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Optimizing intersection layout using a cycle periodicity

formulation

S.T.G. Fleuren and E. Lefeber ∗

Abstract

In (Fleuren and Lefeber 2016c) an efficient optimization formulation has been proposed to optimize

fixed-time traffic light control. In this paper this efficient formulation is extended to also optimize

the geometric layout of an intersection. This novel formulation can, for example, be used to answer

questions like: what should the lane-use arrows marked on each of the arrival lanes be such that

the capacity of the intersection is maximized? What is the smallest intersection that has sufficient

capacity?

Keywords. optimization; intersection layout; cycle periodicity formulation

1 Introduction

Consider a signalized intersection, e.g., the one in Figure 1. All sorts of traffic may arrive at this

intersection, e.g., vehicular traffic, cyclists, and pedestrians. Vehicular traffic is restricted to the use of

lanes; each such lane is intended for the use of a single line of vehicles. We distinguish between arrival

lanes and departure lanes. As their names imply, vehicles approach the intersection via the arrival lanes

and they leave the intersection via the departure lanes. Each arrival lane is provided with lane-use

arrows that indicate in which direction the vehicles on this arrival lane are allowed to drive. Several

adjacent lanes together form a leg; a leg comprises all arrival lanes on which vehicles approach the

intersection from a specific direction and all departure lanes on which vehicles leave the intersection in

this specific direction. Pedestrians and cyclist are able to cross a leg via pedestrian (cyclist) crossings.

It is also possibly that these cyclists do not have their own road-segments (cyclist crossing and bike

paths). When cyclists arrive at the arrival lanes of the intersection (together with the vehicular traffic),

they are seen as vehicular traffic in this paper.

A typical question of such an intersection is the following one: how much capacity does this in-

tersection have? Or to put it differently: what is the largest sustainable increase in the amount of

traffic arriving at the intersection? This question can be answered by optimizing a fixed-time schedule,

e.g., with (Fleuren and Lefeber 2016b,c; Han 1996; van Zwieten 2014; Sacco 2014). Such a fixed-time

schedule visualizes when each of the traffic lights is green, yellow and red during a repeating period, see
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Figure 1: An example of a signalized intersection with vehicular traffic, pedestrians and cyclists.

for example Figure 2. To assess the capacity of the intersection, we search for the fixed-time schedule

that can handle the largest increase in the amount of traffic arriving at the intersection. In other words,

we search for the largest (sustainable) growth factor β of the amount of traffic arriving at the intersec-

tion. If the maximum growth factor βmax exceeds one, the intersection has (βmax − 1)100 percent of

overcapacity. If this maximum growth factor βmax is less than one, the intersection is oversaturated by

(1− βmax)100 percent.

If the capacity is insufficient, a few measures are possible. One possible measure is to increase

the capacity of the intersection by changing its geometric layout. For example, we may be able to

increase the capacity by changing the lane-use arrows marked on each of the arrival lanes. Changing

these lane-use arrows is often a relatively small change in the geometric layout of the intersection. The

questions that arise: what should these lane-use arrows be such that the intersection can handle the

largest growth factor of the arrival rates? What is the corresponding fixed-time schedule for which this

largest growth factor is sustainable?

If changing the lane-use arrows still results in insufficient capacity, a more drastic measure may

be needed. We can then, in addition to changing the lane-use arrows, add lanes to the intersection.

Questions that arise are: what is the minimum number of lanes required for the intersection to have

sufficient capacity? Which of these lanes should be arrival lanes and which ones should be departure

lanes? What should the lane-use arrows on the arrival lanes be? What is the corresponding fixed-time

schedule? To answer these questions the layout of the intersection has to be optimized simultaneously

with the fixed-time schedule that specifies when each of the traffic lights at the intersection is green,

yellow and red. Consider, for example, the three different geometric layouts of a T-junction that
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we visualize in Figure 2. For the second layout variant (Figure 2b), lane 2 of leg 3 allows both a

through movement and a left-turn movement. As a consequence, both arrival lanes of this leg must

have the same indication at all times; otherwise a vehicle following the through movement of leg 3

might be able to drastically reduce its waiting time by switching lanes, which can result in a dangerous

situation. However, this same indication is not required for the first and the third layout variant; for

these variants no lane (on leg 3) exists that accommodates both the through movement and the left-

turn movement. This implies that the feasibility of a fixed-time schedule depends on the geometric

layout of the intersection. Therefore, to answer the aforementioned questions, e.g., what is the number

of lanes required at the intersection?, we require the simultaneous optimization of the layout of the

intersection and the fixed-time schedule. In this paper we formulate an optimization problem that is

able to perform this simultaneous optimization. Possible objectives are the minimization of the number

of lanes at the intersection (we find the minimum number of lanes required for an intersection to have

sufficient capacity) and the maximization of the capacity of the intersection (maximization of the growth

factor β of the arrival rates). Both these problems can be formulated as a MILP problem.

Some methods in literature are already able to simultaneously optimize the layout of the intersection

and the fixed-time schedule, e.g., (Wong and Heydecker 2011; Wong and Wong 2003; Wong 1996; Yan

et al. 2014). These existing methods are referred to as lane-based approaches. We elaborate on the

novelty of the optimization problem formulated in this paper. First, the existing lane-based approaches

extend the currently existing group-based approaches, e.g., (Cantarella and Improta 1988; Improta

and Cantarella 1984; Sacco 2014; Silcock 1997; Wong and Heydecker 2011; Wong and Wong 2003;

Wong 1996; Yan et al. 2014), to also optimize the geometric layout of the intersection. In (Fleuren

and Lefeber 2016b) these group-based approaches have been compared to a novel approach to optimize

fixed-time schedules; the novel approach aggregates the binary-valued design variables from the group-

based approaches and, as a consequence, the novel approach can be solved much faster. In this paper

we extend the novel formulation from (Fleuren and Lefeber 2016b,c). That approach also allows for the

optimization of the number of green intervals that each traffic light has, which is not allowed by the

aforementioned group-based approaches. As a consequence, in this paper we are also able to optimize

the number of green intervals for each traffic light. Second, in this paper we also optimize the number

of lanes of each leg, which is considered to be fixed by the currently existing lane-based methods. This

makes it, for example, possible to find the smallest intersection (the intersection with the smallest

number of lanes) that has sufficient capacity. Third, to model the constraints that a fixed-time schedule

has to satisfy, the existing lane-based methods keep track of one traffic light for each movement and

one traffic light for each of the arrival lanes. In this paper we show that it suffices to keep track of only

one traffic light for each movement. From their signal timings we can obtain the signal timings of all

traffic lights at the intersection. As a consequence, the size of the formulated optimization problem is

reduced and the solution time required to solve the problem is expected to decrease.

This paper is structured as follows. First, in Section 2 we elaborate on the input data that is

required. Thereupon, we formulate the MILP problem in Section 3. Subsequently in Section 4 we

perform a numerical study and, finally, in Section 5 we give our conclusions.
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(a) Layout variant 1 of a T-junction (left) and a fixed-time schedule that can handle a maximum growth factor of

1.180 (right). In other words, this layout variant and the associated fixed-time schedule can handle an increase

in the arrival rates of 18 percent.

time (s)

m
o
v
em

en
t

0 21 51

leg 2

leg 1

leg 3

1

321

2

3

3

2 14 58 70 120

(b) Layout variant 2 of a T-junction (left) and the a fixed-time schedule that can handle a maximum growth factor

of 0.953 (right). Since the movements of leg 3 share a lane, these movements must receive green simultaneously.

As a consequence, the through movement of this leg may not be green simultaneously with the two movements of

leg 2 (even though they are not conflicting), which results in a decrease in the capacity of the intersection; this

layout variant has a capacity shortage.
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(c) Layout variant 3 of a T-junction (left) and a fixed-time schedule that can handle a maximum growth factor of

1.585 (right). Since the movements of leg 2 share a lane, these movements must receive green simultaneously. As

a consequence, the right-turn movement of this leg may not be green simultaneously with the right-turn movement

of leg 1 and the left-turn movement of leg 3. However, as the arrival rate for this right-turn movement of leg 3

is small and now two lanes provide a through movement, this layout variant has a large capacity.

Figure 2: Three possible layouts of a the T-junction; the data of this intersection is given in Section 2.
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2 Input data

In this section we summarize all input data required for the optimization problem formulated in this

paper.

2.0.1 Legs, lanes and lane-use arrows at the intersection

We require the number of legs at the intersection, which we denote by N leg. We define L as the set of

legs at the intersection:

L := {1, . . . , N leg}.

For each of these legs i ∈ L we require an upper bound on the number of lanes (arrival lanes plus

departure lanes) Li that leg i is allowed to have; via optimization it is determined how many of these

lanes are actually used. We define Qvi as the set of lanes at leg i:

Qvi := {1, . . . , Li}.

The set Qvi can be interpreted as a set of queues that model the vehicular traffic that is waiting at

leg i ∈ L; each lane l ∈ Qvi is a single (first-in-first-out) queue. The arrival rate of traffic at such a

queue l ∈ Qvi is only allowed to be non-zero whenever lane l of leg i is an arrival lane; the optimization

automatically distributes all traffic arriving at the intersection amongst the different lanes.

For each leg i ∈ L we require the number of vehicular movements Narrow
i that arrive at this leg.

With each of these vehicular movements we associate a distinct lane-use arrow. We number these

lane-use arrows from 1 until Narrow
i . This numbering is based on the angle α associated with each of

these arrows (see Figure 3 for a visualization of this angle α); lane-use arrow 1 has the largest angle α

(sharpest turn to the right) and lane-use arrow Narrow
i has the smallest angle α (sharpest turn to the

left). We define Ai to be the set of lane-use arrows of leg i ∈ L:

Ai := {1, . . . , Narrow
i }.

α

α

Figure 3: Visualization of the angle α that is used to number the lane-use arrows of a leg. On the left we have

visualized a right-turn arrow. For this arrow it holds that α ≈ 270. On the right we have visualized a left-turn

arrow. For this arrow it holds that α ≈ 90.

The layout variants in Figure 2 have three legs (N leg = 3). Each of these leg is allowed to have

at most four lanes (Li = 4, i = 1, 2, 3), and each leg has two distinct lane-use arrows (Narrow
i = 2,

i = 1, 2, 3). Therefore, for this example we have:
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L := {1, 2, 3},

Qvi := {1, 2, 3, 4}, i ∈ L,

Ai := {1, 2}, i ∈ L.

Below we visualize the numbering of the lane-use arrows for this example:

leg Lane-use arrow

1 2

1

2

3

Remark 1. Perhaps it is not possible to reach each of the legs L\{i} from leg i ∈ L; a movement from

leg i to leg j may for example be prohibited because leg j is required to be a one-way street (traffic is only

allowed to enter the intersection at this leg j). In that case, leg j is not allowed to have any departure

lanes.

2.0.2 Movements

At an intersection several movements are allowed. We distinguish between two types of movements. On

the one hand, we have pedestrian and cyclist movements; these movements cross a leg via a pedestrian

crossing or cyclist crossing; we have such a pedestrian (cyclist) movement for each pedestrian (cyclist)

crossing at the intersection. On the other hand, we have vehicular movements; each such vehicular

movement is characterized by the leg at which the vehicles arrive and the leg at which the vehicles

depart. We require a set of movements M at the intersection, which we split into a set Mpc of

pedestrian and cyclist movements and a set Mv of vehicular movements. We define i(m) as the leg at

which vehicular movement m ∈ Mv enters the intersection and we define j(m) as the lane-use arrow

that this vehicular movement follows when crossing the intersection. Furthermore, we define θ(i, j) as

the leg at which vehicles arriving at leg i and following lane-use arrow j (of leg i) depart.

For the example in Figure 2 we haveMpc = ∅ andMv = {1, 2, 3, 4, 5, 6}. For this example we have:

movement (m) 1 2 3 4 5 6

visualization

arrival leg (i(m)) 1 1 2 2 3 3

lane-use arrow (j(m)) 1 2 1 2 1 2

departure leg (θ(i(m), j(m))) 3 2 1 3 2 1
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2.0.3 Queues

The traffic that is waiting at the intersection is modelled by using (first-in-first-out) queues q ∈ Q.

We have queues modeling the traffic waiting at the arrival lanes; these are the queues in Qvi , i ∈ L.

Moreover, we have queues modeling the traffic waiting at the pedestrian and cyclist crossings; these

are the queues in Qpc. Consider a movement m ∈ Mpc. Let Qpc
m denote the set of queues that is used

to model the traffic waiting at the intersection for pedestrian or cyclist movement m. For the example

(Figure 2) we have no such pedestrian and cyclist movements.

2.0.4 Arrival rates and saturation rates of pedestrian and cyclist movements

The queues q ∈ Qpc are used to model the traffic waiting at the pedestrian and cyclist crossings of

the intersection. For each of the queues q ∈ Qpc we require the arrival rate λq, which indicates how

much traffic arrives at queue q (on average per second). Each traffic light at the intersection has three

different indications: green, yellow and red. However, mathematically it suffices to have only two modes

(see (Gartner et al. 1975)): effective green and effective red. Traffic does not depart during an effective

red mode. During an effective green mode traffic departs at a constant rate (as long as the queue is

not emptied), which we call the saturation flow rate. For each of the queues q ∈ Qpc we require the

saturation flow rate µq. We define the load ρq of queue q ∈ Qpc to be the ratio of the arrival rate

and the saturation flow rate, i.e., ρq := λq/µq. For the example (Figure 2) we have no such pedestrian

movements.

2.0.5 Arrival rates and saturation flow rates of vehicular movements

For each leg i ∈ L we require arrival rates λi,j > 0 j ∈ Ai (in PCE/s1). The arrival rate λi,j indicates

how much traffic arriving at leg i follows lane-use arrow j (on average per second); the optimization

decides automatically how to distribute the arrival rate λi,j amongst the different lanes of leg i.

We also need the saturation flow rate for each (possible) arrival lane l ∈ Qvi , i ∈ L at the intersection.

This saturation flow rate specifies how much traffic can depart during an effective green interval (per

second). This rate may depend on the movements that are allowed on this lane; for example vehicles

making a right-turn tend to require more time to depart than vehicles going straight. Therefore, for

each leg i ∈ L, each lane l ∈ Qvi and each lane-use arrow j ∈ Ai, we require the saturation flow rate

µi,l,j ; the input µi,l,j denotes the saturation flow rate of lane l of leg i when this lane is solely used by

traffic following lane-use arrow j. For the example, the vehicular movements have the following arrival

and departure rates:

movement (m) 1 2 3 4 5 6

arrival rate (λi(m),j(m))
320
3600

280
3600

180
3600

980
3600

820
3600

150
3600

saturation flow rates (µi(m),1,j(m))
1615
3600

1805
3600

1615
3600

1900
3600

1900
3600

1805
3600

saturation flow rates (µi(m),2,j(m))
1615
3600

1805
3600

1615
3600

1900
3600

1900
3600

1805
3600

saturation flow rates (µi(m),3,j(m))
1615
3600

1805
3600

1615
3600

1900
3600

1900
3600

1805
3600

1PCE (passenger car equivalent): unit to express a mixed traffic flow in a traffic flow of only passenger cars
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Remark 2. A lane may be shared by different movements. Consider a lane l of leg i that is equipped

with multiple lane-use arrows, say lane-use arrows 1, . . . , J . Assume that vehicles following lane-use

arrow j arrive at this lane at rate λi,j and that the saturation flow rate for these vehicles equals µi,l,j. A

total effective green fraction (ratio of the total effective green time w.r.t. the period duration) of λi,j/µi,l,j

is exactly enough to handle (only) the average number of arrivals for lane-use arrow j. Therefore, lane

l requires a total effective green fraction of at least
∑J
j=1

λi,j/µi,l,j, which we call the load of lane l of leg

i.

2.0.6 Fixed-time schedule

As motivated in the introduction, we have to optimize a fixed-time schedule simultaneously with the

geometric layout of the intersection. This fixed-time schedule specifies exactly when each movement is

effective green and effective red. For this part of the optimization we require the same inputs as (Fleuren

and Lefeber 2016b,c). For each movement m ∈M we require a lower bound Km on its number of green

intervals and an upper bound Km on its number of green interval. We number the green intervals of

each movement m ∈ M according to the periodic order in which they occur. We define the following

sets:

Km := {1, . . . ,Km},

Km := {1, . . . ,Km},

Kdm := Km \ Km.

Movement m ∈ M is certain to have green intervals k ∈ Km. The optimization decides whether

movement m ∈M has green interval k ∈ Kdm. For each movement m ∈M we have a lower bound (g
m

)

and an upper bound (gm) on each effective green time. Moreover, for this movement we have a lower

bound we have a lower bound (rm) and an upper bound (rm) on each effective red.

Moreover, a set ΨM of conflicting movements needs to be provided, i.e., movement m conflicts

with movement m′ if and only if {m,m′} ∈ ΨM. For each two conflicting movements {m,m′} ∈ ΨM,

the time between movement m switching to an effective red mode and movement m′ switching to an

effective green mode must exceed some minimum amount of time ci,j . This minimum amount of time

ensures that the traffic from movement m can safely cross the intersection without encountering any

traffic from movement m′.

Moreover, we need a lower bound T and an upper bound T on the period duration of the fixed-time

schedule. For the example (Figure 2) we have:
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movement (m) 1 2 3 4 5 6

Minimum effective green time (g
m

) 6 6 6 6 6 6

Maximum effective green time (gm) ∞ ∞ ∞ ∞ ∞ ∞
Minimum effective red time (rm) 6 6 6 6 6 6

Maximum effective red time (rm) ∞ ∞ ∞ ∞ ∞ ∞
Minimum number of green intervals (Km) 1 1 1 1 1 1

Maximum number of green intervals (Km) 1 1 1 1 1 1

The conflicts between the movements are as follows:

ΨM =
{
{1, 4}, {2, 4}, {2, 5}, {2, 6}, {3, 6}, {4, 6}

}
.

The corresponding minimum clearance times are given below:

c1,4 = 4, c2,4 = 4, c2,5 = 5, c2,6 = 5, c3,6 = 4, c4,6 = 4,

c4,1 = 4, c4,2 = 4, c5,2 = 3, c6,2 = 5, c6,3 = 6, c6,4 = 4.

We consider a lower bound of 30 seconds and an upper bound of 120 seconds on the period duration of

the fixed-time schedule (T = 30 and T = 120).

Remark 3. In this paper we assume that the minimum clearance time cm,m′ is a constant, i.e., the

minimum clearance times do not depend on the layout of the intersection. In practice however the

minimum clearance time between movement m and movement m′ is a safety measure that is based

on the distance between the stop line at movement m (m′) and the conflict (the place where the two

movements cross or merge) amongst other things. This distance to the conflict depends on the layout

of the intersection, which is also optimized in this section.

To deal with this dependency we can take a more ’heuristic’ and ’engineering’ approach by performing

multiple design iterations. First, the parameters are approximated. Subsequently, these parameters are

considered to be fixed and the optimization procedure is performed. In the next design iteration, the

values of the parameters are reevaluated and another optimization procedure is performed. These design

iterations are performed until a satisfactory result is obtained. The above procedure might not converge.

Therefore, after some finite number of design iterations this procedure may have to be aborted.

3 Formulating the MILP problem

In this section we consider the formulation of a MILP problem with which we can simultaneously opti-

mize the layout of the intersection and a fixed-time schedule that specifies when each of the movements

is effective green and effective red. From this fixed-time schedule we can obtain the mode (effective

green or effective red) of each of the traffic lights at the intersection; for each arrival lane, the mode of

its traffic light equals the mode of any movement that is allowed on this lane; all movements allowed

on the same lane must have the same indication. Throughout this section we consider an example: the

T-junction of which we give three layout variants in Figure 2.
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3.1 Design variables

In the previous section we have elaborated on the required inputs. In this section we elaborate on the

design variables of the optimization problem. To clearly distinguish the design variables from the other

variables and parameters we visualize them in bold.

3.1.1 Lanes and lane-use arrows

We model the geometric layout of the intersection by using binary variables. For each lane l ∈ Qvi of leg

i ∈ L the binary-valued design variable ∆a
i,l indicates if it is an arrival lane or not; the binary variable

equals one whenever the lane is an arrival lane and it equals zero otherwise. Furthermore, the binary

variable ∆i,l,j indicates if lane l ∈ Qvi of leg i ∈ L is equipped with lane-use arrow j ∈ Ai. In Figure 4

we zoom in on leg 3 of the layout variant in Figure 2b. In Table 1 we give the values of the binary

variables associated with this leg. From these values we can directly obtain that this leg has two arrival

lanes but from these variables we cannot obtain the number of departure lanes of this leg; the number

of departure lanes required at leg i depends on the number of lanes that provide a movement towards

leg i. For example, for the second layout variant (Figure 2b) only one departure lane is required at leg

3; traffic from leg 2 requires only one departure lane (only one lane at leg 1 accommodates a right-turn

movement to leg 3) and traffic from leg 2 also requires only one departure lane (only one lane at leg 2

accommodates a through movement to leg 3). Thus, the number of departure lanes required at a leg

i does not follow from the binary variables associated with leg i but follows from the binary variables

associated with the other legs at the intersection. To keep track of the number of departure lanes (exits)

of leg i ∈ L we use a real-valued design variable ei. Furthermore, we have a real-valued design variable

ai that denotes the number of arrival lanes at leg i ∈ L; its value directly depends on the variables

∆a
i,l, l ∈ Qvi . For the leg visualized in Figure 4, we have a3 = 2 and e3 = 1.

1 2 3 4

Figure 4: Zooming in on leg 3 of the layout variant of Figure 2b. This leg has two arrival lanes and one departure

lane; lane 4 is not used.

Remark 4. The number of arrival lanes ai and the number of departure lanes ei should be integral-

valued. However, during the optimization we can relax these variables to be real-valued; these variables

are then either integral-valued or can be rounded (downwards) to an integral variable without destroying

feasibility of the solution.
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Lane (l) 1 2 3 4

∆a
3,l 1 1 0 0

∆3,l,1 1 1 0 0

∆3,l,2 0 1 0 0

Table 1: The binary-valued design variables that are associated with the leg of Figure 4.

3.1.2 Arrival rates

For each leg i ∈ L and each lane-use arrow j ∈ Ai we are given its arrival rate λi,j . However, we do

not yet know how this traffic is distributed amongst the different lanes of the intersection. To this end,

we introduce real-valued design variables λi,l,j , i ∈ L, l ∈ Qiv, j ∈ Ai; the variable λi,l,j denotes the

arrival rate of traffic following lane use arrow j at lane l of leg i. Besides the distribution of traffic, we

may also choose a growth factor β of the arrival rate λi,j , i ∈ L, j ∈ Ai.

3.1.3 Fixed-time schedule

We optimize the fixed-time schedule analogously to (Fleuren and Lefeber 2016c); we strongly recommend

the reader to first read that article. With the optimization formulation proposed in that article we can

associate a graph, which is called the constraint graph. To define this graph, we introduce the event

m
k

( m
k
), which denotes the start (end) of effective green interval k of movement m. The constraint

graph G = (V,A) is defined as follows:

V = {m
k
| m ∈M, k ∈ Km} ∪ {m k

| m ∈M, k ∈ Km},

A = Ag ∪Ar ∪Ac,

where,

Ag := {( m
k
, m

k
) | m ∈M, k ∈ Km},

Ar := {( m
k−1, m k

) | m ∈M, k ∈ Km},

Ac := {( m
k
, m′

k′
) | {(m, k), (m′, k′)} ∈ ΨI},

ΨI := {{(m, k), (m′, k′)} | {m,m′} ∈ ΨS , k ∈ Km, k′ ∈ Km′}.

In the above definition we use m
0

:= m
Km

. In Figure 5 we give an example of such a constraint

graph G. Each vertex of this graph corresponds to an event and each arc of this graph represents an

interval in time; arc ( m
k
, m

k
) ∈ Ag represents the kth effective green interval of movement m, arc

( m
k−1, m k

) ∈ Ar represents the preceding effective red interval (which we denote by ’effective red

interval k’), and arc ( m
k
, m′

k′
) ∈ Ac represents a clearance interval.

A fixed-time schedule is completely specified by its period duration and the fractions f(ε) ∈ [0, 1),

ε ∈ V , which specify the time (as a fraction of the period duration T ) at which the periodic event

ε is scheduled. We have the following real-valued design variable. We may choose the reciprocal of

the period duration T ′ := 1/T . Moreover, we have a real-valued design variable γ(ε1, ε2) for each arc
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Figure 5: The constraint graph G = (V,A) associated with the T-junction whose layout variants given in Figure 2.

This constraint graph is based on Km = 1 for all movements. The arcs in green (red) visualise effective green

(effective red) intervals. The arcs in black represent clearance intervals. Each white (grey) vertex with the text

m represents the vertex m
1

( m
1
).
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(ε1, ε2) ∈ A; this variable expresses the duration between event ε1 and event ε2 as a fraction of the

period duration T := 1/T ′. In other words, we have the relation:

γ(ε1, ε2) := f(ε2)− f(ε1) + z(ε1, ε2)

for some integer z(ε1, ε2) ∈ {−1, 0, 1}. Furthermore, for each movement m ∈M and each green interval

k ∈ Kdi we have a binary-valued design variable bm,k; this binary variable indicates whether movement

m has k (or more) green intervals or not.

We require an integral cycle basis B of the constraint graph G = (V,A); this integral cycle basis can

be obtained with the method proposed in (Fleuren and Lefeber 2016c). This integral cycle basis consists

of d := |A| − |V |+ ν(G) cycles, where ν(G) is the number of connected components of constraint graph

G. For each of the cycles in this integral cycle basis we have an integral variable zzzC ; these integer-valued

design variables are used to model the periodicity of the fixed-time schedule.

3.2 Objective function

One possible objective is to find the smallest intersection that has sufficient capacity. To this end we fix

the growth factor β; the intersection has sufficient capacity whenever this growth factor is sustainable.

The objective function is then:

minimize
∑
i∈L

ai + ei.

Another possibility is to find the intersection that has the most capacity. We then maximize the growth

factor β, i.e., the objective function is:

maximize β.

3.3 Linear constraints

In this section we give all (linear) constraints on the design variables of the optimization problem.

3.3.1 Arrival lanes on the right-hand side

Since we drive on the right-hand side of the road, the arrival lanes must be positioned on the right-

hand side of each leg (when facing towards the intersection). This can be modelled with the following

constraints:

∆a
i,l ≥∆a

i,l+1, i ∈ L, l ∈ Qvi \ {Li}. (1)

These constraints force lane l of leg i (and as a result also lanes l− 1, l− 2, . . . , 1) to be an arrival lane

whenever lane l + 1 of leg i is an arrival lane.

Remark 5. When vehicles drive on the left-hand side of the road, we consider a different numbering of

the lanes and lane-use arrows. The lanes of a leg are then numbered from left to right instead of from
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right to left (when facing towards the intersection). Furthermore, the lane-use arrows are numbered

from 1 until Narrow
i based on their angles α (see Figure 3 for a visualization of this angle α), where

lane-use arrow 1 has the smallest angle α (sharpest turn to the left) and lane-use arrow Narrow
i has the

largest angle α (sharpest turn to the right). The constraints (1) then model that the arrival lanes are

positioned on the left-hand side of a leg.

3.3.2 Lane-use arrows only on arrival lanes

Only arrival lanes may be equipped with a lane-use arrow and, furthermore, each arrival lane must be

equipped with at least one lane-use arrow:

∆a
i,l ≤

∑
j∈Ai

∆i,l,j ≤ L∆a
i,l, i ∈ L, l ∈ Qvi , (2)

where L is some large positive number; in this case L = |Ai| is sufficiently large. On the one hand,

the above constraint forces the number of lane-use arrows on lane l of leg i (
∑
j∈Ai

∆i,l,j) to be zero

whenever it is not an arrival lane. On the other hand, it forces this number of lane-use arrows to be at

least one if this lane is an arrival lane.

3.3.3 Order of lane-use arrows

For safety reasons some assignments of lane-use arrows across adjacent lanes are not allowed. See for

example Figure 6; this figure gives one assignment that is allowed and one that is not allowed. The

assignment on the right-hand side of Figure 6 is not allowed since the through movement (lane-use

arrow 2) is positioned on lane 2 while the right-turn arrow (lane-use arrow 1) is positioned on lane 3.

To put it differently: some ordering amongst these lane-use arrows exists; when lane l is equipped with

a lane-use arrow j, lane l + 1 is not allowed to have lane-use arrows 1, . . . , j − 1. We formulate this

constraint as follows:

j−1∑
j′=1

∆i,l+1,j′ ≤ L(1−∆i,l,j), i ∈ L, j ∈ Ai \ {1}, l ∈ Qvi \ {Li} (3)

where in this case L = (j − 1) is sufficiently large.

3.3.4 Number of arrival lanes

The number of arrival lanes ai of leg i can directly be obtained from the binary variables ∆a
i,l, l ∈ Qvi :

ai =
∑
l∈Qv

i

∆a
i,l, i ∈ L. (4)

3.3.5 Number of departure lanes

A total of
∑
l∈Qv

i
∆i,l,j arrival lanes accommodate lane-use arrow j at leg i. All traffic following lane-use

arrow j on these
∑
l∈Qv

i
∆i,l,j arrival lanes departs the intersection at leg θ(i, j). Hence, leg θ(i, j) is

required to have at least
∑
l∈Qv

i
∆i,l,j departure lanes:
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1 2 3 4 5 1 2 3 4 5

Figure 6: An assignment of the lane-use arrows that is allowed (left) and an assignment that is not allowed

(right).

eθ(i,j) ≥
∑
l∈Qv

i

∆i,l,j , i ∈ L, j ∈ Ai. (5)

Remark 6. Note that the above lower bounds on ei are integral-valued. Hence, whenever minimizing

the number of lanes at the intersection, the resulting number of departure lanes ei is always integral.

Assume that ei is not integral. We can then always round this variable (down) without destroying

feasibility of the solution. Alternatively, for any solution we can calculate the minimum number of

departure lanes required at each of the legs i ∈ L and set ei, i ∈ L to these corresponding values; this

also results in a feasible solution.

Maximum number of lanes The number of lanes used at leg i ∈ L is bounded from above:

ai + ei ≤ Li. (6)

3.3.6 Distribution of traffic amongst the different lanes

All traffic arriving at the intersection has to be distributed amongst the different arrival lanes at the

intersection. The arrival rate for lane-use arrow j at leg i equals λi,j . This arrival rate is scaled with a

growth factor β and has to be distributed amongst the different arrival lanes of leg i:

∑
l∈Qv

i

λi,l,j = βλi,j , i ∈ L, j ∈ Ai. (7)

Furthermore, traffic is only allowed to follow a lane-use arrow if the lane is equipped with this lane-use

arrow:

0 ≤ λi,l,j ≤ L∆i,l,j , i ∈ L, l ∈ Qvi , j ∈ Ai. (8)
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3.3.7 Number of green intervals

The next few constraints of the optimization problem all concern the optimization of the fixed-time

schedule. The constraints (9) –(24) correspond to MILP problem proposed in (Fleuren and Lefeber

2016c). Therefore, for a more detailed explanation of these constraints we refer to that paper.

The binary-valued design variable bm,k indicates whether movement m has a kth green interval or

not. Whenever movement m does not have a kth green interval, it also does not have a k + 1st green

interval. Hence, these binary variables are related as follows:

bm,k+1 ≤ bm,k, m ∈M, k ∈ Kdm \ {Km}. (9)

For each green interval k ∈ Kdm of movement m ∈ M the optimization decides whether movement m

has such a kth green interval. Whenever movement m has no kth green interval (bm,k = 0), we force the

kth effective green interval and the preceding effective red interval to have a duration of zero seconds.

We do so with the following constraints:

γ( i
k−1, i

k
) ≥ 0, m ∈M, k ∈ Kdm, (10)

γ( i
k
, i

k
) ≥ 0, m ∈M, k ∈ Kdm, (11)

γ( i
k−1, i

k
) + γ( i

k
, i

k
) ≤ Lbi,k, m ∈M, k ∈ Kdm, (12)

where L = 1 is sufficiently large. As a consequence of these constraints, movement m effectively has no

kth effective green interval whenever bm,k = 0.

3.3.8 Minimum and maximum effective green and effective red times

We have a lower and an upper bound on each effective green time and each effective red time. Each

effective green time of movement m has an upper bound of gm seconds:

γ( m
k
, m

k
) ≤ gmT ′, m ∈M, k ∈ Km. (13)

Similarly, each effective red time of movement m is bounded from above:

γ( m
k−1, m k

) ≤ rmT ′, m ∈M, k ∈ Km. (14)

An effective green interval is bounded from below as well. Movement m ∈M is guaranteed to have all

green intervals k ∈ Km. For these green interals we formulate this lower bound as follows:

g
m
T ′ ≤ γ( m

k
, m

k
), m ∈M, k ∈ Km. (15)

For each green interal k ∈ Kdm the optimization decides whether movement m has such a kth green

interval; the kth effective green time becomes zero whenever it does not exists (bm,k = 0). Hence, this

lower bound of g
m

seconds must become redundant in case bm,k = 0:

g
m
T ′ − (1− bm,k)L ≤ γ( m

k
, m

k
), m ∈M, k ∈ Kdm, (16)
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where in this case L = g
m
/T is sufficiently large. Similarly, we have a lower bound on each effective

red time:

rmT
′ ≤ γ( m

k−1, m k
), m ∈M, k ∈ Km, (17)

rmT
′ − (1− bm,k)L ≤ γ( m

k−1, m k
), m ∈M, k ∈ Kdm, (18)

where in this case L = rm/T is sufficiently large. The latter constraint allows the effective red interval

preceding the kth effective green interval of movement m to have a duration of zero seconds whenever

no kth green interval exists (bm,k = 0).

3.3.9 Asymmetry

We reduce the symmetry of the MILP problem by forcing the first effective red interval of each movement

to be the largest:

γ( m
Ki
, m

1
) ≥ γ( m

k−1, m k
), m ∈M, k ∈ Km \ {1}. (19)

Reducing the symmetry of the MILP problem is expected to decrease the computation time needed to

solve the MILP problem.

3.3.10 Clearance times

Minimum clearance times have to be satisfied for each pair of conflicting movements {m,m′} ∈ ΨM.

Before switching movement m′ to effective green, movement m has to be effective red for at least cm,m′

seconds:

cm,m′ ≤ γ( m
k
, m′

k′
), {(m, k), (m′, k′)} ∈ ΨI , (20)

where ΨI is the set of conflicting green intervals; its definition can be found in Section 2. Whenever

movement m ∈ M does not have a kth green interval (bm,k = 0), the following events are forced to

occur at the same time: m
k−1, m

k
and m

k
. As a consequence, the clearance times to (from) the kth

effective green interval of movement m ∈M are then related to the clearance times to (from) the k−1st

effective green interval of this movement. This relation is expressed in the following constraints. For

each pair of conflicting green intervals {(m, k), (m′, k′)} ∈ ΨI , k ∈ Kdi we have the following constraint:

−bm,kL ≤ γ( m
k
, m′

k′
)− γ( m

k−1, m
′
k′

) ≤ bm,kL, (21)

Furthermore, for each pair of conflicting green intervals {(m, k), (m′, k′)} ∈ ΨI , k ∈ Kdi we have the

following constraint:

−bm,kL ≤ γ(m′
k′
, m

k
)−

(
γ(m′

k′
, m

k−1) + γ( m
k−1, m k−1)

)
≤ bm,kL. (22)

3.3.11 Well-posedness

We allow a minimum clearance time cm,m′ to be negative, see (Fleuren and Lefeber 2016b) for a

motivation for such negative clearance times. Whenever the minimum clearance time cm,m′ is negative,
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movement m′ may become effective green at most abs(cm,m′) seconds before movement m becomes

effective red, where abs(x) is the absolute value of x. To have a well-posed optimization problem we do

however restrict the duration of a negative clearance time from movement m to movement m′. For each

pair of conflicting green intervalss {(m, k), (m′, k′)} ∈ ΨI with k ∈ Km we have the following constraint:

γ( m
k
, m

k
) + γ( m

k
, m′

k′
) ≥ εT ′, (23)

where ε is a small positive number. This constraint restricts the effective green interval k ∈ Km of

movement m plus the clearance time to effective green interval k′ of movement m′ to be at least ε > 0

seconds. As a consequence, it can be proved (see (Fleuren and Lefeber 2016c)) that the clearance frac-

tion γ( m
k
, m′

k′
) is defined unambiguously (its value is uniquely defined for each fixed-time schedule)

and represents the correct interval in time. This, for example, ensures that the lower bound on this

clearance time (20) is correctly modeled. This lower bound does not need to be satisfied whenever

movement m has no kth green interval (bm,k = 0). Therefore, for each pair of conflicting green intervals

{(m, k), (m′, k′)} ∈ ΨI with k ∈ Kdm we have the following constraint:

γ( m
k
, m

k
) + γ( m

k
, m′

k′
) ≥ εT ′−(1− bi,k)L. (24)

A value of 1+ε/T for L is sufficiently large. By making the above constraint redundant in case bm,k = 0,

we ensure that no unwanted constraints obstruct the kth effective green interval of movement m from

having a duration of zero seconds in case that bm,k = 0 (this duration of zero seconds is forced by

constraints (10)–(12)).

3.3.12 Modeling periodicity of the fixed-time schedule

The periodicity of the fixed-time schedule is forced with so called cycle periodicity constraints. To

formulate these constraints we first introduce the definition of a cycle:

Definition 1 (Cycle). A cycle can be associated with a sequence of vertices v1, v2, . . . , vn, vn+1 in graph

G = (V,A) such that vk+1 = v1 and for each k = 1, . . . , n either (vk, vk+1) ∈ A or (vk+1, vk) ∈ A. With

each cycle we can associate a set of forward arcs C+, which the cycle traverses from tail to head, and a

set of backwards arcs C−, which the cycle traverses from head to tail.

The cycle periodicity constraints can be formulated as:∑
(i,j)∈C+

γ(i, j)−
∑

(i,j)∈C−
γ(i, j) = zzzC , C ∈ B, (25)

where B is an integral cycle basis of the constraint graph G = (V,A). For some cycles in constraint

graph G its multiplicity zzzC must equal some specified value, see the circuital constraints below. The

effective green intervals and effective red intervals of a movement together span exactly one period and,

therefore, we have the following circuital constraint for each movement m ∈M:∑
k∈Km

γ( m
k−1, m k

) + γ( m
k
, m

k
) = 1. (26)
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Furthermore, we have the following circuital constraint for each pair of conflicting green intervals

{(m, k), (m′, k′)} ∈ ΨI :

γ( m
k
, m

k
) + γ( m

k
, m′

k′
) + γ(m′

k′
, m′

k′
) + γ(m′

k′
, m

k
) = 1, (27)

which implies that each period consists of the kth effective green interval of movement m (γ( m
k
, m

k
)T ),

a clearance time from the kth effective green interval of movement m to the k′th effective green interval

of movement m′ (γ( m
k
, m′

k′
)T ), the k′th effective green interval of movement m′ (γ(m′

k′
, m′

k′
)T ),

and the clearance time back (γ(m′
k′
, m

k
))T ).

3.3.13 Lane with multiple lane-use arrows

Define two vehicular movements m and m′ to ’share a lane’ whenever some lane accommodates both

movements. Two vehicular movements m and m′ that share a lane must have identical signal timings.

However, the following lemma states that it is not necessary to force each two lane-sharing movements

m and m′ to have equal signal timings separately; it suffices to force this equal signal timing only for the

movements m and m′ satisfying j(m′) = j(m) + 1; all other movements m and m′ then automatically

have equal signal timings whenever they share a lane.

Lemma 1. Assume that the signal timings of two lane-sharing movements m and m′ are forced to

be equal only if j(m′) = j(m) + 1. Then automatically the signal timings of each two lane-sharing

movements are equal.

Proof. Consider two movements m and m′ that share a lane l at leg i(m). We prove that these two

movements have equal signal timings. Without loss of generality assume that j(m′) > j(m). It is trivial

that the signal timings of movements m and m′ are equal if j(m′) = j(m) + 1. Therefore, we assume

j(m′) > j(m) + 1. We can prove that lane l of leg i(m) is then also equipped with lane-use arrows

j(m) + 1, j(m) + 2, . . . , j(m′) − 1. Assume the contrary: lane l of leg i(m) is not equipped with some

lane-use arrow j = j(m) + 1, j(m) + 2, . . . , j(m′) − 1. From the ordering of the lane-use arrows (3) it

follows that lane-use arrow j is on none of the lanes. As a consequence, (7)–(8) imply that no traffic

arrives at lane i for lane-use arrow j, i.e., λi,j = 0. However, this contradicts λi,j > 0, which we assume

for all lane-use arrows j ∈ Ai and all legs i ∈ L.

Thus, lane l of leg i(m) is equipped with lane-use arrows j(m), j(m) + 1, . . . , j(m′). Therefore, the

movement that follows lane-use arrow j(m) (movement m) has equal signal timings as the movement

following lane-use arrow j(m) + 1. In turn, the movement following lane-use arrow j(m) + 1 has equal

signal timings as the movement following lane-use arrow j(m) + 2 et cetera. As a result, all movements

(including movement m and movement m′) accommodated by lane l of leg i(m) have equal signal

timings, which proves the lemma.

Consider two movements m and m′ satisfying j(m′) = j(m) + 1 and arriving at the same lane (i(m) =

i(m′)). For each such two movements m and m′ we force these movements to have equal signal timings

whenever they share a lane; from the above lemma it then follows that each two lane-sharing movements

have equal signal timings. We force this equal signal timing as follows. We introduce an auxiliary
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variable sm,m′ that indicates whether movement m and movement m′ share a lane. We force this real-

valued design variable to equal one whenever movements m and m′ share a lane; otherwise this variable

is free to take any value in the range [0, 1]. We do so with the following constraints:

sm,m′ ≥∆i,l,j + ∆i,l,j+1 − 1, l ∈ Qvi , (28)

sm,m′ ≤ 1, (29)

sm,m′ ≥ 0, (30)

We force the signal timings of movement m and movement m′ to be the same when sm,m′ equals one.

Two movements have equal signal timings when:

1 these movements have the same number of green interval,

2 effective green time k of movement m equals effective green time k of movement m′,

3 effective red time k of movement m equals effective red time k of movement m′, and

4 the first effective green interval starts at the same time for both movements.

In case that movement m and movement m′ share a lane, we force their number of green intervals to

be the same. Let Km denote the number of green intervals of movement m, we have:

Km := Km +
∑
k∈Kd

m

bm,k.

We formulate the constraint as follows:

− L1(1− sm,m′) ≤ Km −Km′ ≤ L2(1− sm,m′), (31)

where L1 and L2 are two large numbers; in this case L1 := max{Km′ −Km, 0} and L2 := max{Km −
Km′ , 0} are sufficiently large. In case that movement m and movement m′ do not share a lane, then

sm,m′ is free to attain any value in the range [0, 1] and, as a result, we do not restrict the difference

Km − Km′ . However, if these movements do share a lane, then sm,m′ equals one, which forces the

difference Km − Km′ to equal zero. Note that substituting the definitions of Km and Km′ into (31)

results in a linear constraint.

Note that, as a consequence of constraint (31), movements m and m′ cannot have any realization

k 6∈ Km ∩Km′ whenever they share a lane. Whenever movement m and movement m′ share a lane, we

force each of their effective green times and each of their effective red times to be the same for both

movements. Thus, for each realization k ∈ Km ∩ Km′ we have the following constraints:

−(1− sm,m′) ≤ γ( m
k
, m

k
)− γ(m′

k
, m′

k
) ≤ (1− sm,m′), (32)

−(1− sm,m′) ≤ γ( m
k−1, m k

)− γ(m′
k−1, m

′
k
) ≤ (1− sm,m′). (33)

Note that these constraints do not restrict the durations of these effective green and effective red times

whenever the movements m and m′ do not share a lane. Furthermore, note that when movements do

not have a green interval k ∈ Km ∩ Km′ , the kth effective green time and the kth effective red time of
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movements m and m′ are forced to equal zero by (10)–(12); constraints (32)–(33) are then automatically

satisfied for these green and red intervals.

For two movements to have equal signal timings we also require their first effective green interval to

start at the same time. In other words, we require the events m
1

and m′
1

to occur simultaneously. To

do so, we require the definition of a path:

Definition 2 (Path). A path can be associated with a sequence of vertices v1, v2, . . . , vn, vn+1 in graph

G = (V,A) such that for each k = 1, . . . , n either (vk, vk+1) ∈ A or (vk+1, vk) ∈ A. With each path

we can associate a set of forward arcs P+, which the path traverses from tail to head, and a set of

backwards arcs P−, which the path traverses from head to tail.

Consider a path P in constraint graph G = (V,A) from vertex m
1

to vertex m′
1
. Let P+ be the

set of arcs that this path traverses in the forward direction (from tail to head) and P− be the set of

arcs that this path traverses in the backward direction (from head to tail). The length of this path

`(P) :=
∑

(ε1,ε2)∈P+ γ(ε1, ε2) −
∑

(ε1,ε2)∈P− γ(ε1, ε2) denotes the time (expressed as a fraction of the

period duration) between an occurrence of event m
1

(the start of the first effective green interval of

movement m) and an occurrence of event m′
1

(the start of the first effective green interval of movement

m′). Therefore, the two events m
1

and m′
1

occur simultaneously if and only if the length `(P) of this

path is integral valued. Let `(P) and `(P) be a lower bound respectively an upper bound on the value of

`(P). With the following constraints we can then force the events m
1

and m′
1

to occur simultaneously

when movement m and movement m′ share a lane:

`(P)(1− sm,m′) ≤ `(P)− zzzP ≤ `(P)(1− sm,m′), l ∈ Qvi , (34)

d`(P)esm,m′ ≤ zzzP ≤ b`(P)csm,m′ , l ∈ Qvi , (35)

where zzzP is an integral-valued design variable. Whenever sm,m′ = 1, the length `(P) of path P is

forced to equal some integral value zzzP ; from `(P) ∈ [`(P), `(P)] it follows that this integral value

satisfies zzzP ∈ {dRP e, d`(P)e + 1, . . . , b`(P). When these movements do not share a lane, we do not

restrict the length `(P) of path P and force the integral variable zzzP to equal zero.

We can find a path P from vertex m
1

to vertex m′
1

as follows. Consider the following graph

G′ = (V ′, A′):

V ′ := {m
1
| m ∈M},

A′ := {( m
1
, m′

1
) | {m,m′} ∈ ΨM,m < m′}.

This graph has one vertex for each movement m ∈ M and it has one arc for each pair of conflicting

movements {m,m′} ∈ ΨM. Let P ′ be the shortest path (in number of arcs) in graph G′ from vertex

m
1

to vertex m′
1
; we can easily find such a path by applying any shortest path algorithm. Let the

path P ′ traverse the sequence of vertices m1
1
, m2

1
, . . . , mn

1
, where m1 := m and mn+1 := m′. From

this path we can obtain the following path P in the (much larger) constraint graph G:

m1
1
, m1

1
, m2

1
, m2

1
, . . . , mn−1

1
, mn−1

1
, mn

1
. (36)
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which, as desired, is a path from vertex m
1

to vertex m′
1
.

We also require a lower bound `(P) and an upper bound `(P) on the length `(P). We can prove

the inclusion `(P) ∈ (0, n) and, as a consequence, `(P) = 0 and `(P) = n. Define γ( m
1
, m′

1
)′ :=

γ( m
1
, m

1
)+γ( m

1
, m′

1
). It suffices to prove γ( m

1
, m′

1
)′ ∈ (0, 1) for each pair of conflicting movements

{m,m′} ∈ ΨM. This inclusion follows from the well-posedness constraint (23) together with circuital

constraint (27).

Remark 7. As a consequence, of the inclusion `(P) ∈ (0, n) we can replace (34)–(35) by:

0 ≤ `(P)− zzzP ≤ n(1− sm,m′), l ∈ Qvi ,

sm,m′ ≤ zzzP ≤ (n− 1)sm,m′ , l ∈ Qvi ,

Remark 8. Consider two movements m and m′ satisfying j(m′) = j(m)+1 and arriving at the same leg

(i(m) = i(m′)). Usually such movements have at least one conflict in common. Such a common conflict

is for example the movement coming from leg θ(i(m′), j(m′)) and moving towards leg θ(i(m), j(m)); in

Figure 7 we have visualized three examples of this common conflict.

1
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Figure 7: Examples of the common conflict (grey) coming from leg θ(i(m′), j(m′)) and moving towards leg

θ(i(m), j(m)) for two movements m and m′ (white).

When two movements m and m′ have a conflict in common, the shortest path P ′ has a length |P ′|
of 2, i.e., n = 2; a path of length two from m

1
to m′

1
exists, but no direct path between these vertices

exists(movements m and m′ are not conflicting). Therefore, in this case `(P ) ∈ (0, 2), where P is the

path in constraint graph G constructed from the path P ′ as explained before; events m
1

and m′
1

then

occur simultaneously if and only if `(P ) = 1. Therefore, constraints (34)–(35) can then be replaced by:

− (1− sm,m′) ≤ `(P)− 1 ≤ (1− sm,m′),

which forces `(P) to equal 1 when sm,m′ = 1, and it does not restrict `(P) when sm,m′ = 0. This implies

that we do not require the additional integral variable zzzP when movements m and m′ have a conflict in

common.

Remark 9. Theoretically it is possible that no path exists from vertex m
1

to vertex m′
1
; these two

vertices are then in different connected components of constraint graph G. For these movements m and
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m′ we can then add arc ( m
1
, m′

1
) to constraint graph G; the length γ( m

1
, m′

1
) of this arc represents the

time (expressed as a fraction of the period duration) between event m
1

and event m′
1
. We may assume

w.l.o.g. γ( m
1
, m′

1
) ∈ [0, 1). Therefore, we can force the events m

1
and m′

1
to occur simultaneously

by replacing constraints (34)–(35) with:

0 ≤ γ( m
1
, m′

1
) ≤ sm,m′ .

Note that adding this arc to constraint graph G does not increase the cyclomatic number d := |A|−|V |+
ν(G) of this graph; the number of arcs |A| increases by one and the number of connected components

ν(G) decreases by one.

Remark 10. Consider two movements m and m′ satisfying j(m′) = j(m)+1 and arriving at the same

leg (i(m) = i(m′)). An alternative to including constraints (34)–(35) is the following. Analogously to

Remark 9, we can add an arc ( m
1
, m′

1
) to constraint graph G and force the events m

1
and m′

1
to

occur simultaneously by replacing constraints (34)–(35) with:

0 ≤ γ( m
1
, m′

1
) ≤ sm,m′ .

However, a disadvantage of this approach is that it changes the cyclomatic number of constraint graph G

(unless the arc ( m
1
, m′

1
) connects two parts of constraints graph G that were previously not connected)

and, as a result, we require an additional cycle periodicity constraint (25) and also an additional integral

variable zzzC. For the currently proposed formulation we require no additional integral-valued (and also

no additional real-valued) design variables (assuming that the two movements m and m′ have a conflict

in common as was motivated in Remark 8).

3.3.14 Stability of the fixed-time schedule

We need to ensure that each pedestrian crossing and each cyclist crossing can handle the amount of

traffic arriving at it. Therefore, for each movement m ∈Mpc we require its effective green intervals to

span at least a fraction βρm of the period duration, where ρm := maxq∈Qpc
m
λq/µq :

∑
k∈Km

γ( m
k
, m

k
) ≥ βρm, m ∈Mpc.

This ensures that for each of the queues q ∈ Qpc
m the average amount of traffic arriving at this queue is

sustainable..

Furthermore, we ensure that each arrival lane is able to handle the amount of traffic arriving at it.

Consider a lane l of leg i. The (average) rate at which traffic following lane-use arrow j ∈ Ai arrives

at lane l equals λi,l,j . Lane l requires an effective green fraction of at least λi,l,j/µi,l,j to handle (only)

the traffic that arrives for lane-use arrow j. Therefore, to handle all arriving movements, lane l needs

to be effective green for at least a fraction
∑
j∈Ai

λi,l,j/µi,l,j. With the following constraint we ensure

that the effective green fraction of each arrival lane is large enough:

∑
k∈Km

γ( m
k
, m

k
) ≥

∑
j∈Ai

λi(m),l,j

µi(m),l,j
− L(1−∆i(m),l,j(m)), m ∈Mv l ∈ Qvi(m).
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Note that the left-hand side of this constraint is the effective green fraction of movement m; when

∆i(m),l,j(m) = 1, this is also the effective green fraction of lane l of leg i(m). Whenever lane l of

leg i(m) accommodates movement m (∆i(m),l,j(m) = 1), this left-hand side is forced to exceed the

fraction
∑
j∈Ai

λi(m),l,j/µi(m),l,j that is required for lane l of leg i(m) to be stable. Since, each arrival

lane accommodates at least one movement, the above constraints guarantee stability for each of these

arrival lanes.

Remark 11. The proposed formulation automatically distributes the traffic arriving for the vehicular

movements amongst the different arrival lanes such that the optimized geometric layout (plus the op-

timized fixed-time schedule) can handle all growth factors β < βmax; the growth factor βmax is either

fixed or maximized during optimization. A question however is: can the optimized geometric layout of

the intersection (plus the optimized fixed-time schedule) indeed handle all growth factors β < βmax; or

do the vehicles distribute themselves amongst the different arrival lanes in a different manner for which

some growth factor β < βmax is not sustainable. In Appendix A it is motivated that this is not the case:

all growth factors β < βmax are indeed sustainable.

4 Numerical results

In this section we test the proposed MILP formulation. To this end, we use the ten examples from

QQQ. These ten examples are based on the real-life intersections from (Fleuren and Lefeber 2016a).

The examples are grouped by their size. Intersections S1, S2, S3, S4 and S5 concern T -junctions with

only six traffic movements and are considered to be small. Intersections M1, M2 and M3 concern

intersections with 9-20 traffic movements and are considered to have a medium size. The last examples

(L1 and L2) correspond to intersections with 28 traffic movements, which is considered to be large.

We consider two different objective functions: maximization of the capacity of the intersection and

minimizing the number of lanes at the intersection. For the former problem we maximize the growth

factor β, i.e., the objective function is:

maximize β.

For the latter problem we fix the growth factor β to one and considering the following objective function:

minimize
∑
i∈L

ai + ei.

Moreover, we vary the number of green intervals that each signal group is allowed to have. We fix

the minimum number of green intervals Km, i ∈ S to one, i.e., each signal group must have at least

one green intervals. We do however vary the maximum number of green intervals Km, i ∈ M. To

this end, we define the load of each movement m ∈ M. For each movement m ∈ Mpc we have

ρm := maxq∈Qpc
m
λq/µq. For each vehicular movement we have ρm :=

λi(m),j(m)

µi(m),j(m),1
, which is the load

of a lane that accommodates (only) all traffic of movement m; the saturation flow rate µi(m),j(m),l

is independent of the lane l for the examples that we consider. We consider three variants for the

maximum number of green intervals Km, i ∈ M: we allow the zero, two or four most heavily loaded

movements to have an additional green intervals. Thus we have a total of 10 × 2 × 3 = 60 different
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Objective max β min
∑
i∈L

ai + ei

Ad. inter 0 2 4 0 2 4

S1 1.54 1.54 1.54 13 13 13

S2 1.70 1.70 1.70 13 13 13

S3 2.15 2.15 2.15 11 11 11

S4 3.00 3.00 3.00 7 7 7

S5 2.17 2.17 2.17 7 7 7

M1 1.93 1.93 1.93 8 8 8

M2 1.72 1.72 1.72 8 8 8

M3 1.84 1.84 1.84 10 10 10

L1 1.49 1.49 1.49 17 17 17

L2 1.49 1.49 1.49 17 17 17

Table 2: The objective values for the test cases in the numerical study. We have distinguished between two

objective functions, three types of intersections (small, medium and large), and we have varied the number of

movements that is allowed to have an additional green intervals, see the second row of this table. If this number

of movements equals k = 0, 2, 4, the k movements with the largest loads are allowed to have an additional green

intervals; for each of these movements, the optimization decides whether this movement should have one or two

green intervals.

test cases. In Table 2 we give the objective values of the 10 × 2 × 3 = 60 different test cases. The

returned objective value does not depend on the number of movements allowed to have an additional

green interval. In Table 3 we give the (geometric) average computation times. The solver CPLEX

requires the least time to solve the optimization problems, while the solver SCIP resuls in the largest

computation times. These computation times increase drastically in the number of movements that is

allowed to have an additional green intervals.

5 Conclusions

In this paper we have extended the optimization framework from (Fleuren and Lefeber 2016b,c) to also

optimize the geometric layout of the intersection, i.e., in this paper we also optimize the number of

lanes that each leg of the intersection has, which of these lanes is an arrival lane and which one is a

departure lane, and which lane-use arrows are marked on each of the arrival lanes. With the proposed

MILP problem we can answer questions like: what should the lane-use arrows be such that the capacity

of the intersection is maximized and what is the minimum number of lanes that is required for the

intersection to have sufficient capacity? The geometric layout determines which fixed-time schedules

are feasible and which ones not. Therefore, in order to answer the aforementioned questions, we have to

simultaneously optimize the layout of the intersection and the fixed-time schedule that specifies when

each of the traffic lights at the intersection is green, yellow and red. In this paper we have considered

two objective functions. The first one is the maximization of the capacity of the intersection. With this

objective function we find the geometric layout of the intersection that can handle the largest increase

in the amount of traffic arriving at the intersection. The second objective function is the minimization
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Objective max β min
∑
i∈L

ai + ei

Ad. inter. 0 2 4 0 2 4

CPLEX

Small 0.18 0.29 0.48 0.14 0.14 0.18

Medium 0.23 0.72 1.47 0.19 0.18 0.26

Large 6.98 37.99 82.12 2.07 8.51 19.89

GUROBI

Small 0.07 0.14 0.69 0.02 0.05 0.14

Medium 0.17 0.46 2.60 0.07 0.16 0.25

Large 18.79 97.07 311.74 6.03 24.97 34.02

SCIP

Small 0.59 1.32 3.19 0.13 0.21 0.54

Medium 1.54 5.64 21.54 0.40 0.76 1.61

Large 139.51 519.84 3379.20 15.04 63.45 147.26

Table 3: The (geometric) average computation times (in seconds) for the test cases in the numerical study.

We have distinguished between two objective functions, three types of intersections (small, medium and large),

three types of solvers (CPLEX 12.6.1.0, GUROBI 6.0.5. and SCIP 3.2.0), and we have varied the number of

movements that is allowed to have an additional green intervals (Ad. inter.). If ’Ad. inter.’ equals k = 0, 2, 4,

the k movements with the largest loads are allowed to have an additional green intervals; for each of these

movements, the optimization decides whether this movement should have one or two green intervals.

of the number of lanes that are present at the intersection. With this objective function we can find

the smallest intersection that can handle some specified growth factor.
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A Sustainability of the optimized geometric layout

The optimization problem formulated in this paper optimizes simultaneously the geometric layout of

the intersection and a fixed-time schedule. During this optimization, also the distribution of traffic

amongst the different arrival lanes of the intersection is optimized. The traffic is distributed such that

the optimized geometric layout (plus the optimized fixed-time schedule) can handle all growth factors

β < βmax of these arrival rates; this maximum growth factor βmax is either fixed (for example when

finding the smallest intersection that is able to handle all growth factors β < βmax) or is maximized

during optimization (for example when finding the geometric layout of the intersection that has the

largest capacity). Question however is: can the optimized intersection (plus the optimized fixed-time

schedule) indeed handle all growth factors β < βmax or do the road users distribute themselves differently

amongst the different arrival lanes and, as a result, some growth factor β < βmax is not sustainable?

In this appendix we motivate that indeed the growth factors β < βmax are sustainable in reality.

In other words, we prove that if the arrival rates (for each of the movements) are scaled with a factor

β < βmax and, in addition, these arrival rates persist over an infinite time horizon, in reality the waiting

time at each of the traffic lights remains bounded, i.e., each of the traffic lights at the intersection is

undersaturated. If the waiting time at a traffic light is not bounded, we call this traffic light oversaturated.

To this end, we assume that the tendency of road users to switch lanes depends on the difference in

waiting times between these lanes:

Assumption 1. A vehicle switches to an alternative lane (also accommodating the desired movement)
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if the difference in waiting times (the waiting time at the current lane minus the waiting time at the

alternative lane) exceeds some (finite) threshold; this threshold may differ between road users.

As a consequence of this assumption, road users tend to use the lane with the smallest queue length

(when choosing between the lanes that accommodate the desired movement). In particular we can

prove that (over an infinite time horizon) the fraction of road users that prefers an oversaturated

lane (with a waiting time growing to infinity) over an undersaturated lane (with a waiting time that

remains bounded) is zero. Therefore, some automatic load-balancing-mechanism balances the waiting

times of different arrival lanes that provide the same vehicular movement. As a consequence of this

load-balancing-mechanism, each traffic light is also undersaturated in reality for any growth factor

β < βmax.

Before we give the formal proof, we introduce some notation. Consider the optimization problem

formulated in this paper. In this appendix we consider the optimized intersection, the associated

optimized fixed-time schedule, and the optimized distribution of traffic λ ≥ 0 that result from this

optimization problem; the vector λ has elements λi,l,j , which is the arrival rate at lane l of leg i for

lane-use arrow j when the growth factor of the arrival rates equals βmax. Define the scaled distribution

of traffic λβ as λβ := β
βmaxλ, i.e., λβi,l,j := β

βmaxλi,l,j ; this scaled distribution of traffic corresponds to a

growth factor of β, i.e., it satisfies constraints (7)–(8) with β := β.

Let δβ ≥ 0 denote the distribution of traffic amongst the different arrival lanes when the growth

factor equals β and the road users may themselves choose which lane to use; the arrival rate δβi,l,j is

defined as the average amount of traffic arriving per time unit at lane l of leg i for lane-use arrow j

when the growth factor equals β. We refer to λβ as the optimized distribution of traffic and we refer

to δβ as the real distribution of traffic. We assume that the real distribution of traffic also satisfies

constraints (7)–(8) with β := β. Thus, for both distributions it holds that βλi,j is the total arrival rate

of traffic that follows lane-use arrow j at leg i:

Li∑
l=1

λβi,l,j =

Li∑
l=1

δβi,l,j = βλi,j , i ∈ L, j ∈ Ai. (37)

and if lane l of leg i is not equipped with lane-use arrow j then the corresponding arrival rate equals

zero:

λβi,l,j = δβi,l,j = 0 when ∆i,l,j = 0. (38)

Recall that each traffic light is undersaturated for the optimized distribution of traffic λβ , β < βmax. We

prove that each traffic light is also undersaturated for the real distribution of traffic δβ when β < βmax.

As a consequence, for each growth factor β < βmax the waiting time at each of the traffic lights remains

bounded in reality. Before proving that each traffic light is undersaturated for the real distribution of

traffic δβ , we first prove some preliminary lemmas.

Lemma 2. Consider a growth factor β < βmax and the real distribution of traffic δβ. Consider two

lanes l and l′ of leg i that are both equipped with lane-use arrow j. If lane l is oversaturated then, under

Assumption 1, at least one of the following two statements holds:

• the arrival rate δβi,l,j is zero.
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• lane l′ of leg i is also oversaturated for this real distribution of traffic.

Proof. Assume that the latter statement is not satisfied: lane l′ of leg i is not oversaturated for the real

distribution of traffic δβ . The waiting time at lane l′ of leg i then remains bounded whereas the waiting

time at lane l of leg i grows to infinity; the difference in the waiting times between these two lanes is then

subject to a positive drift. As a consequence, after some finite amount of time the difference in waiting

times between these two lanes has become sufficiently large. From that time on, under Assumption 1,

each vehicle that follows lane use arrow j prefers lane l′ over lane l. As a consequence, over the infinite

time horizon, the (average) arrival rate of traffic following lane-use arrow j at lane l (δβi,l,j) is zero,

which concludes this proof.

Corollary 3. Consider a growth factor β < βmax and the real distribution of traffic δβ. Assume that at

least one lane at leg i is oversaturated for this real distribution of traffic; let lane lright be the right most

lane of leg i that is oversaturated, i.e., all lanes l < lright of leg i are undersaturated. Each lane-use

arrow j that satisfies δβi,lright,j > 0 is then not positioned on any lane l < lright of leg i.

Proof. Direct consequence of Lemma 2; otherwise lane l would also be oversaturated, which would

contradict the definition of lright.

Let Li be the number of lanes of leg i ∈ L. We refer to lane l = 1 (lane l = Li) as the right most

(left most) lane of leg i. Let lright(i, j) (lleft(i, j)), j ∈ Ai be the right most (left most) lane of leg i

that is equipped with lane-use arrow j. Furthermore, define jright(i, l) (jleft(i, l)) as the lane-use arrow

associated with the sharpest turn to the right (left) that is allowed on lane l of leg i.

Lemma 4. Consider a growth factor β < βmax and the real distribution of traffic δβ. If lane l of leg i

is oversaturated and δβi,l,jright(i,l) < λβi,l,jright(i,l), it must hold that: lane l of leg i accommodates multiple

movements, i.e., jright(i, l) < jleft(i, l), and the sharpest left-turn allowed on lane l of leg i satisfies

δβi,l,jleft(i,l) > λβi,l,jleft(i,l).

Proof. Since lane l of leg i is oversaturated for the real distribution δβ but, by definition, not for the

optimized distribution λβ , it holds that:

jleft(i,l)∑
j=jright(i,l)

δβi,l,j
µi,l,j

>

jleft(i,l)∑
j=jright(i,l)

λβi,l,j
µi,l,j

. (39)

When traffic is distributed amongst the different arrival lanes according to distribution δβ (λβ), the

left-hand (right-hand) side of this inequality is the minimum fraction of time that lane l of leg i has

to be effective green for to ensure stability. Assume that jright(i, l) = jleft(i, l). Inequality (39) then

implies δβi,l,jright(i,l) > λβi,l,jright(i,l), which contradicts the inequality δβi,l,jright(i,l) < λβi,l,jright(i,l). Hence, it

must hold that jright(i, l) < jleft(i, l).

From the ordering of the lane-use arrows (3) it follows that lane-use arrows jright(i, l)+1, . . . , jleft(i, l)−
1 are all only present at lane l of leg i. Therefore, all traffic following these lane-use arrows must use

lane l and, as a result, from (37) it follows that:
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δβi,l,j = λβi,l,j = βλi,j , j = jright(i, l) + 1, . . . , jleft(i, l)− 1. (40)

Combining (39) and (40) gives:

δβi,l,jright(i,l)

µi,l,jright(i,l)
+
δβi,l,jleft(i,l)

µi,l,jleft(i,l)
>
λβi,l,jright(i,l)

µi,l,jright(i,l)
+
λβi,l,jleft(i,l)

µi,l,jleft(i,l)
.

Therefore, δβi,l,jright(i,l) < λβi,l,jright(i,l) indeed implies δβi,l,jleft(i,l) > λβi,l,jleft(i,l).

Lemma 5. Consider a growth factor β < βmax and the real distribution of traffic δβ. Furthermore,

consider some lane-use arrow j ∈ Ai of leg i. If lane lright(i, j) of leg i is oversaturated and δβi,lright(i,j),j >

λβi,lright(i,j),j then, under Assumption 1, it must hold that:

1. Some other lane of leg i is equipped with lane-use arrow j, i.e., lright(i, j) < lleft(i, j),

2. lane lleft(i, j) is oversaturated for the real distribution of traffic δβ, and

3. δβi,lleft(i,j),j < λβi,lleft(i,j),j.

Proof. Assume that lright(i, j) = lleft(i, j). All traffic following lane-use arrow j must then use lane

lright(i, j) of leg i. Equation (37) then implies:

δβi,lright(i,j),j = λβi,lright(i,j),j = βλi,j ,

which contradicts the inequality δβi,lright(i,j),j > λβi,lright(i,j),j . Therefore, it must hold that lright(i, j) <

lleft(i, j), which proves the first statement.

From the ordering of the lane-use arrows (3) it follows that the lanes lright(i, j) + 1, . . . , lleft(i, j)− 1

are also equipped with lane-use arrow j. The inequality δβi,lright(i,j),j > λβi,lright(i,j),j together with the

non-negativity of the arrival rate λβi,lright(i,j),j ≥ 0 implies δβi,lright(i,j),j > 0. Since lanes l = lright(i, j) +

1, . . . , lleft(i, j) are all equipped with lane-use arrow j, it follows from Lemma 2 that each of these lanes

is oversaturated for the real distribution of traffic δβ . This proves the second statement: lane lleft(i, j)

is oversaturated for the real distribution of traffic δβ .

All traffic that arrives at leg i for lane-use arrow j must be distributed amongst the lanes lright(i, j), . . . , lleft(i, j).

Therefore, (37) implies:
lleft(i,j)∑

l=lright(i,j)

δβi,l,j =

lleft(i,j)∑
l=lright(i,j)

λβi,l,j = βλi,j . (41)

Furthermore, it follows from the ordering (3) that each lane lright(i, j) + 1, . . . , lleft(i, j)− 1 is equipped

with only one lane-use arrow: lane-use arrow j. Since lanes lright(i, j) + 1, . . . , lleft(i, j) − 1 are over-

saturated for the real distribution of traffic δβ , but, by definition, not for the optimized distribution of

traffic λβ , this implies that:

δβi,l,j > λβi,l,j , l = lright(i, j) + 1, . . . , lleft(i, j)− 1. (42)
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Combining (41) and (42) gives:

δβi,lright(i,j),j + δβi,lright(i,j),j < λβi,lright(i,j),j + λβi,lright(i,j),j .

Therefore, δβi,lright(i,j),j > λβi,lright(i,j),j implies δβi,lleft(i,j),j < λβi,lleft(i,j),j , which proves the third statement

and concludes this proof.

Lemma 6. Consider a growth factor β < βmax and the real distribution of traffic δβ. Assume that at

least one lane at leg i is oversaturated for this real distribution of traffic; let lane l be the right most

lane of leg i that is oversaturated. It then holds that:

1. δβi,l,jleft(i,l) > λβi,l,jleft(i,l), and

2. lane l is the right most lane of leg i that is accommodated with lane-use arrow jleft(i, l).

Proof. We first prove the first statement: δβi,l,jleft(i,l) > λβi,l,jleft(i,l). Lane l of leg i is equipped with the

lane-use arrows jright(i, l), jright(i, l) + 1, . . . , jleft(i, l). Since lane l of leg i is oversaturated for the real

distribution δβ but, by definition, not for the optimized distribution λβ , it holds that:

jleft(i,l)∑
j=jright(i,l)

δβi,l,j
µi,l,j

>

jleft(i,l)∑
j=jright(i,l)

λβi,l,j
µi,l,j

. (43)

What remains is to prove δβi,l,j ≤ λ
β
i,l,j , j = jright(i, l), . . . , jleft(i, l)−1; these inequalities would together

with (43) prove the desired inequality δβi,l,jleft(i,l) > λβi,l,jleft(i,l) and prove the first statement. Assume

the contrary: δβi,l,j > λβi,l,j for some lane-use arrow j = jright(i, l), . . . , jleft(i, l) − 1. From the non-

negativity of the arrival rate λβi,l,j it then follows that δβi,l,j > 0. Therefore, from Corollary 3 it follows

that lane-use arrow j is not positioned on any of the lanes l′ on the right of lane l, i.e., the lanes l′ < l

are not equipped with lane-use arrow j. Furthermore, from the ordering of the lane-use arrows (3) it

follows that lane-use arrow j is also not positioned on any lane l′ > l. Thus, lane-use arrow j is only

positioned on lane l and therefore all traffic that follows lane-use arrow j at leg i must use lane l. Thus,

δβi,l,j = λβi,l,j = βλi,j , which contradicts the inequality δβi,l,j > λβi,l,j . This concludes the proof of the

first statement. The second statement follows directly from corollary 3.

We are now ready to prove the main result:

Theorem 7. Consider a growth factor β < βmax. Under Assumption 1, each traffic light is undersatu-

rated for the real distribution of traffic δβ. Therefore, also in reality this growth factor β is sustainable.

Proof. Assume the contrary: some leg i has a lane that is oversaturated for the real distribution of

traffic δβ . Define the sequence of lanes lk, k = 1, 2, . . . as follows. The lane l0 is the right most lane

of leg i that is oversaturated. Furthermore, let jk be the sharpest left turn that is allowed on lane lk

of leg i, i.e., lk := jleft(i, lk). Furthermore, let lane lk+1, k = 1, 2, . . . be the left most lane of leg i

that is equipped with the lane-use arrow jk. In other words, lk+1 := lleft(i, jk). We can prove that lk,

k = 1, 2, . . . is a strictly increasing sequence, which contradicts the finiteness of the number of lanes at

leg i and proves this theorem.
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We prove via induction that lk is strictly increasing in k. Consider the following induction hypothesis

(IH(k)):

1. lane lk is oversaturated for the real distribution of traffic δβ ,

2. δβi,lk,jk > λβi,lk,jk , and

3. lane lk is the right most lane equipped with lane use arrow jk.

By definition lane l0 is the right most lane that is oversaturated and, therefore, from Lemma 6 (with

l := l0 and jleft(i, l) := j0) it follows that the induction hypothesis IH(0) is satisfied. Using the induction

hypothesis IH(k) we prove the induction step: we prove IH(k + 1) and the strict inequality lk < lk+1.

From the induction hypothesis it follows that lane lk is the right most lane that is equipped with

lane-use arrow jk, i.e., lright(i, jk) := lk. Moreover, by definition, lane lk+1 is the left most lane that

is equipped with lane-use arrow jk, i.e., lleft(i, jk) := lk. Hence, from the ordering of the lane-use

arrows (3), it follows that (only) the lanes lk, lk+1, . . . , lk+1 are equipped with lane-use arrow jk. Using

the induction hypothesis it follows from Lemma 5 (with j := jk, lright(i, j) := lk, and lleft(i, j) := lk+1)

that: lk < lk+1, lane lk+1 is oversaturated, and δβi,lk+1,jk
< λβi,lk+1,jk

. So far we have proved the strict

inequality lk < lk+1, and the first statement of IH(k + 1).

Since, lane lk and lane lk+1 are both equipped with lane-use arrow jk it follows from the ordering

of the lane-use arrows (3) that lane-use arrow jk is the sharpest right turn allowed on lane lk+1, i.e.,

jright(i, lk+1) := jk. Moreover, by definition it holds that lane-use arrow jk+1 is the sharpest left

turn allowed on lane lk+1, i.e., jleft(i, lk+1) := jk+1. From the ordering of the lane-use arrows (3)

it follows that lane lk+1 is (only) equipped with lane-use arrows jk, jk + 1, . . . , jk+1. Therefore, we

can apply Lemma 4 (with l := lk+1, jright(i, l) := jk, and jleft(i, l) := jk+1) to find the inequality

δβi,lk+1,jk+1
> λβi,lk+1,jk+1

and jk+1 > jk; this proves the second statement of IH(k + 1). Lane lk+1 is

equipped with multiple lane-use arrows, which are the lane-use arrows jk, jk + 1, . . . , jk+1. From the

ordering of the lane-use arrows (3) it follows that lane lk+1 is the right most lane that is equipped with

lane use arrow jk+1. This proves the third statement of IH(k+ 1). This proves that lk, k = 1, 2, . . . is a

strictly increasing sequence, which contradicts the finiteness of the number of lanes at leg i and proves

this theorem.

32


	Introduction
	Input data
	Legs, lanes and lane-use arrows at the intersection
	Movements
	Queues
	Arrival rates and saturation rates of pedestrian and cyclist movements
	Arrival rates and saturation flow rates of vehicular movements
	Fixed-time schedule


	Formulating the MILP problem
	Design variables
	Lanes and lane-use arrows
	Arrival rates
	Fixed-time schedule

	Objective function
	Linear constraints
	Arrival lanes on the right-hand side
	Lane-use arrows only on arrival lanes
	Order of lane-use arrows
	Number of arrival lanes
	Number of departure lanes
	Distribution of traffic amongst the different lanes
	Number of green intervals
	Minimum and maximum effective green and effective red times
	Asymmetry
	Clearance times
	Well-posedness
	Modeling periodicity of the fixed-time schedule
	Lane with multiple lane-use arrows
	Stability of the fixed-time schedule


	Numerical results
	Conclusions
	Sustainability of the optimized geometric layout

