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ABSTRACT iii

Abstract

This thesis deals with the numerical solution for a class of a partial differential

equations arising from the physical world, for example the heat and mass transfer.

Such problem are solved by using the domain decomposition method, due to its

explicit nature and its flexibility over the complex domains. The complexity of the

computational domain, suggests the implementation of a non-overlapping domain

decomposition methods as an ideal choice. Along with a non-overlapping domain

decomposition method, we also implement some recent non-standard interface con-

ditions as compared to the standard conditions such as Dirichlet and Neumann,

which may not be sufficient to capture the entire problem in hand. In the first part,

the formulation of a non-standard condition at the interface region is discussed for

a one-dimensional elliptic problem. Further the convergence for the finite differ-

ence method is dealt suggesting some suitable choices for the coefficient of the non-

standard interface condition. Robustness of the non-standard interface condition is

further tested by extending this ideas to a two-dimensional elliptic problem. This

idea is then implemented for a parabolic partial differential problems. In parabolic

case, a non-standard interface condition is implemented on a simple two-dimensional

analytical test problem to establish the reliability of an algorithm. Once the reliabil-

ity of an algorithm is established, we implement it for a three-dimensional problem.

Finally it is planned in the future to implement non-standard interface condition,

for a more complex geometries by using the software which is being developed in

Fraunhofer ITWM.





CHAPTER 1

Introduction

The partial differential equation are very important in simulating the physical

world problems concerned with transport phenomena of a material, energy and

others, for example the flow of the heat in a material or in a fluid.

Thesis in hand deals with such a non-isothermal problem when two domains/-

materials are fussed together to form an interface region and solving the problem

numerically at this interface region. Such problems are efficiently solved by using the

domain decomposition method. The motivation for using the domain decomposition

method is to deal with complex geometries, equations that exhibits different behav-

ior in different region and also for reducing memory complexity[12]. In our case

we are using a non-overlapping domain decomposition(NODD) methods to solve

our problem numerically. Along with the choice of the method the major focus

will be on employing non-standard interface condition for the interaction between

non-overlapping domains. The first section of this thesis explain the necessity of the

new interface condition. This is subsequently followed by the formulation of a non-

standard interface condition and its implementation for a one-dimensional problem

by splitting the domain of the problem into non-overlapping domains. To solve our

problem numerically we discretized the continuous problem by employing the finite

difference scheme. After obtaining the discretization we want to solve it efficiently,

meaning there by the number of iterations required to achieve prescribed tolerance is

not exceptionally large. This goal is achieved by updating the solution at the inter-

face for every iteration(In some sense multiplicative iterative scheme). It is known

that the convergence for the domain decomposition method can be slow unless some

parameters are carefully chosen. To attain the objective of accelerated convergence

we investigate a relaxation parameter associated with the interface condition. In

addition to a one-dimensional problem we also solve numerically a two-dimensional

problem to test the robustness of the algorithm.

1



2 1. INTRODUCTION

In the second section of the thesis in hand, we deal with a parabolic partial

differential equations. We consider a simple analytical two-dimensional parabolic

problem and splits the domain into some non-overlapping domains, hence creating

an interface boundary for the implementation of a non-standard interface condition.

To solve the problem numerically we discretized the problem with an implicit finite

difference scheme. We also explain the discretization of a non-standard interface

conditions for parabolic problems. Then we study the convergence of the algorithm

and investigate the robustness of the algorithm. Further we extend this idea to a

more complex three-dimensional problem.



CHAPTER 2

Elliptic problem & non-standard boundary conditions

2.1. Problem formulation and notations

2.1.1. The continuous problem. We consider the following boundary value

problem for the implementation of a non-overlapping domain decomposition method

for an unknown u(·) over the domain Ω. Our problem under discussion is as follows,

−∆u(x) = f(x) in Ω,(2.1.1)

u = 0 at ∂Ω(2.1.2)

where Ω ⊂ R is open and connected domain. The source function f(x) is a given func-

tion in L2(Ω), which is assumed to be smooth and piecewise constant. We know for

such a problem, there exist a unique weak solution from the Lax Milgram theorem

(Chapter 6, Section 6.2.1, book [2]), but for simplicity we assume that our solution

u(·) ∈ C∞(Ω), because to solve it numerically we will consider the finite difference

scheme to discretize our problem. Also, finite difference scheme demands our solu-

tion function to be at least four times differentiable. Now, for an implementation of

a non-overlapping domain decomposition, we introduce a fictitious boundary within

the domain Ω. Let ξ ∈ Ω, then we define our two non-overlapping domains as,

Ω1 = Ω
⋂

(−∞, ξ),(2.1.3)

Ω2 = Ω
⋂

(ξ,∞),(2.1.4)

Γ = ξ ∈ Ω(2.1.5)

here Γ = Ω1

⋂
Ω2 denotes the fictitious or interface boundary for the decomposed

problem. This lead to the reformulation of our original continuous problem as,

−∆ui(x) = fi(x) Ω, i = {1, 2}(2.1.6)

ui = 0 ∂Ω
⋂

∂Ωi(2.1.7)

L(ui) = −L(u3−i) Γ(2.1.8)

3



4 2. ELLIPTIC PROBLEM & NON-STANDARD BOUNDARY CONDITIONS

where L represents the interface condition.(to be discussed below)

2.1.2. Discretization and mesh formation. Assume that Ω is an interval

[0,L]. Let us introduce grid points, xj = {j.h|j = 0, 1, ...N} in Ω and N = L
h
∈ N.

Note, that xM the interface, i.e. the Γ, is selected to be a grid point. Let ξ ∈ Γ

be such that ξ = M.h, where M ∈ N and M.h < L. This imply that Ω1 = [0,M.h)

and Ω2 = (M.h,L]. Note, we will always consider the discretization of all the future

problems such that the grid points fell onto the interface boundary created for that

problem.

Definitions 2.1.1. We define some notation to describe various grid points as,

• u1
j :={u(xj)|j = 0, 1, 2...M − 1} in the domain Ω1.

• u2
j :={u(xj)|j = M + 1,M + 2, ...N} in the domain Ω2.

• u1
M := u(xM−0) on the interface boundary Γ from the domain Ω1.

• u2
M := u(xM+0) on the interface boundary Γ from the domain Ω2.

2.2. Interface boundary condition

2.2.1. Robin condition in limiting case. To understand the necessity of

non-standard interface condition we must first look into the restriction of Robins

condition when the iterative methods converges.

Definitions 2.2.1. For the explanation we first define few notations for the

solution near and at the interface grid point as,

• u1
c = u1

M .

• u2
c = u2

M .

• u1
L = u1

M−1.

• u2
R = u2

M+1.

These notation can be understood from the figure(2.2.1) below,
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Figure 2.2.1. Grid points notation near and around interface boundary.

P.L. Lions noted the simple fact that the the interface conditions in the case of

perfect contact can be reformulated as Robins conditions. The interface condition

are combination of the regularities conditions at the interface Γ, i.e.

[u] |Γ = 0(2.2.1)

[u′] |Γ = 0(2.2.2)

In case when the Robin condition is applied at the interface, the discretization of

the Robin condition results in the following equations,

(2.2.3) β
u1
c − u1

L

h
+ αu1

c = −βu
2
c − u2

R

h
+ αu2

c

As the procedure converges, we have u1
c = u2

c = uc. Then by simple calculation, we

have the following resultant relation

(2.2.4)
u1
L − 2.uc + u1

R

h
= 0

It is clear that when the procedure converges, the interface boundary condition will

force the second derivative of solution u(·) to tend to zero, but this is not true in

general, if f(xM) 6= 0. So we have to make some modification in the Robin condition

to generate a new condition which satisfies the original equation when the process

is converging.

2.2.2. Formulation of non-standard boundary condition. Douglas and

Huang [5] suggested the following boundary condition, as a modification of the
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Robin condition,

(2.2.5) β(∂viu
i − θ.h.f) + ui = −β(∂vju

j − (1− θ).h.f) + uj, i, j = 1, 2.

To derive the non-standard interface condition we will use the idea’s of Douglas and

Huang, along with this we will always consider finite difference scheme to discretize

our problem. At the interface Γ we apply standard 3 point scheme, and when our

procedure converges, we should have

• u1
c = uc.

• u2
c = uc.

Employing u1
L, u2

R to the discretized problem at Γ, we have the following formulation,

where u1
L and u2

R are defined in definition(2.2.1)

(2.2.6) −u
1
L − 2.uc + u2

R

h2
= f

Rewriting the term
u1
L−2.uc+u2

R

h2 into
uc−u1

L

h2 +
uc−u2

R

h2 and multiplying the equation(2.2.6)

with h, gives us the following relation,

(2.2.7)
uc − u1

L

h
+
uc − u2

R

h
= h.f

then we add a free parameter θ to get,

(2.2.8)
uc − u1

L

h
− θ.h.f = −(

uc − u2
R

h
− (1− θ).h.f)

Using equation(2.2.8) for the derivative part in the original Robins condition, gives

us the modified boundary condition or non-standard interface condition as,

(2.2.9) β(
uc − u1

L

h
− θ.h.f) + uc = −β(

uc − u2
R

h
− (1− θ).h.f) + uc

now equation(2.2.9) can easily be re-written for different domains as,

(2.2.10) β(
u1
c − u1

L

h
− θ.h.f) + u1

c = −β(
u2
c − u2

R

h
− (1− θ).h.f) + u2

c

this relation defines a non-standard boundary condition on domain Ω1 from domain

Ω2. Note that equation(2.2.10) is very much similar with the ideas of Douglas

and Huang. This idea can be extend to higher dimension as long as the interface

boundary are one dimensional, i.e. the interface boundaries are always parallel to
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one of the coordinate axis in higher dimension. Note that here we can consider

equation(2.2.10) as a discretization approximation of the interface condition defined

in equation(2.1.8) for L(·).

2.3. Domain decomposition algorithm

2.3.1. Numerical Algorithm. To solve the problem numerically we first dis-

cretized the given problem using finite difference scheme in each domain. The algo-

rithm implemented is described below, but first we present the discretization of the

problem in their respective domains.

Following are the discretization for one-dimensional continuous problem in its

respective domains. For the domain Ω1 we have the following discretized problem,

−
u

(1,2k+1)
j−1 − 2.u

(1,2k+1)
j + u

(1,2k+1)
j+1

h2
= f(xj) {j = 2, 3..,M − 1}

u1
1 = 0

β(
u

(1,2k+1)
M − u(1,2k+1)

M−1

h
− θ.h.f(xM)) + u

(1,2k+1)
M = −β(

u
(2,2k)
M − u(2,2k)

M+1

h
− (1− θ).h.f(xM)) + u

(2,2k)
M

note that u
(1,2k+1)
j denotes the u(xj) on domain Ω1 at kth iteration and where x j =

(j-1).h. Similarly for the domain Ω2 we have the following discretized problem,

−
u

(2,2k+2)
j−1 − 2.u

(2,2k+2)
j + u

(2,2k+2)
j+1

h2
= f(xj) {j = M + 1,M + 2, ..., N − 1}

u2
N = 0

β(
u

(2,2k+2)
M − u(2,2k+2)

M+1

h
− θ.h.f(xM)) + u

(2,2k+2)
M = −β(

u
(1,2k+1)
M − u(1,2k+1)

M−1

h
− (1− θ).h.f(xM))

+u
(1,2k+1)
M
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Algorithm 2.3.1. Sketch of the algorithm implemented:

1 Construct the discretization matrix MAT1 for Ω1

2 Implement a non-standard boundary condition in MAT1
3 Construct the discretization matrix MAT2 for Ω2

4 Implement a non-standard boundary condition in MAT2
5 Construct the discretization matrix MAT for Ω without interface
6 U1 = All zero column vector to represent an initial guess for domain Ω1

7 U2 = All zero column vector to represent an initial guess for domain Ω2

8 U = η(U1,U2) denotes the combined solution on entire domain Ω
(At interface we use convex combination of U1 and U2)

9 define error = 1;
10 define Iteration = 0;
11 define f, right hand side for Ω without interface
12 residual0 = ‖MAT × U − f‖2

13 WHILE(Iteration < maxIteration AND error > tolerance)
14 DO
15 Iteration = Iteration +1
16 create f1 using U2 for interface condition
17 solve U1 = MAT1−1×f1
18 create f2 using U1 for interface condition
19 solve U2 = MAT2−1×f2
20 U = η(U1,U2)
21 residualk = ‖MAT × U − f‖2

22 error = residualk/residual0
23 END

2.4. Numerical Results

2.4.1. One dimensional problem. In this section we present a numerical

results of an analytical problem on the domain Ω = [0,1], by implementing a non-

overlapping domain decomposition at the fictitious boundary points for different

locations. The original problem is defined as,

−∆u(x) = π2 sin (πx) x ∈ Ω(2.4.1)

u(0) = u(1) = 0(2.4.2)

Now we consider three different problems, when the interface location is one of:

{0.25, 0.5, 0.75} to be a point at which the interface boundary will be defined. Here,

we will consider only one fictitious boundary at a time. Now our problem is sub-

divided into two sub-problems which are coupled with a non-standard interface
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condition at the interface boundary point.

−∆ui(x) = π2 sin(πx) x ∈ Ωi,(2.4.3)

ui(x) = 0 x ∈ ∂Ωi

⋂
∂Ω,(2.4.4)

L(ui(x̃)) = −L(u3−i(x̃)) where x̃ ∈ Γ(2.4.5)

where i = {1, 2} and L(·) denotes the interface condition. Further the sub-domains

and interface are defined as,

Ω1 = (0, x̃)(2.4.6)

Ω2 = (x̃, 1)(2.4.7)

x̃ = Γ = {0.25} OR Γ = {0.5} OR Γ = {0.75}(2.4.8)

The discretization approximation of the interface condition L(·)is represented as,

(2.4.9) L(ui(xM)) = β

(
uiM − uiM+(−1)i

h
− θ.h.f(xM)

)
+ uiM

which also define a non-standard boundary condition at the interface. The exact

solution of the problem in hand is known to be,

(2.4.10) u(x) = sin(πx) x ∈ Ω

Now we present some numerical results, but first we would like to inform the reader

about the parameter that we have fixed for all the cases we are considering

tolerance = 1.e− 008,

β ∈ {0.5, 0.05, 2}

θ = 0.5

We define our residual rk as,

(2.4.11) rk = f −Mat.uk

where Mat is the discretization matrix for the entire domain without the interface.

The right hand side discretization of the original problem is denoted by ’f ’. The

numerical solution generated at kth iteration is denoted by uk. For stopping criteria

we are using relative residual defined as,

(2.4.12) ek =

∥∥rk∥∥
‖r0‖
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The approximation error is defined as eN = ‖uexact − unumerical‖∞. The stopping

criteria, that is being used is,

Iteration > Iteration Maximum

OR

ek < tolerance

Tables mentioned below shows the numerical result obtained for a given β and

varying grid size N. For each case(fixed β), we first present the error plot for all

the cases of N. Then we present a detailed plots for each fixed gird size, these plots

shows first the actual solution and numerical solution together, then the error plot

and finally how solution is evolving with iterations.

2.4.1.1. Numerical results for the example with interface at x = 0.25. Here we

are considering our initial guess as u0 = 0. Results obtained for different cases of

β’s are,

Table 1. Interface at x = 0.25, Maximum Iteration = 200,
Fixed β = 0.5.

N β ek eN Iteration
21 0.5 8.1254e-09 0.0065102 10
41 0.5 4.1162e-09 0.0022996 10
81 0.5 4.7038e-09 0.00081283 10
161 0.5 8.368e-09 0.00028736 10

From the table above we conclude that scheme is consistence w.r.t. approxima-

tion errors and grid size. As when we double the grid size, then numerical error

reduce approximately 4 times which is expected.(Explained in section(2.4.2)). Here

for all the grids size N we got the same iteration count which is purely coincidental.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.1. Convergence of error. Log(error) Vs Iteration. β =
0.5. Observing almost the same rate of convergence.

Case when β = 0.5. Detailed Plots.
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Figure 2.4.2. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iteration problem is solved in
sub-domains respectively and then it evolves with iteration.
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Figure 2.4.3. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolve with iterations.

Figure 2.4.4. N = 81 (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.



2.4. NUMERICAL RESULTS 13

Figure 2.4.5. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Table 2. Interface at x = 0.25, Maximum Iteration = 200,
Fixed β = 0.05.

N β ek eN Iteration
21 0.05 7.168e-09 0.00651102 32
41 0.05 7.7517e-09 0.0022996 36
81 0.05 7.8251e-09 0.00081283 39
161 0.05 6.0215e-09 0.00028736 42

From the above table we have the same conclusion that the scheme is consistence

w.r.t. approximation errors and grid size. In this case we could see a gradual increase

in the iteration count with the increase in a grid size.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.6. Convergence of error. Log(error) Vs Iteration. β =
0.05. Observing almost the same rate of convergence.

Case when β = 0.05. Detailed Plots.

Figure 2.4.7. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.8. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.9. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.



16 2. ELLIPTIC PROBLEM & NON-STANDARD BOUNDARY CONDITIONS

Figure 2.4.10. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Table 3. Interface at x = 0.25, Maximum Iteration = 200,
Fixed β = 2. Observing almost same rate of convergence.

N β ek eN Iteration
21 2 4.37892e-09 0.0065102 22
41 2 4.6661e-09 0.0022996 23
81 2 4.7919e-09 0.00081283 24
161 2 4.7655e-09 0.00028736 25

From the above table we again have the same conclusion that the scheme is

consistence w.r.t. approximation errors and grid size. Here also one could observe

a gradual increase in the iteration count with the increase in a grid size.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.11. Convergence of error. Log(error) Vs Iteration. β =
2. Observing almost the same rate of convergence.

Case when β = 2.0. Detailed Plots.

Figure 2.4.12. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.13. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.14. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.15. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

From the above tables and plots we conclude that there exist an optimal β ∈
(0.05,2) such that, convergence is very fast.

2.4.1.2. Numerical results for the example with interface at x = 0.5. Our initial

guess for this case is u0 = 0. Results generated from these simulations are,

Table 4. Interface at x = 0.50, Maximum Iteration = 200,
Fixed β = 0.5.

N β ek eN Iteration
21 0.5 2.0146e-10 0.0065102 5
41 0.5 3.3308e-09 0.0022996 4
81 0.5 1.4636e-10 0.00081283 4
161 0.5 2.9834e-11 0.00028736 4

From the above table we conclude that scheme is consistence w.r.t. approxima-

tion errors and grid size for this case also. Here, decrease in the iteration count was

a little unexpected.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.16. Convergence of error. Log(error) Vs Iteration. β = 0.5.

Case when β = 0.5. Detailed Plots.
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Figure 2.4.17. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.18. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.19. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.20. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Table 5. Interface at x = 0.50, Maximum Iteration = 200,
Fixed β = 0.05.

N β ek eN Iteration
21 0.05 9.2505e-09 0.0065102 49
41 0.05 9.5566e-09 0.0022996 51
81 0.05 7.2706e-09 0.00081283 54
161 0.05 8.8938e-09 0.00028736 56

From the above table we conclude that scheme is consistence w.r.t. approxima-

tion errors and grid size.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.21. Convergence of error. Log(error) Vs Iteration. β =
0.05. Observing almost the same rate of convergence.

Case when β = 0.05. Detailed Plots.

Figure 2.4.22. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.23. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.24. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.25. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Table 6. Interface at x = 0.50, Maximum Iteration = 200,
Fixed β = 2.

N β ek eN Iteration
21 2 5.6742e-09 0.0065102 21
41 2 4.8937e-09 0.0022996 22
81 2 4.5018e-09 0.00081283 23
161 2 4.2865e-09 0.00028736 24

From the above table we conclude that scheme is consistence w.r.t. approxima-

tion errors and grid size.

Comparison plot of log (Error) Vs grid size.



26 2. ELLIPTIC PROBLEM & NON-STANDARD BOUNDARY CONDITIONS

0 5 10 15 20 25
-10

-8

-6

-4

-2

0

2
LOG(error) for different N (grid size), Beta = 2.0

 

 

N = 21

N = 41

N = 81

N = 161

Figure 2.4.26. Convergence of error. Log(error) Vs Iteration. β =
2. Observing almost the same rate of convergence.

Case when β = 2.0. Detailed Plots.

Figure 2.4.27. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.28. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.29. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.30. N = 161 (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

From above mentioned tables and plots, we again have the same observation

that there exist an optimal β ∈ (0.05,2).

2.4.1.3. Numerical results for the example with interface at x = 0.75. Our initial

guess in this case is u0 = 0. Results generated in these simulation are,

Table 7. Interface at x = 0.75, Maximum Iteration = 200,
Fixed β = 0.5.

N β ek eN Iteration
21 0.5 5.2513e-09 0.0065102 7
41 0.5 5.07226e-09 0.0022996 8
81 0.5 2.2221e-09 0.00081283 9
161 0.5 6.5800e-09 0.00028736 10

From the above table we have again the same conclusion that the scheme is

consistence w.r.t. approximation errors and grid size.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.31. Convergence of error. Log(error) Vs Iteration. β =
0.5. Observing almost the same rate of convergence.

Case when β = 0.5. Detailed Plots.
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Figure 2.4.32. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.33. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.34. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.35. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Table 8. Interface at x = 0.75, Maximum Iteration = 200,
Fixed β = 0.05.

N β ek eN Iteration
21 0.05 9.8852e-09 0.0065102 41
41 0.05 6.6427e-09 0.0022996 41
81 0.05 8.5363e-09 0.00081283 41
161 0.05 9.5713e-09 0.00028736 42

From the above table we conclude that scheme is consistence w.r.t. approxima-

tion errors and grid size.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.36. Convergence of error. Log(error) Vs Iteration. β =
0.05. Observing almost the same rate of convergence.

Case when β = 0.05. Detailed Plots.

Figure 2.4.37. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.38. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.39. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.40. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Table 9. Interface at x = 0.75, Maximum Iteration = 200,
Fixed β = 2.

N β ek eN Iteration
21 2 3.6130e-09 0.0065102 22
41 2 3.6409e-09 0.0022996 23
81 2 3.6326e-09 0.00081283 24
161 2 3.6362e-09 0.00028736 25

From the above table we conclude that scheme is consistence w.r.t. approxima-

tion errors and grid size.

Comparison plot of log (Error) Vs grid size.
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Figure 2.4.41. Convergence of error. Log(error) Vs Iteration. β =
2. Observing almost the same rate of convergence.

Case when β = 2.0. Detailed Plots.

Figure 2.4.42. N = 21, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iteration problem is solved in
sub-domains respectively and then it evolve with iteration.
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Figure 2.4.43. N = 41, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

Figure 2.4.44. N = 81, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.
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Figure 2.4.45. N = 161, (1)Numerical Solution in BLUE and Exact
Solution in RED, (2)Plot of LOG(error) Vs Iteration, (3)Numerical
solution at every iteration. At early iterations problem is solved in
sub-domains respectively and then it evolves with iterations.

2.4.1.4. Conclusion. : From all the previous numerical results we observe the

existence of an optimal β. Also, that this non-overlapping domain decomposition

with a non-standard interface condition is very much stable and can be used for

more complex elliptic problem. Also this iterative scheme is observed to be almost

optimal.

Definition 2.4.1. (Optimality). An iterative method for the solution of a

linear system is said to be optimal, if the rate of convergence to the exact solution

is independent of the size of the system. [1]

2.4.2. Convergence Study for one dimensional problem. It was found

experimentally that there exist a close relationship between the free parameter β

and the convergence rate. The exact relation is not known yet, but above simulated

experiments did confirmed this dependency.

We had claimed earlier, that this scheme is consistent w.r.t approximation error

Vs grid size. To explain this first we look in the remark,
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Remark 2.4.2. Second order finite difference scheme is O(h2) accurate. Where

h is the discretization step size. Hence when we double our grid size then step size

reduced to half. That implies our solution should have accuracy of O(h2

4
).

In all the tables above we have the same observation, i.e. when grid size is

doubled, then approximation error eN is reduces approximately 4 times. Therefore

we conclude that the scheme converges with second order.

2.4.3. Two dimensional problem. For the two dimensional case we will con-

sider an analytical problem over the domain Ω = (-1,1)×(0,1). For this problem

we implement a non-overlapping domain decomposition methodology with one-

dimensional interface boundary as Γ = {0} ×(0,1). The problem which we attempt

to solve is defined as,

−∆u(x, y) = f(x, y) ∈ Ω(2.4.13)

f(x, y) = 2. sin (π.x) + π2y.(1− y). sin (π.x)(2.4.14)

u(x, y) = 0 (x, y) ∈ ∂Ω(2.4.15)

Clearly the one dimensional interface boundary Γ partitions our original domain Ω

into two separate domains defined as,

Ω1 = (−1, 0)× (0, 1)(2.4.16)

Ω2 = (0, 1)× (0, 1)(2.4.17)

So, our original problem is now sub-divided into two sub-problems as,

−∆ui(x, y) = f(x, y) (x, y) ∈ Ωi,(2.4.18)

ui(x, y) = 0 (x, y) ∈ ∂Ω
⋂

Ωi,(2.4.19)

L(ui) = −L(u3−i) (x, y) ∈ Γ(2.4.20)

here ui denotes the solution in domain Ωi, where i ∈ {1, 2}. L(·) denotes the interface

condition for the problem. At discrete level we can approximate L(·) using the same

idea of Douglas and Huang. Here we present a very brief derivation of L(·). We first

discretized our problem using 5 point finite difference scheme at Γ,

−
u(i+1,j) − 2.u(i,j) + ui−1,j

(4x)2
−
u(i,j+1) − 2.u(i,j) + u(i,j−1)

(4y)2
= f(x, y)
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By rearranging the terms we get the following relation,(
u(i,j) − u(i−1,j)

4x

)
− (4x.θ.f(x, y)) −

(
u(i,j) − u(i+1,j)

4x
− (4x.(1− θ).f(x, y))

)
=

−(4x.θ)
(
u(i,j+1) − 2.u(i,j) + u(i,j−1)

(4y)2

)
+(4x.(1− θ)).

(
u(i,j+1) − 2.u(i,j) + u(i,j−1)

(4y)2
)

)
this can be easily read as,

(∂nu− θ.4x.(∂yyu+ f))|Γ⋂
∂Ωi

= −(∂ñu− (1− θ).4x.(∂yyu+ f))|Γ⋂
∂Ω3−i

where i = {1, 2} and θ is the free parameters. Using the above relation we can now

define a non-standard interface condition as,

(β.(∂nu− θ.4x.(∂yyu+ f)) + u) |Γ⋂
∂Ωi

= − (β(∂ñu− (1− θ).4x.(∂yyu+ f)) + u) |Γ⋂
∂Ω3−i

This is our new definition of non-standard interface condition for two-dimensional

problem with one-dimensional interface. Further we can define a discretization ap-

proximation of L(·) as,

L(ui) =
(
β.(∂nu

i − θ.4x.(∂yyui + f)) + ui
)
|Γ⋂

∂Ωi

The exact solution of the problem in hand is known to be,

(2.4.21) u(x, y) = (y2 − y). sin (π.x)

Now we fixes some parameters used in the numerical simulation of the problem,

tolerance = 1.e− 10

β ∈ {0.05, 0.5}

iterationmax = 1000

θ = 0.5

The residual rk and the relative errorerror ek at the kth iteration are defined in

the same manner as in the case for one-dimensional problem. Here we define the

numerical error i.e, eN = ‖uNumerical − uexact‖∞. The stopping criteria is the same

as was in the one-dimensional example. Reference(2.4.13). In this case we consider

symmetric girds i.e. Nx1 = Nx2 = Ny = N .
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Tables mentioned below shows the simulation results obtained for various value

of N and also for two different β. We present error plot for varying N and also the

detailed plots for each case of β.

Table 10. Two Dimensional Problem Simulation for β = 0.05.

N ek eN Iteration
10 8.9415e-011 0.008387 33
20 5.8465e-011 0.0039543 35
40 5.5538e-011 0.0019244 37
80 9.6532e-011 0.0009498 38

From the table above we have a surprising observation that the approximation

error were of order O(h), where h is the step size. Now first we present the log(error)

Vs iteration plot for all the grid sizes mentioned in the table(10).
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Figure 2.4.46. Convergence of error. Log(error) Vs Iteration. β = 0.05.

Case for β = 0.05. Detailed Plots.
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Figure 2.4.47. N = 20, (1)Numerical Solution; (2)Exact Solution;
(3)Error plot O(10−3).

Figure 2.4.48. N = 40, (1)Numerical Solution;(2)Exact Solution;
(3)Error plot O(10−4).
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Figure 2.4.49. N = 80, (1)Numerical Solution; (2)Exact Solution;
(3)Error plot O(10−5).

Figure 2.4.50. N = 160, (1)Numerical Solution; (2)Exact Solution;
(3)Error plot O(10−5).
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Table 11. Two Dimensional Problem Simulation for β = 0.5.

N ek eN Iteration
10 8.0728-011 0.008387 50
20 9.6626e-011 0.0039543 96
40 9.7283e-011 0.0019244 178
80 9.8666e-011 0.0009498 323

From the table above, again we have the same observation about the approxi-

mation error. Now first we present the log(error) Vs iteration plot for all the grid

sizes mentioned in the table(11).
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Figure 2.4.51. Convergence of error. Log(error) Vs Iteration. β = 0.5.

Case for β = 0.5. Detailed Plots.
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Figure 2.4.52. N = 20, (1)Numerical Solution; (2)Exact Solution;
(3)Error plot O(10−3).

Figure 2.4.53. N = 40, (1)Numerical Solution;(2)Exact Solution;
(3)Error plot O(10−4).
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Figure 2.4.54. N = 80, (1)Numerical Solution; (2)Exact Solution;
(3)Error plot O(10−5).

Figure 2.4.55. N = 160, (1)Numerical Solution; (2)Exact Solution;
(3)Error plot.O(10−5)
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2.4.3.1. Conclusion. It was observed that there exist an optimal β for which we

have an accelerated convergence. For the two dimensional case the table(12) support

this observation.

Table 12. Iteration need to achieve same accuracy for vary-
ing N and β

N β=1 β=0.5 β=0.05 β=0.005
20 192 35 96 303
40 356 37 178 308
80 646 38 323 311

The algorithm for the two-dimensional problem was not optimal as convergence

rate was dependent on grid size N. For example when we had β = 0.5, then iteration

required had increased considerably with increase in grid size.



CHAPTER 3

Parabolic problem & non-standard boundary condition

3.1. Problem formulation, notation and discretization

3.1.1. The continuous problem. The continuous parabolic problem for ex-

tending our study of non-standard interface condition is defined as,

∂tu(x, y; t) = λ4(x,y)u(x, y; t) + f(x, y; t), (x, y; t) ∈ Ω× R+,(3.1.1)

u(x, y; 0) = g(x, y), (x, y) ∈ Ω,(3.1.2)

u(x, y; t) = 0, (x, y) ∈ ∂Ω, t ≥ 0(3.1.3)

here Ω ⊂ R2 is an open and connected domain with Lipschitz boundary. The source

term is defined as f(·) ∈ L2(Ω,R+), λ ∈ R+ and g(x, y) ∈ L2(Ω). We know for such

problem(3.1.1) there exit a unique weak solution u(x,y;t)(Chapter 7, Section 7.1,

book [2]). But for simplicity we assume that u(·) ∈ C(∞,∞)(Ω×R+) mainly because

we apply finite difference scheme which demands u(·) to be at least four time space

differentiable and at least two times time differentiable.

We create a fictitious boundary domain Γ which partition the original domain

into two separate sub-domains. Let the sub-domains be Ω1 and Ω2 such that they

are open and connect within them. We define our interface boundary as,

Γ = Ω1

⋂
Ω2

As a consequence of this interface boundary our original problem is then decomposed

into two sub-problem and they are defined as,

∂tu
i = 4(x,y)u

i + f in Ωi,(3.1.4)

ui = 0 at Ωi

⋂
Ω,(3.1.5)

L(ui) = −L(u3−i) at Γ(3.1.6)

needless to say that i ∈ {1, 2} and L(·) is an interface condition and is defined later

in this chapter.

47
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3.1.2. Discretization and mesh formation. Assume that Ω is a connected

and bounded domain such as Ω = (-L,L)×(0,L). Let Γ be an interface boundary

domain defined as Γ = {0} × (0, L). This imply that our sub-domains are,

Ω1 = (−L, 0)× (0, L)(3.1.7)

Ω2 = (0, L)× (0, L)(3.1.8)

Let the grid points for our sub-domains be,

x1
i,j = ((−L+ i.hx, j.hy) ∈ Ω1; i ∈ I1 and j ∈ J)(3.1.9)

x2
i,j = ((i.hx, j.hy) ∈ Ω1; i ∈ I2 and j ∈ J)(3.1.10)

where hx and hy are such that, ∃ N,M ∈ N which satisfies the relation N.hx = L and

M.hy = L. Also I1, I2 and J denotes the index sets, defined as I1 and I2 = {1, 2, ..., N}
and J ={1, 2, ...,M}. We also define τ > 0, as a time step value.

Remark 3.1.1. In this case we define same discretization step along x-axis for

both the sub-domains.

Definition 3.1.2. We define some notations to determine the solution at the

grid points. We intend to make the notations simple and reader friendly.

• u1
i,j :=

{
u(x1

i,j) : i ∈ I1 and j ∈ J
}

in the domain Ω1.

• u2
i,j :=

{
u(x2

i,j) : i ∈ I2 and j ∈ J
}

in the domain Ω2.

In the rest of the chapter we are going to use above mention notation for further

implementation and explanation.

3.2. Interface boundary condition

3.2.1. Formulation of non-standard boundary condition. For the para-

bolic problem we make use of the implicit finite difference scheme for discretization

and to compute the numerical solution of the problem 3.1.1. The implicit scheme

gives us following discretization at interface,

(3.2.1)

un+1
i,j − uni,j

τ
=
un+1
i−1,j − 2.un+1

i,j + un+1
i+1,j

h2
x

+
un+1
i,j−1 − 2.un+1

i,j + un+1
i,j+1

h2
y

+ f(xi,j; t
n+1)
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Since we want to derive a non-standard interface condition for the parabolic PDE’s

and outward normal from interface boundary is along x-axis, therefore we multiply

the equation(3.2.1) with hx and rearrange the term to get the following relation,

un+1
i,j − un+1

i−1,j

hx
+ θ.hx

un+1
i,j − uni,j

τ
−

(
un+1
i,j − un+1

i+1,j

hx
+ (1− θ).hx

un+1
i,j − uni,j

τ

)

−θ.hx
un+1
i,j−1 − 2.un+1

i,j + un+1
i,j+1

h2
y

= −

(
−(1− θ).hx

un+1
i,j−1 − 2.un+1

i,j + un+1
i,j+1

h2
y

)

−θ.hx.f(xi,j; t
n+1) −

(
−(1− θ).hx.f(xi,j; t

n+1)
)

where un+1
i,j denotes the solution at (n+1)th time step, at grid point xi,j. Here θ > 0

is a free parameter. This could be also written in more simple and readable format

as,

(3.2.2)

∂nu
n+1+θ.hx(∂tu

n+1−∂yyun+1−fn+1) = −(∂nu
n+1+(1−θ).hx(∂tu

n+1−∂yyun+1−fn+1))

The above equation now can be used to get the final formulation of a non-standard

interface condition at Γ for the given sub-domains, and is defined as,

β
(
∂nu

(1,n+1) + θ.hx(∂tu
(1,n+1) − ∂yyu1,n+1)

)
−βθ.hx.fn+1 + u1,n+1 = −β

(
∂nu

(2,n+1) + (1− θ).hx(∂tu
(2,n+1))

)
−(1− θ).β

(
−∂yyu2,n+1 − hx.fn+1

)
+ u(2,n+1)

where u(i,n+1) denote the solution at time step (n+1) and at interface Γ from the

domain Ωi where i = {1, 2}. Here we define another positive free parameter β. Now

its a right place to define the discretization approximation of L as discussed in the

section(3.1.1),

(3.2.3)

L(u
(i,n+1)
Γ,j ) = β

(
∂nu

(i,n+1)
Γ,j + θ.hx(∂tu

(i,n+1)
Γ,j − ∂yyu(i,n+1)

Γ,j − fn+1(xΓ,j))
)

+ ui,n+1
Γ,j

where ui,n+1
Γ,j denotes the solution at jth interface point of domain Ωi at (n+1)th time

step and i ={1, 2} and j ∈ {2, 3, ...,M − 1}. One could observe that we are including

the tangential dependency at the interface along with the normal dependencies. Note

in one-dimensional problem we had no tangential dependency as there was only the

normal direction to deal with, therefore we started with two-dimensional problem

to incorporate tangential dependency for parabolic problems.
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3.3. Domain decomposition algorithm

3.3.1. Numerical algorithm. For solving the above parabolic partial differ-

ential equation we implemented implicit finite difference scheme, which lead to the

following discretization scheme in their respective sub-domains. On the domain Ω1

we have the following discretized problem,

u
(1,n+1)
i,j (1 + 2.τ.

(
1

h2
x

+
1

h2
y

)
)− τ

h2
x

(
u

(1,n+1)
i−1,j + u

(1,n+1)
i+1,j

)
− τ

h2
y

(
u

(1,n+1)
i,j−1 + u

(1,n+1)
i,j+1

)
= u

(1,n)
i,j + τ.f(x1

i,j) in Ω1

u
(1,n+1)
i,j = 0 at ∂Ω1

⋂
∂Ω

L(u
(1,n+1)
Γ,j ) = −L(u

(2,n+1)
Γ,j ) at Γ

for the iteration step (2k+1) where k ∈ N∗. Likewise on the domain Ω2 we have

the following discretized problem,

u
(2,n+1)
i,j (1 + 2.τ.

(
1

h2
x

+
1

h2
y

)
)− τ

h2
x

(
u

(2,n+1)
i−1,j + u

(2,n+1)
i+1,j

)
− τ

h2
y

(
u

(2,n+1)
i,j−1 + u

(2,n+1)
i,j+1

)
= u

(2,n)
i,j + τ.f(x2

i,j) in Ω2

u
(2,n+1)
i,j = 0 at ∂Ω2

⋂
∂Ω

L(u
(2,n+1)
Γ,j ) = −L(u

(1,n+1)
Γ,j ) at Γ

for the iteration step (2k+2) where k ∈ N∗. The sketch of the algorithm for

parabolic equations is described below,
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Algorithm 3.3.1. Algorithm for parabolic problem:

1 Construct Mat1, a discretization matrix on domain Ω1

2 Construct Mat2, a discretization matrix on domain Ω2

3 Construct Mat, a discretization matrix on domain Ω
4 Implement Non-standard boundary condition on Mat1 & Mat2
5 u1 → initial guess for domain Ω1 (vector)
6 u2 → initial guess for domain Ω2 (vector)
7 u = η(u1,u2) , solution on entire domain by combining u1 and u2
8 Define → tolerance, maximum iteration, time step, error, tEnd
9 WHILE(time < tEnd)
10 DO
11 set
12 (
13 u1 → u1new

14 u2 → u2new

15 error → 1
16 iteration → 0
17 )
18 time → time + time step
19 u = η(u1,u2)
20 f(u) → right hand side for domain Ω (vector)
21 residual(0) → ‖Mat× u− f‖2

22 WHILE (error > tolerance AND iteration < maximum iteration)
23 DO
24 u1new → Mat1−1.f1
25 f2(u1,u2,u1new) → right hand side for domain Ω2

26 u2new → Mat2−1.f2
27 f1(u1,u2,u2new) → right hand side for domain Ω1

28 u = η(u1new,u2new)
29 residualk → ‖Mat× u− f‖2

30 error → residual(k)/residual(0)
31 iteration → iteration + 1
32 END
33 END

Remark 3.3.2. To solve the above problem we are using multiplicative iterative

scheme, which means that for a given time step (n+1) we first solve problem in

domain Ω1 and update the solution at the interface for the (n+1)th time step and

then solve it in domain Ω2. We continue this procedure for (n+1)th time step until

prescribed stopping criteria is satisfied.
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3.4. Numerical Results

3.4.1. Two dimensional problem. For two dimensional test problem we are

considering an analytical problem over the domain Ω = (-1,1)×(0,1). The problem

is stated as,

∂tu(x, y; t) = 4(x,y)u(x, y; t) + f(x, y; t) in Ω× R+(3.4.1)

u(x, y; t) = 0 at ∂Ω for t > 0(3.4.2)

u(x, y; 0) = g(x, y) where (x, y) ∈ Ω(3.4.3)

the function f((·);t) and function g(·) are defined as,

f(x, y; t) = exp(−t.a). sin (π.x).(2 + π2.(y − y2)− a.(y − y2))(3.4.4)

g(x, y) = (y − y2). sin (π.x)(3.4.5)

The exact solution for the problem(3.4.1) is also know, and is given as,

(3.4.6) u(x, y; t) = exp(−a.t).(y − y2). sin (π.x)

For the problem(3.4.1) we create the fictitious one dimensional interface boundary

as Γ = {0}×(0,1). This fictitious interface boundary divides the original domain

into,

Ω1 = (−1, 0)× (0, 1)

Ω2 = (0, 1)× (0, 1)

also satisfying Γ = Ω1

⋂
Ω2. As a consequence of this fictitious interface boundary,

our original problem is sub-divided into two sub-problems on sub-domains respec-

tively and these sub-problems are defined as,

∂tu
i(x, y; t) = 4ui(x, y; t) + f(x, y; t) in Ωi(3.4.7)

ui(x, y; t) = 0 at ∂Ω
⋂

∂Ωi(3.4.8)

ui(x, y; 0) = g(x, y) on Ωi(3.4.9)

L(ui(x, y; t))|Γ = −L(u3−i(x, y; t))|Γ(3.4.10)

where i = {1, 2}. Note that the discretization approximation of interface condition

L(·) is defined in equation(3.2.3). Before we present some numerical results, we

would like to inform the reader about some parameters which are used for the
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simulation and are fixed.

a = 0.01

Tolerance = 1.e− 08

IterationMax = 1000

β ∈ {.5, 0.05, 0.005}

θ = 0.5

4T = 10

Tend = 10

The residual rk and relative residual ek are defined in the same manner as in the

elliptic example [2.4.11] and [2.4.12]. At last we define our approximation error as

eN = ‖uexact − unumerical‖∞.

Remark 3.4.1. Here we are considering the following grid sizes, Nx1 = Nx2 =

Ny = N.

The stopping criteria is the same as defined in elliptic problems [2.4.13]. Tables

mentioned below shows the results obtained for the cases of varying grid size N and

for all three β’s mentioned. Here each table is followed by the error plot for all the

cases of N combined together. Then it is followed by a detailed plot for all the grid

size.

Table 1. Interface is Γ, Maximum Iteration = 1000, β = 0.5,
tend = 10

N ek eN Iteration
10 8.4294e-09 1.149e-03 37
20 8.8539e-09 2.6737e-04 68
40 9.3555e-09 6.8325e-05 120
80 9.6730e-09 2.1236e-05 206

Combined error plots for all grid size. This plot suggest that the rate of conver-

gence slow down as the level of accuracy is increased. Further when we increase the

grid size it further slows down.
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Figure 3.4.1. Convergence of error. Log(error) Vs Iteration. β = 0.5.

Case β = 0.5. Detailed Plots.
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Figure 3.4.2. N = 10, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.
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Figure 3.4.3. N = 20, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.

Figure 3.4.4. N = 40, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.
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Figure 3.4.5. N = 80, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.

Table 2. Interface is Γ, Maximum Iteration = 1000, β = 0.05,
tend = 0

N ek eN Iteration
10 8.6777e-09 1.149e-03 27
20 5.6171e-09 2.6737e-04 29
40 7.0960e-09 6.8325e-05 30
80 9.5915e-09 2.1236e-05 31

Approximation errors in table(1) and table(2) were reduced four time when grid

size is doubled, this indicate that for parabolic case our scheme is consistent w.r.t.

approximation error Vs grid size. This was the common observation made while

employing the finite difference scheme.

Now we present the combined error plots for all the grid sizes. In this case we

observe that the rate of convergence was almost the same for all the cases of grid

sizes.
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Figure 3.4.6. Convergence of error. Log(error) Vs Iteration. β = 0.05.

Case β = 0.05. Detailed Plots.
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Figure 3.4.7. N = 10, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.
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Figure 3.4.8. N = 20, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.

Figure 3.4.9. N = 40, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.
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Figure 3.4.10. N = 80, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.

Table 3. Interface is Γ, Maximum Iteration = 1000, β =
0.005, tend = 10

N ek eN Iteration
10 9.4353e-09 1.149e-03 224
20 9.6208e-09 2.6737e-04 232
40 9.9612e-09 6.8325e-05 239
80 9.6374e-09 2.1236e-05 248

In table(3) we have the same observation about the consistency of scheme w.r.t.

approximation error Vs grid size as we had for tables(1) and tables(2).

Below we present the combined error plots for all grid sizes. In this case we

observe that the rate of convergence was almost the same for all the cases of grid

size, but convergence was slow w.r.t the case when β = 0.05.
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Figure 3.4.11. Convergence of error. Log(error) Vs Iteration. β = 0.005.

Case β = 0.005. Detailed plots.
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Figure 3.4.12. N = 10, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.
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Figure 3.4.13. N = 20, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.

Figure 3.4.14. N = 40, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.
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Figure 3.4.15. N = 80, PLOT[1]: Numerical solution, PLOT[2]:
LOG(error) Vs number of iteration.

It was observe that ∃ an optimal value for the free parameter β that could lead

to an accelerated convergence.

3.4.1.1. Conclusion. : From the simulation of the test problem above, we con-

cluded that our algorithm is stable in generating the numerical solutions. Also, that

non-standard interface condition is a better approach to solve the problem with

non-overlapping domain decomposition as it bears more problem characteristic at

the interface.

3.4.2. Three dimensional practical problem for heat flow with non-

standard boundary conditions. For three dimensional case, we consider a more

practical example, here we consider two blocks at different temperature and they are

fused together. At the point where they are fused we implement the non-standard

boundary condition. The mathematical description of the problem is given as fol-

lows. The first block forms the domain Ω1 = (0,1)×(0,1)×(0,1) and we have following
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problem over the domain Ω1

∂tT
1 = λ.4(x,y,z)T

1 in Ω1(3.4.11)

T 1(·) = 40 at ∂Ω1,(−1,0,0)(3.4.12)

∂T 1

∂n(x,y)

= 10 at ∂Ω1,(0,0,i) where i = {−1, 1}(3.4.13)

∂T 1

∂n(x,z)

= 5 at ∂Ω1,(0,i,0) where i = {−1, 1}(3.4.14)

L(T 1) = −L(T 2) at ∂Ω1,(1,0,0)(3.4.15)

Initial conditions

T (x, y, z) = 40 (x, y, z) ∈ Ω1/∂Ω1,(1,0,0)(3.4.16)

T (x, y, z) = 30 (x, y, z) ∈ ∂Ω1,(1,0,0)(3.4.17)

Similarly, second block form the other domain Ω2 = (1,2)×(0,1)×(0,1) and following

is the problem over the domain Ω2,

∂tT
2 = λ.4(x,y,z)T

2 in Ω2(3.4.18)

T 2(·) = 20 at ∂Ω2,(1,0,0)(3.4.19)

∂T 2

∂n(x,y)

= 10 at ∂Ω2,(0,0,i) where i = {−1, 1}(3.4.20)

∂T 2

∂n(x,z)

= 5 at ∂Ω2,(0,i,0) where i = {−1, 1}(3.4.21)

L(T 2) = −L(T 1) at ∂Ω2,(−1,0,0)(3.4.22)

Initial conditions

T (x, y, z) = 20 (x, y, z) ∈ Ω1/∂Ω2,(−1,0,0)(3.4.23)

T (x, y, z) = 30 (x, y, z) ∈ ∂Ω2,(−1,0,0)(3.4.24)

where ∂Ωi,n denotes the face or boundary of the domain Ωi for which n is an outward

normal and i ∈ {1, 2}. L is the interface condition, its definition is based on the

same ideology as used in previous section. A brief definition of L is given as,

(3.4.25) L(T i) = β

(
∂T i

∂ni

+ θ.hx.(
∂T i

∂t
− λ.∂2T i

∂y2
− λ.∂2T i

∂z2
)

)
+ T i
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λ denote the thermal diffusivity of the material. In our example we are considering

material to be iron. Parameter that are fixed for this problem are given below,

β = 0.05

θ = 0.5

Tend = 100

dT = 1

Nx1 = Ny1 = Nz1 = 10

Nx2 = Ny2 = Nz2 = 10

tolerance = 1e− 08

MaxIteration = 1000

Table mentioned below represent the iteration needed to reach the prescribed accu-

racy for a given time t, further the simulated results are presented.

Table 4. Iteration needed to achieve the tolerance 10−08 at
different time points.

t ek Iteration
25 9.0287e-09 145
50 8.9161e-09 146
75 9.4605e-09 146
100 9.8512e-09 146

Below mention is the error plot at different time steps. In this case they appears

to be alike, meaning almost no change in convergence rate for all the different time

steps.
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Figure 3.4.16. (1)Log(error) plot for t = 25, (2)Log(error) plot for
t = 50
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Figure 3.4.17. (3)Log(error) plot for t = 75, (4)Log(error) plot for
t = 100

Here we also present the results for t = {0, 25, 50, 100}. For every time step

we present at temperature profile one with complete body and another one with a

cross-sectional view
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Figure 3.4.18. For time = 0, (1)Temperature Profile, (2) Cross-
sectional Temperature profile

Figure 3.4.19. For time = 25, (1)Temperature Profile, (2) Cross-
sectional Temperature profile

Figure 3.4.20. For time = 50, (1)Temperature Profile, (2) Cross-
sectional Temperature profile
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Figure 3.4.21. For time = 75, (1)Temperature Profile, (2) Cross-
sectional Temperature profile

Figure 3.4.22. For time = 100, (1)Temperature Profile, (2) Cross-
sectional Temperature profile

3.5. More complex geometry

In this section we present a more complex geometry on which it is expected to

implement non-standard boundary condition. Geometry consist of two semi hollow

sphere with a small cylinder in the middle.
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Figure 3.5.1. Complex geometry

Figure 3.5.2. Cross sectional view of the complex geometry



CHAPTER 4

Conclusion

The results obtained from all the simulation performed in the previous chapters,

our major conclusion is that a non-standard condition at the interface is a better

condition to link the various non-overlapping domains while implementing domain

decomposition method to solve PDE’s problem(especially elliptic and parabolic).

The reason for a non-standard condition being better is, first of all it has more

problem specific characteristic at the interface than any other standard conditions.

Secondly, by choosing an optimal coefficient β for interface condition we can achieve

accelerated convergence. And finally this condition not only includes the dependency

in normal direction at the interface but also the dependency in tangential direction

which is clearly visible for all two and three dimensional problems presented in this

thesis.

The formulation of non-standard condition is not as straight forward as in the

case of the standard condition, but rather a little intricate. With the knowledge of

original problem in hand and a little manipulation clearly one could easily develop

the condition by simply following the procedures as shown in the examples. In case of

elliptic problem our one-dimensional experiment infer that the scheme is independent

of the location of the interface boundary point, along with this the existence of an

optimal β is inferred. Further when a non-standard condition is employed for two-

dimensional problem, the existence of an optimal β is again inferred along with the

successful execution of the algorithm.

Proceeding with the success of a non-standard interface condition over an elliptic

problem we extend its implementation for a parabolic problems. Here we started

with two-dimensional analytical problem and showed that after apply a non-standard

interface condition we were able to generate satisfactory results. As a consequence

we implement this scheme for a three-dimensional problem and in this case the

results obtained were very much indeed satisfying.
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For future work one could look into the dependency of the free parameter β to

conclude its optimal value. Further one could study its application for more complex

problems with multiple interfaces. Most interesting research work in future can be

done by developing an algorithm to implement a non-standard interface condition

for an arbitrary orientation of interface boundary.
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