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Summary
In various engineering fields such as mechanical engineering and civil engineering there are
systems, that can be modelled as a piecewise linear (PWL) dynamical system, e.g. gear boxes
containing shaft-gear pairs with a spline joint and suspension bridges. PWL systems combine
discrete-event and continuous-time dynamics, where the continuous-time sub-systems have
linear dynamics. Observer and controller designs applicable to PWL systems have been
investigated mainly on a theoretical level. A logical next step is to investigate the latter
designs by means of experiments on an experimental benchmark system.

In this thesis, the design and implementation of an observer-based output feedback controller
design strategy to a perturbed experimental beam system with a one-sided flexible stop is
discussed. The control objective is disturbance attenuation of the closed-loop system. The
experimental system exhibits typical dynamical behavior of PWL systems. An actuator
applies a control force to the the experimental PWL beam system.

From a comparative evaluation of several observer designs for PWL systems, it follows that
a switching observer is the most advantageous for our application, since, a priori stability of
the error dynamics for PWL systems can be guaranteed and it has a different observer gain
for each sub-system, which reflects an additional design freedom.

The proposed control design aims to render the closed-loop system convergent, such that
it exhibits a unique bounded globally asymptotically stable steady-state solution for every
bounded input. This property will allow us to uniquely define the performance of the controller
in terms of disturbance attenuation for a specific class of disturbances. Preventing the actuator
force to saturate is very important for implementing a control design to a practical setup,
since practical actuators can only provide limited control actions. Therefore, a saturation
constraint is derived, which guarantees that the control effort is upper bounded, given a
bound on the disturbances and a set of initial conditions. It is shown that the proposed
condition is conservative, in the sense that the control effort will not exceed the maximum
level for a less conservative bound on the disturbances and/or a bigger set of initial conditions.

Simulation results confirm that using the proposed observer-based control design, the closed-
loop system is rendered convergent. Very important, it is shown that disturbance attenuation
can be achieved. Using the proposed saturation condition, it is confirmed that the actuator
force satisfies the saturation constraint but also that the saturation condition is conservative.
Considering experimental results, it is confirmed that, in spite of measurement noise and
model inaccuracies, the closed-loop system is uniformly convergent. Furthermore, it can be
seen that the actuator force does not saturate in steady-state. This confirms, that also in the
experimental setting, the saturation constraint can be considered to be instrumental though
conservative. Consequently, it is shown that using the observer-based controller design for
the experimental PWL beam yields a considerable disturbance attenuation, which is the goal
of this thesis.
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Samenvatting
In verschillende technologische gebieden, zoals de werktuigbouwkunde en de civiele techniek
komen systemen voor die gemodelleerd kunnen worden als stuksgewijs lineaire (PWL) dy-
namisch systemen. Voorbeelden zijn as-naaf verbindingen met meervoudige vertanding in
tandwiel-overbrengingen en hangbruggen. De klasse van PWL systemen is een sub-klasse van
hybride systemen; systemen die zowel continue-tijd als discrete-event dynamica bevatten en
waarbij de sub systemen enkel lineaire dynamica bevatten. Regelaar- en waarnemerontwer-
pen toepasbaar op PWL systemen zijn al veelvuldig theoretisch onderzocht. Een logische
volgende stap is het uitvoeren van experimenteel onderzoek.

In dit onderzoek worden het ontwerp en de implementatie van een regelaar ontwerp, gebaseerd
op toestandsterugkoppeling en een toestandswaarnemer onderzocht door deze toe te passen op
een experimentele opstelling waarop een harmonische verstoring werkzaam is. Het regeldoel is
verstoringsonderdrukking van het geregelde systeem. Een actuator zorgt voor een regelkracht.
Het systeem kan beschouwd worden als een typisch mechanisch geregeld PWL systeem.

Na een analyse van waarnemers toepasbaar op PWL systemen, is geconcludeerd dat een
schakelend waarnemer-ontwerp de meeste voordelen heeft voor toepassing op het PWL balksys-
teem. Voordelen van dit ontwerp ten opzichte van andere waarnemers is dat, ten eerste, sta-
biliteit van de waarnemer a priori gegarandeerd kan worden en ten tweede, voor elk subsys-
teem aparte waarnemer-parameters gebruikt kunnen worden. Dit laatste geeft een additionele
ontwerpvrijheid.

De voorgestelde regelwet heeft tot doel om het geregelde systeem convergent te maken. Een
systeem wordt uniform convergent genoemd als het voor elk begrensd ingangssignaal een
unieke stabiele evenwichtsoplossing bezit. Deze eigenschap stelt ons in staat om de prestaties
van de regelwet op eenduidige wijze te evalueren in termen van storingsonderdrukking voor
een specifieke klasse van verstoringen. Wanneer een regelaar in de praktijk toegepast gaat
worden is het erg belangrijk om te voorkomen dat de gevraagde regelinspanning de maximaal
haalbare inspanning overschrijdt, omdat fysieke actuatoren enkel een gelimiteerde regelkracht
kunnen leveren. Voor dit doel is een extra conditie ontworpen (de saturatie-conditie), welke
garandeert dat de gevraagde regel inspanning een bovengrens heeft. Analyse van de saturatie-
conditie wijst uit dat deze erg behoudend is. Dit betekent dat er een veel grotere set van
begincondities en toelaatbare verstoringen bestaat waarvoor geldt dat de actuator inspanning
de maximaal toelaatbare inspanning niet overschrijdt.

Simulatie resultaten bevestigen dat met de ontworpen regelaar en toegepaste waarnemer het
geregelde systeem convergent gemaakt is. Na vergelijking van experimentele en simulatie
resultaten, is geconcludeerd dat deze goed overeen komen. En dus kan geconcludeerd wor-
den dat de voorgestelde uitgangsterugkoppeling toegepast kan worden op een experimentele
opstelling, ondanks de onvermijdelijke modelfouten en meetruis. Op deze manier kan een
aanzienlijke verstoringsonderdrukking bereikt worden, wat het doel is van dit onderzoek.

iii



iv



Contents

Summary i

Samenvatting i

1 Introduction 1

1.1 Piecewise linear (PWL) systems . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Practical relevance of research on PWL systems . . . . . . . . . . . . . 2

1.2 Disturbance attenuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Literature review on disturbance attenuation for PWL-systems . . . . . . . . 6

1.4 Goal and outline of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Preliminaries 9

2.1 Bi-modal PWL system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Convergent systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Sufficient conditions for convergence . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Linear algebra properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Literature review on observers for PWL-systems 15

3.1 Extended Kalman-filter design . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.1.1 Kalman-filter theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.1.2 Kalman-filter for PWL systems . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Observer design for systems with slope-bounded system-nonlinearities . . . . 17

3.3 Switching observer design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.4 Sliding mode observer design . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

v



vi CONTENTS

4 Analysis of the PWL-beam system 25

4.1 The experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.2 A model of the experimental PWL system . . . . . . . . . . . . . . . . . . . . 27

4.2.1 A 4-dof reduced model . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2.2 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.3 Numerical analysis of the 4-dof model . . . . . . . . . . . . . . . . . . . . . . 32

4.4 Experimental analysis of the PWL-beam system . . . . . . . . . . . . . . . . 35

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5 Convergence-based control design 37

5.1 State-feedback controller design . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.2 Input constraints on the state-feedback controller design . . . . . . . . . . . . 38

5.2.1 Positively invariant ellipsoids . . . . . . . . . . . . . . . . . . . . . . . 39

5.2.2 Ultimate boundedness for convergent systems . . . . . . . . . . . . . . 40

5.2.3 Input constraint-LMI condition . . . . . . . . . . . . . . . . . . . . . . 42

5.3 Issues for implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

6 Convergence-based output-feedback design 47

6.1 Controller/observer combination . . . . . . . . . . . . . . . . . . . . . . . . . 47

6.1.1 Observer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.1.2 Controller . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.2 Conditions for exponential stability of the observer error . . . . . . . . . . . . 49

6.3 Conditions for input-to-state convergence of the interconnected system . . . . 50

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

7 Simulation of the PWL beam system 53

7.1 Observer results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

7.2 Disturbance attenuation results using output feedback. . . . . . . . . . . . . . 57

7.3 Results for control design with bound on control action . . . . . . . . . . . . 62

7.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

8 Experimental results 71

8.1 Experimental observer implementation . . . . . . . . . . . . . . . . . . . . . . 71

8.2 Experimental output-feedback control implementation . . . . . . . . . . . . . 76

8.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85



CONTENTS vii

9 Conclusions and recommendations 87

9.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

9.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

A Experimental beam system specifications 91

B Model parameters 95

C Simulation matrices 97



viii CONTENTS



Chapter 1

Introduction

This thesis deals with the complex dynamical behavior of piecewise linear (PWL) systems
and more specifically the control of such systems aiming at disturbance attenuation: The
focus of this research is disturbance attenuation applied to an experimental setup, which can
be modeled as a PWL system.

In Section 1.1, a brief introduction to PWL systems is given and the practical relevance of
research on PWL-systems is explained on the basis of two examples: a suspension bridge and
a shaft-gear pair with a spline joint. In Section 1.2, the problem of disturbance attenuation
is explained. Furthermore, in Section 1.3 a short overview of the research in the field of
disturbance attenuation for PWL systems will be given and the methods that are used to
research disturbance attenuation in this thesis are explicated. Finally, in Section 1.4 the goal
and outline of this thesis are discussed.

1.1 Piecewise linear (PWL) systems

In this section, we describe the notion of PWL systems as considered throughout this thesis.
Firstly, the notion of hybrid systems is explained as a class of nonlinear systems. Secondly,
piecewise affine systems are recognized as a class of hybrid systems. Finally, PWL are identi-
fied as a typical class of piecewise affine systems and the notion of PWL systems is explicated.
Furthermore, two examples of PWL systems will be discussed to illustrate the practical rele-
vance of research on such systems.

Hybrid systems are dynamical systems that combine discrete-time and continuous-time dy-
namics. These systems are characterized by both variables or signals that take values from
continuous sets, and variables that take values from discrete, typically finite, sets. These
continuous or discrete-valued variables or signals may either depend on independent variables
such as time, which also may be continuous or discrete, or be driven asynchronously by ex-
ternal or internal events. In the following, it will be assumed that the system dynamics can
be described in a state space.

Piecewise affine (PWA) systems are obtained by partitioning the state/input set into a finite
number of polyhedral regions and by considering linear/affine sub-systems sharing the same
state in each region. These sub-systems are ’connected’ by switches that are determined by a
polyhedral partition of the state/input set, see [Sontag, 1981]. PWA systems are suitable to
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2 CHAPTER 1. INTRODUCTION

approximate nonlinear dynamics, e.g., via multiple linearizations at different operating points.
Furthermore, PWA systems are equivalent to several classes of hybrid systems. For further
information, see [Bemporad et al., 2005]. PWA systems can be used to describe nonlinear
phenomena that are frequent in practical situations, for example, in case there are changes in
the dynamics due to physical limits. Classical examples are: a tank that can get full or empty,
or a bouncing ball which alternates between free fall and elastic contact. Other physical limits
are bounds on the signals, dead-zones, switches and thresholds.

PWL systems, as considered throughout this thesis, belong to a class of PWA systems where
the sub-systems have linear dynamics. In this thesis, we are going to examine a PWL system
that has two modes, which is called a bi-modal PWL system, and has continuous dynamics
over the switching plane.

1.1.1 Practical relevance of research on PWL systems

There are many practical examples of PWL systems. In this section, two examples of me-
chanical systems will be discussed to illustrate the relevance of research on PWL systems.

A first example to illustrate the importance for research on PWL systems is a suspension
bridge [Heertjes, 1999]. The construction of such a bridge includes a road deck which enables
the traffic to cross a river or a ravine and cables that support the road deck and prevent
it from falling down, see Figure 1.1. Both the road deck and the cables contain stiffness.
Initially, the cables support the road deck and there is an initial tension in the cables. If the
road deck deflects upwards from this initial position due to, e.g. the wind blowing under the
bridge or traffic exciting the road deck dynamically, the tension in the cables decreases. If
the road deck deflects upwards, such that the tension in one or more cables disappears, one
or more cables are hanging loose as depicted in the schematic view. If the road deck deflects
downwards from the initial position, the tension in the cables increases. Thus, two situations
can be seen: Firstly, the situation where all the cables are under tension and both the stiffness
of the road deck and the stiffness of the cables characterize the dynamics of the suspension
bridge. Secondly, the situation where the stiffness of the road deck and the stiffness of a
decreased number of cables characterize the dynamics of the bridge. This results in a PWL
stiffness function that characterizes the dynamics of the suspension bridge.

A second practical example is a shaft-gear pair with a spline joint. These type of joints can
be found in a drive train application [Kahraman, 2000]. A schematic representation of an
n-tooth pair is depicted in Figure 1.2 with P the internal spline gap and bi and b′i the amount
of clearance at the front and back flanks, respectively.

Both the shaft and the gear are assumed to deflect only at the spline teeth. Every tooth on
the shaft forms a pair with an internal groove at the bore of the gear. And thus, torque can
be transferred properly.

In an ideal situation, clearance between the teeth is not present and all n teeth will be in
contact. Then, the transferred torque is equally divided over the teeth. In this ideal situation,
the torsional stiffness of the spline joint is constant.

Real-life industrial situations are mostly not ideal. First of all, many spline joints have
backlash that is designed for assembly purposes primarily. Secondly, the tooth position errors
originated from the machining process and heat treatment distortions prevent each teeth from
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Figure 1.1: A photo and schematic view of a suspension bridge.

coming into contact at the same time. This results in a torsional stiffness that is dependent
on the amplitude of the relative rotation of the shaft and the gear.

In a more general case when the spline contains both backlash and tooth spacing errors, each
tooth of the external spline has a different bi and b′i. As a result, when the joint is loaded,
the tooth with the smallest clearance should come into contact first. This is followed by the
others in an order based on the magnitude of their clearance values. Then, only a portion of
n teeth at the joint will be in contact if the mean torque transmitted results in spline tooth
deflections less than the largest clearance in the system. This, again, results in a piecewise
linear stiffness function.

Two systems that exhibit PWL dynamics have been discussed: a suspension bridge and a
shaft-gear pair with a spline joint. In this thesis, we will examine a representative benchmark
system, that is, a lab-scale experimental PWL beam system, existing of an excited elastic steel
beam, supported on one side by a second elastic beam forming a one-sided flexible contact.
This system will be explained in detail in Chapter 4.
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Figure 1.2: Schematic diagram of a shaft-gear pair with a spline joint, [Kahraman, 2000].

1.2 Disturbance attenuation

In this section, the problem of disturbance attenuation is discussed. The main concern in
disturbance attenuation problems is the decrease of the effect of disturbances on the dynamical
behavior of a system. Three approaches to the disturbance attenuation problem can be
distinguished: an active, a passive and a semi-active approach.

The active approach involves applying a control force to the system using an external energy
source. The passive approach involves the use of reactive or resistive devices, e.g. energy
absorbers, masses and springs, without using an external energy source. The semi-active
approach combines both control approaches with the intent to reduce the amount of necessary
external energy. Disturbance attenuation for the PWL beam system was achieved by applying
passive means [Bonsel, 2003], that is, by changing the system dynamics by adding extra mass
and stiffness to the system. In practice, this means that two leaf springs and masses are
added which resonate in a way that leads to suppression of a specific system resonance. This
device is called a Dynamical Vibration Absorber. A disadvantage of this approach is that it
can only be tuned to suppress the response for one specific frequency. In this thesis, we will
use the active control approach.

Figure 1.3a shows a schematic overview of a closed-loop system. In this figure, H and K
represent the system and the controller, respectively. w and u represent the disturbance
and control input, respectively. y is the output of system H and r the reference signal.
Furthermore, e is the difference between reference signal r and output y and it is used as
input for the controller.
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Figure 1.3: Schematic overview of the closed-loop system.

The disturbance attenuation problem is related to the influence of w on e. In the scope
of linear control systems, this influence is expressed in general by the sensitivity function
S(s) = −e(s)

w(s) with s = jω + σ, j =
√
−1, ω the frequency, and σ = Re{s}. The main goal of

the controller K is the attenuation of the effect that disturbance w has on system H.

If the feedback signal is the output y, then the controller has an output feedback structure,
i.e. we speak of an output feedback controller. If the feedback signal is the plant state, then
the controller has a state feedback structure, i.e. we speak of a state feedback controller. In
case one wants to apply a state feedback controller while the whole state is not available for
feedback, it is possible to reconstruct the state components by the use of a (model-based)
observer, which can be implemented as depicted in Figure 1.3b. The observer is able to
estimate the whole state x of a system and in Figure 1.3b it is denoted by x̂. For the state
reconstruction, the observer needs the system output and the system inputs. In case of a
model-based observer, also a mathematical model for the system dynamics is needed.

In this thesis, system H is a nonlinear system with a PWL structure, see Section 1.1. There-
fore, the disturbance attenuation problem of PWL systems will be investigated. The sensitiv-
ity function introduced above is defined for linear systems and is not applicable to nonlinear
systems. However, we still intend to achieve disturbance attenuation for the PWL system,
i.e., we still want to decrease the effect of the disturbance w on the error e. The influence of
w on e in steady-state for certain initial conditions can, for example, be examined by deter-
mining the maximum steady-state value of each error component while exciting the system
with a known disturbance w. It should be noted that PWL systems can have more than one
steady-state solution for a given excitation. Clearly, such coexistence of steady-state solutions
hampers the unique assessment of the level of disturbance attenuation achieved. Therefore,
it is convenient if the closed-loop system converges to one unique steady-state solution in-
dependent of the initial conditions. Any solution of a so-called convergent system forgets
its initial condition and converges to some steady-state solution which is independent of the
initial condition, see Section 2.2.

We aim to design a control law that, firstly, makes the closed-loop system convergent and,
secondly, achieves performance in terms of disturbance attenuation. More information about
using convergence properties to uniquely evaluate disturbance attenuation will be given in
Section 1.3.
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1.3 Literature review on disturbance attenuation for PWL-
systems

So, results related to performance of controllers for PWL/PWA systems, in terms of distur-
bance attenuation, were given, among others, in [Rantzer and Johansson, 2000],
[Hassibi and Boyd, 1998] and [Feng et al., 2002]. The performance results in these papers are
based on single or piecewise quadratic Lyapunov functions and provide an upper bound for
the system output. However, the results are not very general, since they have been derived
under the assumption of zero initial conditions.

Others have studied disturbance attenuation for the experimental PWL beam system which
is the benchmark system that will be considered in this thesis. Disturbance attenuation for
the PWL beam system was achieved by applying active control [Wouters, 2006], that is, by
means of a linear output feedback controller based on linear control theory.

In this thesis we propose an active controller design strategy for a class of bi-modal PWL
systems, based on the notion of convergence, in order to study disturbance attenuation. The
convergence property is useful in the scope of disturbance attenuation, because it ensures that
systems exhibit unique steady-state solutions. Due to the fact that convergence is commonly
based on a quadratic Lyapunov function, we can provide an upper bound for the system
states (in steady-state), given a bounded input, which is similar to the bounds presented
in [Rantzer and Johansson, 2000], [Hassibi and Boyd, 1998] and [Feng et al., 2002], for any
initial condition. In addition to that, the asymptotic uniqueness of the steady-state response
allows for a more accurate evaluation of the performance for a specific class of disturbances
based on computed responses, see also [Doris et al., 2005] and [Doris et al., 2005 (2)]. In this
thesis, we focus on the specific class of harmonic disturbances. This is done because the PWL
beam system is excited by a harmonic excitation mechanism.

In [Demidovich, 1967] (see also [Pavlov et al., 2006]), the notion of convergence for nonlin-
ear systems with inputs is introduced. A system with this property has a unique globally
asymptotically steady-state solution which is determined only by the system input and does
not depend on the initial conditions. In [Pavlov et al., 2006] and [Pavlov et al., 2005], the
notion of convergent systems is extended to the notion of (uniformly, exponentially) conver-
gent systems and input-to-state convergent systems (in Chapter 2, further information about
these notions is given). Based on the extensions made in [Pavlov et al., 2006], the design of
a controller that renders a non-convergent system convergent, is pursued. Furthermore, in
[Pavlov et al., 2006] the first result on convergence for PWA systems is published.

1.4 Goal and outline of this thesis

The goal of this research is the design and implementation of an output feedback controller
design strategy to a perturbed experimental PWL system, with disturbance attenuation of
the closed-loop system being the control objective. The considered PWL system is an excited
flexible beam with a one-sided support.

The structure of the report is as follows. In Chapter 2, preliminaries are provided. Since
we will pursue a convergence-based controller design, definitions of convergence and sufficient
conditions for the convergence of PWA systems are presented. In Chapter 3, a literature
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review related to observer designs suitable for state estimation of PWL systems is presented
and the most advantageous observer design is chosen for application to the PWL beam system.
We discuss these observer designs, since we aim at an observer-based control strategy. In
Chapter 4, the PWL beam system as considered throughout the thesis, will be analyzed. The
piecewise linear beam system will be described in detail and a four-degree-of-freedom model
of the PWL beam system will be derived that approximates the dynamical behavior of the
PWL beam system. In Chapter 5, a state feedback controller design will be proposed that
makes the closed-loop PWL beam system convergent. Additionally, constraints on the state-
feedback controller design are proposed that guarantee a priori that the control action does
not exceed a maximum level. In Chapter 6, the implementation of the switching observer
design in combination with the state-feedback design is discussed. An observer design will be
implemented such that the state estimation error dynamics is globally exponentially stable
and a controller design is implemented, such that the closed-loop piecewise linear beam system
with the observer-based output-feedback is convergent. In Chapter 7, simulation results of
the switching observer design in combination with the state feedback design implemented
on the four-degree-of-freedom model is presented. In Chapter 8, experimental results of the
switching observer design in combination with the state-feedback design implemented on
piecewise linear beam system are presented. Finally, Chapter 9 reflects our conclusions and
recommendations.
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Chapter 2

Preliminaries

In this chapter, certain mathematical notions and concepts are presented which will be used
in this thesis. In Section 2.1, a bi-modal PWL system is introduced. In Section 2.2, notions of
stability and definitions of convergent systems are presented. Finally, in Section 2.3, sufficient
conditions for convergence of PWA-systems are presented.

2.1 Bi-modal PWL system

We consider a bi-modal PWL system. A bi-modal PWL system exhibits two modes, that
exist by the grace of a switching plane. The dynamics of the system that is considered here,
is continuous over the switching plane.

The dynamics of the system is represented by the equations of motion in state-space notation:

ẋ =

{

A1x+Bu if HTx ≤ 0

A2x+Bu if HTx > 0,
(2.1)

where H ∈ R
n. x ∈ R

n is the state, u ∈ R
m is the input and B ∈ R

n×m is the input matrix.
The output vector y ∈ R

r is a function of x and it can be formulated as

y = h(x). (2.2)

Here, we take y = h(x) as a linear and continuously differentiable function of the state. The
bi-modal piecewise linear model switches between two different linear state evolution maps,
depending on whether the state x belongs to one of the half-spaces which are defined by the
separating switching plane; a hyperplane in the state space. The hyperplane is defined by
S = {x|HTx = 0}. The two different linear state evolution maps are characterized by the
constant system matrices A1 and A2, respectively. The switching dynamics is continuous over
the hyperplane S, provided that matrix A1 can be written in the form A1 = A2 + GHT for
some G ∈ R

n.

9
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2.2 Convergent systems

In this section, we give definitions of convergent systems. First, notions of stability are
presented for systems explicitly depending on time t. Next, definitions of convergence are
given. Finally, we introduce the notion of input-to-state convergence.

Consider the system
ẋ = F (x, t), (2.3)

with x ∈ R
n, t ∈ R and F (x, t) is locally Lipschitz in x and piecewise continuous in t.

Definition 1 [Khalil, 2002] A solution x̄(t) of system (2.3), which is defined for t ∈ (t∗,+∞),
is said to be

• stable if for any t0 ∈ (t∗,+∞) and ε > 0 there exists δ = δ(ε, t0) > 0 such that
|x(t0) − x̄(t0)| < δ implies |x(t) − x̄(t)| < ε for all t ≥ t0.

• uniformly stable if it is stable and the number δ in the definition of stability is indepen-
dent of t0.

• asymptotically stable if it is stable and for any t0 > 0 there exists δ = δ(t0) > 0 such
that |x(t0) − x̄(t0)| < δ implies limt→+∞ |x(t) − x̄(t)| = 0.

• uniformly asymptotically stable if it is uniformly stable and there exists δ > 0 (indepen-
dent of t0) such that for any ε > 0 there exists T = T (ε) > 0 such that |x(t0)−x̄(t0)| < δ
for t0 ∈ (t∗,+∞) implies |x(t) − x̄(t)| < ε for all t ≥ t0 + T .

• exponentially stable if there exist δ > 0, C > 0 and β > 0 such that |x(t0) − x̄(t0)| < δ
for t0 ∈ (t∗,+∞) implies

|x(t) − x̄(t)| ≤ Ce−β(t−t0)|x(t0) − x̄(t0)|, ∀t ≥ t0. (2.4)

If we are interested in attractivity of the solution x̄(t) for all initial conditions x(t0) ∈ R
n, we

need the following definitions.

Definition 2 [Khalil, 2002] A solution x̄(t) of system (2.3), which is defined for t ∈ (t∗,+∞),
is said to be

• globally asymptotically stable if it is asymptotically stable and any solution of the system
(2.3) starting in x(t0) ∈ R

n, t0 ∈ (t∗,+∞) satisfies |x(t) − x̄(t)| → 0 as t→ +∞.

• globally uniformly asymptotically stable if it is uniformly asymptotically stable and it
attracts solutions of system (2.3) starting in x(t0) ∈ R

n, t0 ∈ R uniformly over t0,
i.e. for any compact set K ⊂ R

n and any ε > 0 there exists T (ε,K) > 0 such that if
x(t0) ∈ K, t0 ∈ (t∗,+∞), then |x(t) − x̄(t)| < ε for all t ≥ t0 + T (ε,K).

• globally exponentially stable if it is exponentially stable and there exist constant C > 0
and α > 0 such that any solution starting in x(t0) ∈ R

n, t0 ∈ R satisfies

|x(t) − x̄(t)| ≤ Ce−α(t−t0)|x(t0) − x̄(t0)|. (2.5)
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Now, definitions for convergence will be formulated.

Definition 3 [Pavlov et al., 2006] System (2.3) is said to be

• convergent if there exists a solution x̄(t) satisfying the following conditions

(i) x̄(t) is defined and bounded for all t ∈ R,

(ii) x̄(t) is globally asymptotically stable.

• uniformly convergent if it is convergent and x̄(t) is globally uniformly asymptotically
stable.

• exponentially convergent if it is convergent and x̄(t) is globally exponentially stable.

As follows from the definition of convergence, any solution of a convergent system ’forgets’ its
initial condition and converges to some steady-state solution which is independent of the initial
condition. In [Pavlov et al., 2006], it is shown that if the system is uniformly convergent, then
this steady-state solution is unique.

In the scope of control problems, time dependency of the right-hand side of system (2.3) is
usually due to some input. This input may present, for example, a disturbance or a control
signal. Now, we will consider convergence properties for systems with inputs. So, instead of
systems of the form (2.3), we consider systems of the form

ẋ = F (x,w) (2.6)

with state x ∈ R
n and inputs w ∈ R

m. The function ẋ = F (x, t) is locally Lipschitz in x and
continuous in w. We will consider the class PCm of piecewise continuous inputs w(t) : R → R

m

which are bounded for all t ∈ R.

Definition 4 [Pavlov et al., 2006] System (2.6) is said to be (uniformly, exponentially) con-
vergent if it is (uniformly, exponentially) convergent for every input w ∈ PCm.

Uniformly convergent systems have the following property.

Property 1 [Pavlov et al., 2006] Suppose system (2.6) with a given input w(t) is uniformly
convergent. If input w(t) is constant, the corresponding limit solution x̄(t) is also constant; if
the input w(t) is periodic with period T , then the corresponding solution x̄(t) is also periodic
with the same period T .

In order to emphasize the dependency on the input w(t), the steady-state solution is denoted
by x̄w(t). The uniform convergence property can now be extended to the input-to-state
stability framework. Hereto, we need to define class K and class KL functions.

Definition 5 [Sastry, 1999] A continuous function α : [0, a) → [0,+∞) is said to belong to
class K if it is strictly increasing and α(0) = 0. It is said to belong to class K∞ if a = +∞
and α(r) → +∞ as r → +∞.
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Figure 2.1: Bidirectionally interconnected systems with inputs.

Definition 6 [Sastry, 1999] A continuous function β : [0, a) × [0,+∞) → [0,+∞) is said to
belong to class KL if, for each fixed s, the mapping β(r, s) belongs to class K with respect to
r and, for each fixed r, the mapping β(r, s) is decreasing with respect to s and β(r, s) → 0 as
s→ +∞.

With these definitions the definition of input-to-state convergence can be formulated.

Definition 7 [Pavlov et al., 2006] System (2.6) is said to be input-to-state convergent (ISC)
if it is uniformly convergent and for every input w ∈ PCm system (2.6) is input-to-state stable
(ISS) with respect to the steady-state solution x̄w(t), i.e. there exist a KL-function β(r, s) and
a K∞-function γ(r) such that any solution x(t) of system (2.6) corresponding to some input
ŵ(t) := w(t) + ∆w(t) satisfies

|x(t) − x̄w(t)| ≤ β(|x(t0) − x̄w(t0)|, t− t0) + γ( sup
t0≤τ≤t

|∆w(τ |). (2.7)

It should be noted that the steady-state solution of a convergent system is periodic for periodic
input disturbances w(t), see [Pavlov et al., 2006]. The next property deals with a input-to-
state convergent system bidirectionally interconnected with a uniformly stable system, as
shown in Figure 2.1. This property will appear to be useful for designing an observer-based
output feedback controller in Chapter 6.

Property 2 [Pavlov et al., 2006] Consider the system

{

ż = F (z, y, w), z ∈ R
d

ẏ = G(z, y, w), y ∈ R
q.

(2.8)

See Figure 2.1 for a schematic representation. Suppose the z-subsystem with y and w as
inputs is input-to-state convergent. Assume that there exist a class KL function βy(r, s) such
that for any input (z(·), w(·)) ∈ PCd+m any solution of the y-subsystem satisfies |y(t)| ≤
βy

(

|y(t0)|, t− t0
)

, i.e. the y-subsystem is uniformly stable. Then the interconnected system
(2.8) is input-to-state convergent.
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2.3 Sufficient conditions for convergence

In this section, sufficient conditions for convergence of PWA systems are presented
[Pavlov et al., 2006]. Sufficient means that these conditions guarantee convergence; the PWA
systems may also be convergent although these conditions are not satisfied.

Consider the state space R
n which is divided into regions by hyper planes which can be

described by Σj = {x|HT
j x + hj = 0} for some Hj ∈ R

n and hj ∈ R, j = 1, ..., k with k the
number of hyper planes. Consider the PWA system

ẋ(t) = f(x, u)i = Aix(t) +Bu(t) + di, i = 1, ..., l. (2.9)

B ∈ R
n×m is the input matrix and u(t) ∈ R

m the inputs and di ∈ R
n. The output y ∈ R

r is
a linear function of x and it can be formulated as

y(t) = h(x). (2.10)

Suppose that the righthand side of (2.9) is continuous and there exists a positive definite
matrix P = P T > 0 such that

PAi +AT
i P < 0, i = 1, ..., l, (2.11)

holds. Then system (2.9) is exponentially convergent for the class of piecewise continuous
inputs which are defined and bounded for all t and the system is input-to-state conver-
gent. For the proof the reader is referred to [Pavlov et al., 2006] and [Pavlov et al., 2005].
This set of l + 1 LMI’s can be solved using software like the LMITOOL for MATLAB
[El Ghaoui et al., 1996].

The righthand side of (2.9) needs to be continuous. Consider an arbitrary boundaryHTx+h =
0 and the corr sponding system matrices A1,2 and vectors d1,2. If, for the system matrices
A1,2 and vectors d1,2, it holds that

A2 −A1 = GHT (2.12)

d2 − d1 = Gh (2.13)

for some vector G, the continuity requirement is met. This is easy to see for the PWL
case, where di = 0 and hi = 0. For the proof of the PWA case, the reader is referred to
[Pavlov et al., 2006].

2.4 Linear algebra properties

In this section, linear algebra properties are presented that will be used in Section 5.2.3.

Property 3 (Induced matrix norm) Consider a matrix A ∈ R
n×n and a variable s ∈ R

n.
The induced spectral matrix norm is defined by:

‖A‖2
2 ≡ max

sT s=1

‖As‖2
2

‖s‖2
2

= max
sT s=1

‖As‖2
2. (2.14)
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Furthermore, for the spectral norm, the following identity holds

‖A‖2
2 ≡ λmax(AHA), (2.15)

with AH the conjugate transpose of matrix A. If the matrix A is real, AH = AT holds.
Combining (2.14) and (2.15), one can state that:

max
sT s=1

‖As‖2
2 = λmax(ATA). (2.16)

Property 4 Consider a set Σ = {s(t)|sT s ≤ η} with η > 0. And consider the set ΓH =
{s|sT s = η} which contains the values that coincide with the boundary values of set Σ.

Statement: For every s ∈ Σ for which holds that |s| 6= 0, there exist a γ ∈ R, with γ ≥ 1 such
that γs ∈ ΓH .

Let us take a vector sm ∈ Σ for which holds ‖Asm‖2
2 = maxs∈Σ ‖As‖2

2. We are going to prove
that every sm ∈ ΓH .

Proof: Since there exists a γ for every s ∈ Σ such that γs ∈ ΓH , there also exists a γ for
sm such that γsm ∈ ΓH since sm ∈ Σ. Suppose there exists a s1 ∈ Σ such that ‖As1‖2

2 =
maxs∈Σ ‖As‖2

2 and s1 /∈ ΓH . For s1, there exists a γ1 > 1 such that γ1s1 ∈ ΓH . The 2-norm
of Aγ1s1 is ‖Aγ1s1‖2

2 > ‖As1‖2
2. This constitutes a contradiction and therefore s1 ∈ ΓH .

Consequently, sm ∈ ΓH .

Property 5 (Schur Complement) [Söderström T. et al., 1989] The Schur Complement can
be formulated as follows: If C = CT > 0, then

[

A B
BT C

]

≥ 0, A = AT (2.17)

⇐⇒ A ≥ 0, A−BC−1BT ≥ 0.

2.5 Discussion

In this chapter, preliminary mathematical notions are presented which will be used in this
thesis.

Firstly, the mathematical description of a bi-modal PWL system is discussed. This description
will be used to discuss the applicability of several observer designs to bi-modal PWL systems.
Secondly, notions of stability, convergence and input-to-state convergence are presented, which
will be used in the scope of control design for the PWL beam system. More specifically,
the implementation of an output-feedback controller, in our case a model based observer
in combination with a state feedback controller which uses the estimated state as input.
Therefore, a property is given that deals with bidirectionally interconnected input-to-state
convergent systems with inputs. Thirdly, sufficient conditions for input-to-state convergence
of PWA systems are presented which will be used to derive a state feedback control law for
the PWL beam system. Finally, mathematical preliminaries are presented, which will be used
in Section 5.2.3 to derive the so-called saturation LMI.



Chapter 3

Literature review on observers for
PWL-systems

In this chapter, a literature review related to observer designs suitable for PWL systems is
presented and the most advantageous observer design is chosen. First, an overview of the
research that has been done in the field of observer design applicable to PWL systems will
be given. The most suitable observer designs for the considered system will be discussed
in detail. These are the Extended Kalman filter design [Gelb, 1999], an observer design for
systems with slope-bounded system-nonlinearities [Arcak et al., 2001], a switching observer
design [Juloski et al., 2002] and a sliding mode observer design [Blansjaar, 1997], respectively.
From this discussion, it follows that the switching observer design is the most advantageous
choice for state estimation of the PWL beam system considered in this thesis.

A well-known state estimation method is the Kalman filter [Swerling, 1959], [Kalman, 1960]
and [Kalman et al., 1961]. The Kalman filter is a recursive filter which estimates the state
of a dynamic system from a series of noisy measurements. A wide variety of Kalman filter
designs has been developed, from Kalman’s original formulation for linear systems, now called
the simple Kalman filter, to Schmidt’s extended filter for non-linear systems, see [Gelb, 1999]
and many more. For state estimation of PWL systems, switching Kalman filter designs have
been proposed by [Cruz et al., 2001] and [Vorst et al.,1995].

Another observer design strategy applicable to PWL systems is the sliding mode observer
design. The concept of sliding surfaces originates from the Russian literature, [Utkin, 1977].
Observer designs based on sliding surfaces applicable to linear and nonlinear systems are
discussed in [Drakunov, 1983], [Slotine et al., 1987] and [Walcott and Zak, 1987]. The imple-
mentation of the sliding mode observer design on PWL systems is discussed in [Blansjaar, 1997].

Furthermore, a third observer design approach applicable to PWL systems is found. This
observer design strategy differs from the latter two design strategies that the stability of
these observer designs can be assessed by evaluating necessary and sufficient conditions. In
[Juloski et al., 2002], an observer design procedure is proposed for a class of bi-modal PWA
systems. The observer design is a switching observer design, in a sense that it switches
between two observers gains, one for each mode of the system. In [Arcak et al., 2001], an
observer design procedure is proposed for a class of bi-modal PWA systems, where a common
observer gain is proposed. In case that in [Juloski et al., 2002], the two switching observer

15
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gains are equal, this observer design procedure gives similar results as in [Arcak et al., 2001].

In the next sections, the observer designs are applied to a PWL system such that it becomes
clear what observer design is the most advantageous design for PWL systems.

3.1 Extended Kalman-filter design

In this section, the implementation of the model based Extended Kalman filter on a PWL
system will be explained, such that the working principles, the advantages and the disadvan-
tages of this method become clear. This variation on the original Kalman filter is applicable
to non-linear systems that can be approximated by a continuous differentiable model. Here,
we consider the bi-modal PWL model that switches between two different linear state evolu-
tion maps as introduced in Section 2.1. Since this model dynamics is not continuous differen-
tiable, two Extended Kalman filters will be placed in parallel. First, the Continuous Extended
Kalman filter, abbreviated to Kalman filter in the following, will be explained. Secondly, the
implementation of the Kalman filter on the PWL system will be discussed.

3.1.1 Kalman-filter theory

Consider a continuous differentiable non-linear system with inputs:

ẋ = f(x, u) + w(t); w(t) ∼ N(0, Q) (3.1)

y = h(x) + v(t); v(t) ∼ N(0, R), (3.2)

where x ∈ R
n is the system state, u ∈ R

m the system input, f(x, u) a vector of nonlinear
functions and w(t) is a zero-mean white noise process with spectral density matrix Q repre-
senting the process noise. h(x) is a vector of output functions which are a function of the
state, x. v(t) is a zero-mean white noise process with spectral density matrix R, representing
the measurement noise. Furthermore, it is assumed that the measurement and process noise
are uncorrelated.

The predicted state x̂ is derived using a Luenberger type observer

˙̂x = f(x̂, u) +K(t)(y − ŷ), (3.3)

where ŷ = h(x̂). K(t) = PLTR−1; K ∈ R
n×r can be considered as a weighing matrix that

determines the influence of (y − h(x̂)) on ˙̂x. K is a function of error covariance matrix P (t),

spectral density matrix R and the Jacobian L(t) = ∂h(x)
∂x |x=x̂(t).

The evolution of the symmetric error covariance matrix P ; for linear systems P = E((x −
x̂)(x− x̂)T ) is governed by a Ricatti equation,

Ṗ = FP + PF T +Q− PLTR−1LP, (3.4)

where F ∈ R
n×n is the Jacobian of f(x, u); F =

∂f(x,u)

∂x |x=x̂. The Ricatti equation can be
devided in three parts. Namely:

1. Q
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2. −PLTR−1LP

3. FP + PF T .

Part one is due to the process noise. Part two is caused by measurement noise. Part three is
characterized by F , the Jacobian of f(x, u).

The matrices R and Q have to be chosen based on knowledge of the measurement noise level
and model uncertainties. An indication for the components of R can be obtained by analyzing
the measurement signal y. The choice for R and especially Q results from a trial and error
process which is a disadvantage of the Kalman filter.

3.1.2 Kalman-filter for PWL systems

Let us now consider the bi-modal PWL model as described in Section 2.1, equation (2.1).
Deriving F for PWL systems gives complications, since the vector field of the PWL system
is not differentiable on the switching plane. According to [Cruz et al., 2001], a way to solve
the linearization problem is to apply a switching Kalman filter. The switching Kalman filter
consists of as many Kalman filters as there are modes. Therefore, two filters are needed for
the bi-modal system. The moment of switching can be determined by the estimated state,
i.e.,

˙̂x =

{

f
1
(x̂, u) +K1(y − ŷ) if HT x̂ ≤ 0

f
2
(x̂, u) +K2(y − ŷ) if HT x̂ > 0,

, (3.5)

ŷ = Cx̂ (3.6)

with H as in (2.1) and x̂ the estimated state.

In the case of a PWL system with constant system matrices Ai, i = 1, 2, a constant input
matrix B and a constant L, the two filters require no Ricatti differential equations, but only
the two equations

0 = A1P + PAT
1 +Q1 − PLTR−1LP (3.7)

0 = A2P + PAT
2 +Q2 − PLTR−1LP. (3.8)

These two equations can be solved off-line, resulting in two constant K matrices.

For the switching Kalman filter design, it is assumed that the switching between the two
modes occurs simultaneously for the observer and the real system. Differences between these
switches result in an error dynamics which is not linear. As stated in [Cruz et al., 2001],
stability of the observer error dynamics, in general, cannot be proved.

3.2 Observer design for systems with slope-bounded system-
nonlinearities

In this section, an observer design for systems with slope-restricted nonlinearities, presented
in [Arcak et al., 2001] is discussed. Consider the bi-modal PWL system as defined in Section
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2.1:

ẋ =

{

A1x+Bu if HTx ≤ 0

A2x+Bu if HTx > 0,
(3.9)

with B ∈ R
n×m the input matrix. The output function is defined as y = h(x). Since, in

this thesis, we are focussed on bi-modal PWL systems, the discussion is restricted to sys-
tems with a single nonlinearity, and for sake of simplicity, only a single output is considered.
However, according to [Arcak et al., 2001] it would not be difficult to obtains analogous re-
sults for multiple nonlinearities and outputs. In order to satisfy the system formulation in
[Arcak et al., 2001], (3.9) is rewritten to:

ẋ = Ax+Gγ(HTx) + ̺(y, u), (3.10)

y = CTx, (3.11)

where x ∈ R
n, y ∈ R and u ∈ R

m. Therefore, define ̺(y, u) = Bu and A = A2. Consequently,
G ∈ R

n is such that A1 −A2 = GHT and

γ
(

HTx
)

=

{

HTx if HTx ≤ 0,

0 if HTx > 0.
(3.12)

Necessary and sufficient conditions are derived for the feasibility of the observer design. Con-
vergence of the estimates to the true states is achieved under two restrictions which allow the
observer error system to satisfy the circle criterion. First, a linear matrix inequality needs
to be feasible, which implies a positive real property for the linear part of the observer error
dynamics. The second restriction is that the nonlinearities need to be nondecreasing functions
of the unmeasured states. The admissible class of nonlinearities γ(·) satisfies

a ≤ γ(v) − γ(w)

v − w
≤ b, ∀v, w ∈ R, v 6= w (3.13)

and encompass nondecreasing (a = 0, b = ∞) and global Lypschitz (−a = b = L) nonlineari-
ties.

For a locally Lypschitz system (3.11), the observer dynamics is represented by

˙̂x = Ax̂+ L
(

CT x̂− y
)

+Gγ
(

HT x̂+ k
(

CT x̂− y
))

+ ̺(y, u), k ∈ R. (3.14)

It is assumed that the scalar function γ(·) in (3.14) satisfies (3.13) with a = 0. We consider
the case where ∞ > b > 0. Denoting e = x − x̂, v = HTx and w = HT x̂ + k

(

CT x̂− y
)

, we
obtain the observer error dynamics

ė =
(

A+ LCT
)

e+G[γ(v) − γ(w)]. (3.15)

From the slope restriction (3.13), it follows that γ(v) − γ(w) = δ(v − w) where δ is a time-
varying gain taking values of the interval [0, b]. Defining η := v − w, we rewrite (3.15) as

ė =
(

A+ LCT
)

e+Gδη, (3.16)

η = (HT + kCT )e. (3.17)

Finding k and L to render this linear time-varying system asymptotically stable is achieved by
using a quadratic Lyapunov function V = eTPe and exploiting the sector property δ ∈ [0, b]
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via the circle criterion, see [Sastry, 1999]. Suppose that x exists for all t ≥ 0. If a matrix
P = P T > 0 and a constant ν > 0 can be found such that the LMI

[

(A+ LCT )TP + P (A+ LCT ) + νI PG+ (HT + kCT )T

GTP + (HT + kCT ) −2/b

]

≤ 0 (3.18)

is feasible, then the observer error converges to zero exponentially, that is, there exist constant
κ > 0 and β > 0 such that for all t ≥ 0, |e| ≤ κ|e(0)|e−βt. For the proof and more information
on this work, see [Arcak et al., 2001].

3.3 Switching observer design

In this section, a switching observer design, proposed in [Juloski et al., 2002] will be discussed.
Consider the model for the piece-wise linear system as defined in Section 2.1, (2.1). The output
function is defined as y = Cx with C ∈ R

r×n the output matrix.

For systems of this type, we consider an observer of Luenberger type which is also bi-modal.
That is, the state evolution map of the observer switches, depending on whether the estimated
state belongs to one of the two half-spaces, defined by the hyperplane Ŝ = {x̂|HT x̂ = 0}. The
observer dynamics is defined as

˙̂x =

{

A1x̂+Bu+ L1(y − ŷ) if HT x̂ ≤ 0,

A2x̂+Bu+ L2(y − ŷ) if HT x̂ > 0.
(3.19)

Here, x̂ ∈ R
n is the observer state and ŷ ∈ R

r is the observer output, with ŷ = Cx̂. The state
estimation error e ∈ R

n is defined by e = x− x̂. Hence, the observer error dynamics becomes:

ė =















(A1 − L1C)e, if HTx ≤ 0, HT x̂ ≤ 0

(A2 − L2C)e+ ∆Ax, if HTx ≤ 0, HT x̂ > 0

(A1 − L1C)e− ∆Ax, if HTx > 0, HT x̂ ≤ 0

(A2 − L2C)e, if HTx > 0, HT x̂ > 0,

(3.20)

with ∆A := A1 − A2. The observer error dynamics is PWL in the variables e and x. The
system (3.20) is non-autonomous, since it depends on x. In order to prove stability of the
observer error dynamics, a common quadratic Lyapunov function candidate defined by

V (e) = eTPe (3.21)

is adopted, where P = P T > 0. Using this Lyapunov function candidate, it can be proven
that the state estimation error dynamics is globally asymptotically stable for all x : R

+ → R
n

if there exist matrices L1, L2 and constants λ1, λ2 ≥ 0 such that the following set of matrix
inequalities is satisfied













(A2 − L2C)TP+ P∆A+
+P (A2 − L2C) +1

2λ1HH
T

∆ATP+ −λ1HH
T

+λ1
1
2HH

T













≤ 0, (3.22a)
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(A1 − L1C)TP+ −P∆A+
+P (A1 − L1C) +1

2λ2HH
T

−∆ATP+ −λ2HH
T

+λ2
1
2HH

T













≤ 0. (3.22b)

For the proof, see [Juloski et al., 2002].

The observer does not require information on which linear dynamics of the system is currently
active, due to the fact that the LMI constraints (3.22a),(3.22b) guarantee that the observer
error converges to zero at all times and in all regions in the state space. Furthermore, the
inequalities (3.22a),(3.22b) are linear matrix inequalities in {P,LT

1 P,L
T
2 P, λ1, λ2} and thus

can be efficiently solved using linear matrix inequality solvers, such as the LMITOOL for
Matlab, see [El Ghaoui et al., 1996].

A necessary condition for the LMIs (3.22a),(3.22b) to be feasible is that the following set of
matrix inequalities is satisfied

(A1 − L1C)TP + P (A1 − L1C) < 0, (3.23a)

(A2 − L2C)TP + P (A2 − L2C) < 0. (3.23b)

The LMIs (3.23a), LMI (3.23b) imply that the pairs (A1, C) and (A2, C) are detectable in the
sense of linear systems theory. Furthermore, a necessary condition for this observer design to
be applicable, is that the error dynamics (3.20) has a continuous vector field. In other words,
the system dynamics (2.1) needs to be continuous over the switching plane S = {x|HTx = 0}.

3.4 Sliding mode observer design

In this section, a sliding mode observer (SMO) design as proposed in [Blansjaar, 1997] will be
discussed. The SMO consists of a model based linear Luenberger observer, complemented with
some nonlinear terms. These nonlinear terms are added to compensate model uncertainties
and make the observer more robust.

Consider the model for the PWL system as defined in Section 2.1, Equation (2.1). The output
function is defined as y = Cx with C ∈ R

r×n the output matrix. The PWL system (2.1) can
be rewritten in the following form:

ẋ = Ax+Anlx+Bu (3.24)

y = CTx (3.25)

Here, x ∈ R
n is the state vector, B ∈ R

n×m is the input matrix and u ∈ R
m is the system

input. The system matrix A ∈ R
n×n contains the linear dynamics and Anl ∈ R

n×n contains
the PWL dynamics.

Here, for the sake of simplicity, the discussion is restricted to a second order PWL system
(n=2), i.e. a one degree-of-freedom mass-spring-damper system with one input (m=1) and
one output, CT = [1, 0], such that y = x1, see Figure 3.1. Here, m, k and d are the mass,
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Figure 3.1: Graphical representation of the one degree-of-freedom mass-spring-damper sys-
tem.

spring and damper respectively. The non linearity is a one-sided spring kls. The system
matrices A and Anl are:

A =

[

0 1
−k/m −d/m

]

(3.26)

Anl =

[

0 0
−knl(x1)/m 0

]

(3.27)

and B = [0, 1/m]T . Here knl(x1) = 0 if y < 0, and knl(x1) = kls if y ≥ 0.

The second component of vector ẋ, denoted by ẋ2, has the following form:

ẋ2 = (−(k/m)x1 − (d/m)x2 + u/m) + (−knl(x1)/m)x1 (3.28)

and can further be abbreviated to

ẋ2 = X(x, u) +Xnl, (3.29)

with X(x, u) = −(k/m)x1 − (d/m)x2 + u/m and Xnl = (−knl(x1)/m). The sliding mode
observer dynamics can be defined as

˙̂x = Ax̂+Bu+ kl(y − ŷ) + ksmsign{y − ŷ}, (3.30)

where ksm ∈ R
2 is the sliding mode gain and with ŷ = CT x̂ the estimated output.

Defining the difference between the real state and the estimated state is as e = x − x̂ and
Ae := A− klC

T , the error dynamics can be written as:

ė = Aee+Anlx− ksmsign{CT e} (3.31)

with CT e = e1 the first component of vector e. The observer error dynamics can now be
written as:

ė =

[

Ae11e1 +Ae12e2 − ksm1sign{e1}
Ae21e1 +Ae22e2 +Xnl − ksm2sign{e1},

]

(3.32)

with ksm = [ksm1ksm2]
T .

In the following, stability of the observer error dynamics is discussed. Therefore, a sliding-
mode condition and a corresponding sliding surface will be proposed. The condition for which
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Figure 3.2: The sliding mode condition, and the regions where V̇ < 0 or V̇ > 0

V̇ (e) ≤ 0 holds, with V (e) a proposed Lyapunov function, such that e1 converges to zero, is
called the sliding-mode condition. The region where the sliding-mode condition is met and
V (e) = 0 holds, is called the sliding surface. The error dynamics that occurs if the error
dynamics has been converged to the sliding surface, is called the sliding surface dynamics.

In order to derive the sliding-mode condition, the Lyapunov function V (e) = 1
2e

2
1 is proposed.

Taking the time derivative of V , using (3.32), the following sliding-mode condition is derived:

V̇ (e) < 0 =⇒
{

e2 < ksm1 −Ae11|e1| if e1 > 0
e2 > −ksm1 +Ae11|e1| if e1 < 0,

(3.33)

see Figure 3.2.

The dynamics on the sliding surface can be derived from Filippov’s solution concept, see
[Slotine et al., 1991] and [Slotine et al., 1987]. According to Filippov’s solution concept, the
dynamics on the surface is a convex combination of the dynamics on each side of the discon-
tinuity surface. If the Filippov’s solution concept is applied to (3.32), the dynamics on the
sliding surface becomes

ė =

[

γ(v + ksm1) + (1 − γ)(v − ksm1)
γ(w + ksm2) + (1 − γ)(w − ksm2)

]

(3.34)

with

v = Ae11e1 +Ae12e2 w = Ae21e1 +Ae22e2 +Xnl
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and γ ∈ [0, 1]. On the sliding surface, e1 = 0 and the average value of ė1 can be considered

zero. Consequently, γ = (ksm1−v(t))
2ksm1

and thus the sliding surface dynamics can be described
by

ė2 = −(ksm2/ksm1)v + w = Xnl + (Ae22 − ksm2/ksm1)e2. (3.35)

Consider a stable sliding surface dynamics and, furthermore, assume that the error dynamics
(3.32) will not leave the area for which the sliding-mode condition holds if it resides in this
area. Consequently, the error dynamics is stable for a set of initial conditions for which
the sliding-mode condition is met. Consider the case where Xnl = 0. This gives ė2 =
(Ae22 − ksm2/ksm1)e2. Since ksm2/ksm1 can be chosen such that (Ae22 − ksm2/ksm1) < 0,
a stable sliding surface dynamics can be obtained. Now, consider the case where Xnl =
(−knl(x1)/m)x1. Since knl(x1) is a function of x1 which is time varying, ė2 will not become
zero unless x1 = 0 or knl(x1) = 0 which occurs when x1 < 0. Thus, stability and attraction
to the sliding surface can not be proved beforehand.

Furthermore, chattering limits the practical implementation of the SMO. To decrease the
effects of chattering, instead of the sign-functions a better choice is the saturation function.
For more information on this work, see [Blansjaar, 1997].

3.5 Discussion

Four types of state estimation approaches are discussed: the Extended Kalman filter, an
observer design for systems with slope-bounded nonlinearities, a switching observer design
and a sliding mode observer design.

A positive feature of the extended Kalman filter is that it can be used for both linear and
nonlinear systems which dynamics is continuous differentiable. The filter explicitly takes the
model inaccuracies and measurement noise in account. For the bi-modal PWL system, the
switching Kalman filter switches between two filters. Disadvantages of the extended Kalman
filter are that the covariance matrices R and Q have to be tuned. An indication for the
components of R can be obtained by analyzing the measurement signals. The tuning of R
and especially Q is a trial and error process. Furthermore, it is assumed that the switching
between the two dynamical modes occurs simultaneously for the observer and the real system.
Differences between these switches result in error dynamics which will not be linear. Stability
in general cannot be proved.

An advantage of the slope-bounded nonlinearity observer design, is that the observer does
not need information about the active dynamics of the system. An advantage of the slope-
bounded nonlinearity observer design is that it can guarantee a priori, exponential stability
of the error dynamics for PWL systems iff the upper bounds on the nonlinearities γ(·) are
known. A restriction is that a this approach can only provide a common observer gain L.
The second restriction is that the system nonlinearities need to be nondecreasing functions
of the unmeasured states.

Like the slope-bounded nonlinearity observer design, the switching observer does not need
information about the active dynamics of the system. Like the slope-bounded nonlinearity
observer design, it can guarantee a priori, exponential stability of the error dynamics. Fur-
thermore, an advantage is that it can solve two observer gains L1, L2 instead of one observer
gain L, which increases the possibility to render the LMI’s feasible. A restriction is that the
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switching observer design only guarantees global asymptotic stability of the state estimation
error for bi-modal PWL-systems which are continuous over the switching plane.

An advantage of the sliding mode observer is that it is robust with respect to model un-
certainties. A disadvantage of the sliding mode observer design is that chattering limits the
practical implementation. To decrease the effects of chattering, instead of the sign-functions
a better choice is the saturation function. This introduces extra noise to the overall system.
Furthermore, it can be shown that, due to the switching nature of the system, the observer
error dynamics will not converge to zero. Stability and attraction to the sliding surface can
not be proved beforehand.

By evaluating the advantages and disadvantages of the four observer designs, it is obvious
that the switching observer design and the slope-bounded system-nonlinearity observer design
are the only two of these four designs where, a priori, stability of the error dynamics for PWL
systems can be investigated. Furthermore, using the switching observer, two different observer
gains instead of one can be found. This increases the chance of finding observer gains for which
the LMI conditions are satisfied. Therefore, the switching observer design is favorable for our
point of view.



Chapter 4

Analysis of the PWL-beam system

In this chapter, we introduce an experimental beam system that we are going to use through-
out the rest of the thesis. The experimental system consists of a flexible steel beam, which
is mounted on two leaf springs and is supported at the middle by a one-sided linear spring.
Due to the one-sided spring, the beam has two different dynamical regimes, which can be well
described as linear systems. Thus, the overal dynamics of the beam system can be effectively
described by a bi-modal PWL system. This experimental system will be described in detail in
Section 4.1. In order to describe the dynamics of this system on a model level, a FEM-model
is used, see [Bonsel, 2003]. Due to the fact that the calculation of the nonlinear responses of
the system is computationally expensive, a reduced model is presented in Section 4.2 in order
to solve this computational problem. The reduced model is based on a dynamic reduction
method, the so-called Rubin reduction method [Kraker, 2000]. The state space form of this
model is given in Section 4.2.1. In order to explore the dynamics of the reduced model, we
compute its responses for periodic excitations in Section 4.3. In Section 4.4, the simulation
results of Section 4.2 will be compared with experimental results from the experimental setup.
It will be shown that the obtained reduced model can be used to describe the behavior of
the experimental setup well depending on the frequency range of interest. Finally, in Section
4.5, the conclusions and a discussion regarding the modeling of the PWL beam system are
presented.

4.1 The experimental setup

In this section, the experimental setup of the PWL beam system as considered throughout the
thesis is described. A photograph and a schematic view of the setup are depicted in Figure
4.1.

The experimental setup consists of a steel beam which is mounted on two leaf springs, see
Figure 4.1. The steel beam is excited by a force generated by a rotating mass-unbalance.
The mass-unbalance is mounted in the middle of the beam. A tacho controlled motor, that
enables a constant rotation speed in the range of 1 to 60Hz, drives the mass-unbalance via
an axle and two flexible couplings. An actuator is connected to the beam in order to control
the beam dynamics. A second beam is clamped on both ends to the ground and is placed in
parallel with the first beam. The second beam represents a one-sided spring. A pin is fixed on

25
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Figure 4.1: A photograph and a schematic view of the the lab-scale setup.
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the middle of this beam whose length can be varied such that pretension or backlash can be
introduced into the beam setup. This one-sided spring represents a non-smooth nonlinearity
in the system. Therefore, the system has non-smooth and non-linear dynamics. Assuming
that the restoring characteristics of the spring are linear, the beam system can be described
as a PWL system.

Furthermore, the steel beam is able to deflect only in the x-y plane, see Figure 4.1. For
negative displacements in x-direction a restoring force is generated by the one-sided spring.
Since the beam can only deflect in the x-y plane, the shaker force acts only in the x-direction.
At 0.2 meter from the middle, see Figure 4.1, an actuator is mounted on the beam. The
actuator construction hampers deflection of the beam in the y-direction. In Section 4.2.1, the
y-position of the actuator will appear to be an important parameter for successfully affecting
the dynamical behavior of the experimental PWL beam system.

At the position where the mass-unbalance is fixed to the beam and at a second location,
measurement devices are placed. These devices are: two linear variable differential trans-
formers (LV DT1, 2), a piezoelectric force transducer (FT1) and a piezoelectric accelerometer
(Ac1). A harmonic force generated by the mass-unbalance is measured using AC1 and FT1.
The displacement of the middle of the beam and the displacement of the beam at a second
location along the beam are measured using LV DT1, 2. The piezoelectric devices are not
able to measure quasi-static accelerations or loads. The computation of the actuator force,
the eccentric-mass force, the data processing and the acquisition of the measurements are
performed using the real-time software/hardware equipment dSPACE in combination with
Matlab Simulink, see Appendix A for the detailed equipment specifications.

4.2 A model of the experimental PWL system

A schematic representation of the experimental PWL beam system expressed from a FEM
model is depicted in Figure 4.2. The system consists of a beam supported on both ends
by leaf springs, called the linear beam. The middle of the beam is excited by a harmonic
excitation force v due to the rotating mass-unbalance. When the middle of the beam moves
in the negative x-direction from its equilibrium position, a restoring force fnl caused by the
one-sided spring with linear stiffness knl, acts on the beam. Since fnl is caused by a linear
spring, two linear regions can be distinguished: one regime determined by the stiffness of
only the beam and one regime determined by the beam stiffness and one-sided spring stiffness
in parallel. Thus, the dynamics of the beam system is PWL, since it switches between two
different linear systems.

The FEM model consists of 36 elements, 37 nodes and 105 degrees-of-freedom [Bonsel, 2003].
From now on, n-degree-of-freedom will be abbreviated as n-dof. Figure 4.3 shows the mode
shapes belonging to the first six eigen modes of the FEM model of the linear beam. The
absolute x and y positions of the nodes on the beam are depicted. The FEM model of
the linear beam will be reduced using the Rubin method in combination with the so-called
coupling procedure of Martinez for recovering the boundary dof’s [Kraker, 2000]. The Rubin
method is a so-called component mode synthesis method. Since it is assumed that the material
properties of the linear beam such as damping and stiffness are independent of frequency and
time, that is, they are constant parameters, the Rubin method is applicable for the reduction
of the linear beam. Calculating responses with the finite element model demands a large
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Figure 4.2: A schematic representation of the PWL beam system, with the linear beam
divided in 36 elements.

computational effort which is decreased applying the model reduction. It is obvious that
the reduced model is less accurate than the FEM model. However, the loss of accuracy will
mainly influence the model’s dynamical response for frequencies higher than the frequency
range of our interest. This will be explained in the next subsection.

4.2.1 A 4-dof reduced model

A sufficiently accurate and simple model of the beam system will be used throughout this
thesis. We consider a 4-dof model of the beam system. This model is obtained by reducing
the extensive 105-dof FEM model using the Rubin method in combination with the so-called
coupling procedure of Martinez. Furthermore, a 105 × 4-transformation matrix Ttrans is
obtained which can be used to approximate the state of the 105-dof FEM model using the
state of the 4-dof model and will be used in Section 4.2.2 to derive the output function of the
model of the system. The third eigenmode is incorporated, since the frequency range of our
interest is 10 to 60 Hz.

Observing the schematic representation of the PWL beam system in Figure 4.2, one can see
that the reduced model contains two boundary dof’s: the x-displacements xmid and xact,
which are positive in the positive x-direction. Displacement xmid is needed to take in account
the restoring force fnl and the excitation force v. The second x-displacement, xact, is needed
to implement the actuator force u into the model. The third and fourth dof of the 4-dof
model, are the generalized dof’s xξ1 and xξ2 that account for the first and third eigenmode
of the beam.

The choice of the third instead of the second eigenmode can be explained by studying Figure
4.3. In this figure, the shapes of the first six eigen modes of the 105-dof finite element model of
the linear beam are shown. One can see that the beam deformation at the second eigen-mode
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is mainly in the y-direction and hardly in the x-direction which makes the third eigenmode
more relevant for the beam dynamics in the x-direction.

The 4-dof reduced model is characterized by the positive definite matrices Mred,Kred, Bred ∈
R

4×4 which are the reduced mass matrix, stiffness matrix and damping matrix respectively.
The matrices Mred and Kred directly result from the reduction of the finite element model.
The damping matrix results from the addition of modal damping to the reduced model
which is chosen to be equal for all three dof’s, see [Bonsel, 2003]. The value is adopted
from [Bonsel, 2003]. For the values Mred,Kred, Bred, the reader is referred to Appendix B.
These three matrices depend on the choice for the boundary dof’s. Here, it is chosen to place
xmid in the middle of the beam at point N19 and xact is fixed at node N15 which corre-
spond to the nodal points of the 105-dof finite element model, see Figure 4.2. The position
of the actuator, that is, xact has been chosen such that the actuator can excite, and thus
counteract, all the eigen modes of the beam that occur in the frequency range of our interest.
The actuator position is chosen by using numerical modal analysis of the linear beam model,
see Figure 4.3. If the beam vibrates in mode 3 or higher, there exist positions on the beam
where the x-deflection is nonzero and positions where the x-deflection is zero, i.e. the nodes
of specific eigen modes. If the beam vibrates in mode 3 or higher and the actuator is placed
in a position where the deflection is zero, the actuator is not able to reduce the amplitude of
the beams deflection caused by that specific mode. Considering the third eigenmode, it would
be preferable to place the the actuator on 1/4 of the length of the beam, i.e., on node N13 or
N12. The actuator is placed on node N15 for a practical reason, that is, more persons were
using this beam setup during the period of this research, who preferred an actuator position
closer to the middle.

Models of the actuator and excitation mechanism

Furthermore, the 4-dof model of the linear beam system is extended with models for the
actuator and the rotating mass unbalance related to u and v, respectively. The 4-dof model
including the actuator and excitation force mechanism model will be called the extended
4-dof model. The extended 4-dof model is characterized by the positive definite matrices
Mext,Kext, Bext ∈ R

4×4 which are the extended mass matrix, stiffness matrix and damping
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matrix, respectively.

The mass unbalance is modeled as a point mass mecc that is rigidly mounted on the beam as
depicted in Figure 4.4b and harmonically excited by a harmonic force wecc = mere (2πfecc)

2

cos(2πfecct), with me and re the eccentric mass and the radius of the mass with respect to its
rotating axle, respectively. Moreover, fecc is the rotational frequency of the mass unbalance.
Note, that v = meccẍmid + wecc. The actuator force u is due to an electric linear shaker
powered by a current amplifier. The shaker-amplifier is modeled as an actuated mass-spring-
damper system as depicted in Figure 4.4a. This system consists of a spring kact and a damper
bact connected to the ground and a point mass mact which is rigidly mounted on the beam
and exited by a force uact. For the values of the model parameter mecc, me, re, kact, bact and
mact the reader is referred to appendix B. These values are adopted from [Bonsel, 2003] and
[Wouters, 2006].

4.2.2 Equations of motion

The equations of motion of the extended 4-dof model, including the actuator and excitation
mechanism models of the PWL beam system can be written as

Mextẍ+Bextẋ+Kextx+ f
nl

(x) = h1wecc(t) + h2uact, (4.1)

where the restoring force of the one-sided spring f
nl

(x) is given by

f
nl

(x) =

{

knlh1h
T
1 x if xmid ≤ 0,

0 if xmid > 0.

The actuator force uact is modeled by uact = kmRampus. Furthermore, x = [xmid, xact, xξ]
T ,

h1 = [1, 0, 0, 0]T and h2 = [0, 1, 0, 0]T .

The parameters km and Ramp characterize the actuator force and are the actuators motor con-
stant and the the amplifier gain, respectively. These values are adopted from [Wouters, 2006].
Input us is the steer signal (in Volts) to the amplifier. For the values of these parameters and
the numerical values of Mext, Kext and Bext the reader is referred to Appendix B.

Using the state-space formulation, the equations of motion of the extended 4-dof model can
be written as:

ẋs =

{

A1xs + b1wecc(t) + b2uact if HTxs ≤ 0

A2xs + b1wecc(t) + b2uact if HTxs > 0,
(4.2)

with the state xs defined by xs(t) = [xT , ẋT ]T , bj ∈ R
6:

bj =

[

O

M−1
exthj

]

, j = 1, 2, (4.3)

with O a 4 × 1-column of zeros and A1, A2 ∈ R
8×8:

A1 =

[

O4 I4
−M−1

ext(Kext + knlh1h
T
1 ) −M−1

extBext

]

, A2 =

[

O4 I4
−M−1

extKext −M−1
extBext

]

, (4.4)

where O4 is a 4 × 4-matrix of zeros, I4 a 4 × 4 identity matrix and HT = [hT
1 , O

T ] =
[1, 0, 0, 0, 0, 0, 0, 0], i.e. HTxs(t) = xmid. Furthermore, the output equation y ∈ R

2 is
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defined as y = [CT
1 , C

T
2 ]Txs, with CT

1 and CT
2 8 × 1-vectors defined by Cr = [srTtrans, O

T ],
r = 1, 2, where the 1× 105-vector sr is defined by sr = [0, 0, 0, ... 0, 1, 0, ...0, 0, 0] with the
’1’ indicating the node number of the FEM-dof to be included in the output.

Because it holds that:

A1 −A2 =

[

O4 O4

−knlM
−1
exth1h

T
1 O4

]

, (4.5)

A1 can be written in the form A1 = A2 + GHT , with G ∈ R
n. Thus is shown, that the

switching dynamics is continuous over the hyper plane S = {xs|HTxs = 0}. This property
will appear to be an important feature for the implementation of the switching observer
design, and the control design.

4.3 Numerical analysis of the 4-dof model

With the 4-dof model, numerical analysis are carried out for sinusoidal force excitations. For
frequencies in the range of our interest, that is, 10 to 60Hz, the maximum amplitude of the
steady-state periodic solutions are compared while exciting the system with only the harmonic
excitation force (no control action is used).

A periodic solution of which the period is equal to the period of the excitation is called a
harmonic solution. If the period of the solution equals n times the period of the excitation, the
solution is called a subharmonic solution of order 1/n. The stability of a periodic solution is
determined by evaluating the Floquet multipliers which can be obtained numerically from the
linearized vector field around a periodic solution [Sastry, 1999]. If the absolute value of one of
the Floquet multipliers is larger than one, then the period solution is unstable. The solution is
stable if all the multipliers have absolute values smaller than or equal to one. For calculating
the periodic solutions, several numerical methods can be used. One method is numerical
integration, for example using a 4th-order Runga-Kutta integration scheme. Herewith, stable
steady-state periodic solutions can be found. This method can also be used to simulate
transient behavior. Stable and unstable steady-state periodic solutions can be found by
methods that cope with two-point boundary value problems. Examples are the shooting
method and the finite difference method [Parker et al., 1989].

Consider the 4-dof model. The beam system is only excited by the harmonic excitation
force wecc. For the numerical analysis, deflections of the middle of the beam and deflec-
tions of the beam at 0.9 meter from side will be considered. In Figure 4.5 and Figure 4.6,
max0≤t≤T |x90cm|/A and max0≤t≤T |xmid|/A of the steady-state solutions versus the excita-
tion frequency are depicted for the 4-dof model, with T the period time and A the excitation
amplitude respectively. The responses of the model are plotted for the excitation frequency
range of 10 to 60 Hz. Up to 35 Hz, one can see a harmonic solution. Near 36 Hz a period
doubling bifurcation occurs, also called flip bifurcation. A stable 1/2-subharmonic solution
culminates from this bifurcation. This solution coexists with an unstable harmonic solution.

It should be noted that, depending on the initial conditions, also other steady-state solutions
could have been found.
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Figure 4.5: Response of the 4-dof model: x90cm.
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Figure 4.6: Response of the 4-dof model: xmid.
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Figure 4.7: Comparison of the 4-dof model with measurements: x90cm.
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Figure 4.8: Comparison of 4-dof model with measurements: xmid.
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4.4 Experimental analysis of the PWL-beam system

The numerical results obtained with the 4-dof model are compared with experimentally ob-
tained results. The results are depicted in Figure 4.7 and 4.8. One can see that the numerical
results match the experimental results well. When one compares the model results with the
measurement results, one can see that the model responses are shifted slightly to the higher
frequencies. This shift could be caused by model inaccuracies such as deviations of the initial
position of the pin with respect to the steel beam, that is, initially, backlash or pretension
is present. Another possible inaccuracy is the damping caused by the transmission between
the eccentric mass-unbalance excitation mechanism and the electric motor. Furthermore, a
possible inaccuracy descends from modeling the one-sided spring as a massless spring, since
the one-sided spring is a steel beam which is clearly not massless. At lower frequencies, the
experimental results differ from the numerical results. This can be caused by a high noise-
excitation force ratio, since at low frequencies, the eccentric mass mechanism force is very
low. It can be concluded that the 4-dof model approximates the beam dynamics accurately
up to 52 Hz.

4.5 Discussion

A 105-dof finite-element-model for an experimental PWL beam system is considered [Bonsel, 2003].
This large model is reduced to a a 4-dof model, which is extended with models of the mass-
eccentric excitation mechanism and the shaker-amplifier dynamics. The reduced models be-
come PWL by addition of a one-sided massless spring stiffness. The representation of the
one-sided massless spring by the clamped beam appears to be valid when one compares mea-
surement results with simulation results. It can be expected that this is only valid for such
frequencies that the lowest eigenfrequency of the clamped beam is far from these excitation
frequencies. The first eigen frequency of the spring is at 200 Hz, see [Wouters, 2006].

Comparing the numerical results using the 4-dof model with experimental results, obtained
from the experimental PWL beam setup, with only the harmonic excitation force wecc acting
on the beam system, it can be concluded that the 4-dof PWL model can be used to approx-
imate the steady-state harmonic and 1/2-subharmonic solutions. Note that it appears to be
legitimate to model the one-sided spring as a massless spring.
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Chapter 5

Convergence-based control design

The goal is to achieve disturbance attenuation for the experimental PWL beam system by
means of an active control approach. Since the open-loop PWL system has coexisting steady-
state solutions for a given excitation, uniquely assessing the quantitative disturbance atten-
uation achievement requires a control design approach, such that the steady-state solutions
of the closed-loop system are unique, i.e. independent of the initial conditions. Since any
solution of a so-called convergent system forgets its initial condition and converges to some
steady-state solution which is independent of the initial condition, see Section 2.2, we will
apply a controller design approach that renders the closed-loop system convergent. More
specifically, the closed loop system will be rendered input-to-state convergent (see Section
2.2), which is desirable for designing the observer-based controller in Chapter 6. This control
design approach does not account for practical implementation requirements, such as actuator
force saturation. Therefore, constraints on the state-feedback controller design are proposed
which guarantee that the absolute value of control action uact does not exceed a maximum
value umax. The control design approach does not guarantee disturbance attenuation. Distur-
bance attenuation needs to be assessed afterwards by simulations and experiments using the
obtained control design. Finally, the advantages and disadvantages of the proposed controller
design strategy are discussed.

For the design of a state-feedback controller, the 4-dof model of the piecewise linear beam
system, derived in Section 4.2 is considered. For the definitions of input-to-state convergence,
the reader is referred to Section 2.2. To check whether the closed-loop piecewise linear beam
system is input-to-state convergent, sufficient conditions for convergence are used. The suf-
ficient conditions for convergence can be found in Section 2.3. Mathematical preliminaries
that will be used in Section 5.2.3 to derive the saturation LMI are presented in Section 2.4.

5.1 State-feedback controller design

In this section, a linear state-feedback controller design is proposed that makes the closed-loop
PWL beam system input-to-state convergent.

The state-space formulation of the 4-dof PWL system as defined in Section 4.2.2 is:

ẋs =

{

A1xs + b1wecc(t) + b2uact if HTxs ≤ 0

A2xs + b1wecc(t) + b2uact if HTxs > 0,
(5.1)

37
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with A1, A2, b2 and b1 given by (4.4) and (4.3), respectively. Consider the linear state feedback
control law uact = −Kxs with K ∈ R

2n a row vector and uact ∈ R. With the linear control
law applied, (5.1) yields

ẋs = (Ai − b2K)xs + b1wecc(t) = ACixs + b1wecc(t), i = 1, 2. (5.2)

Suppose that the right-hand side of (5.2) is continuous and there exists a positive definite
matrix P = P T > 0, such that

PACi +AT
CiP < 0, i = 1, 2, (5.3)

with ACi = Ai − b2K, i = 1, 2. Then the closed-loop system (5.2) is globally exponentially
convergent and input-to-state convergent for the class PCm of piecewise continuous inputs
which are defined and bounded for all t.

To check whether the dynamics of the PWL closed-loop system is continuous over the hyper-
planes, conditions (2.12) and (2.13) should be met. In the case of the bi-modal PWL beam
system, di = 0 and hi = 0, i = 1, 2. In Section 4.2.2, it is shown that A1 can be written in
the form A1 = A2 + GHT with H ∈ R

2n and G ∈ R
2n the first column of A1 − A2. Thus

AC1 −AC2 = A1 −A2. Therefore, we conclude that system (5.2) has continuous vector fields
on the switching surface HTxs.

If one wants to apply full state feedback without having detailed knowledge and understanding
of the system, choosing a proper feedback gain is not straightforward. A way to solve this
problem is to formulate LMI conditions yielding gain K such that the convergence conditions
are met in closed loop. To be able to construct an LMI from which the control gain K can
be solved, the matrix inequality (5.3) is pre- and post-multiplied by P−1. This results in the
following set of LMIs:

−P−1AT
i + P T

s b
T
2 −AiP

−1 + b2P s − µiI ≥ 0, (5.4)

µi ≥ 0, i = 1, 2, (5.5)

P−1 ≥ 0, (5.6)

where P−T = P−1, P s = KP−1. The constants µi are introduced to guarantee that the
matrices −(PACi +AT

CiP ) are positive definite and not semi-positive definite. This is solved
in this way, because the LMI solver [El Ghaoui et al., 1996] solves problems of the form
LMI ≥ 0. With this approach, |uact| can become very large.

A more constructive way for the choice of the control gain K, such that the control action
does not exceed a predefined value is explained in the following section.

5.2 Input constraints on the state-feedback controller design

The idea to bound the control effort using an LMI has been explored in the context of
continuous-time [Boyd et al., 1994] and discrete-time systems [Kothare et al., 1995]. Con-
sider a set Θ and consider the case where the state x(t) of a continuous-time system with
control input u(t), belongs to Θ, then, in [Boyd et al., 1994], it is stated that |u(t)| ≤ µ with
µ > 0 if a certain constraint LMI holds. In this thesis, we consider a continuous-time system
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a) b)

Θ

Γ

xs

xs(t0)

Figure 5.1: Convergence of the piecewise linear system with initial condition xs(t0) into Γ
which makes Θ invariant and thus |u| ≤ umax ∀t ≥ t0.

and, therefore, we will not explain the discrete case discussed in [Kothare et al., 1995]. A
LMI is proposed in [Boyd et al., 1994], without a detailed mathematical proof. Moreover, we
want that the set Θ is positively invariant for such that |u(t)| ≤ µ ∀ t ≥ t0. However, it is
not obvious that there exists such a positively invariant set Θ for PWL systems.

In this section, input constraints on the state-feedback control design that guarantee input-
to-state convergence of the closed-loop PWL beam system are derived. Applying these con-
straints, we guarantee a priori that the control effort uact ∈ R does not exceed a desired
maximum value umax for a certain set of initial conditions and a bound on the disturbance
wecc(t). These constraints are put in LMI form and are added to the set of LMIs (5.4)-(5.6).
In order to do so, we will have to prove that for this system a bounded positively invariant
set Θ exists.

5.2.1 Positively invariant ellipsoids

Consider an initial condition xs(t0), which belongs to the set Θ = {xs|xT
s Pxs 6 ρ} with

P = P T ≥ 0 and ρ > 0. If it holds that xT
s (t)Pxs(t) 6 ρ, ∀t ≥ t0, ∀xs(t0) ∈ Θ, then the set

Θ is called a positively invariant ellipsoid.

In Section 5.2.2, the convergence property is used to show that there exists a positively
invariant ellipsoid Γ to which all solutions of the closed-loop PWL beam system converge. In
other words, we have ultimate boundedness. It will be shown that the system converges to a
positively invariant ellipsoid Γ of the form xT

s Pxs ≤ γ with γ > 0 and converges exponentially
to a unique steady-state solution xs(t) ∈ Γ (Figure 5.1a,b). Both the size of Γ and xs(t) depend
on input wecc(t). We will also show that any ellipsoid Θ is positively invariant if Γ ⊆ Θ, i.e.
its hull lies outside or coincides with the hull of Γ. In Section 5.2.3, it will be shown that
|uact| ≤ umax∀t ≥ t0 if the initial condition xs(t0) ∈ Θ and an LMI constraint is satisfied.
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5.2.2 Ultimate boundedness for convergent systems

In this section, it is shown under what conditions the ellipsoid Θ is positively invariant for
the closed-loop PWL beam system (5.2), here, denoted as:

ẋs = f(xs, wecc(t)). (5.7)

The positively invariant ellipsoid Θ exists, because the closed-loop system is input-to-state
convergent, see Section 5.1. The solutions of an exponentially convergent system converge
exponentially to a unique steady-state solution xs(t). This steady-state solution depends
on the input wecc(t) and, furthermore, it will be proven that xs(t) belongs to a positively
invariant ellipsoid Γ = {xs(t)|‖xs(t)‖2

P ≤ γ}, γ ≥ 0. The size of Γ depends on input wecc(t).

In the following, by applying the quadratic Lyapunov function V = xT
s Pxs and with the

properties resulting from the convergence property, a positively invariant ellipsoid Γ is shown
to exist. The time derivative of the quadratic Lyapunov function V = xT

s Pxs satisfies:

V̇ (xs, t) = 2xT
s Pẋs(t) = 2(xs −0)TP (f(xs, wecc(t))−f(0, wecc(t)))+2(xs −0)TPf(0, wecc(t)).

(5.8)
Because the right-hand side of (5.2) is continuous in xs and there exists a positive definite
matrix P = P T > 0 such that (5.3) holds, a constant α > 0 can be found such that

PACi +AT
CiP ≤ −2αP, i = 1, 2, (5.9)

and the system is exponentially convergent. This implies that the following inequality holds:

(xs−0)TP (f(xs, wecc(t))−f(0, wecc(t))) ≤ −α(xs−0)TP (xs−0) xs ∈ R, wecc(t) ∈ R. (5.10)

For the proof of (5.10) and (5.9) the reader is referred to [Pavlov et al., 2005]. Substitution
of (5.10) in (5.8) yields

V̇ (xs, t) ≤ −2αxT
s Pxs + 2xT

s Pf(0, wecc(t)). (5.11)

Here, −2αxT
s Pxs = −2αV < 0. This gives V̇ ≤ −2αV for wecc(t) = 0 (since f(0,0)=0) which

implies global exponential stability of the equilibrium of the unperturbed system.

Applying the decomposition P = STS, with S a non-singular (n, n)-matrix, the linear trans-
formations x̃s = Sxs and f̃(0, wecc(t)) = Sf(0, wecc(t)) can be defined. Now, it holds that

xT (t)Pf(0, wecc(t)) = x̃s
T (t)f̃(0, wecc(t)) (5.12)

and, applying the Cauchy inequality, we obtain

x̃s
T (t)f̃(0, wecc(t)) ≤ |x̃s

T (t)f̃(0, wecc(t))| ≤ ‖x̃s(t)‖‖f̃(0, wecc(t))‖., eq : normell (5.13)

Using ‖x̃s‖ =
√

x̃T
s x̃s =

√

xT
s Pxs = ‖xs‖P and similarly ‖f̃(0, wecc(t))‖ = ‖f(0, wecc(t))‖P ,

it holds that
‖x̃s‖‖f̃(0, wecc(t))‖ = ‖xs‖P ‖f(0, wecc(t))‖P . (5.14)

Here, ‖xs‖P is the P -norm of xs which is defined as ‖xs‖P =
√

xT
s Pxs. As a result (5.11)

can be rewritten in the form

V̇ (xs, t) ≤ −2α‖xs‖2
P + 2‖xs‖P ‖f(0, wecc(t))‖P (5.15)
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= −2‖xs‖P {α‖xs‖P − ‖f(0, wecc(t))‖P }.

Consequently, V̇ ≤ 0 is fulfilled for ‖xs‖P ≥ 1
α‖f(0, wecc(t))‖P . Since P is positive definite

and α > 0, it also must hold that

‖xs‖2
P ≥ 1

α2
‖f(0, wecc(t))‖2

P (5.16)

to guarantee that V̇ ≤ 0. Let us now define the positively invariant ellipsoid Γ:

Γ = {xs | ‖xs‖2
P ≤ γ}, (5.17)

with γ = supt(
1

α2 ‖f(0, wecc(t))‖2
P ). Outside Γ it holds that V̇ < 0 and thus xs(t) converges to

this ellipsoid. On the hull of Γ it holds that V̇ = 0. Inside Γ, the sign of V̇ is not unambiguous.
Because of this property, once xs reaches the ellipsoid it can not leave it. Consequently, Γ is
a positively invariant set for the closed-loop PWL beam system (5.2). Actually, any ellipsoid
Θ = {x(t)s|‖x(t)s‖2

P ≤ ρ} is positively invariant with respect to (5.3) if Γ ⊆ Θ:

sup
t

(
1

α2
‖f(0, wecc(t))‖2

P ) ≤ ρ. (5.18)

Note that the exponential convergence for system (5.7) can be proved as long as the LMI
conditions (5.3) are satisfied. In that case, xs exponentially converges to a unique steady-
state solution for all initial conditions. This solution is periodic, since the input disturbance
wecc(t) is periodic, see Section 2.2, and lies inside Γ.

In order to have a better understanding on the inequality (5.18), we describe the following
three cases:

1. ρ > supt(
1

α2 ‖f(0, wecc(t))‖2
P ): If xs(t) resides outside Θ, then V̇ < 0 and xs(t) tends

towards Θ. If xs(t) is inside Θ and outside Γ, since V̇ < 0, V tends to go further inwards
Θ and can not leave Θ.

2. ρ = supt(
1

α2 ‖f(0, wecc(t))‖2
P ): Here, Θ = Γ. If xs(t) resides outside Θ, then V̇ < 0. If

xs(t) resides inside Θ, xs(t) can not leave Θ.

3. ρ < supt(
1

α2 ‖f(0, wecc(t))‖2
P ): If xs(t) is inside Γ, then the sign of V̇ is not unambiguous.

Since now Θ ⊂ Γ, we can not guarantee that xs(t) will stay in or converges to Θ.

Thus, one can conclude that, considering the state-space equations of the PWL system, Θ
is indeed an invariant ellipsoid for ρ ≥ supt(

1
α2 ‖f(0, wecc(t))‖2

P ). Considering the state-space
equations of the PWL beam system (4.2), we see that f(0, wecc(t)) = b1wecc(t). This implies
that the condition (5.18) transforms to ρ ≥ supt(

1
α2 ‖b1wecc(t)‖2

P ) and can be formulated as

sup
t
{w2

ecc(t)} ≤ ρα2

bT1 Pb1
, (5.19)

where the constant α is the same α as in equation (5.10). In this way, given α > 0 and a
desired set of initial conditions characterized by ρ and matrix P = P T ≥ 0 satisfying (5.9),
inequality (5.19) reflects a bound on the allowable disturbance level. It should be noted that,
using the Cauchy inequality on (5.12), this bound can be considered conservative.
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The maximum value of α is not an arbitrary value, but it depends on the LMI as described
in (5.9). Now, a method to derive a feasible value for α is presented. Since (5.3) holds, there
exist positive definite matrices Qi = QT

i > 0 such that

PACi +AT
CiP = −Qi, i = 1, 2. (5.20)

Furthermore, if Qi = 2αiP with αi > 0, i = 1, 2, then

PACi +AT
CiP ≤ −2αiP, i = 1, 2, ⇒ (5.21)

PACi +AT
CiP ≤ −2 min

i
{αi}P, i = 1, 2. (5.22)

Let us use the fact that

xTλmin(A)Ix ≤ xTAx ≤ xTλmax(A)Ix, ∀x, (5.23)

holds, with A ∈ R
2n×2n a symmetric matrix, I ∈ R

2n×2n the unity matrix, λmin(A), λmax(A)
the minimum and maximum eigenvalue of A and x ∈ R

2n a column vector. Consequently,
since P and PACi +AT

CiP are symmetric it is true that

λmin(P )I ≤ P ≤ λmax(P )I (5.24)

and
λmin(PACi +AT

CiP )I ≤ PACi +AT
CiP ≤ λmax(PACi +AT

CiP )I, (5.25)

with i = 1, 2. Rewriting (5.24) to 1
λmax(P )P ≤ I and substituting it in (5.25), gives

PACi +AT
CiP ≤ λmax(PACi +AT

CiP )

λmax(P )
P. (5.26)

where λmax(PACi +AT
CiP ) < 0 and λmax(P ) > 0. When one compares (5.26) with (5.21), αi

can be defined as

αi =
−λmax(PACi +AT

CiP )

2λmax(P )
. (5.27)

Since just one α is needed, the smallest αi, i.e. α = mini{αi} is applied to ensure that (5.9)
is fulfilled. It should be noted that the latter approach to derive a feasible value for α can
be considered to be conservative. Consequently, the bound on the allowable disturbance level
can be considered to be conservative by using the approach to derive α and using the Cauchy
inequality on (5.13).

5.2.3 Input constraint-LMI condition

In this section, an LMI condition is derived that guarantees the satisfaction of a bound on
the control action of the state-feedback controller applied to the PWL system, i.e. |uact(t)| ≤
umax∀t ≥ t0, given a bound on the disturbance wecc and a set of initial conditions Θ. We will
use the fact that Θ is a positively invariant set, see the previous section.

Consider the absolute value of the input uact(t) = −K xs(t) with K = P sP , P = P T > 0.
Since the set Θ is an positively invariant ellipsoid,

max
t≥t0

|uact(t)|2 = max
t≥t0

|K xs(t)|2 ≤ max
xs∈Θ

|K xs|2 (5.28)
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holds for all initial conditions xs(t0) ∈ Θ. Moreover, we desire that maxxs∈Θ |K xs|2 ≤ u2
max:

max
x

s
∈Θ

|K xs|2 = max
x

s
∈Θ

|P sPxs|2 ≤ u2
max. (5.29)

Furthermore, it will be shown that this bound on uact(t) can be put in the form of an
LMI condition using definitions of the spectral norm and the Schur Complement. First,
we introduce the coordinate transformation z(t) = Sxs(t) where STS = 1

ρP and ST =

S = 1√
ρP

1/2 such that zT (t)z(t) = xT
s (t)1

ρPxs(t). S is called the square root of 1
ρP . Since

K = P sP , with P = ρSTS, ST = S and xs = S−1z, applying this coordinate transformation
to (5.29), we derive the following equality:

max
x

s
∈ Θ

|P sPxs|2 = max
zT z≤1

|ρP sSz|2. (5.30)

We now want to apply the definitions of the induced matrix norm as introduced in Property 3,
Section 2.4 on (5.30). Since these properties are formulated for square matrices, we introduce
the square matrix

Pq =

[

P s

O

]

with O a (n− 1) × n-matrix with zeros, with which (5.30) yields

max
zT z≤1

|ρP sSz|2 = max
zT z≤1

‖ρPqSz‖2
2, (5.31)

where ρPqS is a square matrix and ‖ρPqSz‖2 is the 2-norm of ρPqSz.

Using the definition of the induced matrix norm, see Property 3 and using Property 4, see
Section 2.4, and since λmax((ρPqS)T (ρPqS)) ≥ 0, we obtain that (5.29) can be replaced by

max
zT z≤1

‖ρPqSz‖2
2 = max

zT z=1
‖ρPqSz‖2

2 = λmax((ρPqS)T (ρPqS)) ≤ u2
max. (5.32)

Using the fact that for an arbitrary combination of two square matrices A and B the eigen-
values of their product satisfy λ(AB) = λ(BA) and ST = S, equation (5.32) becomes

λmax((ρPqS)T (ρPqS)) = λmax(ρPqPP
T
q ) ≤ u2

max. (5.33)

Since there is only one control input uact, the matrix ρPqPP
T
q consists of zeros except one

diagonal entry. Therefore, there is only one non-zero eigenvalue and this eigenvalue is equal
to ρP sPP

T
s . Consequently, (5.33) gives

u2
max/ρ− P sPP

T
s ≥ 0. (5.34)

Using the Schur Complement formulation, presented in Property 5, see Section 2.4, where
(u2

max/ρ− P sPP
T
s ) = (A−BC−1BT ) gives the LMI

[

u2
max/ρ P s

P T
s P−1

]

≥ 0 (5.35)

and it is shown that the condition for the limitation of uact = −Kxs can be put in the
form of an LMI. We call this LMI the saturation LMI. Now, we can conclude that since the
ellipsoid Θ = {xs(t)|xs(t)

TPxs(t) ≤ ρ} is positively invariant for system (5.2), the LMI (5.35)
guarantees that |u| ≤ umax ∀t ≥ t0 if xs(t0) ∈ Θ.
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5.3 Issues for implementation

In this section, notions for the implementation of LMI (5.35) are presented. The set of LMIs,
(5.4), (5.5), (5.6), (5.35) that is solved by an LMI solver [El Ghaoui et al., 1996] is

−P−1AT
i + P T

s b
T
2 −AiP

−1 + b2P s − µiI ≥ 0, (5.36)

µi ≥ 0 i = 1, 2, (5.37)

P−1 ≥ 0, (5.38)
[

u2
max/ρ P s

P T
s P−1

]

≥ 0, (5.39)

where P−T = P−1, P s = KP−1. The matrices and parameters that are solved by the LMI
solver are P−1, P s and µi. The matrices and parameters Ai, b2 and u2

max follow from the
bi-modal PWL beam system properties and actuator saturation level. The only parameter,
that is not determined yet, is ρ which, together with P , characterizes the invariant ellipsoid
Θ = {xs|xT

s Pxs ≤ ρ} which characterizes the set of initial conditions xs(t0) for which the
input constraint uact(t) ≤ umax, ∀t ≥ t0 is guaranteed.

Now, consider the following set of LMIs:

−PAT
i + P

T
s b

T
2 −AiP + b2P s − µiI ≥ 0, (5.40)

µi ≥ 0 i = 1, 2, (5.41)

P ≥ 0, (5.42)
[

u2
max P s

P
T
s P

]

≥ 0, (5.43)

where P
T

= P = ρP−1, P s = ρP s = KP and µi = ρµi. The parameters P , P s and µi are
directly solved by the LMI solver. From P s and P , K can be easily obtained. Moreover,
values for P and ρ, can not be uniquely determined from the latter set of LMIs, but are
related according P = ρP−1, ρ > 0. It should be noted that using the first set of LMIs, a
value for ρ has to be chosen on beforehand, where using the second set of LMIs, a value for
ρ can be chosen after solving the set of LMIs. The second method is preferable over the first
method, since now the LMI solver solutions are not restricted by choosing a value for ρ a
priori, but leaves this open for interpretation afterwards.

Let us now consider a specific type of disturbance wecc(t). The disturbance wecc(t) in the
case of the experimental beam-setup consists of the harmonic excitation force on the middle
of the beam. This force is defined by

wecc(t) = Amidcos(2πfecct), (5.44)

where Amid is the amplitude of the harmonic excitation force and fecc the frequency. Now,
substituting equation (5.44) in (5.19) and using the property that for two square matrices
A,B ∈ R

n×n, with B = cI it holds that (AB)−1 = B−1A−1 = (1/c)IA−1 with c ∈ R and I

the unity matrix, and therefore, P
−1

= P/ρ, we demand that

A2
mid ≤ ρα2

bT1 Pb1
=

α2

bT1 P
−1
b1
. (5.45)
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Substituting (5.27) in (5.45) and using the property that νAx = νλIx, with A an arbitrary
square matrix, λ ∈ C an eigen value of A ∈ R

n×n and ν ∈ R, gives

Amid ≤ Amid,max = [
1

bT1 P
−1
b1

(min
i
{−λmax(ρ(P

−1
ACi +AT

CiP
−1

))

2λmax(ρP
−1

)
})2]1/2

= [
1

bT1 P
−1
b1

(min
i
{−λmax(P

−1
ACi +AT

CiP
−1

)

2λmax(P
−1

)
})2]1/2. (5.46)

Note that using the procedure to derive α such that (5.9) holds, yields a conservative α.
Therefore, an iteration proces can be used to obtain a higher α. This procedure can be as
follows: derive the eigenvalues of Vi = PACi + AT

CiP + 2αcP, i = 1, 2. If Vi < 0, i = 1, 2,
then αn = 2αc, else αn = 1.01αo. Here, αc, αn and αo are the current, next and former value
for α. And thus, αc will become αc > α, which will be used to derive Amid,max.

Consequently, Amid,max can be derived, without taking a value for ρ, but using just P ,
which is obtained directly from solving the second set of LMIs (5.40)-(5.43). Moreover, it
should be noted that the set of feasible initial conditions Θ can now be denoted by Θ =

{xs(t0) | xT
s P

−1
xs ≤ 1}. The excitation mechanism mounted on the beam-system is based

on a rotating mass-unbalance. The amplitude of the excitation force depends on the rotation
speed and can be denoted by Amid = mere(2πfecc)

2 with me and re the mass and radius of
the mechanism, respectively, and fecc the excitation frequency. Consequently, a theoretical
maximum rotating mass-unbalance frequency can be derived for which the actuator force can
be guaranteed to be prevented from saturation.

5.4 Discussion

In this section, LMI conditions are presented, with which a state-feedback controller K can
be obtained that renders the closed-loop PWL system input-to-state convergent. Moreover,
constraints on the state-feedback control design, which are formulated in terms of a saturation
LMI, are introduced that, given a bound on the input level (disturbance wecc(t)) and a set of

initial conditions (xs(t0) | xTP
−1
x ≤ 1), guarantee that the control action does not exceed

a predefined value. For this, we use the fact that the state-feedback controller renders the
PWL system quadratically convergent, i.e. we have ultimate boundedness. This implies that
an invariant ellipsoid Γ for the state of the closed-loop PWL system exists. Consequently, an
ellipsoid Θ is invariant if Γ ⊆ Θ and Θ is of the same shape as Γ. When implementing the con-
ditions for input-to-state convergence of the closed-loop system and control action saturation,
the LMI-solver yields the parameters that characterize a set of feasible initial conditions Θ and
a control gain that renders the closed-loop system input-to-state convergent. Furthermore,
this matrix and control gain determine the bound on the harmonic input, i.e. the amplitude

Amid of harmonic disturbance wecc(t) must satisfy Amid ≤ Amid,max = Amid,max(P
−1
, α).

Moreover, the approach to derive a feasible value for α, which results in α = α(P
−1
,K)

can be considered to be conservative. Consequently, the bound on the allowable disturbance
level can be considered to be conservative. It should be noted that the LMI-toolbox finds a
solution from a set of feasible solutions. This implies that more than one feasible solution
could be found.
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An entirely different method to find K, that aims at disturbance attenuation directly, is based
on engineering insight into the system. One method to decrease the deflection of the beam is
the addition of extra damping to the beam system. This can be done by feedback of a velocity,
multiplied with a ’damping constant’ ddamp > 0. Convergence of the resulting closed-loop
system is assessed by finding a P = P T > 0, such that (5.3) holds. A disadvantage is that
detailed knowledge and understanding of the system is required.



Chapter 6

Convergence-based output-feedback
design

In this chapter we design an output-feedback controller for the bi-modal PWL systems by
combining the switching observer described in Section 3.3 and the state-feedback controller
described in Chapter 5. This observer/controller combination will be used to achieve distur-
bance attenuation in the experimental PWL beam system when limited measurements are
available, e.g. a displacement measurement at only one point of the beam.

Based on the measured outputs, the switching observer reconstructs the state of the PWL
system, which is in turn used on a state-feedback control law. In the case of the experimental
PWL beam system, the system output is a measured component of the state. The pro-
posed observer/controller combination is chosen such that the resulting closed-loop system,
hereafter called the interconnected system, is uniformly convergent and also input-to-state
convergent. The choice of the observer/controller combination that renders the intercon-
nected system uniformly convergent is based on the separation principle. The separation
principle is expressed by a property presented in [Pavlov et al., 2006]. Based on this property
the observer/controller combination renders the PWL system uniformly convergent as long
as the observer error converges to zero uniformly and the PWL system in closed-loop with
the state-feedback control law is input-to-state convergent.

The structure of this chapter is as follows. In Section 6.1, we introduce the aforementioned
output-feedback controller and briefly recapitulate on the switching model-based observer for
the considered class of PWL systems. In Section 6.2, we provide conditions under which the
observer error converges exponentially, hence uniformly, to zero. In Section 6.3, we provide
the property that expresses the separation principle for the interconnected system. Conditions
under which the considered PWL system in closed-loop with the output-feedback controller
is input-to-state convergent are also given in this section.

6.1 Controller/observer combination

In this section, we introduce an output-feedback controller for the considered class of PWL
systems.
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We consider the extended 4-dof state-space model as derived in Section 4.2.2. The equations
of motion of the extended 4-dof model are:

ẋs =

{

A1xs + b1wecc(t) + b2uact if HTxs ≤ 0

A2xs + b1wecc(t) + b2uact if HTxs > 0,
(6.1)

with xs ∈ R
8 the state, b1, b2 ∈ R

8 the input vectors and A1, A2 ∈ R
8×8 the system matrices.

The output function is defined as y = CTxs with C ∈ R
8 the output vector and H ∈ R

8.

6.1.1 Observer

In this section, the implementation of the switching observer design, presented in Section 3.3
on the PWL beam system will be discussed.

We consider the switching observer of Luenberger type, which is also bi-modal in the sense
that the state evolution map of the observer switches, depending on whether the estimated
state belongs to one of the two half-spaces, defined by the hyperplane S = {x̂s|HT x̂s = 0}.
The observer dynamics is defined as

˙̂xs =

{

A1x̂s + b1wecc(t) + b2uact + L1(y − ŷ) if HT x̂(t) ≤ 0,

A2x̂s + b1wecc(t) + b2uact + L2(y − ŷ) if HT x̂(t) > 0.
(6.2)

Here, x̂s ∈ R
8 is the observer state and ŷ ∈ R is the observer output, based on the estimated

state which is given by ŷ = CT x̂s. The observer error e ∈ R
8 is defined by e = xs − x̂s. Then,

the observer error dynamics becomes:

ė(t) =















(A1 − L1C
T )e, if HTxs ≤ 0, HT x̂s ≤ 0

(A2 − L2C
T )e+ ∆Axs, if HTxs ≤ 0, HT x̂s > 0

(A1 − L1C
T )e− ∆Axs, if HTxs > 0, HT x̂s ≤ 0

(A2 − L2C
T )e, if HTxs > 0, HT x̂s > 0,

(6.3)

with ∆A := A1 − A2. The observer error dynamics is also a PWL system with respect to
e and xs. Note that the error dynamics (6.3) is non-autonomous, since it depends on the
system state xs(t) and on the observer state x̂s(t).

6.1.2 Controller

Consider the linear control law uact = −K x̂s presented in Section 5.1, with K ∈ R
8 a

row vector and uact ∈ R. By using this linear control law, the closed-loop system takes the
following form:

ẋs =

{

A1xs + b1wecc(t) + b2K(xs − e) if HTxs(t) ≤ 0

A2xs + b1wecc(t) + b2K(xs − e) if HTxs(t) > 0.
(6.4)

Note that closed-loop system (6.4) is a function of both xs and observer error e, where the
observer error e can be considered as an input of the controlled system.
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6.2 Conditions for exponential stability of the observer error

In this section, we provide conditions under which the observer error converges exponentially,
hence uniformly, to zero. In order to prove stability of the equilibrium point e = 0 of the
observer error dynamics, a common quadratic Lyapunov function candidate defined by

V (e) = eTWe (6.5)

is adopted, where W = W T > 0. Using this Lyapunov function candidate, it can be proven
that the state estimation error dynamics is globally exponentially stable (see [Doris et al., 2005]
and [Juloski et al., 2002]) for all x(t) : R

+ → R
n if there exist matrices L1, L2 and constants

λ1, λ2, αo ≥ 0 such that the following set of LMIs is satisfied













(A2 − L2C)TW+ W∆A+
+W (A2 − L2C) + αoW +1

2λ1HH
T

∆ATW+ −λ1HH
T

+λ1
1
2HH

T













≤ 0 (6.6a)













(A1 − L1C)TW+ −W∆A+
+W (A1 − L1C) + αoW +1

2λ2HH
T

−∆ATW+ −λ2HH
T

+λ2
1
2HH

T













≤ 0. (6.6b)

For the proof, see [Juloski et al., 2002] and [Doris et al., 2005].

Note that the observer does not require information on which linear dynamics of the system
is currently active, due to the fact that the LMI constraints (6.6a),(6.6b) guarantee that the
observer error converges to zero despite the fact that the observer and the system may switch
at different times. Furthermore, the inequalities (6.6a),(6.6b) are linear matrix inequalities in
{W,LT

1 P,L
T
2 P, λ1, λ2} and thus can be efficiently solved using linear matrix inequality solvers,

such as the MATLAB LMITOOL [Boyd et al., 1994].

A necessary condition for the LMIs (6.6a),(6.6b) to be feasible is

(A1 − L1C)TW +W (A1 − L1C) + αoW < 0, (6.7a)

(A2 − L2C)TW +W (A2 − L2C) + αoW < 0. (6.7b)

The LMIs (6.7a), LMI (6.7b) imply that the pairs (A1, C) and (A2, C) are detectable in
the sense of linear systems theory. Furthermore, a necessary condition for this observer
design to be applicable, is that the error dynamics (3.20) has a continuous vector field. In
other words, the system dynamics (6.2) needs to be continuous over the switching plane
S = {xs|HTxs = 0}.
To check continuity, consider the hyper plane S = {xs|HTxs(t) = 0} and the corresponding
system matrices A1 and A2. Since A1 can be written in the form A1 = A2 + GHT with
H = [1 0 0 0 0 0 0 0]T and G the first column of A1 − A2, the switching dynamics is
continuous over the hyper plane S = {xs|HTxs(t) = 0}, see Section 4.2.2.
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F

G

wecc(t)
xs

e

Figure 6.1: Bidirectionally interconnected systems with inputs.

Moreover, since the observer error is exponentially stable using the Lyapunov function V =
e(t)TWe(t) = |e(t)|2W , V̇ ≤ −αoV and V ≤ V0e

−αot hold and a function σ that bounds
the components of e(t) can be formulated. Function σ(t) will be used in Chapter 7 to il-
lustrate exponentially stability of the observer error dynamics. Therefore, we use the fact
that e(t)Tλmin(W )Ie(t) ≤ e(t)TWe(t) with λmin(W ) the minimum eigen value of matrix W
holds, which can be rewritten to λmin(W )|e(t)|22 ≤ |e(t)|2W . Consequently, λmin(W )|e(t)|22 ≤
|e(t0)|2W e−αot which can be rewritten to |e(t)|2 ≤ σ(t) with σ(t):

σ(t) = 1/
√

λmin(W ) |e(t0)|W e−
αot

2 , (6.8)

see [Doris et al., 2005].

6.3 Conditions for input-to-state convergence of the intercon-
nected system

In this section, conditions under which the considered PWL interconnected sytem is input-
to-state convergent will be given. Hereto, we use Property 2 in Section 2.2.

The interconnected system, i.e. the PWL system with feedback law and observer described
by (6.2) and (6.4), is described as

{

ẋs = F (xs, e, wecc(t)), xs ∈ R
8

ė = G(xs, e), e ∈ R
8 (6.9)

and depicted in Figure 6.1. The vector-field F (xs, e, wecc) is the right-hand side of (6.4). The
vector-field G(xs, e) is the right-hand side of (6.3).

The two requirements following from the application of Property 2 to system (6.9) in order to
render the interconnected system input-to-state convergent are: Firstly, the e-subsystem needs
to be uniformly stable. Secondly, the xs-subsystem needs to be input-to-state convergent. The
e-subsystem is globally exponentially stable if the conditions in Section 6.2 are satisfied. The
xs-subsystem is rendered input-to-state convergent if the set of LMIs presented in Section
5.3:

−PAT
i + P

T
s b

T
2 −AiP + b2P s − µiI ≥ 0, (6.10)

µi ≥ 0 i = 1, 2, (6.11)

P ≥ 0, (6.12)
[

u2
max P s

P
T
s P

]

≥ 0 (6.13)
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is satisfied, where P
T

= P and P s = KP . The parameters P , P s and µi are directly solved
by the LMI solver. The matrices and Ai, b2 and u2

max follow from the bi-modal PWL beam
system and the actuator saturation level.

If the xs-subsystem is input-to-state convergent and the e-subsystem is globally exponentially
stable at the equilibrium point e = 0, i.e. any solution of the e-subsystem satisfies

|e(t)| ≤ Ce−α(t−t0)|e(t0)| ⇒ |e(t)| ≤ βe (|e(t0)|, t− t0) (6.14)

for any input (xs(·), wecc(·)) ∈ PC9 with βe(r, s) a class KL function then the interconnected
system (6.9) is input-to-state convergent [Pavlov et al., 2006].

Consequently, there exist a KL-function β(r, s) and a strictly increasing K∞-function ψ(r)
such that any solution xs(t) of system (6.4) corresponding to some input ê(t) := e(t) + ∆e(t)
satisfies

|xs(t) − x̄w(t)| ≤ β(|x(t0) − x̄w(t0)|, t− t0) + ψ( sup
t0≤τ≤t

|∆e(τ)|), (6.15)

with x̄w(t) the steady-state solution. This implies that, if the observer error does not converge
to e = 0 for t→ ∞, but will converge to a bounded neighborhood supt0≤τ≤t |∆e(τ)|), the sys-
tem state xs(t) will converge to a bounded area defined by |xs(t)−x̄w(t)| ≤ ψ(supt0≤τ≤t |∆e(τ)|)
with xs(t) the actual steady-state solution and e the steady-state observer error. This will
appear to be an important property when implementing the output-feedback controller design
on the experimental PWL beam setup where we will have to cope with observer errors caused
by e.g. model inaccuracies and measurement noise.

6.4 Discussion

In this chapter, it is shown that the switching observer discussed in Section 3.3 can be applied
to the extended 4-dof model for the PWL beam system. The observer-based state-feedback
controlled system can be formulated as a bidirectionally interconnected system with inputs.
Since the system with the state-feedback control law is input-to-state convergent and the
state estimation error is globally exponentially stable, the interconnected system is uniformly
convergent and input-to-state convergent.

The input-to-state convergence property implies that if the observer error converges to a
bounded neighborhood around zero, the system state will converge to a bounded neighborhood
around the steady-state solution. This can be interpreted as a certain robustness for observer
errors in the steady-state, e.g. caused by model inaccuracies and measurement noise.
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Chapter 7

Simulation of the PWL beam
system

In this chapter, the control design will be illustrated using simulation results. In Section 7.1,
the switching observer design will be discussed. In Section 7.2, the observer-based output
feedback control design will be discussed, aiming to evaluate the theory presented in Chapter
5 and Chapter 6, without using the saturation LMI. Moreover, disturbance attenuation will
be evaluated by discussing simulation results presented in the time- and frequency-domain.
Section 7.3 involves the verification of the observer-based output feedback control design
using the saturation LMI, considering the constraints imposed by experimental setup. That
is, taking the maximum achievable actuator force uact into account. Conclusions will be
drawn about the practical limitations involving the implementation of the control design to
the experimental PWL beam set-up.

7.1 Observer results

In this section, the exponential stability of the equilibrium point e = 0 of the switching
observer error dynamics will be illustrated by means of simulation. We use different out-
put injection signals and we show that the observer is able to reconstruct the system state
for different choices for the output injection signal. As output injection y we use the beam
displacements xmid and x90cm corresponding to the positions of LV DT1 and LV DT2, respec-
tively which are depicted in the schematic drawing in Figure 4.1. The numerical values of the
observer gains L1 and L2 corresponding to the latter two cases, obtained by solving the set
of LMIs (6.6a) - (6.7b) are:

L1,90cm =

























9.8475 · 101

8.8090 · 101

−2.8405 · 102

−5.2543
3.8635 · 102

4.6260 · 103

−1.8411 · 104

7.6650 · 102

























, L2,90cm =

























9.8781 · 101

8.8212 · 101

−2.8435 · 102

−5.2469
1.9102 · 103

5.0318 · 103

−1.9635 · 104

6.2717 · 102

























,
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L1,mid =

























1.4238 · 102

3.5156 · 102

−1.7342 · 102

−2.2341 · 102

1.1148 · 104

1.3796 · 104

−1.1455 · 104

−1.3431 · 103

























, L2,mid =

























1.4200 · 102

3.5077 · 102

−1.7278 · 102

−2.2302 · 102

1.3956 · 104

1.4601 · 104

−1.4023 · 104

−1.5618 · 103

























,

respectively and αo = 10. The symmetric matricesWmid andW90cm are presented in Appendix
C. The initial conditions for the system model and the observer used for both cases are
x0 = [1, 1, 1, 1, 1, 1, 1, 1] · 10−4 and x̂0 = 100x0, respectively.

In Figure 7.1-7.4 (subfigures a, b), the 2-norm of the observer error, i.e. |e| as it is described
by (6.3) and the exponential boundary σ(t) of the observer error are depicted for the consid-
ered output injection signals and for two excitation frequencies and corresponding excitation

amplitudes. This boundary satisfies σ(t) = 1/
√

λmin(W ) |e(t0)|W e−
αot

2 , see (6.8) in Section
6.2.

In Figure 7.1 - 7.4 (sub figure c, d), the measured displacements (x90cm, xmid) and the esti-
mated displacements (x̂90cm, x̂mid) are compared.

Observing |e| and σ, it can be concluded that the observer error converges to zero exponen-
tially for all the examined output injection measurement signals and harmonic inputs wecc(t).
Thus, it can be concluded that the states are reconstructed well. Note, that the latter is cru-
cial for establishing convergence for the observer-based control scheme, discussed in Section
6.2. For example, Figure 7.2d, 7.1d, 7.3c, 7.4c show that the observer and the system do not
switch dynamics simultaneously. Still, ultimately, the observer manages to reconstruct the
state of the system.
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Figure 7.1: Observer results: measured output y = x90cm, Aecc=18N, fecc=20Hz.
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Figure 7.2: Observer results: measured output y = x90cm, Aecc=50N, fecc=43Hz.
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Figure 7.3: Observer results: measured output y = xmid, Aecc=18N, fecc=20Hz.
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Figure 7.4: Observer results: measured output y = xmid, Aecc=50N, fecc=43Hz.
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7.2 Disturbance attenuation results using output feedback.

In this section, we show that the interconnected PWL beam system (consisting of the PWL
beam, observer and controller) exhibits a unique asymptotically stable steady-state solution
and, furthermore, that the effect of the excitation force wecc(t) on the systems response is
significantly attenuated in the closed-loop system compared to the open-loop system. More
specifically, we show that the maximum value of the transversal displacement of the points
on the beam are significantly smaller when the controller is active than in the open-loop
case. Note that the control force u is derived using control gain K in the state-feedback law
u = K x̂s which is obtained by finding a feasible solution for the LMIs (5.36), (5.37), and
(5.38). Furthermore, note that only the beam displacement x90cm is considered as output
injection measurements y here. The observer gains used here, are equal to the observer gains
used in Section 7.1.

Numerical computation of the periodic solutions of the open-loop PWL system ((4.2) with
uact = 0) for harmonic disturbances wecc = Aecccos(2πfecct) with Aecc = mere(2πfecc)

2, shows
that this system is not uniformly convergent. Hereto, the collocation method
[Doedel et al., 1998] and the path-following procedure [Ascher et al., 1995] are used. For the
parameters me, re, see Chapter 4.

More specifically, in Figures 7.5 to 7.7, for an excitation frequency range of 10 − 60 Hz, the
plots of max0≤t≤T (|xmid|/Aecc), max0≤t≤T (|xact|/Aecc) and max0≤t≤T (|x90cm|/Aecc) for such
periodic solutions are depicted. Here, T is the period time of the corresponding periodic
solution. Based on these figures, the system exhibits two coexisting steady-state solutions
for excitation frequencies within the frequency range of 39− 56 Hz. In this frequency range,
the dotted line is an unstable harmonic solution and the solid line is a stable 1

2 subharmonic
solution. Due to the fact that the open-loop system exhibits two coexisting steady-state
solutions, it is clearly not uniformly convergent.

By using numerical analysis for the interconnected system (6.9) for such periodic disturbances,
we show that this system is uniformly convergent, as guaranteed by the theory. In Figures 7.5
to 7.7, the plots of max0≤t≤T (|xmid|/Aecc), max0≤t≤T (|xact|/Aecc) and max0≤t≤T (|x90cm|/Aecc)
of the closed-loop system are depicted (dashed lines). Indeed, these figures show that the
system exhibits a unique steady-state solution in the frequency range of 10 − 60 Hz. This
fact confirms that the interconnected system is uniformly convergent and indeed a unique
performance assessment in terms of disturbance attenuation can now be performed. The
control gain K used is:

K = [−3.6723 · 104, − 1.3890 · 103, − 3.8083 · 104, 1.0685 · 103, ...

−1.5589 · 101, 3.7828 · 100, − 2.7622 · 102, − 1.1345 · 100],

respectively. The matrix P that is used is presented in Appendix C.

For a better understanding of these results also a time responses of xmid and x90cm are shown
in Figures 7.8 and 7.9. In these figures, the time responses of xmid and x90cm are depicted for
three different randomly chosen initial conditions, which are:
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Figure 7.5: Displacement of the middle of the beam.
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Figure 7.6: Displacement of the beam at the actuator position.
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Figure 7.7: Displacement of the beam at 90 cm from the actuator side of the beam.
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x̂1(t0) =
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,

x1(t0) = 10x̂1(t0), x2(t0) = 10x̂2(t0), x3(t0) = 20x̂2(t0), and x̂3(t0) = 1/10x3(t0), respectively.
Here, t0 = 0 s.

The excitation frequency and the force amplitude for the examined case are fecc = 20 Hz
and fecc = 43 Hz with Aecc = 18 N and Aecc = 50 N , respectively, for Figures 7.8 and
7.9. Figures 7.8 and 7.9 show that the time responses converge to a unique steady-state
solution (Figures 7.8b,d and 7.9b,d) for different initial conditions (Figures 7.8a,c and 7.9a,c).
Moreover, since the period time T of the steady-state solution is the same as the period time
of the disturbance signal wecc(t) (T20Hz = 5 · 10−2; T43Hz = 2.33 · 10−2 s), see Property 1
in Section 2.2, and the fact that the solutions converge to a unique solution, indeed, it is
confirmed that the interconnected system is uniformly convergent and a unique performance
assessment in terms of disturbance attenuation can be performed.

The comparison of the plots calculated for the open- and closed-loop system, depicted in
Figures 7.5 to 7.7, shows that the closed-loop system responses are significantly smaller than
those of the open-loop system for frequencies up to 45 Hz. Based on this comparison, it
is concluded that up to 45 Hz the effect of the disturbances wecc(t) to the PWL beam is
attenuated due to the control force uact. Note that especially the resonances are suppressed.
This can also be noticed in Figure 7.10 and 7.11, where the time response of xmid and x90cm in
steady-state are shown for excitation frequencies at the resonances of the open-loop system.
For frequencies of 45 Hz and higher, the effect of the disturbances wecc(t) to the PWL beam
is amplified, especially around 55 Hz. This peak is caused by the third eigenmode of the
unreduced beam model, see Figure 4.3. In open loop, the mode shape of the third eigenmode
is almost symmetrical. The slight asymmetrical shape is caused by the mass, damping and
stiffness of the actuator, see Section 4.2.1. Therefore, a node of the eigenmode is at the
middle of the beam and the third eigenmode can hardly be excited by wecc(t) since it acts on
the middle of the beam. However, if the actuator force is applied to the system, the mode
shape becomes strongly asymmetrical, and the node of the third eigenmode is no longer at
the middle of the beam. Consequently, the third eigenmode of the closed-loop system can be
easily excited by wecc(t), which results in increased peaks around 55 Hz shown in Figures 7.5
to 7.7.

Remark: The control gain K is calculated initially by solving the set of LMIs (5.36) to (5.38)
using the toolbox LMItool of MATLAB, [El Ghaoui et al., 1996]. Applying a high gain control
in an experimental system may, firstly, lead to noise amplification, which is undesirable for
the system performance, and secondly, lead to actuator saturation. In addition to that, high
control gains imply large control effort for the suppression of the system resonance peaks.
Therefore, a more sophisticated way to calculate gain K will be followed. That is, the LMI
condition (5.43) (the saturation LMI) that ensures bounds on the control action will be added
to the set of LMIs (5.40) to (5.42). Simulation results using such additional LMI are presented
in the following section.
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Figure 7.8: Time responses xmid and x90cm for different initial conditions and fecc=20 Hz and
Aecc=18 N; the measured output is y = x90cm.
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Figure 7.9: Time responses xmid and x90cm for different initial conditions and for fecc=43 Hz
and Aecc=50 N; the measured output is y = x90cm.
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Figure 7.10: Steady-state solution for fecc=20 Hz and Aecc=18 N.
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Figure 7.11: Steady-state solution for fecc=43 Hz and Aecc=50 N.
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7.3 Results for control design with bound on control action

This section involves the verification of the output-feedback control design, considering the
actuator constraints of the experimental setup; i.e. taking the maximum achievable actuator
force uact into account. Conclusions will be drawn about the practical limitations involving
implementing the control design to the experimental PWL beam set-up.

More specifically, the LMI condition (5.43) introduced to bound control effort uact, i.e.
|uact| ≤ umax ∀ t ≥ t0, ∀ xs(t0) ∈ Θ where Γ ⊆ Θ, will be discussed using simulation
results. It will be confirmed that the invariant set Γ implied by the ultimate bounded-
ness property, is conservative. Recall that Θ was defined by Θ = {xs | ‖xs‖2

P ≤ ρ} and
Γ = {xs | ‖xs‖2

P ≤ γ} with γ = supt(
1

α2 ‖f(0, wecc(t))‖2
P ). For harmonic disturbances of

the form wecc(t) = Aecccos(2πfecct), γ = A2
ecc

α2 ‖b1‖2
P . Since Γ is conservative and we demand

that Γ ⊆ Θ, amplitude Aecc is conservatively bounded (Aecc ≤ Amax). It will be shown
that |uact| ≤ umax ∀t ≥ t0 can even hold with xs(t0) ∈ Θ for some larger disturbances
(Aecc > Amax). Moreover, we will discuss whether the solution of the open-loop system in
steady-state xs(t) is in the invariant set Θ for all frequencies fecc ∈ [10, 60]. We will investigate
whether it is possible to switch on the controller if the open-loop system is in steady-state for
all t ≥ t0 for all fecc ∈ [10, 60] Hz without saturating the actuator force.

By using numerical analysis for the interconnected system (6.9) for periodic disturbances
wecc(t), we confirm that this system is uniformly convergent, as guaranteed by the the-
ory. In Figures 7.12 to 7.14, the plots of max0≤t≤T (|xmid|/Aecc), max0≤t≤T (|xact|/Aecc) and
max0≤t≤T (|x90cm|/Aecc) of the closed-loop system are depicted. Simulation results are pre-
sented for the case where the saturation LMI is used (solid line) and for the case where
the saturation LMI is not used (dashed line). Using the saturation LMI, α = 1.3596,
Amax = 0.83307 N , umax = 75 N and K is:

K = [−7.5244 · 103, 4.8313 · 103, − 1.6196 · 104, 4.9903 · 102, ...

2.6791 · 101, 5.4566 · 101, − 2.3663 · 102, − 2.3228 · 10−1].

The matrix P for ρ = 1 is presented in Appendix C.

These figures confirm that the closed-loop system, where K is calculated using the saturation
LMI, exhibits a unique steady-state solution in the frequency range of 10 − 60 Hz. This
fact shows that the interconnected system is indeed uniformly convergent and a unique per-
formance assessment in terms of disturbance attenuation can be performed. For a better
understanding of these results also time responses of xmid and x90cm are shown in Figures
7.15 and 7.16. In these figures the time response of xmid and x90cm are depicted for three
different initial conditions x0i, i = 1, 2, 3 which are:

x̂1(t0) =
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x1(t0) = 1.5x̂1(t0), x2(t0) = 2/3x̂2(t0), x3(t0) = 2x1(t0), and x̂3(t0) = 2/3x3(t0), respectively.
Here, t0 = 0s. The initial conditions are chosen at random, however they are chosen such
that the following relations hold:







































xT
1 (t0)Px1(t0) = 2.25ρ,
xT

2 (t0)Px2(t0) = γ,
xT

3 (t0)Px3(t0) = 9ρ,
and

x̂T
1 (t0)Px̂1(t0) = ρ,

x̂T
2 (t0)Px̂2(t0) = 2.25γ,

x̂T
3 (t0)Px̂3(t0) = 4ρ.

The excitation frequency and the force amplitude for the examined case are fecc = 20 Hz
and fecc = 43 Hz, respectively, with for both cases Aecc = 0.9Amax. Figure 7.15 and 7.16
show that the time responses converge to a unique steady-state solution for different initial
conditions. Moreover, since the period time T of the steady-state solution is the same as the
period time of the disturbance signal wecc(t) (T20Hz = 5 · 10−2 s; T43Hz = 2.33 · 10−2 s), see
Property 1, Section 2.2 and the fact that the solutions converge to a unique solution, indeed,
it is confirmed that the interconnected system is globally uniformly convergent and a unique
performance assessment in terms of disturbance attenuation can be performed.

Furthermore, Figure 7.17 shows max0≤t≤T |V (t)| with V (t) = xs(t)
TPxs(t) for the closed-

loop system using the saturation LMI (VCL) and for the open-loop system (VOL). Moreover,
ρ and γ = γ(fecc) are depicted. First, we will discuss, using Figure 7.17, the case where the
closed-loop system is in steady-state. Secondly, we will discuss if it is possible to guarantee
that |uact| ≤ umax if we start from a steady-state solution in open loop and then switch on
the controller uact(t) = K x̂s(t).

Considering γ and ρ and recall that Aecc is bounded by Aecc ≤ Amax ∀γ ≤ ρ, with Aecc =
mere(2πfecc)

2, Figure 7.17 shows that, according the theory, the maximum excitation fre-
quency fmax is 4.14 Hz (for me and re, see Chapter 4). However, considering VCL and
boundary ρ in Figure 7.17, it can be seen that, for the closed-loop system in steady-state
V ≤ max0≤t≤T |V | ≤ ρ ∀ fecc ∈ [0, 60] Hz, i.e. xs(t) ∈ Θ ∀ fecc ∈ [0, 60] Hz with

Θ = {xs(t)|xs(t)
TP

−1
xs(t) ≤ 1}. In other words, the periodic steady-state solutions are

enclosed in Θ and consequently, |uact(t)| < umax ∀ fecc ∈ [0, 60] Hz in steady-state. This
can be seen in Figure 7.18. This figure shows max0≤t≤T (|uact(t)|) using the saturation LMI
(solid line) and without using the saturation LMI (dashed line). It can be seen that using
the saturation LMI, the peak value is significantly smaller (48 N) than without using the
saturation LMI, where maxfecc∈[0, 60] max0≤t≤T (|uact|) = 90 ≥ umax = 75 N in steady-state.

Furthermore, we will discuss, using Figure 7.17, if it is possible to achieve that |uact| ≤ umax

if we start from a steady-state solution in open-loop and switch on the controller uact(t) =
K x̂s(t). Since the closed-loop system state converges to a unique steady-state solution for
which max0≤t≤T |VCL| < γ holds, it is assumable that a new γ can be chosen closer to
max0≤t≤T |VCL|, such that fmax will be much larger.

Let us consider the following line of reasoning, where we consider the imaginary case that we
are able to freely change boundary γ. Suppose that it is possible to decrease γ(fecc) for all
frequencies fecc ∈ [0, 60] Hz and even γ ≤ ρ ∀fecc ∈ [0, 60] Hz. Consider VOL and assume
that γ = ρ ∀fecc ∈ [0, 60] Hz. For the frequency range fecc ∈ [18.5, 26] ∪ [37.5, 45], it holds
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Figure 7.12: Simulated steady-state closed loop response: Without saturation LMI compared
and with saturation LMI; at the middle of the beam.

10 15 20 25 30 35 40 45 50 55 60

10
−5

with sat. LMI

without sat. LMI

Excitation frequency fecc [Hz]

m
ax

0
≤

t≤
T
|x

a
ct
|/A

ec
c

[m
/N

]

Figure 7.13: Simulated steady-state closed loop response: Without saturation LMI compared
and with saturation LMI; at the actuator position.

that max0≤t≤T |V | > ρ. Thus, a set of initial conditions Ξ = {xs(t) | V = xT
s Pxs > ρ} exists

for which holds that |uact| > umax and the actuator force will saturate. In the frequency
range fecc /∈ [18.5, 26] ∪ [37.5, 45], with fecc ≤ 60 Hz the controller uact(t) = K x̂s(t) can
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Figure 7.14: Simulated steady-state closed loop response: Without saturation LMI compared
and with saturation LMI; at 90cm of the actuator side of the beam.

be switched on during open-loop without saturating actuator force uact. It should be noted
that when switching the controller on, the observer error should be small, since the saturation
LMI constraint is based on the ideal situation that the whole state is known.

Figures 7.19 and 7.20 show the transient behavior (left figures) and the steady-state behavior
(right figures) of the actuator force uact(t) and V (t) for the same situation as shown in
Figures 7.15 and 7.16. Here, ρ = 1 and Aecc < Amax where we take for sake of simplicity
Aecc 6= Aecc(fecc). In Figures 7.15 and 7.16, it can be seen that if Vx0 ≤ ρ, the system state
converges exponentially to its unique solution, while uact ≤ umax for t ≥ t0. Furthermore, it
can be seen by observing the case of initial condition x0,3 that there exist situations where
Vx0 > ρ (P is constant and xs changes), and uact ≤ umax for t ≥ 0. This confirms that the
saturtation LMI constraint is conservative such that Θ is conservative and there are intitial
conditions xs(t0) /∈ Θ for which the actuator force will not saturate. It should be noted
that, using the initial conditions as presented in the beginning of this section, there is only a
small difference between the initial conditions of the system and the observer. Although the
initial conditions of the system are in the invariant set, for big differences between the initial
conditions of the observer and the system we can expect that in transient, the actuator can
still saturate.
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Figure 7.15: Time responses xmid and x90cm for fecc=20 Hz and Aecc = 0.9, Amid,max=0.82146
N; the measured output is y = x90cm.
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Figure 7.16: Time responses xmid and x90cm for fecc=43 Hz and Aecc = 0.9, Amid,max=0.82146
N; the measured output is y = x90cm.
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Figure 7.18: Simulated closed loop response: Without saturation LMI compared and with
saturation LMI; the control action in steady-state (umax = 75 N).
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Figure 7.19: Time responses uact(t) and V (t) for fecc=20 Hz and Aecc = 0.9Amid,max=0.82146
N; the measured output is y90cm.
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Figure 7.20: Time responses uact(t) and V (t) for fecc=43 Hz and Aecc = 0.9Amid,max=0.82146
N; the measured output is y90cm.
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7.4 Discussion

Simulation results have shown that the observer error decreases exponentially to zero for
several measured outputs (measured displacements along the beam) used for output injection.
This confirms that the switching observer is suitable to be applied such that the interconnected
system can be rendered uniformly convergent. The comparison of the plots calculated for the
open- and closed-loop system, with and without saturation LMI, show that using the obtained
control gains K, the interconnected system is uniformly convergent and that for frequencies
up to 45 Hz, disturbance attenuation is achieved.

Using the saturation LMI, the actuator force can be bounded. It is shown that, as expected,
the saturation conditions are conservative; that is, if disturbances are applied, which are
bigger than allowed by the actuator saturation condition, the control effort still satisfies
|uact(t)| ≤ umax in steady-state for the entire frequency range of interest. Time-domain results
have shown that for some initial conditions outside the invariant set Θ and Aecc ≤ Aecc,max,
the control effort still satisfies |uact| ≤ umax.

The latter result indicates that the satisfaction of the actuator saturation bound may be
guaranteed for both a larger set of initial conditions and larger excitation levels than expected
based on the theory. This will prove to be important for the experimental case study in
Chapter 8.

It should be noted that since the output-feedback controller design is observer based and the
initial observer error may be large, to prevent the controller to saturate in transient, first the
observer should be switched on before switching on the controller.

Furthermore, one must note that, in theory, for frequencies higher than 45 Hz, disturbances
are amplified in steady-state, instead of reduced. This is caused by actuating the beam by a
control force, which changes the mode shape belonging to the third eigenmode of the PWL
system from slightly to strongly asymmetric, such that the disturbance wecc(t) can excite this
third eigenmode easily.



Chapter 8

Experimental results

In this chapter, the applicability of the control strategy proposed in Chapter 6 on the experi-
mental PWL beam system will be investigated. Therefore, experimental results obtained from
the PWL beam system will be presented. More specifically, the simulation results presented
in Chapter 7 give an indication under what circumstances the observer-based output feed-
back control design could be implemented on the experimental PWL beam setup and whether
disturbance attenuation can be achieved. In this chapter, we implement the observer-based
output feedback control design on the experimental PWL beam setup. It can be expected
that simulation results and experimental results will differ to a certain extent, due to mea-
surement noise and model inaccuracies. It will be investigated whether the observer is still
able to sufficiently estimate the system state and whether the proposed control law, using the
estimated state, will render the closed loop input-to-state convergent.

In Section 8.1, it will be shown that the observer error converges exponentially to a bounded
set around e = 0 for two measured system outputs as output injection signal (y = xmid and
y = x90cm). In Section 8.2, we present experimental results of the implementation of the
observer-based control design proposed in Chapter 6. We will show that the experimental
interconnected PWL beam system indeed exhibits a unique asymptotically stable steady-
state solution, and furthermore, that the effect of the excitation force wecc(t) on the system
response is significantly attenuated by means of control, which is the goal of this thesis.

8.1 Experimental observer implementation

In this section, exponential stability of the switching observer error dynamics will be investi-
gated by means of experimental results. In order to show that the observer design works on
the PWL beam system for different system outputs as output injection signal y, the measured
beam displacements xmid and x90cm are chosen as output injection signal y. The numerical
values of the observer gains L1 and L2 corresponding to the latter two cases are equal to the
values used to perform the simulation analysis in Chapter 7.

In order to validate the observer performance using experimental results, a comparison be-
tween the measured displacements xmid and x90cm with the corresponding observer estima-
tions x̂mid and x̂90cm is performed.

71
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In Figures 8.1 and 8.2, the transient behavior of the observer errors ey = y − ŷ and ever =
yver − ŷver are depicted for measured signals at the middle (y = xmid) and at 90cm of the
side of the beam (y = x90cm) as output injection signal y and for two excitation frequencies.
Here, yver is the measured signal which is only captured to verify whether the observer works
properly, i.e. this signal is not used for the purpose of output injection. The initial errors
e0 = [ey(t0), ever(t0)] are:

y = x90cm :

{

20Hz : e0 = [ −0.00041597, −0.00053274 ]
43Hz : e0 = [ 0.0011818, 0.0013479 ],

y = xmid :

{

20Hz : e0 = [ 0.00087578, 0.00080779 ]
43Hz : e0 = [ −0.0018484, −0.0016019 ].

The initial errors are obtained by doing the following experiment: The observer is activated
while the experimental PWL beam system is in steady-state, excited by a harmonic distur-
bance wecc(t) with amplitude Aecc and frequency fecc. The observer and the experimental
system state on the moment that the observer is switched on are taken as the initial conditions.

Based on Figures 8.1 and 8.2, it is concluded that the observer error converges to a neighbor-
hood around zero for different measured displacements as output injection signals.

In Figures 8.3 to 8.6, steady-state data is presented, i.e. the measured displacements y and
yver are compared with the estimated displacements ŷ and ŷver and also the observer errors
ey and ever are depicted. This is done for measured signals at the middle (y = xmid) and at
90cm of the side of the beam (y = x90cm) as output injection signal y and for two excitation
frequencies. Furthermore, from comparing Figures 8.3, 8.4 with 8.5, 8.6, it can be concluded
that the choice of the output signal chosen as output injection is rather unimportant when
looking at the resulting observer errors.

It can be seen that the steady-state estimation errors are relatively small. These errors are
due to a combination of measurement noise and model inaccuracies. It should be noted that
the steady-state error is bounded. This boundedness is a necessary property for successfully
applying the switching observer design to the observer-based output feedback control design
as will be discussed in Section 8.2. More specifically, it follows from the definition of input-
to-state convergence, see Section 2.2, that if the observer error converges to a bounded area
in the neighborhood of e = 0, the closed loop system state xs(t) will still converge to a
bounded area around x̄w(t) with x̄w(t) the unique steady-state solution. This implies that
the interconnected system incorporates a certain robustness for bounded observer errors.
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Figure 8.1: Transient experimental observer error results: y = x90cm, yver = xmid (a: Aecc=16
N, fecc=20 Hz b: Aecc=74 N, fecc=43 Hz).

0 0.05 0.1 0.15 0.2
−4

−2

0

2

4

6

8

10

12
x 10

−4

t [s]

e
[m

]

ey
ever

a)

0 0.05 0.1 0.15 0.2
−2

−1.5

−1

−0.5

0

0.5

1

1.5
x 10

−3

t [s]

e
[m

]

ey
ever

b)

Figure 8.2: Transient experimental observer error results: y = xmid, yver = x90cm ( a:
Aecc=16 N, fecc=20 Hz; b: Aecc=74 N, fecc=43 Hz).
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Figure 8.3: Steady-state experimental observer results: y = x90cm, yver = xmid, Aecc=16 N,
fecc=20 Hz (a,c: y and ey, b,d: yver and ever).
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Figure 8.4: Steady-state experimental observer results: y = x90cm, yver = xmid, Aecc=74 N,
fecc=43 Hz (a,c: y and ey, b,d: yver and ever).
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Figure 8.5: Steady-state experimental observer results: y = xmid, yver = x90cm, Aecc=16 N,
fecc=20 Hz (a,c: y and ey, b,d: yver and ever).
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Figure 8.6: Steady-state experimental observer results: y = xmid, yver = x90cm, Aecc=74 N,
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8.2 Experimental output-feedback control implementation

In this section, we present experimental results of the implementation of the observer-based
control design proposed in Chapter 6. We will show that the experimental interconnected
PWL beam system indeed exhibits a unique asymptotically steady-state solution and, fur-
thermore, that the effect of the excitation force wecc(t) on the system response is significantly
attenuated by means of control, which is the goal of this thesis. More specifically, we show
that the maximum value of the transversal displacement of the beam is significantly smaller
when the controller is active compared to the open-loop case. Note that the control law
incorporates the control gain K, which is taken to be equal to the gain used in Section 7.3.
That is, it is derived using the saturation LMI. Furthermore, since the switching observer
design works for several measurement signals as output injection signals, as is confirmed in
Section 8.1, only the beam displacement x90cm is considered as an output injection signal y
here.

A comparison of the measurement results of the open-loop PWL beam system with simulation
results is already presented in Chapter 4 (see also Figures 8.7 and 8.8). There, it is shown that
the open-loop PWL beam system is not uniformly convergent. More specifically, in Figures
8.7 and 8.8, the plots of max0≤t≤T (|x90cm|) and max0≤t≤T (|xmid|) for such periodic solutions
are compared for the excitation frequency range of fecc ∈ [10, 60] Hz.

The experimental results are obtained by the following experimental procedure: Firstly, the
observer is switched on. Secondly, the controller is activated and, finally, the harmonic distur-
bance wecc(t) with frequency fecc and amplitude Aecc = mere(2πfecc)

2 is switched on. If the
controlled experimental PWL beam system is in steady state, measurement data is captured.
Next, fecc is changed and, when the system is again in steady-state, the following set of mea-
surement data is captured. This procedure is repeated until steady-state data is captured for
all the frequency set-points of interest.

Comparing the measurement results (O.L. meas.) with the simulation results (O.L. stable
sim. and O.L. unst. sim.), the experimental open-loop system exhibits two steady-state
solutions for excitation frequencies within the frequency range of fecc ∈ [39, 56] Hz. Note
that only the stable solutions can be obtained by experiments. One can see that in the range
fecc ∈ [15, 25] Hz, the experimental results are shifted to the lower frequencies. This effect
can also be seen for excitation frequencies fecc ∈ [34, 47] Hz, which can be expected, since
the 1/2-subharmonic and the harmonic resonances are directly related. The differences in
the latter two frequency ranges are caused by model inaccuracies. Around 55 Hz, in both
the simulation results and the experimental results, one can easily see the third eigenmode.
Moreover, it can be concluded that the simulation results and experimental results match
well for excitation frequencies fecc ∈ [10, 60] Hz.

Furthermore, in Figure 8.7 and 8.8, also the closed-loop measurement results (closed-loop
meas.) are compared with the closed-loop simulation results (closed-loop sim.). Based on
these figures, in closed-loop, xmid and x90cm exhibit a unique steady-state solution in the
frequency range of fecc ∈ [10, 60] Hz. This confirms that the interconnected system is uni-
formly convergent and a unique performance assessment in terms of disturbance attenuation
can be performed. The difference between the simulation results and the experimental re-
sults is caused by measurement noise and model uncertainties (see also open-loop meas. and
open-loop stable sim.). Around 55 Hz, in both the simulation results and the experimental
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results, one can easily see the third eigenmode and that the peak caused by the third eigen-
mode is bigger in closed loop than in open loop. For the entire frequency range of interest,
fecc ∈ [10, 60] Hz, one can see that the disturbance attenuation in the experimental results
is slightly lower than for the simulation results. Consequently, disturbance attenuation can
be shown for frequencies in the range fecc ∈ [10, 26] ∪ [34, 45] Hz. Since we can guarantee
uniform convergence for the closed-loop system, we can guarantee that no other solutions
with bigger amplitudes can occur, which is not guaranteed for the open-loop system.

In Figure 8.9, the maximum steady-state control action max0≤t≤T |uact(t)| is depicted for the
experimental and simulation results. Based on this figure, it can be seen that |uact(t)| ≤
umax, umax = 75 N , and once more, a good match between simulation and experimental
results is achieved. Note that the value for umax is based on the approximated achievable
actuator force uact,appr = kmRampus, with km = 8.1663 N/A, Ramp = 3.8608 A/V (See
Chapter 4) and us ∈ [−2.5, 2.5] V , which is the input voltage. This results in uact,appr ∈
[−78.8, 78.8] N and consequently, umax ≤ |uact,appr| should hold, which is the case for umax =
75 N .

For a better understanding of these results also a time responses of xmid and x90cm are shown
in Figures 8.10 to 8.13. In these figures, the time response of xmid and x90cm are depicted
for three different initial conditions x0i, i = 1, 2, 3 and two excitation signals, fecc = 20 Hz
and fecc = 43 Hz with amplitude Aecc 16 and 74 N respectively. The initial conditions
x0,i = [x90cm, xmid, x̂90cm, x̂mid] [m] and uact0,i [N ] are:

20 Hz :







x0,1 = [ 1.7845 · 10−3, 2.0815 · 10−3, 5, 1631 · 10−5, 1.0761 · 10−4 ]

x0,2 = [ 6.7622 · 10−4, 8.7611 · 10−4, 7.1132 · 10−4, 9.3131 · 10−4 ]

x0,3 = [ 6.4401 · 10−6, 3.4354 · 10−6, 3, 6317 · 10−6, −8.8223 · 10−6 ]

and for the initial actuator force: uact0,1 = 0, uact0,2 = −8, 3855, uact0,3 = 6.8644 · 10−1 N ,

43 Hz :







x0,1 = [ 9.5569 · 10−4, 1.0931 · 10−3 −5.6771 · 10−5, −9.0715 · 10−5 ]

x0,2 = [ −6.6816 · 10−4, −7.1977 · 10−4 −6.9195 · 10−4, −7.2106 · 10−4 ]

x0,3 = [ 6.4401 · 10−6, −1.3860 · 10−6 2.0495 · 10−6, 2.2913 · 10−6 ]

and for the initial actuator force: uact0,1 = 0, uact0,2 = 0, uact0,3 = 1.8031 · 10−1 N .

The three initial conditions are obtained by doing the following three experiments:

1. Firstly, the disturbance wecc(t) is acting on the beam and the observer and controller are
switched off. Secondly, the observer and the controller are switched on simultaneously.

2. Firstly, the disturbance wecc(t) is acting on the beam, the observer is switched on and
the controller is switched off. Secondly, the controller is switched on.

3. Firstly, the disturbance wecc(t) is not acting on the beam and the observer and controller
are switched on. Secondly, disturbance wecc(t) is acting on the beam.

In the two windows, inserted in each figure (Figures 8.10 to 8.13), one can see how the three
solutions converge to one unique steady-state solution xs (left: x0,1, x0,2 to xs; right: x0,3 to
xs). Note that, considering the left window, the solution for x0,3 is left out for the sake of
clearness. In Figures 8.14 and 8.15, the actuator force uact(t) is depicted for the three initial
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conditions and two disturbance signals. In the two windows, inserted in each window, one
can see how the actuator force converges to its value on the unique steady-state solution. For
the initial conditions x0,1 and x0,2, it can be seen that |uact| ≤ umax, ∀t ≥ t0. This shows that
also in the experimental setting, for the harmonic resonance frequency and 1/2-sub harmonic
resonance frequency, initial conditions can be found for which the actuator force does not
saturate. The third case (x0,3) differs from the first two cases (x0,1,x0,1) since the disturbance
frequency increases from zero up to its setpoint frequency, i.e 20 Hz and 43 Hz, respectively.
This means that the system is excited for frequencies in the frequency range from zero up
to its setpoint. For the setpoint fecc, it means that also the the PWL system resonance
is excited, which causes the biggest amplitude of the solutions x90cm and xmid in the main
window in Figures 8.12 and 8.13. It can be seen that the third solution, if fecc arrives at its
setpoint (20 or 43 Hz), converges to the one unique solution. In Figures 8.14 and 8.15, it can
be seen that the actuator force uact(t) does not exceed umax during the transient of the third
solution (not even when the first closed-loop system resonance is excited) and confirms that,
indeed, in steady-state the actuator force uact does not saturate.

Moreover, since the period time T of the steady-state solution is the same as the period time
of the disturbance signal wecc(t) (T20Hz = 5 · 10−2 s; T43Hz = 2.33 · 10−2 s), see Property
1 in Section 2.2, and the fact that the solutions converge to a unique steady-state solution,
indeed, it is confirmed that the interconnected system is uniformly convergent and a unique
performance assessment in terms of disturbance attenuation can be performed.

The comparison of the plots calculated for the open- and closed-loop system, depicted in Fig-
ure 8.7 and 8.8, shows that for a frequency range the closed-loop system responses are signifi-
cantly smaller than those of the open-loop system for frequencies. Based on this comparison,
it is concluded that the effect of the disturbances wecc(t) to the PWL beam is attenuated
due to the control force uact for this frequency range. Note that especially the resonances are
suppressed. This can also be noticed in Figure 8.16, where the time response of xmid and
x90cm in steady-state are shown. In these figures, the dashed line is the open-loop solution,
while the solid line is the closed-loop solution. The excitation frequency for these cases are
20 Hz and 43 Hz respectively.
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Figure 8.7: Open-loop response compared with the closed-loop response (displacement of the
middle of the beam).
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Figure 8.10: Measured displacement at 90cm of the side of the beam; Aecc=16 N, fecc=20
Hz.
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Figure 8.11: Measured displacement at the middle of the beam; Aecc=16 N, fecc=20 Hz.
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Figure 8.12: Measured displacement at 90cm of the side of the beam; Aecc=74 N, fecc=43
Hz.
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Figure 8.13: Measured displacement at the middle of the beam; Aecc=74 N, fecc=43 Hz.
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Figure 8.14: Actuator force during the transient; Aecc=16 N, fecc=20 Hz.
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Figure 8.15: Actuator force during the transient; Aecc=74 N, fecc=43 Hz.
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Figure 8.16: Steady state solutions; output injection at 90cm; a,b: Aecc=16 N, fecc=20 Hz
c,d: Aecc=74 N, fecc=43 Hz.
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8.3 Discussion

Experimental results have shown that the estimation error decreases exponentially to a
bounded neighborhood around zero estimation error for several outputs used for the pur-
pose of output injection. It can be seen that the steady-state estimation errors are relatively
small. These errors are due to a combination of measurement noise and model inaccuracies.
The boundedness of the estimation error is a necessary property for successfully applying the
switching observer design in the scope of the observer-based output feedback control design.

Comparing the steady-state open-loop measurement results with the simulation results pre-
sented in the frequency domain, the experimental open-loop system exhibits two coexist-
ing steady-state solutions for excitation frequencies within the frequency range of fecc ∈
[39, 56] Hz. The differences in the latter two frequency ranges are caused by model inaccu-
racies. Moreover, it is concluded that the simulation results and experimental results match
well for excitation frequencies fecc ∈ [10, 60] Hz.

Experimental results have shown that the experimental interconnected PWL beam system
indeed exhibits a unique asymptotically steady-state solution, and furthermore, that the effect
of the excitation force wecc(t) on the system response is significantly attenuated by means of
control, which is the goal of this thesis.

It should be noted that, since the interconnected system is input-to-state convergent, a certain
robustness of the observer-based state-feedback controlled system for bounded observer errors
caused by model inaccuracies and measurement noise is implied.

Moreover, considering the actuator force in steady-state, it can be seen that, once more, a
good match between simulation and experimental results is achieved. Time-domain experi-
ments have shown that in the experimental setting, for the resonance frequency and 1/2-sub
harmonic resonance frequency, several randomly chosen initial conditions can be found for
which the actuator force does not saturate. This confirms, that also in the experimental
setting, the saturation constraint can be considered to be conservative.
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Chapter 9

Conclusions and recommendations

In this thesis, the design and implementation of an output feedback controller design strategy
for a perturbed experimental PWL beam system has been discussed. The control objective
is disturbance attenuation. PWL systems can be used to describe nonlinear/switching char-
acteristics that are frequently present in practical engineering systems. Examples of such
systems that can be captured in the PWL framework are suspension bridges and shaft-gear
pairs with a spline joint. The experimental PWL system that has been considered in this
study, the PWL beam system, can illustrate typical dynamical behavior of such PWL engi-
neering systems. Therefore, it can be considered as a benchmark system to research dynamical
behavior of PWL engineering systems. This research can be considered as a logical step after
investigating observer and controller design approaches for PWL systems on a theoretical
level. The conclusions of this study are presented below, followed by recommendations for
further research.

9.1 Conclusions

The considered harmonically perturbed experimental PWL system is an excited flexible steel
beam with a one-sided support. The one-sided support causes nonlinear behavior such that,
besides harmonic resonances (at excitation frequencies of 21.5 Hz and 55 Hz), also a 1/2-sub
harmonic resonance at 43 Hz occurs for example. The experimental PWL beam system is
excited by a eccentric-mass excitation mechanism and an actuator which applies a control
force to the beam system.

A 105-dof finite-element-model for the experimental PWL beam system is used [Bonsel, 2003].
This large model is reduced to a 4-dof model, which is extended with models of the mass-
eccentric excitation mechanism and the actuator-amplifier dynamics [Wouters, 2006]. Com-
paring the numerical results using the 4-dof model with experimental results, it is confirmed
that the 4-dof PWL model approximates the steady-state behavior of the experimental PWL
beam system very well.

Four types of state estimation approaches applicable to PWL systems are discussed. By
evaluating the advantages and disadvantages of these observer designs, it has become clear
that the switching observer design and the slope-bounded system-nonlinearity observer design
are the only two of these designs where, a priori, stability of the estimation error dynamics
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can be guaranteed. Furthermore, using the switching observer design, two different observer
gains instead of one can be found, which reflects an additional design freedom. Therefore,
the switching observer design is used in this work. Note that the switching observer design
is only applicable to PWL systems that are bi-modal, such as the experimental PWL beam
system, whereas the slope-bounded system-nonlinearity observer design can be applied to
multi-modal PWL systems.

Furthermore, it has been shown in [Pavlov et al., 2006] that the PWL system can be made
convergent using a linear static state feedback such that it exhibits a unique bounded globally
asymptotically stable steady-state solution for every bounded input. This property will allow
us to uniquely define the performance of the controller in terms of disturbance attenuation
for a specific class of disturbances. The linear control gain can be found by solving LMIs
numerically. Moreover, it is shown that the control effort can be upper bounded given a
bound on the disturbances and a set of initial conditions if an additional LMI condition (the
saturation LMI) is fulfilled. It is shown that the proposed saturation LMI is conservative in the
sense that the control effort will not exceed the maximum level for disturbances exceeding the
bound following from the LMI. Preventing the actuator force to saturate is very important for
implementing a control design to a practical setup, since practical actuators can only provide
limited control actions.

The observer-based state-feedback controlled system can be formulated as a bidirectionally
interconnected system with inputs. Since the state-feedback controlled system is input-to-
state convergent and the state estimation error dynamics is globally exponentially stable,
the interconnected system is uniformly convergent and even input-to-state convergent (see
[Pavlov et al., 2006]). The favourable interconnection properties of convergent systems are
readily used to construct the observer-based output-feedback controller.

The comparison of simulation results for the open- and closed-loop system confirm that using
the obtained control gain, the interconnected system is rendered uniformly convergent. It is
shown that the controller design guarantees a considerable disturbance attenuation. Using the
proposed saturation LMI, it is confirmed that the actuator force is bounded. It is shown that
indeed, the saturation LMI condition is conservative. This allows to apply the control strategy
for a set of initial conditions or a bound on disturbances larger than those expected based on
the convergence analysis. One must note that for frequencies higher than 45 Hz, disturbances
are amplified, instead of reduced. This effect is caused by the system eigenfrequency at 55
Hz, which can not be excited by the disturbance in open loop, but can be excited in the
closed loop since the actuator force alters the mode shape belonging to this eigenfrequency.
That is, in open loop, the disturbance acts in the node of the mode shape and under the
influence of the actuator force, the mode shape alters and the disturbance no longer acts in
a node.

Experimental results have shown that the observer error decreases exponentially to a bounded
neighborhood around zero for several output signals used as output-injection signals. It can
be seen that the steady-state errors are relatively small. These errors are due to a combina-
tion of measurement noise and model inaccuracies. This boundedness is a necessary property
for successfully applying the switching observer design to the observer-based output feedback
control design. It is confirmed that the interconnected system is uniformly convergent. Us-
ing the controller design for the experimental PWL beam yields a considerable disturbance
attenuation. Furthermore, it can be seen that the actuator force does not saturate in steady-
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state. And, once more, a good match between simulation and experimental results is achieved.
Time domain experiments have shown that in the experimental setting, for the resonance fre-
quency and 1/2-sub harmonic resonance frequency, several randomly chosen initial conditions
can be found for which the actuator force does not saturate. This confirms, that also in the
experimental setting, the saturation constraint can be considered to be conservative.

9.2 Recommendations

Here, we present three main recommendations for further research:

• The convergence-baserd approach presented in this thesis to uniquely investigate dis-
turbance attenuation of a closed-loop PWL system does not a priori guarantee the
achievement of disturbance attenuation. Since our goal is disturbance attenuation, it is
interesting to investigate whether disturbance attenuation can be guaranteed a priori
for the frequency range of interest. Therefore, firstly, one should think about a perfor-
mance measure for disturbance attenuation, i.e. if we are able to quantify the level of
disturbance attenuation by means of a defined measure, one could derive a condition
for which the desired level of disturbance attenuation is fulfilled.

• In this thesis, a saturation LMI condition is proposed that can guarantee that actua-
tor saturation will be prevented given a bound on the disturbances and a set of initial
conditions. For the proof, we used the conservative Cauchy inequality and a quadratic
Lyapunov function. Consequently, the bound on the disturbances and a set of initial
conditions for which the saturation LMI condition holds are conservative. Therefore, it
is interesting to investigate whether the saturation LMI condition could be less conserv-
ative if one could find a ’better’ Lyapunov function and/or could find a new derivation,
in which the use of the Cauchy Inequality is prevented, which yields a less conservative
set of initial conditions and less conservative bound on the disturbances.

• The control law we have chosen is a linear state feedback control law. With a linear state
feedback control law, it is easy to check convergence of the closed-loop system using the
presented LMI conditions. It might be interesting to investigate whether a dynamic
control law could be used, which could result in a controller dynamics that incorporates
specific controller demands for every excitation frequency which could result in a better
disturbance attenuation.

• It is important to note that the approach towards disturbance attenuation presented in
this thesis is also applicable to continuous PWA systems switching between more than
two modes. The fact that we have shown the approach to be feasible in experiments
invites to apply this approach to more complex engineering systems.
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Appendix A

Experimental beam system
specifications

In this appendix, parameter values of the beam system are given. More specifically, Table A.1
gives the values of the steel beam and the one-sided spring. Table A.2 gives the specifications
of the sensors that are used on the experimental setup. Tabel A.3 gives information of
additional equipment for the sensors and actuator that are used. Finally, Tabel A.4 gives
information about the acquisition equipment configuration, used in this setup. The beam
specifications given in Table A.1 are adopted from [Bonsel, 2003]. The specifications displayed
in Tables A.2, A.3 and A.4 are adopted from [Wouters, 2006].

Table A.1: PWL beam system specifications [Bonsel, 2003].
Part Specifications

Main beam l = 1.3 [m]
w = 0.09 [m]
h = 0.001 [m]
ρ = 7746 [kg/m3]
E = 2e11 [N/m2]

Leaf springs l = 0.092 [m]
w = 0.075 [m]
h = 0.0013[m]
ρ = 7713 [kg/m3]
E = 2e11 [N/m2]

One sided spring l = 0.382 [m]
w = 0.006 [m]
h = 0.020 [m]
ρ = 7746 [kg/m3]
E = 2e11 [N/m2]
mpin = 0.018 [kg]

For acquisition of measurement data and for steering the frequency controller and the actuator
amplifier, the following configuration is used:
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Table A.2: Sensor specifications [Wouters, 2006].
Sensor Specifications

midpoint accelerometer Bruel-Kjaer type 4367
serial number: 1074096
frequency range: 0.5 − 10[kHz]
maximum acceleration: 10.000[g]
sensitivity: 2.4[pCm/s2]

midpoint force transducer KIAG type 9311A
Kistler AG (KIAG)
serial number: 100817
measuring range: ±5000[N ]
sensitivity: ±3.615[pC/N ]

LVDT 1 Lucas Schaevitz DC-E250
serial number: 11886
measuring range: 0.25[inch]
sensitivity: 6.35 · 10−4[V/m]
output range ±15[V ]

LVDT 2 Lucas Schaevitz DC-E250
serial number: 11747
measuring range: 0.25[inch]
sensitivity: 6.35 · 10−4[V/m]
output range ±15[V ]
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Table A.3: Overview of additional equipment for actuation and acquisition [Wouters, 2006].
Nr. Device Specifications

A Voltage splitter gain: 0.64309[−]

B Voltage splitter gain: 0.64347[−]

C Voltage splitter gain: 0.235[−]

E Capacity amplier Kistler type 5007
serial number: 265826
gain: 100[−]

F Capacity amplier Kistler type 5007
serial number: 52900
gain: 100[−]

H Current amplier TU/e
input: ±2.5[V ]
output: ±10[A]

I Actuator LDS 403
maximum displacement: ±8.8[mm]
maximum power: 300[W ]

J Frequency Controller Fuji inverter FVR-E7S-EX

K Synchronous motor BEVI RSC 80-4B/S
power:0.4[kW ] at 50[Hz]

L Acquisition dSPACE DS1102 DSP controller
board

Table A.4: Detailed information on the acquisition equipment configuration.
dSPACE system with dSPACE 3.5 ∗

Part Specifications

Matlab MATLAB v6.5.0.180913a R13 with Simulink 5.0.2 and Real-
Time Workshop 5.0.1 updates

Control desk Control Desk v2.3.2.52 (included on dSPACE 3.5 disc)

Operating system Windows 2000, service pack 4

Hardware platform DS1102 DSP controller board

Personal computer Pentium 2; 400Mhz, 256Mb RAM

* Documentation on using dSPACE 3.5 and Control Desk can be found on the dSPACE 3.5
installation disc.
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Figure A.1: Overview of the experimental setup [Wouters, 2006].



Appendix B

Model parameters

In this appendix, the system matrices Mext, Kext, Bext, which are the reduced model matrices
Mred ,Kred, Bred plus the parameters that describe the shaker and the actuator dynamics,
are given (see Table B.1). Furthermore, values for model parameters are given in Table B.2.

Table B.1: The extended model matrices.
Par. Value Description Units

Mext









3.3602 +mecc 1.2961 2.0957 −0.4958
1.2961 38.1943 +mact 16.3153 −14.6109
2.0957 16.3153 8.6864 −6.2413
−0.4958 −14.6109 −6.2413 6.5893









4-dof ex-
tended
model
mass
matrix

[kg]

Kext









2.4151 0.0521 1.1445 −0.0199
0.0521 6.3633 + kact 2.6420 −2.4342
1.1445 2.6420 1.6270 −1.0107
−0.0199 −2.4342 −1.0107 1.0542









106 4-dof ex-
tended
model
stiffness
matrix

[N/m]

Bext









109.3370 25.8569 61.4792 −9.8913
25.8569 283.8270 + bact 128.7864 −108.5757
61.4792 128.7864 85.1265 −49.2662
−9.8913 −108.5757 −49.2662 55.5620









4-dof ex-
tended
model
damping
matrix

[N/(m/s)]
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Table B.2: Additional extended model parameter values.
Parameter Value Description Units

mact 0.230251 + 0.480 mass of the actuator system [kg]

mecc 0.446 mass of the shaker unbalance system [kg]

kact 2.8117 · 104 stiffness of the actuator system [N/m]

bact 10.3739 damping of the actuator system [N/(m/s)]

me 0.078 eccentric mass [kg]

re 0.013 radius of me with respect to axle [m]

km 8.1663 actuator motor constant [N/A]

Ramp 3.8608 amplifier gain [A/V]

knl 1.6 · 105 one-sided spring stiffness [N/m]



Appendix C

Simulation matrices

In this appendix, the observer and controller design matrices W and P , used to obtain the
simulation and experimental results in Chapter 7 and 8 are presented.

The observer design matrices W90cm and Wmid related to x90cm and xmid as the output
injection signal, respectively, are:

W90cm =

























9.7362 · 101 −2.3763 4.2111 · 101 1.5867 1.8624 · 10−4...
−2.3763 1.6001 · 102 6.1892 · 101 2.5748 · 101 −7.8369 · 10−3...

4.2111 · 101 6.1892 · 101 4.7334 · 101 8.9488 −6.6111 · 10−3...
1.5867 2.5748 · 101 8.9488 1.0667 · 102 −3.3139 · 10−3...

1.8624 · 10−4 −7.8369 · 10−3 −6.6111 · 10−3 −3.3139 · 10−3 1.4817 · 10−4...
1.1207 · 10−2 1.0076 · 10−3 −1.0028 · 10−2 −2.6370 · 10−2 2.1844 · 10−5...
1.5503 · 10−2 8.8166 · 10−3 −2.6634 · 10−3 −1.2353 · 10−2 5.8134 · 10−5...
7.2587 · 10−3 2.8392 · 10−2 9.0307 · 10−3 3.5077 · 10−3 −3.1854 · 10−6...

1.1207 · 10−2 1.5503 · 10−2 7.2587 · 10−3

1.0076 · 10−3 8.8166 · 10−3 2.8392 · 10−2

−1.0028 · 10−2 −2.6634 · 10−3 9.0307 · 10−3

−2.6370 · 10−2 −1.2353 · 10−2 3.5077 · 10−3

2.1844 · 10−5 5.8134 · 10−5 −3.1854 · 10−6

1.1142 · 10−3 4.2572 · 10−4 3.3929 · 10−4

4.2572 · 10−4 3.1479 · 10−4 1.1324 · 10−4

3.3929 · 10−4 1.1324 · 10−4 8.8389 · 10−4

























,

Wmid =

























1.4237 · 102 −1.2001 · 101 5.7539 · 101 3.9760 −1.1394 · 10−3...
−1.2001 · 101 1.1034 · 102 3.3283 · 101 1.4163 · 102 −1.4342 · 10−4...

5.7539 · 101 3.3283 · 101 4.8143 · 101 5.3839 · 101 4.9737 · 10−3...
3.9760 1.4163 · 102 5.3839 · 101 1.9116 · 102 3.5334 · 10−3...

−1.1394 · 10−3 −1.4342 · 10−4 4.9737 · 10−3 3.5334 · 10−3 2.1813 · 10−4...
2.8351 · 10−3 3.3729 · 10−3 5.5680 · 10−3 2.6587 · 10−2 −9.9630 · 10−6...
9.1274 · 10−3 −6.0384 · 10−3 −1.0834 · 10−2 3.1188 · 10−3 5.1567 · 10−5...
1.3765 · 10−3 −1.2141 · 10−2 −7.7210 · 10−3 1.2450 · 10−2 4.0070 · 10−6...
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2.8351 · 10−3 9.1274 · 10−3 1.3765 · 10−3

3.3729 · 10−3 −6.0384 · 10−3 −1.2141 · 10−2

5.5680 · 10−3 −1.0834 · 10−2 −7.7210 · 10−3

2.6587 · 10−2 3.1188 · 10−3 1.2450 · 10−2

−9.9630 · 10−6 5.1567 · 10−5 4.0070 · 10−6

9.5635 · 10−4 2.6838 · 10−4 1.2317 · 10−3

2.6838 · 10−4 4.3441 · 10−4 4.4591 · 10−4

1.2317 · 10−3 4.4591 · 10−4 1.6508 · 10−3

























,

The controller design matrix P (ρ = 1) is:

P =

























2.3113 · 104 −1.9102 · 103 9.8113 · 103 7.2640 · 102 7.1007 · 10−1...
−1.9102 · 103 1.0148 · 103 −4.5021 · 102 −3.8073 · 102 −1.1610 · 10−2...

9.8113 · 103 −4.5021 · 102 6.8198 · 103 1.7522 · 102 −1.7233 · 10−1...
7.2640 · 102 −3.8073 · 102 1.7522 · 102 1.8491 · 102 5.5505 · 10−4...

7.1007 · 10−1 −1.1610 · 10−2 −1.7233 · 10−1 5.5505 · 10−4 3.0530 · 10−2...
1.3357 · 10−1 1.1040 · 10−2 −4.7798 · 10−2 −9.7223 · 10−3 −2.3238 · 10−3...

4.1340 −3.0474 · 10−1 4.6765 −1.8738 · 10−2 1.5490 · 10−2...
−5.0367 · 10−2 3.2606 · 10−3 5.7304 · 10−2 4.4249 · 10−3 8.9936 · 10−4...

1.3357 · 10−1 4.1340 −5.0367 · 10−2

1.1040 · 10−2 −3.0474 · 10−1 3.2606 · 10−3

−4.7798 · 10−2 4.6765 5.7304 · 10−2

−9.7223 · 10−3 −1.8738 · 10−2 4.4249 · 10−3

−2.3238 · 10−3 1.5490 · 10−2 8.9936 · 10−4

5.3373 · 10−3 1.6223 · 10−3 −1.9956 · 10−3

1.6223 · 10−3 8.8661 · 10−2 −4.4800 · 10−4

−1.9956 · 10−3 −4.4800 · 10−4 1.0882 · 10−3

























,

The controller design matrix P (ρ = 1), using the saturation LMI is:

P =

























1.6828 · 104 −1.3748 · 103 6.8211 · 103 5.4773 · 102 2.0665 · 10−1...
−1.3748 · 103 2.4174 · 102 −9.7953 · 102 −3.7195 · 101 1.3538 · 10−1...

6.8211 · 103 −9.7953 · 102 4.6404 · 103 2.3987 · 102 −6.9845 · 10−1...
5.4773 · 102 −3.7195 · 101 2.3987 · 102 4.3166 · 101 8.4172 · 10−3...

2.0665 · 10−1 1.3538 · 10−1 −6.9845 · 10−1 8.4172 · 10−3 2.6434 · 10−2...
−3.6303 · 10−1 1.7446 · 10−1 −4.9014 · 10−1 1.4909 · 10−2 −1.8921 · 10−5...

2.5900 −9.2357 · 10−1 2.9134 −3.0899 · 10−2 1.3091 · 10−3...
−3.6470 · 10−2 −1.5993 · 10−2 6.9420 · 10−2 1.4061 · 10−3 7.9553 · 10−4...

−3.6303 · 10−1 2.5900 −3.6470 · 10−2

1.7446 · 10−1 −9.2357 · 10−1 −1.5993 · 10−2

−4.9014 · 10−1 2.9134 6.9420 · 10−2

1.4909 · 10−2 −3.0899 · 10−2 1.4061 · 10−3

−1.8921 · 10−5 1.3091 · 10−3 7.9553 · 10−4

3.5158 · 10−3 −1.4519 · 10−2 1.6687 · 10−6

−1.4519 · 10−2 6.4495 · 10−2 5.4108 · 10−4

1.6687 · 10−6 5.4108 · 10−4 2.3779 · 10−4

























,
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