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Abstract

In direct numerical simulations of multiphase flows, based on the Volume of

Fluid (VOF) approach, the advection of the volume fraction field is a crucial

point. The choice of the discretisation scheme for the transport of the volume

fraction is decisive for an accurate description of surface dynamics. In this paper

we assess two numerical methods: a high order discretisation scheme, namely the

surface compression scheme, and an interface reconstruction scheme based on a

piecewise linear interface calculation (PLIC). We compare accuracy, convergence

rate and computational cost of these methods with results from literature. The

comparative study includes reference 2D and 3D advection test cases. Moreover,

the advection algorithm is tested coupled to an incompressible Navier-Stokes

solver and used to simulate a rising bubble in a liquid for different Eötvös

and Reynolds numbers. We establish via the advection tests and through the

study of rising bubbles that the PLIC method converges to second order while

the compression method fails to converge systematically. The computational

overhead of both methods is negligible compared to an incompressible flow solver

to which it might be coupled.

Keywords: Multiphase flow, VOF, PLIC, Interface compression,

∗Corresponding author. Tel: +31 534895742
Email address: p.cifani@utwente.nl (P. Cifani)

Preprint submitted to Computers & Fluids June 19, 2016



OpenFOAM R©

1. Introduction

The present study is concerned with isothermal, incompressible two-phase

gas-liquid flows. The interface between the two phases is represented implicitly

by adopting the Volume-of-Fluid (VOF) method [1] which has been extensively

used in the CFD community [2, 3, 4] and has been shown to be robust and able5

to capture topologically complex interfaces. Here we present a careful compari-

son between two numerical methods, representative of two classes of numerical

methods for the advection of the interface between two phases: a VOF-PLIC

algorithm with split advection technique [5] and the scheme presented by [6]

based on interface compression. It is important to test the advection algorithms10

for different physical parameters of the fluid flow in order to assess the reliabil-

ity of numerical predictions. Establishing the accuracy of the numerical method

for the advection of the phase indicator function in real-life problems, such as

a rising bubble in a viscous liquid, is not straightforward since no analytical

solution is available. This paper addresses the issue of selecting the best numer-15

ical prediction method from two classes of methods, not only by assessing the

accuracy of both methods for numerical benchmark cases but also by showing

the viability of the method for complex flows with a deforming interface. The

benefit of this combined comparison is to establish the numerical features of the

two schemes on a simplified set up where exact solutions are known and at the20

same time to assess the validity of the numerical results on problems of physical

relevance.

The shape regimes for bubbles and drops in gravitational motion through a

liquid can be determined as functions of buoyancy, surface tension and viscosity

expressed by the Reynolds (Re) and the Eötvös (Eo) numbers. For example,25

a single buoyant bubble at sufficiently low Eo, remains close to a sphere. For

high Eo value buoyancy is dominant over surface tension, causing the bubble

to deform, creating wakes that lead to a different flow dynamics. Numerous
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numerical studies are available in literature on rising bubbles under different

flow conditions [7, 8, 9, 10, 11, 12, 13]. Here, the numerical simulations are30

carried out in the open-source code OpenFOAM R© [14] where the compression

method is present as a built-in feature, while the VOF-PLIC algorithm has been

implemented by the authors. The data from the benchmark reported in [15] on

a rising bubble in a viscous liquid, are used as point of reference.

A crucial point in any numerical method for direct numerical simulation of35

multiphase flow is the advection of the phase indicator function. In the VOF

approach, the discrete indicator function is the volume fraction occupied by

a particular fluid within one cell. This function is not smoothly distributed

across the interface where we have a sharp discontinuous field between 0 and

1. Conventional convective differencing schemes can either lead to excessive40

smearing of the interface thickness or to violation of the boundedness of the

volume fraction to [0, 1]. Therefore, the choice of the discretisation scheme for

the transport of the phase indicator has a large influence on the surface dynamics

and a careful assessment is required. A comprehensive set of assessment steps is

introduced in this paper and applied to the compression method and to PLIC.45

Another important aspect of the numerics is the mapping of the pressure

drop onto the underlying computational grid [16, 17], and the discretisation

of the surface tension, which requires the computation of the curvature. A

poor estimate of the curvature often leads to unphysical velocities around the

interface, resulting in a substantial loss of accuracy. Several techniques have50

been developed [18, 4, 19]. In this paper, we focus on the transport of the

phase indicator function since an accurate advection algorithm delivers an ac-

curate representation of the interface and the geometrical properties related to

it. These geometrical properties, in turn, are key for pressure/surface tension

mappings.55

For the numerous techniques that have been developed to treat this problem,

two classes can be distinguished: methods that discretise the hyperbolic equa-

tions for the advection of a step function by using high resolution and tailored

discretisation schemes [20, 21, 22, 23, 24, 25]; and methods based on geometric
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interface reconstruction as well as geometric evaluation of fluxes [26, 27, 17].60

High resolution differencing techniques are usually based on a combination

of higher and lower order discretisation schemes of the convective term. The

discontinuity of the volume fraction at the interface can lead to numerical oscil-

lations. To prevent this, non-linear differencing schemes are employed to achieve

a discrete operator of positive type and at the same time an accuracy higher65

than first order. These methods have no limitations for grid topology and can be

mass preserving. The drawback is a loss of accuracy due to inevitable smearing

out of the interface during the advection process due to numerical diffusion at

the interface.

Geometric advection schemes are characterised by an accurate representa-70

tion of the interface by a number of curves/surfaces, to match the local volume

fraction. The reconstructed interface is subsequently advected. The interface

reconstruction method proceeds in a number of steps. A major effort is related

to the estimation of the intersection of the interface with a grid cell. This pro-

cedure is commonly combined with a split advection algorithm [28, 2] in which75

the transport of the volume fraction field is sequentially carried out along each

orthogonal direction separately. While our method uses the split advection al-

gorithm along Cartesian coordinates, making it suitable for orthogonal meshes,

unsplit advection algorithms can be developed that are suitable also on unstruc-

tured meshes [29]. A review of split advection algorithms is beyond the purpose80

of this work and can be found in [30].

An important high-order method is the interface compression method pre-

sented by Rusche [6] and also adopted in [13], while the piece wise linear in-

terface calculation (PLIC) algorithm with a split advection technique [5, 31] is

representative of the class of geometric methods. The present paper presents a85

comparison between these two methods as these are representative of the two

classes, making this study meaningful also for other methods. On the one hand

the compression method is less accurate but also less expensive. The platform

we work with is OpenFOAM R©, which includes the multiphase solver interFoam

based on VOF in which the compression method is used for the advection of90

4



the volume fraction. For this study, a new solver for both 2D and 3D geomet-

rical VOF algorithms was developed within the OpenFOAM R© framework. The

implementation is done in the C++ programming language for high modularity

and reusability.

The organisation of this paper is as follows. In section 2 and 3 we present95

the mathematical formulation of the problem and the resulting numerical al-

gorithm, respectively. For the VOF-PLIC reconstruction procedure, we adopt

the method proposed in [32]. This procedure makes use of analytic relations

for the computation of intersections between an interface and a computational

cell, which allows a robust implementation. The splitting algorithm is a se-100

quence of implicit and explicit Eulerian time-stepping calculations of the fluxes

as described in [5]. In section 4, the methods are validated for several so-called

advection test cases where a velocity field is imposed externally and only the

transport of the volume fraction is solved. Comparisons with literature and with

the results obtained from the CFD tool ANSYS Fluent [33] are made. Subse-105

quently, in section 5, a simulation of a rising bubble in a viscous liquid is carried

out. The parameters of the simulation are as given in the benchmark [15], in

which the simulation has been performed with three independent codes. The

accuracy and the convergence of the two advection algorithms is investigated by

studying the time evolution of the circularity and the bubble shape. The results110

are then compared with the ones in the benchmark. Concluding remarks are

collected in Section 6.

2. Mathematical formulation

In this paper multiphase flow is simulated by solving a single set of equations

for the whole domain. The interaction between the two phases is incorporated

in the equations as concentrated source terms acting only at the interfaces.

The Navier-Stokes and the continuity equations for the motion of a viscous,
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incompressible, immiscible two-fluid system can be written as [34]

∂

∂t
(ρu) +∇ · (ρuu) = −∇p+ ρg +∇ · (2µD) + σknδ(n) (1)

∇ · u = 0 (2)

Here u = (u, v, w) is the velocity field, ρ is the mass density of the fluid, µ is

the dynamic viscosity, D is the deformation tensor, Di,j = (∂iuj + ∂jui)/2, σ

is the surface tension coefficient, k is the curvature of the interface and n is

the unit normal to the interface, g is the gravitational acceleration. The Dirac

delta function δ(n), with n being the local coordinate normal to the interface

in the direction of n, locates the surface term at the interface only. The density

and the viscosity are assumed to be constant in each phase separately. The

spatial distribution of the phases is defined by the indicator function f(x, t).

The function f is a Heaviside function which is equal to 1 if (x, t) is in one

of the phases and equal to 0 in the other. At a numerical level f can have a

smooth transition between these values and in the VOF approach it represents

the volume fraction of one phase. Mass density and dynamic viscosity are

expressed by

ρ(x, t) = fρ1 + (1− f)ρ2 (3)

µ(x, t) = fµ1 + (1− f)µ2 (4)

where ρ1, ρ2 and µ1, µ2 are the mass density and the dynamic viscosity of the

two separate fluids, respectively. In the absence of phase change, the phase115

indicator simply follows the fluid flow. The function f is then constant along

particle paths, which implies that the material derivative is zero, leading to the

following equation:
∂f

∂t
+ u · ∇f = 0. (5)

The set of equations (1), (2) and (5) describes the multiphase flow. The next

section focuses on the numerical discretisation of the governing equations.120
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3. Numerical algorithm

In this section we first describe the discretisation and the numerical solution

of the Navier-Stokes equations. Subsequently, we turn the attention to the dis-

cretisation of the surface tension term after which follows a detailed description

of the numerical algorithms for the advection of the indicator function (5).125

3.1. Navier-Stokes algorithm

The Navier-Stokes equations are cast in a momentum-conservative formula-

tion on a collocated arrangement of the grid. The primary variables, i.e., u, p

and f , are then stored in cell centres. The indicator function is represented by

the value of the volume fraction f in each computational cell. The advection130

equation (5) is solved first using an explicit time integration method where the

velocity field is computed at time tn = n∆t (see section 3.3 and 3.4), with ∆t

the time-step. Once the volume fraction fn+1 is known, the fluid properties

are updated using (3) and (4). A second order backward differencing scheme in

time (BDF2) of (1) combined with imposing (2) at the new time level leads to135

1

∆t

[
3

2
(ρu)n+1 − 2(ρu)n +

1

2
(ρu)n−1

]
= Rn+1

∇ · un+1 = 0

(6)

where we take Rn+1 = −∇pn+1−∇·(ρuu)n+1 +∇·(2µD)
n+1

+(σknδ(n))
n+1−

(ρg)
n+1

. A semi-discrete form of the momentum equation, using the finite

volume method, reads

aPuP = H(u)−∇p̂+ F. (7)

where uP is the discrete velocity vector in the centre of cell P . The term on

the left-hand side and the second and the third term on the right-hand side140

of equation (7) are computed at time n + 1. The vector H(u) is defined as

H(u) =
∑
nb anbu

n+1
nb + 1

∆t [2(ρu)nP − 1
2 (ρu)n−1

P ] in which the sum runs over

all nearest neighboring cells of P . The coefficients aP and anb result from the

discretisation of the time derivative, the diffusion term ∇ · (2µD)
n+1

and the
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convective term ∇ · (ρuu)n+1 for all the neighbouring cells nb of a generic cell145

P . Figure 1 shows a schematic example of a 1D grid. A full description of

W EPw e

Figure 1: Schematic 1D stencil where the dashed line defines the boundary of a control volume

with the grid point P as its center. The points W and E are the centroids of the neighbouring

cells nb to the West and to the East. Corresponding cell faces are labeled w and e.

the coefficients aP and anb can be found in [6]. We made use of the modified

pressure p̂ = p− ρg ·x, with x the position vector. This form allows an efficient

numerical treatment of the steep density jump at the interface, on a collocated

grid, as shown in [6]. The vector F contains the discretisation of the remainder150

of the gravity term −g · x∇ρ and the surface tension term. The treatment of

the source term F will be explored in more detail in section 3.2. From (7) a

discrete velocity field at cell faces can be obtained as follows [35]

uf =

(
H(u)

aP

)
f

−
(

1

aP

)
f

[∇f p̂− (F )f ] (8)

where ()f indicates quantities interpolated at cell faces and ∇f is a standard

face-centred gradient operator. The application of the continuity constraint (2)155

to (8) leads to the Poisson equation for the pressure:

∇ ·

[(
1

aP

)
f

∇f p̂

]
= ∇ ·

(
H(u)

aP

)
f

+∇ ·

[(
1

aP

)
f

(F )f

]
(9)

From the solution of the pressure field we can build a discrete divergence-free ve-

locity by using interpolation (8). This step, analogous to the explicit correction

introduced by Rhie and Chow [36], avoids the classical problem of decoupling

of the pressure and velocity field on a collocated grid [35].160

The PISO algorithm [37], is used to couple the system of equations (7) and

(9). A first predictor step is employed to obtain an intermediate velocity field

by solving equation (7) where the pressure is the one at the previous time-level.

This step requires the solution of a linear system. Subsequently, a number of

explicit corrector steps are performed. The continuity constraint is enforced165
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through (9) after which follows a new velocity field that is explicitly computed

from (7). The number of explicit corrector steps influences the accuracy of

the solution and at least two steps are necessary to match the second order

accuracy of the time integration scheme [37]. This algorithm has been shown

to be particularly suitable for implicitly discretised Navier-Stokes equations.170

A centred finite-difference operator is used for all the spatial derivatives.

The explicit time integration (5) implies the time step restriction [38]:

∆t ≤ min
D

(
c
h

|u|

)
(10)

where h is the grid size, D is the spatial domain, and c a coefficient that depends

on the dimensions of the problem and on the particular discretisation used for

the transport of the volume fraction field. According to Brackbill [18], the175

time step has to resolve the capillary wave, which leads to the restriction ∆t <√
(h3(ρ1 + ρ2)/(4πσ)). This condition is deduced in the ideal situation of an

interface separating two inviscid fluids with zero mean flow and zero gravity. For

the simulations analysed in this study involving of a rising bubble in a viscous

liquid, we did not find any unstable behaviour for time steps exceeding this180

stability restriction. Stable results are also found in the benchmark [15] under

the same time-step conditions.

3.2. Discretisation of surface tension

The surface tension term is modelled with the continuum-surface-force (CSF)

approach proposed by Brackbill [18]. The delta function δ(n)n is replaced by185

the gradient of a smoothed volume fraction field f̃ :

σkδ(n)n ≈ σk∇f̃ (11)

where the curvature k is computed as

k ≈ ∇ · ñ (12)

with

ñ =
∇f̃
|∇f̃ |

(13)
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This approach is known to suffer from spurious currents for the case of a static

droplet under zero gravity. As pointed out in [39, 40, 41, 16] the source of190

this parasitic velocity can be traced back to two main causes: an inaccurate

computation of the curvature and a discrete imbalance between pressure gra-

dient and surface tension. Under zero flow and gravity conditions equilibrium

reads ∇p = σkδ(n)n. At a numerical level this condition can be violated while

estimating the surface tension at the face centres in equation (9) by simply av-195

eraging the values from the cell centres. In OpenFOAM R© a discrete equilibrium

between surface tension and pressure gradient is obtained by the following pro-

cedure. In the Poisson equation (9) the contribution from the surface tension is

computed by applying the operator ∇f to the volume fraction field. The same

relation is used for the face-centred velocity (8), so that (F )f is replaced by200

(F )f = σkf∇f f̃ (14)

Differently, the cell-centred velocity, obtained from (7), is computed by replacing

the term of the pressure gradient and the source term F in the following way:

−∇p̂+ F =
∣∣∣−∇f p̂+ σkf∇f f̃

∣∣∣f→c (15)

where | · |f→c represents the average of the faces of a computational cell to its

central node. This procedure makes the discrete gradient of the pressure and

volume fraction compatible and it has been shown to significantly reduce the205

spurious currents [16, 4]. The same steps are applied to the density gradient in

the gravity term.

As equations (12) and (13) show, an accurate computation of the curvature

and the normal vector to the interface relies on an accurate numerical discreti-

sation of the first and second derivative of f̃ . The steep gradients of the volume210

fraction at the interface, that characterise the transition from one phase to the

other, can lead to an overall loss of accuracy of the numerical solution. This

point does not seem to be addressed in OpenFOAM R©, where no regularisation of

the delta function in (11) is applied. In this study, a smoothing technique based

on the convolution of the volume fraction field f with a kernel Φ is employed215
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[42]. In particular, consider the following problem:

∂ϕ(x, t)

∂τ
= k∇2ϕ(x, τ) in Rn × [0,∞)

ϕ(x, 0) = g(x) in Rn
(16)

with g(x) continuous and bounded and lim|x|→∞ ϕ(x, τ) = 0. The solution to

problem (16) is the spatial convolution

ϕ(x, τ) = g ∗ Φ =

∫
Rn
g(s)Φ(x− s, τ)dns (17)

where the Green’s function Φ(x, τ) has the following expression

Φ(x, τ) =
1

(4πkτ)n/2
e−

|x|2
4kτ (18)

with |x|2 =
∑n
i (xi)

2. If we set g equal to the volume fraction f at the current220

time level, we can obtain a spatially filtered field f̃ by solving the unsteady diffu-

sion problem (16). The fictitious time τ and diffusivity k control the smoothing

length. An explicit time integration of (16) has the advantage of having a low

computational cost per grid-point and time step and can easily be implemented.

The parameter τ is determined such that at a distance equal to the smoothing225

length sl the value of the kernel is close to zero. This is obtained by

Φ(sl, τ)

Φ(0, τ)
= ε (19)

where ε is an arbitrary small number, that we choose equal to 10−3. Equation

(19) gives

τ =
s2
l

12k ln(10)
(20)

In practice, the volume fraction needs to be spread over a few computational

cells only, since the CFS approach requires a transition region of f from 1 to 0230

on a narrow band across the interface. A small number of a time-steps is then

needed. The space discretisation error is therefore dominant, so that an Euler

forward scheme can efficiently be used for the time marching of (16), while a

central differencing scheme is used for the discretisation of the Laplacian.

A smoothing length of about 3 cells is used for the evaluation of a centred235

3 point stencil approximation of the first derivative of f̃ in all the advection

11



cases analysed in section 4. Preliminary tests have shown that values much

larger than 3 would result in a loss of accuracy due to excessive smearing of

sharp edges. Values smaller than 3 would lead to computing derivatives on a

too steep function resulting in a large discretisation error. The computation of240

the curvature, via equation (12), is much more sensitive than the computation

of the normal n to the variations of the smoothing length. For this reason, a

systematic study of the influence of sl is conducted in section 5.1 on a simulation

of rising bubble, where k appears in the surface tension term. The filtering of

the volume fraction field f was found to be crucial for the convergence of the245

numerical solution, as observed in [43].

3.3. VOF advection algorithm with piecewise-linear geometric method

The transport equation (5) is solved by using a piecewise-linear geometric

VOF scheme [27]. Geometrical Volume-of-Fluid methods consist of two steps:

the interface between the two fluids is first approximated according to a defined250

shape; next, based on the approximate interface, the fluxes are evaluated and

the interface is advected.

In the piecewise-linear VOF scheme the interface in a grid cell is defined by

n · x = q (21)

where n is the normal vector to the interface, that is computed from (13),

x is the position vector and q a parameter related to the intersection points255

of the interface with the coordinate axes. Equation (21) defines a line/plane,

respectively in 2D and 3D. The volume fraction in computational cells that

satisfy 0 < f < 1 is equal to the area/volume on the side of the line/plane

of the reconstructed interface (shaded region in Figure 2) divided by the cell

area/volume, according to the relation260

f = T (n, q) (22)

Vice-versa, given the field f and the normal vector n, the parameter q defines

a unique line/plane that satisfies the relation

q = T −1(n, f) (23)

12



We remark that f in (22) and (23) is the sharp volume fraction field since the

use of its smoothed version f̃ would lead to smearing of the interface, violating

so an essential feature of this method. The functions T and T −1 have been265

implemented in OpenFOAM R©, and they correspond to the routines developed

by Scardovelli [32]. These are based on analytical root finding formulas for

quadratic/cubic equations and result in a robust numerical implementation. A

detailed description is given in the Appendix.

Once the interface is reconstructed by (23), the geometrical fluxes are com-270

puted. A sketch of the flux estimation is illustrated in Fig. 2. The grey area

is the volume fraction of one phase in the computational cell (i, j). The shaded

region inside the dashed line will be convected by the face velocity ui+1/2,j , to

the neighbour cell (i + 1, j). The volume of this region is an estimate of the

flux (uf)i+1/2,j , which can be computed using relation (22). The time-marching

f

ui+1/2, j

ui+1/2, jDt

i, j i+1, j

Figure 2: Schematic of 2D geometrical flux. The shaded region is occupied by one phase

inside the cell i, j. The portion of this region inside the dashed lines will be convected by the

velocity ui+1/2,j to the cell i + 1/2, j

275

of the transport equation (5) is carried out by using an operator split method,

where the advection of the volume fraction is done sequentially along each co-

ordinate direction. In this study, we make use of the algorithm proposed by

13



Puckett [5]. A 2D time discretisation of (5) reads

f∗ = fn −∆t
∂(ufn)

∂x
+ ∆tf∗

∂u

∂x

fn+1 = f∗ −∆t
∂(vf∗)

∂y
+ ∆tf∗

∂v

∂y

(24)

where f∗ is the volume fraction at an intermediate time level. Since the re-280

lations (22) and (23) are only valid for values of the volume fraction bounded

between 0 and 1 the additional term f∗(∂xu+ ∂yv) is added to limit the possi-

ble undershoots or overshoots that would occur after a single direction sweep.

The correction term vanishes in the total change (fn+1 − fn)/∆t provided the

velocity is divergence free. The corresponding 3D algorithm reads [31]285

f∗ = fn −∆t
∂(ufn)

∂x
+ ∆tf∗

∂u

∂x

f∗∗ = f∗ −∆t
∂(vf∗)

∂y
+ ∆tf∗∗

∂v

∂y

f∗∗∗ = f∗∗ −∆t
∂(wf∗∗)

∂z
+ ∆tf∗∗∗

∂w

∂z

fn+1 = f∗∗∗ −∆t

(
f∗
∂u

∂x
+ f∗∗

∂v

∂y
+ f∗∗∗

∂w

∂z

)
(25)

Similar to the two-dimensional case, f∗, f∗∗, f∗∗∗ are volume fraction fields af-

ter each advection sweep and the second term in the last expression of (25) will

subtract the contribution of the correction terms at the final time level n + 1.

Furthermore, in order to minimise asymmetries of the splitting technique, the

order of the advection steps along each coordinate direction is alternated. In290

particular, all possible permutations are performed. There are 2 of these per-

mutations for two-dimensional problems and 6 for three-dimensional problems.

This VOF advection scheme has been shown to be not strictly mass con-

serving [2], since small overshoots or undershoots can still appear during the

advection steps. In practice, the error in the mass conservation has been found295

to be small compared to the other sources of error [4]. A quantitative analysis

of the numerical errors of the advection algorithm is made in section 4.
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3.4. VOF advection algorithm with interface compression method

In conservative form VOF equation (5) reads

∂fi
∂t

+∇ · (fiui) = 0, i = 1, 2 (26)

In this subsection, we derive the surface compression method, and distinguish300

between the velocity fields u1 and u2 and the volume fractions f1 and f2 of the

two fluids. It is sufficient to consider only the evolution in time of one of the two

volume fractions, e.g., f1 advected by velocity u1. If the interface is maintained

sharp, as in the method described in the previous section, the velocity u1 is

assumed to be equal to the total velocity u. This is not true in the surface305

compression approach, where the interface is always smeared out over a few

computational cells. According to [6, 44] the total velocity u is defined as

u = f1u1 + f2u2 (27)

and the relative velocity ur as

ur = u1 − u2. (28)

Adding equations (27) multiplied by f1 to equation (28) multiplied by f1(1−f1)

we have310

u1f1 = uf1 + f1 (1− f1)ur. (29)

Inserting (29) in equation (26) written for fluid 1 yields

∂f1

∂t
+∇ · (f1u) +∇ · [urf1 (1− f1)] = 0 (30)

The term ∇· [urf1 (1− f1)] is the surface compression term which is only active

in the vicinity of the interface because of the product f1(1−f1). The additional

term in equation (30) contributes to a higher interface resolution which partially

prevents the smearing out of the interface. The relative velocity ur is not directly315

available from the one-fluid formulation because we solve for the whole velocity

u. The numerical implementation of the relative used in OpenFOAM R© is given

by

(ur)f = nf min

(
cγ

∣∣∣∣ φ|S|
∣∣∣∣ , ∣∣∣∣ φ|S|

∣∣∣∣
max

)
(31)
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where the magnitude of (ur)f is bounded to the maximum face velocity in the

flow field and its direction is aligned with the normal to the interface nf defined320

as [44]

nf =
(∇f)f

|(∇f)f + δ|
(32)

with δ a stabilisation factor. In (31) S is the cell face oriented area, φ is the

the flux uf · S and cγ is a tunable coefficient that determines the effect of the

compression term. The model (31) relies on the definition of relative velocity

(28), so that when the velocity u2 at the interface is small the relative velocity325

will be close to u1. If the velocities are of the same order of magnitude the

coefficients cγ controls the intensity of the additional term in (30). We have

found that for values of cγ considerably lower than 1 the interface is excessively

smeared out. On the other hand, increasing cγ above 1 the resulting interface

is distorted and numerical instability may arise. Therefore, for all simulations330

we have chosen cγ = 1. The same trends were observed in [13], and a value of

1 is also recommended by the OpenFOAM R© user guide. The Van Leer scheme

is used for the discretisation of the convective term ∇ · (uf1), while for the

nonlinear convective term ∇· (urf1(1−f1)) a quadratic flux limiter is used [14].

Equation (30) is solved explicitly by a multidimensional universal limiter335

solver (MULES) [14]. This solver is designed to preserve the boundedness of the

volume fraction independently of the mesh topology and the numerical scheme

of the convective terms.

In this section we have presented the numerical algorithm detailing the two

main cores of it: the Navier-Stokes solver and the advection of the volume340

fraction equation. In the next section a set of numerical solution of Equation

(5) is generated and analysed in order to assess the accuracy and the convergence

of the two methods presented here.

4. Pure advection test cases

In this section we test the numerical algorithms described in section 3. A345

set of advection test cases is performed in order to compare the interface com-
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pression method with the piecewise-linear geometric method. The advection

test cases are kinematic simulations where equation (5) is solved, subject to an

assumed velocity field. This allows to isolate the numerical error of the advec-

tion algorithm from that due to the computation of the velocity field itself. The350

latter, fully coupled, situation will be considered in Section 5.

In all cases we present in this section, the external velocity field is defined

such that the body that is being advected returns to its initial shape after

some time. This gives a straightforward measure of the accumulated error in a

simulation. To be consistent with literature we use the following error measures:

E1 =
∑
i

|fi − f̄i|hn (33)

E2 =

∑
i |fi − f̄i|∑

i f̄i
(34)

E3 =

∑
i(fi − f̄i)∑

i f̄i
(35)

where the summation is over all grid points, h is the constant grid size and n is

equal to 2 or 3 for 2D and 3D simulations, respectively. In these error measures

f is the numerical volume fraction at the end of the simulation and f̄ is the

volume fraction imposed as initial condition of the simulation. The errors (33)355

and (34) are used to estimate the truncation error of the numerical method

while (35) is a measure for the mass conservation. The rate of convergence with

grid refinement is indicated in all subsequent tables in italics and is computed

by

R =
log((Ek)h/(Ek)h/2)

log(2)
(36)

where k = 1, 2, 3 and (Ek)h is an error measure on a grid size h. The convergence360

rate R is equal to 1 for a first order method and 2 for a second order method.

For brevity, hereafter we refer to the interface compression method as interFoam

and to the geometrical VOF as gVoFoam.

For both methods, the advection algorithm requires the computation of the

vector normal to the interface as shown in (31), (22) and (23). In the case of365

interFoam, this is achieved by (32). In the case of gVoFoam, n is computed from

17



the smoothed volume fraction field by (13).

4.1. Rotation of a 2D slotted disk

A solid body rotation of a slotted disk, often referred to as Zalesak’s test

[20], is simulated. The set up we employed here corresponds to the one used in

[24]. The circle has a radius of 0.5 and it is placed inside a square domain of

length 4 centred at (2, 2.75), with 200 cells along each dimension. The width

and the length of the slot are, respectively, equal to 0.12 and 0.6. The disk

completes a full rotation in 2524 time-steps, with a maximum Courant number

in the domain of about 0.5. The velocity field is the following:

u = −ω(y − yc)

v = ω(x− xc)

where ω is the angular velocity and (xc, yc) the centre of the square.

In Fig. 3 the final numerical shape is shown together with the exact solution.370

The result obtained with gVoFoam is visibly more accurate than that obtained

with interFoam. A quantitative analysis in Table 1, shows that the results of

gVoFoam are comparable with literature, while with interFoam we observe a

value of E2 about 5 times larger.

The error in the conservation of mass E3 is equal to −7.76 · 10−14 and375

7.66 · 10−16 respectively for gVoFoam and for interFoam. The latter is mass

conservative by construction, and this result establishes confidence that its im-

plementation in OpenFOAM is reliable. The gVoFoam method is known to suffer

from small undershoots/overshoots of the volume fraction [2]. On the contrary,

in this particular test case, the the velocity field satisfies ∂u/∂x = ∂v/∂y = 0.380

Therefore the 1D divergence correction terms in (24) are zero. This makes the

method mass conserving in this particular case, which is well realized as E3

values indicate.
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Figure 3: Final shape in the Zalesak test: the black line is the exact solution; the red line

is the result from interFoam; the blue line is the result from gVoFoam. In this simulation a

resolution of 200 × 200 was used with a maximum CFL number equal to 0.5

Table 1: Zalesak’s test [20]; grid: 200 × 200

VOF algorithms Error (34) Error (33) Error (35)

Youngs [24] 1.09 · 10−2 / /

Elvira/Lagrangian [30] 1.00 · 10−2 / /

gVoFoam 1.36 · 10−2 9.71 · 10−3 −7.76 · 10−14

interFoam 6.61 · 10−2 4.71 · 10−2 −7.66 · 10−16
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4.2. Deformation field - 2D

A circle of radius 0.15 inside a unit sized box, with centre initially at point

(0.5, 0.75), is subjected to the following velocity field:

u = sin(2πy) sin2(πx) cos(
πt

T
)

v = − sin(2πx) sin2(πy) cos(
πt

T
)

This test case has been used by many researchers [24, 2, 30, 45]. With respect385

to Zalesak’s test, the presence of shear leads to deformation of the body of fluid.

The cosine term, depending on time, reverses the velocity field at t = T/2 so

that the deformed circle should return back to its initial shape at t = T . The

CFL number, based on the maximum velocity magnitude, is chosen equal to 1

to be consistent with literature. Table 2 shows the values of the error (33) at390

T = 8 for different grid refinement. The results are compared with [2]. The

errors obtained with gVoFoam are on the same order of magnitude as reported

in [2] and second order convergence is observed. An unsplit time integration

scheme and computation of the interface normal based on a minimisation of

error [46] is used in [2]. That explains the small differences observed in Table 2.395

A CFL number close to 1 results in an unstable solution for the time inte-

gration scheme used in interFoam [6]. To test the interface compression method

also away from this instability, we also considered CFL = 0.5 and performed a

grid refinement study. Fig. 4 shows the final shape of the circle on a uniform

grid with 128×128 cells while Fig. 5 shows the deformed shape at T/2. Clearly400

at the final time T = 8, interFoam fails to reproduce the exact solution and is

qualitatively in error, while the final result obtained by gVoFoam is very close to

a circle. At t = T/2, where the deformation is maximum, a highly fragmented

interface is observed using the interface compression method while gVoFoam

appears more reliable. A quantitative comparison is reported in Table 3. We405

notice that interFoam is superior in terms of conservation of mass which is not

remarkable as this aspects is built into the method. We also notice that inter-

Foam does not show convergence in E1 with grid refinement suggesting even

a systematic error. The error in the mass conservation with the geometrical
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VOF is small for the coarsest grid considered and decreases about one order of410

magnitude when halving the mesh size.

Table 2: Error (33) in the 2D deformation field (CFL = 1). The convergence rate R is reported

in italic.

grid T = 8

gVoFoam Rider and Kothe [2]

322 5.90 · 10−2 4.78 · 10−2

2.03 2.78

642 1.44 · 10−2 6.96 · 10−3

2.37 2.27

1282 2.78 · 10−3 1.44 · 10−3

Table 3: Error (33) and (35) in the 2D deformation field (CFL = 0.5). The convergence rate

R is reported in italic. As final time we adopt T = 8.

grid E1 E3

gVoFoam interFoam gVoFoam interFoam

322 8.10 · 10−2 1.04 · 10−1 1.32 · 10−3 2.06 · 10−14

2.16 0.22 3.15

642 1.80 · 10−2 8.92 · 10−2 1.49 · 10−4 3.59 · 10−14

2.61 0.67 4.21

1282 2.95 · 10−3 5.58 · 10−2 8.04 · 10−6 6.12 · 10−14

As a further validation of the developed gVoFoam implementation, we com-

pare PLIC results against the commercial CFD tool ANSYS Fluent [33] for the

case T = 8 and CFL = 0.5. Figure 6 shows the error E1 as a function of the

grid size h. The results of both methods are within 30% of each other with415

somewhat better converge of gVoFoam at higher resolutions. This independent
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Figure 4: Contour level f = 0.5 for the 2D deformation field test on a 128 × 128 grid: the

black line is the exact solution; the red line is the result from interFoam; the blue line is the

result from gVoFoam.
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Figure 5: Contour level f = 0.5 for the 2D deformation field test on a 128 × 128 grid at the

maximum deformation time t = T/2: (a) gVoFoam; (b) interFoam.
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test provides an additional confirmation of the reliability of the gVoFoam im-

plementation, while at the same time establishing that also the Fluent PLIC

implementation in 2D performs as expected for this test case.

Figure 7(a) shows the computational time as a function of the resolution on420

one core of a 2.2 GHz Intel Xeon Processor. gVoFoam is about 3 times slower

than interFoam on the finest grid. But if we look at the computational time as

a function of the error E1 (Figure 7(b)), we see that for the same grid gVoFoam

is about two orders of magnitude more accurate than interFoam.
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Figure 6: Error E1 for the 2D deformation field test as a function of the grid size h: the solid

black line corresponds to gVoFoam; the solid blue line represents results of ANSYS Fluent;

the dashed black line is the second order slope.

4.3. Deformation field - 3D425

In order to validate the geometrical VOF method in three dimension, we

test the solver gVoFoam on the case proposed by [47], and later used by [48, 45,

49, 50]. A sphere of radius 0.15 is centred at (0.35, 0.35, 0.35) in a cubic domain
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Figure 7: 2D deformation field test: (a) computational time CT as a function of the number

of grid points; (b) error E1 as a function of the computational time CT . The solid lines show

the results obtained with gVoFoam; the dashed lines correspond to the results obtained with

interFoam

of size one and advected by the following velocity field:

u = 2 sin(2πy) sin2(πx) sin(2πz) cos(
πt

T
)

v = − sin(2πx) sin2(πy) sin(2πz) cos(
πt

T
)

w = − sin(2πx) sin2(πz) sin(2πy) cos(
πt

T
)

for a period T = 3. The CFL number is taken equal to 0.5. Due to the external

velocity, the sphere undergoes significant thinning at the maximum deformation,

making this test case challenging for low grid resolution. Fig. 8 and Fig. 9 show

the deformed shape at t = T/2 and the final shape for, respectively, the grids

128×128×128 and 256×256×256. Consistent with the results presented above,430

the isosurface at f = 0.5 is shown. At the coarser resolution the volume fraction

in the thinner part is lower than 0.5 which results in the empty area in the figure.

The isosurface at a lower volume fraction, e.g., at 0.2, shows a continuous shape.

In Table 4 the error E1 is shown and compared with the one obtained by [45]

using the Youngs normal calculation method [27] with a direction-splitting time435

integration scheme. The relative differences with [45] are within 20% and the

convergence rate is comparable. The error in mass conservation on the coarsest

grid 32 × 32 × 32 and on the finest grid 256 × 256 × 256 is, respectively, equal
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to 8.74 · 10−5 and 8.13 · 10−6.

Summarising, we have shown that our implementation of a geometrical VOF440

algorithm is reliable by testing the solver gVoFoam on several 2D and 3D stan-

dard advection test cases. Both the comparisons with literature and with the

software package ANSYS Fluent revealed a good agreement and generally a

second order convergence rate. Conversely, the experiments conducted on in-

terFoam showed large errors and poor convergence of this method. In fact, the445

compression method of interFoam is based on a so called normalised variable

diagram (NVD) scheme. Poor and oscillatory convergence behaviour of such

NVD schemes was also found in [51] and is also expressed in the simulation of

a rising bubble in this paper. In the next section we will turn our attention to

a real-life problem of a rising bubble in a viscous liquid.450

Table 4: Error (33) in the 3D deformation field. The convergence rate R is reported in italic

grid gVoFoam Liovic et al. [45]

(Youngs + direction-split)

322 9.18e− 03 7.71e− 3

1.56 1.47

642 3.11e− 03 2.78e− 3

1.78 1.87

1282 9.06e− 04 7.58e− 4
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Figure 8: 3D deformation field obtained with gVoFoam at a resolution of 128× 128× 128: left

t = T/2; right t = T .

Figure 9: 3D deformation field obtained with gVoFoam at a resolution of 256× 256× 256: left

t = T/2; right t = T .
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5. Rising bubble

In order to assess the accuracy and convergence of interFoam and gVoFoam

on a fully coupled two-phase flow problem, in this section a simulation of a

single rising bubble in a viscous liquid is considered. The full set of equations

(1), (2) and (5) is solved, first in 2D and subsequently also illustrated in 3D. A

two-dimensional circular bubble of initial radius r0 is simulated for 2 values of

the Eötvös and Reynolds numbers, defined as

Eo =
g∆ρd2

e

σ
, Re =

ρlU∞de
µl

where U∞ is the terminal velocity of the bubble, ρl and µl the mass density and

the dynamic viscosity of the liquid phase. The effective diameter de is defined as

the diameter of a spherical bubble with the same volume as the actual bubble.

The set up of the simulation is given in benchmark paper [15]. We reproduce the455

two test cases proposed in this benchmark reference, characterised as follows:

In the first test case the point (Re,Eo) in the bubble diagram of Grace [52]

Table 5: Dimensionless parameters - rising bubble test cases

Test case Re Eo ρ1/ρ2 µ1/µ2

1 35 10 10 10

2 35 125 1000 100

predicts a final ellipsoidal shape. In the second test case the buoyancy term is

dominant with respect to the surface tension leading to a bubble shape with

a strongly deformed ‘skirted’ interface. From the results presented in [15] we460

observe that the most sensible quantity to compare is the circularity, defined as

[53]

c =
Pa
Pb

(37)

where Pa is the perimeter of a circle having the same area as the bubble and

Pb is the actual perimeter of the bubble. In order to quantify the quality of the

numerical solution we adopt the same error measure as used in [15]. The L1465
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norm of the error in the circularity is defined as

L1 =

∑
n |cn,ref − cn|∑

n |cn,ref|
(38)

where the summation
∑
n is over all the time steps and the subscript ref indi-

cates a reference grid. The benchmark presents results obtained form three dif-

ferent numerical codes: Transport Phenomena in 2D (TP2D) [54]; Free-Surface

Library of Finite Element (FreeLIFE) [55]; Mathematics and object-oriented470

Numerics in MagDeburg (MooNMD) [56]. For test case 1, on the finest grids,

no significant differences can be seen. We assume as a reference solution the

finest grid and smallest time-step presented in the benchmark which is the one

of the group TP2D.

We conduct a grid refinement study from a grid size h = 1/40 to h = 1/320.475

A time step ∆t of h/2 is used in all the simulations, which corresponds to a

maximum CFL number of approximately 0.35 for test case 1 and 0.26 for test

case 2.

5.1. Test case 1 (Eo = 10,Re = 35)

A key factor for the convergence of the numerical method, together with480

the advection algorithm described in section 3, is an accurate evaluation of the

surface tension that, in the model we use, depends on the smoothing length

sl. A too large value of sl exaggerates softening of rapid changes in the bubble

shape with consequent loss of accuracy. On the contrary, a too small value of

sl causes large errors in the computation of the second derivative of the volume485

fraction field, related to the curvature by (12). This leads to high spurious

currents that deteriorate the solution. Figure 10 shows a grid refinement study

of the L1 norm of the circularity for different smoothing lengths. In the left

picture sl is a function of the grid size, while in the right picture it is kept fixed

despite the grid refinement.490

In Figure 10(a) we see that for very coarse grids the error is smaller when

we use a smaller smoothing length. If we take, for example, the case where the

smoothing length is quite large with sl = 8h at the coarser grid h = 1/40 we
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Figure 10: L1 norm of the error in the circularity for different grid size h: (a) variable

smoothing length; (b) fixed smoothing length. As reference we adopt the results as presented

in [15].

would have a value of the smoothing length equal to 0.2 which is comparable

with the radius of the bubble equal to 0.25. In this situation the excessive495

smoothing will drive the bubble far from the reference solution. On the other

hand, at higher resolutions a higher sl/h gives more accurate results. If we keep

increasing the grid resolution for small values of sl/h, the convergence of the

finite difference discretisation of (12) is not ensured since the higher derivatives

in the truncation error can grow unbounded. This can be seen, for example, in500

the results for interFoam or gVoFoam with sl = 2h. Figure 10(b) shows that

when the grid sufficiently resolves the length sl second-order converge can be

recovered.

The results obtained with sl = 4h are used for later comparisons. This value

of the smoothing length allows to achieve a better accuracy in a wider range of505

grid resolutions and to preserve sharper corners in the bubble shape with respect

to sh = 8h. In Figure 11 a comparison of the final shape obtained with gVoFoam

at sl = 4h (a) and with interFoam (b) for the finest grid h = 1/320 is shown.

The numerical shape obtained with interFoam on the finest grid substantially

differs from the one of the benchmark while the numerical shape obtained with510

gVoFoam converges to the benchmark solution.

In Figure 12(a) the computational time is shown as a function of the number
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Figure 11: Bubble shape at time t = 3 for h = 1/320: (a) solution of gVoFoam (green line with

diamonds); (b) solution of interFoam (green line with diamonds). In (a) and (b) we included

the TP2D solution as point of reference (black line)

of grid points. Differently from the advection test cases, the differences are small

since most time is taken by the solution of the Poisson equation (9) in the Navier-

Stokes solver, which is carried out in the same way for the two codes. This515

implies that a significant gain in accuracy can be obtained at relatively speaking

no additional computational costs for the fully coupled problem. This is clearly

visible in Figure 12(b) where we plot the L1 norm of the volume fraction field

at the final time of the simulation as a function of the computational time.

The points on the two curves have about the same values of CT while the ones520

corresponding to the results obtained with gVoFoam are shifted down towards

higher accuracy.

5.2. Test case 2 (Eo = 125,Re = 35)

This second test case shows a considerably higher deformation of the in-

terface. For high Eötvös numbers the buoyancy term is dominant compared525

to the surface tension, causing the appearance of significant wakes. Figure 13

shows the computed bubble shapes at different times. The progressive thinning

of the skirts requires a high resolution in order to be captured well. For the

reasons explained in the previous section we choose a smoothing length sl = 4h,

creating a good balance between accuracy and computing time. Figure 14(a)530
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Figure 12: 2D rising bubble: (a) computational time (CT ) as a function of the number of grid

points; (b) L1 norm of the volume fraction field as a function of the grid points. The dashed

lines show the results obtained with gVoFoam using sl = 4h; the solid lines correspond to

results obtained with interFoam.
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Figure 13: Computed bubble shapes for test case 2 on a grid 640×1280: (a) t = 0; (b) t = 1.5;

(c) t = 3.
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shows a detail of the final shape for different grid resolutions and Figure 14(b) a

comparison of the final shape obtained with the finest grid from the three codes

in the benchmark [15].
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Figure 14: (a) Detail of the final bubble shape for different grid refinement obtained with

gVoFoam at sl = 4h; (b) comparison of the final shape with the benchmark grid reference

results.

In the region far away from the skirt the computed shapes overlap very

closely. The occurrence of break up, as observed in the solution of TP2D, is535

dependent on the grid resolution and on the numerical method used for tracking

of bubble. As can be inferred, even at the higher resolutions the details that

appear in the shape are captured by just a few grid cells, hence leaving still

quite some contribution of spatial discretization error on such finer details. The

wake obtained from gVoFoam is comparable in length and thickness with the540

ones obtained from the benchmark. At h = 1/640 we have approximately 4 cells

across the thinnest point of the tail and no break up occurs with our method.

The solver gVoFoam is thus shown to be able to capture highly deformed bubble

shapes.
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5.3. 3D rising bubble545

To show the capability of gVoFoam in 3D we perform a simulation of an

initially spherical rising bubble placed at (0.5, 0.5, 0.5) under the same physical

parameters as in test case 2. Figure 15 shows the results at t = 1 and t = 3,

where the iso-surface of the volume fraction at 0.5 is shown together with the

velocity field on a slice passing through the centre of mass of the bubble. Figure550

16 shows the same results for a spherical bubble initially displaced off-centre at

(0.625, 0.5, 0.625). For the sake of clarity, only one velocity vector per 10 grid

points is shown. The colour map indicates the magnitude of the velocity field.

In Figure 17 the shape of the bubble, corresponding to the symmetric case,

in the vertical mid plane is shown for different grid refinements at t = 1555

and t = 3. The point Eo = 125 and Re = 35 in the Grace diagram falls

in the region between dimpled and skirted bubble shape. This behaviour is

well reproduced by gVoFoam as evidenced from the mid-plane shape at t = 3.

A more quantitate convergence can be deduced from figure 17(b) by com-

puting the volume fraction field on successive grid refinements. Computing560

Ef =
∑
i |fi(h) − fi(h/2)|/|fi(h/2) − fi(h/4)| with h = 1/40 and i the index

of the grid points, we find a value equal to 3.9 which suggests second order

convergence. The results on the finer grids are linearly interpolated on the grid

h = 1/40 so that the index i has the same bounds.

The simulation on the finest grid 160× 320× 160 has been carried by using565

32 cores of 2.6 GHz Intel Xeon Processors, with a CPU time of 2.6 hours.
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Figure 15: 3D rising bubble on a grid 160 × 320 × 160 with the corresponding velocity field

(arrows) on a plane passing through the centre of mass of the bubble: (a) t = 1; (b) t = 3.

One velocity vector in each 10 grid points is shown. The magnitude of the velocity is shown

on the background. The centre of the bubble is initially placed at (0.5, 0.5, 0.5)
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Figure 16: 3D rising bubble on a grid 160 × 320 × 160 with the corresponding velocity field

(arrows) on a plane passing through the centre of mass of the bubble: (a) t = 1; (b) t = 3.

One velocity vector in each 10 grid points is shown. The magnitude of the velocity is shown

on the background. The centre of the bubble is initially placed at (0.625, 0.5, 0.625)
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Figure 17: Bubble shape on a vertical mid plane on the grids 40 × 80 × 40 (green line),

80 × 160 × 80 (red line), 160 × 320 × 160 (black line) at: (a) t = 1; (b) t = 3. The results are

obtained with gVoFoam using a smoothing length equal to 4h.

36



6. Conclusion

In this paper we considered multiphase flow and compared two numerical

methods for the simulation of air bubbles in a liquid. In particular, the com-

pression method [6] and the geometric method [5, 2]. The combination of a570

VOF-PLIC algorithm and a smoothing technique for the computation of the

surface tension has been shown to give accurate results and convergence under

grid refinement. In order to assess the methods we performed a number of ad-

vection tests in which interfaces are transported in an assumed external velocity

field. A quantitative comparison with literature has been made. In addition, the575

motion of bubbles in a liquid flow was simulated by solving the Navier-Stokes

equations coupled to the volume fraction field equation.

From the advection test cases, where the volume fraction equation is solved,

we observed that the compression method, implemented in the solver interFoam,

fails qualitatively. In contrast, the results obtained with the new gVoFoam580

solver, based on the VOF-PLIC algorithm, adhere closely to literature and sec-

ond order convergence was found in the 2D deformation field test case [24]. The

VOF-PLIC algorithm is not exactly mass preserving but the effect is relatively

small for the coarsest grid and decreases about one order of magnitude when

halving the mesh size. On the other hand, the compression method is mass con-585

serving up to machine precision. On these advection test cases interFoam was

found to be three times faster then gVoFoam for the finest grid resolution, but

the latter is about two order of magnitude more accurate than the former. An

independent test performed with the software package ANSYS Fluent provided

an additional confirmation of the reliability of the gVoFoam implementation.590

For the fully coupled problem of a rising bubble in a viscous liquid, the

solver gVoFoam gives results in good agreement with a literature benchmark

[15]. Furthermore, second order convergence was achieved by using a smoothing

length numerically well resolved by the computational grid. This allows an

accurate computation of the surface tension and a reduction of spurious currents.595

On the contrary, the solver interFoam does not show convergence under grid
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refinement at all and the results on the finest grid substantially differ from the

one of the benchmark. Differently from the advection test cases, only a small

relative difference in the computational time has been observed, due to the fact

that most time is taken by the solution of the pressure equation. This implies600

that more accurate results can be obtained at virtually no extra computational

costs for the fully coupled problem. Finally, the capability of gVoFoam has

been shown on a 3D simulation of a rising bubble where an error measure on

the volume fraction field suggests second order converge in the range of grids

analysed.605

The solver gVoFoam has been implemented in the open-source software

OpenFOAM R©. At the current state it is limited to Cartesian grids. The next

challenge will be the extension of gVoFoam with phase change, to which future

research will be devoted.
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Appendix A.610

Relations (22) and (23) have been implemented in OpenFOAM R© as well as

the time splitting advection algorithm and the geometrical evaluation of the

fluxes explained in section 3.3. The functions T and T −1 are derived, for a unit

cube, by Scardovelli and Zaleski [32], and here reported with additional details

about the implementation in OpenFOAM R© for a parallelepiped. Consider the615

generic cell of Fig. A.18 with edges ∆1, ∆2 and ∆3, that is cut by the plane of

equation (21)

n1x1 + n2x2 + n3x3 = q (A.1)

where n1, n2 and n3 are the components of the normal vector to the plane.

The intersection volume below the plane be calculated by boolean subtraction

operations on the volume of the hexahedron ABCEDFGH. In particular, the

x
3

x
2

x
1

A

B

CD

E
F

GH

I

L

M

N

O

P

J

K

Figure A.18: Geometry of a cell cut by a plane.

620
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volume ABGHKNML is found to be

Volume(ABGHKNML) =Volume(AJIK)−Volume(HPIL)

−Volume(BJON) + Volume(GPOM)
(A.2)

whose analytical expression is given by

Volume(ABGHKNML) =
1

6n1n2n3
[q3 − (q − n1∆1)3 − (q − n2∆2)3

+ (q − n1∆1 − n2∆2)3]

(A.3)

This relation can be generalised to

V =
1

6n1n2n3

[
q3 −

3∑
i=1

H(q − ni∆i)(q − ni∆i)
3

+

3∑
i=1

H(q − qmax + nici)(q − qmax + nici)
3

] (A.4)

where H(·) is the Heaviside function and qmax =
∑3
i=1 ni∆i. Expression (A.4)

is conceptually easy, and can be applied to every possible case of a plane cutting625

a hexahedron. However, this results in a large number of combinations, each

of them having a different form of (A.4). The complexity of the problem can

be reduced by making use of parametrisation and symmetries. We first use the

following change of variables:

x′1 = x1/∆1

x′2 = x2/∆2

x′3 = x3/∆3

(A.5)

so that in the transformed space (x′1, x
′
2, x
′
3) the cell is a unit cube cut by the630

plane of equation

n′1x
′
1 + n′2x

′
2 + n′3x

′
3 = q (A.6)

and the volume V in (A.4) becomes the volume fraction. It is convenient to

have all three components of the normal vector positive. To do so, we can apply

a mirror reflection around the plane ∆m/2 since the resulting volume fraction

will be the same. Here, m is the index of the component of the normal vector635
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that has a negative value. In formulas we have:

n′i = |n′i|

q′ = q +

3∑
i=1

max(0,−n′i)
(A.7)

A scalar quantity is also invariant under any permutation of the coordinate

system, so we can sort the normal components:

n′3 < n′2 < n′1 (A.8)

The last step is to scale equation (A.6) by the factor
∑3
i=1 n

′
i:

n′1x
′
1

n′1 + n′2 + n′3
+

n′2x
′
2

n′1 + n′2 + n′3
+

n′3x
′
3

n′1 + n′2 + n′3
=

q′

n′1 + n′2 + n′3

i.e.,

n′′1x
′
1 + n′′2x

′
2 + n′′3x

′
3 = q′′ (A.9)

which leads to q′′max = 1. With these transformations both V and q vary in the

range [0, 1] and the function V = f(q) has an odd symmetry at q = 1/2, so that

we can restrict the analysis to the range [0 ≤ q ≤ 1/2]. It can be shown that

the complexity of the problem is reduced to 5 cases. If we define d = 6n1n2n3,

n12 = n1 + n2 and n = min(n1 + n2, n3), then the expressions for the volume

fraction are:

V =
q3

d
0 ≤ q < n1

V =
q(q − n1)

2n2n3
+
n3

1

d
n1 ≤ q < n2

V =
q2(3n12 − q) + n2

1(n1 − 3q) + n2
2(n2 − 3q)

d
n2 ≤ q < n

and for the last interval depending whether n = n3 < n12 or n = n12 < n3 we

have the following two possibilities:

V =
q2(3− 2q) + n2

1(n1 − 3q) + n2
2(n2 − 3q) + n2

3(n3 − 3q)

d
n3 ≤ q < 1/2

V =
2q − n12

2n3
n12 ≤ q < 1/2
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The function T −1 can be derived in an analogous way. The transformations

(A.5), (A.8) and (A.9) are applied to the initial problem (A.4). The function

q = f(V ) is then given by

q =
3
√
V d 0 ≤ V < V1

q =
1

2

(
n1 +

√
n2

1 + 8n2n3(V − V1)

)
V1 ≤ V < V2

a3q
3 + a2q

2 + a1q + a0 = 0 V2 ≤ q < V3

and again for the last interval, depending on whether V3 = V31 < V32 or V3 =

V32 < V31, we have the following two possibilities:

a′3q
3 + a′2q

2 + a′1q + a′0 = 0 V31 ≤ V ≤ 1/2

q = n3V +
n12

2
V32 ≤ V ≤ 1/2

where V1 = n3
1/d, V2 = (n2−n1)/(2n3) +V1 and V3 = [n2

3(3n12−n3) +n2
1(n1−

3n3) + n2
2(n2 − 3n3)]/d if n3 < n12 else V3 = n12/(2n3). The coefficients of

the first cubic polynomial are: a3 = 1, a2 = −3n12, a1 = 3(n2
1 + n2

2), a0 =

−(n2
1 + n2

2 + V d); the coefficients of the second cubic polynomial are: a′3 = 1,

a′2 = −3/2, a′1 = (3/2)(n2
1 +n2

2 +n3
3), a′0 = −(n3

1 +n3
2 +n3

3)/2+d/2. The roots of

the polynomials corresponding to the proper value of the intercept q have been

worked out by Scardovelli [32]. The solution of the first polynomial is given by

q =
√
p0

(√
3 sin(θ)− cos(θ) + n12

)
where p0 = 2n1n2, θ = arccos

(
q0/
(
p

3/2
0

))
/3 with q0 = 3n1n2(n12/2 − n3V ).

The solution of the second polynomial is equal to

q =
√
p0

(√
3 sin(θ)− cos(θ) + 1/2

)
where p0 = n1(n2 + n3) + n2n3 − 1/4, θ = arccos

(
q0/
(
p

3/2
0

))
/3 with q0 =640

(3/4)n1n2n3(1 − 2V ). Finally, the inverse of transformation (A.7) is used to

transform the plane back to its actual position.

The function T −1 reconstructs the interface at the beginning of each ad-

vection step in (24) and (25). By means of the function T we compute the
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geometrical fluxes. Depending on the sign of the velocity, the flux will leave

or enter the considered cell. Since we use a splitting advection algorithm we

can analyse only one direction at the time. For example, we can consider the

generic cell i, j, k and the split direction x1. When at the face (i− 1/2, j, k) we

have u < 0 a portion of volume of phase 1 will leave the cell. The equation of

the plane that describes the interface is defined in a coordinate system centred

in a vertex of the cell (i, j, k) so we can apply T to (qi,j,k, ni,j,k). On the other

hand, when u > 0 a portion of volume of phase 1 will enter the cell (i, j, k) from

the cell (i − 1, j, k). The equation of the piece of planar interface that will be

convected is now defined in a coordinate system centred in a vertex of the cell

(i− 1, j, k). The change of coordinates

x1 = (∆1 − u∆t) + x̄1

will bring back the problem to the standard configuration depicted in Fig. A.18.

The 2D and 3D algorithms have been implemented in a new solver class VOF,

where the advection directions are cyclicly alternated as explained in section645

3.3. Given the directional nature of the splitting time integration method a

new mesh topology class, called vofMesh, was created. This class contains a

list of cells that have as attribute a list of ordered faces along the 3 orthogonal

directions. This feature, not present in OpenFOAM R©, enables a more efficient

implementation of the geometrical VOF method. The parallel implementation650

of the algorithm is performed with the standard interface MPI [57].
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