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Abstract

In this thesis two approaches are presented to analyze a permanent magnet linear synchronous
motor that include forces due to end effect and cogging force. It will be discussed what the
similarities and differences are between a conventional circular machine and a linear machine.
Due to the differences in the geometry of the two types of machines, extra care has to be taken
when analyzing the linear machine. The modifications that originate from 'unrolling' the circular
machine into the linear machine introduce extra effects that have to be reckoned with. In this
thesis it is presented how a correct analysis of a linear machine is done. Then, the linear machine
will be analyzed by means of magnetic equivalent circuit (MEC) modeling. A short introduction
will be given for MEC in general. The theory of MEC will be applied to the structure of the linear
machine to obtain the magnetic field distribution in the machine. From the field distribution
the force profile can be obtained by means of the virtual force method. The results then are
compared to results from the finite element method (FEM). From the comparison the conclusion
is drawn that for MEC modeling it is very hard to obtain accurate results for the force profile
of the machine in sense of average force, cogging component present in the force and shape of
the force profile. Another approach is presented that is based on solving the Laplace equation
for the magnetic vector potential Since the Laplace equation is only solvable for simply shaped
geometric boundary. Schwarz-Christoffel mapping will be applied to the shape of the air gap of
the machine. The mapping allows the complex geometric boundary to be mapped to a simpler
boundary, where the Laplace equation can be solved. The mapping is then applied to the
solution for the magnetic field in the simplified domain to obtain the field distribution in the air
gap in the original domain of the linear machine. How mappings in general work will first be
explained by means of two examples before applying it to the linear machine. From the magnetic
field distribution in the air gap of the machine the force profile can be found by applying the
Maxwell stress tensor. The obtained force profile is again compared to the results from the
FErvL From these results it can be concluded that the Schwarz-Christoffel method yield much
more accurate results, in again sense of average force, cogging component and shape of the force
profile, for non-saturated linear machines than MEC and is in good correspondence with results
from the FEM. In non-saturated cases the Schwarz-Christoffel method is a good alternative for
the computational expensive FEM.
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U sed symbols and abbreviations

Symbols

Quantity Unit Description
A Wb/m Magnetic Vector Potential
A m2 Area
B T Magnetic flux density
Br T Remanence magnetic flux density of the magnets
D C/m2 Electric flux density
d m depth
E V/m= Electric field intensity
F A-turns Magneto-motive force (MMF)
F,F N Force
f(z) - SC-mapping function

9 m Airgap length
H A/m Magnetic field intensity
He A/m Coercivity of the magnets
hm m Height of the magnets
I A Electric current
J A/m2 Current density vector
J s A/m Surface current density vector
j - Imaginary unity, j = R
L H Inductance
M A/m Magnetisation
N - Number of turns per coil
P Tm2/A Permeance
p - Polygon
R n Electric Restance
n A/(Tm2) Reluctance
11' T 2 Ma.,'(well Stress Tensor
V m3 Volume
v m Position in the v-direction
w m Point in the w-domain
x m Position in the x-direction
y m Position in the y-direction
z m Point in the z-domain
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Acronyms

D.C.J. Krop

Quantity Unit Description
a rad Angle

/3 rad Angle
6x m Displacement
f F/m Permittivity
fa F/m Permittivity of vacuum (8.854.10- 12 )

A Vs-turns Magnetic flux linkage

f..L Tm/A Permeability

f..Lo Tm/A Permeability of vacuum (471 . 10-7 )

f..Lr" - Relative Permeability
¢ Vs Magnetic flux

Acronym Description
EMF Electro-motive force
FEM Finite Element Ivlethod
MEC Magnetic Equivalent Circuit
MMF Magneto-motive force
PMLSM Permanent Magnet Linear Motor
SC Schwarz-Christoffel
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Chapter 1

Introduction to the Permanent
Magnet Linear Synchronous Motor

A wide variety of classes of linear machines exists and utilized in an even wider variety of
applications. One class of the machines will be treated in this report and analyzed, viz. the
three phase permanent magnet linear synchronous motor (PMLSM). This chapter treats the
basic physical idea of operation of PMLSMs. It will also be explained what the similarities and
differences are compared to conventional permanent magnet synchronous rotary motors. Not
only will the geometrical differences be discussed, but more importantly, the extra complexities
that are introduced by modeling a linear machine instead of a rotary one. Finally, arguments
will be given why the choice was made for a particular technique for analysis of the PMLSM.

1.1 Basic physical principle of the PMLSM

Linear motors are applied in situations where translating movements are required. Although
that translating movement could also be obtained by a rotary machine, albeit that the rota
tional movement has to be converted mechanically into the translating movement. Acquiring
translating movements in this way is associated with a lot of extra friction losses, wear and
maintenance. If these parasitic properties need to be reduced, then it is benificial to apply a
linear motor, since the electric energy is now directly converted into linear motion. Numerous
classes of linear machine exist, however in this thesis the focus will be on the PMLSM. In gen
eral, PMLSMs are used when a high force density (force per unit volume) is required. PMLSMs
exhibit both high acceleration properties and very accurate positioning. These properties make
the PMLSM suitable for a large range of applications on several scales e.g. pick-and-place ap
plications, launching environments, robotics, MAGLEV trains, etc. Since different applications
require different demands of the PMLSM, a good design of the machine, meeting those demands,
is very important. To come to a good design an accurate design tool is desired., therefore several
tools will be presented, but initially the main physical principle of the PMLSTvI will be investi
gated A cross section of the analyzed PMLSM with dimensions and parameters is depicted in
Fig. 1.1. The letters A, Band C indicate the accompanying phase of each coil. The superscripts
indicate the direction of the currents, i.e. the polarity of the terminals of the coil. The currents
always flow in a direction perpendicular to the paper. The quantity Tm is the pole pitch of the
machine. The pole pitch is expressed as the distance between the sides of two adjacent magnets
of different polarity. The different polarity in Fig. 1.1 are indicated by the different colors of the
magnets, where the south pole magnets are white and the north pole magnets are black. The
magnets are arranged in such a way that the polarity of each magnet is opposite to the polarity
of its neighbor. This configuration is called the North-South-magnet array, which results in a
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Figure 1.1: Cross section of the PMSLM with parameters.

trapezoidally shaped flux density distribution in the air gap. 'When the coils around the teeth
are excited by currents, the teeth around which the coils are wrapped, become magnetized.
This magnetization causes the teeth to be attracted by the magnets. The attraction force has
a vertical and horizontal component. The vertical component is in principle undesired, since it
causes the mover of the machine to be pulled towards the stator. Bearings in between stator and
mover prevent the mover and stator from colliding. The vertical component is always present,
even when there are no currents, because the iron of the mover is attracted by the magnets. The
horizontal component of the force, desired thrust force, can be in two directions depending on
the position of the mover relative the stator. To obtain a force component that is in the same
direction for each tooth, for each position of the mover, the currents need to be dependent on
the position of the mover relative to the stator. In this way the magnetization of the teeth is
always in such a way that the combination of horizontal attraction and repelling forces is always
in one direction. Adapting the currents in this way is called commutation. The purpose of the
commutation is to obtain the highest, constant, maximum horizontal force component for each
position. Commutation is visualized schematically for a simple PMLSM in Fig. 1.2.

In Fig. 1.2 the three phase currents are shown underneath the structure of the PMLSM. The bar
that intersects the three phase currents indicate the value in the currents for the corresponding
position. Instead of currents the sinusoidal wave shape can also be interpreted as magneto
motive force (mmf) or as the magnetization of the teeth due to coil excitation, as shown in
Fig. 1.2. Also the trapezoidal flux density distribution in the air gap is depicted. When the
vector of the mmf is in the same direction as the vector of the flux density distribution due
to a magnet in the air gap, the tooth is pulled towards that magnet. When the vectors are
in the opposite direction the tooth is pushed away from the magnet. In case the tooth is in
alignment with the magnet, the direction of the mmf vector is inverted or commutated. The
vector for the mmf in the teeth can also be construed as the polarity of the magnetized tooth,
the tooth then becomes a magnet with either a north or south pole on the airgap side. In
general, the attraction (vertical) force is significantly higher than the thrust (horizontal) force.
This introduces a lot of mechanical stress on the bearings of the machine. The slotted structure
of the machine causes the force density to be much higher than the force density for machines
without slots with comparable dimensions. The mover is now not only moved by Lorentz force,
but also by reluctance force. In fact, the force due to the magnetization of the teeth as described
in the foregoing is reluctance force. The reluctance force acts in the direction that maximizes
the flux through a tooth. The reluctance force is much bigger than the Lorentz force. While the
Lorentz force is proportional to the current, the reluctance force is proportional to the square
of the current. The disadvantage of a slotted structure is the introduction of cogging force. The
flux paths in the air gap of the machine are dependent on the relative position of stator and
mover. This causes the cogging force to pulsate as a function of position. Cogging force causes
an extra ripple on top of the net thrust force. During the design of a PMLSM it is almost always
the goal to minimize the cogging component, at the expense of a lower net force.

D.C.J. Krop 7



1.2 Similarities and differences between PMLSMs and rotary
motors

A linear machine could be represented as a rotary machine that has been unrolled. After all, the
same basic physical laws apply for the rotary machine as for the linear machine and the principle
of operation remains unchanged. In principle this assumptions is true, however, the unrolling
introduces some extra modifications to the geometry of the machine that affects the performance
of the machine. The analysis that is applied to circular machine is not directly applicable for
analysis of linear machines. The dramatic change in the geometry of the machine due to the
unrolling has a huge impact on the boundary conditions for the problem to be solved. The
unrolled version of a machine compared to the original circular machine is shown in Fig. 1.3 The
corresponding regions in Fig. 1.3 are connected by lines. Immediately it can be seen that the air
gap in the linear machines is not confined to the interior of the machine anymore. The air gap is
now, not only right in between stator and mover but extended to the entire region surrounding
the entire linear machine. Secondly, the unrolled machine has lost its periodicity. At the end
of the mover part the geometry of the machine suddenly 'stops', while in the circulair machine
the thin air gap is infinitely long due to the periodicity. This is indicated by the ovals at the
end of the mover part. This means that the tool for analyzing an unrolled machine as a circular
machine only applies when the linear machine is assumed to be infinitely long. In practice the
length of the machine is always finite. The field distribution in the air gap near the end teeth
is different from the field distribution in the rest of the air gap. This causes extra components
in the force profile of the linear machine, known as end effects. In a circular machine the field
distribution is confined to the interior of the machine. The magnetic vector potential equals zero
at the utmost outside circumference of the stator back iron, A = O. In the unrolled machine it
can not be determined where the boundary for A lies. This complicates the solution proces for
the magnetic vector potential. When a machine is to be analyzed or designed by means of the
numerical Finite Element Method (FEM), this means that the region surrounding the PMLSM
must be ten times bigger in dimensions then the outer dimensions of the whole machine. A lot of
extra computational time is introduced in this way. Additionally, FEM is not a suitable tool for
optimization algorithms. Therefore, a reliable alternative has to be found for FEM for modeling
PMLSMs. In feature research it will be investigated if it is possible to make an integral design
of a slotted PMLSM in combination with contactless energy transfer. In this case there will
probably be two magnetic field distributions in the air gap. One field distribution originates
from the motor part (movement) and the other field distribution is a consequence of the contact
energy transfer (transformer). The frequency of the two superimposed field components will be
low for movement and high for energy transfer. Its not (yet) possible with FEM to analyze the
field distribution due to two superimposed frequencies. For these reasons alternative tools for
analysis and design need to be found. Two alternatives are presented in the following chapters.
The alternative models must be able to incorporate end effects. Two models were chosen that,
potentia.lly, have the ability to incorporate end effects, viz. magnetic equivalent circuit modeling
and solving the Laplace equation for the vector magnetic potential for complex geometrical
boundaries by means of Schwarz-Christoffel mapping.

D.C.J. Krop 8
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Figure 1.2: Schematic visualization of commutation.
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Figure 1.3: Peculiarities of unrolling a circulair machine into a linear machine.
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Chapter 2

Magnetic equivalent circuit (MEC)
model of the PMLSM

In this chapter the PMLSM is analyzed by means of magnetic ~quivalent~ircuit (MEC) modeling.
First, the general theory of MEC modeling is explained. Next, the MEC tool is applied to the
PMLSM. From the magnetic flux distribution in the PMLSM the force profile of the PMLSM is
determined by means of the virtual force method. The results obtained by MEC modeling are
compared with results from FEM software. Finally, conclusions are drawn from the comparison.

2.1 General theory of the MEC

In principle any magnetic circuit can be model by means of a MEC. The physical 3D structure
of the magnetic circuit can be represented as an equivalent electric circuit. To this end the
geometry has to be divided into segments of basic shapes. For each basic shape of the geometry
to be analyzed, the magnetic reluctance can be calculated. Sources of magnetic flux can be
represented by equivalent voltage sources or equivalent current sources. The MEC is based on
Maxwell's curl equations for low frequencies:

\7xH

\7xE

J,aB
-at·

(2.1)

(2.2)

Both (2.1) and (2.2) can also be written in integral form:

.fH· dl JJ ·ds, (2.3)

c 5

.1 E· dl JaB (2.4)- at· ds.

c 5

Equations (2.3) and (2.4), for coils can further be simplified to:

.fH· dl

c

.fE· dl

c

11

Ni,

_N dq)
dt

(2.5)

(2.6)



Since N¢ = /\ and"\ = L1, (2.6) becomes:

_L di
d(

j'E.dl
c

The integral on the left hand side of (2.7) is the total voltage drop over the coil.
entirely be expressed in electric quantities:

(2.7)

(2.7) can thus

. di
Vs = zR + L dt'

For each segment of the structure (2.5) applies. Since:

(2.8)

\7. B = 0, (2.9)

the flux has to flow in closed loops. Thus for a mesh containing K segments:

K

j' H . dl = L Hili = Ni.
C t=1

(2.10)

Since B = tLOtLrH and:

¢ = JB . ds ~ B = ~,
s

(2.10) becomes for a mesh containing M coils:

K K M Fj

L liA¢=¢LRi=LN(:;,
i=1 tLotLr t 'i=l j=1

(2.11)

(2.12)

where Rand :F are the magnetic reluctance and magneto-motive force, respectively and rep
resent the equivalent electric resistance and equivalent voltage source, respectively. The flux
is equivalent to the current in the electric circuit. Both curl equations can thus entirely be
expressed in equivalent electric equations:

(2.13)~ ¢ = :FR,j' H . dl = J.J. ds

c s

j' E· dl = - J~~ .ds ~ Vs= iR +L~:. (2.14)

c s
From (2.11) it can be concluded that it is assumed that all flux lines are perpendicular to the
cross section of a segment. These segments are henceforth designated as flux tubes. The contour
over which (2.4) is integrated is well known a priori. The contour is the path along the wires
of a coil. This causes the approach of (2.14) to yield accurate results. For (2.13), however, the
contour along which the integral is to be evaluated, is not a priori known. An estimate of likely
flux paths has to be made in advance or FEM software needs to be used to obtain the flux paths.
In high permeable material the estimation of flux paths is not troublesome, since the flux prefers
to flow in the high permeable material instead of in the surrounding air. Assigning flux tubes
for flux lines that cross air gaps, flux lines caused by leakage flux or fringing flux lines are very
difficult to predict. An extra difficulty is introduced when a movement is to be incorporated
into the model. The already difficult to model airgap reluctances in addition become position
dependent. For complex geometries it is hard to obtain results as accurate as for the approach of
(2.14). For the PMLSM only (2.13) is of importance. The 3-D magnetic circuit of the PMLSM
is reduced to an equivalent electric circuit via (2.13). The flux distribution can be found by
solving the set of equations describing the circuit by means of Kirchhoff's circuit laws. Once the
flux distribution is known, all other magnetic quantities can be found.

D.C.'}. Krop 12



Figure 2.1: FltDc line distribution in the PMSLM.

Mover

Figure 2.2: Shape of the flLDC tubes and their names in the PMSLM.

2.2 Applying MEC to the PMLSM

From (2.12) it can be seen that the magnetic reluctance for a single flux tube and magneto-motive
force (MMF) for a coil can be expressed as:

R

F

(2.15)

(2.16)

A more general way of calculating the magnetic reluctance of a flLDe tube is [13]:

R = J dl

110I1rA (I) .
ltube

(2.17)

Sometimes it might be more convenient to express the magnetic reluctance as magnetic perme
ance, P, which is equivalent to electric conductance. The relationship between reluctance and
permeance simply reads:

P
1

R
(2.18)

2.2.1 Shapes and permeances of flux tubes

The flux line distribution in the PMLSM obtain by the FEM is depicted in Fig. 2.1. It can be
seen in Fig. 2.1 that the flux lines in the teeth are not of equal length. To compensate for this,
the shapes of the different flux tubes are chosen as depicted in Fig. 2.2. All tubes in the mover
are of trapezoidal-like shape. For a trapezoidal shape as depicted in Fig. 2.3 the permeance is
given as [13]:

D.C.J. Krop

P _ 110l1rdh 1 [WI]
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h

(2.21)

(2.23)

Figure 2.3: Trapezoidal flux tube with dimensions.

The big arrow in the middle of the trapezoid indicates the direction of the flux flow through the
flux tube. Pt in Fig. 2.2 is the total tooth permeance of the two parallel permeances dividing
the tooth in two equal parts by the dashed line. The permeance of the back iron of the stator is
assumed to be infinitely large. The fiux lines passing through the magnets also pass through the
air and back iron. Since the permeance of the flux tubes through the magnets and the air are
much lower than the permeance of the fiux tubes through the back iron, the permeance of the
air and magnets are predominant. Therefore, the assumption of infinite permeance for the back
iron is allowed. The permeance of the rectangular shaped permanent magnets can be expressed
as:

P - f..Lof..L,dwm (2.20)
pm - h

m

In Fig. 2.1 it can be seen that there are several leakage flux paths. To incorporate the leakage
between adjacent permanent magnets into the MEC model, a rectangular flux tube is placed in
between the magnets. The permeanee of this flux tube is given by:

P = f..LOf..Lr d(Tm - wm)
1m hm + 9 .

Another leakage path is in between adjacent teeth in the slots. Here also a rectangular flux tube
is placed in between the teeth:

Pis = f..LOf..L,dw s (2.22)
hs

The slot width between an end tooth and a 'normal' tooth is different from the width between
two adjacent 'normal' teeth. Therefore, the leakage permeance for an end slot becomes:

P
_ f..LOf..L,dWs,e

Ie -
hs

Finally, the airgap permeanees have to be determined. Correct modeling of the airgap permeanee
is of prime importance. The position dependent permeanees of the air gap are determined by
the static permeanee when a magnet and a tooth are aligned. The alignment of a magnet and a
tooth is visualized in Fig. 2.4. The shaded area in Fig. 2.4 represents the rectangular filDe tube
for the maximal static airgap permeanee and is expressed as:

(2.24)

To take horizontal movement into account the maximal static airgap permeanee changes as a
function of displacement. Normally, the permeance is proportional to the area of the overlap
between the magnet and the tooth. To also reckon with fringing flux, the displacement dependent
airgap permeanee between the r th tooth and the 8th magnet becomes [13]:

D.C.,]. Krop 14
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Figure 2.4: Visualization of the static maximal airgap permeance between a tooth and a magnet.
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Pg,max

Pg,max + Pg,max cos ill.X+K"S-QI1fl
2 2 Tm-QI

Pg,max + Pg,max cos ll.x+K,·s+QI 1f
2 2 Tm-QI

!::"'x < IQII,
Q1 <::: !::"'x <::: Q2,

Q3 <::: !::".x <::: Q4,
(2.25)

a elsewhere,

with

T'Tc - STm ,

1
21Wm - Wtl - Kj,s,

T m - K TS '

-Tm -](T-5,

1
-21Wm - Wtl - K TS '

The airgap permeances, normalized to Pg,max, for T' = 2, S = 3 and T' = 3, S = 6, as a function
of displacement are plotted in Fig. 2.5. The width of the end teeth is not equal to the width of
the other teeth. Therefore, the end tooth permeances as a function of displacement are slightly
different from the permeances of the other teeth. Expression (2.25) still holds for the maximal
static airgap permeance, however, the tooth width, W s , has to be substituted by the end tooth
width, wS,e' The end tooth permeances for T' = 1, S = 1 and T' = 1, S = 3, as a function

D.C.J. Krop 15
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of displacement, normalized to the maximal static airgap permeance, Pge,max, are plotted in
Fig. 2.6. For the sake of completeness the values for 'WI, 'W2 and h in (2.19) for the permeances
of all trapezoidal fim: tubes as depicted in Fig. 2.2 are listed in Table 2.1.

Table 2.1: Values of parameters for all trapezoidal shaped fiux tubes

permeance 'Wi 'W2 h
P T T c 'Ws hrot

PTe Tc 'Ws .e hTot

~Pt hs + hTot hs
I
2'Wt

Pte hs + hTot hs 'Wt,e

2.2.2 Equivalent sources

The sources in the PMLSM are the current carrying coils and the permanent magnets. The
equivalent voltage sources to be included into the :t\/IEC need to be found in order to solve for
the MMF distribution. The expression for the equivalent voltage source for each separate coil
is given as the MMF, F, in (2.12):

F=Ni. (2.26)

Since the the coils are excited by three phase position dependent currents, the equivalent MMF's
of the coils are represented by:

FB

Fe =

- (6.1: )NiA(6x) = Ni sin T
m

1f + ¢ ,

- (6X 2 )NiB(6x) = Nisin -1f - -1f + ¢ ,
Tm 3

- (6X 4 )Nic(6x) = Nisin -1f - -1f + ¢ ,
T m 3

(2.27a)

(2.27b)

(2.27c)

The equivalent MMF source for the permanent magnet is not straightforward to determine.
The value of the MMF of the magnets depends on the position on the demagnetization curve in

D.C.J. Krop 16



the second quadrant of the BH-curve of the permanent magnets. For a linear demagnetization
curve the MMF of a permanent magnet can be expressed as:

(2.28)

2.2.3 Constructing and solving the equivalent circuit

Now that all permeances and sources are known the equivalent electric circuit can be derived.
The circuit is shown in Fig. 2.7. The upper and lower node numbers in Fig. 2.7 indicate the
accompanying tooth or permanent magnet, respectively. In between each upper and each lower
numbered node there is an airgap permeance as given by (2.25). The numbers T and s in
(2.25) correspond with upper and lower numbered nodes in Fig. 2.7, respectively. Since the
North-South magnet array is much longer than mover, the array is modeled as being infinitely
long. To this end the utmost right magnet is connected to the utmost left magnet by a magnet
leakage permeance, Plm . The North-South permanent magnet array is modeled by alternating
the polarity of the MMF sources of the magnets. To find the flux or MMF distribution in the
network of Fig. 2.7 Kirchhoff's circuit laws have to be applied. The system can be solved in
two ways viz. by means of Kirchhoff's voltage equations or by means of Kirchhoff's current
equations. Because the system has much more meshes than nodes it is more convenient to solve
for the MMF distribution by means of Kirchhoff's current equations. This yields matrices with
smaller dimensions. Airgap permeances can become equal to 0, meaning that the reluctance in
that case would become infinite. It is preferred to do calculations with 0 rather than 00. Also
the series connection of PTe and Pte is replaced by a single permeance Pe. Because of its large
dimensions the complete 38 x 38 admittance matrix, G, of the system is not given here. Instead
4 smaller matrices are given, which combined result in the complete admittance matrix:

Pre Pr Pr Pr Pr Pr Pr Pr Pr Pre

Pte Pt PI ~Pt PI Pt Pt Pt ,Pte

Fa Fb Fe Fa Fb OFe Fa Fb Fe ¢ Mover
+ + + + +

1+
+ + +

Pie Pis Pis Pis Pis Pis Pis Pis Pis Pie

2 3 4 5 6 7 8 9 10 tl Stator
2 4 5 6 7 8 9 10 11 12 13 14 15 16D 17 18

Fm

------------------c:::=JI---------------------'

Plm

Figure 2.7: Equivalent circuit of the PMLSM.
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GL =

GI,1 -Pie 0 0 0 0 0 0 0 0
-Pie G 2,2 -Pis 0 0 0 0 0 0 0

0 -Pis G 3,3 -Pis 0 0 0 0 0 0
0 0 -Pis G 4,4 -Pis 0 0 0 0 0
0 0 0 -Pis G 5,5 -Pis 0 0 0 0
0 0 0 0 -Pis G 6,6 -Pis 0 0 0
0 0 0 0 0 -Pis G 7,7 -Pis 0 0
0 0 0 0 0 0 -Pis G 8.S -Pis 0
0 0 0 0 0 0 0 -Pis Gg,g -Pis

0 0 0 0 0 0 0 0 -Pis GlO,lO

0 0 0 0 0 0 0 0 0 -Pie

-Pe -Pt 0 0 0 0 0 0 0 0
0 0 -Pt 0 0 0 0 0 0 0
0 0 0 -Pt 0 0 0 0 0 0
0 0 0 0 -Pt 0 0 0 0 0
0 0 0 0 0 -Pt 0 0 0 0
0 0 0 0 0 0 -Pt 0 0 0
0 0 0 0 0 0 0 -Pt 0 0
0 0 0 0 0 0 0 0 -Pt 0
0 0 0 0 0 0 0 0 0 -Pt

-PI) -P2,1 -P3,J -P4,1 -P5,1 -P6,1 -P7,1 -PS,1 -P9,1 -PlO,1

-Pl,2 -P2,2 -P3,2 -P4,2 -P5,2 -P6,2 -P7,2 -PS,2 -P9,2 -PlO,2

-P1.3 -P2,3 -P3.3 -P4,3 -P5,3 -P6,3 -P7,3 -PS,3 -P9,3 -PlO,3

-PI,4 -P2,4 -P3,4 -P4,4 -P5,4 -P6,4 -P7,4 -PS,4 -P9,4 -PlO,4

-PI ,5 -P2,5 -P3.5 -P4,5 -P5,5 -P6,5 -P7,5 -PS,5 -P9,5 -PlO,5

-PI,6 -P2,6 -P3,6 -P4,6 -P5,6 -P6,6 -P7,6 -PS,6 -P9,6 -PlO,6

-PI,7 -P2,7 -P3,7 -P4,7 -P5,7 -P6,7 -P7,7 -PS,7 -P9,7 -PlO,7

-PI,S -P2,S -P3,8 -P4,8 -P5,S -P6,S -P7,8 -PS,S -P9,8 -PlO,S

-P1,g -P2,9 -P3,9 -P4,9 -P5,g -P6,9 -P7,9 -PS.g -Pg,g -PlO,9

-Pl,IO -P2,10 - P3,IO -P4,lO - P5,IO - P6,IO -P7,lO -P8,lO -P9,10 -PlO,IO

- PI,ll - P2,ll - P 3,1l - P 4,11 -P5,11 -P6.1l - P7,1l -PS,11 -P9,1l - PlO,ll

-PI,12 - P2,12 - P3,12 -P4,12 -P5,12 - P6,12 -P7,12 - P8,12 -P9,12 - PlO,12

-PI,13 - P2,13 - P3,13 -P4,13 - P 5,13 -P6,13 -P7,13 - P8,13 -P9,13 - PlO,13

-PI,14 -P2.14 -P3,14 - P 4,14 -P5,14 - P6,14 -P7,14 - P8,14 -P9,14 - PlO,14

-PI,15 - P2,15 - P 3,15 -P4,15 -P5,15 - P6,15 -P7,15 - P8,15 -P9,15 -PlO,15

- P I ,16 -P2,16 - P 3,16 -P4,16 - P5,16 -P6,16 - P7,16 - P8,16 - P9,16 -PlO,16

-PI ,17 -P2,17 -P3,17 -P4,17 - P5,17 -P6,17 -P7,17 -P8,17 -P9,17 -PlO,17

-PI ,18 -P2,18 -P3,18 -P4,18 -P5,18 -P6,18 -P7,18 - P8,18 -P9,18 - P lO,18,
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GLC =

0 -Pe 0 0 0 0 0 0 0
0 -PI 0 0 0 0 0 0 0

0 0 -Pt 0 0 0 0 0 0

0 0 0 -Pt 0 0 0 0 0
0 0 0 0 -Pt 0 0 0 0
0 0 0 0 0 -Pt 0 0 0
0 0 0 0 0 0 -Pt 0 0

0 0 0 0 0 0 0 -Pt 0
0 0 0 0 0 0 0 0 -Pt

-Pte 0 0 0 0 0 0 0 0

Cll,ll 0 0 0 0 0 0 0 0
0 C 12,12 -Pr 0 0 0 0 0 0
0 -Pr C 13 ,13 -Pr 0 0 0 0 0
0 0 -Pr C 14,14 -Pr 0 0 0 0
0 0 0 -Pr C 15,15 -Pr 0 0 0

0 0 0 0 -Pr C 16,16 -Pr 0 0

0 0 0 0 0 -Pr C l7,l7 -Pr 0

0 0 0 0 0 0 -Pr C 18,18 -Pr
0 0 0 0 0 0 0 -Pr C 19 ,19

-Pte 0 0 0 0 0 0 0 -Pr

- PlI,1 0 0 0 0 0 0 0 0

-Pll,2 0 0 0 0 0 0 0 0

-Pll ,3 0 0 0 0 0 0 0 0

-Pll ,4 0 0 0 0 0 0 0 0

-Pll ,5 0 0 0 0 0 0 0 0

-Pll ,6 0 0 0 0 0 0 0 0

-Pll ,7 0 0 0 0 0 0 0 0

-Pll,S 0 0 0 0 0 0 0 0

-Pll,9 0 0 0 0 0 0 0 0

-Pll,10 0 0 0 0 0 0 0 0

-Pll,ll 0 0 0 0 0 0 0 0

-Pll ,12 0 0 0 0 0 0 0 0

-Pl1,13 0 0 0 0 0 0 0 0

-Pll,14 0 0 0 0 0 0 0 0

-Pll,15 0 0 0 0 0 0 0 0

-Pll,16 0 0 0 0 0 0 0 0

-Pll ,17 0 0 0 0 0 0 0 0

- P ll ,18 0 0 0 0 0 0 0 0,
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GRC =

0 -Pl,l -Pl ,2 -Pl,3 -Pl,4 -P1,5 -Pl,6 -Pl ,7 -Pl,S

0 -P2,1 -P2,2 -P2,3 -P2,4 -P2,5 -P2,6 -P2,7 -P2,S

0 -P3,1 -P3,2 -P3,3 -P3,4 -P3,5 -P3,6 -P3,7 -P3,S

0 -P4,1 -P4,2 -P4,3 -P4,4 -P4,5 -P4,6 -P4,7 -P4,S

0 -PS,l -P5,2 -PS,3 -PS,4 -P5,5 -P5,6 -PS,7 -P5,S

0 -P6,1 -P6,2 -P6,3 -P6,4 -P6,5 -P6,6 -P6,7 -P6,S

0 -P7,1 -P7,2 -P7,3 -P7,4 -P7,5 -P7,6 -P7,7 -P7,S

0 -PS,l -PS,2 -PS,3 -PS,4 -PS,S -PS,6 -PS,7 -PS,S

0 -P9,1 -P9,2 -P9,3 -P9,4 -Pg,S -P9,6 -P9,7 -Pg,S

-Pt -PlO,l -PlO,2 -PlO,3 -PlO,4 -PlO,5 -PlO,6 -PlO,7 -PlO,S

-Pe -Pll,l -Pll,2 -Pll,3 -Pll,4 -Pll ,5 -Pll,6 - Pll,7 - Pll,S

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

-Pr 0 0 0 0 0 0 0 0

G20,20 0 0 0 0 0 0 0 -Pr

0 G2l,2l -Plm 0 0 0 0 0 0

0 -Plm G22,22 -Plm 0 0 0 0 0
0 0 -Plm G 23,23 -Plm 0 0 0 0
0 0 0 -Plm G24,24 -Plm 0 0 0
0 0 0 0 -Plm G25,25 -Plm 0 0

0 0 0 0 0 -Plm G 26,26 -Plm 0
0 0 0 0 0 0 -Plm G27,27 -Plm

0 0 0 0 0 0 0 -Plm G 2S ,2S

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 -P1m 0 0 0 0 0 0 0
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GR =

-Pl,9 -Puo - Pl,ll -Pl,12 -P1,13 -P1,J4 -Pl,15 -P1,16 - Pl,17 -Pus

-P2,9 -P2,IO - P2,1l -P2,12 - P2,13 -P2,14 -P2,15 -P2,16 -P2,17 -P2,1S

-P3,9 -P3,10 -P3,11 -P3,12 -P3,l3 -P3,14 -P3,15 -P3,l6 -P3,17 -P3,lS

-P4,9 -P4,10 -P4,1l -P4,12 -P4,l3 -P4,14 - P4,lS -P4,16 -P4,17 - P 4,lS

-PS,9 -PS,lO -PS,ll -PS,12 - P S,13 -PS,14 -PS,lS -P5,16 - PS,17 -P5,lS

-P6,9 -P6,10 -P6,1l -P6,12 - P6,13 -P6,14 -P6,lS -P6,16 -P6,17 -P6,lS

-P7,9 -P7,10 -P7,1l -P7,12 -P7,13 -P7,14 -P7 ,15 -P7,16 -P7,l7 - P 7,1S

-PS,9 -PS,10 -PS,ll -PS,12 -PS,13 -PS,14 - PS,15 -PS,16 -PS,17 -PS,lS

-P9,9 -P9,10 -P9,1l ~P9,12 -P9,13 -P9,14 - P9,15 -P9,16 - P9,17 -P9,lS

-PlO,9 -PlO,lO -PlO,ll -PlO,12 -PlO,13 - PlO,14 - PlO,lS - PlO,16 - PlO,17 - PlO,1S

-Pll,9 -Pll,lO -Pll,ll -Pll,12 - P ll ,13 -Pll,14 -Pll,lS -Pll ,16 - Pll,17 -Pll,1S

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 -Plm

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

-Plm 0 0 0 0 0 0 0 0 0

G 29 ,29 -Plm 0 0 0 0 0 0 0 0
-Plm G30,30 -Plm 0 0 0 0 0 0 0

0 -Plm G 31 ,31 -Plm 0 0 0 0 0 0
0 0 -Plm G32,32 -Plm 0 0 0 0 0
0 0 0 -Plm G 33 ,33 -Plm 0 0 0 0
0 0 0 0 -Plm G 34 ,34 -Plm 0 0 0
0 0 0 0 0 -Plm G 35 ,3S -Plm 0 0
0 0 0 0 0 0 -Plm G 36 ,36 -Plm 0
0 0 0 0 0 0 0 -Plm G 37 ,37 -Plm

0 0 0 0 0 0 0 0 -Plm G3S ,3S

where
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1S

G u Pe + Pie + LP1,s,
s=l

1S

G2,2 Pt + PI + Pie + LP2,s,
s=l

1S

G3,3 PI + 2PI + L P3,s,
s=1
1S

G4,4 = Pt + 2PI + LP4,s,
s=1
1S

G5,5 Pt + 2PI + LP5,s,
s=1
18

G6,6 Pt + 2PI + LP6,s,
s=l
18

G7,7 Pt + 2PI + LP7 ,s,
s=1
18

GS,S Pt + 2PI + LPS,s,
s=1
1S

Gg,g Pt + 2PI + LPg,s,
s=1

1S

GlO,10 Pt + PI + Pie + LPlO,s,
s=1

18

Gll,ll Pe + Pie + LPl1 ,S,
s=l

G12,12 Pe+Pt+Pr ,

G13,13 Pt + 2Pr ,

G14,14 Pt + 2Pr,

G15,15 PI + 2Pr,

G16,16 Pt + 2Pr,

Gl7,17 Pt + 2Pr,

22
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G 18,18 P t + 2Pr , (2.29)

G 19,19 Pt + 2Pr ,

G20,20 P e + P t + P r ,
11

G 21 ,21 Ppm + 2Plm + LPr,l,
r=l

11

G22,22 Ppm + 2Plm + L Pr,2,
r=l

11

G23,23 Ppm + 2Plm + LPr,3,
r=l

11

G24,24 Ppm + 2Plm + L PTA,
T=l

11

G25,25 Ppm + 2Plm + L Pr,5,
T=l

11

G 26 ,26 Ppm + 2Plm + LPr,6,
T=l

11

G 27 ,27 Ppm + 2Plm + LPr,7,
T=l

11

G 28,28 Ppm + 2Plm + LPr,8,
,·=1

11

G 29 ,29 Ppm + 2Plm + LPr,9,
r=l

11

G30,30 Ppm + 2Plm + L PT,lO,
r=1
11

G31,31 Ppm + 2Plm + L P r,l1 ,

T=]
11

G 32,32 Ppm + 2Plm + L P r,12,
:-=1

11

G 33 ,33 Ppm + 2Plm + LPr,13,
,·=1

11

G 34 ,34 Ppm + 2Plm + LPr,14'
r=l
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11

Ppm + 2Plm + I.:Pr,15,

,.=1

11

Ppm + 2Plm + I.: P,.,16 ,
,.=1

11

Ppm + 2Plm + I.: P,., 17 ,

,.=1
11

Ppm + 2Plm + I.: Pr,la·
,.=]

The complete admittance matrix now becomes:

G = (GL G LC G RC GR)'

The source vector for the circuit of Fig. 2.7 is given by:

(2.30)

<P= [ 0 FAPt FBPt FcPt FAPt FBPt

FcPt FAPt FBPt FcPt 0 -FAPt

-FBPt -FcPt -FAPt -FBPt -FcPt -FAPt
-FEPt -FcPt FmPpm -FmPpm FmPpm -FmPpm (2.31)
FmPpm -FmPpm FmPpm -FmPpm FmPpm -FmPpm
FmPpm -FmPpm FmPpm -FmPpm FmPpm -FmPpm

FmPpm -FmPpmr
From (230) and (2.31) the MMF for each node can be calculated. The MMF vector can be
determined by:

F = G- 1<p. (2.32)

Since for each position the airgap permeances and the three phase current sources change,
(2.32) needs to be recalculated for each different position to obtain the MMF distribution for
each position.

2.3 Force calculations

In general, the force acting on the mover of the machine can be determined in three ways, viz.
via Lorentz' Force Formula (LFF), Virtual Work (VW) or Maxwell Stress Tensor (MST). For
the slotted structure it is not possible to calculate the force profile of the PMLSM correctly by
means of the LFF, because the magnetization of the teeth is not considered. Furthermore, the
magnetic field distribution in the coils needs to be known for every point in the coils. MEC
Modeling is too coarse to obtain an accurate field distribution at each point in the coils. The
LFF can thus not be applied. To apply the MST the field distribution must also be known for
every point in the air gap. The iVIST method is also not applicable. The only method left to
determine the force on the machine is the method of VW. The method of V'W is based on the
difference of energy in the system for different positions of the mover. The difference of the
energy in the system for two different position is equal to the work done by the mover while
traveling from one position to another, hence the name virtual work. With the work and the
distance traveled known the force on the mover can be calculated.
Generally, the magnetic energy in a magnetic system is given by:

D.C.J. Krop

E = ~ JIJB . HdV,
v
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where V is the volume of the entire system. It can be shown [13] that only the volume of the
air gap can be used in (2.33). For the energy in the air gap (2.33) can be reduced to:

E = _1_ Iff IBl 2dVgap .
2!10!1r ...

Vgap

(2.34)

The system is divided into flux tubes. The total energy in the air gap can be acquired by
summing the energy in each flux tube in the air gap. (2.34) now becomes:

(2.35)

Since ¢ = FP and with (2.18), (2.35) can also be expressed in MMF and permeances instead
of flux and reluctance [7]:

(2.36)

Actually, (2.35) and (2.36) are only equal when the used material has a linear BH-curve. In fact,
(2.35) is the expression for encl'!';y, whilst (2.36) is the expression for co-energy. In non-linear
cases energy and co-energy are not the same. For the PMLSl\!l only the MMF over the airgap
penneances and permanent magnet penneances are of interest for the energy in the air gap.
Applying (2.36) results in:

(2.37)

The work done by the PMLSM to go from one position to a position 6.x from the starting
position is thus the difference between the energy at those positions. The currents through the
coils have to remain fixed to obtain proper results. Thus the instantaneous value of the work at
position x can be approximated as:

W(x) = lim {Egap (x + 6.x) -Egap (x _ 6.x) } .
6.x-+O 2 2

i(x) i(x)

(2.38)

To evaluate (2.38) numerically 6.x needs to be set to a finite number. The relationship between
work and electromagnetic force is given by [1],:

F ( .) __ oW(x)
em X - ox

i(x)=consi

(2.39)

By solving the circuit of Fig. 2.7 for each new position the force profile of the PMLSM can be
obtained by subsequently applying (2.36), (2.37), (2.38) and (2.39) to the solutions. The force
profile for a motor with a current amplitude of z= 8 A and the number of turns per coil equal
to N = 125 is depicted in Fig. 2.8. The results are compared to results for the FEM for the
force profile.
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Figure 2.8: Force profile of the PMLSfv1 obtained by the fvIEC method compared results from
the FEM.

2.4 Conclusions for the MEC model

From Fig. 2.8 it can be calculated that the average force on the mover of the PMLSM obtained
by means of the MEC model, is 6.6 % higher than the average force obtained by FEM software.
The ma..ximum cogging component in the force profile for the MEC model is 7.5 % of the average
value of the force, whereas the maximum cogging component in the force profile obtained by the
FEM equals 3.1 %. Furthermore, it can be seen that the shape of the force profile obtained by
the MEC model hardly resembles the shape obtained by FE:tv1. From this it can be concluded
that MEC is only a reasonable design tool for estimates of the average force on the PMLSM. The
shape of the force profile could not accurately be determined. The Iv1EC model presented in this
chapter is based on widely used 'rule of thumb' assumptions. Without a good prior knowledge of
flux paths, especially in the air gap, MEC modeling is very tricky to use as a reliable design tool.
Betel' results by means of MEC modeling can of course be obtained if a good prior knowledge
of the flux paths is available. In this case the paths can be obtained by using computational
expensive FE:tv1 software. Now, permeances of flux tubes can be determined more accurately.
This, however, violates the purity of the use of MEC modeling as a single design tool, since
another method has to be applied first to obtain a reliable initial MEC model. If a design is
to be optimized using ]'vIEC modeling, the final design has to be checked again with e.g. FEM
results. Also during the optimization, when geometrical quantities are varied along a wide range,
the flux path may become different from the initial ones. All these possible pitfalls should a
designer bear in mind when MEC modeling is considered as a design tool. The main advantage
of MEC modeling as a design tool is its simplicity and the low computational efforts it requires
to obtain results. A more elegant design tool is presented in the next chapter.
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Chapter 3

Schwarz-Christoffel (SC) model of
the PMLSM

Since the MEC model of the previous chapter did not yield satisfactory results it was abandoned
as a tool for analysis and design for the PMLSM. In this chapter the magnetic field distribution in
the slotted air gap of the PMLSM is obtained in an analytical way by the use of a mathematical
technique known as Schwarz-Christoffel (SC) mapping. From the field distribution the force on
the mover of the PMLSM can be determined by means of the Maxwell Stress Tensor. First,
the necessary techniques of conformal mapping and especially SC mapping is explained. In the
following sections it will be discussed how to use SC mapping in order to find the magnetic field
distribution in the air gap and the force profile. Finally, conclusions will be dra\vn by comparing
the results obtained by the SC method and the FEM, as was the case with the JvlEC model.

3.1 An introdllction into conformal mapping

In this section the main idea of Schwarz-Christoffel mapping will be explained. To understand
the SC mapping it is necessary to have some knowledge about conformal mapping in general,
of which SC mapping is a special case. A small introduction to conformal mapping will be
given. It is not the goal of this section to give an extensive mathematical analysis of conformal
mapping, but to give a basic understanding of what conformal mapping is. Disrespectfully from
a mathematical point of view, it could be stated that conformal mapping is nothing more than
applying an analytical complex function to a set of complex numbers in one complex domain to
find the corresponding set of mapped images of the complex numbers in another complex domain
with pr-eservation of angles between curves. A lot of mathematical lingo is used in the previous
sentence. Each term (words in italic) will be clarified in a subsection. The last subsection is
reserved for an electromagnetic problem that is solved using conformal mapping.

3.1.1 The (analytical) complex function

For a real function, Y = f(x), a set of real numbers on a number line belonging to x, transfers the
set of .T through mathematical operations given by f, into another set of real numbers on another
number line belonging to y. See Fig. 3.1 for a visualization. For a complex function, W = f(z),
a similar transfer takes place, but now for complex numbers. Now, a set of complex numbers in
a complex plane belonging to z is transferred into another complex plane belonging to w, via f.
See Fig. 3.2. The complex function f is also called a mapping. From Figs. 3.1 and 3.2 it can be
seen that it also possible to go back and forth between domains. Transferring complex numbers
from the w-domain to the z-domain is realized by the inverse mapping, z = f- 1(w). It is not
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Figure 3.1: Visualization of the transfer of x to y via real function, f, for real numbers.
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Figure 3.2: Visualization of the transfer of z to w via complex function, f, for complex numbers.

always possible to express both the forward and the inverse mapping analytically. Since Z and
w both are complex numbers they can be written as:

z = x + yj = re lJj ,

w = 'U + vj = pe<pj,

The mapping, w = f(z), can thus be written as:

(3.1a)

(3.1b)

u+vj
pe<pj

f(x + yj),

f(reO j ).

(3.2a)

(3.2b)

From (3.2) it follows that the real and imaginary part of w can be expressed as:

w

w

u(x, y) + jv(x, y),
p(r, e)ej <p(7·,O).

(3.3a)

(3.3b)

A simple, general example is given to illustrate the use of mappings. At the end of this section
a second example, tailored to a simple electromagnetic problem is given to gain insight into the
techniques and usefulness of conformal mapping. For the first example, the unit disc is first
magnified by a factor a, then translated by b + cj and finally rotated around the origin by an
angle a. The unit disc can be represented in cartesian and polar coordinates respectively by:
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z

z

cose + jsine,
ej o.
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Figure 3.3: Applying the mapping, f in steps to the unit disc.

To obtain the operations as described in the foregoing the mapping function becomes:

w = f(z) = (az + b + cj)eje>. (3.5)

The mapping of (3.5) can be evaluated by dividing the function into smaller mapping functions.
This is indicated in Fig. 3.3. To obtain the form for w as in (3.3), (3.4a) needs to be substituted
into (3.5). After some manipulations one obtains the functions, u(r, e) and v(r, e) describing the
cartesian coordinates in the w(u, v)-domain of the mapped unit disc:

u(r,e)

v(r,e)

(a cos e+ b) cos 0' - (a sin e+ c) sin 0',

(a cose + b) sin 0' + (asine + c) cosO'.

(3.6a)

(3.6b)

For a complex function to be analytical the Cauchy-Riemann differential equations have to be
satisfied. The Cauchy-Riemann equations read [2]:

OU(.T, y)
8x

ou(x, y)
oy

ov(.r, y)
8y

ov(x, y)
8x

(3.7a)

(3. 7b)

A function does not necessarily have to be analytical in the entire complex plane. A function
can be analytical in a certain domain only. Either equations of (3.7) can be differentiated once
more to x or y. The following result is then obtained:

82 u(x, y)
ox2

82v(x,y)
oy2

o ov(x, y)
8x 8y
o ou(x, y)

8y 8x

_ ou(x,y)
oy

~

o 8v(x, y)
oy 8.T

o ou(x, y)
ox 8y

'-v--'
_ ou(x,y)

ox

02U(X,y)
8y2

02V(X, y)
8x2

(3.8a)

(3.8b)

0,

o.

Rewriting the result of (3.8) shows the familiar form of the Laplace equation:

82u(x,y) 02 U(x,y)
_-,--:..-,,......e...:-+_----'--~-'-

ox2 8y2

82v(x,y) 02 V (x,y)
--,--:..-,-.::....:...+--,--:..-,-.::....:...

oy2 8x2

(3.9a)

(3.9b)
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Figure 3.4: Slope of the curve C and the angle with the real axis at point zo·

From the result of (3.9) it can be concluded that every solution to a Laplace equation is automat
ically analytic. The solution of the Laplace equation is always harmonic. Harmonic functions are
thus always analytic. This is a very important conclusion, since the magnetic vector potential
also obeys the Laplace equation.

3.1.2 Preservation of angles

A curve C in the z-domain can be given as a parametrization:

z(t) = x(t) + jy(t), (3.10)

where, x(t) and y(t) are real functions. The slope, *, of the curve is equal to the slope of:

I dz(t) dx(t)dy(t)
z=~=~+J~. (3.11)

Thus for a point Zo = z(to), zb is tangent to C and arg zb is the angle with the real axis. See
Fig. 3.4. When the curve C is mapped through a mapping, w(t) = f(z(t)), the slope of the
mapped curve Cw can be obtained by w'(t). Applying the chain rule results for the slope of Cw :

w'(t) = .t'(z(t)) = df~;t)) d:~t). (3.12)

For the argument at point Wo, which is the corresponding mapping of Zo, of the mapped curve
Cw the expression becomes:

argwb = argf'(z) + argzb· (3.13)

From (3.13) it can be concluded that a mapping only adds an extra rotation to the angle of C.
This implies that two curves in the z-domain that intersect each other at a point zo with an
angle {3, intersect at corresponding mapped point WQ in the w-domain with the same angle {3.
This is illustrated in Fig. 3.5. It has to be observed that in the preceding analysis the derivative
of the mapping has to be non-zero. When angles are preserved the mapping is called conformal.
This result is also important, because this means the right angle between flux lines and potential
lines are preserved under a conformal mapping.

3.1.3 Solving a simple electromagnetic problem

Now, that some insight is gained on the basics on complex functions, a second example is treated.
A line current is placed near a wedge shaped iron plate, which is infinitely permeable. By means
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Figure 3.6: A line current near a wedge of infinitely permeable iron.

of conformal mapping the distribution of flux lines and potential lines 'will be constructed. See
Fig.3.6. The complex flux function for magnetic fields describes the flux lines and potential lines
in a single complex valued equation, where the real part represents the flux function and the
imaginary part the potential function. The complex flLL'\. function for a line current at a point
q, above an infinitely long, infinitely permeable iron plate coinciding with the real axis, in the
z-domain is given, without derivation, by [10]:

i
w(x, y) = ¢(x, y) + j't/J(x, y) = 27f In [(x + jy - q)(x + jy - (1)] ,

or after some manipulations as:

(3.14)

¢(x,y)

·t/J(x, y)

4~ {In ((x - 3t{q})2 + (y - 8'{q} )2) + In ((x _ ~{q})2 + (y + 8'{q} )2) } ,

i { [y-CS{q}] [Y+8'{q}]}
27f arctan x _ 3t{q} + arctan x - 3t{q} .

The contour lines ¢(.x, y) and ?jJ(x, y) are plotted in Fig. 3.7, where the lines revolving around q
are the contour lines of the flux function (flux lines) and the lines diverging from q are the contour
lines of the potential function (equipotential lines). To obtain the magnetic field distribution
for the situation of Fig. 3.6 in the w-domain, the following mapping is applied:

w = f(z) = z/3/7r, (3.15)

where f3 is the angle in radians between the plates. To find the corresponding position, q, of
the line current in the z-domain the inverse mapping has to be applied. The inverse mapping
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Figure 3.7: Contour lines of the flux and potential function for a line current at q above an iron
plate in the z-domain.

>

z = x + jy

u

Figure 3.8: Solution for the flux lines and potential lines of a conductor near a wedge of infinitely
permeable iron.

becomes:

f-l(W) = wrr/(J

(u + vj)rr//3 (3.16)

(u2 + v2)N27f { cos (~arg(u + Vj )) + j sin (~arg(u + Vj)) } .

With (3.14) the complex flux distribution can be found in the z-domain. The mapping of (3.15)
is now used to find the desired complex flux distribution in the w-domain. To acquire the desired
field distribution (3.16) has to be substituted into (3.14). Substitution results in the complex
flux distribution as depicted in Fig. 3.8. This particular example was chosen because the result
can easily be verified by using the technique of images and also, because the mapping functions
with powers plays a very important role in the Schwarz-Christoffel mapping that is described in
the next section.
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Figure 3.9: Representation of the mapping of the real axis by means of a mapping, f(z), with
derivative f'(z) = C(z - xo)"·

3.2 Schwarz-Christoffel mapping

Schwarz-Christoffel (SC) mapping is a special case of conformal mapping. More about SC
mapping can be found in [4; 3; 8; 9] SC mapping allows the interior or exterior of a polygon to
be mapped to the upper or lower complex half plane, respectively. This is useful in geometries
where it is impossible to solve for the magnetic field distribution directly, due to the complexity
of the boundaries. The geometry can be mapped to a simplified geometry where the magnetic
field distribution can be solved analytically. The mapping can than be used to obtain the
magnetic field distribution in the polygon. In this section the SC mapping will be explained.
From subsection 3.1.2 it was clear that the derivative of a mapping gives the slope of that
mapping. Now, a mapping is considered with derivative:

j'(z) = C(z - xo)", (3.17)

where Xo E lFt and thus lies on the real axis and C E C. If z > Xo and z is on the real a,-xis, the
angle between z and Xo equals O. The expression for the angles now becomes:

arg j' (z) = arg C + 0 arg(z - xo) = arg C.
'-..v--"

o

(3.18)

Now, the case is studied where z < Xo and z E lFt. The angle between z and Xo now equals Jr.

The expression for the argument is now given by:

arg f'(z) = arg C + 0 arg(z - xo) = argC + OJr.
'-..v--"

7f

(3.19)

If z = Xo the derivative of the mapping is equal to 0, which means that the mapping is non
conformal in that point. From (3.18) and (3.19) it can be concluded that f(z) maps the real
axis into a line with a kink at f(xo). The previous analysis is summarized in Fig. 3.9. The
analysis can be extended to a mapping with a derivative of the form:

jill

f'(z) = CIT (z - XIJ"k,
k=l

(3.20)

where M is the total number of vertices, -1 < ok < I, and C E C. Again for the angles can be
found:
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arg j'(z) = arg C + L Ok arg(z - Xk)·

k=l
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Figure 3.10: Representation of the mapping of the real axis by means of a mapping, f(z), with
derivative f'(z) = Cll~~l(z - Xk)Ctk.

It is now fairly easy to come to the result:

arg f'(z) =

argC

arg C + CY.M1r

argC + CY.M-I" + CY.M1r

: z > XM,

: :XM-I < z < XM,

: XM-2 < Z < XlvI-I,
(3.22)

argC + CY.21r + + CY.M1r : Xl < Z < X2,

argC + CY.11r + + CY.M1r : z < Xl..

A geometrical interpretation of (3.22) is given in Fig. 3.10. Equation (3.20) thus gives the
derivative of the mapping function, .I, that maps the real axis to a polygonal path. If the real
(L'{is is to be mapped to a polygon, the polygonal path is closed. Since the polygon is closed the
summation of all angles in the polygon is equal to -21r if the polygonal path is traveled over in
counterclockwise direction or mathematically:

M

Lak = -2.
k=l

(3.23)

Because of this relationship not all angles need to be known, since the last angle is uniquely
determined when all the other angles are known. Therefore, f' (z) for polygons becomes:

M-l

f'(z) = C IT (z - Xk)Ctk

k=l

To finally obtain the mapping function, (3.24) needs to be integrated:

Z. iVI-I

f(z) = A + C j IT (( - Xk)':>kd(,

ZQ k=1

(3.24)

(3.25)

where A is an integration constant and A E C. In (3.25) Zo is a point in the complex upper half
plane, H+. When it is preferred that a in (3.25) is expressed in interior angles of the polygon,
a, the expression is then given by:
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Figure 3.11: Cross section of the PMLSM with parameters.

with,

(3.27)

(3.26) is the definition of the SC mapping. The mapping of (3.26) for f(z) allows the entire
complex upper half plane in the z-domain, 1ft to be mapped into the interior of a polygon in
the w-domain. In practice the mapping goes in the other direction: a polygon is mapped to
H-;;. To this end the inverse mapping, f-I(w) needs to be found. It is not always practical to
inverse map a polygon into H-;;. A secondary mapping function can be applied to the inverse
mapping to map the interior of the polygon to e.g. the interior of the unit disc or the interior
of a rectangle. (3.26) can only be solved analytically for a polygon with a number of vertices
upto 2. For polygons with 3 or 4 vertices the integral becomes elliptic and for more than 4
vertices the integral can only be solved numerically. To solve the integral numerically with high
precision the recently, freely available SC toolbox for Matlab can be used. The toolbox allows
for a direct mapping from a polygon to basic shaped canonical domains, like discs, rectangles
and bi-infinite strips. As a summary of what was discussed in this section the SC theorem will
be stated:
Let P be the interior of a polygon r having vertices WI, ... ,Wn and interior angles a17r, ... ,an 7r

in counterclockwise order. Let f be any conformal map from the upper ha(f-plane H+ to P with
f(oo) = Wn · Then, for some complex constant A and C, where Wk = f(zk) for k = 1,··, ,n ~ 1

Z. n-l

f(z) = A + C j IT (( - Zk)ak -
1d(.

ZQ k=1

3.3 Mapping the geometry of the PMLSM

In this section it will be described how the mapping of the geometry is carried out. To that
end, the cross section of the PMLSM, with parameters is once more depicted in Fig. 3.11 for
convenience.

3.3.1 Mapping the empty air gap

Because of the slotted structure of the PMLSM it is not possible to directly solve the magnetic
field distribution in the air gap. SC mapping could be applied to tackle the problem. Since the
magnetic field distribution in the air gap needs te be known to calculate the force profile of the
PlVILSM, a polygon has to be found that describes the geometry of the air gap, to allow SC
mapping to be applied. Since the motor has open endings at the end teeth, some assumptions
have to be made to correctly deal with the shape of the polygon that is not directly situated
between the mover and the stator. To consider force ripples due to end effects the air gap
needs to be extended past the end teeth. Thus the field distribution near the end teeth directly
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Figure 3.12: Polygon of the extended air gap of the PMLSIVI.
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Figure 3.13: From polygon to rectangle, where vertices 1,2,3 and 48 are chosen as corner points
of the rectangle.

outside the air gap has to be known. The polygon for the air gap is indicated by the heavy line
in Fig. 3.12. The dimensions of the extended airgap regions are given in the figure by hg,ex and
wg,ex, where hg,er = h m + g + 3hs and wg,ex = 3Tm . The vertices of the polygon are numbered
in counterclockwise direction, indicated by the arrow in Fig. 3.12 and starting in the lower left
corner of the polygon. The polygon consists of 48 vertices. The coordinates of the vertices of
the polygon need to be expressed in complex numbers to represent the polygon in the complex
w-domain:

(3.28)

The values of the real part, Uk, and imaginary part, Vk, for each vertex, Wk and its interior angle,
ak'lr, in radians are given in Table 3.1, where Ul = -4Tc - ~Wt - ws,e - Wt,e - 3Tm . Now that the
complex values of the vertices and angles of the polygon are known the mapping that maps the
real axis in the z-domain to the polygon in the w-domain can be found using (3.26). The integral
cannot be evaluated analytically. The SC toolbox for Matlab is used to find the coefficients of
the mapping. The SC toolbox also has other features that are very useful. Here, only reference
is given to the SC toolbox to find out more about the possibilities, features and use of the SC
toolbox for Matlab. The toolbox makes it possible to map back and forth between the polygonal
domain and several canonical domains once the polygon is known. The canonical domain for the
analysis of the PMLSM is a rectangular domain instead of 1{+ 1 because the boundary condition
are not the same for each edge of the polygon. The vertices WI, W2, W3 and W48 are chosen to be
the corresponding corner points of the rectangle. See Fig. 3.13. All other vertices of the polygon
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Table 3.1: Complex values of the vertices of the polygon and their angle

k uk 'Uk ak

1 Ul 0 0.5
2 -Ul 0 0.5
3 U2 'U2 + hg,ex 0.5
4 U3 - 3Tm 'U3 0.5
5 U4 'U4 - 3hs 1.5
6 U5 - Wt,e 'U5 1.5
7 U6 'U6 + hs 0.5
8 U7 - Ws,e 'U7 0.5
9 U8 'U8 - hs 1.5
10 U9 - Wt 'U9 1.5
11 UlO 'U1O + hs 0.5
12 Un - W s 'Un 0.5
13 U12 'U12 ~ hs 1.5
14 U13 - Wt 'U13 1.5
15 U14 'U14 + hs 0.5
16 U15 - W s 'U15 0.5
17 U16 'U16 - hs 1.5
18 U17 - Wt 'U17 1.5
19 U18 'U18 + hs 0.5
20 U19 - W s 'U19 0.5
21 U20 'U20 - hs 1.5
22 U21 - Wt 'U21 1.5
23 Un 'Un + hs 0.5
24 U23 - W s 'Un 0.5
25 U24 'U24 - hs 1.5
26 U25 - Wt 'U25 1.5
27 U26 'U26 + hs 0.5
28 U27 - W s 'U27 0.5
29 U28 'U28 - hs 1.5
30 U29 - Wt 'U29 1.5
31 U30 'U30 + h s 0.5
32 U31 - W s 'U31 0.5
33 U32 'U32 - hs 1.5
34 U33 - Wt 'U33 1.5
35 U34 'U34 + hs 0.5
36 U35 - W s 'U35 0.5
37 U36 'U36 - hs 1.5
38 U37 - Wt 'U37 1.5
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39 U38 V38 + hs 0.5
40 U39 - W s V39 0.5
41 U40 V40 - hs 1.5
42 U41 - Wt V41 1.5
43 U42 V42 + hs 0.5
44 U43 - ws,e V43 0.5
45 U44 V44 - hs 1.5
46 U45 - Wt,e '(.:.).'') 1.5
47 U46 V46 + 3hs 0.5
48 U47 - 3Tm V47 0.5

that originally are situated on a boundary line in between the corner vertices, remain situated
between the same, mapped vertices somewhere on the corresponding mapped boundary line in
between the mapped vertices. For the upper and lower edges of the rectangle the boundary
conditions for infinitely permeable material apply. Because the mover and stator back iron are
made out of highly permeable material. For the left and the right boundaries no boundary
conditions apply, meaning that there is no transition from one material into another material or
a periodicity constraint. Since there is no highly permeable material between points 3 and 4 and
between points 47 and 48, the height of the extended air gap region, hg,ex is chosen to be much
larger than the airgap height, 09, in order to minimize its effect on the magnetic field distribution
around the end teeth. The extended airgap height cannot be chosen arbitrarily large because
of the crowding effect. \i\Then the height of the outer dimensions of a polygon is much larger or
smaller than its width for the outer dimensions, the positions of some mapped vertices might
almost coincide. For these elongated polygons the machine precision of the computer becomes a
limiting factor because the computer cannot distinguish anymore between the position of those
vertices. To the computer the vertices are now at the same position. This phenomenon is known
as crowding. Crowding can have a huge impact on the final magnetic field distribution

3.3.2 Mapping the conductors and magnets

To be able to calculate the magnetic field distribution in the air gap the position of the conductors
and the permanent magnets in the air gap in the z-domain must be known. The currents through
the coils will be modeled as line currents. T'he coils are reduced to sheet currents near the teeth.
This assumption has a negligible effect on the field distribution in the gap. Subsequently, the
sheet currents are divided into line currents along the line of the sheet current. This is done
because the SC toolbox can only map points and not complete curves. Using the inverse mapping
again the position of the line currents in the z-domain can be found. The value for each current
is dependent on the phase the line current belongs to, the number of conductors per coil and
the number of line current the current sheet is represented by. The values for the line currents
now become as in (2.27), except that they are divided by the number of equivalent line currents
per coil,k:

iA
FA

(3.29a)
k '

'iB
FB

(3.29b)
k '

ie
Fe

(3.29c)k'
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Figure 3.14: Operation point on the demagnetization curve of the permanent magnets.

Because only point-to-point mapping can be conducted the magnets also have to be replaced by
equivalent line currents. The equivalent line currents can be obtained by using the relationships
[11]:

J \l x M,

Mxn.

(3.30)

(3.31)

The magnetization of the magnets is in either the positive or negative v-direction. Therefore, in
(3.30) the volume current density becomes J = O. The surface current density in (3.31) becomes
J s = ±lvJi and flows in the lateral side of the magnets only. Since the sheet currents are reduced
to line currents the total expression for line currents is expressed as:

I __ Mhm
m - k

m
'

(3.32)

where km is the number of line currents a current sheet is divided by. M is dependent on the
operation point on the demagnetization curve in the second quadrant of the BH-curve of the
permanent magnets. See Fig. 3.14. For linear demagnetization curves the BH-curve in the
second quadrant can be expressed as:

B relates to JVJ via:
B = f..lo(H + M).

Combining these equations yield for M:

B,. )M = - + (f..l,. - 1 H.
f..lO

(3.33)

(3.34)

(3.35)

In advance it is not known where the operation point on the demagnetization curve is. To
minimize the error, the operation point is chosen at H = !ft. The positions and values for all
equivalent line currents are known. The line currents can now be mapped into the rectangular
z-domain. In Fig. 3.15 the position of equivalent line currents in the w-domain are plotted and
in Fig. 3.16 the position of the line currents in the z-domain are plotted. It can be seen that
through the mapping the magnetic field problem for the complicated slotted air gap has been
reduced to a simpler problem with rectangular air gap by applying SC mapping to the geometry
of the PMLSM.
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Figure 3.16: Equivalent line currents in rectangle of the mapped z-domain.

D.C.J. Krop 40



,,,,,,,,
:l,,

if

Z, = a + Jh
h -------.

Figure 3.17: A line current between two plates in the z-domain.

3.4 Solving the magnetic field

Although the upper and lower plate in the rectangular z-domain are finite, the magnetic field
distribution between the plates can be determined by assuming the plates are infinitely long.
The magnetic field distribution for a line current between a bi-infinite strip is readily available
in literature. From this it could be concluded that the polygon could also directly be mapped
into a bi-infinite strip canonical domain instead of a rectangular canonical domain. The main
reason why this is not done, is because of the numerical deficiencies during the mapping from
the polygon to the strip. The algorithm for 'crrect' mapping in the the SC toolbox guarantees
a more accurate solution of the mapping in the slots of the polygon. Since the toolbox only
applies these algorithms for a rectangular canonical domain or a conical domain which is formed
by the unit disc, a rectangular canonical domain was chosen.
If the coordinates in the z-domain are expressed in x and y and relate to z as z(x,y) = x + jy,
then the expression for the complex flux density, B(x, y) = Bx(x, y) + jBy(x, V), for the nth line
current at position Zi = a + hj, between two infinitely long, infinitely permeable plates, at a
distance h of each other, is given by [6](see Fig. 3.17):

(3.36c)

(3.36a)

(3.36b)
+coshy(x-a)-cosf(y-h) ,

1nIJ-O[ sinhf(x-a)
4l cosh y(x - a) - cos y(Y + h)

sinh 'f(x - a) ]

1n IJ-0 [ sin f(y + h)
4l cosh y(x - a) - cos f(y + h)

sin T(Y - h) ]

+cosh y(x - a) - cos y(Y - h) .

To obtain the total complex flux density distribution in the z-domain in the air gap, all the flux
densities due to each sperate line current in the air gap have to be superimposed on each other:

v
B(x, y) = L Bx,n(x, y) + By,n(x, y)j,

n=l

(3.37)

where V is the total number of line currents. With (3.37) and (3.36) the flux density in every
point of the air gap can be determined. Now the flux density in the w-domain has to be found
In current free regions the flux density can be expressed in the scalar potential:

B = - IJ-o "V 1jJ . (3.38)
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Figure 3.18: Comparison of the SC with the FEM for the u-component of the flux density along
a line through the air gap at height hom + 0.5g.

If (3.38) is evaluated the following can be obtained for the complex flux density function in the
w-domain:

B(w) _ f..Lo (o?jJ _./?jJ) ,
ou ov

(
orjJ .o?jJ)

f..Lo OV + J OV '

. (orjJ .o?jJ)
f..LoJ ow + J ow '

.df(w)
f..LoJ~,

f..Loj.f' (w).

(applying Cauchy-Riemann)

(3.39a)

(3.39b)

(3.39c)

(3.39d)

(3.3ge)

The flux density can thus be found by the derivative of the mapping. Unlike the potential the
flux density is not invariant under the mapping, f· The flux density is related to the potential
by a coordinate system dependent gradient derivative. The following transformation has to
be applied to the solution of the flux density distribution in the z-domain, to acquire the flux
density distribution in the w-domain [8; 12]:

B(w) = B(z) ,
f'(z)

(3.40)

where f'(z) is the complex conjugate of the derivative of the mapping. Of course wand z in
(3.40) relate to each other by the mapping. The derivative of the mapping can also be computed
with a statement in the SC toolbox. Now the flux density distribution in every point in the
slotted air gap of the PMLSM is known. The u and v component of the fltLX density along a line
that crosses the air gap at height hm + 0.5g are depicted in Figs. 3.18 and 3.19. The resulting
flux density components are compared with results from the FEM. It can be concluded from
Figs. 3.18 and 3.19 that the flux density distribution can very accurately be determined by
means of the SC mapping.
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Figure 3.19: Comparison of the SC with the FEM for the v-component of the flux density along
a line through the air gap at height hm + 0.59.

3.5 Determination of the force profile of the PMLSM

In the previous section it was described how the flux density distribution for each point in the
air gap the PMLSM could be obtained. Again, the force acting on the mover can be obtained in
several ways. Lorentz' Force Formula is again not an option for the same reason as described in
the previous chapter. Now a choice can made between Virtual Force (VF) and Tvlax\vell Stress
Tensor (MST), to obtain the force profile of the PMLSM. If the force is to be determined via
VF, the flux density distribution in the entire air gap has to be calculated, whereas for the
MST method it suffices to only calculate the flux density along a line in the air gap. The field
distribution along a line can be calculated much quicker than the field distribution of the entire
air gap. Furthermore, the VF method can only be calculated if the energy in the air gap is
known for two different positions, whilst the TvIST method can determine the force directly for a
single, certain position. Therefore, the MST method is chosen to obtain the force profile of the
PMLSM. Also here the results will be compared to the results of the FEM. To obtain the force
profile as a function of displacement, !:::"u, the flux density has to be known for each position.
Movement has to be incorporated into the model. This is done by shifting the position of the
equivalent line currents for the permanent magnets. First, the new position of the equivalent
line currents in the w-domain is determined via:

(3.41)

where w~,pm is the initial position of the line currents when !:::"u = O. Wk,pm is now mapped
through f into the z-domain to acquire the corresponding position at !:::"u. Subsequently, the
flux density distribution at !:::"u can be determined as described in section 3.4. In this manner
the field distribution as a function of displacement can be obtained. Extra care has to be taken
when an equivalent line current translates beyond the polygon. Each line current that leaves the
polygon on one side, has to enter the polygon on the other side. Each side of a magnet is replaced
with equivalent line currents. When the left side line currents translated beyond the left side of
the polygon, while the right side line currents are still in the polygon extra line currents need to
be added at the boundary of the polygon. The value of the line currents is the same as the value
of the line currents that have translated beyond the polygon. The same applies for line currents
entering the polygon on the other side. This guarantees proper field solutions. This is visualized
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Figure 3.20: Visualization of adding extra line currents at the boundary of the polygon when
magnet sides become separated.

in Fig. 3.20. Once the fiux density distribution is obtained for a certain position, the force acting
on the mover at that position can be obtained by MST. According to electromagnetic theory, at
the boundary surface between two regions with different permeability in a magnetic field, there
exists a reluctant pressure acting normally on the boundary. This pressure is the cause of force
on the mover of the PMLSM. The force density can be expressed as [5]:

1
f=-\7·1I',

/-L

where 1I' is the Ma.,'(well stress tensor, which reads in matrix form:

[

B; - ~IBI2 BxBy BxBz]
1I'= ByBx B~-~IBI2 ByBz

BzBx BzBy B; - ~IBI2

The force on a body can now be found by integrating over the volume of the body:

1 J 1 f 'F = P, \7 ·1I'dv = p, 1I' . nds,

v s

(3.43)

(3.44)

(3.45)

where /-L is the permeability of the medium in which the integration takes place and il is the
outward unit vector normal to the boundary. For the PMLSM the thrust force on the mover
has to be found. The u-component of the force is the one which needs to be acquired to find
the thrust force. In that case (3.44) reduces to:

1 i
Fx = p, J Txxnx + Txyn y + Txznzds.

s

A closed surface has to be chosen over which (3.45) is to be integrated. Because the problem is
solved in 2D the surface reduces to a path. The path that is chosen to evaluate (3.45) is depicted
in Fig. 3.21. Because path £3 in Fig. 3.21 is in the high permeable iron, it has no significant
contribution to the force distribution and therefore can be excluded from the calculation. The
definitive expression for the force in the direction of movement now finally becomes in w-domain:

F - ~ [j' B B d JB~ - B; d j' B; - B~ d ]
u-/-LO uv u + 2 v+ 2 V,

Ll L2 L4

(3.46)

where d is the depth of the PMLSM. It appears that the integrals over the paths £2 and £4
(Fig. 3.21) in (3.46) do not contribute significantly to the force profile. These expressions could
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Figure 3.21: Path along which the MST is evaluated to obtain the force profile.

thus, for this case, also be removed from (3.46) to save extra computation time. The remaining
expression is evaluated numerically using the trapezoidal rule for integration. If one is also
interested in the normal force component, it can be calculated in a similar way applying the
MST. The results compared to the FEM and the MEC results are depicted in Fig. 3.22 and
a zoomed image of the force profile compared to the FEM and the MEC model is presented
in Fig. 3.23. From the figures for the force profile it can be concluded that the use of SC
mapping yield very good results for the profile. The error between the mean values of the forces
obtained by the SC model and the FEM is 1.2 %. The error for the mean value obtained by
NlEC was 6.6 %. Also the shape of the force profile is much better than the shape obtained by
the MEC model. Compared to the results obtained by the FENl the shape is almost identical.
The maximum cogging force component obtained by the MEC model was 7.5 % and for the
FEM 3.1 % The maximum cogging component in the force profile acquired by the SC model
is 3.4 %. These numbers show that without any prior knowledge of magnetic properties of the
PMLSM a very accurate analysis can be made of a certain design. As a final remark it is wise
to observe that a three phase machine that consist of more coils in series per phase than three,
does not necessarily yield a polygon with more vertices. Let the part of the mover in between
two coils of the same phase be called a mover pole. The analyzed PMLSM thus consist of three
mover poles. If the PMLSM would have had more than three mover poles the same polygon
can still be used. The new, extended PMLSM exhibits periodicity. For each mover pole that is
not connected to an end tooth, the field under the middle mover pole in the analyzed PMLSM
is identical. In (3.46) the portion due to the field directly under the middle mover pole can now
simply be multiplied by the number of additional mover poles. This is visualized in Fig. 3.24.
The shaded areas indicate the parts of the air gap where the field distribution is identical. In
this way the force profile can be obtained for a different, more complicated machine without
introducing extra computational time. Of coarse this does not hold when the machine has a
distributed winding configuration.
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Figure 3.22: Comparison of the thrust force obtained by the MEC, the SC and the FEM as a
function of displacement.
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Figure 3.23: Close up look of the comparison of the thrust force obtained by the MEC, the SC
and the FEM as a function of displacement.
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Figure 3.24: Schematic representation of the periodicity in an extended PMLSM.
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Chapter 4

Conclusions and recommendations

Two tools in this report were presented to analyse or design a permanent magnet linear syn
chronous motor. Both models try to incorporate detent forces, each in their own way. Knowledge
of the detent forces during the design of a linear machine is very important. Contrary to ro
tational machines extra detent forces are introduced due to non-periodicity at the end of the
mover. Eliminating detent forces afterwards by means of control can be very difficult. It is
therefore betel' to minimize these forces by a good design of the motor. A good and reliable
design tool is thus of main interest. From the results presented in this report it can be con
cluded that without any prior knowledge of the design of a motor, it is very hard to come to
good results by the use of MEC modeling. The alternative SC model yields very accurate re
sults for the force profile. Though SC modeling yield good results, the approach also has its
disadvantages. The field can only be determined in linear cases. For materials with non-linear
BH-curve the SC method can only be applied when a machine operates under non-saturated
conditions. As soon as the material becomes saturated the permeability decreases dramatically.
The assumption !-Lr >> !-La is not valid anymore. SC modeling is thus limited to linear cases only.
Furthermore, it can be concluded that the SC model gives no information about the magnetic
field distribution inside the iron. Additional eddy current effect can thus not be modeled with
the SC mapping, at least not in the way as it is applied in this report. With the MEC approach
information about fields inside the iron could be obtained and also saturation could be taken
into account. However, due to the coarseness of the MEC method and the difficulty to model
air reluctances these results can be unreliable. The word 'information' in the previous sentence
is chosen deliberately, because that is exactly what MEC provides. MEC can give a global idea
about the average field distribution in e.g. a tooth, but it gives no local information at tooth
tips. MEC modeling can be of use when it is used together with FEM software for these kind
of complicated structures. Since most machines operate under non-saturated conditions it is
advised to use SC modeling instead of MEC modeling as a design tool. Besides the use of SC
mapping for a electromagnetic problems it could also be used to analyze the thermal behavior a
motor, since the Laplace equation also plays an important role during heat transfers. Not only
permanent magnet synchronous machines can be analyzed by means of SC. The SC method can
be used for other slotted linear machines as well. The SC method can be extended to other
slotted linear machine topologies like double sided movers, short stroke machines, asynchronous
linear motors and even switch reluctance machines can be analyzed. Its versatility has a price.
The major drawback of the SC model is the computation time it occupies to come to a result.
The inverse mapping from coordinates in the w-domain into the z-domain takes long to com
plete. The position of each line current has to be mapped. Due to the movement a lot of the
line currents need to be remapped. The mapping occupies about 65 % of the total computation
time. The total computation time is thus highly dependent on the number of line currents used.
The number of line currents used is directly proportional to the accuracy the model provides.
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.Just like the FEM, more accuracy simply means more computational time. In comparison, SC
mapping for the discussed PNILSNI is still faster than FEM software, but much slower than
MEC. Conclusively, it could be stated that SC modeling is a very elegant and reliable tool for
linear motors that operate under non-saturated conditions.
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