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Summary 

Approximate optimization is an often used approach to interface a structural analysis 

package with an optimization program. The basic principle is to generate approximations 

of the objective function and constraints in a certain part of the design space, and to solve 

the optinurn solution p o i ~ t  for this ôpproximbe problem fennillation, Global, !~c2! and 

mid-range approximations can be distinguished depending the number of design points 

an approximation is based on. 

The most common global approximation is the response-surface approach which relies on 

the theory of design and analysis of experiments. For the analysis often regression theory 

is used. Because after the EM-computation of an objective function value or a constraint 

value the corresponding derivatives with regard to the design variables can be calculated at 

reduced cost, the linear regression theory is extended to take into account these deriva- 

tives. However this data can only be effectively used in the regression analysis if the 

proposed response-surface model function is flexible enough to predict the behaviour of 

both the function value and the derivatives. Otherwise only function value data should be 

used in the regression analysis, while the derivative data can give an indication of the 

appropriateness of the proposed model function. 

The statistical literature proposes a global approximation concept which is much more 

capable to cope with deterministic output as all computed data will be exactly predicted. 

Test results show that models based on this flexible approximation concept can be sig- 

nificantly more accurate than response-surface models. However an originally developed 

regression model of the acoustical damping of the first eigenmode of a bell could not be 

improved because the total amount of computed damping data appeared to be not 

sufficient to reconstruct the behaviour of the acoustical damping in the complete design 

space. 

Often single- or multi-point local approximations are used in sequential approximate 

optimization, as global approximations are only practical for a relatively small number of 

design variables. It is proposed to use the flexible approximation techniques also for 

reconstruction of the objective function and constraints in a local region of the design 

space based on the computed data gathered during the optimization . This mid-range 

approximation concept has been tested by approximate optimization of a three bar and a 

ten bar truss structure. 
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Convention and list of symbols 

Convention 

a scalar 

A matia 

- a eslmn irnatïix 

ai 

-1 a.  

- aT 
- a estimation of g 

i th element of column matrix 

column matrix a of the i th experiment 

transposed of column matrix 

Lmst of symboIs 

column matrix of functions in the regression 

constraint 

number of parameters in a regression model 

length 

number of constraints 

number of design variables 

column matrix of correlations 

column matrix of respons and derivative respons variables 

column matrix of design variables 

column matrix of design variables 

response variable 

column matrix of response data 

column matrix of response data 

area 

weighting matrix 

column matrix of function and derivative errors 

empirical integrated squared error 

matrix of regression functions 

objective function 
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matrix of regression and derivative regression functions 

residual sum of squares 

mean squared error 

number of experiments 

force 

mne12tion matrix 

correlation function 

experimental design 

column matrix of obseived respons and derivative respons data 

covariance matrix 

matrix of regression functions 

stochastic process 

random process 

column matrix of parameters of a regression model 

column matrix of random errors 

parameter 

stress 

variance 

1 [inch] = 25.4*10'3 [m] 

1 [bi] = 1.52.104 [Pa] 

1 [Kips] = 9.80665 [NI 

1 [Ib] = 0.453592 pCg] 
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Chapter 1 
Introduction 

The development of the Finite Element Method has enabled designers to model and 

analyse a variety of large and complex structures. During the design process it is at- 

tempted to design a construction which meets the requirements as gos0 as p s i b k .  In 

practice this optimization step is mainly based on experience and can be improved by 

combining the structural analysis package with an optimization program. The designer 

defines an objective function, e.g. minimum weight, and decides which design variables 

may vary in a certain limited region and which constraints should be observed. The 

constraints can bound different respons variables, like stresses at various points within the 

structure, frequencies or buckling loads. 

The general optimization problem is to find the set of n design variables g ,that will 

minimize the objective function 

subject to the constraints 

g j W  0 j = l,...,m 

and side-constraints 

U i = l,...,n 1 xi s xi s xi 

The scalar 

design space, i.e. the region in which it is searched for an optimum. 

is the i th element of the design vector z. The side-constraints define the 

In the course of years many optimization algorithms have been developed (Vanderplaats, 

1984). Most of them are based on the iterative formula 

xq = - xq-1 + a*sq - (1.4) - 
Starting from a user defined intial design x=xo , the old design ~ q - '  is moved with step a* 

in direction gq during the q th iteration step (qzl). All optimization algorithms have diffe- 

rent strategies for determining search direction sq and stegsize a*. Unfortunately for every 
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design zq a new FEM-analysis has to be carried out in order to compute the objective 

function value and the constraints. It appeared that the direct application of the algorithms 

based on equation (1.4) requires many FEM-analyses. As FEM-calculations are often 

computationally expensive, the optimization process could prove to be cost ineffective. 

Schmit et al. (1974, 1976) solved this problem by introducing a suitable approximation 

concept. Tke basic principle is t~ generate approximatiom foor the objective function and 

constraints in a certain part of the design space, and to solve the optimum solution point 

for this approximate problem formulation. A good review of the developed approximation 

concepts is given by Barthelemy and Haftka (1991). They distinguish global, local and 

mid-range approximations. 

A local (or single point) approximation is based on the function value and the derivative 

function values with respect to the design variables of the objective function and con- 

straints in a single point of the design space. This approximation is valid in the vicinity of 

that point. Within this area an optimum point is computed for the approximate problem 

formulation, at which a new approximate problem is generated. This process is repeated 

until convergence. As the computation of all second order derivatives is usually too 

expensive, local approximation methods mainly use function and first order derivative 

values. Three main methods are the linear, reciprocal and the conservative approximation 

concept (Barthelemy and Haftka, 1991). 

Global approximations are valid in (nearly) the whole design space, resulting in a 

substitution of the problem formulation given by equations (Li), (1.2) and (1.3) by an 

alternative formulation: 

Minimize 

bounded by 

U i = 19.**,n 1 xi s xi I; xi 

F* and gj* are respectively the approximate objective function and the approximate j th 
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constraint. Within this framework response-surface techniques are often used, which were 

originally developed for the model fitting of physical experiments (Box and Draper, 

1987), (Montgomery, 1984), (Montgomery and Peck, 1982), (Draper and Smith, 1981), 

(Bard, 1974). The process starts with postulating the approximate model function. "his is 

followed by the construction of the experimental design containing the points for which 

experiments are carried oute Finally the parameters in the approximation model are 

determined by fitting the experimental results. Sometimes statistical measures are 

computed to give an indication of the accuracy of the response-surface model. For the 

structural optimization of bells Schoofs (1987) and Roozen-Kroon (1992) used optimal 

design techniques to generate the experimental design (Welch, 1984) (Nagtegaal, 1987). 

They used regression theory to fit the computed data by polynomial models. 

The critical factor in the application of global approximation models is the required 

number of FEM-analyses in the design space to find an approximation model meeting all 

requirements. This number of analyses grows exponentially for an increasing number of 

design variables. For the response-surface method Schoofs (1987) and Nagtegaal (1987) 

tried to solve this problem by optimal design techniques. In this way a full factorial design 

may be avoided, which for an eight dimensional problem consists of 38 = 6500 analyses 

for only three levels of every design variable. Another problem of response-surface 

techniques is the low flexibility of the approximation models. As a certain class of 

approximative functions has to be postulated (e.g. a second order polynomial), one can do 

no better than to find the best approximation within that class. Extending to higher order 

polynomials is seldom useful because of the large number of parameters to be estimated. 

On the other hand global approximation concepts are characterized by parallel processes, 

so multi-processor computers can be efficiently utilized. Besides this all computed structu- 

res remain valuable with respect to the approximation models, in contrary to local 

approximation techniques which do not use intermediate results of former iteration steps 

anymore. 

The last category consists of mid-range approximations, which are extended local 

approximations based on more than ome desigm point. With this type of approximations 

one tries to combine the advantages of the local and global approximation concept. 
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In this report two global approximation concepts and a mid-range concept are discussed. 

The response-surface method is starting point of chapter 2. It is investigated whether 

derivatives can be effectively used, mainly with regard to the regression analysis. Fact is 

that if a F'EM-analysis already provided the function value in a certain design point, the 

derivatives with regard to the design variables in that point can be calculated at reduced 

cost. FQC ~ Q R  infomation abnut tzs semi-mdytical sensitivity analysis it is referred to 

e.g. Adelman and Haftka (1986,1989). Although in some cases these sensitivities may be 

inaccurate (Olhoff and Rasmussen, 1991), in this report computed function values and 

derivatives are supposed to be more accurate than the desired or realizable accuracy of the 

approximation models. 

In chapter 3 a new global approximation concept based on flexible interpolation is 

discussed which has been proposed in the statistical literature. Compared with the 

response-surface method the main difference is that the proposed approximation model is 

much more flexible so that all computed data will be exactly predicted. The advantages of 

the concept are illustrated by a simple one and a two dimensional example. Secondly it 

has been tried to improve the response-surface model of the acoustical damping of the first 

eigenmode (hum) of a bell developed by Roozen-Kroon (1992). 

Because global approximation is only practical for a relative small number of design 

variables often local or mid-range approximations are used in sequential approximate 

optimization. Starting from the methodology of chapter 3 a mid-range approximation 

concept is proposed in chapter 4 which tries to reconstruct the objective function and 

constraints in a local region of the design space based on the data computed at neigh- 

bouring design points during the optimization. This concept has been tested by approxi- 

mate optimization of a three and a ten bar truss structure. 
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Chapter 2 

Response-surface approximation 

2.1 Introduction 

The construction of response-surface approximation models, also cdled model-bdding, is 

based on the experimental design theory (EDT). On one hand this consists of the genera- 

tion of a suitable experimental design (ED) and on the other hand the fitting of the 

experimental results to some proposed mathematical relationship. The starting point of the 

experimental design theory is that the response variable(s) has (have) a stochastic character 

caused by measurement errors. In this chapter the model fit part of the EDT is discussed. 

It is supposed that the proposed response-surface model function is flexible enough to 

approximate the concerned objective function or constraint with the desired accuracy in a 

certain area of the design space. Especially attention is paid to the case that both Rimction 

values and first order derivatives with respect to the design variables are known for all N 

design points xi. The linear regression theory for one response variable is considered in 8 
2.2, followed by Q 2.3 in which this theory is extended in order to take the derivatives into 

account. Some test results are included in 8 2.4 to get insight in the practical applicability 

of the extra derivative data. This chapter is concluded by a discussion. 

2.2 Univariate linear regression 

For one response variable the response-surface model can be written as 

(2.2.1) 

with y = response variable 
T - x = [xi x,, ..., xn] column of n control or design variables 

& = [BI B,, ..., B,IT column of k model parameters 

E = error consisting of a measurement and model error 
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For linear models this can be simplified to 

k 

j=l 
y = fT(xJ& + E = Pjfj(X) + E (2.2.2) 

yi = - fT(Zi)L + Ei i = 1, ..., N 

the total set of equations is in matrix notation 

E = x & + E  

(2.2.3) 

(2.2.4) 

Now two assumptions are made with regard to the column of errors E 

1) The expected value of all errors is zero, 

E(&) = 2 (2.2.5) 

2) Errors in different experiments ei and ej (i+$ are uncorrelated. All errors have 

variance d. Thus, 

Cov(y) = E(& -- eT) = 2 1  

B y  minimizing the residual sum of squares 

=, = (Y-xa>T(Y-XB> 

the estimation of the column of parameters turns out to be 

a = (XTX)--lXTE 

(2.2.6) 

(2.2.7) 

(2.2.8) 
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Then for any design an estimate of the respons variable can be calculated from 

Y(x) = fT(x>B 
A measure for the accuracy of the parameter estimation is 

cov(&) = 2 ( x T X ) - 1  

If unknown, the variance c? can be estimated by 

1 
N -k 

a2 = -Ks, 

23  Multivariate Pinear regression including derivatives 

Define the column of response variables as 

For every experiment (i.e. design point xi) n+l equations result 

In matrix notation this can be summarized as 

-1 u. = F=(xi)& + ei 

(2.2.9) 

(2.2.10) 

(2.2.11) 

(2.3.1) 
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with 

For N experiments the total set of equations can be written as 

Two assumptions are made with regard to the column of errors E, 

1) The expected value of all columns of errors is zero 

(2.3.1.a) 

(2.3.1.b) 

(2.3.l.c) 

(2.3.2) 

(2.3.3) 

2) Columns of errors in different experiments ei and gj (i+j) are uncorrelated. For every 

experiment the errors have the same covariance matrix V. Thus, 

(2.3.4) 

The matrix dimensions of covariance matrix V are (n+l)*(n+l) while the matrix dimen- 

sions of the total covariance matrix @OV@ are given by N(n+l)*N(n+l). 
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The following relation holds for the residual sum of squares weighted by a matrix B 

KS, = ( ~ - G & ~ B ( ~ - G & )  (2.3.5) 

By minimizing KSr the estimation of the column of parameters results, (Bard, 1974) 

Bard (1974) gives two reasons for the assignment of a weighting matrix B 

1) The various response quantities may represent entities having different physical 

dimensions or being measured on different scales. 

Some observations may be known to be less reliable than others. 2) 
In the case of numerical experiments the accuracy of the computed function and derivative 

values of the concerned objective function or constraint is often higher than the desired or 

realizable accuracy of the approximation model. This means that the column of errors E is 

mainly determined by model errors, which makes the second reason of less importance 

here. 

One can choose the inverse of the covariance matrix as weighting matrix, 

B = [COV(IJ)]-~ (2.3.7) 

In that case it can be proved by the Gauss-Markov theorem that the column of parameter 

estimations of equation (2.3.6) is unbiased and has minimum variance, nomatter which 

distribution the errors have or what definition of minimum is used (Bard, 1974). 

The response estimator can be written as 

- Û ( 5 )  = FT& 

A measure for the accuracy of the parameter estimations is 

(2.3.8) 

Cov(&) = (GTICo~(g)]-lG)-l (2.3.9) 



Response-surface approximation 14 

If the matrix V in Cov(v) is unknown, it can be estimated by 

(2.3.10) 

The above mentioned theorem has been hpleaaaentd in an ?terat?ve regressim dgorhhm 

as shown in appendix A. The MATLAB program text has been checked in appendix B for 

a test problem with normally distributed errors. No reasons could be found to question the 

program source text. 

Fig. 2.1 Real objective function I Fig. 2.2 Real objective function I1 

2.4 Test results for a deterministic problem 

In this paragraph response-surface models have been built for the objective function 

behaviour simulated by 

2 2  Fobj(~) = 2+4x1+4x2-x1 -x2 +asin(bx1)sin(bx2) 

with side constraints 

0.5 s x1 s 3.5 
0.5 s x2 5 3.5 

(2.4.1) 
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3 -  

'x 2 -  

1- 

It is assumed that a second order polynomial given by 

......._.......... .... : ?  
. ._ . . . . . . . . . . . . . . . . . . .  . . . . . . i  . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

0. . . . . . . .  i . . . . . . . . . . . . . .  o . . . . . .  ; . . . .  I 
.......................................... , . . . . . .  

i ......... j ......... I ........ j ......... i ........ j ....... j 
0 ........................... 0 ................. i .. . . .o  

(2.4.2) 

is flexible enough to approximate this real (but in practice unknown) behaviour in the 

stated area. How far this assumption is valid depends on the values of the parameters a 

and b. The next two rea! objective f a r n c a ! ~ ~ ~  F are considered, 

I) a = O S a n d b = 2  

11) 
For the first real objective function the behaviour of both the function and derivative 

values is rather smooth (see figure 2.1), and both can be well predicted by the assumed 

approximation model . In this case using the derivative information will usually give a 

good contribution to the determination of the parameters in the response-surface model. 

The second real objective function behaviour is much less smooth (see figure 2.2), 

although the amplitude of the oscillation is not larger than that of the first function. This 

implies that the approximation model F* still satifies for the function values. On the 

contrary the derivatives which are now characterized by a much wilder behaviour cannot 

be predicted by the derivative approximation models dF*obj/dxl and ~3F*,~~/dx~ . The extra 

derivative information will be useless for the regression analysis and may even lead to 

deceptive approximation models for some experimental designs. 

a = 0.5 and b = 10 

The above is confirmed by computational results. For an experimental design shown in 

figure 2.3 the real objective functions I and I1 

surface models: 

1) an approximation model only based on 

function value data. 

an approximation model based on both 

function values and partial derivatives, 

but which are assumed to be indepen- 

dent. 

an approximation model starting from 

assumed dependent function values and 

derivatives. 

2) 

3) 

have been approximated by three response- 

4, 1 I I 

-0 a 2 3 4 
xl 

Fig. 2.3 Experimental design A 
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The eight point experimental design has been chosen by CADE (Nagtegaal, 1987) from a 

factorial set of 49 candidate points with a D-optimality criterion to minimize the deter- 

minant of the matrix XTX which is filled with function values only (see § 2.2 and 

appendix C). 

1 

For the red ob&Y,?ve f i ? a ~ t l ~ ~  I a ~ d  11 the mlurnnis Q€ the estimated parameters fi and the 

estimated covariance matrixes 9 of the three approximation models are included in respec- 

tively table 2.1 and table 2.2 . Besides this a 101 x 101 grid of points has been taken in 

the permitted area, for which both real and predicted function and derivative values of the 

objective fucntion have been computed resulting in an empirical integrated squared error 

(EISE) of the function value prediction 

~ 10201 
(2.4.3.a) 

and of the derivative predictions 

If the grid is fine enough, these EISE-values - also included in table 2.1 and 2.2 - are a 

measure for the predictive qualities of the approximation model in the whole area. The 

diagonal elements in the estimated covariance matrix v can be interpreted as estimates of 

the EISE-values (compare equation (2.3.10) and (2.4.3)). 

From table 2.1 it appears that for real objective function I approximation model 2 has 

better parameter estimates and smaller computed EISE-values than model 1. So the 

independent use of both function values and derivatives for the regression analysis results 

in an improved approximation model. Secondly it is pointed out that the EISE-estimates, 

being the diagonal elements of matrix v, are reasonable and don’t suggest too high predic- 

tive qualities. The estimated EISE;;-vahiaes correctly indicate an improved approximation of 

model 2. Assuming dependence between function values and derivatives gives rise to a 

deteriotated approximation model. An eight point experimental design appears to be not 
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.89.10" O O 

O 2.70~10-~ O 

O 356*10-1, 

EISE p, aFIax, aFiaX4 model 0 - 
231-100 

1 

354-10' 

3.98 -10' 

-8.69 -10-1 

-9.98-10-1 

1.89.10" 

1 .70*10' i : :  56-10° 

.68.10' I .81-10" -4.68.10-1 9.82.10' 

139-10' 3.91-10' 5.81.10" 

3.91.10' 1.19*101 -4.68.10-1 

4.l4 -10' 

3.69 -10' 

1.23 -100 

2 
2.19 -10' 

3.74.10' 

3.96-10' 

-9.24 -1O-l 

-9.91 -1O-l 

6.44 .lo5 
3 

1.82.100 

437 *loo 
4.34-10' 

-1.17.10' 

-1.10 *io' 
6.M .lo5 

Table 2.1 Regression results of real objective function I for experimental design A 

.12 -10 -1 

EISE p, aFiaxl, aF/axd model 0 - 
1 

2 

3 

2.70 -10' 

338.10' 

3.49 -100 

-8.49 -1O-l 

-8.84 -1O-l 

1.56*10-2 

2.73 -100 

331.10' 

350.10' 

-830-10-1 

-8.86~10-~ 

152-10" 

6.51.10-' O O 

O 732.10' O 

O O 7.68-10' 

1.29*10-' 

632.10' 

6.29*10° 

1139-í0-1 1 
Table 2.2 Regression m d t s  ~f red objective function II for experimental design A 
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sufficient to estimate the correlation of function value errors and derivative errors. 

Table 2.2 clearly visualizes that the extra derivative information doesn’t result in an 

improvement of the approximation model of objective function 11. The parameter estimates 

and the EIISE-values of model 2 are even a bit worse compared with model 1, this in 

contrary to what is suggested by the estimated EISEpalues. The estimated EI§% is 

smaller for approximation mode! 2 than f ~ h  model I, while the manguted EISEpalues 

show the opposite. Thus the derivative data give rise to an approximation model with 

misleading accuracy. Again assumption of dependence is of no use because of the small 

number of experiments. 

Sofar the results agree with our expectations. Taking into account both function value data 

and derivative data in the regression analysis is only useful if the proposed model function 

is flexible enough to predict the behaviour of both the function value and all derivatives. 

Secondly it is remarked that estimation of the off-diagonal elements of the covariance 

matrix V requires extra response data. As for increasing number of design variables the 

number of elements in the covariance matrix increases quadraticly, assumption of 

dependence between function values and derivatives seems to make no sense. 

Now suppose our proposed response-surface model is flexible enough to predict both 

function values and derivatives. Then the total computational effort for the calculation of 

the response data can be reduced when using derivatives, because the semi-analytical com- 

putation of a derivative is relatively cheap compared with the function value computation. 

To illustrate that the number of design points 

can be reduced the six parameters of real 

objective function I are estimated for a five 

point experimental design B (figure 2.4). 

Function values and derivatives are assumed 9 2 

to be indepent. Experimental design B has 

been determined by CADE (Nagtegaal, 1987) 

by minimization of det(GTG) (see appendix 
O 1 2 a 

C). For this experimental design the com- xl 
putational results of the approximation model Fig. 2.4 Experimental design B 
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are included in table 2.3. 

Table 2.3 Regression results of red objective €unction I for experimental design B 

The parameter estimates appear to be reasonable. It is noted that the first diagonal element 

of the estimated covariance matrix 9 is a b u t  IO4 which means that the response-surface 

model exactly fits the five computed function values. This is caused by the fact that we 

have a five point experimental design and an approximation model of six parameters. The 

regression algorithm can either fit exactly the computed function values or the values of 

one of the derivatives. Those values that can be easiest fitted by the proposed model are 

heavily weighted by the algorithm at the cost of the other computed values, resulting in a 

diagonal element of the estimated covariance matrix which is near zero. 

2.5 Discussion 

For numerical experimentation model-building can be a very heuristic and iterative 

process. As there is often no or an unknown physical basis, the approximative model 

function is usually nob known beforehand. At the first stage of the model-building process 

the derivative data can be used to get an extra indication of the appropriateness of the 

proposed model function. Multivariate regression analysis including derivatives can only 

be effectively used at the last stage if one is quite sure that the finally proposed ap- 

proximative model function is flexible enough to predict the behaviour of both function 

value and all derivatives. Otherwise it is advised to use univariate regression analysis and 

optimal design of experiments based on function value data only. 



Chapter 3 

A global approximation concept based on flexible interpolation 

3.1 Introduction 

The appropriateness of Íhe proposed response-süïfxe mûde! L ~ & o n  is af mah inficexe 

on the quality of the approximation. For numerical experiments this model choice can be 

rather difficult mainly because of the absence of random errors. Recently in the statistical 

literature some new techniques have been proposed to cope with deterministic output. 

Sacks et al. (1989a) give a review of this field of design and analysis of computer 

experiments. Compared with the rapome-surface concept the main advantage is that all 

observed data will be exactly predicted and that the flexibility ~f the models has been 

increased significantly. In 0 3.2, 3.3 and 3.4 this new global approximation concept is 

discussed and illustrated by a simple one and two dimemisna! example. By means of this 

method in 6 3.5 it is tried to improve the originally developed response-surface model of 

the acoustical damping of the first eigenmode (hum) of a bell. This chapter is concluded 

by a discussion. 

3.2 Theory 

The basic principle is to model the deterministic output as a realization of a stochastic 

process Y@ 

k 
(3.2.1) 

The stochastic model consists of a regression model and a random process Z which is 

assumed to have mean zero and a covariance between Z(xJ and Z@ at design sites and 

- w which is the product of a process variance 02 and a correlation function R&d, 

COV(IV,XJ = dR(x,X> (3.2.2) 

Given a design S=(sl, ..., gN} and output data ys=[y(sl), ..., y&)], Sacks et al. (1989a) 

derive a prediction of the response y@ which consists of a regression function and an 
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interpolation function of the residuals 

Y(x> = ET(x)f i  + LT(E)R-l(Ys-F&) 

- f(x) = jfl(X), .e.> fk(X)jT 

The elements of the column 

(3.2.3) 

are the k functions in the regression, while the N*k matrix 

consists of the N vectors of regression functions at the design sites. The stochastic process 

correlations between Z's at the design sites are stored in a N*N matrix given by 

R = [R("i'"j)]i,j 1 5 i s N ,  l 5 j s N  

contains the correlations between the Z's at the design sites and an untried input z. Finally 

the generalised least-squares estimate of fi is, 

The representation of the mean squared error turns out to be, 

(3.2.4) 

It is noted that the MSE is zero at the design sites. 



A global approximation concept based on flexible interpolation 22 

Now the problem is to choose a correlation function R b $  which reflects the characteris- 

tics of the response y o .  Often a function R is selected for which holds 

I 
R(w,x) = R(w-x) (3.2.5) 

For some correlation functions it can be proved that they result in a spline approximation 

of the residuals. The parameters in the correlation function can be estimated for example 

by maximum likelihood. 

As experimental design a ’standard’ design can be used, like a full factorial, fractional 

factorial or some other design. However Sacks et al. (1989a) prefer optimal designs which 

are computed by minimizing some criterion, e.g. the integrated mean squared error 

or the maximum mean squared error 

within some region x. 

3 3  Example 

Suppose the real objective function which has to be approximated is 

2 -1.25~ F .(x) = 3x e ObJ 

For simplicity the stochastic process is modelled as 

Y ( X >  = BO+Z(X)  

(3.2.6) 

(3.3.1) 

(3.3.2) 

Because it is assumed that the real objective function behaviour is rather smooth 

correlation function is choosen to be (Sacks et al., 1989b), 

the 

-0(w-x)2 (3.3.3) R(w,x) = e 

The parameter 8 is set to 0.5. 
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Given an experimental design 

~ 

1 6.07-10'1 1.35010-~ 1.11 -loe2 3.35010'~ 3.73 *lo4 
6.07 -1O-l 1 6.07*10-1 1.35 1.11 3.35 

1.35 6.07 1 6.07 *lo-' 1.35 ~ 1 0 ' ~  1.11 

1.11 1.35 6.07-10-1 1 6.07 -1O-l  1.35 -1O-l 

3.35 1.11 010'~ 1.35 =lo-' 6.07 -1O-l  1 6.07 

3.73 3.35 1.11 1.35 -1O-l 6.07 -1O-l  1 

I S = {0,1,2,3,4,5} 

the corresponding vector of output data is 

1T 
1s = [O 8.60 9.85 01O-l 6.35 010'~ 3.23 -10" 1.45 *lO-l]  

For the approximate objective function accounts 

with the 6*1 matrix of vectors of regression functions at the design sites being 

F = [ l  1 1  1 1  1IT 

The 6*6 matrix of correlations is 

R =  

(3.3.4) 

while the estimate of po is 

This approximation function is plotted in figure 3.1, completed by the real functional 

behaviour and a 95% probability bound which has been computed from the mean squared 

error of equation (3.2.4). It is clearly visible that all computed data are exactly predicted 

and that the mean squared error is zero at the design sites. 

Also for parameter &values 100, 10, 1 and 0.1 the objective function predictions have 

been calculated. They are plotted in figure 3.2. For 8=1 an approximation results which is 
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Fig. 3.1 Red and predicted objective function values for 8=0.5 

1.2 

1 

o. 8 

c4 0.6 

O. 4 

o. 2 

O 

I I 

0.1 
I I 

- = real 

1 2 3 4 5 

X 

Fig. 3.2 Real and predicted objective function values for some 8 values 
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nearly as good as the approximations of 6=0.1 and 6=0.5. Decreasing 6 further than 0.1 

doesn't result in any significant improvement and finally leads to numerical errors. So the 

optimal 6 lies somewhere between 0.1 and 1. It is remarked that the 95% probability 

bounds are narrower for 6=0.1 than for 8=1. To estimate this 8 value Sacks et al. (1989a) 

assume a Gaussian process and derive that the maximum likelihood estimator (MLEI of 8 

can be found by minimizing 

(detR)m$ (3.3.5) 

where is the MLFi of c? 

The column B is the MEE of fi which is the generalised least-squares estimate 

For this one dimensional example minimizing (3.3.5) results in 8=0.3. 

3.4 A flexible interpolation model versus a response-surface model 

Suppose the following real objective function has to be approximated: 

FObj(xJ = 2 +4x1 +4x2 -xl 2 2  -x2 +2sin(2x1)sin(2x2) 

with side-constraints 

0.5 s x1 4 3.5 

0.5 s x2 s 3.5 

(3.3.6) 

(3.3.7) 

(3.4.1) 

The 3-D mesh and a contour plot of this objective function are visualised in figures 3.3 

and 3.4. 
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Let the stochastic model be 

Y(X) = BO+B1Xl+B2X2+Z(X) 

Assuming that the response is rather smooth we take as correlation function 

(3.4.2) 

(3.4.3) 
j = l  

The experimental design is a full factorial S2 design in the permitted region 

S = {0.5:0.75:3.5}2 

To estimate the parameter O in the correlation function (3.4.3) a Gaussian process is 

mumed. The maximum likelihood estimator (MLE) of 6a can be found by minimizing 

(det R)lN @ (See figure 3.5). For 8 near matrix R is ill conditioned resulting in 

some inaccurate values. The minimum occurs at about 8 = 0.7. 

Now the response function F can be predicted for any untried design site z. The complete 

region is scanned for a 61*61 grid. The objective function value predictions are plotted in 

the contour plot of figure 3.6. For this grid of points the empirical integrated squared error 

is 

For the same experimental design a polynomial responsesuface approximation model of 

16 parameters has been fitted 

3 3 3 3  Flbj(d = a. +alxl+... +a3xl +a4x2+... +a6x2 +a7xlx2 +... +a15x1x2 

A contour plot of this approximation model is visualized in figure 3.7. The EISE-value 

apeared bo be 0.139 which indicates that the response-surface approximation model is 

worse compared with the flexible interpolation model. 
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c3 
X 

1 2 3 

XI 

Fig. 3.3 3-D mesh of function (3.4.1) Fig. 3.4 Contour plot of function (3.4.1) 

1 2 3 
theta x l  

Fig. 3.5 Estimation of 0 in correlation Fig. 3.6 Contourplot of flexible inter- 
function (3.4.3) polation model predictions 

N 
X 

x10-4 (*) = red (+) = predicted 2 T 
z 8 1.51 * , (I) = 95% confid. ht.4 

xl Point number 

Fig. 3.7 Contour plot of response-surface Fig. 3.8 Real and predicted acoustical 
damping values of the hum of 40 
random bells 

model predictions 
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3.5 A flexible interpolation model of the acoustical damping of the hum of a bell 

For the structural optimization of bells Roozen-Kroon (1992) developed regression models 

describing the frequencies and acoustical damping of the most important eigenmodes. It 

was concluded that the accuracy of the acoustical damping approximation models Is rather 

poor. Trying to improve the p~~li~bi~aaéll behaviour a flexible interpolation model of the 

first partial has been built based on the same experimental design of 330 points in the 7- 

dimensional design space. 

For a stochastic model 

(3.5.1) 

with correlation function 

j = l  

the minimum of (det R)m @ occured at 8=0.1. Numerical problems arose for 8-values 

smaller than 0.05. Roozen-Kroon tested her regression model of the hum for 40 randomly 

chosen bells in the permitted area. As a measure for the quality of the predictions she 

computed the standard deviation 

Tfae flexible interpolation model has been tested for the same 40 bells, which resulted in 

~r=1.74.10’~. So the interpolation model could not improve the original developed 

regression model. One conclusion may be that not enough data has been computed in the 

design space to reconstruct the real behaviour of the acoustical damping. This is confirmed 

by figure 3.8, in wich real values and flexible interpolation predictions of the acoustical 

damping are plotted completed by ’95 % probability bounds’ (The first bell in figure 3.8 

is the re€erence bell). It is clearly visible that more than about a quarter of the real 

acoustical damping values lie outside the computed probability bounds indicating that 

there is a possible lack of information. To provide wider probability intervals the es- 
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timated &value should be enlarged. The author’s opinion is that the probability bounds 

computed from the mean squared error of equation (3.2.4) should not be interpreted as 

95% confidence intervals. It just tries to give some measure of uncertainty based on the 

available computed data of the experimental design. One cannot expect to reconstruct a 

third order polynomial and compute correct confidence intervals when response data has 

only been computed at thee points. 

3.5 Discussion 

The construction of global approximation models is an iterative process. Starting from an 

initial design one tries to gather a maximum amount of information with as little com- 

putational effort as possible for the purpose of reconstructing the real functional behaviour 

within some desired accuracy. For the response-surface method this means adaptation of 

the model function during the iteration process, although it is not always easy to find the 

appropriate function. Model-building based on flexible interpolation doesn’t require this 

model adaptation. The ’only’ thing to do is to find the most promising places to compute 

new response data. Cheap computed derivatives may play an important role to find these 

points. For example they can provide initial starting points and directions to find the most 

promising maxima of the mean squared error function. Finally it is remarked that the 

methodology discussed in this chapter can be extended to take into account random errors 

(Sacks et al., 1989a). This may be useful for the modelling of a response of physical 

experiments for which an explicit model function is unknown. 



Chapter 4 

A mid-range concept based on flexible approximation 

4.1 Introduction 

in the preceding chapter a giobai approximation concept has been discussed which is more 

flexible than the often used response-surface method. Al1 computed data will be exactly 

fitted, while the response at unknown design sites is predicted by some way of inter- 

polation. In this chapter it is proposed to use the approximation techniques of § 3.2 for 

reconstruction of objective function and constraints in a local region of the design space. It 

makes sense to generate local multi-point approximations, as for approximate optimization 

based on a single point approximation several different FEM structural analyses have to be 

performed before reaching an optimum. The proposed multi-point approximation is tested 

by optimization of a %bar and a 10-bar truss structure. 

4.2 Theory 

Suppose that during the approximate optimization process N cycles have been performed 

resulting in N design points at which function values and first order derivatives of the 

objective function and constraints have been computed. Usually in the vicinity of the 

design point of the last cycle it is searched for a new optimum solution point. The basic 

idea of the mid-range concept proposed here is to reconstruct the behaviour of the 

objective function and constraints in the search region around the design point of the last 

cycle of the approximate optimization by techniques similar to chapter 3. The approxima- 

tion model should be based on as much of the data computed at design points during the 

optimization. To take into account both function and derivative information, the n 

derivatives with regard to the design variables at a certain design point are converted into 

n function values by 

(4.2.1) 

with variations 6~ in the n design variable directions. The variation 65 should be 



A mid-range concept based on flexible approximation 31 

relatively small compared with the search region around the concerned design point. 

With only function values left and a response behaviour of the objective function and 

constraints which is supposed to be rather smooth, the basic 'stochastic' reconstruction 

model is chosen to be 

with correlation function 

(4.2.2) 

(4.2.3) 
j=1 

The linear regression mode! in equation (422) is set equal to the local linear ap- 

proximation of the concerned objective function or constraint at the design point of the 

last cycle. 

Given the response vector ys of the function and converted function values of for example 

one of the constraints, and given the experimental design S containing the corresponding 

N*(n+l) design points the approximation model of that constraint turns out to be 

with the same definitions of 1-0, R and F as in 0 3.2. The model can be interpreted as a 

local linear approximation model which is reshaped by computational results at design 

points of former optimization cycles. It is noted that the approximation model is only valid 

and valuable in the search region around the design point of the last cycle. A proper 

choice of the move limits (i.e. the size of the search region) depends on the convergence 

during the optimization. 

Because the statistical point of view is completely out of range now, the minimization of 

(det R)lm @ to estimate parameter 8 in correlation function (4.2.3) seems to be inap- 

propriate. Here 8 is something like a move limit which can be increased or decreased 

depending on the convergence of the optimization. For simplicity in the subjoined 

examples the 6 values of all approximation models of the objective function and con- 

straints are chosen equally. During the optimization the 8 value of a new optimization 

cycle has been based on the reciprocal condition of the correlation matrix R and the 8 
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value of the previous cycle. It has been tried to keep 8 as small as possible but preventing 

the reciprocal condition (1-norm) from becoming smaller than about lo4. The initial 8 has 

been guessed although it doesn’t influence the linear approximations of the first cycle. 

~ 

cycle mvlim [-I û [-I II 65 II 1-1 cl@) 1-1 x1 r-I x2 [-I F, [-I 
O 1.0 1.5 9.007 

1 0.2 2 10” 4*10-’ 1.2 1.3 9.566 

2 0.2 2 10-~ 6*10‘9 l.Cr210 1.1 9.672 

3 0.2 5 10-3 2.10-8 1.2210 0.9 9.437 

4 0.2 5 10.3 2.10-8 1.0833 1.0779 9.690 

5 0.2 5 10” 7.1Od2 1.0800 1.W61 9.690 

Table 4.1 Convergence history of approximate optimization of equation (4.3.1) using 
multipoint flexible approximation 

43 Test problem 

The multipoint flexible approximation is first tested for an unconstrained optimization 

problem. Suppose a local maximum of the function 

F .(XI = 2 +4x1 +4x2 -x1-x2 2 +2sin(2xl)sin(2xL) (4.3.1) 
ObJ - 

has to be searched for. There are no constraints at all. The starting point is x,=l , x,=1.5. 

During the approximate optimization process the move limit is kept constant 0.2. So the 

SQP-algorithm will only find the optimum 

solution if the original function is correctly 

reconstructed in the search region. The con- 

vergence history is shown in table 4.1. 

It is clearly visible that there is a good con- 

vergence and that the optimum solution is 

reached within one percent of the optimum 

1.6 

1.4 

1.2 

1 

1 1.5 
(x1=1.0784 , x,=1.0784) at the fourth cycle. x l  

The designs computed duing the op- Fig. 4.1 Approximate optimization of 
equation (4.3.1) using multipoint 
flexible approximation timization are plotted in figure 4.1. It is 

obvious that the computed response data of 
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former optimization cycles is effectively used to reconstruct the local behaviour around the 

design point of the last cycle. However the convergence behaviour appears to be very 

sensible for the 8-values during the optimization. 

4.4 Three bar truss 

The three bar truss plotted in figure 4.1 is optimized using above mentioned multi-point 

approximation. It is searched for the minimum weight by changing the cross-sectional 

areas of the truss members. The areas of member A and C are equal because of symmetry 

of the truss, AA=Ac The maximum allowable stress in tension is set o. and in compres- 

sion 2/3a0. The structure is loaded by a force P. 

Fig. 4.2 Three bar truss 

If we define the normalised design variables 

AB O0 , x 2 = -  XI = - AA'O 
P B 

the objective function and dimensionless stresses in the bars can be written as 

F obj .(x) - = 4x1+x2 (4.4.1) 

(4.4.2) 
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(4.4.3) 

(4.4.4) 

xl 3 g&) = -:f3(E)-1 s o . 
L 

Fig. 4.3 Approximate optimization of a 
three bar truss using multipoint 
flexible approximation The lower bound of x1 and x2 is set to 0.1. 

For an initial design of xl=l and x2=2 the convergence history of the approximate op- 

timization using multipoint flexible approximation and a SQP-optimizer is included in 

table 4.2. 

cycle mvlim [-I i3 [-I I I [-I Cl@) [-I x1 [-I x2 [-I F*j 1-1 

1 0.5 0.1 10” 2.10-8 0.5 1.5 3.5 

O 1.0 2.0 6.0 

2 0 5  0.5 10” 1.10.~ 0.4979 1.0 2.992 

3 0.5 1 10” 9-10‘10 0.5364 0.5 2.646 

4 0.5 5 10” 2.10-’ 0.5393 0.5852 2.742 

5 0.1 5 10-3 4-10-11 0.5442 0.5713 2.748 

6 0.01 10 10.3 2.10-l~ 0.5443 0.5712 2.744 

Table 4.2 Convergence of the three bar truss approximate optimization using multipoint 
flexible approximation 

The convergence appears to be well. Five optimization cycles are required to get within 
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one percent of the optimum design (that is to x1=0.5443 and x2=0.5710). The convergence 

is visualized in figure 4.3. 

4.5 Ten bar truss 

Haftka and GGrdal (1992) compared the convergence history of the approximate op- 

timization of a ten bar truss shown in figure 4.2 using six local approximations. Their 

results are included in table 4.3. Here the same structure is optimized using multipoint 

flexible approximation to compare the convergence history with the results of Haftka and 

Gürdal. 

l = 4  
+-------++------- 1 

T 
I 
I 
I 

I 
I 
I 

l p  

4i 

Fig. 4.4 Ten bar truss - 

The truss is designed for minimum weight by changing the cross-sectional areas of the 

truss members. The minimum area is 0.1 [in2]. The maximum allowable stress in each 

member is the same In tension and compression and is set to 25 [hi]  for all members 

except for member 9 which is set to 75 [hi]. The length 1 is 360 [in] and the forces P are 

100 [Kips]. The density of the truss material is 0.1 [lb/in3]. The initial areas of all bars are 

set 5 [in2]. In table 4.4 the convergence history of the optimization process, using the mul- 

tipoint flexible approximation and a SQP algorithm, is included. From table 4.4 it can be 

concluded that 6 cycles are required to get within one percent of the optimum weight of 

1498 [Ib] with a maximum constraint violation which is less than one percent. This is 

comparable with the best local approximations of table 4.3, although the constraint 

violations of these approximations are unknown. Therefore one should be careful with 
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comparing the results of table 4.4 and 4.3. Besides this also the strategy of the move limit 

choice is not known for the local approximations of table 4.3. For a fair comparison this 

strategy should be the same for all approximation concepts. Finally it is remarked that the 

reduction of the move limits in table 4.4 appeared to be not necessary at all to find the 

optimum. The same convergence results have been found for a move limit which is kept 

ccsiìstant 2.5 [i.”li. 

cycle Linear Reciprocal Conservative Quadratic Recip-quadratic Linear force 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

1845 

1637 

1601 

1558 

1531 

1514 

1507 

1502 

1500 

1500 

1500 

1499 

1774 

1673 

1593 

1566 

1548 

1537 

1528 

1522 

1518 

1511 

1511 

1508 

2361 

1960 

1722 

1641 

1587 

1566 

1555 

1546 

1540 

1538 

1535 

1532 

2002 

1741 

1650 

1586 

1547 

1525 

1514 

1507 

1503 

1501 

1500 

1499 

1931 

1684 

1595 

1548 

1522 

1509 

1506 

1502 

1500 

1500 

1499 

1499 

1891 

1688 

1589 

1549 

1526 

1511 

1504 

1501 

1500 

1499 

1499 

1499 

Table 4.3 Convergence of the ten bar truss approximate optimization of the weight [lb] 
using several local approximations (Haftka and Gürdal (1992)) 

weight [lb] Max. constraint violation cycle mviim [in2] e 1-1 I 85 I b21 C1@> [-I 
O 2098 > 10 % 

1 2.5 0.1 l o 3  2.10-~ 1911 > 10 % 

2 2.5 0.1 10.~ 2-10-~ 1636 > 10 % 

3 2.5 0.1 io9 2.10’~ 1574 > 10 % 

4 2.5 0.1 10” 1514 > 10 % 

5 2.5 0.1 10-3 1.109 1482 10 % 

6 1 0.1 9*10-10 1496 0.5 % 

7 0.1 0.5 6*1O1’ 1498 c 0.01 % 

Table 4.4 Convergence history of the ten bar truss approximate optimization using 
multipoint flexible approximation 
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4.6 Discussion 

The mid-range approximation concept proposed in this chapter has been tested for the 

three and ten bar truss. The approximate optimization showed a good convergence, 

although a real fair comparison with other concepts could not be made. However the 

convergence appeared to be very sensible ~ Q I -  the parameter value ia? the correlation 

Rinction during the optimization. If during the optimization this parameter becomes too 

large, the approximations will become nearly linear. Then move limit reduction will be 

necessary to find the optimum. It is recommended to take a closer look at the concept and 

to investigate whether a mid-range approximation concept can be developed which is 

generally applicable and guarantees a good convergence in approximate optimization. 
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Chapter 5 

Conclasions and recommendatPonis 

For approximate structural optimization response-surface models of the objective function 

and constraints can be built which are valid in (nearly) the whole design space. Derivative 

data can be effectively used in the regression anaiysis if the proposed response-surface 

model function of the concerned objective function or constraint is flexible enough to 

predict the behaviour of both function values and derivatives. However one is often not 

sure that the proposed model function is appropriate. Then derivative data can be used to 

check this function. This can help to find a better model function. 

The quality of a response-surface approximation model is mainly determined by the 

appropriateness of the response-surface model function. For numerical experiments model- 

building may be very difficult because of the absence of random errors. The global 

approximation concept based on flexible interpolation is much more suited for determinis- 

tic output. As all computed data will be exactly predicted there is no need for any model 

adaptation. For a simple two dimensional example the flexible interpolation model 

appeared to be much more accurate than the response-surface model. However the original 

developed regression model of the acoustical damping of the first eigenmode of a bell 

could not be improved because not enough response data had been computed in the design 

space. For these test problems numerical problems arise for certain parameter values in the 

correlation function of the approximation model. Sacks et al. (1989a) report that the cor- 

relation matrix can be poorly conditioned and that the conditioning becomes worse as the 

number of experiments increases. It is recommended to investigate how far the use of the 

flexible interpolation concept is limited by this ill-conditioning. A second important topic 

may be the development of an iterative model-building process for this global ap- 

proximation concept. Based on the available response data the most promising places in 

the design space have to be determined to compute new response data. Cheap computed 

derivatives may help to find these points. 

Like the response-surface concept the flexible interpolation concept is only practical for a 

relatively small number of design variables, because the required number of structural 
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analyses grows exponentially for increasing number of design variables. Therefore local or 

mid-range approximations are often used. A new mid-range approximation concept has 

been proposed. The flexible approximation techniques are now used to build ap- 

proximation models for a local region in the design space. It has been successfully tested 

by approximate optimization of a three and a ten bar truss structure. However the conver- 

gence appeared t~ be sensible f ~ r  the parameter value in the correlation function and it is 

not quite clear how the parameter should be valued during the optimization. Therefore it is 

recommended to investigate whether a mid-range approximation concept can be developed 

which can be generally and cost-effectively applied in approximate structural optimization. 
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Appendix A Regression algorithm including derivatives 

Determine for xi , i=1, ..., N : g(xi) 

I I 

Determine for i=1, ..., N : Fi I 1 
~~ 

Compute unweighted parameter estimate 

Compute variance matrix estimate 
N 

'('1 = N-k/(n+l) i=l 
(ui T $1))  FT^))^ 

I I 

I 
@ 1 := 1+1 

t 
Compute weighted parameter estimate 



Appendix B Test problem for regression algorithm 

Suppose the real objective function is given by 

2 F = 1 + 2 ~ + 3 ~  +eF (B,l,a) 

(B.1.b) 

The errors eF and E@ are normally distributed, independent, with expected values zero 

and variances respectively CT: = 0.25 and odF2 = 0.5625. 

The approximate model fainction is 

F* = f11+f12x+f13x2 

For an experimental design of 81 points 

S = {-2:0.05:2} 

response-surface models have been calculated for the next three situations: 

1) 

2) 

only function values are measured. 

both function values and derivatives are measured but are supposed to be indepen- 

dent. 

3) both function values and derivatives are measured and supposed to be dependent. 

The columns of estimated parameters fi and the estimated covariance matrixes 9 are 

included in table B.1. Also the estimated covariance matrix of fi is included for which 

holds 

Cov(&) = (GTICo~(g)]-lG)-l  

For the first model this can be simplified to 

Cov@) = ô2(XTX)-l 

where $ is the ome and only element of the matrix 9. 
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1.05 -10’ 

2.01 100 

2.99-100 

model CQVcg) 0 

1 2.21 -lo-’ -2.53 

-2.53 -lo-’ 7.06*10-1 
430*10-3 9.63 -1.16 

9.63 a10 -6 1.62 -4.96 

-1.16 e10 -3 -4.96 *10 -’ 8.49 -10 

1 

2 

3 

62525.10” 6.73-10-” -254.10-3 

6.73.10-19 2.03*10-3 -5.36-10-” 

-254.g~ -3 -536 .@9 1 . m o - 3  

432.10” -6.83-10-19 -1.16.10-3 

-6.83 a10 1.62 -10 -3 1.72 

-1.16 -10” 1.72 851 

O 7.06*10-’ I 

Table B.l Regression results of test problem 

A 95 % percent confidence interval of the j th element of the column of parameters is 

bj - 1.96{[Cov(&)ljj 5; fJj 4 fij+1.96{[Cov(&)]jj 

with [Cov(&ljj is the j th diagonal element of the covariance matrix C o v a .  

By straightforward calculations it can be shown that all true parameter values lie within 

the computed confidence intervals. 

Computation of the correlation coëfficiënt for approximation model 3 gives r=0.0641. This 

doesn’t give rise to the rejection of the hypothesis that the measurement errors of the 

function values and derivatives are uncorrelated. For 80 degrees of freedom the critical 

value is about 0.23. 

The 95% confidence interval of the variance 2 is 

2 va2 
5 0  5 

va2 
1 1 
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for v=80 resulting in 

0.75@ s 2 s 1.40@ (B.7) 

The true variance values lie within this interva1 for all estimated variances. 

Summarizing, on the ground of this test problem no eat~rs in the program text could be 

detected. 
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Appendix C Optimal design of experiments 

Optimal design of experiments is the generation of an experimental design which will 

result in mimimum variance of the parameter estimates or response estimates of the 

proposed regression model. For univariate linear regression this means minimization of the 

matrix 

02( x TX) -1 
while in the case of multivariate linear regression including derivatives 

(G [ Cov ( - U) 1-l G)-' 

has to be minimized. (See also equations (2.2.10), (2.2.11), (2.3.9) and (2.3.10)). 

However, the mimimum of a matrix is not uniquely defined. Some definitions are 
- 
- 
- 

minimum determinant of the matrix 

minimum trace of the matrix 

minimum largest eigenvalue of the matrix 

Nagtegaal (1987) developed the program CADE which can calculate an optimal experi- 

mental design for different criteria and for both univariate and multivariate regression 

analysis. 

Notice that in the univariate case there is no need to know the variance 02 to minimize 

(C.l), while in the case of multivariate linear regression some estimate of the matrix 

[Cov(UJ]-' is required. If the variance matrix is not known beforehand the unity matrix 

can be substituted, but this may influence the quality of the experimental design. 
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Samenvatting 

Directe koppeling van een eindige elementen pakket met een standaard optimaliseringsal- 

gorithme blijkt in de praktijk niet goed te voldoen. De rekentechnisch meest efficiënte 

methode is om het optimaliseringsalgorithme toe te passen op benaderingsfuncties voor 

doelfunctie en constrahìts van het EEM-mode! in een bepaald gedee!?e van het ontwerp- 

gebied. Onderscheiden kunnen worden globale, l o d e  en mid-range benaderingsmethoden. 

Voor het genereren van globale benaderingen, welke geldig zijn in (bijna) het gehele 

ontwerpgebied, wordt vaak de response-surface methode gebruikt, die gebaseerd is op de 

experimental design theorie. Deze bestaat uit enerzijds het opstellen van een geschikte 

proefopzet en anderzijds het beschrijven van de experimentele resultaten met een (een- 

voudig) model. Voor dit laa?ste wordt vaak regressie theorie gebruikt. ûmdat na de EEM- 

berekening van een doelfunctie- of constraintwaarde de bijbehorende partiële afgeleiden 

naar de ontwerpvariabelen relatief goedkoop verkregen kunnen worden, is de lineaire 

regressie theorie uitgebreid om deze afgeleiden mee te kunnen nemen bij het schatten van 

de parameters in het benaderingsmodel. Echter deze data met afgeleiden kan alleen nuttig 

gebruikt worden bij de regressie analyse indien de betreffende modelfunctie flexibel 

genoeg is om het gedrag te voorspellen van zowel functiewaarden als afgeleiden. Anders 

kunnen de partiële afgeleiden beter gebruikt worden om de voorgestelde benaderings- 

modelfunctie te valideren. 

De statistische literatuur stelt een globale benaderingsmethode voor die beter geschikt is 

voor de beschrijving van deterministische data. Alle datapunten worden namelijk exact 

voorspeld. Testresultaten laten zien dat modellen gebaseerd op deze flexibele benaderings- 

methode veel nauwkeuriger kunnen zijn dan response-surface modellen. Echter een door 

Roozen-Kroon ontwikkeld response-surface model voor de acoustische demping van de 

eerste trillingsvorm van een klok kon niet worden verbeterd. De totale hoeveelheid 

berekende dempingsdata bleek niet voldoende te zijn om het gedrag van de acoustische 

demping in het gehele ontwerpgebied voldoende nauwkeurig te reconstrueren. 

Vaak worden locale of mid-range benaderingen toegepast omdat globale benaderingen 

alleen nuttig zijn voor een relatief gering aantal ontwerpvariabelen. Voorgesteld wordt om 

de flexibele benaderingstechnieken ook te gebruiken voor locale reconstructie van de 

doelfunctie en de constraints. Dit concept is getest door optimalisatie van twee vak- 

werkconstructies bestaande uit respectievelijk drie en tien staafelementen. 


	Summary
	Convention and list of symbols
	1 Introduction
	2.1 Introduction
	2.2 Univariate linear regression
	2.3 Multivariate linear regression including derivatives
	2.4 Test results for a deterministic problem
	2.5 Discussion

	3 A gPobaP approximation concept based on fpexibíe interpolation
	3.1 Introduction
	3.2 Theory
	3.3 Example
	3.4 A flexible interpolation model versus a response-surface model
	3.5 A flexible interpolation model of the acoustical damping of the hum of a bell
	3.6 Discussion

	4 A mid-range concept based on flexible approximation
	4.1 Introduction
	4.2 Theory
	4.3 Test problem
	4.4 Three bar truss
	4.5 Ten bar truss
	4.6 Discussion

	5 Conclusions and recommendations
	References
	Appendices
	A Regression algorithm including derivatives
	B Test problem for regression algorithm
	C Optimal design of experiments

	Samenvatting

