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Technological assessment 

Within the framework of a joined research effort by the Institute of Perception Research 
(IPO), several French research laboratories and the group Gasdynamics and Aeroacoustics of 
Eindhoven University oftechnology (TUE), a project on voiced speech production is currently 
running. Speech is an important and very natural means of communication. Applications of 
results obtained from research on the physical process of speech production appear to be nu
merous. An example is the human voice replacing the keyboard or mouse of a computer which 
is more convenient for certain applications. Another example is efficient coding of speech for 
telecommunication. A second project is an STW project directed by Rijksuniversiteit Gronin
gen in collaboration with the TUE on a design of artificial vocal folds (prothesis). In this 
report we propose simplified models for the flow through these vocal folds. These models can 
also be used to give a description of the flow through a loudspeaker that is being designed 
at the NATLAB institute of the Philips research department. Similar flows are found in 
thermo-acoustic cryo-coolers. 

The author wishes to thank the following people: 

Harry Hoeijmakers for all helpful discussions on numerical aspects, Pierre Yves 

Lagree for all the help on the classica! numerical methods , Massimo Ranucci 

for his calculations with the viseaus blob method, Bert Roozen for his direct 

simulations and all the discussions, Arthur Veldman for all his advices on 

numerical methods, Michel Pollen for all his help on flow visualizations and 

Mariken Veth for all her help on the experiments. 



Abstract 

In this report we propose simplified flow models that arebasedon the steady laminar bound
ary layer theory. These models describe a separating flow through a diverging channel. Similar 
flows are found within the human glottis during phonation, in so-called bas-reflex boxes and 
in thermo-acoustic cryo-coolers. The results of the models are compared with experiments 
and direct numerical simulations. 
We abserve some discrepancies between the results of the simplified models and the measure
ments. This could he explained by a measurement error. We also discuss some other plausible 
causes of these discrepancies such as: flow unsteadiness, flow asymmetry ( Coanda effect) and 
transition from a laminar toa turbulent jet flow. The last two aspects have been observed in 
flow visualizations. 
The results of the simplified models give a better agreement with the simulation of an unsteady 
start-up flow performed with a viseaus blob methad than with the experiments. However in 
the initial phase of a starting flow the quasi-steady models fail to give a reasanabie flow de
scription. 
The models showed the best agreement with direct simulations of steady flows. Especially 
the methods of Pohlhausen and Thwaites give the best results. 
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position at the end of the computational domain 
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opening angle of the diffuser 
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shape factor 
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volume flux 
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Chapter 1 

Introd uction 

abstract 

The motion of an incompressible viseaus fluid can be described with direct numerical 
simulations. These simulations will give very detailed results, but they require much 
computational time. If the flow description is only one element in a more complicated 
problem, it could be more practical to replace the direct simulation by a very simple 
flow model, in order to reduce the computational time. 
There are several applications that require simple flow models. The most important one 
in this report is speech rnadeling on which the experiments that have been performed 
are based. But all applications have in common that the physical problem is (partly) 
characterized by a channel flow with flow separation. In this report, the theoretica! 
background of the simple models and the numerical methods that have to be applied 
are discussed first. The results of these theories are then compared with experiments 
and with simulations of a 2D channel flow performed with the blob method. Finally we 
campare the results with direct simulations. 
First the essential physical problem will be explained and the typical flow conditions in 
human speech on which the simplifications of the theoretica! models are based are given. 
Readers who are interested in a more detailed description of the human glottis and its 
functioning are referred to appendix A. 

1.1 Physical nature of the flow pro blem 

Most theoretica! investigations in the field of fluid dynamics are based on the concept of a 
perfect, i.e. frictionless and incompressible fluid. In the motion of such a perfect fluid, two 
contacting layers experience no tangential farces ( shearing stress) but act on each other with 
normal farces (pressures) only. This is equivalent to stating that a perfect fluid offers no 
viseaus resistance to a change in shape. The theory descrihing the motion of a perfect fluid 
is mathematically very well developed and supplies in many cases a satisfactory description 
of actual fluid motions. On the other hand the theory of perfect fluid fails completely to 
account for the pressure loss in a channel flow. Figure 1.1 shows a 2D incompressible flow 
through a channel with a constriction for bath a perfect and a real fluid. We first consider 
the flow of a perfect incompressible fluid through a channel of cross sectional area S. If we 
apply conservation of mass over the constriction 

(1.1) 

we can conclude that the velocity at the inlet VA is the same as the velocity at the outlet Vc 
if SA =Sc. The subscripts represent the position in channel as illustrated in figure 1.1. For 
simplicity we have considered a uniform inlet velocity. Applying the energy conservation law 
of a fluid partiele in a steady incompressible flow 

1 

2pV2 + p = const (1.2) 
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Figur·e 1.1: Different mathematica! solutions of a 2D channel flow be
tween a perfect and a real fluid. Instead of the real fluid, the perfect fluid 
offers no inertial resistance to the contraction of the channel, which re
sults in no pressure loss, whereas the pressure difference in the real fluid 
is caused by flow sepamtion 
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5 1.1. Physical nature of the flow problern 

where p is the fluid density and p the pressure we see that there is no pressure difference 
across the constriction sirree VA = Vc. 
In a real flow we aften abserve the formation of a narrow jet downstream of the constriction 
as a result of the action of viscosity. Sirree the jet height is much smaller than the diameter of 
the channel at the inlet, we see from (1.1) that the velocity of the jet is much higher than the 
inlet velocity. This results in a pressure difference across the constriction by applying again 
the energy law (1.2). The kinetic energy of the jet will be dissipated by turbulent mixing 
with the surrounding fluid. This leads to a pressure recovery b..Prec which can be calculated 
with conservation of momenturn in the jet. 

-pVf:Sc + pV{;Sv =(pc- Pv)Sv (1.3) 

Reminding that Vv < < Vc we can rewrite this as 

( 1.4) 

where b..Prec = PD- PC· If the jet height Sc is small compared to the channel height at the 
outlet Sv, the pressure recovery b..prec does nat contribute significantly to the total pressure 
difference D.p. 
The unacceptable result of the theory of a perfect fluid b..p = 0 can be traeed to the fact 
that the inner layers of a real fluid transmit tangential as well as normal stresses. This is 
particularly important near asolid wall wetted by the fluid. These tangential or friction farces 
in a real fluid are connected with a property which is called the viscosity of the fluid. Because 
of the absence of tangential farces, on the boundary between a perfect fluid and a solid wall 
there exists, in general, a difference in relative tangential velocities. On the other hand, in real 
fluids the existence of inter molecular interactions causes the fluid to adhere to a solid wall 
and this gives rise to shearing stress. The existence of tangential ( shearing) stresses and the 
condition of no slip near solid walls constitute the essential differences between a perfect and a 
real fluid. Certain fluids, which are of great practical importance, such as water and air, have 
very small coe:fficients of viscosity. In many cases, the motion of fluids of very srnall viscosity 
agrees very well with that of a perfect fluid, because in most cases the shearing stresses are 
very small. For this reason the existence of viscosity is completely neglected in the theory of 
perfect fluids. It is, however, important to stress the fact that even in fluids with very small 
viscosities, unlike in perfect fluids, the condition of no slip near a solid boundary prevails. 
The difference between the motion of a real and a perfect flow can then be confined to regions 
near the solid walls, where the flow velocity of the real fluid will decrease to zero towards the 
wall. This region is called the boundary layer. The existence of boundary layers are the cause 
of flow separation. This can be explained as follows. Let 's consider the pressure distri bution 
of the real flow over the channel, as indicated in figure 1.1. In the trajectory from A to B, 
the fluid particles are accelerated ( which leads to a pressure decrease) and decelerated from 
B to C. In this trajectory, the particles have to surmount a pressure hill. For the particles 
near the channel wall, that do nat have a high velocity, this becomes a problem, because they 
consumed so much of their kinetic energy that the remainder is toa small to surmount the 
pressure hill. Such a partiele cannot move far into the region of increasing pressure between 
B and C and its motion is, eventually, arrested. The pressure gradient then causes it then to 
move in the opposite direction. Here is where the real flow will dramatically differ from the 
perfect flow. Due to the back flow in the boundary layer, the stream lines will separate from 
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the wall. This effect corresponds with a jet formation. Figure 1.2 illustrates the velocity of a 
fluid near a separation point on the wall. 

1.2 Flow conditions during phonation 

In human speech, the sound is created by the vocal folds. The vocal folds can be seen as 
a constriction in the glottal channel. The narrow slit between the vocal folds is called the 
glottis. A more detailed description of the physiology is given in appendix A. Due to a 
pressure difference that is generated by the lungs, air will flow through the glottis and will 
cause the vocal folds to vibrate. In order to model voiced sound production bath an accurate 
description of the mechanica! behavior of the vocal folds and a model for the air flow through 
the glottis are required. With the last aspect, the hydrodynamic farces can be obtained. 
These are however dramatically influenced by the position of the separation point of the flow. 
So if a minimum computational time is desired for the problem of speech simulation, a simple 
flow model that will give an accurate description of the flow, in cl u ding separation, must be 
implemented. We will now explain some physical aspects of speech from which we justify our 
approach to the description of the flow through the glottis. 
Same typical dimensions of the folds are shown in table I. The typical flow conditions are 
illustrated in table II. 

vocal tract 

TABEL I. Typical geometrical dimension 
of the vocal folds. 

Length L 9 20 mm 
Thickness d 6-9mm 
Height of the glottis hz 0-3mm 

In order to simplify the description of the flow through the glottis, the following assumptions, 
that are based on the dimensions of the glottis and the flow conditions, are made: 



7 1. 2. Flow conditions during phonation 

• The ratio of the glottal height and its width is h2/ L9 . Sirree this parameter is small 
(0-0.3), we will assume the flow to be two dimensional. 

• The St rouhal number is a measure of the ratio of the acceleration due to the unsteadiness 
of the flow and the convective acceleration due to the non-uniformity of the flow. It 
is defined as Sr = f 0 dju0 . The values in table I and II indicate that typical Strouhal 
numbers are 0.015-0.18. Therefore, we assume the flow to be quasi-steady in first 
approximation. 

• The Helmholtz number, the ratio of the glottal thickness and the acoustical wavelength: 
dj Ào gives information about the compactnessof the flow. Sirree this parameter is 0.002-
0.005, we will assume that the flow is locally incompressible. (The wave propagation is 
negligible because the distance is small.) 

• The Mach number M is the ratio of the flow velocity u0 to the speed of sound c0 = 
3.4 -102mj s. M 2 ""' LlPtot is a measure for typical density differences occurring in steady 

Patm 

flows. As b..Ptot is on the order of 10-2 times the atmospheric pressure, such compress-
ibility effects can be considered negligible. ( Convective effects on wave propagation are 
negligible, uo <<co.) 

• The Reynolds number is defined as Re = hzuofv, where v is the kinematic viscosity. 
In air v = 15 · 10-6 m 2 / s. Sirree typical values of Re are on the order of 103 , we 
will assume that the effects of viscosity can be described in terms of a boundary layer 
approximation. 

All simplifications are based on the dimensions of the glottis and the typical flow conditions 
during phonation. This cannot always be justified. For example when the vocal folds close 
completely just befare collision, unsteady and viseaus effects can no langer be neglected. The 
channel becomes so narrow that the boundary layer approximation is no langer valid. The 
wall movement imposes an essentially unsteady flow which becomes dominant as h2 ----+ 0. 
At high Reynolds numbers the main volume-constrol effect is flow separation combined with 
turbulent dissipation of the kinetic energy of the resulting jet flow. In our simplified models 
we will consider the possibility of the formation of a free jet instead. 

TABEL II. Typical values for flow and oscillation 
frequency of the vocal folds. 

Pressure difference across the glottis b..Ptot 

Mean flow velocity within the glottis u0 

Fundamental frequency of oscillation Jo 
Acoustical wavelength Ào 

400-2000 p~ 

10-40 ms 1 

100-200 Hz 
1.7-3.4m 



Chapter 2 

Theory 

abstract 

The equations that describe the motion of arealfluid are the Navier- Stokes equations. 
Because of the enormous effort that is involved in solving these equations, it is more 
practical to simplify them. For a high Reynolds numbers, the effect of viscosity is only 
significant near the wall. The Reynolds number is an important dimensionless number, 
that contains information on some properties of the fluid. Therefore, the Reynolds 
number will be discussed separately. For high Reynolds numbers, it is sufReient to 
divide the flow domain into two regions. This is illustrated in figure 2.1. The first region 
is near the wall and will be called the boundary layer. The second region is the remaining 
domain, that will be denoted as the exterior region. Because the effect of viscosity is 
negligibly small in this exterior region, the fluid can be considered as perfect. In this 
chapter we will derive the Euler equations that describe the motion of a perfect fluid, and 
the Prandtl equations or boundary layer equations that describe the flow in the boundary 
layer. The Euler equations and the Prandtl equations are simplifications of the general 
N avier-Stokes equations. 
On the boundary of the two parts of the flow domain, the separate solutions have to be 
matched. This matching process is a classica! problem that requires special numerical 
techniques. These will be discussed in chapter 3. 
In this chapter we will derive the complete mathematica! formulation of the channel flow 
for the simplified models. Each simplified model is based on a different approximate 
solution of the Prandtl equations. These solutions will also be discussed. 

flow direction 

perfect fluid perfect fluid 

attached flow separated flow 

Figure 2.1: Channel flow with divided flow domain. Note that the bound
ary layer thickness is exaggerated. 
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9 2.1. Viscosity 

2.1 Viscosity 

The nature of viscosity can best be visualized with the aid of the following experiment: 
Consider the motion of a fluid between two very long parallel plates, one of which is at 
rest, the other rnaving with a constant velocity parallel to itself, as shown in figure 2.2. 
Let the distance between the plates be h, the pressure being constant throughout the fluid. 

u 

Figure 2.2: Viseaus flow between two parallel moving plates 

Experiment teaches that the fluid adheres to bath walls, so that its velocity at the lower plate 
is zero, and that at the upper plate is equal to the velocity of the plate, U. Furthermore, 
the velocity distri bution in the fluid between the plat es is linear, so that the fluid velocity is 
proportional to the distance y from the lower plate, and we have 

(2.1) 

In order to maintain the motion it is necessary to apply the tangential friction force to the 
upper plate, the force being in equilibrium with the friction farces in the fluid. It is known 
from experiments that for many fluids this force which we have to apply on the upper plate 
(taken per unit area of the plate) is proportional to the distance h. The friction force per 
unit area, denoted by T (friction shear stress) is, therefore, proportional to U j h, for which 
in general we mayalso substitute dujdy. The proportionality factor between T and dujdy, 
which we shall denote by f-L, depends on the nature of the fluid. It is small for 'thin' fluids, 
such as water or alcohol, but large in case of very viseaus fluids, such as oil or glycerine. Thus 
we have obtained the fundamental relation for fluid friction in the farm 

du 
T=f-L

dy 
(2.2) 

The quantity 1-L is a property of the fluid and is called the dynamic viscosity of the fluid. The 
law of friction given by (2.2) is known as Newtons law of friction, and can be regarcled as the 
definition of viscosity. In all fluid motions in which frictional and inertial farces interact it is 
important to consider the ratio of the viscosity 1-L to the density p, known as the kinematic 
viscosity, and denoted by v: 

V=!!:_ 
p 

For more details, readers are referred to H. Schlichting [1]. 

(2.3) 
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2.2 The Reynolds number 

We shall now try to answer a very fundamental question, namely that concerned with the 
conditions under which flowsof different fluids in two geometrically similar channels, and with 
identical initial flow directions, display geometrically similar streamlines. Such motions, which 
have geometrically similar streamlines are called similar .fiows. For two flows in geometrically 
similar channels, with different fluids, different veloeities and different linear dimensions, to 
be similar, it is evidently necessary that the following condition should be satisfied: at all 
geometrically similar points the farces acting on a fluid partiele must bear a fixed ratio. 
Consiclering only the case when inertial and frictional farces are present, the ratio of these 
farces must be constant. The friction force per unit volume is equal to är / äy and the inertial 
force per unit volume is equal to puäujäx. Substituting (2.2) for the shearing stress, one 
obtains: 

Inertia force 

Friction force 

puäujäx 

J1Ö2uläy2 (2.4) 

It is now important to investigate how these farces are changed when the quantities which 
determine the flow are varied. The latter include the density p, the viscosity J1, a representative 
velocity U and charaderistic length scales of the channel, i.e. the channellength d and height 
h. The velocity u at some point in the velocity field is proportional to U, the tangential 
velocity gradient au I äx to U I d, the normal velocity gradient au I äy to U I h and similarly 
82ul8y2 to Ulh 2

. Hence the ratio 

Inertia force 

Friction force 
(2.5) 

Therefore, the condition of similarity is satisfied if the quantity pU h2 I J1d has the same value 
in bath flows. This quantity can also be written as Uh 2 lvd, since v = 111 p. Thus two flows 
are similar when 

(2.6) 

is equal for bath. The Reynolds number Re is defined as Re = ~h This principle was first 
elucidated by Osborne Reynolds in conneetion with his investigations into the flow through 
pipes and is known as Reynolds principle of similarity. For more details, readers are referred 
to Schlichting [1]. 

2.3 The Euler equations for a perfect fluid 

The equations that describe the motion of a 2D steady incompressible viseaus flow are: 

äu äv 
-+-=0 
äx äy 

(2.7) 

äu äu 1 äp 8 2u 82 u 
u-+ v- = --- + v-- + v--

äx äy p äx äx 2 8y2 (2.8) 

äv äv 1 äp 82 v 8 2 v 
u- +v- = --- +v- +v-

ox äy p äy 8x 2 8y2 
(2.9) 



11 2.3. The Euler equations for a perfect fluid 

These equations are respectively, conservation of mass (for incompressible flow) and the steady 
N avier-Stokes equations. Here, u is the x-component of the velocity ü, v is the y-component. 
The pressure is represented by p. The kinematic viscosity v and density p also appear in the 
Na vier Stokes equations. 
We now consider a 2D channel flow, as illustrated in figure 2.1. In the exterior region, the 
typical dimensions for the channel are the channellength of the converging and di verging part 
d and the channel height h. Characteristic veloeities for u and v are U and V respectively. 
The velocity gradients äu I äx and äv I Öy can then be estimated as 

äu U äv V 
äx "' d Öy "' h (2.10) 

From equation (2. 7) it follows that U I d ,...., V I h We use this property in the introduetion of 
new dimensionless variables: 

UI- 3!:.. -u 
XI- Cf. 

- d 
PI= _p_ 

Pref 

I V vd 
V =V= Uh 

Yl- ']!._ 
- h (2.11) 

By dividing the physical quantities by their characteristic values the non-dimensional quau
tities are of order of unity. Substituting (2.11) in the Navier-Stokes equations (2.8) and (2.9) 
yields the following dimensionless expressions: 

1 ÖU
1 

1 ÖU
1 

Pref Öp
1 1 (h) ä

2
u

1 1 (d) ä
2
u

1 

u Öx 1 + v Öy1 = - pU2 Öx 1 + Re d Öx 12 + Re h Öy12 
(2.12) 

1 ÖV
1 

1 ÖV
1 

Pref (d) 2 
Öp

1 1 (h) ä
2
v

1 1 (d) ä
2
v

1 

u Öx 1 + v Öy1 = - pU2 h Öy1 + Re d Öx 12 + Re h Öy12 
(2.13) 

Here the Reynolds number is defined as Re= U hiv. For high Reynolds numbers, the viseaus 
terms containing the factor 11 Re are negligible compared to the other terms, that are of the 
order of unity. It is still not clear how the pressure terms have to be treated, since they 
contain a factor Pref I pU 2

• But we will see later this factor is also of order of unity. The 
viseaus terms can be dropped out, and the original N avier-Stokes equations reduce to 

äu äu 1 Öp 
u-+ v- = --- (2.14) 

äx Öy p äx 

äv äv 1 Öp 
u-+v- = ---

äx Öy p Öy 
(2.15) 

The dimensionless variables are replaced by the physical quantities. These equations are 
known as the Euler equations and they describe the motion of a perfect ( frictionless) flow. 
The boundary condition is that only the normal velocity at the wall must be zero, since no 
fluid particles are allowed to move through the wall. The tangential velocity is no langer zero 
on the wall, because of the absence of friction. 
Along a stream line in the flow field, described by the Euler equations (2.14) and (2.15), the 
following relation between the flow velocity and the pressure can be obtained: 

1 1-12 "2/ u + p = constant (2.16) 

With lül is the magnitude of the flow velocity. This equation is known as the Bernoulli 
equation. If the flow is also irrotational ('v x ü = 0), then the Bernoulli equation (2.16) is 
also valid in the entire flow field. Since this is the case in a channel flow in the region where 
the flow has not separated, the Bernoulli equation will be used in that region. 
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2.4 Introduetion to the boundary layer theory 

In the case of viscous fluid motions, the influence of viscosity at high Reynolds numbers is 
confined to a very thin layer in the immediate neighbourhood of the solid wall. The fact that 
the fluid adheres to the wall means, however, that frictional forces retard the motion of the 
fluid in a thin layer near the wall. In that thin layer, the velocity of the fluid increases from 
zero at the wall ( no slip) to its full value which corresponds to external frictionless flow. The 
layer under consideration is called the boundary layer, and the concept is due to L. Prandtl. 
Figure 2.3 represents the velocity distribution in such a boundary layer over a flat plate, 
with the dimensions across it considerably exaggerated. In front of the leading edge of the 
plate, the velocity distribution is uniform. With increasing distance from the leading edge 
in the downstream direction the thickness ó of the retarded layer increases continuously, as 
increasing quantities of the fluid become affected. Evidently, the thickness of the boundary 
layer decreases with decreasing viscosity. On the other hand, even with very small viscosities 

u 

Figure 2. 3: Sketch of boundary layer on a flat plate in parallel flow at 
zero incidence 

(Large Reynolds numbers) the frictional shearing stresses r = J.LOU I ay in the boundary layer 
are considerable because of the large velocity gradient across the flow, whereas out si de the 
boundary layer they are very small. This physically suggests that the field of the flow in case 
of fluids of small viscosities can be divided, for the purpose of mathematica! analysis, into two 
regions: the thin boundary layer near the wall, in which friction must be taken into account, 
and the region outside the boundary layer, where the friction forces are small and can be 
neglected and therefore the perfect fluid theory offers a very good approximation. 

Estimation of the boundary layer thickness 

The thickness of the boundary layer can easily be estimated in the following way. The 
inert i al force per unit volume is pu&ul &x. For a plate of length l, the velocity gradient äu I äx 
is proportional to U I l, where U denotes the velocity outside the boundary layer. Hence the 
inertial force is of order pU2 I l. On the other hand, the friction force per unit volume is equal 
to ar I &y, which is equal to J.L0 2ul &y2

. The velocity gradient perpendicular to the wall is of 
order u I ó so that the friction force per unit volume is ar I &y rv j.LU I ó2 • From the condition 
of equality of the friction and inertia forces the following relation is obtained: 

(2.17) 
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or, solving for the boundary layer thickness 8: 

8 "' r;:z = /vi VPff Vu (2.18) 

The constant factor can numerically be deduced. This was first dorre by H.Blasius in 1908. 
The derivation is also given in appendix F. Herree for laminar flow in the boundary layer we 
have 

8 Jv _l_ 

l "' V Ut = Rel 2 (2.19) 

where Rez denotes the Reynolds number related to the length l of the plate. If l is replaced 
by the variable distance x from the leading edge of the plate, it is seen that 8 increases 
proportional with y!X. On the other hand, the relative boundary layer thickness 8 I l decreases 
with increasing Reynolds number as 1 I yll[ei. In the limiting case of frictionless flow, with 
Rez -+ oo, the ratio of the boundary layer thickness to the plate length b/l vanishes. 

2.5 The Prandtl equations for boundary layer flow 

The derivation of the Prandtl equations, that descri he the motion of the flow in the boundary 
layer, is similar to the derivation of the Euler equation. Physical quantities that appear in 
the N avier-Stokes equations are scaled to corresponding characteristic dimensions. The new 
dimensionless variables are on the order of unity, and therefore the contribution of each term 
in the dimensionless Na vier Stokes equation can easily he compared. Terms that are of less 
order than the remairring terms, can be canceled out. The derivation is given step by step in 
appendix B. The resulting Prandtl equations are: 

au äv 
0 (2.20) -+-

äx Öy 

au au 1 Öp 8 2u 
(2.21) u-+v- ---+v-

äx Öy p äx 8y2 

0 
1 äp 

(2.22) = päy 

Equation 2.22 states that the pressure is uniform across the boundary layer. The pressure 
at the surface is therefore equal to that at the edge of the boundary layer. We say that the 
pressure is imposed on the boundary layer by the exterior flow. 
So finally we have abtairred the equations of motion for the boundary layer. These equations 
can be completed with the boundary conditions. 

u(x,O) 

v(x,O) 

u(x,oo) 

0 

0 

Ue(x) 

(2.23) 

(2.24) 

(2.25) 

These conditions state that bath the normal and tangential velocity on the wall must be zero, 
and that the boundary layer velocity must join smoothly with the frictionless exterior flow 
velocity Ue( x), that can be derived from the Euler equations. 
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2.6 Definitions for the boundary layer thickness 

The solution of the Prandtl equations for the boundary layer flow has to he coupled to the 
solution of the exterior flow. This is a boundary condition for the solution of the Prandt 
equations: in the limit y---+ oo, the boundary layer flow u( x, y) must he equal to the exterior 
flow Ue( x, y) at every x position, if the x axis is taken tangential to the wall. So u( x, y) will 
lead asym ptotically to Ue (x, y) across the boundary layer. If we u se this property, we can now 
give a mathematica! definition of the boundary layer thickness 8: 8 is the normal distance 
from the wall, at which the boundary layer velocity u( x, y) is 99% of the exterior velocity 
Ue(x,y). This definition holds for every x position. So 8(x) is defined as: 

u( x, 8) = 0.99Ue(x, y) (2.26) 

If we had chosen 95% in stead of 99%, then 8( x) will not differ significantly. On the other 
hand, the definition of 8 is not very 'sharp', and has no physical background. It is ju st a 
mathematica! definition. Therefore, we will now introduce new physical definitions for the 
boundary layer thickness: the displacement thickness, which contains information about the 
amount of retarded flow at the wall, and the momenturn thickness, which is connected to the 
momenturn loss, also due to the retardation of the flow at the wall. We will start with the 
definition of the displacement thickness. 
The generallaw for conservation of mass for an incompressible 2D flow is: 

äu äv 
-+-=0 
äx äy 

Integrating this equation across the channel height yields: 

l h (äu äv) -+- dy=O 
y=O äx Öy 

Here, h = h( x) is the channel height. Further evaluations gives: 

(2.27) 

(2.28) 

(2.29) 

The last term on the left hand side varrishes because the normal velocity of a viscous fluid is 
zero on the walls. So conservation of mass can he written as: 

d ih d - udy := -<1> = 0 
dx o dx 

(2.30) 

The volume flux <I> appears in this expression, and is obtained by integrating the velocity 
from y = 0 to y = h( x). N ote that <I> is independent of x, so <I> is a conserved quantity. In 
(2.30) u is the velocity everywhere is the channel. So in the exterior region, u= Ue(x, y), and 
in the boundary layer, u = u( x, y). 
In the boundary layer the velocity u( x, y) is decreasing from Ue to 0 at the wall. This implies 
that the volume flux is less compared to the volume flux of a perfect fluid with the same 
exterior velocity Ue. 

!oh 18 lh-8 lh ih <l>= udy= u(x,y)dy+ Ue(x,y)dy+ u(x,y)dy< Ue(x,y)dy 
0 0 8 h-8 0 

(2.31) 
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The volume flux ofthe Euler flow foh Uedy can be simplified. In a channel with constant height, 
the exterior velocity is the same everywhere. If the channel height changes height gradually, 
so dh j dx < < 1, then the exterior velocity is approximately uniform over the channel height. 
From now on, we apply this approximation for all channel flows that we will consider in this 
report. 

(2.32) 

The volume flux ofthe Euler flow is now simply Ueh. We now define the displacement thickness 
81 as the distance the walls of the channel have to be moved inwards in order to find the same 
volume flux <P for only a uniform velocity Ue. 

(2.33) 

The factor 2 is due to the fact that we have two walls. By evaluating <P as in (2.31 ), 51 can 

----------------------· öl 

Ue(x) 

x 

Figure 2.4: definition of 81 

be expressed in terms of u( x, y) and Ue: 

(2.34) 

It is also permitted to integrate further than y = 5 in the definition (2.34) of 51 , since in the 
trajectory y > 5 the integral will not contribute to the salution significantly. Therefore, the 

definition of 81 can also expressed as J;/\1- u/Ue)dy 
We define the momenturn thickness 82 as the additional displacement relative to 51 of the 
walls in order to find the same momenturn flux as in the case of only an Euler flow: 

(2.35) 

also 52 can be expressed in terms of u( x, y) and Ue: 

(2.36) 
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2.7 Approximate solutions of the boundary layer equations 

Solving the Prandtl equations for the boundary layer flow requires a numerical approach. 
For this reason, approximate methods have been developed in earlier times, that is befare 
the advent of computers. These approximate methods are intergral methods which do nat 
attempt to satisfy the boundary layer equations for every streamline. Instead, the equations 
are satisfied only by an average over the thickness of the boundary layer. Mathematically 
this means that the velocity in the boundary layer u( x, y) will not be calculated with the 
Prandtl equations, but will be provided as some parametrie function. This function will 
he substituted in the in intergral representation of the Prandtl equations, named after Von 
Kármán. This way, the parameters can be calculated, and an approximate salution of velocity 
in the boundary layer is obtained. 
There are many ways to provide a parametrie function. Each different choice will give a 
different salution of the velocity. Therefore, many alternatives have been proposed in earlier 
times. The most important methods will be discussed: 

• The original Pohlhausen method. Pohlhausen (1921) used a fourth-order polynomial 
for the velocity, in which the coefficients have to be determined. 

• An alternative Pohlhausen method. Pelorson (1994) suggested that a third-order poly
nomial could give a better description of the boundary layer flow, and in partienlar a 
better prediction of the separation point. 

• A simplification of the alternative Pohlhausen method. The basic equation that has to 
be solved in order to determine the coefficients of the polynomial was first simplified by 
Thwaites in 1946. 

• Pelorson's method. This is a combination of other methods and is developed for channel 
flows. Thwaites methad is used in the converging part of the channel. In the diverging 
part the Blasius salution is used. This is the salution of the boundary layer thickness 
in the flow over an infinite flat plate. Also the Pohlhausen condition of flow separation 
is used. 

• Falkner-Skan method. There are exact solutions of the Prandtl equations for a flow 
past a wedge. These solutions are a family of velocity profiles, and they are applied to 
the channel flow. 

All these methods will he discussed separately. First, the integral representation of the 
Prandtl equations will be derived. 

2.7.1 The Van Kármán equation 

The Von Kármán equation is obtained by integrating the boundary layer equations in the 
normal direction from y = 0 to y = b. The derivation of the Von Kármán equation is given 
in appendix C. The result is: 

dUe ( 2 ) 2 d ( 01) u -bl - + 1 + u - -
e dx H e dx H 

To 
p 

(2.37) 
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The following quantities appear in the equation: 

the exterior velocity 

the displacement thickness 

the shape factor (2.38) 

82 the momenturn thickness 

To := pv éiu I the wall shear stress 
éiy y=O 

The equation is a non-linear differential equation in x. All the quantities, defined in (2.38) 
depend on x. However, only two of them are independent, because H and To are related to 
Ue( x) and 81 . These relations depend on what kind of boundary layer flow profile is chosen. 
This means that the Von Kármán equation (2.37) is in fact a differential equation of two 
variables 81 and Ue. Conservation of mass (2.33) completes the system of two equations for 
81 and Ue· 

2.7.2 The Pohlhausen theory 

As mentioned before, if the V on Kármán equation is used, some parametrie function u( x, y) 
for the velocity in the boundary layer has to be provided. Pohlhausen (1921) used a fourth 
order polynomial for u( x, y): 

4 . 

u( x, y) = Ue?:: ai (~)' 
t=O 

(2.39) 

This choice appears to result in a poor prediction of separation behavior. Pelorson (1994) 
suggested that a third order polynomial is a better choice to describe the flow in the boundary 
layer near the separation point: 

3 . 

u( x, y) = Ue L ai ( ~)' 
t=O 

(2.40) 

The parameters ai are functions of x. The flow profile u( x, y) has to satisfy the following 
boundary conditions: 

u(x,O) 0 

u(x,8) Ue 

éiul 0 
(2.41) 

éiy y=Ó 

éi2u I IJ-
éiy2 y=O 

-U~ 
e dx 

The first condition is a consequence of the experimental evidence that the tangential velocity 
on the wall has to be zero for a viseaus fluid. The second and third condition express that 
u( x, y) has to fit smoothly to the exterior velocity Ue at the end of the boundary layer. 
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boundary layer 
with Pohlhausen 
flow 

U e(x) lD exterior flow 

u(x,y) 

x 

Figure 2. 5: third order velocity profile in the boundary layer. 
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Discon tirruities in the velocity or the first derivative cannot exist in a viseaus flow. The last 
boundary condition is abtairred by substituting y = 0 in the boundary layer equations and 
Euler equations. Substituting the polynomial (2.40) in these boundary conditions yields: 

a0 = 0 

a - §'!__~ + ~ ·- !!. + ~ 
1 - 4v dx 2 ·- 4 2 

a - _§'!__~ ·- _!!_ 
2- 2v dx ·- 2 

a = §'!__~- ! ·= !!. - ! 
3 4v dx 2 · 4 2 

The coefficients are now dependent on the parameter A, which is defined by: 

A(x) = fJ2 dUe 
v dx 

(2.42) 

(2.43) 

The quantities that appear in the Von Kármán equation, can also be expressed in terms of 
A, just by substituting u( x, y) intheir definitions: 

8 (1- ~- ~- ~) - 8(~- lA) 
2 3 4 - 8 48 

(2.44) 
H 

V Bui - db_a -db_(~+ !A) a - s 1- s 2 4 y y=O 
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This way, the Von Kármán equation can he rewritten as: 

82~ (2 + 1) + 8 U _rl_ (h) = vF 1 dx H 1 e dx H 

H = H(8 ~) 1, dx 
(2.45) 

F = F(8 ~) 1, dx 

The relations H and F are determined hy comhining (2.43) and (2.44). The condition for 
flow separation can now he expressed in terms of F. Separation takes place in steady flow 
when the shearing stress at the wall vanishes: r 0 = 0. From (2.44) it can beseen that this is 
the case when F=O: 

separation condition : F (A( x)) = 0 (2.46) 

This condition corresponds to A( x) = -6. This expression is aften used in literature. Val u es 
of A less than -6 correspond to separated flow. However, in our model we assume a free 
jet flow after flow separation. When the Von Kármán equation is still used in the region 
of separated flow, then the results are douhtful. The houndary layers exponentially grow in 
the downstream direction and hecome so large, that the whole assumption of a very thin 
houndary layer thickness, on which the Prandtl equations are hased, no langer holds. But we 
will see that it is necessary to apply the Von Kármán equation in this region at certain initial 
conditions of the mathematica! prohlem, to he sure that the position of the separation point 
is within the computational domain. 
If we look at the definition A = 82 

ddU we can see that in the throat where ddu = 0 also A is 
V X X 

zero. In the converging part of the channel, where ~~ > 0 is A positive and in the diverging 
part negative. The upper limit value for A is 6. This value corresponds to a varrishing second 
derivative of the velocity at the edge of the houndary layer: ä2 uj Öy2 ly=ó = 0. If A hecomes 
larger than 6, then the velocity in the houndary layer exceeds the exterior velocity. This is 
physically impossihle, sirree the flow near the wall is supposed to he retarded. Figures 2. 7 
and 2.6 show the functions F(A) and H(A) for -6 < A< 6. 
If a fourth-order polynomial is used in the houndary layer, we ohtain other functions F and 
H. The derivation is similar and is given in appendix D. 

Solving equation (2.45) requires a numerical approach. These will he discussed in the next 

4 . 0.8 

I 

3.51 I 
-----// 0.6 

H 3 l F 0.4 

2.5 0.2 

-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6 

A A 

Figure 2. 6: Sketch of shape parameter H (A) Figure 2. 7: Sketch of shape parameter F( A) 
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chapter. However, it is possible to simplify this equation, and to obtain an explicit relationship 
between Ue and Ó1. 

2. 7.3 Simplified Pohlhausen theory: Thwaites's method 

If we substitute ó2 for ó1 in the Von Kármán equation (2.45), it is possible to obtain an 
more simple relation between ó2 and the exterior velocity Ue· The results will be derived in 
appendix E. Here we will discuss the important steps. Substituting Ó1 = H Ó2 in (2.45) gives 
after some algebra: 

Ue d(ói/v) = G(À) 
dx 

G is a complicated function of À, that is defined as: 

À= ói dUe 
v dx 

(2.47) 

(2.48) 

Figure 2.8 shows the relation between À and A. The important region -6 ::; A ::; 6 corresponds 
to -0.0992 ::; À ::; 0.068. Inspeetion ofthe function G( À) indicates that it can be approximated 
by a linear function in this region: 

Gzin =a- bÀ (2.49) 

G(À) is plotted in figure 2.9 with the linear fit, which results in the following values fora and 
b in (2.49): 

a= 0.442 } 
b = 6.48 

(2.50) 

If the linear fit of Gis substituted in (2.47), tagether with the definition of À, we obtain 

-10 5 0 5 10 

A 

Figure 2. 8: Re lation between À and A 

Thwaites's equation, that he derived in 1946: 

G(À) 

1.5,----------------, 

0.5 

0 

- 0.4418815132 + -6.47831 01963.x"1 
·- · G(À) 

-0.5 L......_...L.......-~_L__.._~-_L__ __ _L__ _ ____J 

-0.1 -0.05 0 0.05 0.1 

Figure 2.9: Sketch ofG(À) with linear fit 

(2.51) 

This is an explicit relation between ó2 and Ue. The condition for flow separation is A= -6. 
This corresponds with À = -0.0992. So whenever 82 has been calculated with Thwaites 
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(2.51), the separation condition can easily be abtairred by 

separation condition: À = 8~ dUe = -0.0992 
v dx 

(2.52) 

Thwaites found an empirica! formula for the separation condition, based on the results of 
other analytic and numerical methods. It turned out that the separation point as predicted 
by those methods corresponded to a different value for À: 

82 dU · · 1 t" d"t" ' -- - 2 __ e -- -0.0900 emp1nca separa 10n con 1 wn: /\ 
v dx 

(2.53) 

But in this report, we use the separation condition (2.52) that we derived from the 3rd-order 
Pohlhausen method. The shape parameter H as defined in the Pohlhausen methad (2.44) is 
the ratio of 8If82 • By using this partienlar H we obtain 81 from Thwaites's equation. 
In summary: the original differential equation (2.45), which is a complex relation between 81 

and Ue, is simplified. The resulting equation is an explicit relation between 82 and Ue, that 
is very easy to solve. In our problem of the channel flow we use this equation to calculate 
82 • The separation condition and the shape parameter H are abtairred from the Pohlhausen 
method. 

2. 7.4 Pelorson's methad 

Pelorson (1993) developed a very fast methad to calculate the boundary layer flow in a channel 
which geometry is shown in figure 2.10. This geometry is characterized by a round converging 
part. The shape of the di verging part is nat critical. Thwaites methad is used to calculate the 
boundary layer thickness in the converging part of the channel, by integrating from x = - R 
(ju st upstream of the constriction) to x = 0 in the throat, as indicted in the figure. He derived 
an empirica! formula for the momenturn thickness in the throat 82 ,0 , as a function of the radius 
of the converging part R, the throat height h and the Reynolds number. From x = 0, the 
boundary layer thickness is calculated with a Blasius solution. This is the salution of the 
boundary layer thickness in a flow over a semi infinite plate with zero incidence. Details are 
mentioned in appendix F. The condition for flow separation is again derived from Thwaites 
method. The choice of the methods in the separate part of the flow domain will now be 

-R 0 R --x 

R / Thwaites seiJ 
/ h! condit~on ation 

.. ·. ~_,_l i~ i ..... . 

· ...................... ,.. 

Thwaites method i Blasius salution 

Figure 2.10: Di vision of the flow domain for Pelorson's mfthod 
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explained. In the converging part of the channel, Thwaites formula is applied. 

(2.54) 

It is reasonable to take 82 = 0 at x = -R sirree the boundary layer is suppressed by the flow 
in a strong converging channel. If we look at the integral in (2.54), we see that, due to the 
low velocity in the region with a large channel height, the integral will not contribute to the 
growth of 82 . 82 will grow appreciably when the velocity Ue is high. This occurs only if we 
are near the throat. This leads to an approximation for 82 at x = 0: 

8i,o- c 1 I* 
h2 - Re h (2.55) 

Numerical calculation in deed verify this first order approximation. Pelorson found that the 
right value for C is 0.15. More details are discussed in his paper [10]. Readers who are 
interested must note that it contains an error. The presented value for C is not conesponding 
with the results of the numerical calculations as displayed in figure 3 is this paper. In this 
report we will use the correct value, so C = 0.15. This estimation for 82 is used for further 
calculations in the di verging part of the channel. In this region, we assume that the boundary 
layer growth conespouds to the Blasius salution for a flat plate in free space: 

(2.56) 

(2.57) 

with J( = 0.6641. This equation is derived in appendix F. N ote that Ue is a uniform exterior 
velocity over the plate. If we apply this equation to a channel flow, then we have to use 
the conesponding exterior flow Ue = if> / ( h - 281 ). So the fin al equation that is used in the 
diverging part of the channel is 

Combining this equation (2.58) with (2.57) gives finally an explicit expression for 82 . 

The separation condition that is used is: 

2.7.5 Falkner-Skan method 

>. = 8i dUe = -0.0992 
v dx 

(2.58) 

(2.59) 

The Falkner-Skan velocity profiles are exact solutions of the Prandtl equations in case the 
exterior Euler flow is given by 

{3 

Ue(x) = Cx/3-2 (2.60) 

This potential solution describes an external flow around a wedge with opening angle 1r f3 
if f3 > 0 and an internal flow through a linear di verging channel with opening angle 1r f3 in 
case f3 < 0. The x-axis is taken parallel to the wedge or channel. In case f3 < 0 there are 
actually two different solutions of the Prandtl equations. One of the two solutions results in 
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back flow in the boundary layer. The Falkner-Skan profiles arealso called 'similar' solutions. 
The velocity profiles are geometrically similar at every x-position. This means that they only 
differ by a proportionality factor. 
Each value for j3 will give a different solution. We can translate this to an arbitrary geometry 
of the channel ( or wedge) by adjusting the value of j3 along x-axis of the channel and taking 
the corresponding Falkner-Skan solutions. If we apply the sameapproach to the Von Kármán 
equation, we obtain new shape parameters H and F, as a function of dUefdx and 81 . The 
variation of j3 is now confined in the quantity dUe/dx. The derivation of H and F will not 
be given in the report. Fora complete derivation readers are referred to Rosenhead [2]. The 
results are: 

F={ 
The quantity A 1 is defined as 

H = 2.591e-AI/6 

( 0.3149e2·5541 -H - 0.08) H for H ~ 7 

(0.3149e2·5541 - 7 - 0.08) 7 for H > 7 

2.8 Mathematica! formulation of the problem 

(2.61) 

(2.62) 

(2.63) 

Now we can give all the equations and boundary conditions for the problem of a 2D channel 
flow with flow separation. Upstream of the separation point, the flow is calculated with the 
boundary layer theory, in which the an integral expression of the momenturn equation is used 
(Von Kármán). The velocity in the boundary layer is either a Pohlhausen 3rdj4th order or 
a Falkner Skan solution. This information is confined in the shape parameters F and H. 
Downstream of the separation point we consider a free jet. The motion of the 2D channel 
flow can then be described with: 

Upstream of the separation point 

Ue (h- 281) = <I> 

1 
2pu; + p = const 

8 - - + 1 + 81U- -2 dUe ( 2 ) d ( 81 ) 
1 dx H e dx H 

Downstream of the separation point 

Ue(x) = Ue(xs) 

p(x) = p(xs) 

= vF 

(2.64) 

(2.65) 

(2.66) 

(2.67) 

(2.68) 

Here Xs is the separation point, that can be derived from the steady separation condition 
F = 0. With this system of equations the quantities Ue(x), 81 (x) and p(x) can be obtained. 
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The boundary conditions 

The first boundary condition is the value of the displacement thickness at the beginning 
( upstream the constriction) of the computational domain. This position will be denoted as 
x 0 . The choke of this position will be explained in the next section. For simplicity we take 
81 zero at this position: 

(2.69) 

Putting 81 zero at x = x 0 has an advantage. The Von Kármán equation (2.66) is a non-linear 
differential equation and contains second order derivatives (a first order derivative of H, that 
contains termsof dUe/dx). If 81(xo) = 0, then it is easily shown that A(x0 ) = 0 (by its 
definition) and H(A(x0 )) is simply H(O). The consequence is that equation (2.66) canthen 
numerically be treated as a first order non-linear differential equation. 
There is still one boundary condition needed, because in the equations 1p and the pressure 
difference 6.p over the channel are not known. Since they are related, only one has to be 
provided. We will discuss both cases. 
If IJ> is prescribed, the problem is dramatically simplified. The three equations are not coupled 
any more, since Ue and 81 can he solved directly from the following equations: 

~:~ h(:h+
1 

1) + 8 U À (h) = vF } 
1 dx H 1 e dx H 

(2.70) 

The first equation can be substituted in Von Kármán, which leaves only one ( complicated) 
equation for 81. The pressure is not relevant to solving the problem any more. It can be 
derived whenever Ue is solved from (2.70). 

1 

2pu; + p = const (2.71) 

The problem is more difficult if the pressure difference over the channel is prescri bed. Suppose 
p1 is the pressure upstream and p3 downstreamof the constriction. In the region of jet flow, 
the pressure does not change any more, since the jet is supposed to have a uniform pressure. 
So in the separation point X 8 , the pressure is also equal to p3 . The flux can now be calculated 
by: 

~pUi~+ P1 = ~pUe(xs)2 + P3 } 

UinD = Ue(h- 281)1x=xs =Ij) 

(2. 72) 

Dis the height of the channel at the inlet (upstream of the constriction) , where Uin is the 
inlet velocity and 81 is assumed to be zero. This way, IJ> can be expressed as: 

(2.73) 

where hef 1 = h- 281 and 6.p = P1 - P3· It is clear that there is astrong interaction between 
the equations. The behavior of Fin the Von Kármán equation determines the flow separation 
point and therefore the flux, because IJ> is related to X 8 according to (2.73). It is now not 
possible to solve (2. 70) by substitution, since IJ> is not yet known. The way to handle this 
problem will be explained in the next chapter. 
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2.9 The calculation domain in the channel 

We have just formulated the equations and boundary conditions for the mathematica! prob
lem. A convenient boundary condition was to chose ó1 zero at some position x 0 upstream the 
throat. However, it turns out that the calculated position of the separation point depends on 
the choice of x0 . We will now examine this. 
Pelorson showed from analyzing Thwaites formula (2.51) that in the strong converging re
gion, the boundary layer growth is significantly smaller than in the throat. The fact that the 
boundary layer is suppressed by the exterior flow could be a physical explanation. Intuitively 
we then expect that if we choose x 0 far enough upstream the throat, that the displacement 
thickness in the throat ó1 (0) will not be sensitive to x 0 . We now show an example of some 
calculations , in which we applied a Pohlhausen 4th order polynomial to a geometry, as illus
trated in figure 2.11. The geometry consists of a cylindrically shaped converging region with 
a radius of R = 5mm, and a diffuser-like diverging region, with a length L = 10mm and total 
angle of a = 10°. The throat height is h = 3.4mm. 

In these calculations, we vary the starting point xo from right in the throat, defined as x = 0 

-5 0 

~x(rmn) 

10 

u~ 
~=10" 

Figure 2.11: Geometry of the channel 

to the beginning of the converging region in the downstream direction, so x = - R. For 
6 different val u es of xo, the the displacement thickness in the throat ó1 ( 0), the separation 
point Xsep and the ratio of the channel height in the separation point to the throat height 
h(xsep)jh. The conesponding Reynolds number is 3120. The results are illustrated in tabel I. 

Tabel I. Behavior of the separation point to the position 
of the starting point x0 in calculations with Re = 3120 

xo(mm) ó1,2 Xsep(mm) ~ 
0 0 9.29 1.244 
-1 0.050 8.18 1.230 
-2 0.063 7.59 1.214 
-3 0.068 7.37 1.207 
-4 0.069 7.30 1.205 
-5 0.069 7.29 1.205 
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The results of the calculations confirm the idea that the boundary layer thickness is only 
growing appreciably near the throat. Therefore, if we start our calculations too late ( say 
from x 0 = -1), then the calculated boundary layer thickness is too small and the position of 
the separation point is too far upstream. If we start from xo = -3, the results quite resembie 
those when x 0 = -4, or x 0 = -5. Therefore we can conclude that it is dangerous to choose 
the starting point too close to the throat. The safest way is to define xo at the beginning of 
the converging part. 
Unfortunately, this choice appears to be a problem if a third order polynomial is used for the 
velocity in the boundary layer. One disadvantage of a Pohlhausen 3rd-order velocity profile is 
that there is no real salution in the converging region when the velocity gradient dUe/dx is too 
large. An explanation for this is that the quantity A exceeds the value of 6, that corresponds 
to the situation w here the boundary layer flow tends to overtake the exterior flow, w hich is 
physically unreasonable. This value of A corresponds to H (A) = 2.4. This function is plotted 
in figure 2.6. If H becomes less than 2.4, the calculations do not converge. So if we keep H 
up to 2.4 in the calculations, then there is no problem. From figure 2.6 we see that in the 
converging part of the channel, where 0 < A < 6, H does not differ much: 2.4 < H < 2.55. 
So a reasonable way to prevent any problems is to keep H equal to 2.55, which is equal to the 
value in the throat. The exact choice of H does not effect the position of the separation point 
significantly. The same problem also occurs when Thwaites methad is used, or Pelorson's 
method. Keeping the shape parameter H also constant tackles this problem. The other two 
methods, Pohlhausen 4th order and Falkner-Skan do not show any difficulties. 



Chapter 3 

Numerical methods for the simplified models 

abstract 

Numerical calculations are necessary to calculate the entire flow field in the channel. 
The difficulties associated with the calculation are the matching of the solution of the 
boundary layer flow and the Euler flow at the edge of the boundary layer, and the 
fact that information is also transported upstream. The latter aspect has already been 
explained in the previous chapter. The problem is that whenever the pressure is imposed 
over the channel, the position of the separation point determines the volume flux. 
There are classica! numerical techniques that can tackle both problems. These techniques 
are based on integral iterative procedures. The direct methad, the inverse methad and 
semi-inverse methad are examples. The direct method can be very fast (order of 10 
iteration steps). However, the calculations will not converge in and downstreamof the 
separation point with this method. This classica! problem is known as the Goldstein 
singularity. That is why other methods as the inverse and semi-inverse method have 
been developed. In these methods, the equations are treated differently. 
Besides the classica! methods, more 'modern' methods are also discussed in this section. 
These methods are much more flexible and faster. The calculation procedure makes use 
of a commercial mathematicallibrary, that contains numerical routines for solving for 
example a set of N non-linear equations. 
A more elaborate description of all methods is discussed in the remairring part of this 
chapter, for readers who are interested in the details. A brief summary of the methods 
is given in the last section. 

3.1 Discretization 

The x-axis will be discretized as shown in figure 3.1. x 0 is the starting point of the calculation 

domain, Xend is the end position. The domain is divided in N segments. The discretized x 
position is represented by index i which will be between 0 and N. The first order derivative 

Dinflow 

l= 0 1 2 N 

I I I I I I I I I I I I I I I I I I I I 

Figure 3.1: discretization of the calculation domain. 
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of a physical quantity A is approximated by: 

dAl ~ A(i)- A(i- 1) 
dx i ~x 

(3.1) 

Where ~x is the thickness of one segment: ~x= (xend- x0)jN. A general problem of a fi.rst 
order differential equation in x 

is discretized by: 
Gi (A( i), A(i)-d~(i-1)) = 0 } 

A(O) given 

(3.2) 

(3.3) 

A( i) can be determined by solving Gi for first i = 1, then i = 2 and marching until i = N. 

3.2 2D channel flow for fixed <I> 

We now return to the problem. Assuming <I> is fixed, the following set of equations have to 
be solved: u __ <I>_ 

e - h-261 

ó 2~ (l + 1) + ó U .iL (.h) = vF 1 dx H 1 e dx H 

ó1(xo), <I> gzven 

By substitution, one equation is left: 

The discretized form of S is: 

S . (· (') ó1(i)- ó1(i- 1))-
t u1 z ' ~x - 0 

(3.4) 

(3.5) 

(3.6) 

There areN equations S1 .. SN that have to be solved to calculate ó1 (i). To find the whole 
salution Ó1 (i) for i = l..N, the following scheme must be applied: 
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l s:( · ) f S· (s: ( · ) &l(i.)-&l(i.-1)) _ 0 SO Ve u Zs rom ts Ul Zs , ~x -

Every time b1 (i) is solved, the function F( i) is calculated. Flow separation occurs when F 
changes sign: F( is - 1) · F(is) < 0. The exact separation point where F = 0 can then be 
obtained by interpolating F between the two positions is and is - 1. After having arrived 
at i = is, the calculations can be stopped. To continue is of no use, since it is assumed 
that a steady free jet is formed after flow separation. The best way to solve each Si is to 
apply the NAG mathematicallibrary. This library contains numerical procedures for solving 
mathematica! problems. In this specific problem the NAG routine number C05NBF is applied 
to solve the non-linear equations Si. The procedure C05NBF requires an initial value for the 
variabie b1 (i) that has to be calculated. The fortunate property of the scheme we apply is 
that each b1 (i) can be initially estimated from the two previous calculated quantities b1 (i- 1) 
and b1(i- 2) by linear extrapolation: b1(i)init = 2b1(i- 1)- b1 (i- 2). The methad that has 
now been explained will from now on be denoted as the substitution method. This methad is 
only useful when the volume flux is known. In the next section we will discuss the other case 
of the problem in which the pressure difference 6.p over the channel is prescribed and <P is 
still undetermined. 

3.3 2D channel flow for fixed l:ip 

If the pressure difference is imposed over the channel, then other numerical methods have to 
be applied. In this section the following methods will be introduced: 

• Integral iterative methods (classic methods ): 

the direct methad 

the inverse methad 

the semi-inverse methad 

• The iterative substitution methad 

• The simultaneous methad 

All the methods will be discussed step by step in the next sections. 

3.3.1 The integral iterative methods 

Short introduetion 

The iterative methad can easily be explained by a simple example. Suppose the following set 
of equations must be solved: 

Y = f(x) := cos(x) } 
x= g(y) := y 

(3.7) 

In the tigure 3.2 it is shown how this problem can be solved: by an iterative procedure. The 
intersection point of the functions f and gis the salution of the problem. Mathematically, the 
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iterative behavior can he formulated as follows: the x value is substituted in f to calculate 
a new y (vertical lines in the :figure). y is then substituted in g to obtain a new x value 
(horizont al lines). This is also schematically illustrated in :figure 3.2. In this scheme, one 

0 

x=g(y):=y 

n=n+l 
y=f(x):=cos(x) 

x 
(n) ( (n)) 

x =g y 

Figure 3.2: Graphical representation of the direct method with y(o) = 0 
and numerical procedure. 

cycle is one iteration step. The number of steps is represented by n. The iteration process 
continues until a satisfactory approximation of the salution is reached: 

. . { lx(n) - x(n-1) I < E 
convergence conditiOn IY(n) _ y(n-1)l < E (3.8) 

If the direction of the processis reversed, then the salution will nat he found. The explanation 
for this is shown in :figure 3.3. In this case, x will he determined from f and g is used to 

y 
~------ -----------------------

x=g(y) 

n=n+l 

0 x 
(n) ~( (n)) 
y=g~ 

Figure 3.3: Graphical representation of the inverse method with y(0 ) = 0 
and numerical procedure. 

evaluate y. Now the situation IYI > 1 can occur. It is nat possible to :find an x value, since 
I cos( x) I :::; 1. The equations are used in the inverse way. This methad is therefore called 
the inverse method. The :first method, which was the most straightforward one, is called the 
direct method. If the inverse methad is used, then there is a way to prevent the process from 
failing: by the use of relaxation. Relaxation means that the change of one variabie (in this 
example y) is decreased by a certain factor, called the relaxation parameter w: 

(3.9) 

Here, y*(n) is the original value without the use of relaxation. The value of w is between 0 
and 1. If w = 1, there is no relaxation, as can he seen in (3.9). In the :figure above, wis about 
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y 
x=g(y) 

x 

Figure 3.4: Inverse methad with relaxation 

0.6. 
There is another method to obtain a good convergence. It is called the semi-inverse method 
and it is shown in the graph below. The starting point is again (0, 0). The y value is now 

y 
x=g(y) 

n=n+l 

n=n+l 
x 

(n) (n-1) 
x x +ro 

~~ 1' 
~~ 

Figure 3. 5: Graphical representation of the semz-znverse mthod with 
y(o) = 0 and numerical procedure. 

twice calculated: with f (as in the direct method) and with g-1 (as intheinverse method). 
The x value is now changed with a rate that depends on the difference of the two calculated 
values y(n) = f(x(n- 1)) and y*(n) = g-1(x(n-1)). 

x(n) = X(n-1) + w (y- y*) (3.10) 

So near the intersection point, where y and y* do not differ much, x will not change signif
icantly. In this example, there is a smaller chance of failure. Only the sign of w has to be 
chosen correctly, sirree it determines the direction in which x changes. The magnitude of w 
determines the convergence speed of the procedure. A few conclusions can now already be 
drawn: 

• When the direct method succeeds, the inverse method fails to converge, and visa versa. 

• By the use of relaxation, the original failing method can be made convergent. 

• Thesemi-inverse method could be an alternative, if a safe calculation processis desired. 
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The channel flow 

In case of a 2D channel flow, the following equations have to be solved: 

(3.11) 

(3.12) 

2 dUe(2 ) d (81) 8- -+1 +81Ue- - =vF 1 dx H dx H 
(3.13) 

where <I> is the volume flux, D is the channel height at the inlet, upstream the constriction, 
and hef f is the effective channel height, so hef f = h - 281. The displacement thickness at 
the beginning of the calculation domain ( upstream the constriction) is taken zero. From now 
on, the first equation (3.11) is represented byE (exterior flow) and the third one (3.13) by B 
(boundary flow). We will first show how these equations are solved with an iterative process. 
The x-axis is divided into N segments, and is represented by index i. Schematically the most 
straightforward procedure to solve the equations is: 

• initialization: 

1. take 81 =0 for i = l..N and calculate the exterior velocity over the channel with E 

2. Use Pelorson's method to calculate 8l0)(1) .. 8~0)(N) and the separation point Xs 

3. calculate an initial value for the volume flux <f>(O) by (3.12) 

4. calculate the exterior velocity in the channel d 0 )(1) .. U~0)(N) with E 

• repeat the following items for n = l..nmax: 

1. substitute the exterior flow U~n- 1 ) (i) in the V on Kármán equation B and calculate 

8~n)(i) with B, for i= l..N 

2. calculate the separation point i = is where F changes sign: F( is -1) · F( is) < 0 and 
calculate the physical separation point Xs by interpolating F between the values 
is and is- 1 

3. change the volume flux <f>(n) by (3.12) 

4. substitute 8~n)(i) and <f>(n) in E and calculate the exterior velocity U~n)(i) for 
i=l..N with E 

This method is called an integral iterative method, because within one iteration step, the 
quantities are calculated by solving (integrating) the equations. The iterative behavior of 
81(i) is shown in figure 3.6. 
If we look at a fixed x position during the iterative process, a similar mathematica! problem 
occurs as mentioned in the previous example. In the example the intersecbon point of the 
functions f = x and g = cos( x) had to be found. In the same way, the intersection point 
of E and B has to be found at all x positions. There is only one difference: in the simple 
example, the intersection point of two defined functions x and cos( x) had to be found. During 
the iterative procedure, these functions remain the same. In this case, the relations E and B 
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i= 012 N 

1111111111111111111111111 

Figure 3. 6: calculation of 81 (x) by iterative method 

change all along during the iterative process. E changes because <l> is adapted each iteration 
step, and B changes, because the values of Ue and 81 in the previous x position ( B is a 
differential equation) change also every iteration step. But if we only consider the final phase 
of the iterative process in which we are close to the solution, we can neglect this effect and 
assume that the shapes of E and B remain globally the same. 
Just as in the example, three different methods can be applied: 

1. the direct iteration methad 

2. the inverse iteration methad 

3. the semi-inverse iteration methad 

The direct iteration method 

The direct methad was already used above, and is intuitively the most straightforward way. 
It is schematically explained in figure 3.7. In the exterior region (E), the velocity Ue is 

Figure 3. 7: Model for direct iterative calculation 

determined by conservation of mass, for given 81 . In the boundary layer (B), 81 of calculated 
with the Van Kármán equation for given Ue. These events are repeated until the process has 
converged. Remember that on every x position on the computational domain convergence 
is necessary. To have an idea a bout the global iterative behavior, it is useful to look at the 
relations between Ue and 81 at different fixed x positions, as indicated in figure 3.8. The 
quantities Ue and 81 are plotted on the vertical and horizontal axes respectively. Eis globally 
an increasing function. B is decreasing. The intersection point of E and B is the solution, 
that has to found. 
Convergence is however nat guaranteed. Suppose that in an other point in the domain the 
relations of E and B are slightly different, as shown in figure 3.8b. The path is nat leading 
to the intersection point and the iterative process will diverge. 
One way to prevent this problem is to use (under) relaxation. Relaxation means that the 
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E E 

B B 

Figure 3.8: iterative process with direct method for fixed x positions. In 
the middle and right graph the x position is the same. 
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E 

B 

change of a variable after one iteration step will be multiplied by a certain factor w, called 
the relaxation parameter: 

(3.14) 

where w represents the relaxation parameter, that can prevent the iteration process from 
diverging. The 'path' of the calculations changes, so that the intersection point can still be 
reached. It is clear from figure 3.8 how relaxation works. The right graph ( with relaxation) 
shows the same relations between Ue and 81 as in the middle graph ( with no relaxation), 
because the x position is the same. The value of w in the picture is a bout 0. 7. The smaller 
w (stronger relaxation), the more iteration steps will be needed to obtain the solution, sirree 
the change of 81 is kept small. The choice of w is rather arbitrary. If the relaxation is nat 
st rong enough, the calculations will nat converge. If w is toa low, a lot of iteration steps are 
needed. The best way is to choose the highest value for w as poosible in order to obtain the 
fastest computational time. 

The inverse iteration method 

The direct methad cannot always be used. Veldman [3] argued that as long as the flow 
is attached to the wall, the direct methad can successfully be applied. But once the flow 
separates, the methad fails. An explanation for this is given in the figure 3.9. Consider the 

I 
Ue ~ 

• I 

E E 

B 

B 

Figure 3. 9: iterative process with direct method for attached flow (a), 
separating flow (b) and separated flow (c). 

E 

B 

situation where x= x 8 , as shown in figure 3.9 (center graph). 81 cannot always be calculated 
when Ue is substituted in the Van Kármán equation to calculate 81. It turns out that in the 
separation point x 8 there is a minimum in B. Due to this minimum, it is nat always possible 
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to substitute Ue in the V on Kármán equation to calculate <h. This phenomena was not 
understood in earlier times. It is now known as the Goldstein singularity. There is however 
still no analytica! prooffor the minimum of B in the separation point. Also in the case x > X 5 , 

when the shape of B has again significantly changed, the direct method fails. If a salution 
after x > Xs is still desired, the direction of the process has to be reversed. This means 
mathematically that the equations are now used in the 'inverse' way as illustrated in figure 
3.10. At first sight, figure 3.10 might seem strange. The equation Ue(h- 281) = <P (E) is now 

Figure 3.10: M adel for inverse iterative calculation 

used to calculate 81 when Ue is substituted, whereas the Von Kármán equation (B) is used 
to determine Ue. Figure 3.11 shows the same graphs as figure 3.9, so at the same x positions. 

I E E I 

Ue I 
Ue Ue] 

t 8 t I 
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L __ 8 

-----

-li1 _ .. 1)1 

Figure 3.11: iterative process with inverse methad for attached flow (a), 
separating flow (b) and separated flow (c). 

E 

8 

-li1 

Only the direction of the process is reversed, according to the inverse method. In the left 
graph, the inverse method does not lead to the intersection point. Only by strong relaxation 
convergence could be obtained, but this leads to a very slow process. The direct method did 
succeed in this situation. But for the region x ;::: Xs the inverse method is applicable. If a fast 
convergence is desired, then there is an alternative method. 

The semi-inverse methad 

The last method (inverse) is useful for regions near flow separation. In the other region, it 
needs a lot of iteration steps. If a faster convergence is required, a different method can be 
applied: the semi-inverse method: This method is a mix of the previous ones. The exterior 
velocity Ue is calculated twice: with E and B. If 81 is the final solution, then both equations 
E and B will give the same Ue· If this is not the case, two different veloeities are calculated: 
Ue (from E) and u; (from B). 81 is then corrected by their difference. If 81 is growing towards 
the solution, Ue and u; grow towards each other. Figures 3.12 and si1 show a diagramruical 
and graphical representation of the semi-inverse method. 
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1 
* ö{n> = ~(n-1) + ro( Ue- Ue) 

Figure 3.12: Model for semi-inverse iterative calculation 

E 

B 

Figure 3.13: iterative process with semi-inverse method. 
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3.3.2 Comparison of the three methods 

The three classic methods that have just been discussed have different properties. We now 
summarize the most important aspects. 

• The direct methad can only he applied in the region where the flow is attached to the 
wall. No salution can he found in and downstream of the separation point ( Goldstein 
singularity ).It is safe to use relaxation to obtain convergence at each i position on the 
calculation domain. 

• The inverse methad can also he applied in the region where the flow is separated from 
the wall. Strong relaxation is necessary. 

• The semi-inverse methad can he applied all over the domain. Relaxation is still needed, 
but nat as strongly as in the inverse method. 

3.3.3 The iterative substitution methad 

Again, the equations that have to he solved are: 

(3.15) 

(3.16) 

(3.17) 

The trick is that <Pis assumed to he fixed, so that equations (3.15) and (~1.17) can he substi
tuted into each other, which leaves the equation S: 

(3.18) 

The discretized farm of S is: 

S . (· (') bl(i)- bl(i- 1))-
t VI z ' /;::;.x - Ü (3.19) 

The following procedure is required for this method: 

• initialization: 

1. Make a rough estimation for is (separation point) with Pelorson's method. 

2. Calculate <l_)(ü) by (3.16) 

• repeat the following items for n = o .. nmax: 

1. Solve (3.19) with <P = <l_}(n) from i= l..i 8 to calculate b1(1) .. bl(is) 

2. Calculate Ue(l) . .Ue(is) with (3.15) 
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3. Calculate ~p(n) = p(O)- p( is) with Bernoulli: 

1 

2pu; + p = const (3.20) 

We have now abtairred the pressure difference ~p(n) over the channel fora volume 
flux <J>(n). This pressure difference is nat necessarily equal to the desired boundary 
condition ~p. The volume flux must then be changed. 

4. Change <I> by: 

(3.21) 

If the iterative calculated pressure ~p(n) is close enough to the boundary condition ~p 
convergence is obtained: 

(3.22) 

In words, after assuming some value for <I>, S is solved. The pressure difference ~p(n) over 
the channel is then checked. If this value is larger than ~p, the boundary condition, then 
<I> is decreased and visa versa. S is then solved again. If ~p(n) is close enough to ~p, then 
convergence is obtained. w is again the relaxation parameter to keep the calculation process 
stable. 

3.3.4 The simultaneous methad 

The simultaneous methad is also useful if ~p is the boundary condition. The calculation 
domain ( xo .. Xend) is again discretized in N points and represented by i. This domain must 
contain the separation point Xs. The boundary layer equations are usecl all over the com
putational domain, so also downstream of the separation point. So far we have assumed a 
uniform pressure in the region x > Xs (free jet). Therefore one assumption has to be made: 
in the region x > Xs the pressure does not significantly change: 

(3.23) 

The consequence is that: 

p( xo) - p( X end) = p( xo)- p( Xs) := ~p (3.24) 

In discretized farm: 
p(O)- p(N) = p(O)- p(is) := ~p (3.25) 

The advantage is that the position i = Nis known, insteadof i = is. This makes the problem 
somewhat easier. The flux <I> can now be expressed as: 

(3.26) 

There is only one unknown in this expression, namely ó1(N). Conservation of mass is now 

(3.27) 



39 3.4. Summary of the numerical methods 

If this is substituted in the Van Kármán equation, again a system of N equations S1 .. SN is 
left: 

S;(81(i),81(i-1),81(N))=O} 
81(0) is given 

(3.28) 

This time, however,the N coupled equations S 1 .. SN have to be solved simultaneously. Solving 
S; step by step for i = 1. .N is now nat possible any more, because every S; is dep en ding on 
81 (N). The easiest way to solve this system is to use the mathematica! NAG library. The 
C05NCF NAG routine is used in this case. This routine is capable of solving a set of N 
non-linear equations. In this case, we have to solve the equations S; at all i-stations from 
i=l..N. The NAG routine C05NCF requires a sufficient initial values for the variables that 
have to be calculated. This means that the displacement thickness 81 has to be estimated all 
over the calculation domain, so from i= l..N. The best initialization is to apply the previous 
methad (the iterative substitution method) a few iteration steps (5 step is mostly sufficient). 

3.4 Summary of the numerical methods 

In this chapter, numerical methods have been introduced for matching the solutions of the 
equations for boundary layer flow and exterior flow. The following methods have been dis
cussed: 

in case the volume flux <I> is prescribed: 

• substitution method. Only one numerical integrating procedure is required to solve the 
equations. 

in case the pressure difference over the channel !::lp is prescribed: 

• the classical methods. lntegrating the equations one by one will not give the salution 
directly. The integration procedure has to be repeated until the salution has converged. 
Three kinds of classical methods have been discussed in this report: 

the direct methad 

the inverse methad 

the semi inverse methad 

• the iterative substitution method. The same procedure is appliecl as in case of the 
substitution method. Since the latter methad requires a prescribed volume flux <I>, the 
salution is found by repeating this procedure and adjusting <I> until the right pressure 
clifference !::lp is obtained. 

• the simultaneous methocl. There is no integrating scheme appliecl. lnstead at all discrete 
i-stations of the calculation domain a conesponding equation is formulatecl. All these 
equations are solved simultaneously by a special numerical procedure. 

We now want to campare all the methods with respect to their performance: the computa
tional time ancl their flexibility, which means the stability with respect to the initialization. 
Of course, the computational time of each methad is depending on the convergence condition 
(t) and on the number of grid points (N). So in order to campare all methods to this aspect, 
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equal parameters could be chosen. But the best way is to choose the lowest values for N and E 

that still give the same results within a reasonable margin from the results of very high values 
for N and c And these minimum values will be different for each methocl. Also is the exact 
dependency of the computational time to each parameter N and E different for each method. 
For example, if a system of N equations is solved simultaneously, then the computational time 
will increase with N 2 • If the substitution methad is applied, then the computational time will 
increase with N. Other parameters can also play a role, for example the Reynolds number. 
This is the case in the classic methods, like the direct methad or semi-inverse method. An 
example of this is shown in figure 3.14. The required minimum number of iteration steps for 
the direct and semi-inverse methad with respect to the Reynolds number and the number 
of grid points are illustrated in figure 3.14. For both methods an increase of grid points (on 
the same calculation domain) leads to an extra langer computational time, since more itera
tion steps are needed. (The reason for this is that a stronger relaxation parameter must be 
chosen to keep the process stable.) Both methods show a different behavior to the Reynolds 
number: the direct methad a faster for higher Reynolds numbers, whereas the semi-inverse 
methad becomes slower. The direct methad can be very fast (see figure 3.14) for a grid of 
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Figure 3.14: minimum number of iteration steps needed for the direct 
methad (left graph) and the semi-inverse methad (right graph) for dif
ferent Reynolds numbers. 
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N = 100 segments over the calculation domain. In this region, the methad is even faster than 
the substitution method. However, the direct methad can only tackle attached flows and is 
therefore useless in our problem. 
The simultaneous methad is slower. As mentioned before, the computational time is very sen
sitive to the number of grid points. The iterative substitution methad requires the sameorder 
of computational time if the same value for N is chosen. But this methad will be faster for 
higher values of N than the simultaneous method. The slowest methods are the semi-inverse 
methad and the inverse method. An alternative could be to apply ( each iteration step) the 
direct methad in the region of attached flow and to continue with the semi-inverse or inverse 
methad to the end of the domain. This combination will indeed result in a faster process, 
but the much faster methods like the simultaneous methad are actually always preferable. 
The following conclusions can be drawn about the sensitivity of each methad to the initial 
estimation of the solution. The substitution method, in which <I> is prescribed, requires no 
initialization at all. This means that there are no instahilities that have to be dealt with for 
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the initial phase of the calculations. The iterative substitution method, which also prescribes 
<I>, but changes it every iteration step in order to obtain the desired pressure difference, also 
has this advantage, except that only an estimation for q>(O) must he given. The choice does 
fortunately not influence the stability of the method, only the computational time. The simul
taneons method is more sensitive to the initialization. A good estimation of the displacement 
thickness would he a few ( 5) iteration steps of iterative substitution method. The classic 
methods (direct, inverse and semi- inverse method) are most sensitive. The best initialization 
would he a Thwaites solution. Especially the computational time is dramatically depending 
on the initial salution in the region downstream the separation point. 

Tabel I: performance of the methods with respect to the computational time 
ranking method remarks 

1 classical direct method only applicable for attached flow 
2 substitution method only useful when <I> is prescribed 
3 iterative substitution method insensitive to initialization 
4 simultaneons method sensitive to initialization 
5 classical semi-inverse method very sensitive to initialization 
6 classical inverse method very slow convergence for attached flow 



Chapter 4 

Comparison with experiments 

abstract 

If a simple theoretica! flow model is supposed to give an accurate description of the flow 
through the human glottis it is important to analyze if all the assumptions (simplifica
tions) on which the model is based, can be justified. For example, we consider a laminar 
flow. but with typical Reynolds numbers of 5000 it is possible that turbulent effects 
might occur. Also the assumption of a symmetrical flow can easily be checked with an 
experiment. Since we are looking at these flow aspects, it is better to have a very well 
defined geometry of the glottis model. This way it is possible to analyze the flow behav
ior through specific glottis shapes. Therefore we have chosen a fixed and rigid model. 
All other flow conditions must closely resemble those during phonation. In phonation, 
the vibrating vocal folds induce a periadie air flow (see appendix A for more details) . 
That is why one single pulse like one period can be generated in the experiment. 
Turbulent and asymmetrical effects can be observed by rneans of flow visualization. In 
order to have quantitative experiments, we measure the pressure at certain fixed posi
tions in the model. The results can then also be compared with the simple theoretica! 
rnodels. In this chapter, we describe the experimental set-up and the different glottis 
models that are used. The experirnental the theoretica! results of each model will be 
discussed. 

4.1 The experimentalset-up 

Figures 4.1 and 4.2 show schematic representations of the experimental set-up that is being 
used in the experiments. The equipment is placed in a 60 m 3 room which can be ventilated. 
The ventilation causes a lower pressure in the chamber compared to the surrounding labo
ratory. In this way, pressure di:fferences of 40 to 800 Pa can be generated by adjusting the 
opening of the ventilation channel. 
A pipe of 40 cm length and 3 cm diameter connects the experimental chamber with the lab
oratory. The model for the vocal folds is mounted at the end of the pipe. A valve in the pipe 
separates the chamber from the surroundings which are at atmospheric pressure. This valve 
is a sliding 'door' that can be shot away be releasing a spring. When the valve is shot away, 
the pressure di:fference !:lp gives rise to a flow into the channel, that represents the larynx. 
The conneetion of the experiment chamber with the surroundings in illustrated in :figure 4.1. 
The glottal model is shielded at bath si des of the glottis model by glass plates of 7 .4cm height 
and 8.4cm length. This is done in order to imprave the quality of the schEeren visualizations 
of the flow at the outlet. The second function of the glass plates is that it keeps the flow 2D, 
because they prevent the flow from escaping sideways. 
The pressures are measured with piezo-electric pressure transducers (PCB type 116B) at three 
different positions: the :first pressure transduceris placed lOmm upstream of the glottis model 
(p1 ) at the backside. It is positioned flush in the wall, so it does nat influence the flow. The 
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4.1. The experimental set-up 
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Figure 4.1: Experimental chamber and conneetion to the surroundings 

other two are placed in cavities in the metal blocks that represent the vocal folds (p2 and p;). 
Each transducer is connected to a charge amplifier. Their output are being amplified and 
filtered ( frequencies between 1 Hz and 3 kHz are transmitted). The resulting signals are fed 
into a data acquisition system that is connected to a computer through a 12-bit ADC card. 
The sampling frequency that is used in these experiments is 25kHz. 
It is also possible to measure the velocity of the flow in the glottis by means of a hotwire 
anemometer. We have however not used this possibility. 
An important parameter for the nature of the impulsively starting flow is the opening time of 
the valve. It determines the Strouhal number Sr. In our experiments, the spring that releases 
the valve is adjusted so that Sr is of the same order of magnitude as in phonation. A small 
laser detector set-up is installed to trigger the pressure measurements in a convenient manner. 
Because of their large diameter (10 mm) the pressure transducers (PCB's) are placed within 

camera 

me tal 
blocks 

glottis model 

Figure 4.2: Experimental setup inside the chamber. A 2D schematic 
representation is given in the left figure and a 3D view of the glottis 
model in the right figure 

a cavity in the metal blocks representing the vocal folds. This cavity has a height of 2mm and 
is connected to the surface of the model by a slit opening of cross section 0.3 x 30mm2 and 
0.5mm length, as shown in figure 4.3. The slit opening could influence the stream line pattem 
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of the air flow. This effect has been reported by R.Shaw [11]. He experimentally investigates 
the deviations of the measured pressure for various dimensions of the slit opening. However, 
he considers turbulent pipe flow. More details on the set-up can be found in the reports of 
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Figure 4. 3: Detailed position of one pressure transducer (PCB) in the 
glottis model. 

W. Mahu [5], L. Schoenmakers [6], M. van 't Hof [4], K. Kuipers [7] and E. v.d. Ven [9]. 
Figure 4.4 illustrates the results of a typical measurement. In the region 0 < t < 0.04s, the 
valve is closed. There is no air flow and the pressure is equal to zero everywhere. At t=0.04s, 
the valve opens and the pressure p1 before the constriction rises from zero to its maximum 
value equal to the pressure difference b.p between the experiment room the the surrounding 
laboratory at t=0.055s. If the valve remains open, the pressures p1 , p 2 and p~ will not change 
any more. If the valve doses (as illustrated in figure 4.4, all pressure will drop to zero. Ju st 
after the valve has opened, unsteady effects are dominant in the flow. This willlast until the 
velocity of the flow is high enough and convection becomes more important. The flow can 
then be considered as quasi steady. During this phase, the pressures P2 a.nd p~ will become 
negative. This can be explained as follows. In the jet, the pressure is assumed to be equal 
to the pressure in the laboratory which is defined as zero. But the jet velocity is less than 
the velocity in the narrow throat of the model. This means that, by applying the steady 
Bernoulli law ~pu2 + p = const, that the pressures p2 and p~ are less than the pressure in 
the jet, which was equal to zero. The values of p 2 and p~ give in that case an indication of 
the position of the separation point. If the flow is attached to the wallover a langer distance, 
then the pressures become more negative. We will see later how the position of the separation 
point can be expressedinterm of Pb p2 and p~. The amplitude of pressure curve p1 (t) can be 
controlled by the changing the pressure difference b.p over the experiment room. The time 
period b.t can be changed by adjusting the spring which drives the valve. 
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Figure 4.4: Behavior of the pressures, measured with the experiment. 
The valve opens and closes again. 

4.2 Different glottis models 

Different glottis models are applied in the experiments. They are shown in figure 4.5. The 
models are ranked by pairs. Each pair has a different shape, and has two values for the 
throat height: h2 = 1.05mm and 3.35mm. In the first pair (a), the separation point is 
fixed at the sharp edges downstream the uniform part of the channel. The second pair is 
cylindrically shaped like lips, with a radius R of 10mm. The third and fourth pair have a 
linear diverging region, with a total angle 2a of 20° and 10° respectively. The first model 
is chosen because of its simple geometry: in the straight part the flow remains symmetrical 
and the separation point is fixed at the sharp edges. It should then be easier to campare 
the pressure measurements with the theoretica! models. This provides also an indication 
for the quality of the pressure measurements. In the second model, the cylindrical lips, the 
separation point is not fixed any more. This geometry is a good test case for comparison 
with the theories. The relative separation point s, defined as the ratio of the channel height 
where the flow separates hsep to the throat height h2, can be approximated directly from the 
measured pressures P1, P2 and p~ by the following relation: 

( 4.1) 

A complete derivation is given in appendix G. The quantity scan actually be calculated twice, 
sirree p2 in ( 4.1) can be replaced by p~. An asymmetrical flow will then give two different 
values for s. 
The last two models are diffuser-like shaped. They are also more realistic geometries for the 
glottis sirree the human glottis can obtain this shape during phonation ( see appendix A for 
a detailed description of the glottis movement ). Turbulent and asymmetrical effect are more 
likely to happen in these models. Investigations on turbulent flows in linear diverging channels 
are reported by R. Blevins [12]. Blevins considers the dependency of the separation point of a 
turbulent flow (with Re> 5 ·104

) to the diffuser angle 2a of the diverging channel. The ratio 
of the distance over which the flow is still attached (L) to the throat height (h2) is measured 
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Figure 4.5: Different types of glottis models, used in the experiment. 

46 



41 4. 3. The rneasurernents 

for values of the opening angle 2a of 0.3° to 30°. The data of Blevins is indicated in figure 4.6 
by the dotted line. The results of the calculations with the simplified theoretica! models are 
also shown in the graph. A Falkner-Skan velocity profile is used. These calculations are done 
for four different Reynolds numbers from 1000 to 64000. The data of the results have been 
fitted, so that a simple formula is abtairred that provides the relation between the position of 
the separation point and the diffuser angle for all Reynolds numbers: 

L 
log(2a) = 2.011- 0.178log(Re) + [-0.261- 0.115log(Re)]log(-) (4.2) 

h2 

We can see that a laminar flow with Re = 4000 according to ( 4.2) separates earlier than a 
turbulent flow with Re = 5 · 104 . We further expect that a turbulent flow behavior is nat 
strongly dependent on the Reynolds number. So if a laminar flow with a Reynolds number 
greater or equal than 4000 becomes turbulent, we expect that the separation point will move 
downstream. The typical conditions of the experiments ( augles of 5°, 10° and ratios L j h 2 of 3 
to 10, corresponding tothelast two glottis rnadeis) arealso indicated in the graph. A turbulent 

flow through the third glottis model (20° opening angle) will separate at s := hh~P = 1.70 and 
through the fourth model (2a = 10°) at s = 1.87. 
All models will now more elaborately be discussed. 
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Figure 4.6: Relation of the separation point to the diffuser angle of a 
diverging channel. The solid lines represent calculations for larninar 
flow, and the dotted line is experirnental data of turbulent flow. 

4.3 The measurements 

4.3.1 The first model: uniform channel with sharp edges 

The geometrical specifications of the first model that has been used are shown in figure 4.5a. 
It consists of a cylindrical converging region, characterized by a radius R of 10.0mm, and 
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a straight region of length L=lO.Omm, in which the height h is constantly either 1.05 or 
3.35mm. The pressures are measured just upstream the constriction (Pl) and half way the 
second region in which the channel height of constant (P2), so at x = L/2 if the x = 0 is 
defined in the throat. It is sufficient to measure the pressure at x = L /2 at only one position, 
because the geometry of the model allows no asymmetrical flow. The pressure at the end of 
the model at x = L is taken zero, sirree it is assumed that flow separation occurs at the sharp 
edges. 
Measurements with this model were also dorre by S. Belfroid [8] in a different experimental 
set-up, in which only steady measurements could be performed. This means that the pressure 
p1 upstream the constriction is constantly equal to the pressure difference tlp in the experi
mental room, inducing a steady flow. The pressures of the steady flow were measured at the 
same positions with Betz nanometers. We use the results of these measurements to campare 
to the theory and to the results of the unsteady measurements, performed with the current 
set-up. In these unsteady measurements the valve remains open for approximately 60 ms. 
The ratio of P2 and P1 is measured at different values of tlp, varying from 50 to 800 Pa. 
Figure 4.7 shows the results of the steady measurements for two cases: for throat height 
h2 = 1.05mm and h2 = 3.35mm. Figure 4.8 shows the results of unsteady measurements 
performed with the current set-up for throat height h2 = 1.05mm. The theoretica! results 
are also illustrated in the figures. Due to a growing boundary layer in t.he straight part of 
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Figure 4. 7: Steady measurement of two pressures Pl and P2 in the 
straight channel with sharp edges. Throat height h2 = 1.05mm (left 
graph) and h2 = 3.40mm (right graph). The results are compared with 
different theories. 

800 

the channel in the downstream direction, the exterior flow will accelerate and the pressure 
will therefore decrease. This means that the pressure P2 at x = L/2 is greater than the 
pressure at the end of the model at x = L, so P2 > 0. For higher flow veloeities (so for higher 
val u es of tlp), the boundary layers become thinner and we expect the value of P2 to decrease. 
Eventually, p2 will be zero as tlp---+ oo. The decreasing behavior of P2/P1 is indeed confirmed 
by the experiments and by the theories. We can see that the theoretica! values are more close 
to the steady than to the unsteady measurements, but in both cases there is still a difference. 
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Figure 4. 8: Unsteady measurement of two pressures in the straight chan
nel with sharp edges and h2 = 1.05mm. The valve remains open. The 
results are compared with different theories. 

We tind however a discrepancy between the steady and unsteady measurements in the case 
where the throat height h2 = 1.05mm. The unsteady measurements give higher results for 
p2/p1 . The difference could he due toa different behavior between steady and unsteady flow 
or due to a measurement error of P2 and p~ with the PCB's in the unsteady measurements. 
This error could he the result of an influence of the opening slit in the model on the flow as 
shown in tigure 4.3. 

4.3.2 The second model: the cylindricallips 

The geometry of this model is shown in tigure 4.5b. Both the converging and diverging 
part are cylindrically shaped, with a radius of R =lümm. The minimum channel height at 
the throat is h2 =1.05mm or 3.40mm. In the throat the pressure is again measured at two 
positions. The separation point is nat tixed by a sharp edge, as in the previous case. lts 

exact position will depend on the flow. The parameter s = Jr1;t2 provides an indication 

of the separation point. We will therefore present our results in terms of s = JP1;t2 and 

s - pl . 
I _ Jpl-p2 1 

The result of one measurement is shown in tigure 4.9. In the left graph, the calculated time 
dependent value for s is plotted. The middle graph shows the measured pressures, from which 
sis calculated. In the right graph, sis plotted vs. Pl· In the region where the flow is quasi
steady, we can campare s with the quasi-steady theories. For example, we can campare the 
value of s at t=0.055s if we take the value of p1 at this time as the steady pressure difference 
over the channel in the theoretica! model. So s=l.ll for P1 =580 Pa can he compared with 
the theory. Instead of looking at the dependency of s on the pressure Pt over the channel, 
it is more convenient to look at the relation of s and the Reynolds number. The Reynolds 
number is detined as 

Re= if! jv ( 4.3) 
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Figure 4.9: Calculation of s during one measurement with the lip-shaped 
model with h2 = 1.05mm. 

where <I> is the (time dependent) 2D volume flux of the flow. If the boundary layer thickness 
is much smaller than the channel height (which is a reasonable approximation for Reynolds 
numbers greater than about 500), then the flux <I> is equal to the velocity times the channel 
height at the same position. If we take the position in the throat, we have <I> = v2 h2 , and the 
Reynolds number is simply 

( 4.4) 

In appendix G.1 it is explained how the flow velocity v2 is calculated. Figure 4.10 shows 
the dependency of s to the Reynolds number, for the round glottis model with h2 =1.05mm. 
The measured data is collected from 7 measurements, in which the laboratory pressure tlp is 
varied from 35 to 650 Pa. The Falkner-Skan theory gives better results tban the others. But 
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Figure 4.10: Results of the measurements with lip-shaped model. The 
throat height h2 is 1. 05mm 

all theories predict a too low value of s. For room pressure lower than 60 Pa, corresponding 
to Reynolds numbers of less that 1000, the measurements are not very accurate any more. In 
this range, the pressures p2 and p; are of order 5 Pa, and this is the same order of magnitude 
as the electronic noise. 
In the next experiment the throat height is 3.40mm. 14 measurements have been done with 
different room pressures. As in the previous experiment, all the data of one measurement is 
collectedinorder to obtain arelation of the relative separation point to the Reynolds number. 
The result if shown in figure 4.11. We have madesome flow visualizations with the cylindrical 
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Figure 4.11: Results of measurements with lip-shaped model. The throat 
height hz is 3.40mm. 

lip model with throat height hz = 3.35mm. The room pressure is 178 Pa and the valve opens 
and doses. At t = 0 the valve opens. We show the results at four different times, as indicated 
in figure 4.25. 

4.3.3 The third model: Diffuser with 20° opening angle 

The geometry of this model is characterized by a cylindrical converging region, and a linear 
diverging region, with a tot al angle of 20°. The height at the throat is 1.05mm. Typical 
measurements are shown in figure 4.12 and 4.13. The pressures p2 and p~ differ in this 
experiment. In the quasi steady region, the flow becomes asymmetrical. This phenomenon is 
known as the Coanda effect. During the unsteady phase (just after the valve has opened or just 
befare is doses), the effect has no time to establish itself. Asymmetry willlead to two different 
values for s. It is however nat sure that those two values represent bath separation points 
respectively. The results of all measurements in which the valve remains open are shown in 
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Figure 4.12: Measurement with diffuser glottis model with 2a = 20° and 
hz = 1.05mm. The valve opens and closes. 

figure 4.14. The theories again predict a lower separation point. In the next experiment, the 
throat height h2 is 3.35mm. The Coanda effect is even more intensive than in the previous 
case. Figures 4.15 and 4.16 show typical measurements. In all measurements, performed 
with throat height h 2 = 3.35mm and h2 = 1.05mm, we abserve a coanda effect. Except 
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Figure 4.13: Measurement with linear diverging glottis model with h2 

1.05mm and 2a = 20°. The valve remains open. 
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Figure 4.14: Results of measurements with diffuser model with 2a = 20°. 
Throat height h2 is 1. 05mm. 
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Figure 4.15: M easurement with diffuser glottis model with 2a = 20° and 
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Figure 4.16: M easurement with diffuser glottis model with 2o: = 20° and 
h2 = 3.35mm. The valve remains open. 
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for measurements with very low pressure difference over the room (lower than 60 Pa). But 
always when it occurs, it needs some time to establish. The dependency of this time on the 
Reynolds number is investigated. We only consider measurements with a non-closing valve. 
The Reynolds number is then related to the flow velocity when the valve is open. The results 
are illustrated in figure 4.18. 
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4.3.4 The fourth model: Diffuser with 10° opening angle 

The last model that has been used contains of a round converging part, and a linear diverging 
part with a total angle of 10°. We first handle the model with a throat height of 3.35mm. The 
result of a measurement is shownis shown in figure 4.19. In the region where the flow can be 
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Figure 4.19: Measurement with linear diverging glottis model with h2 = 
3.35mm and 2o: = 10°. The valve opens and closes. 
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considered as quasi steady, we abserve a jump in the value of s. From t=0.055 to t=0.060s, 
pressure P1 is ( approximately) 280 Pa. In this time trajectory, the pressures that are mea
sured in restrietion of the glottis model still drop about 100 Pa. This does indicate that the 
separation point is rnaving downstream. This effect is more clear in the measurement where 
the valve remains open, as indicated in figure 4.20. The sudden movement of the separation 
point could be an unsteady effect (different behavior of accelerating and decelerating flow) 
or a transition of laminar-turbulent flow. Figure 4.19 illustrates the dependenee of s to the 
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Figure 4.20: Measurement with linear diverging glottis model with h0 = 

3.35mm and 2a = 10°. The valve remains open 

pressure p1 over the channel. The time trajectory is also indicated. We can see that during 
the opening phase of the valve, the value of s is lower that in the closing phase. This suggests 
that the unsteadiness has great influence on the position of the separation point. If this is 
true, then the assumption of a quasi steady approximation is discussable. On the other hand, 
a measurement in which the valve remains open as illustrated in figure 4.20 suggests the other 
explanation of the moving separation point: a transition of laminar to turbulent flow. In the 
region where we observe a jump in the pressures ( and in s) where there are no unsteady 
effects. The oscillating pressures could mean an unstable phase of the flow, just before it 
becomes turbulent. Flow visualizations of a similar measurement are shown in figure 4.26. 
The pressure jump occurs at ~t=60 ms after the valve has opened. We can see that between 
~t=45 and ~t=50 the jet is oscillating. This effect could cause the pressure oscillations. 
At ~t=80 ms the jet has become turbulent. In figure 4.21 we can see the result of several 
measurements (the valve remains open). At higher Reynolds numbers (>6000), the jump ins 
is clearly visible. According to Blevins [12] a turbulent flow in this channel would separate at 
s = 1.70. This value is not equal tos= 1.45 that is obtained in the measurements. However, 
the diffuser we use is only 10mm long. The edge corresponds to s = 1.52, which is close to 
s = 1.45. 

In the last measurements, the throat height is 1.05mm. According to experimental data 
done by Blevins [12], as already shown in figure 4.6, a transition laminar-turbulent flow could 
also occurr. This transition would correspond to a change of s to a value of 1.87. A typical 
measurement is shown in figures 4.22 and 4.23. We do not observe any transition of s. In 
figure 4.24 the data of all measurements with this model is collected. 

4.4 conclusions 

We have tried to compare the experimental results with the simplified steady theories. We 
have seen that in all cases there is a discrepancy between theory and experiment. The steady 
measurements, that were performed with the simple glottis model (straight channel with 
sharp edges) showed a better resemblance with the theories. The same model was also used 
in unsteady measurements, in which the valve did not close. The data obtained after the 
valve opened, was however not the same as the data obtained from the steady measurements. 
The reason could be that unsteady effects are still dominant after the valve has opened. 
A second reason for the different results of the steady and unsteady measurements could be 
a measurement error of the pressure in the throat of the model. The pressure transducers are 
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Figure 4. 21: Results of the measurements with diffuser model with 2a = 
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Figure 4.24: Comparison of s calculated experimentally with different 
theories. The throat height h0 for the model is 1. 05mm. 

placed in a cavity in the model that is connected with the surface by a narrow slit. This slit 
could influence the stream line pattern. This effect needs therefore further investigations. 
Secondary effects that are nat implemented in the theoretica! models have also been observed. 
In the measurements in which the diffuser model with 20° opening angle was used, the flow 
became asymmetrie. This effect is dependent on the Reynolds number and on the throat 
height. The lower the Reynolds number, the more the effect is being delayed. For the narrow 
throat height ( h2 = 1.05mm) the effect occurs sooner. 
In the diffuser model with 10° opening angle, we ob serve a sudden movement (in time) of 
the position of the separation point. An explanation could he a transition of accelerating to 
decelerating flow, or a transition laminar-turbulent flow. The first explanation is confirmed by 
the measurements with the diffuser model with 20° opening angle, in which a different behavior 
of accelerating and decelerating flow is also observed. The results of the flow visualizations 
indicate a transition laminar to turbulent flow. 
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flt=12.6 ms flt=16.5 ms 
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Figure 4.25: Flow visualization with cylindrical lip model with throat 
height h2 = 3.35mm. 
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Figure 4.26: Flow visualization with diffuser model with 2a = 10° and 
throat height h2 = 3.35mm. 



Chapter 5 

Comparison with the blob methad 

abstract 

In the previous chapter, the results of the simplified model were compared with the 
experimental results. Now we will compare the results with an other numerical method, 
the so-called viscous blob method. This method is developed by M. Ranucci of the 
University of Rome. He calculated a 2D viscous incompressible unsteady channel flow by 
solving the vorticity transport equations, that are an alternative representation of the 
N avier-Stokes equations. 

5.1 U nsteady flow 

In this chapter, we want to compare the (Reynolds dependent) position of the separation point 
and the pressure distribution in the channel at certain Reynolds numbers. It is important 
to stress that his method does not calculate the same flow: the simplified models describe a 
steady flow, whereas the blob method simulates a time dependent starting flow. At t ::; 0, 
the fluid is at rest and from t = 0 the flow velocity ( and therefore the Reynolds number) 
increases. Sirree there is a time dependent Reynolds number defined in this problem, we can 
compare the results with the (quasi steady) simplified models by comparing the results at 
corresponding Reynolds numbers. 
Now we will explain qualitatively the behavior of an unsteady starting flow. At t :S: 0 the 
fluid is at rest. At very early times the fluid can be approximated as a perfect fluid. This 
means that no flow separation occurs and the fluid remains attached to the wall. In a perfect 
fluid there are no boundary layers. However, in a starting flow the boundary layers are not 
zero but will grow in time. In particular, if the velocity of the flow is increasing suddenly at 
t = 0 ( which means that &U/ ätlt=O > 0 the boundary layer thickness 8 will grow in time as 

( 5.1) 

Equation (5.1) is only valid for very early time values, so 8 is very small then. After an 
appreciable amount of time, the boundary layers become so thick in the di verging part of the 
channel that the start to separate from the wall. U ntil this time, no flow separation occurred. 
Because of this effect we have to look again at the separation condition. In a steady flow, 
the separation point was defined as the position of varrishing shear stress. From this position, 
the stream lines separate from the flow in the downstream direction and the fluid particles 
follow the stream lines. However, in an unsteady flow, the stream lines are time dependent. A 
fluid partiele's trajectory will therefore follow a stream line only for an infinitesimal interval 
dt, where after the partiele will continue its trajectory along a different stream line. So the 
steady separation condition in an unsteady flow does not correspond to the situation that 
particles are leaving the wall downstreamof the separation point. A new unsteady separation 
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condition should therefore be defined. However we are interested in camparing the results 
of both steady and unsteady flows. The steady separation condition of varrishing wall shear 
stress ( To = 0) is therefore still applied for to blob method. The discussion about a more 
realistic unsteady separation condition is not necessary at the present time. 

5. 2 The re sul ts 

The calculations are performed for five different geometries of the channel: for the cylindrical 
lips with throat height 3.40mm and for both diffusers with throat heights of 1.05mm and 
3.35mm. The geometries have been introduced in section 4.2. First the Reynolds dependency 
of the separation point is compared. For the last four geometries ( the diffusers) we look at 
the pressure distribution over the channel at one moment in time. 
In all the models the x-axis is again taken along the axis of symmetry. The origin is defined 
at the throat. The computational domain for the cylindrical lips is therefore -10mm < 
x < 10mm, and for the diffusers -5mm < x < 15mm, corresponding to a converging part 
with a radius of 5mm, a diffuser part with 10mm length and a diverging part with a radius 
of 5mm. Figures 5.1 to 5.3 show the dependency of the separation point on the Reynolds 
number. The solid and dashed lines represent the results of the simplified models that can 
be distinguished from top to bottorn as indicated in the legends of the graphs. The dots 
represent the results of the blob method. Remember that in the latter case the Reynolds 
number is time dependent. Each calculation for a different geometry has its own function 
Re(t) (which will not be mentioned). The data considered correspond toa rapid increase of 
velocity during approximately 10ms followed by a longer period of slowly increasing velocity. 
In all unsteady calculations we can abserve the time delay from t = 0 ( corresponding with 
Re = 0) before flow separation occurs. Unsteady effects are always present, but they play a 
less important role with increasing Reynolds number because they correspond to later times 
when the convective contribution is dominant. 
The results of the lip model as indicated in figure 5.1 show a good resemblance between the 
blob method and the Pohlhausen (3rd order) theory for Reynolds numbers larger than 2 ·103 . 

This resemblance is also appearing in the diffuser model with throat height 1.05mm. In the 
other the models, the diffusers with h2 = 3.35mm the blob method gives lower values for the 
separation point at the highest Reynolds numbers. The Pohlhausen 3rd order model gives 
the best results. It is interesting to campare the pressure distribution over the channel with 
the blob method. In the simplified models, the pressure is uniform over the channel height, 
because we assumed a 1D exterior flow. The blob method calculates a 2D flow, resulting in a 
2D pressure distribution. In the next figures (5.4 to 5.6) we campare the pressures on the axis 
of symmetry and at the wall computed by the blob method with the 1D pressure distribution 
of the Pohlhausen 3rd order method. Especially for the diffusers with throat height 3.35mm, 
the pressure on the wall differs significantly from the pressure in the middle of the channel 
in the throat. The difference is caused by the curvature of the stream lines in the converging 
part of the channel. The particles near the wall are accelerated towarcls it in the normal 
direction. The centrifugal acceleration induces a pressure gradient normal to the wall. This 
explains the pressure difference. The pressure oscillations in the region of jet flow are causecl 
by the unsteadiness of the actual jet flow. In the simplified models this effect is ignorecl. We 
have assumed a uniform pressure in the jet. 
If we look closely at the pressure at the separation point for the Pohlhausen methocl, we 
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Figure 5.1: Comparison of the position of the separation point for the 
quasi-steady models and the blob method. 
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Figure 5.3: Comparison of the position of the separation point for the 
quasi-steady models and the blob method. 
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abserve a discontinuity in dpldx. This is a logic consequence of the fact that we use two 
different methods upstream and downstreamof the separation point. When solving the Von 
Kármán equation we assume zero pressure in the separation point, and a uniform jet in the 
downstream direction (with uniform zero pressure). It would be more realistictomatch both 
the pressure and its first order derivative. This means that is it necessary to apply the Von 
Kármán equation also in the region of separated flow, until dp I dx is sufficiently small, ho ping 
that the salution in this region is still realistic. As mentioned before, downstream of the 
separation point, the boundary layer thickness increases very rapidly and becomes so large 
that the assumption of a relative small boundary layer on which the Van Kármán equation is 
based, no longer holds. Applying this equation in the region of separated flow gives however 
a surprisingly realistic solution: the exterior velocity ( and the pressure) becomes constant in 
the region of jet flow, ju st as in a free jet. Solving a 2D channel flow this way requires then 
only the Von Kármán equation, with the pressure taken zero at the end of the computational 
domain. This position must be far enough downstream of the separation point so that dp I dx 
is nat too large at the end. The results of the method is also illustrated in figures 5.4 to 5.6 
and is denoted by the Pohlhausen methad without a free jet in the computational domain 
considered ( -5mm <x< 15mm). 

5.3 Conclusions 

We have analyzed the results of the blob method, which describes a 2D incompressible un
steady viseaus flow and the results of the quasi-steady models. Camparing the position of the 
separation point reveals that for three cases the Pohlhausen 3rd order methad gives the best 
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simplified models and the blob method. 
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resemblance with the blob method. Furthermore, in all cases the Falkner-Skan theory gives 
the highest values for this separation point. Pelorson's methad prediets the lowest values. 
Please note again that in the present version of the methad of Pelorson the constant C = 0.15 
insteadof C = 0.015 is used in the original paper (see equation (2.55)). 
At early times the quasi-steady models cannot give a reasonable result, since in an unsteady 
start-up flow, flow separation is being delayed. A next step could be to imprave the simple 
models by applying the unsteady boundary layer equations with an unsteady exterior start-up 
flow. The advanced numerical methods as explained in chapter 3 (the substitution methad 
and simultaneons method) are capable of solving these equations. 
If we campare the pressures we see again a limitation of the simple models leading to a dis
crepancy: the lD exterior flow cannot result in a 2D pressure distribution, as in the blob 
method. An alternative could be to apply the potential (2D) salution for the exterior flow in 
the converging part of the channel. 
The assumption of a free jet in the quasi-steady model leads to a discontinuity in slope of 
the pressure distribution. By applying the Von Kármán equation also in the downstream 
direction of the separation point a more realistic pressure is obtained. However, it seems that 
this approach leads to a too low pressure upstream the constriction. A campromise between 
this methad and the free jet model would give a better solution. 



Chapter 6 

Comparison with direct simulation 

abstract 

At the NATLAB institute of the Philips research department a project on the design 
of an improved loudspeaker is running. In the case of so-called bass-reflex boxes, or 
vented loudspeaker (LS) boxes, a port is applied. The port contributes to the sound 
reproduetion in the lowest part of the frequency range. Without a port the box would 
have to be approximately a factor 2 larger, for the same acoustic performance. With 
small bass-reflex boxes (below ca. 4liter box volume), the port has to be rather narrow. 
This leads to some disturbing effects: 

• blowing, secondary noises 

• acoustic losses, lower maximum low frequency output 

• distartion of the sound 

Direct numerical simulations of the air flow through these ports are perforrned by Dr. Ir. 
B. Roozen. In partienlar a flow through a 3D axially symmetrie channel with a constric
tion is being simulated for two cases: for an incompressible steady flow and unsteady 
flow. Especially the results for the steady flow can be compared the with the simplified 
models, that are discussed in this report. However, so far we have only considered a 
two-dimensional boundary layer theory. The 3D theory will be given next. This means 
that the Von Kármán equation and the approximate solutions of the boundary layer 
theory have to be derived again. The results will be given insection 6.2. vVe also present 
an empirica! formula for the position of the separation point in conical diffusers. 

6.1 Theory of 3D axially symmetrie channel flow 

In the discussion of boundary layers in the proceeding chapters we have considered exclusively 
two-dimensional cases for which the velocity components depend on only two space coordi
nates. The general three- dimensional case of a boundary layer in which the three velocity 
components depend on all three coordinates has, so far, been hardly elaborated because of 
the enormous mathematical diffi.culties associated with the problem. 
There is one situation in which these diffi.culties do not appear: if the flow is axially symmet
rie. A flow through an axially symmetrie channel, as shown in tigure 6.1, is an example of 
this. The flow can, as in case of the 2D problem, be described with two components, each 
dependent of two coordinates r and x: 

Ü= ( 
ux(x, r) ) 
Ur( x, r) 

(6.1) 

Here Ux is the velocity component in the x direction parallel to the axis of symmetry, and Ur 

the velocity component in the r direction, as shown in tigure 6.1. We detine r = 0 on the axis 
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-----x 

---------- axis of 
syrnmetry 

Figure 6.1: Axial symmetrie ehannel flow 

of symmetry. The geometry of the channel is described in terms of the radius R( x). 
We now want to apply the boundary layer theory again to calculate the flow through the 
channel. The basic equations for the 2D case are no langer valid. We wiJl give the 3D axial 
symmetrical representations of the equations, and we will restriet ourselves to the simple case 
in which the flux (I) is prescribed as a boundary condition. 

Ganservation of mass 

This conservation law expresses that the volume flux (I) is constant over the channel. In the 
2D case, the dimensions of the flux are [ mm2 Is], so we rather speak of an area flux. In the 
3D case, (I) is indeed a volume flux, and its dimensions are [mm3 Is]. Conservation of mass is 
now: 

{R(x) 
(I) = 27r Jo ux( x, r )rdr = eonst (6.2) 

Here ux( x, r) is again the x component of the velo city. In this simplified model, the flow 
area is divided into two regions: the exterior region with uniform velocity Ue( x), and the 
boundary layer region with velocity u( x, r). The displacement thickness ll1 is now defined as 
the distance the wall has to be moved inwards in order to have the same flux with only the 
exterior velocity: 

(6.3) 

This is completely analogous to the 2D case. Combining (6.2) and (6.3) gives a relation 
between ll1 and u: 

D1 = _!_ [R (1 - ~) rdr 
R Jo Ue 

(6.4) 

In the same way, the momenturn thickness D2 is defined as the additional displacement of the 
walls, relative to D1, in order to have the same momenturn flux with only the exterior flow. 
D2 can be expressed as: 

1 lR u ( u) D2 = - - 1 - - rdr 
R o Ue Ue 

(6.5) 
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The Van Kármán equatian 

The derivation of the Von Kármán equation for a 3D, axial symmetrie flow is given in the 
appendix. The result is: 

The difference with the 2D equation is the additional term, containing the factor ~~. 

The Pahlhausen theary 

The velocity in the boundary layer will be provided as a parametrical function: 

3 R- r 
u= UeLai-b-

•=0 

(6.6) 

(6.7) 

Wh ere r = 0 is on the axis of symmetry, and r = R( x) at the walls. To determine the 
coefficients ai, the same procedure will be applied as in the 2D case: first, the boundary 
conditions ofthe flow will be applied to (6.7). After that, (6.7) is substituted in the definitions 
of b1, b2, H and To, that appear in the V on Kafmán equation. This equation can then be 
written in the following way: 

(6.8) 

The functions H and F, that depend on b1 and ~~, are the same as in the 2D case. This 
equation is also valid if a fourth order polynomial or Falkner-Skan velocity profiles are used 
instead. The shape functions F and H are also the same as in the conesponding 2D case. 
For all methods the separation condition is again F = 0. 

Thwaites's methad 

A simplification of equation ( 6.8) can be derived similar to the 2D case. The result is 

(6.9) 

The coefficients a and b are given by (2.50). Flow separation is assumed in our calculations 
when 

Pelarsan's methad 

b~ dUe 
À=--= -0.0992 

v dx 
(6.10) 

In the converging part ofthe channel, equation (6.9) is applied. From the throat, the boundary 
layer is calculated with 

(6.11) 
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(6.12) 

(6.13) 

where x = 0 is defined in the throat where 82 ,0 is calculated with (6.!}). The numerical 
constant ](is 0.6641. The separation condition is equal to (6.10). 

6.2 Comparison with direct simulation 

We will now campare the results of the simplified models to the results of a direct simulation 
of an axially symmetrie channel flow. First we will campare the Reynolds dependency of the 
separation point. Secondly, the pressure distribution on the axis of symmetry is compared. 
The geometry of the channel is shown in figure 6.2. It consists of a cylindrically shaped 
converging and diverging region with a radius of R = 2.0cm, and a straight part of length 
L = 12.0cm and height h = 2.0cm in between. The Reynolds number is defined as Re = 
Uinflowh/v, where Uinflow is the velocity at the beginning of the straight part. Figure 6.3 

~- Ui<ifl<-w /) 

~~-~.---. 12-=-... -=t0-·· .-... ~····· \ ! 2cm 

Figure 6.2: The geometry of the axial symmetrie channel 

shows the position of the separation point in terms of a for different Reynolds numbers. For 
high Reynolds numbers greater than 1000 we see that the results of the simplified models 
and the direct simulation differ within 20%. For lower Reynolds numbers there is a larger 
deviation. For very low Reynolds numbers (lower than 10) the boundary layer theory is 
actually nat valid. In this area the boundary layer thickness is toa thick. In the region where 
the simplified methods and the direct simulation are in good agreement, it is interesting to 
campare the pressure distribution over the axis of symmetry in the channel calculated with 
the direct simulation and the Pohlhausen 3rd order method. The results are given for five 
different Reynolds numbers. Just as in the camparisou with the blob method, we have also 
applied the Von Kármán equation all over the computational domain, without taking into 
account a free jet in a second calculation. For higher Reynolds numbers (Re = 13333 and 
Re = 1333), this leads to a better resemblance with the results of the direct simulation. For 
the lower Reynolds numbers, the free jet model gives better results. 

6.3 Simple expression for flow separation in conical diffusers 

In section 4.2 we derived an expression for the position of the separation point of a 2D flow 
through a diffuser as a function of a and Re. The diffuser is a linear diverging channel in 
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which the opening angle is represented by 2a. By fitting all the data of the calculations for 
various values of a and Re we acquired the simple formula ( 4.2). 
For a 3D axially symmetrie flow we can make a similar formula as ( 4.2). if we consider the 
relation of the position of the separation point to the opening angle 2a of a conical diffuser and 
again to the Reynolds number which is defined as Re = Uin2Rjv, where Uin is the uniform 
inlet velocity in the throat in which R is the radius of the conus. The following formula is 
obtained: 

L 
log(2a) = 2.187- 0.209log(Re) + [-0.356- 0.087log(Re)]log( R) (6.14) 

HereLis the distance over the axis of symmetry over which the flow remains attached. (L = 0 
is defined in the throat.) For four different values of Re equation (6.14) is shown in figure 6.5. 
R. Blevins [12] considers experimental data of turbulent flows through 3D axially symmetrie 
diffusers. This data is also shown in figure 6.5. 

6.4 Conclusions 

The performance of simplified flow models has been compared to the results of direct sim
ulations of the steady N avier-Stokes equations for an incompressible 3D axially symmetrie 
channel flow. The position of the separation point for different Reynolds numbers calculated 
with the simplified models showed a very good agreement (within 20% for high Reynolds num
bers) with the direct simulation. In this case Thwaites methad gives the best results. For too 
low Reynolds numbers (less that 100) the boundary layer models are not applicable any more. 
The pressure distri bution in the converging part of the channel, calculated with the Pohlhausen 
methad closely resembles the results of the direct simulation. The pressure in the throat, 
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calculated with Pohlhausen, is however always higher than the pressure abtairred from the 
simulation. If we do not consider a free jet, but only the boundary layer model over the entire 
computational domain, the results are better for high Reynolds numbers. For lower Reynolds 
numbers this approach leads to too low pressure values. An alternative could be to find a 
condition for the position of the end of the computational domain for the boundary layer 
equations, where the pressure is taken zero. 



Chapter 7 

Conclusions and recommendations 

Conclusions 

Performance of the quasi-steady boundary layer models 

The simplified flow models that have been proposed in this report require special numerical 
techniques. We found that the simultaneous method, combined with a few iteration steps 
of the iterative substitution method as an initialization is the fastest and most accurate 
numerical method. 
The Pohlhausen 3rd order method is the best and most accurate method considered. The 
results of Thwaites method came very close to the results of the Pohlhausen method if we 
used the same separation condition and shape parameter H. 
By fitting the results of the simple :flow models we have obtained simple expressions for the 
position of the separation point in 2D and conical diffusers, as a function of the diffusers 
opening angle and the Reynolds number. These expressions can in some cases replace the 
solution of the boundary layer equations. 
Comparison of the pressure distribution with calculations of direct simulations showed that 
the simplified models always underestimate the depthof the pressure minimum in the throat. 
We found that by applying the boundary layer equations also downstream the separation point 
insteadof assuming a free jet, we obtain a more realistic pressure distribution. However, the 
resulting depth of the pressure minimum in the throat is overestimated in this case. 

Comparison with experiments 

There is a discrepancy between the results of the experiments and the quasi steady models. 
A possible error of measurement in the throat of the experimental glottis model could be the 
cause. This aspect therefore needs further investigation. A difference in the results between 
steady and unsteady measurements in the straight channel could mean that the unsteadiness 
of the flow plays a more important role than was assumed. Other secondary effects have 
also been observed. In the diffuser models we found asymmetrical :flows and a transition to 
turbulence. All these effects, unsteadiness, asymmetry and turbulence could contribute to 
the disagreement of the theoretica! and experimental results. 

Comparison with the blob methad 

The results of Pohlhausen 3rd order and Thwaites showed the best resemblance with the 
calculations of the blob method which simulates an unsteady start-up flow. Initially strong 
discrepancies are observed which are probably due to unsteady flow effects. The quasi- steady 
models are not capable of descrihing a similar flow behavior in the initial phase. 

75 



Chapter 7. Conclusions and recommendations 76 

The pressure distribution calculated with the blob method showed a non-uniform pressure 
across the channel cross section in the throat. Due to the centrifugal forces the pressure on 
the wallis lower. This effect is not implemented in the simplified models. 

Comparison with direct simulations 

The results of simulation of a steady 3D axially symmetrie flow show a resemblance with the 
simplified models. Especially at Reynolds numbers Re > 100 the position of the separation 
point agrees within 20%. The comparison of the pressure distribution shows a very good 
agreement between the simplified models and the direct simulation. 
Again the free jet model prediets lower pressures minima in the throat, whereas applying the 
boundary layer equation all over the computational domain gives an overestimation. 

Recommendations for future work 

We have seen that Twaites 's method gives results that are close to the results of Pohlhausen 's 
(3rd order) method that shows the best results. Since Thwaites method is much easier to use 
from a mathematica! and numerical point of view this method is preferable. We have however 
modified the flow separation condition compared to the original method of Thwaites. 

Simple expressions are obtained by fitting the data of the calculations. These formulas can 
he used in complex numerical programs such as real time speech simulation. In this report 
we have provided expressions for diffusers, but it is possible to apply the same approach to 
other geometries. 

In order to describe unsteady start-up flows it would he better to imprave the simplified 
models by implementing the unsteady Bernoulli equation and unsteady boundary layer equa
tions. The resulting models have been investigated but are not discussed in this report. This 
impravement is worth further study. 

A second impravement of the simplified models is to implement a 2D exterior flow. In this 
way the non-uniform pressure across the channel cross section in the throat can he predicted 
which is more realistic. 
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Appendix A 

The human glottis 

We now give an introduetion in the description of the aspects of speech sound, and in par
tienlar the functioning of the human glottis. More details are mentioned in the work of I. 
Bogaert [13]. The souree of energy for sound production is provided by muscular force that 
expels air from the lungs. The air flow is modulated in various ways to produce acoustic 
power in the audible frequency range (20Hz - 20kHz). The process of acoustic resonance is 
important in determining the properties of speech sound. The air stream from the lungs can 
produce three types of sound sourees to excite the resonance system: voiced sound, friction 
and plosive sound. We first focus on voiced sound production. 
For voiced sound (all vowels and some consonants ), the air flow is modulated by the vocal 
folds ( also known as vocal cords) which are located in the larynx. The vocal folds are two tis
sue folds stretched across the opening in the larynx. The front ends are joined to the thyroid 
cartilage and the rear ends to the aryteniod cartilages. The latter can move far apart, under 
muscular force, so that a wide triangular opening is created between the vocal folds. This 
is the normal situation during breathing. These cartilages can also bring the folds tagether, 
so that the top of the tranchea is completely closed. This occurs during swallowing to pre
vent food or drinks from entering the lungs. A third arytenoid position makes the opening 
between the folds slit-like and very small. This opening is known as the glottis. When air is 
forced through the glottis, the folds start to vibrate and modulate the air flow. Parameters 
that determine the oscillation frequency are air pressure, mass and tension of the folds. This 
modulation is known as the phonation process. 
There are three types of farces acting on the vocal folds: hydrodynamic forces, inertial farces 

and elastic farces. The hydrodynamica! force either opens or doses the glottis, depending on 
the shape of the glottis. Flow pulsation can be described as follows. Suppose the folds are 
closed. Due to the pressure from the lungs, the vocal folds are opened. In the opening phase, 
the hydrodynamica! farces pushes them further apart. At a certain point, the elastic force 
will become large enough to pull the folds back. From there, due to the deformation of the 
folds which is associated with inertial farces, the hydrodynamica! force will change sign and 
helps the the folds to close. When they are closed, again the subglottal pressure opens them 
and the cycle is repeated. To give an indication: for men, the pulsation frequency is between 
50 and 200 Hz. The periadie repetition of pulses corresponds to a line spectrum. After a 
short amplitude building time, the vocal folds can make contact in the closing phase. This 
stops the air flow completely and abruptly. This effect gives rise to a rich power spectrum 
with frequency components of significant magnitude up to a few kHz. 
Until now we have described the lungs as the souree of energy and the vocal folds as modula
tors of the flow. The flow that leaves the glottis enters the vocal tract: a channel that reaches 
to the lips and that can change its shape by changing the positions of several organs such as 
the tongue and nose inlet valve. The amplitudes of the frequencies that are present in the 
power spectrum that is created at the vocal folds are changed during transmission through 
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the vocal tract in a way that depends on its shape. At certain frequencies, resonance occurs: 
the amplitudes have the largest values there. These resonances are called formants. They are 
numbered F1, F2, F3, and so on. F1 and F2 largely determine the sounds that is radiated 
at the mouth opening. The line spectrum modulated by the resonant channel is indicated in 
figure A.4. This corresponds to the speetral representation of sound after passing the vocal 
tract. 

The second souree of speech sound is the air turbulence that is caused when air from the 
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Figure A .. {· Speetral representation of the speechsignalat the end of the 
vocal tract. 

lungs is forced trough a restrietion in the vocal tract, formed for instanee by the tongue. 
This process is also known as friction. The souree has a braad continuous spectrum which 
is affected by the acoustics of the vocal tract, as in voiced sound. Examples are [s] and [f] 
sounds. 
The third type of sound souree has to do with the sudden release of pressure that has been 
built up at a point where the vocal tract has been closed, for instanee for a stop consonant ( 
[b] , [p] ). The plosive pressure release results in a sudden onset of sound. 
In comprehensive speech, all sourees act harmoniously together. 
The speech synthesis methad which is used in the IPO model [13] that is subject to research 
is a combination of a model of the sound sourees and a resonant model of the vocal tract. 
Such models were used before, but where hardly based on fiuid dynamical considerations. 
The interest of the TUE research group lies in the vocal fold behavior and especially the 
characteristics of the glottal flow, in order to imprave the souree model. 



Appendix B 

Derivation of the Prandtl equations 

Starting with the steady incompressible N avier-Stokes equations: 

ou ov 
-+-=0 ox oy (B.1) 

ou ou 1 op o2u o2u 
u-+ v- = --- + v-- + v--ox oy p ox ox2 oy2 (B.2) 

ov ov 1 op o2v o2v 
u-+ v- = --- + v-- + v-ox oy p oy ox2 oy2 (B.3) 

In the boundary layer, we take the x axis tangential to the wall, and the y axis perpendicular 
to it. Let a characteristic magnitude of u in the flow field be U, which can be identified with 
the velocity in the channel contraction. Again, d, the length of the channel, is the streamwise 
distance over which u changes appreciably. A measure of ouj ox is therefore U/ d, so that a 
measure of the first convective term in (B.2) is 

ou U 2 
u-rv-ox d (B.4) 

We shall see shortly that the other convective term in (B.2) is of the same order. A measure 
of the viseaus term in (B.2) is 

(B.5) 

since b is a length scale for viseaus effects. The magnitude of b can now be estimated by 
noting that the advective and viseaus terms should be of the same order of magnitude within 
the boundary layer. Equating (B.4) and (B.5), we get 

(B.6) 

This results was also derived for a viseaus flow over a fiat plate. A formal simplification of 
the equations of motion within the boundary layer can now be performed. The basic idea 
is that varia ti ons across the boundary layer are much faster than variations along the layer, 
that is 

0 0 
-<<ox oy (B.7) 

The distances in the x direction over which the velocity varies appreciably are of order d, but 
those in the y direction are of order b, which is much smaller than d. 
Let us first determine a measure for the typical varia ti on of v within the boundary layer. This 
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can be dorre from an examination of the continuity equation (B.1). Sirree öujöx"' U jd and 
övjöy rv vjb we have 

vrvbUjd (B.8) 

Next we examine the magnitude of variation of pressure within the boundary layer. Experi
mental data in high Reynolds number flows show that the pressure distribution is nearly the 
same as that in a frictionless flow, implying that the pressure forces are of the order as the 
inertia forces. The requirement öpj öx "' puöuj öx shows that the pressure variations within 
the flow field are of order 

The proper dimensionless variables in the boundary layer are therefore 

UI- 3!!.. -u 
XI- 'fl. 

- d 
'- p p - pU2 

V
I_ V 

- 8Ufd 

Y'- 1L - 8 

(B.9) 

(B.10) 

where b = Jvdj U. The important point to note is that the distances across the boundary 
layer have been stretched by defining y' = y j b. In terms of these non-dimensional varia bles, 
the complete equations of motion for the boundary layer are 

(B.ll) 

öu' öu' öp' 1 8 2u' ö 2 u' 
u'-+v'- = --+ ---+ --

Öx' Öy' Öx' Re Öx 12 Öy12 
(B.12) 

1 ( öv' öv') öp' 1 ö 2 v' 1 8 2 v' 
Re u' Öx' + v' Öy' = - Öy' + Re2 Öx'2 + Re Öy12 

(B.13) 

where we have defined Re= Udjv as an overall Reynolds number. As Re-+ oo, we obtain 
the Prandtl equations. 

Öu Öv 
(B.14) -+- 0 

öx Öy 

Öu öu 1 Öp ö 2u 
(B.15) u-+v- ---+v-

öx Öy p öx öy2 

0 
1 Öp 

(B.16) 
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Appendix C 

Derivation of the Von Kármán equation 

The continuity equation 

can be rewritten as: 

8u 8v 
-+-=0 
8x 8y 

l y 8u 
V=- -dy1 

o 8x 

(C.l) 

(C.2) 

This is the first equation that will be used in this approach. Combining the x-component of 
the Euler equation 

(C.3) 

with the boundary layer equation 

8u 8u 1 8p 82 u 
u-+v-=---+v-

8x 8y p 8x 8y2 (C.4) 

yields the second relation, which we use: 

(C.5) 

The velocity component v will be replaced by the right hand side of equation ( C.2): 

u 8u _ 8u fY 8u dy' = Ue dUe + V 8
2
u 

8x 8y Jo 8x dx 8y2 (C.6) 

This expression will be integrated from y = 0 to y = ó 

ls ( 8u 8u ly 8u ') ls ( dUe 8
2
u) u--- -dy dy = Ue- +V- dy 

y=O 8x 8y o 8x y=O dx 8y2 (C. 7) 

We assume that ó < < h and that at y = ó: u = Ue and 8uj 8y=0. This way the last term on 
the right hand side becomes 

(C.S) 

Here, the definition of the shear stress To = pv 8uj 8yl0 has appeared. The equation can now 
be written as: 

l s (u OU - 8u [Y 8u dy' - Ue dUe) dy = - To 
y=O 8x 8y Jo 8x dx p 
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The second term on the left hand side has to be integrated partially: 

is &u iy &u is &u is &u -dy -dy' = Ue -dy- u-dy 
o äy o &x o &x o &x 

(C.lü) 

so that 

(C.ll) 

which can be contracted to 

d is dUe is To - u(Ue-u)dy+- (Ue-u)dy=-
dx o dx o p 

(C.l2) 

The original definitions of 151 and 152 can be substituted in this expression: 

(C.l3) 

Finally, using the definition of H, we can write this equation in the familiar way: 

U2..!!_ (151) l5 U dUe (2_ ) = To 
e dx H + 1 e dx H + l p (C.l4) 



Appendix D 

The original Pohlhausen theory 

If the V on Kármán equation is used, some parametrie function u( x, y) for the velocity in the 
boundary layer has to be provided. Pohlhausen (1921) used a fourth order polynomial for 
u( x, y): 

(D.1) 

The parameters ai are functions of x. The flow profile u( x, y) has to satisfy the following 
boundary conditions: 

u(x,O) 0 

u(x,b) Ue 

Bul 
3y y=ó 

0 
(D.2) 

a
2

u I 
3y2 y=ó 

0 

V-a2u I 
3y2 y=O 

-U~ e dx 

There is one more condition than in the case where we used a third order polynomial. Weneed 
one more boundary condition, because one more coefficient has to be determined. However, 
the additional condition that states that the second order derivative at y = b must be zero, 
has no physical meaning. Substituting the polynomial (2.40) in these boundary conditions 
yields: 

a0 = 0 

a _§3_~+2·-1!.+2 1 - 6v dx .- 6 

a - §3_ ~ - 2 ·- !!_ - 2 
3 - 2v ,fx .- 2 

- ó ~ + 1 ·- A+ 1 a4 - - 6v dx . - - 6 

The coefficients are now depending on the parameter A, which is defined by: 

A(x) = b2 dUe 
v dx 
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The quantities that appear in the Van Kármán equation, can also he expressed in terms of 
A, just hy suhstituting u( x, y) in their definitions: 

(D.5) 
H 

This way, the equation can he rewritten as: 

82~ (l + 1) + ó U ..!L (h) = vF 1 dx H 1 e dx H 

(D.6) 

The relations Hand F are determined hy comhining (D.4) and (D.5). The condition for flow 
separation can now he expressed in terms of F. Separation takes place in steady flow when 
the shearing stress at the wall vanishes: To = 0. From (D.5) it can he seen that this is the 
case when F=O: 

separation condition : F (A( x)) = 0 (D.7) 

This condition corresponds with A( x) = -12. This expression is aften used in literature. The 
upper limit value for A is 12. This value corresponds with a vanishing third order derivative 
of the velocity at the edge of the houndary layer: 83 uj 8y3 ly=.5 = 0. If A hecomes larger than 
12, then the velocity in the houndary layer exceeds the exterior velocity. This is physically 
impossihle, since the flow near the wallis supposed to he retarded. Figures D.2 and D.1 show 
the functions F(A) and H(A) for -12 <A< 12. 
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Appendix E 

Rewriting the Von Kármán equation for 
Thwaites's methad 

First, we rewrite the Von Kármán equation by substituting 81 = H 82 

We will define a new parameter .\ by 

.\ = 8~ dUe 
v dx 

This quantity is related to more familiar quantity A by 

Substituting (E.2) in (E.l) yields 

the next steps is 

or 

8 d8 
HUe...2 d 

2 + (2 + H)H .\ = F 
V X 

U ~ d( 8i/v) _ -( ) , F 
e 2 dx - 2 + H "' + H 

A more simple way to write this equation is 

Ue d(8i/v) = G(.\) 
dx 

(E.l) 

(E.2) 

(E.3) 

(E.4) 

(E.5) 

(E.6) 

(E.7) 

Inspeetion of the function G( .\) indicates that it can he approximated by a linear function. 

Glin =a- b.\ (E.S) 

Substituting this tagether with the definition of.\ gives 

(E.9) 
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Another way to write this equation is 

_:!___ (UelJ~) =a_ (b _ 1) UelJ~ ].__ dUe 
dx v v Ue dx 

(E.10) 

By multiplying both sides with u;- 1 we obtain 

_:!___ (lJ~u;) = aub-1 
dx V e 

(E.ll) 

Finally, we have the equation, that was first derived by Thwaites (1946): 

(E.12) 



Appendix F 

Blasius salution 

For a flow over an infinite fiat plate, there exists an exact salution of the Prandtl equations 
that was first derived by Blasius (1908). For a frictionless flow, the salution is very simple: 
the velocity is the same everywhere: u = Ue. But since slip on the wall cannot occur for a 
viseaus flow, there will be developed a boundary layer on the plate. We will now derive an 
exact salution of 81 and 82 for this problem. The x-axis is taken along the plate. 
First, we introduce the stream function \1!: 

u=~; } 
V

- é)ljl 
- ay 

Because of this definition, the continuity equation 1s automatically satisfied. 
quantities will be defined: 

1] = yf[i 
1 

f = \)! 
vvxUe 

The veloeities u and v are now related to 1] and f by 

(F.1) 

Two other 

(F.2) 

(F.3) 

(F.4) 

If these expressions are substituted in the boundary layer equations, these following differential 
equation is obtained: 

d3 f d2 f 
2 d1]3 + f d1]2 = 0 

The boundary conditions uly=O = vly=O = 0 and uly-+<XJ = Ue can be translated to 

1] = 0: ~~ = f = 0 } 

dJ - 1 
d'f)-

(F.S) 

(F.6) 

This non linear differential equation for f can be solved numerically. U sing this solution, the 
quantities 81 and 82 can be calculated by using their definitions. 

l oo ( df) r;;x r;;x 81 = 1- - d1] - = 1.72 -
0 d1] Ue Ue 

(F.7) 
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l oo ( dj dj) r;;x r;;x ó2 = 1- -- dry - = 0.664 -
0 dry dry Ue Ue 

(F.S) 

We can see that both the displacement thickness and the momenturn thickness grow with vfX 
along the plate. 



Appendix G 

Theoretica! considerations for the 
experiments 

abstract 

In order to have a clear comparison of the experimental results with theories, it is neces
sary to derive some other physical quantities from the three measured pressures. First, 
we will obtain the time dependent flow velocity at the throat, which height is defined as 
h2. The height of the inlet pipe is denoted as h 1 , and the jet height, downstream the 
throat is equal to h3. This is automatically the height of the channel at which separation 
takes place. Secondly, we will obtain an expression of relative position of the separation 
point. 

G.l Derivation of the velocity of the flow 

From position 1 (just upstream the glottis model) to position 2 (at the position of minimum 
height) we can assume the flow to be potential. Therefore, the unsteady Bernoulli law is 
valid. 

o~.p 1 2 p - + -u + - = constant at 2 P 
(G.1) 

u is the velocity in the direction of the axis of the channel. The potential cp is defined by 

ü = \Ji.p (G.2) 

Here, ü is the two dimensional flow velocity through the channel. By applying ( G .1) at the 
positions 1 and 2 we obtain 

(G.3) 

Note that position 2 is not actually where the pressures p 2 or p; are measured, but half way 
between them on the axis of symmetry. As the normal velocity is zero on this axis, we can 
obtain the following relation: 

b..<.p = 'P2 - 'Pl ~ ! 2 

udx (G.4) 

If we neglect the boundary layer thickness, we can assume the volume flux to be <P = uh. 
h = h( x) is then the channel height, and <P is of course constant. This way we can simplify 
b..<.p to 

(G.5) 
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93 G.2. Expression for the sepamtion point 

These equations can be combined to give 

(G.6) 

with 

(G.7) 

From ( G.6) it is clear that the velocity at the position of minimum height can be calculated 
by integrating in time. All other quantities is the equation are known: the pressure difference 
(PI - P2) is measured and the channel heights (h1,h2) and the effective length Leff are 
geometrical quantities. 

G.2 Expression for the separation point 

If we only consider the time period, where the flow is quasi steady, we can apply the steady 
Bernoulli law at the positions 1 and 2 and at the position of flow separation, indicated by s. 

(G.8) 

where we define Ps = 0 as the reference pressure relative to which the pressures p1 , p2 and 
p; are measured. Consiclering the main flow to be 1D, and we can combine (G.8) with 
conservation of mass. 

1 2 
2pu1 + P1 

(G.9) 

We have not yet neglected the boundary layers. The square of the ratio of these two effective 
heights is: 

(G.10) 

This expression can be simplified, because the inflow velocity u 1 can be neglected ( h1 > > h 2 ). 

The new quantity s is then defined as: 

(G.ll) 

For high Reynolds numbers, the displacement thickness is very small compared to the channel 
height. s is then the ratio of the channel height at the separation point and the height h 2 

at the throat. Since the pressures P1 and P2 can be measured, s can directly be calculated 
from ( G.ll ). Actually, s can be calculated twice, because P2 is measured at two positions. 
So there are two values of s, say s and s', where s = ((p1-P2)/p1)112 and s' = ((p1 -p;)jp1)112

. 


