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ABSTRACT 

Organic materials with 1r-conjugation are very promising materials for low
cost and easy-to-process electronic and opto-electronic devices. The dressing 
of charge-carriers by phonons is generally believed to be one of the deci
sive factors to determine the charge-carrier mobilities in these materials. 
A charge-carrier surrounded by a phonon cloud is called a polaron. The 
paradigmatic small polaron model is the Holstein Hamiltonian, which ana
lytically proves very hard to solve. A proper description of 1r-conjugated ma
terials requires the use of an extended Holstein Hamiltonian, which contains 
not only local, but also nonlocal electron-phonon coupling. In our study of 
the model, we employ two different strategies: firstly, we describe the lattice 
vibrations classically. By neglecting the kinetic lattice energy, we obtain an 
iterative procedure, which allows the quantitative study of the semi-classical 
polaron. We present the polaron's binding energy, lattice energy, and the 
electron-phonon correlation. By retaining the full-dynamics of the prob
lem we obtain insight in the process of polaron formation and devise a new 
method todetermine the semi-classical polaron's mass. We apply our meth
ocis to the study of polaronic effects in polythiophene, polyphenyleneviny
lene, and naphthalene. Secondly, we quantize the lattice vibrations and 
solve the fully quanturn mechanica! problem by exact (Lanczos) diagonal
ization. Not only do we calculate the above mentioned polaron properties, 
we also obtain the polaron band dispersion, bandwidth, and optica! ab
sorption. Lastly, we explain the fundamental ditierences between the two 
methods. 
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1. INTRODUCTION 

In this introductory Chapter we will give a short account of the physics of 
1r-conjugated polymers as wellas organic crystals of 1r-conjugated molecules. 
We praeeed by introducing the concept of polarons, which are charge-carriers 
surrounded by phonons. We intuitively make clear how charge-carrier mobU
ities are inftuenced by the phonons. Having established the quasi-partiele's 
importance, it is easy to envisage the technological relevanee of our work: im
proved understanding of the fundamentals of charge-carrier mobility might 
provide guidelines for manufacturing materials with enhanced mobilities. 
Lastly, we present an overview of the Chapters in this thesis. 

1.1 1r-conjugated polymers and organic molecular solids 

The 2000 Nobel prize in Chemistry was awarded to Alan J. Heeger, Alan G. 
MacDiarmid, and Hideki Shirakawa "for the discovery and development of 
conductive polymers". These conjugated polymers are long one-dimensional 
chains with alternating single and double honds. Two of the three 2p or
bitals on each carbon atom hybridize with the 2s orbital to form three sp2 

molecular orbitals. The honds due to these a-orbitals are called a-honds 
and form the backbone of the molecular chain. The fourth carbon orbital 
is the Pz-orbital, which points perpendicular to the chain. The 1r-bonds are 
basically the overlap of these 1r-orbitals. The overlap between the 1r-orbitals 
in the double, shorter honds is slightly larger than that in the single, Jonger 
honds. By doping this system, the excess electrans (holes) are more or less 
free to move along the chain, and thereby creating high conductivity. In 
practice one has to take into account the conjugation lengthof the polymer, 
i.e., the lengthof the undisturbed conjugation along the chain. Disturbance 
of conjugation can be due to defects caused by impurities or kinks in the 
polymer chain. Charge carriers scatter from such imperfections, which leads 
to localized states and thus limits the charge carriers' mobilities. 

An organic molecular crystal is a crystal of small organic molecules 
stacked perfectly in a crystal. If the molecules in the molecular crystal are 
conjugated, then here too a 1r -system will be formed from the non-bonded 
Pz-orbitals of the carbon atoms. The perfect crystallinity results in high 
mobilities. 

Central to this very short introduetion is the notion of a 1r-system, which 
allows excess charge-carriers to move more or less freely through these or-
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Fig. 1.1: Measured electron drift mobilities along the a, b, and c' directions in 
naphthalene as functions of temperature. Figure taken from [1]. 

ganic materials. In this thesis we will focus on a phenomenon which forms a 
decisive, but understudied, factor in quantifying mobilities in these systems: 
the self-trapping of charge-carriers. 

1.2 Polarons 

Let us for now forget about n-conjugated polymers. Figure 1.1, a compila
tion of data by Andersen et al. [1], presents temperature dependent rnabili
ties of electrans in the a, b, and c' crystallographic directions of the organic 
molecular crystal naphthalene, measured with transient photoconductivity 
techniques. Note the large anisotropy with respect to crystal orientation in 
both the magnitude and the temperature behavior of the mobility. Data for 
the c' direction, which was already published by Schein, Duke, and McGhie 
in early 1978 [2], shows temperature independent mobility over the range 
100 < T < 300 K, while it rapidly decreases with an increase in temperature 
for 30 < T < 100 K. The authors explained the observation as a transition 
from hopping to band-type motion of the electrons. They write: " ... A 
band to hopping transition has been anticipated for nearly twenty years in 
the polaron literature". They also recognized that the paradigmatic small 
polaron model by Holstein [3, 4], the basic concepts of which are explained 
in the next paragraph, does not suffi.ce and to remedy this they proposed 
an extension of the model to account for the measurements: " ... Specifi
cally, the lattice vibrations modulate the one-electron hopping integrals as 
well as the site energies of the electron." Over twenty-five years later, ab
initia calculations by Hannewald et al. [5] show that this extended Holstein 
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model iudeed accounts for all the observations. Many questions about the 
Hamiltonian remain unanswered and form the main justification of the work 
presented in this thesis. 

The previous paragraph has introduced many concepts without proper 
explanations. What are small polarons, and how are they related to the 
observation of the transition from band-like to hopping motion? A small 
polaron is an excess electron or a hole localized within a potential well 
that it creates by displacing the atoms (or molecules) that surround it. 
To get an intuitive idea, Emin presents figure 1.2 [7]. Suppose we put 

Local level \, --rE 
c::mnssssnmsu---1 " 

Small-polaron band 

Fig. 1.2: Polaron formation, electron energy and polaron energy. left panel: Excess 
electron (dot) displaces lattice atoms ( circles), forming a polaron. top
right panel: Displaced atoms provide a potential well (dark curve) that 
differs from that produced by undisplaced atoms (light curve). The elec
tran's energy decreases by the self-trapping energy. bottom-right panel: 
The polaron has less energy than does an electron in a perfectly rigid solid. 
Figure taken from [7]. 

a stationary excess electronic charge into a solid. Then the atoms that 
surround it will experience an additional Coulomb force, which causes their 
equilibrium positions to change. In turn, these displacements lower the 
potential energy of the excess charge. If the potential well created by the 
lattice displacements is sufficiently deep, the carrier may occupy a bound 
state. Consequently, the charge can only change its position by altering the 
positions of the neighboring atoms. It is the carrier's preserree that causes 
this lattice displacements to form a well. Herree we refer to such a carrier 
as self-trapped. A polaron is the entirety of self-trapped carrier and the 
lattice displacements. To rephrase it more graphically, the charge carrier is 
surrounded by its phonon cloud. It is not hard to imagine that this dressed 
carrier will have an enhanced effective mass. 
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There is no principal reason for a polaron to reside at a particular site of 
a crystal. If we move the quasi-partiele to a neighboring site, or any other 
site of the lattice, the energy is unchanged. Such translational degeneracy 
gives rise to a band of Bloch eigenstates. The difference in energy between 
the highest and lowest Bloch states defines the energy bandwidth. The 
bandwidth is more or less a measure of the probability that a partiele will 
tunnel to a neighboring site. The mass of a bare electron is so small that we 
can imagine that the probability for it to tunnel to a neighboring site is high. 
A polaron contains not only the self-trapped electron, but also the atomie 
displacement pattern. The decay length of the atoms' wave functions is too 
small for tunneling to be very likely. Therefore the polaron bandwidth is 
small. 

We are now in the position to qualitatively understand the observed 
transition from band to hopping motion. At low temperatures the organic 
crystal shows almost perfect translational symmetry. Moreover, because or
ganic molecular crystals exhibit weak intermolecular honds, we expect that 
the coupling strength between electron and phonons is substantial. Thus, 
the charge carriers will dress themselves with phonons. At low temperatures 
conduction in naphthalene is determined by a band of polaron Bloch states. 
At elevated temperatures the charge carriers are dressed by more phonons. 
Hence their mass increases, the tunneling probability reduces, and the band
width shrinks. In real materials there is uncertainty in the small polaron's 
energy because of scattering events and site-to-site variations in the po
tential energy associated with defects and disorder. Elevated temperatures 
enhances the influence of scattering. If the spread in energy is larger than 
the reduced bandwidth, we expect to observe the onset of phonon assisted 
hopping events. The measurements by Schein, Duke and McGhie depiet all 
the phenomena we have just descri bed, and qualitatively all this was already 
known by the authors themselves. 

However, quantitatively the matters are far from being resolved. Hol
stein's small polaron theory is the archetypal small polaron theory. This 
model assumes that the lattice vibrations modify the on-site energies only. 
Various authors, most notably Kenkre et al. [6], have tried to explain the 
measurements of Schein, Duke, and McGhie by use of this model. However, 
as already noted by the latter authors, an essential ingredient is missing. 
Not only do lattice vibrations influence the on-site energies, we call this 
local coupling, they also strongly influence the transfer integrals, nonlocal 
coupling. Recently, Hannewald et al. [5] have shown that the extended Hol
stein can quantitatively account for all measurements! But hold on, wait a 
minute, something strange is going on! Although the authors observe the 
activated behavior at elevated temperatures in the c' direction, the calcula
tions assume band-like motion at all temperatures. In other words, do the 
measurement reftect the transition from band to hopping motion, or is the 
activated behavior a reftection of a temperature dependent change of the 
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bandwidth caused by the newly introduced nonlocal coupling? 
Whatever the resolution of these difficult questions, the extended Hol

stein Hamiltonian presents us with many new interesting phenomena. In 
this thesis we try to obtain an overview of the plethora of different polarons 
that are described by the extended Holstein model. 

1.3 Technological relevanee 

It is for a good reason that Heeger, MacDiarmid and Shirakawa were re
warded with the 2000 Nobel prize in Chemistry. Their discovery of high con
ductivity in doped poly-acetylene opened up a whole new field of research 
on electrical and optical properties of conjugated polymers. Commercial 
opto-electronic applications of conjugated polymers are now entering the 
marketplace, and the first color displays based on 1r-conjugated polymers 
are a fact. The low cost and ease of processing make applications based on 
conjugated polymers highly desirabie from a commercial viewpoint. How
ever, the structural disorder limits the mobilities of the electronic excitations 
and therefore the use of these polymers in several applications, in particular 
high-speed transistors. Although this deficiency can be remedied by the use 
of organic molecular crystals, the manufacturing of these crystals is rather 
delicate and expensive. Still, their high degree of structural order makes such 
crystals i deal candidates for the investigation of the intrinsic excitations and 
charge-carrier transport phenomena in organic solids. 

The previous section has presented us with a clear example of how mobil
ities are influenced by the dressing of the charge carriers. For the conjugated 
polymers polythiophene and polyphenylenevinylene, as well as for organic 
molecular crystal naphthalene, we will explicitly calculate polaron binding 
energies, electron wave functions and lattice displacements and thus obtain 
insight in the mass enhancement of the charge carriers. The underlying 
model is the extended Holstein Hamiltonian. By our detailed study of all 
the involved parameters, we improve our understanding of polaron forma
tion and of charge carrier mobilities. Since organic materials can be tailored 
for specific applications by tuning their properties by chemica! modification, 
we are able to provide guidelines for the optimization of device performance. 

Currently, 1r-stacked supramolecular aggregates formed by self-assembly 
are receiving a lot of attention from various scientific disciplines [8]. The 
1r-stacked self-assembling supramolecular aggregates are expected to show a 
high degree of order. Therefore, it should be possible to obtain high excita
tion mobilities while keeping the advantage of the low production costs of 
conjugated polymer devices. In these aggregates it is expected that the cou
pling of excitations to phonons is rather similar tothesort of coupling found 
in molecular crystals. Moreover, the systems are essentially one-dimensional. 
Hence, we believe that the methods and tools that we have developed in our 
quantitative study of polarons, may be directly applied to these exciting 
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new systems, specifically triphenylene and hexabenzocoronene aggregates. 

1.4 This thesis 

This thesis can roughly be divided into two parts: after introducing the 
extended Holstein Hamiltonian in its various forms, Chapters 3 and 4 will 
consider lattice vibrations to be classica!; Chapters 5 and 6 study a com
pletely quanturn mechanica! model. 

In Chapter 2 we shortly introduce the Holstein Hamiltonian and its 
extensions. Both semi-classica! as well as quanturn mechanica! versions of 
the extended Holstein Hamiltonian are presented. Subsequently, by means of 
simple arguments, we enable the reader to gain quantitative understanding 
of the physics of polarons. 

In Chapter 3 the study of the semi-classica! version of the Holstein Hamil
tonian is undertaken. A new iterative procedure allows efficient calculation 
of the electron wave-function as well as the lattice displacements of the 
ground state. In other words, we obtain the semi-classica! polaron's binding 
energy as well as its spatial extension. We progress by dynamica! studies of 
the semi-classica! polaron and present a new method to obtain the polaron's 
mass. 

In Chapter 4 we will apply the iterative procedure to the 1r-conjugated 
polymers polythiophene and polyphenylenevinylene, as well as to the organic 
molecular crystal naphthalene. For these materials, the Polymer Physics 
Group at the Eindhoven University of Technology has recently succeeded in 
obtaining the proper model parameters [18, 19, 20]. 

In Chapter 5 we proceed by the study of the quanturn mechanica! Hamil
tonian. Exact (Lanczos) Diagonalization of matrices with a dirneusion of 
over 107 enables us toalso obtain the polaron's band dispersion, bandwidth, 
as well as optical absorption. 

In chapter 6 the fundamental difference between the semi-classica! and 
quanturn polaron is explained. Furthermore, we will compare our results 
with analytic formulae obtained by Hannewald et al. [18, 27, 5], and Sto
janovié et al. [29]. 

In Chapter 7 the conclusions reached from Chapters 3 through 6 are 
presented. We also offer an outlook on future work. 



2. MODEL HAMILTONIANS 

The principal features of the standard polaron problem are an electron ( or 
hole) in an insulating crystal. The Hamiltonian of the system may he re
garded as a sum of three terms, He, Hlat, and Hint· He, the electronic part, 
consists of the one-electron kinetic energy and the effective one-electron pe
riodic potential. Hlat, the lattice component, is the sum of the kinetic energy 
of the lattice particles and the lattice potential energy. Finally, Hint> the 
electron-lattice interaction, is a function of the electron coordinate and the 
lattice displacements. 

Firstly, this Chapter will focus on presenting the terms of this yet un
defined Hamiltonian in various, but related, approximations. Secondly, the 
relevant parameters will he briefly considered. 

2.1 Tight-binding approximation 

Let's start out by completely ignoring the presence of the charge carrier. 
What we are then left with, is nothing but a collection of lattice particles. 
Holstein's pioneering articles [3, 4] consider them to he identical diatomic 
molecules. What is important to us now, is that these particles are identical, 
and that we may assume a perfect crystal of them. For the time being, we 
will refer to them simply as molecules. Lattice particles vibrate. If we take 
the potential energy curve of an individual molecule to he parabolic, the 
lattice Hamiltonian, consiclering a linear chain composed of N molecules, 
reads, 

(2.1) 

where Un is the deviation of the molecule at lattice site n from its equi
librium position, Pn = (li/i) 8j8un is the associated canonical momentum, 
M the relative mass, and wo the harmonie vibration frequency, related to 
the harmonie spring constant via K = Mw5. The last term in the equa
tion gives rise to dispersion of the lattice frequencies. In this thesis, we will 
assume that in the absence of the electron, the vibrations are uncoupled, 
hence w1 = 0 and the optical frequency spectrum is replaced by a single 
frequency (Einstein model). 
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The motion of the electron in the medium will here be formulated in 
terms of the tight-binding approximation in close analogy to the derivation 
originally presented by Holstein in [3]. We assume that the one-electron 
potential may be written as a sum of "molecular" potentials, 

N 

V (r, u1, ... , un) =LU (r- na, un) , (2.2) 
n=l 

where a is the (one-dimensional) unit lattice vector and where the electron
molecular interaction potential U (r, un) is assumed to be of sufficiently 
short-range so that, e.g., 

U (a, Un) «U (0, Un) . (2.3) 

The basic electron wave functions, cjJ (r- na, un), as used in the tight
binding approximation, are obtained as solutions of the equation 

with eigenvalues E (un), which all depend upon the displacement coordinate 
in the same way. A superposition of these basic electron wave functions then 
leads us to the total wave function of the system 

N 

'ljJ (r, Ul, ... 'Un) = L an (ul, ... 'Un) c/Jn (r, Un) (2.5) 
n=l 

Equations for the coefficients an ( u1, ... , Ux) are obtained by the substitution 
of the complete wave function 'ljJ (r, u1, ... , un) into the Schrödinger equation 
of the system 

ilï- = --\72 +"'"'U (r- na u ) +"'"' --- + -MwÖu2 'ljJ a'l/J [ n2 N N ( n2 a2 1 ) ] 
at 2m ~ ' n ~ 2M au; 2 n 

(2.6) 
followed by multiplication on the left with c/J* (r, un) and integration over 
the electron coordinate, r. It is important to realize that the electron-lattice 
interaction Hint is implicitly contained by the dependenee of the U's on 
the displacement Un. Now approximations appropriate to tightly bound 
electrous need to be invoked. Products of overlap integrals that involve 
electron wave functions localized at different sites are discarded; three-center 
integrals are ignored which contain the product of two wave functions and 
of a potential, all of which are centered at different sites; terms are omitted 
which involve derivatives of electrooie wave functions with respect to nuclear 
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coordinates. The latter terms represent the effect of the nuclear kinetic 
energy on the localized electron wave functions. lntroducing the notations 

Wn (ul, ... , un) = J 14> (r- na, un) 12 [LU (r- pa, up)] dV, (2.7) 
pf-n 

t (un, Um) = J 4>* (r- na, un) U (r- na, Un) 4> (r- ma, um) dV (2.8) 

and assuming t ( Un, um) appreciable only for nearest neighbors, the basic 
equations of motion for the wave function components an turn out to he 

[ill:t-~ h~ ::~ + ~MwÏui)- E(u,.)- Wn (u!, , un)l 
Xan (ul, ... , Un) = L t (un, Un±l) an±l (ulo ... , Un) . (2.9) 

± 

Holstein continued by introducing a number of simplifications into the equa
tions: 

The first approximation amounts to equating the energies Wn ( u1, ... , un) 
to zero, thus energy corrections that arise from effects of molecular potentials 
at sites m =/= n are neglected. However, for the sake of completeness, it is 
worth mentioning that a number of recent studies indeed retain a functional 
form for W to study effects of nonscreened electron-phonon interaction [9, 
10]. 

Secondly the u-dependence of E ( un) is taken to he linear, i.e., 

(2.10) 

which is characteristic of most, if not all, polaronic treatments. Since this 
electron-lattice interaction E ( un) only depends on Un, it will he called the 
local electron-lattice coupling. 

Lastly, the u-dependence of the t ( Un, Un±l) is neglected, thus taking 
all t ( un, Un±l) equal to a single constant, -t, which, as of now, will he 
referred to as the free electron transfer or the transfer integral. However, 
the primary aim of this thesis is to investigate the properties of the polaron, 
while not invoking this approximation, but adding a linear coupling of the 
lattice vibrations to the electronic transfer: 

(2.11) 

This coupling will he termed (anti )symmetrie nonlocal electron-lattice cou
pling. 

lnvoking Holstein's simplifications, the equations of motion reduce to 

[il':t- ~ h~ 8~~ + ~Mwgu;,) + Aun] an (u,, , un) 

+t (an+l + an-d = 0, (2.12) 
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forming the basis of Holstein's studies of the polaron. The model was named 
the Molecular Crystal Model. 

2.2 Second quantization 

Equation (2.12) is still written in awkward first quantization notation. By 

introducing the annihilation [creation] operators c1tl of the electron (hole) 
at Wannier site i, the extended Holstein Hamiltonian Hex, can be written 
in convenient second quantization notation as 

(2.13) 

where (ij) denotes nearest-neighbor pairs, Eo denotes an on-site energy which 
hence forth is put arbitrarily to zero, and À marks the various single fre
quency lattice vibrations that might be present. Since nonlocal coupling, 
originally not present in Holstein's Hamiltonian, is introduced, this Hamil
tonian will be named the extended Holstein Hamiltonian. The dimension
ality of this Hamiltonian might be greater than one, by letting the sums 
run over a D-dimensional Euclidian lattice, and even anisotropy can be in
cluded by means of replacing t and B by veetors appropriate to the specific 
Bravais lattice considered [11]. However, this thesis will focus primarily 
on one-dimensional and two-dimensional (square) isotropie lattices with one 
phonon mode. Only in Chapter 4 will we explore somewhat more realistic 
models of materials. 

In Hamiltonian (2.13) the lattice vibrations are completely classica!, 
whilst the electron is quanturn mechanica!. Hence this Hamiltonian is re
ferred to as the semi-classica! extended Holstein Hamiltonian. The next 
Chapter will be completely devoted to studies of this semi-classica! model. 
A completely quanturn mechanica! Hamiltonian requires momenta P7 and 
displacements u7 to become operators with the commutators 

[ À >-'] [ À >-'] [ À >-'] n ui ,ui' = 0 Pi ,pi' = 0 Pi ,ui' = -:-8ii'8ÀN · z 
(2.14) 

Diagonalizing the lattice part of the Hamiltonian HL Eq. (2.1) is straight
forward and presented in many textbooks [12]. The key idea is to introduce 
the operators 

1(~ ./1) b = J2 V ---,;--n-u+ zV ~P , 

t_1(~ ./1) 
b - J2 V ---,;--n-u- zV ~P , (2.15) 
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which obey the so-called boson-Heisenberg algebra. In termsofband bt the 
lattice part of the Holstein Hamiltonian becomes 

(2.16) 

In words: one can say that b;t creates a boson-partiele carrying an energy 
fiwS at site i while b~ annihilates it. This partiele is the quanturn mechanical 
analog of the elassicallattice vibration and is called a phonon. 

If we now define the dimensionless local and nonlocal electron-phonon ( e-

ph) coupling constants as respectively g>- = /2A>./2wSJ MfiwS, and q;>. = 

/2B>. fwsJ MfiwS , the quanturn mechanica! analog of Eq. (2.13) becomes 

(2.17) 

the study of which will be the focus of Chapter 5. 

2.3 Why nonlocal coupling? 

As previously stated, Holstein's Molecular Crystal Model neglects the u
dependence of t ( un, Un±l), or equivalently, it assumes the nonlocal coupling 
parameter <P to be zero in Eq. (2.17). To quote Holstein [3]:" ... the pri
mary physical property of the t's is their order of magnitude relative to 
other energies. Hence, at least in the initial phases of the program, their 
u-dependence will be neglected." In writing [3, 4] Holstein had in mind a 
linear chain of diatomic molecules to obtain a better understanding of hole
mahilities in transition-metal oxides. lndeed, in these systems the nonlocal 
e-ph coupling might be assumed to be only a small perturbation. Already 
in 1960 Schnakenberg dropped this assumption and stuclied small-polaron 
eigenstates, taking into account the Un dependenee of the energy resonance 
integral tnn' for n =/= n' which arises from U (r- na, un) when the wave 
functions are centered at the lattice sites n' [13], but only to find that the 
dynamic contribution to the transfer integral doesnotlead to any significant 
changes of Holstein's results. 

However, let's imagine some system in which electrans couple to phonons 
by substantially modulating the bond-lengths. One can show that for rather 
tightly bound electrans the transfer integral behaves like t ex: 1/ d0

, where 
d is the bond-length and a depends on the angular momenta [14]. Ex
panding the lengthof the bond between the sites n and n + 1 as dnn+l = 
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d~n+l- ( Un+l - un) and defining the equilibrium transfer integral as t~n+l rv 

1/ (Jl):n+l' the u-dependence of t becomes t = t~n+l (1 + o: (un+l- un)). 
This Peierls model provides an insight of how antisymmetrie nonlocal e-ph 
coupling might come into play. One might argue that more realistic phonons 
are needed, instead of the localized Einstein phonons we consider [15]. Per
haps the best-known model dealing with nonlocal coupling using acoustical 
phonons is the Su-Schieffer-Heeger (SSH) model [16, 17], introduced to de
scribe solitons and polarons in the quasi-one-dimensional conductive poly
mer trans-polyacetylene. 

Symmetrie e-ph coupling, on the other hand, might be worth studying 
as well. Recently [18, 19], it was shown that in organic molecular crystals of 
polyacenes (naphthalene, anthracene, tetracene) there is astrong coupling 
of optical phonons, especially those rotational in origin (librons), to the 
electronk transfer integrals, even dominating the local e-ph coupling. The 
physical mechanism one might think of is that of a central molecule tilting 
and thus promoting the electronk transfer to the left and right molecules. 
Similarly, symmetrie nonlocal coupling is also shown to be important in the 
description of polarons in the 1r-conjugated polymers polyphenylenevinylene 
and polythiophene [20]. The polaron problem in these organic molecular 
crystals and 1r-conjugated polymers will be considered in greater detail in 
Chapter 4. 

Besides the few already mentioned, several studies of excess charge mo
bilities in organic molecular crystals do actually take nonlocal coupling into 
account. In the early works, the electron-phonon coupling is to acoustical 
phonons [21, 22, 23]. Then Munn and Silbey [24], and later Zhao et al. [25), 
considered optical phonons. They applied a canonkal transformation to the 
Hamiltonian, but, an algebrak error corrupted the work. The particular 
transformation was a generalization of the Lang-Firsov unitary transforma
tion [26], to account for both local and nonlocal e-ph coupling. Similar 
transformations have later been applied by Zhao et al. [28], consiclering pri
marily antisymmetrie coupling, as well as by Hannewald et al. [18, 27, 5), 
focussing on symmetrie coupling. A more general, variationally optimized 
canonkal transformation was introduced by Stojanovié et al. [29]. In Chap
ter 6 we will campare our results to the results obtained with the latter 
two methods. All contributions to the nonlocal e-ph coupling problem men
tioned, take bath local as well as nonlocal coupling into account. Capone et 
al. [30] compared the original Holstein model to the antisymmetrie nonlocal 
e-ph coupling model, in which there was no local coupling present (~ SSH 
model, but now with optical phonons and but one charge carrier). Their 
exact diagonalization results were obtained using very small lattice sizes of 
up to four sites. Interestingly, the methad employed allows for easy evalua
tion of the optical absorption. It was shown that the optical conductivity of 
the Su-Schieffer-Heeger model in the polaronic regime exhibits an additional 
feature not present in the Holstein model. The optical conductivity for the 
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extended Holstein model will thus be examined in greater detail in Chapter 
5. 

2.4 Understanding polarons 

To gain better understanding of polarons, we could try to obtain the ground 
state energy of the system consisting of the excess charge interacting with 
the lattice, i.e., Hamiltonians (2.17). For arbitrary constantsas defined in 
this Hamiltonian, even in the absence of the nonlocal coupling parameter cp, 
minimizing turns out to be quite a challenge. However difficult it might be, 
valuable insight into the system can be obtained in its classicallimit, which is 
reached by neglecting the kinetic termsin the Hamiltonian. Let's take as our 
starting point the semi-classica! extended Holstein Hamiltonian (2.13) with 
only one vibrational frequency of the lattice. For notational convenience 
we rescale the displacements and their associated canonical momenta as 
ui= y!Mwofnui and Pi= -J1/Mnwopi. Now the classicallimit is obtained 
by putting t ( Un, Un±d = 0 and the molecular mass M -+ oo and becomes 

1 
Ec~ = L -hgnwouini + 2nwoui , (2.18) 

i 

where the electron density fii at a certain site i is either 0 (unoccupied) or 1 
(occupied). Next we minimize the energy to all u's to find all displacements 
to be zero except for u~= V'J.g. Substituting the result back in Eq. (2.18), 
the ground state energy becomes 

(2.19) 

where -2nwog2 is the lowering of the total energy caused by the electron
lattice interaction and nwog2 expresses the energy rise caused by the lattice 
vibrations. By adding the two contributions we obtain the negative of the 
polaron binding energy, which throughout this thesis is defined as 

(2.20) 

The important lesson to be learned is that the localized electron has de
formed the lattice ( Uj =1- 0) and thereby gained a polaron binding energy 
nwg2 , for the simple reason that the electron-phonon interaction energy de
creases linearly in u, while the lattice energy grows quadratically. Quantum
mechanically we rather speak of phonons dressing the electron, the whole 
termed polaron. 

This simple idea is the essence of the polaron problem. Difficulties will 
present themselves by treating the problem semi-classically, not even to 
mention quantum-mechanically. Reinstoring the electron transfer t will tend 
to spread out the electron. If this transfer t » Ebind, then localizing the 
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electron is no longer energetically favorable, hence the electron delocalizes, 
and will basically behave as a free electron. 

The two scenarios presented are two extremes of the kinds of polarons 
one expects to find. Partitioning the parameter space { t, wo, g, </J} into var
ious regimes is then the proper next step to take, leading to a more quan
titative picture of the sorts of polarons the Holstein model allows. To this 
purpose let's first define the adiabaticity ratio o: = tu..Joft. Assuming a one
dimensional fully quantum-mechanical problem with one phonon mode, we 
are now in a position to extract the transfer integral t from the Hamiltonian 
(2.17), 

2:::- [1 + ~o:</J (bÎ +bi± bÎ+l ± bi+1)] (c!Ci+l + c!+lci) 
2 

(2.21) 

by means of which the parameter space to consider reduces to { o:, g, </J }. 

Initially it is convenient to neglect the </J-dependence, i.e., we will examine 
the original Holstein model, allowing us a quick overview of its polarons, as 
well as a conneetion to its literature. 

The adiabaticity ratio o: = tu..Joft has got its name for good reason. 
The so-called adiabatic limit is reached by taking M __, oo [15, 31], i.e., 
the kinetic term of the lattice part of the Hamiltonian is neglected. We 
have for the optical frequency wo = J K / M, therefore any increase of M 
will decrease the kinetic term as well as o:. Now upon inspeetion of Eq. 
(2.21), we note that the lattice part has only the prefactor o:. Since thee-ph 
coupling is linear in o:g, the electran's lowest energy is obtained, provided 
we have an infinite system in the adiabatic limit, at the minimum of the 
bare electron band. Of course, we find the same salution in taking g __, 0, 
regardless of o:. Cranking up g a little bit (weak coupling), will lead us to 
a large polaron, spanning several lattice sites. Now remember Holstein's 
equations of motion (2.12). One of the first steps taken by Holstein [3], 
was the neglect of the kinetic term of the lattice energy. Hence the small 
po larons one finds in taking o: « 1 and g » 1 (st rong coupling) will be 
referred to as adiabatic Holstein polarons (AHP). The other extreme of 
o: » 1 and g » 1 can by analytically tackled by the Lang-Firsov canonical 
transformation [26]. lts polaron is essentially small (it spans about one 
unit cell), and is commonly known as the nonadiabatic Lang-Firsov polaron 
(NLFP). As should be apparent by now, the problem with the Holstein 
Hamiltonian is not in its extremes, it primarily resides in the intermediate 
values of its parameters where the energy scales are not well separated. The 
transition between the regimes might be quite narrow, nevertheless, it is 
always continuous and can approximately be found at o:g2 ~ 1, while more 
restrictive conditions are known. [32, 33, 34]. 
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These results are rather well established. A whole set of new problems 
arises when one tries to take nonlocal coupling into consideration, the rea
sons for which are twofold. Firstly, as is obvious from the notation of Eq. 
(2.21), the nonlocal coupling acts as an extra contribution to the electronic 
transfer, or to put it differently, it effectively changes the adiabaticity of 
the problem. Secondly, since it does provide an electron-lattice coupling, 
although not to one specific site, it modifles the lattice. To argue upfront 
whether this modification effectively amounts to an increase in the local e
ph coupling constant g, is nontrivial. Questions as to the influence of the 
relative signs of the coupling constants, as well as to the ditierences between 
symmetrie and antisymmetrie coupling, need to be answered. 
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3. SEMI-CLASSICAL POLARON 

A detailed study of the ground state properties of the semi-classica! extended 
Holstein model Eq. (2.13), with symmetrie nonlocal coupling, is the primary 
focus of this Chapter. To this aim numerical methods are employed. In a 
first approximation, we will neglect the lattice kinetic term, then, iteratively, 
we obtain the lowest eigenstate. An extensive sweep of the parameter space 
{a, g, cjJ} is undertaken, allowing us quantitatively to obtain various proper
ties of the semi-classica! polaron in one and two dimensions, such as binding 
energy and size. In the second part, the initial approximation is undone, to 
study semi-classica! polaron dynamics. 

3.1 Adiabatic approach 

Let's take a closer look at Eq. (2.13). Consiclering the huge ratio of molecu
lar to electronic mass, the kin et ie term of the lattice part of the Hamiltonian, 
Li> .. P; 2 j2M, might he assumed very small. Therefore, at least initially, we 
ch~ose to neglect this term altogether. Already Holstein [3] applied this 
so-called adiabatic approximation [15, 31]. Using rescaled displacements 
Ui= JMwoflïui, the Hamiltonian looks like 

(3.1) 

Notice that nonlocal coupling is of the symmetrie type and i refers to one site 
in a D-dimensional lattice, containing a total of N sites, necessitated by the 
numerical nature of our calculations. Generally, both the electronic transfer 
t, as well as the nonlocal e-ph coupling parameter c/J, are then veetors of D 
components. In this notation, a general wave function can he written as 

1'1/J {u})= 2:= ap {u} c~IO)el, (3.2) 
p 

where jO) et denotes the electronic vacuum. Next, fora certain lattice distar
tion {u}, the electronic energy spectrum of the Hamiltonian Het = Hex-
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Htat, thus excluding the lattice part, can be determined by solving the eigen
value problem 

Het {u} Iw {u}) = Eet {u} Iw {u}) . (3.3) 

We obtain a sparse, real symmetrie matrix representation of dimension N of 
this Hamiltonian by left multiplying Het {u} Iw {u}) with (Oetlcjl, of which 
the components of its eigenveetors may be taken to be real. The problem is 
easily handled by standard library routines. 

It remains for us to tind the specitic lattice contiguration { UÜ}, which 
minimizes the total energy Eex. To this purpose we invoke the Feynman
Hellmann theorem [12], to prove that 

(3.4) 

in which n refers to any electronic eigenstate and eigenvalue. For the lattice 
we have 

[) 
au>- Etat {u} = tu.uBuJ . 
uj 

(3.5) 

Finally the ground state requirements [)I au} Eex {u} = 0 lead to the set of 
equations 

tu.u6u] = -(wo{u}l 8;:~tlwo{u}). 
uuj 

(3.6) 

We proceed by an iterative procedure, in which a certain "path" through 
parameter space is taken, from an initial set of parameters {ai, gi, ePi}, for 
which, at least as far as the lattice contiguration is concerned, the ground 
state is known, to a tinal set of parameters {af, g f, 4> f}. 

Schematically the iterative procedure amounts to: 
1. start with the initial lattice and parameter contiguration 
2. increase the parameters by a bit, following the predetermined path: 
{a,g,<P} := {a+8a,g+8g,4>+84>} 
3. calculate E~t {u}, as wellas lwo {u}), then 
4. calculate the new lattice contiguration {u} from Eq. (3.6) 
5. repeat 3 and 4 until self-consistency is reached 
6. repeat 2 till 5 until {af, g f, 4> f} is reached 

Still one needs to think of what path to take, although this will prove 
closely tied to the two lattice contigurations one knows beforehand to satisfy 
Eq. (3.6). 

The tirst one of these corresponds to the polaron solution found in the 
classical limit (see section 2.4), i.e., the electron transfer t, as well as the 
nonlocal coupling parameter 4> are zero, thus the only remairring parameter 
is the local e-ph coupling. It was shown that for a specitic lattice site u} = 
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y'2g>.. The art of the game is to take g initially large, then slowly (we 
use a thousand steps) the transfer integral as well as the nonlocal coupling 
parameter are increased, whereupon g is taken to its final value ( again a 
thousand steps). Although in practice of minor importance, in choosing a 
path one should always avoid regions of the parameter space that contain 
a local minimum of the total energy. In Appendix A we explicitly study 
a case of three lattice sites, nonlocal coupling of the symmetrie type, one 
lattice mode, and open boundary conditions (to be defined shortly). It is 
then easily calculated that the total energy as a function of the central 
site electron density may have as many as three minima, depending on the 
parameter configuration. In other words, there is no guarantee that any 
salution obtained corresponds to the real ground state. Nevertheless, as we 
will show in Chapters 5 and 6, there is a clear correspondence between the 
semi-classica! and quanturn mechanica! solutions, ensuring the correctness 
of our results. 

The second lattice configuration one only comes across when applying 
periadie boundary conditions PBC (in one-dimensional systems PBC are de
fined as UN+l = u1 and an+l = a1, as opposed to open boundary conditions 
OBC, which amount to uo = UN+l = 0 and ao = an+l = 0). Then, it is the 
trivial salution that can always be found, irrespective of the parameters, and 
corresponds to the completely delocalized electron, i.e., the wave function 
components are a = 1/JN and the displacements are site independent. If 
N -+ oo, then u -+ 0, thus this salution corresponds to the "finite-lattice" 
free electron. In choosing a path one should always makesure one doesn't 
"cross" this situation, unless this delocalized electron corresponds to the 
global minimum. 

Practical calculations require only limited computational resources, al
lowing the methad its great versatility. Lattices may contain thousands of 
sites and there is no problem in consiclering over a dozen of lattice modes. 
Even disorder of on-site energies as well as transfer integrals is easily in
cluded. Befare we present any numerical results, it is worthwhile taking a 
closer look at the one-dimensional case ( consiclering antisymmetrie coupling 
as well). By evaluating Eq. (3.6) we find for the ground state polaron 

(3.7) 

whilst the total energy, expressed in the wave function components a, is 

E., ~- (t+ ~ ~v'2nwB~' (ut ±u;'.,)) 2a'+Ia, 

1 
- ~ hlïwSg>.utaT + ~ 2nwsut 2

. 

i,À i,À 

(3.8) 
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Straightforward insertion of Eq. (3.7) into Eq. (3.8) leads to, 

Eex L {-2tai+lai- L liwSq/' 22 (aiai+l (ai+l ± ai-d) 
i À 

-L liwSgÀ 2a[- L 11wSl4i2 (af (ai+l ±ai-I))} . (3.9) 
À À 

An interesting equation indeed, showing us that for the ground state polaron 
with one lattice frequency, at least in the semi-classica! case, it is only the 
relative sign of g and <jJ that plays a role. The sign of the transfer integral is 
arbitrary for the Holstein model: neighboring components of the wave func
tion either are of equal sign, or may alternate their signs depending on the 
sign of t. For the extended Holstein model the sign of the transfer integral 
determines whether nonlocal coupling is aiding or hindering the electronic 
transfer. However, if one changes the sign of t as well as of </J, then the 
same energetic solution is obtained: for this the sign of every second wave 
function component will have to reverse. Furthermore, in the cases of only 
local e-ph coupling, only nonlocal e-ph coupling, or the two being of equal 
magnitude, the polaron binding energy is unchanged by multiplying an ar
bitrary lattice frequency w0 by a positive factor, as long as g"' 2 , <P"' 2 , or both 
respectively, are multiplied by its reciprocal. It also shows that, except for 
the cases just mentioned, it is not possible to map a situation with several 
lattice frequencies onto a situation with only one. Lastly, one needs to know 
that these results carry over directly to higher dimensions, as well as to more 
complex geometries of the lattice. Of somewhat more technica! nature, one 
might try to minimize the energy Eex of the one-dimensional problem un
der the constraint .L:i a; = 1. This results in a recursive relation between a 
limited number of neighboring wave function components, in essence obtain
ing a minimization problem of only few unknowns. Unfortunately, practical 
algorithms based on this idea are numerically unstable. 

3.2 Adiabatic results 

Even the simple Holstein model has been the focus of studies for many 
decades. High nonlinearity of the self-trapping phenomenon is to blame. 
Evidently, the extended Holstein model is even more challenging, especially 
when consiclering that nonlocal e-ph coupling might rival, or surpass local 
coupling in magnitude. Therefore, we resort to undertaking extensive nu
merical studies of the ground state properties of the polaron, scanning a 
substantial part of the parameter space {a, g, <jJ} by the above described it
erative procedure. All our calculations are clone using a fixed phonon energy 
of liwo = 0.01 eV, which is of the order of magnitude of the phonon energies 
obtained for molecular crystals [18] and 1r -conjugated polymers [20]. The 
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bare transfer integral is varied from t = 0.001 eV, a = 10, which is in the 
highly nonadiabatic regime, up tot= 0.05eV, a= 0.2, very much in the 
adiabatic regime. 

3.2.1 One-dimensional polaron 

We start out studying a one-dimensional system with 99 sites, which are 
periodically arranged (PBC) and have only one phonon mode. For increas
ing adiabaticity, we present figures 3.1 to 3.3, each containing three panels. 
The upper panel plots polaron binding energies (see Eq. (2.20)) versus the 

nonlocal e-ph coupling for various local coupling parameters. To facilitate 
further analysis and comparison to quanturn mechanica! results in Chapter 
5, the lattice energy, scaled to the phonon energy, is plotted in the middle 
panel. In the quanturn mechanica! picture of phonons as lattice particles, 
this quantity corresponds to the expectation value of the number of phonons 
that are contained in the phonon cloud surrounding the electron. The bot
torn panel ( the squareness of the plot is related to the fini te grid used to scan 
the parameter space) represents the "size" of the polaron, the definition of 
which suffers from arbitrariness. The semi-classica! Hamiltonian contains 
lattice displacements as well as an electron wave function, both of which 
could constitute a definition. However, in a fully quanturn mechanica! cal
culation, the ground state quasi-partiele is completely delocalized. Hence, to 
facilitate later comparison, we rather speak of electron-phonon correlation, 
e.g., Xi,j = ('ij!olc!cib}bjl'ij!o), which, loosely speaking, relates the part of the 
electron at site i to the phonons of site j. As we will show in Chapter 6, its 
classica! analog is given by 

1 ""' 2-2 
XO,j = 2N ~ai uJ+i . 

i 

(3.10) 

Then, xo,dxo,o constitutes a convenient measure of size. In [34], for the 
original Holstein model, the transition between the small and large polaron 
has been set at xo,dxo,o ~ 1/e2 , it being approximate because direct conver
sion of their variational quantities to our displacements and wave function 
is questionable. Nevertheless, the measure allows the interpretation of our 
presented contour plots as diagrams visualizing the often rapid transition 
from small to large polaron. 

As for the interpretation of the presented results, let's first point out 
some of its general characteristics. If local and nonlocal coupling parame
ters are of the same sign, then, as a rule, the larger g, or cp, the larger the 
polaron binding energy and the number of phonons. Intuitively, larger cou
pling parameters allow for larger displacements of the lattice. For the same 
regime, if we keep cp fixed and increase g, the bottorn panels clearly exhibit 
the polaron shrinking in size, caused by the local nature of the coupling 
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parameter g ( consider the classica! discussion in section 2.4). Intuitively, 
again for cjJ > 0, the polaron is more extended for larger transfer integral. 

We obtain a better understanding of the plots by taking a second look 
at the expression for the total energy, Eq. (3.8). It consists of four parts: 

-L (t + ~hnwoc/J (ui± ui+d) 2ai+tai , 
t 

I +JI 

JIJ 

:2.:::
1 2 IV = -nwou· 2 t ' 

(3.11) 
i 

I, representing the bare electron kinetics, IJ, the nonlocale-ph coupling en
ergy, JIJ, the locale-ph coupling energy, and IV, the lattice energy. Notice 
that I I plays a dual role in the story, it is ai ding, or hindering the elec
tronic delocalization, as well as wanting to deform the lattice, creating an 
analogues potential trap as does the local coupling part, I I I. For cjJ > 0, 
apparently the latter roleis more important, a particularly vivid demonstra
tion of which is given in figure 3.1 when consiclering the curve for g = 0.4. 
At cjJ = 0 the polaron is large, to shrink in size when cjJ is increased, whilst 
the number of phonons it contains goes up from zero to almost 4. Which 
effect is dominant, trapping by the local e-ph coupling, or by the nonlocal 
e-ph coupling? Part of the answer can be found for large c/J. Consider the 
upper panel of figure 1, g = 1.2 and cjJ = 1.5. The increase in total energy by 
adding 0.4 to g or cjJ is less for the former than for the latter case, although 
the effect is less pronounced for enlarged adiabaticity. 

For convenience, it might be a good idea to distinguish between those 
polarons that carry a substantial amount of phonons, irrespective of cjy, but 
for fixed g, and those that do not. The former, for example the curves for 
g = 1.6 and g = 2.0 in figure 3.2, are always somewhat small, the latter often 
large. The transition region can be rather narrow, a good example of which 
is provided by the bottorn panel of figure 3.2, at g ~ 1.4 and cjJ ~ -0.5. 
The former have a finite minimum in the total energy at some negative c/J, 
the latter show a broad minimum close to zero for quite a large interval of 
negative c/J. In this latter regime, the solutions obtained correspond either 
to very large po larons ( covering dozens of sites), or even to the free electron 
solution. One may ask whether it is the finiteness of the lattice which is 
at the origin of finding the free electron solution, whether we should walk 
a different "path" through parameter space as explained in the previous 
section, or whether there really is no polaron to be found in this regime? 
Although we are not in the position to answer this question yet, Chapter 6 
sheds light on the matter, to prove the latter hypothesis. Takinga different 
"path" might not resolve the issue of the broad valley, however, it will re
move the bad datapoint we observe at g = 1.2 and cjJ = -1.0 in figure 3.2. 
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It clearly exhibits the presence of other local minima in the total energy, 
the occurrences of whkh one should always be aware of when applying the 
method. 

As just mentioned, those total energy curves that represent heavy po
larons have a minimum at some negative l/J. Also, notice that this minimum 
shifts towards the zero of ljJ for increasing g, and that the shift is less pro
nounced for greater adiabaticity. So what is happening? Firstly, we will 
try to answer the question qualitatively. Consider parts I and I I of the 
Hamiltonian. If t, ljJ, and g are of the same sign, I and I I aid each other to 
promo te the electronk transfer. If ljJ changes sign, the electronk transfer is 
hindered by IJ. Increasing the magnitude of ljJ will, at some stage, allowIJ 
to cancel I, to reverse the sign of the effective electronk transfer, as a con
sequence of which the electron willlocalize strongly. Further increase of ll/JI 
will, as it does in the "same sign" strong coupling regime, lead to stronger 
trapping, while also increasing the electronk transfer. The shift of the min
imum towards smaller ljJ for decreasing g is easily explained. Enlarging g 
will deepen the potential well, the electron will "catch" more phonons, and 
the influence in I I of nonlocal coupling is increased by the linear coupling 
to the lattice displacements rv (u;± u;+l)' thus the sign change is reached 
forsmaller ll/JI. 

To establish the validity of this hypothesis, let's consider the minimum of 
the total energy as found in figure 3.2 at ljJ = -0.5 for g = 2.0. In figure 3.4 
we have plotted the electron density ar (left panel) and lattice displacements 
Ui (right panel) versus site i for ljJ increasing from minus one to zero. As 
stated earlier, calculations were performed on a 99 site lattice. First note 
that the electron is extremely localized for ljJ = -0.5, whilst for surrounding 
ljJ localization worsens. The lattice displacements show a different trend, 
to become more pronounced on the central site for decreasing l/J, while the 
displacements of the neighboring sites correlate better with the electronk 
localization. The consequences of the changes for parts I I I and IV of the 
total energy are small, especially compared to the changes of I and I I. To 
elaborate, not only do t and !iwol/J (uo + u1) / v'2 cancel out at the central 
site, also the electronk localization will negate I and IJ via a1a0 , to thus 
explain the minimum of the total energy. 

3.2.2 Two-dimensional polaron 

Until now, all presented results have been for a one-dimensional lattice. 
Will higher dimensions change the characteristks of the extended Holstein 
polaron. For the Holstein model, Kabanov and Mashtakov [35] suggest that, 
unlike in lD, in the 2D and 3D cases a phase transition is present from 
the polaron state to the delocalized electronk state. Historically, based on 
sealing analysis by Emin and Holstein [36], it was generally believed this 
transition does in deed exist. However, Romero et al. [11], nor Wellein, 
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Fehske, and Loos [37, 38] observe this transition. Even consiclering a fourth 
spatial dimension, Ku et al. [39] still show all quantities to be continuous 
throughout the whole of the parameter space. The general message of these 
articles is that the occurrence of self-trapping is qualitatively similar in one 
and higher dimensions, with the primary change being that the transition 
systematically increases in abruptness. 

The two-dimensional isotropie case has been stuclied here as well using 
lattice dimensions of up to 99 x 99 sites, with periodic boundary conditions. 
Figure 3.5 displays 6 panels, the left plotting the binding energy versus f/J, 
the right plotting the lattice energy divided by the phonon energy. From 
top to bottorn graphs are for increasing adiabaticity. First notice that only 
the lower panels show data points for allf/J, i.e., the routine does not always 
converge for too large a bare transfer integral, t. Again, taking a different 
"path" should at least allow us to find the free electron solutions. 

In comparing the lower panel with figure 3.3, we observe qualitatively 
similar results. Indeed, in 2D the polaron binding energy is higher in the 
nonadiabatic regime, as is the number of phonons in the surrounding cloud. 
The total energy curves show a clear minimum at ljJ :::::; 0, thus we are deal
ing here with essentially small polarons (see previous subsection). In this 
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respect, dimensionality is expected to have little qualitative influence on the 
polaron, although binding energies and phonon numbers ought increase, be
cause norriocal e-ph coupling is effectively enhanced. At the other extreme 
there is the adiabatic polaron. Only for strong norr-Iocal e-ph coupling, 
c/J 2 1, does the routine obtain a polaronic solution. This is quite reminis
cent of the transition from the polaron state to the delocalized electronic 
state as observed by Kabanov and Mashtakov [35], especially if one con
siders the role norriocal coupling plays in trapping as well. However, the 
one-dimensional case, see figure 3.1, shows a similar, but less pronounced, 
effect, to lead us to believe that the cause of our free electron salution does 
not primarily reside in the higher dimensionality. Chapter 6 will shed more 
light on the matter. 

3.3 Dynamica] approach 

We have not touched upon the matter of semi-classica! polaron formation 
yet, nor will we present a complete analysis. To get some insight into the 
problem, equations of motion of the system are derived from the extended 
Holstein Hamiltonian, Eq. (2.13). A similar approach was taken by Kopi
dakis et al. [40] and by Beonornou et al. [41], although their models consider 
acousticlike eigenvibrations of the lattice, as wellas antisymmetrie e-ph cou
pling to the diagorral part of the electronic Hamiltonian. We advance the 
analysis by the inclusion of an electric field, in this way allowing a study of 
the semi-classica! polaran's mobility. 

3.3.1 Methodology 

We start out by applying the Hamilton equations [42] to obtain 

·>. >.2 >. 8Hel 
P. = -Mw0 u. - --

' t 8 >. . 
ui 

(3.12) 

If the time-dependent wave function is written as 

l~(t)) = Lai(t)cliO)el, (3.13) 

and we substitute v; for üt, we find a set of first order differential equations 

v; v; ( t = 0) = 0 , 

-Mil t 

aH 
MwSut + (~ (t) I au~~~~ (t)) . 

t 

(3.14) 

The time-dependenee of the now complex wave function components, a = 

Re a + Im a, is determined by the Schrödinger equation, to obtain an extra 
set of first order differential equations, satisfying the initia! conditions 
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LiReai (t = 0)2 = 1 and lmai (t = 0) = 0. Still, initial values need to 
be supplied for all u, as well as for all Re a. Notice that the initial lattice 
momenta as well as imaginary wave function components are assumed zero. 
We will consider a one-dimensional lattice with 297 sites, one lattice mode, 
and periadie boundary conditions. The numerical salution of this set of 
1188 coupled differential equations is easily obtained by time integration 
using a Runge-Kutta methad of order 8 with step-size control [43]. lt is 
worth mentioning two charaderistic times of the lattice: the lattice and 
the electronic times, tlat = 1/wo and tel = fijt, respectively. Practical 
calculations use a "global time step" of w-13 to w-11 seconds, with a 
total of 1000 to 10000 steps, conesponding to roughly 1500 to 1.5 million 
characteristic lattice times. The latter simulation times are considered in 
the study of polaron formation, the farmer in the study of polaron mobility. 
The norm of the wave function, as well as the total energy are conserved 
with a relative accuracy at least of the order of w-4 , but usually orders 
of magnitude better. Finally, the methad allows the incorporation of more 
lattice modes, higher dimensional lattices of various geometries, disorder, 
and the lattice might even be in internal equilibrium conesponding to a 
finite temperature, all at modest computational cost. 

3.3.2 Polaron formation 

The formation of a polaron is all but trivial. Whether, how, and what 
sort of a polaron forms turns out to be highly dependent on e-ph coupling 
strengths, characteristic times, lattice size, and initial configuration of lattice 
displacements as well as electronic wave function. We will take a look at two 
distinct types of configurations of the latter: the free-electron at the bottorn 
of the band and the completely localized electron. In the farmer situation 
one needs to perturb one lattice site, by giving it an energetically negligible 
displacement ( < w-10 eV). 

Figure 3.6 will serve as the starting point of our qualitative exploration 
of the parameter space involved. The upper panel displays four curves, 
representing the potential, and kinetic parts of the lattice energy, the elec
tronic energy as well as the sum of these terms, versus time. The lower 
panel shows the time evolution of the electron density lail 2 of sites 1 to 
297. lnitially we have a delocalized electron at the bottorn of the band with 
energy Eel (t = 0) = -2t = -0.02 eV, while ll.wo = 0.01 eV. Thee-ph cou
pling constants are g = 1.0 and cp = 0.5. Up till approximately 1200 steps, 
the electron density is fluctuating around its completely delocalized value 
of 1/ N. Suddenly, as is visible from the upper panel, the electronic energy 
drops, while, because of energy conservation, the lattice energy increases by 
an equal amount. The bottom-right of the lower panel shows us that the 
electron density at the central site of this newly formed polaron is as high as 
0.2. After several hundreds of steps a sudden fallleads us to a plateau with 
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increased electronic densities. Finally, but now more slowly at about 4500 
steps(= 45 ns), we reach an apparent minimum. The electron density of the 
central site might he as high as 0.5, while the localized formation contains 
up to 90 percent of the electron. Is this the same polaron we obtained from 
our ground state calculations? A carefullook at figure 3.2 tells us the bind
ing energy of the ground state polaron:::::: 0.0073 eV, and the lattice energy 
:::::: 0.0102 eV, to obtain from Eq. (2.20) that Eel :::::: -0.0375 eV. The upper 
panel of figure 3.6 tells us the dynamica! polaron has an energy of about 
-0.031 eV. Surely, the polaron is not far from ideal at all. We also conclude 
from the kinetic part of the lattice energy that the adiabatic approximation 
does not lead to significantly different results. From a quick look at the 
whole of the parameter space, we estimate that at most 20 percent of the 
lattice energy is kinetic in origin, though aften less than 10 percent. Still 
there is the matter of energy conservation, i.e., the decrease in electronic 
energy is at the expense of an increase in lattice energy. Thus, a finite po
laron binding energy implies an excess of lattice energy. Moreover, not the 
whole of the electron is contained in its self made trap. The excess energy 
seems to he dispersed over the lattice, fluctuates heavily and does allow for 
the fast movement of the polaron, especially visible the last thousand time 
steps. Without proper justification, we will now try to attribute this excess 
energy, which for convenience we assume to he half of a phonon energy, to 
a finite temperature of the lattice. Therefore, employing the Bose-Einstein 
distribution function, we need to solve 

11lwo liwo 
Elat(i) = -2 - = __ __;;___ 

N expk~T-1 
(3.15) 

for T, in which kb is the Boltzmann constant, to obtain T :::::: 18 K. To 
rephrase, finite temperatures of the system allow mobile polarons to form, 
the electronic energy of which is less than at 0 K. 

The just presented example is rather ideal. To imprave our understand
ing of the trapping process, observations obtained from a limited scan of 
the parameter space will now he discussed. lncreasing the characteristic 
electronic time seems to allow for faster polaron formation: it is rather im
mediate in the strong coupling, nonadiabatic regime, but never much slower 
than the just observed 45 ns. The slow nonadiabatic electron allows the 
lattice vibrations plenty of time to adjust. A second observation pertains 
to the strength of the e-ph coupling. If the coupling is strong, g » 1, the 
system does not show one, but several or many pronounced peaks in the 
electronic density. Apparently, it is beneficia! for the electron to split up in 
parts, each one of which behaves essentially as a polaron. An explanation 
is provided by the fully classica! polaron energy, Eq. (2.18). If local e-ph 
coupling g = J2, then the binding and lattice energies are both equal to 
liwog2 = liwo2. By increasing the coupling to g = 2, these energies will 
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become lïwo4. The model does not allow for dissipation, thus, in the event 
of polaron formation, the excess lattke energy will be lïwo4, amounting to 
increased fluctuations of the lattke, which in turn affect polaron stability. 
Splitting up the electron in, say, two localized parts, leads to a more stabie 
configuration. The binding and lattice energy of each one of these peaks now 
becomes lïwog2 /4 = lïwo, while the excess energy of the lattice containing 
two peaks is equal to lïwo2. The formation of more peaks is unlikely. Di
viding the electron in several parts will effectively reduce the e-ph coupling 
for each part. Thirdly, we observe that polaron formation does not occur 
for g :S 1, the equality only applies in the nonadiabatic regime, reminding 
us of the small to large polaron transition. Lastly, the inclusion of nonlocal 
e-ph coupling seems to enhance trapping. Already at cjJ = 0.75 and g = 0 a 
polaron is observed at intermediate adiabaticity, o: = 1. 

Instead of taking an initially delocalized electron, we might as well con
sider the opposite, i.e., a completely localized electron, which of course has 
only the on-site energy. Hence, compared to the delocalized electron, the 
formation of a polaron is accompanied by an extra excess energy of 2t, as a 
consequence of which self-trapping becomes more difficult. In any event, the 
onset shows an immediate drop in electronk energy, absorbed by the lattice, 
foliowed by an often gradual change of the electronk energy, with strong ini
tia! fluctuations. Polaron formation requires the electronk energy to drop 
below the bare tight-binding, bottorn of the band energy, -2t. Secondly, it 
requires a seemingly obvious separation of the kinetic and potential parts of 
the lattice energy. However, often they are of equal magnitude and fluctuate 
equally strongly, the electron is not able to transfer energy to the lattice, 
trapping will not occur at all. Lastly, in comparison to the delocalized ini
tia! state, we observe that polaronic transformation of the localized electron 
requires stronger e-ph coupling as well as longer characteristic electronk 
times. 

Irrespective of initia! conditions, true systems ought to have the ability to 
circumvent the hindering factor of total energy conservation by transferring 
energy to their surroundings. We might be inclined to increase the number 
of sites in the lattke, and thus decrease the excess energy per site, but only 
to find out that polaron formation itself will, at the very least, take longer 
time to occur. It proves more difficult for the delocalized electron to obtain 
enough critica! density to form a trap. Damping the lattice vibrations is 
another, viabie approach. However, too strong damping often leads to the 
creation of many peaks: localized parts of the electron are immobilized 
before they can reach each other. If successful, polaron formation can be up 
to orders of magnitude faster, while the whole system reaches the ground 
state. Underdamping does not always prove better: it requires more time 
to still obtain several peaks. Instead of including dissipation in the model, 
there is an alternative approach to the ground state, which is based on the 
adiabatic theorem [12]: if the Hamiltonian changes gradually from some 
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initial form Hi to some final form Hf, then the theorem states that if the 
partiele was initially in the nth eigenstate of Hi, the Schrödinger equation 
will carry it into the nth eigenstate of Hf. Again, the idea of a "path" 
through parameter space is appropriate. A localized electron with strong 
local coupling and t = 0 provides us with a ground state configuration. The 
adiabatic theorem then states that a slow "walk" through parameter space 
to the final parametrie contiguration will keep the polaron in its ground 
state. 

3.3.3 Semi-classica] mobility 

We continue our analysis by the inclusion of an electric field, which we 
assume to be constant over the entire system (the dipole approximation). It 
is included in the Hamiltonian as a scalar potential [44]. Smoothly the field 
is turned on to its final strength as 

E(t) = { Eaexp [-(t-Tc)
2 ITar] 

Eo 

fort< Tc, 

fort 2: Tc, 
(3.16) 

where Tc is the center, Tw is the width of the Gaussian pulse, and Eo is 
the strength of the field. For the contribution to the Hamiltonian we write 

(3.17) 

where eis the elementary charge and we take the lattice spacing to be a= 10 
A. 

We will now focus our attention on the influence of the electric field on 
the ground state contiguration of lattice and electron. Instead of obtaining 
this polaron solution by the above described time-dependent methods, we 
take as initial state the output of the semi-classical adiabatic calculation. 
We allow the system to relax for about 10 ps. To turn on the electric field, we 
take Tc = 10 ps and Tw = 1 fs. What happens next is strongly dependent 
on the applied electric field strength, a clear demonstration of which is given 
in figure 3. 7. A lattice with 297 sites is initially presented with a polaron 
characterized by a = 1.0, g = 0.4, and cjJ = 1.25, the center of which is 
located at site number 249. From top to bottorn panels are for increasing 
electric fields, respectively from the smallest field strength that will cause 
the polaron to move, Eo = 195 n V I A ( determined with a relative accuracy 
of 0.001), up to Eo = 100 p,V I Á. The left-hand panels show the lattice 
displacements u at various times, with an interval of 10 ps. The right-hand 
panels show the position of the largest lattice displacement versus time, i.e., 
the trajectory of the polaron. We observe that increasing the field strength 
will cause the polaron to move quicker, and it will thus need less time to reach 
site number one. Although the lattice is endowed with periodic boundary 
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Fig. 3. 7: Electric fields cause the polaron to move. Here t = 0.01 eV, g = 0.4, and 
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conditions, the electric potential will effectively present the polaron with a 
virtually impenetrable wall, causing it to hounee back as if it were a tennis 
hall thrown against a wall. Secondly, increasing the field strength will change 
the trajectory from being almast quadratic to being linear. The fact that 
the peak height of the largest lattice displacement hardly changes while 
rnaving implies that the polaron moves as a whole, corroborated by taking 
a look at the electron density (not presented). The clear linear movement 
is accompanied by excitations of the lattice, reminding us of a ship's stern 
wake. Again, the model is without dissipation, the lattice vibrations are 
optical. Because the electron farms part of the "ship", the "wake" of lattice 
vibration does not have the means to transfer energy away and will thus 
remain unaltered. Thirdly, if the electric field energy is small enough to not 
allow the polaron to leave behind such a "wake", it will hounee from the 
"floor", to reach the same "height" it was initially released from, to then 
start over again. 

These three observations seem to suggest that it is a good idea tothink of 
the semi-classical polaron as a classical object with a definite mass, rnaving 
through a viseaus medium. In the case of repetitive bouncing, the falling 
trajectory is found as the salution of equating the mass times the acceleration 
to the electrical force experienced by the polaron. The linear movement we 
attribute to a friction term proportional to the velocity and mass. Hence, 
to obtain the trajectory, we propose to solve the differential equation 

(3.18) 

which has as its solution, assuming the initial position and velocity are zero, 

() leiEo ( exp(-')'t) -1) x t = -- t+ . 
ffi')' ')' 

(3.19) 

The second observation implies that the friction coefficient ')' must he a 
function of electric field strength, while we expect the effect on the mass to 
he minor. 

The right-hand panels in figure 3. 7 show the bouncing trajectories as 
squares, and the results of fitting to the initial legs with Eq. (3.19) as 
solid lines. In increasing the field strength, we abserve a small decrease of 
the polaron mass, while the increase of the friction coefficient is roughly 
proportional to the electric field. The same technique has been applied to 
obtain polaron masses for a larger part of the parameter space, although 
the adiabaticity parameter has been left unchanged, a = 1, the results of 
which are shown in figure 3.8. Befare we start any elaborate discussions, a 
quick comparison with the middle panel of figure 3.2 suggests that, as one 
might intuitively expect, the polaron mass is roughly proportional to the 
number of phonons, i.e, for a = 1, each phonon that the electron carries 
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Fig. 3.8: The polaron mass determined by fitting the polaron trajectmies to Eq. 
(3.19). The smallest electric field strength which causes the polaron to 
move is determined with a relative accuracy of 0.001. All results are for 
a= 1, and PBC. 

in its cloud, increases the mass by about ten bare electron masses. Again, 
the smallest electric field that causes the polaron to move was determined 
with a relative accuracy of at least 0.001. We observe (not shown) that 
the minimum required field strength changes by ten orders of magnitude, 
from roughly 0.1 p V I A up to 1 m V I A, in going from the weakly to the 
strongly coupled polaron, respectively. Similarly, we notice that the friction 
coefficient 'Y increases by about six orders of magnitude, from 10 J.LS-1 up 
to 1 ps-1. However, the value of both quantities may still differ by several 
orders of magnitude as a function of nonlocale-ph coupling cp. Nevertheless, 
for cp 2 1.5, irrespective of g, the ratio of the friction coefficient and the 
minimum electric field seems to be of the order of 1 mlsJ.LV. For this part 
of parameter space, figure 3.2 suggests it is only the physical size of the 
polaron that is hardly altered. If we assume that the friction coefficient is 
approximately proportional to the electric field strength, 

(3.20) 
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with negligible 'YE=O, then the constancy of the ratio seems to imply that it is 
the physical size of the polaron that determines the proportionality constant 
8"fi8EIE=O· Moreover, if we compare figure 3.8 with the bottorn panel of 
figure 3.2, we find convincing evidence that it is the spatial extent of the 
polaron which is at the origin of the breakdown of our mobility studies. For 
xo,dxo,o ~ 0.4 and less, the discrete nature of our lattice sites makes the 
polaron too small to feel the small gradient of the electric field potential. 
Increasing the electric field will show us trajectories that do not fit Eq. 
(3.19), or even worse, the polaron might completely disintegrate. Further 
research is definitely required, although literature does already provide us 
with part of the solution. The workof Johansson et al. [44] on the dynamics 
of an SSH model's polaron does not only solve the Schrödinger equation 
for the electronic ground state, some of its excited states are taken into 
account as well. Given the fact that excited states are more spread out 
across the lattice, then, if by some means the probability of finding the 
electron in an excited state increases, this will have as its consequence that 
the polaron will becomes less localized and is in a better position to respond 
to the electric field. However, first, let's remark that it is numerically quite 
straightforward to obtain the first excited state of the electron in its trap. 
Throughout the whole of the parameter space this state seems to have an 
energy approximately equal to the bottorn of the band energy of the free 
electron ( compared to the energy scales in the problem). Thus, such an 
excited partiele is hardly bound to its own potential well. Secondly, why 
would the electron reside in any of its excited states? Is the electric field 
supplying the required energy? For a polaron with a spatial extent of, say, 
100 Á and an enormous electric field of 1 m V I Á, this would mean that the 
potential drop the polaron experiences in going across its own length is of 
the order of 0.1 eV, indeed quite sufficient. On the other hand, a typical 
large polaron often requires an electric field strength of even less than 1 
n V I Á to set it into motion. The drop in potential energy that a polaron 
experiences while traversing its own length of say 100 Á is by no means 
suflident to excite it. For such polarons our model is more than adequate. 

We conelude this section by a brief thought on mobility. If we define 
mobility as the partiele drift speed per unit electric field, J-l = vdl Eo, we still 
have to come up with an adequate definition ofthis drift speed. First weneed 
to realize that a perfect lattice is a fiction. All lattices contain impurities 
and other imperfections from which electrous might scatter. Therefore we 
introduce a scattering time T, which might serve as a measure of the impurity 
concentration. However, we do assume it to be independent of any of the 
parameters in our Hamiltonian. Now we are able to define some average 
drift velocity as 

(3.21) 



3.3. Dynamica] approach 39 

In the case of a lattice littered with imperfections, characterized by T ---> 0, 
we find, to lowest order, vd = eEor / m, and a good measure of mobility 
would be the redprocal polaron mass. In the opposite limit of r ---> oo, 
representing a perfect lattice, we obtain a final velocity vd = eEo/m'"'(, and 
thus mobility is proportional to the redprocal of m'"'(. 
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4. POLYTHIOPHENE, POLYPHENYLENEVINYLENE, AND 
NAPHTHALENE 

In the previous Chapter we have clearly shown that the study of the semi
classica! polaron requires only modest computational resources. Lattices 
with thousands of sites and dozens of phonon modes pose no serious prob
lems. Recently, employing ab-initia methods, the Polymer Physics Group 
at the Eindhoven University of Technology [18, 19, 20] has succeeded in 
obtaining tight-binding parameters, including coupling constants, for vari
ous n-conjugated polymers as well as organic molecular crystals. By com
bining the results of both, we are now in an excellent position to obtain 
insight in polaronic effects in these materials, specifically polythiophene, 
polyphenylenevinylene, and naphthalene. 

4.1 Electron-pbonon coupling determination 

In this section a short outline will be provided to explain the methods used to 
obtain realistic tight-binding parameters for polythiophene, polyphenylene
vinylene and naphthalene. Those parameters include the on-site energy 
Eo and transfer integrals t, as well as the coupling parameters g>-, <P>., and 
phonon energies liwS, all for both HOMO and LUMO states. A more detailed 
explanation of the 3-step process might be found in [18, 19, 20]. 

First, the equilibrium contiguration and electronk band structure are 
determined by means of DFT-LDA calculations using the ab-initia total
energy and molecular dynamics program VASP [45]. The eigenvalues and 
veetors of a generalfree-electron tight-binding Hamiltonian are well known. 
Fitting the equilibrium band structure to this analytic formula allows one 
to determine the on-site energy Eo and transfer integrals to. 

The second step is based u pon lattice dynamics theory. To lowest order, 
the Hamiltonian incorporating lattice dynamics has already been presented 
in Eq. (2.1). Fora generallattice we may write 

p';, 1 
Htat = L 2M + 2 L L Va/3 (rn- rn') Uno:Un'/3, (4.1) 

n n n,n' o:,/3 

where Mn is the mass of atom (molecule) n and Uno: denotes the displacement 
of moleculen at rn in direction a. Still one needs todetermine the potentials 
V. To this purpose one needs to realize that the displacement of an atom 
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induces forces on neighboring atoms. The force exerted on an atom is defined 
as minus the derivative of the energy with respect to atomie position and are 
thus easily obtained with the use of VASP. In the harmonie approximation 
the potentials are then obtained as 

(4.2) 

where F'/1 is the force exerted on atom n in direction a by the displace
ment ut of atom n'. From the equations of motion of Eq. (4.1) it is then 
straightforward to write down a generalized eigenvalue problem, of which 
the eigenvalues correspond to the lattice mode energies. 

In a third step, the atoms are displaced according to the eigenveetors 
obtained with amplitude t:J.u\ VASP calculates new band structures, where
upon, by fitting, one finds new on-site energies E

1 and transfer integrals t'. 
Finally, the semi-classica! extended Holstein model allows one to relate the 
newly obtained constants to those of the equilibrium, to find 

.\ 1 f:J.E 
g = J21ïw6 t:J.u.>. 

.\ 1 t:J.t 
c/J = v/21ïw6 t:J.u.>. 

(4.3) 

4.2 Polythiophene and polyphenylenevinylene 

Both polythiophene (PTh) and polyphenylenevinylene (PPV) are conju
gated polymers. Common to most conjugated polymers is the fact that a 
one-dimensional path of alternating short and long carbon-carbon honds 
along the backbone of the polymer chain can be found. For an introduetion 
read [46]. To obtain the tight-binding parameters of polythiophene, Meisel 
et al. have used the above outlined procedure. VASP was supplied with a 
unit cell with two thiophene-rings. The results are listed in table 4.1. Sim
ilarly, for polyphenylenevinylene the basic unit contained one phenyl-ring 
and a vinyl-group, and the obtained parameters are listed in table 4.2. 

In practice, the idea of an infinite one-dimensional conjugated polymer 
is too idealized. Thue conjugated polymers have only a finite conjugation 
length of, say, about ten unit cells. Only within these ten unit cells may 
we consider the polymer to be ideal. Therefore, in employing the adiabatic 
method we systematically study the infiuence of a finite lattice-size by con
siclering lattices with at most 99 sites and we use open boundary conditions, 
which is especially important for small systems. Results for PTh and PPV 
are shown in respectively fi.gure 4.1 and fi.gure 4.2. Both contain five panels. 
The upper two display the electron (hole) density and the lattice displace
mentsof the various phonon modes of a 99 site lattice. Note the similarities 
between the electron and the hole polarons and between PTh and PPV. 
Thus, we clearly establish that polarons in these materials are very large. 
The middle two panels of both figures present the lattice energy per lattice 
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ments of the various modes. Model parameters for PTh are taken from 
table 4.1., the lattice contains 99 sites, with OBC. The middle panels dis
play lattice energy per mode as a function of lattice size, while the lower 
panel plots the respective binding energies. 
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mode. For example, for PTh we see that, in the limit of an infinite system, 
the electron-polaron is influenced strongly by only one phonon mode. One 
of the niceaspectsof (very) large polarons is, that we can (almost) predict, 
by very simple arguments, which of the lattice modes will be important. To 
see this, write the lattice energy of mode À as 

(4.4) 

We know from Eq. (3.7) how to express the lattice displacement ut in the 
wave function components ai and ai±l· If the polaron is large, then for the 
electron density we may write ni =a~ ~ ±aiai+l, where the latter ± is an 
ambiguity related to the fact that neighboring wave function components 
can have alternating signs (read the discussion following Eq. (3.9)). Within 
this approximation we find 

E~t = !U..JS ( g>. 2 + 4</>>. 2 ± 4g>. 4>>.) L n~ ' (4.5) 
n 

where the latter summation is a phonon-mode independent quantity. Indeed, 
the sign of the neighboring wave function components remains unknown, 
but we have checked, at least for PTh, that the use of the negative sign is 
appropriate. What can we do with this result? Nothing, but it proves that 
our algorithms produce proper results. 

In the middle panels we now understand the limit of 99 lattice sites. 
What happens in smaller systems? Indeed, the polaron becomes more con
fined, and thus we expect its energy to go up. The various contributions to 
the lattice energy seem to confirm this. However, the bottorn panels show 
us that the binding energy increases. The resolution is found in realizing 
that in an open, finite lattice, the ground state energy of a bare electron 
increases as well. 

4.3 Naphthalene 

Naphthalene crystallizes in a monoclinic structure (P21;a) and exhibits a 
herringbone stacking with two equivalent molecules per unit cell. Graph
ical representations can be found in the Master's Thesis by Schellekeus 
[19]. By using DFT-LDA calculations he obtained for the lattice param
eters a = 7.68 A, b = 5. 76 A, c = 8.35 A, and the monoclinic angle 
f3 = 125.7°. For this geometry, the intermolecular optical phonon en
ergies (!U..JÓ = 10.7 meV, !U..J5 = 14.2 meV,!U..J6 = 17.4 meV) were ob
tained within the rigid-molecule approximation. The fits of the ground
state HOMO and LUMO energy bands to a tight-binding model, includ
ing on-site energy and the six most important transfer integrals between 
nearest neighbors, i.e., {ij}= {O,a,b,c,ac,ab,abc} belonging tori- rj = 
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Tab. 4.1: Phonon frequencies and electron-phonon coupling constauts fortheseven 
dominant lattice modes of polythiophene as used in the calculation of the 
LUMO and HOMO polaron. For the former t = 0.40066 eV, and for the 
latter t = -0.47043 eV [20]. 

phonon mode e-ph coupling h-ph coupling 
[me V] loc al nonlocal loc al nonlocal 
35.40 0.83 0.73 -0.54 -0.70 
87.70 -0.37 0.00 0.29 0.00 
127.70 0.26 0.26 -0.16 -0.23 
154.70 -0.44 -0.10 -0.32 0.15 
173.80 0.20 0.20 -0.07 -0.20 
182.90 -0.06 -0.11 0.09 0.12 
183.50 -0.33 -0.55 0.47 0.55 

Tab. 4.2: Phonon frequencies and electron-phonon coupling constauts for the seven 
dominant lattice modes of polyphenylenevinylene as used in the calcula
tion of the LUMO and HOMO polaron. For the former t = 0.79786 eV, 
and for the latter t = 0.79328 eV [20]. 

phonon mode e-ph coupling h-ph coupling 
[me V] loc al nonlocal loc al nonlocal 
39.93 0.72 0.16 0.05 0.12 
78.27 0.04 -0.03 -0.12 -0.06 
81.60 0.29 -0.03 -0.18 0.10 
111.57 0.18 0.11 0.41 0.06 
142.60 -0.65 0.12 -0.52 -0.52 
148.14 -0.01 -0.54 -0.03 -0.02 
150.06 -0.32 -0.02 -0.54 -0.36 
158.18 0.04 -0.38 0.21 0.00 
160.13 0.26 0.03 0.40 0.33 
191.39 -0.47 0.33 -0.76 -0.64 
195.60 0.70 -0.62 0.67 0.58 
204.89 0.01 0.61 -0.06 0.03 
376.41 0.01 0.02 0.02 -0.00 
381.29 0.02 0.00 -0.01 0.00 
382.95 -0.00 0.00 0.02 0.00 
383.99 0.00 -0.00 -0.02 0.00 
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Tab. 4.3: Tight-binding parameters and electron-phonon coupling constauts for 
three lattice modes of naphthalene as used in the calculation of the ground 
state LUMO electron polaron [18] . 

ij éQ & t mode 1 mode 2 mode 3 
0 2.93 eV -0.08 0.09 0.05 
a -1 meV 0.03 -0.05 0.01 
b -30 meV -0.87 0.09 0.00 

ab 72 meV 0.11 -0.69 -0.11 

0, ±a, ±c, ±(a+ c), ± (a/2 ± b/2), and ± (a/2 ± b/2 + mathbfc), show that 
the electron is confined to the a - b plane. Hence, in this thesis we model 
naphthalene by the tight-binding extended Holstein Hamiltonian with near
est neighbor coupling in the a-direction, b-direction, and the a - b-direction. 
Explicitly, 

Hel {u} L {-} ( 1 t 1 2 t 2 ) éQ U C· · C· · + c. · C· · t} t} t} t} 

ij 

where the on-site energies and transfer integrals all depend on the lattice 
contiguration {u} in the usual way (Eq. (2.10) and Eq. (2.11)), ei/ and 

c7/ create an electron at the resP,ective first and secoud molecule in the unit 
cellat rij =ia+ jb and rij = (i+ 1/2)a + (j + 1/2)b. Table 4.3 lists the 
parameters as used in the calculations. 

Again we employ the adiabatic method to obtain ground state electron 
wave function and lattice distortions on a periodic lattice with 75 by 75 
unit cells, thus containing a total of 22500 molecules. Figure 4.3 displays 
6 panels, the upper left corresponding to the electron density of the first 
molecules in each unit cell as obtained with the fitting parameters as listed 
in table 4.3. In the a-direction no electron localization is observed, we do 
not obtain a polaron ground state solution. If any, a substantial increase of 
the lattice dirneusion is needed for the electron density to show a clear peak. 
Coropceanu et al. [4 7] show that the intramol ecular phonons tha.t couple 
most strongly to the electrous have significantly higher frequencies than the 
intermolecular phonons considered here. However, as stressed by Hannewald 
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Fig. 4.3: The electron density at the first molecule in each unit cell (Eq. (4.6)) of 
a polaron in naphthalene for increasing transfer integral reduction factor 
r . Model parameters are taken from table 4.3., the lattice contains 75 x 
75 unit cells. with PBC. 
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Fig. 4.4: Polaron binding energy and the lattice energiesof the three most impor
tant lattice modes in naphthalene versus transfer integral reduction factor 
r. 

et al. [5], the zero-point fluctuations of the intramolecular phonons willlead 
to an isotropie overall reduction of the listed transfer integrals. A proper 
value of r might he of the order of 50, the estimate of which is provided by 
comparison of these transfer integrals with fits to experiment with a model 
based on the Holstein Hamiltonian by Kenkreet al. [6]. Therefore, we in
troduce the transfer integral reduction factor r, and repeat the ground state 
calculations with bare transfer integrals tjr. Note that even a reduction by a 
factor of two leads to a localized polaron, still covering dozens of molecules. 
The structure is elongated in the a-direction, simply explained by a quick 
glance at the transfer integrals: tb is of opposite sign to tab· The latter 
is of greater magnitude, thus partly cancels the former, while effectively a 
transfer integral in the a-direction is introduced. A further increase of r will 
enhance the trapping of the electron. Figure 4.4 shows the lattice energy 
of the three modes, as well as the binding energy of the polaron, versus r. 
As expected, we see that the lattice energy is roughly proportional to the 
binding energy. lt is also apparent that the second lattice mode is most im
portant. For going from r = 32 tor= 64 we see a change of the elangation 
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direction. Note the jump of the lattice energies in this "transition". For 
negligible transfer integrals the relative signs and magnitudes of the local 
and nonlocale-ph coupling parameters of the second lattice mode determine 
the shape of the polaron. 

We have only presented results for the LUMO of naphthalene, while 
coupling constants have also been obtained for anthracene and tetracene, 
for both the HOMO and LUMO [18]. We observe qualitative similar results. 
DFT-LDA was used in the calculation of the parameters for the LUMO of 
naphthalene. The parameters obtained with a semi-empirical atom-atom 
potential [18]lead to an increase of the polaron binding energy by about 50 
percent for large r and a somewhat stronger localization of the electron. 



5. QUANTUM MECHANICAL POLARON 

The quanturn mechanica! extended Holstein Hamiltonian, Eq. (2.17), closely 
resembles the semi-classica! Hamiltonian, Eq. (2.13). The latter describes 
lattice vibrations classically, in the former these are boson particles, called 
phonons. In this Chapter we perform direct diagonalizations of the quanturn 
mechanica! extended Holstein model on one-dimensional lattices with peri
adie boundary conditions and one phonon mode. We obtain various prop
erties of the quanturn mechanica! polaron, such as binding energy, electron
phonon correlations, polaron band structures and bandwidths. We conclude 
by the study of the optical conductivity to learn about various contributions 
to the polaran's mobility. 

5.1 Basis set and matrix elements 

Our first aim is to find numerically the low energy eigenstates of the extended 
Holstein Hamiltonian (2.17). If we consider a linear chain of N sites and 
only one phonon mode, a possible basis set in the tensorial product Hilbert 
space of electronk and phononic states is 

(5.1) 

where lnet) = c~IO)et, i.e., an electron created at sitenoutof the electronk 
vacuum and 

rr 1 ( t)nf is)ph = i N bi IO)ph , (5.2) 

which represents a normalized phononic state with n'J phonons at site n. 
Since the Hilbert space associated with the phonons is infinite, even for a 
finite system, we apply a truncation procedure [48, 49] restricting ourselves 
to phononic states with at most M phonons. That means, we take into 
account all m-phonon states, where m = 2:~1 nf :S M, nf E [0, m], and 
Di:{, = ( M + N)! / M!N! denotes the dirneusion of the phononic Hilbert space. 
Now a state of the extended Holstein model is given as 

N M S(m) 

Iw) = L L L a~'8 ln; m, s) , (5.3) 
n=lm=O s=l 

where S(m) (N- 1 + m)!/(N- 1)!m!, and the total dirneusion of our 
Hilbert space is N Di:{,. 
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In this Chapter we will consider lattices with periodic boundary condi
tions, hence we exploit the translation invariance by the use of symmetrized 
basis sets 

N ikr· 

{Ik; s)} = t; :;Tr; (11, 0, ... , O)el 0 {ls)ph}) , (5.4) 

where 11, 0, ... , O)el denotes a localized electron at a fixed, but arbitrary site 
numbered zero, Tr; describes the allowed lattice translations, and k is the 
total momenturn of the coupled e-ph system. Now, a k-symmetrized state 
is given as 

M S(m) 

11/Jk) = L L a;>" Ik; m, s) . (5.5) 
m=Ü s=l 

The dirneusion of the symmetrized basis sets is D:J. For a specific basis 
state we obtain 

Hexlk; s) = -t ( eikalk; Tals) + e-ikalk; T-als)) - hwog (ik; bbls) +Ik; bis)) 

-~hwocP ( eika {Ik; bbTals) + Ik; boTals) ± Ik; Tabbls) ± Ik; Tabols)} 

+e-ika {Ik; T_abbls) +Ik; T_abols) ± Ik; bbT-als) ±Ik; boT-als)}) , 

where bb creates an (extra) phonon at site zero of the phononic state, Ta 
translates the phononic state by one lattice spacing a, and ± refers to sym
metrie and antisymmetrie e-ph coupling. The result tells us that for these 
basis sets the extended Holstein Hamiltonian in matrix notation does not 
have more than 13 nonzero matrix elements per column. 

A parallel, homemade implementation of the Lanczos algorithm (Ap
pendix C) allows us to calculate eigenstates at the edges of the Hamilto
nian's spectrum with sufficient accuracy to be able to calculate the above 
mentioned properties of systems with a total dirneusion of over 5 · 107 . It is 
needless to say, that it is imperative to check for the convergence of both the 
lowest eigenvalue as well as its phonon distribution, iak'I2(M) = 2:8 ia;:''8 1

2 , 

as a function of the maximum number of phonons retained. Because the 
Lanczos algorithm has as its core hundreds of multiplications of an extremely 
sparse matrix by veetors of monstrous dimension, practical calculation re
quired a very effi.cient homemade parallel implementation of the matrix by 
vector multiplication (see Appendix E for details). Although the Lanczos 
algorithm does allow the straightforward calculation of dynamica! properties 
via the Lanczos Recursion Method (LRM), or the related Speetral Decad
ing Method (SDM), we use the Kemel Polynomial Method (KPM), which 
is based on Chebyshev recursion and also has as its core the same matrix 
by vector multiplications (see Appendix D). 
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5.2 Binding energy, mean pbonon number, and e-ph correlation 

In our numerical work we first employ the basis set for k = 0 to obtain the 
polaron state lowest in energy with zero total momentum, 1'1,&0). As we will 
later show, the absolute ground state of the Hamiltonian, even for t > 0, does 
not always reside in the k = 0 subspace. We emphasize that the quanturn 
mechanica! polaron is completely delocalized in real space. In close anal
ogy to our treatise of the semi-classica! polaron, we present, for increasing 
adiabaticity, figures 5.1 to 5.3, each containing three panels. We consider 
nonlocal coupling of the symmetrie type (see Appendix B for antisymmetrie 
e-ph coupling) and we omit the ground state energy of the quanturn oscil
lator, liwo/2, which poses only an additive constant. The upper panel plots 
binding energy versusnonlocale-ph coupling for various locale-ph coupling 
strengths. The middle panel displays, for the same parameters, the mean 
phonon number 

N M S 

Nph = _L('!,&olblbil'!,&o) = L _Lmla~'8 1 2 . (5.6) 
i=l m=l s=l 

Finally, the bottorn panel represents our measure of size xo,dxo,o (read 
Chapter 3.2.1 for a short introduction), where we use the electron-phonon 
correlation 

(5.7) 

These results were obtained on lattices with 9 sites while basis states with 
a maximum of 20 phonons were retained, thus the total dirneusion of the 
Hamiltonian matrix is about 107 . 

In analogy to section 3.2.1, we point out some of its intuitive charac
teristics. If the e-ph coupling parameters and transfer integral are of equal 
sign, then the larger g, or cp, the larger the polaron binding energy, as well 
as mean phonon number. Then, if we keep cp fixed and increase g, the bot
torn panels clearly show that the polaron shrinks in size, caused by the local 
nature of g. Similarly, the polaron grows in size for increased cp as well as 
for decreased adiabaticity. 

if we take a close look at the curves presenting the binding energy ver
sus cp for fixed g, we observe a minimum for cp ~ 0. As we did for the 
semi-classica! polarons, we abserve two different kinds of minima of these 
curves: those that do have a substantial mean number of phonons (close to 
one or more) at this minimum, and those that do not. The origin of the 
farmer is physically equivalent to the corresponding minimum in the semi
classica! curves: the effective transfer integral, which includes both the bare 
transfer integrals as well as nonlocal coupling, changes sign at the minimum. 
Although the procedure is not exact, we can establish this numerically by 
writing the Hamiltonian back into semi-classica! notation, i.e., we introduce 
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Fig. 5.3: Quanturn polaron properties in the nonadiabatic regime, a = 10, for a 
periadie lattice with 9 sites and 20 phonons. Upper panel plots binding 
energy versus </J, the middle displays the mean number of phonons, and 
the bottorn presents Xo,dxo,o-
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lattice displacements u. In this transformation, we have to revert our quan
turn mechanica! polaron into a localized object, centered at a specific site. 
We have learned from Chapter 3 that the number of phonons at a particular 
site corresponds to u~ /2. In our quanturn mechanica! calculation we obtain 

the mean number of phonons at a site by the evaluation of (7j;olblbil7j;o). For 
a very small polaron the latter expression is equivalent to the mean number 
of phonons. To show the sign change of the effective transfer integral, the 
terms I and II of Eq. (3.11) must cancel. Let's consider the same exam
ple as we did for the semiclassical equation: the minimum at </J = -0.5 for 
g = 2 and a = 1 corresponds to a polaron with its minimum of xo,dxo,o 
at <jJ = -0.5 and with a mean phonon number of about 3.91. We write 

t + lïwo</Jui/.;2 c:::: t + lïwo</J (7j;olbJbil7j;o) c:::: 0.0001. It is also clear that we 
need smaller 1</JI for larger g to reach this sign change. 

The latter type of binding energy minimum, at which point there are 
hardly any phonons, is of different origin than the broad semi-classical min
imum we observed for the lattices with 99 sites and periodic boundary condi
tions. Close inspeetion of the top panel of figure 5.1 reveals that its minima 
are located at the top of the "pyramids" of the lower panel, the first three 
of which have a "height" of about 30.1, 20.46, and 13.77. The pyramids 
are artefacts of the limited numbers of datapoints, we ought to think of 
the peaks as parts of a continuous line. Apparently, for these minima, the 
electron-phonon correlation contains two peaks at both next to central sites. 
This is clearly visible in figure 5.4 , where we have plotted the development 
of the correlation as we decrease </J from 0 to -1 for g = 1.2. For the calcula
tion we used a 17 site lattice with 12 phonons, and thus a total Rilhert space 
dirneusion of over 5·107 . Just beyond this "mountain range", i.e., for slightly 
larger </J, we find a "valley'' with a gentler slope upwards. At its "deepest" 
point the polaron is small, as we observe in figure 5.4 for </J = -0.5. What 
is happening? First note from Appendix A, that similar "pyramids" appear 
in the three site, semi-classical system with open boundary conditions (we 
refer to Chapter 6, to explain why we do see such structures in a toy model 
and why we do not observe them in Chapter 3). Therefore, let's once more 
try to understand the processes by looking at them from a semi-classical 
perspective. The "pyramids" are "highest" in the adiabatic regime, hence 
for large t. Because the mean number of phonons is very low, parts I and II 
of Eq. (3.11) can not fully cancel each other. On the contrary, the magni
tude of t is so large, and the mean number of phonons so low, that it is more 
appropriate to speak of a free electron, with only a small perturbation of the 
lattice. Let's assume that neighboring components of the electronk wave 
function are of equal magnitude, ai+l =ai, and that only the three central 
sites show non-negligible perturbations, 8ui and 8ui-l = 8ui+l· Then, the 
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Fig. 5.4: Electron-phonon correlation xo,j fort= 0.05 eV, g = 1.2 and rf> ranging 
from -1 to 0. Results are obtained on a lattice with 17 sites and 12 
phonons. 

expression for the binding energy is 

Ebind = 2h!iworf> (8ui + 8ui+l) ni + h!iwog (8ui + 28ui+l) ni 

1 ( 2 2 ) -2!iwo 8ui + 28ui+1 , (5.8) 

where ni is the electron density at site i. If we now minimize to the dis
placements 8ui and 8ui+ 1, we find 

(5.9) 

Hence, the displacement of the central site is zero along the line rf> = -g/2, 
as we observe in figure 5.1. A more intuitive viewpoint is provided by figure 
5.4 itself. For <P = 0 we have a weakly bound, large Holstein polaron in the 
adiabatic regime. By introducing a negative </J, we introduce a competition 
between the local and nonlocal electron-phonon coupling. While g couples to 
a particular site, <J;, loosely speaking, works on the "honds", as a consequence 
of which the e-ph correlation ratio xo,dxo,o reduces its magnitude under 
the influence of negative </J. For <P = -0.5 the polaron is at the bottorn of 
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the "valley'', and a further increase of I <PI would push, in the semi-classica! 
picture, the displacements of the next to central sites, through zero: the 
"pyramids" are built. We finalize by briefly addressing the strange features 
of the binding energy and mean phonon number curves in figure 5.2 and 5.3, 
for respectively g = 1.6 and g = 0.8. We stress that these are not caused by 
numerical errors or lack of convergence. We explain them as resulting from 
a competition between the two minimizing processes. The steps in the mean 
number of phonons at <P = -0.5 are a consequence of the sign change of the 
effective transfer integral, which in turn prevents the ground state to reside 
in the k = 0 subspace. Hence, we are descrihing an excited state of the 
Hamiltonian, which has, as we will show in the next section, an increased 
number of phonons in the k = 0 subspace. 

5.3 Band structure and bandwidth 

Until now we have specifically looked at the k = 0 subspace. In this sec
tion we present polaronic band structures and bandwidths of the extended 
Holstein model. Fortunately, the band structure of the plain Holstein model 
is well-understood [37, 50, 51]. Therefore, we choose to discuss some of its 
elements first. In a secoud step, we are going to observe quite intriguing 
properties of the extended Holstein model with symmetrie e-ph coupling. 
Figure 5.5 consists of nine panels. From left to right the panels are for 
increasing nonlocal coupling, from <P = 0, which describes the ordinary Hol
stein model, to <P = ±1 and <P = ±2. And from top to bottom, local coupling 
increases from the weak, g = 0.2, via the intermediate, g = 1, to the strong, 
g = 2, regime. Each panel shows five or, for the right two columns, ten 
polaronic band dispersions, which are normalized to their respective bare 
electron transfer integrals t. The lattice consists of 13 sites with periodic 
boundary conditions, and we include a maximum of 15 phonons. Hence, 
from the 13 allowed k-vectors, we plot the 7 in the interval 0 :S k ·a :S 1r, 

since the band dispersion is symmetrie around k = 0. In every panel the 
bare tight-binding band, Ek = -2tcos (k ·a), would range from -2 to 2. 
The coherent bandwidth, ó.E = supkEk- infkEk, calculated for the same 
part of the parameter space as presented in figure 5.1 to 5.3, is shown in 
the respective panels of figure 5.6. The limited number, ten, of phonons 
retained in the truncated Hilbert space of the latter calculation might intro
duce minor finite size effects, which, ifpresent, will manifest themselves most 
strongly in the nonadiabatic strong coupling region of the parameter space. 
Finally, to be able to more thoroughly discuss the polaron band structures, 
we first need to introduce the wave-vector resolved speetral density function 
(Appendix D will present us with a couple of popular methods to obtain 
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them reliably), 

Ak (E) = 2:: I (~n,klcLIO) 1
2 

8 (E- En,k) , (5.10) 
n 

which presents us with a measure of how "electronic" the energy eigenstates 
of the Hamiltonian are. The lowest peak with finite speetral weight, the so 
called quasi-partiele residue, 

(5.11) 

is equivalent to the component lak=0 12 (M) of the phonon distribution func
tion, and is thus intimately linked with the mean phonon number. Again, 
for the same parameters, but now for a system size with 9 sites and 20 
phonons, we present figure 5. 7, in which we plot the quasi-partiele residue 
for the k = 0 subspace. 

We are first going to discuss the weak-coupling case of the Holstein 
model, by means of the top-left panel of figure 5.5. For all but the smallest 
transfer integral, the quasi-partiele residue tells us that, at small momentum, 
the lowest eigenstate of the Hamiltonian corresponds to a weakly dressed 
electron. Hence, we observe a nearly unaffected tight-binding band close to 
the band center. However, if the energy needed to excite one phonon is less 
than the bare electron bandwidth, 4t, then at arbitrarily small coupling, 
predominantly "phononic" states, i.e., states with low speetral weight, enter 
the low-energy spectrum in those k sectors for which Ek is separated from 
the ground state by an energy E ;::: hwo [38]. The main part of the speetral 
weight is stilllocated at energies that correspond to the bare tight-binding 
levels. As a result the dispersion curve will show a practically flat region 
at larger moment a ( which reminds us of polaritonic dispersions) and, as we 
observe in figure 5.6, the bandwidth is very close to the phonon energy hw0 . 

In the weak-coupling nonadiabatic regime, a» 1, the phonon distribution 
function is, for all momenta, peaked at the zero-phonon state and, because 
the interaction is weak and the phonons can follow the electron instanta
neously, the band structure remains cosine-like. 

For intermediate local coupling strength, g = 1, of the Holstein model, as 
is depicted in the middle left-hand panel of figure 5.5, the adiabatic regime 
is still characterized by pronounced flattening, which is to be expected since 
the ground state is still predominantly electronic. However, at intermedi
ate adiabaticity, i.e., the phonon frequency is of the order of the transfer 
integral, the "flattening" is slowly becoming less pronounced. lndeed, the 
ground state is slowly losing its electronic character, or in other words, it 
contains more phonons. Here we observe the onset of small polaron forma
tion: the polaron effective mass is increasing, the polaron transfer integral 
is becoming smaller and the bandwidth is somewhat less than hwo. In the 
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strong nonadiabatic regime, a = 10, we observe a polaron band dispersion 
which does not differ significantly from that of a rescaled tight-binding (co
sine) band containing only nearest neighbor (NN) hopping. Apparently, the 
phononic nature of the polaron is sufficiently enhanced and the bandwidth 
reduced for it to show any ftattening. However, for somewhat smaller adi
abaticity, a = 2, the band dispersion shows pronounced deviations from a 
eosine band, which is readily observed by the dotted line which presents 
a eosine function with comparable bandwidth. Neither flatterring seems to 
be a proper description. To obtain better understanding of this cross-over 
region, one needs to introduce the concept of effective longer-range hopping 
terms. A tight-binding Hamiltonian which includes not only nearest neigh
bor, but also next nearest neighborand further hopping terms, has the band 
dispersion 

p 

Ek = Eo + L tn cos (na· k) , (5.12) 
n=l 

where p represents the longest-range hop included. Therefore, we have per
formed a fit, represented by the red solid line, of the data points to the 
effective band dispersion with p = 6. Although the parameter h is most 
important, the magnitude of t2 clearly establishes that the residual polaron
phonon interaction induces longer-range hopping terms. The inverse effec
tive mass at the band minimum, provided it is found at zero momentum, 
and expressed in the fitting parameters, becomes 

(5.13) 

and shows that the mass enhancement due to thee-ph interaction is weak
ened at the band minimum. In general however, the limiting procedure 
k---> 0 is ill-posed, because our finite lattice diagonalizations causes Ek only 
to be known at multiples of 211' /Na. For the Holstein model in the weak
coupling limit, g 2a « 1, the mass enhancement factor meff jmg=O is proven 
to be given by 

1 
(5.14) 

and it is shown [10], by comparison with quanturn Monte Carlo simulations 
[52, 53], to be accurate for the whole parameter space. Hence, we observe 
that the application of Eq. (5.13), or even a fit of the first two data points 
to a quadratic function, is only a valid procedure for not too strongly "ftat
tened" bands. Note that the Holstein Hamiltonian contains only nearest 
neighbor terms. How does one account for effective longer-range hops? An
alytically, it is easiest to show in the strong coupling limit [54]. By applying 
the Lang-Firsov canonical transformation [26] to the Holstein Hamiltonian, 
foliowed by first order strong coupling perturbation theory (SCPT), one 
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arrives at an effective polaron Hamiltonian consisting of a nearest neighbor 
tight-binding model with the hopping integral t ----t t exp ( -g2 ) together with 
a constant energy shift of -g2 tu.";o. Continuing within degenerate Rayleigh
Schrödinger perturbation theory, already the second-order correction gives 
rise to an effective next nearest neighbor hopping term. Hannewald et al. 
[18] have stuclied the polaron bandwidth in the extended Holstein model by 
means of a modified Lang-Firsov canonical transformation. The exclusion of 
higher order terms causes their band structures and bandwidths in the zero 
temperature limit, except for very small bare transfer integral, to deviate 
strongly from our presented results (see Chapter 6). 

To complete our review of the Holstein model, the bottorn left panel 
shows, that in the strongly coupled, but adiabatic regime, the polaronic 
band still shows signs of fiattening. Ho wever, for larger adiabaticity, the 
polaron becomes smalland heavy, as a consequence of which we observe the 
famous polaronic band collapse. As ought be obvious from the previous dis
cussion, however small the polaronic bandwidth may be, the band structure 
is accurately described by a eosine function. 

We continue our discourse by the inspeetion of band structures and band
widths of the extended Holstein Hamiltonian. Note that, at first glance, fig
ure 5.5 shows some sort of symmetry along the line spanned from the top-left 
panel to the bottom-right panel: the band dispersions of two mirroring pan
els have an average energy which is of the same order. In other words, as 
any observant reader willalready have noted from figures 5.1 to 5.3, whether 
e-ph coupling is local or nonlocal, it does not seem to have an large influence 
on binding energies. Nevertheless, band structures and bandwidths, and so 
by definition polaron transport properties, are completely dissimilar. 

Within any panel of the right two columns, we observe another form of 
symmetry in the strong nonadiabatic regime. Whereas band dispersions for 
positive cjJ have, on average, an upward slope, a sign change of the nonlocal 
coupling reverses this trend. Of related nature, the bandwidths as plotted 
in the bottorn panel of figure 5.6 show, except for weak locale-ph coupling, 
a clear indentation centered around cjJ = 0, the shape of which is most sym
metrie for strong local coupling. Another clue is provided by a look at the 
sheer magnitude of the bandwidths. Fort = 0.001 e V, an undressed electron 
has a bandwidth of0.004 eV. However, our dressed particles managetoeven 
reach energies above fu.";o = 0.01 eV! The first step towards understanding 
involves the realization that stronger nonlocal coupling will not only dress 
our electron with another layer of phonons, it also increases its transfer via 
the addition of the nonlocal coupling part. For a substantial mean number 
of phonons, this part completely dominates the bare electron transfer, hence 
the sign of the effective transfer integral, 

(5.15) 
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is determined by the sign of the nonlocal coupling, and will thus cause the 
minimum of the band, i.e., the ground state, to be found at k ·a= 1r. One 
might argue that the inelusion of nonlocale-ph coupling provides the system 
with an extra mechanism to enlarge the polaran's mass. And a naive look 
at the binding energies even suggests that both types of interaction dress 
the electron just about equally strongly. However, the famous polaronic 
band collapse is not observed for <P even of moderate magnitude. An ex
planation is provided by taking into consideration the extended form of the 
lattice distortion: the dressing is increased, but also the physical size, hence 
the mass enhancement is very much less than one would abserve for the 
Holstein model. The mass enhancement factor of the polaron with a = 10 
in the bottom-right panel, as obtained from Eq. (5.13), turns out to be 
meJJfm9=0,rf;=O ~ 2, as opposed to the mass enhancement of the Holstein 
polaron in the bottom-left panel, of meff /m9=o ~ 50, while, because of 
nonlocal coupling, the binding energy of the farmer is about twice as large 
as of the latter. As we abserve from the quasi-partiele residue zk=O in figure 
5. 7, the nonadiabatic polaron with moderate nonlocal coupling, is hardly 
electronic in character. The elear asymmetry of zk=O around its maximum 
is the consequence of the reversal of the sign of the effective transfer integral, 
which, as described earlier shift the minimum of the band towards k · a = 1r. 

If so, zk=O is not descrihing the ground state polaron. The mean phonon 
number of a polaron is smallest at its band minimum, hence, at k = 0 the 
polaron is excited: Zk=O drops off faster for negative <P and the mean num
ber of phonons is higher. As a last case-study of the nonadiabatic band 
dispersions, consider the upper-middle and upper-right panels of figure 5.5. 
For both <P = -1 and <P = -2 we abserve the extremesof the band, neither 
at k = 0 nor at k = 1r. Although obtained with a variational approach 
for an extended Holstein Hamiltonian with antisymmetrie coupling, Zhao et 
al. [28] have reported such "bimodal" distortions as well. We have fitted 
the dispersion to Eq. (5.12) and for the middle panel we find that the next 
nearest neighbor hopping term is largest. Because of weak local coupling, 
the polaron is rather extended. Still, the concept of cancellation of the bare 
transfer integral and the nonlocal coupling contribution proves useful. In
deed, these examples show band dispersions where the two contributions 
roughly cancel. However, the extensiveness of the polaron blurres the con
cept of cancellation, which causes longer-range hops to be of importance or 
at least conceivable. 

In going from the nonadiabatic to the adiabatic regime, the cancellation 
of the transfer integral requires stronger coupling and, once the bare transfer 
integral becomes t = 0.05 eV, is no langerseen at all. The transition is most 
distinct in the middle panel of figure 5.7, where the two curves for greatest 
local coupling are separated from the other three. The upper panel of the 
same figure shows a beautiful example of some of the physics involved. For 
g = 2 and <P = -1 we read off a quasi-partiele residue of Zk=O = 0.99, while 
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for opposite nonlocal coupling zk=O = 0.08. Hence the farmer polaron is 
almast completely electronic, the latter phononic. We expect the farmer to 
show a flattened band dispersion, with a bandwidth of nw0 = 0.01 e V, and 
the latter to he more cosine-like, with a somewhat reduced bandwidth. Fits 
of the respective dispersions to Eq. (5.12) substantiate this interpretation. 

We have just shown that it possible to obtain polaronic masses from 
the curvature of the band. In section 3.3.3 we demonstrated that polaronic 
masses can also he obtained by the integration of semi-classical equations of 
motion. To allow for a direct comparison, several band structures in figure 
5.5, all for intermediate adiabaticity, are accompanied by the effective mass 
of the polaron at the bottorn of the band, for which we have assumed a 
lattice spacing of 10 A. These are obtained by a fit to Eq. (5.12), as wellas 
a fit of the first two data pointstoa parabalie function. We have denoted the 
farmer, while the difference between the two can he as much as 20 percent. 
For the Holstein polaron, with g = 2, the mass is also determined with Eq. 
(5.14) and proves consistent. If we now campare these masses with those as 
presented in figure 3.8, we are astonished by the agreement, especially when 
realizing how completely unrelated the two types of calculations are. 

5.4 Optica] conductivity 

Extremely valuable information on the low-energy excitations in interad
ing electron-phonon systems can he obtained by studying their optical re
sponse. In the most simple weak-coupling and nonadiabatic strong-coupling 
limits, the absorption associated with photoionization of Holstein polarons 
is well understood and the optical conductivity can he analyzed analyti
cally [55, 56]. However, the study of a wide parameter range requires the 
use of computational techniques. First, for the extended Holstein Hamilto
nian, but in analogy to Shastry and Sutherland [57], we will showpartsof 
the derivation of an expression for the real part of the optical conductivity. 
Secondly, we will look at some characteristic optical absorption spectra ob
tained for the Holstein model, and review some of the well-known physics 
involved [30, 34]. We further these studies by presenting our results of the 
extended Holstein model and we will conclude with the evaluation of the 
kinetic-energy operator and the Drude weight. 

The standard way to couple an electron on a one-dimensional lattice 
gauge-invariantly to an external classical vector potential An(t), where t is 
time and n the lattice site, is by introducing phase factors in the kinetic-
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energy hopping term. For the extended Holstein Hamiltonian we write 

H = Ho+V= 
_ "'t (ct c eieAn(t) +ct c e-ieAn(t)) 
~ n n n+l n+l n 

n 

(5.16) 
n n 

where we have set ti= c =a= 1, and tn = t + liwo(b~ + bn ± b~+l ± bn+l)/2. 
Ho is defined as the part of the Hamiltonian in the absence of the vector field, 
while V contains the field dependence, which should vanish when An(t) = 0. 
Expanding in powers of the electric charge e, it is easy to show that 

(5.17) 
n n 

where Jn = itn(c~cn+l -c~+l en) is the "paramagnetic" current density oper

ator and Kn = -tn( c~cn+l + c~+l en) is the kinetic-energy density operator. 

The energy shift of the ground state in the presence of a uniform field A 
is [57] 

ND 2 4 
Eo(A) - E0 = -A + O(A ) , 

27r 
(5.18) 

with the charge stiffness constant D given by second-order perturbation 
theory as 

(5.19) 

We have assumed that ('l/!olinl'l/Jo) = 0, and we have defined the site-in
dependent quantity (K) = ('l/Jol Ln Knl'l/!o) /N. For a system with periodic 
boundary conditions, Kohn [58] showed that D can be used as an order 
parameter for metal-insulator transitions. It can be shown that for an insu
lator, D converges exponentially to zero with increasing lattice size, while 
fora metal it converges toa nonzero constant [59]. 

The linear-response current is given by 

(5.20) 

The next step in the calculation of the complex conductivity is to evalu
ate the mean value of the total current density ln(t) in the ground state 
of the Hamiltonian by usual linear response theory. Defining the time 
and spatial Fomier transformed as An ( t) = f~oo An ( w) exp ( -iwt )dw and 
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An(w) = 1/Nl:qAq(w)exp(iqan), one arrives at 

(Jq(w)) = e2(K)Aq(w) 

e
2 

[ 1 + N ('l);oiJ-q Ho- Eo + w + iE]ql'l);o) 

69 

+ ('l);ol]q R E 
1 

. J-ql'l);o)] Aq(w). (5.21) 
0- 0- W- Zê 

We are interested in the study of the response to an electric field defined 
by Aq=o(w) = Eq=o(w)/(iw). In linear-response theory the conductivity is 
defined through the relation (Jq=o(w)) = CT(w)Eq=o(w). For the imaginary 
part of the complex conductivity we find 

where P denotes the principal part. In the derivation we have introduced 
a complete basis I= Ln l'l);i)('l);il and used identity Eq. (D.2). From Eqns. 
(5.19) and (5.22) we straightforwardly find 

lim wlmCT(w) = D , lim wlmCT(w) = -e2 (K). (5.23) 
w-->0 71" w->oo 

The high-frequency behavior of the imaginary part of the conductivity im
plies for the real part, through the Kramers-Kronig relations [56], the well
known f-sum rule [60] 

(5.24) 

The small-w behavior implies 

(5.25) 

where the so-called regular part of the conductivity is given by 

The latter equation is of the form of Eq. (D.1) and can thus be evaluated 
numerically by the methods given in Appendix D. Note that by integrating 
in w both termsof Eq. (5.25), we again arrive at the f-sum rule. Because this 
sum rule relates the total weight of ReCT( w) with the kinetic-energy density 
in the ground state, it allows the evaluation of the charge stiffness via 

(5.27) 
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Fig. 5.8: Regular part of optical conductivity, O'reg(w), for the Holstein Hamilto
nian in the adiabatic regime and for strong coupling. The inset presents 
conesponding phonon distribution functions. Results are obtained on a 
lattice with 7 sites and 25 phonons, and the KPM with J-LM=4DOO· 

Apparently the charge stiffness is equivalent to the zero-frequency contribu
tion of the real part of the optical conductivity. For this reasou it is also 
commonly named the Drude weight. 

Before presenting results obtained with the latter equation, we will first 
take a closer look at the regular part of the optical conductivity. Note that 
an optical transition can take place only within the same k subspace. We 
will limit our studies to zero total polaron momentum. Following Wellein et 
al. [34], we will first discuss the regular part of the optical conductivity of 
the Holstein model. Figure 5.8 shows typical peak structures of areg that 
one may abserve in the adiabatic regime with strong local coupling. They 
may be easiest to understand by first thinking briefly of what we expect to 
see in the weak coupling case, where polarons are large. Remember that for 
a large bare transfer integral, the energy to excite one phonon lies inside the 
bare tight-binding band and we abserve a flattening of the coherent band 
structure Ek at large momenta, where states are predominantly "phononic", 
and thus the coherent bandwidth is approximately given by liwo. Although 
in principle an optical excitation is possible by "adding" phonons with op-
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Fig. 5.9: Regular part of optica! conductivity, O"reg(w), for the Holstein Hamiltonian 
in the extreme nonadiabatic regime and for intermediate to strong cou
pling. The inset presents conesponding phonon distribution functions. 
Results are obtained on a lattice with 7 sites and 25 phonons, and the 
KPM with f.1M=4DDD· 

posite momenturn to these states in order to reach the k = 0 subspace, the 
overlap to the mainly "electronic" ground state is very small. Therefore, 
the first transitions with non-negligible weight are tothefree-electron states 
and its vibrational satellites. For the (already) strong local coupling case 
with g = 4, these transition are manifested in figure 5.8 by three groups of 
peaks startingat roughly 0.08, 0.25, and 0.41 eV. These energies correspond 
approximately to the bare tight-binding energies Ek, with k given by the 
allowed wave veetors of our seven-site lattice, i.e., k ·a= 27!" /7, 47!" /7, 67!" /7. 
By increasing the lattice size, the allowed reciprocal veetors will become 
dense. For strong local e-ph coupling the polaron will become small and 
the phonon distribution function in the ground state [ak'=ol 2 is considerably 
broadened, as is clearly visible in the inset. Therefore the overlap with ex
cited multiphonon states is enlarged and the line shape of the absorption 
bands becomes a reileetion of the phonon distribution function. The small 
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oscillations are due to the discreteness of the phonon frequency. For g = 4.3 
the broadening causes the different absorption bands to merge. Another 
consequence of enlarged coupling is an increase of the polaron binding en
ergy, which we observe as a shift of the absorption bands to higher energies. 
For g = 4.6, the growth of the peak height of the phonon distribution func
tion is caused by the limited number of phonons retained in the truncated 
Rilhert space. 

Let's now turn to the nonadiabatic regime of the Holstein model. For 
weak coupling, the polaron remains of "electronic" character. However, the 
phonon frequency is larger than the energy between the allowed "electronic" 
excitations, and thus several "electronic" k levels merge to form composite 
absorption bands which can he classified according to the number of phonons 
involved in the optical transition. Figure 5.9 shows clear examples of the 
real part of the optical conductivity and phonon distri bution functions in the 
very strong nonadiabatic regime, a = 100, with strong to very strong local 
coupling. The respective polarons are small-sized. Moreover, the current 
operator is proportional to the bare transfer integral. Hence, the optical 
response is severely reduced in comparison with figure 5.8. For g = 1.5 the 
phonon distribution is peaked at m = 2, and the "electronic" character of 
the polaron becomes suppressed. Then, because the current operator con
nects only states having a substantial overlap as far as the phononic state 
is concerned, multiphonon absorptions (i.e., nondiagonal transitions) be
come increasingly important in the optical response. This results in distinct 
peaks in the optical conductivity, which are separated by the phonon fre
quency. One observes that the "envelope" of these bands is approximately 
mirrored by the phonon distribution function, and the greatest contribution 
to the speetral weight is found slightly above the polaron binding energy, 
Ebind = 0.023 eV. To some extent, these absorptions resembie those of the 
above discussed strongly coupled adiabatic polarons. However, in the very 
strong coupling limit, g = 3, the polaron becomes extremely small and, as 
is apparent from the structure of Eq. (5.26), the dominant absorption pro
cess results from the transfer of the electron to the neighboring site without 
changing the lattice distortion. The phonon cloud no longer interacts with 
the electron and thus we expect the absorption spectrum to exhibit a peak
structure centered at liw = 2Ebind (see Appendix A). For g = 3 we have 
Ebind = 0.09 eV, while the "envelope" is peaked at about 0.17 eV. 

We continue these studies by progressing to the extended Holstein Hamil
tonian and start off at the point where we just ended our discussing of the 
Holstein Hamiltonian. For a = 100 and g = 3 we present figure 5.10. Small 
nonlocal coupling considerably enhances the optical response. For cjJ = 0.2, 
the maximum peak height increases by three orders of magnitude. A first 
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Fig. 5.10: Regular part of optica! conductivity, areg(w), for the extended Holstein 
Hamiltonian in the extreme nonadiabatic regime, for strong local and 
increasing nonlocal coupling. The inset presents conesponding phonon 
distribution functions. Results are obtained on a lattice with 7 sites and 
25 phonons, and the KPM with J-lM=4000· 

step towards understanding involves writing down the current operator, 

Jq=O =i I:(t + ~lïwo{b~ + bn + b~+l + bn+l} )(c~Cn+l - c~+l en) . (5.28) 
n 

The second term, proportional to the phonon frequency, is responsible and 
is of overwhelming inftuence in comparison with the very small bare trans
fer integral. However, simply equating the phonon operators, via the usual 
"transformation" to the semi-classicallattice displacements and thus to the 
mean number of phonons, does not prove sufReient to explain the obser
vation. Remember, the resulting peak structure observed in figure 5.9 for 
g = 3 was caused by overlap of the state IJq=ol'l/lo) with eigenstates which 
describe an electron "kicked" out of its well. For cjJ = 0.2, the "envelope" of 
this feature remains peaked at roughly twice the binding energy. Therefore, 
we attribute the enhanced absorption to increased overlap of !Jq=ol'l/lo) with 
a similar kind of eigenstates. 
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Fig. 5.11: Regular part of optica! conductivity, O'reg(w), for the extended Holstein 
Hamiltonian for increasing adiabaticity from a = 0.2 to a = 10 with 
g = 2 and <P = 2. The inset presents corresponding phonon distribution 
functions. Results are obtained on a lattice with 9 sites and 20 phonons, 
and the KPM with fLM=lDDD· 

Moreover, at the phonon energy, liw = liwo, a new peak emerges (not 
yet visible) with significant speetral weight. Although a tiny peak already 
appears when applying just the Holstein current operator, the relative spec
tral weight of this new feature seems to he pronounced only when applying 
the full current operator. In other words: the complete current operator 
does not only pose a mere enhancement of the bare electron transfer t, its 
phonon operators strongly enhance the speetral weight of excited polaron 
states with one extra phonon. 

Upon further increase of the nonlocal coupling c/J, both the "envelope" 
and the low-energy peak become more pronounced. Note that, for cjJ = 2, the 
phonon distribution function of the ground state is peaked at 13 phonons, 
which reflects the influence of nonlocal coupling on polaron binding energy, 
Ebind = 0.14 eV. Insteadof at 2Ebind, the absorption "envelope" is peaked 
at 0.20 eV. Part of an explanation is provided by the enlarged spatial extent 
of the polaron (see Appendix A). A final observation: at about 0.44 eV we 
observe the emergence of a new broad band. 
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As a last example, consider tigure 5.11. The regular part of the optica! 
conductivity closely resembles the last curve of tigure 5.10, but now for 
reduced local coupling to g = 2, and varying adiabaticities. Note that the 
peak at liwo becomes less pronounced, but is still there. More important, for 
largenonlocale-ph coupling, adiabaticity seems to have a minor infiuence on 
the shape of the dominant absorption band. However, fort= 0.05 eV, there 
is still a clear sign of "electronic" transitions to other k subspaces, which 
we earlier encountered in the discussing of the absorption of the adiabatic 
Holstein polaron. The third band of these transitions, conesponding to 
k · a = 61r /9, is still observed at 0.3 e V, while the second is absorbed by the 
main band. 

As is apparent, many question remain unanswered and further investi
gations are called for. Nevertheless, we may still obtain a lot of insight by 
examining the various contributions to the sum-rule Eq. (5.27). Straight
forwardly, we calculate the average kinetic energy per lattice site -(K). 
Then by subtracting the integrated speetral weight sreg, we obtain the 
Drude weight D, which describes coherent transport processes. Results 
for a lattice with 9 sites and 20 phonons are shown in tigure 5.12. The 
left-hand three panels plot -(K) (solid lines) and integrated speetral weight 
sreg ,....., -(K)- Djne2 (dashed lines) versus cjJ for various g and t. The 
right-hand panels display the obtained Drude weight Dj ne2 . For the Hol
stein model it is well-known that in the weak coupling regime, i.e., for large 
polarons, nearly all speetral weight stays in the Drude part. Then the de
crease of -(K) in the crossover regime from large to small polaron is driven 
by a sharp fall of the Drude weight, while the optica! absorption, due to 
incoherent transport processes described by the regular part of the optica! 
conductivity, becomes strongly enhanced [30, 34, 38]. See t = 0.01 eV, fora 
clear example. The extended Holstein Hamiltonian does not seem endowed 
with such a simple rule of thumb. While for the Holstein model -(K) is 
always reduced with increased coupling, nonlocal coupling causes the rule 
to breakdown as is seen at cjJ ~ 0. 75- 1.25. A similar "crossing" of curves is 
observed at cjJ ~ -0.75 fort= 0.001 eV. The explanation has been provided 
all too often in this thesis: stronger local coupling lc/JI causes an increase of 
the mean number of phonons, which in turn enhances the effective transfer 
integral. Moreover, the polaran's size increases which enlarges the overlap 
of the ground state with the translated state. 

Observe that forstrong nonlocal coupling the regular part of the optica! 
conductivity proves the strongest part of the speetral weight. Nevertheless, 
the Drude weight is also enhanced for st rong nonlocal coupling ( for t = 
0.05 eV we need stronger coupling, still), to show that both coherent and 
incoherent transport processes are substantially enhanced by strong nonlocal 
coupling. 

We observe a negative Drude weight for t = 0.01 eV at g = 2.0 and 
cjJ = -0.5 as well as for t = 0.001 e V at g = 0.4 and cjJ = -0.5. We stress 
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that we do not attribute this phenomenon to a finite-size effect. For the 
Hubbard model at half filling it is well-known that the Drude weight can he 
negative [61, 62], although fora one-dimensional ring the response was found 
to decrease as exp ( -N/x). A negative Drude weight has been observed as 
well in the so-called tJW model in two dimensions [63]. Although we do not 
have an explanation, we urge the reader to take a another look at figure 5.5. 
For g = 0.2 and c/J = -1 we observe a strange "bimodal" band dispersion, 
and we have suggested that its origin is related to a form of cancellation 
of the bare transfer integral and the nonlocal e-ph contribution. For those 
parts of the parameter space where the Drude weight is negative, we also 
see such band dispersions. Secondly, from Eq. (5.19) we know that the 
Drude weight is related to the shift of the ground state energy caused by 
the presence of an electric field. Hence, negative D implies that the ground 
state energy of the system is lowered by the field. However, for k = 0 the 
polaron does not reside in the true ground state. 

As already stated, for a system with periodic boundary conditions, D 
can he used as an order parameter for metal-insulator transitions: with 
increasing lattice size D converges exponentially to zero for an insulator, 
while for a metal it converges to a nonzero constant. We have performed 
calculations on periodic lattices with 5, 8, 9 and 17 sites, with anywhere 
between 12 and 30 phonons. All trends remain unaltered, except for the 
5-site lattice, where the polaron apparently bites its tail too hard. We 
further observe that MD M ~ N D N, where M and N are different lattice 
sizes. Thus D does not converge to zero exponentially. This implies zero 
resistance in the ground state, which is not surprising, since our model does 
not contain a dissipative mechanism. 
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6. VARIOUS METHODS COMPARED 

During the course of the last four Chapters we have systematically stuclied 
the extended Holstein model by two completely unrelated approaches: our 
semi-classica! methods assume that lattice vibrations can he described classi
cally, while the exact diagonalization studies preserve the quanturn mechan
ica! nature of phonons. In this Chapter we primarily concern ourselves with 
the consequences this Ansatz has. Recently, Hannewald et al. [18, 27, 5] have 
introduced a nonlocal generalization of the Lang-Firsov canonical transfor
mation to derive an explicit expression for the temperature dependenee of 
the polaron bandwidth. The variational approach taken by Stojanovié et al. 
[29] generalized the latter transformation. Our exact diagonalization allows 
for a direct comparison and puts us in an excellent position to assess the 
validity of their approximations. 

6.1 Semi-classica] versus quantum mechanica] approach 

Take a brief look at the upper two panels of figures 3.1 to 3.3, and campare 
these with figures 5.1 to 5.3. The resemblance is remarkable! Apparently, 
the semi-classica! and quanturn mechanica! polaron solutions are character
ized by similar properties such as binding energy and number of phonons. 
Chapter 5.3 even presents us with masses of about the same magnitude. 
Are we studying the same objects? Why do we bother to invest enormous 
resources in learning about quanturn mechanica! polarons and their prop
erties, if the far less demanding semi-classica! approach seems to work so 
well? True, the semi-classica! adiabatic approach leaves out phonon kinet
ics. However, in Chapter 3.3, our dynamica! studies of polaron formation 
have shown that at most 20 percent of the lattice energy is kinetic in origin. 
This is a generous upper limit. Moreover, the lattice displacements ascii
late around their equilibria, thus we expect kinetics to have only a minor 
inftuence on binding energy. 

A true motivation is found in understanding why we have to use such 
vastly different methods to obtain polaron masses: semi-classically, we may 
think of a polaron as a point-partiele which experiences friction when it is 
forced to move by an electric field. In our quanturn mechanica! treatment, 
we resort to the use of symmetrized basis states and obtain polaron band 
dispersions. In other words, the latter methad considers polarons to he 
true quasi-particles. They are, at zero temperature, completely delocalized. 
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This is in contrast with a semi-classica! treatment. Then, especially for a 
large polaron, we may think of the electron as being trapped in a large, 
but shallow potential well, and in this well the electron is described by a 
spread-out wave function. However, the well and electron are still centered 
at one specific site. From a quanturn mechanica! perspective, this notion of 
central site is lost. 

We have adopted xo,dxo,o to be our measure of the spatial extent of 
the quanturn mechanica! polaron, where the electron-phonon correlation is 
given by 

(6.1) 

We posed in Chapter 3.2.1 that its proper semi-classica! analogue is given 
by Eq. (3.10), the (qualitative) derivation of which is our present concern. 
A polaron consists of an electron as well as phonons that compose its cloud. 
Therefore, we introduce the semi-classica! polaron wave function 

(6.2) 

as the direct product of an electron wave function and a phonon wave func
tion, each centered at site i. Hence I<Pi) describes a semi-classica! polaron 
which is localized at site i. If the boundary conditions are periodic, then a 
polaron at site i is equivalent to one centered at site i'. A k-symmetrized 
state is given by 

(6.3) 

and xo,j may be written as 

(6.4) 

In the semi-classica! approach we have lcbcoi<Pi)et = a:_ii<Pi)el and lb}bii<Pi)ph = 

~u]-ii<Pi)ph, to obtain 

(6.5) 

From the normalization of l'l/Jk=O) we know Li'(<Pi'I<Pi) = 1, and our desired 
result becomes 

(6.6) 

For the purpose of illustration, tigure 6.1 presents three panels. On the left 
the electron-phonon correlation Eq. (6.1) is shown for fi.ve different polarons 
obtained from quanturn mechanica! calculations on a lattice with 9 sites. The 
middle and right panels plot the electron-phonon correlation Eq. (6.6) and 
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the more intuitive and straightforward result a5uJ /2, for the equivalent set 
of semi-classical polarons on a lattice with 199 sites. Note that the widths 
of the peaks in the right-hand panel are substantially narrower. 

lf there is a small overlap of neighboring polaron wave functions, t1 ex 
(<Poi<Pl), then we may think of an effective polaron Hamiltonian 

p 

Hef! = L êoCt ei - L L tn (ct Ci+n + ct+nci) , (6. 7) 
· i n=l 

where êo is the energy of a localized polaron at site i ( defined with respect to 
the on-site energy of the Holstein Hamiltonian), Ci annihilates this polaron, 
and p denotes the longest-range hop included. It is straightforward to show 
that Eq. (5.12) presents us with the Hamiltonian's eigenvalues, i.e., the 
polaron dispersion, with eigenstates given by Eq. (6.3). In other words, 
the semi-classical polaron has an energy given by êo, while the quantum
mechanical polaron satisfies Eq. (5.12). lts groundstate is always of lower 
energy. 

Now it is time to revert back to figures 3.1 and 3.2, and figure 3.5. We 
observed, as a function of nonlocal coupling <{), especially in the adiabatic 
regime and for small local coupling, a plateau of binding energies close to 
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zero, with electron wave functions very close tothefree electron solution, and 
all lattice displacements of about the same magnitude. The just provided 
framework allows for qualitative understanding. If Eo > -2Dt, where t is 
the bare electronic transfer, and D the dimensionality of the lattice, then the 
lowest classica! eigenstate is this "finite-lattice" free-electron state. Hence, 
a localized polaron solution with positive binding energy is not found. For 
our three site toy modelwithopen boundary conditions (Appendix A) such 
a free-electron state does not exist. 

6.2 Results of generalized Lang-Firsov transformations 

Stojanovié et al. [29] include a variational parameter in the generalized 
Lang-Firsov transformation, which was introduced by Hannewald et al. [18]. 
The optimal value of this parameter À* is found by minimization of a Bo
goliubov bound to the free energy. For a one-dimensional lattice with one 
phonon mode and nearest neighbor coupling they derive the following self
consistency equation for the zero-temperature, bottom-of-the-band situation 
(where we have corrected for different sign-conventions): 

(6.8) 

where 

~1 = -liwogc/J . (6.9) 

For the free-energy they obtain 

(6.10) 

and the polaron bandwidth becomes abs(4(Vl)ph)· Figure 6.2 consistsof six 
panels, the left-hand three of which plot the optimal variational parameter 
À* versus cjJ for various g and t. In partsof the parameter space we have noted 
that the self-consistency equation it satisfied by up to three different À. We 
denote À* as the solution which corresponds to the smallest free-energy, the 
magnitude of which Stojanovié et al. assume to be a measure of "dressing". 
They observe, irrespective of adiabaticity, a "dressing minimum" at cjJ = -g, 
the very existence of which was referred to as a "robust" characteristic. 
However, they have considered weak local e-ph coupling only, i.e., g = 0, 
g = 0.25 and g = 0.5. Our curves show the minimum is not robust: it 
varrishes for stronger local coupling as well as for increased adiabaticity. 
For the sameparameters the right-hand three panels of figure 6.2 show the 
polaron binding energy versus c/J. Note that the binding energy corresponds 
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Fig. 6.2: The optima! variational "dressing" parameter).* introduced by Stojanovié 
et al. [29] is shown in the left-hand panels. The corresponding polaron 
binding energies are depicted in the right-hand panels. 
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well to the exact results of figures 5.1 to 5.3 only in the nonadiabatic regime 
with moderate to strong local coupling. However, we obtain pronounced 
erratic behavior for g = 0.4. In figure 6.3 we again show six panels, where 
the left-hand three of which, for the same parameters, plot the bandwidth 
abs( 4(Vl)ph)· These bandwidths deviate strongly from the exact results in 
figure 5.6. 

The generalized Lang-Firsov transformation employed by Hannewald et 
al. [18] takes À* = 1 and thus the approach is not variational. For the 
modified transfer integrals Emn, in the samelimitsas above (and altered for 
different sign-conventions), they find 

(6.11) 

The right-hand three panels display bandwidths obtained from the latter 
equation. Only in the strong nonadiabatic regime do we observe a rea
sonable resemblance to the exact diagonalization results. For larger bare 
transfer integral t, the bandwidths of the latter study are bound from above 
by approximately the phonon energy lîwo. Excited states observed in the 
wave-vector resolved speetral density function Eq. (5.10) at roughly this en
ergy are responsible. Both analytical approaches miss out on this essential 
ingredient. 
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7. CONCLUSIONS AND OUTLOOK 

To summarize, we have extensively stuclied the extended Holstein Hamil
tonian at zero temperature. Many answers have been given and a lot of 
insight has been obtained. Still, a multitude of questions remain. In this 
Chapter we present our main conclusions for each of the Chapters 3 through 
6. Moreover, we offersome thoughts on how to progressin the future. 

7.1 Conclusions 

- Chapter 3: The one-dimensional extended Holstein Hamiltonian with one 
lattice mode contains three independent parameters: the adiabaticity a = 
tu..Jo/t, as well as the local and nonlocal electron-phonon coupling, g and 
cjy, respectively. Analytically we show that the lowest eigenvalue, i.e., the 
groundstate energy, is unchanged if one changes the sign of any two of the 
three parameters g, cjy, or t. 

The semi-classica! extended Holstein Hamiltonian proves accessible for 
quantitative study by the use of a new iterative algorithm in which we ne
glect the kinetic energy of the lattice. All properties of the polaron change 
continuously as a function of the parameters. We abserve no abrupt transi
tions, although a cross-over from a small to a large polaron does sametimes 
occur in a rather small parameter interval. Nonlocal coupling cjy plays a dual 
role: it contributes to the bare electron transfer t and will thus enhance 
the size of the polaron, but it also promotes the trapping of the electron, 
which we abserve as an increase in the number of phonons. In the adiabatic 
regime, a < 1, nonlocal coupling primarily fulfills the latter role, while bath 
are important in the nonadiabatic regime. In the nonadiabatic regime and 
strong local coupling, we abserve a minimum of the binding energy as a 
function of cjy. Here the effect of nonlocal coupling is such as to cancel the 
electron transfer integral t, hence the polaron becomes strongly localized. 
Another type of minimum of the binding energy is observed in the adiabatic 
regime and/or for small local coupling. Then the ground state salution is 
very much free-electron like. 

The isotropie two-dimensional extended Holstein polaron does not differ 
qualitatively from the one-dimensional, although above described effects are 
more pronounced. 

Dynamica! studies of the extended Holstein Hamiltonian reveal that 
semi-classica! polaron formation does not occur immediately. We abserve 
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that trapping will not occur in the Holstein model for g ~ 1, where the 
equality applies in the nonadiabatic regime. Nonlocal coupling enhances the 
self-trapping probability of the polaron. However, for too strong coupling 
the polaron splits up in parts, which we attribute to total energy conserva
tion. Moreover, we establish that the neglect of the lattice kinetic energy 
by the above described iterative method, does not qualitatively change the 
ground state solution. 

Dynamica! calculations which include an electric field cause the ground 
state polaron to start moving. For not too strong electric fields the trajectory 
is quadratic, i.e., the electric field energy is purely used to accelerate the 
polaron. Strong fields cause the trajectory to he linear. Here the polaron 
excites lattice vibration in its "wake". These observations have allowed us to 
de vel op a unique method to determine the effective mass of the semi-classical 
polarons for a substantial part of the parameter space. 
- Chapter 4: we conclude from calculations with parameters for polythio
phene as well as polyphenylenevinylene obtained by Meisel et al. [20] with 
an ab-initio method, that both electron and hole polarons are very large, 
and are rather weakly bound (5-10 meV) in an infinite lattice, while the 
binding energy reaches up to 40 me V for systems with only 5 sites. Most 
lattice energy is divided over a few modes only, which, for large polarons, 
we can quantitatively understand by simple arguments. 

Two dimensional semi-classical calculations with model parameters ob
tained for naphthalene by Hannewald et al. [18] show that, without an 
isotropie reduction of the transfer integral, polaron formation does not oc
cur at all. For a substantial reduction of about r = 50, we observe a change 
of elangation direction. 
- Chapter 5: the binding energy of the quanturn polaron shows similar trends 
as the binding energy of the semi-classical polaron. We explicitly show that 
the minimum of the bindingenergyin the adiabatic regime and/or for weak 
local coupling occurs at cjJ = -g/2, and is caused by a cancellation of local 
and nonlocal e-ph coupling. Here the polaron closely resembles the free
electron, while the weak electron-phonon correlation function is peaked at 
both next-to-central sites. 

For both weak local and nonlocal coupling in the adiabatic regime we re
cover the expected flattening of the band dispersion at large momentum. At 
intermediate electron-phonon coupling strengths and adiabaticity, the Hol
stein model's band dispersion is known to deviate substantially from a simple 
tight-binding eosine band due to further than nearest-neighbor ranged hop
ping processes generated by the residual polaron-phonon interaction. Nonla
cal coupling enhances these effects substantially. In the nonadiabatic regime 
for opposing signs of g and c/J, the polaron band dispersion has its minimum 
at k · a = 1r, which is caused by a sign change of the effective polaron transfer 
integral. Hence, as opposed to the Holstein model, the polaron ground state 
does not have to reside in the zero momenturn k = 0 subspace. Then, if t 
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is approximately cancelled by </J, further than nearest neighbor hops cause 
st range "bimodal" band dispersions to appear. While the extreme strong 
local coupling Holstein polaron in the nonadiabatic regime is characterized 
by a nearly dispersionless small polaron band withalmost vanishing speetral 
weight as well as a substantial mass enhancement, the inclusion of nonlocal
coupling of only intermediate strength prevents this so called band-collapse 
to occur. For sufficiently strong nonlocal coupling the polaron bandwidth 
may actually begreater than the bare electron bandwidth. 

The effective polaron mass obtained from the curvature of the band 
corresponds reasonably well with the polaron mass obtained from the semi
classica! dynamica! calculations. 

The (infrared) optica! absorption is strongly enhanced by the inclusion 
of nonlocal coupling. As is well-known, the nonadiabatic strongly coupled 
Holstein polaron shows a pronounced absorption band which reflects the 
transfer of the electron to a neighboring site without changing the lattice 
distortion. For both substantial local and nonlocal coupling a similar pro
cess is shown to occur at energies less than two times the polaron binding 
energy. Moreover, we see the emergence of a strong new peak at the phonon 
frequency, which is caused by the functional form of the current operator of 
the extended Holstein Hamiltonian. 

For strong nonlocal coupling the regular part of the optica! conductivity 
proves the strongest part of the speetral weight. Nevertheless, the zero
frequency part of the speetral weight, i.e., the Drude weight, is also enhanced 
by strong nonlocal coupling. To rephrase, both coherent and incoherent 
transport processes are substantially enhanced by strong nonlocal coupling. 

The Drude weight in the zero total momenturn subspace is shown to be 
negative for certain parts of the parameter space. Further investigations 
are called for, but the results are shown not to be the caused by finite-size 
effects. 

- Chapter 6: The close resemblance between the semi-classica! and the quan
turn polaron is explained. The quanturn polaron is to first approximation 
the delocalized version of the classica! polaron. Hence the ground state 
quanturn polaron resides at the bottorn of the band, while the semi-classica! 
polaron can not reach this energy. 

Hannewald et al. [18] apply a generalized Lang-Firsov type of transfor
mation to obtain an analytic formula for the ground state energy as wel! 
as the bandwidth. The variational approach by Stojanovié et al. [29] uses 
a related transformation to obtain the same quantities. Direct comparison 
with our work shows that both methods produce reasanabie results only 
in the strong nonadiabatic regime. Although the variational approach by 
the latter authors was conceived to obtain an optima! transformation, it it 
precisely this procedure that causes erratic results. 
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7.2 Outlook 

Although many answers still need to be given, we have some further sug
gestions as to what we think will prove valuable extensions to the present 
work. 

- True n-conjugated polymers suffer from a lot of deficiencies, conjuga
tion lengths are rather limited. Thus the polarons in these materials will 
most certainly be localized and the use of the semi-classical Hamiltonian 
seems to be justified. Still, we have not thoroughly resolved the matter 
of the influence disorder has on polaron binding energy, shape, and mobil
ity. Fortunately, all methods devised for, and applied to the semi-classical 
Hamiltonian are easily extended to allow for the inclusion of disorder of bath 
the on-site energies as well as the bare transfer integrals. 

- In Chapter 4 we have presented results of studies of polarons in two 
n-conjugated polymers. Can we find experimental evidence that will sub
stantiate the calculations? In the far infrared we expect to abserve Infrared 
Active Vibrations (IRAVs), which may allow fora direct experimental ver
ification of the calculated phonon frequencies. Further research into the 
matter is presently undertaken by Meisel et al. [20]. Currently, n-stacked 
supramolecular aggregates formed by self-assembly are receiving a lot of at
tention from various scientific disciplines. They are expected to show a high 
degree of order. Moreover, they are essentially one-dimensional. Finally, 
in these aggregates the coupling of excitations to phonons is expected to be 
rather similar to the coupling in molecular crystals. Therefore we expect our 
quantum-mechanical calculations to be directly applicable to these types of 
systems. It is very conceivable that the infrared optical conductivity will be 
measured and compared to the absorption spectra that we have presented 
in Chapter 5. 

- All our calculations have been performed at zero temperature. What 
will happen at elevated temperatures? Hannewald et al. [5] have presented 
an analytica! theory that takes finite temperatures into account. They are 
able to reproduce the transition from band to a hopping-like conduction ob
served in the d direction of naphthalene. However, we have shown that the 
range of applicability of the latter theory is rather limited at zero tempera
ture. What will really happen for the rest of parameter space? The finite
temperature Lanczos Method (FTLM), introduced by Jaklic and Prelovsek 
[64] allows the precise calculation of thermadynamie quantities of strongly 
correlated systems. In principle, the method can be applied at all temper
atures, but at low temperatures, the required number of random samples is 
very large. Moreover, FTLM is restricted to small systems. Aichhorn et al. 
[65] have extended the method to the study of low-temperatures. Recently, 
M.W. Long et al. [66] have presented (and applied [67]) a new method 
based on the Lanczos method and the microcanonical ensemble (MCLM). 
First, by means of the FTLM, one straightforwardly calculates the free-
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energy. Then, one applies the "L-projection" method (see Appendix C) 
to replace the involved canonical ensemble with a single appropriately cho
sen state. In the thermodynamic limit it provides the same physics as the 
canonical ensemble but with the evaluation of a single expectation value. 
We have already applied the method to the study of the extended Holstein 
Hamiltonian. The first observations reileet intuition in that at elevated tem
perature the number of phonons required increases substantially. Optically, 
the pronounced absorption band is shifted to higher energy with a reduced 
integrated speetral weight. Whichever one of the above mentioned methods 
is applied, all pose severe limitations on the maximum temperature that can 
be studied, just because of the sheer number of phonons required. However, 
very recently we have seen the emergence of new studies on the Holstein 
model, which include finite temperatures. Fratini and Ciuchi [68] use the 
dynamical mean field theory (DMFT), while Hohenadler et al. [69] employ 
a quanturn Monte Carlo algorithm. Obviously, the study of the extended 
Holstein Hamiltonian is still far from being exhausted. 

- In this thesis we have stuclied the interplay of just one charge carrier 
with its surrounding phonon cloud. Suppose one introduces a hole as well 
as an electron. Indeed, we expect an exciton to form. If we assume that 
a simple extension of the extended Holstein tight-binding Hamiltonian to 
include an extra hole and some Coulomb interaction is sufficient, we can 
show straightforwardly that a viabie way to proceed is by exact diagonal
ization. Extended Bloch states are easily generalized to include a secoud 
charge carrier. However, all is at the expense of an increase of the Hilbert 
space dirneusion by a factor equal to the number of lattice sites. 
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APPENDIX 



A. THREE SITE MODEL 

From literature it is well-known that for the Holstein model the dominant 
absorption process in the nonadiabatic strong coupling limit, i.e., the most 
pronounced structure in the regular part of the optical conductivity (see 
Chapter 5), results from the transfer of the charge carrier to the neighbor
ing site without changing the lattice distartion [34]. For the extreme small 
polaron it is straightforward to show that the minimum phonon energy re
quired to make this happen, is twice the polaron binding energy. By means 
of simple calculations on the smallest of lattices that still retains most of 
the relevant physics, we will now show that for a large part of the parameter 
space of the extended Holstein Hamiltonian, this process requires less than 
two times the binding energy. 

Consider a lattice with three sites, open boundary conditions, one lattice 
mode, and symmetrie electron-phonon coupling. The expression for the 
semi-classica! energy, Eq. (3.8), will now reduce to 

E3 site = 4 ( -t- ~v'2nwo4> (xi + Xa)) aiao 

-V2nwog (xia? + 2x0a~) + ~nwo (x?+ 2x~) , (A.l) 

where ai, a0 and Xi, X0 are the wave function components and lattice dis
placements of respectively the central, inner site and the two outer sites. We 
find the polaron binding energy by subtracting Eq. (A.l) from the ground 
energy of a the bare electron in a three site system, E0 {g = 0, 4> = 0} = 
-V'it. Suppose we supply the lattice with a photon. What will the energy 
of this photon need to be to shift the position of only the electron by one 
site? To answer this question, quite artificially we now assume that the sys
tem contains four sites, and that this fourth site does not contribute to the 
ground state configuration. The energy of a system, with a shifted ground 
state electron wave function, but an unchanged lattice configuration, is 

Eshift = 4 ( -t- ~J2nwo4>xa) aiaa + 2 ( -t- ~J2nwo4>xi) aiaa 

-v'2nwo (xaa? + xia~) + ~nwo (x?+ 2x~) . (A.2) 

Subsequently, we obtain the required photon energy as nw = Eshift- E3 site· 
By minimizing the ground state energy to Xi and X0 , we obtain the analogues 
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ofEq. (3.7), 

(A.3) 

By inserting the latter in Eq. (A.1) and Eq. (A.2) and by using ar+ 2a~ = 

1, we find expressions which contain only one unknown parameter, ai or 
a 0 • Polarons are very small in the nonadiabatic, strong local e-ph coupling 
regime, without nonlocale-ph coupling. Then ai ~ 1, and Eq. ( A.1) and Eq. 
(A.2) reduce to E3 site = -liwog2 and liw = 21iwog2

. We have Ebind = liwog2
, 

because t « liwo. In this limit the energy needed to kick the electron out of 
its potential well is Ephoton = 2Ebind· 

If we plot the final result for the binding energy versus central wave 
function component ai, we abserve up to three minima. Numerically we solve 
for the global minimum, and we have clone so for a considerable fraction of 
the parameter space. Figures A.1 to A.3 each present 4 panels, respectively 
the binding energy, number of phonons, x~/ x7, which represents the size of 
the polaron (ratio of the number of phonons in an aff-eentral site and the 
central site), and Ephoton/Ebind· Indeed, in the nonadiabatic strong locale
ph coupling regime, the latter quantity becomes two, while the introduetion 
of positive nonlocal e-ph coupling willlower this value. In the strong nonlocal 
coupling regime, irrespective of adiabaticity and local coupling, the ratio 
converges to one specific value. We find non-intuitive results for negative 
values of the nonlocal coupling parameter. These fluctuations seem to be 
correlated with huge gradients of x~/ x7. Then, positive and negative peaks 
appear for small and large polarons, respectively. However, keep in mind 
that we are dealing with a toy model, solely contrived to make plausible the 
reduction of the ratio for increasing positive nonlocal coupling in the strong 
local coupling regime. Nevertheless, it is astonishing how well these results 
resemble the graphs of the far more extensive semi-classical and quanturn 
mechanical calculations. 
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B. ANTISYMMETRie E-PH COUPLINO 

We have primarily concerned ourselves with the study of an extended Hol
stein Hamiltonian with symmetrie nonlocal e-ph coupling. However, some 
studies [24, 25, 28] have examined the antisymmetrie coupling variety of the 
extended Holstein Hamiltonian. Still, others have even left out local e-ph 
coupling altogether [30]. The latter variety is reminiscent of the Su-Schieffer
Heeger model [16, 17]. By means of the Lanczos and Chebyshev recursion 
algorithms, we have produced an equivalent set of data pertaining to norr
Iocal coupling as we have done for local coupling. We will not thoroughly 
discuss any of the results. Nevertheless, we will present several figures which 
graphically display the inequivalence of the two extended Holstein models. 

Figure B.1 is the antisymmetrie equivalent offigures 5.1 to 5.3. We have 
displayed six panels, the left-hand three of which plot the polaron binding 
energy, the right-hand three display the mean number of phonons involved, 
all for the k = 0 subspace. The antisymmetrie nature of the coupling is re
flected in the asymmetrie form of the electron-phonon correlation function 
X i ,j· Therefore, the use of our previously defined measure of size, xo,l/xo,o, 
is no longer justified. Still, as observed for the symmetrie nonlocal coupling 
model, the polarons are generally extended for large bare transfer integral 
t and/or for large nonlocal coupling f/J. Note that all curves are almost 
perfectly symmetrie around fjJ = 0. A close look at expression Eq. (3.9), 
which we obtained for the semi-classieal polaron, shows that the last term 
is proportional to gcp and thus responsible for any asymmetry of the curves. 
lndeed, for antisymmetrie coupling this term proves rather small in compar
ison with symmetrie coupling. Secondly, we observe that for the largest part 
of the parameter space the lowest eigenstate of the k = 0 subspace has a 
smaller mean number of phonons as well as smaller polaron binding energy 
than we observed for symmetrie coupling, which is especially clear in the 
adiabatic regime. 

Figure B.2 displays, for the sameparameters as in figure 5.5, nine pan
els, each one of whieh contains five or ten polaron band dispersions. The 
left-hand three panels have been discussed in extenso in Chapter 5. From 
the right-hand panels we see in the adiabatic regime the clear preserree of 
the band-flatterring phenomenon. Note also, although less pronounced as 
for the Holstein model and in contrast to the Hamiltonian with symmet
rie coupling, the polaronic band collapse in the nonadiabatic strong local 
coupling region of the parameter space. The most interesting feature, which 
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indeed is already described in literature by Zhao et al. [28], is the often clear 
"bimodal" shape of the dispersions. In conjunction with the previous figure 
we also present, by means of three panels in figure B.3, the bandwidths for 
a, by now, familiar part of parameter space. Because of the fact that we 
have only used 13 sites with a maximum of 10 phonons, we are hindered by 
the limited size of our truncated Rilhert space. Convergence of the Lanczos 
algorithm proves more probiernatie as well. Nevertheless, observe that the 
polaron bandwidths are about equal to lï.vJo in the adiabatic regime. lndeed, 
we expect that excited states in the wave-vector resolved speetral density 
function Eq. (5.10) at roughly this energy are responsible. Fort= 0.001 eV 
on the other hand, bandwidths are reduced and indicate the famous pola
ronk band collapse. Also observe that cp has only a small influence on the 
bandwidths. 

Figure B.4 is the antisymmetrie coupling equivalent of figure 5.12. The 
Drude weight proves not very sensitive to the symmetry of the e-ph cou
pling. However, in the strong nonlocal coupling limit the kinetic energy per 
site is generally lower for antisymmetrie coupling. Then, via the f-sum rule, 
the integrated weight of areg is smaller, i.e., the antisymmetry of the cou
pling leads to a reduced optical absorption in comparison with symmetrie 
coupling. Nevertheless, the regular part of the optical conductivity contains 
features which are not present in the symmetrie coupling model. Optically 
the models are very different. For not too small bare transfer integral, strong 
local coupling and intermediate to strong nonlocal coupling, we observe a 
pronounced redistribution of speetral weight to higher frequencies. For a 
model with antisymmetrie coupling and no local coupling, Capone et al. 
[30] argue that a peak should be present at 4Ebind· 
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C. LANCZOS METHOD 

The basic idea of the Lanczos method [70, 71] is that a special basis can be 
constructed where the Hamiltonian has a tridiagonal representation. This 
is carried out iteratively. Let H be a n x n Hermitian matrix and let lv1) 
be a unit complex starting vector, typically generated randomly. Define 
for j = 1, 2, ... , m corresponding Lanczos matrices Tj using the following 
recursion. Define f3I = 0, and Ivo) = 0. Then for i = 1, 2, ... , m define 
Lanczos veetors lvi) and scalars ai and f3i+l where 

(C.1) 

(C.2) 

For each j, the corresponding Lanczos matrix Ti is defined as the real sym
metrie and tridiagonal matrix with diagonal entries ai, 1 ::; i ::; j, and 
subdiagonal (superdiagonal) entries f3i+b 1 ::; i ::; (j - 1). Therefore for 
each j, 

(C.3) 

{Jj 

{Jj O:j 

The basic idea in any Lanczos procedure is to replace the eigenelement 
problem for the given matrix H by an eigenelement computations on one or 
more of the simpler Lanczos matrices Ti. Once in this form the matrix can 
be diagonalized easily using standard library subroutines. To completely 
diagonalize the Hamiltonian matrix, a number of iterations equal to the size 
of the (truncated) Rilhert space are needed. Rowever, this holds true only 
for exact arithmetic. In practical situations the arithmetic is not exact and 
errors are incurred on every computation. Rence, the generated Lanczos 
veetors loose their orthogonality as j is increased. Nevertheless, all of the 
eigenvalues may be obtained by diagonalizing Tj, provided that j far exceeds 
the Rilhert space dimension N. This is called the Lanczos phenomenon. 
Among the eigenvalues of Ti there are however spurious eigenvalues, which 
may be eliminated with help of procedures by Culiurn and Willoughby. [71] 
Error bound are obtained as well. 
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Luckily, we are not interested in obtaining the whole spectrum. One of 
the advantages of the technique is that accurate enough information about 
eigenstates at the edge of the spectrum can be obtained after a small num
ber of iterations (we use 100 iterations to obtain just ground state energies 
and 350 iterations to calculate eigenvectors). Secondly, eigenvalue compu
tations require only two storage veetors of dimension N, and an eigenvector 
computation three. Actual determination of the latter follows a two-step 
process. In the first step the Lanczos matrices Ti are obtained via recursion 
Eq. (C.l) and Eq. (C.2). The Lanczos veetors are not retained, because 
each one would require a storage of N components. An eigenvector of a 
Lanczos matrix Tj is expressed in the truncated basis of Lanczos veetors as 

i'lj;i) = "L!n=l cflvm), and found by inverse iteration. In the second step the 
Lanczos recursion is run again to systematically reconstruct the eigenveetors 
lvi) to obtain the eigenvector l'lj;i), which is now expressed in the original 
basis of the Rilhert space. A few details about our implementation: 

In stead of obtaining the scalars ai via ai = (viiHivi), one may, in 
assuming exact arithmetic, obtain them via ai = (vii(Hivi)- tJilvi-1)). 
The use of this modified Gramm-Schmidt orthogonalization is cause for mi
nor concern because corrections to the ai defined by this modification are 
complex-valued not real, and there is no good justification to accept the real 
portions of these corrections and simply ignore the complex portions. Luck
ily, in finite precision arithmetic alocal nearest-neighbor, near-orthogonality 
of the Lanczos veetors persists. Although Culiurn and Willoughby claim that 
the former version requires more storage than the latter, it is easy to show 
that both need only two storage veetors of dimension N. We motivate our 
use of the latter method by the fact that the calculation of ai now involves 
only an Hermitian inner product, as opposed to an extra matrix by vector 
multiplication, and thus the computational cost of acquiring the Lanczos 
matrices is almost reduced by a factor of two. The second eigenvector-run 
of the Lanczos algorithm does not need to recalculate these ai and is of 
unchanged expense. Our implementation allows the evaluation by either 
method and leads to very similar results. Various other recursive Lanczos 
procedures exist. Silver et al. [72] claim, in their discussion of the recur
sion proposed by Gagliano et al. [73], which was devised to obtain speetral 
functions (see Appendix D), that it is important to use a version which does 
not normalize the Lanczos vectors. Thus, their normalization coeflicients 
ri increase or decrease exponentially with recursion index i (they reached 
rwoo = 3.3 x 102247 ). However, simple algebra shows the recursion Eq. (C.l) 
and Eq. (C.2) to produce the same scalars ai and tJi · 

In practice, only states at the edge of the spectrum converge and the 
other "eigenstates" have the suggested energies but are usually far from true 
eigenstates. However, one can push the speetral region of interest to the edge 
of the spectrum by choosing an appropriate new operator. A natural choice 
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is [66] 
(C.4) 

which is positive definite and pushes the eigenstates with energy close to 
À towards the minimal, zero, eigenvalue of K. One can perfarm a Lanczos 
calculation based upon the operator K or, more efficiently, one can eval
uate the operator K in a previously constructed Lanczos basis using H 
( "L-projection" method). The resulting matrix to evaluate is pentadiagonal 
and is also easily diagonalized by standard library subroutines. One way to 
understand this technique is to expand the ground state of K in the Lanc
zos veetors and think of this as a probability distribution over eigenstates. 
Choosing À establishes the appropriate mean for this distribution but mini
mizing (K) corresponds to minimizing the varianee of the distribution, and 
consequently localizing the distribution near À. Our implementation allow 
for the direct construction of one of the eigenstates at the edges of the spec
trum by means of Tj, or to obtain a state indirectly via K. The results in 
this thesis are based upon the latter method. If we take for À the lowest 
eigenvalue of Tj, this method too produces the ground state, but has the 
added benefit that approximate excited states of H may be evaluated as 
well. 

Hilbert space dimensions are of the order of 107 , which calls for our 
parallelized version of the Lanczos recursion. The matrix by vector multi
plication devours most CPU time, the parallelization of which is discussed 
in Appendix E. The inner-products are inherently easy to parallelize, while 
the inexpensive diagonalizations of the Lanczos matrices Tj and operator K 
are performed on one processor only. 
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D. DYNAMICAL PROPERTIES 

Both the evaluation of the optica! conductivity as well as the speetral density 
functions Eq. (5.10) requires the calculation of quantities such as 

I(w) =- lim .!.Im [(woiOt E 
1 

. HOI1/Io)] , (D.1) 
t:--tO+ 7r W + 0 + U: -

where 0 is the operator that we are analyzing, 1/lo is the ground state of the 
Hamiltonian H with energy Eo, w is the frequency, and c is a small (real) 
number introduced in the calculation to shift the poles of the Green's func
tion into the complex plane. In this Appendix we first follow Dagotto [59] 
and present the Lanczos recursion method as well as the Speetral Decoding 
Method as two related ways of evaluating such speetral decompositions. By 
introducing a complete basis, Li 11/li)(Wil = 1, and using the identity 

-
1

-. = P (.!.) -im5(x), 
x +ze x 

(D.2) 

valid when c --+ 0 ( where x is real, and P denotes the principal part), we 
arrive at 

(D.3) 

which is another way to express the speetral decomposition of a given oper
ator. For 11/li) we can take the eigenveetors of the Hamiltonian with eigen
values Ei. In practice, the 8 functions are smeared by a finite c, i.e., they 
are replaced by Lorentzians according to 

1 c 
8(x)--+- 2 2 . 

7r x + c 
(D.4) 

In order to evaluate numerically Eq. (D.3), it is convenient to write the 
Hamiltonian matrix in a special basis. As in Appendix C, we apply the 
Lanczos method to write H in tridiagonal form, but, instead of starting the 
iterations with a random state, we choose 

011/lo) 
Ivo)= v(woiOtOiwo) (D.5) 
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as the initial configuration. Then it can then be shown that [73] 

1 NoiOtOI'I/Jo) 
I ( w) = -;: lm---'----'-'----'{3-;;~:----

z - a 1 - ----=------:::---

where z = w + Eo + it:. 

!3§ 
z-a2-----'--

z- a3- · · · 

(D.6) 

This Lanczos Recursion Methad finds a further refinement in the Speetral 
Decading Methad [74] . First note that by running the Lanczos subroutine 
using Eq. (D.5), we are testing the subspace of the Rilhert space in which 
we are interested, and thus all states found by the Lanczos recursion will 
contribute to the speetral function. Therefore, there will be (up to) as many 
poles as iterations carried out. Secondly, in order to find the intensity of 
each pole, it is useful to reeall that any eigenvector l'l/li) of the tridiagonal 
representation of the Hamiltonian can be written as 1'1/Ji) = Lm cilvm), 
where lvm) are the Lanczos vectors, with Ivo) given by Eq. (D.5). Then 

and thus the intensity can be written in terms of the first component of each 
eigenvector obtained when the tridiagonal Hamiltonian matrix is diagonal
ized. In practice, spurious eigenvalues are removed by procedures proposed 
by Culiurn and Willoughby. Note that the integral over frequency of the 
speetral function gives 

1oo I(w)dw = L I('I/JiiOI'I/Jo)l2 = ('1/loiOtOI 'I/Jo) , (D.8) 
t 

where we have assumed that the eigenveetors of the Hamiltonian are nor
malized to 1, i.e., Li lc?l 2 = 1. 

Although the Speetral Decading Methad has been incorporated in our 
routines, we used the Kemel Polynomial Methad ( to be discussed shortly) 
to obtain our results. Still Eq. (D.7) and Eq. (D.8) prove valuable results. 
As stressed by Silver et al. [72], there is a clear disadvantage to the Speetral 
Decading Method. The procedure to yield a smooth speetral estimate by 
introducing Lorentzians with a finite width € appears to make little sense. 
Smoothing of converged eigenvalues, which appear first for well-separated 
state and states at the edges of the spectrum, throws away valid informa
tion from the recursion. Too, smoothing of approximate eigenvalues, which 
generally correspond to clusters of true states, yield speetral estimates with 
an unknown relation to the true spectrum. 

In contrast, the Kemel Polynomial Methad doesnotsuffer from nonuni
form convergence rates. We follow Bäuml et al. [75] to introduce the latter 
method. The Kemel Polynomial Methad is a Chebyshev recursion methad 
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which expands the 8-functions contained in I(w) in a series of Chebyshev 
polynomials Tm (x) , 

I(x) = h (f.to + 2 t f.tmTm(x)) , 
7r 1- x 

m=l 

(D.9) 

with the coefficients (moments) 

(D.10) 

where X = (w - b)ja, a = (Emax - Emin)/2(1 - t:), and b (Emax + 
Emin) / 2. Since the Chebyshev polynomials are defined on the interval 
[-1 , 1], a rescaled Hamiltonian X= (H- b)ja has to be considered, whose 
eigenvalues Xn are in the range [-(1 - t:), 1 - E]. Here a small constant E 

is introduced to avoid convergence problems at the endpoints of the inter
val. The Kemel Polynomial Methad is a linear Chebyshev approximation 
to the spectrum, JM(x) ~ I(x), where we typically cut expansion (D.9) 
at f.J-M=lOOO · The abrupt truncation of the series produces the well-known 
Gibbs oscillations which can be minimized by multiplying the moments by 
appropriate damping factors 9m· Silver et al. [72] show the optimal choice 
to be the J ackson kemel 

M-m 
9m = L avav+m , where 

v=O 

av = ---;::::.=[],=11 (=>.=) = 

J L:/;:U=o u~ ( >.) 

Uv(>.)= sin((v + 1)7r/(M + 2)) 
sin(1rj(M + 2)) · 

(D.ll) 

The Lanczos algorithm requires one matrix by vector multiplication to 
determine bath ai and fk The same multiplication farms the care of the 
Kemel Polynomial Methad producing two momentsper multiplication. Just 
as for the Lanczos Recursion Method, we first need to find the ground state 
l ~o) from Lanczos diagonalization, and, to define X, the extreme eigenvalues 
Emin = Eo and Emax as well. Then we compute the starting conditions 

(D.12) 

(D.13) 

The algorithm uses the recurrence relations for Chebyshev polynomials to 
calculate the M moments according to 

(D.14) 

(D.15) 
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(D.l6) 

Note that we are required to store only two storage veetors of dirneusion 
N . In our implementation we first calculate I(w) by the above procedure. 
Although the algorithm is very stable, we integrate over frequency and nor
malize to Eq. (D.8), to account for any builcl-up of numerical errors. 



E. MATRIX BY VECTOR MULTIPLICATION 

As ought be apparent by now, the recursive Lanczos methods as wel! as 
the Kemel Polynomial Method have as their core repeated matrix by vector 
multiplications (MVM). Realizing that even the truncated Hilbert space is 
still of enormous dimension, whilst the matrix of the respective Hamiltonian 
is extremely sparse ('"" 10 nonzero elementsper row, matrix dimensions of up 
to 108 ), it is nothard to imagine that a naive implementation of the MVM 
might at the very least waist an enormous amount of computing time and 
power. To achieve high performance it is extremely important to optimize 
the matrix by vector multiplication routine. To this purpose a parallel im
plementation of the Jagged Diagonal Storage (JDS) scheme is implemented. 
For a discussing of the method we refer to [76, 77]. Our specific imple
mentation is based on the one-sided logically shared, distributed memory 
access (SHMEM) routines. To maximize performance, we allow for overlap 
of communication and computation. We note that for the present Hamil
tonian, JDS is by no means optima!, i.e., a far more economical (memory 
wise) storage scheme is easily thought of and even implemented. Unfortu
nately, such schemes are intrinsically hard to parallelize and consequently 
performance turns out to be rather poor. 


