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Summary

In this study a first step has been made in modelling boundary conditions at the interface

between a biphasic mixture and a viscous fluid using the Finite Element Method. The

biphasic mixture consists of an intrinsically incompressible elastic solid phase saturated

by an intrinsically incompressible viscous fluid. To construct a coupling between fluid ele

ments and (biphasic) mixture elements a separate interface element has been programmed.

This interface element partially contains the jump conditions between a viscous fluid and

a biphasic mixture as proposed by Hou(1989).

A numerical simulation is presented concerning the flow of a viscous fluid under a con

stant pressure gradient in a channel where one of the walls is porous and permeable. This

problem is known as the Beavers-Joseph problem(1967) and has been solved analytically

for a rigid porous permeable medium assuming an apparent viscosity term in the porous

wall Hou(1989).

The results in the porous permeable medium obtained by the F .E.M. analysis are consis

tent with those obtained by the analytical solution. In case the apparent viscosity term

is negligible the velocity field in the fluid channel is strongly influenced by the velocity

at the boundary of the porous wall. Since Hou introduces an apparent viscosity term in

the porous permeable medium, which strongly affects the velocity field on either side of

the porous permeable medium, the results in the fluid channel obtained by the F.E.M.

analysis differ from those obtained by Hou.
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Chapter 1

Introduction

Phenomena of transport in porous media are encountered in many (engineering) disci

plines. Soil, sand, ceramics, foam rubber, bread, lungs and kidneys are just a few exam

ples of a large variety of natural and artificial porous materials in practice. In all these

examples, one or more extensive quantities (Le. quantities that are additive over volumes,

such as mass, momentum and energy) are transported through the solid and/or the fluid

phases that together occupy a porous medium domain. To solve a problem of transport

in such a domain means to determine the spatial and temporal distributions of state vari

ables (e.g. velocity, mass density and pressure of a fluid phase, that have been selected to

describe the state of the material system occupying that domain.

At the macroscopic level it is convenient to adopt the hypothesis that matter is a hypo

thetical substance that is continuous throughout the spatial domain it occupies, and can

be described in that domain by a set of variables which are continuous and differentiable

functions of the spatial coordinates and of time. This continuum approach can also be

extended to a multiphase system such as a porous medium, where the various phases are

separated from each other by abrupt interfaces. For example, a system of two or more

phases (each of which is already regarded as a continuum on the pore scale), that together

completely occupy disjoint subdomains within a porous medium domain, is replaced by a

model in which each of the phases is assumed to behave as a continuum that fills up the

entire domain.
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The present study is focused on the problem of modelling boundary conditions at the

interface between a viscous fluid and a biphasic mixture. The biphasic mixture consists

of an intrinsically incompressible elastic solid phase saturated by an intrinsically incom

pressible viscous fluid phase.

As an application of this continuum approach two numerical simulations will be presented.

One simulation concerns the flow of a viscous fluid under a constant pressure gradient in

a channel where one of the walls is porous and permeable. This problem is known as the

Beavers-Joseph problem and has been solved analytically for a rigid porous permeable

medium, assuming an apparent viscosity term to appear in the porous wall (Hou, 1989).

The second simulation concerns the flow of a viscous fluid through a porous permeable

medium.



Chapter 2

The biphasic mixture

This chapter is included because, unlike Oomens(1985), Huyghe(1986) and Snijders(1991),

it presents the biphasic finite element formulation in a coordinate free fashion and includes

the Newton-Raphson iterative procedure used within each timestep.

The biphasic mixture consists of a solid phase (s) saturated with a fluid phase (f). Both

components are intrinsically incompressible. The true density p~ of phase a (a = s, f) is

defined as the ratio of the mass rna of the a th phase and the volume va of the ath phase:

(2.1)

The apparent density pa of phase a is defined as:

(2.2)

In which V is the total mixture volume. The volume fraction nQ of phase a is defined as

the ratio of the volume of the a th phase and the total mixture volume:

(2.3)

Because the porous medium is saturated, the sum of both volume fractions remains unity

(n/+ns =I).
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2.1 The balance equations for each component

The balance equations describing conservation of mass, momentum and moment of mo

mentum can be written in the same forms as in classical continuum mechanics (Oomens,

1985).

In absence of mass exchange due to chemical interactions, the balance equations describing

conservation of mass for the mixture components can be written as (Oomens, 1985):

api +V. (pi",i) = 0
at

aps +V . (pS",S) = 0
at

(2.4)

(2.5)

The balance equations of momentum for the mixture components can be written as

(Oomens, 1985):

(2.6)

(2.7)

In which the body force due to interaction effects is represented by 11"at. For a solid-fluid

biphasic mixture these body forces satisfy:

(2.8)

The volume forces per unit mass are denoted by qat.

The following assumptions have been made in order to simplify the balance equations:

• Both the solid and the fluid phase are assumed to be intrinsically incompressible, Le.

the true density of each component is constant

• Mass exchange due to chemical interactions is neglected

• Inertia forces (both unsteady and convective) are neglected

• Volume forces are neglected

• The temperature is assumed to be constant in time and space.
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The balance equations for the individual components of the mixture now reduce to:

aniat +V . (n l vi) = 0

a""s
~~ +V . (nSv S) = 0

V .ql + 1r1 = 0

V .qS +1rs = 0

2.2 Constitutive relations

(2.9)

(2.10)

(2.11)

(2.12)

The next step is to find constitutive relations for qa and 1ra . These relations have to

satisfy the conservation laws and the second axiom of thermodynamics. The internal

entropy production for the mixture as a whole is defined greater than or equal to zero.

Although not generally accepted. It is not required that the internal entropy production

for each component is greater than or equal to zero (Oomens, 1985).

2.2.1 Darcy's law

Mixture theory is often used in soil mechanics. Darcy's law plays an important role in

this description:

(2.13)

(2.14)

In which K is the permeability tensor and J.t the viscosity of the fluid. This law can be

looked upon as an averaged balance of momentum equation of the fluid (Snijders et al.,

1991).

2.2.2 The fluid component

Equation (2.11) expresses a relationship between bulk volume average quantities:

ql = ~/1rldV
~

Assuming a barotropic fluid: 1r1= -p I and small variations of pressure within the volume

~ equation (2.14) can be written as:

(2.15)

Substituting this equation in equation (2.11) and comparing with equation (2.13) yields:

(2.16)

In which the first term on the right hand side is called the buoyancy-force by Bowen(1980)

and the second term on the right hand side is called the Stokes drag and expresses the

viscous effects.
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2.2.3 The solid component

The constitutive relation for the solid component can be written as (Oomens, 1985):

(2.17)

The second term on the right hand side is known as the effective stress. This effective stress

component is required to deform the solid matrix (with pores but without the interstitial

fluid).

Assuming a linear, isotropic relationship between the 2nd Piola-Kirchhoff stress and the

Green-Lagrange strain tensor, the constitutive relationship for the solid matrix may be

written as:
1

u$ = -pnsI + detFF. p.•tr(E)I +2Jl.E)· F C (2.18)

In which >'. and Jl. are Lame constants and F = (Vox)C the deformation tensor and

E = !(r .F - I) the Green-Lagrange stain tensor.

In case of infinitesimal deformations this model can be written as:

(2.19)

In which e S = ![(Vu) + (Vu)C] is the linear strain tensor.

2.3 The balance equations for the mixture

Using Darcy's law, the sum of equations (2.9) and (2.10) can be written as:

V . v S - V . (K . Vp) = 0

Substituting the relationships (2.15) and (2.17) in equation (2.11), (2.12) yields:

v .uefJ - Vp = 0

(2.20)

(2.21)

The equations (2.20) and (2.21) form a coupled set of differential equations. Using con

stitutive relations and proper boundary conditions this coupled set of equations can be

solved, in principle. For more details see Snijders et al. (1991).



The biphasic mixture 12

2.4 Numerical description

2.4.1 The weighted residual formulation

In the previous chapter the macroscopic balance equations for the extensive quantities

mass, momentum and moment of momentum were presented:

V·u-Vp=O

v S :velocity field associated with the solid phase

K :permeability tensor

p :hydrodynamic pressure in the fluid and solid phase

u :effective stress in the solid phase

(2.22)

(2.23)

(2.24)

The finite element method is used to solve this set of coupled equations. To make use of

this method it is necessary to find an integral formulation for the equations (2.22) and

(2.23). This formulation is obtained by multiplying eq. (2.23) by an arbitrary vector

function hand eq. (2.22) by an arbitrary scalar function g and integrate the resulting

equations over a volume n of the mixture. Equation (2.22) describing conservation of

mass is equivalent to:

! 9 [ V . v. - V . ( K· Vp)] dV =0
o

The momentum equation (2.23) is equivalent to:

! h· (V· u - Vp) dV = 0

o

(2.25)

(2.26)

where n is the actual volume of the mixture. The arbitrary functions hand 9 are defined

in n and are chosen time independent.
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With the identities:

h . (V . 0') = V . (0" h) - 0' : (Vh)C

h· (Vp) = V· (p h) - p (V· h)

and applying Gauss' theorem we find for eq. (2.26):

/ [ V· (0" h) - 0' : (Vht - V· ( p h) + p ( V . h )] dV =
o

/ [0' : (Vhy - p ( V· h)] dV - / h· (0" n - p n) dB
o r

(2.27)

(2.28)

(2.29)

Using the definition t = 0' .n - pn, which can be interpreted as the boundary stress vector

acting on f, eq. (2.29) becomes:

/ [ 0' : (Vh)C - p ( V . h)] dV = / t . h dB
o r

(2.30)

Since it is easier to work with time independent integral boundaries, equation (2.30) will

be transformed to the undeformed configuration. Making use of:

V F-c . Vo

JdVo

n dB

dV

JF-C ·no dBo (2.31)

equation (2.30) can be written in terms of the undeformed configuration:

/ [0' : (F- C
• Voht - p (F- C

• Vo . h)] J dVo = / to . h dBo
0 0 r o

with: to = (0' - pI). J F-c • no (2.32)

where J = det(F) and no represents the normal vector on the surface f o of the volume

no in the undeformed configuration. After making use of the identities:

F-C
• Yoh = F-c : (Voh) = Yoh: F-c

(2.33)

(2.34)
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equation (2.32) can be written as:

/ [ F-1
• J q : (VohY - p J F-C

: (Voh)] dVo = !to . h dSo
~ ~

(2.35)

In eq. (2.35) the second order tensor p-l.Jq can be recognized as the first Piola-Kirchhoff

stress tensor. This tensor is not symmetrical. Because of the advantages of symmetry it

is preferable to work with the second Piola-Kirchhoff stress tensor S, defined by:

Noweq. (2.35) becomes:

(2.36)

Rm -af - (VohY] dVo+

- / to· h dSo
r o

o

Analogous mathematics will be applied to equation (2.25). Using the identity:

(2.37)

(2.39)

9 [V. (K· Vp)] = V· [g (K· Vp)J - K· Vp' Vg (2.38)

and applying Gauss' theorem eq. (2.25) becomes:

/g(V,va)dV - ![V.g(K.VP) + K·Vp.Vg] dV
o 0

/g (V· v. ) dV +! K· Vp' Vg dV - ! 9 (K· Vp)· n dS
o 0 r

Introducing q = K· Vp' n, which can be interpreted as the outward flow through the

surface r per unit area, eq. (2.39) can be written as:

!g(V.V.)dV + /K.Vp.VgdV - /gqdS = 0

o 0 r
(2.40)

Since the volume n and the surface r are time-dependant we transform eq.. (2,,40) to the

undeformed configuration. Using (2.31) and the identities:

Vv:I

. d .
J = dt { J} = J tr (F· F-1

)

F·F-1 = (Vvt

tr{(Vv Y} = (Vv)c: I

j = J(V.v)

V· v

(2.41)

(2.42)

(2.43)

(2.44)
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equation (2.40) can be written as:

f 9 j dVo + IK. F-c • Vo p' F-c • Vo 9 J dVo =
00

0 0

f 9 (K . F-c • Vo p ) . J F-c • no dSo
ro

Introducing:
K* = F-1 • JK . F~c

K . F-c • Vop· F-c • no = K*· Vo p . no

eq. (2.45) becomes:

. R~f = I 9 j dVo - I 9 qo dSo + I K* . Vo p . Vo 9 dVo = 0

0 0 ro 00

(2.45)

(2.46)

(2.47)

(2.48)

Suppose that at a certain time estimates are available of: (1) the positions a: of all material

points of the continuum, (2) the stresses in the continuum and (3) the hydrostatic pressure

in the continuum. The estimated quantities are marked by a 'A' and the differences between

estimated and the actual situation by 'b':

p = p +6p 5 = 8+65 (2.49)

Then, with the use of:

F = (Voz)C

6F = (Vo6a:t

1 A -1 • -1
F- ::::i (I - F . 6F) . F

J = J (1 +F-
1

: 6F) (2.50)

and rearranging terms, equation (2.37) is transformed into:

I(VohY: (8.6Y+65.pC) dVo +
00

I(VohY: (6p JF-
1+P6JF-

1
- PJF-

1
• 6F· p-1) dVo +

00

IMO'h dSo+
ro

higher order terms =

I (e'Voh)C : (-8. pC) +p JF-1
)) dVo +

0 0

Ito. h dSo
ro

(2.51)
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Stresses in the solid phase are assumed to be purely elastic (subsection 2.2.3). The error

6S in the estimate of stress can be written as:

as
6S = aE : 6E (2.52)

This expression is substituted in (2.52). Furthermore the lefthandside (LHS) of (2.52) is

linearized, and the surface terms in the LHS are neglected. The resulting equation is:

Rm 
-j - j (A A C (as A C ) A c)(Voh)C: S·6F + aE: (F ·6F) ·F dVo +

00

j(VohY: (6p JF-
1 +p 6JF-

1
- P JF-

1
• 6F· F-1

) dVo+
0 0

j(VohY: (-S. F
C +PJF-

1
) dVo

0 0

+ jto . h dSo

ro
o (2.53)

For later purposes the symbol R':} is used, representing the conservation of momentum

of the biphasic mixture. The last two terms on the righthandside (RRS) of this equation

represent the difference between the internal and external forces due to the error in the

estimated positions i and pressures p. These two terms can be used to improve iteratively

the estimations i and p , or equivalently reduce the differences &c and 6p. It is important

to note that no approximations have been made in the two last terms on the RHS of

(2.53). Thus, in the procedure of iteratively adapting i and p, if convergence occurs, it

will occur towards the exact solution.
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2.4.2 Discretization of the weighted residual equations

The equations (2.53) and (2.48) hold for all points in the continuum. To solve these

equations numerically, they are reduced to a finite number of linear equations involving a

finite number of unknowns. TrJs is accomplished by considering only a finite number of

n~ material (nodal) points where the positions in the deformed configuration is calculated.

The pressure p is calculated in np nodal points. From now on, the equations are presented

in an orthonormal coordinate system with unit vectors el, e2, es. With the use of

interpolation functions 'l/J and ¢> the position field and pressure field are approximated by:

I = 1, ... , nz

i = 1,2,3

J = 1, ... ,np

(2.54)

where Einstein summation convention is used: a double superscripted capital index denotes

summation over the nodal points, whereas a double subscripted index denotes summation

over the three coordinate directions. xl denotes component i of the position vector xl of

node I, and pJ represents the hydrostatic pressure at node J. The interpolation functions

are dependent on the material coordinates { and chosen in such a way that:

(2.55)

Because of the approximation of p and x , the equilibrium equations cannot be fulfilled

for all g and h. Following Galerkin's method, a finite set of weighting functions is chosen,

equal to the set of interpolation functions:

h ~ h[ = 'l/JIei I 1, ... ,nz

z 1,2,3 (2.56)

g ~ gJ = ¢>J J 1, ... ,np

The discrete form of the gradient operator is defined as:

from which-it follows that:

(Vo('l/JlexI))ijeiej = b[exfeiej = blexI

Vo('l/JIei ) = (Vo'l/JI)ei = bIei

(2.57)

(2.58)
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After substituting these discrete forms into the equations (2.48) and (2.53) the following

matrix equations result:

4

L icK{f6xf +6K{K5pK
k=l

6Kf I6xf +sK{KCpK

(2.59)

(2.60)
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Equations (2.60) and (2.61) can also be written in matrix notation:

Xl{. 8% =.lJ

where:

r 4 4 4 4
E·Kll E·Kl1 E·Kli sKF E ·K12

~ 11 ~ 12 ~ 13 ~ 11
i=l i=l i=l i=l

4 4 4 4
E·K11 E·Kll E·K11 K11 E ·K12

~ 21 ~ 22 ~ 23 S 2 • 21
i=l i=l i=l i=l

4 4 4 4

Xl{ E·Kll E·Kll E·Kll Kll E'Kl2= ~ 31 ~ 32 ~ 33 S 3 ~ 31
i=l i=l i=l i=l

sKIt sKi1 sKJ1 aK11 Kl2s 1
4 4 4 4
E ·K21 E ·K21 E ·K21 K21 E ·K22

~ 11 t 12 t 13 S 1 t 11
i=l i=l i=l i=l

8%T = [ 8xl 8x1 ax! ap1 ax2 ... ]2 1

.lJT
[ it1 iRI

3 3 3
... ]= E iR~ E iRA 4 R1 E iR~

i=l i=l i=l

(2.71)

(2.72)

(2.73)

(2.74)

Now suppose that at a certain time t = t n the deformed configuration of the mixture is

known. The columns % at t = tn can be written as %n' Furthermore, suppose that an

estimation of the nodal positions and pressures at t = tn +1 is available. This estimation

is improved iteratively until the column .lJn+!' which represents the force imbalances and

deviations from volume conservation due to the error in %n+1' is sufficiently small. The

estimation at iteration step j is denoted by a superscript 'j':

(2.75)

(2.76)

As a first estimation of quantities at t = tn+! the situation at t = tn is chosen:

(2.77)

(2.78)

The time steps are prescribed according to:

So it holds that:

8t~+1 iltn+!

t5t~+l = 0 for j > 0

(2.79)

(2.80)

(2.81)

(2.82)
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A new estimate i~+l is obtained according to:

(2.83)

Improvements on this estimate are obtained according to:

(2.84)

After each iteration a new estimate for 4n+1 is calculated:

(2.85)

Using i~~~ the error in the momentum and volume balance -8~t~ is calculated. If the

norm of the column -8~t~ is larger than a prescribed value co the iterative procedure (2.84)

through (2.85) is repeated. If the norm of the column E~t~ is smaller than a certain value

co it is assumed that the nodal positions and pressures have been estimated sufficiently

accurately and a new time step can be performed.



Chapter 3

The viscous fluid

This chapter describes the finite element formulation described by Gerritsma(1990) and

Roddeman(1991). The chapter describes aspects of a recent artificial diffusion method.

The use of displacements for the nodal degrees of freedom facilitates fluid-structure inter

action analysis.

3.1 The balance equations

The balance equation describing conservation of mass of a fluid with density p can be

written as:

ap + V. (P'V) = 0at
The balance equation describing conservation of momentum can be written as:

a'V
p- +pv . Vv = V . qC +pqat

(3.1)

(3.2)

The balance equation describing moment of momentum (for non-polar media) can be

written as:

(3.3)

In which U C represents the conjugate of the fluid stress tensor and q the external volume

forces per unit mass.

The following assumptions have been made in order to simplify these balance equations:

• The fluid is assumed to be intrinsically incompressible, i.e. the density is constant

• Inertia forces (both unsteady and convective) are neglected

• Volume forces are neglected

• The temperature is constant in time and space.
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The balance equations now reduce to:

V·v=o

v·u=o

3.2 Constitutive relations

(3.4)

(3.5)

The fluid is assumed to be Newtonian with viscosity 1". The constitutive relation between

stress and strain can be written as:

t7 = -pI +2JLD

In which D = ~[(Vv) + (VvYl represents the rate of deformation tensor.

The equation describing balance of momentum can also be written as:

(3.6)

V· (T = V· (-pI + 2JLD) = V· (-pI + JiVV + (Vv)C = -Vp + JiDov (3.7)

3.3 Numerical description

The equations (3.4) and (3.7) can be written in dimensionless form by scaling with a

characteristic velocity (D) and a characteristic length (L):

U
z = z*L ; v = 1'*U ; P = p*pU2

; t = t*
L

(3.8)

In which the asterix denotes a new dimensionless variable. Dsing these new variables and

dividing by pU2 / L the equations (3.4) and (3.7) can be written as:

V·v=o

1
(v· V)v = -Vp+ -Dov

Re
In which the asterix is omitted and Re = pUL / Ji.

(3.9)

(3.10)



The viscous fluid 23

An integral formulation for the equations (3.9) and (3.10) can be obtained by multiplying

these equations by an arbitrary weighting function and integrate the result over a volume

n of the fluid domain. Equation (3.9) describing conservation of mass is equivalent to:

/ q(V . tl )dV = 0
o

Equation (3.10) describing conservation of momentum is equivalent to:

/ w· [(tl.V)tl+VP- ~eLltl]dV=O
o

(3.11)

(3.12)

In which q represents an arbitrary scalar function and w represents an arbitrary vector

function.

The Navier-Stokes equation has been solved using a Petrov-Galerkin method. The weight

ing functions are based on adding different amounts of diffusion to the system. The incom

pressibility constraint has been taken into account by means of a variational Lagrangian

type ('IL, P)-method: the incompressibility is treated as a constraint. Although we use

parabolical elements the used weighting functions can be written as:

w+15fJ3·Vw+Vq]

Now equation (3.11) and (3.12) can be written as:

Rfl = / (tlh . Vtlh
). (w + 6 [,8. Vw + Vq])dVdt

+ 6 / Vph. [,8. Vw +Vq]dVdt

/ ph (V. w)dVdt +

+ / [eVtlh : Vw + qV· tlh ] dVdt

o

(3.13)

(3.14)

In which (Vph).w has been partially integrated, e = liRe, f3 = tlh. The term b(Vp, Vq)

can be interpreted as an amount of 15 of pressure-diffusion added to the convective pressure

term Vp. For more details see Gerritsma(1990) and Roddeman(1991).



Chapter 4

Boundary conditions

This chapter describes the problem of finding proper boundary conditions between a vis

cous fluid and a porous permeable medium. Finally, proposals for the kinematic and

dynamic boundary conditions have been adopted to form the basis for programming a

new interface element.

Beavers and Joseph (1967) performed experiments on boundary conditions between a

porous permeable medium and a viscous fluid. The experimental data obtained by Beavers

and Joseph showed good agreement with the assumption that the local averaged tangential

velocity (the slip velocity 'UB) just outside the porous medium is related to the tangential

stress:

(4.1)

and the velocity Uv inside the porous wall, given by Darcy's law, in which K is the

permeability of the porous medium and Q was a dimensionless constant depending on

the pore structure. The experimentally-determined parameter Q appeared to be largely

independent of the viscosity, but it did seem to depend on material parameters, other than

the permeability and in particular on structural parameters characterizing the nature of

the porous surface.
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The experimental arrangement and the velocity profile obtained by Beavers and Joseph

(1967) are presented below:

FIlter

Timer

fillr -1

i .---- - --J
-, I---, ...1_-&

#'-~""'-""'- Control
switch

Pump Main =voir

Figure 1. The experimental arrangement (Beavers and Joseph, 1967).

y

h

Figure 2. Velocity profile for the rectilinear flow in a horizontal channel formed by a

permeable lower wall (y = 0) and an impermeable upper wall (y = h) obtained by Beavers

and Joseph (1967).
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Hou et al. (1989) proposed boundary conditions considering the balance laws for mass,

momentum and energy for a deformable mixture containing a surface of discontinuity.

These boundary conditions ar-e also called jump conditions. Across a surface of disconti

nuity any material property of each phase may be discontinuous.

The mixture velocity is defined by Hou(1989) as the sum of the velocities of each compo

nent, weighted by their volume fractions. According to the balance of mass the normal

component of the mixture velocity is continuous across a surface of discontinuity.

The following kinematic boundary condition results:

(4.2)

In which [a] represents the difference in the value 'a' at both sides of the boundary.The

jump conditions for the momentum and energy yield the dynamic boundary conditions

(Hou, 1989):

[uS +u J - pJvJ(vJ - v S)]. n = 0 (4.3)

[us. v S+u J . v J - pJ(eJ + i v J . vJ)(vJ - v S) - h S - hJ]. n = 0 (4.4)

In which eOC represents the internal energy density and hOC the heat flux for thejndividual

components.

It is known that even for a single phase continuum, the jump conditions derived from the

balance laws are not sufficient. Therefore additional kinematic boundary conditions have

been proposed (Hou,1989).

Hou et al. suggest that the kinematic boundary conditions at a surface of discontinuity

within a biphasic material must reduce in the limiting case of nJ ~ 0 on one side of the

surface and n S ~ 0 on the other side to the regular 'no-slip' condition. Hou formulated a

'pseudo-no-slip' condition (it permits different velocities for the fluid and the solid at the

interface, with a continuous mixture velocity at both sides of the boundary) satisfying the

above principle:

(4.5)

In which T represents the tangent vector to the boundary.

Using equation (4.2) and (4.5) the kinematic boundary condition can be written as:

(4.6)

A similar condition was proposed by Williams (1978) for the one-dimensional steady flow

of a viscous fluid parallel to the surface of a rigid porous-permeable solid matrix.
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The dynamic boundary conditions used are derived, using the definition of the Helmholtz

free energy:

(4.7)

(4.8)

r;O: : entropy density for the O'th phase

e : temperature for the mixture

eO: : internal energy density

the jump conditions derived from the entropy inequality can be written as (Hou, 1989):

[~(h6 + h l )+ plr/(vl - v 8
) J·n = 0

Using this inequality, the energy jump condition (4.4) can be written as:

[ ~(o-S. V S + 0- 1 . vi) _ pi (AI + :. vi. vl)(vl - v 8 ) J . n = 0 (4.9)e e 2

The surface of discontinuity can be divided into two categories: dissipative and non

dissipative interfaces. An interface is non-dissipative, if:

(4.10)

If there is no mass production and the solid phases on the two sides of the surface of

discontinuity are not allowed to slide on each other, then the displacement, and therefore

the velocity, of the solid is continuous across this surface of discontinuity:

[ v 8 J =0

By using (2.1-3) and (4.11), (4.2) can also be written as:

[ pl(vl - v 8) ). n = 0

For a simple biphasic mixture without concentration eefects, the Helmholtz free energy

of the fluid phase AI is only a function of temperature. At an ideal interface, such as an

interface in an isothermal process, [AI J = O. Thus, with the mass jump condition (4.12)

one can conclude, that an ideal interface is always non-dissipative.

At a non-dissipative interface the energy jump-condition (4.9) can be written as:

[~(0-8.v8+0-1 .v/ )- :.pl (vi .v/)(vl _v8) J.n =:: 0
8 2 f}

(4.11)

For low Reynolds numbers (Re« 1) based on the thickness of the boundary layer within

the porous permeable medium, it is expected that the terms following after pi in (4.3)

and (4.4) are negligible with respect to the other terms in these jump conditions.

The remaining dynamic boundary conditions are:

[ 0- 8 + u l J . n = 0

[ o-S . v S + 0-1 . vi ) . n = 0

(4.12)

(4.13)
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4.2 Numerical description

To simulate fluid flow over and within a porous permeable medium the Finite Element

Method has been used. The finite element system DIANA has been used.

Assuming a rigid porous permeable medium, the boundary conditions (4.12) and (4.13)

can be written as:

[p] = 0

itS - K . V p = itl

(4.14)

(4.15)

In which it! represents the velocity field associated with the fluid (n! = 1). Thesebound

ary conditions are partially those proposed by Hou(1989).

A penalty formulation incorporates the boundary conditions in a separate interface ele

ment.

Iso-parametric elements of the parabolic Serendipity family were used both for the fluid

(nl = 1) and the mixtu:re. Integration of the volume and surface integrals has been carried

out using the 2*2 Gauss integration rules.
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4.3 Implementation in DIANA

A problem arises from the fact that the velocity field and the pressure in the fluid (nf = 1)

is calculated in the nodal points and the pressure and the velocity field of the fluid in the

mixture is calculated in the integration points. Therefore extrapolation routines are used

to get the information from the integration points to the nodal points of the mixture.

Another problem arises from the fact that we do not only need the pressure in the nodal

points of the mixture, but also the gradient of the pressure in the nodal points of the

mixture. To calculate the convective flow at a node which joins the mixture elements

at the interface, the separate contributions of the mixture elements have been taken into

account.

At a certain time t = tn all nodal unknowns have been calculated. Furthermore estimations

of the unknowns at t = tn +l are available. These estimates are being improved iteratively

until the local set of equations is satisfied sufficiently. In this study an Euler backward

time integration method has been used. This method is not the most accurate but stable.

Using:

R~ntf"fc = penal· (its - iJ/ - K . Vp)

R:tf"fc = penal· (P.f - Pfl)

(4.16)

(4.17)

the set of equations which DIANA uses to calculate the unknowns can be written as:

(4.18)

The interface element has been tested thoroughly and satisfies the prescribed conditions

(penal = 106 ).
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4.4 Results

To simulate this problem the following geometry has been used:

elements

o. 1

0.1

Eo-- Fluid elements

I I I I I I I I I I I I I I I I I I I ~ Interface elements

li!IIIIIIIIII!!'!'!'llil!lllllIIlll,l!l!!!I!III,,!!!!!!lillll!l!ll!l!ililili!!!!!I!I!!!II!!I!I!II!!!!I!!!I!11lil!I!I!III!III!I!~Mixnxe

1.0

Figure 3. The geometry used to simulate a viscous flow over and within a porous permeable

medium.

IPr= 1.0I~11111!1!!!i!ilillll!II!III!I!I!I!III!I!llllllll!1111111!1111!1!1!!!I!I"!I!lli illllll!llliiiililiiiiil!""I'llllllllll!llll!1

/ U,V=O

Ipr=o.ol

Figure 4. The prescribed boundary conditions in order to simulate a viscous flow over and

within a porous permeable medium.
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The results of the theoretical and finite element analysis are presented in figure 5.

~ F.E.M.

---- Hou(1989)
1.5

1.8

1.2

2.1 t--:==-------------------------.
---0.............

...,...~.~-

..-:o":"";~_
'"O~~ ...............

"0 "-
l> "-g \
o J

.0.
0

"./
.0 .....

0',.0" ...,,-"
.0 • • . ...,,--

0'" --~

0.9

0.00 0.05 0.10 0.15 0.20 0.25 0.30

i

f.la = 2.5 . 10-2
h~( -8pj8x)

Figure 5. The results of the finite element analysis are compared with the analytical results

of (Hou, 1989).
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The effect of the apparent viscosity (Ita) on the results of the theoretical analysis are

presented in figure 6. In the finite element analysis, the following values have been used:

K=1O-3 , hi = 10-2 , It! = 10-1 and n! = 0.50

The parameters 6 and 1/ are given by:

(4.19)

Then, with the use of (4.19):

The analytical solution (Hou, 1989) for the following values of 1//62 have been calculated:

Tabel 1. Values of 1//62 to simulate the effect of the apparent viscosity Ita.

1/ 62 1//62 Ita

1. 10-2 1.0 10-2 2.5

2. 10-1 10-1 1.0 2.5. 10-1

3. 1.0 10-2 102 2.5.10-2

4. 10 10-3 104 2.5.10-3

5. 102 10-4 106 2.5.10-4

...-:-:-:-~:::-:::.-;-;::'-.~-.-:--_.-
..... ~............... ..... ...--..:..--- ..

" ..... -.o ,@ \ a. ----.
/ J ~ Q '." ............

__,/ \V '
- _ ..._ .... / ®")-- -- '--- ...----- ,," /

2.1
....-.-
0

1.8.-1

*N
"-"

Q) 1.5...
(';j
I=l;e

1.2I-<
0
0
("I

~ 0.9.::...
I-<
Q) 0.6>

t 0.3

0.300.250.200.15

n!J.l!v!

hi( -ap/ax)

0.100.05

0.0 _..;..a;..;c..J..:....:...L:...:.L~~a..:....:....L.~.:.L...:..:.&:...;..;L;~'-'-'-'-~..:...;L;..;c..J..:....:...L:...:.L~~a..:....:....L.:...:.L.:...:.I.:....:.,,;a..:....:....L.~

0.00

Figure 6. The effect of the apparent viscosity Ita on the results of the analytical solution

obtained by Hou (1989).
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<> The analytical solution of the Beavers-:Joseph problem
Hou(1989) solved the Beavers-Joseph problem analytically. The continuity and momentum

equations for the fluid (O~ z ~hl) in the channel are given by (Hou, 1989):

8vl
-=0
8x

8p 82v l
- - +J,LI-- = 0

8x 8z2

and in the porous wall (-h2 ~ z ~O):

(4.21 )

(4.22)
8vl
-=0
8x

8p 82v l
- nl - +J,La-- - k· vi = 0 (4.23)

8x 8z2

In which k = (nl )2 / K , where K is the permeability of the mixture and k is called the

diffusive drag coefficient. The quantity J,La represents the apparent viscosity introduced by

Hou(1989).

The boundary conditions Hou(1989) used at the interface are:

8v l I 8vl
J,La 8z Iz=o_ = n J,LI 8z Iz=o+

The solution of the fluid velocity in the channel can be written as (Hou, 1989):

(4.24)

(4.25)

The solution of the fluid velocity in the porous permeable medium can be written as (Hou,

1989):

In which v{ represents the value of vi at z+ = 0 ~ z ~ hl and v~ represents the value of

vi at z- = -h2 ~ Z ~ o.
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Discussion

Even when allowing the pressure and flow to vary along the axial direction, the computed

pressure and flow are independent of the axial coordinate. This result is consistent with

the problem definition. The velocity profile in the fluid channel obtained by Hou(1989) for

the highest value of Pel deviates less than 1%from the velocity profile in the fluid channel

obtained by the F.E.M. analysis.The velocity profile in the porous permeable medium

obtained by Hou(1989) for the lowest value of Pel deviates approximately 15% from the

velocity profile in the porous permeable medium obtained by the F.E.M. analysis. It seems

fair to compare these results, because in the finite element analysis no apparent viscosity

has been taken into account. Furthermore, the velocity profile in the fluid channel is

strongly influenced by the value of the velocity at the boundary between the viscous fluid

and the porous permeable medium.

In this formulation we did not introduce an apparent viscosity as proposed by Hou(1989).

We are aware that the experiment of Beavers and Joseph can only be modelled correctly if

the effect of a boundary layer within the porous permeable material is taken into account.

However, considering the complexity of the numerical implementation of these changes, we

judge that these modifications are beyond the scope of this research. Moreover, accurate

experimental verification of the apparent viscosity term proposed by Hou(1989) is not

available to our knowledge.
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Results of the second simulation

The second simulation concerns the flow of a viscous fluid through a porous permeable

medium. To simulate this problem, the following geometry and boundary conditions have

been used:

Pr=1.0

® _~_'.1--_...1-'_LI/_~'''_....,

I-E-- u.v=O ~

®

u.v=O ~

Pr=O.O

Fluid
elements

Mixture
elements

Fluid
elements

0.1

0.1

0.1

0.1

Figure 7. The geometry and the boundary conditions used to simulate a viscous flow

through a porous permeable medium.
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The results of the finite element analysis are presented in figure 8 and on the next page

by FEMVIEW©.
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Figure 8. The results of the finite element analysis.

The figure on the next page presents the velocity contours in axial and tangential direction.
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(a) Axial \Ielocities (b) Tangenticil velocities

figure 9. Axial and tangential velocity contours.
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Discussion

To our knowledge, this simulation has not been solved analytically yet. Therefore, it is

difficult to draw any conclusions from this simulation. However, it might be interesting

to simulate tbls problem experimentally with special attention to the boundary region

between the viscous fluid and the porous permeable medium.
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Conclusion

. A first step has been made in modelling boundary conditions at the interface between a

-biphasic mixture and a viscous fluid using the Finite Element Method with fluid, mixture

and interface elements: The interface element couples the pressure and the velocity of a

. ·.fluid element node to the pre~sureand the velocity of a mixture el~~ent node.

The results in. the porous permeable m"ediu~obtainedby the F .E.M. analysis are consistent

with those obtained by"the analytical solution. In case the apparent viscosity term is

negligible the velocity field in the fluid channel is strongly influenced by the velocity at

the h<?unda~y of the porous wall. Since Hou introduces an apparent viscosity term in the

porQUs permeable medium, which strongly affects the velocity field on either side of the

: porous permeable,medium, the results}n the fluid channel obtained by the F.E.M. analysis

differ from those obtained by Hou.

In the future the jump cOIidition describing conservation of momentum needs attention.

The condition use~ should 1:>e extended or replaced by one describing the coupling between

shear stress, effective stress .and pressure. When this coupling has been realized fluid flow

over and within deformable porous media can be simulated.



References

• Batchelor G.K., An introduction to fluid dynamics, Cambridge University press 1967.

• Bear, J., Bachmat, Y., Introduction to modelling of transport in porous media. Kluwer

Academic Publishers, Dordrecht 1990.

• Beavers G.S., Joseph D.D. Boundary conditions at a naturally permeable wall. Journal

of Fluid Mechanics, vol. 30, part 1, pp.197-207, 1967.

• Bovendeerd, P.H.M.,The mechanics of the normal and ischemic left ventricle during the

cardiac cycle. PhD Thesis, University of Limburg, Maastricht 1990.

• Bowen, R.M., Incompressible porous media models by use of the theory of mixtures, Int.

J. Eng. Sci., Vol. 18, pp. 1129-1148, 1980.

• Chadwick P., Continuum Mechanics, Concise theory and problems. George Allen &

Unwin Ltd. 1967.

• Gerritsma, M.L, Artificial diffusion methods in convection dominated flows. Master

Thesis, Delft 1990.

• Hou, J.S., Formulation of synovial fluid-articular surface interface conditions, and asymp

totic and numerical analyses of squeeze film lubrication of diarthrodialjoints. PhD Thesis,

Rensselaer Polytechnic Institute Troy, New York 1989.

• Hou, J.S., Holmes, M.H., Lai, W.M., Mow, V.C., Boundary conditions at the cartilage

synovial fluid interface for joint lubrication and theoretical verifications. Journal of Biome

chanical Engineering, ASME, Vol. 111, pp. 78-87, 1989.

• Huyghe, J.M.R.J., Non-linear finite element models ofthe beating left ventricle and the

intramyocardial coronary circulation. Phd Thesis, Eindhoven University of Technology,

Eindhoven 1986.



• Kreyszig, E., Advanced engineering mathematics, John Wiley & Sons, Inc., U.S.A., 1988.

• Oomens, C.W.J., A mixture approach to the mechanics of skin and subcutis. PhD The

sis, Twente University of Technology, Twente 1985.

• Roddeman, D.G., On flow analysis, Delft 1991.

• Snijders, H., Some chapters from the throes of his PhD-thesis, Maastricht, 1991.

• Veldpaus, F.E., Introduction to continuum mechanics, Lecture notes, Eindhoven Uni

versity of Technology, Eindhoven 1988 (in Dutch).

• Williams, W.O., Constitutive equations for flow of an incompressible VISCOUS fluid

through a porous medium, Quarterly of Appl. Math., pp. 255-267, 1978.

• Zienkiewicz, O.C., Methode der finiten Elemente, Miinchen; Wien: Hanser, 1984.


