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Abstract 

In this work, two constitutive equations, describing the three-dimensional behaviour 
of a nonlinear viscoelastic rubber material are investigated: the multi mode upper- 
convected Maxwell model and Lianis’ constitutive equation for small strains super- 
posed on a finite deformation. The first model has been implemented in the finite 
element package SEPRAN by adapting an existing one mode Maxwellian element. 
The latter model is available in the finite element package MARC. 

The material parameters occuring in these theories have been obtained for both 
a butyl rubber, code K1043, and a silicone rubber, code sil40H, with use of linear 
dynamic shear experiments and non linear stress relaxation experiments. 

Comparison of numerical simulations with experimental data, shows that the 
multi-mode Maxwell model is able to describe the degree of non-linearity in tension 
in the strain domain [0,70]%. Furthermore, it predicts qualitatively the Mullins ef- 
fect. In order to better evaluate the predictive qualities of the multi mode Maxwell 
model, more experimental data of hysteresis curves in uniaxial tension and compres- 
sion should be obtained. 

Numerical simulations with the finite element code MARC showed that Lianis’ 
constitutive equation was not correctly implemented in this package. Future atten- 
tion should be focussed on the predictive quality of transfer functions, for different 
geometries, obtained with MARC. If the results are satisfactory a powerful1 tool for 
the design of rubber dampers is obtained. 
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Chapter L 1 

Introduction 

1.1 Overview 
The use of rubber materials in engineering applications has increased markedly in 
the last three decades. One of these applications is the use of passive rubber dampers 
for the suspension of the laser module inside an outdoor CD-player. So far there are 
no design rules to create rubber dampers with required damping properties. As a 
consequence the design process has been empirical. This means that costly design 
iterations have to be performed, which involve design, testing and redesign. 

To facilitate the design process, it is desirable to have an analysis tool to simulate 
the mechanical behaviour of rubber components. Essentially this requires some form 
of theory to model the material behaviour, experimental methods to measure the 
material parameters occuring in the theory, and numerical methods to perform the 
calculations. 

Initial investigations have shown that rubber dampers cannot be modelled by 
simple linear viscoelastic theories. Therefore two non-linear viscoelastic theories, 
derived from literature, are applied. Calculations are performed with use of the 
finite element method. The first material model used is a so-called multimode 
Maxwell model. It has been implemented in the finite element package SEPRAN 
by adapting a one mode upperconvected Maxwell model. The second theory ap- 
plied is based on the theory of Lianis, who derived a constitutive equation which 
describes the behaviour of incompressible solids if a small deformation is superposed 
on a static finite deformation field. A specialized form of this theory is available 
in the finite element package MARC. The material parameters, used in these theo- 
ries, are measured by linear viscoelastic shear measurements, and stress relaxation 
measurements. 
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1.2 Literature survey 
This section summarizes the present state in research concerning the dynamic be- 
haviour of rubber materials. It is mainly focused on available constitutive equations 
for the mechanical behaviour of rubbers. A complete overview is given in [6]. 

Linear theory of viscoelasticity 
In the early development of viscoelasticity theory, much use was made of the mod- 
elling of materials by networks made up of springs and dashpots. The spring rep- 
resents the elastic component of the material, whereas the dashpot represents the 
viscous component. An overview of some simple combinations of springs and dash- 
pots and their constitutive equations can be found in i.e. reference [6]. More general 
mechanical models are obtained by combination of an arbitrary number of elements. 
These models are refered to as canonical models [i] 

The mechancial models mentioned above represented the one-dimensional re- 
sponse behaviour of a linear viscoelastic material. A linear infinitesimal theory of 
viscoelasticity for three-dimensional behaviour is given by i.e. Locket t [29]. 

Nonlinear elasticity 
The theory of nonlinear elasticity is of interest because at the limits of the time and 
frequency range, viscoelastic solids essentially behave elastic. 

Based upon the molecular structure of rubber, general expressions for the defor- 
mation of rubber units can be derived. Contributions in this field worth mentioning 
are the statistical or kinetic theory, which is in extension valid until1 about 30 % 
strain, [45] and the non-Gaussian theory, which takes the finite extensibility of the 
network chains into account [la], pages 155-178. 

In parallel with the statistical theory of rubber elasticity, the phenomenological 
theory was derived. This theory aims at providing a mathematical framework for all 
materials which are capable of large elastic deformations, and is not concerned with 
the molecular structure. Work in this field was initiated by Mooney and continued 
by Rivlin [15]. Their constitutive equation is known as the Mooney-Rivlin equation, 
and is valid up to 250 % in extension, but does not describe uniaxial compression 
data well with the same constants. More in accordance with experimental data are 
the Ogden [33], Valanis-Lande1 [46] and the Peng [35] material models. 

Integral const it ut ive equations for nonlinear visco elastic ma- 
terial behaviour 
Green and Rivlin [38] expressed the three-dimensional behaviour of a viscoelastic 
isotropic solid as the sum of a series of multiple integrals. Even in the third-order 
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approximation of this theory, a large number of experimental tests is required in 
order to determine the material functions. Furthermore the third order approxima- 
tion is restricted to small strain or stress rates and to nonlinear materials which do 
not differ much from their linear counterparts. In addition Pipkin and Rogers [37] 
developed a multiple integral constitutive equation that is non-linear even in its first 
term approximation. Their motivation was that the first integral term should model 
singie step tests exactly, the second term shouid extend the exact representation to 
two step tests etc. Experimental determination of the material functions requires 
a large number of tests, unless the material is completely characterizable in a one 
step test. 

Schapery [40] developed stress-strain equations for nonlinear, initially isotropic, 
viscoelastic materials with constant temperature by extending Biot’s linear thermo- 
dynamic theory. However it is difficult to apply these equations to specific problems 
and to simple configurations which are used in material property evaluation. 

Integral theories that do not require a large experimental program include the 
theories of Bernstein, Kearsley and Zapas [29], Bloch, Chang and Tshoegl [9,10] and, 
the finite linear viscoelasticity theory of Coleman and Noll [as]. Lianis [27] derived 
the theory of small viscoelastic motion superposed on large static deformation using 
the general equation of Coleman and Noll. This theory is implemented by Morman 
and Nagtegaal [31] in the commercially available finite element package MARC 

Differential and rate type models for nonlinear viscoelastic 
material behaviour 
Constitutive equations of the rate or differential type found in literature are com- 
monly used to describe the behaviour of nonlinear viscoelastic fluids rather than 
that of nonlinear viscoelastic solids. 

A much used rate type model is the upperconvected Maxwell equation. Its 
integral equivalent is called the Lodge equation and results from the molecular model 
of Green and Tobolsky [23]. A more realistic model is obtained by considering a 
generalized or multi-mode Maxwell model, which contains n relaxation times and n 
viscosities (n > 1). A modification of the upperconvected Maxwell model has been 
introduced by White and Metzner [48]. In their model the relaxation times and 
viscosities depend on the rate of strain. 

The Giesekus model is based on a kinetic theory of closely packed polymer chains 
and on a series of simplifications. It contains an adjustable parameter a. When 
a = O the upperconvected Maxwell model is recovered [23]. Leonov’s constitutive 
equation [24, 25, 261 in its simplest form is similar to the Giesekus mode1,but is 
derived from a thermodynamic rather than a molecular approach. The basic as- 
sumption underlying his theory is given by the principle of relaxability in the small 

A model which obeys time strain separability has been proposed by Larson [23]. 
PI * 
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Like the Giesekus model it contains an adjustable parameter a, and also for a = O 
the upperconvected Maxwell model is retrieved. However as with the Giesekus 
equation the value of a that would best fit the uniaxial data is less than that which 
would give the best fit to the shear data [al] 

Phan-Thien and Tanner [36] derived a constitutive equation from a Lodge- 
Yamamoto type of network for polymeric fluids. They allowed the network to have 
a certain slip and assumed that the rate of creation and Ue~tïiü~ticiri of the mtwoïk 
depends on the instantenous elastic energy of the network. 

1.3 Layout of the report 

In this section the layout of this report is presented. 

Chapter 1 - General introduction and literature survey. 

Chapter 2 - Presentation of the used equations, describing the material 
behaviour of rubber. 

Chapter 3 - Stress relaxation measurements in uniaxial tension. 

Chapter 4 - Dynamical measurements in shear. 

Chapter 5 - Results of numerical simulations. 

Chapter 6 - The main results obtained from this work are summarized 
and suggestions are given for further research. 
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Chapter 2 

Constitutive equations 

2.1 Introduction 
In this chapter, two constitutive equations, which describe the behaviour of a rubber 
material are presented. The rubber is considered as a continuum. The basic concepts 
of continuum mechanics are summarized in appendix A. For more details the reader 
is referred to i.e. Eringen [13] 

In section 2.2 the multimode Maxwell model is presented. This model is chosen 
from literature because it describes the degree of nonlinearity adequately for the 
stress-strain domain investigated. Furthermore this model is capable of describing 
the Mullins effect. The latter is explained in appendix B. 

In section 2.3 Lianis’s theory is presented. It describes the behaviour of a rubber 
unit loaded with a small amplitude time harmonic oscillation superposed on a static 
finite deformation. This model is available in the finite element package MARC. It 
has the advantage that it provides the deflections and stresses as a function of the 
frequency. 

2.2 The multi-mode Maxwell model 
The upperconvected Maxwell model describes the material behaviour of a viscoelas- 
tic isotropic incompressible material. It is given by: 

where: u is the Cauchy stress tensor. 
p is an isotropic constant. 
I is the unity tensor. 
r is the extra stress tensor. 

is the Truesdell rate of the extra stress tensor. 
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8 is a time constant. 
q is a viscosity. 
D is the rate of deformation tensor. 

The Truesdell rate of the extra stress tensor, occuring in the upperconvected Maxwell 
model is defined by: 

(2.2) 
V r= + - L .  - 7 - L" 

where L is the velocity gradient tensor. 
The predictive quality of the upperconvected Maxwell model is enlarged by con- 

sidering a multi-mode model containing n viscosities 7; and n relaxation times 8;. 
This so-called generalized upperconvected Maxwell model is given by: 

The deformation of a body is described mathematically by combining the balance 
laws (see appendix A, section A.3) and the constitutive equations. The multi-mode 
Maxwell model is implemented in teh finite element package SEPRAN by modifying 
the results of [ 5 ] .  

The parameters 7; and 8; can be determined by measuring the linear viscoelastic 
material functions only. 

2.3 Lianis's theory 
In this section a method is presented for the isothermal mechanical analysis of 
incompressible viscoelastic materials, in which a small-amplitude time harmonic 
oscillation with frequency w is superposed on a static finite deformation field. The 
material behaviour is assumed to be of the 'fading memory' type, so that when it is 
held at a constant deformation, the stresses eventually relax to equilibrium values 
that depend only on the current state of deformation. The constitutive equation 
taken as a starting point is that of Lianis [27], who derived the theory of small motion 
superposed on large static deformations using the finite linear viscoelasticity theory 
of Coleman and Noll. In appendix C the Fourier transform of the Lianis constitutive 
equation in terms of the second Piola Kirchhoff stress and the Lagrangian strain has 
been derived, and is given by: 

S = So + AS*exp(iwt) (2.4) 
Where the superscript * denotes a complex-valued function of frequency w.  In the 
above equation So is the static equilibrium second Piola Kirchhoff stress tensor, 
defined by: 

(2.5) 
o -1 so = -po (C ) + 2[WJ + w(1; I - CO)] 
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where: po is an arbitrary scalar, arising as a reaction to the constraint of 
material incompressibility. 

CO is the right Cauchy-Green tensor of the static finite deformation. 
I:, 1; are, respectively, the first and second invariants of C o .  
W(1:, 1;) is the equilibrium value of the Helmholtz free energy density 

measured per unit volume of the undeformed body. 
is denned as E, ( i  = i, 2). 

Furthermore the stress-increment AS* due to the superposed harmonic displacement 
is given by: 

AS* = -Ap*(Co)>-' + 4L* : AC* (2.6) 

where the quantity A p  is an arbitrary scalar arising as a reaction to the superposed 
material motion, AC denotes the superposed strain increment and 4L* is a complex 
fourth-order tensor defined by: 

4L* = 4D + %u4@* (2.7) 

In the above equation 4D is the elasticity tensor and 4@* is the complex valued 
relaxation function due to the superposed time harmonic vibrations. Both tensors 
are defined in appendix C. 

Morman [31] presents a simplification, based on the assumption that the material 
exhibits seperability of time and strain. This leads to explicit expressions for the nine 
complex valued scalar relaxation functions, which appear in the relaxation tensor. 
These functions can be determined with the use of the same material parameters 7; 
and 13; as occuring in the previous section. In appendix D the relaxation functions 
are determined. 

Morman and Nagtegaal [31] have implemented the above constitutive equation 
in the finite element package MARC. They formulated the equilibrium equations in 
terms of the virtual work equation. This equation is incomplete when the deforma- 
tion is incompressible, because the incompressibility condition forms a constraint on 
the displacement field. This constraint is treated with use of Lagrange multipliers 
and the problem is formulated with the augmented virtual work equation. In order 
to avoid numerical instability due to dilatation, Morman and Nagtegaal formulated 
the incompressibility constraint as: 

1 

f(13) = 3(1f - 1) = o 

The Newton-Raphson iteration process is used to solve the equations. This means 
that starting from a given value of displacements, accelerations etc, denoted by the 
superscript n, new values, denoted by the superscript n + 1 are searched. Thus: 

En+' = E" + AE (2.9) 
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where AE denotes the error in the estimate. This yields after linearization in the 
following finite element formulation: 

AS : SAE dV + S" : SAv dV = R"+l - SnSAtzdV (2.10) s, s, 
(3.11) 

In the above equation E denotes the linear part of the Green-Lagrange strain tensor 
and q denotes the nonlinear part of this tensor. It should be noted that V denotes 
the volume of the undeformed configuration. Furthermore the quantity RnS1 is 
defined as: 

Rn+' = lT T"+'SAu dA + FnSISAu dV - poü"+lSAu dV J/ (2.12) 

where po  is the material density per unit of undeformed volume, F is the distributed 
force per unit of of undeformed volume, T is the prescribed surface traction per 
unit undeformed area, AT is that part of the undeformed surface of the body where 
surface tractions are applied and A is surface area of the body in the undeformed 
configuration. 

After discretization the matrix formulation of equations (2.10) and (2.11) is 
obtained. It is this formulation which is available in MARC. A note on the use 
of this formulation is given in appendix E. 
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Stress relaxation measurements 

3.1 Principle for stress relaxation measurement 
In a stress relaxation test the rubber is held at a constant strain and the load 
needed to maintain this strain is measured. Directly after applying the deformation, 
the retractive force usually declines rapidly because of conformational changes and 
alignment of polymer chains. After some time these effects no longer dominate the 
stress relaxation, especially not at higher temperatures, and it is mainly chemical 
degradation of the network that contributes to stress relaxation. 

Stress relaxation measurements can be made in tension, compression or shear. 
The stress relaxation measurements described in this chapter, were conducted in 
uniaxial extension. In theory the strain is applied instantenously. Experimentally 
this is not possible, see figure 3.1. It takes a certain time t o  to reach the desired 
strain level. Due to the more gradual increase of strain the respons is different 
from the instantenous one. However after approximately 10 times t o  the respons 
is equal to the instantenous respons, see figure 3.2. Therefore it is not possible to 
determine the time constants for times smaller than t o .  These time constants have 
to be determined with the aid of dynamic measurements. 

E & 

I 

t h e o r y  
I 

,/ 1 e x p e r i m e n t  

t=O t t=O t o  t 

Figure 3.1: A step of strain in theory and in real life. 
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theory 

experiment 

Figure 3.2: The respons on a step of strain in theory and in real life. 

3.2 Experimental 
Two types of rubber were used for the stress relaxation experiments, a butyl rubber 
code K1043 and a silicone rubber code sil40H. Both types were compounded at the 
PMF (Philips). The test specimens were dumb-bells cut from rubber sheets with 
thicknesses varying between 1.5 and 3.5 mm. 

The experiments were conducted on a Frank 81565 tensile tester. Prior to testing 
all specimens were conditioned by subjecting them to a higher strain than they would 
experience during the testing. Because of the weakness of the rubber compounds 
a preload of 1 N was applied to the specimens. Then the extensiometer, which 
measured the strain, was installed. The desired strain could be attained in 10 
seconds. The strain was held constant and the force needed to maintain this strain 
was constantly being recorded. The data was processed by computer, the program 
used to process the data was 'dataq'. All experiments were carried out at room 
temperature. 

3.3 Results and discussion 
Two sets of relaxation tests were conducted on the materials. In figures 3.3 and 3.4 
the results of stress relaxation measurements in uniaxial tension are shown. Usually 
the testing gave a reproducibility of f 10 %. This variation is due to several factors 
such as: the difficulty to define the zero point, the sample to sample variation, the 
ability to measure the sample dimensions accurarely, etc. 

The average of the two sets of relaxation measurements is used to determine the 
isochronal stress/strain curve. At t = 500 seconds the average stress is crossplotted 
as a function of the strain. The results are shown in figure 3.5. These isochronal 
stress/strain curves do not cross the origin. This is caused by the fact that the 
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Figure 3.3: Response of silicone rubber to a step of strain at various stretch ratios 
as a function of time. 

dumb-bells were preloaded (1 N) prior to testing. By extrapolating the curves to 
zero, followed by shifting them until1 they cross the origin, the corrected curves are 
obtained. 

The prediction of stresses from the upperconvected and generalized Maxwell 
models (see appendix F) has been fitted on the stress relaxation data of silicone and 
butyl rubber. The results are shown in figures 3.6 and 3.7. Obviously the generalized 
Maxwell model provides a better fit than the upperconvected Maxwell model. In 
figure 3.8 the prediction of the isochronal stress-strain curve from the generalized 
Maxwell model is compared with the isochronal stress-strain curves. It can be seen 
that the Maxwell model yields a good prediction of the reality for the considered 
strain domain. 
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Figure 3.4: Response of butyl rubber to a step of strain at various stretch ratios as 
a function of time. 
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Figure 3.5: Isochronal stress-strain curves. 

15 



Figure 3.6: Fit of the upperconvected Maxwell model on relaxation data of silicone 
and butyl rubber. 
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Figure 3.7: Fit of the generalized Maxwell model on relaxation data of silicone and 
butyl rubber. 
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Chapter .m. 4 

Dynamical measurements 

4.1 Introduction 
The linear viscoelastic properties of the rubber compounds are measured by means of 
small amplitude torsional oscillatory shear experiments. The deformation is varied 
sinusoidally with an angular frequency w. The input is of the form: 

y = 70 cos(wt) = yoRe{exp(iwt)} (4.1) 
where y is the shear strain, 7 0  is the shear strain amplitude and t is the time. When 
the amplitude is small, the shear stress ír12 will be sinusoidal with frequency w,  but 
with a different amplitude and not in phase with the strain input. 

712 = 70 cos((wt) + 6) = roRe{exp(i(wt + S))} ( 4 4  
The quotient of stress and strain gives the (frequency depended) complex shear 

modulus P: 
70 

7 0  
G"(iw) = - exp(iS) = Gdexp(i6) (4-3) 

G* can be split into a real component GI, the so-called shear storage modulus, which 
is in phase with the strain (elastic respons) and an imaginary component G",the loss 
modulus, which is radians out of phase with the strain input (viscous respons). 
Thus: 

The ratio of the loss modulus to the storage modulus (tans) is a measure of the 
amount of elastic and/or viscous respons of the material. The loss angle S is defined 
by: 

G" 
t an6  = - 

GI (4.5) 

When S approaches zero the viscoelastic material behaviour tends towards that of 
an elastic rubber whilst when S approaches it tends towards that of a simple liquid 
[SI [lil- 
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4.2 Experimental 
The dynamic moduli are measured by means of small amplitude oscillatory shear 
experiments, conducted on a Rheometrics Dynamic Spectrometer RDS-2. In ap- 
pendix G a short explanation is given concerning the RDS-2. 

The polymers used are a silicone rubber (code sil40H) and a butyl rubber (code 
Kiû43j. Both polyriïers were conipoünded at the PMF (Philips). Thz plate-and- 
cone geometry is employed. The silicone rubber has been vulcanized between the 
aluminium plate and cone. The primer used was Wacker Silicone G790. The butyl 
rubber could not be vulcanized on aluminium and therefore was glued with Loctite 
superbonder 495 between the discs. Because the glue also stuck on the side of the 
samples, a thin layer was taken off the samples by turning them on a lathe. 

The experiments were conducted at temperatures between 223 K and 373 K. The 
micrometer reading of the sample thickness was corrected for the thermal expan- 
sion of the aluminium plate-and-cone and connecting shafts. The frequency varied 
between 0.1 and 500 rad/s. The experimental data are shown in figures 4.1, 4.2, 
4.3 and 4.4. As expected the absolute value of the dynamic modulus IC*/ increases 
for both silicone as well as butyl rubber with increasing frequency at a fixed tem- 
perature, and decreases with increasing temperature at a fixed frequency. On the 
other hand for silicone rubber the loss angle S remains flat in the used tempera- 
ture/frequency domain. For butyl rubber the loss angle S initially increases with 
increasing temperature at a fixed frequency, reaches its maximum and subsequently 
decreases. This maximum is ascribed to the glass transition. At this so-called glass 
transition, elastomers exhibit rapidly increasing modulus through several orders of 
magnitude in a small temperature range. It is believed that the glass transition 
marks a loss in molecular mobility. 

4.3 Time-temperature superposition 

Thermorheological simple material behaviour is assumed, so time-temperature su- 
perposition can be applied. This means that the G* and S curves, measured at 
different temperatures can be shifted horizontally along the frequency axis into one 
master curve at a certain reference temperature To. The same value of the hori- 
zontal shift-factor UT, then superimposes all viscoelastic functions. Due to thermal 
expansion, a small additional vertical shift b~ is needed to superimpose the dynamic 
moduli. The master curves then can be described by [14]: 

The best way to start a superposition procedure is to superimpose the S(1ogw) 
curves at various temperatures and to use the horizontal shift factors aT obtained 
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Figure 4.1: Butyl rubber, dynamic modulus versus angular frequency at tempera- 
tures from 223 K to 373 K. 

w [radhecl 

Figure 4.2: Butyl rubber, loss angle versus angular frequency at temperatures from 
223 K to 373 K. 
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Figure 4.3: Silicone rubber, dynamic modulus versus angular frequency at temper- 
atures from 293 K to 373 K. 
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Figure 4.4: Silicone rubber, loss angle versus angular frequency at temperatures 
from 293 K to 373 K. 
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I Butvl rubber I Silicone rubber I 
~1 [KI 
~2 IK1 

u 

6.21 8.40 
144.9 107.2 

I I To CK] j 296.3 I 313.6 

Table 4.1: WLF parameters 

in this way to shift the IG"(logw)l curves. After which the vertical shift factors 
bT can be deduced. This procedure guarantees the best values of UT and bT, since 
UT is determined completely independent of bT [41]. This procedure is adopted for 
butyl rubber and the result is shown in figure 4.5. The reference temperature To is 
293 K. For silicone rubber this procedure could not be used as the S(1ogw) curves 
at different temperatures overlap completely. Thus the horizontal shift-factors are 
determined with the use of the IG*(logw)l curves. No additional vertical shift factors 
are determined. The master curve is obtained at a reference temperature of 313 K 
and is shown in figure 4.6. 

The horizontal shift-factor UT can be modelled by the WLF-equation (see ap- 
pendix H): 

where c1 and ca are constants obtained by fitting on the data. The results are shown 
in figures 4.7 and 4.8 and summarized in table 4.1. 

4.4 Modelling 
In the range of small deformations, the relation between the stress and strain can 
be described by a constitutive equation of the form [4]: 

G(t - t') +(t') dt' (4.9) 

where r is the stress tensor. + is the strain rate tensor. 
G(t )  is the linear relaxation modulus. 

The expression for the relaxation modulus G(t) that corresponds to multi-mode 
Maxwell behaviour is given by [14]: 

N 

(4.10) 
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Figure 4.6: Silicone rubber, master curves, reference temperature 313 - 
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Figure 4.7: Butyl rubber, horizontal shift factor versus temperature (experimental: 
o, WLF-equation: -) 
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Figure 4.8: Silicone rubber, horizontal shift factor versus temperature (experimenal: 
o, WLF-equation: -) 
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The N relaxation modes are defined by their relaxation strengths 9; (g;=E) and their 
relaxation times O;. The equilibrium modulus Ge is added to allow for a discrete 
distribution to the spectrum with O; = co, for viscoelastic solids; for viscoelastic 
liquids (uncross-linked polymers), Ge = O. In appendix I an expression for the 
dynamic moduli is derived: 

(4.11) 

(4.12) 

The dynamic moduli (GI, G") have to be converted from the frequency to the time 
domain, in order to obtain the relaxation time spectrum G(t). Three methods of 
conversion are found in literature. The first method uses a Fourier transformation 
[4], the second method utilizes emperical correlations which are successful for a 
wide class of materials [14], and in the third method the parameters of a discrete 
relaxation spectrum are found by fitting equations 4.11 and 4.12 to the measured 
GI, G" data. The coefficients g; and the relaxation times O; are determined such that 
the average square deviation between the predicted G', G" data and the measured 
G', GI' data is minimum: 

(4.13) 

GL and GZ are measured data at m frequencies w j ,  and G', G" are calculated from 
equations 4.11 and 4.12. 

The multi-mode Maxwell model is fitted on the mastercurves of butyl and sil- 
icone rubber. For both materials one fit is made with equilibrium modulus and 
one without. The results are listed in tables 4.2 and 4.3, and the fits are shown in 
figures 4.9 and 4.10. It can be readily seen that the best fit is obtained with use of 
an equilibrium modulus. The contribution of the different modes (with use of an 
equilibrium modulus) to the shear storage modulus and the loss modulus is plotted 
in figures 4.11 and 4.12 

4.5 Model verification 
In order to evaluate the use of the multi-mode Maxwell model with the coefficients 
determined in the previous section, predictions of the isochronal stress-strain curves 
have been compared with experimental data. In the previous chapter the stress 
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Table 4.2: Linear viscoelastic parameters for butyl rubber. 

Table 4.3: Linear viscoelastic parameters for silicone rubber. 
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Figure 4.9: Maxwell fit at the viscoelastic functions of Butyl rubber, (experimental: 
o, fit: -). Left plots: with equilibrium modulus; right plots: without equilibrium 
modulus. 

28 



I 

, 

t 
l# I 
1P >u3 ID* 1U' lo0 10' lo2 1 8  lff 

reduced angular frequency [rads] 
45 1 I l 
at 
35 i 

reduced anpuiar frequency [rads] 

l V V  

E 

1 
i# 
lo" 101 i g  10.1 loo 101 lo2 1 8  lo< 

reduced angular frequency [rad4 

1 
lw I 
io" iu3 io* 10.' io0 16 io2 18 i w  

reduced angular frequency [rads] 

1 
l# 
io" 1u3 iu2 101 io0 ioi io2 1 8  IW 

reduced angular frequency [rads] 

18 I 
l 

i r 
L 
l 

i# 
io" 103 iu* iu1 100 101 102 IO-' io< 

reduced anpuiar fmpency [rads] 

106 

3 t 1 

t 
! 

Figure 4.10: Maxwell fit at the viscoelastic functions of Silicone rubber (experimen- 
tal:o, fit: -). Left plots: with equilibrium modulus; right plots: without equilibrium 
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Figure 4.11: Contribution of the different modes, Butyl rubber 
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Figure 4.12: Contribution of the different modes, Silicone rubber 
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relaxation function in uniaxial tension of the multi-mode Maxwell model has been 
derived, and is given by: 

n -t 
all = c; exp - 

@i i= 1 
(4.14) 

where c; equals 39; due to the assumption of incompressibility. Thus the isochronal 
stress-strain curve in uniaxial tension is given by: 

(4.15) 

The coefficients from tables 4.2 are substituted in the above equation. The result is 
compared with experimental data from stress relaxation measurements (see Chap- 
ter 3.) and plotted in figure 4.13 . It can be seen that the model predictions, with 
use of an equilibrium modulus, match well with the experimental data for Butyl 
rubber. As to be expected the model predictions without an equilibrium modelus 
do not match with the experimental results. The material constants for silicone 
rubber were determined at a reference temperature of 40 "C, however the stress 
relaxation experiments were conducted at 20 "C. The material constants are there- 
fore transformed to 20 "C, with use of the experimentally determined shift-factor 
UT.  In figure 4.14 the model prediction is compared with the isochronal stress-strain 
curve. The results do not give a good agreement. Possible explanations are: 

e The sample to sample variation. 

o Because the silicone rubbers were vulcanized on the aluminium discs, used in 
the shear experiments differences in crosslink-density can occur, which results 
in a different shear modulus. Moreover the silicone rubbers, used in the stress- 
relaxation experiments are not completely vulcanized. This is based on the 
observation that the silicone rubbers are sticky, which suggests that the rubber 
still contains some oil [44]. 

o Crystallinity. 

Preleminary DMTA and DSC experiments (see appendix J) show strange endother- 
mal effects and indicate that the silicone rubber is a semi-crystalline material. This 
makes its application for dampers doubtful1 because due to the crystallization, the 
mechanical behaviour is not reproducible. Further investigations of this phenomenon 
are beyond the scope of this work. 

4.6 Non-linearity in shear 

In order to evaluate the non-linear behaviour of the rubber compounds in shear, 
dynamic measurements with a small amplitude ( 70 = 1.5%) are conducted at a 
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Figure 4.13: Comparisson of isochronal stress-strain curves for butyl rubber (exper- 
imental: o Maxwell model: -, with equilibrium modulus: left plot, without equilib- 
rium modulus: right plot) 
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frequency of 10 Hz, with the RDS2. The dynamic moduli G‘ and G” are obtained 
for different fixed shear strain levels. The measurements are repeated 3 times and 
the average values are computed. With use of these dynamic moduli, the stresses 
can be calculated. 

For butyl rubber, the results from three different samples, are shown in fig- 
ure 4.15. It can be readily seen that for the considered strain domain, the stress 
linearly depends on the stïain. The sampk to sampk vaïiability is smaller t bm 12 
%. The average dynamic modulus IC*/ equals to 3.7e+5 Pa. From the isochronal 
stress-strain curve in uniaxial tension (See chapter 3) the Young’s modulus E is 
estimated to equal to 9e+5. Because rubbery materials are virtually incompressible 
in bulk, the value Poisson’s ratio is close to 0.5. E is therefore given by 31G*I to 
good approximation. There is approximately 23 % deviation between the results 
obtained in uniaxal extension and the results obtained in shear. This can be ex- 
plained by the sample to sample variation (The samples used in shear and the ones 
used in uniaxial tension are from a different batch) and the difficulty to define the 
zero point in uniaxial tension. 

For silicone rubber,new samples were prepared, because with the original cone- 
and-plate samples strain levels could be reached untill at most 15 %. After prepa- 
ration, the samples were turned on a lathe untill they reached a diameter of 10 mm. 
The results for three different samples are shown in figure 4.16. Until1 a strain level 
of about 80 % the stress is approximately linearly dependend on the strain. The 
sample to sample variation is within 20 %. Comparison of three times the aver- 
age initial dynamic modulus (31G*I equals 3.385e+6) with the initial modulus of 
the isochronal stress strain curve in uniaxial extension (estimated to equal l.leS-6) 
shows a deviation of approximately 210 %. This large difference is probably due 
to the same reason as the cause of the difference between the model predictions 
for silicone rubber in a stress relaxation experiment and the experimental data (see 
previous section). 

1. 
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Figure 4.15: Shear of butyl rubber 
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Figure 4.16: Shear of silicone rubber 
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Results of numerical sirnulat ions 

5.1 Introduction 
In this work interest is focused on design requirements for rubber dampers. Hystere- 
sis curves and transfer functions are measures of the amount of damping exhibited 
by a material. In the following sections the results of numerical simulations of hys- 
teresis curves and transfer functions are presented. 

5.2 Hysteresis curves of butyl and silicone rub- 
ber 

The stresses observed during the return of a stretched rubber to an unstrained 
state are less than the corresponding stresses during the extension. This difference 
is related to the loss of energy and therefore is a measurement for the amount of 
damping of the material. So, the larger this difference, the larger the amount of 
damping of the material. 

With the program PCMatlab hysteresis curves of different rate-type constitutive 
equations are obtained. In reference [6] these curves for various models can be found. 
As noted in appendix B, from these models the multi-mode Maxwell model describes 
the Mullins effect best. 

Because geometry effects are not included in the above mentioned calculations, 
the multi-mode Maxwell model has been implemented in the finite element code 
SEPRAN. For different geometries hysteresis curves are computed. The material 
parameters used in these calculations were obtained in chapter 4 for both a butyl 
and a silicone rubber. It should be noted that the parameters for silicone rubber 
were obtained at a reference temperature of 40 "C.  Therefore these parameters were 
transformed to a reference temperature of 20 "C, with use of the experimentally 
determined shift factor UT.  

The hysteresis curves in uniaxial tension were simulated on a rectangular bar. 
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The results are shown in appendix K Comparisson with experimental results, fig- 
ure K.1, shows that the multi-mode Maxwell model is able to describe the Mullins- 
effect qualitatively. However the degree of damping, predicted by the Maxwell model 
is too low. Moreover the Maxwell model predicts too high stresses for strains larger 
than 30 %. It should be noted that the butyl rubber on which the material data 
was obtained and the rubber used in the hysteresis experiments originate from a 
different bat ch. Furthermore the experiments were conducted ofi rubber rings and 
the calculations were performed on bars. In reference E341 it can be seen that the 
area between the curves is smaller for hysteresis tests performed on bars than for 
the same test performed on rubber rings. Therefore it is strongly suggested that 
more hysteresis experiments should be conducted, in order to evaluate properly the 
predictive qualities of the multi-mode upperconvected Maxwell model. Comparison 
of figure K. l  with figure K.2 and of figure K.3 with figure K.4 shows that the tensile 
modulus increases with increasing strain-rate. This is in agreement with experimen- 
tal data [34]. Moreover the silicone rubber exhibits more damping than the butyl 
rubber. 

In order to evaluate the effects of geometry hysteresis curves in uniaxial pressure 
were conducted on blocks and on hollow pipes. The results are shown in appendix L. 
For the pipe strain-levels for approximatelly 20 9% could be reached at most. Above 
20 % the system matrix was singular. A possible explanation is bending of the side 
walls of the hollow pipe. This hypothesis is supported by the fact that for thicker 
walls higher strain-levels could be reached, and that if more elements are taken in the 
length of the pipe lower strain-levels were reached. An explanation is that a larger 
amount of elements gives a more accurate description of bending phenomena. When 
smaller displacement steps are taken, somewhat higher strain levels can be reached 
but the computation is stopped, because of convergence problems. In figure L.4 a 
typical force-deflection curve of a pipe is shown. Bifurcation occurs at the point 
where the pipe starts to bend. At this point the system matrix will be singular. 
Comparisson of the results of the hysteresis tests on pipes (until1 strain levels of 20 
%) with tests on cubes show no difference in the amount of energy dissipated by the 
material. 

5.3 Transfer functions of butyl and silicone rub- 
ber 

The performance of a damper is ussually given in terms of transmissibility. Transmis- 
sibility is defined as the ratio of the transmitted amplitude to the imposed amplitude 
of vibration or the ratio of the transmitted force to the externally imposed force. 
In a Bode plot the absolute value of the transmissibility and the phase are plotted 
against frequency. An effective damper should have a low natural frequency of vi- 
bration, a low transmissibility at resonance, and a transmissibility that decreases 
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rapidly with frequencies, at frequencies greater than the natural frequency. 
In appendix M the transfer function of a Maxwell element is derived. The multi- 

mode Maxwell model is obtained by considering n Maxwell elements in parallel. 
With the program PCMatlab Bode diagrams of the transfer function can be plotted. 
This is done for both silicone and butyl rubber. The results are shown in appendix N. 
From figures N.l ,  N.2, N.3 and N.4 it can be seen that the performance of the 
dampers is better in shear than in uniaxial tension, becxüse in sheaï the natüïa! 
frequency of vibration is lower. Furthermore the silicone rubber exhibits better 
damping characteristics than the butyl rubber. In the spring constant k and the 
dashpot viscosity c, occuring in the transfer function, the sample area and the 
sample length are negotiated. Comparisson of figure reffig:BBode2 with figure N.5 
and figure N.4 and figure N.6shows that a smaller ratio of the sample area to  the 
sample length yields a better transmissibility. 

As noted in chapter 2, it is possible to derive the transfer function of a prestressed 
material of arbitrary shape with the finite element package MARC. However numer- 
ical simulations showed that this option was not correctly implemented in MARC. 
In an uniaxial tensile test stresses occured not only in the direction of the tensile 
force but also in all the other directions. Just recently before printing this report, 
the MARC research analysis corporation implemented the correct version of Lianis’ 
constitutive equation. The mistakes were concerned with the strain measure and 
the IBM-specific vectorized subroutine solver. 
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chapter i 6 

Conclusions and Suggest ions 

This project has provided us with a better insight in the computation of the dynamic 
behaviour of rubber materials. In order to model the material behaviour of rubber, 
two constitutive equations have been considered: the multi-mode Maxwell model 
and Lianis’ equation. The material parameters, occuring in these theories, have been 
determined for two types of rubber, namely a silicone and a butyl rubber. Numerical 
simulations were conducted in order to evaluate the predictive quality of the models 
concerning the damping properties of the material. The main conclusions obtained 
from this work, along with some suggestions for further research are summarized 
below. 

e From stress relaxation measurements in uniaxial tension the isochronal stress- 
strain curve has been obtained. The degree of non-linearity is such that for 
both a silicone and a butyl rubber the multi-mode Maxwell model, two modes 
are sufficient, is able to describe this stress-strain behaviour, in the strain range 
of 0-70 %. 

e From linear viscoelastic dynamic shear measurements the material parameters 
have been determined. With use of these material parameters the isochronal 
stress-strain curves of silicone and butyl rubber were predicted by the multi- 
mode Maxwell model. For butyl rubber the model predictions matched well 
with the experimental data. For silicone rubber, however, the results did not 
match. Instead of the tensile modulus being equal to three times the shear 
modulus, it was equal to the shear modulus. This is probably caused by the 
semi-crystallinity of the silicone rubber, as indicated by preleminary DMTA 
and DSC measurements. 

e For butyl rubber the material behaviour in shear has been determined in the 
strain range of 0-25 %. In this range the material behaves linear. For silicone 
rubber shear data have been obtained in the strain range of 0-250 %. Until1 
approximatelly 80 % the material behaviour in shear is linear. 
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o The multi-mode Maxwell model is able to describe qualitatively the Mullins 
effect. In order to investigate the predictive quality of this model more accu- 
rately, more experimental data of hysteresis curves should be obtained. 

o Numerical simulations in uniaxial tension showed that Lianis’ constitutive 
equation was not correctly available in the finite element code MARC. In 
future the predictive quality of transfer functions? for different geometries, of 
Lianis’ equation should be investigated. Eventually the equations of small 
strains superposed on large prestrains should be derived as a function of fre- 
quency from the multi-mode Maxwell model, followed by implementation in 
the finite element code SEPRAN. 
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Appendix - -  A 

Basic principles of continuum 
mechanics 

A.1 Introduction 
In this appendix, the basic principles of continuum mechanics are summarized. The 
rubber material is considered as a continuum. The assumption is made that the 
temperature is not of relevant importance during the deformation. The deformation 
of a continuum can then be described completely when the position vector of the 
material points 2, the Cauchy stress tensor u and the density p are known. The 
position vector has three components, the Cauchy stress tensor has nine and the 
density is a scalar, in a three-dimensional problem. Consequently there are thirteen 
unknowns. The deformation process has to satisfy three local balance laws, which 
result in a set of seven equations. They are presented in section A.3. To create a 
solvable set of equations, six extra equations have to be formulated, which are called 
the constitutive relations. They are characteristic for the used material and describe 
the behaviour of that material under influence of external forces. A number of con- 
stitutive principles, derived form physics, to which the constitutive equations have 
to obbey are summarized in section A.4. First in section A.2 a short introduction 
is given into the kinematics of a continuum. 

A 2  Kinematics of a continuum 
A continuum is considered to exit of a set of material points. Each of these material 
points are identified with a set of unchanging parameters, the so-called material 
coordinates. These material coordinates are denoted by a column t .  The current 
position vector of a point P in the continuum, denoted by P = x( <, t )  is a function of 

these material coordinates 5 and of the time t .  2( t ,i) is assumed to be continuous 
and differentiable with respect to both N t and t .  The current configuration 0 is 

N 

N 

N N 
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the set of current position vectors of all material points of the continuum. The 
deformation of a continuum is described with respect to its reference configuration 
no. This is a configuration at a chosen time to .  A so-called Lagrangian description 
is obtained if the initial undeformed state is chosen as a reference configuration. 

The relation between a material point in the current configuration and that point 
in the reference configuration is described by the deformation tensor F. F is defined 
1 0 .  uin. 

-# 

where: Vo is the gradient operator with respect to the reference configuration. 
5 is the position vector in the current configuration. 
dZis the distance vector between two neighbouring material points P 
and Q in the current configuration. 
dZois the distance vector between these material points in the reference 
configuration. 

The determinant of this deformation tensor is equal to the ratio of the volume of the 
body in the current configuration and the volume in the reference configuration. It 
can easily be shown that for an incompresible material det (F) = J = 1 (no volume 
change). 

The polar decomposition theorem allows F to be written in either of the unique 
forms: 

F = R - U = V . R  ( A 4  

where R is an orthogonal matrix and U and V denote positive definite symmetric 
matrices. The physical interpretation of equation A.2 is that the deformation can 
be considered as a rigid rotation R which is either preceded by a pure stretch U or 
followed by a pure stretch V. More convenient strain measures are the right and 
left Cauchy Green strain tensors C and B respectively, defined by: 

The invariants of C and B which will be used extensively in later sections, are equal 
to eachother and are defined by: 

1; = t r  (C) 

1 
2 

I2 = - [tr2 (c) - tr  (c')] 

13 = det (C) 
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Another convenient strain measure is the Green-Lagrange strain tensor, defined by: 

1 1 
2 2 

E = -(C -I)  = - (F"-F  -I)  

where I is the unity tensor. By considering the displacement vector U, given by: 
- 4 -  u = x - x g  

and application of equation A . l  it can be shown that: 

1 E = E + -(O$) - (OOG)" 
2 

where E is the classical linear strain tensor defined as: 
1 -  
2 

E = -{ (V&) +  OU)"} 

íA.9) 

(A.10) 

(A. l l )  

Thus, when the displacement gradients are small, E reduces to the classical linear 
strain measure E .  

The velocity gradient tensor L is defined as: 
-+ 

L = (Vc)' = F .  F-' (A.12) 

L can be split in symmetric part, called the rate of deformation tensor D and a 
skew-symmetric part, called the rate of rotation tensor 

L = D + D  (A.13) 

1 
2 

D = -(L + L") 

1 
2 

a = -(E - L") 

(A.14) 

(A.15) 

A.3 Balance laws 
The basic equations of continuum mechanics are the equations of balance, also called 
the field equations. These laws are descriped in more detail in i.e. Veldpaus [47]. 
Any isothermal deformation process in a non polar continuum has to satisfy the 
following three laws, which are given here in a local form: 

(1) Balance of m a s s  : p J = po (A.16) 

-t 

( 2 )  Balance of m o m e n t u m  : V . o" + pf = p c  (A.17) 

(3) Balance of angular m o m e n t u m  : u" = o (A.18) 
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where: p is the density in the current configuration. 
po is the density in the refernece configuration. 
J is the volume change factor. 
V is the gradient operator with respect to the current configuration. 
cr is the Cauchy stress tensor. 
{is the specific volume force vector. 
Û is the material derivate of the velocity vector. 

-i 

A.4 Constitutive principles 
A constitutive equation describes the relation between the stresses and the strains in 
a material. It is specific for the used material. A number of constitutive principles, 
derived from physics, can be employed to restrict the possible appearance of the 
constitutive relations. The most important are summarized below. 

T h e  principle  of de te rmin i sm states that the dependent variables in a point 
P of the continuum with material coordinates < at time t are a function of the 
independent variables in all points of the body, during the total deformation and 
temperature history. T h e  principle of local act ion states that the dependent variables 
in a point P of the continuum with material coordinates 5 are only a function of 
the independent variables in the direct neighbourhood of this point during the total 
deformation and temperature history. The above two principles are incorporated in 
the definition of a 'simple material'. A 'simple material' is defined as one for which 
the stress depends only on the history of the deformation tensor F [29]. From this 
definition, it follows that: 

N 

N 

t 

F 
7=-03 

(A.19) 

where F is a tensor functional. 
A restriction on the manner in which the stress can depend on the deformation 

tensor arises through t he  principle of objectivity or f r a m e  indiflerenee. This principle 
states that the mechanical properties of a material depend only on the material itself 
and not on the observer. When the consequence of this restriction are applied to 
the constitutive equation A.19 it can be shown that [29]: 

t 

~ ( t )  = R(t) * 9 {U(T)} Rc(t) 
7=-w 

(A.20) 

where 9 is a new arbitrary functional. The relation above shows that the principle 
of objectivity implies that the current stress depend only on the current value of the 
orthogonal rotation R but depends on the entire past history of the stretch U. 
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The Clausius-Duhem inequality is a special form of the second law of thermody- 
namics. It states that the internal entropy production must be greater or equal than 
zero [li]. In this thesis it is not of relevant importance because the deformation is 
described isothermical. 
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Ampendix I B 

The Mullins effect 

1 

In this appendix the Mullins effect is explained. 
When new samples of (filled) rubber vulcanizates are stretched to a point P 

and then allowed to retract, subsequent extensions to the same strain require a 
lower force. In other words the stiffness at all points up to the prestressing limit 
P is reduced. This effect is normally referred to as stress softening or the ‘Mullins 
effect’ after its first investigator 1151. Most of this softening occurs during the first 
deformation and after some stretching cycles a steady state is reached. 

Harwood, Mullins and Payne [20] have shown, by comparing stress softening in 
both gum and filler loaded vulcanizate, that the softening process is mainly due 
to  the rubber phase alone. Differences between the stress-strain hysteresis loops of 
gum and filler loaded vulcanizates are caused by an increase in the effective strain 
in the rubber phase resulting from the presence of a filler. Possible sources for the 
mechanism of stress softening in gum vulcanizates are [20]: 

1. Breaking and remaking of crosslinks during extension. 

2. Residual load orientation of network chains persisting after recovery. 

3. Breaking of network chains. 

The Mullins effect has been mainly investigated with the use of standard tensile 
extension and recovery tests. The change in the form of the stress-strain curves with 
respect to a number of cycles to a constant maximum stress or strain is denoted. 
A typical plot for a tensile specimen subjected to a number of cycles to constant 
deformation is shown in figure B.1. Roland [39] derived an empirical one dimensional 
model of the Mullins effect. 

In reference [6] hystereses curves are calculated for different rate type models. 
From these curves it can be concluded that the generalized upperconvected Maxwell 
equation is capable of describing the Mullins effect. 

‘Reproduced in part from J.J.M. de Bever, Literature survey to the dynamic behaviour of 
rubber materials, 1992. 
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Figure B.l: Comparison of stress levels for repeated cycling of a gum natural rubber 
vulcanisite (Harwood, Mullins and Payne, 1965) 
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Figure B.2: Hysteresis loops in uniaxial extension, calculated with the use of the 
generalized upperconvected Maxwell model 

50 



Sinusoidal small-amplit ude 
vibrations superposed on finite 
deformation in viscoelastic solids 

In this appendix a constitutive equation is derived which describes the material be- 
haviour of incompressible isotropic viscoelastic materials subjected to small-amplitude 
time harmonic oscillations superposed on a static finite deformation field. 

Coleman and Nol1 derived a constitutive relation for a compressible isotropic 
material with fading memory in which only linear terms in the strain history are 
retained. This theory, which they called finite linear viscoelasticity, can be expressed 
in the form: 

~ ( t )  = -PI+ (@ + 11Q)B - QB2+ 

za=, E;=, Jt, Q,p(t - 7)Batr[BBCt(7)1 d7- 

where c is the Cauchy stress tensor, B is the left Cauchy Green strain measure and 
C is the right Cauchy Green tensor. Both B and C are defined in appendix A. 
Furthermore p ,  Q> and Q are functions of the current values of the strain invariants 
1 1 , 1 2 ,  and 13, and the twelve relaxation functions @, and @,p are functions of 
time and of 11, 12, and 13. For an incompressible material p becomes an undefined 
hydrostatic pressure and the terms involving @ , O ,  @01, and can be absorbed into 
this term. In addition, since 13 = 1, the material parameters do not depend on this 
invariant [as]. 

The class of deformations is considered in which an isotropic incompressible 
viscoelastic solid, from an undeformed reference configuration R,, is brought to a 
configuration Ro by applying a finite deformation which is maintained constant for 
a long time. It is assumed, by invocation of the fading memory principle, that the 
material is such that when it is held at constant deformation, the resulting stresses 
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eventually relax to equilibrium values that depend only on the maintained deforma- 
tion and not on the history of deformations imposed previously. This equilibrium 
state will hereafter be referred to as the delayed elastic response of the material. 
From equation (C.1) it follows that the constitutive equation for the delayed elastic 
response may be written in the form: 

(C.2) (I O = -po T -!- 2(1+ 1fW2)B0 - 2W2(B0 - Bo) 

where the superscript O denotes the equilibrium state, W(.I:, 1;) is the equilibrium 
value of the Helmholtz free energy density, measured per unit volume of the un- 
deformed body, and W, = ar, 'vv ( a  = 1,2). Comparisson with equation C.1 shows 
that @ = 2W2, and @ = 2W1. To this deformation a small dynamic displacement is 
superposed, which is defined by: 

where 2 denotes the large static deformation and, EAU denotes the superposed 
dynamic displacements. E is assumed to be small, so that terms in c2 are negligible. 
Lianis [27] has shown that the Cauchy stress tensor u due to the initial deformation 
and the superposed displacement, within 0 ( c 2 )  is given by: 

u = - A p I + u 0 - a o ~ w + w ~ u o + 4 J 2 ( B o ) : e +  
2 '&((i - 7); Bo) : e(.) d7 (C.4) 

In the above equation Ap is an arbitrary scalar arising as a reaction to the superposed 
incompressible material motion and e and w are, respectively, the infinitesimal strain 
and rotation tensors, defined by: 

w = ~{(VOAU)  - (VoAU)c} 
2 

Where eo is the gradient operator in reference to the initial deformation. Also 'L2 
and '3 are, respectively, the elasticity and stress relaxation tensor defined by [31]: 

d2W BO 'J2(B0) = U - '1 + 'Irc u + po( 4I + 41") + 4 Bo - - 
dC dC 

" ( ( t  - 7); Bo) = Q0( '1 + 4 ~ r c )  + . 4 1  + 41rC) + 

' BO 0 41[ + 4 F C  * BO * BO) + 
@loBoI + @llBoBo + @12B0B0 Bo 

@20B0. BO1 + @21B0. B O 0  B + @22B0 - BOBo. Bo 
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It should be noted that the fourth order tensors 4I and 41rc are defined such that 
[71: 

4 1 :  A = A  (C.9) 

(C.10) 

The superposed small deformation is chosen to be a time harmonic sinusoidal 
vibration of frequency w.  Thus: 

AZ = Au'*(w) exp(iwt) (C.11) 

and consequently: 

Ap = Ap*(w) exp(iwt) (C.12) 

e = e*(w) exp(iwt) (C.13) 

w = w*(w) exp(iwt) (C.14) 

The superscript * denotes a complex valued function of frequency w .  Substitution 
of the above four equations in equation C.4 results after performing the intergration 
in: 

u = o' + Au* exp(iwt) (C.15) 

with: 

Au* = -Ap* I + u* uo - U ' .  u* + [ 4f2(B0) + 2iw 4@(w; Bo)] : e* (C.16) 

Furthermore the material is assumed to be incompressible, which means that: 

t r e = O  (C.17) 

For further purposes equation C.15 will be rewritten in terms of the second Piola 
Kirchhoff stress tensor and the Lagrangian strain. The second Piola Kirchhoff stress 
tensor is defined by: 

S = JF-l-  F-" (C.18) 

Where F is the deformation tensor and J is the volume change ratio. The latter 
equals 1 for an incompressible material. The Lagrangian strain is defined as: 

1 
2 

E = - (C - I )  
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The incremental part of the Green-Lagrange strain tensor AE can be split in a linear 
part AE = (FO)" e . F and a nonlinear part Aq. Application of equations C.18 
and C.19 in equation C.15 yields within 0 ( c 2 ) :  

S = So + AS*exp(iwt) 

so = -,p"(C0)-1 + 2(WI + I,OW2)I - 2w2c0 

AS* = -Ap"(CO)-' + 4E* : A€* 

(C.20) 

(C.21) 

(C.22) 

with: 

4L = 4D + 2iw4@*(w; Co) (C.23) 

In the above equation 4D and '@ are, respectively the elasticity tensor and the 
complex valued relaxation tensor, defined by: 

d2  W 4D = po{ C- 1 .  41.c-1 + c-1. 4 ~ r c  . c-l] + 4 dCdC 

@;[c. 4 1 .  c-l + c-l . 4 ~ r c  - c] + 
q01c-l + @;$I + @;,IC + 

(C.24) 

((2.25) 

@;,Cc-1 + qlcl + q2cc 
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Appendix & -  D 

Relaxat ion functions 

Morman [31] presented simplifications, based on the assumption that the material 
exhibits seperability of time and strain. These simplifications lead to explicit ex- 
pressions for the nine complex valued scalar relaxation functions. In this appendix 
the relaxation functions as proposed by Morman are presented and are expressed in 
terms of the material constants 7; and 8;. 

The relaxation functions are given by: 

Due to the incompressibility constraint given by trE = O it can easily be shown 
that C-' : E = O. Thus the terms containing @To and may be omitted from 
equation ( C. 25). 

In the above set of equations g * ( u )  is given by: 
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and: 

(D.lO) 

where G(t) is the shear relaxation modulus of linear viscoelsticity and Ge is the long 
time equilibrium shear modulus. 

behaviour is given by [14]: 
The expression for the relaxation modulus that corresponds io  multi-mode Maxwell 

N -t 
G(t) = Ge + !E exp( -) 

fli 0; i=l 

Thus: 

Performing the intergration results in: 

(D.ll) 

(D.12) 

(D.13) 
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The material behaviour of 
elastomers in MARC 

MARC is a general purpose nonlinear finite element code. For the three-dimensional 
analysis of elastomers, the code uses second-order isoparametric elements in a mixed 
variational formulation: the displacements are interpolated through quadratic func- 
tions, whereas the pressure variables are interpolated from the corner nodes only. 
Both displacements and pressures are assumed to be continuous [31]. 

The isothermal mechanical analysis of incompressible rubber materials in which 
a small amplitude time harmonic oscillation is superposed on a static finite defor- 
mation field consits in MARC of the following steps: 

1. Calculation of the nonlinear response of the rubber material to a static preload 
based on the constitutive equation ((2.21) for the delayed elastic material re- 
sponse. In this portion of the analysis viscous and inertia effects are neglected. 

2. The complex valued amplitudes of the superimposed response are calculated 
at each given frequency and amplitude for the boundary tractions and/or 
displacements. Both viscoelastic material behaviour and inertia effects are 
considered. 

In MARC the third order invariant form of the potential function W(11,12) by 
James, Green and Simpson has been implemented: 

( E 4  
w(117 1 2 )  = ClO(~1 - 3) + COl(12 - 3) + Cll(11 - 3)(12 - 3) 

+c20(11 - 3)2 + c30(1i - 3)3 

Mooney-Rivlin material behaviour is obtained by choosing C11, C20 and C30 equal 
to zero. By also setting Co1 to zero Neo-Hookean material behaviour is obtained. 
The constants can be obtained from experimental data by least square fit on the 
isochronal stress-strain curve The potential function is available through the Mooney 
op tion. 
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The relaxation functions are defined through the PHI-function option. A user- 
subroutine can be written to define these relaxation functions. In appendix D the 
relaxation functions are expressed in terms of the material constants 7; and O; ,  which 
can be obtained from linear viscoelastic measurements. 

The superposed sinusoidal displacements are available through the Harmonic 
option [30]. 
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ApDendix A A  F 

The Maxwell model in stress 
relaxat ion 

In this appendix the behaviour of the upperconvected Maxwell model and the multi- 
mode Maxwell model in uniaxial stress relaxation is calculated. The upperconvected 
Maxwell model is given by: 

where u is the Cauchy stress, p is an isotropic constant, I is the unity tensor, 8 
is a time constant, q is a viscocity, r is the extra stress tensor, D is the rate of 
deformation tensor, and is the Truesdell rate of the extra stress tensor, defined 
by : 

(F.2) 
V 
T= + - L .  T - 7 .  L" 

where L is the velocity gradient tensor. L = O in a stress relaxation experiment. 
Thus in a stress relaxation experiment the upperconvected Maxwell model reduces 
to: 

u = - p I $ r  
+ + $ r  = û 

The solution of the above homogenous differential equation is given by: 

-t 
T =  Cexp- 

0 
The stress relaxation experiments are conducted in uniaxial extension. Therefore 

only one stress component (all) is unequal to zero . It then can be easily deduced 
that 722 = 7-33 = p. The tensile stress is given by: 

-t -t -t 
011 = C11 exp - - C22 exp - = cexp - 

0 8 8 
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The second model used to fit the data is the generalized Maxwell model. This 
model can be considered as a summation of n upperconvected Maxwell models. The 
stress relaxation function is given by: 
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ADpendix A G 

The rheornetrics RDS-2 

The rheometrics RDS-2 is a rotational rheometer with which the relaxation be- 
haviour in shear and the dynamic moduli can be obtained. A sample of the material 
is held between two discs, steady rotation of one of the discs causes a shear strain 
in the material, and at the other disc the resulting force is measured. This type of 
measurement configuration is usually referred to as gap loading. The discs can have 
different shapes. The most common shapes are cone and plate and parallel plate 
discs, see figure G.1. The rheometrix RDS-2 uses both the above shapes. 

For the parallel plate geometry the shear velocity y is given by [22]: 

(G.1) 
Rw y = -  
H 

where: R is radius. 
w is angular frequency. 

CONE AND PLATE PARALLEL DISK 

Figure G.l: Sketch of cone-and-plate and parallel-disc geometries (Soskey and Win- 
ter, 1984). 
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H is the distance between the discs. 

For the cone-and-plate geometry it follows that: 
W y = -  

tan CP 

and for small this redv.ces to: 
W y = -  
@ 

where Q, is the angle between cone and plate. The shear velocity for the cone and 
plate geometry is everywhere in the material the same, contrary to the parallel plate 
disc geometry where the shear velocity is a function of the radius. This difference 
becomes important when the total history of shear appears in the viscosity function. 
The plate-and-cone geometry then has the preference because the history of each 
material particle is the same. However it has the disadvantage that the sample 
preparation is more difficult. 
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Atmendix . L A  €3 

The WLF equation 

In this appendix the Williams, Landel, Ferry (WLF) equation is derived from free 
volume theory and the principle of time temperature superposition is explained. 

A polymeric liquid or soft solid is considered to consist of a volume occupied 
by the liquid molecules V,, plus some free volume Vj. V, includes not only the 
volume of the molecules as represented by their van der Waals radii, but also the 
volume associated with vibrational motion. Vj may be present as holes of the order 
of molecular dimensions or smaller voids associated with packing irregularities, into 
which the molecules move as they undergo Brownian motion. The fractional free 
volume f is defined as the free volume divided by the total volume, and since in 
most instances Vj << V,: 

It may be assumed that f increases linear with temperature in accordance with the 
relation: 

where : fg = fractional free volume at Tg. 
a = aT - as .  
a ~ =  thermal expansion coefficient above Tg. 
ag = thermal expansion coefficient below Tg. 
Tg = glass transition temperature. 
T = temperature above Tg. 

The glass transition temperature is that temperature at which the thermal expan- 
sion coefficient undergoes a discontinuity and below which configurational rearrange- 
ments of polymers are extremely slow. 
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It is believed that the molecular mobility at any temperature depends primarily 
on the free volume remaining. This concept was applied by Doolittle [19] with the 
following emperical expression: 

(H.3) 
1 

1nqT = 1nA + - 
f 

A = constant. 
where: TT = viscosity at temperaure T. 

If the above equation is written for temperatures T and T,, and the two resulting 
equations are then subtracted, 

where 77, is the viscosity at Tg. Combining equations H.2 and H.4 yields: 

where: 
1 8 -  

- 2.3O3fg 

and 

This equation has come to be known as the WLF-equation. In the first application 
of it average values of 4 and were obtained on a large number of polymers and 
estimated to be 17.44 and 51.6 respectively. With the use of these specific values, 
the above equation is called the universal WLF-equation. It is evident that the 
actual variation from one polymer to another is too great to permit use of these 
'universal' constant unless as a last resort when no other data is available [14]. 

It is also possible to write the WLF-equation for an arbitrary reference temper- 
ature (above T,), To: 

with: 

44 
cl = 4 + To - Tg 

and 

(H. 10) 

64 



An alternative interpretation of the ratio E can be given. Due to enhanced 
molecular mobility, the viscosity of a polymer decreases as the free volume increases. 
This mobility can be seen as involving successive jumps of molecular segments into 
holes. The larger the number of holes, the larger the jump frequency @. Thus a 
higher jump frequency would result in a lower viscosity. If it is assumed that the 
jump frequency and the viscosity are inversely related, it follows that: 

VTO 

VT - @To 

VTo @T 
-- - 

It Is customary to define: 

(H.11) 

(H.12) 

where a ~ ,  is called the horizontal shift factor. 
The utility of the WLF-equation can be demonstrated as follows. Consider for 

instance, the dynamic modulus G* of an amorphous polymer. At any given tempera- 
ture G" increases with increasing test frequency. This stiffening is due to the smaller 
number of jumps (relaxational motions) which can take place during the deformation 
cycle at the higher test frequency. Similarly, as temperature decreases, at any fixed 
frequency, the molecular jump frequency is reduced, thus G* increases,due to dimin- 
ished free volume. This opposite influency of test temperature and test frequency 
is referred to as time-temperature superposition. In order to assure that G*(T,uT) 
= G'(TO,WT~), where WT is the test frequency at temperature T, it is required that 
at the two test conditions, (T,wT) and (To,wTo),  the number of relaxation motions 
(jumps) during a test cycle is constant. Then: 

@T @TO -- -- 
UT ~ T O  

Combination of equations H.12 and H.13 yields: 

aTwT =  TO 

(H.13) 

(H.14) 

In this manner using UT to shift the results, the frequency scale of the measured 
mechanical property may be extended, resulting in a master curve over a much 
broader frequency interval [19]. 
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Arspendix L L  I 

Derivation of the discrete 
viscoelastic spectra 

In this appendix an expression is derived for the dynamic moduli G’ and G”. 

can be described by a constitutive equation of the form [4]: 
In the range of small deformations, the relation between the stress and strain 

G(t - t’) +( i r )  dt’ 

where T is the stress tensor. + is the strain rate tensor. 
G(t)  is the linear relaxation modulus. 

The form of the time dependence of G(t)  or the frequency dependence of G‘(w) and 
G”(w) can be imitated by the behaviour of a mechanical model consisting of springs 
and dashpots. The expression for the relaxation modulus G(t) that corresponds to 
multi-mode Maxwell behaviour (N parallel sets of a spring in serie with a dashpot) 
is given by [14]: 

N 

Where each spring i corresponds to a shear rigidity g; and each dashpot to a viscosity 
7;. The relaxation time 8i is then defined as 2. For a viscoelastic solid, one of the 
relaxation times must be infinite and the corresponding modulus contribution is Ge. 

When the input is a sinusoidally varied deformation with an angular frequency 
w of the form: 

y12 = 70 cosiut) (1.3) 

where 712 = the shear strain. 
70 = the shear strain amplitude. 
t = the time. 

66 



and the amplitude is small, then the shear stress 3-12 will be sinusoidal with frequency 
w,  but with a different amplitude and not in phase with the strain input. 

712 = TO cos((wt) + 6) = 3-0 {cos(wt)cos(6) - sin(wt) sin(6)) (1.4) 

The shear storage modulus G’, which is in phase with the strain (elastic respons),is 
defined by: 

(1-5) 
TO 

Yo 
Further the loss modulus, which is 
(viscous respons) ,is defined by: 

G’(u) = - C O S { ~ ( W ) }  

radians out of phase with the strain input 

GI’ = 7Q sin{S(w)) (1.6) 
7 0  

Substitution of equations 1.5 and 1.6 in equation 1.4 yields: 

3-12 = yo{G’(w) cos(&) - G”(w) sin(&)) (1.7) 

Differentation of equation 1.3 yields, after substitution in equation 1.1: 

G(t - t‘)sin(wt‘) dt’ 

Substitution of equation 1.2 in equation 1.8 and application of equation 1.7 results 
after intergration in: 

(1.9) 

(1.10) 
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Ap~endix A J 

Results of preleminary DMTA 
and DSC eperiments 

In this appendix the differences that occur for silicone rubber between the results 
obtained in shear and the results obtained in a stress relaxation experiment are 
further investigated. As a first step dynamic mechanical thermal analysis (DMTA) 
was conducted. The results of these measurements were further investigated with 
differential scanning calorimetry (DSC). 

Dynamic mechanical thermal analysis involves applying an oscillating mechanical 
strain and resolving the strain into real and imaginary components. This procedure 
essentially detects all changes in the state of molecular motion as temperature is 
scanned. In this way it is possible to detect the glass transition temperature. How- 
ever it should be noted that the exact location found for Tg will depend on the 
thermal history of the sample, the rate at which the temperature is scanned dur- 
ing the measurement, and the characteristic time scale of the measuring probe. If 
one measuring technique senses molecular motions at a higher frequency than an- 
other, the apparent discontinuity in behaviour appears at higher temperatures for 
the higher-frequency technique [ 121. 

DMTA-measurements are conducted on a sample of butyl rubber (size 14.6 mm2 
by 32.9 mm) and on a sample of silicone rubber (size 14.6 mm2 by 29.2 mm). The 
rate at which the temperature was scanned was 2°C in both cases. Figure J.1 is a 
typical plot of a DMTA-experiment on a crosslinked rubber material. The tensile 
modeulus E is at low temperatures approximately 4 GPa, which is characteristic 
for the glassy region. In this region the rubber is hard and rigid and behaves 
like a glass. By increasing the temperature a transition occurs; the modulus and 
viscosity decrease rapidly through several orders of magnitude in a small temperature 
range. This transition is identified with the so-called 'glass-transition'. For butyl this 
transition occurs at -31 "C. Above the glass-transition temperature, the material 
behaves as a rubber. 

In figure J.2 the result of a DMTA-measurement on silicone rubber is shown. 
It can be seen that a transition, which is identified as the glass-transition, occurs 

68 



Tan6 I 
LOG E* IPA1 Butyl r u b b e r  I 
r---.----- 

- 1 . 4  

9.75 L 

I 
i 

9.25 1 

8.75 1 
I c 

c 

8.2s + 

L 

, 
7.75 ~ 

7.25 i 
I 

i 
6.75 1 

L 
6.25 1 
i, -:so 

0 

0 

x 

I 

x 

x 
>i 

E 

d: -100 

I 

I 

I 
i 

6 

- 

2 

O M 100 
TEW lOe0C1 

Figure J.1: DMTA of butyl rubber (Dynamic modulus: o, tan 6: x). 
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Figure 5.2: DMTA of silicone rubber (Dynamic modulus: o, tan 6: x). 
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Figure J.3: DSC of silicone rubber 

at approximately -100 "C However at approximately -50 "C a second transition 
occurs. The tensile modulus E is then approximately 100 MPa, which is a typical 
value of a crystalline transition. This crystalline transition can be due to either 
a-relaxation or melting. In the first case annealing causes morphology' changes. In 
the latter case crystals disappear. The crystalline transition is further investigated 
with DSC-experiment s. 

For silicone rubber preleminary DSC-measurements were conducted by Tervoort- 
Engelen. The results of the second run are shown in figure J.3. When the sample 
undergoes a discrete change in heat capacity, this shows up as a discontinuity in the 
smooth baseline. The first discontinuity occurs at -90 "C and can be identified with 
the glass transition. At approximatelly the Sam temperature as in the DMTA-scan 
a second discontinuity occurs. However this transition is rather strange and the 
system does not return to its orginal baseline [12, 181. Further investigation of this 
transition is outside the field of this work. 

'The morphology of a material is its organization on a supra molecular scale, i.e. the form, size 
and orientation of its crystallites, domains, the structure of groups of molecules in the specimen 
and of their boundaries and the degree of crystallinity. 
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Appendix A A  K 

Hysteresis curves in uniaxial 
tension 

In this appendix the results of computer simulations of hysteresis curves in uniaxial 
tension are shown. The calculations are performed with the finite element package 
SEPRAN, in which the multi-mode Maxwell model has been implemented. 

The tension test is simulated on a rectangular bar, by prescribing a displacement 
in the direction of the 'tensile force'. The boundary conditions are such that the 
extension is uniaxial. The tests are conducted with different 'strain-rates'. The used 
strain-rate is defined as follows: 

AL 
Lo At 

strain-rate = - 

where AL is the prescribed displacement, Lo is the original length of the bar and At 
is the time step. The results of the computer simulations are shown in figures K.l  
to K.4. For butyl rubber the results are compared with a hysteresis test on a butyl 
rubber ring, conducted with the same strain-rate. No attempt at this time has been 
made for comparing the results of silicone rubber with experimental data, because 
in chapter 4 it has been shown that the model predictions of stress-relaxation of 
silicone rubber are not in accordance with experimental data. This is probably due 
to the semi-crystallinety of the silicone rubber. 
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Figure K.3: Hysteresis loop of silicone rubber in uniaxial extension, strain velocity 
5000 %/min. 
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Figure K.4: Hysteresis loop of butyl rubber in uniaxial extension, strain velocity 10 
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Appendix L 

ysteresis curves in uniaxial 
compression. 

In this appendix the results of computer simulations, with the finite element code 
SEPRAN, of hysteresis curves in uniaxial compression are shown. 

Two geometries are used to simulate the hysteresis curve. The first geometry is 
a cube consisting of 2 x 2 x 2 elements. The second geometry is a hollow pipe. In 
figure L.l the undeformed and deformed pipe geometry are shown. The boundary 
conditions are such that the compression is uniaxial. 

The results of the computer simulations are shown in figures L.2 to L.7. 

Y 

t x  

Figure L.l: Pipe geomety, undeformed: dashed line, deformed: solid line. 
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Figure L.2: Hysteresis loop of a butyl rubber cube in uniaxial compression, strain 
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velocity IO %/min. 
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Figure L.4: Force deflection 
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Figure L.5: Hysteresis loop of a silicone rubber cube in uniaxial compression, strain 
velocity 5000 %/min. 
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Figure L.6: Hysteresis loop of a silicone rubber cube in uniaxial compression, strain 
velocity 5000 %/min. 
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Appendix M 

Derivation of the transfer 
function for a Maxwell element 

Figure 111.1: One Maxwell element. 

Figure M.l represents one Maxwell element. The spring corresponds to a rigidity k 
and the dashpot to a viscosity c. The assumption is made that the mass is rigid and 
only displacements in the x-direction are possible. 1c1 is the displacement input, z3 

is the displacement output. The transfer function is defined by: 

output 1c3 

input x1 
- - T = -  - 

With the use of a so-called free body diagram the transfer function can be derived. 
Figure M.2 shows the free body diagram of the Maxwell element. The following set 
of equations can be derived from this free body diagram. 

r 
-J3 = mx3 

f 3  = E ( 2 3  - 1c2) 

f2 = f3 = 4.2 - 21) 
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3 

Figure M.2: Free body diagram of the Maxwell element. 

From equation M.3 it follows that: 

1 
k 

5 2  = 2 3  - - f 3  

Substitution of equation M.5 in equation M.4 yields: 

1 .  
f 3  = 4.3 - - f 3  k - 

The force f3 can be eliminated by substitution of equation M.2 in the above equation: 

. em ... 
ex1 = - + m x 3  + e23 

2 3  

Application of Laplace transformation yields: 
em 
k 

x1(cs) = x 3 ( - s 3 + m s 2 + c s )  

where the Laplace operator s equals j w. The transfer function is then given by: 

With the use of the program Matlab, Bode-diagrams of the above transfer function 
can be easily plotted. 

The constants k and c occuring in the transfer function of the Maxwell element 
can be expressed in terms of the experiment ally determined relaxation coefficients 
g; and relaxation times 8;. 

" A  
10 

k = 3 ) : - g ;  
i=l 

80 

(M.iû) 



" A  
10 

c = - gio; 
i=l 

(M.11) 

where A represents the sample area and 10 represents the sample length. Furthermore 
when shear instead of uniaxial tension is chosen as mode of deformation, the factor 
3 should be ommitted from equation M.lO. 
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Appendix N 

Bode plots of butyl and silicone 
rubber 

In this appendix the Bode plots as obtained for silicone and butyl rubber are shown. 
The transmissibility is expressed in decibels. The mass is chosen to equal 80 grams, 
because this is the weight of the laser module inside an outdoor CD-player. The 
transfer function of the dampers for the suspension of the laser module inside an 
outdoor CD-player should have the following characteristics [16]: 

o natural frequency N 30 Hz. 

o peak transmissibility at resonance N 5-8 dB. 

o Reduction at 100 Hz N -20 dB. 
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Figure N.2: Bode plot of butyl rubber in shear. Sample dimensions: r=4mm, 
1= 16mm 
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Figure N.3: Bode plot of silicone rubber in uniaxial tension. Sample dimensions: 
r=4mm, 1=16mm 

85 



200 

150 

100 

50 

-100 ' I I I ! f I l l 1  I I I I I , , , ,  , I I I I I I I  

101 lo2 103 104 

I I i I i / I I I  I I I I ,  I 1 , l  I , I $ , I , ,  

- - 

- - 

- - 

I , I , I , I , ,  I I I I I I I  

w [rad/s] 

w [rad/s] 

Figure N.4: Bode plot of silicone rubber in shear. Sample dimensions: r=4mm, 
1= 16mm 
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Figure N.5: Bode plot of butyl rubber in shear. Sample dimensions: r=0.5mm, 
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