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Abstract 

In this thesis we study cold interacting atoms in an optical lattice. These are systems, 
which allow for a large amount of control over the physical parameters. With the mecha
nism of a Feshbach resonance, interactions can be tuned by changing the magnetic field, 
while the depth and geometry of an optical lattice can be adjusted with a laser field. 
Cold atoms in optical lattices can be used to elucidate fundamental processes that take 
place in traditional condensed matter systems, such as the phase transition of a super
Huid to a Mott insulator, which is driven purely by quanturn fl.uctuations. Knowledge 
about such processes is of relevanee for research in quanturn information and models for 
high-temperature superconductors. 

We have derived a salution of interacting atoms in a non-separabie opticallattice. The 
interaction is modeled exactly using a contact potential, while the non-separabie effects are 
treated as a perturbation. This salution is valid for all values of the scattering length and 
when tunneling can be neglected, which allows us to treat each site individually. Our model 
shows that by tuning the interactions, it is possible to couple two sequential energy bands, 
which are in effect single-well levels. Even for strong interactions, when the scattering 
length diverges, the total energy remains finite. 

In future, it interesting to make another step from the salution of a single-site to the 
whole lattice salution by incorporating tunneling effects. This will give rise to interesting 
interplay between tunneling and interaction. In addition, our results predict that although 
the lattice is non-separable, the scattering region remains spherically symmetrie. This is 
of relevanee for photoassociation experiments, which aim to create a Bose-Einstein con
densate of composite bosons. Inspired by our approach, photoassociation calculations can 
be started with separable harmonie oscillator solutions of a single site, while later incor
porating non-separabie effects systematically using perturbation theory. 
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Chapter 1 

Introduetion 

1.1 Cold-atom physics 

Quanturn physics is often ascribed to be the theory of the microscopie world. Indeed, for 
descrihing the world on atomie length scales and below, the classica! picture of point like 
particles certainly breaks down. Instead we have to deal with one of the most fundamental 
concepts of quanturn physics: the wave-partiele duality as expressed in the Heisenberg 
uncertainty relation. However, there are also many macroscopie manifestations of quan
turn physics. These phenomena occur primarily at low temperatures, which means small 
thermal energies. This can be understood by consiclering particles as wavepackets with a 
charaderistic spatial extent named the thermal de Broglie wavelength ÀT = J2nn2 jmkBT, 
where T is the temperature of the partiele with mass m, and n,kB the reduced Planck con
stant and the Boltzmann constant, respectively. When this wavelength comes in the order 
ofthe typical distance between the particles that constitute the matter, waves start to over
lap and we can no longer speak in terms of spatially separated particles: the wave nature 
of matter has become important as well. Since ÀT scales inversely with the temperature 
quanturn effects start to play a role at low temperatures. Macroscopie quanturn phenom
ena occur when the wavepackets are able to add up coherently, forming one macroscopie 
matter wavepacket. One of the prominent examples of such effects is the experimental 
observation of vortices in a rotating Bose-Einstein Condensate (BEC), which is shown in 
Fig. 1.1. For a classica! gas one would expect a rotation around the center, just as in a 
normalliquid. However, in a Bose-condensed gas a pattem of quantized vortices shows up, 
which indicates that a BEC is superfl.uid in nature. 

A BEC is probably the most direct manifestation of overlapping wavepackets. Inspired 
by the work of Bose, it was predicted by Einstein in 1924, as a phase transition in a 
gas of non-interading massive bosons, where all particles condense into the lowest energy 
state. lndeed, this is what happens when wavepackets are allowed to overlap freely. The 
lowest total energy is obtained when all wavepackets vibrate coherently with the same 
frequency, forming one macroscopie wave, this being in striking analogy with the many 
photons ( massless bosons) in a single mode inside a laser cavity. The first application of 
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Chapter 1. Introduetion 

Figure 1.1: Observed vortex lattices in rotating Bose-Einstein condensates, providing evidence 
for its superfluid nature. The examples shown contain (A) 16, (B), 32, (C) 80 and (D) 130 vortices 
as the rotation frequency is increased. Figure adapted from Ref. [29]. 

the ideas of Bose and Einstein came after the discovery of superfl.uid 4He in 1938, where it 
was London who suggested that this superfl.uidity could be a manifestation of Bose-Einstein 
condensation [2]. It took until 1995 before scientists were able to create a BEC in a weakly 
interading gas of bosonic atoms [20, 21, 22]. One of the difficulties in realizing a BEC in a 
weakly interading gas is that one has to reach the critical phase space density nÀ~ ~ 2.612 
[1]. When using weakly interading gases of atoms with typical densities in the range of 
n,....., 1013 - ,....., 1015cm-3 this requires temperatures in the p,K or even nK regime. 

One of the fascinating aspects of systems of cold atomie gases as used for creating BECs, 
is the possibilty to investigate complex many-body systems on a macroscopie scale with a 
large amount of control over the physical parameters. This allows a fruitful collaboration 
between theorists and experimentalists, providing an ideal basis to gain understanding of 
many-body systems from a fundamentalleveL A good example of such a research track is 
the crossover physics between Bose-Einstein condensation and another macroscopie quan
turn phenomenon: superconductivity as described by Bardeen-Cooper-Schrieffer (BCS) 
theory. A crossover theory attempts to treat two different physical effects as manifesta
tion of one single mechanism. For the BCS-BEC crossover theory the essential idea is 
that there is on the one hand Bose-Einstein condensation of composite bosonic particles in 
configuration space, and on the other hand Bose-Einstein condensation of Cooper pairs in 
momenturn space. In superconducting metals Cooper pairs are made out of two electrans 
with opposite momentum. Although the electrous themselves are fermions, as a pair they 
form effectively a boson, being able to condense into a single quanturn state. Hence this is 
thought to be a crossover between two types of superfl.uidity. 

2 



1.1. Cold-atom physics 

With a gas of cold atoms it is possible to have these two types of superfluidity in 
one physical system. The crossover is realized experimentally by using equal mixtures of 
fermionic atoms of opposite spin. On the one hand there can be formation of Caoper pairs 
in a filled Fermi sea when there is a weakly attractive interaction. This involves large pairs 
in configuration space, as the distribution in momenturn space is sharply peaked due to 
the opposite moment a of the fermions in a Caoper pair. On the other hand there can be 
molecules in this system made out of pairs of fermions with opposite spin. If the pairs 
are very tightly bound, the underlying fermionic structure can be ignored and we have 
effectively a gas of bosons that can condense in configuration space. Due to the tight 
binding, these are small pairs in configuration space. 

In crossover theory interactions play an important role. While the BCS and BEC limit 
are both cases of weak interactions, continuously connecting these two regimes gives rise 
to strong interactions. In gases of cold atoms, the interactions are short ranged i.e., the 
range r 0 where the interaction potential differs noticeably from zero1, is much smaller than 
the interpartiele separation n-113 . Also, the callision energy Eis small which means that 
the typical spatial extent ÀT of the partiele is much larger than the interaction range. This 
can be expressed as kr0 « 1, with wavenumber k defined as k = J2J1B jfï2 = 21r j ÀT, 

and p = m/2 the reduced mass. It turns out that in this case the interactions can be 
characterized by the most important parameter: the s-wave scattering length a. The 
sign of this parameter generally denotes the type of interactions we are dealing with. 
For positive scattering length interactions are repulsive, while an attractive interaction 
corresponds to negative scattering length. With the mechanism of a Feshbach resonance, 
originally introduced in nuelear physics, it is possible to tune the scattering length with a 
magnetic field. Hence it is possible to tune the effective interactions in a gas of cold atoms. 
This inspired scientist to use a Feshbach resonance to link the two superfluid regimes, as 
is illustrated in Fig. 1.2. 

For small positive scattering length a molecules can be made to form a BEC2 . On the 
other side of the graph, for small attractive interaction we have BCS-superfluidity of Caoper 
pairs. In the crossover region, characterized by strong interactions, the scattering length 
becomes infinitely large and changes sign at a resonant magnetic field strength B0 . Due to 
the combination of strong interactions and high controllability in such systems, cold-atom 
physics can be very useful for gaining insight in the fundamental processes responsible for 
superfluidity. 

( ) 

1/4 
1 A typical value for the interaction range is given by r0 ~ ;'6~Y [17], with C6 the van-der-Waals 

coefficient. See also chapter 4. 
2This might seem counterintuitive, but it has to do with the peculiar properties of cold interactions. 

The scattering length is a parameter that describes the asymptotic behavior of a collision. Indeed, when 
the callision energy is low the asymptotic properties of a deeply bound molecule resemble that of a strictly 
repulsive interaction. See also Sec. 2.5. 
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a 
BEC-side BCS-side 

a > 0 repulsive 

B 

a < 0 attractive 

-Crossover 

Figure 1.2: Crossover between two types of superfluidity. For small positive scattering length a 
there is a BEC of molecules, for small attractive interaction we have BCS-superfluidity of Cooper 
pairs. Due to a Feshbach resonance, the scattering length a depends on magnetic field strength 
B. Hence the two regimes can be linked continuously by changing the magnetic field strength, so 
entering the crossover regime where interactions become strong. The scattering length goes from 
positive to negative values through infinity around resonant magnetic field strength B0 . 

1. 2 Optical lattices 

The possibility to tune the properties of cold atoms is not limited to magnetic fields alone, 
also op ti cal techniques ( electric fields) provide control over cold atoms. For example, 
photon scattering is used to cool the atoms in a process that is called lasercooling [27], 
which is one of the important methods used to create the ultra-cold atoms needed to forma 
BEC. It is also possible totrap cold neutral atoms in an externallight field. The mechanism 
of trapping is basedon the AC Stark Shift. The strong electric field in a light field induces 
an electric dipole moment in the atoms which in turn interacts with the external electric 
field. This results in a trapping potential V(x): 

V(x) = -d · E(x) ex o:(wL) IE(xW, (1.1) 

with o:(wL) the polarizability of the atom and I ex o:(wL) IE(x)l2 the intensity of the light 
field. E(x) is the electric field at position x. To ensure that the nature of this dipole 
potentialis purely repulsive, no losses should be caused by the light field. Lossescan occur 
when atoms get excited by the light field. Hence the frequency of the light WL should be 
tuned far away from the atomie resonance frequency Wres· The scattering effects needed 
for lasercooling are thus undesirable for trapping. Depending on the sign of the detuning 
the dipole force on the atoms can be attractive (wL < Wres) or repulsive (wL > Wres)· 

Already in the previous section we found that cold-atom physics can be linked to 
condensed matter physics with a crossover from BEC to BCS. Moreover, it is possible to 
make conneetion with the solid state physics when a periodic trapping potential is created. 
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1.3. Fermi surfaces and Brillouin zones 

This can be done straightforwardly by interfering two counterpropagating laser beams such 
that a standing light wave is formed. The periadie potential obtained this way is of the 
farm 

(1.2) 

with kL = 21r / ÀL the wavenumber of the laser with wavelength ÀL, and V0 the depth of 
the lattice potential. In practice V0 is conveniently given in units of the recoil energy 
Erec = 1ï2 kl/2m, m being the mass of the trapped a torn. Also, by interfering more laser 
beams two and three dimensional crystals are possible. In fact, artificial crystals of light 
are made this way. In the field of cold atoms these crystals are referred to as optica[ lattices. 
Contrary to normal condensed-matter systems, opticallattices provide optimal control over 
the properties of the crystal lattice: bath lattice geometry ( wavelength, angle between the 
beams) and lattice depth (intensity) can be altered experimentally. The creation of these 
lattices has enabled the measuring of fundamental observables of (textbook) condensed 
matter systems and investigate their fundamental phase transitions. Four examples shall 
be mentioned in this introduction. 

1.3 Fermi surfaces and Brillouin zones 

In the preceding section, we focused on the bosonic properties of (pairs in) cold atomie 
gases. However, in a gas of fermionic atoms, also the specific charaderistics of fermions 
can be investigated. Due to the Pauli exclusion principle, no two identical fermions are 
allowed to occupy the same quanturn state. At zero temperature fermions will therefore 
fill up all quanturn states subsequentially and it is useful to define an energy surface in 
momenturn space that separates filled states from empty states. This surface is called the 
Fermi surface and is characterized by the Fermi energy EF. Of course, the more fermions 
are in the system, the more states are filled. Hence EF is related to the density n of the 
gas of atoms. For identical fermions of mass m in free space the Fermi energy is given by 
EF = 1ï2 (67r2n) 213 /2m. The Fermi surface of a coldatomie gas can be measured by releasing 
the atoms from the system. The atom cloud will then expand ballistically and after long 
enough time of flight the fastest atoms will farm the boundary of the cloud. This boundary 
thus corresponds to the Fermi surface, which can eventually be measured with absorption 
imaging. When placed in a lattice, (fermionic) particles do no langer have the continuurn 
of possible energies as was the case for free space. Instead, energy is distributed in bands, 
and the plane waves of the free particles are replaced by Bloch waves, 7J;qs(x) = eiqxUqs(x), 
characterized by a bandindex s and crystal or quasi momentum3 q. The function Uq8 (x), 
with x the position, has the same period as the lattice. The energy bands themselves 
are given by the dependenee of the energy on quasi momenturn E8 (q). This charaderistic 
relation depends parametrically on the lattice depth, as is illustrated in Fig. 1.3. Due to 
the periodicity, the description of the whole lattice can be reduced to one unit cell. By 

3 Note that q has the dimension of length- 1 . Hence, the actual momenturn associated with q is given 
by !iq. 

5 



Chapter 1. Introduetion 

fJ 

l 

(j 

Figure 1.3: (a) Energy bands (Energy E as function of quasi momenturn q) for different lattice 
depths. As the depth is reduced the bands transfarm from practically being flat in the tight bind
ing limit to a parabalie dispersion relation for free particles. (b) Lowering the depth adiabatically 
such that quasi momenturn is conserved transfarms quasi momenturn in the sth energy band into 
free partiele momenturn p in the sth Brillouin zone. Figure adapted from [41]. 

convention one chooses this to be a cell centered around a lattice point. For the redprocal 
lattice, the Fourier transfarm of the lattice in configuration space, this leads to a description 
of the system in the first Brillouin zone. Hence, in the case of a simple cubic opticallattice 
one finds that the quasi momenturn q can always be reduced to values between ±kL. Similar 
to the case of a cold gas of free fermionic atoms, the Fermi surface of fermionic atoms in a 
lattice can be measured. To this end the lattice depth is lowered adiabatically, conserving 
the quasi momentum. The original quasi momenturn distribution is then mapped onto the 
real momenturn distribution of the expanding cloud. Just as in the case of free atoms, 
this can be measured with absorption imaging. In Fig. 1.4 such measured projections of 
momenturn distributions are shown [38], with increasing Fermi energies from left to right. 
In the experiment the Fermi energy is changed by increasing the filling of the lattice. For 
EF small compared to the width of the lowest band a spherical momenturn distribution 

Figure 1.4: Observing Fermi surfaces in optical lattices. By adiabatically lowering the lattice 
depth, the quasi momenturn distributions are measured. The images show projectionsof these 
distributions. The boundary of the distribution reveals the Fermi surface. From left to right the 
Fermi energy is increased by increasing the density. Figure taken from [38]. 
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1.4. Superfluid to Mott insuiator transition 

is seen, Fig. 1.4(a). Just as for free fermions the energy is distributed isotropically over 
the momenta. For higher Fermi energies, but smaller than the bandwidth a more complex 
distribution shows up, as is seen in Fig. 1.4(b). The distribution shows extensions towards 
the boundary of the first Brillouin zone. For the 2D projection of the 3D simple cubic lattice 
this boundary is a square. Upon increasing the filling such that it exceeds the lowest band 
a homogenous filling of the first Brillouin zone is found as depicted in Fig. 1.4( c). For 
this case the energy exceeds the gap to the next band, a population shows up beyond the 
square shaped first Brillouin zone. It is important to realize that for Fermi energies in 
the gap between two bands a band insuiator is formed. Because the lattice depth can be 
changed also the position of the bands can be changed. Hence it is possible to go reversibly 
from a band insulating state to a conduction state and back. We can conclude that these 
experiments are a remarkable example of measuring fundamental observables of condensed 
matter systems using cold atoms in optical lattices. 

1.4 Superfluid to Mott insuiator transition 

Contrary to fermions, bosons are allowed to occupy the same quanturn state. Hence, a band 
insuiator as for fermionic atoms does not exist for bosons. However, a quite different type 
of phase transition to an insulating phase is possible for bosonic atoms. As was proposed by 
Jacks et al. [26], it is possible to describe the ground state of interading bosonic atoms in an 
opticallattice with the Bose-Hubbard model, a model well-known from condensed matter 
physics. This model prediets a quanturn phase transition from a superfluid to a Mott 
insuiator state. In 2002 Greiner et al. [30] reported the first experimental observation of 
this phase transition in a gas of ultra-cold atoms. Recently also a Mott state of molecules is 
observed by the group of Rempe [44]. Contrary to normal phase transitions this transition 
is driven by quanturn fluctuations insteadof thermal fluctuations. It reveals the transition 
between dominanee of two conjugated observables. Thus transferring from one phase to 
the other actually brings the Heisenberg uncertainty relation into action! 

Let us introduce the Base Hubbard model by consiclering its Hamiltonian: 

H = - J L a! aj + ~ u L ni ( ni - 1). (1.3) 
(i,j) . 

The first term represents kinetic energy due to tunnel coupling J between neighboring sites 
(i, j). The operators aJ and ai are the bosonic creation and annihilation operators on lattice 
site i. The second term represents the potential energy due to the interaction U between 
particles on a single site. The number of particles at site i is given by ni = aJ ai. Modeling 
the interactions this way is reasonable when the range of the interaction potentials is short 
compared to the lattice spacing, and as long as the interaction energy of a single site is 
smaller than the excitation energy to the next band. Determination of J involves the 
overlap between the wavefundions localized at two adjacent sites, while for U it involves 
the overlap of two wavefundions at a single site. 
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The dynamics of the system are determined by the competition between these two 
energy terms. When interactions are weak compared to tunneling, U IJ « 1, the ground 
state energy of the system is minimized for single partiele wavefundions spread out through 
the lattice. Hence this ground state is a Bose-Einstein condensate which can bedescribed 
with one macroscopie matter wave for the system as a whole. Since atoms are delocalized, 
no correlation exists between atom number per lattice site such that this quantity follows 
a poissonian distribution. 

For interactions strong compared to tunneling, U IJ » 1, matters are reversed. The 
ground state energy is minimized by strongly localized single partiele wavefundions at 
each lattice site, because for this case each atom interacts with fewest other atoms. Hence 
perfect correlations exist in partiele number per lattice site but phase correlations between 
atoms at different sites are lost. This state is called the Mott-insulator state. 

With an optical lattice it is possible to transfer reversibly between the two phases 
simply by changing the lattice depth. First the system is prepared by creating a BEC 
with techniques that are standard nowadays, and subsequently gradually tuming on the 
opticallattice. Now it is possible to transfer reversibly between the superfiuid and Mott
insulator regime by simply changing the intensity of the lasers. For a very weak lattice (low 
intensity) tunneling dominates and the ground state is still superfiuid. However fora very 
deep lattice (high intensity) tunneling is limited such that U IJ » 1 and the ground state 
of the system is in the Mott insuiator phase. In practice the phase transition takes place 
around Vo = 13ER. Measurements of the phases can be done for example by suddenly 
releasing the cold atoms from the lattice. In the superfiuid phase a multiple matter-wave 
interference pattem will be observed (Fig. 1.5(a)) as a consequence ofthe phase coherence 
between the atoms in the lattice. In the Mott-insulator phase, no phase coherence exists 
across the lattice such that no interference pattem is observed at all (Fig. 1.5 (b)). 

The observation of this quanturn phase transition of superfiuid to Mott insuiator in a gas 
of ultra-cold atoms illustrates the potential of investigating quanturn effects of condensed 
matter systems using cold atoms in opticallattices, with physical parameters under optimal 
control of the experimentalist. 

1.5 Quanturn noise correlations 

In the previous section it is found that in the Mott-insulator phase no interference pattem 
is observed in absorption images of an expanding cloud of cold atoms after release from 
the lattice. Amazingly, it is still possible to reveal hidden order of atoms in the insulating 
phase using (series of) such images, with the help of quanturn noise correlations. 

The origin of this detection technique goes back to the Hanbury-Brown-Twiss experi
ment [5]. Suppose that two identical particles a and b are to be detected at two detectors 
1 and 2. Since the particles are indistinguishable, it is not possible to know which path 
a detected partiele took. Consequently, the two detection paths interfere with each other, 
which is interference in amplitude. The probability amplitude of detecting one partiele in 
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1.5. Quanturn noise correlations 

Figure 1.5: Quanturn phase transition from a superfiuid to Mott insuiator in an opticallattice. 
(a), When interactions are weak compared to tunnelinga superfiuid BEC phase exists, resulting 
in a multi-matter-wave interference pattem when the atoms are released from the lattice. As 
the particles are delocalized, no correlation exists between the number of particles per lattice 
site. (b), For interactions st rong compared to tunneling, the ground state of the system is in the 
Mott-insulator phase. There are perfect correlations between the number of particles per lattice 
site, but no phase coherence exists across the lattice, so that no interference pattem is observed. 
Figure adapted from [41]. 

each detector can than be written as 

l(all)(bl2) ± (al2)(bll)l 2
, (1.4) 

with +(-) for bosons (fermions), and the probability of detection partiele x on detector 
i written as (xli). Thus bosons prefer to be detected simultaneously, known as boson 
bunching, while fermions prohibit simultaneous detection ( antibunching). 

A homogeneaus Mott insuiator consists of an array of identical partieles. Intedering all 
different detection paths with each other results in an interference pattem that reveals the 
periodicity of the lattice. In an absorption measurement the momenturn distribution of 
atoms in the lattice is mapped onto a density distribution in the eloud, therefore not direct 
lattice periodicity, but periodicity of the reciprocallattice is captured in absorption images. 
Since the interference is in intensity, thesecondorder correlation of these images elucidates 
this order. In Fig. 1.6 an example of this technique is shown [39]. So, although there is 
no single partiele coherence in the Mott insuiator phase, with quanturn noise correlations 
it is possible to reveal hidden order of the atoms in the lattice. For example, this can 
be a useful tool by investigating spin mixtures in optical lattices, where additional peaks 
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x 

Figure 1.6: Measuring quanturn noise correlations in the Mott insuiator phase. In the left 
part a single absorption image of a released atom cloud from a Mott insuiator is shown, a similar 
picture as Fig. 1.5(b ). On the right thesecondorder correlation function taken from many of such 
single images is shown. Indeed correlated detection events show up at a characteristic separation 
revealing the periodicity of the lattice. The white bar in this image denotes the length scale at 
which correlated detection are predicted to occur. Figure adapted from [41]. 

occur as a consequence of the interference between different spin species. This illustrates 
the potential of cold atoms in optical lattices to investigate strongly correlated quanturn 
systems. 

1.6 One dimensional systems and fermionization 

One dimensional (1D) systems behave physically quite differently compared to three di
mensional (3D) systems. This has to do with the fact that interading particles cannot 
simply pass by each other in 1D. For example, consiclering kinetic and interaction energy 
K and U, one finds Km ex: ni0 and Um ex: nm. Hence, in contrast with 3D, decreasing 
the density nm make interactions more important , indicating that a dilute 1D system is 
strongly correlated. 

In a strongly correlated 1D gas peculiar quanturn effects can happen. For example, 
consiclering hard core bosons, it follows that no two bosons are allowed to occupy the same 
position in space. Hence these repulsively interading bosons behave much like fermions! 
This effect was first pointed out by Girardeau [7] in 1960. He found a one-to-one mapping 
between many-body systems of impenetrable bosons and non-interading fermions in one 
dimension, which can be written for the ground state as 

(1.5) 

Amazingly, the ground state wavefundion 'Ij;~ of the bosonic particles is simply the absolute 
value of its fermionic counterpart 'l/JÖ. This ensures that 'Ij;~ remains symmetrie, but implies 
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1. 7. This thesis 

at the same time that it vanishes whenever two bosons occupy the same spatial position. 
Hence, all properties of the fermionized Bose gas related to the density ( energy spectrum, 
density distribution, etc.) are identical to real non-interading Fermi systems. However, 
properties related to the momenturn distributions will be quite different, since the result of 
a Fourier transfarm depends on the relative sign of the wavefundion in different regions of 
contiguration space. A strongly correlated Bose gas in such a fermionized regime is called 
a Tonks-Girardeau (TG) gas. 

With opticallattices it is possible to create 1D gases. By making a two dimensional 
optical lattice, a whole array of 1D potential tubes emerges. For the lattice deep enough, 
in each tube the dynamics of the other two dimensions are frozen out. Similar to the 
Mott insuiator ( section 1.4), the TG regime is characterized by the ratio U j K » 1. In 
an experiment with cold atoms the bosons are not really impenetrable, but still a strong 
repulsive interaction can mimic the Pauli exclusion principle. Contrary to real fermions, 
they don't need to fill up different momenturn states to keep themselves spatially separated, 
resulting in a different momenturn distribution compared to both non-interading fermions 
and weakly interading Bosons. Therefore the momenturn distribution can be used as a 
signature of fermionization. 

A TG gas was first realized experimentallyin 2004 by two groups [36, 37]. They entered 
the strongly interading regime by adding an additional laser along the weakly confining 
axes of the tubes. This either lowers the density (additional trap along the tubes [37]) 
or lowers the effective mass of the particles ( additional weak lattice along the tubes [36]), 
both resulting in stronger effective interaction. The experimental realization of the TG 
gas illustrates the versatility of ultra-cold atoms in opticallattices to explore new, or long 
predicted quanturn phases which so far lacked observation. 

1. 7 This thesis 

Current research with cold atoms aims to combine the possibilities of tuning cold atoms 
magnetically and optically, thereby changing both the interactions and the lattice proper
ties. This enters the regime of physics where lattice and interactions tagether determine the 
behavior of the system. From the theoretica! point of view the description of these systems 
becomes really challenging. For example, many-body calculations of dilute quanturn gases 
aften treat the interaction as a perturbation, by consiclering the scattering length a both 
small compared to the typical spatial extent of the one partiele wavefunction, a« ÀT, as 
wellas small compared to the average interpartiele separation n-113 , a« n- 113 [15]. For 
strong interaction, a increases and either one or both of these inequalities are no langer 
valid. On the other hand, treating the lattice as a perturbation in the strongly correlated 
regime poses problems as well. For example, the Bose-Hubbard model is a valid description 
of cold atoms in an optical lattice occupying the lowest Bloch band [26]. The band gap 
should therefore be much larger than the on site interaction energy. However, for a weak 
lattice the bands become closer such that strongly interading atoms can easily populate 
higher bands. Actually deep lattices are easier to describe than weak lattices when inter-
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Chapter 1. Introduetion 

actions are strong, because for this case it is possible to treat each lattice site individually 
as a harmonie oscillator. With two atoms per lattice site this results in exactly solvable 
two-body physics as was found firstly by Busch et al. in 1997 [24]. What happens is that 
strong interactions couple the different Bloch bands, which are harmonie oscillator levels 
if the lattice is deep enough. This is qualitatively indeed what happens in an experiment, 
as was found recently in the group of Esslinger [45]. However, due to the finite depth of 
the lattice it still lacks complete understanding. 

Another good example which motivates to study this regime theoretically is an ex
periment with bosonic spin mixtures carried out in the group of Bloch [49]. Here, they 
measure the spin-dependent interaction strengths of spin-1 and spin-2 8'Rb atoms by ana
lyzing spin-exchange collisions in a deep opticallattice with two atoms per lattice site. The 
spin collision is described by a Rabi-like model of two-particle-spin states. The quantity of 
physical interest is the Rabi oscillation frequency, which allows a precision measurement 
sirree it is a frequency. Moreover, by changing the magnet ie field this frequency can be 
altered, sirree the level spacing is tuned with the ( second order) Zeeman-effect. Fig. 1. 7 
shows a typical measurement of the spin-oscillation frequency as function of magnetic field, 
for spin-1 bosons. There seems to be a systematic error between the theoretica! predie
tions ( dashed line) and the experiment al results ( solid line). The matrix element descrihing 
the transition between the levels in the Rabi model depends on the overlap between the 
one-particle densities of the single atoms in the lattice ground state. So far, interactions 
were not included in the calculation of this matrix element. However, an error in it does 
introduce a systematic deviation of the predicted Rabi frequency. Sirree this matrix ele
ment involves the fourth power of the wavefunction, already a small correction might solve 
the discrepancy. Therefore it is very interesting to find a model for descrihing interading 
atoms in an optical lattice. 

In condusion of this introduction, the main goal of this work is to find a description 
of cold interading atoms in an optical lattice. To that end, this thesis is organized as 
follows. First, the important theoretica! tools for the description of ultra-cold interactions 
will be treated in chapter 2. Then governing equations of cold interading atoms in optical 
lattices will be derived in chapter 3, where we stress the problem of non-separability. In 
addition we derive exact solutions for the separable limiting cases of deep and empty lattice. 
Subsequently, in chapter 4, we employ a rigarous test of the way we model the interaction 
potential in tightly trapped systems. Next, in chapter 5 we study interading atoms in 
a non-separabie lattice, which leads to the main result of this thesis. In chapter 6 we 
will apply our results to the experiment of spin dynamics. Finally, chapter 7, we draw 
conclusions and point out directions for future work. 
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1. 7. This thesis 
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Figure 1. 7: Oscillation frequency as function of magnetic field of the spin population oscillations 
for spin-1 atoms in a deep optica! lattice. The dashed line shows the results from a theoretica! 
model, with the shaded area reflecting experimental uncertainties in lattice depth and magnetic 
field. The solid line is a fit of the expected behavier through the measured data points ( •). Figure 
taken from [49]. 
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Chapter 2 

Basic scattering theory 

In this chapter we treat the important theoretica! concepts that are used in this work to 
describe interactions between cold atoms. The aim is two-fold: we want to explain and 
justify the way we deal with cold collisions. First, we spend three sections on introducing 
the relevant elements of quanturn two-body scattering. We discuss the scattering matrix 
and scattering amplitude, their relation to the phase shift, and how bound states are 
contained by the scattering matrix. Second, we derive the important result that the effect 
of interactions can be condensed into a single boundary condition. Third, the case of cold 
collisions is treated, where we introduce the concept of the scattering length. Fourth, it 
is explained why and how contact potentials can be used to provide the correct boundary 
condition. Finally it is illustrated that interactions can be tuned with scattering resonances. 
Regarding the number of spatial dimensions, the discussion will in three dimensions on first 
instance. However, when necessary we specialize to one dirneusion since 1D systems also 
occur in this thesis. The 1D case will be accompanied with an additional sub or superscript 
to distinguish it from the 3D case. For a more comprehensive and profound discussion of 
3D quanturn scattering theory we refer to [11, 12]. The relevant results for 1D are derived 
in [10, 13, 28]. 

2.1 Scattering matrix 

In practice information about interactions is obtained from scattering experiments. The 
simplest example of a scattering experiment is the scattering between just two particles 
in free space. Then the potential energy depends only on the relative distance between 
the two bodies. Consequently, two body scattering is most conveniently described in the 
center-of-mass frame, with the center-of-mass motion itself regarcled to be simple, i.e. 
independent of the scattering process. The remairring problem is thus an effective arre
partiele problem in the relative coordinate. Indeed, in dilute gases of cold atoms density is 
usually sufficiently low such that three or more partiele interactions can be neglected. As 
a consequence, binary collisions dominate and we therefore restriet ourselves totwo-body 
scattering in this work. 
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Chapter 2. Basic scattering theory 

In reality the range of the interaction potential is so small that it is very difficult to 
observe the interaction region directly. Hence, it is useful to shift interests to measurable 
effects of interactions. Actually it suffices to keep track only of the incoming (unscattered) 
states !Win) and outgoing (scattered) states !Wout) in the asymptotic region where the 
actual value of the interaction potential is negligibly small and measurements are feasible. 
In principle information about the interaction region itself can be reconstructed by an 
inversion scheme. These asymptotic states are related by the scattering operator 5. 

(2.1) 

Experimentally measurable quantities like the cross section can all be expressed in terms 
of 5, illustrating that all physically relevant information about the interactions is kept in 
the scattering operator. The total asymptotic scattering state Iw) = !Win) +!Wout) itself 
is of course a solution of the Schrödinger equation for which we are looking for. From the 
definition of the scattering operator important properties can be proven which are simply 
stated here: 5 is a unitary operator, and it commutes with the Hamiltonian 1. 

The Hamiltonian H often contains symmetries which provide a convenient basis for 
expressing the solution. For example, when we are dealing with a central potential, the 
Hamiltonian commutes with the angular momenturn operator L. In this case it is useful 
to expand the salution in angular momenturn states. Sirree the scattering operator also 
commutes with H, the angular momenturn states arealso eigenstatesof 5. Hence, for elastic 
collisions where spin can be neglected, also the scattering matrix ( S matrix for short) of 5 
becomes diagorral in this representation. Because 5 is unitary, the eigenvalues S1(k) have 
unit modulus and can be expressed as a phase factor: 

(2.2) 

where index l denotes the specific angular momenturn state, and wavenumber k (momen
tum divided by !i) defined as in Sec.l.l. The real number 81(k) defined this way is called the 
phase shift. From this we see already that all what's left from the complicated scattering 
processes is a phase shift of each angular momenturn state. 

2.2 Scattering amplitude 

The scattering amplitude, a concept needed in section 2.7, can also be related to the 
S matrix, as will be illustrated in this section. Introducing the scattering amplitude is 
historically done in a 3D stationary-state picture, with asymptotic states in coordinate 
representation of the form 

ikr 

~(k, r) = ~in(k, r) + ~out(k, r) '"" eik·r + f(k, f) ~. 
r->oo r 

(2.3) 

1The last property can be illustrated by consiclering the action of the Hamiltonian H on lll!out): 
Hlll!outl = HSIIJ!;n) = ESIIJ!;n) = SHIIJ!;n), where Eis the energy. 
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2.2. Scattering amplitude 

Figure 2.1: Schematic illustration of a beam-like scattering experiment. In the small interaction 
range ro the actual scattering takes place. Far from the scattering region the wavefundion of the 
system is described by undistorted incoming plane waves (Win) and distorted outgoing spherical 
waves (Wout)· 

The wavefundion 'I/Jin = (riWin), that describes the incoming state is a plane wave with mo
mentum nk. The outgoing wavefundion 'I/Jout is given by an outgoing spherical wave times 
the scattering amplitude f(k, f), which depends only on the magnitude of k (k = lkl) and 
the direction f of r with respect tok. Further, r is the relative position whose magnitude 
r = lrl equals the relative distance between the bodies. The situation is schematically 
illustrated in Fig. 2.1. The scattering amplitude can be interpreted as the complex angular 
distribution of the scattered waves as a function of energy. Expanding these scattering 
statesin the angular momenturn basis, aften called partial wave expansion in this context, 
results in arelation between the partial wave amplitudes ft(k) (i.e. expansion coefficients 
of the scattering amplitude) and the elements of the S matrix : 

St(k)- 1 é 5t(k) sinót(k) 
ft ( k) = 2ik = k . (2.4) 

Befare we continue we want to emphasize that although it might seem that these results 
are only valid in three dimensions, they capture the one dimensional case too, apart from 
minor details. In one dirneusion a central interaction potential is simply an even potential, 
while the angular momenturn operator reduces to the parity operator (rotation over an 
angle 1r). Th ere are only two different partial waves, reflecting even and odd symmetry. 
The reason that this conceptual analog can be pushed so far is that in 3D the Schrödinger 
equation can be simplified to a 1D differential equation for the radial coordinate, which 
is easier solved for the reduced wavefundion u1(k, r) = r'ljJ1(k, r) on the positive half line 
(0::; r < oo). In 1D the outgoing wavefundion is given by '1/J~~ = JlD(k)ëlxl, with x the 
1D relative position. The introduetion of a reduced wavefundion does not simplify the 
expressions and by a dimensional argument we can understand that the 1D partial wave 
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Chapter 2. Basic scattering theory 

amplitude becomes JlD(k) = ié't(k) sin 81(k). The additional imaginary unit i is related to 
another slight difference that becomes visible by writing down explicit expressions for the 
asymptotic wavefundions in the partial wave basis. For 3D we have 

U!(k,r) rv sin[kr -l7rj2] + kfl(k)ei[kr-l7r/2l. 

Substituting the partial wave amplitude gives 

U!(k, r) rv é(k) sin[kr -l1rj2 + Óz(k)]. 

For lD we obtain similarly 

cos[k Jxl + l7r/2] + J/D(k)ei[klxl+l7r/2l, 

élD(k) cos[k Jxl + l1r /2 + 8fD(k)]. 

(2.5) 

(2.6) 

(2.7) 

For 3D we need a sine function, as for the limit of varrishing interaction (81(k) ---+ 0) the 
reduced wavefundion should go to zero when r---+ 0, such that the non-reduced wavefunc
tion 1/JL(r) = u1(r)jr remains finiteat the origin. In lD the eosine fundion is the natural 
salution for the lowest partial wave, as an even fundion represents the lowest energy state 
in a symmetrie potential. The use of a eosine instead of a sine fundion leads to the addi
tional imaginary unit i in JlD(k) compared with f 1(k) in 3D. We stress again that in both 
cases it is clear that a phase shift analysis of the asymptotic wavefundions provides insight 
in the scattering process. This section is concluded with an illustration of the phase shift 
for 3D, with the l = 0 wavefundion of an attractive square well, see Fig. 2.2. 

--Actual wave function = sin (kr+i\) for r > R 

· · · · · · free wave function =sin kr 

Figure 2.2: Scattering by an attractive square well for 3D and l = 0. Plotted is the reduced 
wavefunction uo ( k, r) and the interaction potential. The difference between the unscattered free 
wavefunction (dotted line) and actual wavefunction (solid line) can be described with a phase 
shift ó"o for r > R. 
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2.3. Bound states as poles of the S matrix 

2.3 Bound statesas poles of the S matrix 

In the foregoing discussion we treated only the scattering solutions in relation to the S 
matrix. Now it will be illustrated that the S matrix also contains information about the 
bound states. First, we rewrite the scattering matrix elements as 

(2.8) 

Note that the denominator is the complex conjugate of the nominator, as is dictated by the 
unitarity of the S matrix. Second, the asymptotic solutions are written directly in terms 
of the S matrix: 

U!(k, r) f'o.J ~ [e-i(kr-l1rj2) _ Sl(k)ei(kr-l1r/2)] ex [ Dl(k)e-i(kr-l1rj2) _ Nl(k)ei(kr-l7r/2)] . (2.9) 
2 

For bound states it is required that E = n2k2 /2{-L < 0, which corresponds to a purely 
imaginary wavenumber k. Of course this is not in line with the definition of the real 
numbered phase shift. However, there is noneed to worry about that, because bound states 
don't have the form of traveling waves. A phase shift interpretation is thus not needed 
in this case. Actually, where we should worry about is the emergence of an exponentially 
growing salution when kis imaginary. Now suppose that fora certain k0 =i~~; the S matrix 
has a pole, i.e. D1(k0 ) = 0. Then the asymptotic wavefundion behaves like 

(2.10) 

Hence, for such a specific k0 a physically realizable salution does exist. From a mathe
matkal point of view the pole of the S matrix selects the physically allowable salution by 
setting the coeffi.cient of the asymptotically diverging salution to zero. It is readily verified 
that for 1D the same behavior follows. This shows the intimate relation between bound 
states and poles of the S matrix. 

It can be shown generally that D1(k) and N1(k) cannot vanish at the same k, by 
consiclering the analytic properties of the scattering matrix in more detail. We only make 
this plausible, by consiclering the fact that for the case D1(k0) = 0 = N1(k0) we have a 
salution that varrishes for all r, which is not the salution we are solving for. Further, 
one might think that for the case k0 = -i~~; zeros of the S matrix might represent bound 
states as well. These solutions are however not in line with our conventional choice of 
k = +JmEjn2 . This does not mean that negative imaginary values k0 are of nousein 
descrihing scattering. Actually they turn out to play an important role in understanding 
the mechanisms of scattering resonances, see section 2. 7. For the present discussion this is 
however beyond our scope. Befare concluding this discussion about the relation between 
bound states and the S matrix, it is important to stress that the current reasarring is 
based on the relation between k and E in free space. For waves in a lattice (e.g. Bloch 
waves) this dispersion changes which can also effect the condusion that only po les of 
the S matrix represent bound states. The mathematica! procedure of selecting physically 
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allowable salution by setting the coefficient of the asymptotically diverging salution to zero 
will however hold out. Finally we note that the preceding discussion turned out tobevalid 
for 1D as wellas for 3D. Hence we can conclude that both in 1D and 3D freespace bound 
states are captured by the poles of the S matrix. 

2.4 Scattering as a boundary condition 

Having introduced the important concepts of the two body scattering, we now derive one 
of the main results of this chapter. Instead of analyzing asymptotic scattering states in 
free space, in this thesis we are interested in the effect of interactions on particles trapped 
in a lattice. Let's assume for a moment that the complicated scattering process in the 
range of the interaction potential is known. This might seem tricky, but actually we can 
elaborate on the tremenclous amount of effort that is put last century in performing callision 
experiments with atoms. Many scattering properties, such as the scattering length, have 
been measured and can therefore serve as input for our calculations. All we want to do is 
to calculate the asymptotic behavior of the scattering or bound state wavefundions from a 
given interaction potential, whose actual wavefundion in the inner region of the interaction 
potential is known. We thus simply have to conneet the asymptotic wavefundion to 
the actual wavefunction. Since these wavefundions are dependent solutions of the same 
Schrödinger equation, we can make use of the Wronskian2 to relate them. For v(r) and 
u( r) representing the actual wavefundion and asymptotic wavefunction, respectively, we 
find for a conveniently chosen3 r = r 1 ~ r0 : 

W[v,u] = 0 (2.11) 

where a prime denotes differentiation u' = ~~. However, the actual wavefundion is known, 
thus v'(r1)/v(r1) is just a known (complex) number. As will turn out in the next section, 
it is convenient to define this number as -1/ a. Rewriting the last equation gives us the 
boundary condition 

u'(ri) 
u(ri) 

1 
a 

(2.12) 

Due to its form this is aften referred as a logarithmic derivative boundary condition. N ote 
that it is a homogenous boundary condition, i.e. if 'ljJ1 and 'ljJ2 satisfy it than also any 
linear combination of these two. Since the boundary condition mixes the value of the 

2The Wronskian W of two functions f(r) and g(r) is defined as W[f, g] = f' g- fg', where the prime 
denotes differentiation: f' = ;ït. For f and g being two solutions of the same second order differential 
equation their linear (in)dependence can be expressed by W. If two solutions f and gare linear dependent 
than W[f, g] = 0 for all r. If W[J, g] § 0 for all r, than f and g are linear independent solutions. 
The Wronskian of two independent solutions of asecondorder differential equation without a first order 
derivative is constant for all r, as follows from evaluating ~~ . 

3We want here neither u(r1 ) = 0 nor u'(r1 ) = 0. 
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2.4. Scattering as a boundary condition 

wavefundion and its derivative, it does not specify the norm. This is an advantage: in 
calculations one prefers to determine the norm in the end. This becomes apparent in 
our usage: the norm for wavefundions in a lattice is defined different than a free space 
norm. Also, as this boundary condition connects two regions, it depends in principle on 
the energy, because of the dependenee of the inner wavefunction. This will eventually fix 
the allowed energies. Only for certain energies the boundary condition connects correctly 
the known actual states with the allowed asymptotic states. Note further that the shape of 
the asymptotic wavefundion is solely determined by the extern al trapping potential (zero 
for free space). Consequently, ha ving specified a logarithmic boundary condition, we also 
have fixed the (complex) asymptotic phase shift. Thus the whole effect of a callision can 
be captured by the logarithmic boundary condition at r 1. This is the major result of this 
section. 

In the context of optical lattices this boundary condition can be used as well under 
certain conditions. We assumed explicitly that the complicated scattering process in the 
range of the interaction potential is known. This is of course not valid in general, although 
still this way of dealing with interactions in lattices might lead to a better understanding. 
However, we proposed already that it might be possible to elaborate on previous atomie 
callision experiments. These experiments revealed the actual wavefundions in the inter
action region of collisions in free space. For using these results, we need that these actual 
wavefundions are not affected by the trapping lattice potential. In other words, we need 
that the interaction potential is effectively not affected by the lattice potential. A sufReient 
condition for meeting this criterion is that the trapping potential can be taken constant 
in the interaction range. For this case only an offset in the energy is encountered, hence 
the interaction potential and thus the physics in the interaction region remains unchanged. 
For example, this condition is satisfied when the typical width of the trapping potential 
is much larger than the range of the interaction potential, irrespectively of the strength 
of the trapping potential compared to the interaction strength. This resembles the case 
of optical lattices, where the sinusoidal lattice potential has typically a periodicity in the 
order of 400 nm, while the interaction range is typically in the order of 1 nm. Moreover, 
although we don't need it strictly, in experiments with optical lattices we typically have 
depths of lattice potentials in the order of tenths of kHz, while interaction potentials have 
depths in the order of MHz. Hence, in practice we are really in a position to regard the 
complicated behavior inside the interaction region as known. 

In condusion we found that for the description of cold interading atoms in opticallat
tices all information about the scattering can be captured by a single boundary condition. 
There is no need to solve the complicated scattering process itself. In the next sections we 
will find that there is a physical interpretation for the number -1/ a, and explore how a 
contact potential can be used for providing the correct boundary condition, which can be 
imposed at r1 = 0. 
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Chapter 2. Basic scattering theory 

2.5 Scattering length 

Regarding the callision energy the previous treatment of collisions was quite generaL In 
this section we will mention how our discussion simplifies when the callision energy is 
small. Further, we show how the scattering length is defined in this limit, and discuss its 
interpretation. 

It follows from examining the analytic properties of the scattering amplitude in detail, 
that both in 1D and 3D for k -+ 0 the lowest partial wave dominates. This result can be 
easily interpreted for 3D. Particles with small callision energy are not capable to tunnel 
through the centrifugal barrier4 for l > 0. Consequently, they never encounter the inter
action potential and remain unaffected. The lowest partial wave is spherical symmetrie in 
3D, thus simply symmetrical in 1D. That's why both can be called s-waves, in line with 
the original spectroscopie nomenclature. As we are interested in such cold collisions in this 
work, we only take into account l = 0 and drop the subscript l from now on. The limit in 
which partial waves with l > 0 can be neglected is aften referred to as the ultra-cald limit. 

Let us now turn to the properties of the logarithmic boundary condition for small 
energy. Of course the asymptotic states defined in (2.6,2. 7) also satisfy this boundary 
condition. Herree we can use them for exploring the properties of this boundary condition 
for k -+ 0. Working out the 3D case we obtain: 

1 u'(k, rt) 
a u(k, r1) 

kcos(kr1 + 8(k)) 
sin(kr1 + 8(k)) 

k cot 8 ( k) - k tan kr1 -+ k cot 8 ( k) 
1+tankr1 cot8(k) k--+O ' 

(2.13) 

where we made use of well-known trigonometrie addition formulas. Motivated by this 
result we define the 3D scattering length a as: 

a= -lim tan 8(k). 
klO k 

Exploiting the sameprocedure for 1D leads to: 

_ . cot 8(k) 
am = +hm k . 

klO 

(2.14) 

(2.15) 

The differences between the definition of the 1D scattering length am and a are a direct 
consequence ofthe different asymptotic wavefundions (eosine for 1D, sine for 3D). It should 
be emphasized that the scattering length defined this way is independent of the energy, 
as it is defined in the limit of zero energy. Consequently, for the callision energy small 
enough, also the logarithmic boundary can betaken energy independent, which simplifies 
our calculations. 

4 Recall the radial Schrödinger equation [- ;: ~ + Vint(r) + ;: l(lr11
)] u1(r) = Eu1(r), for an interaction 

potential Vint(r). 
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2.5. Scattering length 

The scattering length has a simple geometrical interpretation. mustrating for 3D we 
use definition (2.14) to write the phase shift itself in termsof the scattering length: 

<5(k) 
k 

- arctanka 

k 
---+ -a 

k---.0 ° 

Consequently, in the limit of small k we can write for the asymptotic wavefundion 

u(k, r) '""sin[kr + ö(k)] ~ sin[k(r- a)] '""k(r- a). 

(2.16) 

(2.17) 

Hence we find that the scattering length is just the intersection of the asymptote A(r- a) 
to u( k, r) with the r axis5

. Additionally, in (2.17) we recognize the solution of a hard sphere 
of radius a. This explains why the scattering length is often interpreted as the equivalent 
of a hard sphere radius for descrihing the properties of small energy collisions. 

a. a>O 

V(r) 

b. c. d. 

u(r) 

a<O - r - r 

V(r) 

Figure 2.3: Interpretation of the scattering length as the intersection of the asymptote to the 
salution u(r) outside the range of the interaction potential V(r). (a) Fora repulsive interaction 
potential the scattering length is always positive. (b) to ( d) In an attractive potential its sign 
and magnitude depend on the specific properties inside the range of the potential, as is illustrated 
by lowering the potential depth from left to right. 

With the geometrical interpretation we are able to understand the properties of the 
scattering length for various interactions. If the interaction potential is purely repulsive, 

5For lD we find similar results: 6(k) = arccatkam = =f[71"/2- kam+ O(kam) 3 ]. A-(+) holds for 
am > 0 (am < 0). The conesponding asymptotic wavefunction is proportional to =Fsin[k(r=Fam)]. 
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we find from the Schrödinger equation that the curvature of the wavefunction is convex in 
the interaction region, resulting in positive scattering length, see Fig. 2.3(a). Compared 
with zero interaction the wavefunction is pushed outward. For this case the analogy with 
hard-sphere scattering comes closest. Indeed the wavefunction of the repulsive hard sphere 
potential would interseet the axis at positive r = a. For attractive potentials the scattering 
length can be both positive and negative. This can be understood in a simplified picture 
of an attractive potential whose depth can be changed. For the 3D case that we are 
illustrating, we need to have u(O) = 0 as argued in Sec. 2.2. Depending on the depth of 
the potential the wavefunction will be curved, until it smoothly connects to the asymptotic 
wavefunction. For a weak potential, the wavefunction will not be curved so much which 
results in an intersection of the asymptote at the negative part of the r-axis. Hence we 
have a < 0 as illustrated in Fig. 2.3(b). The wavefunction is pulled inward compared to 
the interaction free case. N ow we start lowering the potential. Initially the wavefunction 
will be pulled further inward, so decreasing the scattering length. We can continue doing 
this until a --+ -oo. Exactly at this depth the asymptote is parallel to the r-axis, as 
is depicted in Fig. 2.3(c). Increasing the depth further changes the scattering length to 
positive values, Fig. 2.3(d). Despite the attractive interaction potential the wavefunction 
is effectively pushed outward. Confusion in the notion of effective attractive and repulsive 
interaction can occur as a consequence of these peculiar properties of the scattering length 
for attractive potentials. Although the interaction potential itself is attractive, at the 
same time the asymptotic behavior turns out to be that of a purely repulsive interaction 
potential. As the asymptotic behavior is observable, such a potential is characterized as 
effectively repulsive. Therefore we may conclude that regarding the asymptotic behavior, a 
repulsive interaction is characterized by a > 0, and an attractive interaction by a < 0. In 
the same spirit the effective interaction strength is characterized by the magnitude of the 
scattering length. An effective weak interaction has a scattering length of small magnitude, 
while an effective strong interaction has a scattering length of large magnitude. 

So far we discussed the scattering length in relation with the small energy limit of the 
logarithmic derivative. To complete this section we establish the conneetion with the S 
matrix. Substituting the definition of the scattering length gives us: 

S ( k) = 1 + i tan 6 ( k) = 1 - i ka. 
1 - i tan 6 ( k) 1 + i ka 

(2.18) 

Apart from a minus sign the same result follows for 1D: Sm(k) = i~~~am. Through the 
I alD 

definition of the scattering length the S matrix is directly related with the logarithmic 
derivative. This illustrates that in the ultra-cold limit interactions can be described with 
only one parameter, the scattering length. 

2.6 Contact potentials 

In the previous section we have shown that in the limit of small collision energy all scat
tering properties are captured by the scattering length. N ow we will motivate that we 
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are able to solve the problem in the zero-range approximation, i.e. to apply the boundary 
condition at r 1 = 0. Subsequently we show that a regularized contact potential can be used 
to provide this boundary condition. Finally we make some remarks on the interpretation 
of the scattering length in 1D. 

As mentioned in Sec.1.1, in ultra-cold quanturn gases interact i ons are short ranged. 
For free space this is expressed by regarding the interaction range small compared to the 
interpartiele separation, r0 « n-113

. For trapped systems the typical width of the trap 
is the relevant length scale for comparison. For harmonie traps this can be expressed 
using the harmonie oscillator length aho: r 0 « aho· Consequently, almast everywhere the 
wavefundion has its asymptotic shape. Hence, for reproducing the correct phase shift we 
can safely neglect the inner part and formally apply the boundary condition at r 1 = 0. 
This is aften called the zero-range approximation: the interaction region is reduced to a 
point. 

Now we will show how a contact potential can be used to provide the correct boundary 
condition on r = 0. The derivation will be in free space, but is also valid for the trapped 
systems in which we are interested6 . For simplicity first the 1D case is treated. Consider 
the scattering on a Dirac delta function potential ó(x) with strength g10 : V'int = g10 8(x). 
The Schrödinger equation reads: 

[ 
fï

2 
d

2 
] lD lD - 2JLdx2 +gmó(x) 7/J (x)= E7/; (x), 

with x the relative coordinate. For lxl > 0 the salution takes the form (2.7) 

7/;10 (x) = Acos[k lxl + ó(k)], 

(2.19) 

(2.20) 

The normalization constant A is not of interest yet so for simplicity we take A = 1 through
out this section. To obtain the proper boundary condition we start by integrating (2.19) 
from -é to +s forsomes > 0. Requiring 7/;(x) to be continuous, only two terms remain 
in the limit s ---+ 0. Doing so we encounter a jump in the derivative of 7/;10 proportional to 
7/Jm(o). 

(2.21) 

Now gm has to be such that it reproduces the correct phase. Filling in the asymptotic 
salution (2.20) we obtain: 

fï2 k 
910 = -- ---t 

JL cot b"(k) k--->0 mam 
(2.22) 

Here we used that 7j;10'(+s) = -7/;10'(-s) as 7/J depends on lxl. Consequently, for every 
wavefundion of argument lxl (2.21) becomes 

(2.23) 

6There are some restrictions of course. For example, when the trap becomes too tight (r0 "' aho) 
the zero-range approximation brakes down. We shall investigate the validity of the contact potential in 
chapter 4. 
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Chapter 2. Basic scattering theory 

as required. 
For the lD case we have seen that only a very specific farm of the "strength" g10 is 

allowed. This is already a simple farm of regularization. The singularity of the contact 
potential is such that the correct discontinuity in the derivative is obtained, so providing 
the correct boundary condition. In 3D a more complicated "stren~th" g will arise, which 
becomes clear by consiclering the radial wavefundion 1/J(r) = u~ . Operating with the 
kinetic energy operator gives: 

( '\72 ~) u(r) + 2 ('V~) . ('Vu(r)) + ~'\72u(r) 
-4m5(r)u(r) + ~u"(r). 

r 
(2.24) 

Here we made use of the 'V operator in spherical coordinates7 ,while the property '\72 ~ = 

-4n<5(r) is a well-known result from electrastatics that follows by applying Gauss's theo
rem. Integrating the radial Schrödinger equation over a sphere SE: with radius E > 0 gives 
in the limit E --+ 0: 

+ 47!' fî
2 

u(O) = lim { dr70(r)g1j;(r). 
2J-l E:--+0 J s. (2.25) 

As in lD, the other terms vanish as we require the (reduced) wavefundion itself to be 
continuous. So in 3D we obtain the function value itself from the kinetic operator. There
fore, in the definition of g a first order derivative should emerge. Also, the regularization 
term should extract u( r) = r'lj; ( r) from the integral. Hence, in the limit k --+ 0 the correct 
boundary condition au'(O) + u(O) = 0 is obtained for 

41l'lï2 8 
g=--a-r. 

m 8r 
(2.26) 

Similar to the lD case we could have filled in the asymptotic solutions to give a more 
general expression of g in terms of the phase shift: 

41l'lï2 tan o(k) 8 
g = --:;;;:- k 8r r. (2.27) 

The definitions of g10 and g illustrate that the interpretation of the scattering length 
as hard-sphere radius is really inspired on the 3D case. There we find that in the limit 
a--+ 0 the non-interading case g--+ 0 is obtained, as can be expected fora hard sphere of 
zero radius. Also, in accordance with Sec. 2.5, effective attractive interaction corresponds 
to negative scattering length, while effective repulsive interaction has positive scattering 
length. For lD matters are reversed in two ways. First it follows that the limit a10 --+ oo 
corresponds to the non-interading problem g10 --+ 0, as the regularization term is now 
inversely proportional to the scattering length. This has to be so, as for the pure eosine 
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2. 7. Scattering resonances 

we have 'lji'(O) = 0. Second the sign of the scattering length is changed. One dimensional 
effective attractive interactions are characterized by a10 > 0, while effective repulsive 
interactions in lD have aw < 0. So although we are able to put the equations in the same 
form, we have to take care about the interpretation. 

Having said this, we are finished with explaining the way we deal with interactions: we 
can simply impose a logarithmic derivative boundary condition at r = 0, producing the 
correct modification with respect to the non-interading case. Compared to the conven
tional approach to treat the interaction as a perturbation, rnadeling the interaction this 
way is valid for all values of the scattering length. Particularly, this brings us in a good 
position to treat the problem of effective strong interactions for which lal is large. 

2. 7 Scattering resonances 

In the previous sections we explained and justified how we treat interactions in this work. 
This section will point out a methad to tune the interactions for the 3D case. We will 
not explain the mechanism itself in detail. Instead, we choose to introduce the concept 
from general considerations invalving resonances and poles of the S matrix. For a more 
complete treatment we refer to [34] and references therein. 

A very general description of a resonance in some physical quantity is given in terms 
of a Lorentzian function: 

I( ) 'Y/2 
W CX (w - Wres) 2 + ('Y /2) 2 

(2.28) 

For example, this describes the intensity I of a linear oscillator of resonant frequency Wres 

and damping 'Y > 0, driven by a frequency w. The intensity is related to the square 
of the amplitude of the oscillations, and reflects the absorbed energy as function of the 
driving frequency. For scattering resonances the amplitude of asciilation is replaced by the 
scattering amplitude, whose square is related to the scattering cross section: 

2 471" 2 
<J(k) = 471" IJ(k)l = k2 sin 8(k) (2.29) 

We now illustrate how the same Lorentz-shaped curve can be derived from a particular pole 
of the S matrix. Similar to the treatment of bound states, we start out with a particular 
pole k0 for which the denominator of the S matrix vanishes, D(ko) = 0. However, this pole 
does not lie on the positive imaginary axis, but in the lower part of the complex k-plane 
for which Im k < 0. Particularly, as an example we use k0 = kR + i kJ with kR > 0 and 
kJ < 0. See Fig. 2.4 for a schematically illustration. As already mentioned in Sec. 2.3, 
such a pole does not correspond to a physically realizable state. However, it can happen 
that such a pole lies closely to the real k-axis such that it may have strong influence on 
the S matrix and thus on the scattering properties of the system. Close to the pole we can 
approximate the denominator of the S matrix as 

dD\ dD\ D(k) ~ D(ko) + dk (k- ko) = dk (k- ko). 
ko ko 

(2.30) 
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Chapter 2. Basic scattering theory 

This expression is also valid for positive real k as we assume the pole close to the positive 
real k-axis. Writing D(k) = ID(k)l e-iö(k) we find: 

ö(k) ~ - arg dD I - arg(k- ko) 
dk ka 

Öbg ( k) + Öres ( k) (2.31) 

The background part phase shift Öbg ( k) can assumed to be a slow varying function of k 
in vicinity of k0 • To the contrary, as k0 lies close to the real axis the resonant phase 
shift Öres ( k) changes suddenly from 0 to 1r if k is varied along the pole. This is already a 
fingerprint of the resonance behavior of the scattering cross section. 

lm(k) 

bound --+• k0 =iK 
state 

Figure 2.4: Schematic illustration of the location of poles of the S matrix in the complex k
plane. A bound state is located at the positive imaginary axis at ko = i""· A resonance pole is 
located in the lower part of the complex k-plane, ko = kR +i k1 with k1 < 0, close to the real axis. 
If k is varied along the real k-axis the resonance phase shift Öres(k) changes suddenly between 0 
and 7r. 

To derive the Lorentz form we need to treat the S matrix as function of E rather than 
k. The pole of the S matrix is located at 

Eo 

(2.32) 

Following the same argument D(E) is approximated by ~~ IEa - arg(E- E0 ) and the 
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2. 7. Scattering resonances 

resonant part of the phase shift is given by8 Óres(E) ~ - arg(E - E0 ). Assuming the 
background part negligible and making use of some elementary trigonometry, we can write 
for the cross section 

(r /2) 2 

r7(E) oe (E- EresP + (f /2)2 
(2.33) 

Which is, apart from its normalization, indeed a Lorentzian shaped curve with the char
aderistic peak of width r "" fi')' at energy E = Eres "" fu.Jres, see figure Fig. 2.5. Equation 
(2.33) is known as the Breit-Wigner formula. The classical resonance of the linear oscillator 
has thus indeed its quanturn mechanical counterpart as a scattering resonance. 

Energy-

Figure 2.5: Characteristic behavior of the cross section (proportional to sin2 Ores(E)) as function 
of energy E in the neighborhood of a resonance. According to the Breit-Wigner formula, like 
resonances in classica! systems, scattering resonances obey a Lorentzian shaped peak of width r 
centered at resonance energy ER. 

Now we are ready to introduce the tunability of the interadions. This tunability lies 
in the magnetie-field dependenee of the resonance energy Eres: Eres = Eres(B), with B 
denoting magnetic field strength. Tuning of the resonance frequency is also known in 
classical systems, such as an RLC circuit. There the resonance frequency is given by 
w~ = v'LC for capacitance C and self indudion L, which can be tuned for example by 
changing the distance between the plates of the capacitor or by changing the permeability 
of the coil. The dependenee of Eres(B) on the magnetic field is due to the internal field
dependent hyperfine strudure of the interading atoms. This gives 

Eres(B) = f::::.J-L(B- Bo). (2.34) 

8Since we assume -k1 « 1, we find arg(E- E0 ) = arg(k- k0 )(k + k0 ) ;:::j arg(k- k0 ). Thus this is 
indeed the same phase shift. 
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Chapter 2. Basic scattering theory 

Here b.J.L denotes the difference between the effective magnetic moments of free atoms and 
(quasi)bound atoms. B0 is a reference value of the magnetic field strength. These tunable 
resonances are in atomie physics also referred to as Feshbach resonances [8, 16, 19]. 

In Sec.2.5 we found that for small energies all scattering properties are captured by 
the scattering length. Hence we might expect that it is effectively this parameter that can 
be tuned by the magnetic field. As follows, this is iudeed the case. Trying to make the 
conneetion with small energy scattering we first write down the S matrix for the resonant 
part of the phase shift: 

S (E) = e 2ióres(E) = E- Eres(B) -i f /2 
res E- Eres(B) + if /2. 

(2.35) 

Secoud k is substituted back for E: E = "~~2

• Additionally, it turns out that r is no longer 
a constant in the small energy limit. Instead it is proportional to k which can be written 
as r = 2Ck for a constant C of dirneusion energy times length [34]. Also substituting 
Eres ( B) = b.f.L ( B - Bo) we find for Bres ( k) in the limit k --+ 0 

n~k
2

- b.J.L(B- B0)- iCk 1- ik D. (~ 8 l s (k) - J.L '""" - J.L - 0 

res - n2k2 - b. (B-B ) +i Ck '""" 1 +ik C 
2J.L fL 0 -b.JJ,(B-Bo) 

(2.36) 

since in the small energy limit terms with k2 can be neglected compared with k. Camparing 
with (2.18) gives ares(B) = - b.J.L(f-Bo) · 

So far we neglected the background scattering phase shift. Using (2.31) this can be 
taken into account easily. Exploiting the limit k --+ 0 again the whole S matrix can be 
approximated as 

S(k) = e2ió(k) e2ióbg(k)e2i Óres(k) 

~ e-2ikabge-2ikares(B) = e-2ika(B)' (2.37) 

where abg is the background value of the scattering length. The whole scattering length 
a(B) = abg + ares(B) can now be written as 

a( B) = abg ( 1 - B ~ Bo) . (2.38) 

This formula gives the magnetic field dependenee of the scattering length. As is illustrated 
in Fig. 2.6, a(B) diverges exactly at magnetic field strength B0 . The field width b. defined 
as b. = ~ reflects the effective field range in which the scattering length changes sign. 

abg'-'/.L 
N ote that in this limit of small callision energy we lost the analogy with the classica! 

resonance, and the pole of the S matrix does not necessarily lie close to the imaginary 
k-axis. Actually the quanturn mechanica! case has a more rich behavior than its classica! 
counterpart. This illustrates the special properties of cold interactions. 

The results obtained in this section are valid for the 3D case. However, also in 1D 
systems the scattering length can be tuned with magnetic field. As mentioned in Sec.l.6, 
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t 

I 
' a direct··························································································································································· 

0 .-----

B-+ 

Figure 2.6: Magnetic field B dependenee of the scattering length a(B) due to a Feshbach 
resonance. At resonant magnetic field Bo the scattering length goes through infinity. The width 
in which the scattering length changes sign is denoted by ~. The background value of the 
scattering length is given by adirect. 

1D systems can be made by creating very tight tube-like traps such that all dynamics are 
reduced to direction along the tube. As is shown by Olsahnni [25], for such systems the 
1D scattering length can be related to the 3D scattering length with the following formula: 

aw = _--.:!:. 1- C- , a
2 

( a) 
2a a.1 

(2.39) 

with a.1 the typical size of the transverse ground state wavefunction, and C ~ 1.4603 a 
non-trivial constant that follows from the calculation. The 1D scattering length can thus 
tuned by changing the 3D scattering length. In equation (2.39) we recognize the differences 
in the behavior between aw and a as discussed in Sec.2.6. 

In conclusion, we have shown that scattering resonances are the quanturn mechanica! 
analog of resonances in classicallinear oscillators. The resonance energy characterizing the 
system can be tuned by the magnetic field, leading in the ultra-cold limit to an effective 
tunability of the scattering length with magnetic field over the whole range of an effective 
strong, weak, repulsive, and attractive interaction. This illustrates the controllability of 
systems of cold atoms. 
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Chapter 3 

Interactions in a separable lattice 

In the previous chapter we explained how we treat interactions between cold atoms in this 
thesis. Now we are ready to introduce the opticallattice in our description. The main aim 
of this chapter is to derive the governing equations of the problem with both interaction and 
lattice, and to find exactly solvable special cases from which a more general solution can 
be constructed. First, one section is used to outline the problem, emphasize the difficulty 
of non-separability, and identify the limiting cases of deep lattice, empty lattice, and no 
interactions where this difficulty is absent. Second, we spend two sections on the derivation 
of exact solutions for the limiting cases of deep and empty lattice. Although the main focus 
is on the 3D case, when helpful we derive our results first in one dimension. As pointed 
out in the introduction, also such 1D systems can be realized experimentally. 

3.1 Outline of the problem 

In this section we pose the problem of cold interading atoms in an opticallattice, by deriv
ing the Hamiltonian of the system and specifying the boundary conditions. Subsequently 
we stress the major difficulty in finding solutions of the model and identify limiting cases 
in which this difficulty is absent. 

We start by consiclering a very general Hamiltonian H for 2N atoms in a lattice of N 
sites: 

2N [ fï2 1 2N l 
H = ~ - 2m \7f + Viat(xi) + 2 ~ Vint(Xi- Xj) . (3.1) 

The first term represents the kinetic energy of the ith atom. The second term involves 
lattice potential Viat(xi) experienced by this atom at position Xi· We assume the lattice 
to be homogenous. In experiments there is usually an additional harmonie confinement 
present on top of the lattice potential which we ignore here. This additional confinement 
gives rise to alternating shells of different phases (e.g. superfl.uid or Mott-insulator phases) 
across the lattice [26, 50, 51]. Locally, for example around the center of the additional 
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Chapter 3. Interactions in a separable lattice 

harmonie trap, the lattice can be taken homogenous. Herree we can use as lattice potential 
(1.2) and write 

(3.2) 

with xi decomposed in Cartesian coordinates: Xi = (xi, Yi, zi)· The last term of the 
Hamiltonian represents the interaction between atom i and all the other atoms in the 
lattice. We are dealing with cold neutral atoms for which the range of the interaction 
potential is small compared to the typicallattice spacing. Hence, as we have argued in the 
previous chapter, we can use a contact potential as interaction potential: 

4nn2 
3 a v; t(x· -x·)= --a8( l(x· -x·) lx· -x·l m z J z J 81 I z J. m Xi- Xj 

(3.3) 

The short-range character of the interaction potential also forms the basis for our major 
assumption: we do not allow a single atom to interact with more than one other atom. This 
assumption is exact in the case of a system of bosons in the Mott-insulator phase, where 
we do have (a shell with) only two atoms per site. Experimentally it is indeed possible 
to prepare shells with a filling of two atoms per site, see for example [50] and references 
therein. Also in experiments with fermionic atoms such a filling can be achieved. For a 
two-component, non-interacting gas of fermionic atoms the fraction of doubly occupied 
sites is a function of temperature, and of the underlying harmonie trapping of the system, 
see [46, 47]. Since we want to apply our description toa situation close to the Mott phase, 
and since the system is in the dilute regime, we approximate the Hamiltonian as a sum 
over interading pairs in a lattice. For notational convenience we label the positions of the 
individual atoms in a pair by two successive indices to obtain 

N [ n2 ] N 
H = ~ - 2m (V'~i-1 + V'~i) + Vlat(X2i-I) + Vlat(X2i) + Vint(X2i-1- X2i) = ~ Hi. 

(3.4) 
This allows us to write the total wavefundion as a product of N 2-atom wavefunctions: 

~(x1,X2,. · · ,X2N) = ~1(x1,X2)~2(X3,X4) · · ·~N(X2N-l,X2N). 

Hence, the total salution can be constructed when we know the salution of 

Hi~i(x2i-1, x2i) = Ei~i(x2i-l, X2i). 

(3.5) 

(3.6) 

It goeswithout saying that we have to symmetrize the total wavefundion (3.5). The pairs 
always have a bosonic character, because they are composed either out of two identical 
bosons or out of two different fermions, both making up a composite boson. Herree the 
symmetrized total salution can be constructed as 

~1(x1,x2) ~1(x3, x4) ~1 (x2N-l, X2N) 

~8 (X1,x2, ... ,X2N) = ~ ~2(x1,x2) ~2(x3, x4) ~2(X2N-1, X2N) 
(3.7) 

N! 
~N(x1, x2) ~N(x3, x4) ~N(X2N-1, X2N) 

+ 
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Here 1:::1+ denotes a permanent, the symmetrie counterpart of the Slater-determinant, 
with a plus sign before all its terms. Note that we do not have to deal with interchange 
of particles between pairs, because we have assumed that we can discern which particles 
interact with each other. The pair wavefundion '1/Ji has to be symmetrized only in case of 
identical bosons. This construction can be dorre straightforwardly: 

1 
'I/Ji(x2i-l,x2i) = J2 ['I/Ji(x2i-l,x2i) + 'I/Ji(x2i,x2i-l)]. (3.8) 

Of course the validity of this model with atoms interading in pairs is limited. For 
example, pairscan overlap for shallow lattices and/or three-body processes become impor
tant when the accupation number of atom number per lattice site exceeds 2. Such cases 
are not included in our model. However, with our model we can already make important 
progress in the understanding of interading atoms in opticallattices, where at present only 
an exactly solvable model exist for a very deep lattice with two atoms per site [24]. More
over, it is likely that the two-body interaction between pairs of atoms dominates above 
other interaction effects, because the occurrence of pairs is energetically favored due to 
the periodic trapping. This construction can also be considered as a first step towards 
even more challenging problems involving three- and four-body processes, which arise from 
the interaction between pairs of interading atoms. Therefore we conclude that it is very 
interesting to find a description for atoms interading in pairs. Skipping the indices i from 
now on, we are left with the problem of two interading atoms (labeled with numbers 1 
and 2) in an opticallattice that satisfy the Schrödinger equation 

Due to the existence of the interaction potential, there is no periodicity for each partiele 
individually. However, when both particles are translated by the same lattice vector a the 
system does remain unchanged 1. Herree there is still periodicity for the motion associated 
with the center of mass. Also, the interaction potential only affects the relative motion. 
Therefore it is convenient to transfer to center-of-mass (R) and relative (r) coordinates, 
according toR= (x1 + x 2)/2 and r = x1- x 2 . In this coordinate system the Schrödinger 
reads2 

[- 2: (2\i'; + ~V'it) + Vlat(R+ r/2) + Vlat(R- r/2) + Vint(r)] '1/J(r,R) = E'lj;(r,R). 

(3.10) 
Note that the kinetic energy term stillseparatesin this coordinate system, but the lattice 
potential does not. We come back to this point soon. First we need to finish the definition 

1Here a= n1a1 + n2a2 + n3a3, with lattice basis veetors a1, a2, a3 and n 1, n 2, n3 any integers. For the 
lattice potential (3.2) the basis veetors are orthogonal and have the samemodulus ja;j = 1r/kL. 

2Note that we are looking for solutions ~(r, R), but do not require a direct identification between 
~(r,R) and ~(x1 ,x2 ). Generally these functions are different. Only for notational convenience we do not 
use different labels for these functions. 
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of the problem. For this, the Schrödinger equation alone is not enough, we also have to 
specify the boundary conditions. 

We start with deriving the boundary conditions for the center of mass. The periodicity 
ensures that when ~(r, R) is a solution, ~(r, R +a) is a solution as welland we can write 
~(r, R +a) = C~(r, R). The constant C should have unit modulus, because we can 
continue doing displacements a ( or -a) indefinitely while the wavefundion should stay 
normalized. Functions obeying this property can be written as a plane wave modulated by 
a function that has the same periodicity as the lattice: 

~Q(r,R) 

uQ(r, R) 

eiQ·RuQ(r, R), 

uQ(r, R +a). 
(3.11) 

(3.12) 

This result is the well-known Bloch theorem, in this case applied for the center-of-mass 
coordinate of a two-particle wavefunction. The momenturn of the plane wave is given by 
the vector Q, which we refer to as the quasi momenturn associated with the center-of-mass 
motion. By translating (3.11) over a lattice vector we find another form of the Bloch 
theorem 

(3.13) 

and identify C = eiQ·a. Fr om this latter form of the Bloch theorem it follows that the 
definition of quasi momenturn is not unique. For values Q differing by a reciprocallattice 
vector b, defined as ea·b = 1, the factor ei(Q+b)·a = eiQ·a. Hence, the same wavefundion is 
obtained and such values Q are physically equivalent. This implies that the Bloch function 
can also taken to be periodic in the reciprocallattice: ~Q+b(r, R) = ~Q(r, R). Due to the 
periodicity, we can reduce the description to one unit cell. The choice of a unit cell is not 
unique, but for the direct lattice one often chooses this to be the Wigner-Seitz cell, which 
is defined by the volume that is closer to one lattice point than to all other lattice points. 
The Wigner-Seitz cell of the redprocal lattice is called the first Brillouin zone. Boundary 
conditions are obtained by requiring the wavefundion and its derivative to be continuous 
on the borders of a unit cell. For the direct lattice this gives by application of the latter 
form of Bloch's theorem: 

~Q(r, a/2) 
a 

aR ~Q(r, a/2) 

eiQ·a~Q(r, -a/2), 

iQ·a a nl. ( ; ) e aR 'PQ r, -a 2 , 

(3.14) 

(3.15) 

with ±a/2 chosen such that it points totheborders of the unit cell. Note that we used a 
rather compact notation. In fact these are six boundary conditions, two for each component 
of the center-of-mass vector. 

The boundary conditions for the relative motion are related to the interaction. At 
r = lrl = 0 we obtain from the contact potential (see Sec.2.6): 

a 
a ar u(O, R) + u(O, R) = 0, (3.16) 
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where u(r, R) = nj;(r, R) is the reduced wavefunction3
. The boundary condition for large 

r is the requirement that the wavefunction should be square integrablé. The boundary 
conditions for the two remaining relative coordinates (e.g. po lar and azimuthal angles) 
are not directly related to the interaction, because in gases of cold atoms only spherically 
symmetrie solutions are affected by collisions. In principal these boundary conditions 
follow from smoothly connecting the local scattering solutions, which can be expressed in 
spherical harmonies for example, to lattice solutions. This gives us the remaining four 
boundary conditions for the relative motion. 

Having specified all boundary conditions, we return to the point of separation of vari
ables. This point resembles the major technica! problem considered in this thesis. If 
there was no interaction at all, the Hamiltonian (3.9) has the form H = H 1 + H2 , 

i.e. a sum of two terms, which either work on atom 1 but not on atom 2 or reversely. 
This is what we mean with separation. If we do have separation of variables, the total 
two partiele wavefunction can be written as a product of two one-particle wavefunctions: 
'Ij;= 'lj;1'1j;2, with 'lj;1 ('I/J2) depending only on x1 (x2). When interaction is present, separa
tion is lost because the interaction potential cannot be written as a sum of two separate 
terms: Vlnt(xl - x2) i- Vlnt,l(xl) + Vlnt,2(x2)· As a consequence, the motion of the two 
atoms becomes coupled. However, one special case needs to be distinguished. Because 
our model aims to be valid for any value of the scattering length, also the limit of zero 
interaction should be contained. In one dimension these solutions are easily obtained from 
single-partiele solutions. Here zero interaction corresponds to a10 = ±oo, and the 1D 
version of (3.16) gives %r 'lj;(O, R) = 0. This requirement can be fulfilled by constructing 

'lj;(x1,x2) = ['I/J1(x1)'1/J2(x2) + 'I/JI(x2)'1/J2(x1)l/J2, with '1/Ji(xi) a single partiele wavefunction 
without interaction. Hence although generally the motion of the particles is coupled, for 
zero interaction one-dimensional two-particle solutions can be constructed directly using 
separated one-particle solutions. In 3D such a construction is more complicated, since 
the interaction boundary condition is given conveniently in spherical coordinates while the 
lattice is given in Cartesian coordinates. 

In center-of-mass and relative coordinates, it is the lattice potential that breaks the 
separation. Consequently, center-of-mass and relative motion will be coupled. However, 
two important cases occur where we do have separation. First we have the so-called 
empty lattice case, for which the lattice depth vanishes. This might seem a pathological 
case on first instance, but it actually can serve as a good check for a salution valid for 
arbitrary lattice depth and can be used for treating a shallow lattice pertubatively. Second, 
separation occurs when the lattice is very deep. In this case we can set up a local coordinate 
system around each minimum of the lattice potential. Expanding the lattice potential 

3Be aware of the difference between the periodic function uQ(r,R) of the Bloch-form (3.11) and the 
reduced wavefunction used here. To avoid confusion the periodic function is always labeled with an index 
referring to the quasi momentum. 

4We assume the number of sites N is so large that we do have to exclude asymptotically diverging 
solutions. 
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Chapter 3. Interactions in a separable lattice 

around the origin we find 

Vlat ( R + ~) + Vlat ( R - ~) Va [sin kL ( R + ~) + sin kL ( R - ~) J 

~ V0 [ k~ ( R + ~ r + k~ ( R - ~ r] 
~ V0k~ [2R2 + r;] . (3.17) 

Hence, for small deviations from a minimum we are dealing with two isotropie harmonie 
oscillator potentials, with frequency w determined by 

__,__ _ k ~Vo --r W- L -. 
m 

(3.18) 

If the lattice is deep enough, the wavefundions will be confined so much that they indeed 
encounter only the quadratic part of the lattice potential. In this case tunneling between 
neighboring lattice sites is thus very small. The limit where tunneling vanishes is often 
referred to as the tight binding limit. Consistently, for the lattice deep enough, the har
monie oscillator solution is a correct description for the local wavefundion on a site. Like 
the empty lattice solution, the solution of a deep lattice can serve as check for the general 
solution and as a starting point for examining the coupling between the center-of-mass and 
relative motion for moderately deep lattices. 

Summarizing this section we derived the Schrödinger equation for a pair of cold inter
acting atoms, trapped in an opticallattice. The boundary conditions for the center-of-mass 
of the pair are determined by its periodicity, while that for the relative distance between 
the atoms in the pair is related to the interaction. Because the lattice potential and the 
interaction potential do not separate in a common coordinate system, the motion of the 
two particles is coupled. This is the major difficulty in finding solutions. However, special 
cases are identified for which we do have separation, which can serve as a good test and 
starting point to tackle this problem. In the next two sections we start by solving the spe
cial cases of an empty lattice and a very deep lattice, for which center-of-mass and relative 
motion decouples. The problem for any lattice depth is then left for the last sections of 
this chapter. 

3.2 Empty lattice 

Solving the problem for zero lattice depth is the topic of this section. In this case we 
are effectively dealing with the problem of two cold interading particles in a box. The 
size of the box is determined by the number of sites and the lattice spacing of the system 
for non-zero lattice depth. Due to the absence of a lattice potential, the solutions of the 
Schrödinger equation are well-known from standard scattering problems. The difficult 
part is due to the box-size given in Cartesian coordinates, while scattering solutions for 
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3.2. Empty lattice 

the relative coordinates are given in spherical coordinates5 . For 1D this problem does nat 
occur, that's why we treat the 1D case first. Subsequently we apply the obtained insights 
to derive the salution for 3D. 

In one dimension, the problem of two interading particles in a box involves a two
dimensional Schrödinger equation. Due to the separability this simplifies to two one
dimensional Schrödinger equations for the center-of-mass and relative coordinate individ
ually: 

[ 8~2 + K 2
] w(R) = o, 

[:;2 + k2
] ~(r) = 0, 

The corresponding boundary conditions are 

and 

{ 
\li(D/2) = eiQDw( -D/2), 
\li'(D/2) = eiQDw'(-D/2), 

{ 
am~'(O) + ~(0) = 0, 

J~~~~2 l~(rW dr = 1, 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

for the center-of-mass and relative coordinate, respectively. Here Q is the quasi momenturn 
associated with the center-of-mass motion, D (d) the lattice spacing corresponding to R 
(r), and N the number of sites. The total energy E is given by E = ER+ En while 
the whole two partiele wavefundion is given by the product w(R)~(r). For notational 
convenience we skip the superscript of the 1D wavefundion in this section. 

The general solutions of bath equations are given by plane waves. For the center of 
mass, straightforward application of the boundary conditions gives 

(3.23) 

with C a normalization constant, and K = Q (fixed up to a redprocal lattice vector 
Qn = 21rnj D, with n E Z). The band structure Es(Q), with bandindex S, is obtained 
when Q is reduced to the first Brillouin zone, just as is depicted in the right panel of 
Fig.l.3(a) on page 6. 

We spent some more time for solving the relative equation. First we write the general 
salution as 

~(r) =cl eikr + c2e-ikr. (3.24) 

We have to be careful with the application of the boundary condition of the contact poten
tial, because it is only valid for wavefundions of argument lrl. We can easily deal with this 

5The lattice potential does not separate in relative and center-of-mass coordinates, but it is periadie in 
this coordinate system. Hence we have the freedom to choose lattice sites in one-particle coordinates or in 
relative and center-of-mass coordinates. In bath cases the lattice sites are given in Cartesian coordinates. 
So also the box-size for the empty lattice case is given in Cartesian coordinates. 
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by solving for r 2: 0, and subsequently replace r by lrl in the obtained solution. Proceeding 
this way, we find by applying the contact-potential boundary condition: 

k( ) ( ) c1 ___ 1 -i kam -= S(k). am i c1 - c2 + c1 + c2 = 0 {::> 
c2 1 +i kam 

(3.25) 

We have to discern scattering solutions (Er > 0), and bound state solutions (Er < 0). We 
treat the former first. With the help ofthe relations S(k) = e2i6 , kam= cot8, we find: 

'1/J(r) = c2 [S(k)eikr + e-ikr] 

= c2 ei& [ei(kr+ó) + e-i(kr+ól] = ë2 cos[kr + 8]. (3.26) 

The constant ë = 2 c2 ë follows from the second boundary condition. After replacing r by 
Ir I, straightforward integration gives 

1Nd/
2 

2 Nd sinkNd cos[kNd]-1 
ë-2 = lcos[k Ir I + 8]1 dr = -

2 
+cos 28 k +sin 28 k . (3.27) 

-Nd/2 2 2 

Hence, in the norm we do encounter effects of periodicity. We still haven't found the 
allowed energies. For scattering solutions in unbounded free space, we simply have the 
continuurn of energies larger than zero available. There is no relation Er(8) which fixes the 
energy. In the present case we have to do with a finite system. Without interaction, we 
impose periodic boundary conditions, which fix the energy to values k = 2nn/(Nd), with 
n E N. To ensure that in the limit of varrishing interaction the correct non-interading 
solutions are retained, we also fix the energy to these values in the interading case. Here 
we make use of the freedom that there is no relation between the interaction strength and 
the energy for the scattering solutions. Because Nis very large we indeed effectively have 
the continuurn of positive energies available. Also, it is easy to show that solutions with 
different k are orthogonal6 . Moreover, for the norm this attempt to conneet to the correct 
non-interading solution involves an important simplification. Because kNd = 2nn we have 
sinkNd = 0 and coskNd = 1, which results in ë-2 = Nd/2. The scattering solutions '1/J(r) 
are thus given by 

'1/J(r) = cos[k lrl + 8] 
JNd/2 ' 

E = lï2 (2nn) 2 

r m Nd 
(3.28) 

The other class of solutions of the relative equation, those corresponding to a bound 
state, are obtained from poles of the S matrix: 

· k 0 ~ k -- _z __ 1 + 1 am = ..,....". 
am 

(3.29) 

This provides a relation between the energy and the scattering length. Indeed the energy 
becomes negative sirree the wavenumber is purely imaginary. For the wavefundion we find 

'1/J(r) cl [eikr + s-l(k) e-ikr] 

= C [e-rfaw + s-l(_l_· ) erfaw] = C e-rjalD. 1 a1D 1 (3.30) 

6This can serve as an alternative determination of the allowed energies. Because the integral of the 
inner product is definite, requiring solutions with different k orthogonal only permits k = 21rnj(Nd). 
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3.2. Empty lattiee 

From this we see that a bound state can only exist for am > 0. The coefficient c1 follows 
from the second (normalization) boundary condition. After substituting lrl for r we find 

1

Nd/2 2 1Nd/2 
c!2= le-lrl/aml dr=2 e-2r/awdr=am[1-e-Nd/am]. 

-Nd/2 0 
(3.31) 

Hence, again effects of periodicity are reflected in the norm. However, in practice N d » 
am, i.e. we don't have to account for this fini te size effect in the norm and we retain the 
norm of unbounded free space7. The bound state solution is thus given by 

(3.32) 

Note that for am ---t oo we have c1 = 0. This is reasonable, because without interaction no 
bound state exist at all. Contrary to scattering solutions we see that for bound states both 
norm and energy are fixed by the scattering length. Another difference is that for every 
am > 0 there is just one bound state solution, while there are infinitely many different 
scattering solutions for each 8. 

Having derived the solution for 1D, we are ready to solve the 3D empty lattiee case. For 
the center-of-mass motion the generalization is straightforward. Decomposing in Cartesian 
coordinates, R =(X, Y, Z) and K = (Kx, Ky, Kz), we can simply write the 3D solution 
as a product of three 1D solutions: 

(3.33) 

with K 2 = KJc + K~ + K~. Also K = Q, up toa reciprocallattiee vector whose Cartesian 
components are given by Qn = 21rnj D, with integer n. For each component of K we have 
the 1D free-space band structure. 

The generalization to 3D for relative motion requires some more effort. This is because 
the boundary of the contact potential is given in spherical coordinates at r = lrl = 0: 

a 
a ar u(O) + u(O) = 0, 

while the norm is given in Cartesian coordinates: 

1

Nd/21Nd/21Nd/2 
I7P(r)l 2 

dxdydz = 1, 
-Nd/2 -Nd/2 -Nd/2 

(3.34) 

(3.35) 

where u(r) = r7j!(r), a spherieally symmetrie function. Inspired by the derivation for 1D, 
we now try to solve the problem assuming a spherieally symmetrie solution, as if there was 
no lattiee at all. Effects due to the finite-sized box are expected to show up only in the 
norm and energy of scattering solutions. 

7The first term always dominates, even when am is large, irrespectively of the value of N d. In fact we 
have for all x, a 2 0 that x 2 xe-o:fx, the equality sign holds only for x= 0. 
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Chapter 3. Interactions in a separable lattice 

The radial equation for the reduced wavefunction u(r) is identical to (3.20), with '1/J 

replaced by u. Starting with the general solution in the form 

(3.36) 

we find by performing similar steps as for 1D, the scattering matrix 

1- i ka= S(k) 
1 +i ka ' 

(3.37) 

scattering solutions 
u(r) = è2 sin[kr + ö], (3.38) 

and a bound state solution 
(3.39) 

The norm of the bound state solution is not problematic, because this solution is peaked 
around r = 0. We can always integrate far enough outward such that the (reduced) 
wavefunction is already zero before we encounter the border of the box. Herree we can 
formally take the limit of r -+ oo and find the bound state solution 

e-r/a 
u(r) = r::t<1' 

ya/2 

-fi? 
Er= --2. 

ma 
(3.40) 

We recognize an additional factor 2 compared to the 1D case, which is consequence of 
the integration over the half line (0, oo) instead of over the fullline ( -oo, oo ). Note that 
even in the limit of zero interaction, a -+ 0, the wavefunction is normalized. However, 
the interaction energy diverges in this limit. This shows a peculiarity of the bound state 
solution of the contact potential. For the limit of small scattering length the binding energy 
grows without bound while the scattering cross section vanishes8 . This peculiarity can be 
corrected for by taking into account finite-range effects, which can be dorre by incorporating 
higher orders of kin the scattering phase shift. Note that similar to 1D bound states only 
exist for positive scattering length. 

Now we explain how to deal with the norm and allowed energies of the scattering 
solutions. As we found in the 1D case, it sufRees to determine norm and energies from the 
non-interacting case, because these are left unchanged by the interaction. When interaction 
is absent, we can write the solution directly in Cartesian coordinates. Similarly as for the 
3D center-of-mass motion we obtain 

(3.41) 

8 Here we encounter a limit of validity of the zero-range approximation. A very small scattering length 
means that the highest bound state of the real interaction potential lies very deep in the interaction 
potential. This implies that the physical interaction range of the interaction potential becomes important 
even for small energies. 
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3.2. Empty lattice 

where k = (kx, ky, kz), k2 = k; + k; + k~, and r = (x, y, z). The components kx, X= x, y, z, 
are given by kx = 2-;.,~x , with nx E Z. The normalization constant c follows straightfor
wardly: 

1
Nd/2 

c-2 = [eikxx[2 dx = Nd. 
-Nd/2 

(3.42) 

So we obtained the norm and allowed energies in Cartesian coordinates, but how does this 
relate to the solution with interaction in spherical coordinates? To answer this question 
we should realize that all partial waves are present. Although only s-waves are needed to 
describe the scattering properties of cold atoms, the higher partial waves (l > 0) are also 
present. It is only that they don't feel the interaction potential, due to the centrifugal 
barrier, and therefore remain unperturbed. That's why we often don't have to consider 
them explicitly. However, to make the conneetion with pure free plane wave solutions, they 
are of great importance. We can establish the conneetion by expanding the plane waves 
in spherical waves, according to Rayleigh's formula [11]: 

00 

eik·r = eikrcose = I>l(2t + l)jt(kr)Pt(cos e). (3.43) 
l=O 

Here e is the angle between k and r, j1 (x) is the spherical Bessel funetion of order l, 
and Pt(x) is the zth Legendre polynomial. Further r reads r = lrl, and k is given by 
k = lkl = Jk; + k~ + k;. The latter is an important equality, because it relates the energy 
of the solution in Cartesian components to the allowed energy of the s-wave scattering 
solutions in spherical coordinates (3.38). These are the allowed energies where we were 
looking for. Similar to the lD case there are infinitely many different scattering solutions for 
every value of the interaction strength. For the determination of normalization constant c2 , 

we have to keep in mind that strictly speaking, relation (3.43) between spherical waves and 
a plane wave is valid only in unbounded free space9 . This implies that it is not possible to 
link the normalization constants c and c2 direetly. However, weneed not worry about that, 
because c is the normalization constant of the complete solution in Cartesian coordinates, 
with and without interaction. Hence there is no need to specify c2 independently. For 
the calculation we can simply derive the solutions as if we are working in unbounded 
free space. When we need the norm explicitly, we can transfarm the solution (including 
all partial waves) back to Cartesian coordinates and use normalization c3 = ( N dt 312 . 

Leaving c2 undetermined, scattering solutions are thus given by 

u(r) = c2 sin[kr + 8], (3.44) 

With the derivation of the lD and 3D empty lattice solutions, we have finished the task of 
this seetion. Due to the separability of center-of-mass and relative motion, we were able 
to find solutions for these two coordinates independently. The center-of-mass solutions 

9 0ne can derive (3.43) by consiclering spherical waves emitted by a source, and subsequently letting 
the distance to the soureetend to infinity [4]. 
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are simply plane waves of momenturn K = Q. For the relative motion we have to discern 
scattering solutions and bound states. Scattering solutions are phase-shifted sines (3D) and 
cosines (lD), with normand energy identical to that of the non-interading cases. Bound
state solutions, only present for positive scattering length, are decaying exponentials, with 
energy and norm determined by the scattering length. 

3.3 Deep lattice 

In this section we consider the case of a deep lattice. As explained in Sec.3.1, for this case 
atoms are localized around the minima of the lattice potential such that we can treat each 
site individually as an harmonie oscillator. Herree we are dealing with the problem of two 
interacting cold atoms in a harmonie trap. This problem was solved firstly by Busch et 
al. [24], with the interaction potential modeled by a contact potential. We solved this 
problem independently using a different approach, as is presented here. The derivation 
of the solution is structured as follows: fi.rst we reduce the problem to a one-dimensional 
Schrödinger equation for the radial coordinate of the relative motion, introduce the reduced 
wavefundion and make all variables dimensionless. Second we split of the asymptotic 
behavior and find general solutions for the remairring differential equation. Third we apply 
the boundary conditions to find an expression for the allowed energies ( eigenval u es) and the 
corresponding wavefundions ( eigenfundions). The derivation will be for three dimensions, 
and we will show that the one dimensional case follows immediately from the 3D results. 
After the rather mathematica! derivation we give a physical interpretation of the obtained 
results. 

With three coordinates for each particle, solving the problem of two interacting atoms 
in a harmonie trap involves in principal six dimensions. As we will argue however, several 
simplifications can be made, leading to an effective one dimensional problem. Because 
the harmonie oscillator potential separates also in center-of-mass and relative coordinates, 
we can solve these two coordinates independently. As a consequence, the center-of-mass 
motion will not be affected by the interaction and we can regard this to be known. The 
solutions are just the standard harmonie oscillator solutions in terms of Hermite polyno
mials. For the relative motion we then still have a three dimensional problem. Because 
the interaction potential is a central potential and the harmonie oscillator trap is isotropic, 
it is convenient to work in spherical coordinates. Then, the interaction is present only in 
the radial coordinate. Herree we can separate angular and radial motion and regard the 
angular part to be known. These are just the well-known spherical harmonies. Sirree we are 
dealing with cold collisions, only spherically symmetrie solutions will feel the interaction 
potential. Herree we can restriet ourselves to the case l = 0 (s-waves). We are then left 
with a one dimensional Schrödinger equation for the relative radial coordinate: 

(3.45) 

with f-L the reduced mass, w the frequency of the harmonie trap given by (3.18), and a 
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3.3. Deep lattice 

the scattering length. Owing to the V' operator in spherical coordinates (see the footnote 
on page 26) this equation is easier solved for the reduced wavefundion u(r) = njJ(r). 
Substitution gives us for all r > 0 

[- !ï? 
82 

+ ~f,Lw2r2] u(r) = Eu(r). 
2f,L 8r2 2 

(3.46) 

For r = 0 we obtain the boundary condition (see Sec.2.6) 

au'(O) + u(O) = 0. (3.47) 

As expected from the use of a contact potential, all effects of the interaction are condensed 
into a boundary condition at r = 0, leaving the Schrödinger equation itself unchanged 
compared to the case without interaction. To make things mathematically cleaner, we 
introduce dimensionless variables according to 

a 
a=--

aho-J2' 

E 
E = fïw/2' (3.48) 

with aho = {;f the harmonie oscillator length. The factor -J2 is convenient due to the 

factor 2 in the reduced mass fL = m/2, see also Appendix A. Mathematically speaking, we 
are then dealing with the following one-dimensional eigenvalue problem for v(p) = u(r): 

{ 

v"(p) + (E- p2 )v(p) = 0, 
av'(O) + v(O) = 0, 
fooo lv(p) 12 dp = 1. 

(3.49) 

For solving this problem, it is convenient to split off the asymptotic behavior. Inspecting 
the differential equation in (3.49), we find that for large values of p, v(p) behaves as 
v(p) "' ëP

2 
12

. As we are looking for normalizable solutions we use only the minus sign 
and try to solve for v(p) = h(p)e-P

2
12

, hoping that the function h(p) is simpler than v(p). 
Substitution gives us the Hermite differential equation: 

h"(p)- 2ph1(p) + (E- 1)h(p) = 0. (3.50) 

Standard solutions of this equation are Hermite polynomials Hn(x), with n an integer. 
However, these are even (odd) for neven (odd). So we have H~n(O) = 0 or H2n+I(O) = 0, 
which is notconsistent with the boundary condition at p = 0. So we havetolook for more 
general solutions. These can be found by transforming z = p2 . Substituting f(z) = h(p) 
generalizes the Hermite equation toa special form of the Kummer equation: 

(
1 ) E- 1 zf"(z) + 2- z f'(z) + -

4
-J(z) = 0. (3.51) 

Using arbitrary constauts c1 and c2 , the complete salution of this equation is given by 

f(z) = c1 M(l~€, ~' z) + c2 U(l~€, ~' z), (3.52) 
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with 
~ (a)n zn 

M(a, b, z) = L..t -(b) 1 , 
n=O n n. 

U(a, b, z) = _1r_ [ M(a, b, z) _ zl-b M(1 +a- b, 2- b, z)] ' 
sin 7rb f(1 +a- b)f(b) r(a)f(2- b) 

(3.53) 

(3.54) 

the Confluent Hypergeometrie function of the first and second kind, respectively10 . Here 
(x)n =x( x+ 1) ···(x+ n -1), called the Pochhammer symbol or rising factorial, and f(x) 
is the gamma function. Note that for negative integer values of a the series terminates 
and we reveal Hermite polynomials again. We will now find the energies by imposing the 
boundary conditions. 

Transforming back to p2 = z we obtain the general salution for h(p) = f(z) 

(3.55) 

To satisfy the normalization condition we have to exclude the first solution, because this 
behaves as 

M(l-c l p2) ,...., eP2 

4 l 2 l T--->00 l 
(3.56) 

which diverges faster than the split-off converging asymptotic behavior e-P
2

/
2 • However, 

we cannot simply set c1 = 0, because the boundary condition at p = 0 mixes the two 
solutions: 

c1 [a :PM(I~c,~,l)l0 + M(I~c,~,o)] +c2 [a :PU(I~c,~,p2 )1 0 + U(I~c,~,o)] =0. 

(3.57) 
To vanish c1 but keeping c2 i= 0 we need to have: 

a :pue~c,~,p2 )10 + ue~c,~,o) =0. (3.58) 

From this equation we obtain the allowed energies. Therefore we rewrite the derivative in 
two steps. First we use the recursion relation11 U'(a, b, z) = -aU(a + 1, b + 1, z), second 
we apply the Kummer transformation12 U(a, b, z) = z 1-bU(1 +a- b, 2- b, z). This gives: 

~u(~~ 2) 
Bp 4 '2'P 

_2 1- EU (5- E ~ 2) 
p 4 4 '2'p (3.59) 

1- E ( 2)1-2 ( 5- E 3 3 2) 
-2p -4- p 2 u 1 + -4-- 2' 2- 2' p (3.60) 

-2--U --- p2 1- E (3- E 1 ) 
4 4 '2' 

(3.61) 

10Note that a is not the scattering length, but just a parameter of the Confluent Hypergeometrie function. 
We use this notation to be in line with literature [9]. 

11 See, for example, entry 13.4.21 in [9]. 
12Entry 13.1.29 in [9]. 
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3.3. Deep lattice 

Hence our boundary condition reads 

- 2a 1-€ U( 3- < l o) + U( 1- < l o) = o 
4 4 ' 2 ' 4 ' 2 ' . (3.62) 

Substituting the well-known behavior of the Confluent Hypergeometrie function for p = 0 
we find13 

- 2 a 1-< r 0) + r (~) = o 
4 r (1 + 3~€ - ~) r (1 + 1 ~ € - ~) • 

(3.63) 

Finally, application of f(x + 1) = xf(x) gives the relation between the scattering length 
and the (perturbed) harmonie oscillator levels: 

1 

2a 
(3.64) 

This not a unique relation, i.e. for each value of a there are infinitely many different values 
t:(a) that satisfy equation (3 .64) , just as there are infinitely many different unperturbed 
energy levels for the case without interaction. Labeling different branches14 with index s , 
s = 0, 2, 4, ... , we thus obtained the eigenvalues E8 (a). The conesponding eigenfundions 
are: 

v (p) =A e_P2/2u(1-<s (a) l P2) 
s s 4 ' 2 ' ' (3.65) 

with normalization A8 determined by 

IAsl-2 = 1oo e_P2 1 uC-<I (a) , ~ , p2 )12 dp. (3.66) 

This integral is most easily evaluated numerically. Note that the normalization implicitly 
depends on the scattering length. For the non-reduced wavefundion <f>(p) = v(p) / p we 
obtain with the help of the same Kummer transformation as used above 

(3.67) 

This equation tagether with the energies determined by (3.64) is the exact salution of our 
problem. 

After all these detailed mathematics, we now interpret the results with the help of 
visualization. In Fig. 3.1 we plotted the lowest few branches of the energy spectrum15 . We 
chose to show it as function of -1/ a rather than a , to conneet with the magnetie-field 
dependenee of the scattering length due to the Feshbach resonance a "' -1/ b.B. The 
asymptotic values 1/ a ---t ±oo then correspond to the non-interading case. Indeed, from 

13Entry 13.5.10 in [9] . 
14We use only even values 8 here , because this gives us the freedom to preserve odd values 8 for the 

solutions of the harmonie oscillator with l > 0, that remain unperturbed by the interaction potential. 
15The calculation of the energy spectrum is straightforward. For a given value of the scattering length , 

we numerically find energies such that (3.64) is satisfied. 
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Figure 3.1: Two particles in a deep optical lattice with the interaction modeled by a contact 
potential. Energy spectrum (energy t: given in harmonie oscillator units fv..v / 2) as function of the 
inverse scattering length - 1/ a , where a is the scattering length scaled on a ho J2, and aho the 
harmonie oscillator length. The dashed lines denote the energy levels for vanishing interaction. 
Colared dots indicate the energies for which corresponding wavefunctions are plotted, see Fig. 3.2. 
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(3.64) we obtain poles 1/a = ±oo for poles of r e~{s), resulting in16 

3- E8 

4 

s 

2 
{::} Es= 2s + 3 {::} Es= (s + 1 + ~) lü.u. (3.68) 

We chose s even, hence for the limit of zero interaction we retain the odd unperturbed 
harmonie oscillator levels. This has to be so, because without interaction spherically sym
metrie solutions correspond to odd levels17

. A diverging scattering length, 1/a = 0, to 
which we refer as resonant interaction, occurs for poles of r ( 1~{, ). This gives 

Es = 2s + 1 {::} Es = ( S + ~) lü.u. (3.69) 

These are the unperturbed even levels of the harmonie oscillator. It is important to stress 
that although the scattering length diverges in this case, the total energy remains finite. 
We can understand these results also by referring back to boundary condition (3.47). For 
a = 0 we have u(O) = 0, which is satisfied by odd Hermite polynomials , while a ---+ ±oo 
corresponds to u'(O) = 0, being consistent with even Hermite polynomials. From Fig. 3.1 
we also find that by sweeping the scattering length through the resonance, we couple 
two unperturbed harmonie oscillator levels. This is probably the most remarkable result. 
By tuning the scattering length we can bring a pair of atoms one level up or one level 
down. These things become more apparent when we plot the wavefunctions. This is 
done in Fig. 3.2. Starting from the ground state of the non-interacting case (dashed line) , 
increasing the scattering length shifts the node from r = 0 to the right (purple solid line). 
Exactly on resonance, this node is so much shifted that at r = 0 an antinode appears 
( dark-blue solid line) . Going from positive to negative val u es through infinity, increase of 
the scattering length shifts both antinode and node even further to the right (light-blue 
solid line), to make place for a second node, which emerges exactly at a = 0 ( dash-dotted 
line). When we would have started in first excited state (E = 7lü.u/2) , a similar process 
would take place. Increasing the scattering length trough the resonance shifts the initial 
(anti)nodes such that after the sweep one node and one antinode are added. 

Similarly, a reverse sweep where the scattering length is decreased through resonance, 
removes one node and one antinode. A special situation occurs when we start decreasing 
from the lowest level of the non-interacting system. The node initially at r = 0 vanishes 
by shifting to the left (pink-red solid line). On resonance, only an anti-node remains (red 
solid line) , which also disappears by decreasing from negative to positive val u es through the 
resonance (orange solid line). Here effectively a bound-state like salution emerges18 . Upon 
decreasing the scattering length further , a limit of validity of this model is encountered. 

16There are no points for which the gamma function is zero. Poles of r(x) are located at x = 
0, -1, -2, .... 

17Remember that the lowest level in a three dimensional harmonie oscillator is ~nw. 
18In a harmonie trap of course all solutions are bound states. What we mean here is that for a > 0 a 

bound state of the interaction potential appears. 
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2 

pt/J[p] 

0 2 3 4 
p 

Figure 3.2: Two particles on a single site of a deep opticallattice, with the interaction modeled 
by a contact potential. Various reduced wavefunctions as function of radial coordinate. The 
energy of a particular wavefunction is indicated in Fig. 3.1 with a dot of the same color as the 
wavefunction. A dashed and dash-dotted line is used for respectively the lowest and one-but
lowest wavefunction of the non-interacting problem (a= 0). 
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Figure 3.3: Two particles in lD harmonie trap with the interaction modeled by a contact 
potential. Energy spectrum (energy f given in harmonie oscillator units /1;.;.;/2) as function of the 
lD scattering length 0:10 in units ah0 J2, with aho the harmonie oscillator length. The dasbed 
lines denote the energy levels for vanishing interaction ( 0:10 --+ ±oo). 

When the bound-state energy deviates too much from the ground-state energy of the non
interading problem, the scattering length alone is not enough to describe the properties of 
the bound state. We then need to incorporate higher orders of k in the boundary condition. 

We finish our discussion of the results for the three dimensional case, by emphasizing 
that the (anti)nodes we are dealing withare (anti)nodes of the exterior wavefunction, i.e. 
of the wavefundion outside the interaction region. We should not confuse them with the 
nocles inside the interaction potential, which correspond to the number of bound states 
contained by that potential. The effect we see of that interaction potentialis a phase shift, 
which in turn is recognized by a shift of the nocles outside the interaction range. 

All results derived and discussed above are valid for the 3D case. To conclude this 
section we now discuss same problem in ID. Remarkably, there is no hard work needed 
anymore. It is readily verified that in lD we can also simplify the problem to the form 
(3.49). We only have to modify the normalization such that it extends over the fullline 
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( -oo, oo) and skip the transformation to the reduced wavefunction. Hence we obtain the 
lD wavefunctions: 

cfJ!o(p) =A!oe-p2/2uc-d:(aml,~,p2), 

with normalization A!0 determined by 

(3.70) 

(3. 71) 

Also, again (3.64) determines the eigenvalues. In contrast to 3D, the non-interading case 
is now obtained for am --+ ±oo. Hence the unperturbed levels are even levels in lD: 
E;0 = (s + ~) !ïw. Indeed, the lowest level in a lD harmonie oscillator has energy lïw/2 
and corresponds to an even wavefunction. For resonant interaction, a10 --+ 0, we have 
in lD E;0 = (s + 1 + ~) !ïw, corresponding to odd unperturbed levels. In Fig. 3.3 the 
lD energy spectrum is plotted. This time we have to chose to plot is as function of 
the lD scattering length to make contact with its magnetie field dependence19 . Similar 
to 3D the interaction couples the different unperturbed levels. Note that a bound state 
of the interaction potential only exists for a10 > 0, being consistent with the situation 
in free space. The wavefundions are not shown explicitly, but they are in effect the even 
continuation of the 3D reduced wavefundion as shown in Fig. 3.2. For resonant interaction 
this resembles a similarity with fermionization as discussed in Sec.1.6. The wavefunction 
has the same functional form as the absolute value of an antisymmetrie wavefunction, so 
preventing the particles to occupy the same position inspace but at the sametime keeping 
the wavefundion symmetrie. It has however also the same energy as the full antisymmetrie 
wavefunction, whieh is generally not the case for fermionized systems. 

In summary, in this section we derived an exact solution for two interaction atoms in a 
deep optieallattiee, where we can restriet the discussion to a single cell and approximate the 
lattice potential by a harmonie oscillator potential. Due to the separability of this potential 
in center-of-mass and relative coordinates we only have to solve the relative problem. 
Modeling the interaction with a contact potential we find that due to the interaction each 
two successive unperturbed harmonie oscillator levels become coupled. Even for strong 
interactions, when the scattering length diverges, the total energy remains finite. The 
results are valid for 3D, and with a correct interpretation of the lD scattering also for a 
pure lD harmonie trap. 

19In Sec. 2. 7 we mentioned that the tunability of the lD scattering length lies in the tunability of the 
3D scattering lengthand is given by formula (2.39). This relation is generally not true for all values of the 
3D scattering length. However, we assume that there simply is a known parameter aw that can be used 
in the boundary condition. The correct value is of this parameter for comparison with experiments is of 
later concern. 
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Chapter 4 

Rigarous test of the contact potential 

In the previous chapter we derived separable solutions for a system with two cold atoms 
in an opticallattice, with the interaction potential modeled by a contact potential. As the 
contact potential is derived in free space, it is not directly evident that it is also valid in 
the case of trapped systems. It is the aim of this chapter to examine the validity of the use 
of a contact potential in case of opticallattice trapping potentials. First, we will discuss 
in more detail in what respect the use of the contact potential might be limited. Second, 
we explain how we calculate deviations from the contact-potential model. Third, we show 
results from such calculations for the case of 8'Rb atoms. Finally, we discuss these results 
and draw conclusions. 

4.1 Limitations of the contact potential model 

The use of the contact potential is based on the short-range character of the interaction 
potential, which can be expressed as ro « aho for the case of harmonie trapping, see 

Sec.2.6. Here r 0 ~ (;~~n 114 
is the range ofthe interaction potential [17], and aho = {;f 

the harmonie oscillator length, respectively, see also Fig.4.1. C6 is the van-der-Waals 
coefficient, m the mass, f.L = m/2 the reduced mass, and w the frequency of the harmonie 
trap. Because of this short-ranged interaction potential, the wavefundion has effectively 
everywhere in space its asymptotic shape, where the effect of interaction is only recognized 
as a phase shift. In the zero-range approximation, this phase shift is imposed as a boundary 
condition at r = 0. However, it is not evident whether this free-space phase shift also 
provides the correct boundary condition for trapped systems. The tail of the interaction 
potentialis somewhat lifted by the relative harmonie oscillator, leading toa small additional 
phase shift and hence a slightly different scattering phase outside the interaction potential. 
Such an effect is nottaken into account when the free-space phase shift is used. Effects like 
this will be of importance when the zero range approximation breaks down. Consiclering 
that 

(4.1) 
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we find that this will happen in the case of a very tight trap. For broad and/ or shallow 
traps there are no deviations. Herree we can restriet the discussion to the salution of a very 
deep lattice, where each site can be treated individually as a harmonie oscillator to first 
approximation. 

Besides the zero-range approximation, we also make use of the small energy limit (k---t 
0) in this work. As we argued in Sec.2.5, this allows us to describe the scattering phase 
shift by one single parameter: the s-wave scattering length a. For very tight traps, w 
becomes large and herree the typical energy scale lïw at which the callision takes place 
brings the callision away from the small energy limit. It is possible to go beyond this limit 
by accounting for energy-dependent contributions to the scattering phase shift1

. This 
approach is followed in other calculations with tight traps [32, 33]. We don't want to go 
beyond the small energy limit, it is the aim of this chapter to examine the validity of the 
zero-range approximation. 

4.2 Local phase difference 

In this section we shall explain how deviations from the contact potential model are com
puted. First, it is necessary to define what is regarcled as the exact salution with interaction. 
Second, we introduce a local phase as convenient parameter to campare the exact salution 
and that obtained with a contact potential. 

To be able to define what is considered as the correct solution, we need to make the 
following assumption. Irrespectively to the range of the interaction potential compared 
with the trapping potential, we assume that deep in the interaction potential, i.e. for r ~ 
r 0 , the interaction potential dominates over the trapping potential. This dominanee should 
be so strong that deep enough in the interaction region, the wavefundion is nearly the same 
as the one without a trap. In Fig.4.1 this situation is illustrated. In practice this means that 
starting from r > r0, decreasing r shows a convergence of the reduced wavefundion with 
trap (uint+trap [E(a),r]) to the reduced wavefundion without trap (uint [E(a),r]), which 
both experience the same interaction potential, whose dispersive tail is given by 

c6 
Vint(r) = -6· 

r 
(4.2) 

For a fair comparison both wavefundions need to be computed at the same energy E(a), 
with a the scattering length. In HO units, see Appendix A, these energies are given by 
E8 (a), as obtained in Sec.3.3. If the contact-potential model is valid, this energy gives the 
behavior 

Uint+trap [E(a), r] ---t Uïnt [E(a), r] r ~ r 0 . (4.3) 

1 It should be noted that for many atoms the scattering phase shift cannot be described by the scattering 
length alone, even in the ultra-cold limit where higher partial waves can be neglected. In fact, this is more 
a general rule than an exception. We don't go into details, but only mention that for 87Jlb, in which we 
are mainly interested, the energy range in which the scattering length alone suffices to parameterize the 
scattering phase shift is good up to the mK regime, which is far beyond the range of energies considered 
here. 
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'------------------------------------------~ 

Figure 4.1: Validity of the zero-range approximation. The physical range of the interaction 
potential is indicated with ro. For r «: ro, the reduced wavefunction Uint+trap [E(a), r] of the 
case with trap (thick solid line), is assumed to have the same oscillatory behavior as the salution 
without trap. The total potential energy (thin solid line) consist of an interaction potential and 
a trapping potential ( dashed thin lines). C6 is the van-der-Waals coefficient, w the frequency of 
the trap. When the typical width ahov'2 of the relative harmonie oscillator potential comes in 
the order of ro, the zero-range approximation brakes down. For a given scattering length a, the 
validity is tested by checking whether the energy E(a), as found with the contact potential model 
of Sec.3.3, does give the required behavior deep in the interaction region. For clarity, this figure 
is not to scale. 

The actual computation of the wavefundions is done by numerieally solving the radial 
Schrödinger equation for the reduced wavefundion with a harmonie-oscillator trapping 
potential and Vint as interaction potential. The corresponding boundary conditions are 
given by the prescribed behavior far away from the interaction region. Without trapping 
potential this reads, see Sec.2.2: 

Uïnt [E(a), r] ---+ sin[kr + o(k)], r » ro, ( 4.4) 

where k = ~' and o(k) = arctan( -ka). As given in Sec.3.3, with harmonie oscillator 
trapping potential the boundary condition is given by the required behavior deep in the 
classically forbidden region: 

(4.5) 

Note that this boundary condition is independent of the energy, because all normalizable 
solutions of the harmonie oscillator trapping potential have the same functional form in 
the classically forbidden region. 

Next it is necessary to obtain a quantitative measure for comparison of the wavefunc
tions with and without trap deep inside the interaction region. One might think of com
paring logarithmic derivatives, as locally these wavefundions satisfy the same Schrödinger 
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equation. However, the logarithmic derivative is not well defined in the neighborhood of 
a zero of the wavefunction. In the interaction region the wavefundions show many os
cillations, herree the use of a logarithmic derivative is not convenient here. Instead we 
propose to transform it to a local phase. In spirit of the WKB approximation, deep in the 
interaction region we can write the local reduced wavefundion and its derivative as: 

u(r) = k sin [jr k(r')dr' + 80] => u'(r) =~cos [jr k(r')dr' +oo], 
(4.6) 

with local wavenumber k(r) = )'1/!i (E(a)- Vlnt(r)), and initial phase shift 80 . The local 

phase <I> ( r) is then defined as 

~t? = k(r) cot [jr k(r')dr' + 80] = k(r) cot <I>(r). (4.7) 

In practice, there is no necessity for the WKB approximation itself to be valid. The 
thing is, that by analyzing the logarithmic derivative this way, we efficiently adapt to 
the divergences encountered in it. The reduced wavefundion itself can still be computed 
numerically as mentioned before. Moreover, the WKB argument allows for a physically 
transparent interpretation. The relevant parameter for camparing the wavefundions deep 
inside the interaction region is the local phase. If the phase difference ~<I> = <I> int -<I> int +trap 
is zero, then the zero-range approximation is valid. Deviations of the local phases indicate 
that the zero-range approximation breaks down2. 

4.3 Results and discussion 

In the previous section we have argued that the validity of the contact potential can be 
tested by examining the local phase deep in the interaction region. In this section results 
of computed local phase differences for 8"Rb will be shown and discussed. 

First of all, we note that the local phase difference is expected to be positive. This can 
be seen by consiclering the local wavenumber with and without trap. For all r > 0 holds: 

kfnt = E(a)- Vlnt } k2 k2 V. 0 
k2 E( ) TT V. {::} int - int+trap = + trap > · int+trap = a - V int - trap 

(4.8) 

As the local phase depends on the integral over the local wavenumber, the local phase 
difference will always be larger than zero. 

In Fig.4.2 the calculated local phase difference is shown as function of r 0 / aho J2 for 

2To be more extensive, this is indeed no more than an indication that the zero-range approximation 
might break down. There may also be (tacit) assumptions which become violated. One assumption that 
might be violated is that from which we construct our exact solution deep in the interaction potential. 
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Figure 4.2: Calculated local phase difference ó.cf? of scattering solutions for various values of the 
scattering length o:, see the insets. The top panel shows the results for o: < 0, while the bottorn 
panel gives those for o: > 0, see the text for more details. We find that the local phase difference 
is remains small, even when ro/aho../2 = 0.25. Though small, the deviations for weak interaction 
are larger than those for strong interaction. 
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the lowest scattering solutions3 , and various values of a, as given in the inset. These 
scattering solutions correspond tothebranch Eo(a) when a < 0, whose results are shown 
in the top panel. The bottorn panel shows the results for a > 0. Here we must use the 
one-but-lowest branch E2 (a), since Eo(a) corresponds to the molecular bound state of the 
interaction potential. The relevant parameters used in the computation are given in Table 
4.1. The results show that the local phase difference is indeed always larger than zero. 
For the zero-range approximation to be valid, we need that the phase-difference is much 
smaller than 1r: 

~<I?« Jr. (4.9) 

From Fig.4.2, we find that ~<I? :::; 0.01, hence this condition is readily satisfied, even when 
ro/ aho J2 ::::: 0.25. We can conclude that the zero range approximation does give accurate 
results over a remarkable large range. In practice, lattice depths are used up to Vo ::::: 40Erec· 
With a lattice-laser wavelengthof ÀL = 840nm, we find r0/ahoJ2::::: 0.04. Hence for current 
experiments with opticallattices, we can safely apply the zero-range approximation. This 
is the main result of this chapter. 

Table 4.1: Parameters for 8'i"Rb used in computation of local phase differences. C5 is the van
der-Waals coefficient, m the mass, ro the range of the interaction potential, and r1 the radius at 
which the local phase is evaluated. rao is the radius far outside the interaction region, Pao is the 
radius deep inside the classically forbidden region of the trapping potential. Pao is given in units 
ahov'2, the harmonie oscillator length of the relative coordinate. All other parameters are given 
in atomie units, in which the unit energy is given as a. u. = 4.35975 · w-ts J, the unit length as 
ao = 5.29177 ° w-ll m, and the mass unit as mu = 1.66054 ° w-27 kg. 

c6 4.712 ° 103 

m 86.9091 
ro 82.65 
rt 20 
rao 2000 

Pao 8 

Fig.4.2 also shows that the local phase difference depends on the actual value of the 
scattering length. For weak interaction (a small), the deviation is larger than forstrong 
interaction (a large). From first sight, there seems no reason to expect a dependency on 
the actual value of the scattering length, because we use the same dispersive tail for every 
a in our calculation4 . However, possibly this is indeed a finite-range effect, just because we 

3Formally, scattering solutions don't exist in a trapped system, because due to the trapping all solutions 
are bounded. However, these solutions are called scattering solutions because they do correspond to 
scattered atoms, which are tagether trapped in a trapping potential. When the trapping potential vanishes, 
they are indeed the phase-shifted traveling waves. Scattering solutions should be distinguished from 
molecular bound-state solutions of the interaction potential, which are bounded even without trap. 

4This should not be interpreted as an approximation. The scattering length can be changed with the 
mechanism of a Feshbach resonance, see Sec.2.7, which leaves the tail of interaction potential unchanged. 
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always campare with a finite-ranged interaction potential, even when the scattering length 
vanishes. Such a finite-range effect can be accounted for by incorporating an effective range 
parameter Reff in the boundary condition: 

1 1 2 
k cot 0 ( k) = - ~ + 2 Reffk . (4.10) 

The effective range becomes important when a ~ 0, and Reff ~ oo. The realistic inter
action potential used in the calculations has a Reff, which becomes an important effect at 
finite energy E( a = 0) = 3!i;.;; /2. Because of the finite-ranged interaction potential the 
limit a ~ 0 is not supposed to give the non-interading energy of the trap. 

We also need to mention that from calculations where such energy corrections of the 
scattering phase are taken into account [32, 33], it follows that the largest corrections to 
the energy occur around resonance, where a is large. This can be seen as a confirmation of 
the former analysis. The effective-range parameter corrects the discrepancies in the a~ 0 
limit, leaving only the corrections for large values of the scattering length. In addition, it 
is interesting to compute an energy correction for our case as well. Possibly the relation 
between the local-phase difference and the energy correction is not linear, such that a 
small deviation of the local phase is more important for strong interactions than for weak 
interactions. For the phase far outside the interaction region, which is parameterized by 
the scattering length, such a non-linearity indeed occurs, as can be seen from the energy 
spectrum given in Fig.3.1. Therefore an analysis of the relation between the local phase 
difference and the energy correction might give more insight in the encountered dependency 
of the local phase difference on the scattering length. 

Another difference between our calculation and those cited above, is that we use only 
the dispersive tail as interaction potential, while in these references more details of the inner 
part of the interaction potential are taken into account. This might seem of importance 
for our case as well, because the radius at which convergence is obtained for the local 
phase, exceeds the validity of this tail as a correct description of the interaction potential. 
However, in our analysis it is not necessary to know the 'real' local phase. As argued, we 
simply calculate the exact salution deep in the interaction potential by integrating inwards 
from the known exact wavefundion far away from the interaction region. Hence, we don't 
expect that taking into account more details of the inner potential, gives a clue about the 
encountered dependency of the local phase difference on the actual value of the scattering 
length. 

As a final comment, we come back to the point whether the scattering length alone is 
sufReient to describe the scattering phase. As we mentioned already in the first section of 
this chapter, we don't aim to go beyond the small energy limit. For 8'Rb, the border of 
this limit lies at approximately E rv 10-4K [23]. This energy range is encountered when 
r0 /ahov0. ~ 0.25. Hence, indeed we did not exceed the k ~ 0 limit in our calculations. 
Turned the other way around, for 8'Rb the following holds: if we are in the ultra-cold 
regime, then the zero-range approximation is valid. 

In summary, we have examined the validity of the zero-range approximation for rnad
eling the interaction in optica! lattices, by camparing the local phase of the wavefundion 
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deep in the interaction region of the solution with and without trapping lattice poten
tial. We found that the zero-range approximation gives fairly accurate results even when 
ro/ahov'2::::: 0.25. Current experiments do not go further than a factor r0/ahov'2::::: 0.04, 
hence we concluded that zero-range approximation is valid for current experiments with 
optical lattices. 

60 



Chapter 5 

Interactions in a non-separabie lattice 

In this chapter the main result of this thesis is derived. We show that for a moderately deep 
lattiee the dominant corrections compared to the separable harmonie oscillator salution are 
due to anharmonie termsin the lattice potential, while tunneling remains negligible. This 
means that we can still treat each site individually, but that the harmonie oscillator approx
imation brakes down. As will turn out, the anharmonic corrections can be handled with 
perturbation theory, which in fact allows us to treat the non-separability as a perturba
tion. This chapter is organized as follows. First, one sectionis used to explain the effects of 
tunneling, and estimate its size. Second, we address the validity of the harmonie oscillator 
salution as localized salution in a lattiee. Third, we introduce Wannier functions as exact 
localized solutions and analyze the effects due to tunneling and anharmonicity. Fourth, 
starting from harmonie oscillator solutions, we apply first order perturbation theory in the 
anharmonic terms for the cases with and without interaction. With all preliminary work 
dorre in one dimension, in the last section the results of the fourth section are extended to 
three dimensions. 

5.1 Tunneling in a lD lattice 

Tunneling is the topic of this section. The main aim is to obtain a simple physical picture 
which can explain qualitatively the effects of tunneling, compared to the situation with 
isolated wells. To that end we start by working out an example given in [14]. We interpret 
the results of this model and apply them to a simple 1D system of two non-interading 
partiel es. 

Assume that we have a one dimensional periadie lattiee potential, consisting of an array 
of symmetrie potential wells, see Fig.5.1. Suppose that the lattice potential is so deep that 
the probability of penetration through the harriers is small. Let 'lj;0 (x) be the normalized 
wavefundion of a single well, such that it decays exponentially in the classieally forbidden 
region. It may be either even or odd as function of x. We can construct the Bloch function 
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V(x) 

-d/2 -xo xo d/2 

Figure 5.1: Schematic illustration of a one dimensional periodic lattice V(x) = V0 sin2 1r;. The 
lattice depth is given by V0 , while dis the lattice spacing. The energy of the partiele in an isolated 
well is given by Eo, and xo is the corresponding classica! turning point. 

descrihing the motion in the periodic potential to zeroth order approximation as 

00 

'1/Jq(x) = C L eiqdn '1/Jo(x- dn). (5.1) 
n=-oo 

HereCis a normalization constant, and q is the quasi momentum. Note that a translation 
x --+ x + d, with d the lattice spacing, in deed gives the phase factor eiqd, as required. The 
Schrödinger equations corresponding to '1/Jq(x) and '!j;0 (x) are respectively 

'1/J; + ~~(Eq- V(x))'l/Jq = 0, 

'Ij;~+ ~~(Eo- V(x))'l/Jo = 0. 

(5.2) 
(5.3) 

Here a prime denotes differentiation with respect to x. When we multiply the former 
equation with 'I/Jo and the latter with '1/Jq, take the difference and integrate from -~d to ~d, 
we obtain 

(5.4) 

Here we used that J 'lj;0 (x)'!j;q(x) dx ~ C, because products '!j;0 (x)'!j;0(x- nd) with n i- 0 
can be neglected. At x = ~d, only n = 0 and n = 1 contribute to '1/Jq· Hence, in (5.4), 
for the term between square brackets only the nearest neighbors need to be accounted for. 
According to 'I/Jo being even ( +) or odd (- ), we have '1/Jo(~d) = ±'!j;0 ( -~d), and 

'1/Jq(~d) = C'lj;0 (~d) (1 ± eiqd), 

'lj;~(~d) = C'l/Jb(~d) (1 =F eiqd). 

(5.5) 

(5.6) 

Similarly, when x = -~d, only n = 0 and n = -1 contribute. Working out the details 
gives 

Eq- Eo = ±~ '1/Jo(~d)'l/Jb(~d) cosqd. (5.7) 
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The value of the wavefundion 'I/Jo in the classieally forbidden region is dictated by the trans
mission coefficient of the barrier. This follows directly when we model the wavefundion in 
the WKB-approximation: 

'1/Jo(~d) 

'1/J~(~d) 

k(x) 

mw [ 1~d l 27rlîk(~d) exp - xo jk(x)l dx , 

-k( ~d)'l/Jo( ~d), 

J~r;; [Eo- V(x)], 

(508) 

(509) 

(5010) 

with w = JV"(O)/m, and x0 the classieal turning point conesponding to Eo, see Figo5ol. 
Substitution into (50 7) gives eventually 

Eq- Eo 

t 

=t= t cos qd' 

hw [ (-d l --;;:- exp -2 lx: lk(x)l dx o 

(5011) 

(5012) 

Thus each energy level conesponding to the motion of a partiele in an isolated well is 
broadened into a band of width 2t, proportional to the tunneling between two sequentia! 
wells, for the motion of a partiele in a periadie array of such wellso The tunneling itself 
depends on the height of the barrier between the wells (lattice depth Va) and on the distance 
between the wells (lattiee spacing d) 0 The single well energy is retained in the limit when 
the lattiee depth and/ or the lattiee spacing goes to infinityo We emphasize that this one
dimensional model takes only tunneling to nearest neighbors into account and assumes that 
the overlap between localized solutions in different wells can be neglededo Also note that 
quantitatively more accurate results can be obtained by replacing the WKB-approximation 
to the wavefundion 'lj;0 with a more realistic solutiono 

Now let's apply this modeltoa situation with two non-interading particleso For the pe
riodie potential we use the optieallattice potential: V(x1 , x2 ) =Va [sin2 kLx1 + sin2 kLx2] 0 
Then, the lowest energy level of a single well is just the harmonie oscillator energy: 
Eo = hw /2, and corresponds to an even wavefunctiono In the absence of interaction the 
problem is separable in single partiele coordinates, whieh allows us to treat the tunneling 
of the two particles independentlyo Hence we find 

Eo - t cos q1 d , 

Eo- t cosq2d 0 

(5013) 

(5014) 

It is interesting to analyze this result in relative and center-of-mass coordinateso With the 
fulllattice taken into account, the use of this coordinate system implies that we are dealing 
with a non-separable problemo Anyway, the zeroth order approximation of the single
wen wavefundion can than still be taken separable, but what happens to the broadening 
of the single well levels? We can answer this question by employing the conesponding 
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transformation of quasi momenta: Q = q1 + q2 , q = (q1 - q2)/2, to give 

EQq Eql + Eql 

Eo- t cos [(~Q + q)d] + Eo- t cos [GQ- q)d] 
2E0 + 2 t cos ~Qd cos qd 

(5.15) 

(5.16) 

(5.17) 

We find that in center-of-mass and relative coordinates the energy can no langer be written 
as a sum of terms cl epending only on q ( Q) and not on Q ( q). Hence in the first order energy, 
we already see that the lattice breaks the separation. Tunneling along the one-particle axes 
gives rise to coupling between the relative and center-of-mass motion. 

In summary, in this sedion we found that tunneling gives rise to broadening of single 
welllevels, so being responsible for the appearance of band strudure. Applied toa simple 
model with two non-interading particles we found that tunneling couples the motion of 
relative and center-of-mass motion. 

5.2 Validity of harmonie oscillator approximation 

In the previous section the WKB approximation is used to model the local wavefundion 
on a single site. We anticipated on the use of harmonie oscillator (HO) solutions for 
this wavefunction, similar to Sec.3.1, which we used in Sec.3.3 to find exact solutions 
including interadion. The main aim of this chapter is to derive a salution beyond the HO 
approximation. Therefore, in this sedion we will investigate the range of validity of the HO 
solution. First, we derive sufficient conditions for the HO approximation to be valid, and 
confront this with realistic values of the lattice parameters. Second, we briefly investigate 
the tunneling of HO solutions through the potential harriers of the opticallattice potential. 
For clarity, the discussion will be restricted to the non-interading case, which allows us to 
consider just one partiele in one dimension. 

Sufficient conditions for the validity of the HO approximation can be obtained by 
consiclering the charaderistic length scales and energy scales of the system, as is illustrated 
in Fig.5.2. The first condition is obtained from the requirement that the typical HO energy 
( lüJ /2) has to be much smaller than the typical depth of the opticallattice potential (V0 ): 

lüJ - « 1. 
2Vo 

(5.18) 

The second condition is obtained from the HO approximation of the lattice potential: 
Va sin2 kLx :::::; V0k[x2

, which is satisfied when kLx « 1. For x we must substitute here the 
charaderistic HO length scale aho = Jnjmw, which gives the requirement 

(5.19) 

To confront these inequalities with realistic experimental conditions, we scale the lattice 

depth on Erec = li:!l (see Sec.1.2). Using that w = kLJ2Vo/m, the ratio Va/ Erec then 
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Figure 5.2: Validity of the harmonie oscillator (HO) approximation. Graphof a HO solutions 
centered in the minima of an optical lattice potential, for a lattice depth of Vo = 40Erec. In 
dashed lines the conesponding approximate HO potential is shown. The thick solid line indicates 
the energy level of the HO solution. On the bottorn axes and left axis HO units are used for 
length and (potential) energy, respectively. For the top and right axis the conesponding values 
in lattice units are shown. See Appendix A for more details about HO and lattice units. 

gives us one dimensionless parameter in which both inequalities can be expressed: 

2Vo (
E ) 112 
~:c « 1, (5.20) 

(
E ) 1/4 

~:c « 1. (5.21) 

We thus find that the spatial condition is much stricter than that for the energy. In 
current experiments lattice depths up to 40 Erec can be achieved. Filling in this number 
gives kLaho ~ 0.39. This means that the spread of an HO solution is typically so much 
that it definitely encounters the anharmonic part of the lattice potential. Also, note that 
a reasonable condition kLaho = 0.1 already requires Vo = 104 Erec! Hence we must conclude 
that lattice effects beyond the HO approximation are expected to be of importance in 
current experiments. 

The question that remains is weather the break down of the HO approximation implies 
that tunneling effects are of importance. To go short, the answer to this question is no. 
This can be illustrated by simply plotting the HO solution together with the opticallattice 
potential. This is clone in Fig.5.2, with Vo = 40Erec as lattice depth. In this figure we 
see that halfway the barrier the wavefundion is already so small that tunneling effects 
don 't seem to be a significant contribution. This brings us to the condusion that although 
the HO approximation brakes down, we can still treat each site individually. In the next 
section we make this statement more rigid by examining exact localized solutions. 

65 



Chapter 5. Interactions in a non-separabie lattice 

5.3 Wannier functions 

In this section we briefl.y discuss Wannier functions, as being exact solutions for the local 
wavefundion on a single site. These functions serve as a check for solutions beyond the 
harmonie oscillator approximation, but without interaction. In addition, we aim to discuss 
the effects of tunneling and anharmonic terms more qualitatively. First, we introduce 
Wannier functions as a Fourier transformation of Bloch functions. Second, we show that for 
our specific opticallattice potential both can be expressed using Mathieu functions. Third, 
we analyze the effects of tunneling and anharmonicity by consiclering the charaderistic 
energy (band structure) as function of lattice depth. The whole discussion is restricted to 
one dirneusion and just one particle. 

As mentioned in Sec.3.1, according totheBloch theorem, the solution of a Schrödinger 
equation with a periodic potential can be written as 

(5.22) 

with quasi momenturn q, bandindex s, and Uqs(x) having the same periodicity as the 
potential. In addition, in Sec.5.1, equation (5.1), we used that we can also write '1/Jqo as a 
sum over localized solutions. As we will show now, any Bloch function can be written in 
this form. This follows when we consider the Bloch function as function of q. Because '1/Jqs 
is periodic in q, we can write it as a Fourier series in q: 

( 
d ) 1/2 00 

'1/Jqs(x) = 
2

7r n~oo W8 (X- dn) eiqdn, (5.23) 

with d the lattice spacing. The coefficients W 8 (x- dn) of this Fourier series are (regarded 
as function of x) the Wannier functions of band s. They are given explicitly in termsof 
Bloch functions by the inversion formula: 

( 
d )1/21;7 . 

W8 (X- dn) = 
2

7r _2!_ e-Iqdn'l/Jqs(x) dq. 
d 

(5.24) 

Hence, the Wannier function of a given band is a linear combination of all Bloch functions 
of that same band. An extensive analysis of the properties of Wannier functions is given 
by [6]. For example, it can be proven that with Bloch functions normalized over a single 
site, such that 

21r r 2 d Jo 1'1/Jqs(x)! dx = 1, (5.25) 

Wannier functions at different sites and different bands are orthonormal 1: w;,(x- dn')ws(x- dn) dx = <5s's<5n'n' (5.26) 

where * denotes the complex conjugate and Ómm' is the Kronecker delta. Although the fact 
that Wannier functions are a linear combination of Bloch functions, they don't satisfy the 
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same Schrödinger equation. This is because Bloch fundions of different quasi-momenturn 
have different energies. In addition, Wannier fundions don't satisfy periodic boundary 
conditions. Instead they are required to decay exponentially. To obtain the differential 
equation of the Wannier fundion, we should similarly expand the energy in q: Eq = 
l:n eneiqdn. In case the lattice is very deep and hence the bands are practically flat, 
i.e. dEjdq = 0, the differential equation for the Wannier fundion does reduce to the 
Schrödinger equation. 

For the case of an opticallattice potential ofthe form (1.2), Blochand Wannier fundions 
can be obtained in closed form, including the corresponding charaderistic energies (band 
structure). This can beseen with the introduetion of the parameters 

e 

h 

- 1 -
E--Vro 

2 ' 
1 -

--Vro 
4 ' 

in the 1D Schrödinger equation in lattice units (see Appendix A). This gives 

d2'ljl 
di2 + (e- 2hcos2x)'ljl = 0, 

(5.27) 

(5.28) 

(5.29) 

which is the standard form of the Mathieu equation1. Standard solutions to this equation 
are called Mathieu fundions, and are denoted with cev(i, h) and sev(i, h), which are even 
and odd as fundion of x, respectively. Just as other special fundions, Mathieu fundions 
and their charaderistic energies are conveniently implemented in modern computer algebra 
systems. Here we will mention only briefly the properties which are relevant for us, for an 
extensive discussion of Mathieu fundions we refer to [3, 4]. 

For non-integer v, cev and sev are two independent solutions with charaderistic energy 
ev(h). At a given lattice depth h, ev(h) as fundion of v gives the band structure in the 
extended zone scheme. With f.L = m integer valued, cem and sem are periodic with the 
same periodicity as the lattice, but at different energies: e~(h) and e~(h). The other 
independent solutions for this case contain a logarithmic term and are not of interest 
for us. The charaderistic energies e~ ( h) and e~ ( h) correspond to band tops and band 
bottoms2. For our optical lattice potential we have h < 0. In this case the band top 
and bottorn of even bands (s even) are e~m- 1 (h), and e~m-2 (h), respectively. The band 
top and bottorn of the odd bands ( s odd) are given by e~m ( h), and e~m- 1 ( h). Hence we 
have e0 < e~ < ef < e~ < e~ < . . . . In the last part of this section we will use the 
energies corresponding to these band tops and band bottoms as fundion of lattice depth 
for analyzing effects due to tunneling. 

Having the general solution of the Schrödinger equation in closed form, the Bloch 
fundion can be obtained by imposing boundary conditions according to the Bloch theorem. 

10ur notation differs from the convention in standard literature [9]. There they use v = r, e =a, and 
h = q. 

2The standard notation forthese energiesis e';,.(h) = ar(q) and e:n(h) = br(q). 
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Figure 5.3: Analyzing effects due to tunneling and anharmonicity. Harmonie oscillator (HO) 
energy (dashed line), energy of band top (solid black line), and energy of band bottorn (solid 
gray line) as function of lattice depth, for the lowest band (left panel) and one but lowest band 
(right panel). Anharmonic corrections give rise to a lower energy compared to the HO levels. 
Thnneling gives rise to broadening of single well levels, which is recognized as non-overlapping 
band-top and band-bottorn energies. Energy and lattice depth are given in units of recoils Erec, 

see the text for a definition. 

With this Bloch function, we also have the Wannier function in closed form, as an integral 
over Mathieu functions, weighted by an exponential. The Wannier function obtained this 
way will be used in the next sectionasacheck for the approximate non-interading localized 
solution on a single site. 

We finish this section by analyzing the effects of tunneling and anharmonicity. For 
this, there is no need to compute the Bloch or Wannier functions themselves. It sufRees 
to analyze the charaderistic energy as function of lattice depth. Starting from a deep 
lattice, effects due to tunneling will appear as broadening of single welllevels, see Sec.5.1. 
Anharmonic corrections, to the contrary, will show a shift of the levels. Because the 
exact lattice potential will be lower than the approximate harmonie oscillator potential, 
we expect that the exact single weUlevels will be lower than the HO levels. To bear this 
out by evidence, we plot the energy of band top and band bottorn as function of lattice 
depth for the lowest two bands, together with the corresponding HO levels, see Fig.5.3. 
We find that for a deep lattice, the top-band and bottorn-band energy nearly coincide, 
indicating that the band is nearly fiat and resembles almost a single-well level. The shift 
of this level compared to the HO level is indeed negative. Also, note that this shift is 
approximately constant in this range of the lattice depth. This shows that the convergence 
of the exact lattice solution to the HO solution is quite poor. This can be understood with 
the help of (5.21), which shows that the validity of the HO approximation scales with a 
fourth root of the inverse lattice depth. For lower lattice depths, top and bottorn energy 
begin to differ, indicating that tunneling becomes important. Compared with the lowest 
band, broadening of higher bands occurs for largervalues of the lattice depth, because for 
this case the potential harrier is effectively smaller. To compare the effects of tunneling 
and anharmonicity in more detail, in Fig.5.4 we plot the ratio W / b..E as function of lattice 
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Figure 5.4: Tunneling effects compared with effects due to anharmonic terms. Ratio of the 
bandwidth W and energy shift b.E as function of lattice depth, for lowest band (solid line) and 
one but lowest band (dashed line). Lattice depth is given in units of recoils Erec, see the text for 
a definition. 

depth, with W =Et- Eb the width of a band and tiE= (Et+ Eb)/2- EHo the shift of 
the average band energy with respect to the HO level EHo- Here Et, (Eb) is the energy 
of band top (band bottom). Fig.5.4 shows that for moderately deep lattices anharmonic 
corrections to the energy are always larger than effects due to tunneling. This means that 
even for rather smalllattice depths, where the HO approximation is surely nat valid, we 
can still start solving the problem with the HO salution as zeroth order approximation, 
which can be improved by accounting for anharmonic terms in the single site potential. 
With the foregoing analysis we confirm the statement made in the previous section, that 
for going beyond the HO approximation we can still treat each site individually. 

In summary, in this section we derived Wannier functions as exact localized solutions 
in a lattice, and we have shown that for our opticallattice potential these can be expressed 
in terms of Mathieu functions. Subsequently we analyzed the effects of tunneling and au
harmonie terms for the non-interading case, to come to the condusion that to incorporate 
lattice effects beyond the HO approximation, first anharmonic corrections have tobetaken 
into account. 

5.4 Anharmonic correctionsin one dirneusion 

In the preceding sections we found that for moderately deep lattices, anharmonic cor
rections dominate above tunneling. Now we are ready to actually compute energies and 
wavefundions in the regime where our equations do nat separate. First, we will argue that 
the anharmonic corrections can be treated with perturbation theory, and introduce the 
perturbation term. Second, the general formulas for computing corrections will be given. 
Third, we analyze which terms have to be computed, and camment on the convergence 
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of the method. Fourth, an explicit test of the method is performed for the case without 
interaction. Finally, we use the method to compute corrections for the case of interading 
particles, and show how the whole lattice salution can be constructed from this salution in 
the single site approximation. This section treats only the lD case, which already contains 
all aspects of the method. The 3D case is left for the last section of this chapter. 

To be sure that the limit of a deep lattice is correct, we start with the two-particle 
harmonie oscillator (HO) salution of a single site. From Fig.5.3 we observe hat the shift 
of the HO levels with respect to the (approximately flat) bands is rather small compared 
to the energy of this level itself. Hence we might have good hope that this shift can be 
reproduced with first order perturbation theory in the anharmonic terms. To obtain the 
perturbation term we write the lattice potential as 

(5.30) 

with Vho the harmonie oscillator potential. In HO units (see Appendix A), wethen obtain 

Here p (P) is the relative (center-of-mass) coordinate in HO units and Va is the lattice 
depth in recoils. N ote that this perturbing potential in deed couples relative and center-of
mass motion. ~ V(p, P) becomes large for p, P --+ oo, however the matrix elements will be 
small anyway, because the wavefundions decay exponentially. Assuming that degenerades 
are absent3

, we can apply standard non-degenerate perturbation theory [4, 18], and obtain 
the general formula 

E!s = ('l/J~si~VI'l/J~s), (5.32) 

for the first order correction to the energy, 

(5.33) 

for the first order correction to the wavefunction, and 

(5.34) 

for the second order correction to the energy. The matrix elements ( 'l/J~s I~ V I 'ljl~, 8 ,) are 
given by the 2D integral 

(5.35) 

3When degenerades occur, we should take proper linear combinations of the basis functions '1/Jss to 
obtain correct results with the formulas given. 
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The zeroth order wavefundions are the separable solutions 

cPs(p)<Ps(P), 

Es+ Es. 

(5.36) 

(5.37) 

with cj;»8 , (<Ps) the eigenfundion of the HO potential with energy E8 (Es) corresponding 
to the relative (center-of-mass) coordinate. The quanturn numbers s, S, which label the 
different HO levels of the relative and center-of-mass motion, can have even and odd values 
starting from zero: s, S = 0, 1, 2, .... The fi.rst order wavefundion will thus be a sum of 
separable solutions. 

Now let's analyze how many matrix elements have to be computed actually. Because 
the perturbation term is even in p, P, there is no mixing between even and odd basis func
tions. Hence, half of the matrix elements vanish. In the remainder we are only interested 
in corrections with respect to the lowest HO level. For this case only even bands s, S con
tribute. Regarding the feasibility of the method, it is helpful to be able to terminate the 
sum in (5.33) for reasonable values Smruo Smax· In practice, matrix elements with s + S > 4 
are more than a factor 10 smaller than the leading values. In Table 5.4 this is illustrated 
by tabulating the matrix elements for V0 = 25, a 10 = -0.5. Regarding the convergence 

Table 5.1: Perturbation theory in anharmonic terms. Matrix elements for a lattice depth of 
Vo = 25 and a scattering length of am = -0.5. For s = S = 0 we have the first order correction 
for the energy, which is indeed small compared with the zeroth order energy E8o = 2. Matrix 
elements with s+S > 4 are more than 10 times smaller than the leading values. As a consequence, 
to obtain the corrected energy up to second order with an intrinsic accuracy of order w-5 , only 
six matrix elements have to be computed. Values are given in HO units, see Appendix A. 

s 0 2 4 6 
s 

0 -0.1698 -0.1806 -0.0304 0.0011 

2 -0.2059 -0.1133 0.0065 -0.0002 

4 -0.0654 0.0016 -0.0001 0.0000 

6 0.0012 0.0024 -0.0001 0.0000 

of the perturbation procedure as a whole, we find that the second order correction of the 
energy is typically one order of magnitude smaller than the first order correction. For the 
parameters given above the values are E8o = 2, E5o = -0.1698, and E~o = -0.02195. We 
can conclude that the procedure converges well. 
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The next step is to check the results of the perturbation method. Therefore, we confront 
the results with the exact salution for a single site, which we have in elosed farm for the 
case without interaction, see Sec.5.3. First we campare the obtained energies, second the 
resulting wavefundion is checked. 

Regarding energy, we need to campare the energy shift EÖo + E~o due to anharmonic 
corrections with the exact shift b.E from the average band energy to the HO level. To 
that end, in Fig.5.5 we plot the accuracy, which is the ratio (EÖo + E~o- b.E)/ lb.EI, as 
function of lattice depth. F:rom this figure we find that the accuracy is better than 7% 
for the plotted range lattice depth. As expected, the accuracy of the methad impraves 
when the lattice becomes deeper. The remaining inaccuracy can be caused by higher order 
correct i ons or by tunneling. Higher order corrections are expected to be of order 10-3 , one 
order of magnitude smaller than the second order correction of the energy. With an exact 
shift of order w-1, this contributes to the accuracy in the order w-2 . Hence, this might 
indeed cause the remaining inaccuracy. To convince ourselves that the inaccuracy cannot 
be attributed to tunneling effects, we plot the ratio W / b.E of Fig.5.4 in the same graph 
with a dashed line. When the remaining inaccuracy is due to tunneling, the bandwidth 
W should approximately equal the precision EÖo + E~o - b.E of the computed correction. 
From Fig.5.5 we find that this is nat the case. Even when tunneling is strongly suppressed, 
there is a remaining inaccuracy in the shift computed with anharmonic corrections. Hence 
we can conelude that the accuracy can be further improved by taking into account higher 
order corrections. 

Second, we campare the results for the wavefunction, see Fig.5.6. Shown are the first 
order corrected wavefundion 1/180 + 1/JÖo (solid line), tagether with the zeroth order HO 
salution 1/180 ( dashed line) and the exact Wannier function ( dash-dotted line), for a lattice 
depthof Va = 25Erec· As required we find that the Wannier function is localized so much 
that the sites can be treated individually. Anharmonic corrections are responsible for a 
small decrease of the probability for finding the partiele around the potential minimum, 
resulting in a small increase of finding the partiele in the harrier. The difference between the 
Wannier function and the HO wavefundion with anharmonic correctionsis small compared 
to the difference between the latter and the unperturbed HO wavefunction. This shows 
that the methad converges quickly. Even better results can be obtained by accounting for 
higher order anharmonic corrections. 

Having checked that the perturbation methad produces fairly accurate results for the 
non-interading case, we now apply it to the case with interaction. There is no additional 
complexity involved here, we only have to replace theeven HO wavefundions and energies 
with those obtained in Sec.3.3 for the case of a pure lD HO trap with contact interaction. 
Note that this allows us to treat bath weak and strong interactions, because the interaction 
is modeled exactly. We discuss the results for the energy first, second we treat those for 
the wavefunction. All results shownare computed with a lattice depthof Vo = 25Erec· For 
other values of the lattice depth similar results are obtained, because the level-shift due to 
anharmonic corrections is approximately constant for the relevant range of lattice depths, 
see Sec.5.3. 

In Fig.5.7 the results are shown for the energy as function of lD scattering length am. 
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Figure 5.5: Accuracy of the perturbation procedure. Accuracy of the computed correction (solid 
line) and ratio W / tl..E ( dashed line) as function of lattice depth Vo. Here W is the bandwidth, 
tl..E the exact energy difference between the average band energy and the HO level. EÖo and 
EÖo are the first and second order anharmonic corrections of the HO energy. This shows that 
inaccuracy of the computed shift EÖo + EÖo is not due to tunneling effects, but due to neglected 
higher order corrections. Energy and lattice depth are given in units of recoils Erec, see the text 
for a definition. 
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Figure 5.6: Accuracy of the perturbation procedure. Zeroth order HO solution ( dashed line), 
compared with the first order corrected solution (solid line) and the exact localized Wannier 
function (dash-dotted line), for center-of-mass coordinate P = 0. Also shown are the exact 
lattice potential (solid line) and the conesponding approximate HO potential ( dashed line). The 
difference between the Wannier function and the HO wavefundion with anharmonic corrections 
is small compared to the difference between the latter and the unperturbed HO wavefunction. 
This shows that the method converges quickly. Length is given in HO units, see Appendix A. 
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The dashed curve shows the dependency on the scattering length for the pure HO case, 
with the dashed asymptote the HO level of the case without interaction, o:m ----> ±oo. 
The solid lines show the corresponding results with anharmonic corrections taken into 
account4 . As expected, the anharmonic terms induce a negative shift. For o:10 ----> o+, 
this shift becomes rather small, because the wavefundion is then strongly peaked around 
p = 0 due to the strong interaction. At o:10 = ±10, the remaining difference between the 
levels with and without interaction is approximately equal for the case with and without 
anharmonic corrections. This is because for weak interaction the classical turning points 
differs only slightly compared to the non-interading case. Hence these solutions encounter 
the same anharmonic part of the lattice potential. Turned the other way around, Fig.5. 7 
shows that the limit to zero interaction is correct, which we also checked explicitly. 
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Figure 5. 7: Energy € as function of lD scattering length o:m, including anharmonic conections. 
The dashed line shows the dependency on the scattering length for the pure HO case, with the 
dashed asymptote the HO level of the case without interaction, o:m ___, ±oo. The solid lines 
show the conesponding results with anharmonic conections taken into account. As expected, 
anharmonic corrections induce a shift of the levels. For the calculation a lattice depth of Vo = 
25Erec is used. Length and energy are given in HO units, see Appendix A. 

Next the results for the wavefundion are discussed. To that end, in Fig.5.8 the zeroth 
orderand first order corrected wavefundion is shown, for center-of-mass coordinate P = 0, 
and o:10 = -0.5. Similar to the non-interading case, anharmonic corrections are respon
sible for a small decrease of the probability density around the bottorn of the trapping 
potential, conesponding to a slight increase for the probability density in the barriers. At 
p = 0, the wavefundion has a cusp, in accordance with the boundary condition of the 
contact potential. This cusp is equal for both corrected and zeroth order wavefunction, 

40n this scale, one cannot distinguish differences between first and secoud order correction to the 
energy. 
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Figure 5.8: Zerothorder (dashed line) and first order corrected wavefunction (solid line) with 
interaction at P = 0, for a lattice depth of Vo = 25Erec, and a scattering length of a 10 = -0.5. 
Anharmonic corrections are responsible for a small decrease of the probability density around the 
bottorn of the trapping potential, corresponding to a slight increase for the probability density 
in the harriers. The cusp at p = 0 is in accordance with the contact potential, and is identical 
for both zeroth order and first order corrected wavefunction. Also shown are the exact lattice 
potential ( solid line) and the corresponding approximate HO potential ( dashed line). Length is 
given in HO units, see Appendix A. 

because anharmonic terms don't mix even and odd HO solutions. This shows that the 
interaction remains modeled exactly. 

We finish this section by discussing the construction of the whole lattice solution. Math
ematically speaking, we already do satisfy the boundary condition for the relative coor
dinate. For the center-of-mass, we have the boundary conditions (3.14), (3.15) according 
to the Bloch theorem. To satisfy these boundary conditions, we can use the construction 
first encountered in Sec.5.1, for a 1D lattice with just one particle. Compared with that 
case, we have obtained a realistic two-particle single-site wavefunction, almost equal to the 
exact localized solution, which is a Wannier function. Hence, the whole lattice solution 
can be written as 

00 

'l/;Q(r,R)= L eiQdn('l/Jg0 (r,R-dn)+'l/JÓ0 (r,R-dn)), (5.38) 
n=-oo 

where d = 1r/kL is the lattice spacing, and Q is the center-of-mass quasi momentum. 
Physically, the pair of interading atoms experiences a periodic potential when the pair 
as a whole is translated over a lattice site. When interaction vanishes, one might think 
that there is also periodicity in the relative motion. However, a construction similar to 
the center-of-mass coordinate is not valid for the relative motion, because we don't impose 
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periadie boundary conditions for the relative motion when interaction vanishes, since we 
assumed that the interaction potential breaks the periodicity right from the start. There is 
no need to worry about this, because the salution for every single site does become identical 
to the non-interading Wannier function for two particles in the limit when interaction 
vanishes, as we have shown in the preceding. 

In conclusion, in this section we have shown that perturbation theory in the anharmonic 
terms can be used to imprave the salution for a single site beyond the harmonie oscillator 
approximation. Doing so, the problem of non-separability is solved efficiently by treating 
it as a perturbation, meanwhile rnadeling the interaction exactly. By comparison with 
the exact single-site salution without interaction, we found that the methad gives fairly 
accurate results already with the first order corrected wavefundion and the second order 
corrected energy. In the next section we generalize the methad to three dimensions. 

5.5 Anharmonic corrections in three dimensions 

This section deals with the generalization of the perturbation methad introduced in the 
previous section to three dimensions. No new conceptsneed to be introduced anymore, we 
only have to find a way to deal with the increased complexity. Hence, the task is mainly 
to discuss how we break this complexity into parts, such that the remairring problems 
(integrals) are doable. To that end, this section is structured as follows. First, we show 
how the lD case without interaction generalizes to the 3D. Second, we analyze the 3D case 
with interaction, which involves the emergence of spherical coordinates for the relative 
motion. Finally, we discuss the results of the perturbation methad and construct the 
whole lattice solution. 

In the remainder it is convenient to label the Cartesian components of relative and 
center-of-mass vector with indices i = 1, 2, 3: p = (Pb p2 , p3 ), P = (P1 , P2 , P3), respec
tively. With this notation, we can write the perturbation term as 

3 

~V3n(P, P) = L ~V(pi, Pi), (5.39) 
i=l 

with ~V(p, P) defined by (5.31). We thus find that the perturbing potentialis equal along 
each Cartesian axis. Just as in the previous section, we restriet the discussion in the 
remainder to the lowest band. With and without interaction, this salution is also equal 
along each Cartesian axis. Hence, the salution perturbed by anharmonic terms will be 
equal along each Cartesian axis. 

Now let's analyze how this comes out for the non-interading case. The zeroth order 
salution in Cartesian coordinates can be written as a product of lD solutions: 

3 

~~1S2S3S1S2S3 (p, P) = rr ~~isi (pi, Pi), (5.40) 
i=l 
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with 

(5.4I) 

(5.42) 

<Ps;, ( <I>sJ is the ID the eigenfundion of the HO potential with energy Es; (EsJ, corre
sponding to the relative (center-of-mass) Cartesian coordinate i. The quanturn numbers 
si, Si, which label the different HO levels of the relative and center-of-mass motion, can 
have even and odd values starting from zero: si, Si = 0, I, 2, .... For notational convenience 
we omit the labels s1s2s3S1S2S3 for the lowest band salution in the following, and write 

3 

~~n(P, P) = ~gooooo(P, P) = IT ~0 (Pi, Pi), 
i=l 

with ~0 = ~g0 . The 3D matrix elements become a sumover ID matrix elements 

(~~1s2s3s1s2s3I~V:ml~~n) = (~~lsli~VI~0)(~~2s21~0)(~~3s3 l~0) + 
(~~1s1l~0 ) (~~2s2l~ Vl~0 ) (~~3s3 l~0 ) + 
(~~1s1l~0 ) (~~2s2l~0 ) (~~3s31~ Vl~0 ) 
(~~1 s1 1~VI~0) Ös2oÖs2oÖs3oÖs30 + 
(~~2s2 1~VI~0) Ös1oÖs1oÖs3oÖs3o + 
(~~3s3 1~VI~0 ) Ös10 Ös1o Ös2o Ös2o, 

(5.43) 

(5.44) 

(5.45) 

with Öss' the Kronecker delta. Hence, similar to ID, all matrix elements with odd si,Si 
vanish 

(5.46) 

The most important result is that except for s1 = s2 = s3 = S1 = S2 = S3 = 0, each 
term in (5.44) only contributes when the other two terms are zero. As a consequence, the 
perturbation along each axis can be treated independently, and the 3D result reduces to a 
sum over ID results. The first and second order corrections to the energy read 

(5.47) 

(5.48) 

with E1 = EÖo (t:2 = E60 ) the first (second) order corrections for ID. For the first order 
wavefundion we obtain 

~~n(P, P) = ~ 1 (pl, Pl)~0 (p2, P2)~0 (p3, P3) + 
~0 (p1, P1)~1 (p2, P2)~0 (p3, P3) + 
~0 (pl, PI)~0 (p2, P2)~1 (p3, P3). (5.49) 

Here ~1 = ~Óo is the ID first order correction to the wavefunction. We stress that the 
perturbation along each Cartesian axis is identical, as required. In addition, this shows 
that the accuracy of the perturbation methad is the same as in ID. 
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Having shown how the non-interading case generalizes to 3D, we now discuss the case 
with interaction. This introduces additional complexity due to the emergence of spherical 
coordinates for the zeroth order eigenfundions of the relative motion. However, treating 
this case involves no more than clever bookkeeping. As is found for the non-interading case, 
in the first place all matrix-elements invalving odd functions along a particular Cartesian 
axis vanish. Secondly, the perturbation along each axis can be computed independently 
from the other axes. The latter allows us to do the bookkeeping, which is to distinguishing 
spherical and non-spherical contributions. Matrix elements invalving spherical eigenfunc
tions (s-waves) are identical along each axis, and have to be computed only once. In ad
dition, these are the dominant contributions. This computation is most conveniently done 
along the p3 axis, because then azimuthal dependency factors out, leaving a 3D integral, 
because polar dependency remains in the perturbation term. Matrix elements invalving 
non-spherical terms are not equal along each Cartesian axis, and they contribute weakly 
compared to the spherical terms. Although small, these contributions are necessary to limit 
correctly to the non-interading case. The non-spherical terms involve four-dimensional in
tegrals, what make them rather time-consuming. Typically weneed to compute 6 spherical 
and about 13 non-spherical matrix elements to attain the same accuracy as in 1D. 

After this concise analysis of the generalization to 3D for the case with interaction, now 
the results are treated. First we show and discuss the results for the energy, second that 
for the wavefunction. 

In Fig.5.9 the energy is shown as function of -1/ a, with a the 3D scattering length 
in HO units. The dashed curve shows the dependency for the pure 3D HO case, with the 
dashed asymptote the HO level of the non-interading problem, a --t 0. The solid line 
shows the corresponding energies with anharmonic corrections taken into account5 . The 
comments of the 1D case apply here as well, with the additional camment that the shift 
is now a factor 3 larger, as all spatial dimensions contribute evenly. Further, the limits 
to zero interactions are checked explicitly, by comparison with the salution completely in 
Cartesian coordinates. 

In Fig.5.10 the zerothorder and first order corrected reduced wavefundion IPI '1/J(p, P) 
is shown with P = 0, along the p1 axis. Used parameters are a lattice depthof V0 = 25Erec 
and a scattering length of a = -0.5. Just as in 1D the probability density is decreased 
around the origin, resulting in a slight increase of its width. In addition, we emphasize 
that although the perturbation term mixes non-spherical and spherical waves, the boundary 
condition for the reduced wavefundion remains unperturbed by anharmonic terms. This 
is because the non-spherical partial waves that are mixed, are all of order p3 or higher as 
p --t 0, which results in both vanishing value as vanishing first order derivative at p = 0. 
Due to the short-range character of the interaction potential, the actual scattering center 
remains spherical symmetrie, allowing us to model the interaction exactly. 

Finally we generalize the construction of the whole lattice salution to 3D. There is 
no hard work needed here, since this only deals with the center-of-mass. We can write 

50n this scale, one cannot distinguish differences between first and second order correction to the 
energy. 
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Figure 5.9: Energy é as function of -1/a, including anharmonic corrections. Here a is the 
scattering length. The dashed line shows the dependency on the scattering length for the pure 
HO case, with the dashed asymptote the HO level of the case without interaction, a ___.., 0. The 
solid lines show the conesponding results with anharmonic corrections taken into account. As 
expected, anharmonic corrections induce a shift of the levels. For the calculation a lattice depth 
of Vo = 25Erec is used. Lengthand energy are given in HO units, see Appendix A. 

straightforwardly 

1PQ(r, R) = '2: eiQ·a ( 1P~0 (r, R-a)+ 1P~0 (r, R-a)) , (5.50) 
a 

with direct lattice vector a = ( n 1 d, n2d, n3d), where d = 1r / kL is the lattice spacing, and Q 
the center-of-mass quasi momentum. The comments of the previous section apply here as 
well. 

In conclusion, we found that the generalization of the perturbation method to three 
dimensions gives results as accurate as in lD, with effects that are a factor three larger 
than in lD because each dimension contributes evenly. Hence, also in 3D we have solved 
the problem of non-separability by using an effi.cient method which treats non-separability 
as a perturbation, meanwhile rnadeling the interaction exactly. 
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5.5. Anharmonic corrections in three dimensions 
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Figure 5.10: Zerothorder (dashed line) and first order corrected reduced wavefundion (solid 
line) with interaction at P = 0, along the Pl axis. Used parameters are a lattice depth of 
Vo = 25Erec and a scattering length of a = -0.5. Anharmonic corrections are responsible for a 
small decrease of the probability density around the origin, conesponding to a slight increase of 
its width. The non-zero value and derivative at p = 0 is in accordance with the contact potential, 
and is identical for both zeroth order and first order corrected wavefunction. Length is given in 
HO units, see Appendix A. 
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Chapter 6 

Application 

After all effort that is put in deriving a non-separabie salution of two interacting cold 
atoms in an opticallattice, now it is time to apply these results toa recent experiment. As 
already mentioned in the introduction, in the group of Bloch, an experiment is carried out 
with bosonic spin mixtures. In this chapter we will investigate whether the encountered 
discrepancies between current theoretica! predictions and the experimental results can be 
improved by rnadeling interaction effects exactly and/ or by taking into account lattice 
effects beyond the harmonie approximation. This chapter is organized as follows. First, a 
short introduetion is given tospin dynamics. Second, we discuss the Rabi model that is used 
to explain the experimental results. Third, we show how coupling parameters are calculated 
with the model currently used. Fourth, we discuss various ways to compute corrections to 
this model, show and discuss the computed corrections, and draw conclusions. We will not 
go into the experimental details themselves, for this we refer to the paper of Widera et al. 
[49], and references therein. 

6.1 Spin dynamics 

Cold atoms are commonly trapped by magnetic traps and optical traps, or by a combination 
of these two. For example, the first realization of a BEC was created in a magnetic trap. 
With magnetic potentials, only specific atomie spin states, so called low field seekers, can 
be trapped. However, with optical traps and opticallattices, all spin stat es can be trapped, 
which makes experiments with different spin mixtures possible. In such systems intriguing 
phenomena occur: as a consequence of coherent two-body interactions, the individual 
spins of the scattered atoms can change while the total magnetization is conserved. This 
means that the individual spins of the atoms change in time, giving rise to spin dynamics. 
Sirree the interaction potentialis generally spin-dependent, not all spin configurations have 
the same interaction energy. The total spin configuration with the lowest energy at zero 
magnetic field, is referred to as the magnetic ground state of the multi-component gas. 
One of the motivations to study spin dynamics, is to gain information about the spin
dependent interaction strengths, thereby being able to identify the nature of the magnetic 
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ground state. Several experiments with spin-mixtures involve a spin-1 8~b BEC, whose 
ground-state is predicted to be ferromagnetic. A difficulty that one has to deal with by 
using such systems, is the weak coupling strength of the spin-changing interaction. As a 
consequence, the relaxation time to the ground state is rather long. The group of Bloch 
proposes to investigate the spin-dynarnies for the system in the Mott-insulator state, which 
leadstoa significant enhancement of the coupling strength. They arrange the system such 
that there are exactly two atoms per lattice site. The optical lattice is made deep enough 
so that the atoms can neither tunnel nor be excited to the next level of the single site 
well. Hence, we are effectively dealing with the spin-dynarnies of just two atoms on a 
single site. Because the system operates in the small energy limit, interactions between 
the atoms can be parameterized with the scattering length. Therefore, when two different 
spin-states have different interaction energies, this will be refiected as a difference between 
two scattering lengths. As a consequence, the nature of the magnetic ground state can 
be predicted from the difference of two scattering lengths. Turned the other way around, 
measuring interaction energies in a spin dynamics experiment provides a test for theoretica! 
predictions of scattering-length differences. 

6.2 Rabi model 

In the remainder, we will restriet the discussion to a spin-1 system1
. As will turn out, this 

can be mapped onto a two-level system. We will now elaborate a bit on the results of the 
experiment introduced in chapter 1. Starting with a BEC in a magnetic trap, one is able 
to select a specific initial spin state 

(6.1) 

where m1,m2 are the magnetic quanturn numbers of the single-partiele Zeeman states of 
the two atoms, and f is the hyperfine spin. Because only one specific initial spin-state 
can be prepared in a magnetic trap, we have m 1 = m2 . After loading the BEC from 
the magnetic trap into the optical lattice, one switches off the magnetic trap, leaving the 
system in the pure optical trap to perform a particular spin dynamics experiment. The 
initial state is than in general coupled via collisions to one or several final spin states 

(6.2) 

characterized by quanturn numbers m3 ,m4 • Because magnetization is conserved, we have 
m 1 + m2 = m3 + m4 . The simplest case which can be considered is the initial state 
lxi) = 11, 0; 1, 0). The only possible final state with a different spin contiguration then is 
IXf) = 11, +1; 1, -1). As a consequence, we are dealing with a two level system, see Fig.6.1. 
Like any two-level system, it can be described by a Rabi model, which is in this case a 
Rabi model for a two-particle state. There is no external driving force, the interactions 

1This is, the hyperfine spin (nuclear and electron spin together) of individual atoms, equals f = 1. 
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Figure 6.1: Two level system for two spin-1 atoms in a deep optical lattice. (a) , two atoms are 
localized in the lowest vibrational state of a single well, whose level spacing is in the order of !Uv . 
Interaction between the atoms can change their spin orientation but preserves total magnetization. 
(b) the processcan bedescribed by a two level model with coherent coupling between initia! spin
state IXi ) = 11, 0; 1, 0) and finalspin-state IXf) = 11, +1 ; 1, -1), where nif represents the coupling 
strength of the spin-changing interaction, and Óif depends on the difference between the interaction 
energy of the two levels , which can be adjusted with thesecondorder Zeeman effect . mf denotes 
the single-partiele magnetic quanturn number. Figure taken from [42]. 

drive the dynamics of the system. Hence, the probability to find the atom pair in the final 
state is given by the Rabi formula 

Pf = ~~ [1- cos(n;ft)]. 
2~'if 

(6 .3) 

Here n;f is the effective Rabi frequency, given by 

(6.4) 

where Oif is the bare Rabi frequency, depending on the coupling strength of the spin
changing interaction ('llr!Vintl'lli) , with Vint the effective interaction potential between the 
atoms in the pair, and l'lli ), l'llf) the total initialand final state, respectively, which includes 
both spatial and spin degrees of freedom. The detuning óif can be written as 

(6.5) 

Here Óint is given by the difference of interaction energies ('lldVintl'lli ) - (wfiYlntl'llf), corre
sponding to collisions where the spin-contiguration is not changed. The other contribution 
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to the detuning is due to a constant magnetic field , which induces a second order Zeeman 
shift2

. After preparing the system in the initial state, one measures the final spin distri
bution after a variabie hold time. Doing this for many hold t imes gives the population 
of the different spin states as a function of time, from which the effective Rabi frequency 
can be extracted. A typical measurement is shown in Fig.6.2(a). The measurement of just 
one effective Rabi frequency does not provide enough information do obtain the sign of 
the interaction strengths. Because the dependency of the Zeeman shift is known, repeat
ing t he experiment as function of magnetic field does allow a determination of the sign 
of the interaction strength. Fig.6.2(b) shows the effective Ra bi frequency as a function of 
magnetic field. The dashed line shows a theoretica! prediction of the Rabi frequency. This 
prediction is based on a model for calculating the interaction strength directly from scat
tering length differences, which themselves are determined from three other experiments 
[31]. The shaded region reflects uncertainties in lattice depth and magnetic field , but not 
the error bars of the scattering lengths themselves. At this point we stress the discrepancy 
between the theoretica! predictions and the experimental results . In addition, the error 
seems to be systematic. In the next section we will discuss the model from which the 
effective Rabi frequency is computed. 

6.3 Coupling parameters 

When the spatial and spin degrees of freedom are independent , a particular two-particle 
total state can be written as 

(6.6) 

with 11/J) labeling the wavefunction, which is in coordinate representation given by 1/J (x1 , x2 ), 

and S the symmetrization operator. Such a separation is indeed possible when we write 
the interaction potential as 

2f 
V:~t(xl - x2) = V1ó(3)(xl- x2) = ó(3)(xl- x2) L9FPF, 

F=O 
(6.7) 

where 8(3) the 3D Dirac delta function, f the one-particle hyperfine spin , 9F 4:;
2 
aF, 

PF = l:~p=-F IF,mF)(F,mFI the projection operator onto the subspace of total two
particle spin F, and aF the scattering length conesponding toscattering in subchannel F. 
This way, the matrix element connecting a particular initial and final state can be written 

2The first order Zeeman-shift is identical for initia! and final states, because magnetization is conserved. 
Is should also be noted that the applied magnetic fields are in a range where the scattering length is 
constant, which we have checked explicitly. 
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Figure 6.2: Spin dynamics for a spin-1 atoms in a deep opticallattice. (a ), Spin population of 
11, 0; 1, 0) ( • ) and 11, + 1; 1, -1) ( o ), at a magnetic field of B = 0.28G. (b ), Oscillation frequency 
as function of magnet ie field of the spin population oscillations for a spin-1 atoms in a deep optical 
lattice. The dashed line shows t he expected behavior based on the model of Sec.6.3, with the 
shaded area reflecting experimental uncertainties in lattice depth and magnetic field. The solid 
line is a fit of the expected behavior t hrough the measured data points ( • ). The experiments 
where carried out with a lattice depthof Va = 45Erec · Figure taken from [49]. 
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as 

where 

(7fri8(3)(xl- x2)1 7fi) x 
2/ F 

x L L gF(J, m1 ; J, m2JStJF, mF)(F, mFISJJ, m3;j, m4) , 
F=Omp=-F 
2/ F 

Ü x L L aF(!, m1 ; J, m2IStJF, mF)(F, mFISJJ, m3; J, m4),(6.8) 
F=Omp=-F 

(6.9) 

with </>o being the wavefunction of the single site well without interaction. Here the contact 
potential is used in a perturbative approach, which effectively comes down to consiclering 
the interaction energy as a power series in a = aj aha .../2, see [15]. The factor Ü defined 
this way, has the dimension of energy per length, and is identical for every collision. Hence 
all differences between interacti~n energies are due to differences in scattering lengths. As 
a consequence, a deviation in U introduces systematic errors. Note by projecting onto 
the subspace F, first the initial one-particle spin-state is written in terms of two partiele 
spin states, and subsequently the two-particle spin states are transformed back to the final 
one-particle spin state. By expressing such spin states into each other, the famous Clebsch
Gordan coefficients emerge. Tagether with the weighing factors of the symmetrization 
operator, we find the following coupling strengths for the particular initial and final states 
of interest: 

('l!rJVlntl\lli) 
(\l!dV'int Jwi) 
(w rl Vlnt I W r) 

.J2 · Ü · (a2- ao)/3, 

= Ü · (a0 + 2a2)/3 , 

Ü · (2ao - a2) /3. 

(6.10) 
(6.11) 
(6.12) 

The bare Rabi frequency and detuning due to interaction are related to these coupling 
strengths as 

Substitution gives 

('l!riV'intlwi), 

(\lldV'intlwi)- (\lldV'intlwi)· 

Ü /!i· 2J2 · (a2 - a0 )/3, 
Ü /!i· (a2- ao)/3. 

(6.13) 

(6.14) 

(6.15) 

( 6.16) 

Hence, this models prediets that the effective Rabi frequency depends effectively only on 
the parameters Ü and a2- a0 . It should be noted that the barevalues a0 and a2 are almast 
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equal, as follows from recently calculated values given in Table 6.1. This gives rise to a 
predicted difference with a relatively large uncertainty ( a2 - a0 )pred = ( -1.38 ± 0.3)ao, 
with ao the Bohr radius. From the experiment, the following detuning is extracted: 
Óint = 21rx ( -11.8~g:g4 )Hz, where the upper error is the statistica! uncertainty, and the lower 
a systematic uncertainty in the lattice depth. The experiment is carried out at a lattice 
depth of approximately Vo = 45Erec, which gives U= 27r x (33.0 ± 1.4)Hz/ao. Combining 
Óint and U gives for the scattering length difference: (az- ao)exp = ( -1.07 ± 0.1 )ao. Hence, 
the numbers agree within 30%, but we should be aware that the uncertainty is model
dependent, and the result depends critically on the accuracy of the lattice depth. For this 
to be an accurate test of the predicted scattering length difference, the lattice depth should 
be calibrated independently. From the theoretica! side, it is of interest whether the approx
imation of taking the interaction as a perturbation does introduce systematic deviations as 
well. In addition, it is interesting to analyze the effects of anharmonic corrections, which 
depend on the lattice depth. In the next section we shall discuss how we can calculate 
corrections to this model using the results presented in the preceding of this thesis. 

Table 6.1: Theoretica! predictions for the scattering lengths of the F = 0 and F = 2 channel, 
with F the total two-particle spin, basedon recent calculations [31]. The values are given in units 
of the Bohr radius ao. 

F ap [ao] 
0 101.78 ± 0.2 
2 100.40 ± 0.1 

6.4 Corrections to the Rabi model 

In Sec.6.2 we found that there seems to be a systematic discrepancy between the theoretica! 
predictions and the experimental findings. In the previous section we saw that the coupling 
strengths all depend on the parameter U, a direct effect of taking into account interaction 
energies up to first order in the scattering length. In this section we discuss how corrections 
to this model are computed, we show the results of actual computations, analyze them, 
and draw conclusions. 

To correct for a systematic discrepancy, one might think of computing a correction to 
U, since it has been calculated with non-interading wavefunctions only. This comes down 
to incorporating higher order contributions of the parameter a. With the results obtained 
in the chapters 3 and 5, we are in a position that we can directly compute the interaction 
energy of the interading atoms in a single site of the optical lattice, without the need of 
computing a new matrix element. All higher order contributions of the scattering length 
to the interaction energy are already incorporated in energy spectra such as Fig.5.9. 

To compute corrections we perform the following procedure. First we calculate the 
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coupling strengths 

J2 ·U· (a2- ao)/3, 

U· (ao + 2a2)/3, 

U· (2ao- a2)/3, 

(6.17) 

(6.18) 

(6.19) 

following the model in the previous section, using harmonie oscillator wavefunctions. These 
were also used in the initial model of the Bloch group [42]. They serve as starting point 
for camparing effects due to anharmonic terms and effects due to higher orders of the 
scattering length. For the constant U we obtain [;ho= 27r x 35.7Hz/ao. Second, the same 
is done, now using Wannier functions, to account for anharmonic effects. These anharmonic 
terms arealso taken into account in the computation of U, as done by Widera et al. [49]. 
Third, we compute the coupling strengths using the model of Sec.3.3, still in the harmonie 
approximation, but now with the interaction modeled exactly using the contact potential. 
These coupling strengths are given by 

J2 · (Eint(ao)- Eint(a2))/3, 

(Eint(ao) + 2Eint(a2))/3, 

(2Eint(ao) + Eint(a2))/3. 

(6.20) 

(6.21) 

(6.22) 

Here, the interaction energy is defined as Eint(a) = E(a)- E(a = 0). Fourth, we perform 
the same calculation, now with exact interaction energies which are corrected for anhar
monic terms, as obtained in Sec.5.5. Having calculated all these coupling strengths, we 
finally compute the parameters n;f, Oif, and 8int of the Rabi model. Proceeding this way, 
we obtain one overall correction factor compared with the pure HO calculation. All calcu
lations were performed with the scattering lengths given in Table 6.1, at a lattice depthof 
Vo = 45Erec· In Table 6.2 the results are summarized. 

Table 6.2: Correction factor n;r~n;ro of the effective Rabi frequency n;f, compared to the effec
tive Rabi frequency of the model discussed in Sec.6.3, computed with pure harmonie oscillator 
wavefundions without interaction (left column). The first row shows the result when only au
harmonie effects are taken into account, which is computed with Wannier functions instead of 
harmonie oscillator functions. The result in the second row is obtained when the interaction 
is modeled exactly by a contact potential, still in the harmonie approximation. In the third 
row both corrections are taken into account. In the right column the conesponding values for 
the ratio between the theoretica! n;f and the experimentally obtained effective Rabi frequency 
n;~xp = 21r x (35.4 ± 0.7)Hz is shown. 

included corrections n;r~n;fo 0' ;nexp if if 
anharmonic 0.897 1.25 

contact potential model 1.033 1.43 
anharmonic + contact potential model 0.935 1.30 
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6.4. Corrections to the Rabi model 

As expected from the results of the previous section, anharmonic corrections induce a 
negative shift of the interaction energy. This shift is of order 10%. To the contrary, higher 
order effects of the scattering length induce a positive effect, which is of order 3%. Hence, 
the overall factor U as currently used takes into account the interaction energies with an 
accuracy of 3%. Therefore, basedon these calculations, we conclude that the discrepancy 
between theoretica! predictions and experimental results cannot be attributed to higher 
order interaction effects on the wavefunction. In fact, the first order approximation for 
the interaction energy is already fairly accurate. This can be understood by consiclering 
the value of a for the lattice depth Va = 45Erec· In units of the Bohr radius ao, we have 
for scattering length typically a ~ IOOao, while for ahoJ2 a value of ahoJ2 ~ I400ao 
is obtained. Herree a = a/ahoJ2 ~ 0.07. In addition, because a2 - a0 is only a few 
percent of the values a0 , a2 themselves, it is indeed allowed to take the interaction energy 
linear in the difference a2 - a0 . The only effect of modeling the interaction exactly, is a 
slightly increased proportionality constant. We verified these calculations by computing 
the coupling strengths directly in the one-particle spin basis, this gave only very small 
deviations, below O.I %. In addition, we performed a calculation of interaction energies 
directly from the differences of the scattering lengths. This gave rise to a positive sign of 
the detuning, being in contradiction with the experimental results. 

By computing these corrections, we have checked the internal accuracy of the model. 
However, there is still a strong dependency on the accuracy of the bare scattering lengths 
which we did not yet take into account: ~(a2 - a0)/(a2 - a0) = 0.2. Although we did not 
discussed it here, for the spin-2 case the relevant scattering length differences are a factor 
2-6 larger compared tothespin-I case. In the spin-2 case, the corresponding discrepancies 
arealso smaller than inthespin-I case, which indicates that the discrepancy can possibly 
partly be attributed to the uncertainty inthebare scattering lengths. It would therefore be 
interesting to find an independent way to narrow down the error-bars of the bare scattering 
lengt hs. 

Apart from the uncertainties in the scattering lengths, as a last comment we mention 
that a systematic error can be caused by the inhomogeneity of the system, which is due to 
the Gaussian profile of the laser beams, introducing an additional harmonie confinement. 
As a consequence, the coupling strengths become a decreasing function of position. It 
would be interesting to calculate the effect of this additional confinement on the overall 
spin dynamics of the system. 

In summary, in this chapter we analyzed the effects of anharmonic terms and higher 
order corrections to the interaction energy of the Rabi model descrihing the spin dynamics 
experiment carried out in the group of Bloch. Based on the corrections we found, it is 
concluded that the discrepancy between experimental results and theoretica! predictions 
decreases due to anharmonic corrections by about IO%. However, the discrepancy increases 
by 3% if we modify the relative wavefundion to be consistent with a scattering solution due 
to our contact potential. The result is a 7% improverneut with respect to the initial model 
of the Bloch group. Although the discrepancy is still 30%, this is just within theoretica! 
and experimental error-bars. 
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Chapter 7 

Conclusions and Outlook 

In this Master thesis we derived a solution of interacting atoms in a non-separable op
tical lattice. The interaction is modeled exactly using a contact potential, while the 
non-separable effects are treated as a perturbation, starting from the separable harmonie
oscillator solution of a single site. This solution is valid for all values of the scattering 
length and when tunneling can be neglected. Just as in the pure harmonie oscillator case, 
this model shows that by tuning the interactions with the mechanism of a Feshbach reso
nance, it is possible to couple two sequential energy bands, which are in effect single-well 
levels. Even for strong interactions, when the scattering length diverges, the total energy 
remains finite. The model gives fairly accurate results, as we have checked in the limit of 
zero interaction by comparison with the exact solution without interaction. 

In addition we derived a separable solution for the empty lattice case, where the lattice 
depth vanishes. For the scattering type solutions, periodicity is only encountered in the 
energy and norm in the wavefunction, while the preserree of interaction is encountered as a 
phase-shift. For bound state like solutions, no periodic effects remain; wavefunction, norm 
and energy are all determined by the scattering length. 

Further we performed a rigorous test of using the contact potential fora tightly-trapped 
two-atom system, by camparing it with the numerically exact solution of a realistic finite
ranged interaction potential. We found for 8'Rb, that when the actual range of the inter
action potential is only a factor 4 smaller than the typkal width of the trapping potential, 
this zero-range contact potential still gives fairly accurate results. In practice opticallat
tice potentials are less tight; hence for current experiments the zero-range approximation 
is certainly valid. 

Finally we applied the non-separable lattice solution to a recent experiment with spin 
dynamics, to see whether encountered discrepancies between theory and experiment can 
be attributed to the combination of anharmonic corrections and higher order interaction 
effects. Based on our model, we were able to decrease the discrepancy. This was mainly 
due to the anharmonic corrections, while the interaction effects work counteractive. 

In future it is of interest to extend our model by incorporating tunneling effects. The 
interplay between tunneling and interaction willlead to very interesting physics. In recent 
years, important theoretica! progress has been reported in this field [35, 40, 43]. The 
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Chapter 7. Conclusions and Outlook 

essential physical picture is that for effective repulsive interaction, the system supports a 
bound state like salution of atoms pairs, positioned below or between the energy bands of 
the non-interading spectrum. In addition there are scattering like, phase-shifted solutions 
in the bands, in analogy with the empty lattice case. Due to tunneling, the bound state 
like salution can extend over many lattice sites. A pair between two bands is stabie because 
the Bloch band allows only a maximum kinetic energy for two atoms, not enough to absorb 
all interaction energy. The pair as a whole is able to tunnel to a neighboring site, but the 
atoms cannot move independently through the lattice. Recently, such repulsively bound 
atom pairs arealso observed experimentally [48]. 

What still remains to be solved is the conneetion between the pure single-site salution 
and the whole lattice solution. The present models only incorporate a molecular-bound 
single-site salution in the limit of zero tunneling, but not the whole spectrum of single-well 
levels which we obtained. Tunneling of the center-of-mass is effectively already incorporated 
in our construction of a whole lattice salution with single-site solutions. Hence we expect 
that at least in the limit when tunneling vanishes, atoms can be transferred between two 
bands by tuning the interaction strength through resonance, which is also observed in a 
recent experiment [45]. In addition, geometrie resonances in the effective coupling strength 
between the atoms are predicted as a direct effect of non-zero tunneling. Moreover, because 
of the periodicity in the center-of-mass motion of a pair, this coupling strength depends on 
the center-of-mass quasi momentum. Hence accounting for tunneling introduces a really 
rich behavior of the system. Inspired by our approach with anharmonic terms, we could 
make progress by incorporating the non-separabie tunneling effects to neighboring sites, 
treating the tunneling in an iterative perturbation procedure. 

Another interesting application of our results is related to fundamental interest in mak
ing a molecular BEC of composite bosons. For such molecules laser cooling is difficult since 
the molecules contain many vibrational energy levels. Instead, photoassociation might pro
vide a way to create such a molecular BEC, starting from an atomie BEC, loaded in an 
optical lattice. With photoassociation it is possible to transfer two initially separated 
atoms into a molecule by shooting at it with an almost resonant laser. Absorption of a 
laser photon transfers the separated atoms to a higher quasi bound state. From this quasi 
bound state they can decay into a real molecular bound state by (stimulated) emission 
of another photon. In the efficiency of this process, the oscillations of the wavefundion 
near the classica! turning points of the interaction potential play a crucial role. Based 
on our model we found that although the lattice is non-separable, the interaction region 
remains spherically symmetrie. Hence we can start photoassociation calculations based 
on the pure harmonie oscillator salution for a single well, later on treating non-separabie 
effects systematically using perturbation theory. 
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Appendix A 

Dimensionless units 

To solve the Schrödinger equation it is often helpful to introduce dimensionless units. For 
the Schrödinger equations (3.9),(3.10), of two interaction particles in an opticallattice, two 
choices for making the variables dimensionless turn out to be convenient: lattice units and 
harmonie oscillator (HO) units. In this appendix both unit systems are discussed insome 
detail. First we introduce lattice units and HO units by introducing the relevant length 
and energy scales for a one partiele Schrödinger equation. Secoud we discuss differences 
that occur for the case of two particles in relative and center-of-mass coordinates. 

Let's start with a lD Schrödinger equation with an opticallattice potential in the form 
(1.2), with lattice depth Vo and lattice spacing 27r /kL: 

fî2 d2'ljl 
- - -d 2 + Vo sin2 

( kLx) 'Ij! = E 'Ij!. ( A.l) 
2m x 

All other symbols have there usual meaning. As naturallength scale of the lattice we use 
kL1

. Scaled on this length, in the kinetic energy term the natural energy scale emerges: 
Erec = n;:;:., known as recoil energy (see Sec.1.2). Hence, with the transformation 

x kLx, 

E 
E 

Erec ' 

Vo 
Vo 

Erec ' 
the Schrödinger equation in lattice units becomes: 

d2'ljl - . 2 - -
- dx2 + Vo sm (x) 'Ij! = E 'Ij!. 

In HO units, lengthand energy are scaled according to the HO frequency w: 

x 

E 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

(A.7) 
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Appendix A. Dimensionless units 

With aho = ["li; the HO length. The Schrödinger equation then reads: 

d27f; Vo 0 2 
- dÇ2 + hw/2 sm (kLahoÇ)?j;=E?j;. (A.8) 

The conneetion between HO units and lattice units is obtained for a very deep lattice 
potential: 

As a consequence, we have 

nw 
2Vo 

w = V 2Vokl = nkl {Va_ 
m m YB: 

n2k[ {Va= Vo -1/2 

2mVo YB: ' 
- -1/4 

= Vo ' w 

and the Schrödinger equation in HO units becomes 

_ d
2

7/J + 1-r1/2. 2(1'T-1/4ç)"'' = ,1, dÇ2 V O Slll V O <" ~ E ~. 

(A.9) 

(A.lü) 

(A.ll) 

(A.12) 

Indeed, when the lattice potentialis very deep this reduces to the HO Schrödinger equation: 

(A.l3) 

The conversion from lattice units to HO units thus depends on just one parameter: the 
lattice depth in units of recoils. In Sec.5.2 this parameter is used to investigate the validity 
of the HO approximation for the solution of the Schrödinger equation on a single lattice 
site. 

Let's now discuss the case of two partieles, bothof mass m. In one partiele coordinates, 
say x1 (x2 ) for partiele 1 (2), nothing changes with respect to the dimensionless units. 
However, differences do occur in relative (r) and center-of-mass coordinates (R), because 
also the masses change with this transformation: 

f.L = m/2 for r = x1 - x2, 

M = 2m for R = (x1 + x2)/2. 

(A.14) 

(A.l5) 

For us it is convenient to keep the HO Schrödinger equation in relative and center-of-mass 
coordinates as simple as possible, i.e. of the form (A.13). This can be done by changing 
the transformation of length scales according to 

r 
p 

ahoJ2' 
(A.16) 

p RJ2 

a ho 
(A.17) 
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Appendix A. Dimensionless units 

The HO Schrödinger equation for two particles then reads 

(A.l8) 

For the full lattice we find 

These forms of the Schrödinger equation are used in Sec.5.4 and Sec.5.5, where lattice effects 
beyond the HO approximation for a single lattice site, are computed with the perturbation 
term 
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Technology Assessment 

Much of modern technology would nothave been possible without the understanding of the 
basic physical processes at the quanturn level. As such, research using quanturn mechanics 
has already proven its value for the modern world. Present research in this branch of physics 
focuses on superfiuid systems and systems that might be used for quanturn computing. 
Bath these research fields come tagether in the subject presented in this thesis: the field 
of cold atoms in optical lattices. These systems have the great advantage that they allow 
optimal control over the physical parameters, thereby being able to elucidate fundamental 
processes of traditional condensed matter systems. This research is not yet in the stage 
of development, but it has at least the potential to benefit to new technology in the 
same revolutionary way as the earlier inventions did. Quanturn computers, for instance, 
would be able to solve certain problems much faster using quantum-entanglement exercised 
in a quanturn register using qubits, this in contrast to a classica! binary register. The 
understanding of superfiuidity promises tobenefit to the development of high-temperature 
superconductors. Probably as important, scientific research on these subjects brings about 
young people with good analytic capacities, which are of great use for innovating the 
post-modern society even outside the academie environment. 
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I would also like to thank Immanuel Bloch, Artur Widera, and Fabrice Gerbier for 
the nice collaboration, and the helpful discussions we had about the experiment of spin 
dynamics. Verder ben ik dank verschuldigd aan Jan de Graaf en Tom ter Elst, wiskundigen 
die met hun kritische vragen niet alleen mijn wiskundige handigheid, maar ook mijn fysisch 
begrip verbeterden. Bovendien wil ik bij voorbaat Marja bedanken, voor de aangeboden 
hulp bij de voorbereiding van mijn presentatie. Dit brengt me bij veel meer vrienden, die 
ver weg of dichtbij heel veel steun, maar ook ontspanning hebben gegeven. Erg bedankt 
daarvoor. Heel graag, en ook wel vol trots wil ik mijn lieve zussen bedanken, niet alleen 
voor de betrokkenheid en creatieve bijstand, maar ook vooral voor de leuke tijd die we 
hebben als we bij elkaar zijn. Net zo wil ik mijn beide ouders bedanken. Ik ken van 
weinig mensen zoveelliefde als van jullie. Heel erg bedankt voor alles dat jullie mij hebben 
gegeven. Als laatste mijn liefste lna: ontzettend bedankt voor al je liefde, steun en hulp 
die je mij hebt gegeven de afgelopen tijd. Er is niemand die zo in mij gelooft als jij. Ik 
ben heel gelukkig dat we bij elkaar horen. 

101 



Bibliography 

[I] A. Einstein, Sitz.ber. Preuss. Akad. Wiss., Phys. Math. Kl. 261, (1924); ibid. 3, (1925). 

[2] F. London, Nature 141, 643 (1938). 

[3] N.W. McLachlan, Theory and application of Mathieu functions, Oxford University 
Press, London (1951). 

[4] P.M. Morse and H. Feshbach, Methods of Theoretica[ Physics, McGraw-Hill, New York 
(1953). 

[5] R. Hanbury Brown, and R. Q. Twiss, Nature 177, 27 (1956). 

[6] W. Kohn, Phys. Rev. 115, 809 (1959). 

[7] M. Girardeau, J. Math. Phys. 1, 516 (1960). 

[8] H. Feshbach, Ann. of Phys. 19, 287 (1962). 

[9] M. Abramowitz and LA. Stegun, Handhook of Mathematica[ Functions with Formulas, 
Graphs, and Mathematica[ Tables, Dover, New York (1964). 

[10] J.H. Eberly, Am. J. Phys. 33, 771 (1965). 

[11] J.R. Taylor, Scattering Theory, John Wiley and Sons, New York (1972). 

[12] C.J. Joachin, Quantum Collision Theory, North Holland, New York (1975). 

[13] J. Formánek, Am. J. Phys. 44, 778 (1976). 

[14] E.M. Lifshitz and L.P. Pitaevskii, Statistica[ Physics, Part 2, page 230-231, Pergamon 
Press, New York, (1980). 

[15] K. Huang, Statistica[ Mechanics, 2nd ed., John Wiley and Sons, New York (1987). 

[16] E. Tiesinga, B.J. Verhaar, and H.T.C. Stoof, Phys. Rev. A 47, 4114 (1993). 

[17] G.F. Gribakin and V.V. Flambaum, Phys. Rev. A 48, 546 (1993). 

[18] D.J. Griffiths, Introduetion to Quantum Mechanics, Prentice Hall, New Jersey (1995). 

103 



Bibliography 

[19] A.J. Moerdijk, B.J. Verhaar, and A. Axelsson, Phys. Rev. A 51, 4852 (1995). 

[20] M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wiemann, and E.A. Cornell, 
Science 269, 198 (1995). 

[21] K.B. Davis, M.-O. Mewes, M.R. Andrews, N.J. van Druten, D.S. Durfee, D.M. Kurn, 
and W. Ketterle, Phys. Rev. Lett. 75, 3969 (1995). 

[22] C.C. Bradley, C.A. Sackett, J.J. Tollet, and R.G. Hulet, Phys. Rev. Lett. 75, 1687 
(1995). 

[23] S.J.J.M.F. Kokkelmans, B.J. Verhaar, K. Gibble, and D.J. Heinzen Phys. Rev. A 56, 
R4389 (1997). 

[24] T. Busch, B.G. Englert, K. Rzazewski, and M. Wilkens, Found. Phys. 28, 549 (1998). 

[25] M. Olshanni, Phys. Rev. Lett. 81, 938 (1998). 

[26] D. Jacks, C. Bruder, J.I. Cirac, C.W. Gardiner, and P. Zoller, Phys. Rev. Lett. 81, 
3108 (1998). 

[27] H.J. Metcalf and P. van der Straten, Laser Cooling and Trapping, Springer Verlag, 
New York (1999). 

[28] V.E. Barlette, M.M. Leite, and S.K. Adhikari, Eur. J. Phys. 21, 435 (2000). 

[29] J.R. Abo-Shaeer, C. Raman, J.M. Vogels, and W. Ketterle, Science 292, 476 (2001). 

[30] M. Greiner, 0. Mandel, T. Esslinger, T.W. Hänsch, and I. Bloch, Nature 415, 39 
(2002). 

[31] E.G.M. van Kempen S.J.J.M.F. Kokkelmans, D.J. Heinzen, and B.J. Verhaar Phys. 
Rev. Lett. 88, 093201 (2002). 

[32] D. Blume and C.H. Greene, Phys. Rev. A 65, 043613 (2002). 

[33] E.L. Bolda, E. Tiesinga, and P.S. Julienne Phys. Rev. A 66, 013403 (2002). 

[34] B. Marcelis, Resonances in Ultracold Collisions, M.Sc. Thesis, AQT 03-09 (2003). 

[35] P.O. Fedichev, M.J. Bijlsma, and P. Zoller, Phys. Rev. Lett. 92, 080401 (2004). 

[36] B. Paredes, A. Widera, V. Murg, 0. Mandel, S. Fölling, I. Cirac, G. V. Schlyapnikov, 
T.W. Hänsch, and I. Bloch, Nature 429, 277 (2004). 

[37] T. Kinoshita, T. Wenger, and D.S. Weiss, Science 205, 1125 (2004). 

[38] M. Köhl, H. Moritz, T. Stöferle, K. Günter, and T. Esslinger, Phys. Rev. Lett. 94, 
080403 (2005). 

104 



Bibliography 

[39] S. Fölling, F. Gerbier, A. Widera, 0. Mandel, T. Gericke, and I. Bloch, Nature 434, 
481 (2005). 

[40] G. Orso, L.P. Pitaevskii, S. Stringari, and M. Wouters, Phys. Rev. Lett., 95, 060402 
(2005). 

[41] I. Bloch, Nature Phys. l, 23 (2005). 

[42] A. Widera, F. Gerbier, S. Fölling, T. Gericke, 0. Mandel, and I. Bloch, Phys. Rev. 
Lett. 95, 190405 (2005). 

[43] M. Wouter and G. Orso, Phys. Rev. A, 73, 012707 (2006). 

[44] T. Volz, N. Syassen, D.M. Bauer, E. Hansis, S. Dürr, and G. Rempe, Nature Phys., 
2, 692 (2006). 

[45] T. Stöferle, H. Moritz, K. Günter, M. Köhl, and T. Esslinger, Proc. XVII Int. Conf. 
Laser Spectroscopy, World Scientific Publishing, 283 (2006). 

[46] M. Köhl, Phys. Rev. A 73, R031601 (2006). 

[47] M. Köhl, K. Günter, T. Stöferle, H. Moritz, and T. Esslinger, J. Phys. B: At. Mol. 
Phys. 39, S47 (2006). 

[48] K. Winkler, G. Thalhammer, F. Lang, R. Grimm, J. Hecker Denschlag, A.J. Daleym 
A. Kantian, R.P. Büchler, and P. Zoller, Nature 441, 853 (2006). 

[49] A. Widera, F. Gerbier, S. Fölling, T. Gericke, 0. Mandel, and I. Bloch, New. J. Phys. 
8, 152 (2006). 

[50] S. Fölling, A. Widera, T. Müller, F. Gerbier, and I. Bloch, Phys. Rev. Lett. 97, 060403 
(2006). 

[51] G.K. Campbell, J. Mun, M. Boyd, P. Medley, A.E. Leanhardt, L. Marcassa, D.E. 
Pritchard, and W. Ketterle, Science 313, 649 (2006). 

105 


