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Ray tracing is a forward method to calculate the photometric variables at the target of a non-imaging optical
system. In this paper, a new ray tracing technique is presented to improve the accuracy and to reduce the com-
putational time of the classical ray tracing approach. The method is based on the phase space representation of the
source and the target of the optical system, and it is applied to a two-dimensional TIR-collimator. The strength of
the method lies in tracing fewer rays through the system. Only rays that lie in the meridional plane are considered.
A procedure that disregards rays in smooth regions in phase space, where the luminance is continuous, is imple-
mented and only the rays close to discontinuities are traced. The efficiency of the method is demonstrated by
numerical simulations that compare the new method with Monte Carlo ray tracing. The results show that the
phase space approach is faster and more accurate than the already existing ray tracing method; moreover the phase
space method converges as one over the number of rays traced unlike Monte Carlo ray tracing in which the speed
of convergence is proportional to one over the square root of the number of rays. © 2016Optical Society of America

OCIS codes: (080.0080) Geometric optics; (080.2720) Mathematical methods (general); (080.4298) Nonimaging optics; (080.5084)

Phase space methods of analysis; (080.2175) Etendue; (080.4295) Nonimaging optical systems.
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1. INTRODUCTION

Ray tracing is one of the most important tools for optical
designers. Currently, an increasing interest in light emitting
diode (LED) lighting is arising. LED lighting has two main
advantages: first, its high energy efficacy (from 80 lm∕W to
150 lm∕W, [1,2]); second, its very long lifetime up to
50,000 h. For these reasons, the use of LED lamps is rapidly
growing. For a lamp based on LED, an optical system is re-
quired which consists of different optical components such
as lenses and reflectors. The goal in illumination optics is to
obtain the desired light output at the target after the propaga-
tion of the light through the system.

To compute the photometric variables at the target of the
optical system, the ray tracing procedure is widely used.
Ray tracing is a forward method which provides the light
output given a light source and an optical system, (see [3],
Chap. 5). There are many ways to implement the ray tracing
process. Monte Carlo (MC) ray tracing is often used in non-
imaging optics. This method is based on a probabilistic inter-
pretation of the rays distribution at the source of the optical
system [4,5]: many rays are traced randomly from the source,
and their distribution at the target is estimated to compute the
photometric variables of the output light. Although the MC

procedure constitutes a robust method, it remains a slow and
numerically costly procedure, as it converges proportionally
to the reciprocal value of the square root of the number of rays
traced.

In this paper, a new approach to ray tracing is proposed. The
method employs the phase space (PS) of the optical system
where each ray is described by its position and its angular co-
ordinates, (see [6], Sections 2.A–2.C). A numerical algorithm
to simulate ray tracing through a two-dimensional (2D) system
is developed. In particular, we restrict ourselves to the meridio-
nal plane of the Total Internal Reflection (TIR)-collimator. The
2D case is particularly relevant because it is a good test case to
demonstrate the performance of the new ray tracing method.
Optical designers often start with 2D systems where only the
meridional plane is taken into account. Therefore, for the
TIR-collimator we consider (and for any rotationally symmet-
ric system), the 2D case is very useful to study. Finally, 2D ray
tracing gives a good prediction of the target distribution
of the rays (see [7], chapter 4, pp. 50–65). However, the two-
dimensional case also has some limitations, as it may not iden-
tify skew rays that are turned back by the system, and so a 2D
analysis cannot guarantee a proper treatment of non meridional
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rays in 3D. Hence, the 2D target intensity distribution is not
exactly equal to the corresponding 3D intensity.

In two dimensions, the phase space of an optical surface
is defined as a 2D space, and every ray is described by its posi-
tion coordinate x on that line and its angular coordinate
p � ns sin�t�, where t is the angle that the ray forms with
respect to the optical axis, and ns is the refractive index of
the medium in which the source is located. Our approach takes
into account the sequence of optical lines that each ray hits
when it propagates inside the system. The source and target
phase spaces are partitioned in different regions Rs;Π and
Rt;Π according to the path Π followed by the rays. Ries and
Rabl showed that the area of these regions is conserved; all rays
that are neighbors at the source phase space remain close to
each other at the target, [8]. Assuming constant brightness,
we only need to compute the boundaries of the ray sets that
approximate Rt;Π to obtain the photometric variables at the
target.

For the sake of simplicity, we calculate the boundaries at the
source phase space to determine the target boundaries. For this
purpose, a nonuniform triangulation of the source phase space
is constructed in such a way that new triangles are added to the
triangulation only where boundaries occur; this procedure is
explained in detail in Section 2.C and in Section 2.D. Next,
we compare our technique with MC ray tracing and we show
that, using the phase space method, a more accurate intensity
distribution is obtained even when far fewer rays are traced.

A similar method as described here is presented by Moore
[9]. In Moore’s method each ray leaves the source at the same
position while the angle coordinate changes. The path followed
by the rays is taken into account and an interpolation is re-
quired to finalize the illumination pattern. This interpolation
can affect the efficiency of the method. Our method employs
the distribution of the rays at the target phase space and avoids
using any interpolation. Moreover, a criterion to stop the
algorithm is provided in such a way that no more rays than
necessary are traced. This makes ray tracing in phase space
more accurate compared with Moore’s procedure.

This paper is organized as follows. In Section 2, the phase
space representation and the geometry of the optical system
are introduced. In the same section, the technique used to
compute the boundaries of the ray sets is described, and the
PS ray tracing procedure for the TIR-collimator is developed.
Numerical results that compare PS and MC ray tracing are
shown in Section 3; a brief discussion on the differences
between PS ray tracing and Moore’s method is presented in
the same section. Conclusions and remarks are given in
Section 4.

2. PHASE SPACE METHOD FOR A
TIR-COLLIMATOR

Ray tracing uses single rays to describe the propagation of the
light through a non-imaging system. The influence of diffrac-
tion on the transport of a ray is neglected, and a geometrical
modeling of an optical system is considered. In this work; only
Snell’s law is taken into account, and Fresnel reflection is not
considered. Generally, the method can be implemented for two
or more dimensions and for any optical system. We focus on

the example of a TIR-collimator in two-dimensions. First, we
introduce the classical ray tracing method and specify the
geometry of the optical system used in our model, then,
we describe the phase space procedure.

A. Classical Ray Tracing and Geometry of the
Optical System
The ray tracing process consists of tracing each ray, which is
considered to be a broken line, through a non-imaging system.
In the following the two-dimensional procedure is explained.
Given a Cartesian coordinate system �x; z�, a 2D optical system
is defined. To obtain the photometric variables at the target, the
propagation of light from the source S to the target T is com-
puted. In this work, we compute the output intensity for the
TIR-collimator whose profile is depicted in Fig. 1.

The TIR-collimator we analyze is an optical system rota-
tionally symmetric with respect to the z axis and consists of
a lens (line 2), two broken lines adjacent to the lens (formed
by the collection of the segments 3, 4, and 5 and 9, 10 and 11),
two curved lines (labeled with 6 and 8) and the top formed by a
horizontal segment (line 7). The lens and the broken lines are
refractive lines while, the curved lines are designed in such a
way that light is internally reflected (which explains the name
TIR). The light source S (line 1) and the target T (line 12) are
two straight segments normal to the optical axis, and both are
located inside air (n1 � 1), while the volume inside the colli-
mator is filled with a material with index of refraction n2 � 1.5
(e.g., glass). The collimator is surrounded by two vertical and
two horizontal lines (lines 13, 15, 12, and 14, respectively) that
receive the light exiting from the optical system; among these
the horizontal one at the top is assumed to be the light target,
and it is located at a small distance from the top (line 7).

From now on, the coordinates �xi; zi��i�1;���;15� denote
the intersection of the rays with the line i and, si �
�− sin t i ; cos t i� is the direction vector of the rays from the line
i, where ti ∈ �−π∕2; π∕2� is the angle that the ray forms with
the z axis, is measured counterclockwise. Therefore, a ray
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Fig. 1. Shape of the TIR-collimator. Each line of the system is
labeled with a number. The source S � �−2; 2� (line number 1) is
located at a height zs � 0.3 from the x axis. The target T �
�−9.7; 9.7� (line 12) is parallel to the source and is located at a height
zt � 7.85. The shape of the collimator is shown as a blue line. Three
detectors depicted with green lines (lines 13, 14, and 15) are located at
the left, the right, and the bottom of the optical system. n1 � 1 is the
refraction index of the medium (air) where the source and the target
are located, and n2 � 1.5 is the refraction index of the medium (glass)
inside the optical system. The sagitta of the lens is equal to 0.6.
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segment between �xi; zi� and �xi � 1; zi � 1� is parameterized
by:

r�s� �
�

xi − s sin�t i�
zi � s cos�ti�

�
s ≥ 0; (1)

where s denotes the arc-length.
A Lambertian optical source is considered; hence, the inten-

sity over an interval J � �−a; a� emitted in the direction t is
given by:

I�t� � I 0 cos�t�; (2)

where I 0 � 2aL, L is the luminance, and t is the angle that the
ray forms with respect to the optical axis, and it is measured
counterclockwise. As a result, in the case where L � 1, I0
coincides with the source length; from Eq. (2), the intensity
at the source is deduced.

To compute the target intensity, we need to know how the
optical system changes the direction of the rays during their
propagation from the source to the target. To do this, we
employ the ray tracing technique which can be summarized
as follows: first, a ray from the source with initial position given
by the coordinates �x1; z1� and initial angle t1 with respect to
the z axis is traced and, the ray parametrization is implemented
according to Eq. (1). Second, the intersection point �xi; zi�
between the ray and the line i that it hits is computed.
Third, the normal to the line hit at the point �xi; z i� is calcu-
lated to compute the change of direction of the ray. For the last
step, the laws of reflection and refraction are implemented. The
direction of the refractive ray is given by:

t � n1;2i�
h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − n21;2 � n21;2�n; i�2
q

− n1;2�n; i�
i
n; (3)

where n1;2 � n1∕n2 with n1 and n2 the refraction indices of air
and of glass, respectively. The unit vectors i and t describe the
directions of the incident and refracted ray, respectively; n is the
normal to the line; it is also a unit vector, and it is directed
toward the interior of the optical system. Note that the positive
sign before the square root is due to the convention of taking
the inward direction of the normal n ([10], Chap. 4, pp. 95–
106, and [11], Chap. 12, pp. 403–409). In the case where
n1 � −n2, Eq. (3) can be rewritten as the law of reflection:

t � i − 2�i;n�n: (4)
Equation (4) is used when the total internal reflection con-

dition holds, that is given by the following inequality:

1 − n21;2 � �n; i�2 < 0: (5)

For the TIR-collimator the previous condition occurs for
the curved lines (lines 6 and 8 in Fig. 1). Finally, the new para-
metrization of the ray is described by:

r�s� �
�
xi � stx
zi � stz

�
; (6)

where tx and tz are the x and z components of the new ray
direction and are calculated from Eq. (3) or (4). The points
�xi; zi� and the new direction t are calculated until the ray hits
the target, and the previous procedure is repeated for each
traced ray.

To obtain a reasonable approximation of the target intensity,
a large number of rays has to be traced; the more rays are traced,

the more accurate the target intensity is. Moreover, for the
TIR-collimator shown in Fig. 1, we do not have an explicit
equation to describe the reflectors. Only the positions of a dis-
crete set of points located on their curves are known. Therefore,
we use spline interpolation to obtain a good approximation
of the curved lines. In addition, to calculate the intersection
points between the rays and these lines, the Newton–
Raphson procedure (with a tolerance equal to 10−4) is
employed. Due to all these reasons, the ray-tracing method
is a very slow procedure.

A frequently used ray tracing method in non-imaging optics
is MC ray tracing [4] in which the rays are emitted from a ran-
dom location and at a random angle and, they are traced
through the system until they reach the target receiver. To cal-
culate the output intensity, the target screen is divided into
bins, and the frequency of the rays that arrive at each bin is
considered. The intensity restricted to a certain bin is obtained
dividing the number of rays that fall into that bin by the total
number of rays traced. Although MC ray tracing is highly
robust and does not require difficult calculations, it has two
main disadvantages. First, some information is lost because
the flux of a ray is averaged over a bin. Second, some parts
of the target are reached by a very small fraction of rays
and, consequently, the intensity is unreliable in those parts.
As a consequence, a large number of rays needs to be traced
to obtain an accurate intensity making the MC method com-
putationally expensive.

We provide a new method that employs the phase space
representation of the optical system avoid tracing rays where
the luminance does not present any discontinuities. Phase space
ray tracing is explained in the next section.

B. Phase Space Representation of the Source and
the Target
In phase space, each ray is described by its intersection point
with the line that it hits and the sine of the angle it forms with
respect to the optical axis multiplied by the refractive index (see
[6] Chapters 2.1–2.3, [12], and [13] Chapter 1 for details). In
the following, the phase space is considered only for the source
S and the target T and for no other line of the optical system.
The rays in a 2D system correspond to points with coordinates
�x; τ� and �q; η� in S and T phase spaces, respectively. We have
indicated the ray positions with x and q, the angles formed
with the normal with t and θ, the refractive indexes with ns
and nt , for S and T , respectively, and, with τ � ns sin�t� and
η � nt sin�θ� the directions of the rays.

The rays are represented by a unique point in phase space,
both for S and T . More formally, the optical phase space for
the light source is defined as:

Ps � S × �−ns; ns �: (7)

The target phase space is defined as
Pt � T × �−nt ; nt �: (8)

The map M:Ps → Pt which describes how the optical sys-
tem changes the rays is defined as

M�x; τ� � �q; η�: (9)

For most optical systems, there is no way to find an explicit
expression for the map M defined above. The idea is to apply
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the edge-ray principle [8] to a given set of rays at the source.
The principle states that to map one region from the source
to the target phase space it is sufficient to map the boundaries
of those regions. Therefore, the boundaries of the source are
mapped to the boundaries of the target and the regions where
the luminance is different from zero are calculated. The inten-
sity in target phase space is defined as a function of the output
luminance:

IPS�η� �
Z
T η

Lt�q; η�dq; (10)

where, for a given constant η0 ∈ �−1; 1�, T η0 is the set T η0 �f�q; η� ∈ T jη � η0g, Lt�q; η� indicates the luminance at the
target. As we use the target phase space to compute the output
intensity, it is convenient to define it as a function of sin�θ�
instead of θ. Note that the luminance is positive in the entire
P s, but not all parts of Pt receive light emitted by the source.
As a result, Lt has jump discontinuities where it changes from
zero to positive values. To understand where these discontinu-
ities occur, further information about the rays is required.
Because of this, for PS ray tracing not only the initial positions
and the initial angles of the rays are stored, but also the optical
lines they hit when they propagate through the system. A ray
path Π is defined as a collection of the lines hit by the ray. Rays
that are close to each other at the source and leave the source at
close angles follow the same path and hit the target at close
positions and under close angles. All the rays that follow the
same path are grouped together into the same subset of phase
space. From now on, we indicate with p the number of all the
possible paths�Πj�j�1;���;p encountered by the rays, and with
Rs;Πj

and Rt;Πj
the regions corresponding to the rays that follow

the path Πj for the source and the target, respectively. The map
M, defined in Eq. (9), relates the regions Rs;Πj

to the regions
Rt;Πj

for every j ∈ f1; � � � ; pg. The edge-ray principle guarantees
that the boundaries ∂Rs;Πj

and ∂Rt;Πj
are connected by the same

map M. Given two different paths Π1 and Π2, the regions
Rt;Π1

and Rt;Π2
, do not overlap; they can have at most

a common boundary. As a result, the discontinuities of the
luminance occur exactly at the boundaries �∂Rt;Πj

�
j�1;���;p.

Finally, the luminance at the target satisfies the following
relations:

Lt�q; η� > 0 for �q; η� ∈ �Rt;Πj
�
j�1;���;p;

Lt�q; η� � 0 otherwise:
(11)

In addition, the luminance is conserved along a ray, so it
remains constant inside every region �Rt;Πj

�
j�1;���;p, (see [11],

Chapter 16). The output intensity is obtained from Eq. (10).
Therefore, the problem to compute the target intensity can be
interpreted as the calculation of the boundaries �∂Rt;Πj

�
j�1;���;p.

To this end, we define a triangulation on source phase space in
such a way that more rays close to the boundaries are traced.
The details of these procedures are explained in the next
section.

C. Triangulation Refinement of Source Phase Space
The regions �Rt;Πj

�
j�1;���;p can be defined only when some rays

are traced. Given an initial set of rays, the rays closest to the

boundaries �∂Rt;Πj
�
j�1;���;p are selected and more rays in their

vicinity are created to get progressively better estimates of
the boundaries. A more detailed description is provided below.
A triangulation in Ps is defined and a ray from every vertex
�xk; τk� of the triangle is traced. The procedure starts tracing
four rays with coordinates �xk; τk�k�1;���;4 that are located ex-
actly at the corners of P s, and, for each of them, the paths
�Πj�j�1;���;4, are stored. Next, for some j ∈ f1; � � � ; 4g, the grid
is divided into two equal triangles joining two opposite vertices.
For each triangle, the rays at its corner are traced then, if the
paths corresponding to those rays are different, one or more
boundaries �∂Rt;Πj

�
j�1;���;4 are expected to cross the triangle.

In that case, the middle points �xk; τk�k�5;6;7 of each side of
the triangle are added, and three more rays with coordinates
�xk; τk�k�5;6;7 are traced. Each refinement step leads to four
new triangles (see Fig. 2).

When all the rays have the same path, it is not necessary to
refine the triangles anymore. Note that it can happen that a
region formed by rays that follow a path Πj is located com-
pletely inside a triangle whose vertices are related to the same
path Πi with j ≠ i. In that case, the algorithm is not able to
detect that region, see Fig. 3. To avoid this, two parameters
εxmin

and ετmin
are defined for the x axis and the τ axis, respec-

tively. When the length of the sides of the triangle are greater
than these parameters, a new triangle is defined even if its ver-
tices correspond to the same path. Furthermore, two other
parameters εxmax

and ετmax
are introduced to define a stopping

criterion. The algorithm stops when the length of the sides of
the triangles is smaller than εxmax

and ετmax
.

The values of the parameters εxmax
, ετmax

, εxmin
and ετmin

de-
termine the number of rays traced. Indeed, on the one hand,
εxmax

and ετmax
can be decreased to obtain more rays close to the

boundaries; on the other hand, a large number of rays in the
interior of the regions can be traced decreasing the values of
εxmin

and ετmin
.

Using the above procedure, rays increasingly closer to the
boundaries are traced. For our optical system, the width of
the x axis in source phase space is two times the width of
the τ axis. Then, our choice is to consider ετmin

� 1
2 εxmin

and
ετmax

� 1
2 εxmax

, respectively. Figure 4 shows an example of a
triangulation refinement of the source phase space with

Fig. 2. Triangulation refinement: when the rays related to the ver-
tices of the triangles follow a different path a new refinement step is
required. Each refinement step leads to four new triangles. The param-
eters values are εxmax

� 2, ετmax
� 1, εxmin

� 4, and ετmin
� 2.
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εxmax
� 0.1 and εxmin

� 1. The triangulation refinement pro-
vides more triangles close to the boundaries than inside the
regions Rs;Πj

.
The paths �Πj�j�1;���;p followed by the rays located at the

corner of the triangles are computed during the procedure,
and the regions Rs;Πj

and Rt;Πj
are defined for each Πj.

Next, a criterion to select the values of the parameters εxmin

and εxmax
and a method to compute the boundaries ∂Rt;Πj

are provided. Furthermore, the output photometric variables
are computed; the details are explained in the next section.

D. Photometric Variables at the Target
As mentioned in Section 2.B., the boundaries �∂Rt;Πj

�
j�1;���;p

have to be calculated to compute the photometric variables
at the target. Our method is based on the triangulation refine-
ment of the source phase space. As explained in the previous
section, more rays close to the boundaries can be traced select-
ing increasingly smaller values for the parameters εxmax

and ετmax
.

Once the algorithm stops, only the triangles that are expected
to be crossed by a boundary are taken into account. By con-
struction, each of these triangles has two vertices that follow the
same path and one vertex that follows another path. The
triangles are ordered in such a way that two triangles are
neighbors if they have a side in common. Given a path Πj with
j ∈ f1; � � � ; pg, the boundary ∂Rs;Πj

of the region corresponding

to that path is approximated by the vertices of the triangles
that follow the path Πj. With this procedure, we can easily con-
struct the boundaries ∂Rs;Πj

in source phase space for every
j ∈ f1; � � � ; pg. The boundaries ∂Rt;Πj

at the target are given
by M�∂Rs;Πj

�. To establish the minimum value of the param-
eter εxmax

that gives a good approximation of the boundaries
∂Rt;Πj

, a technique that exploits the conservation of the
étendue in phase space ([11], Chapter 16) is provided. The
essence of our approach is as follows.

We consider the étendue for the whole P s which is given by:

Es � 2nsa sin�tmax�; (12)

where a is the length of the source, and tmax is the maximum
value of the angle that the rays make with the z axis. The
étendue of a set of rays is defined by the area they occupy
in phase space. For the TIR-collimator, we considered the
area of P s (Fig. 1) is equal to 7.92, because a � 4 and
sin�tmax� � 0.99. The rays traced are uniformly distributed
over Ps, and they cover it entirely.

The total étendue at the target, Et , is given by the sum of the
étendues related to each region Rt;Πj

:

Et �
Xp
j�1

E�Rt;Πj
�; (13)

where E�Rt;Πj
� is the contribution to the étendue at the target

given by the rays inside the region Rt;Πj
. Note that Et is com-

puted considering also the area of the regions formed by the
rays that hit the left and the right detectors (lines 13 and
14 in Fig. 1). E�Rt;Πj

� is defined by:

E�Rt;Πj
� �

Z Z
Rt;Πj

dqdη: (14)

To calculate the previous integral, the triangulation refine-
ment method is applied to the regions Rs;Πj

for a range of
values for εxmax

with an approximation of the boundaries
∂Rs;Πj

obtained for each of them. Therefore, the boundaries
∂Rt;Πj

are computed and the intersection points �qΠj ;i
�η��

i�1;���;r
between ∂Rt;Πj

and the horizontal lines η � const are calculated
for each j ∈ f1; � � � ; pg, with η ∈ �−1; 1�. Ordering the points
�qΠj ;i

�η��
i�1;���;r in ascending order, Eq. (14) becomes:

E�Rt;Πj
� �

Xm
i�1

Z
1

−1
�qΠj ;2i

�η� − qΠj ;2i−1
�η��dη; (15)

where m is the integer part of r∕2, and r is the number of the
intersection point between ∂Rt;Πj

and the horizontal lines
η � const. The integral in Eq. (15) is calculated discretizing
the interval �−1; 1� into Nb � 100 sub-intervals of equal width
and using the trapezoidal rule to approximate the integral.
Figure 5 shows that decreasing the value of the parameter
εxmax

increases the values of the étendue at the target Et , which
reaches 7.9 when εxmax

� 0.3 × 10−3. We decide to stop the
phase space refinement procedure when a good approximation
of the étendue is obtained. Moreover, a criterion to establish the
values of εxmin

is provided. For each value of εxmax
the étendue for a

range of values of εxmin
is computed. As the computation of the

Fig. 3. Red line encloses a region of rays that follow the pathΠ2 and
is completely located inside a triangle. The algorithm is not able to
detect that region and, a further refinement is required. The param-
eters values are εxmax

� 2, ετmax
� 1, εxmin

� 4, and ετmin
� 2.

Fig. 4. Triangulation refinement of source phase space: near the
boundaries more rays are traced. The values of the parameters are
εxmax

� 0.1 and εxmin
� 1.
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boundaries does not depend on the number of rays inside the
regions, the étendue remains constant when the value of εxmin

changes. Then, we choose εxmin
as large as possible avoiding

to trace rays that do not significantly contribute to the compu-
tation of the photometric variables at the target. That value de-
pends on the distribution of the rays in phase space. For our
optical system, the parameter εxmin

� 1. Figures 6 and 7 show
the approximation of the boundaries obtained for a set of 6.9 ×
104 rays. Five different paths are found and rays that follow the
same path are depicted with the same color. Figure 6 shows that,
choosing the values of the parameters as explained above, the
regions Rs;Πj

cover almost completely the source phase space.
As a consequence, the dark areas in Fig. 7 correspond to parts
of target phase space that are not reached by any ray that leaves
the source and propagates though the meridional plane of the
optical system. Note that, using the triangulation procedure ex-
plained in the previous section,more rays close to the boundaries
are traced.

To conclude, we compute the target intensity, which is
defined in Pt by Eq. (10). From Eq. (11), we obtain:

IPS�η� �
X
i;j

Z
qΠj ;2i�η�

qΠj ;2i−1�η�
Lt�q; η�dq; (16)

where the summation for the indices i is over all
i � 1; 2; � � � ; m, and the summation for the j indices is over
all j for which the intersection between η � const and
Rt;Πj

is not empty. The intensity is expressed as a function
of the angular parameter η � nt sin�θ�. In the case of a
Lambertian source with Ls�x; τ� � 1, the following relation
for the intensity at the target holds:

IPS�η� �
X
i;j

�qΠj ;2i
�η� − qΠj ;2i−1

�η��; (17)

where the relation nt � 1 and the property of conservation of
luminance along a ray ([11], Chapter 16) are exploited. We
again notice that Eqs. (16) and (17) are valid when only
two intersection points are found. If r > 2 intersection points
occur the sum of the distances �q2i − q2i−1�i�1;���;m needs to be

computed. To calculate the intensity for all the possible direc-
tions, a uniform partitioning P: −1 ≤ η0 < η1 � � � < ηNb ≤ 1 of
the interval J � �−1; 1� is considered, where Nb � 100 and −1
and 1 are the minimum and maximum value for η, respectively.
Eventually, the intensity for each ηh, with h � 0; 1; � � � ;Nb, is
obtained using Eq. (17). We compare the new method with the
already existing MC ray tracing to show its efficiency.

The intensity for MC ray tracing is computed as follows.
The partitioning P of J � �−1; 1�, used for the target
phase space, is considered, and the number of rays that fall

Fig. 5. Total étendue as an area in PS is depicted with the dotted
red line. The approximated étendue is computed for a range of values
of εxmax

. Decreasing the value of the parameter εxmax
, the étendue

increases and reaches a good approximation of the exact étendue
for εxmax

� 3 × 10−3.

Fig. 6. Distribution of the rays on source phase space.
Approximately 6.9 × 104 rays are traced using the triangulation refine-
ment with parameters: εxmin

�1, ετmin
� 0.5, εxmax

� 3 × 10−3, ετmax
�

1.5 × 10−3. Rays that belong to the same region are depicted with the
same color. The yellow rays follow the path Π1 � �1; 2; 7; 12�; the red
rays follow the path Π2 � �1; 10; 8; 7; 12�; the green rays follow the
path Π3 � �1; 4; 6; 7; 12�; the blue rays follow the path Π4 �
�1; 11; 7; 12�; the magenta rays follow the path Π5 � �1; 3; 7; 12�,
the cyan rays hit the left detector (line 13) and follow the path Π6 �
�1; 10; 7; 8; 13� and, the orange rays hit the right detector (line 15) and
follow the path Π7 � �1; 4; 7; 6; 15�. Each number corresponds to a
line of the TIR-collimator as shown in Fig. 1. The boundaries are
depicted with the black lines.

Fig. 7. Target phase space representation of a set of 6.9 × 104 rays.
Only the rays that hit the target (line 12) are considered. The values of
the parameters εxmin

, εxmax
, ετmin

, ετmax
and the choice of the colors for

each path are the same as in Fig. 6. The boundaries �∂Rt;Πj
�
j�1;���;p are

computed through the triangulation method. The dark areas corre-
spond to areas that are not hit by any meridional plane.
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into each bin ��ηh; ηh�1��h�0;���;Nb−1 is calculated for all
h ∈ f0; � � � ;Nb − 1g. The intensity in the direction ηk ∈
�ηh; ηh�1� is approximated by:

ÎMC�ηk� �
Nr��ηh; ηh�1��
Nr��−1; 1�� ; (18)

for every �ηk � 1
2 �ηh�1 � ηh��k�1;2;���;Nb, where we have indi-

cated with Nr��ηh; ηh�1�� the number of rays that fall into
the bin �ηh; ηh�1� and withNr��−1; 1�� the total number of rays.
As ÎMC is normalized, to compare the two intensities also a
normalization of IPS is required. This normalization is calcu-
lated dividing the intensity by the étendue ET at the target:

ÎPS�ηk� �
1

ET

Z
ηh�1

ηh

IPS�η�dη for k � 1; 2; � � � ;Nb;

(19)

where ET is obtained by removing from the total étendue Et ,
computed in Eq. (13) and shown in Fig. 5, the étendue cor-
responding to the regions formed by the rays that hit the left
and the right detectors. Note that the intensities are vectors of
length Nb, and Î PS�ηk�k�1;2;���;Nb represent the intensities in the
direction ηk. The accuracy of the intensity also depends on the
number of bins considered in the partitioning P. Choosing
Nb � 100 results in a smooth profile of the intensity; hence
we decide to fix that value of Nb, a smooth profile of the
intensity is found; hence, we decide to fix that value of Nb.
The photometric variables at the target are now determined
for both MC and PS methods. The numerical results are shown
in the next section.

3. NUMERICAL RESULTS AND DISCUSSION

In this section, a comparison between the MC and PS methods
is presented. The MC and PS intensities are calculated several
times increasing the number of rays Nr to improve the accu-
racy. Both approximate intensities are compared with an inten-
sity taken as a reference. For some optical systems, there is an
explicit solution for the target intensity but this is not the case
for the TIR-collimator. Therefore, the reference intensity Î ref is
obtained considering 1; 7 × 108 rays in the MC simulation. We
show how the error, defined as

error �
P

Nb
h�1 jÎPS�ηh� − Î ref �ηh�j

Nb
; (20)

decreases with the increase in the number of rays. Table 1
describes how the number of rays traced affects the error
estimation and shows the correlation between étendue and
the number of rays, which is determined by the values of
εxmin

, ετmin
, εxmax

, and ετmax
as explained in Section 2.C. Next,

the intensity ÎMC for the MC method is computed.
Replacing ÎPS with ÎMC in Eq. (20), the error between the refer-
ence intensity and the intensity computed with the MC
method is calculated. Increasing the number of rays traced
in MC ray tracing, the error gradually decreases. In Table 2
the numerical results found are reported.

The results listed in Tables 1 and 2 are shown in Fig. 8,
where the red line depicts the behavior of the error for the

PS intensity, and the blue line indicates the error for the
MC simulation.

Figure 8 shows that an error equal to 2.00 × 10−5 is obtained
by tracing around 9.7 × 106 rays for MC and only around 6.9 ×
104 in PS. The error decreases as 1ffiffiffiffi

Nr
p for the MC method and

as 1
Nr for the PS simulation.
The intensity profile ÎPS�η� obtained with the phase space

method and tracing around 6.9 × 104 rays are depicted in Fig. 9
with a red line. ÎPS is hardly distinguishable from Î ref (dashed
blue line in Fig. 9). The intensities are expressed as functions
of η and thus, the curves in Fig. 9 do not depict the spatial
intensities.

Finally, we claim that PS ray tracing is also more accurate
than the ray tracing procedure proposed by Moore [9]. The
novelty of our approach compared with the method used by
Moore, is briefly explained below. First, to compute the output

Table 1. Error Values of the PS Intensity

Number
of Rays εxmax

ετmax
Étendue Error

1403 1.0 × 10−1 5.00 × 10−2 7.4836 3.57 × 10−4
3237 5.0 × 10−2 2.50 × 10−2 7.6614 2.22 × 10−4
7299 2.5 × 10−2 1.25 × 10−2 7.7787 1.38 × 10−4
15919 1.0 × 10−2 5.00 × 10−3 7.8475 7.31 × 10−5
33651 7.0 × 10−3 3.50 × 10−3 7.8839 3.80 × 10−5
69330 3.0 × 10−3 1.50 × 10−3 7.9017 2.02 × 10−5

Table 2. Error Values of the MC Intensity

Number of Rays ErrorMC

970 2.20 × 10−3
9702 6.60 × 10−4
97104 1.74 × 10−4
971436 6.34 × 10−5
9715391 2.06 × 10−5

Fig. 8. The red line depicts the error between the intensity on phase
space and the reference intensity. The blue line shows the error
between the Monte Carlo intensity and the reference intensity. The
dashed black line represents a straight line with the slope equal to − 1

2 .
The dashed blue line represents a straight line with the slope equal to
−1. The horizontal dotted line shows that an error equal to 2.00 × 10−5

can be obtained tracing at least 102 times fewer rays in phase space.
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intensity, we employ the phase space of the target. This avoids
the use of any interpolation to compute the photometric
variables and therefore, more accurate results are obtained.
Second, in [9] all rays that leave the source start at the same
position, and only a sampling angular range is given. In our
approach a rectangular source is considered, thus both the
angular and spatial coordinates of each ray change. This extra
variable can produce very irregular shapes of the regions at
target phase space. To overcome this issue, we employ the
edge-ray principle, and we consider the regions at source phase
space where the distribution of the rays is much more regular,
and the corresponding boundaries are easily computed. As a
consequence, our procedure is suitable to compute the output
intensity as the function of both the angular or the spatial
coordinate. Third, using the conservation of the étendue, we
provided a criterion to stop the triangulation refinement.
In this way, we can estimate the number of rays required to
obtain the desired accuracy and thus, we avoid tracing more
rays than necessary.

4. CONCLUSIONS

A new ray tracing method based on the phase space represen-
tation of the source and the target of a non-imaging optical
system was provided. For the sake of simplicity, the method
was tested for 2D optical systems, numerical simulations were
implemented for a TIR-collimator, and the intensity at the tar-
get was computed for this system. Furthermore, for each ray,
the lines that are hit were calculated, and all the rays with the
same path were grouped together in the same region in phase
space. To trace only rays close to the boundaries of those re-
gions, a refinement of the source phase space was constructed.
Eventually, applying the edge ray principle, we concluded that
the traced rays are located close to the boundaries even in target
phase space. The output intensity was obtained using the
location given by the rays on the boundaries of the regions;

hence, the rays inside the areas enclosed by the boundaries
do not significantly contribute to the calculation of the photo-
metric variables. As a result, the output intensity is calculated
using far fewer rays, and the computational time is reduced.
The efficiency of the method was demonstrated using a highly
accurate intensity profile as a reference. This reference was
found randomly tracing around 1.7 × 108 rays through the op-
tical system with the Monte Carlo procedure. Then, the phase
space and the MC ray tracing were compared. The error
between the approximate intensity and the reference intensity
was calculated for both methods. An initial ray set was fixed,
and the number of rays was gradually increased to obtain a
more accurate intensity profile. Numerical simulations have
demonstrated that for MC ray tracing the error decreases
according to 1∕

ffiffiffiffiffiffi
Nr

p
, with Nr the number of rays, whereas

for PS ray tracing, the rate of convergence is proportional to
1∕Nr. Consequently, PS ray tracing is much faster than MC
ray tracing. The PS andMC ray tracing were implemented con-
sidering only Snell’s law and a constant luminance. The method
can be generalized considering a nonconstant luminance which
can be computed using an interpolation algorithm. In the
future, we plan to take Fresnel reflection into account each time
that a ray hits a line of the optical system. Our expectation is
that the method is suitable also for three dimensions; therefore,
a future work should deal with optical systems.
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