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Introduetion 

1 Introduetion 
State of the art research and technology are relying increasingly on special physical 
characteristics of materials at low temperatures. Therefore, it is not surprising that the 
application area of low temperafure physics has expanded rapidly in the past decade. 
Cryogenics deals with the production of low temperatures, typically below 120 K. In this 
chapter some examples of cryogenic applications are discussed. A short overview of 
common Jour-kelvin cryocoolers is presented. The benefits of a pulse-tube refrigerator 
(PTR) are explained briejly, as wel/ as why the PTR is likely to become the new 'working 
horse ' of Jour-kelvin temperafure-range cryogenics. Finally, a general description of the 
content of this Master 's thesis is given. 

The field of application of cryogenics is very broad. Nowadays, various types of 
detectors used for medical, military, environmental, and scientific purposes exploit the 
reduction of thermal noise in electronics at low temperatures in order to obtain more 
sensitive equipment. The liquefaction, transport and storage of gases, cryosurgery, 
agriculture, and biology are other examples of fields in which low temperatures are used 
extensively. Furthermore, low temperatures can be used to condense gases in order obtain 
ultra high vacuum (the so-called cryopumping). Moreover, interesting physical 
phenomena such as superconductivity, superfluidity, and Bose-Einstein condensation 
only occur at very low temperatures. Superconducting magnets have extended the 
application area of cryocooling with, for example, the introduetion of Magnetic 
Resonance lmaging (MRI) and SQUID detectors in hospitals. Many of the applications 
mentioned above operate in the four-kelvin temperature region. lt is important that 
cryocoolers are low cost and efficient with a high reliability and a long lifetime. 
Furthermore, in many applications with sensitive equipment, mechanica} or magnetic 
interference should be avoided. 

A brief introduetion to cryocoolers, commonly used in the four-kelvin temperature 
region, is given below. In many cases helium is the working fluid 1• Additional 
introductorily information about cryocoolers can be found in ref. [1] and [2]. 

The Joule-Thomson (J-T) expansion coolers are simple, fast, and potentially small 
coolers without moving parts. The cooling object is cooled by expansion of gas flowing 
from high- to low pressure through a flow resistance. In an open-cycle mode the cooler 
can run only for a short time, depending on the amount of the compressed gas available. 
Continuous closed-cycle operatien of the cooler requires a compressor. The purity of the 
compressed gas is of great importance to avoid plugging of the expansion orifice. J-T 
coolers are often found in combination with a Gifford-McMahon (GM) or Stirling-type 
precooling stage in order to reach 4 K. Stirling cryocoolers are widely used, efficient, and 
potentially small. In the fundamental cooling cycle, the working gas is compressed, 
displaced, and expanded in an expansion space by two pistons moving with a phase
difference. One piston is located at the hot end of the expansion space, and one piston is 
located at the cold end. By rejecting the heat, generated during compression, to the 

1 Strictly speaking, helium in many cryocoolers is in its fluid phase. However, it is often called a 'gas' . 
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surroundings, the expansion leads to a net cooling effect. The main disadvantage of the 
Stirling cryocooler is the rnaving piston in the cold part of the refrigerator. The cold-end 
piston increases wear and, therefore, shortens the cryocooler's lifetime. The rnaving 
piston at the cold end also causes additional therinal losses and induces vibrations and 
magnetic interference at the cold end. The Gifford-McMahon cryocooler is a highly 
reliable cooler, due to the low operating frequencies and the smal! pressure drop over the 
displacer [ 1]. lts cooling principle is camparabie to the cooling principle of the Stirling 
cryocooler. As with the Stirling-type cooler, the displacer at the cold end induces 
mechanic and magnetic interference. The efficiency of the GM-type compressor is low 
compared to the Stirling compressor. Furthermore, the GM-type compressor needs 
lubrication ( oil). The oil residue has to be removed from the gas befare it can be used in 
the actual cryocooler. In case of a pulse-tube refrigerator (PTR) the rnaving displacer at 
the cold end of the Stirling cryocooler is removed. The hot end of the tube is connected to 
a buffer by an orifice (see Figure 1-1). The absence of rnaving parts at the cold-end 
significantly reduces vibrations, avoids losses due to heat conduction in the displacer, and 
increases the lifetime of the cryocooler. As is the case with a Stirling cryocooler, the 
cooling mechanism relies on the compression, displacement, and expansion ofthe gas in 
the tube. The details of the cooling mechanism as wel! as the components of a PTR are 
discussed in chapter 2. In 1984 the orifice PTR was invented by Mikulin et al. [3]. R. 
Radebaugh was able to decrease the cold-end temperature of 60 K for a single-stage PTR 
[4]. For several years, the Low Temperature Group of the Eindhoven University of 
Technology set the record for the lowest PTR temperafure at 1. 78 K, using a three-stage 
3He PTR [5]. In 2003 this record was braken by the group of G. Thummes from the 
Giessen University, who obtained a cold-end temperature of 1.27 K using a hybrid 
3HefHe PTR [6]. During the last decades, the efficiency of PTRs is improved 
significantly. PTRs are now amongst the most efficient cryocoolers available. 

Figure 1-1. Orifice PTR with a piston compressor to generate pressure oscillations. The regenerator pre
cools the gas before it reaches the cold-end heat exchanger at temperature TL· This is where an object can 
be cooled. The actual expansion and compression take place in the (pulse) tube. The components marked 
with TH are the hot-end heat exchangers, where heat is rejected to the surroundings. The orifice and buffer 
induce a gas flow at the hot-end ofthe tube. 

The pressure oscillations in a PTR can be generated using a piston (Stirling-type 
compressor), or by a GM-type compressor in combination with a rotary valve. Both 
methods are shown in Figure 1-2. The rotary valve alternately connects the PTR to the 
high- and the low-pressure sides of the compressor. Generally, GM-type PTRs are 
operated at low frequencies, typically 1 - 2 Hz. The operating frequency of Stirling-type 
PTRs is typically 50-60Hz. Currently, temperatures below 4 K can mainly be obtained 
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using low-frequency GM-type PTRs. Unfortunately, the efficiency of the GM-type 
compressor in combination with the rotary valve is low; typically 25 %. Furthermore, the 
compressor is susceptible to wear, and needs oil for lubrication. This oil needs to be 
removed from the helium before it enters the PTR. The efficiency of a Stirling-type 
compressor is in the order of 80 %. Current Stirling-type compressors do not need 
lubrication and are highly reliable due to the application of, for example, so-called 
flexure hearings [7]. Therefore, it can be very beneficia! to generate the pressure 
oscillations using a Stirling-type compressor, even for the four-kelvin region. However, 
in this case the operating frequency of the PTR needs to be increased by an order of 
magnitude. 

< > 

Rotary valve 

Filters 

Flexure 
bearings 

Stirling 

< > 

Pistons 
Figure l-2. Generation of pressure oscillations by means of a GM-type compressor and a rotary valve (left). 
Also shownare the filters necessary toproteet the rotary valve (and the PTR) from oil residue. Stirling-type 
compressor using two opposing pistons (right). Each piston is supported by two flexure bearings. The 
arrows indicate the motion ofthe gas flow, the rotation ofthe rotary valve, or the motion ofthe pistons. 

Building an efficient and reliable four-kelvin PTR, driven by a Stirling-type compressor, 
is the ultimate goal of this project. The purpose of this work in particular is to increase 
the operating frequency of an existing three-stage GM-type PTR, operating at 1.8 Hz, to 
frequencies where the Stirling-type compressor can replace the GM-type compressor
rotary valve combination. At the same time, the cold-end temperature should be kept 
below 4 K. Design criteria for a new four-kelvin PTR, suitable to be driven by a Stirling
type compressor, are derived. The feasibility of this technology is already demonstrated 
by Olsen et al. [8]. The changing dynamics of the PTR, the coupling to a completely 
different compressor, the interplay between the various system parameters and design 
criteria make this task extremely challenging. However, the potential of the new 
cryocooler, together with the lively interest and active support of industrial companies 
such as Stirling Cryogenics & Refrigeration B.V., make it also a very rewarding task. 

The theoretica! background for this work is given in chapter 2. The operation principle of 
the PTR, its components, and the parameters goveming its performance are treated. In 
chapter 3 more details about the setup are presented. This chapter focuses on the 
frequency dependency of both the generation of pressure oscillations and the 
optimization of the PTR. In chapter 4 the results are presented and discussed. The results 
of the optimization only by adjusting the orifices are foliowed by the results of the 
modifications to the PTR components. The conclusions as well as the recommendations 
for future work are given in chapter 5. 
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2 Theory 
In this chapter the theoretica/ aspects of the PTR are treated. The general operation 
principle of a PTR as wel/ as the PTR components are discussed. Expressions for the 
cooling power and the coefficient of performance (COP) are derived. For more details, 
see ref [9} and [11}. 

2. 1 The operation principle of the PTR 
The cooling of many refrigerators, including the PTR, is based on the adiabatic and 
reversible expansion of a gas. The general expression for the molar entropy Sm (J K- 1

) of 
a homogeneous substance is [11] 

(2-1) 

with T (K) the temperature, Vm (m3 mor 1
) the molar volume, CP (J K- 1 mor 1

) the molar 
heat capacity at constant pressure and p (Pa) the pressure. The volumetrie thermal 
expansion coefficient av (K 1

) is 

(2-2) 

With Sm constant, the expression for the temperature change is given by 

(2-3) 

Generally, av has a positive value. For an ideal gas, Tav equals one. It can be seen that 
compression leads to warming up and expansion leads to cooling down. 

The operation principle is explained using the orifice PTR as an example, schematically 
shown in Figure 2-1. The PTR components shown in Figure 2-1 are now discussed 
briefly. In §2.2 these components and their functions are discussed in more detail. 

Figure 2-1. Stirling-type orifice PTR with, from left to right, the piston compressor, regenerator hot-end 
heat exchanger, the regenerator, the regenerator cold-end heat exchanger, the (pulse) tube, the pulse-tube 
hot-end heat exchanger, the (first) orifice, and the buffer. 
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The piston moves back and forth, generating an oscillating pressure at the inlet of the 
PTR (X1). X1 is the hot-end heat exchanger which is at room temperature TH. At X1 heat 
is rejected to the surroundings (cooling water). The regenerator's purpose is to store heat, 
and to precool gas that flows to the cold-end heat exchanger X2• It consists of a porous 
material with a high heat capacity. X2 is the cold-end heat exchangerat temperature TL, 
where the actual cooling takes place. The gas in the (pulse) tube is expanded and 
compressed due to the pressure oscillations generated by the moving piston. At hot-end 
heat exchanger X3 the heat that was extracted at X2 is rejected to the surroundings at 
room temperature TH. Through an orifice the gas can enter a large volume; the buffer. 
The pressure in the buffer is practically constant. All components are considered ideae. 

a 
c d 

a 
P1. 

1 2 3 4 1 

t 
b 

I 
I 

T X i c d 

reg Putse tube 

e 

x 
Figure 2-2. a) The pressure in the putse tube as a function ofthe time. During compression (from a to c) the 
pressure rises from the low pressure PL to the high pressure PH· During expansion (forrn d toe) the pressure 
decreases from PH to PL· b) The temperature as a function of the position of an element of gas that travels 
back and forth between the regenerator (left), the cold-end heat exchanger X2 (area between the dashed 
lines), and the pul se tube (right). 

2 The properties ofthe ideal components are discussed in §2.2. 
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Figure 2-2a shows the pressure in the pulse tube as a function ofthe time, for an idealized 
cycle. Figure 2-2b shows the temperature of the gas element as a function of its position 
for one cycle. This cycle is divided into four steps. 

Consicter a gas element in the regenerator near the cold-end heat exchanger X2, traveling 
back and forth between the regenerator, X2, and the pulse tube. 

1. From a to c via b; the compression step. The orifice is closed as the piston moves 
to the right. The pressure rises. As the pressure rises, the gas element moves 
through the regenerator, being precaoled by it, towards X2, where it arrives at the 
cold-end at temperature h. The gas leaves X2 at position b, and enters the pulse 
tube. The gas element continues to be compressed, now adiabatically because in 
the pulse tube it is thermally isolated from its surroundings. Therefore, the 
temperature ofthe gas element rises (equation 2-3). 

2. From c to d. The orifice opens at time c. The gas inside the pulse tube is now at 
high pressure PH, which is higher than the pressure in the buffer pb, being the 
cycle-averaged pressure. The gas starts flowing from the pulse tube to the buffer. 
At the same time the piston is still moving to the right, keeping the pressure in the 
pulse tube constant at PH· 

3. From d to e; the expansion step. At d the piston is in its far-right position and 
starts moving back. The orifice is closed. The pressure decreases and the gas 
moves back towards X2 . This expansion is adiabatic, so the temperature decreases 
together with the pressure. When the pressure reaches PL (at time e) the 
temperature of the gas element is below TL. 

4. From e back to a via f. The orifice is open. Because the pressure in the pulse tube 
is lower than pb, gas flows from the buffer into the pulse tube. The piston 
continues to move to the left, keeping the pressure constant at PL· The gas moves 
towards X2 and enters X2 at point f. Because the temperature of the gas element is 
below TL, it extracts heat from the cold-end heat exchanger, effectively cooling it. 
The amount of heat that is extracted is discussed in §2.3. From f the gas element 
moves back to its original position (a) inside the regenerator. 

2.2 PTR components 
In this work, the so called GM-type double-inlet PTR is used. In a GM-type PTR the 
pressure oscillations are generated using a combination of a Gifford-McMahon (GM) 
compressor and a rotating valve (R V). The double inlet is an extra conneetion between 
the hot end of the regenerator and the hot end of the pulse tube. The minor orifice 
connects the buffer either to the high- or to the low-pressure side of the compressor. In 
Figure 2-3 a scheme of a single-stage GM-type double-inlet PTR is shown. This tigure is 
used to explain the functions of the basic components of the PTR, which is done in this 
section. Later, in chapter 3, the practical details of the three-stage version used in this 
work are discussed. 
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Minor orifice 

Double inlet 

Compressor 
Figure 2-3. Diagram of a single-stage PTR with first orifice, double inlet, and minor orifice. Also shown 
are the GM-type compressor, the rotary valve (RV), the heat exchangers (X1•2,3), the regenerator, the (pulse) 
tube, and the buffer. 

2.2.1 Generation of pressure oscillations 
In order to generate pressure oscillations at the cold end of the pul se tube, a large volume 
flow is needed at the regenerator hot end due to the difference in the density of the gas. 
For a cold-end temperature of 20 K the ratio between the volume flow at room 
temperature and the volume flow at 20 Kis 15, for 2 K this ratio can become as high as 
70. Generally, a GM-type compressor is capable of maintaining a large volume flow, 
which is the main reason why most low-temperature PTRs are GM-type nowadays. The 
compressor generates a constant flow which is led to a rotary valve. The rotary valve 
connects the rest of the system altemately to the high- and the low-pressure side of the 
compressor. This generates an oscillating pressure in the PTR. By changing the rotation 
speed of the rotary valve, the oscillation frequency can be adjusted, typically between 1 
and 20 Hz. As already mentioned, the main disadvantage of the GM-type compressor -
rotary valve combination is that the efficiency is only 25 %. Furthermore, it is less 
reliable and has a shorter lifetime compared to the Stirling compressor, which is 
discussed below. Also, a GM-type compressor needs lubrication, from which the residue 
has to be removed from the gas before it can be fed to the rotary valve. Moreover, for the 
GM-type compressor cooling water is needed. Therefore, a GM-type PTR is unsuitable 
for space application. 
In the example of §2.1 the pressure oscillations are generated by a moving piston. In 
principle, the piston can be forced to oscillate at any frequency, but driving it at the 
resonance frequency increases the efficiency significantly. This is done in a so-called 
Stirling-type compressor, with a typical efficiency of 80 % ( compare to 25 % for the OM
type). A high efficiency generally leads to a lightweight, more compact compressor. 
Also, less cooling water ( or none at all) is needed. Therefore, it would be beneficia] to 
develop a low-temperature PTR driven by a Stirling-type compressor. 

The frequency of the pressure oscillations is equal to the frequency of the motion of the 
piston. The frequency is an important parameter for both the compressor and the cooling 
system connected to it. In the following, an expression for the resonance frequency of a 
typical Stirling-type compressor is derived. Consicter a system as shown in Figure 2-4. A 
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piston with radius rp (m) and mass mp (kg) moves with a stroke amplitude & (m). The 
piston movement generates a time dependent pressure Pc in the compression space with 
volume Vc. At the back si de of the piston a buffer volume Vb at pressure Pb is present. A 
spring with stiffness ks (N m-1

) is placed at the back of the piston. Also, friction with 
damping coefficient c (N s m-1

) is present (not shown in the figure). The time-averaged 
pressure in the buffer and in the compressor is p0. Linear motors apply a (time dependent) 
force Fm (N) on the piston. 

Pressure p, 
Buffer volume v. 

Figure 2-4. Diagram of a piston compressor. 

Pressure p, 
Compressfon spaoo volume V, 

_..;;;;~~--_-_r iiston radius r" 

The differential equation descrihing the dynamic behavior of this system is [I 0] 

(2-4) 

with x (m) the location, x (m s-1
) the velocity, and x (m s-2

) the acceleration of the piston. 
In the compression space and the buffer the gas is thermally isolated from the wall, so 
adiabatic compression and expansion can be assumed. Assuming anideal gas, Poisson's 
law can be used to find the pressure change due toa change in volume 

p V r = constant . (2-5) 

Here, the Poisson constant y is equal to Cp/Cv, and Cv (J K-1 mor1
) is the molar heat 

capacity at constant volume. The compression space volume Vc and buffer volume Vb are 

(2-6a) 

(2-6b) 

with Vco and Vbo the volume of the compression space and buffer, respectively, at 
equilibrium (.x=O). In principle, motor force Fm can be chosen in such a way, that the time 
t (s) dependency ofthe position ofthe piston x is sinusoidal. 

x=~ cos(mt ). (2-7) 
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Here, cv is the angular frequency (s-1
). Combining equations 2-5, 2-6, and 2-7, the 

pressures in the compression space and in the buffer are 

(2-8a) 

(2-8b) 

For a typical Stirling compressor, the displaced volume amplitude ( 1trP
2 L1x) is small 

compared to the equilibrium compression space volume Vco and the equilibrium buffer 
volume Vbo· Therefore, Pc and Pb can be approximated by 

Po1t rz Llx 
Pc=Po+r P cos(mt),and 

Vco 
(2-9a) 

(2-9b) 

Combining equations 2-4 and 2-9, the equation for L1x is obtained: 

(2-10) 

with 1\ indicating the amplitude of the motor force. Using this equation, it can be shown 
that the resonance frequency fr (s-1

) is approximately 

(2-11) 

where the damping factor c is assumed smal I. Typical resonance frequencies of a Stirling 
compressor range from 20 to 50Hz. For low frequencies, a thin, heavy piston, a weaker 
spring, a low filling pressure, and/or larger volumes should be used. In practice, only few 
of these parameters ( or none at all) can be chosen freely due to design limitations or 
demands of the cooling system attached to the compressor. Below -7 Hz it can be 
increasingly difficult to stabilize the piston against changes in pressure or gravity [9]. 
Due to the same stability issues, Stirling-type compressors generally are not suited for 
campressing or expanding large amounts of gas. The pressure amplitude at the coldest 
part ofthe PTR can become small due to this effect. Because the cooling power (§2.3) is 
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proportional to the square ofthe pressure amplitude, this can severely degrade the cooling 
power of the PTR. It should be noted that a smaller pressure amplitude can have positive 
effects as well. At low temperatures, nonideal gas effects become more and more 
important. The dissipative losses increase with increasing pressure amplitudes [12]. In 
this case, a smaller pressure amplitude decreases losses and impraves the performance. 

It can be seen that the time-dependent piston position and the pressure in the compression 
space are in phase ( equations 2-7 and 2-9). In reality this is not the case. Pressure Pc also 
depends on the system that is attached to the compressor, introducing a phase difference 
between the piston's position and Pc· The relation between the parameters governing the 
dynamics of the PTR and the Stirling compressor can make the optimization of a 
combination ofthe two an extremely challenging task. 

2.2.2 Heat exchangers 
The heat exchangers shown in Figure 2-3 provide thermal contact between the gas and 
the surroundings. In case of X1 and X3 heat is released to the cooling water at room 
temperature. X2 is in thermal contact with the object to be cooled. Generally, copper is 
used as heat exchanger material because of its high heat conductivity. An ideal heat 
exchanger has the following properties: 

1. The thermal contact between the working gas and the surroundings is perfect. 
2. The flow resistance is zero. 

These requirements can be conflicting. Good thermal contact implies many small flow 
channels. However, this geometry generally increases the flow resistance. 

2.2.3 Regenerator 
The regenerator's purpose is to precool the gas before it enters the cold-end heat 
exchanger X2, where the actual cooling takes place. The regenerator consists of a porous 
material that can store/release heat frorn/to the gas that is flowing through the materiaL 
An ideal regenerator has the following properties: 

1. The heat capacity ofthe porous material is large. 
2. The thermal contact between the porous material and the working gas is good. 
3. The flow resistance ofthe porous material is zero. 
4. The axial thermal conductivity is zero. 

Some of these requirements are conflicting. E.g. good thermal contact between the gas 
and regenerator material (requirement 2) leads to an increased flow resistance 
(requirement 3). The material properties (i.e. heat capacity and thermal conductivity) are 
temperature dependent. Therefore, it can be beneficia! to use different materia1s for 
different (parts of the) regenerators working at different temperature ranges. The choice 
of the regenerator material is often determined by the comparison of the volumetrie heat 
capacity pc [1 K- 1 m·3

] and thermal conductivity K [1 s·1 K-1 m·1
] ofthe material itself and 

the working gas, at the corresponding pressure and temperature range. 
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Requirement 2 demands a good thermal contact between the material and the working 
gas. In other words: all ofthe regenerator material must 'see' the working gas, and vice
versa. To quantify this, it is meaningful to use the thermal penetratien depth br (m) 

(2-12) 

where p (kg m"3
) is the density, and c (J K"1 kg- 1

) the specific heat capacity. The thermal 
penetratien depth also depends on the frequency f The quantity 1 IJ is the time a certain 
temperature oscillation gets to propagate into the regenerator materiaL The thermal 
conductivity K determines the speed at which energy can be transported through the 
regenerator materiaL The product pc is a measure for the amount of energy needed to 
warm up a unit volume of regenerator materiaL In general, br shows to which extent 
(depth) the material (or working gas) is capable of exchanging heat with its surroundings 
within a certain time. Therefore, it is also a good measure for the optima] diameter of the 
features (e.g. grain- or po re size) in the regenerator. The choice of the contiguration of 
the regenerator is complicated by requirements 3 and 4, mentioned above. Losses caused 
by axial thermal conduction and flow resistance have to be taken into account also. In the 
§3.3.2 the choice ofthe regenerator material is discussed in detail. 

2.2.4 Pulse tubes 
In the pulse tubes the gas is thermally isolated from the surroundings, as opposed to the 
thermal environment of the gas in the regenerator. This allows adiabatic and reversible 
expansion and compression, which results in cooling down or warming up ofthe gas (see 
equation 2-3). An ideal pulse tube has the following properties: 

1. No heat exchange between the tube-walland the gas. 
2. Nothermal conduction. 
3. No mixing or turbulence in the gas. 

Figure 2-5 shows the temperature of a gas element that enters or leaves the pulse tube at 
the cold end (left) or the hot end (right) as a function of its location along the axis of the 
pulse tube. At the hot end, the gas moves towards the buffer if the pressure in the pulse 
tube Pt is higher than the pressure in the buffer Pb, during compression. On the other 
hand, gas enters the pul se tube if Pt is smaller than Pb, during expansion. The compressed 
gas is warmer than the expanded gas. Therefore, the gas that leaves the pulse tube is 
warmer than when it entered the pulse tube. This heat is rejected to the surroundings at 
heat exchanger X3, which is kept at constant temperature TH. 

At the cold end the gas enters the pulse tube via X2 at high pressure and h. The gas 
leaves the pulse tube via x2 at low pressure, with a temperature T < TL, extracting heat 
from X2• This is how the actual cooling takes place. In fact, this process is similar to the 
mechanism explained in §2.1, but now the pressure and displacement of the gas is 
sinusoidal. 
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cold end botend 

0 1 

Figure 2-5. Temperature- location diagram of gas entering the pulse tube at the cold end (left) and gas 
entering the pulse tube at the hot end (right). L1 is the pulse-tube length. Also shown are the cold-end 
temperature hand hot-end temperature TH. 

In reality, the process explained above is more complicated. The gas flow at the cold end 
is related to the gas flow at the hot end. lf the gas in the pul se tube is assumed adiabatic 
and calorie perfect, Poisson's law (equation 2-5) can be used to find this relation. The 
time derivative ofPoisson's law is 

(2-13) 

where y is assumed constant. Volume Vt is the volume of the pulse tube and Pt is the 
pressure in the pu1se tube. At the pulse-tube cold end and the hot end, a gas piston is 
moving in and out the pulse tube through a surface area At (m2

) with velocity VL (m s-1
) 

and VH, respectively. lf one or both of these pistons move into the pulse tube, the gas 
inside the pulse tube that initially was in volume Vt is compressed to a volume smaller 
than Vt. Therefore, the change of the volume of the gas inside the pulse tube is given by 

(2-14) 

Combining this with equation 2-13 gives 

(2-15) 

If the pressure changes are small compared to the time-averaged pre ss ure po in the pulse 
tube, this equation can be written as 

(2-16) 

which is the re lation between the velocity at the cold end of the pul se tube, the hot end of 
the pul se tube and the pre ss ure in the pul se tube [ 14]. 
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2.2.5 First orifice and buffer 
The buffer is a sufficiently large volume so the pressure oscillations inside the buffer, 
caused by the gas flow through the first orifice, are negligible. The first orifice and buffer 
allow a gas flow at the hot end of the pulse tubes which is in phase with the pressure in 
the pulse tube. In case of an ideal PTR the performance is independent of the phase 
difference between the pressure and the velocity of the gas at the cold end of the pulse 
tube, represented by parameter a (discussed later). In case of a nonideal PTR the optimal 
performance can be reached when a is in the order one. For a PTR without double-inlet 
valve, the optimal velocity phase difference rp is 45° [14]. In practice, the optimal phase 
difference can deviate from this value. 

2.2.6 Double-inlet valve 
The double-inlet valve shunts the regenerator and the pulse tube, and acts as a 'shortcut' 
from the compressor to the pulse tube. This reduces the gas flow through the regenerator 
and the subsequent losses inside the regenerator. However, this also decreases the cooling 
power ( equation 2-30). Moreover, the double-inlet valve itself also causes losses due to 
the pressure drop over the valve. In an optimal situation the reduction of the losses in the 
regenerator outweighs the increase of the other losses, increasing the overall performance 
of the system ([14], [19]). Note that the positive effect of the double-inlet valve relies 
entirely on a finite flow resistance ofthe regenerator. 

2.2.7 Minor orifice 
By opening the double inlet an intemally closed circuit is created, running from the 
regenerator hot end, through the regenerator to the pulse tube and back to the regenerator 
hot end via the double inlet. A so-called DC flow can run in this intemal circuit when the 
flow resistance of the gas going into the regenerator is different from the gas flowing 
back. This asymmetry can be caused by an asymmetrie geometry of the orifices, the flow 
straighteners, or the regenerator. However, even in a perfectly symmetrie system a DC 
flow can be present because the gas flowing through the double inlet is flowing in under 
high pressure (high density) and is flowing back under low pressure (low density). Due to 
this asymmetry, the amount of gas entering the system through the double inlet can be 
slightly larger than the amount of gas that is flowing back every cycle. The same 
principle is valid for the regenerator. If the asymmetry in the flow resistance of the 
regenerator would be equal to the asymmetry ofthe double-inlet valve, the time-averaged 
pressure in the pulse tube would be slightly higher, but no DC flow would occur. In 
reality, this is not the case. The geometries of the regenerator and the double inlet are 
completely different. Moreover, in the regenerator also a temperature profile (and 
therefore: gas-density profile) is present. The resulting DC-flow can cause a net enthalpy 
flow running from the pulse tube's hot end x3 (or from the regenerator's hot end x~. if 
the net gas flow is in the opposite direction) towards the cold end X2. This reduces the 
performance ofthe system. In order to counteract this flow, the minor orifice connects the 
hot end ofthe pulse tube either to the high pressure side, or to the low pressure side ofthe 
compressor. 
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2.3 a parameter and cooling power 
In this section an important characteristic a-parameter is introduced, representing the out
of-phasecomponent ofthe flow at the cold end ofthe pulse tube, compared to the flow at 
the hot end. Next, the cooling power of a double inlet PTR is derived, based on the 
derivation in ref. [ 14]. 

The volumetrie flow rate V [m3 s-1
] through a flow resistance with conductance C [m

3 
s-

1 

Pa-1
] can be calculated using 

(2-17) 

with l:!.p the pressure difference over the flow conductance. For C the flow conductance 
of the first orifice C1, the flow conductance of the double inlet C2, or the effective flow 
conductance of the regenerator Cr can be used. The effective flow conductance Cr of a 
regenerator with length Lr (m) is defined as 

L, 

çl =!..,__ f ~~ 
r L '7 T 

r 
0 

L 

(2-18) 

where Zr (m-3
) the flow impedance factor of the regenerator. The effective flow 

conductance of the regenerator takes into account the density (of an ideal gas) and the 
viscosity IJ (J s m-3

). Now, the flow rate through the regenerator, double-inlet valve, and 
the first orifice can be calculated. The pulse tube pressure P~> the time-averaged pressure 
p0, and the compressor pressure Pc are used for determining l:!.p. The time dependenee of 
Pt is assumed harmonie 

Pt = p 0 + p 1 cos(mt), (2-19) 

with p 1 the amplitude of the pressure oscillations in the pulse tube. The a-parameter is 
defined fora single-orifice pulse tube [13], shown in Figure 2-1. Therefore, the velocity 
of the gas at the hot end of the pul se tube VH is given by 

(2-20) 

with A1 the surface area of the pulse tube. The buffer is assumed sufficiently large, so 
pressure Pb = p 0• The velocity of the gas at the cold end of the pulse tube VL can be 
calculated using equation 2-16. 

(2-21) 
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Here, the a-parameter is introduced: 

(2-22) 

In ref. [13] it was shown that the optima! value fora equals one (45° phase shift) for an 
ideal single-orifice PTR. However, for a double-inlet PTR the situation is different. The 
velocity of the flow at hot-end of the putse tube consists of two contributions with two 
different phase angles: 

(2-23) 

with Pc the compressor pressure, at the in let of the PTR. The velocity at the cold en of the 
pulse tube is given by 

(2-24) 

so 

(2-25) 

Assuming an ideal gas the molar flow rate n can be calculated for the regenerator ( nr ), 
first orifice ( nl ), and the double in let ( n2 ). 

nr =___l!__Q_ CrC1 p 1[cos(wt)-asin(wt)] 
RTL c2 +Cr 

n1 = .l?_Q_C1p1 cos(wt) 
RTH 

n2 =.l?_Q_ C2C1 p 1[cos(wt)-asin(wt)] 
RTH c2 +Cr 

(2-26) 

(2-27) 

(2-28) 

Here, R (J K 1 mor1
) is the molar ideal gas constant. The molar entropy Sm (J K 1

) is 
given by equation 2-1. Using the ideal gaslawand the expression for av (equation 2-2), 
Sm is given by 

(2-29) 

with T0 (K) the time-averaged temperature of the gas. 

15 



Theory 

For this linearization, the changes in temperature and pressure are assumed small 
compared to T0 and p 0• Now, the average entropy flow rate can be calculated by 
integrating over a cycle and dividing by the cycle time te (=27tlro). The cold-end 
temperature is assumed constant. The heat flow extracted at X3 can be calculated, 
resulting in the cooling power. 

Q• = -T. _!_IJ, s rz dt = 1 ere] 2 
L L l m r 2 C + C P1 

c 0 2 r 

(2-30) 

Here, it can be seen that the cooling power is proportional to the square of the pressure 
amplitude in the pulse tube. The compressor pressure Pc and the compressor volumetrie 
flow rate ~ can be calculated using conservation ofmass and equations 2-17-2-28. 

Using izc = izr + iz2 , the compressor flow rate is 

· C+C(T.!T.) [ () ·(] vc =Cl 2 c r+2 L PI cos OJt -asm wt). 
2 r 

The coefficient of performance is defined as 

COP= QL 
p' 

(2-31) 

(2-32) 

(2-33) 

with P (J s- 1
) the input power, equal to the work done by the compressor per second. 

(2-34) 

Using equations 2-30- 2-34, the COP is 

COP = Cr(C2 +Cr) 

[ C2 +Cr(TH/TL)] [ C2 +Cr+(l+a 2 )C1] 

(2-35) 

Optimizing the PTR means maximizing this equation by adjusting the flow conductances. 
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Using equation 2-22 it can be shown that the COP is optima} if a= 1 or 

c = J cv ll_OJ 
1,0 -~ c , 

p Po 
(2-36) 

the optima} conductance for first orifice, and 

(2-37) 

the optima} conductance for the double-inlet valve. The Carnot coefficient of 
performance COPc can be derived from the general equation for the work done by the 
compressor, given by 

(2-38) 

which includes the entropy production Si due to irreversible losses in the PTR. These 

losses are discussed in detail later. IfSi is zero, COPc can be calculated. 

(2-39) 

In practice, irreversible losses are present in the PTR, so the actual COP is smaller than 
the ideal COPc. 
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3 Experiments 
In the first part of this chapter the experimental setup is treated extensively. The PTR 
itself and the generation of pressure oscillations in particu/ar are discussed The second 
part of this chapter focuses on the frequency-dependent characteristics and optimization 
ofthe PTR. 

3.1 Experimental setup 
Figure 3-1 shows a diagram of the three-stage PTR as it is used in this work. The 
compressor and the rotary valve can he found in the top-right corner ofthe diagram. 

Tl2 

3-Stage Pulse Tube Refrigerator 

f* Savety Valve 

~ Fîoo tuning va!w: 

T p2h f p3h -® ?ressute senS« 
~~------~lilir~ 

-®- vatve 

-.- filter 

......... Sufte: 

-®-- FIOI'J meter 

Figure 3-1. Diagram of the three-stage PTR. The top-right part of the diagram shows the compressor, rotary 
valve and valves A - J. The cooling system consists of the regenerators (Reg. 1, Reg. 2, and Reg. 3), the 
first orifices Dol, Do2, and Do3, the double-inlet valves (Ddl, Dd2, and Dd3), the minor orifices (Mol, 
Mo2, and Mo3), the buffers and the pulse tubes. The hot- and cold-end heat exchangers can be found at the 
top and bottorn of the pulse tubes, respectively. The locations where the temperatures are measured are 
shown in the top left corner. The second-stage and the third-stage cold ends are shielded by copper thermal
radiation shields attached to the first- and the second-stage pulse-tube cold end. 
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The 4.5 kW GM-type compressor runs at 50 Hz, continuously pumping the gas from the 
low-pressure side (pL) to the high-pressure side (pH). From the high-pressure side of the 
compressor, gas flows through two filters and valve A to the rotary valve. The first filter 
is a Headline Filters 0.24 l charcoal/zeolite filter, to proteet the system from oil vapour 
coming from the compressor. The second is a Headline Filters microfibre filter, to proteet 
the system from any residual oil dropiets or dust particles (e.g. coming from filthy 
conneetion hoses ). Another microfibre filter is placed at the low-pressure si de of the 
compressor. This way, the PTR system and the rotary valve, which is particularly 
vulnerable to dust particles, is well protected at both the inlet and outlet. In principle, the 
microfibre filters are not necessary. 

For the rotary valve, the so called 'no-contact' type is used. Figure 3-2 shows a schematic 
drawing of a no-contact type rotary valve. This type ofvalve has some major advantages: 

(a) 

The power toss in this type of rotary valve is 12% ofthe total input power, instead 
of 28% for conventional rotary valves. 
The rotor makes no contact with the housing and the forces are balanced, which 
significantly decreases wear. 

motor 

: 

-+.----... housing 

'--r---..-r-1 l::::!:%3~=~ ball-bearing 

t--t--- rotor 

toPTR 

(b) Pr.. 

P. 

crcss sectionA-A 

Figure 3-2. Side view (a) and top view (b) of a no-contact type rotary valve. The rotor is placed vertically 
in the stator, and is supported by two sets of bali-hearings. The slit ö between the rotor and the stator is 
typically 20 J.Ull wide, so the rotor is not in contact with the stator. The rotor is driven by a motor placed in 
the top part of the rotary valve. In the housing, four connections are present for the low- and high-pressure 
side ofthe compressor. The conneetion to the PTR can be found at the bottorn ofthe rotary valve. 
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The rotor is placed in the stator, separated by a gap b of typically 20 Jlffi wide, and 
supported by two sets of hall-hearings. While the rotor is rotating in the stator, it does not 
make contact with the stator. The width of the gap is small in order to prevent leaking. 
The stator has four connections; one pair going to the high-pressure side of the 
compressor, and one pair going to the low-pressure side. The two connections of the 
high-pressure side are on opposite sides of the stator. The same goes for the two 
connections to the low-pressure side, so the forces acting on the rotor are well balanced. 
At the bottorn of the rotor is a conneetion to the PTR. In one revolution the rotor connects 
the PTR two times to the high pressure, and two times to the low pressure. So the 
frequency of the PTR is twice the rotating frequency of the rotary valve. The rotor is 
driven by a replaceable motor with a replaceable gear box. The system can be operated at 
frequencies ranging from 0.5 - 15 Hz, and possibly even higher. The system is designed 
to operate at low frequencies, typically 1 - 2 Hz. More information about the rotary valve 
can be found in [18]. 

The gas flows back from the system through the rotary valve, valve B, a filter, and the 
Bronkhorst Hi-Tee flow meter to the low-pressure side of the compressor (pL). From the 
high- and the low-pressure side of the compressor, extra connections lead to the three 
minor oritices Mo 1, Mo2, and Mo3, via valves E - J. The purpose of the minor oritices 
has been discussed in §2.2.7. For safety reasons, overpressure valves are added at the 
high- and low-pressure si de of the rotary valves. Their threshold is set at 28 bar, which is 
well above the working pressure of the compressor, and low enough to proteet the system 
from damage. The typical time-averaged pressure is 15 bar, with a pressure amplitude at 
the inlet ofthe system of 5.6 bar. 

In Figure 3-1, one conneetion of the rotary valve branches to the left. This is the 
conneetion to the inlet of the PTR; the tirst-stage regenerator hot end. At this point, the 
pressure can be measured, and gas can be added or released. From the inlet of the system, 
the gas runs through the tirst-stage regenerator, where it is precaoled to the tirst-stage 
cold-end temperature Tu. This temperature is measured using a platinurn resistor. At this 
point, the gas can either go to the tirst-stage pulse tube, or continue into the second-stage 
regenerator. The temperature in the second-stage regenerator is measured at three 
different locations; two calibrated diode thermometers at 113 and 2/3 ofthe regenerator's 
length, and one at the second-stage cold end (TL2). Here, the gas flow branches again, 
going either to the second-stage pulse tube or to the third-stage regenerator. The 
temperature in the third-stage regenerator is again measured at three different locations. 
The cold-end temperature of the third-stage TL3 and the two remaining intermediate 
temperatures are measured using calibrated diode thermometers. From the third-stage 
regenerator, the gas flows into the third-stage pulse tube. The regenerator is designed in 
such a way that it can be disassembied relatively easily in order to change the materiaL 
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Thermal radiation shields are connected to the first- and the second-stage cold end, 
blocking the thermal radiation coming from warmer parts in the cryostat. The pressure in 
the pulse tubes is measured after the heat is rejected to the hot-end heat exchangers. The 
temperatures Tp1H, Tp2H, and Tp3H at the hot ends of the pulse tubes are measured also. 
The hot ends of the pulse tubes are connected to buffers at constant pressure via the first 
orifices. The double-inlet valves conneet the hot ends to the inlet of the PTR. Figure 3-3 
shows a picture of the actual PTR and its components. Only the low-temperature part is 
shown. lt corresponds to the components in the 'shaded' part of Figure 3-1. Before the 
cooler can be run, the two heat shields are added and covered with isolation material, and 
the vacuum chamber is sealed and pumped. The total volume of the low-temperature part 
is approximately 280 cm3

• 

Figure 3-3. Picture ofthe three-stage PTR, showing its regenerators, pulse tubes, and heat exchangers. 
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3.2 Generation of pressure oscillations 
By adjusting the speed ofthe rotary valve, the frequency ofthe pressure oscillation at the 
inlet of the system can be changed. Given an arbitrary system ( consisting of volumes and 
impedances) connected to the rotary valve, increasing the rotation frequency ofthe rotary 
valve changes the dynamics ofthe whole system. This subject is treated in this section. 

The goal is to obtain a simple model that can be used to describe the frequency dependent 
behavior of the pressure amplitude and the volume flow at the inlet of the PTR (the hot 
end of the tirst-stage regenerator). It is not intended to generate accurate predictions of 
the pressure and flow rate throughout the system. Therefore, the PTR system and 
compressor are greatly simplified. A single-stage PTR without double-inlet valve and 
minor orifice is considered, much like the PTR shown in Figure 2-1. Also, an ideal gas is 
assumed. 

The dynamics of the combination of the tubes, filters, the rotary valve, and the GM-type 
compressor are approximated by an ideal3 pressure oscillation generator, generating 
pressure Pc, in series with a flow conductance Ci. From the PTR point of view, Ci can be 
regarded as an intemal conductance of a nonideal pressure oscillation generator. The 
volumes of the supply- and return lines are neglected. The pressure at the inlet of the 
system is Pin· The regenerator is regarded as an effective flow conductance Cr and its void 
volume is neglected (fi = 1 ). The pulse-tube volume is Vp and the pressure in the pulse 
tube is Pt· The first orifice, leading to the buffer at pressure Pb, has flow conductance C1• 

Figure 3-4. An ideal pressure asciilation generator (top Jeft) with flow conductance C;, connected to a 
single-stage PTR with regenerator flow conductance C, and pulse-tube volume v;. The flow conductance of 
the first orifice is C1• Pressures are defined at the compressor (pc). at the PTR inlet (pin). in the pulse tube 
(p1), and in the buffer (A,). 

3 The amplitude ofthe pressure oscillations is independent ofthe amount of gas that is transported. 
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The pressure oscillation generated by the compressor is assumed to be harmonie 

Pc= Po+ Pc! cos{mt), (3-1) 

with po the average pressure, Pel the amplitude of the small pressure oscillations 
(pel <<po). The flow rate through an orifice is given by equation 2-17. The speeds of the 
gas at the low- and high-temperature side ofthe pulse tube are given by 

vL = Cr {pin - p, ), and 
~ 

(3-2) 

(3-3) 

Pressure Pin can be eliminated by applying conservation of mass and assuming an ideal 
gas. The average pressure po is used intheideal-gas law to obtain the molar volume. 

(3-4) 

Here, nr and ni the molar flow rate through the regenerator and flow conductance C. Now, 

Pc- Pt + 
Pin= T. C Pt, 

_l:!__r + 1 
(3-5) 

TL ei 

so VL can be wri tten as 

(3-6) 

Using equation 2-16 

Pc- Pt = C {p _ p )+ ~e dp, 
TH 1 1 I I b p dt ' 
--+- 0 

(3-7) 

TL ei Cr 

with the effective pulse tube volume Vte given by 

(3-8) 
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Using the harmonie approximation, pressures Pt and Pin can be calculated. The buffer 
pressure Pb is assumed constant and equal to the time-averaged pressure po. It can be 
shown that p1 is given by 

(3-9) 

with a given by equation 2-22. Pressure Pin can be calculated using equation 3-5. The 
values used in the model in order to obtain an example for the frequency dependent 
behavior of the system are given in Table 1. The theoretica! (frequency-dependent) 
optimal value for the conductance ofthe first orifice, given by equation 2-36, is used. 

Table 1. Values used for an example of the frequency dependent behavier of the system, based on 
experimental results ofthe three-stage PTR. Somevalues are adjusted to give a better example. Later, in a 
three-stage model, more accurate values are used. 

Variabie Value 
TH 280K 
TL 80K 

Po 1.7 MPa 

PI 0.5 MPa 
Vt 200 cm3 

Cr IO(mm 
c IO(mm 

The amplitudes of the pressure oscillations in the pulse tube and at the inlet, divided by 
the compressor pressure-oscillation amplitude, is shown in Figure 3-5. 

1.0 .. 

0.8 

"' p 0.6 

Pct o.4 " Pt 
0.2 Pct 

0 · - ··~~«r·····'r··-r-···r-.-··r-··r··r-·--r-. -T-;·--~T"""ï-'ri 

J 2 .. t• f!. 1(' t: '4 16 18 20 

f(Hz) 
Figure 3-5. The frequency dependendes ofthe dimensionless amplitude ofthe inlet pressure Pin and pulse
tube pressure p 1 fora simpte model, represented by equation 3-7. 
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In this figure, the pressure ratio goes to one as the frequency approaches zero. At .f=O the 
first orifice is closed and the pulse tube gets time to fiJI-up completely. Therefore, the 
pressure amplitude is equal to Pel in the entire system. As the frequency increases, the 
first orifice is opened gradually, and the pulse tube no Jonger gets time to fiJI-up 
completely. This results in a decreasing pressure amplitude, as can be seen in the figure. 
It can be shown that forf ~ oo, the pressure amplitude deercases with 1/f2

• 

Next, the time-averaged flow rate is considered. This flow rate should also go to zero if 
the frequency goes to zero. In a practical situation only the leak rate through the rotary 
valve and the flow rate through the minor orifices is present, which is not included in this 
model. 

In order to obtain the molar flow rate through the compressor, the molar flow rate in the 
regenerator izr can be integrated over one cycle, and multiplied by the frequency to get 

the time-averaged flow rate nr . The flow through the regenerator is oscillating, so the 
absolute value of the flow rate is integrated. Furthermore, the gas that is going in during 
the first half of the cycle is flowing back during the second half. Therefore, the time
averaged absolute flow rate is divided by two, so the gas flow is not double-counted. This 
results in the time-averaged flow rate through the compressor nc, indicated in Figure 3-6 

(a detail ofFigure 2-3). 

Compressor RV 
Figure 3-6. Time-averaged compressor molar flow rate izc . 

Using equation 3-4 and 3-5, the time-averaged molar flow rate through the compressor is 

(3-10) 

which can be measured experimentally. Figure 3-7 shows a plot of this flow rate as a 
function of the frequency. The gas flow per cycle nc (mol), equal to nc divided by the 

frequency, is shown also. 
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Figure 3-7. The frequency dependency of izc and nc . 

It can be seen that the simple model proposed above can give an idea about the frequency 
dependent behavior of Pin and p1• Due to the decreasing effective impedance of the PTR 
(caused by the pulse-tube volume in series with a flow conductance) it can be expected 
that the inlet pressure amplitude decreases when the frequency is increased, as shown in 
Figure 3-5. On the other hand, the average flow rate will increase when the frequency is 
increased, as shown in Figure 3-7. 

The gas flow per cycle decreases with increasing frequencies. As already mentioned, the 
Stirling compressor is not suitable for campressing/expanding large volumes, i.e. 
operating the PTR at low frequencies which requires a large piston displacement Figure 
3-7 shows that this problem may no langer occur for high frequencies. 

In this paragraph, the behavior of a three-stage PTR was approximated by a single-stage 
model. It was not shown that this is a valid approximation. However, it is not difficult to 
imagine the situation for a three-stage model. In the three-stage case, the pulse-tube 
pressure oscillations p 1 resulting from this model has to be used as Pc for the second stage, 
where 1/Ci for the second stage is taken zero. The same thing can be done for the third 
stage. It can be expected that the frequency dependent effects become stronger. The 
three-stage analysis is done in §3.3.3. 
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3.3 Optimization with increasing frequencies 
When the operation .frequency of the PTR is increased, various properties of the setup 
can be optimized in order to obtain optima! cooling power and/or reach the minimum no
load temperature. In this section the methods with which the setup can be optimized are 
discussed. 

3.3.1 Optimizing orifices 
As already mentioned, the buffer - first orifice combination determines the phase shift 
between the gas flow at the hot and cold end of the pul se tube. Optimizing the first orifice 
boils down to optimizing the phase shift. In §2.3, the equations for the optima! first 
orifice and double-inlet valve conductances were derived. All orifices are adjustable 
needie valves. Equation 2-36 shows that the flow conductance of the first orifice should 
he increased proportional with the frequency, i.e. opening the orifice. For the double-inlet 
valve, the expression that is found for the optima! flow conductance is not as clear as for 
the first orifice. However, by filling in equation 2-36 in equation 2-37, it can heseen that 
the optima! conductivity of the double inlet increases with the frequency (ceteris 
paribus). In practice, the cold-end temperature is highly sensitive to changes in the 
double-inlet flow conductance. Ifthe cold-end temperature changes, also COPc changes, 
which on its turn changes the optima! flow conductance of the double in let. 

In order to estimate the optima! setting of the minor orifice with increasing frequencies, 
the 'behavior' of the DC flow should he estimated. However, it is difficult to predict 
which asymmetries are more important than others when the frequency increases. 
Therefore, the minor orifice is regardedas a 'fine tuning' instrument, the effect ofwhich 
can he derived from experiments. 

The PTR can he optimized for a maximal cooling power, or for a minimum no-load cold
end temperature. When cooling power is required, the cold-end temperature is higher 
than the no-load temperature. This changes the temperature, and therefore the density and 
the viscosity of the gas flowing through the cold-end of the regenerator and the pulse 
tube. As a result, the flow rate at the cold end is different, which means that the optima! 
settings for the first orifice, double-inlet valve, and minor orifice are different. 

3.3.2 Optimizing the regenerator 
In §2.2.3 the general requirements of a regenerator were discussed. This section will 
focus on the consequences for the regenerator when the frequency is increased. Three 
important aspects of the regenerator are discussed: the heat capacity, the thermal 
penetration depth and the entropy production. 

3.3.2.1 Regenerator: heat capacity 
It this section, the volumetrie heat capacity of the regenerator material and helium are 
compared. A correction factor is introduced, which takes into account the amount of 
helium that flows through the regenerator in a half cycle. This way, the heat capacities of 
various materials are compared to the heat capacity of the amount of helium that flows 
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through the regenerator in a half cycle ([13], [16]). The volumetrie heat capacity of 
heliurn C~e is calculated using the rnolar heat capacity at constant pressure Cp, the rnolar 

weight mm ( 4 g/rnol) and the density p. Superscript V distinguishes the volumetrie heat 
capacity frorn the rnolar heat capacity. 

(3-11) 

The first-stage regenerator works in the ternperature range of 90- 300 K. Stainless steel 
and lead are cornrnon rnaterials with a high heat capacity in this ternperature range, as can 
beseen in Figure 3-8. 
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Figure 3-8. The volumetrie heat capacity of stainless steel and lead compared to the volumetrie heat 
capacity of helium. 

The volumetrie heat capacity of stainless steel is approxirnately 40 tirnes higher (at 90 K) 
than the volumetrie heat capacity of the helium. Ho wever, this ratio should be corrected 
for the arnount of heliurn flowing through the regenerator in a half cycle. Therefore, the 
volumetrie heat capacity ratio should be multiplied by x, given by 

fr~ 
x=-,~-2-, 

'fvdt 
(3-12) 

0 

where fris the filling factor of the regenerator, and Vr the volurne of the regenerator. The 
(time dependent) flow rate V in the regenerator is integrated over a half cycle, 
representing the displaced volurne inside the regenerator. 

4 Half because the gas rejects heat to the regenerator during the first half of the cycle, and takes up heat 
from the regenerator during the second half. This should not be counted double. 
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In this work the flow rate, measured using a flow meter, is divided by the frequeney in 
order to get the displaeed volume per eycle. Using eonservation of mass and the pressure 
oseillations in the pulse tubes, the displaeed volume at the seeond and the third stage ean 
also be estimated. The heat eapacity ratio Re is defined as x multiplied by the volumetrie 
heat eapacity ofthe regeneratorCrv divided by the volumetrie heat eapacity of helium C~e. 

(3-13) 

lf x is small, a relatively large amount of gas flows through the regenerator, whieh 
deereases the heat eapacity ratio. A good regenerator has a mueh higher heat eapaeity 
than the gas that is flowing through the regenerator, i.e. when Re >> 1. Table 2 
summarizes the values used to ealeulate X· 

Table 2. Values used todetermine the correction factor x in equation 3-12. A filling factor fr of0.35 is used 
for the first stage. For stages two and three,fr is 0.6. 

Stage Vr {cm3} T{K) Dis~laced volume { cm3} Correction factor l. 

1 128 
280 530 0.06 
90 180 0.2 

2 40.8 
90 160 0.2 
20 34 0.7 

3 23.8 
20 27 0.5 
2.2 6 2 

At the first-stage regenerator hot-end temperature (280 K), the heat eapaeity ratio of the 
stainless steel regenerator is 35. At the regenerator's eold end (90 K) this ratio is 12. 
Beeause Re>> 1 in both cases, stainless steel has a suffieiently high heat eapacity and is 
suitable as the first-stage regenerator materiaL 

The second-stage regenerator works in the temperature range of 20 - 90 K. The 
volumetrie heat eapacity of various materials is eompared to helium in Figure 3-9. For 
temperatures below 70 K, stainless steel no Jonger has the highest volumetrie heat 
eapaeity. For temperatures below 70 K, ErPr (5

) has the highest volumetrie heat eapacity. 
For a regenerator at 20 K filled with ErPr, Re is approximately 3. At 90 K, this ratio is 
approximately 6. Therefore, basedon the heat eapaeity, ErPr is a suitable material for the 
temperature range of 20 - 90 K. 

5 Erbium Praseodymium (ErPr) is a magnetic alloy with a volumetrie heat capacity 20- 185% higher than 
lead in the temperature range of 10 - 80 K. More information can be found in ref. [20] and [21]. 

29 



2.0 ,.-------------------ï 

SZ 
~5 1.5 

~ 
.t!' 
ë3 
<'0 
0. _gj 1.0 

<'0 
Ql 
.s:: 
<..> 
"L: 

~ 0.5 
:> 
ë5 
> 

Stage 2 regenerator material 
Volumetrie heateapaeities 

30 40 50 T[K] 60 70 80 90 

Experiments 

Figure 3-9. The volumetrie heat eapaeity of ErPr, lead, and stainless steel eompared to the volumetrie heat 
eapaeity of helium. 

The third-stage regenerator works at temperatures as low as 2 - 20 K. For this 
temperature range, it becomes increasingly difficult to find materials that have a high 
volumetrie heat capacity compared to helium, as can be seen in Figure 3-10. The best 
choice would be to use a regenerator consisting of layers of ErNi0 9Co0.1, Er Ni and ErPr. 
However, the material in this three-layer contiguration must be separated and fixed very 
well, in order to ensure that the material does not mix or move ( causing dissipation). In 
principle this can be done, but it can severely complicate the regenerator geometry, 
making it elaborate to produce and increasing its susceptibility to failure. In this work a 
two-layer configuration is used. 

1.0,.---------------------, 
Stage 3 regenerator material 
Volumetrie heat capacities 

~SZ 0_8 ErNi 

~ 
2. 

:5'o.s 
<'0 
0. 
<'0 
.B 
<'0 
~0.4 

u :s 
Ql 

§ 0.2 

~ 

Figure 3-10. The volumetrie heat eapaeity of several materials eompared to the volumetrie heat eapaeity of 
helium. 
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Because the temperatures in the third stage are so low, the density of helium is high and 
the displaced volume is low. Therefore, based on a displaced volume of -6 cm3 at the 
third-stage cold end, the correction factor x > 1. A two-layer regenerator consisting of 
ErNio9Coo.1 and ErNi is taken as an example. At 20 K, an ErNi regenerator has a heat 
capacity which is approximately e~ual to the heat capacity of the displaced helium. For 
an ErNio.9Co01 regenerator at 4 K ( ) this ratio is also approximately one. 

An overview ofthe materials and dimensions ofthe first-, the second-, and the third-stage 
regenerator, used in this work, is shown in Table 3 and Table 4, respectively. 1t can be 
seen that in the first- and the third stage, a two-layer contiguration has been chosen. 

Table 3. Matenals used for the regenerators. A detailed description ofthe tirst-stage regenerator is given in 
Appendix A. 

Stage Material Size or amount Filling factor Ir 
1 (hot end) Stainless steel 957 sereens of mesh 200 0.33 
1 (cold end) Stainless steel 2 Sintered blocks of 19.7 mm 0.51 
2 ErPr 0.25-0.30 mm grain size 0.61 
3 (hot end) Er Ni 0.20-0.24 mm grain size 0.61 
3 (cold end) ErNio.9Coo 1 0.20- 0.50 mm grain size 0.59 

Table 4. Regenerator housing dimensions (material: stainless steel). 

Stage 1 2 3 
Inner diameter (mm) 34 20 14 
Wall thickness (mm) 0.6 0.5 0.4 
Length (mm) 141 130 155 
Volume (cm) 128 40.8 23.8 

So far, the consequences of increasing the frequency havenotbeen considered. In §3.2 it 
was found that the flow, passing through the regenerator per cycle (or displaced volume), 
decreases with increasing frequencies. This means that for high frequencies, the 
regenerator material comes in thermal contact with less helium than for low frequencies. 
Consequently, less regenerator material is needed to store heat, and the regenerator can 
be made smaller. 

3.3.2.2 Regenerator: thermal penetration depth 
In §2.2.3 it was discussed that the thermal penetration depth is a measure up to which 
extent (depth) a material is capable of exchanging heat with its surroundings within a 
eertaio time. Therefore, it is an important parameter in determining the ( optimal) feature 
size (e.g. grain radius, mesh number) of the regenerator materiaL Generally, the thermal 
penetration depth of the regenerator material should be larger than the feature size of the 
regenerator material in order to ensure maximum heat exchange. The thermal penetration 
depth ofthe working gas should be larger than the size ofthe pores in the regenerator. 

6 Unfortunately, no volumetrie heat capacity data for ErNi09Co0 1 below 4 Kis available. 
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In this chapter, the thermal penetration depths of various regenerator materials and 
helium are shown. Next, a model is presented that describes the thermal behavior of 
particles (spheres) inside a regenerator. This model is used to find arelation between the 
regenerator's ability to store heat, the oscillation frequency, and the partiele size. 

Figure 3-11 shows the thermal penetration depth of helium, stainless steel, and lead for 
the first-stage regenerator temperature range fora frequency of 1.8 Hz. This frequency is 
typical for the three-stage PTR used in this work. The thermal penetration depth of 
helium is calculated based on the properties of helium at 15 bar. However, the pressure in 
the setup ranges from 12 - 21 bar, which results in 15 % increase or decrease of the 
thermal penetration depth. 
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Figure 3-11. The thermal penetration depthof lead, stainless steel, and helium for 1.8 Hz. 

The stainless-steel mesh 200 sereens in the first-stage regenerator consist of wires of 50 
J.!m thick. The thermal penetration depth is nearly 20 times larger. Figure 3-12 and Figure 
3-13 show 6r for the second- and the third-stage regenerator temperature range for 
various materials. It should be noted that the values for the eh of lead is based on pure 
lead. If an alloy is used instead, the mean free path of the electrons can significantly be 
reduced ( especially at low temperatures, where electron - phonon scattering plays a 
minor role) [ 17]. In this case the thermal conductivity can be two orders of magnitude 
lower than for a pure materiaL This decreases ÓT by one order of magnitude. The size of 
the ErPr particles in the second stage is 0.25 - 0.3 mm. The thermal penetration depth is 
approximately 5 times larger, which is also the case for the ErNi particles in the third 
stage. Unfortunately, no data on the thermal penetration depth ofErNi0.9Co0.1 is available. 
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Figure 3-12. The thermal penetration depthof lead, ErPr, stainless steel, and helium for 1.8 Hz. 
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Figure 3-13. The thermal penetration depth of several materials and helium for 1.8 Hz. Values for lead are 
basedon pure lead material properties. 

So far it has been assumed that the thermal penetration depth of the regenerator materials 
can betaken as a guide fortheregenerator mesh-or grain size. However, also the thermal 
penetration depth of helium should match the size of the pores between the regenerator 
grains. It can be shown that in a tetrahedral structure, the holes are 4- 5 times smaller 
than the grains. Consequently, the smaller pore size compensates for the smaller thermal 
penetration depth in helium compared totheregenerator material (see Figure 3-11, Figure 
3-12, and Figure 3-13). 
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In this work, an attempt has been made to make the relation between the grain size and 
the regenerator's ability to store heat more precise. Here, also the spherical geometry and 
'wet' surface area per unit volume (as a function of the partiele size) is taken into 
account. Furthermore, the frequency dependency is examined. 

The model 
In order to examine the relation between the grain size and the amount of heat stored in 
the material, a model can he constructed. This model is based on three equations. 

In the regenerator material is a heat flow Q (J s·1
) and an intemal energy U (J). By the 

first law of thermodynamics, a heat flow leads to a change of intemal energy (in the 
absence of work). 

(3-14) 

In a thin shell of the sphere of thickness !1r, a temperature change leads to a change of 
intemal energy. 

Au· 4 2 aT(r,t) A •• 
u =pc 1rr ur, 

at 
(3-15) 

where c is the specific heat capacity, p the material density and T the temperature being 
dependent on radius r and time t. For pc the volumetrie heat capacity C is used from now 
on. The heat flow through the shell surface at radius r is dependent on the local 
temperature gradient. 

(3-16) 

where Kis the thermal conductivity ofthe materiaL 

By combining the three equations given above, the following second order homogeneaus 
partial differential equation can he derived. 

C aT(r,t) 2 aT(r,t) a 2T(r,t) - = - + -----'--~ 
K at r ar ar 2 (3-17) 

This equation can he simplified by substituting 

T( ) = F(r,t) 
r,t . (3-18) 

r 

Now equation 3-17 can he written as 
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C 8T(r,t) 82 F(r,t) 
= (3-19) 

The time dependency of the temperature ins i de the regenerating is assumed harmonie due 
to the oscillating flow. 

F(r t) F (r) F (r) . 
T(r,t)= ' =I'o +-x-cos(wt)+-Y-sm(wt), (3-20) 

r r r 

with T0 the mean temperature which is independent of time and location. Substituting this 
equation into equation 3-17 gives 

(3-21) 

so 

(3-22) 

where c5-r is given by equation 2-12. This is a fourth order linear homogeneous differential 
equation with constant coefficients in quadrature format. Jt can be shown that the general 
solution ofthis differential equation is a linear combination offour independent solutions 
(ref. [22] §17.7) 

(3-23a) 

and 

(3-23b) 

with x=r/&T the dimensionless radius. Here, &T (and hence C and K) is constant and 
independent of r. Making C and K time dependent would lead to second order corrections, 
which are neglected in this harmonie approximation. Values for c~. C2, C3, and C4 follow 
from boundary conditions. One of these conditions is that the temperature does not 
become infinite in the co re of the grain. If lim T(r) <ooit follows that for Fx(r)/r and for 

r-+0 

Fy(r)lr the eosine terms have to cancel: C2 =- C4 and C1 = C3. Equation 3-23 can now be 
written as 

(3-24a) 

and 
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(3-24b) 

It is interesting to examine the temperature profile and heat transport in the sphere if a 
sinusoidal temperature variation (which was already assumed in equation 3-20) is 
imposed on the boundary ofthe sphere. This assumption is only valid ifthe gas is in good 
thermal contact with the grain surface, otherwise the temperature of the gas at the grain 
surface will dropfraise when heat is transported to/from the grain. 

T(r =a)= 1'o +I; cos(mt), (3-25) 

where a is the radius of the spheres and T1 the amplitude of the temperature oscillation. 
With this boundary condition, C1 and C2 are fixed and given by 

(3-26a) 

and 

(3-26b) 

It is now possible to calculate the temperature profiles and (with equation 3-16) the 
thermal conduction profiles in the grains. It is also interesting to calculate the amount of 
energy stored per unit volume in half a cycle. This can be seen as an effective heat 
capacity of the regenerator, taking into account the frequency of the oscillating gas flow, 
the grain size, the filling factor, and the material properties. 

c = __ii_ 4JZ"a2 _!_ r=2% [K ar(r, t )] dt 
reg 4/ JZ"a3 T. 2 J=o ar 

/3 I r=a 

(3-27) 

Here, the first term on the right hand side is the amount of grains in one cubic meter of 
regenerator, also taking into account the filling factor. The second term is the surface area 
of a grain divided by the temperature oscillation amplitude. The last term is the 
integration over the heat flux at the grain boundary over one cycle. Because the heat flux 
changes sign every half cycle, the absolute value is taken. The factor Yz corrects the 
integration for the heat that is going in and out the grain, effectively turning the full cycle 
integration into a half cycle integration. 
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A complicating factor is the phase shift between T(a,t) and Q(a,t). Generally, Q(a,t) is 
maximal if the temperature changes fastest because the regenerator material has not had 

enough time to adjust to the new temperature. This means that Q(a,t) is in phase with 

the time derivative of the temperature T(a,t). In the example shown next, it has indeed 
been found that this phase difference is smaller than 1 %. 

Heat capacity Creg versus the grain size a can be plotled for various values of K, C and ro. 
In Figure 3-14 the effective volumetrie heat capacity Creg is divided by the maximum 
volumetrie heat capacity Cmax (= ff ·C) and plotled versus the dimensionless grain size 
al~ (lh given by 2-12). This results in a frequency-independent characteristic plot for the 
effective heat capacity ofthe regenerator as a function ofthe grain size. For this example 
the material properties of ErPr at 30 K have been used. 

0.25 

0.0 +--.----.----,-,---.---,----,--,-----.----,-----,.-.,---.-----.---.----,.---,---.----.----, 
0 2 3 5 6 8 9 10 

alóT 
Figure 3-14. The dimensionless heat capacity ofErPr versus the dimensionless grain size. 

As can beseen in Figure 3-14, the grain size where the effective volumetrie heat capacity 
starts decreasing coincides with bT. At this partiele size the heat exchange takes place all 
the way into the core of the grains. Further decreasing the size does not increase the 
effective heat capacity of the regenerator, as can be seen. However, in this model perfect 
thermal contact between the gas and the grain surface was assumed. In reality this is not 
the case, i.e. when bT ofthe gas is smaller than the size ofthe pores between the grains. In 
this case it may be necessary to further decrease the regenerator grain size in order to 
improve the heat exchange. Increasing the partiele size decreases the heat capacity 
because the core of the grains does no longer participate in the heat exchange between the 
regenerator material and the gas. When the heat exchange between the gas and the 
regenerator material is optimal, increasing the partiele size may be beneficia! in terms of 
decreasing losses due to flow resistance. As can be seen in Figure 3-14, going from bT to 
2bT decreases the effective heat capacity only by 16 %. 
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In conclusion, this model can be useful when comparing different regenerator materials 
and grain sizes for different frequencies and filling factors. However, there are limitations 
which can be addressed in future work. The limited heat capacity and thermal penetration 
depth of the surrounding gas can be taken into account in order to obtain a more realistic 
result for the amount of heat that is exchanged. This can be accomplished by actding an 
extra shell of a different material, with different values for K and C, around the initial 
grain (for r > a). Extra boundary conditions are necessary: both the temperature and Q 
must be continuous on r=a. 

3.3.2.3 Regenerator: losses 
The Josses inside the regenerator consist of four contributions. The first two are caused 
by thermal conduction through the regenerator material and the working gas. This way, 
heat from the hot end of the regenerator can be transported to the cold end. Furthermore, 
entropy is produced due to heat exchange between the working gas and the regenerator 
materiaL Finally, entropy is produced due to the nonzero flow resistance of the 
regenerator materiaL 

Entropy production doe to thermal conduction 
In ref. [ 15] measurements of the thermal conduction through regenerators with a similar 
composition as used in this work are published. In this work a conduction degradation 
factor /co is introduced. This is the correction factor for the thermal conduction through a 
regenerator packed with spheres (or screens) insteadof asolid bar ofthe same amount of 
material and with the same cross-sectional surface area. Factor fco is a geometrical factor, 
not a correction for the porosity (which is fi). The heat flow through a regenerator with 
length Lr, surface area Ar, matrix material thermal conductivity K, filling factor fi, colct
end temperature TL, and hot end temperature TH, is given by 

(3-28) 

It should be noted that this is the contribution of the thermal conduction through the 
regenerator material only, and not the conduction through the working gas. With ref. [13] 
the total entropy production in the regenerator due to axial conduction losses through the 
gas and the regenerator material are respectively 

(3-29a) 

and 

. L, (ar_ )2 
Scr =Ar fr,Jco,r f ;~ az' dl, (3-29b) 
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with fr.g + fr.r = 1, and subscript c indicating the loss due to conduction, and subscript g 

and r indicating the contributions ofthe gasandregenerator material, respectively. 

Generally, the conduction degradation factors ofthe regenerator materialand the working 
gas are different. Note that Kg and Kr are the real thermal conductivities instead of the 
effective thermal conductivity used in [13]. In practice fi.g ;:;:: !r,r and Kg << Kr, so the 
conduction through the working gas can be neglected. With a smooth temperature profile 
in the regenerator, and h <<TH equation 3-29 can be approximated roughly by 

s -s - + + K ~ Td 
c- er- }f,rlCD,r rL T.2' 

r L 

(3-30) 

where Kr is evaluated at TL. It is now interesting to investigate what happens to the axial 
thermal conductivity (losses) if the system frequency is increased. The equations above 
do not show a direct relation between the frequency and the thermal conduction losses. If 
the temperature distribution, the dimensions, and the material properties remain constant, 
the conduction losses will not change. However, when the frequency increases, it may be 
necessary to change the dimensions or the material of the regenerator. Also, it may be 
necessary to increase the average pressure of the working gas in order to maintain a 
certain pressure amplitude in the pulse tubes. So even though the frequency is not directly 
related to the thermal conduction losses, it can still be meaningful to investigate the 
indirect consequences. 

Increasing mean pressure 
In [15] it is concluded that, even though the thermal conduction through the helium itself, 
helium plays an important role in the axial thermal conduction through the regenerator 
materiaL The sphere to sphere contact area is very small. The presence of helium near 
these contacts can enhance the axial thermal conductivity of the regenerator by two 
orders of magnitude compared to vacuum conditions. However, above 5 bar, the thermal 
conductivity no longer increases with increasing pressure. Therefore, it can be assumed 

that above 5 bar, the conduction losses through the regenerator material scr are constant. 

For the conduction through the working gas only, a similar analysis can be done. It can be 

shown that this contribution is much smaller than scr (Kg << Kr). Furthermore, the thermal 

conductivity of helium does not change more than 5 % if the pressure is changed from 10 
to 20 bar. Therefore, it can be concluded that increasing the average system pressure does 
notchange the losses due to axial thermal conductivity. 

Decreasing the partiele size 
The thermal penetration depth decreases with the square root ofthe frequency. In order to 
maintain optimal heat exchange, it may be necessary to decrease the regenerator partiele 
or mesh size. Because this changes the amount of contacts and the size of the contacts of 
the regenerator grains or screens, this may change the conductivity degradation factor /co 
of the regenerator. In equation 3-29 it can be seen that this has consequences for the 
losses due to axial conductivity. 
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The filling factor of stacked sereens is given by [ 16]: 

(3-31) 

with n the mesh density (m-1
) and d (m) the wire thickness. It is clear that if nd remains 

constant, the filling factor (and therefore, also the losses due to axial conduction) will not 
change. A typical filling factor for stacked sereens is 0.3. 

When spheres are used, the theoretica! maximum filling factor for hexagonal close 
packing is 0.74. However, since the regenerator is nottilled manually grain-by:-grain, it is 
better to use the filling factor of randomly packed spheres, which is 0.64. In practice, 
even a filling factor of0.64 is hard to reach. Typically, values of0.55- 0.63 are obtained. 

From [15], no clear relation was found between the conductivity degradation factor /co 
and the partiele size, the mesh size, or the porosity. Therefore,/co is assumed constant in 
the relevant range of material dimensions. Obviously, this will have no effect on the 
losses due to thermal conductivity. A typical value for /co for stainless steel sereens and 
spheres is 0.11. 

Changing aspect ratio A/Lr 
There can be several reasans why the area Ar over length Lr ratio (aspect ratio) of the 
regenerators should be changed ifthe frequency is increased. As discussed earlier in §3.2, 
the amount of gas flowing through the regenerator per cycle decreases. Therefore, less 
material is needed for heat storage, and the regenerator can be made smaller. It mayalso 
be necessary to decrease the pressure drop in the regenerators in order to maintain a 
certain pressure amplitude in the pulse tubes. This can be done by increasing the aspect 
ration Ar! Lr. 

lfthe surface area is increased the axial conduction losses are increased proportionally, as 
can bee seen from equation 3-29. Changing the length of the regenerator is somewhat 
more complicated, because the salution for equation 3-29 depends on the axial 
temperature profile. Assuming a smooth (e.g. linear) temperature profile, it can be seen 
from equation 3-30 that decreasing the length of the regenerator increases the axial 
conduction losses proportionally. 

When the dimensions of the housing are changed the thermal conduction through the 
housing wall may also change. This effect can be treated in a similar way to the axial 
conduction through the regenerator materiaL lf the aspect ratio is varied, but the wall
thickness <5 to radius r ratio is constant, the thermal conduction area of the housing Ah 
scales proportionally with the regenerator housing inner surface area Ar. 

It is possible to campare the losses due to thermal conduction through the housing with 
the losses due to conduction through the regenerator itself. The surface area of the wall is 
typically 3 - 6 % of the inner surface area Ar. However, the parameters fi and /co are 
equal to 1 for the wall (bulk material), while they are typically 0.5 and 0.1, respectively, 
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for the regenerator itself. Therefore, the losses due to thermal conduction through the 
housing can be of the same order as the losses due to thermal conduction through the 
regenerator itself. 

Entropy production due to irreversible heat exchange 
Due to irreversible heat exchange between the regenerator material and the gas, entropy 
is produced. In ref. [13] this contribution has been treated thoroughly. The following 
steps, up to equation 3-38, are all taken or derived from this article. An expression for the 
entropy production was derived 

(3-32) 

where p (J s·1 K"1 m·3) can be written as 

(3-33) 

with g~ a geometrical factor of order one and J the grain size. The next step is to make 
some rigorous assumptions in order to find a solution for equation 3-32. 

An expression for fi(Tr - Tg) can be derived using the energy balance for the gas inside 
the regenerator 

(1- Ir )cp aTg - (1- Ir )Tg (avm J ap + ·c aTg + ·[v -T (avm J ] ap = 
V at V aT at J P at J m g aT at 

m m g p g p (3-34) 

p(r, - r, )+ :1 ( ", a;,} 
which takes into account the variation of the molar enthalpy flow in time and in location 
(left hand side of the equation), the heat flow to the gas due to heat exchange with the 
regenerator material per unit volume (= Atal) (first leg on the right hand side of the 
equation), and the thermal conduction per unit volume (second leg on the right hand side 
of the equation). Here, j is the molar flow rate density (mol s·1 m·2), and Vm the molar 
volume. For details on the derivation ofthis equation, see ref. [13]. For anideal gas, 

r(avmJ =V 
g aT m' 

g p 

(3-35) 

which simplifies the aplat prefactor, and cancels the ap/at term. Assuming a sufficiently 
large filling factor, so (1 :fr)~O, the first and the second term on the left hand side of the 
equation can be neglected. Also, the thermal conduction through the gas is neglected. 
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Finally, a 'smooth' temperature distribution intheregenerator is assumed 

(3-36) 

Now, the simplified energy balance is given by 

(3-37) 

with ne (=j te Ar) the amount ofmoles of gas participating in one cooling cycle, and te (s) 
the cycle time (=2nlm). With Tg = Tr = h, the entropy production in the regenerator 
(equation 3-32) becomes 

C2 s;-2 2 2 
. mpu T,H n S ~ , _c 
e V T.2 2 

Kgg[) r L te 
(3-38) 

This equation can be used to derive the frequency dependent behavior ofthe losses due to 
irreversible heat exchange in the regenerator. For the last term (neltei the following can 
be shown 

(3-39) 

which is the square of the time-averaged molar flow rate in the compressor. From §3.2 
(Figure 3-7) it can be seen that for system used for this example, the total flow rate 
increases with increasing frequencies for frequencies lower than ~ 10 Hz. For higher 
frequencies the flow rate stabilizes. The same frequency dependent behavior can be 
expected for the losses due to irreversible heat exchange, albeit that these losses increase 
with the square of the flow rate. 

As discussed in §3.3.2 it is necessary to decrease the partiele size at a certain frequency 
when the thermal penetratien depth becomes too small. From equation 3-38 it can beseen 
that decreasing the partiele size b can significantly decrease the entropy production. 

The aspect ratio can be found in v;.. The aspect ratio can be changed without changing the 
regenerator volume. However, in §3.3.2 it was noted that it may be possible to decrease 
the size of the regenerator because less heat capacity is required at higher frequencies. 
Decreasing the regenerator volume will increase the heat exchange losses. 

Entropy production due to flow resistance 
In ref. 73[13] also the viscous contribution can be found. It is expected that the viscous 
dissipation is high at the high temperature region of the regenerator. The first reason for 
this is that the viscosity of helium is higher at higher temperatures, as can be seen in 
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Figure 3-15. The second reason is that the volumetrie flowrateis higher. This is caused 
by the high temperature, and hence the small helium density. Moreover, all the gas that 
goes to the second and the third stage must pass through stage one (and two). 
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Figure 3-15. Viscosity of helium at 15 bar as a timetion of the temperature. 

The general equation for the viseaus Jasses is 

(3-40) 

Because the viseaus dissipation primarily takes place in the high temperature region, the 
ideal gas law can be used to find Vm. Furthermore, TH is taken as a measure for Tg and the 
value for 17 is taken at TH. In order to calculate the flow resistance, the regenerator is 
approximated by a matrix of channels. Fora laminar flow7 running through a number of 
channels proportional to b-2

, with b the diameter of the channels, the flow resistance is 
given by 

with gz a geometrical factor of order 10. The entropy production is now given by 

(3-41) 

7 Typical Reynolds numbers are in the order of one [13]. 
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Again equation 3-39 and Figure 3-7 can be used to predict the frequency dependent 
behavior. For the system used for this example, the viscous losses increase for f < -10 
Hz, and remain constant higher frequencies. 

As expected, decreasing the partiele size b increases the viscous losses quadratically. If 
conduction losses can be limited, it may be possible to counter-act the viscous losses by 
increasing the aspect ratio A/Lr. This way, the flow can be divided over more and shorter 
channels while keeping the total heat capacity of the regenerator constant. 

Finally, the average pressure also plays an important role in the viscous losses. Increasing 
the pressure from 10 to 20 bar will slightly increase the viscosity, which will slightly 
increase the viscous losses. However, because the molar volume decreases proportionally 
with increasing pressure, and the viscous losses are dependent on the square of the molar 
volume (equation 3-40), the viscous losses will decrease with the square ofthe pressure. 

Combining equations 3-30, 3-38, and 3-41 the total entropy production intheregenerator 
S, due to axial conduction, irreversible heat exchange, and viscous dissipation can be 
calculated. The axial conduction losses ofthe gas are neglected. 

(3-42) 

3.3.3 Optimizing the pulse tubes 
The main design properties of the pul se tubes are its dimensions (aspect ratio) and flow 
straighteners. When the gas enters or leaves the pulse tube it encounters an abrupt change 
in the tube cross-section, which generates turbulence. The surface area changes from the 
pulse-tube surface area Ap to the surface area of the conneetion tubes, which is much 
smaller, or vice versa. Also, turbulent losses occur at high Reynolds numbers Re. 
Generally, Re is in the order of one for characteristic parameters [14], which is well 
below the critica! Reynolds number of ~2000 Turbulence causes hot and cold gas to mix, 
which generates entropy. The flow straighteners can significantly reduce the turbulent 
losses. 

The losses due to irreversible heat exchange between the gas and the tube walls, and the 
losses due to axial heat conduction can be treated similarly to the losses described in 
§3.3.2. The flow resistance and the consequent losses in the pulse tube are assumed 
negligible. 

3.3.3.1 Shuttle heat loss 
An effect playing an important role in the pulse tubes is the heat exchange between the 
gas and the tube wall, often called 'shuttle heat loss' or 'surface heat pumping' [23], [24]. 
As already mentioned, gas warms up or cools down when it is compressed or expanded 
adiabatically ( equation 2-3). At the same time, the gas in the pulse tube moves back and 
forth in the pulse tube (Figure 2-5). The tube wall is assumed to have a cycle-averaged 
temperature, which decreases approximately linearly from the pulse-tube hot end to the 
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cold end. Figure 3-16 shows the movement of gas elements that are being compressed at 
various positions in the pul se tube, and the temperature of the gas elements. A lso shown 
are the linear temperature profiles of the tube wall. A similar plot can be made for the 
expansion ofthe gas. 
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Figure 3-16. Temperature and movement of gas elements at various positions in the pulse tube, due to 
compression, for cold-end temperatures of250, 150 and 50 K (Picture courtesy ref. [23]). 

Focus on the 250 K cold-end temperature line. During compression the gas moves 
towards the hot end (right). The gas is warmer than the tube's walland consequently heat 
is released to the tube's wall. During expansion, when the gas moves towards the cold 
end (left), the gas is colder than the tube walls and heat is transported from the wall to the 
gas. By transferring heat between the gas and the wall, heat is pumped from the cold end 
towards the hot end. The cooling ofthe basic PTR is basedon this effect. 

For the 150 K cold-end temperature line, this effect is still present when the gas element 
is further than Y4 Lt inside the tube. However, near the cold end the effect reverses. This 
reversed effect is stronger for a cold-end temperature of 50 K. In this case the gas still 
heats up during compression ( causing the temperature to rise with 111), and moves 
towards the right over a distance Lll. However, I!!. Tl l1x is smaller than the temperature 
gradient in the tube wall. Consequently, heat is taken from the tube wall when the gas 
moves towards the hot end, and heat is released when gas moves towards the cold end. 
This causes heat to be 'pumped' from the pulse-tube hot end to the cold end, increasing 
the heat load on the cold end. 

The shuttle heat effect can only take place near the wall of the tube, within the thermal 
boundary layer. For pulse tubes with a large surface area the amount of gas within the 
therm al boundary layer of the wall is small compared to the amount of gas that is isolated 
from the wall and can be considered adiabatic. If the radius of the pulse tube is large 
compared to the thermal penetration depth, the shuttle heat loss is relatively small. The 
thermal boundary layer has a thickness equal to the thermal penetration depth given by 
equation 2-12, which means that the shuttle heat effect is largest for high temperatures 
and decreases with the square root ofthe frequency. 
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In the PTR used in this work, the pulse tubes are made of stainless steel. The dimensions 
and typical cold-end temperatures are given in Table 5. Using equation 3-28 the heat flow 
through the wall can easily he calculated. It can he shown that the temperature gradient 
(0.8 K/mm), the tube diameter and wall thickness are smallest for the third stage. 
Therefore, the heat load due to thermal conduction is smallest in the third stage. 
Unfortunately, no data on enthalpy flow due to the shuttle heat effect and a DC flow are 
available for comparison. However, in all cases the radius of the pulse tubes is at least 
three times larger than the thermal penetration depth of helium at room temperature 
(shown in Figure 3-11). 

Table 5. Properties ofthe pulse tubes. 

Stage 1 2 3 
Inner diameter (mm) 20 12.1 9 
Wall thickness (mm) 0.5 0.3 0.25 
Length (mm) 141 204 342 
Volume (cm) 45.2 23.5 21.8 
Typical cold end temperature (K) 90 30 3 
Thermal conduction through wall (W) 0.53 0.15 0.06 

3.3.3.2 Pressure oscillations 
In §2.3 it was derived that the cooling power is proportional to the amplitude of the 
pressure oscillations in the pulse tubesquared (equation 2-30). Therefore, it is interesting 
to establish a re lation between frequency and the amplitude of the pressure oscillations in 
the fi.rst, the second, and the third stage of the PTR. A simple model similar to the one 
used in §3.2 is constructed. Again, the flow through the double-inlet valve and the minor 
orifice are neglected. Figure 3-17 shows the contiguration of this three-stage model. The 
flow rate through a flow conductance is given by equation 2-17 and the effective pulse
tube volumes v;e" v;e2, and Vte3 for the three stages is given by equation 3-8. The buffer 
pressure Pb is assumed constant and equal to the time-averaged pressure p0. Again, the 
compressor pressure Pc is given by 

Pc= Po+ Pc! cos(mt). (3-43) 

The regenerator conductances should he regarded as effective conductances. 
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Figure 3-17. An i deal pressure oscillation generator (Ie ft) with flow conductance C;, connected to a three
stage PTR with regenerator flow conductances C1o Cr2, and Cr3, and pulse-tube volumes V0 , V12, and V.,3• 

The flow conductances of the first orifices are C1 .~> C1,2, and C1,3• Pressures are defined at the compressor 
{p0), at the PTR inlet (pin), in the putse tubes (p0 , p12 , and p 13 ), and in the buffers (A,). 

The velocity at the cold end ofthe tirst-stage pulse tube vu is given by 

Au Vu = cri (pin - Pu)- ~LI cr2 (p,, - Pt2)' 
L2 

(3-44) 

where Au is the surface area of the tirst-stage pulse tube, and Tu and TL2 are the 
temperatures at the cold end of the tirst- and the second-stage regenerator. Equation 3-5 
can be used to calculate the inlet pressure Pin· It can be seen that the flow rate that is 
going to the second-stage regenerator is subtracted from the flow rate coming through the 
tirst-stage regenerator. Likewise, the velocity at the cold end of the second- (vL2) and the 
third- stage (vL3) are given by 

AavL2 = Cr2{pu- Pt2)- i 2 
Cr3(pt2- Pt3), 

L3 

and 

The velocity at the hot end ofthe pulse tube is given by 

c,,(i) r __ ) 
VH(i) = A\Pt(i) -Po ' 

t(i) 

for all three stages, where (i) is the number of the corresponding stage. 

(3-45) 

(3-46) 

(3-47) 
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Applying equation 2-16 for all stages gives 

( ) TL! C ( ) _ C ( ) v;el dptl 
Crl Pin - Pt1 ---;;:-- r2 P11 - P12 - 1.1 P11 -Po + -dt' 

L2 J7o 
(3-48a) 

( ) TL2 C ( ) _ C ( ) v;e2 dpt2 
Cr2 P11- P12 ---;;:-- r3 P12- Pt3 - 1.2 P12- Po +-dt' 

u Po 
(3-48b) 

and 

( ) C {p ) v;e3 dj7t3 
C,3 P12- Pt3 = 1,3 t3- Po +-dt. 

J7o 
(3-48c) 

Here, V1e is given by equation 3-8 for all three stages. 1t should he noted that these 
equations are based on the assumption of an ideal gas. This is a valid assumption for the 
first and the second stage, but is probiernatie for the third stage. However, only a small 
fraction of the helium in the third-stage pulse tube is toa cold to he approximated by an 
ideal gas. A subsequent (small) deviation in the third stage dynamics, resulting from this 
model, can be expected. 

Equation 3-1 is used for the compressor pressure Pc· The values used for the flow 
conductances of the regenerators and Ci are estimations based on measurements at 1.8 
Hz. The optimal flow conductance given by equation 2-36 is taken as a measure for the 
flow conductances of the first orifices. In practice, the first-orifice conductance may 
deviate from the theoretica} optimum because the theory is based on a single-stage PTR. 
The hot-end temperafure TH is 280 K. The mean pressure p 0 is 1.5 MPa. The compressor 
pressure amplitude p 1 is 0.5 MPa. For the volumes of the pulse tubes, the real values are 
used, given in Table 5. The flow conductance C is 20 (mm3 s- 1 Pa-1

). In the following 
table, the remaining parameters and their values are given for the three stages. 

Table 6. Values used in the three-stage PTR model. 

Variabie Stage 1 Stage 2 Stage 3 
80 30 2 
25 25 15 

In order to campare the result of this model, the normalized pressure amplitude at the 
inlet ofthe system is shown as a function ofthe frequency. This is done in Figure 3-18. In 
this context, the 1\ indicates that the amplitude of a parameter is used. The result is similar 
totheresult that has been obtained in §3.2. 

48 



Experiments 

1.0 

0.8 

PA • 0.6 
", 

Pc1 o.4 

0.2 

0~.--~--~~--~--~--r---r---~--~--~~ 
0 4 s 6 7 8 9 10 

f{Hz) 
Figure 3-18. The pressure amplitude at the inlet of the system, divided by the compressor pressure 
amplitude, shown as a function ofthe frequency. 

It can be seen that for high frequencies, a large fraction ( ~50 %) of the initia! pressure 
amplitude is already lost when the flow reaches the inlet. Even though Ci is an estimated 
value, it can be concluded that it is important to minimize not only the pressure drop in 
the pulse tubes, but also in the system generating the pressure oscillations. 

The calculated amplitudes of the pressure oscillations in the three pulse tubes, divided by 
the in/et pressure amplitude, are shown in Figure 3-19. The in let pressure amplitude is 
used because there is no experimental data on the compressor pressure amplitude 
available. By using the inlet pressure amplitude, the results of this model can be 
compared to the measurements. 
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Figure 3-19. The frequency dependency of the dimensionless amplitude of the pulse-tube pressure 
amplitudes fora simplified model, represented by equation 3-48. 
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Again, a significant part of the initia! pressure amplitude is lost if the frequency is 
increased. The largest decrease of the pressure amplitude takes place in the tirst-stage 
regenerator, where the flow rate and the viscosity are highest Equation 2-30 (where PI is 
the pressure amplitude in the pulse tube) shows that the cooling power decreases 
significantly. lf the flow conductances of the regenerators are kept constant, the pressure 
amplitudes in the pulse tubes decreases by a factor of approximately two, and the cooling 
power decreases by a factor of approximately four, when the frequency is increased from 
1.8 to 9 Hz. 

Using equation 3-10, the time-averaged molar flow rate through the compressor can be 
calculated and plotled as a function of the frequency. This is shown in Figure 3-20. 
Again, the sametrend can beseen as was found in §3.2, Figure 3-7 
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Figure 3-20. The frequency dependency of nc and nc for the three-stage model described above. 

In the next chapter, measurement results are shown and compared to the results of this 
model. 
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4 Results and discussion 
In this chapter, the results of increasing the frequency of the PTR are given and 
discussed The first part treats the optimization that was done using the needie valves 
only. In the second part the setup is modi.fied in order to imprave its high-frequency 
performance. The setup is optimized for a minimum no-load third-stage cold-end 
temperature. 

4.1 Optimization using the orifices 
In the first part of this work, the frequency was increased without modifying the setup 
physically. The system is optimized by fine-tuning the first orifices, then the double-inlet 
valves and finally the minor orifices. Aft er changing a particu/ar setting, the setup is Ie ft 
to stabilize for at least one hour. Full optimization may require two or more iterations of 
fine tuning all nine ori.fices. 

4.1.1 Lowest cold-end temperature 
In Figure 4-1 the lowest third-stage cold-end temperature (Tu) is shown as a function of 
the frequency. lt can be seen that below 5 Hz, the system is relatively insensitive to the 
frequency changes. Above 7 Hz, Tu crosses the 4 K line and increases steeply to 8.5 K at 
11 Hz. Here, and from now on, the lines connecting the actual data points are there to 
show the general trend of the data, and to help to distinguish between different data sets. 
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Figure 4-1. Lowest third-stage temperature as a function ofthe frequency. 

lt is remarkable that the PTR, originally designed and optimized for operation at~ 1.8 Hz, 
can still perform so well at a frequency of ~5 Hz. Only at a frequency as high as five 
times the original operating frequency the performance of the system starts to decrease 
significantly. The minimum temperature is obtained at 1.8-2.5 Hz and has a value of2.2 
K. This temperature is close to the A-point of helium at 15 bar, which is at 2.0 K. The A-
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line separates the normal fluid from the superfluid ghase of helium. The phase diagram of 
4He is shown in Figure 4-2. The critical point of He is at a temperature of 5.2 K and a 
pressure of 0.23 MPa. This means the helium is a fluid throughout the PTR. Near the A.
line, av becomes zero. At av=O the adiabatic compression and expansion no longer has 
an effect on the temperature ofthe gas (equation 2-3) [25]. Therefore, it is impossible to 
reach temperatures below 2 K with 4He. The lighter isotope of helium, 3He, has its a.v=O 
line near 1 K. Therefore, temperatures below 2 K can be obtained using 3He instead of 
4He. In fact, this has been done in previous work on this PTR, and a minimum no-load 
temperature of 1.73 K was reached [26]. 
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Figure 4-2. The phase diagram of 4He. 

4.1.2 Pressure amplitude and flow rate 
Part of the explanation of the increasing cold-end temperature, discussed in the previous 
section, can be found in the pressure amplitude. As already mentioned, the system's 
cooling power (equation 2-30) is closely related to the pressure amplitudes in the pulse 
tubes. Based on the three-stage model, introduced in §3.3.3, it is expected that the 
pressure amplitudes at the inlet and in the pulse tubes decrease with the frequency as 
shown in Figure 3-18 and Figure 3-19, respectively. To give an idea ofhow the pressure 
oscillations at the inlet and in the pulse tubes change when the frequency is increased, 
Figure 4-3 shows the time-dependent pressures for 1.8 and 11 Hz. 

At 1.8 Hz, the frequency is low enough to distinguish the different phases of a cycle. The 
arrows indicate the times when the system is neither connected to the high- nor to the 
low-pressure si de of the compressor. After the first arrow at -ü.2 s, the system is at high 
pressure PH and the rotary valve connects the system to the low-pressure side of the 
compressor (at pL). This is the expansion step. Around 0.3 s the flow rate through the 
regenerators is highest because the difference between the inlet pressure and the tirst
stage pulse-tube pressure is largest. Around 0.45 s the pressure no longer decreases, 
which means that the pulse tubes have had time enough to reach PL· From 0.46 - 0.52 s 
the rotary valve is closed. After that, the compression step takes place, and the cycle 
starts over again. 
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Figure 4-3. The pressures at the inlet and in the pulse tubes as functions ofthe time for 1.8 and 11 Hz. The 
arrows indicate the short intervals during which the rotary valve is closed. The scales of both graphs are 
equal to give a better impression ofthe changes. 

As can be seen, the pressure amplitudes are much larger for 1.8 Hz than for 11 Hz. The 
inlet pressure amplitude as a function ofthe frequency is shown in Figure 4-4. 
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Figure 4-4. The inlet pressure amplitude as a function ofthe frequency. 
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Unfortunately, no data on the pressure amplitude of the compressor is available, so the 
measured inlet pressure amplitude cannot be normalized using the compressor pressure 
amplitude (as opposed to the modeled pressure amplitude shown in Figure 3-18). At low 
frequencies (~3 Hz), the inlet pressure amplitude decreases steeper than for higher 
frequencies. The pressure amplitude decreases from 5.4 to 3.1 bar when the frequency is 
increased from 2 to 11 Hz. This decrease of the pressure amplitude is approximately 40 
% of the initia} pressure amplitude. This is in agreement with the results of the model 
(Figure 3-18). 

Figure 4-5 shows the pressure amplitude in the pulse tubes divided by the inlet pressure 
amplitude. This results in the normalized pressure amplitude, and corresponds to the 
results from the model, shown in Figure 3-19. Basedon the model, it was expected that 
the largest pressure drop occurs in the first stage regenerator, where the viscous losses are 
high est. This can also be seen in the measurements. lf the frequency is increased from 2 
to 11 Hz, the pressure amplitude in the first stage regenerator decreases from 93 to 56 % 
of the initial (inlet) pressure amplitude. In the second stage, another 5 - 10 % is lost. The 
pressure drop in the third stage is smallest: 6 % of the inlet pressure amplitude at a 
frequency of 11 Hz. The effect of the regenerator and the pul se tube can be compared to a 
'low-pass filter'. 
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Figure 4-5. The pressure amplitudes in the pulse tubes divided by the inlet pressure amplitude, as functions 
of the frequency. The difference between a pressure ratio of one and the first-stage pressure ratio 
corresponds to the pressure drop in the first stage. The difference between the first- and the second-stage 
pressure ratios corresponds to the decrease of the pressure amplitude in the second stage. The decrease of 
the pressure amplitude in the third-stage is represented by the difference between the second- and the third 
stage pressure ratio. 

The flow rate through the compressor ( nc or nel te) has been measured using a flow meter 

at the low-pressure side of the compressor (see Figure 3-1 ). The time-averaged molar 
flow rate as a function of the frequency is shown in Figure 4-6. Also, the mol ar flow per 
cycle nc (which is the flow rate divided by the frequency) is shown. 
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Figure 4-6. Molar flow rate through the compressor (see Figure 3-6), and the molar flow per cycle, as 
functions ofthe frequency. 

The flow rate can be compared to the results that were obtained with the three-stage 
model (Figure 3-20). The modeled values are approximately 30 % higher than the 
measured flow rates, which can be addressed to the fact that the first-orifice flow 
conductances were based on the optima! single-stage theoretica! values that were too high 
(see §4.1.4). Regardless of this difference, the overall shape is similar. The flow rate 
increases steeply at low frequencies, and flatlens out at higher frequencies (-9 Hz). As 
has been mentioned earlier, the effective resistance ofthe combination 'flow conductance 
of the regenerator' and the 'volume of the pulse tube' decreases with increasing 
frequencies, which explains the increasing flow rate. In short: the volumes of the PTR 
can be tilled (and emptied) more often in a second ifthe frequency increases. 

In §2.3 it was derived that the cooling power is dependent on the pressure amplitude and 
the flow rate through the regenerator8

. At 11 Hz, the pressure amplitude in the third stage 
is only 1.2 bar, while at -2 Hz the pressure amplitude was nearly 5 bar. This decrease in 
the pressure amplitude, taking place in all three stages, can explain the increasing cold
end temperature. However, not only the pressure amplitude should be taken into 
consideration. As said, the time-averaged molar flow rate increases steeply between 1.8 
and 7 Hz, and flattens out for higher frequencies. Figure 4-3 shows that the time-averaged 
pressure was increased from 13 bar to 17 bar, while the frequency was increased from 1.8 
to 11 Hz. In fact, already at 4.5 Hz the time-averaged pressure was nearly 17 bar. 
Equation 3-41 shows that the viscous losses increase with the square of the time-averaged 
flow rate, but can be decreased by increasing the time-averaged pressure. Unfortunately, 
increasing the time-averaged pressure any further would exceed the compressor's 
maximum pressure. It is likely that the increasing molar flow rate and the reduction ofthe 

8 In this section it was also assumed that the flow rate through the regenerator is proportional to the 
pressure amplitude. As a consequence, the cooling power is dependent on the pressure amplitude squared. 
However, in this argumentation the flow rate and the pressure amplitude are kept separate. 
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viscous losses ( due to the increased time-averaged pressure) compensate for the 
decreasing pressure amplitude in the 1.8 to 5 Hz frequency range. Therefore, the cold-end 
temperature remained approximately constant. For frequencies above 7 Hz, the molar 
flow rate did not increase much and the viscous losses could no longer be reduced by 
increasing the average pressure. However, the pressure amplitudes continued to decrease. 
This led to a significant increase of the cold-end temperature, as can be seen in Figure 
4-1. In §4.2 the modifications of the PTR components in order to increase the pressure 
amplitudes are discussed. 

4.1.3 Stirling compressor 
Figure 4-6 shows that the amount of gas being displaced every cycle decreases from 0.39 
to 0.09 mol. At room temperature and a time-averaged pressure of 15 bar, this means that 
the volume that is displaced per cycle at the inlet of the PTR decreases from 0.60 to 0.14 
liters. For a piston compressor, i.e. a Stirling-type compressor, this is an important design 
parameter. A reliable and efficient Stirling-type compressor with a displaced volume of 
0.60 liters operatingat 1.8 Hz is practically not feasible. However, given the trend ofthe 
flow per cycle shown in Figure 4-6, it is likely that the flow per cycle is approximately 70 
cm3 at a frequency of 15 - 20 Hz. At this frequency and displaced volume, a Stirling 
compressor is suitable for generating the pressure oscillations, as shown below. The 
properties of a Stirling-type compressor suitable for this PTR can be estimated. The 
following assumptions are made: 

1. The PTR can be operated successfully at.fPTR =20Hz. 
2. The time-averaged pressure p0 is 17 bar. 
3. The pressure amplitude at the inlet ofthe PTR Pc I is 4 bar. 
4. The gas flow in one cycle is 70 cm3 at 280 K and p 0 (n = 0.05 mol). 
5. The compression-space volume Vco is 150 cm3

. 

6. For stability reasons the Stirling compressor has two pistons. 
7. The piston stroke amplitude D.x is 1.5 cm. 

Assumptions 2 - 4 are estimated using actual measurements of the PTR. Assumptions 5 -
7 are based on the properties of actual Stirling-type compressors [27]. Using equation 
2-9, the amount of helium required to generate a pressure amplitude of 4 bar 
(adiabatically) in the compression space is approximately 22 cm3

. The volume flow 
amplitude required for the PTR, attached to the compression space, is 35 cm3

. The phase
shift between the pressure in the compression space and the flow rate to the PTR is 
neglected for this estimation. The displaced volume of the two pistons is ~57 cm3 going 
from their equilibrium positions xo to x0 + D.x, or 2rcr/D.x = 57 cm3

. Consequently, the 
piston radius rp is 2.5 cm. The pressure in the compression space is equal to the pressure 
at the inlet ofthe PTR: 

Pc= Po+ PcJ cos(mt). (4-1) 
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With this compression space pressure, the equation for the resonance frequency is 

(4-2) 

A buffer volume Vbo of 2 liters is used. The mechanica} spring ks is taken very small 
because this spring only increases the resonance frequency. It turns out that a piston mass 
of approximately 3.5 kg results in a resonance frequency of-20Hz. A summary of all 
parameters is given in Table 7. 

Table 7. Estimation of the design parameters of a 20 Hz Stirling-type compressor suitable for the three
stagePTR. 

PTR parameters Stirling-compressor parameters 
Po (bar) 17 
Pel (bar) 4 Pistons 2 
n (mol) 0.05 iU (cm) 1.5 
/PTR 20 rp(cm) 2.5 

ks (N/cm) 0 
m (k ) 3.5 

4.1.4 Orifice settings 
The measured optima! flow conductances of the three stages are shown as functions of 
the frequency in Figure 4-7. 
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Figure 4-7. The flow conductances ofthe fi.rst-, the second-, and the third-stage first orifices. The error in 
the conductances is approximately 10 %. 
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The flow conductance is calculated using the manufacturer's data on the flow 
characteristics of the needie valves, and the pressure difference Pt -Pb, for all three 
stages. The flow conductance of the first stage is highest, and the flow conductances of 
the second and the third stage are comparable. This was expected because the volume of 
the first-stage pulse tube ( 45 cm3

) is much larger than the volume of the second- and the 
third stage. A larger pulse-tube volume requires a larger hot-end flow rate to optimize the 
out-of-phase term of the gas velocity at the hot end. The volume of the third stage (22 
cm3

) is slightly lower than the volume of the second stage (24 cm3
). Moreover, the 

optimum phase-shift for each stage can be different. This can explain the small difference 
in the flow conductance of the second and the third stage. The flow conductances of the 
first- and the second stage are approximately linear. A linear increase of the optima! flow 
conductance was expected based on equation 2-36. The flow conductance of the third
stage first orifice increases steeper as the frequency increases. A possible explanation is 
that the compressibility of the (nonideal) gas in the third stage increases due to the 
increase of the cold-end temperature from 2.2 to 8.5 K. This means that at higher 
temperatures, larger hot-end volume flows are required in order to adjust the out-of-phase 
component of the gas flow at the cold end. A larger volume flow is obtained by opening 
the orifice, i.e. increasing its conductivity. 

However, an important difference between the predicted optima! flow conductances 
(based on normal flow conditions) and the measured values can be found. Generally, the 
predicted values are approximately four times higher. The first orifice flow conductance 
C1 calculated using the manufacturer's flow characteristics can be compared with the 
flow conductance calculated using the time derivative of the pressure in the buffer; 

dpb = CP Po C (p _ p ) 
dt cv.'! b 

V b 

(4-3) 

where Vb is the buffer volume, Pt the pulse tube pressure, Pb the buffer pressure, and the 
pressure changes in the buffer are assumed small. Pressures Pb and Pt and the buffer 
volumes are known for all three stages, so C1 can be calculated for all three stages. The 
manufacturer's flow characteristics tumed out to be in agreement with the flow 
conductances calculated using equation 4-3. 

The explanation for the difference with the theoretica! values can be found in the 
derivation of the i deal first-orifice conductance. In equation 2-24 the velocity of the gas 
at the cold end is calculated for a single-stage PTR. For a three-stage PTR this equation 
should be 

Cr, (p ) PL2 Crz (p ) 
Vu =A c -pti --A tl-Ptz ' 

ti Pu t2 

(4-4) 

with pu and PL2 the density of the gas at the cold end of the first- and the second stage. A 
similar equation is valid for the second-stage cold-end velocity. These equations show 
that in the three-stage case all pressures and cold-end veloeities are related. Changing the 
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first-orifice conductance of one stage not only changes the out-of-phase component in 
that stage, but also in the two other stages. In fact, this mechanism has been observed 
during the optimization ofthe PTR. Moreover, the possibility ofvarious DC-flow circuits 
through the minor orifices and double-inlet valves across multiple stages further 
complicates a quantitative explanation. A qualitative explanation for the difference is that 
the actual cold-end velocity is much lower than what would have been the case for a 
single-stage PTR. The reason for this is that the gas flow through the tirst-stage 
regenerator is divided over three stages. A lower cold-end velocity requires a smaller hot
end velocity to optimize the out-of-phase component; hence the first-orifice conductance 
should be smaller. 

Figure 4-8 shows the double-inlet valve conductances for the three stages. 
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Figure 4-8. The flow conductances of the first-, the second-, and the third-stage double-inlet valves. The 
error in the conductances is approximately 10 %. 

As was concluded in §3.3.2.3, the volumetrie flow rate and, therefore, the viscous losses 
due to the regenerator flow resistance are highest in the first stage. The double-inlet valve 
by-passes the regenerator, and reduces the viscous losses in the regenerator. As a result, 
the optimal first stage double-inlet flow conductance is largest. In the second stage the 
flow rate and viscosity are smaller; hence the viscous losses are smaller. Therefore, the 
flow conductance of the second-stage double-inlet valve is smaller. In the third stage, the 
viscous losses are smallest. However, the flow conductance of the double-inlet valve is 
higher than it is for the second stage. It is possible that due to the high density of the gas 
flow at the cold end of the third-stage a large volumetrie flow rate is required at the hot 
end. This would significantly increase the viscous losses in the first- and the second-stage 
regenerator. Therefore it is beneficia] to have a relatively large double-inlet flow 
conductance in the third stage. 
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The benefits of the double-inlet valves can be demonstrated best by operating the PTR in 
the 'single-orifice mode'. In this mode, all double-inlet valves and minor orifices are 
closed. Figure 4-9 shows the pressures in the PTR as functions of the time during normal 
operation (top) and single-orifice mode operation (bottom). It can be seen that by closing 
the double-inlet valves, the pressure amplitudes in all stages, and the third stage in 
particular, decrease significantly. Table 8 shows the pressure amplitudes in the first-, the 
second-, and the third-stage pulse tubes divided by the pressure amplitude at the inlet of 
the PTR, for the single-orifice mode and 'normal' mode. While the pressure amplitudes 
in the first- and the second stage decreased by 12 and 16 %, respectively, the third-stage 
pressure amplitude decreased by 56 %. What's more, the cold-end temperature of the 
third stage increased from 2.5 K during normal operation to 38 K in the single-orifice 
mode (at 5 Hz). Due to the absence of the double-inlet and the increased Tu, the 
volumetrie flow rate through the third-stage regenerator has increased significantly. This 
explains the large decrease ofthe pressure amplitude in the third-stage pulse tube. 
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Figure 4-9. Pressures at the inlet ofthe PTR and in the putse tubes as functions ofthe time, with the double
inlet valves open (top), and the double-inlet valves closed (bottom). The frequency is 5 Hz. 

Table 8. Pressure amplitudes in the pulse tubes divided by the pressure amplitude at the inlet, for the single
orifice mode and double-inlet mode operating at 5 Hz. 

Double-inlet closed Double-inlet open 
Stage I 0.69 0.78 
Stage 2 0.56 0.67 
Stage 3 0.29 0.66 
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By opening the double-inlet valve of the third stage, the phase shift between cold-end 
velocity vu and hot-end velocity VH3 can be optimized. This decreases Tu. Moreover, 
less gas has to pass through the first- and the second-stage regenerator, which decreases 
the viscous losses and enhances the overall performance ofthe PTR even further. 

The minor orifices are used for fine-tuning of the DC-flow. During the experiments 
conducted in this research, they were connected with the low-pressure side of the 
compressor. This means that a small DC-flow running from the pulse-tube hot end 
towards the cold end is counter-acted. 

4.1.5 Temperature profile 
Figure 4-10 shows the temperature distributions for various frequencies in the second
and the third-stage regenerator. While the temperature of the cold end of the first stage 
remained approximately constant, the temperature of the cold end of the second stage 
increased from 30 K to 41 K. The fact that the first-stage cold-end temperature has 
remained virtually constant means that the heat exchange and heat storage conditions are 
optimal even up to 11 Hz. At 11 Hz, the thermal penetration depth in the first stage 
regenerator material is still approximately 10 times higher than the diameter of the wires 
in the mesh 200 screens. A lso the heat capacity of the first-stage regenerator material is 
much higher than the heat capacity of the helium flowing through the regenerator in one 
cycle. lt may be possible that the pressure amplitudes in the pulse tubes, discussed in 
§4.1.2, can be increased by decreasing the resistance of the first-stage regenerator. This 
can be done by removing some of the tirst-stage regenerator material, or replacing it by a 
coarser materiaL This has been done, and the results are shown in §4.2.1. 
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If the temperature drop in each stage is a measure for the stage's performance, the 
performance of the second stage has deteriorated significantly. A possible explanation is 
that the thermal penetratien depth in the second-stage regenerator has become smaller 
than the grain size due to the increased frequency. The grain size of the ErPr is 0.25 -
0.30 mm. The thermal penetratien depth ofErPr at 10Hz ranges from 0.6 mm at 40 K to 
0. 7 mm at 20 K. The thermal penetratien depth is still at least twice as large as the grain 
size (while it was at least five times higher, at 1.8 Hz). It is also important that the 
thermal penetratien depth in helium is large compared to the si ze of the holes between the 
regenerator grains. At 10 Hz, ÓT has decreased to 0.1 mm. The size of the holes is 
expected to be in the order. Therefore, the heat contact between the regenerator material 
and the helium may be insufficient, so it is likely that the thermal penetratien depth of 
helium is limiting the performance of the second-stage regenerator. In this case it would 
be beneficia! to decrease the grain size of ErPr particles in the second stage. In fact, this 
has been done and the results ofthis experiment are shown in §4.2.1. 

The performance ofthe third stage has decreased also. It is difficult to say whether this is 
caused by the decreased performance of the second stage, and hence the higher hot-end 
temperature of the third-stage regenerator. At 1.8 Hz, the thermal penetratien depth of 
helium (0.1 mm) was already in the same order of magnitude as the size of the holes 
between the grains. However, the third-stage regenerator is relatively long and thin. 
Therefore, the helium has to travel further into the regenerator, passing by many 
regenerator grains on its path. This may enhance the thermal contact between the 
regenerator grains and the helium. However, at 10 Hz, ÓT of helium has decreased to 
---0.04, which is significantly smaller than the size ofthe holes. Especially the ErNi0.9Coo. 1 

in the cold part of the regenerator is relatively coarse (0.2 - 0.5 mm). Changing this 
material to a finer grain size significantly enhances the thermal contact. Decreasing the 
partiele size will probably not increase the viscous losses much because of the low 
volumetrie flow rate and the low viscosity of the helium in the third stage. In §4.2.1 the 
results of changing the third-stage regenerator material are discussed. 

4.1.6 The a-parameter 
In §2.3 the a-parameter was said to be an important characteristic parameter for the PTR. 
It cannot be measured directly, but it can be derived from other known parameters [9]. 
The formalism used in §2.2.4 and §2.3 is also used here. The molar flow rate through the 
first orifice is given by equation 2-27 (p1 <<po and Pb :::::: p0). The adiabatic pressure change 
in the buffer due to a molar flow through the first orifice is 

(4-5) 

The pressure in the buffer can now be written as 

Pb= Po+ pb1 sin(wt), (4-6) 

where the buffer pressure-oscillation amplitude Pb! is given by 
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C Cp 
P =p _P_!_l 

bi 0 c V. . 
V {J) b 

(4-7) 

The a-parameter, given by equation 2-22, can now be written in measurable quantities: 

(4-8) 

Figure 4-11 shows the values for a calculated using equation 4-8. As concluded earlier, 
the theoretica! optimum is one. Consiclering that this optimum is derived for an ideal 
single-stage PTR without minor orifice, the measured values are not far off. Apparently, 
the ratios of the pressure amplitudes in the pulse tubes and the buffers decrease with 
increasing frequencies. A possible explanation is that the first orifice is being opened. 
This levels-out the pulse-tube and buffer pressure, effectively decreasing the a-parameter 
given by equation 4-8. 
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4.2 Optimizing PTR components 
In this section the modifications made to the PTR in order to imprave its high-frequency 
performance are treated. First, the results of actual modifications to the regenerators are 
shown. Next, future optimization of the pulse tubes is discussed using the three-stage 
model for the pressure amplitudes in the pulse tubes. All modifications are tested at 9 Hz. 

4.2.1 Regenerator optimization 

4.2.1.1 First stage 
In §3.3.2 it was concluded that both the heat capacity and the thermal contact (related to 
the thermal penetration depth) are good. Due to the decreased molar flow per cycle, the 
heat capacity ratio ( equation 3-13) has improved even further. Therefore, some of the 
tirst-stage regenerator material was removed in an attempt to increase the pressure 
amplitudes in the pulse tubes. The two sintered steel blocks (see Table 3 and Appendix 
A) are replaced by one solid stainless steel plug of the same size with a central flow 
channel of 6 mm diameter, which is the same diameter as is used for tubes connecting the 
regenerator. In this way, approximatel y one third of the regenerator material is removed, 
and the regenerator now consists of 957 stacked mesh 200 screens. Using a plug is more 
convenient than resizing the regenerator itself. The placement of the plug is schematically 
shown in Figure 4-12 (case 2). The changes of the pressure amplitudes in the pulse tubes 
resulting from the changes made to the regenerators, described in this section, are 
summarized in Figure 4-13 . 
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The new tirst-stage regenerator contiguration did not change the tirst-stage temperature 
at all. Apparently, the heat capacity of the tirst-stage regenerator material is still high 
enough. Also, the viscous losses may have decreased, which could have made up for the 
decreased heat capacity. However, this should have lead to an increase of the pressure 
amplitudes in the pulse tubes. Unfortunately, the pressure amplitudes remained 
approximately constant. An increase of only 3 - 6 % was observed in the pressure 
amplitudes in the pulse tubes. Later on, this result was supported by the three-stage model 
for the pressure amplitudes. It was checked whether a possible decrease of the flow 
resistance could have been undone by the sudden change in cross-sectional surface area 
of the flow channel, going from the mesh 200 sereens to the plug, without distributing the 
flow. Therefore, a plug has been replaced with a plug with more holes, aligned with the 
holes at the bottorn of the regenerator housing. However, this did not change the pressure 
amplitudes. 
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Figure 4-13. Summary of the changes made to the regenerators, and the effect on the pressure amplitudes in 
the pulse tubes at 9 Hz. 

It may be possible that the flow resistance was taken out at the wrong end of the 
regenerator. The sintered steel blocks have a high flow resistance, but they are placed at 
the cold end, where the volumetrie flow rate and the viscosity are low, so the effect ofthe 
flow resistance is relatively small. The regenerator has to be assembied starting at the 
cold-end. It tumed out to be practically not possible to stack the mesh 200 screens, then 
the altemating mesh 50 sereens I wires for flow distribution, and the plug on top of that, 
without deranging the underlying screens. Therefore, in addition to the plug at the cold 
end, 350 mesh 200 sereens at the hot end of the regenerator have been replaced by 94 
mesh 50 sereens (case 3). The mesh 50 sereens are much coarser and have a smaller flow 
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resistance, while they have the same filling factor as the mesh 200 screens. This time, the 
increase of the pressure amplitude in the tirst-stage pul se tube was larger: 10 %, which 
confirms that the largest pressure drop takes place at the high-temperature range. The 
pressure amplitudes in the second and the third stage increased with 3 and 2 %, 
respectively. The overall performance of the PTR decreased significantly due to this 
modification. The cause of this is the increase of Tu from 83 to 98 K. Apparently, the 
heat storage conditions in the first stage have deteriorated too much by replacing the 
screens. The ÓT of stainless steel at 10 Hz (0.4 mm) is still relatively large compared to 
the diameter ofthe wires ofthe mesh 50 sereens (0.2 mm). However, the size ofthe holes 
in the mesh 50 sereens is 0.5 mm, while c5r of helium at 10Hz is approximately 0.4 mm. 
This is a possible explanation for the decrease ofthe tirst-stage performance. From the 94 
mesh 50 screens, 30 were left at the hot end of the regenerator, and 64 were replaced by 
264 mesh 200 screens. 

1t can be concluded that the amount of material in the tirst-stage regenerator has been 
decreased successfully by 30 %. This did not increase the pressure amplitudes in the 
pulse tubes significantly. Due to the decreased ÓT, it was not possible to use a coarser 
material in order to decrease the flow resistance at the hot end ofthe regenerator. 

4.2.1.2 Second stage 
The amount of material in the second stage was also reduced using a similar plug as was 
used in the first stage (case 4). This time, the plug was placed at the hot end of the 
regenerator, where the viscosity and volumetrie flow rate are highest Unfortunately, no 
significant increase in the pressure amplitudes of the second and the third stage was 
observed, as can beseen in Figure 4-13. Also, the tirst-stage pressure amplitude did not 
decrease, which signifies that no additional amount of gas is redistributed from the tirst
stage pulse tube to the second and the third stage due toa decreased flow resistance ofthe 
second stage. Later on, the three-stage pressure-amplitude model confirmed that the 
increase ofthe pressure amplitudes in the second- and the third-stage pulse tubes is small. 

Surprisingly, the cold-end temperature ofthe second stage increased only by 2.3 K; from 
38.3 to 40.6 K. In §4.1.5 it was concluded that the heat-storage conditions in the second
stage regenerator are not optima!. However, the heat-storage conditions are most likely 
limited by the thermal contact between the gas and the regenerator material, and not by 
the heat capacity of the regenerator materiaL This can explain why the reduction of the 
amount of regenerator material did not significantly decrease the performance of the 
second stage. Therefore, it was decided that the plug can stay in the regenerator, but the 
material should be changed. 

The ErPr with a grain size of 250 - 300 !lm has been replaced by ErPr with a grain size of 
125- 300 !lm (case 5). Assuming a homogeneaus distribution ofthe grain sizes, this is a 
reduction of the average grain size of nearly 25 %. In total, 118 g of the coarse ErPr has 
been replaced by 124 g of fine ErPr. Therefore, the filling factor increased from 0.61 to 
0.64. The thermal penetration depth of helium is now at least two times larger than the 
holes between the grains, which means that the thermal contact between the helium and 
the regenerator material has improved significantly. Consequently, the performance of 
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the second-stage regenerator improved. Experiments confirmed this; TL2 decreased from 
40.6 to 34.0 K. As a result, also the performance ofthe third-stage regenerator improved. 
The ErNi temperature (see Figure 4-10 at 96 mm from Tu) dropped from 34.5 to 18.9 K, 
and the cold-end temperature of the third stage T13 decreased from 5.4 to 4.3 K. The 
performance of the PTR operating at 11 Hz (instead of 9 Hz) bas also been measured. 
Temperature T13 decreased from 8.5 K for the unmodified PTR to 6.7 K for the PTR with 
the modified regenerators. The reduced grain size resulted also in an increase of the 
viscous losses, as can be expected based on the expression for the viscous losses 
( equation 3-40). The flow resistance of the second stage increased, changing the pre ss ure 
amplitudes in the first-, the second-, and the third-stage pulse tubes. The pressure 
amplitudes in the second- and the third stage decreased approximately 5 %. On the other 
hand, more helium was redistributed to the first-stage pulse tube, and the pressure 
amplitude increased by 5 %. Apparently, the decrease of the cooling power, resulting 
from the reduction of the pressure amplitude, is small compared to the increased 
regenerator performance. 

In conclusion, the heat capacity of the second-stage regenerator does not limit its 
performance, hence approximately 30 % of the material could be removed without any 
significant deterioration of the second-stage performance. However, the thermal contact 
did limit the performance. By decreasing the grain size, and particularly the size of the 
holes between the grains, the cold-end temperature of the second- and the third stage 
were decreased by 6.6 (16 %) and 1.1 K (20 %), respectively. It is likely that the 
performance of the regenerator can be further enhanced by decreasing the grain size. 
Increasing the frequency from 1.8 to 9 Hz, the thermal penetration depth decreased with 
55% while size ofthe grains was decreased by only 25 %. However, decreasing the grain 
size also decreases the pressure amplitude of the second- and the third stage, which 
eventually can reduce the overall performance of the PTR. 

4.2.1.3 Third stage 
In §4.1.5 it was concluded that the third-stage regenerator performance can be improved 
by decreasing the size of the ErNio.9Co0.1 grains due to the limited thermal contact 
between the regenerator material and the helium. Furthermore, previous research [9] 
using the same material bas raised doubts about the quality of the materiaL Therefore, 
also the type of material is changed (case 6). The alternative material that was chosen is 
HoCu2. This is also a high heat capacity material in the 2 - 20 K temperature range, and 
was used successfully in previous research. The grain size of the new HoCu2 material is 
180-250 Jll11, instead of200- 500 Jlm diameter grains ofErNi0.9Co0.1• In total, 56 g of 
ErNio.9Coo 1 was replaced by 60 g of HoCu2. The densities of ErNi0 9Coo 1 and HoCu2 are 
9.5·103 kg m-3 and 9.0·103 kg m-3

, which means that the filling factor did not change. 

Due to the increased thermal contact, the cold-end temperature decreased from 4.33 to 
3.95 K. This is mostly caused by the increased performance of the hot-end third-stage 
regenerator materiaL lt should be noted that 3.95 K was obtained without fully 
optimizing the setup. Half way the optimization the cold-end temperature started to 
increase gradually over time. Most likely the third-stage regenerator grains have been re
ordered into a denser structure during a week of nonstop operation, which allowed the 
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grains to start moving, generating additional losses. Tightening the third-stage 
regenerator material should solve this problem, which can be done in future work. Most 
likely, the third-stage performance is stilllimited by its hot-end temperature, which is still 
36 K. This temperature was 25 - 30 K at lower frequencies. If a temperature this low 
cannot be reached, it may be beneficia! to replace the third-stage hot-end regenerator 
material by ErPr, which perfarms better at higher temperatures. Whether the improved 
performance is caused by the change of the material, the change of the partiele size, or 
both, can be determined by sieving out the ErNi0.9Coo.I grains larger than 250 J..lm and 
using this as the regenerator materiaL The pressure amplitudes in the pulse tubes 
remairred virtually constant, as can beseen in Figure 4-13. Apparently, the viseaus losses 
in the third stage are small indeed, as opposed to the viseaus losses in the second stage 
where a decreasein the pressure amplitude was observed after decreasing the grain size. 

4.2.2 Pulse tube optimization 
In §4.1.2 it has been concluded that the decreasing performance of the PTR when the 
frequency is increased, is most likely caused by the decreasing pressure amplitude in the 
pulse tubes. In §4.2.1 modifications which have increased the pressure amplitudes in the 
pulse tubes have been discussed. During this research the pulse tubes have been left 
unchanged, while the high-frequency optimization of the setup is most likely highly 
dependent on the pulse-tube volume. The three-stage model discussed in §3.3.3.2 will be 
used to explore the consequences of changing the flow conductances of the regenerators 
and the volumes ofthe pulse tubes. 

In many cases, increasing the operating frequency of a PTR is accompanied by the down
sealing of its size [28]. The amount of gas participating in one cycle decreases (Figure 
4-6) and the regenerator material can be reduced without loss of performance. Consider 
the down-sealing of the PTR at a certain frequency, with a certain sealing factor. This 
would decrease the amount of gas participating in one cycle, say also with the same 
sealing factor. Using equation 2-30, it can be shown that if the amount of gas 
participating in a cooling cycle is decreased by a certain factor and the pressure 
amplitudes in the pulse tubes are kept constant, the cooling power decreases 
proportionally. The losses due to irreversible heat exchange in the regenerator decrease 
proportionally (equation 3-38). In order to estimate the change of the other losses 
regenerator, it is important to knowhow the sizes ofthe components are decreased: 

1) The lengtbs of the regenerators and pul se tubes are kept constant and the volume 
is scaled down by sealing down the surface area ( decreasing the aspect ratio 
A/Lr). lt can be shown that the losses due to axial conduction decrease 
proportionally ( equation 3-30), and the viseaus Jasses decrease proportionally 
(equation 3-41). In §3.3.3.1 it was discussed that the radius of the pulse tube rt 
should be large compared to the thermal penetration depth of helium in order to 
minimize the shuttle-heat losses. The rtMT ratio can be kept constant ifthe volume 
of the pulse tube is scaled down proportionally to the frequency. The resistances 
of the regenerators increase proportionally, which makes it difficult to keep the 
pressure amplitude in the pulse tubes constant (even though the volumetrie flow 
rate decreases proportionally). 
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2) The volume of the regenerators and the pulse tubes is scaled down while the 
aspect ratio is kept constant. In this case, the axial conduction losses remain 
constant, and the viscous losses decrease with the square ofthe sealing factor. The 
ratio r1/br increases if ft is scaled down proportionally to the frequency, which 
enhances the adiabatic environment of the helium in the pulse tube. The 
resistances of the regenerators remain constant while the volumetrie flow rate 
decreases. This makes it easier to maintain high pressure amplitudes in the pulse 
tubes. In principle, the regenerators can be decreased with a constant aspect ratio, 
while the pulse tubes maintain their length and are made thinner. The shuttle-heat 
losses are small as long as r1 >> br. This option would minimize the axial 
conduction losses in the pulse tubes. 

3) The surface area of the regenerators and pulse tubes are kept constant and the 
volume is scaled down by sealing down the length (increasing the aspect ratio 
A/Lr). The losses due to axial conduction increase proportionally, and the viscous 
losses decrease with the third power. The flow resistance of the regenerators 
decreases so it will be easier to maintain high pressure amplitudes in the pulse 
tubes. 

Most likely, the third option is the worst. The axial conduction losses increase, while the 
cooling power decreases, which will significantly decrease the performance of the PTR. 
Furthermore, there is no need to decrease the viscous losses more than proportionally 
since there is no indication the viscous losses are limiting the PTR performance. E.g. the 
performance of the PTR increased when the grain si zes of the second- and the third-stage 
regenerator material were decreased. 

Given the relatively large decrease of the pressure amplitude in the pulse tubes (Figure 
4-5) it is most likely the best choice to keep the aspect ratio constant, and put up with the 
relative increase of the conduction losses. The significant decrease of the viscous losses 
and the possibility of higher pressure amplitude in the pulse tubes are likely to 
compensate for this increase. 

A sealing factor of two is chosen as an example. In Table 9 the modeled pressure 
amplitudes in the pulse tubes and at the inlet are shown if there is no sealing, the first 
case (decreasing the aspect ratio), and the second case (aspect ratio constant). 

Table 9. Results of the three-stage pressure-amplitude model. Pressure amplitudes at the inlet and in the 
pulse tubes divided by the compressor pressure amplitude, at a frequency of 10 Hz. The 'column' normal 
shows the unchanged situation (no sealing). Case 1 corresponds to decreasing the volume by decreasing the 
surface area, and case 2 corresponds to maintaining a constant aspect ratio. 

Location Normal Case 1 (AlL = 0.5) Case 2 (AlL= 1) 
In let 0.36 0.53 0.45 

Pulse tube 1 0.21 0.31 0.33 
Pulse tube 2 0.17 0.25 0.29 
Pulse tube 3 0.16 0.24 0.29 
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It can he seen that decreasing the volurne of the pulse tubes by a factor two significantly 
increases the pressure amplitudes. In the third stage the pressure-amplitude increase is 
highest As expected, by maintaining a constant aspect ratio the highest pressure 
amplitudes can he obtained. However, the difference with case one is not large. 
Furthermore, by decreasing the size of the regenerators, the void volume in the 
regenerators is decreased. This increases the pressure amplitudes in the pulse tubes 
because no additional gas flow is required to compress the helium in the void volurne of 
the regenerators. 

It must he noted that the flow conductances of the first orifices are still based on the 
single-stage optima! value. If the first-orifice flow conductances in the model are 
decreased in order to obtain a better agreement with the experimental results, the pressure 
amplitudes change. However, a similar trend can he found and, therefore, the principle 
explained above is still valid. 

4.2.3 Heat shields 
Depending on the orifice that is being changed, the temperatures of the PTR can take 
from a half hour to up to several hours to stabilize. Therefore, the heat capacities of the 
copper thermal radiation shields attached to the first- and the second-stage cold ends (2.6 
and 1. 7 kg) were reduced by replacing them by thinner versions of 1.1 and 0. 7 kg, 
respectively. In this way, the mass has been reduced to 43% ofthe original mass. Figure 
4-14 shows the cool-down curves ofthe PTR with the old (top) and the new heat shields 
(bottom). The cool-down time has reduced from approximately 400 to 250 minutes; a 
reduction of 37 %. No changes in the steady-stage cold-end temperatures have been 
observed after installing the new heat shields. During experiments, the system's time of 
response to changes has significantly decreased. 
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Figure 4-14. Cool-down curves for the PTR with the old (top) and the new heat shields (bottom). 
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5 Conclusions and recommendations 
In this work the operating frequency ofthe three-stage GM-type PTR was increased from 
1.8 to 11 Hz. Up to a frequency of 5 Hz the overall performance of the PTR, measured by 
its cold-end temperature, could be kept below a temperature of 2.5 K. This was 
accomplished by optimizing the tirst oritices, double-inlet valves, and the minor oritices. 
lt is remarkable that the PTR performs so well even up to three times the frequency it was 
originally designed for. Above 5 Hz the cold-end temperature started to increase rapidly, 
to 8.5 K at 11 Hz. lt was shown that the pressure amplitude at the inlet of the PTR 
decreased from 5.4 to 3.1 bar when the frequency was increased from 1.8 to 11 Hz. Also, 
the pressure amplitude in the tirst-stage pul se tube decreased from 93 to 56 % of the inlet 
pressure amplitude. The pressure-amplitude decreases in the second- and the third stage 
were smaller. The decreasing pressure amplitudes in the pulse-tubes were contirmed 
using a model for the pressure amplitudes in the three-stage PTR. The time-averaged 
flow rate increased from 0.70 to 0.97 mol s-1

, while the amount of gas participating in one 
cooling cycle decreased from 0.4 to 0.1 mol. The increase of the cold-end temperature 
can be explained by the interplay of the decreasing pressure amplitudes in the pulse 
tubes, the increasing time-averaged flow rate, and the increased viscous- and heat
exchange Josses. 

The temperature profile was compared for different frequencies. They were analyzed 
using the heat capacities of the regenerator material and helium, and the thermal 
penetration depths. This way, various moditications to the tirst-, the second-, and the 
third-stage regenerators were proposed. Different regenerator geometries and material 
sizes were tested at a frequency of 9 Hz. 

At high frequencies, the amount of gas participating in a cycle decreases. Hence, Jess heat 
capacity in the regenerator is required to store/release heat. In the tirst stage, 30 % the 
cold-end material was replaced by a plug with a flow channel. This did not decrease the 
performance of the first stage, nor did it increase the pressure amplitudes in the 
subsequent stages. Replacing another 30 % of the regenerator's hot-end material by 
courser material resulted in increased pressure amplitudes in the pulse tubes due to the 
decreased flow resistance. However, also the heat exchange between the regenerator 
material and the helium decreased signiticantly. The net effect was an increase of the 
tirst-stage cold-end temperature from 83 to 98 K. 

Replacing some of the material at the hot end of the second-stage regenerator by a plug 
led to similar results as were observed in the tirst stage. The performance did not 
decrease significantly, and the pressure amplitudes remained virtually constant. The 
therm al contact was enhanced by decreasing the partiele size of the regenerator materiaL 
This decreased the second-stage cold-end temperature from 40.6 to 34.0 K. As a result, 
the performance of the third-stage improved also; Tu decreased from 5.4 to 4.3 K. The 
flow resistance of the regenerator increased slightly. As a result, also the pressure 
amplitudes in the pulse tubes decreased. lt is expected that further decreasing the partiele 
size of the second-stage material by approximately 25 % can further decrease T12• 
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In the third stage the ErNi0.9Co0.1 was replaced by HoCu2 with a smaller grain size. This 
improved the heat exchange between the helium and the regenerator materiaL As a result, 
the cold-end temperature Tu decreased from 4.33 to 3.95 K. In order to decrease Tu 
significantly, the second-stage cold-end temperature should be decreased. 

Generally speaking, increasing the frequency leads to decreasing the size ofthe PTR. The 
cooling power decreases with the pressure amplitudes and the flow rate at the coldendof 
the pulse tubes. It was observed that it is difficult to maintain high pressure amplitudes in 
the pulse tubes at high frequencies. This can decrease the performance ofthe PTR. Using 
a three-stage model for the pressure amplitudes it was shown that the pulse-tube pressure 
amplitudescan be increased by decreasing the volumes ofthe pulse tubes. Decreasing the 
volume of the pulse tubes can be done by decreasing its radius as long as it is much larger 
than the thermal penetration depth. The regenerators should be made smaller by 
maintaining the sameaspect ratio or by decreasing the radius only (hence, decreasing the 
aspect ratio). The pre ss ure amplitudes can be maximized by maintaining the same aspect 
ratio. The axial thermal conduction losses can be minimized by decreasing the aspect 
ratio. 

Estimated design parameters for a Stirling-type compressor were derived from the 
expected flow rate and pressure amplitudes at 20 Hz. Typical Stirling-type compressor 
values were used, and resulted in a two-piston compressor operating at a resonance 
frequency of approximately 20 Hz. 

In future work the high-frequency performance of the second-stage should be improved 
further. The ErPr can be sieved to obtain a grain size of 125- 200 ~-tm. In preparation of 
the sealing-down of the PTR, a plug similar to the ones inserted in the first- and the 
second-stage regenerator can be used to replace some of the third-stage materiaL 
Eventually it is necessary to decrease the sizes of the pulse tubes and regenerators, and to 
switch to a Stirling-type compressor. In this work, guidelines for sealing-down of the 
PTR and for the requirements of a Stirling-type compressor were given. The 
requirements of a Stirling-type compressor can be determined more precisely. The 
extensive experience with modeling and designing Stirling-type compressors present in 
Stirling Cryogenics & Refrigeration B.V. can proveto be of great value for the project. In 
this context it is also interesting to optimize the PTR for operation without minor orifices 
since they are not present in a Stirling-type PTR. Therefore, the possibilities of the active 
buffer PTR should be explored. 

The theoretica! work can focus on the rnadeling and simulation of the high-frequency 
dynamics of the three-stage PTR, and the conneetion between the Stirling-type 
compressor and the three-stage PTR. This information is of great importance in the 
process of designing, optimizing, and fine-tuning of the cryocooler and its components. 
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7 Summary 
The four-kelvin temperature range ts of great importance for medica!, military, 
environmental, and scientific purposes. The ideal cryocooler is highly reliable and 
maintenance free, efficient, free from interference with the cooling object, and low cost. 
None of the cryocoolers, currently available, meet all requirements. The pulse-tube 
refrigerator (PTR) is capable of reaching temperatures below four kelvin. It can be highly 
reliable with virtually no interference with the cooling object. However, the pressure 
oscillations are currently generated by a Gifford-McMahon (GM) compressor and a 
rotary valve combination. This decreases the efficiency and reliability significantly. The 
goal of this project is to substitute the GM-type compressor and the rotary valve by a 
Stirling compressor. The Stirling linear compressor generates the pressure oscillations 
using a resonating piston. lts reliability and efficiency are considerably higher than the 
GM-type compressor and rotary valve. However, the Stirling type compressor works at 
frequencies generally an order of magnitude higher than the PTRs driven by a GM-type 
compressor. In this work, an existing three-stage 2.2 K GM-type PTR, originally 
operatingat 1.8 Hz, is optimized for high-frequency operation. 

At 1.8 Hz, the minimum no-load temperature was 2.2 K using 4He. This is close to J.-line; 
the theoretica! minimum. For frequencies below 5 Hz this temperature could be kept 
below 2.5 K by optimizing the orifices. At higher frequencies the cold-end temperature 
started rising rapidly, up to 8.5 K at 11 Hz. The frequency increase led to a significant 
decrease of the pressure amplitudes in the pulse tubes. However, the time-averaged flow 
rate in the compressor increased. The increase of the cold-end temperature can be 
explained by the interplay of the decreasing pressure amplitudes in the pulse tubes, the 
increasing time-averaged flow rate, and the increased viscous- and heat-exchange losses. 
Based on the characteristics of the three-stage PTR, the properties of a Stirling-type 
compressor suitable to drive the PTR at 20 Hz were estimated. 

By removing 30 % of the first- and the second-stage regenerator material it was shown 
that the heat capacity of the regenerator material is high compared to the heat capacity of 
the amount of helium involved in one cooling cycle. However, due to the decreasing 
thermal penetration depth, particularly in the helium, it was necessary to decrease the 
grain size in the second.,. and the third-stage regenerators. It was concluded that the PTR 
should be scaled down in order to improve its high-frequency performance. This was 
based on the positive results after removing part of the regenerator material, and a model 
predicting a significant increase of the pressure amplitudes in the pul se tubes. Guidelines 
regarding the sealing-down ofthe PTR were given. 

At the moment the PTR is capable of reaching 4 K at a frequency of 9 Hz. Reducing the 
size of the PTR and using fine-grained materials for the regenerators should enable the 
PTR to reach 4 K operating at 20 Hz. At this frequency the PTR is suitable to be driven 
by a Stirling-type compressor. 
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Table 10. The tirst-stage regenerator contiguration in detail 

Material Function 
5x mesh 50 sereens I 5x 0.4 mm wire 

.....:..:~=::....=...:....::.;:..:....:...;;.:.:.;:...:......:..:..:....:...:....:....:=;.___;::....:.... _______ Di vide flow to decrease flow resistance 
6x mesh 50 sereens 
957x mesh 200 sereens Heat storage 
3x mesh 50 sereens Divide flow to decrease flow resistance 
2 sintered stainless steel blocks (19.7 mm each)./fof0.5 Heat storage 
7x mesh 50 sereens I 5x 0.4 mm wire Divide flow to decrease flow resistance 
feit Block particles coming going to the 2" stage 

The mesh 200 sereens consist of 50 f.!m thick wires. The mesh 50 sereens consist of 200 
1-lffi thick wires. The mesh number is the amount of holes per inch (2.54 cm). One mesh 
50 screen weighs 0.82 g and one mesh 200 screen weighs 0.21 g. 

The combination mesh 50 sereens I 0.4 mm wires are stacked layers of screen - wire -
screen. The wire is bent to separate the screens, creating space for an even flow 
distribution over the whole surface, as can be seen below. 

Top view Side view 

Mesh 50 screen 

Tinned copper wir 

Later, the 2 sintered steel blocks were replaced by a plug. This was done in order to 
reduce the pressure drop. 
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