficult to deal with, even though one would expect our results to sur-
vive this conditioning. An alternative approach is to erase all self-loops and multiple
edges to obtain a simple graph as seen in Section 2.3.3. This erased configuration
model still has a power-law degree sequence with the same τ (see [57, Chapter
7]). We conjecture that our results remain valid for the erased configuration model.
We can consider different metrics and topologies on the same graph given by var-
ious notions of distances, an example being the graph distance Dn(u, v) between
two vertices u and v. Another metric is defined by Wn(u, v), while a third one is
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characterized by the hopcount Hn(u, v). In this last case we deal with a so-called
pseudometric, since the triangle inequality does not necessarily hold. A natural ques-
tion is whether these three metric spaces are similar. The result of this chapter is
that this is not the case for a large class of graphs, namely, the configuration model
with power-law degree exponent τ ∈ (2, 3) and i.i.d. edge weights Y = 1+ X with
inf supp(X) = 0. When the weights are independent and exponentially distributed,
the asymptotic distribution for the minimum weight between two randomly cho-
sen vertices is given by Theorem 3.1, while by Theorem 2.38 Hn(u, v) satisfies the
following Central Limit Theorem:

Hn(u, v) −α logn√
α logn

d→ Z, (3.14)

where α =
2(τ−2)
τ−1 and Z has a standard normal distribution. In this regard, The-

orem 3.3 shows the existence of a different behavior for the hopcount, and so it
shows that there exists different universality classes for the hopcount. It would be
of interest to investigate the behaviour of Hn(u, v) in the explosive setting, and
that of Wn(u, v) for more general edge weights. We believe that, by varying the
edge-weight distribution, any scaling behaviour for Wn(u, v) that is in between
ΘP(1) and ΘP(log logn) is possible, where Xn := ΘP(an) if the set of values Xnan is
stochastically bounded. The above results are in sharp contrast to the setting where
the degree sequence of the configuration model has finite variance, as seen in [20]
(see also [18] for the setting where the edge weights are exponentially distributed).
As we see for τ ∈ (2, 3), the weight distribution has at least two universality classes,
depending on whether the age-dependent branching process that approximates the
local neighborhoods is explosive or not. Moreover, in the case of i.i.d. edge weights
Y = 1+Xwith inf supp(X) = 0, explosiveness holds if and only if some summability
conditions hold (see [4, Theorem 1.3]).

3.3 proof of theorem 3 .2

In this section, we use the results of Section 2 to prove Theorem 3.2. We want to
prove that given ε arbitrarily small, w.h.p.

V
(1)

nρ + V
(2)

nρ 6Wn 6 V(1)

nρ + V
(2)

nρ + ε. (3.15)

To prove the lower bound we have to show that, for a proper choice of ρ, SWG
u
nρ ,

SWG
v
nρ are w.h.p. disjoint. Once we know that they are disjoint, V(1)

nρ and V(2)

nρ denote
the time to reach the nρ−th individuals in the clusters, hence, the result. That dis-
jointedness is true for a proper choice of nρ follows from the following proposition
(see [18, Proposition 4.7]):
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Proposition 3.5 (Disjointedness of SWGs). Let CMn(D) be the configuration model
with i.i.d. degrees from distribution FD satisfying Condition 2.5 with τ ∈ (2, 3) and u, v be
two uniformly chosen vertices in CMn(D). There exists a ρ > 0 such that, w.h.p.

V(SWG
u
nρ)∩V(SWG

v
nρ) = ∅. (3.16)

where V(SWG
u
m) is the set of vertices of the smallest-weight graph of u when it consists of

m vertices.

Proof. The proof of the proposition follows directly from Proposition 2.17, which in
turn follows from [18, Proposition 4.7].

Proposition 3.5 immediately proves that Wn(u, v) > V
(1)

nρ + V
(2)

nρ . To prove the
corresponding upper bound, we can decompose the smallest-weight path as the
union of three components, the first lies in SWG

u
nρ , the second in SWG

v
nρ and the

third is the minimal weight path that connects these two clusters. We will show that
the upper bound in (3.15) holds w.h.p., where ε bounds the weight of the minimal
connecting path from above. The bound in (3.15) is a consequence of the following
proposition:

Proposition 3.6 (Small-weight connection between SWGs). For any fixed ε > 0, w.h.p.
there exists a path that connects SWG

u
nρ and SWG

v
nρ having weight less than ε.

The proof of Proposition 3.6 consists of a combination of the bond percolation
methods described in Section 2.3 and a layering decomposition of the percolated
graph. We will use this layering decomposition also for the study of competitive
dynamics in Chapter 5. We keep SWG

u
nρ and SWG

v
nρ and delete every other edge

with probability P(X > ε) = 1− p, where Y = 1+X is the weight of the edge. Then
we decompose the percolated graph in the following nested sequence of layers:

Γ
p
i := {v ∈ CMn(D)p : D

p
v > ti}, (3.17)

where CMn(D)p is the graph obtained through percolation on CMn(D) and Dpi is
the degree of i ∈ [n] in CMn(D)p. Further, ti is defined recursively as in (2.37) by

ti+1 =

(
ti

C logn

)1/(τ−2)
, t0 := nρ0 , (3.18)

where ρ0 < ρ(τ− 2) and ρ is defined in Proposition 3.5. Also, let v? be the maximum
degree vertex of the graph, if there are more we choose one uniformly at random.
We have the follwing extension on the percolated graph of Corollary 2.25:

Lemma 3.7.

lim
n→∞P

(
max
i∈[n]

D
p
i <

(
n

logn

)1/(τ−1))
= 0. (3.19)
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Proof. By Lemma 2.30 the new degree distribution for the percolated graph satisfies
(2.47). Then we can apply Lemma 2.24.

So, w.h.p., Dpv? > ( n
logn )

1/(τ−1). The following corollary is a consequence of
Lemma 2.23 and Lemma 2.30 and describes how these layering sets are connected
in CMn(D)p:

Corollary 3.8 (Connectivity lemma). With ti and Γpi defined as in (3.17) and in (3.18),
for every v ∈ Γpi , w.h.p. there is a vertexw ∈ Γpi+1 such that (v,w) ∈ E(CMn(D)p), where
E(CMn(D)p) is the set of edges in CMn(D)p. Furthermore, w.h.p. the previous statement
can be applied repeatedly to build a path from Γ0 to Γi as long as

i < −
log((τ− 1)ρ0)
| log(τ− 2)|

. (3.20)

Proof. Let us denote the total number of half-edges in Γpi by Si. Then, since the
degrees are i.i.d., we have |Γ

p
i+1| ∼ Bin(n, 1− F(ti+1)), and each vertex w ∈ Γpi+1 has

degree at least ti+1. Thus by Lemma 2.29,

P

(
Si+1 <

ti+1n [1− F(ti+1)]

2

)
6 exp

{
−
n [1− F(ti+1)]

8

}
, (3.21)

Recall that Ln denotes the total number of half-edges in the graph. Then, the proba-
bility that there is a vertex v ∈ Γpi not connected to Γpi+1 can be bounded from above
by

Pn
(
∃v ∈ Γpi , v= Γ

p
i+1

)
6 |Γ

p
i |

(
1−

Si+1

Ln

)ui/2

6 n exp
{
−
titi+1n [1− F(ti+1)]

8nE[D]

}
+ exp{−n [1− F(ti+1)] /8},

(3.22)

where we recall that Pn(·) := P(·|D1, . . . ,Dn). We have used that Ln < 2E[D]n

w.h.p. by the Law of Large Numbers, |Γpi | < n, and the estimate Si+1 in (3.21). The
factor 1/2 in the exponent ti/2 comes from the worst-case scenario estimate when
we connect all the first ui/2 half-edges back to v. Then, using the defining recursion
(3.18), it is easy to see that

titi+1 [1− F(ti+1)] = C logn(ti+1)τ−1 [1− F(ti+1)] > Cc1 logn,

that is, the error term in (3.22) is bounded by

εi := exp
{(
1−

Cc1
8E[D]

)
logn

}
+ exp{−n [1− F(ti+1)] /8}.

The assertion of the lemma follows if εi small: the first term is small when picking
C large enough. For the second term we need
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n [1− F(ti+1)] > O(1), which exactly translates to the condition
ti = o(n1/(τ−1)) and to (3.20) using (2.38). Note that as long as (3.20) is satisfied,
even

∑i
j=1 εi = o(n

−1). This means that we can apply the lemma consecutively for
the layers (Γpi )s and build a path (v0, v1, . . . , vi) such that for all 0 6 j 6 i we have
vj ∈ Γpj and (vj, vj+1) ∈ E(CMn(D)) w.h.p., as long as i satisfies (3.20). This finishes
the proof of the second statement of the lemma.

Notice that Lemma 2.23 is a particular case of Corollary 3.8 for the choice of p = 1.
We want to prove the existence of a path between SWG

u
nρ and SWG

v
nρ of arbitrary

small length. By Lemmas 2.30 and 2.23, it follows that the connectivity lemma is
still valid for CMn(D)p. We still need to check if SWG

u
nρ intersects with Γp0 . The

next lemma handles this:

Lemma 3.9 (Intersection of SWG
u
nρ and Γp0 ). With high probability,

SWG
u
nρ ∩ Γp0 6= ∅ as n→∞.

Proof. We call VMnρ
the vertex having the maximum percolated degree in SWG

u
nρ ,

that is, the maximal degree vertex after percolation. Then its degree degVMnρ
is

given by

degVMnρ
= max
16i6nρ

Bin(Bi,
√
p), (3.23)

where Bi is the i−th vertex chosen in the growth of SWG
u
nρ , so that, by Proposition

2.17, Bi are i.i.d. random variables with distribution from (3.1). By Lemma 2.30

the same is true for the variables Bin(Bi,
√
p) with a different constant in (3.1). So,

elementary calculations yield that for any constant r > 0 and some proper constant
c̃p > 0

P
(

degVMnρ
<
(nρ
r

)1/(τ−2))
< e−c̃pr. (3.24)

Choosing r = c logn establishes the claim, since ρ0 < (τ− 2)ρ.

As a result of Lemma 3.9, w.h.p. u is connected to some vertex ũ in Γp0 ∩ SWG
u
nρ .

Then, we use the Connectivity Lemma 2.23 in C1(CMn(D)p) to construct a path
from ũ to Γ

p
i? , where i? is the last index when Γ

p
i is w.h.p. non-empty. Finally,

Lemma 3.10 below shows that we can connect to this path in less than two steps the
maximum degree vertex v? in CMn(D)p. We next perform the details of this proof.

Lemma 3.10 (Two-step connection to maximal degree vertex). Let i? be the last i for
which Γpi? 6= ∅. If v ∈ Γpi? . Then there exists w ∈ Γpi? s.t. (v,w), (w, v?) ∈ E(G), with v? the
maximum degree vertex in the percolated graph.

Proof. We define Γpε = {u ∈ Gp s.t. Dpu > n
τ−2
τ−1+ε}, we denote the number of half-

edges in the graph that are connected to vertices with degree > y by S
p
>y. Then,

S
p
>y

d
=

n∑
i=1

D
p
i 1{Dpi >y}

, (3.25)
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where Dpi
d
= Bin(Di,

√
p), with Di the degree of i ∈ [n]. Therefore,

S
p
>y > y

n∑
i=1

1{Dpi >y}
. (3.26)

Let R =
∑n
i=1 1{Dpi >y}

, so that R ∼ Bin(n, p̃), where p̃ = P(Dpi > y). Then, E[R] =

np̃. Thus, using Lemma 2.29, with p̃ > c̃1/yτ−1,

P

(
S
p
>y <

1

2
n
c̃1
yτ−2

)
6 P

(
S
p
>y <

1

2
E[R]

)
< exp{−E[R]/8}. (3.27)

Then, w.h.p. as long as y2−τn >> 1,

S
p
>y >

1

2
n

c̃1
(τ− 2)

y(2−τ). (3.28)

From (5.21) and (3.19), if v ∈ Γpi? then D
p
v > ( n

(logn)α )
( τ−2τ−1 ) w.h.p. for a certain

α > 0. We can apply (3.28) with y = n
τ−2
τ−1+ε to see that the number of half-edges in

Γ
p
ε is w.h.p. at least (nc1/(τ− 2))n−(τ−2)( τ−2τ−1+ε), where the exponent of n equals
1− (τ− 2)(τ−2τ−1 + ε) > 0 when ε > 0 is sufficiently small. Let HA be the number
of half-edges sticking out from the set of vertices A. Applying Lemma 2.26 to H{v}

and HΓpε from (3.28) we see that there exists a vertex w ∈ Γpε such that (v,w) forms
an edge. Finally, we apply Lemma 2.26 with H{w} and H{v?} to see that w.h.p. there
is an edge between w and v?.

By applying Lemma 2.26 twice, we get that any pair of vertices in the most exter-
nal layer Γp0 has a path connecting them of length at most 2(i? + 2) and weight at
most 2(i? + 2)ε ′. Note that i? does not grow with n. This proves (3.5). Finally, the

lower bound in (3.15) together with the fact that V(i)

nρ
P→∞ for conservative process,

immediately implies (3.6) and thus completes the proof of Theorem 3.2.

3.4 proof of theorem 3 .3

In this section, we prove Theorem 3.3, under the assumptions of i.i.d. edge weights
Y = 1+ X with inf supp(X) = 0. In Section 3.2.3 we have reduced it to the proof of
Proposition 3.4.

3.4.1 Proof of Proposition 3.4

We denote by PnW(u, v) and PnD(u, v) the path from u to v with the minimal weight
and the one with the minimal number of edges in CMn(D). By definition, the hop-
count is such that Hn(u, v) = |PnW(u, v)|. When u and v are in the same connected
component,

Dn(u, v) 6 Hn(u, v) 6Wn(u, v), (3.29)
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where Dn(u, v) is the graph distance between u and v. We prove Proposition 3.4 by
finding an upper bound on Wn(u, v).

Proof of Proposition 3.4. Let p = p(ε ′) be the survival probability of an edge, i.e.,
P(X 6 ε ′) = p(ε ′), where ε ′ will be chosen later in the proof. We define the k-
neighborhood of u in a graph G by

Nk(u) = {ũ ∈ G : Dn(u, ũ) 6 k}. (3.30)

We prove the following lemma:

Lemma 3.11 (Intersection of first layer and giant percolated component). For G =

CMn(D), and any p > 0,

lim
k→∞ lim inf

n→∞ P(Nk(u)∩ C1(Gp) 6= ∅) = 1. (3.31)

We stress here that Nk(u) is the neighborhood in the unpercolated configuration
model.

Proof. Let Ak = ∂Nk(u) = {ũ ∈ G : Dn(u, ũ) = k}. We denote by VMk
the vertex

with the maximum percolated degree Ddv in Ak. By Proposition 2.17, |Ak|
P→ ∞ as

first n → ∞ and then k → ∞. The number of outgoing edges from vi ∈ Ak can be
coupled to i.i.d. random variables Bi ∼ B, with B defined in (2.15), so that

degVMk
= max
i∈Ak

Bin(Bi,
√
p), VMk

= arg maxi∈AkBin(Bi,
√
p). (3.32)

Using (2.47), an elementary calculation shows that for any constant r > 0 and some
constant c̃p > 0

P
(

degVMk
<
( |Ak|
r

)1/(τ−2))
< e−c̃pr. (3.33)

Let En,k = {VMk
/∈ C1(Gp)} with G = CMn(D). To prove (3.31) it is enough to show

that

lim
k→∞ lim sup

n→∞ P(En,k) = 0. (3.34)

By the law of total probability,

P(En,k) =
∑
j

P(En,k|degVMk
= j)P(degVMk

= j). (3.35)

By (2.34),

vj(Gp)

n
−
vj(C1(Gp))

n

P→ P(Dp = j)ξ(p)j. (3.36)
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Therefore,

lim
k→∞ lim sup

n→∞ P(En,k)

= lim
k→∞ lim sup

n→∞
∑
j

P(En,k | degVMk
= j)P(degVMk

= j)

= lim
k→∞

∑
j

ξ(p)jP(degVMk
= j) = 0,

(3.37)

where, in the last equality we have used (3.33) which implies that degVMk

P→∞ as
k→∞.

By (3.24), there exists ε1 = ε1(k) such that P(degVMk
> k) > 1 − ε1. Notice

that k = k(ε ′, ε1) does not depend on n. We denote by u1 the vertex of Nk(u) ∩
C1(Gp(ε ′)) having the minimal weight distance from u. Such a vertex exists with
probability 1− ε1. Let v1 denote the corresponding vertex for ∂Nk(v) ∩ C1(Gp(ε ′)).
In particular, u1 and v1 are in the giant component of a configuration model with
the same power-law exponent τ. By [58, Theorem 1.1], for every ε > 0,

lim
n→∞P

(
Dpn(ũ1, ṽ1) 6

2(1+ ε) log logn)
| log(τ− 2)|

∣∣∣Dpn(ũ1, ṽ1) <∞) = 1, (3.38)

where now ũ1 and ṽ1 are two vertices chosen uniformly at random from [n] con-
ditionally on being connected and D

p
n(ũ1, ṽ1) is the distance between ũ1 and ṽ1 in

Gp with G = CMn(D). In our case, however, the points u1 and v1 are not chosen
uniformly from the giant component, so we prove a more general statement:

Lemma 3.12 (Distances between uniform vertices of given degrees). For p ∈ (0, 1). If
C1(CMn(D))p) is the giant component of (CMn(D))p and the degrees (Di)i∈[n] are i.i.d.
random variables whose distribution function FD satisfies (3.1) with τ ∈ (2, 3). Then, let
k1,k2 be two positive integers, let Ek1,k2 = {D

p
u1 = k1D

p
u2 = k2},, the following holds.

lim
n→∞P

(
Dpn(u1, v1) 6

2(1+ ε) log logn
| log(τ− 2)|

| u1, v1 ∈ C1(Gp),Ek1,k2

)
= 1,

(3.39)

where Dpui is the degree of ui in Gp.

Proof. By (3.38),

lim
n→∞P

(
Dpn(u1, v1) 6

2(1+ ε) log logn
| log(τ− 2)|

∣∣∣u1, v1 ∈ C1(Gp)
)
= 1, (3.40)
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where u1 and v1 are chosen uniformly at random in C1(Gp). Further,

P
(
Dpn(u1, v1) 6

2(1+ ε) log logn
| log(τ− 2)|

∣∣∣u1, v1 ∈ C1(Gp)
)
= (3.41)∑

k1,k2

P
(
Dpn(u1, v1) 6

2(1+ ε) log logn
| log(τ− 2)|

∣∣∣u1, v1 ∈ C1(Gp),Ek1,k2

)

×P
(
Dpu1 = k1,Dpu2 = k2|u1, v1 ∈ C1(Gp)

)
.

We have a series of the form

a(n) =
∑
k1,k2

ak1,k2(n)bk1,k2(n), (3.42)

where ak1,k2(n) is the first factor on the right-hand side of (3.41), while bk1,k2(n)

is the second. By [42, Proposition 3.1],

bk(n) := P (degu1 = k | u1 ∈ C1(Gp))→
P(Dp = k)(1− ξ(p)k)

1− hD(ξ(p))
, (3.43)

with ξ(p) as in Corollary 2.32. Then, using the independence of coupling for two
vertices (see [58, Theorem 1.1]), (2.34) and (2.33), for every k1,k2 > 0

bk1,k2(n)→
P(Dp = k1)(1− ξ(p)

k1)P(Dp = k2)(1− ξ(p)
k2)

(1− hD(ξ(p)))
2

≡ bk1,k2 .

(3.44)

It is straightforward to check that∑
k1,k2

bk1,k2(n) =
∑
k1,k2

bk1,k2 = 1. (3.45)

Further, by (3.38), a(n)→ 1. Now we are ready to complete the argument. We would
like to show that limn→∞ ak̃1,k̃2

(n) = 1 for any k̃1, k̃2. We argue by contradiction.
Suppose instead that there exist k̃1, k̃2 for which

lim inf
n→∞ ak̃1,k̃2

(n) = 1−β < 1. (3.46)

Then,

lim inf
n→∞ a(n) 6 lim inf

n→∞ ak̃1,k̃2
(n)bk̃1,k̃2

(n) +
∑

(k1,k2) 6=(k̃1,k̃2)

bk1,k2(n)

= (1−β)bk̃1,k̃2
+ 1− bk̃1,k̃2

= 1−βbk̃1,k̃2
,

which leads to a contradiction, since bk̃1,k̃2
> 0. We conclude that (3.46) cannot

hold, so that lim infn→∞ ak1,k2(n) = 1 for every k̃1, k̃2.
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We continue with the proof of Proposition 3.4. We want to show that, for u and v
uniformly chosen in [n], any fixed ε, there exists n(δ1, ε) s.t. for every n > n(δ1, ε)

P

(
Wn(u, v)
2 log logn

6
1+ ε

| log(τ− 2)|

)
> 1− δ1. (3.47)

Let E
′
n = {Nk(u)∩ C1(Gp) 6= ∅,Nk(v)∩ C1(Gp) 6= ∅} where G = CMn(D). Then

P
( Wn(u, v)
2 log logn

6
1+ ε

| log(τ− 2)|

)

>P
( Wn(u, v)
2 log logn

6
1+ ε

| log(τ− 2)|
|E
′
n

)
P(E

′
n).

(3.48)

Also, by (3.31), if n > n(δ1, ε) is so large that P(E
′
n) > 1− δ1 then

P

(
Wn(u, v)
2 log logn

6
1+ ε

| log(τ− 2)|

)

>P

(
Wn(u, v)
2 log logn

6
1+ ε

| log(τ− 2)|

∣∣∣E ′n
)
(1− δ1).

(3.49)

Thus, we need to prove that there exists an n(δ2, ε) s.t. for all n > n(δ2, ε)

P

(
Wn(u, v)
2 log logn

6
1+ ε

| log(τ− 2)|
|E
′
n

)
> 1− δ2. (3.50)

By Lemma 3.12, for any fixed ε1 and w.h.p.

Dpn(u1, v1) 6
2(1+ ε1) log logn

| log(τ− 2)|
, (3.51)

where u1, v1 are two vertices in C1(Gp) as in (3.38). So, we choose ε1 satisfying

(1+ ε ′)(1+ ε1) 6 (1+ ε), (3.52)

where ε ′ is the threshold length for percolation, i.e., we only keep edges with length
1+ ε ′ in Gp. When E

′
n occurs, we have

Dn(u, v) 6 k+Dpn(u1, v1) + k. (3.53)

Let Yu6k be the random variable that describes the weight of the path with the
minimal distance PnD(u,u1), Yv6k be the weight for PnD(v, v1). Also

Yu6k
d
= Yv6k

d
6

k∑
i=1

Yi, (3.54)

where Yi are i.i.d. random variables with law Y and the stochastic dominance is
due to the weight-dependent choice of u1 and v1 if there are more elements in the
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intersections
∂Nk(u)∩ C1(Gp) and ∂Nk(v)∩ C1(Gp). Then, for any k, w.h.p.,

Wn(u, v) 6 Yu6k +
2(1+ ε ′)(1+ ε1) log logn

| log(τ− 2)|
+ Yv6k. (3.55)

We fix k = k(ε ′, δ1) such that

lim inf
n→∞ P(E

′
n) > 1− δ1. (3.56)

Thus, for any fixed δ1 > 0, there exists n > n(k, ε ′, ε1, δ2) s.t.

P

(
Wn(u, v)
2 log logn

6
(1+ ε ′)(1+ ε1)

| log(τ− 2)|

∣∣∣E ′n
)
> 1− δ2. (3.57)

So, from (3.49), we have to choose δ1 and δ2 s.t.

(1− δ1)(1− δ2) > 1− δ. (3.58)

This completes the proof of Proposition 3.4.





4
T I G H T B O U N D S F O R W E I G H T- D I S TA N C E

4.1 introduction

In this chapter we consider again three functionals on the weighted graph: the
graph-distance between two vertices, the weight-distance and the hopcount. We
focus on the fluctuations of these functionals around their asymptotic mean. We
investigate the general case of i.i.d. edge weights of the form Y = a+ X, where a
is a positive constant that we can take to be equal to one without loss of general-
ity. In the previous chapter we have shown that in this setting the weight-distance
grows proportionally to log logn. We now extend this result proving that fluctu-
ations around the mean are tight for both the weight-distance and the hopcount
if and only if the random variable X is such that the continuous-time branching
process approximation of the local exploration in the given graph with weight X is
explosive. This is a non-universality result in contrast with the case of general edge-
weights with a continuous distribution and finite variance degrees as we have seen
in Theorem 2.43, in which the hopcount satisfies a central limit theorem. Further,
it gives a rather precise picture about the proliferation of almost shortest paths in
the graph- distance, and thus about the geometry of the configuration model in the
infinite-variance degree setting. This section is organized as follows. In Section 4.1.1,
we introduce the model. In Section 4.1.2, we describe our results. Finally, in Section
4.1.3 we give an overview of the proof and relate it to the literature.

4.1.1 The model

Our setting is the configuration model CMn(d) on n vertices, where d = (d1, . . . ,dn),
and di is the degree of vertex i ∈ [n]. Further, let Ln =

∑
i∈[n] di denote the total

degree. We consider i.i.d. degrees with cumulative distribution function x 7→ F(x)

satisfying Condtion 2.37, that is,

x−τ+1−C(logx)γ−1 6 1− F(x) 6 x−τ+1+C(logx)γ−1 , (4.1)

for γ ∈ (0, 1), C > 0 and τ ∈ (2, 3). We assume that F(1) = 0, so that mini∈[n] di > 2
a.s.

55
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All edges are equipped with i.i.d. edge weights with distribution function FY(y) =
P(Y 6 y), where Y = a+X is a non-negative random variable with inf supp(X) = 0,
a > 0, and X has a continuous distribution. Without loss of generality, we can
assume that a = 1. We call X the excess weight of the edge. When di are i.i.d. from
a distribution D with distribution function F satisfying (4.1), let B be defined as the
(size-biased version of D)-1 as defined in (2.16), that is,

P(B = k) :=
k+ 1

E[D]
P(D = k+ 1). (4.2)

We consider several distances and functionals on the graph: the graph-distance,
the weight-distance and the hopcount. When not specified, the notation Wn(u, v)
and Hn(u, v) refer to CMn(D) with weights according to the random variable Y.
The main aim of this chapter is to study these functionals on the configuration
model with i.i.d. degrees having distribution function F satisfying (4.1) and i.i.d.
edge weights Y = 1+X, where
inf supp(X) = 0.

4.1.2 Results

Our main result is the following theorem:

Theorem 4.1 (Tightness criterion for excess edge-weights). Consider the configuration
model with i.i.d. degrees having distribution function F satisfying (4.1) for some τ ∈ (2, 3),
and let u and v be chosen uniformly at random from [n]. Suppose that the edge weights
are i.i.d. and are of the form Y = 1 + X, where inf supp(X) = 0 and X has cumulative
distribution function FX(x) with generalised inverse
F
(−1)
X (y) := inf{t ∈ R : FX(t) > y} that satisfies Condition 4.3, that is, for some ε,C > 0,∫∞

1/ε
F
(−1)
X

(
e−Cu

) 1
u

du <∞. (4.3)

Then

Wn(u, v) −
2 log logn
| log(τ− 2)|

(4.4)

is a tight sequence of random variables. Consequently,

Hn(u, v) −
2 log logn
| log(τ− 2)|

(4.5)

is a tight sequence of random variables.

The tightness of the hopcount in (4.5) follows easily, since, for our choice of edge
weights,

Dn(u, v) 6 Hn(u, v) 6Wn(u, v). (4.6)
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Therefore, by (4.4) in Theorem 4.1 and the tightness of

Dn(u, v) −
2 log logn
| log(τ− 2)|

(4.7)

as we have seen in Theorem 2.37, it follows that (4.5) holds. We next investigate
what happens when the criterion in (4.3) fails:

Proposition 4.2 (Non-tightness of excess edge-weight). Consider the configuration
model with i.i.d. degrees from distribution F satisfying (4.1) with τ ∈ (2, 3). If condition
(4.3) does not hold, then

Wn(u, v) −
2 log logn
| log(τ− 2)|

P−→∞. (4.8)

Now we can prove Proposition 4.2:

Proof of Proposition 4.2. Let Ye = Xe + Ze, where Ye,Xe and Ze are edge weights,
then, for any pair of vertices u0 and v0 in the same connected component,

WY
n(u0, v0) >WX

n(u0, v0) +WZ
n(u0, v0), (4.9)

since ∑
e∈πY

Xe +Ze >
∑
e∈πX

Xe +
∑
e∈πZ

Ze, (4.10)

where πY ,πX and πZ are the minimal-weight paths for the edge-weights (Xe)e, (Ye)e
and (Ze)e, respectively. For Ze = 1, WZ

n(u0, v0) = Dn(u0, v0). If u, v are two uni-
formly chosen vertices, then we rewrite (4.9) as

WY
n(u, v) −

2 log logn
| log(τ− 2)|

>WX
n(u, v) +

(
Dn(u, v) −

2 log logn
| log(τ− 2)|

)
, (4.11)

and, as a consequence of Theorem 2.37, Dn(u, v) − 2 log logn
| log(τ−2)| is tight. If Xe is such

that condition (4.3) in Theorem 4.1 is not satisfied, then, by Theorem 3.2 for the case
of the conservative process,

WX
n(u, v) P−→∞, (4.12)

which implies

WY
n(u, v) −

2 log logn
| log(τ− 2)|

P−→∞. (4.13)

Thus Wn(u, v) − 2 log logn
| log(τ−2)| is not a tight sequence of random variables.
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We next merge Proposition 4.2 and Theorem 4.1 in a single theorem. For this, let
FX be the cumulative distribution for the random variable X, let D be the degree
distribution and B the random variable defined in (4.2). If (hB, FX) is the modified
age-dependent branching process defined in Definition 2.19, then we can define the
following sets:

E(D) = {FX s.t. (hB, FX) is explosive}, (4.14)

and

T(D) =

{
FX s.t. W(1+X)

n −
2 log logn
| log(τ− 2)|

is tight
}

. (4.15)

Theorem 4.3 (Universality class for tightness total excess edge-weight). If D satisfies
the power-law condition in (4.1) with τ ∈ (2, 3), then

E(D) = T(D). (4.16)

Proof. The proof follows directly from Proposition 4.2, and Theorem 4.1.

Remark 4.4 (Universality and proliferation of almost shortest paths). Theorem 4.3
shows that, as in the case of edge weights (Ye)e with inf supp(Y) = 0, there are
two universality classes in the case where the edge-weights take the form Y =

1 + X, where inf supp(X) = 0. Remarkably, these two universality classes are the
same. This result shows that there are many almost shortest paths in the graph-
distance metric, since we can even find one with tight total excess edge-weight for
many distributions of the excess edge-weights. However, when the excess edge-
weights have too thin tails close to zero, such that (4.3) fails, such paths can no
longer be found. This gives us a much more complete picture of the geometry of
the configuration model with infinite-variance degrees, and brings the discussion
of the universality classes of FPP on it substantially further.

Theorems 4.1 and 4.3 leave open whether the fluctuations converge in distribution.
That is part of the following open problem:

Open Problem 4.5 (Weak convergence of fluctuations). Let D satisfy the power-law
condition in (4.1) with τ ∈ (2, 3). Show that if condition (4.3) is satisfied, then

WY
n(u, v) −

2 log logn
| log(τ− 2)|

d−→W∞ (4.17)

for some limiting random variable W∞. If condition (4.3) is not satisfied, is

WY
n(u, v) −

2 log logn
| log(τ− 2)|

(4.18)

of the same order of magnitude as WX
n(u, v)?



4.1 introduction 59

4.1.3 Overview of the proof

In this section, we describe the key ingredients in the proof.

4.1.3.1 Upper tightness of the graph-distance Dn(u, v)

In the first part of the proof we consider a slightly different setting from the one in
Section 4.1.1. Instead of i.i.d. degrees, we consider general fixed degree sequences
for which the empirical degree distribution satisfies the lower bound in (4.1). In
this setting, we prove a uniform upper bound on the difference between the graph-
distance of two vertices of sufficiently high degree and 2 log logn/| log(τ− 2)|. For
this we construct a path that has length less than 2 log logn/ log(τ− 2)| plus a tight
random variable. The construction is as follows: we start from vertex uk with degree
at least k, for a fixed but large constant k. Then we find a sequence of interconnected
sets Γi : Γi ⊃ Γi+1, where 0 6 i 6 b(n), Γi = {v : dv > yi}, and b(n) is less than
log logn/| log(τ − 2)|, for some increasing sequence yi. In more detail, we show
that for any fixed small ε > 0 there exists an increasing sequence yi such that the
following properties hold: y0 = k and a vertex in Γi is connected to at least one
vertex in Γi+1 with probability at least 1− εi, and

∑b(n)
i=0 εi < ε. Moreover, the last

set of the sequence Γb(n) is a subset of the complete graph formed by the vertices

of high degree, by which we mean degree at least n
(1+δ)
2 for some small δ > 0.

Further, b(n) is a tight random variable away from log logn/| log(τ−2)|. So, starting
from two uniformly chosen vertices uk and vk, the two paths constructed with the
procedure above connect uk and vk to the same complete graph in a number of
steps that is at most 2 log logn/| log(τ− 2)| plus a tight random variable.

4.1.3.2 Tightness of the weight-distance WY
n(u, v) via degree-dependent percolation

To prove the tightness of the weight-distance, the rough idea is the following: our
goal is to modify the construction of the path for the graph-distance so that be-
tween each two consecutive layers Γi, Γi+1, only edges with smaller and smaller
excess edge-weight are allowed, in such a way that the total excess edge-weight is
summable. To make this idea rigorous, we extend the construction by Janson that
we have seen in Section 2.7 to a degree-dependent percolation on the configuration
model keeping each half-edge incident to a vertex of degree d with a probability
p(d), a function of the degree. (As we remark on in more detail below, we also make
sure that the resulting degree sequence, after this thinning, still satisfies (4.1) with
τ ∈ (2, 3).) We choose this function p(d) in such a way that it can be expressed as
p(d) := P(X 6 ξd), for some appropriately chosen sequence ξd that depends on
the distribution of the excess edge-weight X. Then, we can view percolation of the
half-edges as follows: we keep a half-edge s attached to a vertex with degree d if
and only if the excess edge-weight on the half-edge s satisfies Xs 6 ξd. Note that in
Theorem 4.1 we have assumed that the weight on an edge is of the form Y = 1+X,
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while the degree percolation assigns a weight to each half-edge. To solve this is-
sue, we solve the case when the edge weights are of the form Y ′ = 1 + X1 + X2
where X1 and X2 are two i.i.d. random variables from distribution X. Then, by

a stochastic domination argument, 1+ X
d
6 1+ X1 + X2, thus, weight-distances in

the graph with edge-weights Y are stochastically smaller than weight-distances in
the graph with edge weights Y ′. Further, both distances are bounded from below by
the graph-distance. Hence, tightness of the weight-distance with respect to the edge-
weights from distribution Y ′ implies tightness of the weight-distance with respect
to the edge-weights from distribution Y. Starting from i.i.d. degrees with distribu-
tion satisfying (4.1) for some τ ∈ (2, 3), we prove that under the condition that (4.3)
is satisfied, it is possible to choose ξd and thus p(d) in such a way that the new
percolated graph has a new degree sequence with an empirical degree distribution
that still satisfies a lower bound as the one in (4.1) with the same exponent τ, that
is, the setting that allows the construction of the path described in Section 4.1.3.1.
Namely, to construct a path from u to v with bounded excess edge-weight, we use
two steps. First, we approximate a constant-size neighborhood of the vertices u, v by
two branching processes to reach two vertices that have degree at least k, for some
large but fixed constant k, in the new percolated graph. Then, in the second step,
we connect uk to vk within the percolated graph with a bounded excess edge-weight.
Thus,

Wn(u, v) 6Wn(u,uk) +Wn(v, vk) +Dpn(uk, vk) +
∑
x∈π?

2ξdx , (4.19)

where D
p
n(·, ·) denotes the graph-distance within the percolated graph and ξdx is

the upper bound on the excess edge-weight on the half-edges that are attached
to x. Here x is a vertex on the constructed path that we denote by π?. The first
two contributions are clearly tight, the second is by Theorem 2.37, while the final
contribution can be seen to be tight for an appropriate choice of the (ξd) precisely
when (4.3) is satisfied. This describes the structure of the proof.

organization of this chapter . In Section 4.2 we prove upper tightness of
Dn(u, v)−2 log logn/| log(τ−2)| under relatively weak assumptions on the degrees,
which is a crucial ingredient in our proof. In Section 4.3 we combine this result with
a degree-dependent half-edge percolation argument to find the graph-distance in
our percolation graph. In Section 4.4 we complete the proof of the tightness of the
weight-distance.

4.2 tightness of the graph-distance

In this section, we consider CMn(d) with a deterministic degree sequence d such
that the empirical degree distribution satisfies the lower bound in (4.1). In this set-
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ting we prove that the difference between the graph-distance and 2 log logn/| log(τ−
2)| is uniformly bounded from above. More precisely, we show the following:

Proposition 4.6 (Upper tightness of graph-distances). Given CMn(d), where the de-
gree sequence d = (d1, . . . ,dn) has empirical distribution function Fn(x). Suppose that
there exists α > 1/2 such that for all x ∈ [x0,nα),

1− Fn(x) >
c

xτ−1−C(logx)γ−1
, (4.20)

with Ln =
∑
i∈[n] di 6 nβ for some positive β and a given x0 > 0. Then for all ε(1) > 0,

there exists k = k(ε(1)) ∈ N s.t., when u and v are two uniformly chosen vertices in [n]

with degree at least k, conditionally on being in the same connected component,

sup
n>1

P
(
Dn(u, v) −

2 log logn
| log(τ− 2)|

> 1
∣∣∣ du > k,dv > k

)
< ε(1). (4.21)

Remark 4.7 (I.i.d. vs. non-i.i.d. degrees). Note that in Proposition 4.6, the degrees
of the vertices do not necessarily have to be i.i.d. For the i.i.d. case satisfying (4.1),
tightness of
Dn(u, v) − 2 log logn/| log(τ − 2)| has already been proved in Theorem 2.37. The
extension to the non-i.i.d. case is crucial in our analysis.

4.2.1 Proof of Proposition 4.6

To prove Proposition 4.6 we find a nested sequence of layers, as defined in Definition
2.22 in CMn(d) intersecting the set of vertices of high degree in CMn(d). Fix α >
1/2 such that Condition (4.20) holds for all x ∈ [x0,nα]. For this, given a sequence
yi, i ∈ I, of positive integers, we define Γyi = {v : dv > yi} . Let

Λα = {v : dv > nα} . (4.22)

Our aim is to prove that for any small ε > 0, there exists an increasing sequence
{yi}i∈I, with y0 = k s.t. Γyi has the following properties:

1. Γyi is asymptotically a nested sequence of layers with probability at least 1− ε;

2. |I| < log logn/| log(τ− 2)|;

3. Γ|I| is w.h.p. connected with the set Λ 1
2+s

for s > 0 small enough.

For this, we choose a sequence {yi}i>0 with y0 = k that satisfies the following: let
ui be a vertex chosen according to the size-biased distribution in Γyi and Ei :=

{ui is not connected to Γyi+1 }. Then∑b(n)
i=0 P(Ei) < ε/2, where b(n) = |I| satisfies

b(n) 6 log logn/| log(τ− 2)| (4.23)
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with probability at least 1− ε/2.
We want to prove that

lim
k→∞

∞∑
i=0

P(ui ∈ Γyi ,ui 6→ Γyi+1 | deg(u0) > k) = 0, (4.24)

where ui is chosen according to a size-biased distribution from Γyi . Let Syi be the
number of half-edges and Vyi be the number of vertices in Γyi , respectively. Then

Vyi = n(1− Fn(yi)), (4.25)

and

Syi > yin(1− Fn(yi)). (4.26)

We consider the sequence yi with y0 = k. Then,

Pn(Ei) 6

(
1−

Syi+1
Ln

)yi/2
6 exp

{
−
yi+1yi[1− Fn(yi+1)]

nβ

}
. (4.27)

Here Ln 6 βn is the total number of half-edges in the graph and the factor yi/2
in the exponent comes from the worst-case scenario in which we connect all the
half-edges of ui to ui+1. We want to prove that∞∑

i=0

exp
{
−
yi+1yi[1− Fn(yi+1)]

nβ

}
= ok(1). (4.28)

For this we introduce the shorthand notation for the absolute value of the exponent
in (4.28),

gi(yi,yi+1) :=
yi+1yi[1− Fn(yi+1)]

nβ
. (4.29)

Using (4.1), we bound gi as

gi(yi,yi+1) > c̃y
2−τ−C(log(yi+1))γ−1

i+1 yi, (4.30)

where C is defined in (4.1) and c̃ > 0. We would like to choose the sequence (yi)i>1
so that (4.28) holds and then we can choose k = k(ε) in Proposition 4.6 large enough
so that

b(n)∑
i=0

P(ui ∈ Γyi 6→ Γyi+1 | deg(u0) > k) 6
b(n)∑
i=0

e−gi(yi,yi+1) <
ε

2
(4.31)

holds, where b(n) = |I| is the total number of layers involved. We claim that a
sequence satisfying these conditions is given recursively by

y0 = k, yi+1 = yi
(τ−2+A(log(yi))γ−1)−1 , (4.32)

with γ as in (4.1) and A > 0 to be defined later on. We give upper and lower bounds
on (yi)i>0 in the following lemma:
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Lemma 4.8. For every δ > 0 small enough, there exists k ∈N such that, if y0 > k,

k(
1

τ−2+δ )
i
6 yi 6 k

( 1
τ−2 )

i

. (4.33)

Proof. Note that the sequence yi is monotone increasing, while, if y0 > k0 for k0
sufficiently large,

τ− 2+
A

(logyi)1−γ
< τ− 2+

A

(logy0)1−γ
< 1. (4.34)

For a choice of y0 satisfying the second inequality in (4.34), we define δ := A
(logy0)1−γ

.
We now get a lower bound on yi using

yi+1 > y
1

τ−2+δ
i > · · · > y(

1
τ−2+δ )

i

0 = k(
1

τ−2+δ )
i
, (4.35)

while an upper bound is obtained by omitting the term A log(yi)γ−1, which is
non-negative, in the exponent, so that, recursively,

yi+1 6 y
1
τ−2
i 6 · · · 6 y(

1
τ−2 )

i

0 = k(
1
τ−2 )

i
. (4.36)

This concludes the proof of Lemma 4.8.

We now prove that (4.28) holds for {yi}i>0 as in (4.32):

Lemma 4.9. For an appropriate choice of A in (4.32), with y0 = k,

lim
k→∞

∞∑
i=0

e−gi(yi,yi+1) = 0. (4.37)

Proof. We use the lower bound on gi(yi,yi+1) in (4.30), and we replace yi+1 with
the recursion in (4.32). Then we obtain

gi(yi,yi+1) > c̃y
−
τ−2+C(log(yi+1))

γ−1

τ−2+A(log(yi))
γ−1 +1

i . (4.38)

Since γ < 1, using the lower bound on yi in (4.33), we see that A(logyi)γ−1 < δ ′

for some δ ′ < 1− (τ− 2). Then, elementary calculation yields that

gi(yi,yi+1) > c̃y
A(logyi)

γ−1−C(logyi+1)
γ−1

τ−2+δ ′
i . (4.39)

We investigate the numerator on the rhs. Since yi is monotone increasing, for the
choice of A > 2C we get that

B(logyi)γ−1 −C(logyi+1)γ−1 > 2C(logyi)γ−1 −C(logyi)γ−1

> C(logyi)γ−1.
(4.40)
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Using this bound in the numerator, and then the lower bound on yi in Lemma 4.33,
we obtain

gi(yi,yi+1) > c̃ exp
{
C(logyi)γ

}
> c̃ exp

{
C(logk)γ

( 1

τ− 2+ δ

)iγ}
. (4.41)

Note that τ− 2+ δ < 1, so that exp{−gi(yi,yi+1)} is summable in i. Finally, also
note that, since γ > 0 and y0 = k,

∞∑
i=0

exp{−gi(yi,yi+1)}→ 0, (4.42)

as k→∞, establishing the statement of Lemma 4.9 as well as (4.28).

We want to give an upper bound on b(n), i.e., the index i for which Γi is a subset
of Λα, the set of vertices of high degree. For this, we improve the lower bound in
Lemma 4.8 in the next lemma:

Lemma 4.10. There exists δ > 0 such that, for k sufficiently large,

yi > (y1−δ0 )(τ−2)
−i

. (4.43)

Proof. Let yi+1 = y
ai+1
0 , so that by (4.32),

ai+1 =
ai

τ− 2+A(logyi)γ−1
= · · · =

i∏
j=0

(
τ− 2+A(logyj)γ−1

)−1
. (4.44)

Using the lower bound on yi in Lemma 4.8 we get

ai+1 > (τ− 2)−(i+1)
i∏
j=0

(
1+ (τ− 2+ δ)+j(1−γ)

A(logk)γ−1

τ− 2

)−1
. (4.45)

The convergence of the second product on the rhs of (4.45) for any fixed k is equiv-
alent to the convergence of the series

(A logk)1−γ
i∑
j=0

(τ− 2+ δ)j(1−γ), (4.46)

and this series converges because τ− 2+ δ < 1 for δ > 0 sufficiently small. So, let
us write

M−1
k := lim

i→∞
i∏
j=1

(
1+ (τ− 2+ δ)j(1−γ)

(A logk)1−γ

τ− 2

)
, (4.47)
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and since the partial products on the rhs increase to the limit M−1
k , we obtain the

lower bound

ai+1 >
1

(τ− 2)i+1
Mk. (4.48)

Further observe that due to γ < 1, Mk = 1 + ok(1). Therefore, using the form
yi = y

ai
0 again,

yi >
(
y
Mk
0

) 1

(τ−2)i > (y1−δ0 )
1

(τ−2)i (4.49)

for some δ > 0 that can be taken arbitrarily small by taking k so large that Mk >
1− δ.

Now we have all the preliminaries to complete the proof of Proposition 4.6:

Proof of Proposition 4.6. By the condition in Proposition 4.6, there are some vertices
in the graph of degree nα, for α > 1/2. As a consequence of Lemma 4.10, the
number of layers needed to reach the highest degree vertices in Λα has b(n) as an
upper bound1, where b(n) is the solution of

(y1−δ0 )(
1
τ−2 )

(b(n)−1)
= nα, (4.50)

that is, by elementary calculations,

b(n) 6
log
(

log(nα)/ logy1−δ0

)

log( 1
τ−2 )

+ 1

=
log logn+ logα− log(log(y1−δ0 ))

| log(τ− 2)|
+ 1.

(4.51)

Then, for y0 = k sufficiently large,

b(n) 6
log logn

| log(τ− 2)|
. (4.52)

By Lemma 4.9, for all k > k0(ε),

b(n)∑
i=0

P(ui ∈ Γyi 6→ Γyi+1) 6
∞∑
i=0

e−gi(yi,yi+1) = ok(1). (4.53)

As a consequence of (4.53), w.h.p., we can connect the vertices u and v with degree
k, to the set Λα with probability 1− ε/2 in at most b(n) steps. As a consequence of

1 This is an upper bound since the true number is an integer, while the solution of (4.50) is not necessarily.
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Lemma 2.27, Λα is a complete graph. Thus, we can connect uk and vk in 2b(n) + 1
steps. We then have

Pn(Dn(u, v) −
2 log logn
| log(τ− 2)|

> 1 | du > k,dv > k) < ok(1), (4.54)

that is

sup
n>1

Pn(Dn(u, v) −
2 log logn
| log(τ− 2)|

> 1|du > k,dv > k) < ok(1). (4.55)

We choose k in such a way that ok(1) < ε(1). This ends the proof of Proposition
4.6.

4.3 degree percolation

In this section our goal is to define degree-dependent percolation on the configura-
tion model. This means that we keep each edge with a probability that depends on
the degree of the two vertices the edge is adjacent to. In what follows, we explain
two different ways to do this, and show that they are in fact equivalent. Let

p(d) : N −→ [0, 1] (4.56)

be a decreasing monotone function of d. Later p(d) will equal the probability of
keeping a half-edge that is attached to a vertex with degree d. We now define two
different degree-dependent percolation methods given a function p(d). If s denotes
a half-edge, then we shortly write p(s) = p(dv(s)), where v(s) is the vertex that the
half-edge s is attached to and dv(s) is its degree.

Definition 4.11 (Degree-dependent half-edge percolation). Given a half-edge s and a
degree sequence d = (d1, . . . ,dn), we keep the half-edge s with probability p(s), indepen-
dently of all other half-edges. Further, on the event of not keeping a half-edge s, we create
a new “artificial” vertex of degree 1 with one half-edge that corresponds to s. We call the
original vertices “regular" and the new vertices “artificial", and we say that a half-edge
is “regular" or “artificial" if it is attached to a regular vertex or to an artificial vertex,
respectively.

After this procedure is performed for all half-edges in the graph, we start pairing the
regular half-edges as in the configuration model, and their pairs could be both regular or
artificial. When all the regular half-edges have been paired, from the graph that we have
obtained we remove the artificial vertices, the edges connected to them and the artificial
half-edges that have not been paired. We call CMn(d)p(d) the obtained graph. Let dr =

(dr1, . . . ,drn) be the sequence of regular half-edges attached to the regular vertices and let
drr = (drr1 , . . . ,drrn ) be the final degrees of the vertices in CMn(d)p(d), that is, the degree
sequence in which we count only those regular half-edges that are paired to regular half-
edges.
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Definition 4.12 (Degree-dependent half-edge percolation). We start with CMn(d)

(that is the resulting graph after all the half-edges have been paired) and we independently
keep an edge (u, v) with probability p(du)p(dv), where du and dv are the degrees of u and
v. We call C̃Mn(d)p(d) the resulting graph.

In what follows, our goal is to show that the two different percolation methods
result in two random graphs that have the same degree distribution. As a prepara-
tion to show this, we will calculate the probability of a matching to occur in both
percolation methods. We adapt the argument by Janson in Section 2.7 (see [63]).
Let d = (d1, . . . ,dn) be a fixed degree sequence, and recall that Ln =

∑
i∈[n] di

denotes the total degree. Let 1 6 si 6 Ln be different half-edges and let us define

M := {(s1, s2), (s3, s4), . . . , (s2k−1, s2k)}, (4.57)

with 2k 6 Ln a matching, i.e., a sequence of pairs of half-edges. We would like to
calculate the probability of seeing the matching M in CMn(d)p(d) and also that
in C̃Mn(d)p(d). Note that in CMn(d)p(d) all the half-edges in M must be regu-
lar, so we call such a matching regular. Let EM be the event to have the matching
M in the graph model under consideration. We denote by P the measure on the
σ−algebra generated by CMn(d)p(d) and P̃ the measure on the σ−algebra gener-
ated by C̃Mn(d)p(d). We have the following equality in law:

Lemma 4.13. Fix a degree sequence d = (d1, . . . ,dn). Then, for any matching M as in
(4.57),

P̃(EM) = P(EM ∩ {M is a regular matching}). (4.58)

Proof. Note that the matching M as in (4.57) does not specify the order in which the
half-edges are paired. So, let 2k 6 Ln and
1 6 si 6 Ln be an ordered sequence of half-edges and let us define

Ek(M) := (Es1s2)1 ∩ (Es3s4)2 · · · ∩ (Es2k−1s2k)k
to be the event that half-edges si are matched to each other in exactly this order. We
let

ERk(M) := Ek ∩ {s1, s2, . . . , s2k are regular half-edges} (4.59)

be the event that Ek(M) happens and all the half-edges in the matching are regular.
We want to show that P(ERk(M)) = P̃(Ek(M)) for any k 6 Ln/2. First we calculate
the probability of ERk(M) in the degree-dependent half-edge percolation model, that
is in CMn(d)p(d). We calculate the probability by induction. To initialize, we start
with k = 1 and we compute

P(ER1(M)) = P
(
(Es1s2)1

)
= P({s1, s2 regular }∩ {s1 is paired to s2})

= p(s1)p(s2)
1

Ln − 1
,

(4.60)
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where we have used that the probability that si is regular is p(si), independently
for all half-edges si. Further, we have also used that the total number of half-edges
is still Ln after the degree-dependent half-edge percolation, because of the addition
of the artificial vertices. Now notice that, for general k,

P(ERk(M)) = P(ERk(M) | ERk−1(M))P(ERk−1(M))

=
1

Ln − 2k− 1
p(s2k−1)p(s2k)P(ERk−1(M)).

(4.61)

Indeed, once we have the matching ERk−1(M), the next two half-edges s2k−1 and
s2k must be regular: this happens with probability
p(s2k−1)p(s2k), and these two half-edges must be paired to each other. Since we
already paired (2k− 2) half-edges, the conditional probability of pairing s2k−1 to
s2k is 1/(Ln − 2k− 1). We obtain that

P(ERk(M)) =

2k∏
i=1

p(si)

k∏
i=1

1

Ln − 2i− 1
. (4.62)

We now determine the probability of Ek(M) in C̃Mn(d)p(d). Notice that here we
do the matching first, so that the ith pair of half-edges are matched to each other
with probability 1/(Ln − 2i− 1). Then, conditionally on the edge (s2i−1, s2i) being
formed, we perform the degree-dependent half-edge percolation on this matching
independently between different edges. Thus, the probability that we keep the edge
(s2i−1, s2i) is precisely p(s2i−1)p(s2i), independently for different values of i. As
a result,

P̃(Ek(M)) =

k∏
i=1

1

Ln − 2k− 1

k∏
i=1

p(s2i−1)p(s2i), (4.63)

which is exactly the same as the formula in (4.62). This finishes the proof.

We obtain the following immediate corollary:

Corollary 4.14 (Equality in law of degree-dependent percolations). Let p(d) be a func-
tion as in (4.56) and let CMn(d)p(d), C̃Mn(d)p(d) be the resulting graphs of the degree-
dependent half-edge percolation as described in Definition 4.11 and the degree-dependent

edge percolation as in Definition 4.12, respectively. Then CMn(d)p(d)
d
= C̃Mn(d)p(d).

In the next results, our goal is to determine the new degree distribution of the reg-
ular vertices, that is, the empirical degree distribution of drr = (drr1 ,drr2 , . . . ,drrn ).
Note that we start with a degree sequence d = (d1, . . . ,dn) with a power-law empir-
ical distribution that satisfies (4.1). We would like to maintain a similar power-law
condition. This is of course not possible for an arbitrary choice of p(d), thus we
need to restrict the edge-retention probabilities to satisfy some degree-dependent
bounds. The next proposition is about this:



4.3 degree percolation 69

Proposition 4.15. Let CMn(d) be a configuration model with i.i.d. degrees following a
distribution that satisfies (4.1). Let us perform degree-dependent percolation on this graph
with edge-retention probability p(d) as described in Definition 4.11. Then, if p(d) satisfies

p(d) > b exp {−c(logd)γ} , (4.64)

with γ < 1 as in (4.1), and b, c > 0, then the empirical degree distribution Frrn of the degree
sequence drr of the percolated graph also obeys a power law. More precisely, there exists x0
such that, for all x ∈ [x0,nα), where α > 1

2 , and w.h.p.,

1− Frrn (x) >
c

xτ−1−C(logx)γ−1
, (4.65)

with Ln =
∑
i∈[n] di 6 nβ for some positive β.

Notice that (4.65) is precisely the condition that is necessary to apply Propo-
sition 4.6. Thus, it allows us to give a uniform bound on the graph-distance in
CMn(d)p(d). Also, note that while the degrees dr are still i.i.d. when d is, the de-
grees drr are not. This explains why we needed to extend the conditions in Propo-
sition 4.6.

We prove Proposition 4.15 in two steps: First, in Lemma 4.16, we determine the
distribution of the number of regular half-edges, i.e., the distribution of dr =

(dr1, . . . ,drn). Then, we investigate the final degree of regular vertices: we remove
those regular half-edges that are paired to artificial vertices, thus determining the
regular-to-regular degree sequence drr = (drr1 , . . . ,drrn ). Therefore, we can also re-
fer to the graph CMn(d)p(d) with the notation CMn(d

rr). To prove Proposition
4.15, we first prove the following lemma:

Lemma 4.16 (Same power-law exponents after percolation). Consider CMn(d) with
i.i.d. degrees following distribution F satisfying (4.1). Suppose the conditions of Proposition
4.15 apply on p(d), and let (dr1, . . . ,drn) the i.i.d. degree sequence obtained by keeping a
half-edge connected to a vertex with degree d with probability p(d), as defined in Definition
4.11. Let Fr(x) be the distribution function of dri for a single i ∈ [n]. Then, Fr(x) still
satisfies (4.1). Further, w.h.p., the empirical distribution function Frn(x) satisfies (4.20).

Proof of Lemma 4.16. Let d be the degree sequence in CMn(d), p := p(d) the edge-
retention probability, and dr, Fr, Frn as above. First note that, by construction, when
d is i.i.d., then also dr is. The upper bound is obvious since (4.1) implies that

1− Fr(x) = P(dri > x) 6 P(di > x) 6 x
−τ+1+C(logx)γ−1 . (4.66)

For the lower bound, for some y = y(x) to be chosen later,

1− Fr(x) = P(Bin(di,p(di)) > x)

> P(Bin(di,p(di)) > x | di > y)P(di > y).
(4.67)
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Suppose y is such that yp(y) > 2x. Then the first factor on the rhs of the previous
equation can be bounded as follows:

P(Bin(di,p(di)) > x|di > y) > min
z:z>y

P(Bin(z,p(z)) > x)).

Then, using the monotonicity of p(d), it holds that zp(z) > yp(y) > 2x, thus we can
apply Lemma 2.29 to obtain

min
z : z>y

(
P(Bin(z,p(z)) > x

)
> min
z : z>y

(
1− exp

{
−
zp(z)

8

})
.

Again, monotonicity of p(d) implies zp(z) > yp(y), so

min
z : z>y

(
1− exp

{
−
zp(z)

8

})
= 1− exp

{
−
yp(y)

8

}
.

Combining this with (4.67), we obtain the lower bound

P(Bin(di,p(di)) > x | di > y)P(di > y)

>
(
1− exp

{
−
yp(y)

8

}) 1

yτ−1+C(logy)γ−1
.

(4.68)

Let us set now y(x) := 2x exp{2c(log 2bx)
γ}/b, for γ, c,b as in (4.64). Since p(y)

satisfies the lower bound given in (4.64),

y(x)p(y(x)) = 2x exp
{
2c(log 2bx)

γ − c
(

log 2bx+ 2c(log 2bx)
δ
)γ}

= 2x exp
{
2c(log 2bx)

γ − c(log 2bx)
γ
(
1+ 2c(log 2bx)

γ−1
)γ}

.
(4.69)

Note that since γ < 1, the factor
(
1+ 2c(log 2bx)

γ−1
)γ

is less than say 3/2 (but
larger than 1) if x is large enough, and hence, for large enough x, the rhs is at least

y(x)p(y(x)) > 2x exp
{
1

2
c(log 2bx)

γ

}
> 2x.

This shows that we can indeed apply Lemma 2.29 above.
Note that, due to the bound yp(y) > 2x, the factor

(1− exp{−yp(y)/8}) > 1/2 for large enough x. Using this estimate and again that
y = 2x exp{2c(log 2bx)

γ}/b we obtain from (4.68) the lower bound on (4.67):

1− Fr(x) >
1

2

1

( 2bx)
τ−1

× exp
{
−(τ− 1)

(
2c(log 2bx)

γ
)
−C

(
log( 2bx) + 2c(log 2bx)

γ
)γ}

.
(4.70)
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As before, the second term in the exponent is
C(log 2bx)

γ(1+ 2c(log 2bx)
γ−1)γ, and, since γ < 1, the latter factor is at most 3/2

when x is sufficiently large. Thus

1− Fr(x) >
bτ−1

2τ
1

xτ−1
exp
{
−(32C+ (τ− 1))(log 2bx)

γ
}

. (4.71)

Finally, again for sufficiently large x,
log 2bx = log x(1+ log(2/b)

logx ) 6 2 log x, so we arrive at

1− Fr(x) >
bτ−1

2τ
1

xτ−1
exp
{
−2γ(32C+ (τ− 1))(log x)γ

}
. (4.72)

As a result, we see that Fr(x) satisfies the condition in (4.1) with exponent τ, γ ∈
(0, 1), and C replaced by 2γ(32C+(τ− 1)). It is not hard to show that when dri is i.i.d.
with a distribution function Fr(x) that satisfies (4.1), then its empirical distribution
function Frn satisfies (4.20) for some α > 1/2. Indeed, by (4.72), it follows that dri
are i.i.d. random variables with distribution function Fr satisfying (4.1). Then n(1−
Frn(x)) is a binomial random variable with parameters n and 1− Fr(x), so that, by
Lemma 2.29,

P
(
1− Frn(x) 6

1

2

n(1− Fr(x))

n

)
< exp

{
−n

(1− Fr(x)
8

)}
. (4.73)

By the monotonicity of 1− Fr(x),

exp
{
−n

(1− Fr(x)
8

)}
6 exp

{
−n

(1− Fr(nα)
8

)}
, (4.74)

for every x 6 nα. Then, since we have just shown in (4.72) that Fr satisfies (4.1), for
all n sufficiently large, and α > 1/2 (but we are allowed to choose α < 1/(τ− 1)),

n(1− Fr(nα)) >
n

nα(τ−1+δ)
> nc, (4.75)

with δ arbitrarily small and some constant c > 0. Then, by a union bound,

P
(
∃x 6 nα : 1− Frn(x) 6

1

2

n(1− Fr(x))

n

)

6
∑
x6nα

P
(
1− Frn(x) <

1

2
n[1− Fr(x)]

) (4.76)

with α as defined in (4.20), and it is arbitrarily close to 1
2 . By (4.73) and (4.74), each

summand is at most the rhs of (4.74). Combining this with (4.75) we obtain that each
summand on the rhs of (4.76) is at most exp {−nc} for some c > 0. So, we obtain

P
(
∃x 6 nα : 1− Frn(x) 6

1

2
(1− Fr(x))

)
< nα exp{−nb} = on(1), (4.77)

as required. This finishes the proof of Lemma 4.16.
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We are now ready to complete the proof of Proposition 4.15:

Proof of Proposition 4.15. Let dr = (dr1, . . . ,drn) be the degree sequence of the regular
vertices of CMn(d) after the half-edge degree percolation and before having paired
the half-edges. Let drr = (drr1 , . . . ,drrn ) be the degree sequence of CMn(d)p(d). Let

Sr,i := {number of regular half-edges of vertex i paired to artificial ones.}, (4.78)

Notice that (due to the pairing) the degrees (drri )i∈[n] are no longer independent.
We have that

drri = dri − Sr,i. (4.79)

We define Rn as the total number of regular half-edges in the graph after the degree-
dependent half-edge percolation. We first prove that, for some qε > 0 and for all
ε > 0, w.h.p.,

Rn

Ln
> qε > 2q (4.80)

where qε → 3q as ε→ 0, for some q > 0. By definition,

Rn

Ln
=

1
n

∑
i∈[n] d

r
i

1
n

∑
i∈[n] di

. (4.81)

By the Weak Law of Large Numbers, we have that for all ε > 0 and w.h.p.

E[D](1− ε) 6
1

n

∑
i∈[n]

di 6 E[D](1+ ε), (4.82)

and

E[Dr](1− ε) 6
1

n

∑
i∈[n]

dri 6 E[Dr](1+ ε). (4.83)

Then,

P
(Rn
Ln

6
E[Dr](1+ ε)

E[D](1− ε)

)
6 P(Rn 6 E[Dr](1− ε))

+ P(Ln > E[D](1+ ε)).
(4.84)

By (4.82) and (4.83), the right hand side in (4.84) is on(1). Then, with qε := E[Dr](1−

ε)/(E[D](1 + ε)) and 3q := E[Dr]/E[D], (4.80) is established. In what follows we
prove that w.h.p. for all x ∈ (x0,nα),

P(∃x 6 nα : 1− Frrn (x) 6
1

2
[1− Frn(bx)]) = on(1). (4.85)
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By Lemma 4.16 we know that Frn satisfies (4.20), thus establishing (4.85) is sufficient
to show that Frrn also satisfies (4.20).

Let Srrn (x), Srn(x) be the sets of vertices with degree higher than x in CMn(d
rr)

and CMn(d
r) respectively, and let Ern(x), Errn (x) be the set of half-edges in the set

Srn(x) and Srrn (x). If q is defined in (4.80), we show that for all ε > 0, there exists
x0 such that the distribution of the degrees of vertices in Srrn (x0) can be bounded
from below by an i.i.d. sequence of Binomial random variables having distribution
Bin(dr,q).

For this, we consider the pairing procedure of the half-edges in Ern(x) as described
in Definition 4.11, and give a uniform lower bound on the probability that a half-edge
in Ern(x) is paired to a regular half-edge. By the interchangeability of the pairing of
the half-edges, we have the following bound: For any 1 6 k 6 |Ern(x)| we consider
an ordered sequence of half-edges s1, . . . , sk ∈ Ern(x),

Pk = P(sk is paired to a regular half-edge | Fk−1)

>
Rn − 2k

Ln − 2k
>

Rn − 2|Ern(x)|

Ln
,

(4.86)

where Fk−1 is the σ−algebra for the first k− 1 pairings. By the definition of Ern(x),
for all ε > 0, there exists x0 s.t. for all x > x0, w.h.p.

|Ern(x0)|

Ln
6
ε

2
. (4.87)

From the proof of (4.80), Rn/Ln > 2q, implying that w.h.p.

Pk > 2q− ε > q, (4.88)

where 3q = E[Dr]/E[D] > 0 as before. This gives a uniform lower bound on the
pairing probability independently of the outcome of the previous pairings. As a con-
sequence, for any v ∈ Srn(x0), the degree drrv can be coupled to a random variable
Xv such that

Xv
d
> Bin(drv,q), (4.89)

and for any choice of vertices w and w ′ in Srn(x̄), Xw and Xw ′ are independent.
Therefore,

P(drrv > m) > P
(
Bin(drv,q) > m

)
. (4.90)

We now prove (4.85). For this, let us consider

1− Frrn (x) >
1

n

∑
i∈[n]

1
{dri>

10x
q }
1{drri >x}

(4.91)
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where x > x0. Using (4.89), we get

1

n

∑
i∈[n]

1
{dri>

10x
q }
1{drri >x}

d
>
1

n

∑
i∈[n]

1
{dri>

10x
q }
1
{Bini(

10x
q ,q)>x}, (4.92)

where Bini(
10x
q ,q) is a shorthand notation for independent binomials with the

given parameters. We can rewrite the right hand side of (4.92) as

[1− Frn]

(
10x

q

)
−
1

n

∑
i∈[n]

1
{dri>

10x
q }
1
{Bini(

10x
q ,q)<x}. (4.93)

Denoting n(1− Frn(
10x
q )) =: m, and define X :=

∑m
i=1 1{Bini(

10x
q ,q)<x}. We aim to

show that X < m/2 holds whp. By Lemma 2.29,

P
(
Bin
(10x
q

,q
)
6 x
)
6 e−10x/8 < e−5x0/4, (4.94)

so that

E[X] = E

[
m∑
i=1

1
{Bini(

10x
q ,q)<x}

]
6 me−5x0/4. (4.95)

Let us increase x0 if necessary to ensure that e−5x0/4 6 1/8. Note that X is a sum
of Bernoulli random variables. Thus, we can use a Chernoff bound to bound the
upper tail of X (see, e.g., [77, Corollary 3.13], with β = 1

2 exp{5x0/4}− 1 > 3 and
µ = m exp{−5x0/4}, to obtain the following bound for some b ′,C ′ > 0:

P
(
X >

m

2

)
< e−β

2µ/(2+β) 6 exp

{
−
(e
5x0
4 /2− 1)me−

5x0
4

2

}
< e−m/8 6 exp{−nb

′
C ′},

(4.96)

where we have first used that β > 2 thus β2/(2+ β) > β/2, and then again, 1/2−
e−5x0/4 > 1/4 to obtain the first formula in the second line. Finally, since m > nb

′

as long as x 6 n1/(τ−1−δ), we obtain the desired bound above. Then, noting that
m = n[1− Frn](10x/q), by (4.91) and (4.93), (4.96) yields

P
(
1− Frrn (x) 6

1

2
[1− Frn](10x/q)

)
6 exp {−nb

′
C ′}, (4.97)

so that, by a union bound,

P
(
∃x ∈ (x0,nα) : 1− Frrn (x) 6

1

2
[1− Frn](10x/q)

)
6 nα exp {−nb

′
C ′}. (4.98)

Then, for x0 large enough, (4.85) follows with b = 10/q. This concludes the proof
of Proposition 4.15.
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We now use Proposition 4.15 to obtain a bound on the graph-distance in the
graph after percolation. Let Drrn be the graph-distance in CMn(d

rr). Then, we have
the following bound:

Corollary 4.17. Given CMn(D) with i.i.d. degrees having distribution satisfying (4.1),
and the corresponding graph C̃Mn(d)p(d) that is the result of degree-dependent half-edge
percolation with p(d) satisfying (4.64). Let drr denote the corresponding degree sequence
for the vertices. Then, for all ε(2) > 0, there exists k = k(ε(2)) s.t., if u and v are two
uniformly chosen vertices in [n] with degree at least k,

sup
n>1

P
(
Drrn (u, v) −

2 log logn
| log(τ− 2)|

> 1 | du > k,dv > k
)
< ε(2). (4.99)

Proof. Let An be the event for α > 1/2 as in Proposition 4.15

An :=
{
1− Frrn (x) >

C̃

xτ−1+C1(logx)γ−1
, ∀x0 6 x 6 nα

}
, (4.100)

where x0 is defined in (4.87). Then by Proposition 4.15, P(An) = 1 − on(1). For
brevity let us write Kn := {Drrn (u, v) − 2 log logn

| log(τ−2)| > 1}. Then,

sup
n>1

P
(
Kn | du > k,dv > k

)

= sup
n>1

P
(
Kn | du > k,dv > k,An

)
P(An)+

P
(
Kn | du > k,dv > k,Acn

)
P(Acn).

(4.101)

Note that the probability of the first term on the rhs is bounded precisely in Propo-
sition 4.6, on An, while P(Acn) = on(1) by Proposition 4.15. Thus, there exists ε(1)

s.t.

sup
n>1

P
(
Kn | du > k,dv > k

)
6 ε(1)(1− on(1)) + on(1) 6 ε

(2), (4.102)

for all n sufficiently large, finishing the proof.

4.4 tightness of the weight

Our goal in this section is to prove Theorem 4.1. We first prove a uniform bound for
the weight of the path that connects the uniformly chosen vertex u to a vertex in
the first layer Γy0 in CMn(d)p(d). For this, we prove that for any choice of p(d) that
satisfies condition (4.64) we can connect a uniform vertex u in CMn(d) to a vertex
that has sufficiently large degree after the degree-dependent half-edge percolation.
We introduce the following notation:

∂Bm(u) := {w ∈ CMn(d) s.t. Dn(u,w) = m}, (4.103)
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and

deg(Vm(u)) := max
w∈∂Bm(u)

dw, (4.104)

deg(Vp(d)m (u)) := max
w∈∂Bm(u)

drrw , (4.105)

where recall that drrw equals the degree of wp(d) in CMn(d)p(d). The following
holds:

Lemma 4.18. For any choice of p(d) that satisfies (4.64), for all ε(3) > 0 and k > 0, there
exists a constant m := m(k, ε(3)) such that w.h.p.

P(deg(Vp(d)m (u)) < k) < ε(3). (4.106)

Proof. The proof consists of two steps. In the first step we show that for a fixed
half-edge retention probability p(d), when a vertex has sufficiently high degree
before percolation, then after the degree-dependent percolation its degree is at least
K with high probability. In the second step we prove that we can find such a vertex
a bounded number of steps away from the uniformly chosen vertex u.

As we have seen in Lemma 4.16 and the proof of Proposition 4.15, the degree drrw
of a vertex w after percolation is the result of a half-edge percolation as described
in Lemma 4.16 and of a second thinning with parameter at least q as described
in (4.86) and (4.88), whenever dw > x0. This results in a two-step thinning of dw,

where drw
d
= Bin(dw,p(dw)) and drrw

d
> Bin(drw,q). Thus we obtain the stochastic

domination drrw
d
> Bin(dw,p(dw)q), for all w with dw > x0.

Note that since p(d) satisfies (4.64), and q is fixed, the mean dp(d)q is monotone
increasing in d for all d sufficiently large. Indeed,

E[Bin(d, e−c(logd)γ)q] > dbe−c(logd)γq = elogd(1−c(logd)γ−1)q. (4.107)

Thus, let us define for any z > 2, K̃z := inf{d : dbe−c(logd)γq > zk}. Then, a Chernoff
bound as in [77, Corollary 13.3], with β = 1− 1/z > 1/2 and µ = zk yields that

P(Bin(K̃z,p(K̃z)q) < k)

6 e−β
2µ/2 6 exp{−(1− 1/z)2zk/2} 6 exp{−zk/8}.

(4.108)

Thus, for any ε0 > 0 and any k > 0, we can choose z := z(ε0) large enough and
then K̃z(ε0) accordingly, such that the rhs is at most ε0. Combining this with the
stochastic domination and the monotonicity argument above, we obtain that for
any vertex w

P(drrw < k | dw > K̃z(ε0)) < ε0. (4.109)
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We now show that we can connect a uniformly chosen vertex u with a vertex with
degree at least K̃z(ε0) in a bounded number of steps and probability tending to 1.
By [13, Proposition 2],

|∂Bm|
P−→∞, (4.110)

as m → ∞. Further, the sequence {(dvi)vi∈∂Bm } can be coupled to |∂Bm| many
i.i.d. random variables with a power-law distribution described in (4.2) (see, e.g.,
[18, Proposition 4.7]). Then

P(deg(Vm(u)) 6 K̃z(ε0)) 6
( α1

K̃
τ−2+α2
z(ε0)

)m
, (4.111)

with deg(Vm(u)) defined in (4.104) and for some positive constants α1 and α2.
Then, for all ε̃ > 0, there exists mε̃ such that
P(degVmε̃ 6 K̃z(ε0)) < ε̃. Finally, let

E1 := {drrw < k|dw > K̃z(ε0)},

E2 := {deg(Vmε0 (u)) 6 K̃z(ε0)}.

Then, by a union bound,

P(deg(Vp(d)m ) < k) 6 P(Ec1) + P(Ec2) 6 ε0 + ε̃. (4.112)

with ε0 and ε̃ arbitrarily small. This completes the proof of the lemma, with distance
m = mε1 .

We are ready to prove Theorem 4.1 by constructing a path with tight excess
weight:

Proof of Theorem 4.1. Let us set k > x0, where x0 is defined in Proposition 4.6. As a
consequence of Lemma 4.18, for any fixed ε, with probability at least 1− ε, there
exists a path in CMn(d) that connects u with a vertex uk with drru > k in at most
m := m(ε(3),k) steps. We call this path πk. The weight over the path πk is given by
the sum of at most m i.i.d. random variables with distribution FY . Therefore for all
ε(4), there exists r ′ = r ′(ε(4)) such that

P(Wn(u,uk) > r ′) < ε(4). (4.113)

We recursively describe a path πu(i) in CMn(d)p(d) as follows: πu(0) = uk, πu(i+
1) is the vertex having the maximum degree between all the neighbours of πu(i) in
the degree percolated graph. If there are more vertices with the same degree then
we choose the one that is connected to πu(i) with the least edge-weight. Then, if yi
with y0 = k, is a sequence as in (4.32), the proof of Proposition 4.6 guarantees that
πu(i) has degree at least yi for all i, with probability 1− ok(1), see (4.24). We define
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πv(i) analogously. We aim to prove an upper bound on the weight of the path that
connects uk and vk in CMn(d)p(d). For this recall that we have assigned a weight
from distribution 1+X to each half-edge and that the half-edge percolation described
in Definition 4.11 can be later interpreted as thinning the half-edges with too high
excess weight. Therefore,

Wn(uk, vk) 6 Drrn (uk, vk) +
b(n)∑
i=0

(
w1πu(i) +w

2
πu(i)

+w1πv(i) +w
2
πv(i)

)
, (4.114)

where for z = u, v, w1
πz(i)

,w2
πz(i)

are the excess edge-weights of the two half-edges
attached to πz(i) that the path πz uses. We now fix ε > 0, and we choose k so large
that

∑b(n)
i=1 εi < ε. Considering two identical constructions for both vertices uk and

vk, by Proposition 4.6, with probability at least 1− ε(1), Drrn (uk, vk) 6 2
log logn

| log(τ−2)| .
Further, again by the proof of Proposition 4.6, that πz(i) is a vertex with degree at

least yi in the percolated graph. Recall that we can write p(d) = P(X 6 ξd) for some
deterministic (ξd)d>1 and the half-edge percolation can be interpreted as thinning
the half-edges with too high excess weight. Thus, the additional edge weights on
the half-edges attached to πz(i) survived the degree-dependent percolation and as
a result are at most ξyi . This implies that wj

πz(i)
6 ξyi for j = 1, 2 and z = u, v.

Therefore,

Wn(uk, vk) 6 2
log logn

| log(τ− 2)|
+ 4

b(n)∑
i=0

ξyi . (4.115)

Finally, by (4.113), the probability that the sum of the weights in the paths connect-
ing u with uk and v with vk does not exceed 2r ′ is at least 1− 2ε(4). Then,

Wn(u, v) 6 2r ′ + 2
log logn

| log(τ− 2)|
+ 4

b(n)∑
i=0

ξyi , (4.116)

with probability at least 1− 2ε(4) − ε(1).
It remains to show that there exists a choice of ξd such that

∑b(n)
i=0 ξyi is bounded.

First we start rewriting the integrability criterion in (4.3). By a change of variables
u := 1/y, we obtain that (4.3) is equivalent to the convergence of∫c

0
F
(−1)
X (exp{−C/y})

1

y
dy (4.117)

for some c,C > 0. Note first that, due to a simple change of variables, the constant
C in the exponent can be chosen arbitrarily. We shall set its proper value later on.
For now, let us fix an arbitrary κ ∈ (τ− 2, 1) and cut the integral at the powers of κ.
Then, the convergence of (4.117) implies the convergence of the sum∞∑

n=K

∫κn
κn+1

F
(−1)
X (exp{−C/y})

1

y
dy, (4.118)
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where K can be chosen as K := min{n : κn 6 c}. By the monotonicity of the inverse
function F(−1)X (·),

F
(−1)
X

(
1

eC/κn+1

)
(1−α) 6

∫κn
κn+1

F
(−1)
X

(
1

eC/y

)
1

y
dy, (4.119)

hence the convergence of the integral in (4.3) implies that∞∑
n=K

F
(−1)
X

(
1

eC/κn

)
<∞. (4.120)

Now we turn to the choice of ξd and thus p(d). The intuitive idea is the follow-
ing: recall that in the path constructed in the proof of Proposition 4.6, by Lem-
mas 4.8 and 4.10, for the ith vertex of the constructed path, the degrees are yi ∈
((k1−δ)1/(τ−2)

i
, k1/(τ−2)

i
), for some constants k and δ ∈ (0, 1). Thus, we would

like to set p(d) so that the equation

p (yi) = e−C/α
i

(4.121)

holds. For this, d = (k1−δ)1/(τ−2)
i

implies that
i = log

(
log(d)/ log(k1−δ)

)
/| log(τ− 2)|, which, when used on the right hand side

of (4.121), results in the definition

p(d) := exp

{
−C

(
logd

log(k1−δ)

)| logα|/| log(τ−2)|
}

= exp
{
−C ′ (logd)| logα|/| log(τ−2)|

}
,

(4.122)

with C ′ := C log(k1−δ)−| logα|/| log(τ−2)|. Due to the fact that we have chosen α ∈
(τ − 2, 1), we have | logα|/| log(τ − 2)| := γ < 1. Thus, the conditions of Propo-
sition 4.15 are satisfied with this choice of p(d). Further, note that, since p(d) =

P(X 6 ξd), we have ξd = F
(−1)
X (p(d)). Since p(·) is monotone decreasing in d,

yi > (k1−δ)1/(τ−2)
i

implies

ξyi = F
−1
X (p(yi)) 6 F

(−1)
X

(
p((k1−δ)1/(τ−2)

i
)
)
= F

(−1)
X

(
e−C/α

i
)

.

Note that the right hand side is summable in i by (4.120), thus the excess edge-
weight on the edges in the path through the layers Γi is bounded, i.e.∞∑

i=0

ξyi <∞. (4.123)

This, combined with (4.116) finishes the proof of the upper bound. The proof of the
lower bound follows from the fact that

Wn(u, v) > Dn(u, v)

and the latter is tight around 2 log logn/| log(τ− 2)| by Theorem 2.37.
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C O M P E T I T I O N O N T H E C O N F I G U R AT I O N M O D E L

5.1 introduction

In this chapter we consider a competition process on the configuration model with
finite mean and infinite variance i.i.d. degrees. The process consists in two infections
spreading simultaneulsy with two unequal deterministic speeds from two vertices
of the graph. We prove that, for almost all the choices of vertices from which the two
infection start, the faster infection will occupy asymptotically all the graph except a
vanishingly small proportion. On the other hand the losing color will occupy only
a random subpolynomial fraction of the vertices.

5.2 the model and the main result

We consider the configuration model CMn(D) on n vertices, where the degrees
Dv, v ∈ {1, 2, . . . ,n} := [n] are i.i.d. with a power-law tail with distribution FD(x)

satisfying Condition 2.5, that is

c1
xτ−1

6 1− FD(x) = P(D > x) 6
C1
xτ−1

, (5.1)

with τ ∈ (2, 3), and all edges have weight 1. We assume P(D > 2) = 1 guaranteeing
that the graph has almost surely a unique connected component of size n(1− o(1))
as seen in Corollary 2.21. Let B be the size-biased distribution of D as defined in
(2.16), so that

P(B = j) :=
(j+ 1)P(D = j+ 1)

E[D]
(5.2)

for j > 0. Let FB(x) be the distribution function of B. Pick two vertices R0 (red
source) and B0 (blue source) uniformly at random in [n], and consider these as
two sources of spreading infections. Each infection spreads deterministically on the
graph: for color blue it takes λ time units to pass through an edge, while color red
needs 1 unit of time for that. We assume that the infection spreads simultaneously
on all the edges that are neighbors to the infected vertex. Without loss of gener-
ality we can assume that λ > 1. Each vertex is painted the color of the infection
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that reaches it first, keeps its color forever, and starts coloring the outgoing edges
at the speed of its color. When the two colors reach a vertex at the same time, the
vertex gets color red or blue with an arbitrary adapted rule, i.e. a rule that does not
depend on the future. An example of such a rule is that the vertex is painted red or
blue with probability 1/2 each, independently of everything else. Another natural
adapted rule is that a vertex, when the two colours arrive at it at the same time, is
painted red or blue with probability proportional to the number of previously red
and blue-colored neighbors of the vertex.
Let Rt := Rt(n) and Bt := Bt(n) denote the set of red and blue vertices occupied
up to time t, respectively and let Rt,Bt denote the sizes of these sets. In particular,
let us denote by R∞ := R∞(n),
B∞ := B∞(n) the number of vertices eventually occupied by red and blue, respec-
tively. We emphasise that the randomness in this model is only arising from the
structure or topology of the graph and the uniform choice of the source vertices for
the two colors; once these are settled, the dynamics is completely deterministic.

Roughly speaking, the first result of this chapter, Theorem 5.2 below, tells us that
in the quenched setting, i.e., for almost all realizations of the graph CMn(D) and for
almost all initial vertices R0,B0, the faster color wins, that is, it gets n−oP(n) many
vertices. Furthermore, the number of vertices the slower color paints is subpoly-
nomial in n. More precisely, blue paints w.h.p. exp{(logn)2/(λ+1)Gn(Y

(n)
r , Y(n)b )}

many vertices, i.e., a stretched exponential in logn with exponent 2/(λ + 1) < 1,
and where the coefficient Gn(Y

(n)
r , Y(n)b ) is a random function that depends on

n, λ, τ, and two random variables Y(n)r and Y(n)b , that can intuitively be interpreted
as some measure of ‘how good’ the neighbourhoods of the source vertices are: the
faster the local neighbourhoods grow, the larger these variables are.1 Moreover,
Gn(Y

(n)
r , Y(n)b ) does not converge: it has an oscillatory part that exhibits ‘log log-

periodicity’. We can ‘filter out’ these oscillations by introducing another function
Hn(Y

(n)
r , Y(n)b ) that oscillates and is tight, and then Gn(Y

(n)
r , Y(n)b )/Hn(Y

(n)
r , Y(n)b )

is a deterministic function of Y(n)r , Y(n)b that converges, see the statement of Theo-
rem 5.2 below. The other result, Theorem 5.4, shows that the degree of the maximal-
degree vertex that blue ever occupies obeys asymptotic behaviour similar to blue’s
total number, with a strictly smaller coefficient in the exponent, and the same
log log-periodicity. This phenomenon is due to integer-part issues coming from the
fact that the edge weights are concentrated on a lattice.

We use the same notation and add a superscript (r), (b) to corresponding random
variables, sets or other quantities belonging to the red and blue processes, respec-
tively. In this chapter typically, all the w.h.p.-events hold w.h.p. under the event
{Ln ∈ [1/2E[D]n, 2E[D]n]}.

1 More precisely, these variables appear as the double exponential growth rate function of the local neigh-
borhood of the two starting vertices.
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Results

To be able to state the main theorem precisely, let us define the following random
variables:

Definition 5.1. Let Z(r)

k ,Z(b)

k denote the number of individuals in the k−th generation of
two independent copies of a Galton-Watson process described as follows: the size of the first
generation has distribution F satisfying (5.1), and all the further generations have offspring
distribution FB from (5.2). Then, for a fixed but small ρ > 0 let us define

Y
(n)
r := (τ− 2)t(n

ρ) log(Z(r)

t(nρ)
),

Y
(n)
b := (τ− 2)bt(n

ρ)/λc log(Z(b)

bt(nρ)/λc),
(5.3)

where t(nρ) = infk{Z
(r)

k > nρ}. Let us further introduce

Yr := lim
k→∞(τ− 2)k log(Z(r)

k ), Yb := lim
k→∞(τ− 2)k log(Z(b)

k ). (5.4)

In Section 5.3 below we will see that these quantities are well defined and that

(Y
(n)
r , Y(n)b )

d−→ (Yr, Yb) from (5.4) as n → ∞. With this notation in mind, we have
the following theorem:

Theorem 5.2. Fix λ > 1. Then, limn→∞ R∞/n = 1 w.h.p.. Further, there exists a bounded
and strictly positive random function Hn(Y

(n)
r , Y(n)b ) such that, as n→∞,

log(B∞)
(logn)

2
λ+1Hn(Y

(n)
r , Y(n)b )

d−→
(
Yλb
Yr

) 1
λ+1

. (5.5)

We identify Hn(Y
(n)
r , Y(n)b ) in (5.103) as a deterministic, oscillating (non-convergent)

function of τ, λ,n, Y(n)r , Y(n)b . Hn(Y
(n)
r , Y(n)b ) has the uniform (non-tight) bounds

(
(τ− 2)

(τ− 1)2
(3− τ)

1− (τ− 2)λ

) 1
λ+1

< Hn(Y
(n)
r , Y(n)b ) < (τ− 2)−2 · 4− τ

1− (τ− 2)λ
.

Remark 5.3. We also give accompanying tight bounds on
Hn(Y

(n)
r , Y(n)b ), see (5.104).

Let us denote the degree of the maximal degree vertex eventually occupied by
blue

D
(b,n)
max (∞) := max

i∈B∞Di. (5.6)

As a side result of the proof of Theorem 5.2, we get the following theorem:
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Theorem 5.4. Fix λ > 1. There exists a bounded and strictly positive random function
Hmax
n (Y

(n)
r , Y(n)b ) defined below in (5.69), such that as n→∞

logD(b,n)
max (∞)

(logn)
2
λ+1 Hmax

n (Y
(n)
r , Y(n)b )

d−→
(
Yλb
Yr

) 1
λ+1

(5.7)

Further, Hmax
n (Y

(n)
r , Y(n)b ) is stochastically dominated by Hn(Y

(n)
r , Y(n)b ) w.h.p., and

(
(τ− 2)2+λ

(τ− 1)2

) 1
λ+1

6 Hmax
n (Y

(n)
r , Y(n)b ) 6

(
τ− 2

4

) 1
λ+1

. (5.8)

Remark 5.5. We emphasise that these results are valid for any adapted decision rule
when the two colors jump at the same time to a vertex. In case λ is irrational, clearly,
this rule will never be used. If λ is rational, then the normalisation random variables
Hn(Y

(n)
r , Y(n)b ), Hmax

n (Y
(n)
r , Y(n)b ) depend on the rule – they are slightly different if

the rule is so that these vertices are always painted red, from the case when there
is a positive chance that these vertices are painted blue, but the upper and lower
bounds on Hn(Y

(n)
r , Y(n)b ),Hmax

n (Y
(n)
r , Y(n)b ) remain the same. On the other hand,

when λ = 1, this rule will play an important role in the outcome. This case is more
complex, in fact the Red and the Blue might reach the maximal degree vertex at the
same time with positive probability, and even if the Red arrives to the maximum
degree vertex earlier, the Red and the Blue slope down the mountain with the same
speed, so that Red cannot close Blue around. This equal speed case is the argument
of [60].

Remark 5.6 (More than two colors). If there are a finite number of colors with edge
passage-times 1=λ1 < λ2 6 · · · 6 λk, then the statements of Theorems 5.2 and 5.4
stay valid for each λi, 2 6 i 6 k, with limit variables (Yλii /Y1)

1/(λi+1) on the right
hand side of (5.5), where Yi are i.i.d. copies of Y. The reason for this is that with
high probability each slower color only meets the fastest color and never meets the
other slow ones. That is, the clusters of slower colors are separated from each other
by the cluster of the fastest color.

5.2.1 Related work and discussion

First we give a (non-complete) overview of the literature on competition on different
graph models. Then we mention some more applied results.

In a seminal paper [51] Häggström and Pemantle introduced competition on the
grid Z

d. The model is called the two-type Richardson’s model, and it describes the
dynamics of two (red and blue) infections with single source vertices v0, v1 ∈ Zd
that compete to conquer the grid Z

d. In this continuous-time model, a vertex of Zd

gets a given color with rate proportional to the number of infected neighbours of
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that color; then, once a vertex is infected, it keeps its color forever. Note that the
evolution of a single color without the presence of the other color has independent
exponential passage times across edges, and a vertex gets infected at the time that
equals the minimal length path from the source to the vertex. Hence, a single color
process is often called first passage percolation in the literature. Multiple colours then
lead to competing first passage percolation.

For two colors, we have two possible evolution scenarios: in the first, one of the
growing clusters completely blocks the growth of the other color – by surrounding
it – and then it infects all the remaining healthy vertices. In the second scenario the
two clusters continue to grow unboundedly forever: this is called coexistence. The
important question is: does coexistence occur with positive probability? Häggström
and Pemantle [51] proved that this is the case for the Z2 grid with i.i.d. exponential
passage times with the same parameter. Later this result was extended by Garet and
Marchand [46] for Zd, d > 2 for a vast class of passage time distributions under
mild hypothesis. For further literature on the Richardson model see [31, 32, 47, 55,
56].

Recently, a noticeable scientific interest arose in understanding the structure of
large but finite networks and the behaviour of spreading processes on these net-
works. Typically, results on these topics are called first passage percolation, see e.g.
[17–19]. It is then natural to ask what happens when one considers competition
of multiple spreading processes on these networks. When studying competitive
spreading, one might also gain a more detailed understanding of the structure of
these graphs.

The idea of competitive spreading on finite random graph sequences raises sev-
eral questions. First and foremost, due to the finite size of the graphs the main
questions about these models must be rephrased, since infinite growth can never
happen. Thus, the definition of coexistence had to be modified in this setting. Con-
sider two competing colors on a sequence of random graphs: is there asymptotic
coexistence of the two colors? That is, is it possible that both colors paint a posi-
tive proportion of vertices with positive probability, as the size of the graph tends
to infinity? If this is not the case then can we determine the number of eventually
occupied vertices for both colors in terms of the size of the graphs? What happens
if we modify the passage dynamics so that the two infections have different rates of
growth λ1 and λ2? Here we give a (non-complete) overview of the existing literature
on these topics for different random graph models.

Antunovic, Dekel, Mossel and Peres [6] give a detailed analysis of competition on
random regular graphs (degree at least 3) on n vertices with i.i.d. exponential edge
weights. They analyse the number of eventually occupied vertices by both colors as
a function of the speeds λ1, λ2 and of the initial number of infected vertices, that
might even grow with n. They show that asymptotically almost surely the color
with higher rate occupies n − o(n) vertices and the slower color paints approxi-
mately nβ vertices for some deterministic function β(λ1, λ2). Their result include
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asymptotic coexistence for equal speeds λ1 = λ2 for infections starting from single
sources.

Next, van der Hofstad and Deijfen [33] investigate competition with exponen-
tial spreading times on the configuration model with i.i.d. degrees arising from a
power-law distribution with exponent τ ∈ (2, 3). They prove that even if the speeds
are not equal, the ‘winner’ color is random, i.e. the color with slower rate can still
take most of the graph. Moreover, the winning color paints all but a finite number
of vertices. The randomness of the ‘winner’ color comes from the fact that the un-
derlying Markov branching process explodes in finite time, and the slower color
has a positive chance to explode earlier than the faster color.

A slightly different, discrete time competition model is analysed by Antunović,
Mossel and Rácz in [5]. There, the underlying random graph is the growing lin-
ear preferential attachment model, and vertices pick their color upon entering the
network randomly from the colors of the vertices they attach to. The probability of
picking a color is a (possibly linear) function of the number of neighbors with the
given color, called the coloring function. The authors analyse coexistence of colors in
terms of the properties of the coloring function. Note that in this case the graph has
power law τ = 3. The proofs are based on a comparison to Pólya urns.

Finally, this chapter considers competition on the configuration model with i.i.d.
power-law degrees with exponent τ ∈ (2, 3), but with deterministic unit edge-weights.
Theorem 5.2 shows that the picture observed in [33] chenges when the edge weights
have support separated from zero entirely: when the speeds are unequal, the faster
color always paints n− o(n) vertices, and the slower color can paint only subpoly-
nomial many vertices. If the speeds are equal, then the phenomena is richer ([60]):
as a side result of the analysis of the λ = 1 case, we obtain precise distributional lim-
its of the second order terms in typical distances in the graph, as in [58]. Further, for
the adapted tie-breaking rule of flipping an independent coin every time with some
fixed positive probability, it is shown there that the following phenomena occurs:
when the random variables Y(n)r , Y(n)b are far enough from each other, i.e., one of the
source vertices has a much faster growing local neighborhood than the other, then,
the one with the better neighborhood occupies almost every vertex in the graph,
while the loser color paints polynomially many vertices with a random exponent
that is less than 1. However, when the two variables are close to each other (within
a factor of τ− 2 of each other), then there is coexistence and both colors can occupy
asymptotically linearly many vertices. From the more applied perspective, competi-
tion on networks is present in many aspects of our life. To start with an example, in
marketing, companies compete for customers who are connected via their acquain-
tance network, and they provide word-of-mouth recommendations and opinions
about the services of the different companies, see [43, 44]. For economic studies on
the importance of word-of-mouth, see e.g. [8, 26]. Recently, ‘word-of-mouth’ rec-
ommendations happen also on large scale in different social online media such as
Facebook and Twitter. For a survey on how online feedback mechanisms differ from
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original word-of-mouth recommendations and what challenges they pose, see [34].
The paper [69] analyses recommendation-based viral marketing on social media,
where they use viral marketing also to identify communities of online networks.
For recent economic studies of the importance of word-of-mouth recommendations,
see e.g. [27, 68].

In epidemiology, viruses and bacterial infections spread through populations. In
this setting, competition can happen among different strains of a pathogen, see
e.g. [70] for a study under what conditions coexistence can occur. In the physics
community, [1, 66, 71] study the effect of the underlying network on co-existence of
competing viruses.

The epidemiological analogies have been further exploited by [74], where is stud-
ied a variation of susceptible-infectious-susceptible epidemic spread, in which two
epidemics are immune to each other, and the authors show that one of them com-
pletely takes over (similarly as in [33]). Then, [16] studies how partial immunity can
cause coexistence in the previous model.

Discussion and open problems

The analysis of competition on the configuration model is far from complete. One
can for instance ask about different spreading dynamics (edge lengths) and differ-
ent power-law exponents. Further, one can ask what happens if the colors have
entirely different passage time distributions (e.g. one is explosive and the other is
not), or what happens if one of the colours have a main advantage by starting from
one or many initial vertices of very high degree. These can correspond to e.g. com-
petition advantage (early birds) of different products on the network or to different
marketing strategies. Here we list some conjectures for uniformly picked single ver-
tex sources of infections on CMn(D) with i.i.d. power law degrees of distribution
D with exponent τ. We further assume that the passage times through edges can
be represented as i.i.d. random variables, from distribution Ir, Ib for red and blue,
respectively. For a more thorough list of open problems, see [60].

Competition problems for infinite-variance degree graphs, τ ∈ (2, 3):
A. If the spreading dynamics are so that the underlying branching processes

defined by D, Ir and D, Ib are both explosive, then we conjecture that there is never
coexistence and either one of the two colors can win. This is an ongoing research
projects.

B. If the underlying branching process for one color has explosive spreading while
the other one has not, than we conjecture that the explosive one always wins. This
case could be even relaxed to show that this is still true whenever the non-explosive
color starts from some function f(n) = o(nε) many half-edges in total, for any
ε ∈ (0, 1).

C. If both underlying branching processes are non-explosive, and further assume

Ir
d
= λIb, then we guess that there is no coexistence if λ 6= 1 (the fastest color wins).
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We suspect that the number of vertices the ‘loser’ color paints depends sensitively
on the weight distribution. The outcome in the λ = 1 case might sensitively depend
on the weight distribution.

Competition problems for finite-variance degree graphs, τ > 3:
D. We suspect that if the transmission times Ir, Ib both have continuous distribu-

tions, and the branching process approximations of them have different Malthusian
parameters, then there is no coexistence, and the number of vertices painted by the
slower color is nβ for some β ∈ (0, 1). When the Malthusian parameters agree, we
suspect that there is asymptotic co-existence.

Competition problems for the critical power-law exponent, τ = 3:
E. In this case P(D > x) = L(x)/x2, with L(x) a slowly-varying function at infinity.

We suspect that L(x) and the transmission distributions Ir, Ib jointly determine into
which category among A, C, D above the spreading of the colours belongs to.

5.2.2 Overview of the proof and structure of the chapter

The heuristic idea of the proof is as follows: we can start growing the two clusters
simultaneously. The growth has six phases, each corresponding to a section below,
described as follows:

1. Branching process phase.
At first, w.h.p., the two colored clusters do not meet and the growth of both
clusters is characterised by the growth rate of the branching process (BP) to
which they can be coupled. This we call the branching process phase. The length
of this phase is of order log logn/| log(τ − 2)| +O(1). Then, the faster color
(red) reaches the area where the coupling fails to remain valid: Rt reaches size
nρ for some ρ > 0.

2. Mountain climbing phase.
At this point, we start making use of the structure of high-degree vertices in
the graph: due to high connectivity, the subgraph formed by high-degree ver-
tices can be represented as a ‘mountain’ where the height function is linear
in the log log-degree. Level sets of this mountain represent vertices with de-
gree of the same order of magnitude, with the maximal degree in the graph
at the top of the mountain. We partition this mountain into layers – that is,
constant length intervals on a log log-scale – and we show that every vertex
in a given layer has at least one neighbour in one layer higher. As a result,
we show the existence of a path for red through these layers of vertices of
higher and higher degree such that the path reaches some vertex with degree
larger than n(τ−2)/(τ−1) at the end. This we call the mountain climbing phase.
The climbing phase lasts only finitely many steps, but the constants turns out
to be important, so we perform a rather careful analysis. We denote the total
time of the branching process phase and the climbing phase for red by Tr.
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3. Crossing the peak of the mountain.
We handle how the color red goes through the peak of the ‘degree-mountain’
very carefully. Vertices of degree much larger than

√
n form a subgraph that is

a complete graph, hence it takes only one step to paint all the very high degree
vertices, but the degree of vertices to which the faster color arrives at the end
of this single step is delicately depending on the initial random growth rates
of the branching processes and their integer and fractional parts.

4. Red avalanche from the peak.
After crossing the mountain, red starts sloping down to layers of vertices of
smaller and smaller degree. Since it is still true that each vertex in a layer
is connected to at least one vertex in one layer higher, this means that in
each additional step, red paints all the vertices in one layer lower. We call this
the avalanche-phase of red. (One can imagine this as red being a very careless
climber who – after crossing the peak of a mountain – steps in the snow with
a bucket of red paint and starts a huge painted avalanche.)

5. At the collision time.
Now we turn our attention to the blue climber who does essentially the same
as red except that it is slower: after getting out of its local neighbourhood
corresponding to the branching process, blue starts its mountain climbing
phase as well. Since it is slower, w.h.p. it will only reach some low layer of
the degree-mountain when red starts its avalanche. With this picture in hand,
we can identify the maximal degree vertex eventually painted blue - this is
the vertex in the highest layer blue can still reach. The idea of the proof is to
determine the value ` such that during the total time Tr + `, blue has climbed
up to the same layer as the red avalanche has sloped down to. Since red
occupies every vertex in a layer it reaches, it will necessarily bump into blue,
who w.h.p. reaches only some vertices in that layer. This determines the time
when red starts successfully blocking blue.

6. Competing with the avalanche.
After the meeting time Tr+ `, blue cannot go higher up on the mountain since
red already occupies every vertex having degree higher than the maximal
degree of blue. Note that at this time most of the graph is still not reached
by any color: we need to estimate the number of vertices that blue can still
reach before the red avalanche closes up around the blue cluster. This is done
in two steps: heuristically, every vertex that is close enough to a blue half-
edge occupied at or before time Tr + ` has a high chance to become blue later.
Hence, first we calculate the size of the ‘optional cluster of the blue’, i.e., we
calculate the size of the k-neighborhood of blue half-edges via path counting
methods. The size of the optional cluster is convergent if k → ∞: due to the
presence of the red avalanche, the degrees in the blue paths get more and
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more restricted and finally the red avalanche reaches constant order vertices
and then the procedure stops.

It can still happen that some vertices in the optional cluster of blue are oc-
cupied by red simply because they are ‘accidentally’ also close to some red
vertex. Thus, in the second step we estimate the size of the intersection be-
tween the optional cluster of blue and the red cluster. The two steps together
provide a matching upper and lower bound for the number of vertices that
blue occupies after the intersection. This phase has a non-negligible impact on
the order of magnitude of vertices painted blue since the constant Hn in the
denominator of (5.5) is influenced by this last phase.

5.3 the branching process phase

In Section 2.5.1 we have described the exploration process of the local neighborhood
of a given vertex v of the configuration model CMn(D), the main result is that
under our hypothesis on the degree distribution, this process can be approximated
by a sequence of i.i.d. random variables, as stated in Proposition 2.17. Now we look
at the case of two sources, red and blue, starting from two different vertices with
different spreading speed. Thus, we need a slight modification of the proposition
above. Namely, we need that a similar coupling remains valid for two exploration
processes from two uniformly chosen vertices up to the time when the red (first)
color reaches size nρ. Let us temporarily denote the number of vertices occupied
by blue (the other) color by this time by h(n, ρ). This coupling extend the result in
Proposition 2.17 for the two exploration processes.

Lemma 5.7. Fix λ > 1. Let t(nρ) := inf{t : Rt > nρ or Bt > nρ}. Then there exists
a ρ > 0 such that Rt(nρ) ∩Bt(nρ) = ∅ w.h.p., and the forward degrees in both the red

and the blue process can be coupled to i.i.d. sequences
(
D

?(r)
i

)nρ
i=2

and
(
D

?(b)
j

)h(n,ρ)
j=2

from
distribution F?, where h(n, ρ) is the random number of vertices reached by blue up to time
t(nρ). (The same statement holds true for λ = 1, but in this case the color to reach nρ

vertices first is random.)

Proof of Lemma 5.7. Consider the following version of the exploration process: start
with the red source and do breath-first exploration, but one vertex at a time within
the generation, giving the indices of Df(r)i of the forward degrees. Once we finish a
generation, we move on the the next one. It is only important that in total we dis-
cover no more than nρ vertices when we stop the exploration. The last generation
completely explored this way is random. First assume that λ > 1: consider the cou-

pling given by Proposition 2.17 with forward degrees
(
D

?(r)
i

)nρ
i=2

for the red cluster.
After this, drop all the other active vertices from At(nρ) and re-start the exploration
process with only vertex B0 being active. Since it takes time λ to cover an edge
for blue, up to time t(nρ) blue reaches all the vertices that have graph distance at



5.3 the branching process phase 91

most bt(nρ)/λc from the source vertex B0. Thus, continue the exploration process
from the blue source up to finishing generation bt(nρ)/λc. Since λ > 1, the total
number of vertices found by this second phase has smaller order than nρ, so that
the coupling still remains valid. Moreover, since each of the clusters have only at
most nρ many vertices, with high probability they do not meet each other. Further,
when λ = 1, the proof is the same, the first cluster to reach nρ vertices takes the role
of red, and the other one takes the role of blue.

An immediate consequence of Proposition 2.17 and Lemma 5.7 is that locally we
can consider the growth of Rt and Bt as independent branching processes (Zk)k>0
with offspring distribution FB for the second and further generations, and with
offspring distribution given by FD for the first generation.

Let us now investigate the growth of these branching processes. Since τ ∈ (2, 3),
the offspring distribution of this branching process has infinite mean for every in-
dividual in the second and later generations. To understand the behavior of this BP,
we first look at what happens in a BP where all the degrees are distributed as FB,
including the first generation.

The following theorem by Davies [30] describes the growth rate of such a branch-
ing process:

Theorem 5.8 (Branching process with infinite mean [30]). Let Z̃k denote the k-th gen-
eration of a branching process with offspring distribution given by the distribution function
FB. Suppose that there exists an x0 > 0 and a function x 7→ κ(x) on R+ that satisfies the
following conditions:

1. κ(x) is non-negative and non-increasing,

2. xκ(x) is non decreasing,

3.
∞∫
0

κ
(
eex)dx <∞.

Let us assume that for some τ ∈ (2, 3), the tail of the offspring distribution satisfies that, for
all x > x0,

x−(τ−2)−κ(x) 6 1− FB(x) 6 x
−(τ−2)+κ(x). (5.9)

Then (τ − 2)k log(Z̃k ∨ 1) converges almost surely to a random variable Ỹ. Further, the
variable Ỹ has exponential tails.

To be able to apply this theorem to our setting, we need that the distribution
function FB satisfies the condition (5.9). This has been proved in Theorem 2.7. Since
P(D > 2) = P(B > 1), these branching processes cannot die out, i.e., we can
write log Z̃k instead of log(Z̃k ∨ 1) and apply Davies’ theorem to obtain the a.s.
convergence of Ỹk = (τ− 2)k log(Z̃k) to a random variable Ỹ. Recall that the degree
of the first vertex in the exploration process is distributed as FD not FB, hence we
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denote by Zk the corresponding BP and call it the delayed branching process. The
next lemma identifies the distribution of the limit of the properly scaled delayed
branching process. We also identify the limit random variable Y in terms of Ỹ.

Lemma 5.9. Let Y be the limiting random variable lim
k→∞(τ− 2)k logZk of the delayed BP.

Then Y satisfies the distributional identity

Y
d≡ (τ− 2) max

16i6D
Ỹ(i), (5.10)

where Ỹ(i) are i.i.d. copies of the limiting random variable of the original non-delayed BP.
Further,

Ỹ
d≡(τ− 2) max

16i<D∗
Ỹ(i).

Remark 5.10. An elementary calculation using (5.10) shows that Y also has expo-
nential tails: we know from [30] that Ỹ satisfies
limx→∞ log(P(Ỹ > x))/x = 1. Then

P(Y > x) = 1− P( max
16i6D

Ỹi < x/(τ− 2))

= 1− E
[(
1− P(Ỹi > x/(τ− 2))

)D] .
(5.11)

Using that D > 1 and that (1− x)D > 1−Dx, we obtain the following lower and
upper bounds:

P(Ỹi > x/(τ− 2)) 6 P(Y > x) 6 E[D]P(Ỹi > x/(τ− 2)).

Taking logarithm an dividing by x on both sides yields that
limx→∞ log(P(Y > x))/x = 1/(τ− 2).

Proof of Lemma 5.9. Since the number of offsprings in the first generation is dis-
tributed as D, by the branching property the subtrees starting from the first gen-
eration up to level k are distributed as Z̃k−1 and are independent of each other.
Thus, for every k > 1,

Zk
d≡

D∑
i=1

Z̃
(i)
k−1, (5.12)

where Z̃(i)
k−1 are i.i.d. copies of Z̃k−1. Hence

Y = lim
k→∞(τ− 2)k log(Zk)

= lim
k→∞(τ− 2)k log

(
D∑
i=1

Z̃
(i)
k−1

)
.

(5.13)
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We can bound the right hand side from both sides:

(τ− 2)k log
(

max
i=1,...,D

Z̃
(i)
k−1

)
6 (τ− 2)k log

(
D∑
i=1

Z
(i)
k−1

)

6 (τ− 2)k log
(
D· max
i=1,...,D

Z̃
(i)
k−1

)
.

(5.14)

Clearly (τ− 2)k logD P→ 0, and by monotonicity we can exchange log and max and
use Theorem 5.8 for the convergence of
(τ− 2)k−1 log(Z̃(i)

k−1). Thus combining (5.13) with (5.14) yields

Y = lim
k→∞ max

i=1,...,D
(τ− 2)Ỹ

(i)
k−1. (5.15)

Exchanging the limit with the maximum finishes the proof. The second statement
of the lemma can be proved analogously.

5.4 mountain-climbing phase

In this section we describe the mountain-climbing phase. From now on we will
concentrate on the growth of the red (the faster) cluster, but the very same methods
will later be used for blue as well. Thus, in this section we neglect the superscript
(r), and temporarily every quantity is belonging to the red cluster. We denote the
set of red vertices at time t by Rt and its size by Rt. Since Proposition 2.17 only
guarantees the coupling as long as the total number of explored vertices by red is
at most nρ for some ρ > 0, let us first set some ρ ′ < ρ(τ− 2)2 and define

T(nρ
′
) = inf{k : Zk > nρ

′
}.

Note that by Lemma 5.7, and the fact that the total size of earlier generations are
w.h.p. negligible compared to the last generation, t(nρ) = T(nρ

′
) with high proba-

bility. Recall Definition 5.1, i.e.,

Y
(n)
r := (τ− 2)t(n

ρ ′) logZ
t(nρ

′
)
. (5.16)

Note that t(nρ
′
) and thus Y(n)r depend on n. Then, an easy calculation yields that

with {x} = x− bxc,

t(nρ
′
) =

log(ρ ′/Y(n)r ) + log logn
| log(τ− 2)|

+ 1− an, (5.17)

where

an =

{
log(ρ ′/Y(n)r ) + log logn

| log(τ− 2)|

}
. (5.18)
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Note that 1− an is there to make the expression on the rhs of t(nρ
′
) equal to its

upper integer part. Due to this effect, the last generation has a bit more vertices than
nρ
′
, so let us introduce the notation ρ ′′ for the random exponent of the overshoot

Z
t(nρ

′
)
= nρ

′(τ−2)an−1
:= nρ

′′
, (5.19)

We get this expression by rearranging (5.16) and using the value t(nρ
′
) from (5.17).

The property ρ ′ < ρ(τ− 2)2 guarantees that the coupling is still valid, i.e. we can
also couple the degrees of vertices in the t(nρ

′
)th generation of the branching process

to i.i.d. size biased degrees. After time t(nρ
′
), we stop the coupling and focus on the

graph: we consider the nested sequence of layers defined in decomposing section
2.6.2, that is the sequence of sets of the form:

Γi := {v : Dv > ui}, (5.20)

where ui is defined recursively by

ui+1 =

(
ui

C logn

)1/(τ−2)
, u0 :=

(
nρ
′′

C logn

)1/(τ−2)
(5.21)

for a large enough constant C > 0. We will see below that e.g. C = 8/c1 is sufficient,
where c1 is from (5.1). As we have already seen, since (τ− 2)−1 > 1, ui is growing,
hence Γ0 ⊃ Γ1 ⊃ Γ2 ⊃ . . . and by Lemma 2.23, every vertex in Γi is connected with
at least one vertex in Γi+1. We need to prove that we can construct a path starting
from R

t(nρ
′
)

to the vertex of highest degree. First we need to show that Z
t(nρ

′
)

has a nonempty intersection with the initial layer Γ0, and then we will build a path
through the layers. For this we prove the following lemma:

Lemma 5.11. W.h.p.

R
t(nρ

′
)
∩ Γ0 6= ∅ (5.22)

Proof. The distribution function FB satisfies the condition of Lemma 2.24 with α =

τ− 2. So, we can apply this lemma (specially (2.41)) in the following setting: the
i.i.d. variables Xi are the forward degrees
(Bi)i=1,...,Z

t(nρ
′
)
∼ FB in the last generation of the branching process, thus

m := Z
t(nρ

′
)
= nρ

′′
and α = τ− 2. Note that the bound we get when applying

(2.41) states that w.h.p. there is at least one vertex with degree at least u0 (defined
in (5.21)). Hence, we get that Γ0 ∩Rt(nρ ′) 6= ∅ w.h.p.

In what follows, we will build a path from Γ0 ∩ R
t(nρ

′
)

to the highest-degree
vertices through successive layers Γi. Lemma 2.23 guarantees the existence of such
a path. Recall that N(S) stands for the neighbors of the set S in CMn(D).

With Lemma 2.23 in hand we can determine how long it takes to climb up through
the layers Γi to the highest-degree vertices that. By Lemma 2.25 this vertex has
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t = t(n%
′
) + 3

j j

n1/(τ−1)

u0

u1

u2

u3

u4

u5

n
τ−2
τ−1

Figure 3: An illustration of the layers and the mountain climbing phase at time t(nρ
′
) + 3.

Disclaimer: the degrees on the picture are only an illustration.

degree that is w.h.p. larger than εnn1/(τ−1) for some εn = o(1). We write i∗ for the
last index when Γi is w.h.p. nonempty, i.e.,

i∗ := inf{i : ui 6 n1/(τ−1) < ui+1}. (5.23)

An easy calculation using (2.38) shows that

i∗ = −1+
− log((τ− 1)ρ ′′)

| log(τ− 2)|
− bn, with bn =

{
− log((τ− 1)ρ ′′)

| log(τ− 2)|

}
. (5.24)

Note that i∗ satisfies (3.20), thus all the error terms up to this point stay small. Using
the value of the overshoot exponent ρ ′′ in (5.19) and then the value an in (5.18), plus
the fact that {x− 1+ {y}} = {x+ y}, we get that

bn =

{
− log((τ− 1)ρ ′)

| log(τ− 2)|
+ an − 1

}
=

{
− log((τ− 1)Y(n)r ) + log logn

| log(τ− 2)|

}
. (5.25)

From (2.38) one can easily calculate that

ui∗ = n
(τ−2)bn

τ−1 (C logn)−ei∗ , with

ei∗ =
1

3− τ

(
(τ− 2)bn

(τ− 1)ρ ′′
− 1

)
6

1

(3− τ)

(
1

(τ− 1)ρ ′′
− 1

)
.

(5.26)



96 competition on the configuration model

We will repeatedly need the total time to reach the top, so let us introduce the
notation

Tr := t(n
ρ ′) + i∗ =

log logn− log
(
(τ− 1)Y

(n)
r

)

| log(τ− 2)|
− 1− bn, (5.27)

which only depends on ρ ′ via the approximating Y(n)r , and bn is exactly the frac-
tional part of the expression on the rhs of Tr. Since also Y(n)r → Yr irrespective of
the choice of ρ ′, this establishes that the choice of ρ ′ is not relevant in the proof.

5.5 crossing the peak of the mountain

Next we investigate what happens when the path through the layers reaches the

highest degree vertices. We have just seen that the exponent of n in ui∗ is (τ−2)bn

τ−1 ∈(
τ−2
τ−1 , 1

τ−1

)
. Recall that the maximum degree in the graph has exponent 1

τ−1 w.h.p.,
i.e. Γi∗+1 = ∅ w.h.p., meaning the path can not jump ‘up’ one more step.

Let us introduce

α := 1−
(τ− 2)bn

τ− 1
, β := 1+

1

(3− τ)

(
1

(τ− 1)ρ ′′
− 1

)
, (5.28)

and

ũ1 := (C logn)n/ui∗ = nα(C logn)β, (5.29)

and the following layer:

Γ̃1 := {v ∈ CMn(D),Dv > ũ1}. (5.30)

Note that α := αn ∈
(
τ−2
τ−1 , 1

τ−1

)
. Recall the definition of Tr from (5.27), that denotes

the total time for the red color to reach the last layer Γi? . The next lemma helps us
to describe how the process goes through the highest-degree vertices:

Lemma 5.12. All the vertices in Γ̃1 are occupied by red at time Tr + 1, i.e.,

Γ̃1 ⊂ RTr+1 w.h.p. (5.31)

Proof. By Lemma 2.23, there is a red path up to Γi∗ , and hence, red occupies some
vertices in layer Γi∗ at time Tr. Hence, RTr ∩ Γi∗ 6= ∅, and we have at least one vertex
vi∗ in RTr for which the degree is at least ui∗ , see (5.26). We claim that this vertex is
w.h.p. connected to every vertex in Γ̃1. To see this, let us set A := {vi∗ } and B := {w}

with any w ∈ Γ̃1, that is, any single vertex in Γ̃1 with degree at least (C logn)n/ui∗ .
Then apply Lemma 2.26 with this setting to see that vi∗ is w.h.p. connected to w.
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Further, note that SASB/n = C logn by the definition of ũ1. Hence, using the error
bound in Lemma 2.26 and a union bound,

Pn(∃w ∈ Γ̃1, (vi∗ ,w) /∈ E(CMn(D))|Γ̃1) 6 |Γ̃1|
1

nC/4E[D]
, (5.32)

where we recall that for any event A, Pn(A | D1, . . . Dn). Clearly |Γ̃1| < n: picking a
large enough C, we see that the error probability tends to zero. Calculating C logn ·
n/ui∗ yields the formula for ũ1.

It is important to note that vertices with degree larger than ũ1 do w.h.p. exist in
CMn(D) by Lemma 2.24. Moreover, i∗ is the first index when we can apply Lemma
2.26, since for all smaller values i < i∗, there are w.h.p. no vertices with degree at
least n/ui by Lemma 2.24. This completes the crossing the peak of the mountain phase.

5.6 red avalanche from the peak and the blue climber

Using the value ũ1 in (5.29), let us again recursively define

ũ`+1 = C logn·(ũ`)τ−2. (5.33)

and also the increasing sequence of sets

Γ̃` := {v : Dv > ũ`}, (5.34)

i.e., now Γ̃1 ⊂ Γ̃2 ⊂ . . . holds. Since (5.33) is the very same as the recursion in (5.21)
with indices exchanged, we can apply Lemma 2.23 to

(
Γ̃`
)
`>1, now yielding that for

any ε > 0, for all ` < (1− ε) log logn/| log(τ− 2)|

Γ̃`+1 ⊂ N(Γ̃`) and Γ̃` ⊂ RTr+` w.h.p.. (5.35)

This means that in the ‘sloping down’ phase, w.h.p. red occupies all vertices in Γ̃` at
time Tr + `. Solving the recursion (5.33) yields that

ũ` = n
α(τ−2)`−1(C logn)β(τ−2)

`−1+ 1
3−τ (1−(τ−2)`−1), (5.36)

where α and β were defined in (5.28). Note that the exponent of C logn stays
bounded even when ` → ∞. Hence this procedure can be continued even to reach
lower degree vertices, for every fixed ε > 0 up until ` < (1− ε) log logn/| log(τ− 2)|.

In what follows, we determine the point where red and blue meet. More precisely,
we calculate the value ` such that during the time Tr + `, the maximum degree
vertex in the cluster of blue is of the same order as ũ`. Since at time Tr + `, red
occupies w.h.p. almost every vertex with degree at least ũ`, the growing cluster of
blue bumps into the occupied vertices and cannot spread to higher-degree vertices
anymore.
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The following proposition about the maximal degree of blue is our main building
block for the proof of Theorem 5.4. We first introduce the following definition: We
say that a quantity Q � O�(x) for x ∈ R+, if Q satisfies

Q = x
log logn

| log(τ− 2)|
+OP(1). (5.37)

Proposition 5.13. Let us denote by D(b,n)
max (t) the forward degree in CMn(D) of the maxi-

mal degree vertex in the blue cluster at time t. Then, w.h.p. at time Tr + t and for any real
1 6 t 6 O�(1),

D
(b,n)
max (Tr + t) = exp

{
Y
(n)
b

(
1

τ− 2

)
⌊
Tr+t
λ

⌋
+1

(1+ oP(1))

}
, (5.38)

as long as t is so that the quantity on the rhs is less than ũ[t], and where Y(n)b is defined in
Definition 5.4.

Before the proof we need some important definitions that will be used also outside
the proof. Similarly as in (5.20), let us define:

û
(b)

0 := (Z(b)

bt(nρ ′)/λc
·C logn)1/(τ−2), (5.39)

u
(b)

0 := (Z(b)

bt(nρ ′)/λc
/C logn)1/(τ−2), (5.40)

û
(b)

i+1 := (û(b)

i ·C logn)1/(τ−2), (5.41)

u
(b)

i+1 :=
(
u

(b)

i /C logn
)1/(τ−2)

, (5.42)

Γ̂
(b)

i := {v ∈ CMn(D) : dv > û(b)

i }, (5.43)

Γ
(b)

i := {v ∈ CMn(D) : dv > u(b)

i }. (5.44)

Note that Γ (b)i grows exactly as Γi while Γ̂ (b)i grows faster: there is always an extra

(C logn)2 factor causing an initial ‘gap’ of order (logn)2 between u(b)0 , û(b)0 and
‘opening up’ as i gets larger. We will see below in (5.64) that blue cannot make more
jumps than O�

(
λ−1
λ(λ+1)

)
in its climbing phase. In order to show Proposition 5.13, we

need a lower and an upper bound on the maximal degree in each step. The next
lemma handles the upper bound, but first we need some definitions. We say that a
sequence of vertices and half-edges (π0, s0, t1,π1, s1, t2, . . . , tk,πk) forms a path in
CMn(D), if for all 0 < i 6 k, the half-edges si−1, ti form an edge between πi−1,πi.
Let us denote the vertices in a path starting from a half-edge in Z

(b)

bt(nρ ′)/λc
by

π0,π1, . . . . We say that a path is good if deg(πi) 6 û
(b)

i holds for every i. Otherwise
we call it bad. We decompose the set of bad paths in terms of where they turn bad,
i.e. we say that a bad path is belonging to BadPk if it turns bad at the kth step:

BadPk :={(π0, s0, t1,π1, s1 . . . , tk,πk) is a path,

π0∈Bt(nρ ′), deg(πi)6 û
(b)

i ∀i 6 k− 1, deg(πk)> û
(b)

k }.
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Let us write F
t(nρ

′
)

for the σ-algebra generated by constructing the configuration

model using the exploration process as described before, until time t(nρ
′
), i.e.,

reaching the vertices in the last (bt(nρ ′)/λc)th generation of the blue BP (but not
their degrees). The following lemma tells us that the probability of having a bad
path is tending to zero, conditioned on F

t(nρ
′
)
:

Lemma 5.14. Fix 0 < x 6 (λ− 1)/λ(λ+ 1). Then for any k0 6 O�(x), the following
bound on the probability of having any bad paths holds:

P(∃k 6 k0 : BadPk 6= ∅|Ft(nρ ′)) 6
2 log logn
C logn

. (5.45)

Proof. The proof uses path counting methods that we describe in 5.9. Hence we put
the proof there.

Equivalently, Lemma 5.14 tells us that w.h.p. all paths up to k0 are good paths.

Proof of Proposition 5.13. Since the method for the lower bound is very much the
same as for red, plus we will need a more detailed analysis of this process below in
Lemma 5.16, we just sketch the proof (read further to the proof of Lemma 5.16 for
more details). First, Lemma 2.17 ensures that we can couple both the blue and the
red cluster to their BP approximation until time t(nρ

′
) given in (5.17). Since it takes

λ > 1 unit of time to cover an edge for blue, the number of generations covered by
the branching process approximation Z(b) of blue is bt(nρ ′)/λc. The size of the last
generation in the blue BP is thus

Z
(b)

bt(nρ ′)/λc
= exp

{
Y
(n)
b

(
1

τ− 2

)bt(nρ ′)/λc}
. (5.46)

We start applying the method in the Mountain climbing phase for blue from this
point on. With the same technique as we have used to show that Rt(nρ) ∩ Γ0 6=
∅ using Lemma 2.24, we define u(b)

0 and a corresponding layer Γ (b)0 in (5.39) and
can show that B

t(nρ
′
)
∩ Γ (b)0 6= ∅. Then, we define the nested sequence of layers(

Γ
(b)

i

)
i>0

with u(b)

i -s such that at time λ(bt(nρ ′)/λc+ i), blue occupies at least 1

vertex in Γ (b)i by Lemma 2.23. Note that from Γ
(b)

i to Γ (b)i+1, the exponent of 1/(τ− 2)
on the right hand side of (5.46) is increased by one. Further, there is an extra +1 in
the exponent for the initial maximization of the degrees in u(b)

0 similarly as in (5.21).
The total number of layers Γ (b)i jumped by blue at time Tr+ t is then b(Tr+ t)/λc−

bt(nρ ′)/λc, that, combined with (5.46), yields formula (5.38).
We still need to check that the term arising from C logn in the definition of u(b)

i ’s
can be put in a (1+ oP(1)) factor in the exponent. For this, write Z(b)

bt(nρ ′)/λc
:= m,

then

u
(b)

i = m(τ−2)−(i+1)
(C logn)(1−(τ−2)−(i+1))/(3−τ) (5.47)
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and the last layer before time Tr + t is reached after climbing i = b(Tr + t)/λc −
bt(nρ ′)/λc many Γ (b)i layers, so by (5.17) and (5.27) we calculate

b(Tr + t)/λc− bt(nρ
′
)/λc = (i∗ + t)/λ(1+ o(1)) (5.48)

Thus, if t 6 O�(1), when taking the logarithm, the term corresponding to

(C logn)(τ−2)
−i/(3−τ) in log(u(b)

i ) at time Tr + t is of order (τ− 2)−t/λ = o((τ−

2)−(Tr+t)/λ) Hence, these terms vanish when taking out (τ− 2)−b(Tr+t)/λc in the
statement of the lemma. We will see below in (5.64) that in fact the procedure stops
at t = O�( λ−1

λ(λ+1) ) since after that red will block the growth of blue entirely.
For the upper bound, according to Lemma 5.14, w.h.p. {BadPk = ∅ ∀k 6 k0}, and

on this event the maximal degree of blue at time λbt(nρ ′)/λc+ λi is at most û(b)

i .
Since the exponent of C logn in û(b)

i is exactly (−1) times the exponent of C logn
in u(b)

i , these terms can also be put in the (1+ oP(1)) factor by the same argument
as for the lower bound.

We will later need more information than the maximal degree of blue, namely, we
also need an upper bound on how many vertices blue occupies in each layer. For this,
first we show that the probability that blue goes above û(b)

i at time λbt(nρ ′)/λc+ λi
is small, then we estimate the number of vertices blue paints in each layer based on
this bound. We carry these out in a claim and a lemma.

Let us denote the total number of half-edges attached to vertices with degree
larger than yn by E>yn . Then, we have the following tail bound for E>yn :

Claim 5.15. Let E>yn denote the total number of half-edges incident to vertices with degree
at least yn, and V>yn the total number of vertices of degree at least yn, for a sequence
y = yn. Then, for any ω(n) → ∞, and a large enough constant C < ∞, a small enough
constant 0 < c and for some constant 0 < c2 <∞,

P(E>yn > Cω(n)·n·y2−τn ) 6 c2/ω(n),

P(V>yn > C·n·y1−τn ) 6 exp{−c2 ·ny1−τn },

P(V>yn 6 c·n·y1−τn ) 6 exp{−c2 ·ny1−τn }.

(5.49)

Proof. Note that

E>yn =

n∑
i=1

Di1{Di>yn} 6
n∑
i=1

∞∑
k=1

yn2
k1{2k−1yn<Di62kyn}.

Exchanging sums we can write

E>yn 6
∞∑
k=1

yn2
kX

(n)
k ,
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where the marginals of the random variables on the rhs are

X
(n)
k

d
6 Bin(n,C1(yn2k−1)1−τ), where C1 is from (5.1). Calculating the expected

value and using Markov’s inequality yields (5.49). The proof for V>yn is easier and
directly follows from the fact that V>yn ∼ Bin(n, 1− F(yn)) and usual concentration
of Binomial random variables, see Lemma 2.29.

Let us denote the set and number of blue vertices in the ith layer Γ (b)i right at the
time when blue reaches it by

Ai := B
λbt(nρ ′)/λc+λi ∩ Γ

(b)

i , Ai := |Ai|. (5.50)

Lemma 5.16. Let k0 6 O�((λ− 1)/λ(λ+ 1)). On the event
{BadPk = ∅ ∀k 6 k0}, w.h.p. for all i 6 O�( λ−1

λ(λ+1) ),

Ai 6 exp
{

log(C logn) · 2(τ− 2)
−i

(3− τ)2

}
. (5.51)

Hence, for x 6 (λ− 1)/λ(λ+ 1), for some constant K2, w.h.p.

logAO�(x) 6 K2(logn)x log logn · (1+ o(1)). (5.52)

Proof. First, Lemma 5.14 guarantees that {BadPk = ∅ ∀k 6 k0} holds w.h.p., and
on this event û(b)

i serves as an upper bound on the maximal degree of blue at time
λbt(nρ ′)/λc+λi. So, we can give a recursive upper bound on the number of vertices
reached by blue in a given layer Γ (b)i by using u(b)

i as a lower and û(b)

i as an upper
bound on the degrees.

Let us condition on the number of blue vertices Ai in layer Γ (b)i . Then, we have
at most Ai half-edges in Γ (b)i ∩Bλbt(nρ ′)/λc+λi, with degree at most û(b)

i , hence we
get the stochastic domination

Ai+1 = |N(Ai)∩ Γ (b)i+1|
d
6 Bin


Aiû(b)

i ,
E
>u(b)

i+1

Ln(1+ o(1))


 . (5.53)

Then, we can use Claim 5.15 with yn = u
(b)

i+1 to bound E
>u(b)

i+1

. Hence, on the

event that E[D]n/2 < Ln < 2E[D]n holds, by Lemma 2.29 applied on the binomial
variable in (5.53),

P

(
Ai+1 >

8C1
E[D](2− τ)

Aiû
(b)

i (u(b)

i+1)
2−τ

∣∣∣Ai
)

6 exp
{
−Aiu

(b)

i (u(b)

i+1)
2−τ C1

4c1E[D]

}
.

(5.54)

Thus, with the error probability in the previous display, w.h.p.

Ai+1 6 Aiû
(b)

i (u(b)

i+1)
2−τ 8C1

E[D](2− τ)
< Ai

û
(b)

i

u
(b)

i

C ′ logn (5.55)
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with C ′ := 8C1C/(E[D](2− τ)), where the last inequality follows from using (5.39).
As a result, we get the recursion Ai+1 6 AiC

′ logn · û(b)

i /u
(b)

i . The bound in (5.51)
is nothing but

Ai 6 A0

i−1∏
j=0

(
C ′ logn · û(b)

j /u
(b)

j

)
. (5.56)

Solving the recursions for u(b)

i and û(b)

i in (5.39) (or, see (5.47)) we get that

û
(b)

i /u
(b)

i = (C logn)2((τ−2)
−(i+1)−1)/(3−τ). (5.57)

Initially A0 6 2C logn w.h.p.. This can be seen as follows: by the coupling of the
exploration process to the branching process in Section 5.3, the last generation has
size Z(b)

bt(nρ ′)/λc
, and the degrees are i.i.d. of distribution D?. Hence, the number

of vertices in this last generation that have degree at least u(b)

0 has distribution
A0 ∼ Bin(Z(b)

t(nρ
′
)
, P(D? > u

(b)

0 )). Note that by the choice of u(b)

0 , E[A0] 6 CC1 logn,

and Lemma 2.29 implies that A0 < 2CC1 logn holds with probability at least
exp{CC1 logn/8}, which is small when C is large enough.

Using (5.57) and evaluating (5.56) finishes the proof of (5.51). We have dropped
some negative terms in the exponent in (5.51). If we set

i 6 O�(x) = x log logn/| log(τ− 2)|+OP(1), (5.58)

then by picking a large enough C, the error terms are o(n−Ai) in (5.54). Thus we can
also iterate the argument up to time O�(x) to see that at time λbt(nρ ′)/λc+ λO�(x),
in Γ (b)

O�(x), the number of vertices blue occupies is bounded by the right hand side
of (5.51).

5.7 at the collision time - the maximal degree of blue

5.7.1 The maximum degree of blue

In this section we analyse how red and blue collide and prove Theorem 5.4, i.e.,
we determine the degree of the maximum degree vertex that blue ever occupies.
There are two different processes running at time Tr + `: the red process is in its
avalanche phase and occupies every vertex that has degree higher than ũ`, while the
slower blue process is still in its mountain-climbing phase and keeps increasing its
maximal degree (but does not occupy all vertices of this degree). To obtain a good
approximation when the two processes meet let us first neglect integer part-issues
and determine the collision time of the two processes (the red avalanche and the
blue climber) in continuous time.2 Neglecting the terms containing C logn, we can

2 The simplified picture is this: red occupies smaller and smaller degree vertices (jumps down), blue
occupies some higher and higher degree vertices (jumps upwards). The question is, when do they meet?
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compare the maximal degree (5.38) to ũ` in (5.36) and define tc as the solution of
the equation

exp
{
Y
(n)
b (τ− 2)−

Tr+tc
λ −1

}
= exp

{
logn ·α · (τ− 2)tc−1

}
. (5.59)

Note that the left-hand side is approximately equal to the maximum degree
D

(b,n)
max (Tr+ `) of blue, while the right-hand side is the approximate value of ũ`. Thus

tc is the (non-integer valued) time left till the intersection of these two functions af-
ter time Tr. We will soon see that neglecting the integer part does have an influence
on the highest- degree vertex that blue can occupy. To get a more precise picture,
we should compare which color is first and second to jump after Tr + tc, since if
it is blue, it can still increase its exponent. So, let us introduce the time of the last
jump of red and blue before time Tr + tc:

r∗− := btcc, b∗− := λ ·
⌊
Tr + tc
λ

⌋
. (5.60)

In words, red jumps at times Tr + r∗−, Tr + r∗− + 1, . . . while blue jumps at times
b∗−,b∗−+ λ, . . . and tc satisfies Tr+ r∗− 6 tc < Tr+ r∗−+ 1 and b∗− 6 tc < b∗−+ λ. We
need to determine who jumps first after time Tr + tc, (that is, Tr + r∗− + 1 < b∗− + λ

or the other way round), so let us also introduce the remaining times till the next
jump after the intersection for both colors, by

Jr := r
∗
−+1− tc = 1− {tc}, (5.61)

Jb := b∗−+λ− (Tr + tc) = λ

(
1−

{
Tr + tc
λ

})
. (5.62)

Jr and Jb stands for the additional time needed for red and blue till their next jump
after time Tr + tc.

Remark 5.17. Note that given the values Y(n)b , Tr and α, with each additional jump,
red decreases the exponent of 1/(τ− 2) by 1 and blue increases its exponent by 1.
(Here we again neglect the terms including C logn.) Thus, for red, when plotting
the exponents of 1/(τ− 2) of log ũ`/ logn one gets a line of slope −1, starting from
time Tr + 1 from the value α. The exponent of 1/(τ − 2) in logu(b)i / logn in the
cluster of blue is a line of slope 1/λ, since it increases by one with every additional
λ time units, see (5.38). These lines can be seen in Fig. 4, 5, 6, 7 and Fig. 8. The
definition of tc is the intersection time of these two lines.

The problem is, that red jumps at unit time intervals while blue jumps at times that are multiples of λ.
Further, the layers of red Γ̃`-s are not the same as the layers of blue, the Γ (b)i -s, that is, these layers might
and will be shifted from each other. We still would like to determine the last possible up-jump of blue
and the degrees that it reaches. It turned out that (probably) the easiest way to do this is to first solve
when the two processes meet if their jumps would be ‘continuous’, i.e., they increase their degrees in
a continuous fashion, (forgetting about the unit/multiple of λ issue and setting time to be continuous).
This continuous ‘intersection time’ is denoted by tc. Of course, this ‘intersection’ is never realised on
the graph itself, where we do have to take into account that vertices are occupied only at times that are
multiples of 1 or λ.
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time

exp. of 1/(τ − 2)

tcr?− r?− + 1

b?− b?− + λ

Jb

Jr

Dmax(b?−)

ũTr+r?−

d(tc) < 1 Jb < Jr

Figure 4: In this picture, the horizontal axes corresponds to time, the vertical axes to the expo-
nent of 1/(τ− 2) for log(degree)/logn. The red and blue right-continuous stepfunc-
tions indicate the exponent of 1/(τ− 2) of the degrees red and blue occupies: red
decreases this exponent by 1 at every unit time interval while blue increases it at
every λ-interval. The two slanted lines are the continuous approximations of these
stepfunctions as in (5.59), and their intersection gives tc. In this particular picture,
d(tc) is smaller than 1 and Jb < Jr. Thus, blue jumps first after the intersection and
can occupy higher-degree vertices up to ũTr+r∗ . After that, red jumps and closes
the gap, so the maximal degree of blue in this case is ũTr+r∗ .

Intuitively, the final exponent of the maximal degree of blue depends on two
things: which color jumps first after the intersection time Tr + tc and how large the
difference d(tc) is between the exponents of 1/(τ− 2) in the log(degree)/ logn of
red and blue before time Tr + tc. Since with each jump the exponent of 1/(τ− 2)
of the jumping color is changed by one, it is crucial whether this difference is less
than or larger than 1. Let us temporarily postpone the calculations and believe that
this difference is

d(tc) := {tc}+

{
Tr + tc
λ

}
. (5.63)

We will later analyse this difference in detail around equation (5.67). Since d(tc) is
the sum of two fractional parts, it is at most 2. Recall also that Jr, Jb stands for the



5.7 at the collision time - the maximal degree of blue 105

time

exp. of 1/(τ − 2)

tcr?− r?− + 1

b?− b?− + λ

Jb

Jr

Dmax(b?−)

ũTr+r?−

ũTr+r?−+1

d(tc) < 1

Jr < Jb

Figure 5: In this picture, the distance between the two exponents, d(tc) is smaller than 1 and
Jr < Jb. Thus, red jumps first after the intersection and occupies every vertex of
degree at least ũTr+r?+1 that is already less than Dmax(b?−). So the maximal degree
of blue is Dmax(b?−).

time till the next jump of red and blue after time Tr + tc, respectively (see (5.61)).
With these notations in mind, there are five cases:

B1 Jb < Jr and d(tc) < 1. Blue jumps first after the intersection and occupies
some vertices up to Γ̃r∗− , i.e. blue can increase the exponent by a factor (τ−

2)−d(tc). (Vertices with higher degree than that are already red). See Fig 4.

B2. Jb < Jr and d(tc) > 1. Blue jumps first after the intersection and occupies
some vertices one layer higher, namely the total exponent of 1/(τ− 2) in (5.38)

reached by blue is
⌊
Tr+tc
λ

⌋
+ 1. However, since 1 < λ, the next jump after this

must be a red jump, hence red occupies every vertex with higher degree than
this value. See Fig. 5.

R1. Jr < Jb and d(tc) < 1. Red jumps first after the intersection, and occupies ev-
ery not-yet blue vertex down to Γ̃r∗−+1, which means that blue cannot increase
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time

exp. of 1/(τ − 2)

tcr?− r?− + 1 r?− + 2

b?− b?− + λ

Jb

Jr

Dmax(b?−)

Dmax(b?− + λ)

ũTr+r?−

ũTr+r?−+1
d(tc) > 1

Jb < Jr

Figure 6: In this picture, the distance between the two exponents, d(tc) is larger than 1 and
Jb < Jr. Thus, blue jumps first after the intersection and can occupy higher degree
vertices up to Dmax(b? + λ). After that, red jumps and closes the gap so that the
maximal degree vertex that blue can occupy has degree Dmax(b? + λ).

its exponent anymore. Thus the exponent of 1/(τ− 2) in (5.38) of the maximal

degree reached by blue is
⌊
Tr+tc
λ

⌋
. See Fig. 6.

R2. Jr < Jb < Jr + 1 and d(tc) > 1. Red can make only one jump after the
intersection and occupies every vertex in Γ̃r∗−+1, while blue jumps after this
and can reach some vertices with degree up to r∗−+ 1 with its next jump. Thus
the maximal degree of blue in this case is determined by Γ̃r∗−+1.See Fig. 7.

R3. Jr + 1 < Jb and d(tc) > 1. Red can make at least two consecutive jumps after
the intersection and occupies every not-yet occupied vertex in Γ̃r∗−+2, which
means that blue can not increase its exponent. The exponent of 1/(τ− 2) in

(5.38) of the maximal degree reached by blue is again
⌊
Tr+tc
λ

⌋
. See Fig. 8.

Note that above we only handle the cases when Jb 6= Jr: this can be ensured by
restricting λ to be irrational. If λ = p/q, p,q ∈ N is rational with p and q co-primes,
then every vertex that is qt away from the blue source and pt away from the red
source for arbitrary t ∈ N might be occupied at the same time (i.e, at time pt). In
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time

exp. of 1/(τ − 2)

tcr?− r?− + 1

b?− b?− + λ

Jb
Jr

Dmax(b?−)

ũTr+r?−

ũTr+r?−+1

d(tc) > 1 Jr < Jb < Jr + 1

Figure 7: In this picture, the distance between the two exponents, d(tc) is larger than 1 and
Jr < Jb < Jr + 1. Thus, red jumps first after tc, occupies every vertex of degree
at least ũTr+r?+1. Then, blue jumps and can occupy higher degree vertices up to
ũTr+r?+1. After that, red jumps and closes the gap so the maximal degree vertex
that blue can occupy has degree ũTr+r?+1.

this case, the color of such a vertex is chosen with probability 1/2 independently
of everything else. For the meeting time of the red avalanche and blue climber, a
rational λ implies cases when Jb = Jr or Jb = Jr + 1, i.e. the two processes jump at
the same time after tc. Here we list what happens in these cases, to be able to merge
them in the cases above. We assume here that the adapted rule is so that there is
a strictly positive probability (i.e. bounded away from 0 for all times) that a vertex
becomes blue upon co-occupation.

BR1. Jb = Jr and d(tc) < 1. Since there are lots of vertices just slightly smaller than
ũr∗− , blue w.h.p. occupies some vertices up to that point, i.e. blue can increase
the exponent by a factor (τ − 2)−d(tc) again. This case can be merged into
Case B1.

BR2. Jb = Jr and d(tc) > 1. In this case, blue can occupy some of the vertices up to
one Γ (b)i higher. This case can be merged into Case B2.
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time

exp. of 1/(τ − 2)

tcr?− r?− + 1 r?− + 2

b?− b?− + λ

Jb

Jr + 1

Dmax(b?−)

ũTr+r?−

ũTr+r?−+1
d(tc) > 1

Jr + 1 < Jb

Figure 8: In this picture, the distance between the two exponents, d(tc) is larger than 1 and
Jr + 1 < Jb. Thus, red jumps twice after the intersection and occupies every vertex
of degree at least ũTr+r?+2 that is already less than Dmax(b?−). So the maximal
degree of blue is Dmax(b?−).

BR3. Jb = Jr + 1 and d(tc) > 1. In this case, red jumps first and occupies all the
vertices down to Γr∗−+1, and then the two processes jump together, so blue can
occupy some vertices right below that. This case can be merged into Case R2.

Remark 5.18. If the adapted rule is so that the probability that a vertex is red
with probability one upon co-occupation, then Case BR1 merges into Case R1, case
BR2 merges into Case R2, and Case BR3 merges into Case R3. We see that the
adapted rule only influences the place where the strict and non-strict inequality
signs appear inside the indicators in f(d(tc), Jr, Jb) in (5.68) below. Hence, the main
result still holds true with a slightly different f(d(tc), Jr, Jb). For other adapted rules,
the function f can be determined similarly.



5.7 at the collision time - the maximal degree of blue 109

time

exp. of 1/(τ − 2)

tcr?− r?− + 1

b?− b?− + λ

Jb

Jr

Dmax(b?−)

ũTr+r?−

ũTr+r?−+1

d(tc) < 1

Jr < Jb

Figure 9: In these pictures the red and blue linear functions indicate the exponent of 1/(τ− 2)
for the log (degrees)/logn of red and blue. The vertical lines indicate the time of
the jumps before and after the intersection for the two colors, while the horizontal
lines indicate where the two processes are (or would be) at the time of the jumps. In
these pictures, red jumps first after the intersection, thus it can occupy more vertices:
the exponent it can reach depends on how large the distance is between red and
blue at their last jump before the intersection. The first two pictures show the two
cases where the distance before the jump is more than one, and red can jump only
once or at least twice after the intersection, respectively. The third pictures shows
the case when distance before the jump is smaller than one. The colored regions
illustrate the maximal degree blue can reach.
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Now we formalize these heuristics by finishing the proof of Theorem 5.4. An
elementary calculation is to solve (5.59) yielding

tc =
λ

λ+ 1

log logn+ log(α/Y(n)b )

| log(τ− 2)|
−

Tr

λ+ 1

=
λ− 1

λ+ 1

log logn
| log(τ− 2)|

+
log(αλ(τ− 1)Y(n)r /

(
Y
(n)
b

)λ
)

(λ+ 1)| log(τ− 2)|
+
1+ b

(r)
n

λ+ 1
;

Tr + tc
λ

=
1

λ+ 1

2 log logn− log(Y(n)r Y
(n)
b (τ− 1)/α)

| log(τ− 2)|
−
1+ b

(r)
n

λ+ 1
.

(5.64)

Hence, the red avalanche right before the intersection occupies every vertex with
degree larger than ũr∗− , where r∗− = [tc] = tc − {tc}. Combining the formula of tc
with ũ` in (5.36), we get

log
(
ũr∗−

)
= (logn)

2
λ+1

((
Y
(n)
b

)λ

Y
(n)
r

α

τ− 1

) 1
λ+1

(τ− 2)
1+b

(r)
n

λ+1 −1−{tc}(1+o(1)). (5.65)

On the other hand, since the last jump of blue before time Tr + tc is at time λ[(Tr +
tc)/λ], blue could do (Tr + tc)/λ− {(Tr + tc)/λ} many up-jumps, hence right before
the intersection, blue occupies some vertices that satisfy

log
(
D

(b,n)
max (Tr + tc)

)
=

(logn)
2
λ+1

((
Y
(n)
b

)λ

Y
(n)
r

α

τ− 1

) 1
λ+1

(τ− 2)
1+b

(r)
n

λ+1 −1+{ Tr+tcλ }(1+ o(1)),
(5.66)

where we have used (5.64) for (Tr+ tc)/λ combined with (5.38) at time b(Tr + tc)/λc.
Note that the formulas (5.65) and (5.66) only differ in the exponents of 1/(τ− 2),

and this difference is exactly d(tc), defined in (5.63). More precisely,

log

(
log
(
ũr∗−

)

log
(
D

(b,n)
max (Tr+tc)

)

)

| log(τ− 2)|
= {tc}+

{
Tr + tc
λ

}
+ o(1) := d(tc) + o(1). (5.67)

Recall from (5.61) that the remaining time to the next jump for red and blue after
the intersection at time Tr + tc are denoted by Jr and Jb, respectively.

Since (5.66) is the exponent of the maximal degree vertex that blue occupies before
the intersection, to determine the maximal degree of blue, we need to investigate
whether blue can jump once more before the red avalanche reaches lower degrees
than (5.66). If yes, then blue can gain an additional factor to the rhs of (5.66).

Obviously, if d(tc) < 1, then even though blue jumps first, it cannot increase
its exponent by a whole factor (τ − 2)−1, since vertices with degree larger than
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(D(b,n)
max (Tr+ tc))

(τ−2)−1 are already all red. It is not hard to see that blue in this case
will occupy some vertices ‘right below’ u[tc] (that is, say, higher than ũ[tc]/(C logn)),
hence blue in this case can increase its exponent by a factor of (τ− 2)−d(tc).

This case illustrates that the additional factor that we need to add to the rhs of
(5.66) depends on two things: (1) which color jumps first (and possibly second) after
the intersection and (2) whether d(tc) > 1 or not. There are five cases, described
above (after (5.63)). As a result, the gain in the exponent for blue can be summarized
by multiplying (5.66) by the following function containing indicators for these five
cases (the order is Case B1, R1, B2, R2, R3 here, and the cases where λ rational are
also included):

f (d(tc), Jr, Jb)

:= 1{d(tc)<1}
(

1{Jb6Jr}(τ− 2)
−d(tc) + 1{Jr<Jb}

)
+ 1{d(tc)>1}(

1{Jb6Jr}(τ− 2)
−1+ 1{Jr<Jb6Jr+1}(τ− 2)

1−d(tc) + 1{Jr+1<Jb}
)

.

(5.68)

Note that every expression in this formula, i.e., d(tc), Jr, Jb are simple functions of

the (random) fractional parts {tc},
{
Tc+tc
λ

}
and b(r)n . Further, {tc},

{
Tc+tc
λ

}
and b(r)n

depend only on n and also on Y(n)r , Y(n)b . Hence knowing these values determines
f uniquely.

Recall the value α from (5.28), combine (5.66) with the additional factor
f (d(tc), Jr, Jb), so that we can introduce the ‘oscillation-filtering’ random variable

Hmax
n (Y

(n)
r , Y(n)b ) (5.69)

:=

(
(τ− 1) − (τ− 2)b

(r)
n

(τ− 1)2

) 1
λ+1

(τ− 2)
−λ+b

(r)
n

λ+1 +{ Tr+tcλ }f (d(tc), Jr, Jb) , (5.70)

which oscillates with n and is random, but depends on the same randomness as
Y
(n)
r , Y(n)b , i.e., they are defined on the same probability space.
At this point we have shown that

logD(b,n)
max (∞) =(logn)

2
λ+1

(
Y
(n)
b

)λ

Y
(n)
r

Hmax
n (Y

(n)
r , Y(n)b )(1+ oP(1)). (5.71)

To obtain the statement of Theorem 5.4, we have to check the conditions of Lemma
5.13. For this, note that the last layer of blue is reached after climbing imax = b(Tr +
tc)/λc − bt(nρ

′
)/λc + 1{Case B2} many Γ (b)i layers, and by (5.64) and (5.18) we can

calculate

imax := b(Tr + tc)/λc− bt(nρ
′
)/λc+ 1{Case B2}

=
λ− 1

λ(λ+ 1)

log logn
| log(τ− 2)|

+OP(1).
(5.72)
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Thus, imax = O�( λ−1
λ(λ+1) ), hence the conditions of the lemma hold. Thus, we get the

first statement of Theorem 5.4 by noting that

(Y
(n)
r , Y(n)b )

d−→ (Yr, Yb).
By maximizing and minimizing the constants and the fractional parts in (5.69)

and in the indicators in f(d(tc), Jr, Jc) we get the bounds in (5.8). This finishes the
proof of Theorem 5.4.

5.7.2 Number of maximum-degree vertices

With the last up-jump of blue, blue occupies some vertices of degree of order
D

(b,n)
max (∞). In this section we investigate how many maximum degree vertices are

reached by blue. We show that in some cases (namely, Cases B1, R2) the number
of these vertices is so large that it corresponds to an additional factor for the total
number of half-edges in maximum-degree vertices of blue. More precisely, let us
denote the set of outgoing half-edges from these maximal-degree vertices by M

(b)
n ,

and its size by M(b)
n . Later we will determine how many vertices blue can occupy

after this phase, and to be able to count that we need to know how many half-edges
are in the highest layer of blue.

Lemma 5.19. M(b)
n , the number of outgoing half-edges from the set of maximal-degree

vertices, i.e. the sum of the forward degrees reached by blue for which (5.7) holds, satisfies

logM(b)
n

(logn)
2
λ+1H

half−edge
n (Y

(n)
r , Y(n)b )

P−→
(
Yλb
Yr

)1/(λ+1)
,

where Hhalf−edge
n (Y

(n)
r , Y(n)b ) > Hmax

n (Y
(n)
r , Y(n)b ) is a bounded random variable given

below in formula (5.79).

Proof. Recall that Ai denotes the number of vertices blue occupies in layer Γ (b)i upon
reaching it, see (5.50). In the cases where blue finishes its last jump at a certain layer
Γ
(b)

i , that is, in Case R1, Case R3 and also in Case B2 the statement is a direct
consequence of Lemma 5.16, since blue is stuck with its maximal degree at a given
layer Γ (b)imax

, and hence M(b)
n = AimaxD

(b,n)
max (∞)(1+ o(1)). Taking logarithm we get

logM(b)
n 6 logD(b,n)

max (∞)(1+ o(1)) + logAimax . (5.73)

By (5.72), imax = O�( λ−1
λ(λ+1) ) in Lemma 5.16, so we can use the bound in (5.51) with

x = (λ− 1)/λ(λ+ 1). Hence, the last term in (5.73) disappears when we divide by
(logn)2/(λ+1).

We are left with handling the cases where the last jump of blue is not a full layer,
i.e., Cases B1 and R2. In these cases, after reaching layer Γ (b)imax

, blue still jumps up,
but not a full layer: due to the presence of red the forward degrees are truncated at
ũr∗− in Case B1 and at ũr∗−+1 in Case R2.
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First, we apply Lemma 5.16 to see that logAimax in the last ‘full’ layer Γ (b)imax
is

small. Let us recall the notation u(b)

imax
= D

(b,n)
max (Tr + tc), and introduce the extra

factor of the log(degrees) reached at the last up-jump of blue by

κ := (τ− 2)−d(tc)1{B1}+(1−d(tc))1{R2}.

Then we introduce a new layer

Γ� :=

{
v ∈ CMn(D) : dv >

(u(b)

imax
)κ

(logn)1/(τ−2)

}
,

and we denote the number of half-edges in this set by Eκ. By Lemma 5.16, w.h.p.
blue does not reach higher degrees than û(b)

imax
at time imax. Recall that there are

Aimax many blue vertices in layer Γ (b)imax
. Hence, the total number of blue half-edges

in this layer is at most Aimax û
(b)

imax
. Thus, the number of vertices in Γ� at that time to

which blue is connected is dominated by

B∩ Γ�
d
6 Bin

(
Aimax û

(b)

imax
,

Eκ

Ln(1+ o(1))

)
. (5.74)

Using Claim 5.15, Eκ 6 (u(b)

imax
)−κ(τ−2) w.h.p.. Thus, conditioned on Aimax , the

expected value of the Binomial variable in (5.74) is bounded above by

2C21
c1
Aimax û

(b)

imax
(u(b)

imax
)−κ(τ−2) =

2C21
c1
Aimax

û
(b)

imax

u
(b)

imax

(u(b)

imax
)1−κ(τ−2).

Since red occupies every vertex with degree larger than (u(b)

imax
)κ, the previous

formula bounds the number of vertices with degree in the interval

(u(b)

imax
)κ/C logn, (u(b)

imax
)κ). (5.75)

Thus, the total number of half-edges going out from maximal-degree vertices can
be bounded by

2C12

c1
Aimax

û
(b)

imax

u
(b)

imax

(u(b)

imax
)1+κ(3−τ). (5.76)

Since imax = O�( λ−1
λ(λ+1) ), we can use (5.51) and the calculations in the proof of

Lemma 5.16 to see that

Aimax

û
(b)

imax

u
(b)

imax

6 (A
O�( λ−1

λ(λ+1)
))
2
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is still small, i.e., it disappears when taking logarithm and dividing by (logn)2/(λ+1).
Hence, the main contribution comes from

(u(b)

imax
)1+κ(3−τ) = (D(b,n)

max (Tr + tc))
1+κ(3−τ). (5.77)

Hence, in Cases B1 and R2, blue can get more half-edges than of order D(b,n)
max (∞).

To get the total number of half-edges at the last up-jump, we need to modify the
function f(d(tc), Jr, Jb). An elementary rearranging of the indicators of the cases
and the constants shows that the extra factor needed for (5.66) to get M(b)

n is

g(d(tc), Jr, Jb)

:= 1{d(tc)<1}
(

1{Jb6Jr}(1+ (3− τ)(τ− 2)−d(tc) + 1{Jr<Jb}
)

+ 1{d(tc)>1}

×
(

1{Jb6Jr}(τ− 2)
−1 + 1{Jr<Jb6Jr+1}(1+ (3− τ)(τ− 2)1−d(tc))

)

+ 1{d(tc)>1}1{Jr+1<Jb}.

(5.78)

Then the normalizing constant for M(b)
n is given by

H
half-edge
n (Y

(n)
r , Y(n)b ) :=

(
(τ− 1) − (τ− 2)b

(r)
n

(τ− 1)2

) 1
λ+1

(τ− 2)
−λ+b

(r)
n

λ+1 +{ Tr+tcλ } g (d(tc), Jr, Jb) .
(5.79)

This finishes the proof of Lemma 5.19.

Before moving on to the next section, let us introduce the time when the maximal
degree is reached, which is nothing else but the time of the last possible up-jump
of blue, i.e.,

tb := λ

(⌊
Tr + tc
λ

⌋
+ 1{Jb<Jr} + 1{Jr<Jb<Jr+1}1{d(tc)>1}

)

= Tr + tc + λ

(
1E −

{
Tr + tc
λ

})
=

λ

λ+ 1

2 log logn− log(Y(n)r Y
(n)
b (τ− 1)/α)

| log(τ− 2)|
−
1+ b

(r)
n

λ+ 1

+ λ

(
1E −

{
Tr + tc
λ

})
,

(5.80)

where E stands for the event that blue has an additional up-jump after time tc, i.e.
Case B1, B2 or R2 happens.
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5.8 path counting methods for blue

By time tb, only oP(n) vertices are reached by red and blue together – most of the
vertices are still not colored. Thus, it still remains to determine how many vertices
blue can reach after time tb. We do this via giving matching upper and lower
bounds on how many vertices blue occupies in this last phase.

For the upper bound, the idea is that we count the size of the local neighborhood
of the half-edges that are just occupied at time tb. Since the red avalanche continues
to be in its avalanche phase and occupies all vertices of smaller and smaller degrees
as time passes, the spreading of blue is more and more restricted, so this local
neighborhood is quite small. We call this the optional cluster of blue. Since its size
is random, we give a concentration result on its size, i.e., we give a concentrated
upper bound on what blue can get.

For the lower bound, we estimate how much the red color might ‘bite out’ of
this optional cluster. This can happen since even a constant-degree vertex might
by chance be close to both colors. We show that this intersection of the clusters is
negligible compared to the size of the optional cluster.

We start describing the first step – the optional cluster of blue – in more detail.
At time tb, the half-edges in the set M(b)

n start their own exploration clusters, i.e., an
exploration process from the half-edge to not-yet occupied vertices. At time tb + λj,
we color every vertex v, whose distance is exactly j from some half-edge h in M

(b)
n ,

and the degrees of vertices on the path from h to v are less than what red occupies
at that moment, blue. That is, the degree of the jth vertex on the path must be less
than ũbtb−λi+λj−Trc. We do this via estimating the number of paths with degree
restrictions from M

(b)
n and call this the optional cluster of blue, denote the set by Omax

and its size by Omax. Corollary 5.21 below determines its asymptotic behavior.
On the other hand, not just the half-edges in M

(b)
n can gain extra blue vertices:

from half-edges in Aimax−z, z = 0, 1, 2 . . . the explorations start a bit earlier (at
time tb − λz) towards small degree vertices. Let us denote the vertices reached via
half-edges from layer Aimax−z \ Aimax−z+1 and their size by O−z, z > 0. At time
tb − λz+ λj, we color a vertex v blue if its distance is exactly j from a half-edge h in
Aimax−z, and the degrees of vertices on the path from h to v are less than u(b)imax−z+j
and also what red occupies at that moment, i.e., the degree of the jth vertex on
the path must be less than min{u(b)imax−z+j

, ũbtb−λz+λj−Trc}. This extra truncation
is needed since we want to avoid double counting, that is, we do not want to count
vertices explored from Aimax−z towards Aimax−z+1, hence the additional restriction.
We show that the total number of optional blue vertices in lower layers,

∑
z>0O−z

with these additional explorations is at most the same order as Omax in Lemma 5.23.
For the lower bound on how many vertices blue can occupy after time tb, note

that not every vertex in Omax will be occupied by blue: red can still bite out some
parts of these vertices by simply randomly being close to some parts of the blue
cluster. We estimate the number of vertices in the intersection of Omax and red, and
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then subtracting the gained estimate from the lower bound on Omax gives a lower
bound on what blue occupies from the graph after tb, see Lemma 5.24. Now we
turn to the calculations.

We introduce the expected truncated degree of a vertex that is distance j away
from the set M(b)

n

νj := E

[
D?1{

D?<ũbtb+λj−Trc

}] = 1

E[D]

∫ ũbtb+λj−Trc
0

[1− FB(x)]dx. (5.81)

Then, by (5.1),

c1
(3− τ)E[D]

(
ũbtb+λj−Trc

)3−τ
6 νj 6

C1
E[D]

(
ũbtb+λj−Trc

)3−τ
. (5.82)

Let us also define

κj :=
1

E[D]
E[D(D− 1)(D− 2)1{

D<ũbtb+λj−Trc

}]
Then again by (5.1),

c1
(4− τ)E[D]

(
ũbtb+λj−Trc

)4−τ
6 κj 6

C1
E[D]

(
ũbtb+λj−Trc

)4−τ
.

Let us call a path of length k from M
(b)
n with vertices

(
πj
)
j6k good if πj 6 ũbtb+λj−Trc,

and good-directed if ubtb+λj+1−Trc 6 πj 6 ũbtb+λj−Trc. Similarly as before Lemma
5.14, let us introduce the σ-algebra Ftb , generated by the construction of the con-
figuration model - i.e., the red and blue cluster - until time tb, the last possible
up-jump of blue, including now the half-edges in M

(b)
n (but not their pairs).

Lemma 5.20. For k > 0, denote by Omax(k), Od
max(k) the number of vertices that are on

good and good-directed paths of distance k away from M
(b)
n , respectively. Then for every

ε > 0, w.h.p.

M(b)
n ·

k∏
j=1

νj(1− ε)
2k 6 E[Omax(k) | Ftb ]

6M(b)
n ·

k∏
j=1

νj · (1+ ε)2k
(
1+O

(
k2

n

))
,

(5.83)

and

M(b)
n ·

k∏
j=1

(νj − νj+1)(1− ε)
2k 6 E[Od

max(k) | Ftb ]

6M(b)
n ·

k∏
j=1

(νj − νj+1)(1+ ε)
2k ·

(
1+O

(
k2

n

))
,

(5.84)
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while for the variance of the latter:

Var[Od
max(k)|Ftb ] 6 E[Od

max(k)|Ftb ] + E[Omax(k)|Ftb ]
2

×
(

νk−1
(νk−1 − 1)

κ1

ν21

(
1

M
(b)
n

+
2

Ln

)
+

ν2k−1

(ν2k−1 − 1)
2

κ21
ν41

2

M
(b)
n Ln

+ ek,n

)
,

(5.85)

where E[Od
max(k)|Ftb ] means the upper bound on E[Od

max(k)|Ftb ] in (5.84), and the error
term ek,n is

ek,n =

(
k∏
i=1

Ln − 2i+ 1

Ln − 2i− 2k+ 1
− 1

)

+

(
1+

κ1νk−1

ν21

1

M
(b)
n

)(
1+

κ1νk−1

ν21

1

cLn

)

× k

νk−1 − 1

(
ek
2κ21νk−1/(ν

4
1Ln) − 1

)
.

(5.86)

The proof of this lemma uses path-counting methods and is similar to that of
[65, Lemma 5.1], similar techniques can also be found in [80, Section 5.2.2.] Since
our case is slightly different than the cases handled there, we work out the details
in Section 5.9. Now we state the immediate corollary of Lemma 5.20. Recall the
definition of tb from (5.80).

Corollary 5.21 (Chebyshev’s inequality for blue vertices). Take c3 6 2−ε
λ+1 | log(τ −

2)|−1 and any k 6 c3 log logn. Then, conditioned on the number of blue half-edges M(b)
n

at time tb, the number of vertices optionally occupied by blue up to time tb + λk satisfies
that, conditionally on M(b)

n ,

log(Omax(k))

logM(b)
n +

∑k−1
i=1 logνi

P−→ 1.

Proof. Let us write Onon-d
max (k) for paths that are good but not good-directed. We

show that they have a negligible contribution, while Od
max(k) is well-concentrated.

Let us write

J := P

(∣∣Omax(k) − E[Omax(k)|Ftb ]
∣∣ > 1

2
E[Omax(k)|Ftb ]

)

6 P

(∣∣Od
max(k) − E[Od

max(k)|Ftb ]
∣∣ > 1

4
E[Omax(k)|Ftb ]

)

+P

(∣∣Onon-d
max (k) − E[Onon-d

max (k)|Ftb ]
∣∣ > 1

4
E[Omax(k)|Ftb ]

)
.

(5.87)

We first prove that
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Claim 5.22.

E[Onon-d
max (k) 6 E[Omax(k)]ε (5.88)

for any fixed ε.

As a result the last term in the rhs of (5.87) can be bounded from above by
P(Omax(k)

non-d > 1
4E[Omax(k))). For this we write E[Onon-d

max ] as

E[Onon-d
max ] = E[Omax] − E[Od

max]

= E[Omax]
(
1−

E[Od
max]

E[Omax]

)
.

(5.89)

We now can bound J as

J 6P

(∣∣Od
max(k) − E[Od

max(k)|Ftb ]
∣∣ > 1

4
E[Omax(k)|Ftb ]

)

+ P

(
Onon-d

max (k) >
1

4
E[Omax(k)|Ftb ]

)
.

(5.90)

Now we can apply Chebyshev’s inequality on the first term while Markov’s inequal-
ity on the second term (both conditioned on Ftb ), using Lemma 5.20:

J 6
9Var[Od

max(k)|Ftb ]

E[Omax(k)|Ftb ]
2

+
E[Omax(k)|Ftb ] − E[Od

max(k)|Ftb ]
1
4E[Omax(k)|Ftb ]

9Var[Od
max(k)|Ftb ]

E[Omax(k)|Ftb ]
2

+
4E[Onon-d

max (k)]

E[Omax]

6
(
1+O(k

2

n )
)

×
(

1

M
(b)
n

κ1

ν21

νk−1
(νk−1 − 1)

+
2k4νk−1
νk−1 − 1

κ21
ν41Ln

(
1+O

( 1

M
(b)
n

κ1

ν21

))
)

+ 4
( k∑
j=1

νj+1

νj
+ 6kε+O(

k2

n
)
)

.

(5.91)

The term containing κ21/ν
4
1Ln is coming from the Taylor expansion of the exponen-

tial factor in the formula for ek,n. We only have to verify that the rhs of the previous
display tends to 0. For this we need κ1/(ν21M

(b)
n )→ 0 and also κ21/(ν

4
1Ln)→ 0. For

the first term, note that M(b)
n > D

(b,n)
max (∞), since it counts the number of half-edges

with maximal degree D(b,n)
max (∞). Further, κ1/ν21 = ũbtb+λ−Trc = o(D

(b,n)
max (∞)), since

it is not hard to see that at time tb + λ, the degree above which red occupies ev-
erything (i.e., ũbtb+λ−Trc) is already less than D(b,n)

max (∞), otherwise blue could have
still increased its maximal degree at tb + λ by an extra jump. (Technically, this was
the definition of tb. Alternatively, compare the exact values ofD(b,n)

max (∞) in (5.7) and
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(5.69), and compare it to that of ũbtb+λ−Trc, which can be derived from (5.65) by
adding the appropriate number of (τ− 2) factors in the exponent corresponding to
the five different cases. This calculation is left to the reader.)

Similarly, the second term, κ21/(ν
4
1Ln) = ũ

2(τ−2)
btb+λ−Trc

/Ln = ũ2btb+λ−Trc+1
is less

than of order D(b,n)
max (∞)2/n and hence is small as long as D(b,n)

max (∞) = o(
√
n). Note

that this is the case by Theorem 5.4 since λ > 1 and that has already been proven.
Finally, we show that the last term in (5.91) is also small. Since λ > 1, [tb + λ(j+

1) − Tr] > [tb + λj− Tr] + 1, and νi ∈ (c1,C1)× ũ3−τ[tb+λi−Tr]
hence the last term is

less than 6 times

k∑
j=1

νj+1

νj
6

[tb+λk−Tr]∑
`=[tb+λ−Tr]

C1
c1

(
ũ`+1
ũ`

)3−τ
6

[tb+λk−Tr]∑
`=[tb+λ−Tr]

C1(C logn)3−τ

c1ũ`
, (5.92)

where we have used the recursion ũ`+1 = C logn ũ2−τ` in (5.33). Again, by the same
recursion, for some large enough constant C ′, the sum on the rhs is at most

C1(C logn)3−τ

c1

C ′

ũ[tb+λk−Tr]
,

which is small as long as log ũ[tb+λk−Tr] is of larger order than
log((C logn)3−τ). Note that this holds for an appropriate choice of k, since using
(5.65) and the recursion for ũ` again, log ũ[tb+λk−Tr] is of order

log ũ[tb+λk−Tr] = O((logn)2/(1+λ)(τ− 2)k).

Note that if we now pick k = o(log logn), then the exponent
(logn)2/(1+λ) stays unchanged and the expression is much larger order than
log logn.

Recall that Ai, stands for the set and number of blue vertices in layer Γ (b)i at the
time when blue reaches the layer, at time λ[t(n ′ρ)/λ]+λi. Also recall that imax stands
for the index of the last Γ (b)i layer ever reached by blue, see (5.72). Further, O−z(k) is
the number of vertices explored via a path of length k starting from a half-edge in
Aimax−z that are not explored via a half-edge from Aimax−z+1. Next we show that∑
z>0O−z(k) is at most the same order of magnitude as Omax(k):

Lemma 5.23. With the notation introduced before,

log
(∑
z>0

O−z(k)
)
6 log(Omax(k))(1+ oP(1)).

Proof. Let us denote the number of half-edges in Aimax−z that are not connected
directly to Γ (b)imax−z+1

by H−z. From Lemma 5.16 we have a bound on the number of
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vertices Ai in layer Γ (b)i , and Lemma 5.14 says that the maximal degree in Ai is at
most û(b)

i with high probability.
First, let us describe the following construction of the blue cluster spreading

through the layers Γ (b)i . After an extra time unit λ, Ai+1 half-edges out of the at

most Aiû
(b)
i half-edges of blue are connected to half-edges in Γ (b)i+1, while the other

half-edges are not. In the construction of CMn(D) in Section 2.3, each half-edge is
paired to a uniformly chosen other half-edge. The uniform distribution restricted to
a set is still uniform on that set, thus we can think of this procedure by picking Ai+1
many of the half-edges out of the at most Aiûi half-edges uniformly at random and
connecting them to uniformly chosen half-edges in Γ (b)i+1.

The rest of the half-edges in Γ (b)i are connected to lower-degree vertices, i.e., we
can simply pair these half-edges to lower degree vertices than u(b)

i+1, and apply the
path-counting method similar as for M

(b)
n in Lemma 5.20, with the restriction that

the degree of the j-th vertex on such a path must be less than the degree in Γ (b)imax−z+j
if j 6 z and less than the degree where the red avalanche is at the current time when
j > z, respectively. The restriction for j 6 z is needed to avoid double counting.

Clearly, H−z 6 Aimax−zûimax−z . Then the degree truncation for this process at λj
time unit later is at u(b)

imax−z+j
if j 6 z and ũtb+λ(j−z)−Tr if j > z.

A simple modification of Lemma 5.20 gives the number of vertices found from
these half-edges. Moreover, to show that vertices reached from Aimax−z, for z > 1 are
of less order than that reached via M

(b)
n , we can use Markov’s inequality: Similarly

as in (5.96),

log O−z(k) 6 log (Aimax−zûimax−z) +

z∑
j=1

log((ûimax−z+j)
3−τ)

+

k−z−1∑
j=1

logνj,

(5.93)

where the exponent 3 − τ comes from a similar calculation as that in (5.82). We
claim that the maximum of this quantity is at z = 0. Since log Omax(k) = logM(b)

n +∑k−1
j=1 logνj, to prove that

O−z(k) 6 Omax(k− z), we need to show that the sum of the first two terms in (5.93)
are less than logM(b)

n . By the recursive definition of ûi in (5.39), log ûimax−z = (τ−

2)z log ûimax(1+ oP(1)). We can also use the fact from Lemma 5.16 that Ai = o(ûi)
for any i 6 imax. Hence

log (Aimax−zûimax−z) = (τ− 2)z log(ûimax)(1+ o(1)) w.h.p. (5.94)
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and the second term in (5.93) is (1+ o(1)) times

0∑
j=−z+1

(3− τ) log(ûimax−z+j) = log(ûimax)(3− τ)

z−1∑
j=0

(τ− 2)j

= log(ûimax) (1− (τ− 2)z) .

(5.95)

We see that the sum of the right hand sides of (5.94) and (5.95) is exactly log(ûimax).
Thus, returning to (5.93),

log O−z(k) 6
(

log ûimax +

k−z−1∑
j=1

logνj
)
(1+ oP(1)).

The right hand side is indeed maximal for z = 0, for which we have

log O−0(k) 6
(

log ûimax +

k−1∑
j=1

logνj
)
(1+ oP(1)).

Compare this quantity to log Omax(k) in Corollary 5.21. Since ûimax(1 + o(1)) 6
D

(b,n)
max (∞) 6M(b)

n , this finishes the proof of Lemma 5.23, since

O(log logn)∑
z=0

O−z(k) 6 O(log logn)max
z

O−z(k),

and the log logn factor becomes a negligible additive term when taking logarithms.

Having analysed the size of the optional cluster of blue, we are ready to finish
the upper bound of Theorem 5.2 by combining the previous results:

Proof of the upper bound in Theorem 5.2. First, fix k = k(n) → ∞ so that k(n) =

o(log logn). Then, Lemma 5.23 implies that the logarithm of the total number
of vertices that blue paints in the last phase is at most log Omax(k)(1 + oP(1)).
Corollary 5.21 says that the order of magnitude of log(Omax(k)) = (logM(b)

n +∑k−1
j=1 logνj)(1+oP(1)), whereM(b)

n is the number of blue half-edges in the highest
layer that blue can reach. Further, Lemma 5.19 determines the order of magnitude
of logM(b)

n , which is

logM(b)
n (5.96)

=
((
Y
(n)
b

)λ
/Y

(n)
r

)1/(λ+1)
(logn)

2
λ+1H

half-edge
n × (Y

(n)
r , Y(n)b )(1+ oP(1))

(5.97)
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and hence converges in distribution to (Yλb/Yr)
1/(λ+1) when divided by the sec-

ond two factors. Thus, to get the asymptotic of log(Omax(k)), it remains to calculate∑k
j=1 logνj and compare it to the order of logM(b)

n . For this recall the definitions
of νj in (5.81), tb in (5.80), tc in (5.64), ũ` in (5.36), and the upper bound on νj in
(5.82). With δj := {tb − Tr + λj},

k∑
j=1

logνj 6
k∑
j=1

log
(
C1

(
ũbtb+λj−Trc

)3−τ)

6
k∑
j=1

{
(α logn+β log(C logn)) (τ− 2)−1+tb−Tr+λj−δj(3−τ)

}
+k log(C1C logn).

We rewrite tb − Tr = tc + λ
(

1E −
{
Tr+tc
λ

})
in the exponent using (5.80), and then

use (5.64) to see that tc = O�( λ−1
λ(λ+1) ). Hence the main order term in (τ− 2)tc is

(logn)(λ−1)/(λ(λ+1)). This implies that the two smaller order terms k log(C1C logn)
and β log(C logn)(τ− 2)tc are o(logn(τ− 2)tc) and can be put in a (1+ oP(1)) fac-
tor of the main term. Using the exact value of tc in (5.64) we obtain

k∑
j=1

logνj 6 (1+ oP(1)) · (logn)
2
λ+1

((
Y
(n)
b

)λ

Y
(n)
r

)1/(λ+1)

×
(

α

τ− 1

) 1
λ+1

·



k∑
j=1

(τ− 2)λj−δj(3− τ)


 (τ− 2)

−λ+b
(r)
n

λ+1 +λ(1E−{
Tr+tc
λ }).

(5.98)

Note that we have used (5.36) for ũ`, but this is valid only until ` < O�(1 − ε)
steps, so k = k(n) must satisfy tb − Tr + λk 6 O�(1− ε). Again, by (5.80), tb − Tr =
O�( λ−1

λ(λ+1) ), hence any k := k(n) → ∞ with k(n) = o(log logn) is still a good
choice.

Similarly as in (5.96), we get

k∑
j=1

logνj 6
((
Y
(n)
b

)λ
/Y

(n)
r

)1/(λ+1)
(logn)

2
λ+1C = H

paths,k
n (Y

(n)
r , Y(n)b ), (5.99)

where we introduce

H
paths,k
n (Y

(n)
r , Y(n)b ) :=

(
τ− 1− (τ− 2)b

(r)
n

(τ− 1)2

) 1
λ+1

× (τ− 2)
−λ+b

(r)
n

λ+1 +λ(1E−{
Tr+tc
λ })(3− τ)

k∑
j=1

(τ− 2)λj−δj ,

(5.100)



5.8 path counting methods for blue 123

and where we have used that α = 1− (τ− 2)b
(r)
n /(τ− 1), see (5.28), where bn is

replaced by b(r)
n . Let

H
paths
n (Y

(n)
r , Y(n)b ) := lim

k→∞Hpaths,k
n (Y

(n)
r , Y(n)b ). (5.101)

Note that in this formula, δj = {tb − Tr + λj} ∈ [0, 1), where both tb, Tr are integers.
This implies that if λ = p for some p > 2 integer, then all δj ≡ 0 and the last sum
can be carried out and tends to 1/(1− (τ− 2)λ). Otherwise, the sum is less than
1/(1− (τ− 2)λ).

Recall again that log Omax(k) = logM(b)
n +

∑k
j=1 νj+oP(1) by Corollary 5.21, and

combine (5.99) with (5.96) to get

log Omax(k)

(logn)
2
λ+1

(
H

half-edge
n (Y

(n)
r , Y(n)b ) +H

paths
n (Y

(n)
r , Y(n)b )

)

6

((
Y
(n)
b

)λ

Y
(n)
r

) 1
λ+1

+ oP(1).

(5.102)

Now we can finally use (Ynr , Ynb )
d−→ (Yr, Yb) (by Theorem 5.8. Hence, the right

hand side converges to (Yλb/Yr)
1/(λ+1).

Let us denote

Hn(Y
(n)
r , Y(n)b ) := H

half-edge
n (Y

(n)
r , Y(n)b ) +H

paths
n (Y

(n)
r , Y(n)b ). (5.103)

Some elementary calculations – optimizing the fractional parts appearing in the
exponents – yield the following bounds:

(
(τ− 2)(3− τ)

(τ− 1)2
(
1− (τ− 2)λ

)
) 1
λ+1
λ+ 1

λ
λ
λ+1

6 Hn(Y
(n)
r , Y(n)b )

6
(τ− 2)−

2λ+1
λ+1

4
1
λ+1

(
1+

3− τ

1− (τ− 2)λ

)
.

(5.104)

The bounds given in Theorem 5.2 are the simplified versions of (5.104).

For the lower bound of Theorem 5.2 we need to show that most of the optional
cluster of blue is actually occupied by blue. For this, let us introduce the notation
O(k) :=

⋃
z>0 O−z(k) ∪ Omax(k), and set Opt(k) := |O(k)|, where k stands for the

length of the paths we are counting. The next lemma shows that essentially all the
vertices in O(k) for some k = kn = o(log logn) will indeed be painted blue, i.e., red
cannot accidentally bite out too much from this set:

Lemma 5.24. Set k = k(n) = o(log logn). The number of vertices in the intersection of
Rtb+λk and O(k) is small, i.e.,

|O(k)∩Rtb+λk| = oP (Omax(k)) ,
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. Hence

|O(k) \ (O(k)∩Rtb+λk)| = Omax(k)(1+ oP(1)).

The proof of the lemma will follow from the following claim:

Claim 5.25. Suppose S ⊂ CMn(D) is an arbitrary subset of vertices such that |S| = o(n)
but |S| := sn → ∞. Then with high probability, the total number half-edges that point out
of S, H(S) is at most C|S|(τ−2)/(τ−1)n1/(τ−1) for some C < ∞. Hence, H(S) = o(n)

holds also.

Proof. In the worst case scenario, S contains the |S| highest degree-vertices. Order
the degrees D1,D2, . . . ,Dn in CMn(D) of vertices in non-increasing order: D(1) >
D(2) > · · · > D(n). Then with an arbitrarily chosen Kn > 0 the following bound
always hold:

∑
v∈S

dv 6
|S|∑
j=1

D(j)1{D(j)<Kn}
+

n∑
i=1

Di1{Di>Kn}. (5.105)

By Lemma 5.15, the second term is w.h.p. at most CnK2−τn , with the error probabil-
ity exp{−cnK1−τn } being small as long as Kn = o(n1/(τ−1)). Hence the rhs of (5.105)
is w.h.p. at most∑

v∈S
dv 6 |S|Kn +CnK2−τn .

For the right hand side to be minimal we set Kn := ((τ− 2)n/|S|)1/(τ−1), which is
o(n1/(τ−1)) as long as |S|→∞ with n. With this choice of Kn,∑

v∈S
dv 6 C|S|

τ−2
τ−1n

1
τ−1 .

Since the exponents sum up to 1, the rhs is always o(n) if |S| = o(n).

Proof of Lemma 5.24. Note that we can construct the configuration model by pairing
the half-edges in an arbitrarily chosen order. This enables the joint construction of
the graph and the spread of the red and blue cluster. Hence, we can assume that if
a vertex is not yet colored, its half-edges are still free, and we do not have to take
into account the effect that whole paths can be blocked away from one color by the
other color by painting one or a few vertices only.

Fix the length of the blue exploration path k. For a set S of vertices, we denote by
H(S) the total number of half-edges that point out of the set S. As a lower bound,
we can use the adapted rule that whenever red and blue arrives at a vertex at the
same time, it is going to be red deterministically. We can further assume that if this
is the case, i.e., there are simultaneous jumps of red and blue, then we always pair
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the red half-edges first, i.e., when pairing the blue half-edges at time tb + λi, we
consider Rtb+λi as already determined.

Let us consider a path π ending in O(k) given by the sequence of half-edges
and vertices (π0, s0, t1,π1, s1, . . . , tk,πk), that is, si is the half-edge pointing out of
vertex πi that we pair to ti+1, a half-edge belonging to vertex πi+1. We call this
path thinned at step i if the half-edge si−1 is paired to the half-edge ti where πi is
already red, i.e. πi ∈ Rtb+λi. We call a path thinned if it is thinned at some i 6 k.

Clearly, each time we pair a blue half-edge at time tb + λi, it is with probability
H(Rtb+λi)/Ln(1+ o(1)) paired to a red half-edge. Let us denote σk := {Rtb+λi}

k
i=1.

Hence, the probability that a particular path ending in O(k) to be thinned can be
bounded using a union bound

P
(
(π0, s0, t1,π1, s1, . . . , tk,πk) ∈ O(k) thinned

∣∣σk,O(k)
)

6
k∑
i=1

H(Rtb+λi)

Ln
=: pth,k,

(5.106)

as long as k = k(n) is so that the quantity on the rhs is less than 1. Hence, for
any function δn,k so that δn,kpth,k < 1, the proportion of vertices in O(k) that are
thinned - denoted by Oth(k) - by Markov’s inequality is at most

P

(
|Oth(k)|

|O(k)|
> δn,kpth,k

∣∣∣σk,O(k)
)

6
E[ 1

O(k)

∑
π∈O(k) 1{π thinned }|σk,O(k)]

δn,kpth,k
6

1

δn,k
.

(5.107)

Now, note that we are done with the lower bound if we can pick a k = k(n) → ∞
and an δn,k so that δn,k →∞ and δn,kpth,k < 1.

For this, let us temporarily believe that k̃ := k̃(n) = log log logn has the property
that R

tb+λk̃
= oP(n). Then, let us write R

tb+λk̃
:= O(n/ω

n,k̃) where ω
n,k̃ → ∞

with n→∞. Set

k := k(n) = min{log log logn, (ω
n,k̃)

τ−2
2(τ−1) }. (5.108)

Clearly, k 6 k̃ holds, hence, by monotonicity we have Rtb+λk 6 R
tb+λk̃

. Applying
Claim 5.15 on each term in the sum,

pth,k =

k∑
i=1

H(Rtb+λi)

Ln
6

kn

Ln(ωn,k̃)
(τ−2)/(τ−1)

.

On the event {Ln ∈ (1/2E[D]n, 2E[D]n)}, using (5.108),

pth,k 6
2

E[D]

( 1

ω
n,k̃

) τ−2
2(τ−1) .



126 competition on the configuration model

This allows us to pick δn,k := (ω
n,k̃)

τ−2
4(τ−1) , and then δn,kpth,k → 0 as well as

δn,k →∞ holds with n→∞. As a result, the rhs of (5.107) tends to zero, showing
that w.h.p., only a negligible fraction of the vertices in O(k) will be thinned.

We are left showing that with k̃ = k̃(n) = log log logn, we have |Rtb+λk| = oP(n).
One way to see this is to use [58, Theorem 1.2] about typical distances: typical
distances in the graph are 2 log logn/| log(τ− 2)| with bounded fluctuations around
this value, while
tb + λk̃ < (1+ ε)2λ/(λ+ 1) log logn/| log(τ− 2)|. Hence, the number of vertices at
most tb + λk̃ away from the uniformly chosen red source vertex must be o(n). We
provide another proof of this fact here. For this, note that tb + λk̃, tb defined in
(5.80) is at most (1+ε)λ

λ+1
2 log logn
| log(τ−2)| for some ε > 0 w.h.p.. To estimate the expected

size of the red cluster, we write

E
[
|R
tb+λk̃

|
]
6 nP (D(R0, v) 6 tb + λk)

6 nP

(
D(R0, v)/2 6

(1+ ε)λ

λ+ 1

log logn
| log(τ− 2)|

)

Now, using that D(R0, v)/2 has the distribution tb
∣∣
λ=1

, we can continue the bound
as

E
[
|R
tb+λk̃

|/n
]
6 P

(
tb
∣∣
λ=1

6
(1+ ε)λ

λ+ 1

log logn
| log(τ− 2)|

)

6 P

(
log(Y(n)r Y

(n)
b ) >

1− 2ελ

λ+ 1
log logn

)
.

In the last line, we have used (5.80) with λ = 1 and put bounded terms there in the
(1− 2ελ) factor on the rhs inside the probability sign. Further, note that the random
variable Y(n)r Y

(n)
b converges in distribution to YyYb which is finite a.s. Hence, the

probability is tending to zero as n→∞. This ensures that most vertices are further
away from the source of the red infection than tb + λk and hence R

tb+λk̃
= o(n).

This finishes the proof of the lemma.

Proof of the lower bound in Theorem 5.2. First, note that the time Tr for red to reach
the top of the mountain was a lower bound, i.e., we have shown the existence of a
path that reaches the top in time Tr w.h.p. in Lemma 2.23. Clearly, if red reaches
the top earlier, then there is less time for blue to increase its degree. Hence, it will
occupy fewer vertices. Fortunately, an adaptation of Lemma 5.14 for red instead of
blue shows that this cannot happen. That is, one can define the sequence û(r)

i by the
recursion

u
(r)

0 := (nρ
′′
C logn)1/(τ−2), u

(r)

i := (u(r)

0 C logn)1/(τ−2),

and then exchange every superscript (b) to (r) in the definition of BadPk (see right
before Lemma 5.14). Applying Lemma 5.14 yields that with high probability, red
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cannot jump a layer ahead, and hence the time to reach the top remains as defined
in Tr.

Next, everything from this point on was a concentrated estimate, hence, we only
need to check what happens in the last phase, how many vertices blue can actually
get from its optional cluster.

Using Lemma 5.24, we see that the log-size of the blue cluster at time tb +

λk is w.h.p. log O(k) = log Omax(k)(1 + oP(1)). Note also that by Corollary 5.21,

log Omax(k) is concentrated and is equal to
(

logM(b)
n +

∑k
j=1 logνj

)
(1+ oP(1)) by

Lemma 5.19. Hence, it only remains to give a lower bound on
∑k
j=1 logνj. For this,

note that the lower bound on νj is the same as the upper bound, with a factor C1
replaced by c1. This factor becomes an additive term when taking the logarithm,
and hence contributing only inside the oP(1) factor. Hence,

log Omax(k)

(logn)
2
λ+1

(
H

half-edge
n (Y

(n)
r , Y(n)b ) +H

paths
n (Y

(n)
r , Y(n)b )

)

>

((
Y
(n)
b

)λ

Y
(n)
r

) 1
λ+1

+ oP(1).

(5.109)

The right hand side converges to (Yλb/Yr)
1/(λ+1). Combining this with the upper

bound completes the proof of the Theorem 5.2.

5.9 path counting methods for restricted paths

For the proof of Lemmas 5.14 and 5.20 we need a preliminary result considering
the behavior of the degree sequence.

Proposition 5.26 (Error probabilities for degrees in restricted sets). For yn > 0,
define the following events G2(yn, ε),G3(yn, ε) concerning the empirical second and third
factorial moments of the restricted degrees

G2(yn, ε) :={∣∣∣∣∣
n∑
i=1

Di(Di − 1)1{Di 6 yn}− f1,n

∣∣∣∣∣ εf1,n

}
,

G3(yn, ε) :={ ∣∣∣∣∣
n∑
i=1

Di(Di − 1)(Di − 2)1{Di 6 yn}− f2,n

∣∣∣∣∣ > εf2,n

}
,

(5.110)

with f1,n := nE[D(D− 1)1D6yn ] and f2,n := nE[D(D− 1)(D− 2)1D6yn ]. Then, for
j = 1, 2, some C > 0 that is independent of yn,n

P(Gj(yn, ε)) 6 Cyτ−1n /n, (5.111)
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Further, for the total number of half-edges Ln, we have the following large deviation lower
bound for some constant c(ε) > 0 holds.

P

(
n∑
i=1

Di 6 (1− ε)nE[D]

)
6 exp{−nc(ε)}.

Proof. The proof of the first statement follows from Chebyshev’s inequality and the
fact that the degrees are i.i.d. from distribution FD, satisfying (5.1):

P(G2(yn, ε)) =
Var [D(D− 1)1{D 6 yn}]

ε2nE[D(D− 1)1D6yn ]
2

6
Cy5−τn

nε2y
2(3−τ)
n

= C
yτ−1n

n
. (5.112)

For G3(yn, ε), the proof is analogous: on the rhs the exponent of yn in the numerator
is 7− τ and 2(4− τ) in the denominator. The proof of the second statement uses the
usual Chernoff bound. For any t > 0,

P
(

e−t
∑n
i=1Di > e−t(1−ε)nE[D]

)
6 et(1−ε)nE[D]E

[
e−tD

]n

From (5.1) it follows that E
[
e−tD

]
= 1− tE[D] +O(tτ−1), hence, the rhs can be

bounded from above by

exp{−n(εtE(D) +O(tτ−1))}.

Setting the value of t and modifying the constant to swallow the error term finishes
the proof.

Proof of Lemma 5.14. Here we follow the notation of [57, Section 10.4.2] as much as
we can. We will use union bound and Markov’s inequality to bound the probability
of the existence of bad paths:

Pn(∃k 6 k0,BadPk 6= ∅|F
t(nρ

′
)
) 6

k0∑
k=1

En[|BadPk||Ft(nρ ′)]. (5.113)

where, for any event A, Pn(A | D1, . . . Dn). First we give an upper bound on the
expected number of bad paths conditioned on the degree sequence, so let us fix the
degrees first and write dv for the degree of the vertex v. A (directed) path of length
k from vertex a to some vertex πk can be described as

{(π0, s0), (π1, t1, s1), . . . , (πk−1, tk−1, sk−1), (πk, tk)} , (5.114)

where πi ∈ [n] is the i-th mid-vertex along the path, si ∈ [dπi ] denotes the label of
the outgoing and ti ∈ [dπi ] the label of the incoming half-edge of πi. Recall that we
call a path good if deg(πi) 6 û

(b)

i for all 0 6 i 6 k, and BadPk is a subset of bad
paths with π0 ∈ Z[t(nρ

′
)/λ]

, dπi 6 û
(b)

i for all 0 6 i 6 k− 1 but dπk > û
(b)

k .
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Since the number of half-edges out of vertex πi is dπi , there are many possible
paths via the vertices (πi)

k
i=0. Thus, the expected number of paths through fixed

vertices π0, . . . ,πk equals the probability that a given path in (5.114) is present in
CMn(D) multiplied by the combinatorial factor of picking the possible half-edges
for the paths, i.e.,

k∏
i=1

1

L∗n − 2i+ 1
· dπ0

(
k−1∏
i=1

dπi(dπi − 1)

)
dπk , (5.115)

where L∗n is the number of free half-edges when the procedure starts, i.e., at time
t(nρ

′
). Thus, the expected number of all self-avoiding bad paths in BadPk equals

En[|BadPk||Ft(nρ ′)] =
∑

π0∈Z[t(nρ
′
)/λ]

dπ0

(
k∏
i=1

L∗n
L∗n − 2i+ 1

)

×
∑∗

π1,...,πk−1
∀i πi6û

(b)
i

(
k−1∏
i=1

dπi(dπi − 1)

L∗n

)(∑
πk

dπk>û
(b)
k

dπk
L∗n

)
,

(5.116)

where
∑∗

means that we sum over distinct vertices. Allowing non-distinct vertices,
we get the upper bound

En[|BadPk||Ft(nρ ′)] 6
∑

π0∈Z[t(nρ
′
)/λ]

dπ0e
k2

L∗n

×
k−1∏
i=1

( ∑
dπi6û

(b)
i

dπi(dπi − 1)

L∗n

)( ∑
πk

dπk>û
(b)
k

dπk
L∗n

)
,

(5.117)

where the factor e
k2

L∗n is a bound on the term
∏k
i=1 L

∗
n/(L

∗
n − 2i+ 1) above. Note

that L∗n is Ln minus the already used or active half-edges at time t(nρ
′
), and these

are the ones in or incident to the red or blue Branching Process, and as a result, their
total number is no more than of order nρ

′/(τ−2). Hence, L∗n = Ln −O(nρ
′/(τ−2)).

Hence, when we set k0 = O(log logn), the factor exp{ k
2

L∗n
} = 1 + o(1) and stays

close to 1. Further, when we switch from L∗n to Ln in the denominators, this causes
an error factor (Ln/L

∗
n)
k, which is at most (1+O(nρ

′−1))k 6 exp{knρ
′/(τ−2)−1}.

Since k = O(log logn) and ρ ′/(τ− 2) < 1, this factor also tends to 1 with n and can
be bounded from above by a constant. 1 By the Law of Large Numbers, Ln/n →
E[D], hence the i-th factor on the right hand side is close to

1

E[D]
E

[
D(D− 1)1

D6û(b)
i

]
6 C3(û

(b)

i )3−τ, (5.118)
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while the last factor in (5.117) is close to

1

E[D]
E

[
D1

D>û(b)
k

]
6 C3(û

(b)

k )2−τ (5.119)

by the tail behavior (5.1) of the distribution function of D, for some constant C3.
Recall that π0 is a vertex that belongs to the last generation of the branching process
approximation phase. By the coupling to the BP, the degrees in this generation are
i.i.d. from distribution FB in (5.2). Hence for some constants C ′,C2 > 0 we expect∑

π0∈Z[t(nρ
′
)/λ]

dπ0 6 (C ′ lognZ
[t(nρ

′
)/λ]

)1/(τ−2) 6 C2û
(b)

0 , (5.120)

by the definition of û(b)

0 in (5.39). (Note that only the vertices are included in F
t(nρ

′
)

not their degrees, i.e., it makes sense to take conditional expectation of this event
later w.r.t. F

t(nρ
′
)
.) Making the statements in (5.118), (5.119) and (5.120) rigorous,

the complement of the following event3

En :=

{
∀i < k

∑
vi6û

(b)
i

dvi(dvi − 1)

L∗n
< ω(n)(û(b)

i )3−τ

and
∑

π0∈Z[t(nρ
′
)/λ]

dπ0 < ω(n)û(b)

0

and
∑
πk

dπk>û
(b)
k

dπk
L∗n

6 ω(n)(û(b)

k )2−τ

} (5.121)

can be estimated by Markov inequality and union bound for any function ω(n) →∞, yielding

P(En|Ft(nρ ′)) > 1−
k+ 1

ω(n)
.

Further note that, with m := Z
[t(nρ

′
)/λ]

and the definition of û(b)

0 again, by Lemma
2.24,

P(∃π0 ∈ Z[t(nρ
′
)/λ]

,dπ0 > û
(b)

0 |F
t(nρ

′
)
) 6

1

nc1C
. (5.122)

Then on En, we can write

En[|BadPk||Ft(nρ ′),En] 6 ω(n)2û(b)

0 (û(b)

k )2−τ
k−1∏
i=1

(
ω(n)(û(b)

i )3−τ
)
. (5.123)

3 Note that in the definition of En, the first intersection could be switched to a sharper estimate⋂
16i6k G(û

(b)

i ,ε), at the cost of having larger error terms, (order 1/ε). The extra factor (1+ ε)k

or ω(n)k is swallowed either way at the end, when dividing by logn.
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The recursion for û(b)

i in (5.39) gives

û
(b)

i = (û(b)

0 )(τ−2)
−i
(C logn)((τ−2)

−i−1)/(3−τ).

Using this in (5.123), after a somewhat longish but elementary calculation, the pow-
ers of (τ−2)−1 cancel in the exponent of û(b)

0 and C logn, and the formula simplifies
to

En[|BadPk||Ft(nρ ′)] 6 ω(n)(ω(n)/C logn)k.

This estimate and (5.122) together implies that the union bound in (5.113) leads to

P(∃k 6 k0,BadPk 6= ∅)

6 ω(n)

∞∑
k=1

(ω(n)/C logn)k

+ P(∃π0 ∈ Z[t(nρ
′
)/λ]

,dπ0 > û
(b)

0 ) 6
2ω(n)2

C logn
.

(5.124)

Setting e.g. ω(n) :=
√

log logn completes the proof of Lemma 5.14.

Proof of Lemma 5.20. Similarly as in the proof of Lemma 5.14, first we give upper and
lower bound on the expected number of k-length paths starting from half-edges in
the set M

(b)
n conditioned on the degree sequence and on Ftb . Then, we relate the

number of paths to the total number of vertices found in Omax(k) or Od
max(k). Let us

fix the degrees first and write dv for the degree of the vertex v. Let us also introduce
the nested sets Λ1 ⊃ Λ2 ⊃ . . . -s by

Λi =
{
v ∈ [n] : dv 6 ũbtb+λi−Trc

}
.

Similarly as in the previous lemma, a (directed) path of length k from vertex a = π0
to b = πk can be described as

{(π0, s0), (π1, t1, s1), . . . , (πk−1, tk−1, sk−1), (πk, tk)} . (5.125)

We call a path now good if πi ∈ Λi and good-directed if πi ∈ Λi \ Λi+1 for all
1 6 i 6 k. We write Nk(a,b), Nd

k(a,b) for the number of self-avoiding good paths
and good-directed paths going from vertex a to b, respectively, and L∗n for the total
number of half-edges present in CMn(D) at time tb. Similarly as in (5.116), the
expected value of all self-avoiding good paths equals

En[Nk(a,b)|Ftb ]

=
dadb

L∗n − 2k+ 1

(
k−1∏
i=1

Ln

L∗n − 2i+ 1

)
·
∑∗

π1,...,πk−1
∀i πi∈Λi

(
k−1∏
i=1

dπi(dπi − 1)

Ln

)
(5.126)
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where
∑∗

means that we sum over distinct vertices. Now clearly we have the
upper bound

En[Nk(a,b)|Ftb ]

6 da
db
Ln

(
Ln

L∗n

)k
· e

k2

L∗n ·
k−1∏
i=1


 ∑
πi∈Λi

dπi(dπi − 1)

Ln


 := nk(a,b).

(5.127)

Note that Ln/L
∗
n → 1 by the argument in Lemma 5.24. Similarly as in the proof

of Lemma 5.14, we can have an estimate on L∗n by calculating the number of half-
edges that are non-free by time tb: this includes (1) the sizes of the two branching
processes, Zt(nρ) +Z

(b)

b(t(nρ ′)/λc
= O(nρ

′/(τ−2)), (2) the total number of half-edges

in the last layer red occupies, i.e., the half-edges in Γ̃tb , (3) vertices in different
layers of blue, denoted by Ai-s, which has a total order at most the same as M(b)

n =

O(exp{(logn)2/λ+1Cn}). Note that the worst case is given by (2), since the total
number of half-edges with degree at least ũtb can be calculated by Claim 5.15 and
is of order nũ2−τtb

. As a result the factor (Ln/L∗n)k is at most of order

(1− ũ2−τtb
)k 6 exp{kũ2−τtb

}→ 1,

since ũtb = O(exp{(logn)2/λ+1C}) while k = O(log logn). Let us define the event

E ′n :=
⋂

16i6k−1

G2(ũbtb+λi−Trc, ε)
c ∩ G3(ũbtb+λi−Trc, ε)

c

⋂
{Ln > nE[D]/(1+ ε)}.

(5.128)

Proposition 5.26 yields that

P(E ′n) > 1−C
∑

16j6k−1

(ũbtb+λi−Trc)
τ−1/n− exp{−nc(ε)}→ 1,

since the terms ũbtb+λi−Trc decrease double-exponentially and the dominating
term is O(exp{(logn)2/λ+1}). As a result, on E ′n,

En[Nk(a,b)|Ftb ,E ′n]

6 da
db
Ln

(
k−1∏
i=1

(1+ ε)2νi

)
· e

k2

L∗n =: E[Nk(a,b)|Ftb ]
(5.129)

where νi is from (5.81). By contracting all the vertices belonging to the set M(b)
n , we

have da = M
(b)
n and by letting b be the contraction of all the vertices with degree

less than K for some arbitrary constant K > 2, we have db/L∗n 6 1 is of constant
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order again. Note that the total number of explored vertices on paths of length k is
bounded from below and from above by

Nk(a,b) 6 Omax(k) 6
k∑
i=1

Ni(a,b). (5.130)

Noting that νi grows super-exponentially,

k∑
i=1

En[Ni(a,b)|Ftb ] = E[Nk(a,b)|Ftb ](1+ oP(1)). (5.131)

This finishes the proof of the upper bound in (5.83).
We can get a lower bound on (5.126) if in the sum over distinct vertices, we leave

out the i highest-degree vertices Vi := {vmax
i,1 , . . . , vmax

i,i } from each set Λi. That is, we
have

En[Nk(a,b)|Ftb ] > da
db
Ln

k−1∏
i=1



∑
πi∈Λi
πi/∈Vi

dπi(dπi − 1)

Ln


 := nk(a,b). (5.132)

Note that since we leave out only finitely many vertices, the ith sum within the
product still converges to νi. More precisely, on E ′n ∩ {Ln ∈ n(E[D]/2, (1+ ε)E[D])},
each factor is at least (1− ε)νi/2.4 Again contracting all the vertices belonging to the
set M(b)

n , we have da = M
(b)
n and by letting b be the contraction of all the vertices

with degree less than K for some arbitrary constant 2 6 K, we have that db/Ln is of
constant order again. Combining this with the lower bound in (5.130) finishes the
proof of the lower bound in (5.83).

The proof of the bounds (5.84) for good-directed paths is analogous, but now one
has to use the restricted sets

Λd
j := Λj \Λj+1 =

{
v ∈ [n] : ũbtb+λ(j+1)−Trc < dv 6 ũbtb+λj−Trc

}
.

Proof of Claim 5.133. We now use formula (5.129) for E[Omax] and E[Odmax]. In par-
ticular (5.129) gives E[Omax] while E[Odmax] can be obtained by the same formula,
except the restriction under the sum should be modified to πi ∈ Λi \Λi+1. Note
that Λi \ (Λi \Λi+1) for all i, so E[Onon-d

max ] = E[Omax − Od] can be obtained by the

same formula as the one in (5.126). Finally, taking the ratio E[Onon-d]
max

E[Omax]
, we obtain

E[Onon-d
max ]

E[Omax]
=

∑∗
πi∈Λi+1

∏k−1
i=1 dπi(dπi−1)∑∗

πi∈Λi
∏k−1
i=1 dπi(dπi−1)

. (5.133)

4 Note that we have this weaker lower bound since we do not have upper large deviations for Ln, i.e.
we do not have a sharp bound for P(Ln > (1+ ε)E[D]n). This is because D only has a finite first
moment but infinite variance, so that the moment generating function does not exist for positive values.
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Using the bound in (5.129) we bound the numerator from above by a product where
the vertices are allowed to coincide while we bound the denominator from below
by as in in (5.132). So, we obtain

E[Onon-d
max ]

E[Omax]
6

∏k−1
i=1

∑∗
πi∈Λi+1 dπi(dπi−1)∏k−1

i=1

∑∗
πi∈Λi dπi(dπi−1)

= (1+σ(1))

∑
v∈Λk dv(dv − 1)∑
v∈Λ1 dv(dv − 1)

(5.134)

since the intermediate terms cancel. Dividing both the numerator and the de-
nominator by n, we see that this ratio is at most νkν1 for some constant C > 0, which
tends to 0 when n tends to∞ by (5.82). This finishes the proof of claim 5.133. Next
we prove the variance formula for Od

max(k) following more or less the lines of [80,
Section 10.4.2 and 9.4]. Note that the major difference between the proof of [80,
Proposition 9.17] and our case is that here we have the extra restriction πi, ρi ∈ Λd

i ,
and the Λd

i sets are disjoint. First write Nd
k(a,b) as the sum of indicators that a

given good-directed path is present, and write |π ∩ ρ| for the number of edges the
two paths share. Then we have the conditional variance formula

Varn[Nd
k(a,b)|Ftb ] =

k∑
`=0

∑
π,ρ

|π∩ρ|=`

[
Pn(π, ρ ⊆ CMn(D)|Ftb)−

Pn(π ⊆ CMn(D)|Ftb)Pn(ρ ⊆ CMn(D)|Ftb)
]

.

Consider first the inner sum for ` = 0, i.e. when the two path have disjoint edge-
sets. Since at the time of pairing the ith half-edge, there are L∗n − 2i+ 1 free half-
edges to pick from, the probability that both π, ρ are present is exactly

∏2k
i=1(L

∗
n −

2i+ 1)−1. On the other hand, the square of the probability that a path present is
P(π ⊆ CMn(D))2 =

∏k
i=1(L

∗
n − 2i + 1)−2. Comparing the two, we get that for

` = 0, the inner sum is∑
π,ρ

|π∩ρ|=0

[Pn(π, ρ ⊆ CMn(D)|Ftb) − Pn(π ⊆ CMn(D)|Ftb)

×Pn(ρ ⊆ CMn(D)|Ftb)]

=
∑
π,ρ

|π∩ρ|=0

(
k∏
i=1

L∗n − 2i+ 1

L∗n − 2i− 2k+ 1
− 1

)
Pn(π ⊆ CMn(D)|Ftb)

×Pn(ρ ⊆ CMn(D)|Ftb),

(5.135)

which, combined with the earlier observation about

L∗n = Ln −O(n exp{(logn)2/(λ+1)(2− τ)}), (5.136)
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gives rise to the first term in the error term ek,n in (5.86). For ` = k, that is, the two
paths are identical,

Pn(π ⊆ CMn(D)|Ftb)−Pn(π ⊆ CMn(D)|Ftb)
2 6 Pn(π ⊆ CMn(D)|Ftb), (5.137)

hence the inner sum can be bounded by the inequality∑
π,ρ

|π∩ρ|=k

Pn(π ⊆ CMn(D)|Ftb) 6 En[N
d
k(a,b)|Ftb ], (5.138)

explaining the first term on the right hand side of (5.85). Now we are left with
handling the cases 1 6 ` 6 k − 1. Note that in these cases we have to evalu-
ate over all possible overlaps between the paths π, ρ. For this, note that the re-
striction that πi, ρi ∈ Λd

i and (Λd
i )i>1 are disjoint sets implies that for each i

there are only two cases: either πi = ρi or πi 6= ρi, but in both cases they are
disjoint from all πj, ρj, j 6= i. We will merge these cases into shapes. Let us call
an excursion of length s a connected component of π \ ρ, that is, a consecutive
sequence of edges where the two paths are not the same. Formally, for some i,
(πi,πi+1) 6= (ρi, ρi+1), . . . , (πi+s−1,πi+s) 6= (ρi+s−1, ρi+s), is an excursion if it is
started and ended by the common edges (πi−1,πi) = (ρi−1, ρi) and
(πi+s,πi+s+1) = (ρi+s, ρi+s+1) unless i− 1 = −1 or i+ s+ 1 = k+ 1, in which
cases there is no edge before/after the excursion, respectively. Due to the property
that (Λd

i )i>1 are disjoint, note that there are exactly the same number of edges on
the π part of an excursion as on the ρ part of the excursion. Let us denote by m
the number of excursions, and again, we denote by ` := |π ∩ ρ| the total number
of shared edges. For a fix m, there can be m − 1,m or m + 1 many segments of
π ∩ ρ, depending on whether none of, only one of, or both a,b are part of an ex-
cursion. Let us thus introduce the indicators δa = 1, δb = 1 if the vertices a,b are
parts of an excursion, respectively. We can now define the class of shapes called
Shapem,` corresponding to pairs of paths for which |π∩ ρ| = ` and π \ ρ consists of
m excursions. That is, ρ has m edge-disjoint excursions from π, and between two
consecutive excursions there is at least one edge in π ∩ ρ. Note that the number of
excursions m is thus at most `+ 1. Also note that each shape in Shapem,` can be
uniquely characterised by a sequence of numbers of the form

(δa, δb, (`1, `2, . . . , `m+1−δa−δb), (e1, e2 . . . , em)), (5.139)

where δa, δb are indicators as before; `i is the number of edges in the ith connected
component of π∩ ρ, with the property that∑m+1−δa−δb
i=1 `i = `; and ei is the number of edges on the ith excursion with the

property that
∑m
i=1 ei = k− `. The contribution of paths with 1 6 ` 6 k− 1 to the
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Figure 10: Paths of length 8 belonging to Shape2,3: m = 2 indicates that there are two excur-
sions, ` = 3 means that the two paths share 3 edges in total. In the first picture,
the excursion do not start at the ends of the path, hence δa = δb = 0, in the sec-
ond picture, δa = 1, δb = 0, while in the third picture both excursions start at the
ends, hence δa = δb = 1. Note that in all cases, the number of degree three ver-
tices is 2m− δa − δb, and the shared edges form m+ 1− δa − δb many connected
components.
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variance Var[Nd
k(a,b) | Ftb ] can be bounded from above as follows:∑

π,ρ
16|π∩ρ|6k−2

Pn(π, ρ ⊆ CMn(D)|Ftb)

6
k−1∑
`=1

`+1∑
m=1

∑
σ∈Shapem,`

∑
π,ρ

Shape(π,ρ)=σ

Pn(π, ρ ⊆ CMn(D)|Ftb).
(5.140)

Note that if |π∩ ρ| = ` is fixed, then there are exactly 2k− ` different edges in π∪ ρ,
so that with fixed vertices and fixed half-edges,

Pn(π, ρ ⊆ CMn(D)|Ftb) =

2k−`∏
i=1

1

L∗n − 2i+ 1
. (5.141)

If we now fix only the vertices, but not the half-edges, then we have to multiply
this with a combinatorial factor similar to that in (5.115) counting the number of
possible variations of half-edges for fixed vertices (πi, ρi)16i6k. Recall again that
δa = 1{a ∈ first excursion of π \ ρ} and δb = 1{b ∈ last excursion of π \ ρ}. Let us
write dσ(v) for the number of half-edges of v used in the union of paths π, ρ of
shape σ, and in text we write degreeσ for this degree. At the end of every excursion
we have degreeσ-3 vertices, while on the excursions and inside segments of π ∩ ρ
we have degreeσ-2 vertices. Thus the combinatorial factor to pick half-edges, once
fixing the vertices along the path (but not the half-edges) is at most

da(da − 1)δadb(db − 1)
δb
∏
s:

dσ(πs)=3

dπis (dπis − 1)(dπis − 2)

×
∏
t:

dσ(πt)=2

dvt(dvt − 1)
∏
u:

dσ(ρu)=2
ρu∩π=∅

dvu(dvu − 1).
(5.142)

Thus, establishing the contribution of a given fixed shape σ in (5.140), we should
sum the product of (5.141) and (5.142) over all possible configurations (πi, ρi)i=1,...,k
forming the shape σ. Note that the number of factors in (5.141) equals the number
of edges while the number of factors in (5.142) equals the number of vertices in σ.
Since the number of edges minus the number of vertices without counting a and b
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is at least m+ 1 (equality if all the vertices on excursions are different – see Remark
5.27 below when this is not true), we obtain∑

π,ρ
Shape(π,ρ)=σ

P(π, ρ ⊆ CMn(D)|Ftb) 6

1

Lm+1
n

2k−`∏
i=1

Ln

L∗n − 2i+ 1
· da(da − 1)δadb(db − 1)

δb

×
∏
s:

dσ(πs)=3

( ∑∗

i∈Λd
is

di(di − 1)(di − 2)

Ln

) ∏
t:

dσ(πt)=2

( ∑∗

i∈Λd
it

di(di − 1)

Ln

)

∏
u:

dσ(ρu)=2
ρu∩π=∅

( ∑∗

i∈Λd
iu

di(di − 1)

Ln

)
.

(5.143)

Recall the event E ′n from (5.128). We put G3 in there exactly since now we can use it
again: on E ′n, the sums in the previous display can be bounded by (1+ ε)2κis and
(1+ ε)2νit , (1+ ε)

2νiu , respectively. Thus, we get that on E ′n the rhs of (5.143) is at
most

1

Lm−1
n

2k−`∏
i=1

Ln

L∗n − 2i+ 1
· d1+δaa

d
1+δb
b

L2n

∏
s:

dσ(πs)=3

κis

∏
t:

dσ(πt)=2

νit

∏
u:

dσ(ρu)=2
ρu∩π=∅

νiu(1+ ε)
2k.

(5.144)

Remark 5.27. The previous notation means that when s ∈ Λis is a vertex on the path
with degreeσ-2, then there is a factor kis , similarly for each degreeσ-3 vertex on the
paths, we have a corresponding factor ν(.) with index that equals the index of the
set Λ(.) that the vertex falls into. Note that even though the edges of an excursion
are different by definition, the vertices in the excursions might still coincide, i.e.
πi = ρi can happen even if πi, ρi are sitting in the middle of an excursion. In
this case, instead of having the factor dπi(dπi − 1)dρi(dρi − 1) in (5.142) we have
dπi(dπi − 1)(dπi − 2)(dπi − 3). Since in (5.143), every original vertex gets a factor
L−1
n as a normalisation, when πi = ρi is merged within an excursion, there is a

factor of the form∑
πi∈Λd

i

dπi(dπi − 1)(dπi − 2)(dπi − 3)/L
2
n
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in (5.143). Similarly as in the proof of Proposition 5.26, it can be shown that this
expression is less than Cũ5−τ

f(i)
/n where f(i) = [tb + λi− Tr]. If the vertices πi, ρi are

not merged, then we have a factor ν2i = ũ
2(3−τ)
f(i)

in (5.143) instead. Note that

ũ5−τ
f(i)

/n = o(ũ
2(3−τ)
f(i)

)

as long as ũf(i) = o(n1/(τ−1)). Since the maximal degree in the graph is of this
order, this is always the case. That is, it in not worth merging vertices on excursions.
We can continue analysing formula (5.144).

Now we identify the indices is, it, iu, using the restrictions πi, ρi ∈ Λd
i . The

crucial observation is the following: follow the indices
π1,π2, . . . ,πk−1 and ρ1, ρ2, . . . , ρk−1 along the two paths. If for some i, the vertices

πi 6= ρi are degreeσ-2 vertices on an excursion, then the corresponding ν2i appears
in the product in (5.144). If πi = ρi is a degreeσ-3 vertex, then we have a factor κi
replacing ν2i in the product. If πi = ρi is a degreeσ-2 vertex in π ∩ ρ, then we only
have a factor νi in the product (instead of ν2i ) in (5.144).

Thus, dividing (5.144) by
∏2k−2
i=1 ν2i yields that for each degreeσ-3 vertex we have

a factor κi/ν2i and for each coinciding degreeσ-2 vertex we have a 1/νi 6 1/νk−1
in the product. Elementary calculation shows that

κi/ν
2
i =

(
ũbtb+λi−Trc

)τ−2
, (5.145)

and since the sequence ũi is decreasing in i, we get

κi

ν2i
6
κ1

ν21
.

Thus, we can bound the contribution of every degreeσ-3 vertex by a factor κ1/ν21,
and every coinciding degreeσ-2 vertex by a factor 1/ν1. Since there are m− δa − δb
many degreeσ-3 vertices and

∑m+1−δa−δb
j=1 (`i − 1) = ` −m − 1 + δa + δb many
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coinciding degreeσ-2 vertices, if we take out En[Nk(a,b)|Ftb ]
2

as in (5.129) from
(5.144), we are left with the following upper bound∑

π,ρShape(π,ρ)=σ

Pn(π, ρ ⊆ CMn(D)|Ftb)

6 En[Nk(a,b)|Ftb ]
2 1

d1−δaa d
1−δb
b

(
κ1

ν21

)2m−δa−δb
1

ν
`−m−1+δa+δb
k−1 Lm−1

n

6 En[Nk(a,b)|Ftb ]
2 · 1

Lm−1
n

(
κ21νk−1

ν41

)m−1
1

ν`k−1

(
κ1νk−1

ν21da

)1−δa

×
(
κ1νk−1

ν21db

)1−δb
.

(5.146)

Recall that we have to sum this formula over all the shapes in Shapem,`, and over
m > 1 and ` as in (5.140).

When m = 1, the number of σ ∈ Shape1,` is ` − 1 if δa + δb = 0, and 1 if
δa + δb = 1, and 0 if δa = δb = 1. Thus, fixing m = 1 and summing in δa, δb, `
gives at most

(
κ1νk−1

ν21da
+
κ1νk−1

ν21db

)
·
∞∑
`=1

1

ν`k−1
+
κ21ν

2
k−1

ν41dadb

∞∑
`=1

`− 1

ν`k−1

Thus the contribution from m = 1 can be bounded from above by

En[Nk(a,b)|Ftb ]
2

[
κ1νk−1

ν21(νk−1 − 1)

(
1

da
+
1

db

)
+

κ21ν
2
k−1

ν41(νk−1 − 1)
2

1

dadb

]
. (5.147)

We are left with counting the contribution of shapes with m > 2. We can bound the
number of shapes in Shapem,l (for fixed δa, δb) similarly as in [57, Lemma 9.18]

|{σ : σ ∈ Shapem,l}| 6

(
k− `− 1

m− 1

)(
`− 1

m− δa − δb

)
. (5.148)

To explain this formula, recall the description of the shape in (5.139). Note that
since excursions are separated by at least one common edge, we have to pick
`1, `2, `m+1−δa−δb in (5.139) so that for all i, `i > 1 and

∑
i `i = `. This can be

done in
(

`−1
m−δa−δb

)
many ways. Then, we also have to pick the length of excursions

so that
∑m
i=1 ei = k− ` and each ei > 1. This can be done in

(
k−`−1
m−1

)
many ways.

For m > 2, the factors in (5.148) can be bounded by
(
k− `− 1

m− 1

)
6

km−1

(m− 1)!
,

(
`− 1

m− δa − δb

)
6

`m−δa−δb

(m− δa − δb)!
6 km,



5.9 path counting methods for restricted paths 141

since ` 6 k. So, the total number of shapes in Shapem,` can be bounded by

|{σ : σ ∈ Shapem,`}| 6 k
k2(m−1)

(m− 1)!
, (5.149)

which is independent of `. Using this bound in (5.146) when summing over the
number of shapes, summing over δa, δb ∈ {0, 1}, then over ` > 1, we get that the

contribution of m > 2 terms can be bounded from above by E[Nk(a,b)]
2

times

(
1+

κ1νk−1

ν21da

)(
1+

κ1νk−1

ν21db

)
k

νk−1 − 1

∞∑
m=2

(
κ21νk−1

ν41Ln

)m−1
k2(m−1)

(m− 1)!

=

(
1+

κ1νk−1

ν21da

)(
1+

κ1νk−1

ν21db

)
k

νk−1 − 1

(
ek
2κ21νk−1/(ν

4
1Ln) − 1

)
.

(5.150)

Now let us set da :=M(b)
n and in db we collect all the vertices that have degree less

than νk: these contain vertices with constant degree (say all the degrees smaller than
K for F(K) = 1/2). This implies that db > Ln/2 w.h.p.. Combining the contribution
for ` = 0 in (5.135), ` = k in (5.138), and then m = 1 in (5.147) and finally m > 2 in
(5.150) yields (5.85).
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[38] P. Erdős and A. Rényi. “On the existence of a factor of degree one of a con-
nected random graph.” In: Acta Mathematica Academiae Scientiarum Hungarica
17.3 (1966), pp. 359–368.
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S U M M A RY

Complex networks are networks with an irregular structure that is not reducible to
simple laws. Examples are social, telecommunication and biological networks. Re-
gardless of the field of origin, that can be biology or telecommunication or social
fields, these networks share common characteristics. Many of them are scale-free,
meaning that the degree distribution of the network asymptotically follows a power
law, and they are small-worlds, meaning that the number of steps to go from a ver-
tex of the network to another, the graph-distance, is of logarithmic order or even
smaller. Random graphs are used to model these networks and the scale-free struc-
ture lead us to the study of graphs with power-law degree sequences with finite
mean and infinite variance. One of these model is the configuration model graph, a
model that allows to choose the degrees of the nodes so that it can be parametrized
in such a way that the scale-free behavior holds. A recent area of study focuses on
the spread of information on these networks, for instance the optimal routing over
Internet. The corresponding models for this setting are weighted random graphs.
The addition of weights changes the geometry of the graph and affects the behav-
ior of the optimal flow. We focus on the spread of information over the weighted
configuration model with a degree sequence that satisfies a power law with finite
mean and infinite variance and independent, identically distributed edge weights.
We consider two problems: the first-passage percolation behavior and a competi-
tion process that describes the invasion of a network by two interfering species. The
common thread of this thesis is to prove the existence of a large family of weights
for which many weighted networks share a common behavior. This class is identi-
fied by the class of weights that we call explosive, meaning those weights for which,
in asymptotics, a large proportion of the graph is found in finite time indepen-
dently of the graph size. We prove that, when the weights satisfy this condition, the
weight-distance, that is the minimal amount of time to go between vertices of the
graph, is highly homogeneous and converges to a proper random variable. On the
other hand, for a class of weights that do not satisfy explosiveness, the behavior of
the weight-distance is markedly different. We prove that, when the weights are a.s.
larger than a positive constant, the weight-distance and the hopcount, that is the
number of edges in the least-weight path between two vertices in the graph, grow
proportionally to log logn, as for the graph distances. Moreover, we prove results
on the fluctuations of the weight-distance and the hopcount around their mean. In
this setting the weight can be represented by a constant plus a random variable,
the excess weight. Our results states that, if and only if the excess weight is explo-
sive, the fluctuations around the mean are tight for both the weight-distance and
the hopcount. This is a non-universality result in contrast with the case of general
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edge-weights with a continuous distribution and finite variance degrees where the
hopcount satisfies a central limit theorem (see [20, Theorem 1.2]). Further, it gives a
rather precise picture about the proliferation of almost shortest paths in the graph-
distance, and thus about the geometry of the configuration model in the infinite-
variance degree setting. The second problem that we consider is the competitive
spreading of two species in the configuration model graph with finite mean, infi-
nite variance i.i.d. degrees and constant edge weights. The process consists in two
coloured species spreading simultaneously with two unequal deterministic speeds
from two vertices of the graph. We focus on the property of coexistence of the two
species, that is, when, in asymptotic, the winning one will never be completely
blocked by the growth of the losing one. We prove that, for almost all the choices of
vertices from which the two species start, there is no coexistence when one of the
two species spreads faster than the other. Moreover, the fastest one will asymptoti-
cally occupy all the graph except a vanishingly small proportion, while the losing
color will occupy only a random subpolynomial fraction of the vertices.
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