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Abstract

Wireless networks and ultracold Rydberg gasses can both be mathemati-
cally modelled as interacting particle systems. Their particles (transmitters
and atoms) can change between two configurations and exhibit a blockade ef-
fect, particles can prevent other particles from changing configuration. This
leads to complicated spatial and temporal behavior in both cases. But even
though both systems have similarities, their models are different. Both mod-
els are discussed in detail and compared in this thesis, giving insight into both
systems. The key difference is shown to be the process with which a particle
is assumed to change its configuration. Atoms in Rydberg gasses make transi-
tions because of lasers, well described using coherent dynamics. Transmitters
in wireless networks (de)activate according to stochastic processes, better de-
scribed using incoherent dynamics.

Besides a comparison, this thesis contains several new results. Model ex-
tensions are proposed that allow for application beyond the scope of wireless
networks and Rydberg gasses. New distributed, random-access algorithms
are proposed for distributing the capacity in (wireless) networking systems.
The performance of these and existing distributed algorithms [JW10] is eval-
uated using simulation. Some algorithms turn out to converge extremely
slowly, which would cause problems in practice. Ways to improve them are
presented. Birth-and-death processes and differential equations are used to
describe and approximate the number of active transmitters. One such dif-
ferential equation is related to Einstein’s rate equations, emphasizing that
wireless networks can be interpreted as two-level particle systems. Finally,
this thesis gives several suggestions for possible future research. In partic-
ular, a new method to create patterns of regularly excited Rydberg atoms in
ultracold gasses is suggested.
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CHAPTER 1
Introduction

Since the advance of telecommunication-based networking systems, our society has dras-
tically increased its interest for and dependency on them. Many people interact with
some networking system on a daily basis, by using a cell phone or by submitting a digital
transaction. Networking systems have become part of everyday life and our demands of
such systems are increasing. Modern networking systems have to be reliable, fair, easy to
use and in the best case are wireless. In wireless networks, access points are installed on
site and users can access and leave the network anywhere near an access point. Because
users come and go, and move around from one place to another, the algorithms that con-
trol wireless networks have to be highly flexible. This is why one often resorts to so-called
distributed algorithms, which only require local information about the network structure
and can deal with rapidly changing conditions without causing too much overhead.

Despite these simple local algorithms, wireless networks show highly complex spa-
tial and temporal interactions between transmitters on a global scale. For this reason,
interest has risen in mathematical models that capture how transmitters share a wire-
less medium. These models, which fall in the realm of statistical mechanics, are typically
used to better understand wireless network operation and where possible, improve their
performance by developing new control algorithms.

1.1 Interacting particle systems

1.1.1 Wireless networks

Wireless networks consist of components that act both as a transmitter and receiver. If a
laptop connects to a wireless network and starts browsing the web, the laptop sends data
packets (acting as a transmitter) with requests for information from websites and receives
data packets (acting as a receiver) that contain the information of those websites. In this
thesis, primarily the role of transmitters will be considered. This is because one of the
goals is to control and optimize transmission. Every transmitter in a wireless network

1



2 Introduction

will be modelled as a particle that can change between two states. A particle is said to be
active if it is transmitting, and a particle is inactive if it is not transmitting.

Figure 1.1: An example of wireless network operation. Active particles are black and transmit-
ting. Inactive particles are white.

Particles change from active to inactive and vice versa according to protocols, rules
that tell how and when transmitters should activate. The protocol that will be considered
in this thesis is called Carrier-Sense Multiple Access/Collision Avoidance (CSMA/CA).
Without going into details, its operation will be modelled as follows. Every inactive parti-
cle sets an alarm clock that will ring after a random amount of time. This random amount
of time is chosen according to an exponential distribution with mean 1/ν. When the alarm
rings, the particle examines its surroundings for other active particles. If the particle
senses too many active particles that are close, it will not activate. Instead it sets its
alarm clock again randomly with rate ν, to try and activate at a later time. If the total
activity sensed by the particle stays below a given threshold, the particle activates. Upon
activation, it sends a data packet, which is assumed to take an exponentially distributed
random time with mean 1/µ. The rates ν, µ are respectively called the activation rate and
deactivation rate. The higher the (de)activation rate, the more (de)activations occur per
unit time. The ratio ρ = ν/µ is called the activity of the particle, which says something
about the frequency of activations in relation to deactivations. Noteworthy is that these
events occur on the order of thousands per second and that each data packet is only a
small portion of a larger message, which means that end-users do not directly experience
the effects of deactivation.

As mentioned earlier, particles examine their surroundings for other active particles
before deciding whether to activate or not. This is called the blocking effect between par-
ticles, because active particles prevent inactive particles from activating. There are many
models to describe the blocking effect, but the specifics of these models can typically be
ignored by only keeping track of which particle can block which. For example, in the
hard-core model, particles cannot activate if they sense an active particle within a spec-
ified distance R. Instead of keeping track of all distances between particles, an edge is
drawn between particles that would block one another. The blocking effect is then sum-
marized in a conflict graph. The vertices in the graph represent the particles and an edge
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between two vertices indicates that these two particles cannot be active simultaneously.

R

(a) (b)

Figure 1.2: Example of how the blocking effect in the hard-core model can be described with a
conflict graph. Active particles are represented with black and (a) block particles within a radius
R. Gray particles are blocked and white particles are inactive. By drawing a line between particles
that would block one another, the conflict graph (b) is found.

A more complicated model of the blocking effect between particles is the Signal to
Interference and Noise Ratio (SINR) model. In the SINR model, every inactive particle
senses every active particle. Similar to how sound dissipates with distance, the further
away an inactive particle is from an active particle, the less activity (or interference) it
senses from the active particle. An inactive particle is considered blocked if the total
activity sensed by that particle is above a given threshold. In this case the total interfer-
ence that the particle experiences relative to the signal strength is too large for reliably
transmitting data.

While the behavior of a single particle is easy to understand locally, the blocking effect
leads to complicated large-scale global behavior. This is illustrated in the next section for
the case of a lattice gas with hard-core interaction.

1.1.2 Lattice gasses

When modelling a lattice gas, it is assumed that gas molecules can occupy points on the
lattice and stay there for some time. Every point on the lattice will be called a particle
and every particle can be one of two types. It can be a molecule (which represents the
presence of a molecule at the corresponding lattice point) or a hole (which represents the
absence of a molecule). Particles change their type when molecules arrive at or leave from
the lattice. This happens randomly since molecules bounce off each other and off walls of
the container. The higher the temperature T of the gas, the more collisions occur per unit
time and the more unlikely it is for molecules to stick to the lattice and stay there for a
long time.

Now consider a two-dimensional square lattice of 8×8 and assume that molecules are
so large that if a molecule sits on the lattice, other molecules cannot occupy lattice points
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Figure 1.3: In the SINR model, every inactive particle (white) senses every active particle (black).
If the total activity sensed by a particle is above a certain threshold, it will not activate and is
considered blocked (gray).

directly next to the molecule already there. This is a local blocking effect, since molecule
particles prevent hole particles from changing type. Interestingly, this relatively simple
local behavior gives rise to complicated large-scale global behavior in the form of a phase
transition. By slowly cooling a gas, gas molecules first form a liquid and then a solid.
This behavior is also seen in the model. By lowering the temperature, molecules form
crystal-like configurations on the lattice. This is illustrated in Fig. 1.4.

(a) (b) (c)

Figure 1.4: By lowering the temperature T, molecules gather in crystal-like configurations on the
lattice of the lattice gas model. Here, the temperature is (a) high, (b) medium and (c) low.

Because of the symmetry of a two-dimensional square 8×8 lattice, there are actually
two crystal-like configurations that can be formed on the lattice. Thinking of this lattice
as a chessboard, molecules can form a crystal-like configuration on the black or white
squares. The amount of energy that it takes to form either of these configurations is the
same, which means that when cooling the lattice gas, either can occur. Now assume for
a moment that the gas has been cooled to a very low temperature and that molecules
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occupied the lattice so that they formed one of the configurations. If the temperature is
now kept constant, molecules still change their type, but this happens very infrequently
because of the low temperature. If a large number of changes occur, the configuration can
even change so much that it eventually forms the other crystal-like configuration. The
time it takes a particle system to change between the two crystal-like configurations is
called transition time.

Phenomena such as a phase transition and the concept of large transition times also
exist in wireless networks. This is because the lattice gas model and the wireless network
model are essentially the same, in the sense that parameters of one model can be related
to parameters of the other model. The parameter in wireless networks that fulfills a role
similar to that of the temperature is 1/ρ . If the activity is high (corresponding to a low
temperature), wireless networks stay in dominant configurations for long times.

1.1.3 Rydberg atoms

Besides the lattice gas, other particle systems exist in which particles have interactions
similar to the blocking effect in wireless networks. A second such particle system is a gas
of Rydberg atoms in a laser field, exhibiting a strong dipole interaction.

Before the dipole interaction is explained, let us first describe the particles of this
system. A Rydberg atom is an atom that has an electron far away from the nucleus, so
that the core electrons shield that outer electron from the electric field of the nucleus.
This outer electron therefore experiences an electric field like that of the hydrogen atom.
Similar to exciting a hydrogen atom, a laser can be used to force this electron into a higher
orbit. The laser bombards the atom with photons and if one of them is absorbed by the
atom, the energy of that photon forces the electron into the higher orbit. The atom is then
said to be in an excited configuration, as opposed to its original configuration called the
ground configuration. Every Rydberg atom will be considered as a particle that can be in
either the ground or excited configuration.

(a) (b)

Figure 1.5: A Rydberg atom has a single electron (black) far away from its nucleus. The atom can
absorb the energy of an incident photon (a) so that the electron moves into a higher orbit (b).

Now consider two particles that are very close to each other. If one of the particles
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is excited, the other particle experiences an electric field caused by the electron of the
excited particle being further away from its nucleus. In other words, the other particle
sees an electric dipole (a positive and negative charge separated by a small distance from
one another). This dipole affects the other particle by increasing the amount of energy
this particle requires to excite. In other words, there is a mismatch between the required
energy to excite the particle and the energy that each photon has. This effect is called
the dipole blockade, because an excited particle makes it harder for other particles in the
ground configuration to excite.

(a) (b)

Figure 1.6: In this example, seven Rydberg atoms are positioned on a line. For every particle, the
distance to the highest level represents the amount of energy required for it to excite. In (a), all
Rydberg atoms are in their ground configuration, indicated by every particle being drawn on the
lowest level. Because the particles are identical, each particle requires the same amount of energy
to excite. However in (b), one particle is excited. All other particles now require more energy to
excite, especially those closer to the excited particle.

The particles of this system clearly show similarities to the particles of a wireless net-
work, which makes a comparison of both systems an interesting theoretical question. The
reader might however wonder why it is this specific system that caught our eye. This
is because this particular particle system has an important application in future experi-
ments that will be performed at Eindhoven University of Technology (TU/e). Physicists of
the group Coherence and Quantum Technology (CQT) are trying to create extremely cold
gasses of regularly spaced excited particles. They are already able to create cold atomic
gasses1 and their next step will be to excite particles within this Rydberg gas so that these
form crystal-like configurations.

To understand their idea on how to do this, first consider a single particle, for which
the number of excitations (and relaxations) that occur per time unit roughly depends on
two parameters. The first parameter is called the Rabi frequency Ω, which is a function of
the amplitude of the laser field. The second parameter is called the detuning δ, which is a
measure of how much the energy of a photon differs from the energy required to excite the
particle. In physical experiments, the amplitude and frequency of the laser field are easy
to manipulate as a function of time t. This results in a time-dependent Rabi frequency
Ω(t) and detuning δ(t), which have many applications in practice. For example, the laser
field can be tailored in such a way that it takes the form of a pulse which after subjecting

1CQT has a magneto-optical trap that routinely traps 85Rb atoms at densities up to 1017 m−3 and with
temperatures below 1mK.
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a single particle to it, garantuees that the particle is in its excited configuration with
probability one.

This brings us back to how to excite particles so that they are regularly spaced and
form a crystal structure. The current suggestion on how to do this is to slowly change
Ω(t) and δ(t), so that the particle system adiabatically changes between states that are
energetically most favorable. Due to the dipole interaction, the states that correspond to
regularly spaced patterns are the ones that are energetically most favorable. For details,
see [vBSvL+11].

t

Figure 1.7: This example shows eleven particles on a line. By slowly and specifically changing
Ω(t) and δ(t), the Rydberg particle system will go through configurations of excited particles that
are energetically favorable. These are crystal-like configurations, in which excited particles are
regularly spaced.

1.2 Objectives and challenges

1.2.1 Performance control of wireless networks

One of the objectives in wireless networks is to control the performance of the system
via distributed algorithms. One reason why control of a wireless network is necessary is
illustrated by the following example. An engineer places three particles next to each other,
forming a straight line (recall that the particles here are transmitters). If a particle at one
end is active, it prevents the middle particle from activating. This makes it more likely for
the particle at the other end to be active as well. Suppose now that the engineer measures
the normalized throughput ϑ of each particle, which is the fraction of time that the particle
is active. The engineer finds that the outer particles are (on average) active more often
than the middle particle. In other words, the outer particles have more opportunities to
send data packets than the middle particle has. This is clearly unfair. Looking for a
solution to this unfairness without having to change the network topology, the engineer
decides to increase the activation rate of only the middle particle. His reasoning is that the
middle particle has to become more aggressive and needs a higher activity to compensate
for its disadvantageous position. After several attempts, the engineer indeed succeeds in
setting the activation rate so that the network is fair.

Our objective is control the performance of wireless networks, just like the engineer
did. That is, to set the activity of every particle individually, so that each particle is
active for the fraction of time that it should be active. This will be done by formulating
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i

ϑi

0

1

1 2 3

Figure 1.8: Placing three particles labelled i = 1,2,3 next to each other so that they form a straight
line, means that the outer particles i = 1,3 have a higher normalized throughput than the inner
particle i = 2.

guidelines according to which particles must change their activity, called algorithms. Such
algorithms should be quick, stable, robust, reliable and responsive to changing conditions.
Algorithms can be designed with these aspects in mind and this is where mathematical
analysis of wireless networks is needed.

The need for mathematical analysis becomes clear when recalling our introduction of
the particle systems. All the signs are there why this control is complicated. For instance,
users of wireless networks would like to have a high throughput, which is the long-term
average number of data packets that are transmitted per unit time. The throughput
depends on the activities of the particles and especially particles at spatially advanta-
geous positions achieve the best possible throughputs by having a high activity. Unfortu-
nately, as we have seen in the lattice gas, if particles have high activities (corresponding
to low temperatures), systems can have very large transition times. To achieve the high-
est throughputs possible in systems with large transition times, algorithms have to wait
very long for the system to visit all dominant configurations before changing the activities.
The dominant configurations are typically those configurations with a maximal number of
particles active and knowing how long a system stays in these configurations is relevant
for an algorithm that tries to achieve a high throughput. Also recall the three particle
problem, which shows that changing the activity of one particle affects the throughput of
each other particle.

There are also the challenges presented by the generality of wireless network topolo-
gies. Algorithms should be robust, meaning that they can be implemented regardless of
the structure of the network. Every wireless network has a different topology, each re-
quiring a specific setting of the activities. Even worse, the topology can change because
particles can leave from and arrive at the system. Algorithms should be able to handle
most, if not all, topologies and changes to network topologies. Finally, this particle sys-
tem is subject to a curse of dimensionality. It may have been possible for our engineer
to optimize three particles on a line, but this quickly becomes too difficult as the number
of particles N increases. The number of possible particle interactions scales by O(N2)
and even worse, the number of system configurations in general networks can scale by as
much as O(2N ).
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1.2.2 Understanding the Rydberg particle system

It was already pointed out that there is an intimate connection between the particle sys-
tems for wireless networks and lattice gasses with hard-core interaction. Another related
system is the Rydberg gas particle system. Our objective is to cross-fertilize ideas, under-
stand the different particle systems and to point out the similarities and key differences.

One of the difficulties in achieving our objective is that mathematicians and physi-
cists have different jargon and styles when modelling systems. What some call activity,
others call temperature. What some call numerical integrations, others call simulations.
Also, it is not just different jargon and style, it is also the methodology. In mathemat-
ics, statements require rigorous proofs but not necessarily an interpretation, whereas in
physics, statements are sometimes based on heuristics and more often than not require
an interpretation.

Another difficulty is the inherent different nature of the particles. The particles of
wireless networks are large, physical objects that randomly change their configuration
between active and inactive. The mathematical models that describe their behavior are
stochastic in nature. Also, at any point in time, a particle is either active or inactive. This
differs from the Rydberg particle system that is modelled using quantum mechanics, in
which the particles are described using deterministic wave equations. The system is mod-
elled as a wave, which is itself a combination of wavefunctions - each of which represents
a specific configuration of the system. For example, this wave can be a combination of two
wavefunctions, one representing the state in which all particles are in the ground config-
uration and the other representing the state in which all particles are excited. Individual
particles in such a system are somehow in a superposition of their ground and excited
configuration. When an observer looks at a particle to determine in which configuration it
actually is, the wave collapses into precisely one of its wavefunction components and it is
only then that with certainty the particle can be said to be in either the ground or excited
configuration.

Ψ(t) = + measurement
or

Figure 1.9: In this example, a quantum mechanical systemΨ(t) is in a superposition of the wave-
function that represents all particles being in their ground configurations and the wavefunction
that represents all particles being in their excited configuration. Wavefunctions are represented
by rectangles. When performing a measurement of Ψ(t), its wavefunction collapses into one of its
components.
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1.3 Overview of this thesis

Here is an overview of the contributions made in this thesis.

1.3.1 Study of Jiang and Walrand’s algorithm

In Chapter 2, an extensive overview is given of the algorithm developed by Jiang and
Walrand [JW10] to control wireless networks. It is shown how wireless networks can be
modelled as continuous-time Markov processes. It is further shown how these Markov
processes can be analyzed using the theory of reversible Markov processes, leading to
closed-form solutions for their equilibrium distributions (also known as Gibbs measures).
The equilibrium distribution provides the necessary ingredient to determine the through-
puts of all the transmitters in the network, and it are precisely these throughputs that
are controlled by Jiang and Walrand’s algorithm. While relatively simple and inherently
distributed in nature, this algorithm provides the striking capability to match the optimal
throughput performance of centralized scheduling algorithms in a wide range of scenar-
ios, which explains its popularity.

1.3.2 New Markov process for resource sharing

Chapter 3 introduces a new analytical model that can be applied to a wide class of net-
works with resource-sharing constraints. The new model includes the standard wireless
network model treated in Chapter 2, certain loss networks, as well as a class of cellular
networks. In formulating and analyzing the model methods from the theory of Markov
processes are used. For the new model, it is proven that scheduling algorithms exist that
can guarantee stability and maximum throughput. The proof combines techniques from
stochastic processes and convex optimization.

1.3.3 Performance evaluation of the Jiang and Walrand algorithm

The standard model and algorithms for wireless networks introduced in Chapter 2 are
subjected to close scrutiny in Chapter 4. A simulation tool has been developed equipped
specifically to run the distributed algorithm on arbitrary network topologies. This tool
makes it possible to explore the spatio-temporal congestion dynamics of wireless net-
works. Despite the large number of papers that followed the paper [JW10], this seems
to be the first time that the algorithm is implemented and thoroughly tested using sim-
ulation. This is because the algorithm was introduced for technical reasons in the proofs
of exact mathematical results on stability. Indeed, it becomes clear that the algorithm,
when actually implemented, shows some rather important pitfalls. For the algorithm
for which maximum stability has been established theoretically, it is observed that the
convergence to the targeted throughputs occurs in many cases extremely slowly. From a
practical viewpoint, this means that the time scales on which the algorithm runs are of a
much larger order than what is required in practice, leading to excessive delays and large
buffer contents.
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1.3.4 Comparison of existing and new algorithms

The poor performance of Jiang and Walrand’s algorithm in practically relevant networks
is the motivation for introducing several adaptations of the algorithm. In Chapter 4,
these adaptated algorithms are shown to achieve faster and better results than the origi-
nal algorithm. The main reason is that the new algorithms constitute more aggressive or
responsive access schemes that are more sensitive to the backlog-based, or local, informa-
tion.

1.3.5 Study of the Rydberg particle system

Physicists of CQT are currently studying a Rydberg particle system, both theoretically
and experimentally. Their model, which is based on quantum mechanics, is examined in
detail in Chapter 5. This is done by first briefly introducing quantum mechanics, explain-
ing how to calculate probabilities using the theory and giving the Schrödinger equation
that describes the coherent evolution of a system. The particles (and their interactions)
that constitute the Rydberg particle system are then described, as well as all model as-
sumptions. Finally, a detailed derivation of the differential equations that describe the
Rydberg particle system is presented.

1.3.6 Establishing the connection between wireless and Rydberg

Based on the detailed examination presented in Chapter 2 and Chapter 5, Chapter 6 gives
the Kolmogorov forward equations or master equations for wireless networks. A detailed
comparison of the wireless model and Rydberg particle system is then presented, which
has to our knowledge never before been attempted. A connection is finally established
between the wireless networking system and Rydberg particle system by examining the
Lindblad master equation. The Lindblad master equation blurs the boundary between
quantum mechanics and classical physics, showing that the wireless network model is a
classical counterpart of the quantum mechanical model.

1.3.7 Comparing the wireless networks to Einstein’s rate equation

The master equations used to establish the connection between the wireless network-
ing system and Rydberg particle system, are a known mathematical tool with which
continuous-time Markov processes can be studied. Chapter 7 studies the fraction of ac-
tive transmitters by applying the master equations. This leads to the examination of a
differential equation approximation of the Markov process, for which a probabilistic er-
ror bound is proven in the special case of networks in which just one transmitter can
be active. Furthermore, this differential equation approximation is shown to be equiva-
lent to Einstein’s rate equations, again emphasizing the connection between the wireless
networking system and two-level atom systems.
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1.3.8 Birth-and-death processes as an approximation

The study of the fraction of active transmitters, which only depends on the number of
active transmitters and not on the entire state the networking system, suggested to ap-
proximate the stochastic process that describes the entire wireless network by a simpler
birth-and-death process. To do this, a new approach is presented at the end of Chapter
7, which ensures that the equilibrium distributions of both processes match (the origi-
nal process and the approximation). The approximation process is analytically simpler
and computationally less demanding than the original process, which may be useful for
large-scale networks. Finally, new insights are obtained by showing that a probabilis-
tic interpretation can be given to the terms that account for the blocking effect in the
birth-and-death process.

1.3.9 Cross-fertilization

The motivation for this project was to investigate in detail two particle models: the wire-
less network model with hardcore interaction and the Rydberg gas model with dipole
interaction. Besides pointing out key differences and similarities throughout this report,
many ideas and suggestions have been exchanged. For starters, the new mathematical
model presented in Chapter 3 was inspired by wondering how three-level atoms could be
modelled in the setting of wireless networks. Three-level atoms are not uncommon in na-
ture, whereas transmitters with more configurations than two (on and off) are seldomly
considered. Deterministic approximations in Chapter 7 are also not commonly used in
the context of wireless networks, but have proven a very valuable, additional tool in this
context. Their consideration would have been unlikely had it not been for the examina-
tion of the Rydberg particle system. Also the meetings that took place during the course
of this project were inspiring. Interesting brainstorms and discussions happened, leading
to many new ideas, several of which are presented in Chapter 8.



CHAPTER 2
Wireless networks

In this chapter, a stochastic model is reviewed that describes the interaction among and
medium access of users in large complex wireless networks. Furthermore, algorithms are
discussed that control network behavior to regulate network performance.

2.1 Network operation

Consider N transmitter-receiver pairs (Ti,Ri) labelled i = 1, ..., N. Transmitter Ti is lo-
cated at ti = (xi, yi, zi)T ∈ R3 and receiver Ri is located at r i = (ui,vi,wi)T ∈ R3. Data
packets can be generated (or arrive) at each transmitter that are intended for its corre-
sponding receiver. Each time Ti activates, it transmits one data packet to Ri. This is
illustrated in Fig. 2.1.

Ti

Ri T j

R j

Tk

Rk

Figure 2.1: An example of wireless network operation. Transmitters Ti and T j are active, sending
a packet to receivers Ri and R j, respectively. Transmitter Tk is inactive.
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2.1.1 Interference

Wireless networks typically have many transmitters that share a communication medium.
This means that the communication medium can become noisy, similar to a classroom
packed with chatting students. The more chatting students, the harder it is to hear the
lecturer. Similarly, Ri is only interested in the signal of Ti, but has to ignore all signals
from other transmitters. All other signals are said to interfere with Ri ’s ability to listen
to Ti.

In general, interference leads to reduced network performance. Packets can be cor-
rupted or lost so that transmitters have to try again, or worse, data can be misinterpreted.
To manage interference, medium access must be controlled. An example of a control
scheme would be that transmitters must postpone transmission, if they sense that the
communication medium is too noisy. Building on the classroom analogy, there is typically
an unwritten rule that students with questions await their turn, such that everyone can
hear every question and answer.

2.1.2 Medium access control and CSMA/CA

The execution of rules that tell transmitters when they can access the medium is called
medium access control. One of the first control methods that comes to mind is to have a
centralized entity decide what transmitter can activate when. This method can be very
efficient in small, fixed networks. This is because if the central entity has all relevant
information, it can make the most informed decision. Unfortunately, wireless networks
are typically too large and do not have a fixed number of users or topology, which makes
implementation of a centralized entity impractical.

Instead, random-access algorithms can be used for medium access control. These are
distributed, randomized access schemes, in which transmitters make their own decisions
based on local information only. There is then no need to continuously exchange informa-
tion with a centralized entity. New users and equipment are also quickly integrated into
the network.

One such random-access algorithm that is commonly used, is CSMA/CA. It is an asyn-
chronous, distributed, randomized operating mode and works as follows. Each trans-
mitter has a back-off counter, which starts at a randomly chosen value. A transmitter
decrements its back-off counter as long as it senses that its required channel is idle. Once
a back-off counter hits zero, transmission starts. After completing its transmission, the
transmitter sets its back-off counter to a new randomly chosen value. This mechanism
manages interference, since nearby transmitters are prevented from activating simulta-
neously. CSMA/CA is for instance implemented in the well-known IEEE 802.11 standard
[IEE07].

2.1.3 Throughput and fairness of CSMA/CA

A commonly used performance measure in communication networks is throughput. The
throughput of a transmitter is given by its average rate of successful message delivery.
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Unfortunately, if the back-off counters of transmitters using CSMA/CA are not chosen
appropriately, the resulting network performance can be highly unfair [WK05]. This is
related to the fact that certain transmitters can be in spatially disadvantageous positions.
Intuitively, the fewer neighbors a transmitter has and the larger the back-off counters of
its neighbors are, the less this transmitter has to freeze its back-off counter and the larger
its throughput.

The situation in which the back-off counters are chosen such that all transmitters
have equal throughput will be called fair. To achieve this fair situation, back-off coun-
ters of poorly positioned transmitters should be shorter than those of better positioned
transmitters.

The stochastic model that is introduced throughout the remainder of this chapter as-
sumes that the back-off counter is chosen according to an exponential distribution. It will
also be assumed that each transmitter has its own rate parameter for the distribution,
which will be called its back-off rate. The stochastic model will then be used to model
the throughput as a function of the back-off rates and all interference constraints. Then
a method is introduced to select the back-off rates that achieve certain target through-
puts. This method can then also be used to achieve fairness. But first, the interference
constraints will be captured in appropriate mathematical terminology, called feasibility
of network states.

2.2 Feasible network states

During typical communication sessions, transmitters will activate and deactivate fre-
quently. This means that a list of precisely what transmitters are active frequently
changes. Suppose for a moment that time could be frozen and that immediately after
freezing time, such a list would be composed. An active transmitter is represented by a
1, while a non-active transmitter is represented by a 0. Such a list is called a state of the
network.

Definition 1: Any vector σ = (σ1,σ2, ...,σN )T ∈ {0,1}N denotes a state of a network,
with σi = 1 if transmitter i ∈ {1,2, ..., N} is active and σi = 0 if transmitter i is inactive.

Not all states are allowed. For example, consider two transmitters sharing a com-
munication medium that, due to interference constraints, can only handle one active
transmitter at a time. In this example, it is impossible for both transmitters to trans-
mit simultaneously. The state represented by σ= (1,1)T is therefore called infeasible. All
other states (0,0)T , (1,0)T , (0,1)T are called feasible, because they represent lists of active
transmitters that can actually be observed during communication sessions.

Definition 2: The state space S is the collection of all feasible states,

S = {σ ∈ {0,1}N |σ is feasible}. (2.1)
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The feasibility of a state depends on the network configuration, the physical restric-
tions of a network and the medium access control schemes used by the transmitters. In
the remainder of this section three models are discussed that can be used to describe
feasibility of states.

2.2.1 Hard-core model

In the hard-core model, it is assumed that a transmitter will not activate if it senses an
active transmitter within distance R. Transmitters within a distance R of each other are
therefore called neighbors and active transmitters are said to block their neighbors. This
restriction can be translated into a definition of feasibility.

Definition 3: A state σ ∈ {0,1}N is called hard-core feasible if and only if for i =
1, ..., N,

min
{ j∈{1,2,...,N}|σ j=1}\{i}

di, j ≥ Rσi. (2.2)

Here, di, j is the Euclidean distance between Ti and T j,

di, j = ‖ti − t j‖2 =
√

(xi − x j)2 + (yi − yj)2 + (zi − z j)2. (2.3)

The hard-core model is illustrated in Fig. 2.2.

R

Figure 2.2: Example of the hard-core model in 2D. Transmitters are represented by small circles.
Active transmitters are represented in black and block transmitters within a radius R. Gray
transmitters are blocked and white transmitters are inactive.

2.2.2 Conflict graph model

The hard-core model uses the position of each transmitter to determine feasibility of a
state. In fact, if transmitters stay at their positions, a list of all conflicts between trans-
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mitters suffices to describe all possible conflicts within the network. This information can
be captured in terms of a conflict graph.

Definition 4: A conflict graph G(V ,E) is a simple graph of which the vertices V =
{1,2, ..., N} represent the transmitters and the edges E ⊆ {{u,v}|u,v ∈V } specify the in-
terference constraints. More precisely, transmitters of adjacent vertices cannot trans-
mit simultaneously. Vertices u,v ∈V are adjacent if {u,v} ∈ E.

Several example conflict graphs are shown in Fig. 2.3. Examples (a), (b) and (c) are
illustrations of different conflict graphs. Example (b) is a complete graph and (c) is a
conflict graph that, for example, describes transmitters on a two-dimensional grid that
block nearest neighbors.

(a) (b) K10 (c)

Figure 2.3: Example conflict graphs.

Example (b) is particularly interesting, because the properties of the complete graph
typically result in analytically tractable problems, making a network that has a complete
graph as its conflict graph an important test case. In practice, this represents a network
in which only one transmitter can be active.

Definition 5: Let G denote a simple graph with N vertices, such that every vertex is
adjacent to every other vertex. Then G is called the complete graph and is denoted by
KN .

A conflict graph is the result of both physical restrictions of equipment and the chan-
nel access methods used by the transmitters. It is a generalization of the interference
constraints between transmitters. Another example of a channel access method that re-
sults in a conflict graph is token passing. When applying token passing, a token is passed
between transmitters. Possession of the token authorizes a transmitter to activate. If
only one token is available in a given network, every transmitter can be said to block all
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others. A conflict graph specifying these interference constraints is the complete graph,
since only one transmitter can be active at any one time.

Having captured the interference constraints in terms of a conflict graph, feasible
states can again be defined. Because transmitters of adjacent vertices cannot be active
simultaneously, the feasible states are all independent sets on G. Recall that an indepen-
dent set is a set of distinct vertices, no two of which are adjacent. A maximal independent
set is an independent set such that adding any other vertex must mean that at least one
pair of vertices in this set becomes adjacent. A maximum independent set is a largest
independent set for a graph G.

Definition 6: A state σ ∈ {0,1}N is called conflict graph feasible if and only if⋃
{ j∈{1,2,...,N}|σ j=1}

{σ j} (2.4)

is an independent set of G.

Finding a maximum independent set on a graph is called the maximum independent
set problem and is, for general graphs, an NP-complete optimization problem [Bak94].
Determining the state space of the conflict graph model is therefore also an NP-hard opti-
mization problem, since all independent sets have to be determined. This illustrates the
difficulty with working with general conflict graphs. It also illustrates why in theoretical
studies one often resorts to special cases of conflict graphs, such as lines, circles, stars and
complete graphs.

2.2.3 SINR model

The SINR model is the most elaborate of the three models discussed here. The idea is
to compare the signal strength at a receiver to the strength of the background noise and
interfering signals to determine feasibility. If the signal strength is considered too weak
to have the receiver reliably receive data packets, transmission is postponed until the
interference drops below a threshold.

The model assumes intensity loss of a wireless signal as it travels further. This hap-
pens because a signal is absorbed by obstacles such as walls and vegetation (called shadow
fading), but is also inherent of the typical omnidirectionality of antennas. Omnidirectional
antennas send the signal in all directions, spreading the power of the signal over a large
surface area. The further away from the antenna, the larger this surface area and the
smaller the intensity. This loss of intensity is called path gain. The path gain from Ti to
R j will be denoted by G i, j and can, for example, be modelled as

G i, j =
Fi, j

Dα
i, j

.
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Here, Fi, j denotes a coefficient that accounts for possible shadow fading, D i, j denotes the
Euclidean distance between Ti and R j,

D i, j = ‖ti − r j‖2 =
√

(xi −u j)2 + (yi −v j)2 + (zi −w j)2

and α> 0 denotes the path loss exponent.
Now that the path gain has been defined, the SINR can be defined, which is an explicit

comparison between signal strength at the receiver and the strength of the background
noise, as well as all interfering signals.

Definition 7: Given a state σ ∈ {0,1}N , the Signal to Interference and Noise Ratio
(SINR) for transmitter-receiver pair (Ti,Ri) is defined as

SINRi(σ)= PiG i,i

η+ I i
. (2.5)

Here, P j denotes the power at which T j transmits, η denotes the background noise
and

I i =
∑

j∈{1,2,...,N}\{i}
P jG j,iσ j (2.6)

denotes the interference of all other active transmitters.

SINR will be used to define feasibility of states. Essentially, a transmitter will only
activate if it deems the SINR high enough. This is because if the SINR is too low, trans-
mission errors are extremely likely, degrading network performance.

Definition 8: A state σ ∈ {0,1}N is called SINR feasible if and only if, for i = 1, ..., N,

SINRi(σ)≥Viσi. (2.7)

Here, Vi ∈ (0,∞) denotes the SINR threshold of transmitter i = 1, ..., N.

2.3 Model description

Inspired by the CSMA/CA protocol, a stochastic model of its operation can be formu-
lated. This section introduces the basic stochastic model and is intended to familiarize
the reader with the basic notation and mathematical concepts. Several theorems will be
given without proofs. These can be found in Chapter 3, which treats a stochastic model
of so called monotone networks - a generalization of which the model in this section is a
special case.
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2.3.1 Description of the Markov process

Transmitter Ti attempts to activate according to a Poisson process with rate νi ∈ (0,∞). At
these attempts, the transmitter will start a transmission and become active if and only if
the resulting state is feasible. The network is assumed to be saturated, which means that
transmitters always have packets available for transmission. This simplifies the analysis,
because the activation process is then independent of packet availability. If Ti starts a
transmission, it transmits for an exponentially distributed time with rate µi ∈ (0,∞). For
notational simplicity, the rates will be summarized in the vectors ν = (ν1, ...,νN )T and
µ = (µ1, ...,µN )T .

Let t ∈ [0,∞) and i ∈ {1,2, ..., N}. Define X t := (X (1)
t , ..., X N

t )T , where X (i)
t = 1 if Ti is

transmitting at time t. Similarly, X (i)
t = 0 if it is inactive. The stochastic process {X t|t ∈

[0,∞)} now constitutes a continuous-time Markov process where X t ∈S (see Def. 2) gives
the state at time t.

Definition 9: The continuous-time Markov process {X t|t ∈ [0,∞)} has transition rates
q : S 2 → [0,∞) given by

q(σ,σ+ ei)= νi1{σ+ ei ∈S },

q(σ,σ− ei)=µi,

and q(σ,ς) = 0 otherwise. Here, ei ∈ {0,1}N denotes the i-th elementary vector, which
has a 1 as its i-th coordinate and 0’s as its other coordinates.

2.3.2 Equilibrium distribution

After starting the process {X t|t ∈ [0,∞)} in a state X0 ∈S , it will start a sample path which
is stochastic in nature. The process jumps between feasible states and these jumps occur
after stochastic times distributed according to exponential distributions with parameters
ν and µ, which suggests that after observing the process long enough, the fraction of time
that X t is state σ ∈ S will be independent of the initial state X0. This is because of the
memorylessness property of the exponential distribution and the ergodicity of the Markov
process.

It turns out that {X t|t ∈ [0,∞)} indeed has a unique steady-state probability vector
π : S → [0,1]. This probability vector is called the equilibrium distribution, which can
be interpreted as “π(σ) is the fraction of time that X t is state σ ∈ S ”. The equilibrium
distribution is given in the following theorem, the proof of which is deferred until Chapter
3.



2.3. Model description 21

Theorem 1: Assuming that the process {X t|t ∈ [0,∞)} is irreducible and reversible
(see Thm. 3), its equilibrium distribution π : S → [0,1] is given by

π(σ)= Z−1
N∏

i=1
ρ
σi
i , (2.8)

where Z denotes the normalization constant, or partition function,

Z = ∑
ς∈S

N∏
i=1

ρ
ςi
i . (2.9)

Here, ρ i = νi
µi

denotes the activity of Ti and all activities will be summarized in the
vector ρ = (ρ1, ...,ρN )T .

It is easily verified that
∑
σ∈S π(σ) = 1, meaning that π can indeed be interpreted as

a probability distribution. Notice that the equilibrium distribution depends on the ratios
of the channel access rates ν and the transmission rates µ. This is because the equilib-
rium distribution only concerns process behavior over large periods of time. Changing ν
and µ without changing their ratios ρ does not change the equilibrium distribution, but
note that this does change the process {X t|t ∈ [0,∞)}. For example, doubling νi means
that there are on average twice as many activation attempts in any given time interval,
illustrating that the process behavior must be different. But simultaneously doubling
µi means that transmission durations are on average twice as short, ensuring that over
large periods of time, the system spends the same fraction of time in each state.

The ratio ρ i = νi/µi is called the activity of Ti, a name that is reminiscent of statistical
physics jargon. In fact, when using a conflict graph G to describe feasibility, (2.8) is called
the hard-core measure on G with activities ρ . The hard-core measure is relevant in sta-
tistical physics as a model of a gas whose particles have a non-negligible size (see §1.1.2).
It is exactly the same model, but it has a different interpretation, namely that X (i)

t = 1 if
vertex i is occupied by a particle at time t, and X (i)

t = 0 otherwise. For more background
on the hard-core lattice gas model, see [vdBS94] or [Häg97].

2.3.3 Long-term network performance

The equilibrium distribution concerns behavior of {X t|t ∈ [0,∞)} over large periods of time.
This means that it can be used to define quantities that describe long-term network per-
formance. The equilibrium distribution describes the fractions of time that the system is
in each state, so it can be used to calculate the fraction of time that a particular trans-
mitter is transmitting. This is called the normalized throughput. Multiplying with the
transmission rate gives the throughput.
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Definition 10: The normalized throughput of transmitter Ti is the long-term frac-
tion of time that Ti is active, given by

ϑi =
∑

{σ∈S |σi=1}
π(σ). (2.10)

The throughput of transmitter Ti is given by θi = µiϑi and represents the average
rate of successful packet delivery.

The throughput depends on the entire network structure, because it is based on the
equilibrium distribution. It is a complicated function of the state space, all activation
rates and all transmission rates. Sometimes, it is important to emphasize this depen-
dence, in which case the throughput will be written as θi(ρ) instead of θi.

Finally, observe that the normalized throughput of a transmitter can be approximated
locally by that transmitter. This is because the normalized throughput can be interpreted
as the fraction of time that a transmitter is active. Every transmitter can empirically
estimate this fraction. Such a local estimate of θi(ρ) will be denoted by θ̂i.

2.4 Achieving target throughput

In this section, two algorithms are discussed that solve for ρ the equations θi(ρ) = γi,
with i = 1, ..., N. Call this solution ρ∗. Recall that θi(ρ∗) denotes the throughput of Ti
using ρ =ρ∗ and γi is therefore called its target throughput. The first algorithm is called
a gradient algorithm, because it solves an optimization problem using a gradient method.
The second is called a fixed-point algorithm, because it solves a fixed-point equation.

2.4.1 Gradient algorithm

Both locally and globally implementable versions of the algorithm were recently presented
by Jiang and Walrand [JW10]. They describe an algorithm that lets transmitters manip-
ulate their own activity to meet the stability condition θi(ρ) ≥ λi for i = 1, ..., N. Here, λi
denotes the arrival rate of packages at transmitter i.

The idea is as follows. Consider the concave log-likelihood function

F(r;λ)= λ

µ
· r − ln Z(r )= λ

µ
· r − ln

∑
σ∈S

eσ·r ,

with λ/µ = (λ1/µ1, ...,λN /µN )T , r = (r1, r2, ..., rN )T and r i = lnρ i for i = 1, ..., N. The details
of why this is a concave log-likelihood function can be found in Chapter 3. Examining
F(r;λ) reveals that

∂F(r;λ)
∂r i

= λi

µi
−Z(r )−1 ∑

{σ∈S |σi=1}
eσ·r = λi

µi
−ϑi(r ), (2.11)
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which implies that in any critical point r∗ where ∂F(r;λ)
∂r i

= 0 for i = 1, ..., N, it should hold
that θi(r∗)=λi. Because F(r;λ) is concave, if it is assumed that a solution exists, then it
should be given by

r∗ = arg sup
r∈RN

F(r;λ). (2.12)

Essentially, this describes the optimization problem

sup
r∈RN

F(r;λ), (2.13)

which can be solved using a gradient method.
This is precisely the idea behind [JW10], although there, the slightly different opti-

mization problem

sup
r≥0

F(r;λ) (2.14)

was considered. For (2.14), it is proven in [JW10] that θi(r∗)≥λi for r∗ = argsupr≥0 F(r;λ).
Moreover, they proved that such a solution exists, but only if λ/µ is restricted to the inte-
rior of the convex hull of S .

Theorem 2 ([JW10]): For any λ/µ ∈ int(conv(S )), there exists a finite r∗ =
argsupr≥0 F(r;λ) such that for i = 1, ..., N, θi(r∗)≥λi.

It is interesting to note that the restriction λ/µ ∈ int(conv(S )) gives a theoretical limit
of what arrival rates of packets a network can handle. For example, consider a network
that consists of a single transmitter. In this case S = {0,1}, so that int(conv(S )) = (0,1).
The restriction then reads 0 < λ < µ, implying that the arrival rate of packets should be
strictly less than the transmission rate. This is precisely what one would expect from a
heuristic argument.

After proving the existence of such a logarithmic rate vector r∗, [JW10] proceeds with
solving (2.14). To do so, a gradient method is invoked. In general, after fixing λ, the
gradient method to find a maximum of a function F(r ;λ) :RN →R reads [BV04, p. 466],

r ( j+1)= r ( j)+α( j)∇F(r ).

Here, α( j) denotes the step size at iteration step j, ∇ = ( ∂
∂r1

, ..., ∂
∂rN

)T and r (0) is chosen
as some initial guess for the maximizer of F(r ). Because the derivative is given by (2.11),
Jiang and Walrand were able to formulate the following gradient algorithm to solve for
r∗.

Algorithm 1 ([JW10]): The global gradient algorithm on the domain r ≥ 0 for i =
1, ..., N is given by

r i( j+1)=max
{

r i( j)+α( j)
(
λi

µi
−ϑi(r)

)
,0

}
. (2.15)
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Note that this algorithm can only be implemented globally, since ϑi(r) depends on the
entire network structure. The important insight by Jiang and Walrand that makes this
global gradient method locally implementable, is that ϑi(r) can be approximated locally
by letting node i measure the fraction of time that it is active. Jiang and Walrand’s local
approximate gradient algorithm is given in the next method, where the local approxima-
tion of ϑi(r) is denoted by ϑ̂i.

Algorithm 2 (JWA, [JW10]): The local approximate gradient algorithm on the do-
main r ≥ 0, also known as Jiang and Walrand’s algorithm (JWA), for i = 1, ..., N is
given by

r i( j+1)=max
{

r i( j)+α( j)
(
λi

µi
− ϑ̂i

)
,0

}
. (2.16)

Note that these gradient algorithms are formulated on the domain r ≥ 0, such that
θi(r∗) ≥ λi for i = 1, ..., N and r∗ = argsupr≥0 F(r ;λ). This is sufficient for stability, but
not when solving the following inversion problem. Suppose target throughputs γi for
i = 1, ..., N are given and the goal is to find r∗ ∈ RN such that θi(r∗) = γi. To achieve this,
one has to consider optimization problem (2.13) instead of (2.14).

It turns out that the approach in [JW10] can indeed be extended to optimization prob-
lem (2.13).1 The details are discussed in Chapter 3 (see Thm. 6). Using the same reason-
ing, it is then possible to find a global gradient method algorithm on the domain r ∈ RN .
This global gradient method can then be used to find a local approximate gradient algo-
rithm.

Algorithm 3 (GGA, LAGA): The global gradient algorithm (GGA) for i = 1, ..., N is
given by

r i( j+1)= r i( j)+α( j)
(
γi

µi
−ϑi

)
. (2.17)

Replacing ϑi by ϑ̂i gives the local approximate gradient algorithm (LAGA).

When comparing this algorithm to the algorithms of [JW10], it can be seen that the
projection to r ≥ 0 (instead of the full problem on r ∈ RN ) that they considered is not
necessary (although possible). But more importantly, it now holds that for i = 1, ..., N,
θi(r∗) = γi for the optimal solution r∗. This means that the gradient algorithm can be
used to solve the inversion problem.

1This is also mentioned in [JW11, Thm. 2], although the setting there is slightly different. There, CS-
MA/CA based scheduling is considered with collisions.
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2.4.2 Fixed-point algorithm

Van de Ven et al. [vdVJvLB11] recently proposed another algorithm to solve θi(ρ∗) = γi
for ρ∗ using the perspective of a fixed-point equation. In [vdVJvLB11], it is proven that
there exists a unique ρ∗ that achieves the target throughput. A numerical procedure for
calculating this inverse, based on fixed-point iteration, is also presented. Based on their
work, a locally implementable fixed-point algorithm will be proposed in this section.

Proposition 1 ([vdVJvLB11]): The vector ρ∗ for which θi(ρ∗) = γi for i = 1, ..., N
can be written as the fixed-point equation

ρ∗ = K(ρ∗), (2.18)

with

K(ρ∗)=
 γiµ

−1
i Z(ρ∗)

1+ Z(ρ∗)
ρ i

∑
σ∈S \{0,e1,...,eN }σiπ(σ)


i=1,...,N

.

Equation (2.18) is used in [vdVJvLB11] to formulate the fixed-point iteration scheme
ρ( j+1)= K(ρ( j)) to solve for ρ∗. For i = 1, ..., N, this is equivalent to

ρ i( j+1)= γiµ
−1
i Z(ρ( j))

1− 1
π(ei) (π(ei)−∑

σ∈S σiπ(σ))
= γiZ(ρ( j))π(ei)

θi(ρ( j))
= ρ i( j)

γi

θi(ρ( j))
.

This fixed-point iteration scheme is thus based on calculating θi(ρ) in each iteration step.
It is important to note that θi(ρ) depends on the entire network structure, which can be
approximated locally by letting transmitter i measure the fraction of time that it is trans-
mitting. Again denoting this local approximation of θi(ρ) by θ̂i(ρ) allows the formulation
of a local approximate fixed-point algorithm.

Algorithm 4 (GFA, LAFA): The global fixed-point algorithm (GFA) is given by

ρ i( j+1)= ρ i( j)
(
1+ γi −θi

θi

)
. (2.19)

Replacing θi by θ̂i gives the local approximate fixed-point algorithm (LAFA).

The introduction of this new, distributed algorithm concludes this chapter. Chapter 3
now proceeds with examining so-called monotone networks, which is a class of networks
that generalizes the wireless network. All proofs that were deferred in this chapter, can
be found in Chapter 3. Next, in Chapter 4, the algorithms introduced in this section are
implemented and tested for several network topologies and parameter settings.





CHAPTER 3
Monotone networks

In this chapter a class of networks is introduced that generalizes the wireless network
in Chapter 2. The main extension is that the states of particles are no longer restricted
to {0,1}, but can take values in N0 = {0,1,2, ...}. Such states occur for example in certain
cellular networks, which is explained at the end of this chapter.

3.1 Monotone state spaces

In this section, the notion of a monotone state space is defined. Following the strategy
of Chapter 2, the definition of a state and state space are given first. For simplicity, let
N <∞.

Definition 11: Any vector σ= (σ1,σ2, ...,σN )T ∈N0
N denotes a state.

In most cases not all N-tuples of N0 are relevant states when modelling a particular
system. It could also be that certain states do not occur in the system. States that are
relevant and do occur will, as in Chapter 2, be called feasible.

Definition 12: The state space S is the collection of all feasible states,

S = {σ ∈N0
N |σ is feasible}. (3.1)

The following notion of a monotone state space restricts the space of all feasible states
to a smaller space.

27
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Definition 13: A state space S is called monotone if there exist S 2,S 3, ...⊆N0
N∪;,

so that the monotonicity condition

∀ j≥2 ∀σ∈S j∃ς∈S j−1 :σ−ς ∈S 1

holds, as well as

S =
∞⋃
j=0

S j.

If M = inf{ j ∈N0|S j+1 =;} <∞, the monotone state space is called finite. Here, S 0 =
{0}, S 1 =⋃N

i=1 {ei} and ei ∈ {0,1}N denotes the i-th elementary vector, which has a 1 as
its i-th coordinate and 0’s as its other coordinates.

With this definition of monotonicity, the state space has a specific structure. It implies
that for j ∈ N0, each state in the set S j differs precisely one elementary vector from at
least one state in the set S j−1. To clarify, monotonicity does not imply that for σ ∈S for
which σ j > 0, that σ− e j ∈ S . For example, if state (2,2)T is in the state space, it is suf-
ficient when either state (2,1)T or state (1,2)T is part of the state space for guaranteeing
monotonicity. The following result presents more insight into the structure of a monotone
state space.

Proposition 2: Let S be a monotone state space. For j ∈N0,

S j = {σ ∈S |‖σ‖1 = j}. (3.2)

Here, ‖σ‖1 denotes the size of σ, defined as

‖σ‖1 =
N∑

i=1
|σi|. (3.3)

Proof: Let j ≥ 2 and σ ∈ S j. Assume that for any ς ∈ S j−1, ‖ς‖1 = j−1. Because S is
monotone, there exists k ∈ {1,2, ..., N} and ς ∈S j−1 so that σ= ς+ ek. Then,

‖σ‖1 =
N∑

i=1
|ςi +1{i = k}| =

N∑
i=1

(ςi +1{i = k})= ‖ς‖1 +1= j.

Also conclude from the monotonicity of S that the assumption holds for j = 0,1. This
sets up an induction argument that proves that if σ ∈ S j, ‖σ‖1 = j. Therefore, S j ⊆ {σ ∈
S |‖σ‖1 = j}.

Next, let l ∈ N0 and σ ∈ {ς ∈ S |‖ς‖1 = l}. Because S = ∪∞
j=0S j, there must exist a

j ∈ N0 such that σ ∈ S j. From the induction, conclude that j = l, proving that Sl ⊇ {σ ∈
S |‖σ‖1 = l}. This completes the proof. �
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Prop. 2 gives a clearer picture of what the partitioning of the state space into S0,S1, ...
looks like. An example monotone state space is shown in Fig. 3.1 for N = 2. In this
example, the S0, ...,S3 indeed group states according to their size. Also, S j =; for j ≥ 4,
which means that with M = 3, this state space is finite. Finally, the monoticity condition
is satisfied because for every σ ∈ S j, there indeed exists at least one ς ∈ S j−1 such that
σ−ς ∈S1.

0,0

1,0

0,1

2,0

1,1

2,1

; ...

S 0

S 1

S 2

S 3

Figure 3.1: An example monotone state space S for N = 2. States are represented by circles.

Chapter 2 gave three models that describe feasibility of states in §2.2. It can be readily
seen that any one of these models results in a monotone state space. These models are
thus a special case of the monotone state space discussed here.

3.1.1 Convex hull

The convex hull of the state space played an important role in formulating an achievable
throughput region in Chapter 2. In this chapter, it will play an important role in proving
a similar result (see Thm. 5).

Definition 14: The convex hull conv(S ) of a state space S is defined as

conv(S )=
{ ∑
σ∈S

α(σ)σ
∣∣∣α(σ) ∈ [0,∞)∀σ∈S ,

∑
σ∈S

α(σ)= 1
}
. (3.4)

Similarly, the interior of the convex hull int(conv(S )) is defined as

int(conv(S ))=
{ ∑
σ∈S

α(σ)σ
∣∣∣α(σ) ∈ (0,∞)∀σ∈S ,

∑
σ∈S

α(σ)= 1
}
. (3.5)

An example convex hull is shown in Fig. 3.2 for N = 2. The plane spanned by the
orthonormal basis {e1, e2} has been used to plot the states σ = (σ1,σ2)T . The gray area
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represents the convex hull. Because this is a two-dimensional example, the boundary of
the convex hull can be thought of as a rubber band that wraps tightly around all states.
More importantly, notice that the monotonicity condition shows itself in the sense that
any state differs precisely one elementary vector from some other state.

1 2 3

1

2

3

e1

e2

Figure 3.2: An example convex hull of a monotone state space S with N = 2 dimensions. The
states in S are indicated by circles. The gray area represents the convex hull.

3.2 Model description

Now that monotone state spaces are defined, a stochastic process will be defined that
lives on these state spaces. Let t ∈ [0,∞) and define X t = (X (1)

t , ..., X N
t )T with X (i)

t ∈N0 for
i = 1, ..., N. Define a continuous-time Markov process {X t|t ∈ [0,∞)} using the following
transition rates.

Definition 15: The continuous-time Markov process {X t|t ∈ [0,∞)} that lives on a
finite monotone state space S has transition rates q : S 2 → [0,∞) given by

q(σ,σ+ ei)= νi,σiξ(σ,σ+ ei)1{σ+ ei ∈S },

q(σ,σ− ei)=µi,σiξ(σ,σ− ei)1{σ− ei ∈S },

and q(σ,ς)= 0 otherwise. For i = 1, ..., N, νi,σi ∈ (0,∞) denotes the up rate to transition
from σi to σi +1. Similarly, µi,σi ∈ (0,∞) denotes the down rate to transition from σi
to σi −1. The function ξ(σ,ς) : S → {0,1} is the transition elimination function and
has the property that for any σ,ς ∈S , ξ(σ,ς)= ξ(ς,σ).

Def. 15 is such that when choosing any of the three monotone state spaces described
in Chapter 2, Def. 9 can be recovered. This means that {X t|t ∈ [0,∞)} is a generalization
of the stochastic process discussed in Chapter 2.

The function ξ has been introduced to allow the addition and removal of transition
rates between adjacent states. In fact, transition rates can be removed using ξ without
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affecting irreducibility as long as each state can be reached through some sequence of
transitions. If enough edges are removed such that states become isolated, affecting irre-
ducibility, these states are no longer considered feasible and should be removed from the
state space. Fig. 3.3 shows an example stochastic process.

0,0

1,0

ν1,0

µ1,1

0,1
ν2,0

µ2,1

2,0

ν1,1

µ1,2

1,1
ν2,0

µ2,1
2,1

ν2,0

µ2,1

ν1,1

µ1,2

; ...

S 0

S 1

S 2

S 3

Figure 3.3: An illustration of an example stochastic process living on a monotone state space S .
Here, ξ(0,1;1,1)= ξ(1,1;0,1)= 0 and ξ(σ,ς)= 1 for every other σ,ς ∈S .

3.2.1 Equilibrium distribution

Having defined the Markov process {X (t)|t ∈ [0,∞)}, an explicit expression for its equi-
librium distribution will be derived. Recall that the equilibrium distribution is a unique
steady-state probability vector π : S → [0,1] with

∑
σ∈S π(σ) = 1. To determine π, [Kel79,

Thm. 1.3] will be used, repeated here for convenience.

Theorem 3 ([Kel79]): A Markov process {X (t)|t ∈ [0,∞)} is in detailed balance if
there exists a unique probability vector π : S → [0,1] with

∑
σ∈S π(σ) = 1, so that

for any σ,ς ∈S ,

π(σ)q(σ,ς)=π(ς)q(ς,σ). (3.6)

These are the detailed balance equations. A Markov process that is in detailed balance
is reversible and its equilibrium distribution is the probability vector π.

Using Thm. 3, it can be shown that {X (t)|t ∈ [0,∞)} is reversible. More importantly,
it can also be used to prove that a probability vector is the equilibrium distribution. For
{X (t)|t ∈ [0,∞)}, the equilibrium distribution is given in the following theorem.
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Theorem 4: Assuming that the process {X (t)|t ∈ [0,∞)} is irreducible, it is reversible
and its equilibrium distribution π : S → [0,1] is given by

π(σ)= Z−1
N∏

i=1

σi∏
j=1

ρ i, j, (3.7)

where Z denotes the normalization constant, or partition function,

Z = ∑
ς∈S

N∏
i=1

ςi∏
j=1

ρ i, j. (3.8)

For components i = 1, ..., N and j ∈N0, ρ i, j = νi, j−1
µi, j

denotes the combined rate between
σi = j−1 and σi = j.

Proof: It will be shown that {X (t)|t ∈ [0,∞)} is in detailed balance by substituting the
probability vector π into the detailed balance equations. According to Thm. 3, π is then
the equilibrium distribution and {X (t)|t ∈ [0,∞)} is reversible.

Let σ ∈S i and ς ∈S j. If |i− j| 6= 1 or if there does not exist a k ∈ {1,2, ..., N} such that
ς=σ± ek, q(σ,ς) = q(ς,σ) = 0 by Def. 15 and the detailed balance equations are trivially
satisfied. If |i− j| = 1, assume without loss of generality that i < j, ξ(σ,ς)= ξ(ς,σ)= 1 and
ς=σ+ ek (otherwise the detailed balance equations are trivially satisfied). The detailed
balance equations then state that

π(ς)
π(σ)

= q(σ,ς)
q(ς,σ)

= q(σ,σ+ ek)
q(ς,ς− ek)

= νk,σk

µk,ςk

= νk,ςk−1

µk,ςk

= ρk,ςk .

Substituting (3.7) into π(ς)/π(σ) gives

π(ς)
π(σ)

=
Z−1 ∏N

i=1
∏ςi

j=1ρ i, j

Z−1 ∏N
i=1

∏σi
j=1ρ i, j

=
ρk,ςk

∏N
i=1

∏σi
j=1ρ i, j∏N

i=1
∏σi

j=1ρ i, j
= ρk,ςk ,

revealing that (3.7) agrees with detailed balance. Using (3.8), it can be checked that∑
σ∈S π(σ)= 1 and this concludes the proof. �

Because {X (t)|t ∈ [0,∞)} is a generalization of the process discussed in Chapter 2,
Thm. 4 proves Thm. 1. This can be seen by choosing the state space according to the
rules as laid out in Chapter 2 and choosing ρ i, j = ρ i for j ∈N0. Substitute these in (3.7) to
recover the equilibrium distribution (2.8).

3.2.2 Constructing the equilibrium distribution

The proof of Thm. 4 consisted of substituting the proposed equilibrium distribution into
the detailed balance equations. This method is quick and easy, but leaves open the issue
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of how to derive the equilibrium distribution in a constructive manner. Such a derivation
will be presented next.

First, the derivation of the equilibrium distribution of a birth-and-death process will
be considered. It is the special case N = 1 and may provide ideas for deriving the equi-
librium distribution for N > 1. Recall that finite-state birth-and-death processes are irre-
ducible Markov processes for which the state space is S = {0,1, ..., M} for some M ∈N and
the transition rates are given by q( j,k)= 0 unless | j−k| = 1. This means that transitions
only occur between adjacent states, as shown in Fig. 3.4.

0 1
ν0

µ1

2
ν1

µ2
...

ν2

µ3

M
νM−1

µM

Figure 3.4: A birth-and-death process.

The equilibrium distribution of such a birth-and-death process can be found by exam-
ining the detailed balance equations for j = 1, ..., M, given by

π( j)µ j =π( j−1)ν j−1.

Because the Markov process is assumed to be irreducible, ν j−1 and µ j need to be strictly
positive. The detailed balance equations can then be applied iteratively,

π( j)=π( j−1)
ν j−1

µ j
=π( j−2)

ν j−2

µ j−1

ν j−1

µ j
=π(0)

j∏
i=1

νi−1

µi
=π(0)

j∏
i=1

ρ i,

where ρ i = νi−1
µi

. Finally, π(0) is chosen such that
∑M

j=0π( j)= 1, which gives

π(0)=
(

M∑
j=0

j∏
i=1

ρ i

)−1

= Z−1.

When constructing the equilibrium distribution of the birth-and-death process, a state
j was considered and a path of transitions was followed through the state space until state
0 was reached. In each step, detailed balance was required. With some modifications, this
strategy can also be used to construct the equilibrium distribution of {X t|t ∈ [0,∞)}. This
will be done next.

Assume that S is finite monotone and that for every σ,ς ∈ S , ξ(σ,ς) = 1. For i =
1, ..., M where M = inf{ j ∈ N|S j+1 = ;}, let σ ∈ S i. By monotonicity of S , there exists
ς ∈ S i−1 and ki ∈ {1,2, ..., N} so that σ = ς+ eki . Detailed balance can only hold if the
detailed balance equations hold and thus

π(σ)=π(ς)
q(ς,σ)
q(σ,ς)

=π(ς)
q(ς,ς+ eki )
q(σ,σ− eki )

=π(ς)
νki ,ςki

µki ,σki

.
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These equations can be applied iteratively until state 0 is reached, just as when dealing
with the birth-and-death process. This means that for all σ ∈S i,

π(σ)=π(0)
i∏

j=1

νk j ,ςk j

µk j ,σk j

.

The sequence (k j)i
j=1 is a list of i components that transition up until stateσ is reached

from state 0. How state σ is reached is of course not unique, as is illustrated in Fig. 3.5.
It will now be shown that this result is independent of the choice of sequence (k j)i

j=1.

S 0

S 1

S 2

S 3

S 4

S 5

Figure 3.5: An example of two different paths to reach some state in S 5.

By definition a state σ ∈ S i can only be reached from state 0 via a minimum of i
transitions. Because precisely i transitions took place,

σ=
i∑

j=1
ek j .

Now write

π(σ)
π(0)

=
i∏

j=1

N∏
l=1

(
νk j ,ςk j

µk j ,σk j

)1{k j=l}

=
N∏

l=1

i∏
j=1

(
νk j ,ςk j

µk j ,σk j

)1{k j=l}

=
N∏

l=1

σl∏
r=1

νl,r−1

µl,r
=

N∏
i=1

σi∏
j=1

ρ i, j,

where the third equality follows by noting that the event {k j = l} occurs precisely σl times
and that at the r-th time τ this occurs, ςkτ = r − 1 and σkτ = r. Consider for example
S = {00,10,01,20,11,21}. To reach state σ = 21 ∈ S3 such that i = 3, there are the three
possible sequences (k j) = (1,1,2), (1,2,1) and (2,1,1). The events {k j = 1}, {k j = 2} occur
respectively σ1 = 2 and σ2 = 1 times regardless of what sequence is used.

The product is therefore independent of the choice of (k j)i
j=1. The construction of the

equilibrium distribution is finished by normalizing, which can be done by choosing π(0) as

π(0)=
( ∑
ς∈S

N∏
i=1

ςi∏
j=1

νi, j−1

µi, j

)−1

= Z−1.
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Recall now that the assumption was made that for every σ,ς ∈ S , ξ(σ,ς) = 1. This
assumption can be dropped. To show this, the process {X t|t ∈ [0,∞)} will be perturbed as
follows.

For every σ,ς ∈ S so that ξ(σ,ς) = 0, change the transition elimination function by
setting ξ(σ,ς) = ε > 0. This pertubation results in a different stochastic process, denoted
by {X (ε)

t |t ∈ [0,∞)}. For small ε, transitions in {X (ε)
t |t ∈ [0,∞)} are being suppressed rather

than eliminated (which is what happens in {X t|t ∈ [0,∞)}). A sequence (k1,k2, ...,ki) of
precisely length i = ‖σ‖1 can then always be chosen to reach state σ from 0. The iteration
argument can then be applied, but now ratios of the form ξ(σ,ς)/ξ(ς,σ) appear in the
equilibrium distribution. But because ξ(σ,ς) = ξ(ς,σ) by Def. 15, these are equal to one.
The equilibrium distribution of {X (ε)

t |t ∈ [0,∞)} is thus given by Thm. 4.
This means that Thm. 4 solve the detailed balance equations of {X (ε)

t |t ∈ [0,∞)}. Now
note that the detailed balance equations of {X t|t ∈ [0,∞)} are the exact same equations,
except that a subset of equations (those for which ξ(σ,ς) = 0) are trivially satisfied. This
means that the equilibrium distribution of {X (ε)

t |t ∈ [0,∞)} also satisfies all detailed bal-
ance equations of {X t|t ∈ [0,∞)}. Thm. 4 is therefore also the equilibrium distribution of
{X t|t ∈ [0,∞)}.

3.3 Steady-state characteristics

Now that the equilibrium distribution has been determined, several steady-state char-
acteristics are expressed in terms of the equilibrium distribution. The characteristics
described here generalize the throughput defined in Chapter 2.

The steady-state probability that component i has at least size j is given by

Θi, j =Pπ[X (i)
t ≥ j]= ∑

{σ∈S |σi≥ j}
π(σ), (3.9)

which can be used to define the steady-state probability that component i has precisely
size j

Pi, j =Pπ[X (i)
t = j]=Pπ[X (i)

t ≥ j]−Pπ[X (i)
t ≥ j+1]= ∑

{σ∈S |σi= j}
π(σ). (3.10)

Similarly, the steady-state expectation of the size of component i can be defined as

θi = Eπ[X (i)
t ]=

M∑
j=1
Pπ[X (i)

t ≥ j]. (3.11)

The notation is such that these steady-state characteristics can be summarized in
a size distribution matrix Θ ∈ [0,1]N×M with entries Θi, j, a size probability matrix P ∈
[0,1]N×M with entries Pi, j and an expected size vector θ = (θ1, ...,θN )T ∈ [0,∞)N .

Θ,P and θ depend on the transition rates ρ i, j in an intricate fashion via the equilib-
rium distribution (3.7). In the next section, it will be shown that by choosing the transi-
tion rates carefully, any expected size vector in the interior of the convex hull of S can be
achieved.
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3.4 Achievable size region

The primary result of this section is summarized in the following theorem. Its proof is
then given in §3.4.1 and §3.4.2.

Theorem 5: Assume that S denotes a finite monotone state space, γ ∈ int(conv(S )) a
target size vector and {X t|t ∈ [0,∞)} the Markov process with the Q-matrix of Def. 15.
Then there exist ρ i, j ∈ (0,∞) for i = 1, ..., N and j = 1, ..., M so that θ =γ. By addition-
ally assuming that for each σ ∈S , an α(σ) ∈ (0,∞) is given so that

(i) γ=∑
σ∈S α(σ)σ and

(ii)
∑
σ∈S α(σ)= 1,

there exist ρ i, j ∈ (0,∞) for i = 1, ..., N and j = 1, ..., M such that Θ= Γ and θ =γ. Here,
the target size distribution matrix Γ has entries

Γi, j =
∑

{σ∈S |σi≥ j}
α(σ) (3.12)

Suppose for a moment that achieving a target expected size vector is our goal. Thm. 5
implies that a total of N target expected sizes γi can be achieved by specifying a total of
NM rates ρ i, j. An immediate followup question would be whether it is perhaps sufficient
to specify N rates instead of more? The reasoning would be that only N target expected
sizes are demanded from the system. This turns out to be possible, as is formulated in the
following theorem.

Theorem 6: Assume that S denotes a finite monotone state space, γ ∈ int(conv(S )) a
target size vector and {X t|t ∈ [0,∞)} the Markov process with the Q-matrix of Def. 15.
Then there exist finite ρ i, j = ρ i ∈ (0,∞) for i = 1, ..., N and j = 1, ..., M so that θ =γ.

Thm. 5 and Thm. 6 are proved in §3.4.1 through §3.4.3, which follow the ideas of a
proof presented in [JW10]. The difference is that the state space and stochastic process
considered here are more general. In §3.4.1, a log-likelihood function is defined. It is
shown that this function is continuous, concave, that its supremum exists and that in the
critical point of this log-likelihood function, Θ = Γ and θ = γ. In §3.4.2, it will be proven
that the minimum is indeed attained. Because the proof of Thm. 6 is similar to that of
Thm. 5, an outline is given in §3.4.3 instead of the full proof.

3.4.1 Properties of the log-likelihood function

Proving Thm. 5 begins by defining the log-likelihood function, which is a function of two
probability vectors.
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Definition 16: Let S denote a state space and α,π : S → (0,1) be probability vectors
such that

∑
σ∈S α(σ)=∑

σ∈S π(σ)= 1. The log-likelihood function of α,π is given by

F(α,π)= ∑
σ∈S

α(σ) lnπ(σ). (3.13)

The log-likelihood function is a function of two probability vectors. One will now be
fixed such that the log-likihood function becomes a function of only one probability vector.
In particular, the probability vector α(σ) will be fixed and chosen such that it if it were
the equilibrium distribution of {X t|t ∈ [0,∞)}, Θ=Γ and θ =γ. The probability vector π(σ)
will be replaced with (3.7), the actual equilibrium distribution of {X t|t ∈ [0,∞)}. Because
the equilibrium distribution is a function of the combined rates ρ i, j, the log-likelihood
function then becomes a function of the ρ i, j. This is described in the following corollary.

Corollary 1: Let S denote a finite monotone state space, fix γ ∈ int(conv(S )) and
denote the Markov process of Def. 15 with {X t|t ∈ [0,∞)}. The log-likelihood function
F :RN×M → (−∞,0) is then given by

F(R)=
N∑

i=1

M∑
j=1
Γi, jr i, j − ln

∑
ς∈S

exp
( N∑

i=1

ςi∑
j=1

r i, j

)
, (3.14)

where r i, j = lnρ i, j are the entries of R ∈RN×M . Here, the α(σ) ∈ (0,∞) are assumed to
be such that (i) γ=∑

σ∈S α(σ)σ and (ii)
∑
σ∈S α(σ)= 1.

Proof: Under the assumptions of Thm. 5, either an α(σ) ∈ (0,∞) is given for each σ ∈S

such that (i) and (ii) hold, or because γ ∈ int(conv(S )), it is known that there exist α(σ) ∈
(0,∞) such that (i) and (ii) hold. Either way, (i) and (ii) hold. Substituting (3.7) into (3.13)
then gives the result,

F(R)= ∑
σ∈S

α(σ) ln
(
Z−1

N∏
i=1

σi∏
j=1

ρ i, j

)
= ∑
σ∈S

α(σ)
( N∑

i=1

σi∑
j=1

lnρ i, j − ln Z
)

=
N∑

i=1

M∑
j=1

( ∑
{σ∈S |σi≥ j}

α(σ)
)
lnρ i, j − ln

∑
ς∈S

exp
( N∑

i=1

ςi∑
j=1

lnρ i, j

)
=

N∑
i=1

M∑
j=1
Γi, jr i, j − ln

∑
ς∈S

exp
( N∑

i=1

ςi∑
j=1

r i, j

)
.

Finally, because α(ς) ∈ (0,∞) and π(ς) ∈ (0,1) (because {X t|t ∈ [0,∞)} is assumed to be
irreducible in Thm. 4), F(R)< 0 by (3.13). This concludes the proof. �
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The log-likelihood function has now been written as a function of the logarithms of the
combined rates, r i, j = lnρ i, j. As a function of these parameters, it has several interesting
properties. These are summarized in the following proposition.

Proposition 3: The log-likelihood function F : RN×M → (−∞,0) given by (3.14) has
the following properties:

(i) supR∈RN×M F(R)≤ 0.

(ii) F is continuous.

(iii) F is concave.

(iv) At any critical point R∗ such that ∂F(R∗)
∂rk,l

= 0 for k = 1, ..., N and l = 1, ..., M, Θ=Γ
and θ =γ.

Proof (i): Because F(R)< 0 for every R ∈RN×M , supR∈RN×M F(R)≤ 0. �

Proof (ii): Because F is a composition of continuous functions, F is continuous. �

Proof (iii): The terms Γi, jr i, j are linear and therefore concave. It remains to be shown
that the function g :RNM →R given by

g(r )= ln
∑
ς∈S

exp
( N∑

i=1

ςi∑
j=1

r i, j

)

is convex (such that −g is concave). Here, r = (r1,1, r1,2, ..., r2,1, r2,2, ..., rN,M)T . Start by
defining f :Rcard(S ) →R as

f (z)= ln
card(S )∑

i=1
ezi ,

where z = (z1, z2, ..., zcard(S ))T . This function is convex on Rcard(S ) [BV04, p. 72]. Now
define an affine mapping A ∈Rcard(S )×NM such that

(Ar )k =
N∑

i=1

M∑
j=1

1{ς(k)
i ≥ j}r i, j =

N∑
i=1

ς(k)
i∑

j=1
r i, j,

where k = 1,2, ...,card(S ) labels each state in S . In particular, ς(k) denotes the state with
label k. By construction, g(r ) = f (Ar ). Such a composition of a convex function with an
affine mapping is again a convex function [BV04, p. 79], proving that g is convex and
therefore F concave. �
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To illustrate that the mapping A can be represented as a matrix and get more intuition
about its construction, consider the state space S = {00,10,01,11} with logarithmic rates
r = (r1,1, r2,1)T . To construct A, the states in S have to be labelled i = 1, ...,card(S ) first.
For example ς(1) = 00, ς(2) = 10, ς(3) = 01 and ς(4) = 11. Using this labelling scheme,

A =


0 0
1 0
0 1
1 1

 ,

such that

f (Ar )= ln
(
1+er1,1 +er2,1 +er1,1+r2,1

)
.

Now examine any row of this A and read its column entries from left to right. Notice
that it is a state of S . This is no coincidence and is actually because this example fits in
the model of Chapter 2. To stress that this is an interesting observation, note that the
transposed of this matrix appears in a paper on wireless networks by Van de Ven et al.,
see [vdVvLDJ10, (3)].

Proof (iv): Differentiating (3.14) gives that for k = 1, ..., N and l = 1, ..., M,

∂F(R)
∂rk,l

=Γk,l −Z−1 ∑
{ς∈S |ςk≥l}

exp
( N∑

i=1

ςi∑
j=1

r i, j

)
=Γk,l −Pπ[X (k)

t ≥ l]=Γk,l −Θk,l .

This implies that at any critical point R∗ such that ∂F(R∗)
∂rk,l

= 0, Θk,l = Γk,l . Moreover,
because

θi = Eπ[X (i)
t ]=

M∑
j=1
Pπ[X (i)

t ≥ j]=
M∑
j=1
Γi, j =

M∑
j=1

∑
{ς∈S |ςi≥ j}

α(ς)

=
M∑
j=1

∑
{ς∈S |ςi= j}

α(ς)ςi =
∑
ς∈S

α(ς)ς · ei = γi

for i = 1, ..., N, at any critical point R∗, θ =γ. �

Now that Prop. 3 is proven, an example will be given that shows that (i) and (iii)
do not hold if γ 6∈ int(conv(S)). Consider the finite monotone state space S = {0,1}, for
which int(conv(S)) = (0,1). Denote its logarithmic combined rate by r, such that F(r) =
γr− ln(1+er). Fig. 3.6 shows F(r) for different values of γ. In particular, for γ 6∈ (0,1), (i)
and (iii) do not hold.

3.4.2 Attainability of the log-likelihood functions maximum

Consider the properties in Prop. 3 for a moment. Apparently, the log-likelihood function
is continuous, concave and its supremum exist. More importantly, if it has a maximum
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r

F(r)

0< γ< 1

γ= 1

γ= 0

γ> 1

γ< 0

Figure 3.6: The function F(r)= γr− ln(1+er) for different values of γ.

at R∗, setting ρ i, j = R∗
i, j guarantees that Θ = Γ and θ = γ. Now consider the following

constrained optimization problem, which can be used to find R∗.

max
R,h

N∑
i=1

M∑
j=1
Γi, jr i, j − ln

∑
ς∈S

eh(ς) (3.15)

subject to h(σ)=
N∑

i=1

σi∑
j=1

r i, j ∀σ∈S .

If it can be proven that the maximum is indeed attained for fixed γ ∈ int(conv(S )), Thm. 5
will be proven.

The strategy of the proof is as follows. The dual problem of (3.15) (called the primal
problem) will be derived first. Using Slater’s theorem, it will be shown that strong duality
holds. Strong duality holds if and only if d∗ = p∗. Here, d∗ denotes the optimal value
of the dual problem and p∗ the optimal value of the primal problem. Invoking Slater’s
theorem again, it will be shown that the optimal value of the dual problem is attained. It
is then shown that the dual problem of the dual problem is the primal problem. By finally
collecting all of these results, it can be concluded that Thm. 5 holds.

First, the dual problem of (3.15) is determined.
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Proposition 4: The dual problem to problem (3.15) is

min
u

∑
ς∈S

u(ς) lnu(ς) (3.16)

subject to
∑

{ς∈S |ςi≥ j}
u(ς)=Γi, j ∀i, j

u(σ)≥ 0 ∀σ∈S∑
ς∈S

u(ς)= 1.

Proof: Associate a dual variable u(σ) to each of the constraints on h(σ). The Lagrangian
of (3.15) is then given by

L (R,h;Γ,u)=
N∑

i=1

M∑
j=1
Γi, jr i, j − ln

∑
ς∈S

eh(ς) + ∑
ς∈S

u(ς)
(
h(ς)−

N∑
i=1

ςi∑
j=1

r i, j

)
.

Now assume that L is maximized at R′,h′. Then,

∂L (R′,h′;Γ,u)
∂h(σ)

=− eh′(σ)∑
ς∈S eh′(ς) +u(σ)= 0 ∀σ∈S ,

∂L (R′,h′;Γ,u)
∂r i, j

=Γi, j −
∑

{ς∈S |ςi≥ j}
u(ς)= 0 ∀i, j.

It now follows that at R′,h′,

u(σ)= eh′(σ)∑
ς∈S eh′(ς) ∀σ∈S ,

∑
{ς∈S |ςi≥ j}

u(ς)=Γi, j ∀i, j,

implying in turn that

max
R,h

L (R,h;Γ,u)=L (R′,h′;Γ,u)

=− ln
∑
ς∈S

eh′(ς) + ∑
ς∈S

u(ς)h′(ς)+
N∑

i=1

M∑
j=1

r i, j

(
Γi, j −

∑
{ς∈S |ςi≥ j}

u(ς)
)

= ∑
ς∈S

u(ς)
(
h′(ς)− ln

∑
σ∈S

eh′(σ)
)
= ∑
ς∈S

u(ς) lnu(ς).

This proves that problem (3.16) is the dual of problem (3.15). �

Having found the dual problem, Slater’s theorem will be used to prove that strong
duality holds and that its optimal value is attained. For convenience, Slater’s theorem is
stated first.
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Theorem 7 (Slater’s theorem): Consider a primal problem of the form

min f0(x)

subject to f i(x)≤ 0 ∀i∈{1,2,...,m},

Ax= b,

with f0, ..., fm convex. If the first k constraint functions f1, ..., fk are affine, strong
duality holds provided that Slater’s condition holds [BV04, p. 226]: There exists an
x ∈ relint(D) with

f i(x)≤ 0∀i∈{1,2,...,k}, f i(x)< 0∀i∈{k+1,k+2,...,m}, Ax= b.

Moreover, the dual optimal value d∗ is attained when d∗ > −∞, i.e. there exist
dual variables λ∗ such that L (λ∗)= d∗ = p∗ [BV04, p. 227].

The actual checking of the conditions of Slater’s theorem will be done in the proof of
the following lemma, which summarizes the results.

Lemma 1: Problem (3.16) has the following properties:

(i) Strong duality holds.

(ii) The optimal value of its dual is attained.

Proof (i): This is a consequence of Slater’s theorem if Slater’s condition holds, which will
be checked now. The objective function H(u) :=∑

ς∈S u(ς) lnu(ς) is the negative entropy of
the distribution u and is convex [BV04, p. 73]. Next, split the constraints regarding Γi, j
such that the problem is written in the form used in Thm. 7,

min
u

H(u)

subject to
∑

{ς∈S |ςi≥ j}
u(ς)−Γi, j ≤ 0 ∀i, j,

− ∑
{ς∈S |ςi≥ j}

u(ς)+Γi, j ≤ 0 ∀i, j,

−u(σ)≤ 0 ∀σ∈S ,∑
ς∈S

u(ς)= 1.

Strong duality now holds according to Slater’s theorem if there exists a distribution u
such that all constraints hold. Note that because all constraint functions are affine, the
constraints need not hold with strict inequality for Slater’s condition to hold. By construc-
tion of Γi, j, choosing the distribution as u(σ) = α(σ)∀σ∈S satisfies Slater’s condition and
this guarantees strong duality. �
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Proof (ii): According to Thm. 7, a sufficient condition is d∗ >−∞. Because strong duality
holds, d∗ = p∗ = minu

∑
ς∈S u(ς) lnu(ς). Using contradiction, it will now be shown that

u(ς)> 0∀ς∈S such that indeed d∗ >−∞.
Suppose u′(σ) = 0 for all σ in some nonempty set I ⊆ S . Because both u′ and α are

feasible, any point on the line segment connecting u′ and α is also feasible. Now slightly
move u from u′ along the direction α− u′. The change of the objective function is then
proportional to

(α−u′)T∇H(u′)= ∑
ς∈S

(α(ς)−u′(ς))(lnu(ς)+1)

= ∑
ς 6∈I

(α(ς)−u′(ς))(lnu(ς)+1)+ ∑
ς∈I

(α(ς)−u′(ς))(lnu(ς)+1)

For ς 6∈ I , u′(ς) > 0 such that
∑
ς 6∈I (α(ς)− u′(ς))(lnu(ς)+ 1) is bounded. For ς ∈ I ,

u′(ς) = 0 and recall that α(ς) > 0 such that (α−u′)T∇H(u′) = −∞. This means that H(u)
decreases when moving u slightly away from u′ towards α. It is therefore not possible
that u′ is the optimal solution. This implies that u′(σ)> 0∀σ∈S . �

As a final necessary ingredient for proving Thm. 5, the dual problem of the dual prob-
lem is determined, which turns out to be the primal problem.

Lemma 2: The dual problem to problem (3.16) is (3.15).

Proof: According to Lem. 1, there exist finite dual variables V∗ ∈RN×M with entries v∗i, j,
w∗ ∈R and z∗(σ)≥ 0 such that the Lagrangian

L (u;Γ,V∗,w∗, z∗)=H(u)+
N∑

i=1

M∑
j=1

v∗i, j

(
Γi, j −

∑
{ς∈S |ςi≥ j}

u(ς)
)

+w∗
( ∑
ς∈S

u(ς)−1
)
+ ∑
ς∈S

z∗(ς)u(ς) (3.17)

is minimized by the optimal solution u′ and the minimum is attained. By complementary
slackness, z∗(σ)= 0. Because u′ maximizes the Lagrangian,

∂L (u′;Γ,V∗,w∗, z∗)
∂u(σ)

= lnu′(σ)+1−
N∑

i=1

M∑
j=1

v∗i, j1{σi ≥ j}+w∗

= lnu′(σ)+1−
N∑

i=1

σi∑
j=1

v∗i, j +w∗ = 0 ∀σ∈S .

These can be used to solve for u′. By also imposing the constraint that
∑
ς∈S u′(ς) = 1 to

determine the constant w∗, it is found that

u′(σ)=
exp

(∑N
i=1

∑σi
j=1 v∗i, j

)
∑
ς∈S exp

(∑N
i=1

∑ςi
j=1 v∗i, j

) ∀σ∈S .
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Recall that u′ is the optimal solution, which means that

min
u

L (u;Γ,V∗,w∗, z∗)

=L (u′;Γ,V∗,w∗, z∗)

= ∑
ς∈S

u′(ς) lnu′(ς)+
N∑

i=1

M∑
j=1

v∗i, j

(
Γi, j −

∑
{ς∈S |ςi≥ j}

u′(ς)
)

= ∑
σ∈S

u′(σ)
(
lnu′(σ)−

N∑
i=1

σi∑
j=1

v∗i, j

)
+

N∑
i=1

M∑
j=1
Γi, jv∗i, j

= ∑
σ∈S

u′(σ)
( N∑

i=1

σi∑
j=1

v∗i, j − ln
∑
ς∈S

exp
( N∑

i=1

ςi∑
j=1

v∗i, j

)
−

N∑
i=1

σi∑
j=1

v∗i, j

)
+

N∑
i=1

M∑
j=1
Γi, jv∗i, j

=
N∑

i=1

M∑
j=1
Γi, jv∗i, j − ln

∑
ς∈S

exp
( N∑

i=1

ςi∑
j=1

v∗i, j

)
=F(V∗,Γ). �

All ingredients have now been collected to prove Thm. 5.

Proof (Thm. 5): By Lem. 1, there exist finite dual variables V∗ ∈RN×M such that (3.16)
is minimized by the optimal solution u′. Strong duality holds, which implies that the
minimum of (3.16) is equal to the maximum of its dual. By Lem. 2, the dual of (3.16) is
(3.15). Therefore, maxR F(R;Γ) is attained by choosing R = V∗. Because v∗i, j ∈ R, ρ i, j =
ev∗

i, j ∈ (0,∞), which concludes the proof. �

3.4.3 Reducing the number of model parameters

This section outlines the proof of Thm. 6. Because it is so similar to that of Thm. 5, the
full details are omitted. The details of the proof of Thm. 5 have been discussed in §3.4.1
and §3.4.2.

Proof (Thm. 6): The log-likelihood function F(r;γ) now equals, after substituting ρ i, j =
ρ i for j = 1, ..., M and defining r i := lnρ i for i = 1, ..., N,

F(r;γ)=γ · r− ln
∑
ς∈S

eς·r. (3.18)

This function is a special case of (3.14), which can be seen by writing

N∑
i=1

M∑
j=1
Γi, jr i, j =

N∑
i=1

r i

( M∑
j=1
Γi, j

)
=

N∑
i=1

r i

( M∑
j=1

∑
{ς∈S |ςi≥ j}

α(ς)
)

=
N∑

i=1
r i

( ∑
ς∈S

ςiα(ς)
)
=

N∑
i=1

r iγi.
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Using similar arguments as before, it can then be shown that F(r;γ) is continuous, con-
cave and F(r;γ)≤ 0, which implies that supr F(r;γ) exists. Of new interest are the partial
derivatives

∂F
∂rk

= γk −π(0)
∑

{ς∈S |ςk≥1}
ςkeς·r = γk −

∑
ς∈S

ςkπ(ς)= γk −θk, (3.19)

directly implying that the expected size vector equals the target expected size vector
element-wise in a critical point.

It is now again a matter of proving that the critical point is attained, which can be
done by examining the dual problem of the following constrained optimization problem:

max
r,h

γ · r− ln
∑
ς∈S

eh(ς)

subject to h(σ)=σ · r ∀σ∈S . (3.20)

The dual problem can then be shown to be

min
u

∑
ς∈S

u(ς) lnu(ς)

subject to
∑
ς∈S

ςiu(ς)= γi ∀i

u(σ)≥ 0 ∀σ∈S∑
ς∈S

u(ς)= 1. (3.21)

Strong duality now holds according to Slater’s theorem, which can be seen by choosing
the distribution as u(σ) = α(σ)∀σ∈S such that all inequality constraint functions hold.
This is because γ ∈ int(conv(S )), implying that

γk = ek ·γ= ek ·
∑
ς∈S

α(ς)ς= ek ·
∑
ς∈S

N∑
i=1

α(ς)ςi ei

= ek ·
N∑

i=1

( ∑
ς∈S

α(ς)ςi

)
ei =

∑
ς∈S

ςkα(ς). (3.22)

Using the same argument as before, it can then be shown that the optimal solution of the
dual problem satisfies u′(σ)> 0∀σ∈S , such that its optimal solution is indeed attained by
Slater’s theorem.

After solving the dual problem, the optimal solution is found to be

u′(σ)= eσ·v
∗∑

ς∈S eς·v∗ ∀σ∈S . (3.23)

Here, v∗ = (v∗1 ,v∗2 , ...,v∗N )T denotes a vector of dual variables (to the dual problem). Sub-
stituting the optimal solution in the Lagrangian of the dual problem, shows that

min
u

L (u;γ,v∗,w∗, z∗)=L (u′;γ,v∗,w∗, z∗)= F(v∗,γ),

which concludes the proof. �
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3.5 Achieving target size distributions

Assume that for each σ ∈S , an α(σ) ∈ (0,∞) is given so that

(i) γ=∑
σ∈S α(σ)σ ∈ int(conv(S )) and

(ii)
∑
σ∈S α(σ)= 1.

Thm. 5 then states that there exist ρ i, j ∈ (0,∞) for i = 1, ..., N and j = 1, ..., M so that the
size distribution matrix Θ equals the target size distribution Γ. The entries of the latter
are defined by

Γi, j =
∑

{σ∈S |σi≥ j}
α(σ) (3.24)

for i = 1, ..., N and j = 1, ..., M. The goal of this section is to find such ρ i, j.
This will be done using stochastic approximation. Recall the properties of the log-

likelihood function, given in Prop. 3. It is such that in its critical point R∗, Θ = Γ. A
gradient method can then be used to solve for R∗. Furthermore, it should be noted that
component i = 1, ..., N can locally approximate Θi, j. Denoting such an approximation by
Θ̂i, j results in the following algorithms.

Algorithm 5 (GMA, LAMA): The global monotone algorithm (GMA) for i = 1, ..., N
and j = 1, ..., M is given by

r i, j(u+1)= r i, j(u)+α(u)
(
Γi, j −Θi, j

)
. (3.25)

Replacing Θi, j by Θ̂i, j gives the local approximate monotone algorithm (LAMA). Here,
u ∈N keeps track of the number of updates. It will be assumed that the u-th update
occurs at time tu ∈ [0,∞) and that t0 = 0. Furthermore, α(u) denotes the algorithm
step size for the u-th update.

3.6 Cellular networks as an application

The monotone state spaces and the Markov process described in this chapter have appli-
cations in networking systems. A prime example that has already been mentioned several
times, is the modelling of wireless networks, described in Chapter 2. There, three models
have been described that define feasibility of states in wireless networks, each of which
results in a monotone state space. More importantly, the Markov process that is used
there to describe CSMA/CA, fits in the class of Markov processes considered in this chap-
ter. In this application, the equilibrium distribution is used to estimate the throughput of
the wireless network. For more details, the reader is referred to Chapter 2.

This example, however, has been the basis for the generalizations presented in this
chapter. This means that it does not need any of the generalized definitions. For that,



3.6. Cellular networks as an application 47

another example is needed. One such example is the modelling of call blocking proba-
bilities in cellular networks as described in [WB98] and [BW00]. Their model will first
be repeated here with modified notation and then explicit expressions for call blocking
probabilities are given using Thm. 4.

3.6.1 Call blocking probabilities

Consider a cellular network of arbitrary topology with N cells. The cells will be indexed
using the set V = {1,2, ..., N} and it will be assumed that the cells share a pool of C chan-
nels. Users in cell i ∈ V generate calls according to a Poisson process with rate νi. Each
call in cell i holds one channel for an exponentially distributed time with unit mean,
i.e. with rate µi = 1.

When a user generates a call, an admission policy determines whether the call will be
accepted or rejected. An accepted call is carried for the complete duration of the holding
time. Furthermore, it is assumed that rejected users do not try again. The admission pol-
icy that will be considered here, is that if a call arrives and the resulting state is feasible,
then it will be accepted. This differs from the arbitrary admission policy considered in
[WB98] and [BW00].

A state is called feasible (admissible) if the constraints
∑

i∈C σi ≤ C are met for all
C ∈Ω. Here, σi denotes the number of calls in cell i and Ω denotes the set of cliques. The
cliques are defined as those subsets C ⊆ V such that no two users within C can share a
channel. Using these definitions, the state space is found to be

S =
{
σ ∈NN

0

∣∣∣ ∑
i∈C

σi ≤ C for all C ∈Ω
}
. (3.26)

This state space is finite monotone if C <∞. The monotonicity condition is satisfied be-
cause if any call ends, the new state is feasible.

Having defined the state space, this model can be described using a continuous-time
Markov process {X t|t ∈ [0,∞)} with transition rates q(σ,σ+ ei) = νi, q(σ,σ− ei) = σiµi
and zero otherwise. Here, q : S 2 → (0,∞). Because these transition rates fit Def. 15 and
because the state space is finite monotone, the equilibrium distribution π of {X t|t ∈ [0,∞)}
is given by Thm. 4. This expression for the equilibrium distribution can then be used to
define the call blocking probabilities for i = 1, ..., N,

Bi =Pπ[an arriving call at cell i is blocked]= ∑
{σ∈S |σ+ei 6∈S }

π(σ), (3.27)

and the network-average blocking

B =
∑N

c=1νcBc∑N
c=1νc

=
∑N

c=1νc
∑

{σ∈S |σ+ec 6∈S }
∏N

i=1

(
νi
µi

)σi

σi!

‖ν‖1
∑
ς∈S

∏N
i=1

(
νi
µi

)ςi

ςi!

, (3.28)

where π(σ) has been substituted with (3.7). Interestingly, the blocking probabilities can
be related to the throughput, as is explained in the following proposition.
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Proposition 5: For i = 1, ..., N,

θi = νi(1−Bi). (3.29)

Proof: The definition of Bi is first substituted in the right-hand side, so that

νi(1−Bi)= νi

(
1− ∑

{σ∈S |σ+ei 6∈S }
π(σ)

)
= νi

∑
{σ∈S |σ+ei∈S }

π(σ).

Next, take νi into the summation and substitute νi = µi(σi + 1)ρ i,σi+1. Then use the
product form of π to write (σi +1)ρ i,σi+1π(σ)=π(σ+ ei), meaning

νi(1−Bi)=µi
∑

{σ∈S |σ+ei∈S }
(σi +1)ρ i,σi+1π(σ)=µi

∑
{σ∈S |σ+ei∈S }

(σi +1)π(σ+ ei).

Finally, substitute ς = σ+ ei and note that in this model ς− ei ∈ S if ς ∈ S and ςi ≥ 1.
Thus,

νi(1−Bi)=µi
∑

{ς−ei∈S |ς∈S }
ςiπ(ς)=µi

∑
{ς∈S |ςi≥1}

ςiπ(ς)= θi,

which concludes the proof. �

[WB98] and [BW00] give several examples on calculating Erlang bounds, which pro-
vide lower bounds on the network-average blocking under any admission scheme. Each
example gives two such bounds and at the end of each example, the minimum achievable
value of the network-average blocking is given based on Markov decision theory. Their re-
sults are summarized in Table 3.1, together with (3.28). The parameters of each example
are also given.

From Table 3.1, it can be concluded that (3.28) does not violate any of the proposed
bounds and gives results very close to those based on Markov decision theory. The re-
sults are not exactly the same, which is because Markov decision theory gives the lowest
blocking probability that can be achieved by choosing an appropriate admission policy,
whereas (3.28) gives the blocking probability when choosing the specific admission policy
of allowing all calls. The latter policy is apparently quite good for this particular topology,
but not the best policy when minimizing the blocking probability.

Having pointed out that certain cellular networks are monotone networks, this chap-
ter has reached its conclusion. Chapter 4 now proceeds with the performance evaluation
of the distributed algorithms presented in Chapter 2 and Chapter 3.
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Table 3.1: Parameters and reported bounds for the network-average blocking B of Examples 3.1
[WB98], 2.1 [BW00], and 2.2 [BW00].

Example Bound 1 Bound 2 Decision theory (3.28)

3.1 0.266 · · · 0.333 · · · ≈ 0.411 53
129 ≈ 0.411

2.1 ≈ 0.143 ≈ 0.149 ≈ 0.215 19019848314453125
87195072562295217 ≈ 0.218

2.2 ≈ 0.13524 ≈ 0.13528 ≈ 0.18579 8703489605967886022216796875
46492819829260702064903114612 ≈ 0.18720

N C νi = ν Ω

3.1 3 2 1 {{1,2}, {2,3}}

2.1 3 10 5 {{1,2}, {2,3}}

2.2 4 15 5 {{1,2,3}, {2,3,4}}





CHAPTER 4
Performance of algorithms

Chapter 2 introduced algorithms that can be used to achieve target throughputs in wire-
less networks. Similarly, Chapter 3 introduced an algorithm to achieve target size distri-
butions in monotone networks. These algorithms will now be implemented using simula-
tion and their performance will be evaluated.

4.1 Algorithms in wireless networks

The following network is chosen as example network to investigate and compare the per-
formance of the algorithms using simulation. Consider a linear network with N transmit-
ters that block the first β transmitters on both sides. This means that the conflict graph
is such that all vertices i, j ∈ {1, ..., N} are connected if 1≤ |i− j| ≤β and the state space S

is given by all σ ∈ {0,1}N so that σiσ j = 0 if 1≤ |i− j| ≤β. An example of such a network is
shown in Fig. 4.1.

For such a network, it is known that for δ ∈ (0,∞) and i = 1, ..., N, setting the deacti-
vation rates as µi = 1 and activation rates as

ν∗i = δ(1+δ)n(i)−n(1) (4.1)

implies that the throughput is given by [vdVvLDJ10]

θi(ρ∗)= δ

1+ (1+β)δ
. (4.2)

Here, n(i) denotes the number of transmitters that transmitter i blocks if it is active. Note
that the throughputs in (4.2) do not depend on i, which implies that the activation rates in
(4.1) yield strict fairness across transmitters. If in such a network the target throughput
is set to

γi = δ

1+ (1+β)δ
,

51
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β

(a) (b)

Figure 4.1: A linear network with N = 9 transmitters that block the first β = 5 transmitters
on both sides can be represented using both the hard-core model and conflict graph model for
wireless networks. The hard-core model is shown in (a), where transmitters are represented by
small circles. Active transmitters are represented in black and block transmitters within distance
β. Gray transmitters are blocked and white transmitters are inactive. This can also be described
using the conflict graph shown in (b), where each vertex corresponds to a transmitter.

and if the deactivation rates are set to µi = 1 for i = 1, ..., N, then the activation rates found
by our algorithms should approximate ν∗i . This is because the algorithms will be used to
find a ratio ρ i = νi/µi that solves the inversion problem θi(ρ)= γi for i = 1, ..., N and these
have been shown to be unique [vdVJvLB11].

The algorithms work as follows. Transmitter i = 1, ..., N updates its activation rate at
times t0 = 0, t1, t2, ... by setting

νi(t)= f (νi(tu),α(tu), θ̂i(tu),γi)

for tu ≤ t < tu+1. The function f depends on which algorithm is used and describes how
transmitters update their rates. These are summarized in Table 4.1 for convenience. α(tu)
determines the step size the algorithm takes and θ̂i(tu) is an estimate of the average
throughput that transmitter i received in the interval [tu−1, tu). Transmitter i calculates
this according to

θ̂i(tu)= µi

tu − tu−1

∫ tu

tu−1

1{X (i)
t = 1}dt.

Note that θ̂i(tu) is a stochastic variable, because it depends on a sample path of the
stochastic process {X t|t ∈ [0,∞)}.

Performance measures for the algorithms need to be defined next. An important mea-
sure is the difference between the measured throughput θ̂i(t) and the target throughput
γi, defined as

Eθ(t)= sup
i=1,...,N

‖θ̂i(t)−γi‖1.
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Table 4.1: The function f for different algorithms.

Algorithm Equation f (νi(tu),α(tu), θ̂i(tu),γi)

JWA (2.16) νi(tu)
µi

max
{
1,exp

(
α(tu)(γi − θ̂i(tu))

)}
LAGA (2.17) νi(tu)

µi
exp

(
α(tu)(γi − θ̂i(tu))

)
LAFA (2.19) νi(tu)

µi

(
1+α(tu)γi−θ̂i(tu)

θ̂i(tu)

)

Another performance measure is the difference between the activation rate at time t, νi(t),
and the activation rate ν∗i ,

Eν(t)= sup
i=1,...,N

‖νi(t)−ν∗i ‖1.

For each algorithm, c = 1, ...,C sample paths E(c)
θ

(tu) and E(c)
ν (tu) of respectively Eθ(tu)

and Eν(tu) will be generated, which are then used to calculate their sample means

Eθ(tu)= 1
C

C∑
c=1

E(c)
θ

(tu), Eν(tu)= 1
C

C∑
c=1

E(c)
ν (tu)

and sample variances

Sθ(tu)=
√√√√ 1

C−1

C∑
c=1

(
E(c)
θ

(tu)−Eθ(tu)
)2

, Sν(tu)=
√√√√ 1

C−1

C∑
c=1

(
E(c)
ν (tu)−Eν(tu)

)2
.

In the following sections, simulations have been performed for the linear network with
N = 9, β= 4 (as depicted in Fig. 4.1) and δ= 1 (see (4.1)). The target activation rates are
then as shown in Table 4.2. It is noteworthy that in order to have equal throughputs, one
sees that transmitters in the middle should have higher activation rates than those at the
boundary. The initial activation rate of transmitter i = 1, ..., N is set to νi(0)=∑N

i=1ν
∗
i /N =

46/9, the maximum simulation time is set to T = 105 and the number of sample paths that
are generated is set to C = 80.

Table 4.2: The target activation rates ν∗i .

i 1 2 3 4 5 6 7 8 9

ν∗i 1 2 4 8 16 8 4 2 1
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4.1.1 Jiang and Walrand Algorithm (JWA)

The first algorithm that will be examined is the Jiang and Walrand Algorithm (JWA), de-
scribed in (2.16). In [JW09], it is proven that by increasing the update intervals according
to tu+1−tu = u+2 and decreasing the step sizes according to α(tu)= 1/((u+2)ln(u+2)), the
activation rates νi(tu) converge to some ν∗∗i and that the algorithm is throughput-optimal
(i.e. θi(ρ∗∗) ≥ γi) for i = 1, ..., N. The update intervals and step sizes are therefore chosen
as such. The simulation results are shown in Fig. 4.2.
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Figure 4.2: The sample means (a) Eθ(tu) and (b) Eν (tu) for JWA on a line topology for α(tu) =
1/((u+2)ln(u+2)) and tu+1 − tu = u+2. The thick line is the sample mean and the thin lines are
confidence regions, i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).

From Fig. 4.2, it can be concluded that Eθ(tu) ≈ 0.19±0.03 and Eν(tu) ≈ 9.5±0.4 for
u ≥ 200. Both errors do not become significantly smaller for larger u, suggesting that
convergence is slow. The θ̂i for i = 1, ...,9 at the end of the simulation (t = t444) are shown
in Table 4.3. It can be concluded that the transmitters i = 1,9 have a throughput twice
the throughput of transmitters i = 4,5,6, which means that the network is still unfair.

Table 4.3: The sample mean and variance of the throughputs θ̂i for i = 1, ...,9 at t = t444.

i 1 2 3 4 5 6 7 8 9

θ̂i 0.33 0.25 0.19 0.12 0.03 0.12 0.19 0.26 0.32

Sθ̂i
0.04 0.04 0.04 0.03 0.01 0.03 0.04 0.03 0.05

It will now be shown that the current choice for α(tu) causes the slow convergence of
the algorithm. Indeed, α(t200) ≈ 0.001 which is small, and α(tu) becomes even smaller
as u increases. First, it will be shown that this slow convergence also occurs in the sim-
plest topology possible. This will be done by repeating the simulation for one transmitter
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(N = 1) with target throughput γ = 0.95. The maximum simulation time for this sim-
ulation is increased to T = 107, giving the algorithm more opportunities to change the
activation rate. The results are shown in Fig. 4.3 and note that again, the extremely slow
convergence is observed.

0 200 400 600 800 1000 1200 1400
u

0.2

0.4

0.6

0.8

EΘ

—
HtuL

(a)

0 200 400 600 800 1000 1200 1400
u

2

4

6

8
EΝ

—
HtuL

(b)

Figure 4.3: The sample means (a) Eθ(tu) and (b) Eν (tu) for JWA for a network consisting of
a single node. The thick line is the sample mean and the thin lines are confidence regions,
i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).

Next, instead of running a simulation that generates sample paths of θ̂(tu), the case in
which a transmitter knows the actual throughput will be considered. For one transmitter
with µ = 1, it is known that θ(ν)= ν/(1+ν) and ν∗ = γ/(1−γ). When updating its activation
rate, the transmitter thus sets θ̂(tu) = θ(ν(tu−1)). Setting the initial rate ν(0) = 1 (the
lowest rate that can be achieved by JWA), the minimum number of updates u will now be
calculated so that

|θ̂(tu)−γ|
γ

≤ 1
100

.

This will be done for several target throughputs γ ∈ [1/2,1). Similarly, the minimum num-
ber of updates u will now be calculated so that

|ν(tu)−ν∗|
ν∗

≤ 1
100

.

The results are shown in Fig. 4.4. Notice that the minimum number of required updates
increases as γ differs more from the initial value θ̂(t0)= 1/2. Also notice that achieving less
than 1% relative error in the target rate requires more updates than achieving less than
1% relative error in the target throughput. Fig. 4.5 shows similar results for α(tu) = 1
instead of α(tu) = 1/((u+2)ln(u+2)). When using α(tu) = 1, significantly fewer updates
are required to achieve less than 1% relative error.

It should be noted that JWA is an algorithm for which many choices of tu and α(tu)
are allowed. The algorithm has been proven to converge when setting tu+1 − tu = u+2
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Figure 4.4: The minimum number of updates u required for JWA with α(tu)= 1/((u+2)ln(u+2))
to give results with less than 1% relative error from (a) the target throughput and (b) the target
rate.
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Figure 4.5: The minimum number of updates u required for JWA with α(tu) = 1 to give results
with less than 1% relative error from (a) the target throughput and (b) the target rate.
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and α(tu)= 1/((u+2)ln(u+2)), but simulations suggest that convergence is slow for these
choices. A logical step would be to increase the step size α(tu), but if it is made too
large, the algorithm may become unstable. This raises the question if there are other
choices that converge faster while keeping the algorithm stable. For example, Fig. 4.5
suggests that the algorithm converges and is stable for α(tu) = 1, at least in the case of
one transmitter.

Continuing with the choice α(tu)= 1, simulations will now be performed for transmit-
ters that are positioned on a 4×4-grid in which nearest-neighbors block each other (for an
illustration of this topology, see Fig. 1.4). The target throughput will be set to γi = 0.35 for
i = 1, ..., N. It is interesting to note that for this topology, no explicit expression is known
for ν∗. Finding an approximate value for ν∗ will first be done by using JWA with the
analytical expression for the throughput (2.10). The results are shown in Table 4.4 after
u = 400 iterations and up to three decimals.

Table 4.4: Target throughputs and activation rates for a 4×4-grid.

θ(ν∗i )

0.350 0.350 0.350 0.350

0.350 0.350 0.350 0.350

0.350 0.350 0.350 0.350

0.350 0.350 0.350 0.350

ν∗i

1.902 3.131 3.131 1.902

3.131 4.040 4.040 3.131

3.131 4.040 4.040 3.131

1.902 3.131 3.131 1.902

Before continuing, let us consider the topology for a moment. It is a topology that has
two dominant states when ν is large compared to µ for every transmitter. This means
that the system spends large amounts of time in both dominant states, which are for
this topology either the black or white configuration of a 4×4 chessboard. Denoting the
stochastic process that describes the wireless network by {X t|t ∈ [0,∞)}, a sample path of
the process { f (X t)|t ∈ [0,∞)} will now be simulated when ν = ν∗ to see if this transition
effect occurs for these particular rates. Here,

f (X t)=
16∑
i=1

(1−2 ·1{i is even})X (i)
t .

If f (X t) ≈ 8 or f (X t) ≈ −8, the system must be in one of the two dominant states of this
topology. A sample path shown in Fig. 4.6 confirms that the system stays in chessboard-
like states for typical timescales of τ≈ 50.

Having found approximate values for ν∗, simulations similar to the ones for the line
topology can now be performed. For these simulations, α(tu) = 1 and νi(0) = 1 for i =
1, ..., N. First, consider the case tu+1 − tu = 100. Fig. 4.6 suggests that this sampling
time is too short for each transmitter i to reliably determine the estimate θ̂i. The results
shown in Fig. 4.7 reveal that both Eθ(tu) and Eν(tu) remain approximately constant. The
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Figure 4.6: A sample path of the process { f (X t)|t ∈ [0,∞)} when ν =ν∗.

confidence regions also stay approximately the same. This is caused by the stochastic
fluctuations of θ̂(tu) and the fact that tu+1 − tu is constant. If tu+1 − tu would increase,
the stochastic fluctuations of θ̂(tu) would be suppressed and the errors would decrease
further. To illustrate this, results for tu+1 − tu = 1000 are shown in Fig. 4.8. It can there
be seen that both Eθ(tu) and Eν(tu) decrease until u ≈ 40. For u ≥ 40 the error remains
approximately constant and the confidence region approximately the same. Again, this
is caused by the fact that tu+1 − tu is constant. The difference is that because tu+1 − tu is
larger than in Fig. 4.7, the eventual errors are smaller and the confidence regions more
narrow.
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Figure 4.7: The sample means (a) Eθ(tu) and (b) Eν (tu) for JWA on a 4×4-grid with α(tu) = 1
and tu+1 − tu = 100. The thick line is the sample mean and the thin lines are confidence regions,
i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).

4.1.2 Local Approximate Gradient Algorithm (LAGA)

The examination of JWA revealed that choosing tu+1−tu = u+2 and α(tu)= 1/((u+2)ln(u+
2)) means that it takes many steps for the algorithm to approximate the target through-
put and activation rates. To illustrate that the speed of an algorithm can be improved
by changing the step sizes and the length of an update interval, the Local Approximate
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Figure 4.8: The sample means (a) Eθ(tu) and (b) Eν (tu) for JWA on a 4×4-grid with α(tu) = 1
and tu+1 − tu = 1000. The thick line is the sample mean and the thin lines are confidence regions,
i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).

Gradient Algorithm (LAGA) defined in (2.17) will be examined next. It is an extended
version of JWA because it can also achieve throughputs that require ρ i < 1 for some
i ∈ {1, ..., N}. In all other aspects, it is the same algorithm. The update intervals are
chosen as tu+1− tu = u2+2 and the step sizes as α(tu)= 1. This time, the step size does not
reduce in size as the number of updates increases. It is hoped that the update intervals
increase sufficiently in length for fluctuations in θ̂i(tu) to diminish as u increases. To our
knowledge, there is no proof at the time of writing that choosing the update intervals and
step sizes as such guarantees convergence of the algorithm. The results are shown in
Fig. 4.9.

Note that in Fig. 4.9 fewer updates occurred than in Fig. 4.2. This is because the time
intervals between updates are larger than before. Comparing Fig. 4.9 to Fig. 4.2 leads
to the conclusion that with Eθ(t67) ≈ 0.017±0.004 and Eν(t67) ≈ 0.6±0.3, this algorithm
results in throughputs and activities that are closer to their respective target values. This
means that, as expected, the performance of LAGA (as well as JWA) can be improved
by choosing appropriate update intervals and step sizes. Notice also that Eν(tu) is not
as smooth as in Fig. 4.2, because the step size is not reduced in this implementation of
the algorithm. The confidence region does become narrower as u increases, because the
update interval increases in length, suppressing fluctuations of θ̂i(tu).

Simulations for the 4×4-grid topology have also been done for LAGA. The results are
shown in Fig. 4.10. The conclusions is that also for this topology, the particular choice of
tu+1 − tu = u2 +2 and α(tu)= 1 results in throughputs and activation rates that are closer
to their respective target values as compared to setting tu+1 − tu = 1000 and α(tu) = 1
(which is the case in Fig. 4.8). The confidence region is also more narrow and Eθ(tu) and
Eν(tu) are lower at t = t67.

To investigate the effect of γ, a simulation was repeated for γ = 0.025,0.05, ...,0.475.
Border effects are eliminated by positioning 16 transmitters on a torus, which can be
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Figure 4.9: The sample means (a) Eθ(tu) and (b) Eν (tu) for LAGA on a line topology with α(tu)= 1
and tu+1− tu = u2+2. The thick line is the sample mean and the thin lines are confidence regions,
i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).
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Figure 4.10: The sample means (a) Eθ(tu) and (b) Eν (tu) for LAGA on a 4×4-grid with α(tu) = 1
and tu+1− tu = u2+2. The thick line is the sample mean and the thin lines are confidence regions,
i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).
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described using the conflict graph shown in Fig. 4.11. The simulation time was reduced
to T = 104 and the number of generated sample paths C = 80 is kept the same. The result
for Eθ(tu) is shown in Fig. 4.12. At t = t31, which marks the time that the simulation was
stopped, the mean Eθ(t31) is lowest for γ < 0.3. For γ > 0.3 and t ≥ t15, Eθ(t) does not
look like it decreased any further. This is caused by the network topology, which has two
dominant states when the activities are large. It should then be noted that these targets
can only be achieved by having large activities. It is possible that Eθ(t) decreases more
by continuing the simulation, but this can not be concluded from these results.

Figure 4.11: The conflict graph that describes 16 transmitters on a torus with nearest-neighbor
blocking.

4.1.3 Local Approximate Fixed-point Algorithm (LAFA)

It was mentioned that by changing the update intervals and step sizes, LAGA is no longer
guaranteed to converge. Algorithms in general can fail to converge, which will be illus-
trated using the Local Approximate Fixed-point Algorithm (LAFA) described in (2.19).
The update intervals are chosen as tu+1 − tu = u2 +2 and the step sizes as α(tu) = 1, just
like when examining LAGA. The results are shown in Fig. 4.13.

Fig. 4.13 suggests that in this case, LAFA does not converge. The errors become larger
with time. The error estimate Eν(tu) becomes particularly large (as large as 1019), which
indicates that at least one component of ν grows with time. This is caused by trans-
mitters that measure small throughputs. For example, suppose a transmitter i ∈ {1, ...,9}
measures that its average throughput was θ̂i(t1)= 1/100 during the update interval [0, t1).
According to LAFA and since νi(0)= 46/9≈ 5, this transmitter then updates its activation
rate and sets it to

νi(t1)= νi(0)
(
1+ γi −θi

θi

)
= 2300

27
≈ 85.

After this first update, this transmitter has becomes very active. Unfortunately, in this
network, this transmitter blocks anywhere between 4 to 8 other transmitters which will
then have small average throughputs during the update interval [t1, t2). This process
repeats itself and causes the algorithm to fail.
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Figure 4.12: The sample mean Eθ(tu) for LAGA on a torus with α(tu) = 1, tu+1 − tu = u2 +2 as a
function of γ.
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Figure 4.13: The sample means (a) Eθ(tu) and (b) Eν (tu) for LAFA on a line topology with α(tu)=
1 and tu+1−tu = u2+2. The thick line is the sample mean and the thin lines are confidence regions,
i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).



4.1. Algorithms in wireless networks 63

4.1.4 Suppressed Local Approximate Fixed-point Algorithm (sLAFA)

It will now be shown that by modifying LAFA, the problem of transmitters changing their
activation rates too aggressively can be alleviated. The idea will be to prevent transmit-
ters from making large adjustments to the activation rate. The following modified version
of the algorithm does precisely this.

Algorithm 6 (suppressed Global Fixed-point Algorithm (sGFA), sLAFA): The
suppressed global fixed-point algorithm with suppression s ∈ (0,1) is given by

ρ i(tu+1)= ρ i(tu)
(
1+α(tu)max

{
min

{γi −θi

θi
, s

}
,−s

})
. (4.3)

Replacing θi by θ̂i gives the suppressed local approximate fixed-point algorithm.

It is called sLAFA because it is a modified version of LAFA and ρ i(tu+1)/ρ i(tu) ∈ (1−
s,1+ s) for u ∈ N if α(tu) = 1. This algorithm thus prevents transmitters from changing
their activity by more than s percent (if α(tu) = 1). This makes sLAFA less responsive
than LAFA, but also more stable. This can be seen in simulation results for s = 1/10,
which are shown in Fig. 4.14.
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Figure 4.14: The sample means (a) Eθ(tu) and (b) Eν (tu) for sLAFA on a line topology with
α(tu) = 1, tu+1 − tu = u2 +2 and s = 1/10. The thick line is the sample mean and the thin lines are
confidence regions, i.e. Eθ(tu)±Sθ(tu) and Eν (tu)±Sν (tu).

To investigate the effect of s, the simulation was repeated for s = 0.05,0.10, ...,1.20.
The simulation time was reduced to T = 104. The number of generated sample paths
C = 80 is kept the same. The results for Eθ(tu) and Eν(tu) are shown in Fig. 4.15. It
can be seen that for these s, Eθ(tu) initially decreases as u increases. It can also be
seen that Eθ(t30) is minimum for s ≈ 0.15. Intuitively, smaller s prevents the algorithm
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from changing the activation rates enough to reach this value within u = 30 updates. Too
large an s and the algorithm can overestimate by how much the activation rates should
change, so that it can make relatively poor decisions. The same conclusions hold for
Eν(tu), except that the error is much larger for larger s ≥ 0.5. This is not surprising, since
sLAFA behaves as LAFA for s →∞ and the same effect was seen with LAFA in Fig. 4.13.
Interestingly, even though Eν(tu) grows significantly for large s, Eθ(tu) does not grow as
much. There seems to be an insensitivity in the error of the throughput with respect to
the error of the activation rates. It is noteworthy that the same effect is also seen in the
paper [vdVJvLB11, Fig. 1].

4.1.5 Comparing JWA, LAGA and sLAFA

The performance of the algorithms JWA, LAGA and sLAFA were evaluated using simu-
lation for nine transmitters on a line. The numerical results for Eθ(tu) and Eν(tu) were
shown in Fig. 4.9, Fig. 4.13 and Fig. 4.14, respectively. These numerical results are shown
in Fig. 4.16 as a function of time t instead of update step u, which allows for a compari-
son between the performances of each algorithm. It can be concluded that the algorithms
LAGA and sLAFA result in smaller Eθ(t) and Eν(t) at t = 105 than JWA. This is be-
cause these were implemented using α(tu) = 1 and tu+1 − tu = u2 +2, whereas JWA was
implemented using α(tu) = 1/((u + 2)ln(u+2)) and tu+1 − tu = u + 2. The latter makes
that JWA operates on timescales much larger than what is required, leading to excessive
delays. For 100 ≤ t ≤ 1100, sLAFA results in higher Eθ(t) and Eν(t) than LAGA. This
difference is more pronounced in Eν(t), where this observation also holds for 0 < t ≤ 100.
Interestingly, sLAFA decreases Eν(t) slower than LAGA for 0 ≤ t ≤ 100, but much faster
for 100 ≤ t ≤ 1100, resulting in sLAFA and LAGA having comparable performance for
t ≥ 1100.
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(a)

(b)

Figure 4.15: The sample means (a) Eθ(tu) and (b) Eν (tu) for sLAFA on a line topology with
α(tu)= 1, tu+1 − tu = u2 +2 as a function of s.
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Figure 4.16: The sample means (a) Eθ(t) and (b) Eν (t) for JWA (thick), LAGA (thin) and sLAFA
(dashed) on a line topology.

4.2 Limit behavior

The limit behavior of the Global Gradient Algorithm (GGA) will now be examined in wire-
less networks on the complete graph KN . Recall that GGA is defined in (2.17). Substitut-
ing the definition r i = lnρ i gives the equivalent formulation

ρ i(tu+1)= ρ i(tu)eα(tu)(γi−θi), (4.4)

for i = 1, ..., N. Applying Taylor expansion on (4.4) gives

ρ i(tu+1)= ρ i(tu)(1+α(tu)(γi −θi))+O(|α(tu)(γi −θi)|2).

If |α(tu)(γi− θ̂i)|¿ 1, the second-order term can be neglected, which leads to the following
algorithm.

Algorithm 7 (lGGA, lLAGA): The limiting Global Gradient Algorithm (lGGA) is
given by

ρ i(tu+1)= ρ i(tu)(1+α(tu)(γi −θi)). (4.5)

Replacing θi by θ̂i gives the limiting Local Approximate Gradient Algorithm (lLAGA).

Notice the similarity between lGGA and Global Fixed-point Algorithm (GFA), given
by (2.19). The only difference is that in lGGA, one does not divide γi−θi by θi. Now apply
lGGA to the model on KN . The recurrence relation (4.5) can then be solved in special
cases, such as in the case of the following proposition.
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Proposition 6: Assuming that (i) γi = γ for i = 1, ..., N, (ii) α(tu) = N
1−γN , (iii) G = KN

and (iv) ρ i(0)= ρ(0) for i = 1, ..., N, the solution to (4.5) is given by

ρ i(tu)= ρ(tu)= γρ(0)
ρ(0)−Nγρ(0)+ (

1−Nγ
)u (

γ−ρ(0)+Nγρ(0)
) , (4.6)

for i = 1, ..., N. Moreover, if also γ ∈ int(conv(S )), then

lim
u→∞ρ(tu)= γ

1−Nγ
. (4.7)

Proof: Assume G = KN . For such a network, the expected throughput for i = 1, ..., N is
θi = π(ei) with π(·) as in (2.8). Assuming that ρ i(0) = ρ(0) for i = 1, ..., N, by symmetry
ρ i(tu)= ρ(tu) and

θi(tu)= θ(tu)= ρ(tu)
1+Nρ(tu)

, (4.8)

for i = 1, ..., N. Substitution (4.8) into (4.5) gives

ρ(tu+1)= ρ(tu)
(
1+α(tu)

(
γi − ρ(tu)

1+Nρ(tu)

))
= ρ(tu)

1+Nρ(tu)
(
1+Nρ(tu)+α(tu)γ+α(tu)γNρ(tu)−α(tu)ρ(tu)

)
= ρ(tu)

1+Nρ(tu)
(1+α(tu)γ+ (

N +α(tu)γN −α(tu)
)
ρ(tu)).

Assumption (ii) implies that N +α(tu)γN −α(tu)= 0 and hence

ρ(tu+1)= ρ(tu)
1+Nρ(tu)

(
1+α(tu)γ

)
.

Upon iteration, it is found that

ρ(tu)= γρ(0)
ρ(0)−Nγρ(0)+ (

1−Nγ
)u (

γ−ρ(0)+Nγρ(0)
) .

When γ ∈ int(conv(S )), it holds that γ ∈ (0, 1
N ) and therefore 1−Nγ ∈ (0,1), so that

lim
u→∞ρ(tu)= γ

1−Nγ
.

This concludes the proof. �

In Fig. 4.17, (4.6) is shown together with simulation results of LAGA for two different
situations. In both examples, the limit results indeed approximate the simulation results.
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Figure 4.17: The approximate limit result of (4.6) and simulation results of LAGA for (a) N = 5,
γ= 0.35N−1, ρ i(0)= N−1 and (b) N = 3, γ= 0.45N−1, ρ i(0)= 1

3 N−1.

In physical setups, nothing prohibits an engineer from choosing a target throughput
of γ = 0. This target throughput can only be achieved when ρ∗i = 0 for i = 1, ..., N. Now
consider an algorithm that tries to achieve such a target throughput. The algorithm
then has to ensure that ρ i(tu) → 0 as u →∞. In the following corollary it is shown that
ρ i(tu)∼ 1/u if γ= 0.

Corollary 2: When γ→ 0, the limit of (4.6) is given by

lim
γ→0

ρ(tu)= ρ(0)
1+uNρ(0)

. (4.9)

Proof: (4.9) follows from (4.6) and applying l’Hôpital’s rule. �

The limiting result given in (4.9) is compared to simulation results for two different
situations in Fig. 4.18. Observe that the approximation results are lower than the sim-
ulation results. The approximation thus overestimates the step size. This is because
1+x < ex < 1 for x ∈ (−∞,0), which implies that because γ= 0, α(tu)

(
γi −θi

)=−α(tu)θi < 0
for i = 1, ..., N, so that

1−α(tu)θi < e−α(tu)θi < 1.

In other words, because the steps taken by GGA are multiplied with e−α(tu)θi , see (2.17),
and not with 1−α(tu)θi as is the case in lGGA, see (4.5), its multiplication factor is closer
to one.

Note that the accuracy of the approximation depends on the initial parameters. This
is because of the Taylor approximation, which works best when the expected throughput
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Figure 4.18: The approximate limit result of (4.9) and simulation results for (a) N = 2, γ = 0,
ρ i(0)= 1

2 N−1 and (b) N = 4, γ= 0, ρ i(0)= 1
4 N−1.

is close to the target throughput. The longer a network operates using GGA, the closer the
expected throughput gets to the target throughput, and the more accurate (4.6) becomes.

Proposition 7: For i = 1, ..., N, the limit behavior of θ̂i(tu) on the complete graph is
given by

θ̂i(tu)= γρ(0)
ρ(0)+ (

1−Nγ
)u (

γ−ρ(0)+Nγρ(0)
) . (4.10)

Moreover, if also γ ∈ int(conv(S )),

lim
u→∞ θ̂i(tu)= γ. (4.11)

Proof: The result follows immediately after substituting (4.6) into

θi(tu)= ρ(tu)
1+Nρ(tu)

.

The limit follows because γ ∈ int(conv(S )) implies γ ∈ (0, 1
N ) when G = KN . �

In Fig. 4.19, (4.10) is shown together with simulation results of LAGA for two different
situations. It can be seen that the approximation results track the simulation results.
The variance in simulation results for different nodes is due to the stochastic nature of θ̂i.
The throughputs θ̂i are, after all, derived from the sample paths of stochastic processes.
Increasing the length of the update intervals would result in less variance.
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Figure 4.19: The approximate limit result of (4.10) and simulation results for (a) N = 5, γ =
0.35N−1, ρ i(0)= N−1 and (b) N = 3, γ= 0.45N−1, ρ i(0)= 1

3 N−1.

4.3 Algorithms in monotone networks

Simulations will now be presented of an implementation of the local monotone algorithm
in a monotone network. Recall that the Local Approximate Monotone Algorithm (LAMA)
(and all necessary terminology) is defined in §3.5.

Choices have to be made first for tu, Θ̂i, j, α(u) and r i, j(0). These choices determine
how the algorithm works and how it has to be implemented in the simulation. The update
times will be chosen so that they obey the recurrence relation tu+1 − tu = 2u+1 and t0 =
0. The maximum simulation time will be set to T = t19 = 524286. During each time
interval [tu, tu+1), components i = 1, ..., N will set Θ̂i, j equal to the fraction of time that
the component’s size was greater or equal to j, i.e.

Θ̂i, j = 1
tu+1 − tu

∫ tu+1

tu

1{X (i)
t ≥ j}dt

for j = 1, ..., M. This is an approximation ofΘi, j that can thus be determined by component
i without having to share information with other components. The time intervals increase
in size, so that Θ̂i, j approximates Θi, j better and better as u increases. The step size is
set to α(u) = 1. To surpress fluctuations of the algorithm, α(u) could have been chosen
to decrease as u increases, but it is hoped that these choices are already sufficient to
illustrate convergence of the algorithm. Finally, for i = 1, ..., N and j = 1, ..., M, the initial
rates are set to νi, j(0)= 1 and µi, j(0)= 1, corresponding to r i, j(0)= 0.

Having chosen all parameters of the algorithm, an example monotone network and
target size distribution have to be chosen. The monotone network that will be considered
is one consisting of N = 2 components, restricted to the state space

S = {00,10,01,11,20,02,30,03},
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so M = 3. Two different target size distributions will be considered,

Γ(1) =
(

1/2 2/5 3/10
1/2 2/5 3/10

)
, Γ(2) =

(
1/2 1/3 7/36
7/12 7/18 2/9

)
,

for which γ(1) = (6/5,6/5)T and γ(2) = (37/36,43/36)T . The distributions have been chosen
so that γ(1),γ(2) ∈ int(conv(S )). This is shown schematically in Fig. 4.20. These target
distributions are considered extreme choices for this network, because in order to achieve
these targets, the process will have to stay a large fraction of the time in state (3,0) and
(0,3). Simultaneously, the process is forced to spend time in other states when making a
transition between (3,0) and (0,3). Finally, note that there exist distributions α(1)(σ) and
α(2)(σ) that result in Γ(1) and Γ(2), respectively, such as those found in Table 4.5.

1 2 3

1

2

3

e1

e2

Figure 4.20: The convex hull of S . The states in S are indicated by circles and the plusses
indicate where γ(1) and γ(2) lie in the convex hull.

Table 4.5: The distributions α(1)(σ) and α(2)(σ) that result in Γ(1) and Γ(2), respectively.

σ 00 10 01 11 20 02 30 03

α(1)(σ) 1
20

1
20

1
20

1
20

1
10

1
10

3
10

3
10

α(2)(σ) 1
36

2
36

3
36

4
36

5
36

6
36

7
36

8
36

Lastly, an error estimate to evaluate the performance of the algorithm has to be cho-
sen. For that, the error

EΘ(tu)= sup
i, j

‖Γi, j − Θ̂i, j(tu)‖1

will be used at each update u ∈ N. These errors are stochastic, because the Θ̂i, j(tu) are
stochastic in nature. For this reason, the simulation will be repeated C = 80 times and
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then its sample mean

EΘ(tu)= 1
C

C∑
c=1

E(c)
Θ

(tu)

and sample variance

SΘ(tu)=
√√√√ 1

C−1

C∑
c=1

(
E(c)
Θ

(tu)−EΘ(tu)
)2

will be calculated. The results are shown in Fig. 4.21.
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Figure 4.21: The error EΘ(tu)±SΘ(tu) as a function of u for (a) Γ(1) and (b) Γ(2).

From Fig. 4.21, it can be concluded that the local monotone algorithm can find rates
that result in size distributions that are close the target size distributions. These simu-
lations show that the algorithm can work, suggesting that future research into this algo-
rithm may be worthwhile. For example, it was seen in §3.6 that cellular networks are an
application of the theory. Call blocking probabilities can be related to the size distribution
matrix, which raises the question whether target blocking probabilities can be achieved
using this algorithm. Interesting further questions are then what target blocking proba-
bilities can be achieved and under what conditions the algorithm converges.

In this chapter, a simulation tool was used to evaluate the performance of several
distributed algorithms. The tool allowed us to test algorithms in arbitrary topologies and
examine their behavior. Some of the difficulties that algorithms are confronted with have
been discussed and where applicable, algorithms were tweaked for improved performance.
This chapter will now be concluded with Table 4.6, in which several of the observations
made in this chapter have been summarized. Chapter 5 will now introduce the Rydberg
particle system and its quantum mechanical model, which will subsequently be compared
to the wireless network model in Chapter 6.
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Table 4.6: Summary of observations made in this chapter.

Algorithm Observations

JWA • Cannot achieve low throughputs, because it does not allow the activ-
ities to become smaller than one.

JWA, LAGA • Setting α(tu)= 1/((u+2)ln(u+2)) and tu+1− tu = u+2 makes that the
algorithms converge very slowly.

• Setting α(tu) = 1 and tu+1 − tu = u2 +2 shows better performance in
all examined cases.

LAGA • Can achieve low throughputs, because it does allow the activities to
become smaller than one.

• A system with 16 transmitters positioned on a torus, which has large
transition times, shows slow convergence when the target throughput
is large.

LAFA • Unstable, because it may change the activities too much.

sLAFA • More stable version of LAFA, by not making large changes to the
activities.

• Its suppression parameter s is found to have an optimal value.

LAMA • The two considered target size distributions can approximately be
found using the algorithm. This may also hold for other topologies.





CHAPTER 5
Rydberg particle system

This chapter reviews a quantum mechanical model that describes the Rydberg particle
system. A brief introduction to quantum mechanics is given first, giving the Schrödinger
equation equation and explaining how to calculate probabilities using the theory. The
particles that constitute the Rydberg particle system are then described, as well as all
modelling assumptions. This chapter concludes with a detailed derivation of the differen-
tial equations that describe the Rydberg particle system.

5.1 Schrödinger equation

The Schrödinger equation is to a quantum mechanical system what the Kolmogorov for-
ward equations (or master equations) are to a stochastic process. It describes the time-
evolution of a probability distribution. The purpose of this section is to give the time-
dependent Schrödinger equation as postulated by Von Neumann [vN32], together with
his three other postulates of quantum mechanics. These postulates give a mathematical
framework to model physical systems. This approach has been inspired by [Por09, §2.1.1].
For an introduction to quantum mechanics, see for example [Gri05].

The parameters of any quantum mechanical system are described using states. Each
state represents a particular configuration of the system. For example, if a system con-
sists of a single particle that moves in three-dimensional space, then there is a state for
every position this particle can be at. More importantly, every such state represents a
system in which the particle is there. An important characteristic of quantum mechanics
is that results of measurements in general follow an intrinsic statistical distribution. If
for example a measurement is performed to determine the position of a particle, the out-
come of that measurement will be a sample from a random variable. The distribution of
that random variable depends on the quantum state of the system. Quantities that can be
measured are called observables. The first postulate gives the mathematical framework
in which states and observables are represented in quantum mechanics.

75
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Postulate 1: The states of a quantum mechanical system are described by non-zero
vectors in a complex Hilbert space H. Vectors that are scalar multiples of each other
are equivalent, in the sense that they represent the same state. Moreover, every
observable corresponds to a certain linear, self-adjoint operator on H.

Each vector thus corresponds to a state and every vector will be synonymously termed
a ket. A ket will be denoted by |Ψ〉, where Ψ labels the state and can be replaced by
any symbol, number, letter or word. The ket can be viewed as a column vector |Ψ〉 =
(a0,a1,a2, ...)T with respect to some basis for H. The conjugate transpose of a ket is termed
its bra and denoted by 〈Ψ| = (a∗

0,a∗
1,a∗

2, ...), so that the inproduct between |Ψa〉 and |Ψb〉
can be written as 〈Ψa|Ψb〉. The notation was originally introduced by Paul A.M. Dirac
and is therefore also known as Dirac notation. For his introduction of the notation, see
[Dir58, p. 14-22].

Having introduced states and observables, the second postulate can then be used to
describe the probabilities of outcomes of measured observables, given that the system is
in a state |Ψ〉. For simplicity, the second postulate will be given for the special case of a
finite, n-dimensional Hilbert spaces with only one observable.

Postulate 2: Consider an observable O that corresponds to an operator Ô on a finite,
n-dimensional Hilbert space. Because Ô is self-adjoint, it has an orthonormal basis of
eigenkets {|φi〉}n

i=1. Assume that their respective eigenvalues are distinct and ordered
so that λ1 < ...<λn. Then, given that the system is in state |Ψ〉, the probability of the
event {O ≤λ j} for j = 1, ...,n is given by

P[O ≤λ j||Ψ〉]=
∑ j

i=1 |〈Ψ|φi〉|2
〈Ψ|Ψ〉 . (5.1)

The third postulate gives the time-dependent Schrödinger equation, which describes
how a system evolves through time. It uses the Hamiltonian, which is the observable
that corresponds to the total energy of a system. The Hamiltonian’s spectrum is the set of
possible outcomes when one measures the total energy of a system. Note that the energy
is always assumed to be an observable.

Postulate 3: Denote the state of the system at time t by |Ψ(t)〉 and let |Ψ(0)〉 denote
the initial state. Then for every t ≥ 0, there exists an operator Ut called the evolution
operator, so that |Ψ(t)〉 =Ut|Ψ(0)〉. The function |Ψ(t)〉 : [0,∞) → H is differentiable if
|Ψ(t)〉 is contained in the domain of the operator H , called the Hamiltonian, in which
case the time-dependent Schrödinger equation

i×d|Ψ(t)〉
dt

=H |Ψ(t)〉 (5.2)
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is satisfied. Here, i denotes the imaginary unit so that i2 = −1 and × denotes the
reduced Planck constant.

The precise form of the Hamiltonian depends on the quantum mechanical system that
is being examined. In the next section, the Hamiltonian of a particular interacting particle
system will be considered. It is then used, together with the third postulate, to write a set
of differential equations that describes the system evolution through time.

The fourth and final postulate, together with the fact that H is a Hilbert Space, implies
the superposition principle.

Postulate 4: Every non-zero vector of H corresponds to a state of the system. Every
self-adjoint operator corresponds to an observable.

More precisely, assume that H is n-dimensional with n < ∞ and that it has an or-
thonormal basis of eigenkets {|φi〉}n

i=1. The superposition principle is that every state can
be written as a linear combination of this orthonormal basis, i.e. for any |Ψ〉 ∈ H, there
exist ci ∈C for i = 1, ...,n so that

|Ψ〉 =
n∑

i=1
ci|ψi〉. (5.3)

Using the preceding postulates, a model of an ultracold Rydberg gas will be presented
throughout the remainder of this chapter. It describes a gas consisting of N two-level
Rydberg atoms, each of which can make transitions between a ground and excited config-
uration due to the presence of a laser field. The atoms will be modelled to exhibit a strong
dipole interaction.

5.2 Two-level Rydberg atoms and states

The particles that will be modelled are two-level atoms. This means that each atom indi-
vidually can be in either of two configurations, which will be called the ground level and
excited level. Now consider a system of precisely one atom, i.e. N = 1. This system can
be in either of two states, because the atom has two configurations. These states will be
denoted by |0〉 and |1〉, corresponding to the atom being in the ground level and excited
level, respectively. It will be assumed that the atom contributes ε0 energy to the system if
it is in the ground level, and similarly ε1 if it is in the excited level. Furthermore, it will
be assumed that ε0 < ε1.

It will be assumed that the atom makes transitions between the ground and excited
level when it is in a laser field. This works as follows. The laser bombards the atom with
photons and assuming that the laser angular frequency is ω, each photon has an energy
×ω. If the atom is in its ground level, there is a chance that it absorps the photon and uses
the photon’s energy to make the transition to its excited level. This is called absorption.
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Absorption only occurs if the laser frequency closely matches the atomic frequency ωa =
(ε1−ε0)/×, i.e when the detuning δ=ω−ωa ≈ 0. Similarly, if the atom is in its excited level
and δ ≈ 0, there is a chance that under influence of an incident photon, the atom emits
an identical photon (losing energy in the process) and makes a transition to the ground
level. This is called stimulated emission. For both absorption and stimulated emission
holds that the larger |δ|, the less likely it becomes for the atom to make a transition.
The laser frequency, atomic frequency and detuning can be schematically depicted in an
energy diagram. This is shown in Fig. 5.1.

|0〉

|1〉

×ωa = ε1 −ε0
×ω

×δ

Figure 5.1: Schematic depiction of the energy levels of a single two-level atom.

There is a third process that can typically occur with two-level atoms. If an atom is
in its excited level, it may after a random amount of time emit a photon of energy ε1 −ε0.
This process is called spontaneous emission, but will be assumed to be a rare event on the
timescales of the experiment that is discussed in Chapter 1. Its occurence will therefore
be neglected.

5.2.1 Feasible states and state space

Having described the states of a system with N = 1 atom, systems with N ≥ 1 identical
atoms will now be described. The atoms are assumed to have fixed positions r1, ...,rN ∈R3.
Each atom can be in its ground and excited level, which will be denoted by respectively
σi = 0 and σi = 1 for i = 1, ..., N. This can be summarized using the vector σ= (σ1, ...,σN )T .
Every state corresponds to a certain configuration of the system and can thus be repre-
sented using a ket of the form |r1, ...,rN ;σ〉. This labeling can be simplified, however,
because the positions are kept fixed. The states will from now on be denoted by |σ〉 in-
stead. Operators on |σ〉 can, however, still depend on the positions of the atoms. This
should always be kept in the back of our minds.

In this quantum mechanical system, it will be assumed that every state can occur with
non-zero probability. It can still be that particular states occur with a probability near
zero, but they will never be precisely zero. Typically, the states that are least likely to
occur are those corresponding to systems with high total energies. Using the terminology
of Chapter 2, any N-tuple of 0 and 1 denoted by σ is considered feasible. After recalling
that the state space S is defined as the set of feasible states, it is found that for this
system S = {0,1}N . Two example feasible states are shown in Fig. 5.2.
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Figure 5.2: Two example feasible states for N = 6 atoms at positions r1, ...,r6 ∈ R2, namely (a)
σ= (1,0,1,1,0,0)T and (b) σ= (0,1,0,1,0,1)T . Each white circle represents an atom in the ground
level and each gray circle represents an atom in the excited level.

5.3 Principle of superposition of states

Now that the states have been defined, it will be assumed that
⋃

x∈S {|x〉} forms an or-
thonormal basis that spans a Hilbert space H. The principle of superposition of states,
which is a consequence of the fourth postulate, then states that any state can be written
in terms of this orthonormal basis. More precisely, for any state |Ψ(t)〉 ∈ H, there exists a
coefficient Cς(t) ∈C for each ς ∈S so that

|Ψ(t)〉 = ∑
ς∈S

Cς(t)|ς〉. (5.4)

However, by defining general states |Ψ(t)〉 as linear combinations of the feasible states⋃
x∈S {|x〉}, a significant interpretational issue surfaces. To be more precise, how does one

interpret a superposition of states like |0〉+ |1〉?
This interpretational issue is resolved using the second postulate, which will now be

used to give an interpretation to the coefficients Cς(t). Consider the observable Oσ that
answers the question “does a measurement of |Ψ(t)〉 say that it was |σ〉 at time t?” with a 1
if true. The operator that belongs to this observable is the projection operator Ôσ = |σ〉〈σ|.
It has an eigenket |σ〉 and eigenvalue 1. Using the second postulate, it is then found that

P[Oσ = 1||Ψ(t)〉]= |〈Ψ(t)|σ〉|2
〈Ψ(t)|Ψ(t)〉 =

|Cσ(t)|2∑
ς∈S |Cς(t)|2 . (5.5)

This means that after normalizing the state |Ψ(t)〉, the absolute coefficients squared
|Cσ(t)|2 have the interpretation of being the probabilities that a measurement of |Ψ(t)〉
would result in |σ〉.
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5.4 Hamiltonian

Four types of energy contributions will be considered that add to the total energy of the
system. The first is the kinetic energy, which results from movement of atoms. This will
now be formally neglected, because the positions of the atoms are kept fixed. The second
contribution results from the atoms being in the ground and excited levels. Every atom
in the ground level contributes ε0 and every atom in the excited level contributes ε1. The
third contribution is that of the laser field. The fourth and last contribution will be a Van
der Waals interaction [vBSvL+11] between every pair of excited atoms. The closer such
pairs are to each other, the higher this energy contribution is.

Recall that the Hamiltonian is the observable that corresponds to the total energy
of a system. Taking the three remaining contributions into account, the Hamiltonian is
therefore considered of the form

H (t)=Ha +H l(t)+HvdW (r1, ...,rN ). (5.6)

The first term Ha describes the energy contribution of the ground and excited levels.
It is given by Ha = ∑N

i=1 H i, where H i describes the energy contribution by atom i =
1, ..., N. Assuming that ε0 and ε1 denote the energy contribution when an atom is in the
ground or excited level, respectively, its eigenvalues and eigenstates are given by

H i|σ〉 = (ε01{σi = 0}+ε11{σi = 1})|σ〉.

It then follows that

Ha|σ〉 =
( N∑

i=1
(ε01{σi = 0}+ε11{σi = 0})

)
|σ〉 = Eσ|σ〉.

Because the quantum states form an orthonormal basis,

〈σ|Ha|ς〉 = Eς〈σ|ς〉 =
{

Eσ if σ= ς,
0 otherwise.

(5.7)

The second term of the Hamiltonian, H l(t), describes the time-dependent perturba-
tion caused by the presence of a laser field. It will be assumed that the probability of
exciting two atoms simultaneously is negligible, which means that it only couples states
〈σ| and |ς〉 if ‖σ−ς‖1 = 1. Furthermore, it will be assumed that the laser interaction can
be described using the electric dipole approximation and Rotating Wave Approximation
(RWA). This means that in the end, it is assumed that it is of a form so that

〈σ|H l(t)|ς〉 =
{ ×Ω

2 exp
(
(‖ς‖1 −‖σ‖1)iωt

)
if ‖σ−ς‖1 = 1,

0 otherwise.
(5.8)

Here, Ω denotes the Rabi frequency of the atom.
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The third term, HvdW (r1, ...,rN ), describes the Van der Waals interaction. It will be
assumed that it is such that any pair of excited atoms contribute energy based on their
mutual distance. It is assumed to be of a form such that

〈σ|HvdW (r1, ...,rN )|ς〉 =
{ ∑N

i=1
∑N

j=i+1 1{σi =σ j = 1} C6
‖r i−r j‖2

6 if σ= ς,

0 otherwise.
(5.9)

The notation Vσ = 〈σ|HvdW (r1, ...,rN )|σ〉 will be introduced to denote the energy that the
Van der Waals interaction adds to the system when the system is in configuration σ.

5.5 System of differential equations

Now that all preliminaries have been introduced and described, a system of differential
equations will be constructed that describe the time-evolution of the coefficients Cσ(t) in
(5.4). Solutions of the form

Cσ(t)= cσ(t)e−
iEσ t
×

will be considered. This specific choice allows elimination of any diagonal energy terms
from the differential equations, as is seen after substituting (5.4) and (5.6) into (5.2),∑

ς∈S

(
cς(t)Eς+ cς(t)H l(t)+ cς(t)HvdW (r1, ...,rN )

)
|ς〉e−

iEς t
×

= i× ∑
ς∈S

(dcς
dt

(t)− i
× cς(t)Eς

)
|ς〉e−

iEς t
× .

All terms with a multiplicative energy factor cancel, giving

i× ∑
ς∈S

dcς
dt

(t)|ς〉e−
iEς t
× = ∑

ς∈S

cς(t)H l(t)|ς〉e−
iEς t
× + ∑

ς∈S

cς(t)HvdW (r1, ...,rN )|ς〉e−
iEς t
× .

Next, a differential equation for a specific coefficient cσ(t) will be singled out. This can
be done by multiplying from the left with 〈σ|, which gives

i×dcσ
dt

(t)e−
iEσ t
× = ∑

ς∈S

cς(t)〈σ|H1(t)|ς〉e−
iEς t
× + ∑

ς∈S

cς(t)〈σ|HvdW (r1, ...,rN )|ς〉e−
iEς t
× .

From assumptions (5.8) and (5.9), it then follows that

i×dcσ
dt

(t)= ×Ω
2

∑
{ς∈S |‖σ−ς‖1=1}

cς(t)e(‖ς‖1−‖σ‖1)iωt+ i(Eσ−Eς)t
× + cσ(t)Vσ.

The exponential can be simplified by realizing that for all σ,ς ∈S ,

i(Eσ−Eς)t
× =−(‖ς‖1 −‖σ‖1)iωat,
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which implies that

i×dcσ
dt

(t)= ×Ω
2

∑
{ς∈S |‖σ−ς‖1=1}

cς(t)e(‖ς‖1−‖σ‖1)iδt + cσ(t)Vσ.

Finally, applying the rotational frame transformation c′σ(t)= cσ(t)e‖σ‖1iδt results in

i×dc′σ
dt

(t)= i×dcσ
dt

(t)e‖σ‖1iδt −‖σ‖1×δc′σ(t)

= ×Ω
2

∑
{ς∈S |‖σ−ς‖1=1}

cς(t)e(‖σ‖1+(‖ς‖1−‖σ‖1))iδt + (Vσ−‖σ‖1×δ)c′σ(t)

= ×Ω
2

∑
{ς∈S |‖σ−ς‖1=1}

cς(t)e‖ς‖1i×δt + (Vσ−‖σ‖1δ)c′σ(t)

= ×Ω
2

∑
{ς∈S |‖σ−ς‖1=1}

c′ς(t)+ (Vσ−‖σ‖1×δ)c′σ(t) (5.10)

By enumerating the states S = {σ1, ...,σcard(S )}, this system of differential equations
can be written as a matrix equation of the form

i×dc′

dt
(t)=H ′c′(t) (5.11)

where c′(t)= (cσ1(t), ..., cςcard(S )(t))
T . Now compare (5.11) to the matrix equations in matrix

form, (6.2), and recall that the coefficients c′(t) have a probabilistic interpretation. By
this, it is meant that the system is observed to be in state σ ∈S at time t with probability

P[Oσ = 1||Ψ(t)〉]= |c′σ(t)|2∑
ς∈S |c′ς(t)|2 .

This section will be concluded by considering the example of N = 3 atoms. The state
space is then given by S = {000,100,010,001,110,101,011,111} and set

c′ = (c′000(t), c′100(t), ..., c′111(t))T .

Without additional assumptions on the positions of the atoms and the detuning of the
laser, the matrix H ′ is given by

H ′ = 1
2


0 ×Ω ×Ω ×Ω 0 0 0 0
×Ω −2×δ 0 0 0 ×Ω ×Ω 0
×Ω 0 −2×δ 0 ×Ω 0 ×Ω 0
×Ω 0 0 −2×δ ×Ω ×Ω 0 0
0 0 ×Ω ×Ω 2(V011−2×δ) 0 0 ×Ω
0 ×Ω 0 ×Ω 0 2(V101−2×δ) 0 ×Ω
0 ×Ω ×Ω 0 0 0 2(V110−2×δ) ×Ω
0 0 0 0 ×Ω ×Ω ×Ω 2(V111−3×δ)

 . (5.12)
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5.5.1 One two-level atom

The differential equations for N = 1 two-level atom are known as Rabi’s two-level atom
model. After defining c′(t)= (c′0(t), c′1(t))T , the matrix H ′ is found to be

H ′ = ×
2

(
0 Ω

Ω −2δ

)
,

so that

i
dc′0
dt

(t)= Ω
2

c′1(t),

i
dc′1
dt

(t)= Ω
2

c′0(t)−δc′1(t).

Assuming that the initial conditions are of the form c′0(0)=p
a0 and c′1(t)=p

a1, where
a0,a1 ∈ [0,∞) and a0 +a1 = 1, the solutions are given by

c′0(t)= e
itδ
2

(p
a0 cos

2πt
T

− i
Ω
p

a1 +δpa0p
δ2 +Ω2

sin
2πt
T

)
c′1(t)= e

itδ
2

(p
a1 cos

2πt
T

− i
Ω
p

a0 −δpa1p
δ2 +Ω2

sin
2πt
T

)
. (5.13)

Here, T = 4πp
δ2+Ω2 . The absolute squares are given by

|c′0(t)|2 = a0 cos2 2πt
T

+ (Ω
p

a1 +δpa0)2

δ2 +Ω2 sin2 2πt
T

|c′1(t)|2 = a1 cos2 2πt
T

+ (Ω
p

a0 −δpa1)2

δ2 +Ω2 sin2 2πt
T

. (5.14)

Note that these solutions reduce to the Rabi oscillation when choosing a0 = 1, a1 = 0. This
represents the atom being initially in the ground level. The Rabi oscillation is given by

|c′1(t)|2 = Ω2

δ2 +Ω2 sin2 2πt
T

.

It is schematically depicted in Fig. 5.3. Note that the probabilities |c′0(t)|2 and |c′1(t)|2 do
not converge to a fixed point. The solutions continue to oscillate for ever and ever, because
of the coupling of the atom with the electric field of the laser.

The derivation of differential equations that describe the Rydberg particle system and
subsequent application to the case of one particle marks the end of this chapter. Chapter
6 will now attempt to compare the wireless network model of Chapter 2 to the quantum
mechanical model of this chapter.



84 Rydberg particle system

t

|c′1(t)|2
Ω2

δ2+Ω2

Figure 5.3: Probability |c′1(t)|2 for the atom to be in the excited state.



CHAPTER 6
Master equations

This chapter starts by giving the Kolmogorov forward equations or master equations for
wireless networks. The master equations allow for a comparison between the model for
wireless networks and the model for the Rydberg particle system. The models have thus
far been discussed separately in Chapter 2 and Chapter 5, respectively. After having
compared both models, attention is turned to introducing the Lindblad master equation.
This allows the model of the Rydberg particle system to also deal with incoherent pro-
cesses such as spontaneous emission. The reason spontaneous emission is considered, is
because of its similarity to the (de)activation process of transmitters. Recall that sponta-
neous emission is the process of an excited atom emitting a photon after a random amount
of time, causing it to make the transition to the ground level. Using the Lindblad master
equations, a connection is then established between wireless networks and the Rydberg
particle system.

6.1 The master equation in wireless networks

Consider a continuous-time Markov process {X t|t ∈ [0,∞)} that lives on a state space S .
Let Pσ(t) = P[X t = σ] denote the probability that the stochastic variable X t is in state σ
at time t.

As the Markov process evolves, there are transitions between the states in S . This
means that the probability of finding the system in a state changes through time. Often,
but not always, this continues until the system reaches an equilibrium in which transi-
tions do not change the probability distribution any further. This resulting distribution is
called the equilibrium distribution. It should be noted that in typical systems, it takes an
infinite amount of time to reach the steady state (unless one starts in the steady state).
The equation that governs the evolution of Pσ(t) is called the master equation. Its im-
portance is signified by its almost universal applicability, from biology and population
dynamics, to wireless networks and quantum mechanics.

85
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Definition 17 ([Rei98]): The Kolmogorov forward equation or master equation for
σ ∈S is given by

dPσ
dt

= ∑
ς∈S

(
q(ς,σ)Pς(t)− q(σ,ς)Pσ(t)

)
. (6.1)

The master equations for all σ ∈S can be described simultaneously by enumerating
the states S = {σ1, ...,σS} and setting p(t) = (p1(t), ..., pS(t))T = (Pσ1(t), ...,PσS (t))T , so
that

dp
dt

=QT p(t). (6.2)

Here, S = card(S ). The matrix Q ∈RS×S is called the generator of the Markov process.

A master equation gives the rate of change of the probability density Pσ(t) due to
transitions into state σ from all other states and transitions out of state σ into all other
states.

To illustrate what the master equations look like for a wireless network, two cases of
the conflict graph model will be considered. For both cases, N = 3 identical transmitters
will be considered and labelled V = {1,2,3}. For the first case, assume the transmitters do
not conflict, i.e. E =;. The state space is then S = {000,100,010,001,110,101,011,111}.
By choosing p(t)= (P000(t),P100(t), ...,P111(t))T , the generator is found to be

Q =


−3ν ν ν ν 0 0 0 0
µ −µ−2ν 0 0 ν ν 0 0
µ 0 −µ−2ν 0 ν 0 ν 0
µ 0 0 −µ−2ν 0 ν ν 0
0 µ µ 0 −2µ−ν 0 0 ν
0 µ 0 µ 0 −2µ−ν 0 ν
0 0 µ µ 0 0 −2µ−ν ν
0 0 0 0 µ µ µ −3µ

 . (6.3)

For the second case, assume that the transmitters are positioned on a line and that
the nearest neighbors block each other, i.e. E = {{1,2}, {2,3}}. The state space is then S =
{000,100,010,001,101} and the generator is found to be

Q =

−3ν ν ν ν 0
µ −µ−ν 0 0 ν
µ 0 −µ 0 0
µ 0 0 −µ−ν ν
0 µ 0 µ −2µ

 . (6.4)

In both examples, the row sums of Q are zero, which actually holds for general continuous-
time Markov processes. Also note that the generator of the second example has smaller
dimensions. This is because of the hard-core interaction between adjacent transmitters
that makes the states 110, 011, and 111 infeasible. These are removed from the state
space, reducing the cardinality and therefore reducing the dimensions of the generator.

Having introduced the master equations to wireless networks that describe the prob-
ability of observing a state at time t, (6.3) can now be compared to (5.12). It can be
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concluded that both matrices have non-zero entries at the same positions in the matrix.
This is because of the assumptions that only one transmitter at a time changes its con-
figuration (active, inactive) and that only one atom at a time changes its configuration
(ground, excited), which imposes restrictions on which states can be reached from which
states. Because these restrictions are similar, the matrices have non-zero entries at the
same locations. Also note that the rows of H ′ do not sum to zero, whereas those of Q

do. Finally note that H ′ is symmetric, whereas Q is not. The generator Q can be made
symmetric by setting ν = µ, which corresponds to transmitters activating (on average) as
often as they deactivate. If the transmitters were atoms, this would correspond to the
assumption that absorption occurs (on average) as often as stimulated emission.

6.1.1 One transmitter

At this point, master equations have been introduced that might describe in some way
the evolution of wireless networks. In this section, the equations that describe N = 1
transmitter will be shown to have an exact solution. After setting p(t) = (P0(t),P1(t))T ,
the generator is given by

Q =
(−ν ν

µ −µ
)
,

so that

dP0

dt
(t)=−νP0 +µP1,

dP1

dt
(t)= νP0 −µP1.

Assuming that the initial conditions are of the form P0(0),P1(0) ∈ [0,1] with P0(0)+
P1(0)= 1, solving this system of differential equations results in

P0(t)= 1
µ+ν

(
µ+ (P0(0)−1)µ+P0(0)ν

)
e−t(µ+ν), (6.5)

P1(t)= 1
µ+ν

(
ν+P1(0)µ+ (P1(0)−1)ν

)
e−t(µ+ν). (6.6)

Both solutions converge exponentially fast to the fixed point, i.e. p(t) → ( µ
µ+ν , ν

µ+ν )T as
t →∞. This fixed point equals the steady-state probability vector (π(0),π(1))T .

6.2 Investigating the master equation using simulation

After fixing all properties that describe a wireless network, such as its topology and the
activation rates of all transmitters, the master equations can be (numerically) integrated
for Pσ(t). By considering the stochastic process {X t|t ∈ [0,∞)} that describes this network
and simulating multiple sample paths, Pσ(t) can be estimated using simulation. The
goal of this section is to focus on one example network and for this network, compare the
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numerical solutions of the master equations to their corresponding simulated approxima-
tions.

Specifically, the network that will be considered is one that consists of N = 3 iden-
tical transmitters on a line topology. Their activation rates are set to ν = 5 and their
deactivation rates to µ = 1. Furthermore, it will be assumed that nearest neighbors
block each other, meaning that in terms of the conflict graph model V = {1,2,3} and
E = {{1,2}, {2,3}}. The state space is then given by S = {000,100,010,001,101} and af-
ter setting p(t) = (P000(t),P100(t), ...,P101(t))T , the master equations have the form (6.2)
with the generator Q as in (6.4).

The master equations are first numerically integrated. The initial conditions are cho-
sen as P000(0) = 1 and P100(0) = ... = P101(0) = 0. In other words, the system is with
probability one in state 000 at t = 0. The numerical solutions P000(t), ...,P101(t) are shown
in Fig. 6.1.

P000 P101
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P100, P001

0.0 0.2 0.4 0.6 0.8 1.0
t

0.2
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0.6

0.8

1.0
PΣHtL

(a)

P000

P101

P100, P010, P001

0 2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0
PΣHtL

(b)

Figure 6.1: The numerical solutions P000(t), ...,P101(t) on the domain (a) t ∈ [0,1] and (b) t ∈ [0,10].

From Fig. 6.1, it can be concluded that P100(t) = P001(t). This is because of the sym-
metry of the topology and the initial conditions. Also, the numerical solutions approach
the steady-state solution for large t. It is interesting to note that the steady-state solution
can be found by equating dp/dt = 0, which means that QT p = 0. Recalling the definition
of the generator Q (6.1) then reveals that one is actually solving the detailed balance
equations (3.6). Its solution for general wireless networks is given by (2.8) and for this
particular network π(σ)= Z−1(ν/µ)‖σ‖1 , so that

π(000)= 1
41

, π(100)=π(010)=π(001)= 5
41

, π(101)= 25
41

.

Having found numerical solutions for Pσ(t), attention is turned to approximating Pσ(t)
using simulation. To achieve this, C ∈N independent sample paths of {X t|t ∈ [0,∞)} will
be simulated. Each sample path will start in X0 = 000, which ensures that the system is
with probability one in state 000 at t = 0. Denoting the sample paths by X (c)

t for c = 1, ...,C,
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the piecewise function

fσ(t)= 1
C

C∑
c=1

1{X (c)
t =σ}

will be plotted together with Pσ(t) for every σ ∈S . The results for C = 500 are shown in
Fig. 6.2. It can be concluded that Pσ(t) approximates fσ(t) when C is large. It should be
clear that the more sample paths are simulated and averaged into C, the smaller their
difference becomes.
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Figure 6.2: The numerical solutions for P000(t), ...,P101(t), together with f000(t), ..., f101(t) for C =
500.
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6.3 Comparing the wireless and Rydberg particle system

Having defined the master equations that describe wireless networks, a comparison can
be made with the Rydberg particle system. This is because given a state space S , the
probability for the Rydberg system to be in state σ ∈ S at time t, |c′σ(t)|2, has the same
interpretation as Pσ(t) for a wireless network. The methods with which |c′σ(t)|2 and Pσ(t)
can be determined experimentally are also similar for both systems, as will be explained
in this section.

6.3.1 Statistical interpretation

In the case of the Rydberg particle system, the system first has to be prepared experi-
mentally in any particular state. For example, after trapping atoms in a vacuum chamber
with a magneto-optical trap and cooling the gas, all particles will almost surely remain in
the ground configuration as long as the laser beam is not turned on. This is because the
excited configuration is unstable compared to the ground state (atoms will decay sponta-
neously from the excited to the ground configuration due to spontaneous emission, but not
the other way around). After enough time, all atoms will have decayed into the ground
state. In formula, the system is then in a superposition of states so that |c′0(0)|2 = 1 and
|c′σ(0)|2 = 0 for all other σ ∈S . If the laser beam is then turned on, the ket that describes
the system |Ψ(t)〉 evolves in time t according to the Schrödinger equation (5.2) and is typi-
cally a superposition of states for any particular t. If a measurement is then performed at
time t that tells if the system was in state σ ∈S or not, the outcome of the measurement
is confirmative with probability |c′σ(t)|2. This means that if one were to experimentally
determine |c′σ(t)|2, it has to be calculated by repeatedly sampling newly prepared systems
at every time t.

Experimentally determining Pσ(t) works the same. The wireless network is first con-
figured in some initial state, for example by setting all transmitters inactive at t = 0.
Denoting the stochastic process that describes the wireless network by {X t|t ∈ [0,∞)}, this
means that X0 = 0. Transmitters are then allowed to activate and deactive and at time
t, one stops the system and sees if the state is σ ∈ S or not. This outcome will be confir-
mative with probability Pσ(t). To determine Pσ(t) experimentally, it has to be calculated
in the exact same way, namely by repeatedly sampling newly prepared systems at every
time t.

It should be noted that in both cases, one would come up with a more efficient exper-
iment. One would examine in which state the system is at time t instead of considering
a single boolean random variable. However the purpose of this section is to note that an
experiment to determine |c′σ(t)|2 or Pσ(t) relies on repeatedly sampling the system. Their
interpretation is therefore statistical in nature.

6.3.2 Small systems

Having grasped that |c′σ(t)|2 and Pσ(t) have a similar interpretation, attention is turned
to systems with N = 1 and 2. For such systems, the equations that describe |c′σ(t)|2 and
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Pσ(t) are often analytically tractable and these analytic solutions provide valuable insight
and intuition. Examining these small tractable systems will illustrate the differences and
similarities between both systems.

For N = 1, the state space is given by S = {0,1}. Recall that |c′1(t)|2 has been derived
in §5.5.1 and is given by

|c′1(t)|2 = Ω2

δ2 +Ω2 sin2 2πt
T

,

assuming that the particle is initially in the ground configuration. Here, T = 4π/
p
δ2 +Ω2.

Similarly, P1(t) has been derived in §6.1.1. When assuming that the transmitter is ini-
tially inactive,

P1(t)= ν

µ+ν
(
1−e−t(µ+ν)

)
.

Both solutions are deterministic and have a probabilistic interpretation. The most impor-
tant difference is that one is periodic and the other reaches a fixed point exponentially
fast. The fixed point ν/(µ+ν) can be interpreted as the average probability of the trans-
mitter to be active at large t. That is, once the system has no more memory of its initial
state. This can be compared to the average probability that the atom is in its excited
configuration. This can be calculated by writing

1
T

∫ T

0
|c′1(t)|2dt = Ω2

δ2 +Ω2
1
T

∫ T

0
sin2 2πt

T
dt = Ω2

2δ2 +2Ω2 .

Equating Ω2/(2δ2 +2Ω2) to ν/(µ+ν) then gives the relation

ρ = ν

µ
= Ω2

2δ2 +Ω2 . (6.7)

This expression is not a consequence of an exact equivalence of both systems. Instead,
it should be interpreted as indicative of what terms have similar roles and meaning. For
example, it can be seen that if δ2 →∞, ρ → 0, which corresponds to a transmitter that is
inactive all of the time. Now recall that a large δ2 corresponds to a large detuning of the
laser beam, making it extremely unlikely for the atom to make the transition to its excited
configuration. If Ω→∞, ρ → 1. Similarly if δ→ 0 and Ω > 0, ρ → 1. This corresponds
to a transmitter that is half of the time active (and the other half inactive). Increasing Ω
corresponds to increasing the laser intensity and decreasing δ2 corresponds to tuning the
laser frequency appropriately for the atom to make a transition. Both make it more likely
for the atom to make the transition. If one assumes that spontaneous emission does not
occur at the timescales of a typical experiment from t = 0 onward, an atom can only be
half of the time in its excited configuration by symmetry of the absorption and stimulated
emission process. The laser beam causes the atom to make the transition up just as much
as it causes the atom to make the transition down.

The comparison between a single atom and transmitter proved to be insightful and
illustrative of the differences. However these are not very interesting interacting particle
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systems. For that, more complicated systems have to be considered. Particle interaction
can only occur when N ≥ 2. Therefore let us consider the case N = 2 and examine the
blockade effect.

The blockade effect means in the wireless particle system that infeasible states are
removed from the state space. For example, two non-interacting transmitters can be
described with the state space S = {00,10,01,11}. If both transmitters prevent the other
from activating, state 11 is called infeasible. This would be described with the state space
S = {00,10,01}. Now consider the blockade effect in the Rydberg particle system. Strictly
speaking, the state space of any Rydberg particle system with N atoms is all N-tuples
of 0 and 1 (corresponding to the ground and excited configuration). This means that
regardless of the strength of the dipole blockade between particle 1 and 2, denoted by V11,
the state space is S = {00,10,01,11}. However it may be that for large V11, the probability
of observing state 11 becomes negligible. It can then be argued that the system effectively
lives within the state space S = {00,10,01}.

Now let us illustrate that when V11 →∞, the probability of observing state 11 indeed
becomes negligible. For N = 2, the Hamiltonian is given by

H ′ = 1
2

(
0 ×Ω ×Ω 0
×Ω −2×δ 0 ×Ω
×Ω 0 −2×δ ×Ω
0 ×Ω ×Ω 2(V11−2×δ)

)
,

when setting c′(t) = (c′00(t), c′10(t), c′01(t), c′11(t))T . For simplicity, it will be assumed that
δ= 0 and × = 1. The differential equations (5.11) will then be numerically integrated for
c′(t) for t ∈ [0,T]. Here, T = 100 ·4π/|Ω|. The average

f (V ,Ω)= 1
T

∫ T

0
|c′11(t)|2dt

will then be numerically calculated for several values of V and Ω. The results are shown
in Fig. 6.3 and it can be seen that when V increases, the average probability of observing
state 11 decreases.

Figure 6.3: The average probability f (V11,Ω) of observing state 11.
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If it is now assumed that c′11(0)= 0 and that for large V11, dc′11/dt = 0, the state space
reduces to S = {00,10,01} and the Hamiltonian to

H ′ = 1
2

( 0 ×Ω ×Ω
×Ω −2×δ 0
×Ω 0 −2×δ

)
.

Here, c′(t) = (c′00(t), c′10(t), c′01(t))T . If it is assumed that all particles are initially in the
ground configuration, (5.11) can be solved analytically, resulting in

|c′00(t)|2 = 1− 2Ω2

δ2 +2Ω2 sin2 2πt
T

, |c′10(t)|2 = |c′01(t)|2 = Ω2

δ2 +2Ω2 sin2 2πt
T

.

The period is given by T = 4π/
p
δ2 +2Ω2. The average probability of observing a state can

again be calculated, equated to the equilibrium distribution (2.8) of this system,

π(00)= 1
1+2ρ

, π(10)=π(01)= ρ

1+2ρ
,

and solved for ρ . This gives

ρ = Ω2

2δ2 +2Ω2 . (6.8)

Recall that for N = 1, a similar result is given in (6.7) and conclude that it differs from
(6.8). This suggests that the distribution of the average probability of observing a state
σ ∈S is not distributed according to (2.8) for general Rydberg particle systems.

This can be proven by again considering N = 2, but with V11 = 0 (i.e. non-interacting
particles). The procedure remains the same. First, (5.11) is solved analytically. Next,
the average probabilities of observing 00,10,01 and 11 are calculated. Without going into
details, they are respectively

8δ4 +8δ2Ω2 +3Ω4

8(δ2 +Ω2)2 ,
4δ2Ω2 +Ω4

8(δ2 +Ω2)2 ,
4δ2Ω2 +Ω4

8(δ2 +Ω2)2 ,
3Ω4

8(δ2 +Ω2)2 .

Equating these to respectively π(00),π(10),π(01) and π(11), given by

1
1+2ρ +ρ2 ,

ρ

1+2ρ +ρ2 ,
ρ

1+2ρ +ρ2 ,
ρ2

1+2ρ +ρ2 ,

one finds that there is no ρ that solves this set of equations.

6.3.3 Maximal packings

Physicists of the group CQT will in the near future perform experiments at the TU/e to
try and create patterns of regularly spaced excited Rydberg atoms. They have suggested a
method in [vBSvL+11]. This method relies on adiabatically (slowly) increasing the detun-
ing, which will be described briefly here. In the limit ofΩ→ 0, the energy of any particular
σ ∈S is given by

Eσ =Vσ−‖σ‖1δ.
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The energy of each state depends linearly on the detuning and is proportional to the
number of excited atoms. This means that the energy of states σ ∈Sm = {ς ∈S |‖ς‖1 = m}
all have the same proportionality to δ. For each state however, the energy has a different
offset Vσ at δ = 0. Plotting E as function of δ as shown in Fig. 6.4, the energies can
therefore be grouped according to their propotionality to δ. For each group of states σ ∈
Sm, there is a state with lowest Vσ. This lowest state typically corresponds to a system in
which the Rydberg excitations are regularly spaced. For non-zero laser couplingΩ> 0, the
ground state (the state with the lowest energy) is a superposition of these lowest states.
By now slowly increasing the detuning and initially preparing the system in σ = 0, the
system will adiabatically stay in this ground state. This is also explained in Fig. 6.4.

Figure 6.4: Energy of each state (thin, grey lines) as a function of the detuning. Here, ∆ = δ

and m = ‖σ‖1. For each m, there exists a configuration with the lowest energy (thick, red line).
Less-ordered states have higher energies. For non-zero laser coupling Ω > 0, the ground state
(dashed line) becomes a superposition of the lowest states, which can be adiabatically followed in
the direction of the arrow when slowly changing the detuning [vBSvL+11].

This method essentially ensures that the system stays in the ground state - the state
that costs the least amount of energy. In other words, the energy of the system is kept
minimal. A method also exists in wireless networks that forces a system to almost surely
be in particular states and interestingly, this method minimizes the entropy instead of
the energy. The entropy measures the degree to which the probability of observing the
system in any particular state is smeared out over all possible states and is defined as
S =−∑

σ∈S s(σ) for reversible Markov processes [MM09], where

s(σ)=
{
π(σ) lnπ(σ) if π(σ)> 0,

0 otherwise.

The method works as follows. Suppose in wireless networks that ρ i = ρ for i = 1, ..., N. If
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ρ→∞, one finds that

π(σ)= ρ‖σ‖1∑
ς∈S ρ‖ς‖1

→
{

1
card(S‖σ‖1 ) if ‖σ‖1 =maxς∈S ‖ς‖1,

0 otherwise.

This means that those states with the maximal number of active transmitters will become
dominant. For example, one of two dominant states in an 8×8-grid topology is shown in
Fig. 1.4(c). Notice now that ρ →∞ minimizes the entropy. This can for example be seen
by considering the case when there is one dominant state, i.e. card(Smaxς∈S ‖ς‖1)= 1. Then,

lim
ρ→∞S = 0.

By definition of the entropy S ≥ 0, which means that its minimum S = 0 is attained when
ρ→∞.

6.4 The Lindblad equation in a Rydberg particle system

Chapter 5 presented the equations for the coherent evolution of the amplitudes of inter-
acting two-level atoms in a radiation field. Random events such as spontaneous emission
cannot be described using just the coherent evolution of the eigenstates of the system
[MvdS91]. This is because spontaneous emission is an incoherent process. It occurs ran-
domly and when it occurs, the system decays from some state |σ+ ei〉 to state |σ〉.

Now recall that deactivations of transmitters in wireless networks are random events.
Also recall that if a deactivation occurs, the system makes a transition from some state
σ+ ei to state σ. It then seems that in order to understand the relation between the
wireless network model and the Rydberg particle system, one has to understand how to
describe incoherent processes such as spontaneous emission. Processes such as sponta-
neous emission can be described using density matrices and the Lindblad superoperator,
which will be discussed in this section.

6.4.1 Density matrix

All information about a quantum mechanical system is stored in a ket |Ψ(t)〉. Alterna-
tively, a quantum mechanical system can be described using the density operator.

Definition 18: The density operator R(t) is given by

R(t)= |Ψ(t)〉〈Ψ(t)|. (6.9)

The Schrödinger equation (5.2) describes the time-evolution of |Ψ(t)〉 and there should
be a similar evolution equation for the density operator because both |Ψ(t)〉 and R(t)
store all information about the system. That evolution equation is given in the following
proposition.
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Proposition 8: The time-evolution of the density operator is given by

dR

dt
= i

× [R(t),H ], (6.10)

where the commutator of R and H is defined as

[R(t),H ]=R(t)H −H R(t). (6.11)

Proof: Start by substituting the definition of the density matrix (6.9) into dR/dt and
then use the Schrödinger equation (5.2), to get

dR

dt
= d|Ψ(t)〉

dt
〈Ψ(t)|+ |Ψ(t)〉d〈Ψ(t)|

dt
= 1

i×H |Ψ(t)〉〈Ψ(t)|− 1
i×|Ψ(t)〉〈Ψ(t)|H .

Use (6.9) again and finally the definition of the commutator (6.11) to find

dR

dt
= i

×
(
R(t)H −H R(t)

)
= i

× [R(t),H ],

which concludes the proof. �

(6.10) is a manifestation of the more general Heisenberg equation. Next, it will be
noted that the differential equations that describe the time-evolution of R(t) are a refor-
mulation of the differential equations that describe the time-evolution of |Ψ(t)〉. This will
be formalized by writing (6.10) as a function of (5.10). Let

Rσ,ς(t)= e(‖ς‖1−‖σ‖1)iδte
i(Eσ−Eς)t

× 〈σ|R(t)|ς〉, (6.12)

for σ,ς ∈ S . Note that the Rσ,ς(t) can be thought of as being the elements of a matrix.
That matrix is called the density matrix. The reason for introducing the complex expo-
nents in (6.12) becomes clear after substituting (6.9) into (6.12) and then using (5.4). One
then finds that

Rσ,ς(t)= e(‖ς‖1−‖σ‖1)iδte
i(Eσ−Eς)t

× 〈σ|
( ∑
σ∈S

Cσ(t)|σ〉
)( ∑
σ∈S

Cς(t)〈ς|
)
|ς〉

= e−‖σ‖1iδte
iEσ t
× Cσ(t)e−‖ς‖1iδte

iEς t
× Cς(t).

Recalled that by definition c′σ(t)= e−‖σ‖1iδte
iEσ t
× Cσ(t), so that

Rσ,ς(t)= c′σ(t)c′ς(t).

It is now easy to find differential equations for every Rσ,ς, because the chain rule can be
used to write

dRσ,ς

dt
= dc′σ

dt
c′ς(t)+ c′σ(t)

dc′ς
dt

,

and expressions for dc′σ
dt are given by (5.10).
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6.4.2 Lindblad master equation

Having found expressions that describe the coherent time-evolution of the density opera-
tor, attention is turned to including the effect of spontaneous transitions. For example if
spontaneous emission were to be included in the model, the system must be able to spon-
taneously make the transition from a state |σ〉 to any state |σ− ei〉 for which σ− ei ∈S .

In order to include the effect of spontaneous transitions, the system will be assumed
to couple to an environment in the following way. Assume that the Hamiltonian that de-
scribes the system is given by HS and similarly, HE describes the environment. The goal
is now to describe spontaneous transitions using an operator that works on the density
matrix. Of course, such an operator ought to have several properties to ensure that the
resulting density matrix can still be used to make predictions for system observables. For
example, after a spontaneous transition, the sum of all probabilities should still equal
one. Operations that have the desired properties are called quantum operations.

Definition 19 ([CCE+07]): A quantum operation is a mappingΦ from an initial den-
sity matrix R to a final density matrix R f ,

Φ : R →R f =Φ(R) (6.13)

with the following properties:

1. Φ is linear.

2. Φ(R) is a density matrix for any density matrix R and in particular, Φ(R) is
positive.

3. Φ is a complete positive map.

The third property means the following. Extend the system’s Hilbert space HS using
the Hilbert space of an environment HE, i.e. consider the Hilbert space HS ⊗ HE.
Define ΦSE = ΦS ⊗IE on products of positive operators R and RE on HS and HE
respectively, by the rule

ΦSE(RS ⊗RE)=ΦSE(RS)⊗RE. (6.14)

ThenΦS is a completely positive map ifΦSE is positive for any dimension of the added
Hilbert space HE.

Let τS denote the typical timescale on which the system evolves and τE the timescale
on which the environment evolves. Now assume that the dynamics of spontaneous tran-
sitions occur on a timescale τ so that τE ¿ τ¿ τS. That is to say, the timescale on which
spontaneous transitions occur must be large enough for the environment to “forget” its
coupling to the system, but short enough to be considered an (almost) instantaneous event
from the system’s point of view. To describe spontaneous transitions, a completely positive
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map Φ will now be sought so that

R(t+τ)=Φ(R(t))=R(t)+O(τ). (6.15)

Such a map Φ can be found by using the Kraus representation theorem [CCE+07].

Theorem 8 (Kraus representation): For any completely positive map Φ, there ex-
ists a countable set of operators {Φk} so that

Φ(R(t))=∑
k
ΦkR(t)Φk

†. (6.16)

Here, Φk
† denotes the adjoint of operator Φk. Moreover, the operators Φk satisfy the

normalization condition ∑
k
Φk

†Φk =I . (6.17)

Equating (6.15) and (6.16) means that one of the operators must be set as I +O(τ).
The others must be O(

p
τ). Operators Φk of the form

Φ1 =I + (K1 − iK2)τ

Φk =
p
τDk

will therefore be sought. Here, the operators K1,K2 are assumed to be Hermitian but
otherwise arbitrary. The remaining operators Dk are arbitrary and called Lindblad oper-
ators. Note that the normalization condition of the Kraus representation theorem imposes
a condition on K1, which is because∑

k
Φk

†Φk =I +2K1τ+
∑
k
τDk

†Dk +O(τ2)

only equals I up to order O(τ2) if

K1 =−1
2

∑
k

Dk
†Dk.

Therefore using the Kraus representation theorem,

R(t+τ)=Φ(R(t))=∑
k
ΦkR(t)Φk

†

=
(
I +τ(K1 − iK2)

)
R(t)

(
I +τ(K1 + iK2)

)
+τ∑

k
DkR(t)Dk

†,

so that

R(t+τ)−R(t)
τ

=
(
i[R(t),K2]− 1

2

∑
k

(
Dk

†DkR(t)+R(t)Dk
†Dk

)
+∑

k
DkR(t)Dk

†
)
+O(τ2).

(6.18)
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After taking the limit τ→ 0, the Lindblad master equation is found. By identifying K2 =
H /×, it is clear that when τ → 0, (6.18) reduces to (6.10) if the Kraus representation

contains no Lindblad operators. It is therefore an extension of (6.10).

Definition 20: The Lindblad master equation is given by

dR(t)
dt

= i
× [R(t),H ]+L (D)R, (6.19)

where the Lindblad superoperator is given by

L (D)R =−1
2

∑
k

(
Dk

†DkR(t)+R(t)Dk
†Dk

)
+∑

k
DkR(t)Dk

† (6.20)

In case of the Rydberg particle model, the Lindblad superoperator can be specified fur-
ther if it only contains Lindblad operators that describe spontaneous transitions between
any two states σ,ς ∈S . The Lindblad operator that describes a spontaneous transitions
from σ to ς with rate q(σ,ς) is

Dσ,ς =
√

q(σ,ς)|ς〉〈σ|.

It’s adjoint is given by Dσ,ς
† =√

q(σ,ς)|σ〉〈ς|, so that the Lindblad superoperator reduces
to

L (D)R =−1
2

∑
σ∈S

∑
ς∈S

(
Dσ,ς

†Dσ,ςR+RDσ,ς
†Dσ,ς

)
+ ∑
σ∈S

∑
ς∈S

Dσ,ςRDσ,ς
†

=−1
2

∑
σ∈S

∑
ς∈S

q(σ,ς)
(
|σ〉〈σ|R+R|σ〉〈σ|

)
+ ∑
σ∈S

∑
ς∈S

q(σ,ς)|ς〉〈σ|R|σ〉〈ς|

= −1
2

∑
σ∈S

∑
ς∈S

q(σ,ς)
(
|σ〉〈σ|R+R|σ〉〈σ|

)
+ ∑
σ∈S

∑
ς∈S

q(σ,ς)|ς〉Rσ,σ〈ς|.

For the density matrix, differential equations were found that describe Rζ,ξ(t) for
ζ,ξ ∈S in terms of the differential equations that describe c′

ζ
(t) and c′

ξ
(t). The goal is now

to calculate the terms that the Lindblad superopator adds to the differential equation for
Rζ,ξ. Introducing the notation

Lζ,ξ = e(‖ς‖1−‖σ‖1)iδte
i(Eσ−Eς)t

× 〈ζ|L (D)R|ξ〉,

the differential equations for Rζ,ξ are given by (according to the Lindblad master equa-
tion)

dRζ,ξ

dt
=

dc′
ζ

dt
c′
ξ
(t)+ c′ζ(t)

dc′
ξ

dt
+Lζ,ξ.
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The terms Lζ,ξ can be written in terms of the density matrix as follows. Let ζ,ξ ∈ S .
Then,

Lζ,ξ =e(‖ξ‖1−‖ζ‖1)iδte
i(Eζ−Eξ)t

×

×
(
−1

2

∑
ς∈S

(
q(ζ,ς)〈ζ|R|ξ〉+ q(ξ,ς)〈ζ|R|ξ〉

)
+1{ζ= ξ}

∑
σ∈S

q(σ,ζ)Rσ,σ

)
=− 1

2

∑
ς∈S

(
q(ζ,ς)Rζ,ξ+ q(ξ,ς)Rζ,ξ

)
+1{ζ= ξ}

∑
σ∈S

q(σ,ζ)Rσ,σ,

so that

dRζ,ξ

dt
=

dc′
ζ

dt
c′
ξ
(t)+ c′ζ(t)

dc′
ξ

dt

− 1
2

∑
ς∈S

(
q(ζ,ς)Rζ,ξ+ q(ξ,ς)Rζ,ξ

)
+1{ζ= ξ}

∑
σ∈S

q(σ,ζ)Rσ,σ. (6.21)

Let us now summarize what has been done in this section. Chapter 5 presented equa-
tions for the coherent evolution of the Rydberg particle system. In this section, these equa-
tions have first been written in terms of a quantity called the density operator |Ψ(t)〉〈Ψ(t)|.
The density operator describes that same system in full detail, but is a different represen-
tation of the system than the ket |Ψ(t)〉 was in Chapter 5. Next, it was shown how to in-
corporate processes such as spontaneous emission using the density matrix and so called
Lindblad operators. Instead of only considering spontaneous emission (which causes ran-
dom transitions from state σ ∈ S to σ− ei for some i ∈ {1, ..., N} at some rate A ), the
Lindblad operators were written down for general pairs of states σ,ς ∈S between which
random transitions would occur with rate q(σ,ς). Using (6.19), which was specified for
the Rydberg particle system to (6.21), it is now possible to describe not only the coherent
evolution of the Rydberg particle system, but also incorporate the incoherent process of
spontaneous transitions between general pairs of states.

6.4.3 One two-level atom with spontaneous emission

To illustrate how the density matrix works, a single two-level Rydberg atom will now be
considered that can spontaneously emit a photon when it is in the excited configuration.
For a single two-level Rydberg atom without spontaneous emission, the time evolution of
c′0(t) and c′1(t) is given by

i
dc′0
dt

= Ω
2

c′1(t),

i
dc′1
dt

= Ω
2

c′0(t)−δc′1(t).

Now assume that spontaneous emission is a spontaneous transition from 1 to 0 that occurs
at rate A . This can be represented by q(1,0) = A and q(0,0) = q(1,1) = q(0,1) = 0. The



102 Master equations

differential equations that describe the time evolution of the density matrix are then
according to (6.21) given by

dR0,0

dt
= Ω

2i

(
R1,0 −R0,1

)
+A R1,1,

dR1,0

dt
= Ω

2i

(
R0,0 −R1,1

)
−

(A

2
− iδ

)
R1,0,

dR0,1

dt
= Ω

2i

(
R1,1 −R0,0

)
−

(A

2
+ iδ

)
R0,1,

dR1,1

dt
= Ω

2i

(
R0,1 −R1,0

)
−A R1,1.

These are actually called the Optical Bloch Equations (OBE). After choosing initial condi-
tions R0,0(0) = 1, R1,0(0) = R0,1(0) = R1,1(0) = 0, representing the atom being with prob-
ability one in the ground configuration at t = 0, these can be numerically integrated for
R1,1(t). This is shown in Fig. 6.5 for two different situations. It can be seen that the
oscillations reduce in size and approach a fixed point. This is because as time progresses,
the system loses its coherence. The smaller the rate of spontaneous emission, the longer
it takes for the system to lose its coherence.
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Figure 6.5: Numerical solutions of the OBE for (a) Ω = 1, A = 1/10, δ = 0 and (b) Ω = 1, A = 1,
δ=−1. In both cases, T = 4π/

p
Ω2 +δ2.

6.5 Comparing the master and Lindblad equation

The Lindblad master equation is a mathematical tool with which spontaneous transitions
can be incorporated in a quantum mechanical system. When using it, the differential
equations that describe the time evolution of the density matrix splits into two parts as
in (6.19). The first part i

× [R(t),H ] describes the coherent time evolution of the system
and the second part L (D)R describes spontaneous transitions, which are incoherent pro-
cesses that cannot be described using the first part only. Now assume for a moment that
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i
× [R(t),H ]= 0, so that

dRζ,ξ

dt
=−1

2

∑
ς∈S

(
q(ζ,ς)Rζ,ξ+ q(ξ,ς)Rζ,ξ

)
+1{ζ= ξ}

∑
σ∈S

q(σ,ζ)Rσ,σ

for ζ,ξ ∈S . Now consider the case ζ= ξ, which corresponds to the term Rζ,ζ(t) = |c′
ζ
(t)|2.

Recall that this term can be interpreted as the probability of observing the system in state
ζ at time t. The time evolution of this term is described by

dRζ,ζ

dt
=−1

2

∑
ς∈S

(
q(ζ,ς)Rζ,ζ+ q(ζ,ς)Rζ,ζ

)
+ ∑
σ∈S

q(σ,ζ)Rσ,σ

=+ ∑
ς∈S

(
q(ς,ζ)Rς,ς− q(ζ,ς)Rζ,ζ

)
,

which is actually the master equation that describes Markov processes in general. Recall
for comparison the definition of the master equation for comparison,

dPζ
dt

= ∑
ς∈S

(
q(ς,ζ)Pς(t)− q(ζ,ς)Pζ(t)

)
and also recall that a wireless network is modelled using the transitions rates

q(σ,σ+ ei)= νi1{σ+ ei ∈S }

q(σ,σ− ei)=µi

for σ ∈ S . This shows that a wireless network can be modelled as a two-level (Rydberg)
particle system in which spontaneous transitions occur with rates as above, assuming
that the coherent part can be neglected.

If the coherent part is neglected and one only considers spontaneous transitions, one is
actually ignoring the quantum mechanical part of the theory. The model is then actually
reduced to a classical model. It then seems that wireless networking systems are what
could be called classical counterparts of Rydberg particle systems. Coherence does simply
not play a role in wireless networks.

Let us now summarize our findings. The wireless network system and the Rydberg
particle system share many characteristics. Both systems consist of components that can
be identified as particles that change between two configurations. States can be identified
in both systems with which a state space can be defined. States in which particles expe-
rience (dipole) interaction occur with (low) zero probability. Also, the driving laser was
assumed to only couple states in which only one particle has a different configuration.
This is similar to the assumption in wireless networks that activations and deactivations
are exponentially distributed, because the probability of two particles (de)activating at
the same time is then zero. The main difference between both systems is that transmit-
ters do not experience a coherent process that drives their (de)activation. The stochastic
(de)activation process differs fundamentally from the (de)excitation process that occurs
with a coherent laser. Having said that, it then seems that a wireless networking system
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Table 6.1: Summary of observations made in this chapter.

System Observations

One particle • The probability |c′1(t)|2 has a similar statistical interpretation as P1(t). The
main difference is that |c′1(t)|2 does not approach a fixed point and oscillates
forever, whereas P1(t) approaches a fixed point exponentially fast.

• If |c′1(t)|2 is averaged over its period, a quantity is found with the same
interpretation as the equilibrium probability π(1).

Multiple particles • For general systems, the probability |c′σ(t)|2 has a similar statistical inter-
pretation as Pσ(t). The |c′σ(t)|2 are described by functions that oscillate and
do not approach a fixed point, whereas the Pσ(t) approach fixed points expo-
nentially fast.

• For general systems, the probabilities |c′σ(t)|2 can be averaged, but such
quantities do not follow the distribution given by π(σ).

• If atoms have an extremely strong dipole interaction, the probability of find-
ing the system in a state in which several of these atoms are excited becomes
negligible. The state can be considered infeasible and removed from the state
space. This is similar to hard-core infeasibility in wireless networks.

One particle with
spontaneous emis-
sion

• The probability |c′1(t)|2 now approaches a fixed point as the system loses co-
herence because of spontaneous emission. The larger the rate of spontaneous
emission, the faster the Rabi oscillation is seen to die out.

Multiple particles
with spontaneous
transitions

• The description of this system is given by the Lindblad master equation and
assumes that the atom makes spontaneous transitions between its ground
and excited configuration. If spontaneous transitions are the dominant pro-
cesses that describe the system, the master equation for wireless networks
can be recovered.

is a classical counterpart of the Rydberg particle system in which coherence plays no role.
This and other observations made in this chapter are summarized in Table 6.1.

This also concludes our goal of comparing both systems. To achieve this, a thorough
derivation of all equations was presented. Some small systems were examined in detail
and the role of every parameter was considered in their respective models. The goal of
pointing out similarities has been achieved by examining small systems in detail. Finally,
the goal of point out the key difference was achieved by introducing the Lindblad master
equation to the Rydberg particle system and comparing it to the master equation for
wireless networks.

The application of the master equation to wireless networks will be the subject of
Chapter 7, leading to new approximations to the study of wireless networks. After this,
Chapter 8 will present an overview of ongoing work and give several suggestions for future
work.



CHAPTER 7
Approximations

To understand the similarities and key differences between wireless networking systems
and the Rydberg particle system, attention had to be turned to master equations. Master
equations are something that is not typically considered when modelling wireless net-
works, because it captures statistical behavior of a network and having many identically
built, independent instances of a network is rare. However if networks grow, master
equations may allow us to derive simple equations that somehow describe the average be-
havior of the network. Inspired by the master equations, this chapter introduces methods
to approximate the fraction of active transmitters in wireless networks.

7.1 Differential equation approximation

In this section the master equations will be used to derive a differential equation that de-
scribes the fraction of active transmitters at time t, n(t), for a wireless network with
N transmitters in which only one transmitter can be active at a time. The conflict
graph model of Chapter 2 with G = KN (see Def. 5) will be used to define the stochas-
tic process {X t|t ∈ [0,∞)} that describes this network. It will also be shown that with-
out approximations or additional modelling assumptions, a (single) differential equation
for n(t) does not necessarily exist for an arbitrary network topology. This is done by
showing that such an n(t) does not exist for a network consisting of three transmitters
V = {1,2,3} with E = {{1,2}, {2,3}}. This represents three transmitters on a line with near-
est neighbor blocking. Finally, a probabilistic error estimate is derived that relates n(t) to
{‖X t‖1/N|t ∈ [0,∞)} when G = KN .
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7.1.1 Applying the master equations

Assuming that the master equations hold, n(t) is defined by

n(t)= 1
N

∑
σ∈S

‖σ‖1Pσ(t). (7.1)

Now considering a network of N identical transmitters in which only one transmitter can
be active at a time. A solvable, ordinary differential equation that describes n(t) can then
be found using the master equations.

Theorem 9: For the conflict graph model with (i) N identical transmitters, i.e. νi = ν
and µi =µ for i = 1, ..., N, and (ii) G = KN , n(t) is described by the ordinary differential
equation

dn
dt

= ν(1−Nn(t))−µn(t). (7.2)

Assuming that n(0) is known, its solution is given by

n(t)=
(
n(0)− ν

µ+Nν

)
e−t(µ+Nν) + ν

µ+Nν
. (7.3)

Proof: The state space is given by S = {0}∪ {e1}∪ ...∪ {eN }. The master equations are

dP0
dt

=µ
N∑

i=1
Pei (t)−NνP0(t)

and for i = 1, ..., N,

dPei

dt
= νP0(t)−µPei (t).

Using (7.1), conclude that n(t) = 1
N

∑N
i=1 Pei (t) and P0(t) = 1−∑N

i=1 Pei (t) = 1− Nn(t), so
that

dn
dt

= 1
N

N∑
i=1

dPei

dt
= 1

N

(
NνP0(t)−µ

N∑
i=1

Pei (t)
)
= ν(1−Nn(t))−µn(t).

The solution (7.3) can be verified by substituting it into (7.2), which concludes the proof.
�

The time evolution of n(t) cannot always be described using just one ordinary differen-
tial equation. In general, the master equations have to be solved. This is for example the
case when three identical transmitters operate on a line topology, where nearest neigh-
bors block each other.
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This can be seen using the conflict graph model with (i) N = 3 identical transmitters,
i.e. νi = ν and µi = µ for i = 1, ..., N, and (ii) G having vertices V = {1,2,3} and edges
E = {{1,2}, {2,3}}. Writing the state space as S = {000,100,010,001,101}, the fraction of
active transmitters at time t is given by

n(t)= 1
3

(P100(t)+P010(t)+P001(t)+2P101(t)) .

After setting p(t)= (P000(t),P100(t), ...,P101(t))T , the master equations are found to be dp
dt =

T p(t), where

T =


−3ν µ µ µ 0
ν −µ−ν 0 0 µ
ν 0 −µ 0 0
ν 0 0 −µ−ν µ
0 ν 0 ν −2µ

 .

In an attempt to use the same strategy as in the proof of Thm. 9, an ordinary differ-
ential equation for n(t) is sought by writing

dn
dt

= 1
3

(dP100

dt
+ dP010

dt
+ dP001

dt
+2

dP101

dt

)
and then substituting the master equations, so that

dn
dt

= 1
3
ν (3P000(t)+P100(t)+P001(t))−µn(t)

Unfortunately at this point, it is realized that 3P000(t)+P100(t)+P001(t) cannot be written
as a function of just n(t). Without additional modelling assumptions or approximations,
an ordinary differential equation can never describe in full detail n(t) for this particular
example.

7.1.2 Deriving a probabilistic error estimate

In this section, a probabilistic error estimate is derived that compares Thm. 9 to the
stochastic process {‖X t‖1/N|t ∈ [0,∞)}.

Consider a wireless network with state space S , described by the process {X t|t ∈
[0,∞)}. For any state σ ∈S , the fraction of active transmitters f : S → [0,1] is defined as

f (σ)= ‖σ‖1

dim(σ)
. (7.4)

The fraction of active transmitters at time t is therefore Ft = f (X t) and the process of
the fraction of active transmitters is denoted by {Ft|t ∈ [0,∞)}. After defining the drift
β : S →R by

β(σ)= ∑
{ς∈S |ς 6=σ}

( f (ς)− f (σ)) q(σ,ς), (7.5)
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this process can be written as the integral equation

Ft = F0 +Mt +
∫ t

0
β(Fs)ds. (7.6)

This equation defines the process {Mt|t ∈ [0,∞)}. An estimate will be derived that com-
pares this stochastic process to the deterministic process

n(t)= n(0)+
∫ t

0
b(n(s))ds, (7.7)

using the following theorem.

Theorem 10 (Darling and Norris, [DN08]): Let b : [0,1] → [0,1] be a Lipschitz
vector field with Lipschitz constant K . Let ε > 0, t0 ≥ 0. and set δ = ε

3e−K t0 . Fix
A > 0 and set θ = δ

At0
. Define

φθ(x)= eθ|x|−1−θ|x| (7.8)

for x ∈R and define

θθ(σ)= ∑
{ς∈S |ς 6=σ}

φθ ( f (ς)− f (σ)) q(σ,ς) (7.9)

for σ ∈S . Define the events

Ω0 =
{‖F0 −n(0)‖∞ ≤ δ}

,

Ω1 =
{∫ t0

0
‖β(X t)−b( f (X t))‖∞ ≤ δ

}
,

Ω2 =
{∫ t0

0
θθ(X t)dt ≤ 1

2
θ2 At0

}
. (7.10)

Then, the estimate

P[sup
t≤t0

‖Ft −n(t)‖∞ > ε]≤ 2e−
δ2

2At0 +P[Ωc
0 ∪Ωc

1 ∪Ωc
2] (7.11)

holds.

This theorem will be applied to the case of a compound network that consists of C ∈N
independent (non-interacting), smaller networks, each of which has N identical transmit-
ters that interact according to the conflict graph model with G = KN . The reason that C
independent copies will be considered to make up one large network is because then one
is actually sampling C independent networks simultaneously. What happens is in princi-
ple similar to what has been described in §6.3.1. This can be seen by denoting the state
space of the compound network by S and the process that describes it by {X t|t ∈ [0,∞)}.
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The number of jumps between different values that the process {Ft|t ∈ [0,∞)} makes per
unit time increases as C increases. Also, the absolute difference of the values that this
process jumps between decreases as C increases. The solution to the differential equa-
tion is therefore expected to approximate the stochastic process increasingly better as C
increases. This is illustrated in Fig. 7.1.

0.0 0.2 0.4 0.6 0.8 1.0
t

0.2

0.4

0.6

0.8

1.0
nHtL,Ft

(a)

0.0 0.2 0.4 0.6 0.8 1.0
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0.4

0.6

0.8

1.0
nHtL,Ft

(b)

Figure 7.1: A sample path of the process Ft and the solution n(t) with N = 1, F0 = ⌊ 9
10 C

⌋
, ν = 2,

µ = 6 for (a) C = 50, (b) C = 500.

Theorem 11: The fraction of transmitters active at time t, Ft = ‖X t‖1
CN , is approxi-

mated by Thm. 9 with initial condition n(0)= F0. More precisely, for ε> 0 and t0 ≥ ε,

P[sup
t≤t0

‖Ft −n(t)‖∞ > ε]≤ 2e−
Cε2

B , (7.12)

where B = 18t0
N (νN +µ+1)e2t0((νN+µ∧1))+1.

Proof: For this particular network, the drift is

β(σ)= ∑
ς∈S‖σ‖1+1∪S‖σ‖1−1

q(σ,ς)
CN

= 1
CN

ν(CN −‖σ‖1N)− 1
CN

‖σ‖1µ = ν(1−N f (σ))−µ f (σ).

Note that if no candidate Lipschitz vector field b was available, the drift could have been
used to guess b(n)= ν(1−Nn)−µn. The constant K = (νN +µ)∨1 is a Lipschitz constant
of b, verified by noting that

‖b(n)−b(m)‖∞ = ‖νN(m−n)+µ(m−n)‖∞ ≤ K‖n−m‖∞
for all n,m ∈ [0,1].
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Now let ε > 0 and choose t0 such that ε ≤ t0. By the assumption that n(0) = F0, the
event Ω0 is always true and hence Ωc

0 =;. Comparing the drift to b, it can be concluded
that Ω1 is also always true and therefore Ωc

1 = ;. A constant A > 0 will now be sought
such that Ω2 is also always true.

Utilizing the structure of this particular network, θθ is found to be

θ(x,θ)=φθ
(

1
CN

) ∑
ς∈S‖σ‖1+1∪S‖σ‖1−1

q(σ,ς)=φθ
(

1
CN

)
(ν(CN −‖σ‖1N)+‖σ‖1µ),

where the property φθ(x) = φθ(−x) has been used for the first equality. Assume for a
moment that θ ≤ CN. Then, by the inequality ex −1− x ≤ 1

2 x2ex,

φθ

(
1

CN

)
≤ 1

2

(
θ

CN

)2
e

θ
CN ≤ 1

2

(
θ

CN

)2
e,

implying that ∫ t0

0
θ(X t,θ)dt ≤φθ

(
1

CN

)
(νCN +µC)

∫ t0

0
dt ≤φθ

(
1

CN

)
CK t0

≤ 1
2
θ2 K t0e

CN2 ≤ 1
2
θ2 (νN +µ+1)t0e

CN
.

If A = (νN+µ+1)e
CN , then the event Ω2 is indeed always true. Choose A therefore as such.

However, recall that it was assumed that θ ≤ 1
CN . What remains to be proven is that

choosing this A guarantees this bound. By definition of θ and by the choice A, indeed

θ = εe−K t0

3At0
= ε

t0

CNe−K t0−1

3(νN +µ+1)
≤ CN.

This concludes the proof. �

From (7.12), it follows that P[supt≤t0
‖Ft −n(t)‖∞ > ε]→ 0 as C →∞.

7.2 Einstein’s rate equations

Having derived a differential equation for n(t) for the case G = KN , it will now be shown
that for N = 1, this differential equation is equivalent to Einstein’s rate equations.

Einstein’s rate equations arise from a deterministic model for describing a laser-driven
two-level atom undergoing spontaneous emission. In this model, it is assumed that all
atoms are either in the ground state |0〉 or the excited state |1〉, and that there are C non-
interacting atoms of which C0 are in |0〉 and C1 are in |1〉, implying that C = C0+C1. It is
also assumed that both populations change according to exponential rates.

Definition 21: Einstein’s rate equations are given by

dC0

dt
=−BC0 + (A +B)C1 =−dC1

dt
, (7.13)

where A and B denote the Einstein A and B coefficients .
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The Einstein A coefficient represents the rate of spontaneous emission. An outline of
why spontaneous emission can be modelled as an exponential decay is given in [MvdS91,
§2.2]. The Einstein B coefficient represents the rate of both absorption and stimulated
emission. Einstein argued that the absorption rate should equal the stimulated emission
rate [Gri05, §9.3.1], which is why it is present both as a source and a sink term in (7.13).
These processes are schematically depicted in Fig. 7.2.

|0〉

B|1〉

(a)

|0〉

B|1〉

(b)

|0〉

A|1〉

(c)

Figure 7.2: Schematic depiction of (a) absorption of a photon, (b) stimulated emission of a photon
and (c) spontaneous emission of a photon in a random direction. Processes (a) and (b) occur with
rate B and process (c) occurs with rate A .

Comparing (7.13) to (7.2) in Thm. 9, it can be concluded that Einstein’s rate equations
approximate the behavior of a wireless network with C non-interacting transmitters with
ν =B and µ =A +B when C1(t)= Cn(t). An active transmitter corresponds to an atom in
the excited level, an inactive transmitter corresponds to an atom in the ground level. The
activation of a transmitter corresponds to the transition of an atom to the excited level by
absorption of a photon, the de-activation of a transmitter corresponds to the relaxation of
an atom by emission of a photon.

7.2.1 Steady-state solution

The steady-state solution of (7.13) can be found by setting dC0
dt = dC1

dt = 0 and using C =
C0 +C1. This gives

C0 = A +B

A +2B
C, C1 = B

A +2B
C,

so that the steady-state probability of finding an atom in the excited state is given by

P[atom i is excited]= B

A +2B
. (7.14)

The correspondence between Einstein’s rate equations and the Markov process be-
comes even more apparent by comparing (7.14) to the equilibrium probability of finding
transmitter i ∈ {1,2, ..., N} active. Recall that the correspondence is established by setting
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ν =B and µ =A +B. Using the equilibrium distribution (2.8), the probability of finding
a transmitter i active is given by

P[transmitter i is active]= ∑
{x∈S |xi=1}

π(x)=
∑

{x∈S |xi=1}ρ
‖x‖1∑

y∈S ρ‖y‖1
=

∑N−1
j=0

(N−1
j

)
ρ j+1∑N

j=0
(N

j
)
ρ j

= ρ

1+ρ = B

A +2B
. (7.15)

Here, the third equality follows by dividing the state space into parts S j = {σ ∈S |‖σ‖1 = j}
and then realizing that for all j ∈ {0,1, ..., N −1}, there are C(N −1, j) states in S j with
xi = 1 that contribute ρ j+1 to the nominator. Similarly, for all j ∈ {0,1, ..., N}, there are
C(N, j) states in S j that contribute ρ j to the denominator. The fourth equality follows
from Newton’s binomium, (x+ y)n =∑n

k=0 C(n,k)xn−k yk.
Examining the limit of either (7.14) or (7.15) leads to the conclusion that if absorption

becomes dominant over spontaneous emission B
A →∞, the probability of finding atom i

excited is 1
2 . This corresponds to the interpretation ρ → 1. If ρ → 1, the activation rate

ν equals the de-activation rate µ in the limit. This corresponds to a physical system
in which absorption and stimulated emission are dominant over spontaneous emission.
Recall that the absorption rate and stimulated emission rate are equal. In the limit of
very weak a laser driving B

A → 0, the probability of finding atom i excited equals 0. This
corresponds to the regime in a wireless network for which ρ ↓ 0.

The observation that Einstein’s rate equations are a special case of (7.2) and the ob-
servation that its steady-state solution can be related to the equilibrium distribution em-
phasizes two things. First of all, one can exchange terminology such as “inactive, active”
and “ground configuration, excite configuration”. Second, wireless networks are particle
systems that are well described using classical physics. This is because Einstein’s rate
equations are derived from a classical model and apparently also describe a wireless net-
work. This observation strengthens the conclusion of Chapter 6, where it was suggested
that the model for wireless networks is a classical counterpart of the quantum mechanical
model that describes the Rydberg particle system.

7.3 Birth-and-death process approximation

Recall that in §7.1 the goal was to find an approximation in terms of a differential equation
for the process {Ft|t ∈ [0,∞)}, with Ft as the fraction of active transmitters at time t.
The latter depends on the number of active transmitters at time t, ‖X t‖1, which in turn
depends on the state of the network at time t, X t. More precisely,

Ft = ‖X t‖1

N
.

The processes {X t|t ∈ [0,∞)} and {‖X t‖1|t ∈ [0,∞)} live on S and {0,1,2, ..., N}, respectively.
Because there is never more than one transmitter which (de)activates at any time t, the
process {‖X t‖1|t ∈ [0,∞)} will only jump from ‖X t−‖1 = i to ‖X t‖1 = i+1 or ‖X t‖1 = i−1.
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This raises the question whether it is possible to approximate the process {‖X t‖1|t ∈ [0,∞)}
using a birth-and-death process {Nt|t ∈ [0,∞)}, which is of a much lower dimension than
{X t|t ∈ [0,∞)}.

To illustrate this idea, consider N identical transmitters that do not block each other.
This means that µi = µ and νi = ν for i = 1, ..., N and that S is given by all N-tuples of 0
and 1. The process {Nt|t ∈ [0,∞)} can then be considered a birth-and-death process with
transition rates

q(i, j)=


(N − i)ν if j = i+1,
iµ if j = i−1,
0 otherwise.

(7.16)

for i, j = 0,1, ..., N, because if there are i transmitters active, i transmitters deactivate
with rate µ, giving an effective transition rate to i−1 of iµ, and similarly, N− i transmit-
ters activate with rate ν, giving an effective transition rate to i+1 of (N − i)ν. Note that
such a birth-and-death process is much simpler than {X t|t ∈ [0,∞)}, which is illustrated
in Fig. 7.3 for N = 3.

S 0

S 1 S 2

S 3

(a)

0 1
3ν

µ

2
2ν

2µ
3

ν

3µ

(b)

Figure 7.3: Simplifying the process (a) {X t|t ∈ [0,∞)} into the process (b) {Nt|t ∈ [0,∞)} for N = 3
identical, non-interacting transmitters. Here, Sn = {σ ∈S |‖σ‖1 = n}.

Wireless networks, however, have transmitters that can block each other. To include
this effect, the birth-and-death process {Nt|t ∈ [0,∞)} will be modified by setting

q(i, j)=


(N − i)νpi if j = i+1,
iµ if j = i−1,
0 otherwise.

(7.17)

The pi ∈ [0,1] will be chosen such that it takes into account the blocking effect among
transmitters. An expression for the pi can be derived by requiring that the equilibrium
distribution

πN (n)=πN (0)
n∏

i=1

(N − i+1)νpi−1

iµ
=πN (0)ρn

(
N
n

)
n∏

i=1
pi−1, (7.18)
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matches the distribution

P[‖X t‖1 = n]= ∑
σ∈S

πX (σ)1{‖σ‖1 = n}= ∑
σ∈S

Z−1ρ‖σ‖11{‖σ‖1 = n}= Z−1ρnSn, (7.19)

for n = 0,1, ..., N with Sn = card(Sn) denoting the number of states in Sn. The distribu-
tions in (7.18) and (7.19) are the same if(

N
n

)
n∏

i=1
pi−1 = Sn,

or equivalently

pi = (i+1)Si+1

(N − i)Si
= Ci

(N − i)Si
. (7.20)

Here, Ci = (i+1)Si+1 denotes the number of ways for the Markov process {X t|t ∈ [0,∞)} to
transition from S i+1 to S i, because for each of the Si+1 states in S i+1 to transition from,
there are i+1 ways to transition to S i (because any of the i+1 active transmitters could
deactivate). Note that Ci is also the number of ways for {X t|t ∈ [0,∞)} to transition from
S i to S i+1, because if q(σ,ς)> 0 for some pair σ,ς ∈S , then q(ς,σ)> 0.

Proposition 9: The pi is the steady-state probability

pi =P[an arbitrary transmitter can activate|‖X t‖1 = i]. (7.21)

Proof: Observe that

P[an arbitrary transmitter can activate|X t =σ,‖X t‖1 = i]=
∑N

j=1 1{σ+ e j ∈S i+1}

N − i

and

P[X t =σ|‖X t‖1 = i]= πX (σ)1{σ ∈S i}∑
ς∈S i πX (ς)

= 1{‖σ‖1 = i}
Si

.

Using the law of total probability yields

P[an arbitrary transmitter can activate|‖X t‖1 = i]

= ∑
σ∈S

P[a random transmitter can activate|X t =σ,‖X t‖1 = i] ·P[X t =σ|‖X t‖1 = i]

=
∑
σ∈S i

∑N
j=1 1{σ+ e j ∈S i+1}

(N − i)Si
= Ci

(N − i)Si
.

Identifying Ci = ∑
σ∈S i

∑N
j=1 1{σ+ e j ∈ S i+1} as the number of ways for {X t|t ∈ [0,∞)} to

transition from S i to S i+1 concludes the proof. �
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7.3.1 Generating a sample path

A sample path of the process {Nt|t ∈ [0,∞)} with transition rates as in (7.17) can be gen-
erated as follows. Suppose the last (de)activation occurred at time t. If Nt = i, generate a
deactivation event with rate iµ. The time T−1 until the next deactivation is then

T−1
d=Exp(iµ).

Simultaneously generate activations attempts with rate (N − i)ν = a until the first suc-
cessful attempt occurs. Attempts are successful with probability pi. The time T+1 until
the next activation is therefore

T+1
d=

Geom(pi)∑
k=1

Expk(a).

Here, Exp1(a),Exp2(a), ... denote independent, identically distributed exponential random
variables with mean 1/a and Geom(pi) denotes a geometrically distributed random vari-
able with success probability pi. It is interesting to note that its moment generating
function is given by

E[esT+1]= E[es
∑Geom(pi )

k=1 Expk(a)]=
∞∑

l=1
E[es

∑l
k=1 Expk(a)]P[Geom(pi)= l]

=
∞∑

l=1
E[esExp1(a)]l pi(1− pi)l−1 =

∞∑
l=1

( a
a− s

)l
pi(1− pi)l−1

= api

a− s

∞∑
l=1

(a(1− pi)
a− s

)l = api

a− s
1

1− a(1−pi)
a−s

= api

api − s
,

which can be recognized as the moment generating function of Exp(api). This implies
that T+1 ∼ Exp(api). If T−1 > T+1, set N t+T−1 = Nt −1. Otherwise, set N t+T+1 = Nt +1.
Repeat at time t+T−1 or t+T+1, respectively.

7.3.2 Analytic combinatorics to approximate pi

It was found that pi is the steady-state probability that a random transmitter can ac-
tivate, given that i transmitters are active. If the number of transmitters N is large, it
could be that this probability can be approximated using a continuous function f (n). Here,
n ∈ [0,1] denotes the fraction of active transmitters. Note that for any network, f (n) is
known at N +1 points. This is because each pi can be thought of as the observation of
f (n) at n = i/N.

This section is about determining more samples of f (n) when N is small. For example,
if there are three transmitters, f (n) is known only for n = 0,1/3,2/3,1. More samples are
needed in order to find f (n). To achieve this, consider a compound network, consisting of C
independent copies of the smaller network. The pi ’s of such a compound network are then
CN +1 samples of f (n), which is illustrated in Fig. 7.4. These can be determined using
analytic combinatorics, a branch of combinatorics that describes combinatorial classes.
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Figure 7.4: The function f (n) = (1−Nn)/(1−n) together with the pi ’s for a network with N = 2
transmitters, assuming that only one transmitter can be active at a time. The number of copies
are (a) C = 1, (b) C = 5 and (c) C = 10.

Definition 22 ([FS09], p. 16): A combinatorial class A , is a finite or denumerable
set on which a size function | · | is defined, satisfying the following conditions:

(i) The size of an element is a non-negative integer.

(ii) The number of elements of any given size is finite.

The size of an element α ∈ A is denoted by |α|. The set of objects that have size n is
denoted by An. The counting sequence of a combinatorial class A is the sequence of
integers (An)n≥0 where An = card(An) is the number of objects in class S that have
size n.

Having defined combinatorial classes, note that the state space S is a combinatorial
class when equipped with the size function ‖ ·‖1. One of the ways in analytic combinatorics
to describe such a combinatorial class is by using ordinary generating functions.

Definition 23 ([FS09], p. 19): The ordinary generating function (OGF) of a se-
quence (An)n≥0 is the formal power series

A(z)=
∞∑

n=0
Anzn. (7.22)

The OGF of a combinatorial class A is the generating function of the numbers An =
card(An). Equivalently, the OGF of class A admits the combinatorial form

A(z)= ∑
α∈A

z|α|. (7.23)

It is also said that the variable z marks size in the generating function.
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For N identical transmitters (ρ i = ρ for i = 1, ..., N), the OGF gives the normalization
constant Z when replacing z by ρ ,

S(ρ)=
∞∑

n=0
Snρ

n =
∞∑

n=0

∑
x∈Sn

ρn =
∞∑

n=0

∑
x∈Sn

ρ‖x‖1 = ∑
x∈S

ρ‖x‖1 = ∑
x∈S

N∏
j=1

ρx j = Z.

Note that this also shows how (7.23) follows from (7.22).
The reason why OGFs are useful is because set operations on combinatorial classes

correspond to algebraic operations on OGFs [FS09, Thm. I.1, p. 27]. Consider for example
the cartesian product A =B×C of two classes B,C . Then,

A(z)= B(z)C(z).

Now consider the compound network again, which consists of C independent, smaller
networks. Denote their respective state spaces by S (1), ...,S (C) and OGFs by S(1), ...,S(C).
The OGF of S =S (1) × ...×S (C) is then given by

S(z)=
C∏

c=1
S(c)(z).

In particular, consider the case in which the OGF is the same for each smaller network,
S(1)(z)= ...= S(C)(z). Then,

S(z)=
(
S(1)(z)

)C
. (7.24)

This represents a compound network of C independent copies of a smaller network. Now
note that the number of feasible states in which i transmitters are active, Si, is given by
the coefficient in front of zi in S(z). It is noteworthy that expanding (7.24) and extracting
each coefficient is computationally easier than generating S and counting the number of
states in every S i, particularly for large C.

For example, consider a compound network that consists of C independent copies of a
network with N transmitters in which every transmitter blocks every other transmitters.
Then, S(1)(z)= ...= S(m)(z)= 1+Nz. Using the binomial theorem,

S(z)= (1+Nz)C =
C∑

j=0

(
C
j

)
(Nz) j,

so that

Si = N i

(
C
i

)
.

This in turn implies that

pi = (i+1)Si+1

(CN − i)Si
= (i+1)N i+1( C

i+1
)

(CN − i)N i(C
i
) = N(C− i)

CN − i
= 1−N i

CN

1− i
CN

for i = 0,1, ...,CN. After substituting n = i
CN , it is found that

pi = 1−Nn
1−n

= f (n). (7.25)
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7.3.3 Role of f (n) in differential equation approximation

This chapter will now be concluded with an open question. Interaction was included by
scaling the upward transition rate from i to i + 1 using a coefficient pi ∈ [0,1], result-
ing in the transition rates (7.17). It was shown that these pi ’s describe the steady-state
probability that a random transmitter can activate, given that i transmitters are active.
Now suppose that this probability can be approximated using a continuous function f (n),
where n ∈ [0,1] denotes the fraction of active transmitters. The open question is: Does the
differential equation

dn
dt

= (1−n) f (n)ν−nµ (7.26)

approximate {Nt|t ∈ [0,∞)}, or maybe even {‖X t‖1|t ∈ [0,∞)}? The latter is at least true
in the special case of a network consisting of N identical transmitters in which only one
transmitter can be active at any time. After substituting (7.25) into (7.26), one finds

dn
dt

= (1−Nn)ν−nµ,

which is the same differential equation as (7.2). A sample path of the process {Nt|t ∈
[0,∞)} and numerical solution to (7.26) are shown together in Fig. 7.5 for two different
functions f (n).
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Figure 7.5: Sample paths of the process {Nt|t ∈ [0,∞)} and numerical solutions to (7.26) for (a)
f (n) = (1−3n)/(1−n) and (b) f (n) = 1− (3/2)n. The total number of transmitters is set to N = 600
and µ = 1. The bottom lines are for ν = 1 and the top lines for ν = 10.



CHAPTER 8
Outlook

This chapter will familiarize the reader with the research that is currently being done
on algorithms in wireless networks, as well as the research that takes place at the TU/e.
It will then conclude this thesis by presenting several new ideas and research questions
that came to mind throughout the course of this project.

8.1 Ongoing work

8.1.1 Algorithms in wireless networks

With the publication of [JW10], scientific interest into the use of random-access algo-
rithms in wireless networks has increased substantially. The main reason for this is
the fact that the algorithm of Jiang and Walrand, which is distributed in nature, has
been shown to match the throughputs achieved by a centralized algorithm. However, de-
spite of this beautiful result with its sound mathematical underpinning, there are many
open questions regarding the performance and analysis of the Jiang and Walrand algo-
rithm and related algorithms. This report presented an indepth study of the algorithm
in [JW10], which led to a firm understanding of the mathematical aspects involved. This
allowed us to generalize the algorithm to a larger class of networking systems, called
monotone networks. Simulation results illustrated how distributed algorithms perform
and how they can be improved. This project is just one example and other new, improved
algorithms are introduced at a rapid pace [SS11] [JSSW10].

Also, it is not just theoretical research that is being done into the application of dis-
tributed algorithms. These algorithms are also implemented in testbeds using existing
hardware, see for example [NLL+11]. The study presented in [LLY+09] even goes as far
as implementing a distributed algorithm in a campus-scale mesh network. Should such
studies show improved performance, it can be expected that distributed algorithms will
be included in future wireless networking standards.

119
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8.1.2 Understanding phenomena in wireless networks

Members of the section Stochastic Operations Research (SOR) at the Mathematics and
Computer Science department of the TU/e are developing and analyzing models for un-
derstanding certain phenomena in wireless networks. Current ongoing research ranges
from understanding and calculating mixing times in wireless networks to solving for
activation rates that guarantee target throughputs, and from calculating fluid limits of
stochastic processes to understanding why throwing dN2/2e balls in an N × N grid with
hard-core interaction means that the state that minimizes the total energy is the checker-
board configuration. Each research subject contributes in some way to understanding and
controlling wireless networks.

8.1.3 Regular patterns of excited Rydberg atoms

As mentioned in the introduction, members of the group CQT at the Applied Physics
department of the TU/e are trying to create cold gasses with regular patterns of excited
Rydberg atoms. They are already able to create cold gasses of Rydberg atoms and have
thought of ways to create such regular patterns [vBSvL+11]. Their experimental setup is
currently in the process of being prepared with the goal to manipulate the excitation laser
field using a spatial light modulator. Practically speaking, this means that the laser field
can be shaped into arbitrary patterns. For example, consider shaping the laser field into
an N × N square lattice. Excitations can then only occur at lattice points. By changing
the spacing of such a lattice, the strength of the dipole blockade can be manipulated. It is
expected that the existence of the dipole blockade will be illustrated within the next few
years by measuring excitation patterns like those in Fig. 1.4. It is also expected that not
much later, patterns of regularly excitated Rydberg atoms will be created. These patterns
are in fact physical realizations of textbook examples of condensed matter, which can be
controlled and manipulated, possibly leading to a wealth of new results within the field of
condensed matter physics.

8.2 Possible future work

8.2.1 Simulating algorithms in wireless networks

The distributed algorithms introduced in Chapter 2 were evaluated using simulation in
Chapter 4. The experiments focussed on implementing the algorithms in order to inves-
tigate how they perform and how they can be improved. It was shown that parameters
such as the step size of the algorithm and the time between updates are related to the per-
formance of the algorithms. This poses the question if there exist optimal choices and if
so, what they are. It became clear that the performance of algorithms heavily depends on
the network topology and the required throughput. It should be stressed that the alter-
native parameter settings and algorithms examined in this report perform remarkably
well, but have not been proven to guarantee convergence. Establishing the theoretical
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justification for some of the algorithms introduced in Chapter 4 (like LAGA and sLAFA)
is an important topic for future research.

8.2.2 Application of algorithms in monotone networks

This thesis introduced the large class of networking systems called monotone networks,
generalizing some wireless networks and cellular networks. For this class of network it
was theoretically proven that any throughput vector in the convex hull can be obtained.
An algorithm was introduced that was shown, based on simulation, converges. Establish-
ing the formal convergence of this algorithm is left as a future research topic.

8.2.3 Approximations

In §7.3, a birth-and-death process {Nt|t ∈ [0,∞)} was created to approximate the number
of active transmitters in a wireless network, {‖X t‖1|t ∈ [0,∞)}. Their equilibrium distri-
butions give the same results and interestingly, a differential equation approximation for
{Nt|t ∈ [0,∞)} in at least one special case is the same as for {‖X t‖1|t ∈ [0,∞)}. This raises
the question whether or not the method can be applied to other cases. It is currently also
unknown as to how good {Nt|t ∈ [0,∞)} actually describes {‖X t‖1|t ∈ [0,∞)}. Some prelimi-
nary results show that for other topologies, such as in the case of three transmitters on a
line with, the time-dependent behavior of these processes can be different.

8.2.4 Superatoms in wireless networks

Atoms that are very close will block each other almost certainly. Furthermore, they will
all cause a similar dipole blockade to neighboring atoms that are further away. Because
all these atoms influence the system in a similar fashion, there is no need to discriminate
between them. Instead, one can replace such a group of atoms with a single atom that
has modified attributes. This is called the superatom approximation, which can reduce
the dimension of a problem. This approximation has recently been studied in [Smi11].

The idea of superatoms can possibly be applied to wireless networks. For example,
consider three groups of transmitters and assume that within each group, only one trans-
mitter can be active at any time. The groups are placed on a line topology and it is as-
sumed that if any one transmitter of a group is active, it prevents every transmitter from
neighboring groups from activating. If one is only concerned with whether a group has an
active transmitter (thus not differentiating among transmitters), perhaps the behavior of
each group can be described using a single transmitter with a higher activity. This idea is
illustrated in Fig. 8.1.

It is an interesting subject for further research to explore whether the superatom ap-
proximation for wireless networks leads to accurate approximation of the system perfor-
mance, particularly for large dense networks that suffer from the curse of dimensionality.
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Figure 8.1: When studying the behavior of wireless networks, it may be possible to group trans-
mitters (dashed circles) and treat each group as a single transmitter with a higher activity.

8.2.5 Manipulation of the Rydberg particle system

The examination of the wireless networking system and the Rydberg particle system sug-
gested that the main difference is that (de)activation of transmitters is an incoherent
process, whereas the atoms make transitions due to a coherent process. It was shown
that if transitions would occur due to incoherent processes instead, the two models give
rise to similar master equations. Spontaneous emission is an example of an incoherent
process with which an atom can decay to its ground configuration. This suggests that
the wireless networking system is a classical counterpart of the Rydberg particle system.
It is then possible that the Rydberg particle system will behave similar to the wireless
networking system, when using an incoherent light source instead of a coherent laser, or
perhaps it is possible to subject atoms to laser pulses according to a stochastic process.
Together with the spatial light modulator (with which the laser field can be shaped into
patterns such as one-dimensional and two-dimensional lattices), large wireless topologies
may be evaluated using experimentation instead of using simulation or testbeds. Per-
haps it will be possible to experimentally determine the throughput of large topologies.
Also, the model that describes the Rydberg particle system predicts phenomena that are
similar to those seen in wireless networks, such as boundary effects. Atoms with fewer
neighbors are more likely to excite than others.

If the Rydberg particle system can be made to behave similarly to a wireless net-
working systems, a new method to create regular patterns of excited Rydberg atoms can
be developed. Recall that the activity ρ in wireless networks has the same role as the in-
verse temperature in a hardcore lattice gas. At low temperatures, i.e. ρ→∞, the hardcore
lattice gas (or wireless network) tends to stay in so-called dominant states for extended
periods of time. This is interesting, because the dominant state(s) of for example a two-
dimensional grid are regularly spaced patterns of active transmitters (see Fig. 1.4). It
must be noted, however, that the activity of atoms is bounded by ρ ≤ 1 when simply sub-
jecting two-level atoms to an incoherent light field. This is due to the symmetry between
absorption and stimulated emission and the existence of spontaneous transmission. As-
suming that Einstein’s rate equations are an adequate description of such a system, ν =B

and µ =A +B so that ρ =B/(A +B)≤ 1. In order to create patterns of regularly excited
atoms, one needs to create a system with ρ > 1. Of future relevance is also that the
atomic configuration one chooses to populate must cause a blockade effect, as illustrated
in Fig. 8.2.
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Figure 8.2: Energy level diagram (a) suggests to use an incoherent process for the transition
down, as well as up, without specifying how to achieve the latter transition using an incoherent
process. A suggestion is given in (b), where spontaneous transmission is used to populate state
|1〉 and a coherent laser beam is used to pump atoms from state |0〉 to |2〉. The problem with (b),
however, is that only |1〉 should cause a blockade effect and not |2〉. With Rydberg atoms, |2〉 is also
likely to cause a blockade effect.
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