
 Eindhoven University of Technology

MASTER

On the use of cepstrum analysis in gearbox monitoring

Stakenborg, M.J.L.

Award date:
1984

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/e74ddc94-4d60-4e75-a47a-9701903b7981


On the Use of 
Cepstrum Analysis in- 

Gearbox Monitoring 

W.J.L. Stakenborg 

Afstudeerverslag ter afronding van de 
studie tot werktuigbouwkundig ingenieur. 

WFW 84.025 Augustus 1984. 

Afstudeerdocent : Prof.Dr.1~. D.H.van Campen. 

Begeleiders : Ir. E.J.C. BOUWInaR (KEU) 

Dr-Ir. B. de Kraker 

Ir. H. Toersen 

(THE) 

i THE 1 

Vakgroep Fundamentele Werktuigbouwkunde 
Afdeling der Werktuigbouwkunde 
Tecknische Hogeschool Eindhoven 



- c.1- 

CONTENTS 

ABSTRACT 

1 GENERAL INTRODUCTION. 
1.1 Condition Monitoring and Vibration Analysis. 
1 .2  Fault Detection and Diagnosis. 
1.3 Aim of the Present Report. 

2 ON THE ORIGIN OF VIBRATIONS IN GEARBOXES. 
1.1 Introduction. 
2.2 Vibrations in Gearboxes. 

2.2.1 Time Variations in the Mesh Stiffness. 
2.2.2 Deviations from the Ideal Tooth Profile. 
2.2.3 Oscillations in the Sliding Velocity. 

2.3 Parameters Influencing the Intensity of the Vibrations. 
2.4 Important Frequency components in Gearbox Spectra. 

2.4 .1  Toothmesh Frequency. 
2.4.2 Harmonics of the Toothmesh Frequency. 
2.4.3 Modulated Sidebands. 
2.4.4 Low Harmonics of the Shaft Speed. 
2.4.5 Excitated Natural Frequencies of the Gear System. 
2.4.6 Ghost Components. 
2.4.7 Intermodulation Components. 
2.4.8 Sum and Difference Frequencies due to Truncation. 
2.4.9 Frequencies from Rolling Bearings. 

3 FOURIER TRANSFO S AND THE SPECTRUM. 
3.1 Introduction. 
3.2 Fourier transforms. 
3.3 The Concept of Negative Frequency. 
3.4 Spectra. 
3.5 Discrete Fmrier Transforms. 
3.6 F.F.T. Spectrum Analysers. 

-1.1 - 
-1.1 - 
-1.2 - 

-2.1 - 
-2.2 - 
-2.2 - 
-2.3 - 
-2.3 - 
-2.5 - 
-2.5 - 
-2.6 - 
-2.11- 
-2.18- 
-2.18- 
-2.19- 
-2. 1-9- 
-2.20- 
-2.21- 

-3.1 - 
-3.1 - 
-3.3 - 
-3.4 - 
-3.6 - 
-3.8 - 

4 PRACTICAL CONSIDERATIONS USING THE SPECTRUM ANALYSIS. 
4.1 Introduction. -4.1 - 
4.2 Scaling of the Spectrum Axes. -4.1 - 
4.3 Rotational Speed Fluctuations. -4.2 - 
4.4 Bias Error. -4.2 - 
4.5 Picket Fence Effect. -4.3 - 



- c.2- 

5 THE CEPSTRUM TECHNIQUE. 
5.1 Introduction to the Cepstrum Technique. 

5.1.1 Application of the Cepstrum Technique. 
5.1.2 Harmonics and Sidebands in Gearbox Spectra. 
5.1.3 Definition of the Cepstrum. 
5.1.4 Cepstrum versus Autocorrelation Function. 

5.2 Towards a new Cepstrum Defintion. 
5.2.1 Introduction. 
5.2.2 The need for a new Cepstrum Definition. 
5.2.3 Properties of the Fourier Transform. 
5.2.4 The Hilbert Transform. 
5.2.5 A New Definition of the Cepstrum. 

6 PRACTICAL CONSIDERATIONS USING THE CEPSTRuH ANALYSIS. 
6.1 Appending Zeroes. 
6.2 Time and Frequency Windows. 
6.3 The Effects of Noise Level. 
6.4 Mininium Number of Spectral Lines Needed. 

7 TEST RESULTS. 
9.1 Introduction. 
7.2 Some Examples. 
9.3 Remarks. 

8 EVALUATION OF THE CEPSTRUM TECHNIQUE. 
8.1 Summary. 
8.2 Complications in Practice. 
8.3 Concluding Remarks. 

APPENDICES 

LIST OF SYMBOLS 

REFERENCES 

SAMENVATTING 

NAWOORD 

-5.1 - 
-5.1 - 
-5.2 - 
-5.3 - 
-5.6 - 
-5.9 - 
-5.9 - 
-5.9 - 
-5.12- 
-5.14- 
-5.18- 

-6.1 - 
-6.2 - 
-6.4 - 
-6.4 - 

-7.1 - 
-7.1 - 
-7.9 - 

-8.1 - 
-8.2 - 
-8.3 - 



ABSTRACT. 

This report evaluates the use of the Cepstrum Analysis Technique in 
gearbox monitoring by vibration analysis. 

First the reader is introduced to condition monitoring of rotating 
machinery by vibration analysis in chapter 1 .  As an introduction to 
the interpretation of vibration spectra and cepstra, chapter 2 
contains a synthesis of a literature research into the origin of 
vibrations in gearboxes. The most important frequency components in 
the vibration spectra of gearboxes are discussed. In chapters 3 and 4 
some theoretical and practical aspects of the spectrum analysis are 
pointed out. Chapter 5 introduces the reader to the eepstrum analysis; 
some definitions of the cepstrum are given and the relation with the 
autocorrelation function is pointed out. Further the mathematical 
backgrounds of the cepstrum are discussed and an appropriate way of 
defining the cepstrum in gearbox monitoring is pointed out. Some 
practical considerations to the use of the cepstrum technique are 
given in chapter 6. Examples of the use of the cepstrum in gearbox 
vibration analysis in practice are given in chapter 7 .  Finally the 
advantages and limitations of the cepstrum technique in gearbox 
monitoring are described in chapter 8 .  
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CHAPTER 1 : GENERAL INTRODUCTION. 

1.0 OVERVIEW. 

1.1 CONDITION MONITORING AND VIBRATION ANALYSIS. 

1 .2  FAULT DETECTION AND DIAGNOSIS. 

1.3  AIM OF THE PRESENT REPORT. 

In this chapter the reader will be briefly introduced to the vibration 
analysis as a technique for the condition monitoring of rotating 
maehimery. Further the main objectives of the present report are 
pointed out. 

1.1  i YS . 

Most rotating machinery generate vibrations with a vibration spectrum 
that has a characteristic form when the machine is in good mechanical 
condition. Changes in the vibration spectra often indicate 
deterioration in the condition of a machine e.g. increase of wear or .a 
toothbreak. 
Vibration analysis is therefore an appropriate method to detect 
(growing] defects in rotating machinery. 
When these defects are traced in time, expenses because of loss of 
production and maintenance costs can be reduced considerably. 

The first step in condition monitoring is always the detection of 
significant changes in the whole process. 
The second step will be the diagnosis, i.e. finding out what cause is 
responsible for the changes. 
Defects that increase in time , e.g. wear, are often first detected in 
the higher frequencies of the spectrum (e.g. harmonics of the 
toothmesh frequency), whereas the lower frequencies (e.g. shaft 
rotational frequencies] contain information about the possible cause 
of the faults or defects e.g. unbalances. 
To measure all relevant frequencies in the range from say 
10 Hz to 10 kHz an accelerometer is used to registrate the vibrations. 
The accelerometer is then placed as close as possible to the vibration 
source. 
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Condition monitoring by vibration analysis is based on the assumption 
that, providing the operating conditions have not been changed, an 
increase in vibration level is an indication of an impending failure. 
This assumption will not always be correct, although vibration 
analysis has proven to be of great use for the condition monitoring of 
e.g. turbine blades, bearings and gearboxes. 

1.3 AI# OF THE PRESENT REPORT. 

In 1963 Bogert et.al.[ref 11 introduced a new technique in signal 
analysis : the Cepstrum Analysis. 
The Cepstrum was defined as the "Powerspectrum of the logarithm of 
the Powerspectrum. 'I 
Nowadays ( 1 9 8 4 )  the cepstrum is still not being used frequently, 
though it has shown to be of practical use in different areas of data 
processing and signal analysis. 
The main objective of the present technical report "Cepstrum analysis 
in Gearbox Monitoring" was to evaluate the use of the Cepstrum 
technique in monitoring the mechanical condition of gearboxes by 
vibration analysis. 
Another objective o€ the author was to provide an overview on the 
different aspects of the use of vibration analysis on gearboxes. 
It is the authors hope that this overview will be of value €or those, 
familiar with the field and that it will reduce the time required for 
those wishing to become so. 

This report can be divided into 3 main sections : 

CHAPTER 1 : GENERAL INTRODUCTION. 

CHAPTER 2 : O f f  THE ORIGIN OF VIBRATIONS IN GEARBOXES. 

The crucial point in vibration analysis of rotating machinery is 
always to detect the correct physical cause of certain patterns er 
pattern-changes in the vibration measurement results, which are 
represented in the form of spectra (and cepstra). Detecting these 
physical causes dynamical models would be of great use. 
But, the complex dynamical behaviour of the gearbox system makes it 
very difficult to develop adequate fundamental dynamical models that 
are useful in the condition monitoring process, one of the problems 
being the non-linearities in the mesh stiffness. The different 
dynamical models of gearbox systems developped so far by different 
authors in [refs.4,13,20,35 and 363 will not be used or discussed in 
this report, since they have hardly any practical use yet for 
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condition monitoring purposes. Nevertheless they are certainly worth 
being studied from a dynamical point of view. 
This lacking of dynamical models is partly compensated in this report 
by chapter 2. Chapter 2 was written as an introduction to the 
interpretation of spectra and cepstra and contains a synthesis o f  a 
literature research into the origins o f  vibrations in gearboxes. Most 
of information presented in this chapter is based on the results 
of experimental research by investigators in the field o f  condition 
monitoring of gearboxes. 

the 

SECTION I1 : 

CHAPTER 3 : FOURIER TRANSFORMS AND THE SPECTRUM. 

CHAPTER 4 : PRACTICAL CONSIDERATIONS USING THE SPECTRUM 
ANALYS I C .  

For a correct interpretation of the vibration spectra and cepstra 
knowledge of  the Fourier Analysis is necessary. 
In chapter 3 the reader is therefore given a brief introduction to 
Fourier Analysis. 
Using the spectrum analysis in practice may confrontate the user with 
unexpected problems. Some of these problems are summarized in 
chapter 4 ,  and some suggestions on the use of spectrum analysis o f  
gearbox vibration signals are given. 

SECTION I11 : 

CHAPTER 5 : THE CEPSTRUM TECHNIQUE.' 

CHAPTER 6 : PRACTICAL CONSIDERATIONS USING THE CEPSTRUM 
ANALYSIS. 

CHAPTER 7 : TEST RESULTS. 

CHAPTER 8 I EVALUATION OF THE CEPSTRUM TECHNIQUE. 

The cepstrum is introduced in chapter 4 ,  where the mathematical 
backgrounds o f  the cepstrum are explained. Further an appropriate way 
of defining the cepstrum in gearbox monitoring is pointed out. 
Chapter 6 gives some practical considerations using the cepstrum 
technique. Examples of spectra and cepstra of gearboxes in practice 
are given in chapter 7 .  
At the end the advantages and limitations of the cepstrum (and 
spectrum) analysis are discussed in chapter 8 . 
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CHAPTER 2 : ON THE ORIGIN OF VIBRATIONS IN GEARBOXES. 

2.0 OVERVIEW. 

2.1 INTRODUCTION. 

2.2 VIBRATIONS IN GEARBOXES. 

2 . 3  PARAMETERS INFLUENCING THE INTENSTTY OF THE VIBRATIONS. 

2 . 4  IMPORTANT FREQUENCY COMPONENTS. 

The three most important vibration mechanisms in gearboxes are described. 
The influence of some parameters such as the mesh angle and the modulus 
are pointed out. Further the origin of the most important frequency 
components in gearbox vibration spectra such as the toothmesh frequency 
and sidebands are discussed. 

2.1 INTRODUCTION 

The study of the vibrational behaviour of gearboxes has received 
moderate attention in literature, yet it remains a poorly understood 
area. 
This is a reflection of great complexity of gear dynamics. Not only the 
usual out of balance and bearing forces are present in gearbox dynamics 
but also the precise geometry 
effect on the gearbox vibrations. 
These vibrations in gearboxes can 

of the gear profile can have a crucial 

be divided into two components: 

1 )  Torsional vibrations 
2) Flexural vibrations 

Measuring the vibrations on the housing of the gearboxes, flexural 
vibrations are the most prominent, because these vibration are directly 
transferred via the bearings into the housing of the gearbox. 
Coupling between torsional and flexural modes is usual and, at lower 
frequencies the dynamical behaviour of the complete gearbox should be 
considered. 
As the frequency is increased, the properties of the attached machines 
become less important, but other complications arise instead. 
The nature of the lubricating oil film and the flexibility of the gear 
teeth are increasingly dominant with increasing frequency, [ref.5]. 
In the case of helical gears, axial shaft motion is coupled to the other 
two directions ( radial and tangential motion). 
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2 . 2  VIBRATIONS IN GEARBOXES. 

Looking 
vibration sources are: 

at the gearbox vibration mechanisms three of the most important 

1 )  Time variations in the mesh stiffness, caused by variation of 
the number of teeth in contact and variation in the stiffness of the 
individual teeth, 

2 )  dynamical effects caused by deviations from the ideal tooth 
profile or  errors on the gears (e.g. variation in tooth pitch), 

3 )  oscillations and inversion in the sliding velocity along the 
face of the tooth, during the mesh. 

2 3 TIRE VAR 

The stiffness of the mesh varies because the number of teeth in mesh is 
not constant. 
The so-called "Gesamtüberdeckungsgrad" ry represents the number of 
teethpairs sharing the load. When 3.0 then there are always 3 pair of 
teeth in mesh, whereas eY= 2.7 indicates that the number of teethpairs in 
mesh varies between two and three while in 70 percent of all 
meshpositions the load is shared between three pairs of teeth,[ref.33]. 
Further, stiffness of a single toothpair is not constant during the 
mesh. 
These variations in the mesh stiffness cause fluctuations in the 
rotational speed of the gears and in combination with the inertia of the 
gears and shafts introduce dynamical forces and vibrational excitation. 
Because variations in the mesh stiffness is a very important issue in 
gearbox vibrations it is discussed in more detail in $ 2 . 4 . 2  . 

the 

2 . 2 . 2  ~EVIATIONS FRO THE IDEAL TOOTH PROFILE. 

In practice all gears contain teeth manufacturing errors, which cause 
vibrational excitation. The following deviations from the ideal tooth 
profile are most iïiipoïtant. 

1) Deviations from the exact position of the teeth on the gear, 
caused by errors in the gear cutting process. 

2 )  Deviations in the mesh-angle ("Eingriffswinkelabweichungen") can 
cause a pulse excitation each time the teeth go into mesh. In 
practice for instance spur gears will not have a mesh angle of exactly 
90 degrees, because of minor machining errors. 

3 )  Deviations from the involute profile due to deflection caused by 
tooth loads. 

4 )  Surface roughness of the gears. 
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2.2.3 OSCILLATIONS IN THE SLIDING VELOCITY. 

During the transmission of the power, the point of contact of the 
driving tooth moves from the root to the tooth crest and the contact 
point on the driven tooth moves from the crest to the root of the 
engaging tooth flank. There is both rolling and slipping involved in this 
action and oscillations may occur because of stick-slip effects. When the 
point of contact of the engaging teeth reaches the pitch point, the 
direction of the sliding reverses, causing a shock known as the u pitch 
circle impulse" , which has a direction perpendicular to the axes of 
rotation of the two gears. The two shafts are then subjected to bending 
stress reversals at the rate of the product of shaft speed and number of 
teeth, the toothmesh frequency. Effective lubrication reduces these 
vibrations, Cref.213. 

1 2.3 ETERS INFLUEN H E IT TED VIB IONS. 

1)  Torsional vibrati,ons and rotational frequency. 

In general there is a proportional relation between intensity of 
vibrations and the torque transmitted through the gearbox and the number 
of revolutions. But for some gears, such as spiral bevel gears, the 
vibration level may decrease with transmitted torque due to improving 
load conditions, Cref.61. 

2) Mesh angle 

The intensity of the vibrational excitation is closely related to the 
mesh angle. As the angle increases, the vibrations decrease. 
This is due to better mesh conditions with helical gears, than with 
spur gears [refs.31,33,35,36]. 

~ 

3) "Gesamtüberdeckungsgrad" 

An increase in eY value gives a lower excitation level [refs.33,36]. 

4 )  Modulus 

In general a decrease of the modulus, i.e. a larger number of teeth with 
the same shaft distance, will cause a lower excitation level, 
[refs.33,36]. 

5) Transmission ratio 

When the errors on the teeth are periodically distributed on the 
circumference of the gear, and when the transmission ratio is an integer 
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number, natural frequencies of the gearbox system can be excited, because 
after each revolution of the largest wheel, the same pair of teeth with 
the same errors mesh, causing a periodical pulse,[ref.32]. 

6 )  Profile corrections in the crest and root of the teeth 

Root and crest corrections are deliberate deviations from the involute 
profile order to smooth the deformation of the loaded teeth pair and 
to decrease the entry impact, and thus reduce 
These corrections are only useful when the teeth are high quality, i.e. 
machined very accurately,[refs.35,36]. 

in 
the vibration level. 

7 )  Lubrication film 

The influence of the lubrication film on the intensity of the excitation 
forces and vibrations is based on the damping effect on the mesh entry 
forces by elasto-hydrodynamic carrying of the load, and on a reduction of 
the friction forces. 

8) Baterial 

To a certain amount the level of excitation forces can be influenced by 
the choice of material of the gear wheels. 
This influence is based on the damping properties, the hardness and the 
stiffness of the materials, Iref.331. 

9) Lay-out of the gear wheel boây. 

By using an elastic ring between the rim of the gear wheel and nave a 
seduction of the vibrations can be obtained. 

I O )  Bearings 

The bearings of the gearshafts form the transmission path for the 
mechanical vibrations from the mesh to the gearbox housing, where the 
vibrations are measured. The frequency-response function of the bearings 
(and the housing) will influence the measured vibration spectra. Liquid 
lubricated bearings will have a high damping effect on the vibrations 
because of the lubricant film between journal and bearing. 

11) Coupling 

Vibrations can also be damped by using damping elements, e.g. elastic 
couplings between the shafts of a machine. 
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2.4 IMPORTANT FREQUENCY COMPONENTS IN THE VIBRATION SPECTRA OF GEARBOXES. 

Now that we have had a general introduction to the origins of vibrations 
in gearboxes, it is time to have a closer look at the individual 
frequency components and study their origin in more detail. 
Even the vibration spectra produced by gearboxes are often quite 
complex, they can usually be decomposed into the following components. 

though 

Toothmech frequency. 
Harmonics of the toothmesh frequency. 
Modulated sidebands. 
Low harmonics of the shaft speed. 
Excitated natural frequencies o f  the gear system. 
Ghost components. 
Intermodulation components. 
Sum and difference frequencies due to truncation of a signal. 
Frequencies from Roller Bearings. 

In the next paragraphs the above components will be discussed. 

2.4.1 TOOTHMESH FREOUENCY. 

The toothmesh frequency is the frequency with which the teeth of the 
rotating gears mesh. The toothmesh frequency can be computed by 
multiplying the number of teeth on a gear by the rotational speed of the 
gear. For example, if a pinion gear has 43 teeth and it rotates at 1776 
RPM , the toothmesh frequency would be w~ = 1272.8 Hz . 

A s  the pinion rotates against the driven gear the individual cycles of 
the frequency generated is a profile of the individual teeth meshing. 
Each profile will be repeated when the same teeth in each gear mesh 
again. 
How often the same teeth on each gear will mesh can be determined by 
dividing the least common multiple (L.C.PI) of teeth on the two gears by 
the number of teeth of the gear of interest. For example, a 43 tooth 
pinion drives a 99 t m t k  gear. The numbers 43 and 99 contain no other 
factors common then one. So the 43 tooth pinion must rotate -7 = 99 
times before the same teeth are in mesh again. 
Since inion must rotate 99 times and it is turning at 29.6 
Hz., it will take 
In the above exampie, comparing the 100 th revolution of the 43 tooth 
pinion with the first revolution, it will be clear that there is a great 
deal of similarity between the individual cycles. Enough to say that each 
cycle is repeated every 100 th revolution,[ref.ll]. 

43*99 

the 43 tooth 
i59 = 3.34 seconds for the same teeth to mesh again. 
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2 . 4 . 2  HARMONICS OF THE TOOTHMESH FREQUENCY. 

Deviations 
signals periodic at the toothmeshing rate. 
The 3 most important sources of these vibrations are: 

from the ideal tooth profile give rise to distorted vibration 

1)  Time variations in the mesh stiffness. 
2) Entry and exit disturbances due to deflection of the teeth. 
3 )  Uniform wear on the teeth. 

Time variations in the mesh stiffness. 

The t o t a l  deformation of one single pair of teeth can be considered as 
the sum of 3 components as shown in fig 2 . 1 .  

fig 2 . 1  : Deformation U of a loaded pair of teeth as a function of 
the meshposition,[ref.333. 
U? = tooth- and pinionwheel deformation 
U2 = tooth- and driven wheel deformation 
UH = Hertz-deformation of the teeth 
U, = total deforaation in the direction of the 

meshïine ("Zingriffsiinie"). 

NOW the "single toothpair stiffness" can be defined as the normal force 
on a tooth, needed to deform a pair of teeth with a thickness o f  1 m, 1 
pa in the direction normal to the involute line ("Evolvente"),[ref.33]. 
As shown in fig 2.2, the stiffness of a pair of teeth depends on the 
meshposition. In a middle position the stiffness reaches a maximum value 
CIth , respectively a minimum at the crest and root position. 
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a b 

L 

fig 2 . 2  : Stiffness of a pair of teeth,[ref.33], a) Spur gears 
b) Helical gears 

Fig 2 . 2  shows that the single toothpair stiffness varies more during the 
mesh in case of helical gears then in case of spur gears. This is because 
with (errorless) spur gears, the pair of teeth carries the load on the 
the total toothwidth. Helical gears carry the load at the crest of the 
teeth at the beginning and end of the meshcycle of a pair of teeth. In 
the entrance and exit positions the single toothpair stiffness is 
therefore relative small. 
The stiffness increases with the growing length of the contact line, and 
reaches a maximum when the contact line covers the total width of the 
teeth (position 2 in fig 2 . 2 ) .  

.~ 

Total mesh stiffness. 

In case of normal spur gears, alternately 1 or 2 pairs of teeth are in 
mesh ut the s a p ,  time. So the "Gesani,t-herdeckung~g~a~" E has a seal 
number between 1 or 2 (see Q 2 . 2 . 1 ) .  
Thus the load and deformation of each toothpair varies during the mesh. 
Hence the total meahstiffness Cs (i.e. the total sum of the momentary 
single toothpair stiffness of teethpairs in mesh) varies constantly as 
shown in fig 2 . 3 .  

Y 
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fig 2.3 : Variation of the total mesh a) spur gears 

stiffness C,,[ref.33] b) helical gears 

Generally with helical gears there are more than 2 pairs of teeth in mesh 
at the same time. Therefore, and because of the approximately 
sinusoidical progress of the single toothpair stiffness, the total mesh 
stiffness fluctuates less than with spur gears. 

. ~ - ~- ~- 
- ~ _  
The cyclic changes in dEförmätion- ( periodkc-at- the -tookhmeshLng rate-)- 
cause a rotational deviation AS. 
This rotational deviation AS is defined in Cref.331 as the difference 
between the largest and smallest deviation during the mesh, measured in 
circumference direction. 
The rotational deviation causes fluctuations in the rotational speed of 
the driven wheel and these fluctuations introduce additional forces 
because of the inertia of the gearwheels and shafts. 

Entry and exit disturbances due to deflection of the teeth. 

Under load the teeth 2 and 2 '  in fig 2.4  bend at angles f3 and (3 ' .  The 
unloaded tooth 3 bumps into the crest of tooth 3', causing an entry 
impact. 
Deviations from the ideal tooth profile have the same effect. 
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fig 2.4  : Entry and exit impact, [ref.33] 

When a tooth exits the mesh ( at point E) the next tooth which is already 
in mesh takes over the total load. This instability may also cause an 
impact (exit impact) which will be smaller than the entry impact because 
of the damping effect Öfthe-sliding contact. 

. - _ _ ~ ~  ~- ~~~ ~-~ ~ ~ ~ ~ ~~ ~ ~~- ~~~ ~ ~~ ~~~ 
~~~~-~~~~~~~~~~~~~ 

Apart from the rotational deviation AS,  entry and exit impacts cause : 

1) additioaal fluctuations in the shaft rotational speed 
2) excitation of dynamical tooth forces and vibrations 
3 )  increased danger for scuffing because of the abrasive wear at 

the crest of the tooth flanks. 

These lois6 dependeat mesh disturbances can be reduced by appropriate 
corrections at the crest or root of the teeth, by smaller variations of 
the total teeth stiffness (using helical gears) and by very accurate, 
high quality teeth geometry [refs.35,36]. 

Uniform wear on the teeth 

Systematic wear would tend to give the kind of tooth profile deviation 
indicated in fig.2.5. 
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r 

fig 2.5 : Typical wear profile for a gear, from Cref.21. 

This typical wear profile is caused by a sliding action between the teeth 
on either side of the pitch circle, and a rolling action at the pitch 
circle itself. 
This type of wear, when uniform for all teeth, will result in a 
considerable distortion of the toothmeshing signal and according to 
Randall [refs.2,23], the effects of this uniform profile error will often 
be more pronounced at the higher harmonics of the toothmeshing frequency 
than at the toothmeshing frequency itself. It is therefore advised to 
monitor at least the first three toothmesh harmonics to detect uniform 
wear (i.e. 3 times the toothmeshing frequency 1 .  

al a 
.u .-I 
r( 

a 

a 

a 

- initial speetrum values - - - - Typical int- due to wear 
I o 

o I 
I 
I 
I I 

I 
frequency 

I 

fig 2.6 : Typical vibration spectrum changes due to uniform wear, 
from [ref.2]. 

One should keep in mind that the effect of uniform wear on the toothmesh 
harmonics may not be apparent until it becomes larger than the effects 
due to the influence of the periodically varying total mesh stiffness and 
the effects due to entry and exit disturbances. 
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Monitoring the first 3 harmonics in practice will often demand spectra 
with a very broad bandwidth, e.g. the third harmonic of a 80 teeth 
gearwheel rotating at 50 Hz. is found at 12,000 Hz. 

By numerical analysis using a dynamical model of a gearbox system Kohler 
e.a. have shown that random distributed errors on the gears or 
errors for all teeth bring about the appearance of harmonics at 
multipless of the mesh frequency, but without producing sideband 
structures. 

Cref.203 
uniform 

Very often a sideband structure is found around the toothmeshing 
frequency and its harmonics. 
These sideband structures may appear in gearbox vibration spectra as a 
result of mounting errors or of any other error components distributed in 
a roughly sinusoidical fashion, as will be discussed in the next 
paragraph. 

The intensity of vibrations produced by errorless gears depends on the 
accuracy with which the pitch circles touch. If the pitch circles do not 
touch exactly, the gears do not mesh properly. 
Under all load situations, the intensity of the vibrations is minimal 
when the pitch circles touch. 

If one shaft moves periodically or is eccentric, the pitch circles move 
per iodicaP 1 y or s inusoidl'c;al-~-f~om-arrd to-eachotiier, eausing -aapl-Lt*de 
modulation and/or frequency modulation. In the next section the reader 
will be introduced t the principles of amplitude modulation ( 
frequency modulation (F 

_--- * p p - - p p - - p  

Amplitude modulation. 

ZmplitUde mohlation of I sine or cosine carrier will result in a 
variation of the carrier amplitude in proportion to the amplitude of the 
modulating signal. 
In the time domain the amplitude modulation of a sinusoidal carrier by 
another sinusoid would appear as in fig 2.7. 
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fig 2.7 : Time domain display of an amplitude modulated carrier. 

The amount of modulation is m, usually expressed as a percentage. 

Emax - Ec 
EC 

m =  (see fig. 2.7) 

Say e(t) is a sine wave carrier expressed by : 

e ( t )  = A.cos(wc.t + 'pc) 

In case of amplitude modulation only amplitude A is varied. 
The carrier e(t), amplitude modulated with the function f(t) has the form 

f o r  f(t) = cos(wm.tf and 'pc=O we get : 

e(t) = A[ I + m.cos(w,.t) ].cos(wc.t) 

= A.cos(w,.t) + .COS((W,- w,9.t) i- .cos( (ut,+ Wm) .t) 

So we have 3 components : 

1 )  A.cos(wc.t) Carrier 

2) .cos((w,- wm).t) Lower sideband 

3 )  y . c o s (  (w,+ ut,). t) Upper sideband 

Fig 2.8 shows the carrier and sideband components of the amplitude 
modulated wave of fig 2.7. 
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I 

fig 2 . 8  : Frequency display of amplitude modulated carrier. 

Notice that the sideband components are equally spaced around the carrier 
and that the carrier component i s  not changed with amplitude modulation. 

Frequency modulation. 

Frequency modulation of a sine or cosine carrier results in variations of 
the carrier frequency in proportion to the frequency vf the modulating 
signal. 
In the time domain, frequency modulation of a cosine carrier by a 
sinusoid would appear as in fig 2 . 9 .  

fig 2.9 : Frequency modulated wave. 

The frequency modulation index m is defined as 

eak 
m = - f m -  with f, = frequency of modulating wave. 

Afpeak= maximum frequency deviation of 
carrier. 

Say e(t) is a cosine wave frequency modulated by a sinusoid : 

e(t) = A .  cos(wc.t t m.sin(wE.t)f 
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Narrowband FM 

To simplify the analysis of FM, we first assume that m < <  5 
We have 

e(t) = A. cos(wc.t + m.sin(w,.t)) 

thus e(t) = A.[cos(w,.t) -m.sin(wm.tl .sin(w,.t)] 

ritten in sideband form : 

m A  e(t) = A. COS(^,.^) - m+.cos((wc-~m) .t) + ~.cos(~wc+wm) .t) 

resambles the AM case but with the difference that in narrowband FM This 
the phase of the lower sideband is reversed. . 

Wideband FM 

When m is not small then 

e(t) = A .  cos(wC.t + m.sin(w,.t)) 
~- ~- - ~ ~ _ _ _ _ _ _ _ _ _ _  

= A .  [cos (wc. t) .cos (m. sin(wm. t) ) -sin(wc. t) . sin(m. sin(w,. t) 1 1 
Using the Fourier series expansions : 

cos(m.sin(w,.t))= Jo(m) t 2J2(m).cos(2wm.t)+ 2J4(m).cos(4wm.t)+ .. 

sin(ni.ain(wm.t))=2Jl(m).sin(wm.t)+ 2J3(m).cos(3wm.t)+ ............ 

Where Jnimi is t h e  ri th arder Bessel filriction of the first kind (see 
Appendix A l ) ,  we get 

~w = JO(m).cos(wc.t) - J1(m).[cos((wc- w,).t) - COS((Wc+ wm).t)I 
+ J2(m) .[cos((wc-2wm) .t) - cOS((Wc+~~,) .t)1 
- J3(m). [cos( (wc-3wm) .t) - cos( (wc+3W,) .t)l 
+ ............. f . .  

The curves of fig 2.10 show the relation (Bessel function) between the 
carrier and sideband amplitudes of the modulated wave as a function o f  
the modulation index m. 
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I I * 
f c  

Frequency CHz. I 

L 
fig 2-10 : Carrier and sideband amplitudes for frequency modulated 

signals,[ref.34]. 

From the curves we can get the amplitudes of the carrier and the sideband 
components in relation to the unmodulated carrier. As an example, we find 
for a modulation index of m=3 the following amplitudes : 

- - - ~ _ _ _ _ ~ ~  ~~ -~ Carrier JQ = -8.27 
First order sideband J1 = 8 . 3 3  
Second order sideband J2 = 0.48 
Third order sideband J3 = Q.33 etc. 

In the aiaplitude spectrum the above values will give the sideband pattern 
as shown if fig 2.11. These sideband patterns are often called "a family 
of sidebands". 

I 

fig 2.11 : Amplitude frequency spectrum of FM signal with m=3. 
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Notice that the amplitude of an FE4 signal always stays constant, 
regardless of modulation frequency and amplitude. 
The modulating signal adds no power to the carrier as it does with M. 

s i  ctra. 

Now that we (should) have become familiar with the principles of 
amplitude modulation and frequency modulation, it is tine to return to 
gearboxes. Amplitude modulation of the gearmesh frequency and its 
harmonics often occurs in gearboxes. A possible source is eccentricity of 
a gear, which could give a modulation by its rotational speed. 
Geometrical unroundness of a gear may cause modulation at two or three 
times its rotational speed, depending on the geometrical error. 
According to Drosjack and Houser Cref.131, generation of sideband 
patterns has no specific relationship t o  pitchline pitting errors on a 
single tooth, but are caused by torque oscillations as a result of 
misalignment in the system. 
Nevertheless Randall Cref.231 shows that a very localized fault, e.g. on 
one tooth, would tend to give a modulation by a short pulse of length of 
the toothmesh period, repeated once every revolution (period TI. This 
shortpulse modulation may also result in a sideband structure. 

Time domain Frequency a domain 

1 -Sided 
Amp1 i tude 
Spectrum f 

fig 2.12 : Shortpulse modulation,[ref.23]. 
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in fig 2.12 the carrier signal gl(t) and the first three harmonics are 
shown. 
The modulating signal g2(t) is idealised as a periodically repeating 
square pulse of length r equal to the tooth-mesh period. Its spectrum 
GZ(f) thus has an envelope corresponding to the spectrum of the basic 
pulse sinx/x function with first zero at the toothmeshing frequency, 
i.e. 1/r), but because of its periodic repetition actually contains only 
discrete harmonics of the gear rotational speed. 

(a 

The 1-sided (positive frequencies only) amplitude spectrum (see $ 3 . 4  ) 
of the convolution of the spectra Gl(f)*G2(f) is shown in the right 
undercorner of fig 2.12 

Fig 2.13b shows the effect of a more distributed fault. 

fig 2 . 1 3  : Effect of fault distribution on sideband 
patterns,Eref.23]. 

It is seen that as the envelope of the fault in the time signal becomes 
wider, it makes the corresponding envelope in the frequency domain 
narrower and higher, so that the resulting modulation product becomes 
more sisvisusfg sidebands groupel Z~QLIM the  toothmeshing harmonics. 

The in tooth contact pressure which give rise to amplitude 
modulation, must at the same time apply a fluctuating torque to the 
gears, and result in frequency modulation. 
Since in gears, amplitude and frequency modulation are inseparable, the 
resulting spectrum will be a combination of sidebands produced by both 
amplitude and frequency modulation. Even though amplitude modulation or 
frequency modulation, in isolation, produce symmetrical families of 
sidebands, the phase relationships on either side of the carrier 
frequency are different and the combination can give reinforcement on one 

fluctuations 



-2.18- 

side and deinforcement on the other, depending on the initial phase 
relationships of the amplitude and frequency modulation,[ref.23). 

2.4.4 LOW HARMONICS OF THE SHAFT SPEED. 

A large spa11 on one tooth, a cracked tooth, a chipped tooth or a tooth 
completely broken out will generate a unique signal in the form of a 
pulse. 

For 
Iref.133 have found the following significant changes in the spectra : 

the case of pitchline pitting on a single teeth, Drosjack and Houser 

1)  Increase in amplitude of the shaft speed and its harmonics 
2) Excitation of the first torsional resonance frequency 
3) The amplitude at the toothmeshing frequency increases from two 

to four times, with the size of the fault that was introduced. 

The pulse generated by such a defective gear has four measurable 
characteristics : frequency, pulse width,repetition rate and amplitude. 
If a gear has a defective tooth, the pulse generated will occur once each 
revolution, the repetition rate is the speed of the gear. If two adjacent 
teeth are broken, the repetition rate may be twice the speed of the 
gear,[ref.ll]. 
It often will be impossible to make a distinction between harmonics of 
the shaft speed and sidebands caused by short pulse modulation. 

A defective tooth on a gear can generate a hit or impact each time the 
tooth goes into mesh. As we noticed above the rate of this impact is the 
revolution speed of the gear. The impact excites natural frequencies 
present in the gearsystea, and these frequencies are then modulated by 
the impact repetition rate,[ref.ll]. 
On some slow speed machinery the defect can be heard as a dull knock, 
which may occur each revolrition of the gear. 

If a gear is small relative to the shaft size, the natural frequencies 
may be so high, that they will not be found in the studied spectra of 
gears. 
If a gear is large relative to the shaft size, it can have several 
natural frequencies in the audio range (20-20.000 Hz.). 
When the gear is installed in the gearbox, some of the natural 
frequencies may no longer be present or they are damped out by the 
system. When a problem occurs with a gear, the natural frequency of the 
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problem gear or of its meshing gear may be excited, or the natural 
frequency of (a part of) the gearbox housing or an attached machine. 

In rare cases, the toothmesh frequency is near the natural frequency of 
the gear. When this occurs very high amplitudes of the mesh frequency may 
be present and can cause serious analysis errors. 

According to Taylor Cref.111, the gear and tooth natural frequencies are 
less relevant whereas the torsional natural frequency of the gear-shaft 
system are often very prominent in spectra. 

2.4.6 GHOST COMPONENTS. 

The term ghost components applies to those periodic faults introduced in 
a gear by the machining process and which correspond to a different 
number of teeth to those actually being cut. They often correspond to the 
number of teeth on the index wheel driving the table on which the 
workpiece is mounted and are due to errors in these tet-in and the mating 
gear. whether or not an unknown frequency component could be a 
ghost component, the following properties of ghost components often give 
a strong indication according to Randall Cref.231. 

Checking 

1 )  Ghost components usually correspond to the (integer) number of 
+&k-e+khein&eswhe e l-,-aRdl-mus t-ther ef oxe-app_ar- _atpa- 
harmonic of a particular gear speed. 

2) Being a result of a fixed geometrical error, they should not be 
very load dependend. 

3) There is a tendency for ghost components to get smaller as a 
result of wear. 

2.4.7 INTERMODULATION COMPONENTS. 

When a body (e.g. the gearbox housing) is excitated by two harmonic 
vibrations of similar amplitude but slightly different frequency, the 
body will vibrate in a combined vibration which has i t s  own beat 
frequency. 
Say x1 and x2 are two harmonic motions of frequency w1 and w2. 
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The combined motion will be : 

x = XI t x2 

= A.cos(w1.t) i- A.cos(w2.t) 

= 2A. t3 - 

A display of the combined motion in the time domain will appear as in 
shown in fig 2.14. 

t 

fig 2.14 : Combined motion x. 

Fig 2.14 shows that : 

~ ~ 9 - ) - T ~ e ~ a m p - ~ r ~ d e ~ ~ ~ ~ ~ t ~ ~ ~ e ~ ~ ~ n ~  -an&ZA-- - - - ~  -~ -- ~- ~~ 

2 )  The general motion is a cosine wave frequency (wl+w2)/2 
3 )  The special pattern known as "beating phenomenon" has a beat 

frequency of (wl- w,). 

The spectrum of the combined motion will show the two basic components at 
w1 and w2 . Intermodulation components will have no sideband structures. 

As we saw above, a beat is a periodic pulsation in vibration amplitude 
that occurs when a machine responds t o  two basic frequencies wl and w2 . 
These frequencies cause a pulsation in amplitude at the 
differencefrequency. 
Erich shows in [ref.l9] that a number of higher order sum and difference 
frequencies can be obtained from a beat waveform, that has been 
truncated. 
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I _I 

Fig 2.15 Truncated beat frequency signal. 

Fig 2.16 gives the sidebands that may occur due t o  truncation 

~~ 

fig 2 .16  : Pattern o f - € ~ ë n c ~ ~ p ö ~ e n ~ s - i n - a ~ r ~ ~ a ~ e d - ~ ~ a ~  
frequency waveform,[ref.l9]. 

According to Eshleman Cref.41, truncation of a vibration wave form can be 
caused by misalignment, looseness, and stiffness non-linearities. 

Truncation can be considered as a special type of amplitude modulation. 

2 . 4 . 9  FREQUENCIES FRO# ROLLER $EBRI%GS. 

If a defect in the form of a pit appears in either a race or in a rolling 
element, the characteristic vibration frequencies produced by the roller 
bearing are equal to the frequencies with which the defect comes into 
contact with another surface. 

These characteristic frequencies are given by : 
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DEFECT 

Race unbalance or distortion 

Cage unbalance 

Defect in inner race 

Defect in outer race or stiffness 

Defect in outer race or stiffness 

variations around bearing house. 

Defect in rolling element 

FREQUENCY 

f 

3 ( 1  - .coCe) 

?y ( 1  i .cos$) 

“1T ( 1  - .cos$) 

-J- n f  ( 1  - a . C O S Q )  

2 y ( 1  - (  .cos81 1 

with f = shaft rotational frequency in Hz. 
r = radius o€ rolling element in mm. 
R = pitch circle radius of element train in mm. 
n = number of rolling elements. 
8 = contact angle (ball bearings only) 

9 = O €or roller bearings. 

The above frequencies are usually all below 3 kHz. In addition to these 
frequencies, rolling-element bearings generate very high frequencies 
(typically in the 10-50 kHz. region). 
These are mainly due tÖthe excCtätiEiinöf Piatmäì -frequenc.iesof- races ~- 

and bearing housing components,[ref.38]. 
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CHAPTER 3 : FOURIER TRANSFORMS AND THE SPECTRUM. 

3.0 OVERVIEW. 

3.1 INTRODUCTION. 

3.2 FOURIER TRANSFORMS. 

3.3 THE CONCEPT OF NEGATIVE FREQUENCY. 

3.4 REPRESENTATION OF THE VIBRATION SPECTRA. 

3.5 DISCRETE FOURIER TRANSFORMS. 

3.6 F.F.T. SPECTRUM ANALYSERS. 

In this chapter the main principles of the Fourier transform are 
summarized. The concept of negative frequency is explained and some 
aspects of the Discrete Fourier Transforms (D.F.T.) and digital F.F.T. 
spectrum analysers are pointed out. 

3.1 INTRODUCTION. 

For a correct interpretation of vibration spectra some knowledge of 
t h e P o u r i è r ~ ~ ~ e ö r y - a n ~ ~ ~ ~ ~ e ~ e - F ~ ~ ~ ~ ~ r - T r a l i s f s r m s  -ks-Feeessazy. ~- -- ~ - ~ ~ - ~ -  ~ ~ ~ ~ 

Because the Fourier theory is rather complex it is not possible to 
discuss it in detail in this chapter. So-only the main principles are 
pointed out here. The reader who wants to study the Fourier transform 
in more detail is referred to the many books written on this subject. 
Some readers may have problems with the concept of negative 
frequency,therefore this concept is discussed in an illustrative way 
in 5 3.3. A detailed discussion of the Discrete Fourier Transforms 
(D.F.T.) is also beyond the scope of this report, the interested 
reaOer is again referred to the extensive literature on this subject. 
An excellent introduction of the D.F.T. is found in [ref.lol. 

~~ --- 

According to the Fourier principle every periodic function with 
period TI can also be written as the sum of cosine and sine components 
with frequencies that are multiples of  the basic frequency f = . 



-3.2- 

00 

(3.1) g(t + k.T)= 2 1 a. + 1 an.cos(2n.fn.t)+ bn.sin(2r.fn.t) 
n= 1 

with f, = n.5, 

where n = 1,2f31... and k = ...,-2,-lfOfl,2f... 

The Fouriercoefficients a. ,an and bn can be calculated from : 

In signal analysis the complex formulation is frequently used 
For the signal g(t) we write in complex notation, 

c+ 

g(t) = f G(f).ejZKft.df 

(3.2a) 

(3.2b) 

( 3 . 3 )  
-00 

-~ _ ~ ~ _  ~ 

~--~-____ 

The complex Fouriercoefficients are calculated as follows : 

00 

G ( f )  = f g(t).e-j2nft.dt (3.4) 
-00 

Eqn.(3.4) is a transformation from the time domain to the frequency 
domain and is known as the (complex) forward Fourier transform notated 
as : 

(3.5) 

Eqn.(3.3) is a transformation from the frequency domain to the time 
domain and is known as the (complex) inverse Fourier transform notated 
as : 
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3.3 THE CONCEPT OF NEGATIVE FREQUENCY. 

Consider a sinusoidal component g(t) with amplitude A, initial phase cp 
and frequency f, see fig 3.la. 

Fig 3.lb gives an alternative representation of the same component, 
but this time represented as the sum of two contra-rotating vectors, 
each one with amplitude A/2. 
The first vector has initial phase angle cp and rotates with frequency 
f, while the other one has initial phase -0 and rotates with frequency 
-f. Fig 3.lb represents the position of the vectors at time zero, but 
it can be seen that as they rotate with time, the vector sum will 
always be real (the imaginary parts cancel out) and will result in the 
cosine curve illustrated in fig 3.la .(To show this the complex plane 
is rotated over an angle -2 a , usually the horizontal axis represents 
the real axis and the vertical axes the imaginairy axis.) 

1 

r e a l  
1 

T = t  
t.’ 

I 

t Csec.1 ‘ m  

a b 

fig 3.la : Sinusoidal component g(t)= A cos(2rft + i p ) .  

3.lb : Representation as sum of contra-rotating vectors. 

So we may write : 

g(t)= A cos(e) = $ ( cos(e) t j sin(8 

= Ip ( ,je + ,-ja 

where û = 2nft + cp . 

- j sin($) 1 

. (3.8) 
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Now consider the complex Fourier transformpair of eqn.(3.4) and ( 3 . 5 ) .  
When a function g(t) is real (as it generally will be in case of 
physical signals) then each Fourier component at frequency f will be 
matched by a component at frequency which has equal amplitude but 
opposite phase (or in other words equal real part and opposite 
imaginary part). In this way the imaginary parts at all frequencies 
will cancel and the result will always be real. 
Mathematically it can be said that the spectrum of a real valued 
function is "conjugate even" i.e. 

-f 

-00 -00 

= G* (-f) (3.91 

* 
where G is the complex conjugate of 6. 

3 . 4  REPRESENTATION OF VIBRATION SPECTRA. 

Analysing 
distribution of the power of the signal over the frequencies. 

spectra of vibration signals one is often interested in the 

The mean power Pmean of a signal over a period T is defined a s :  

m 

For the sinusoidal component of egn.(3.7) this results in 

m 
1 

= 8 I A2 cos2 (2rft + cp) dt 
Pmean O 

Where t2 is the so-called "Mean Square Value" of a sinusoidal 
component with amplitude A.In signal analysis the "Root Mean Square" 
or "R.M.S." value is frequently used which equals A 72 = 0.707 A . 



-3.5- 

It can be shown that the power content at each frequency is given 
directly by the square of the amplitude of the complex Fourier 
coefficient of eqn (3.4) 

(3.11) 

It i s  seen in fig. 3.lb that except for the 
(at f = .-I O Hz) the amplitude of G (fk) is 

DC component 
Ak -2 , thus the square of this 

is --x- 
LI 

Since the amplitude spectrum is eyen, the negative frequency component 
AkL (from G (-fk)) will also be , -p and thus the total power associated 

AkL I the same as obtained in the time with frequency fk will be 
domain. 

A plot of the squared amplitudes of the Fourier coefficients 
(eqn.(3.11)) as function of the frequency is called "Power Spectrum". 
Because the initial phase information is lost, it is not possible to 
resynthesize the original time signal from the power spectrum. 

2-siocd Powsr Spectrum RMC Rmplitude Spectrum 
a C l 

~- 

f -fk fk f f 'k 

i-sioed Power Spectrum d B  Rmplitude Spectrum 

f fk 2010gi Ao/A,,f) fk 

fig 3.2 : Representation of spectra. 
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Fig. 3.2(a] illustrates the 2-sided power spectrum containing positive 
and negative frequencies. 
Fig. 3.2(b) illustrates the 1-sided power spectrum by adding the 
negative frequency components to their positive counterpart (thus 
doubling them). 
Fig. shows the spectrum of RMS values, the square root of the 
values in fig. 3.2(a) . 
Fig. 3.2(d) shows the dB amplitude spectrum, which is defined as 
lOlog(C4ean Square) or 20log(RMS). 

3.2(c) 

Note that the DC component is the same in both the 1-sided and the 
2-sided representations, since the total power at zero frequency is 
contained in this component. 

3.5 DISCRETE FOURIER TRANSFORMS. 

The data of vibration measurements are usually processed digitally. 
The time signal x(t) is then lead through an Analog to Digital 
convertor before it is analysed. This AD convertor takes N discrete 
samples x(n) of the continuous time signal x(t) at moments t = n.AT 
,with n = 0,1,2,3,...,N-l. 

x ( t 1  
I, AT 

- 
T t Csec.1 

fig 3.3 : Sampling of time signal: AT = sample interval, 
T = record length, N = total number of samples. 

The sampling process can ais0 De perfsrme~ in both the tiae domain and 
the frequency domain. In that case the inverse Fourier Transform from 
eqn. (3.3) will take the form : 

j2nkn 
N- 1 H x(n) = I: X(k). e 
k=O 

(3.121 

where x(n) represents the samples of the time function x(t) at the 
discrete replace n.AT with n =0,1,2,3,....,N-1. 
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The forward Fourier transform from eqn (3.4) will take the form : 

j21rkn 
- N  N- 1 

X(k) = 1 x(n). e 
n=O 

(3.13) 

where X(k) represents the samples of the spectrum function X(f) at N 
discrete frequencies k.Af with k =0f1f213,....1N-1. Af is called the 
frequency resolution. 

One could consider the Fourier transformpair of eqn.(3.12) and (3.13) 
as a finite discrete approximation of the Fourier transform pair of 
eqn.(3.13) and (3.14) which are infinite integrals of continuous 
functions. The transform pair in eqn.(3.12) and (3.13) is known as the 
"Discrete Fourier Transform" or D.F.T. 
I t  can be seen in eqn.(3.12) and (3.13) that in order to obtain N 

2 frequency components from N time samples (or vice versa) requires N 
complex multiplications. A calculation procedure known as the "Fast 
Fourier Transform" or F.F.T. algorithm gives the same result with a 
number of complex multiplications of the order N. 210gN. 

Because of the discrete nature of the D.F.T. and F.F.T. 3 errors may 
be introduced: 

1) Aliasing distortion 

2) Time window effect 

3) Picket Fence effect. 

1) Aliasing distortion is caused by the discrete sampling of the time 
signal and means that high frequencies after sampling can be 
interpreted as low ones (as with a stroboscope). This error can be 
eliminated by filtering the signal with a low-pass or anti-aliasing 
filter to remove all the frequencies above half the sampling frequency 
so that 

fmax < ffold = & (3.14) 

Frequency is called the folding frequency or Myquist frequency 
and represents the maximum frequency that can be measured from data 
sampled with sample interval AT. Eqn.(3.14) is known as the "Shannon 
theorem". 
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2) The time window effect (or leakage distortion) results from the 
finite length of the time record. Because the resulting spectrum is 
calculated at discrete frequencies separated by frequency resolution 
af = T (T = record length),the time record is treated implicitly as 
one period of a periodic signal of period T. If the window is 
rectangular "flat") and the original time signal was longer than 
T, an unknown discontinuity can arise at the loop function, which 
gives rise to spurious components not present in the original signal. 
Leakage distortion can be reduced by multiplying the time record by 
smooth window functions having zero value and slope at the ends of the 
record in order to eliminate the discontinuity. One common choice is 
the so-called Hanning window: 

1 

(or 

I-- 

fig 3 . 4  : Hanning Window . 
~- - 

O < t < T  (3.15) 

3 )  The Picket Fente effect results from the discrete sampling of the 
spectrum in the frequency domain, so that for example peak values at 
frequencies that fall between two frequency lines are not necessarily 
seen. The Picket Fence effect will be discussed in more detail 
in $ 4.5. 

For information on aliasing distortion, the time window effect and the 
picket fence effect see [ref.l0,41 and 451. 

Some standard F.F.T. analysers have a transform size (N in eqn (3.13)) 
of 1024 time data and in theory gives 1024 frequency values. However, 
since the time data values are real, the second half of the calculated 
spectrum representing the negative frequencies is determined by the 
first half (the corresponding positive frequencies less than the 
Nyquist frequency (eqn.(3.14)) ) , because of the implicit 
periodicity of the spectrum. Therefore only 512 positive frequency 
values are calculated, although because each frequency component is 
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complex, this represent the same amount of data (and occupies the same 
memory space) as the original 1024 real-valued time samples. Not all 
the 512 values can be used; to eliminate the problem of aliasing a 
low-pass filter is applied with a cut-off frequency less than the 
Nyquist frequency. Usually the filter cut-off is placed so that the 
first 400 lines are valid and are displayed, while the last 112 lines 
are affected by the filter and are therefore discarded. 
Thus in this case the frequency resolution Af will be of the 
full-scale frequency (ffs) on the analyser. 
Eqn.(3.16) gives the relationship between frequency range and record 
length. 

1 

(3.16) 

More advanced analysers have the possibility to calculate high 
resolution baseband spectra of e.g. 4000 lines, or to "zoom in" on a 
certain frequency band to obtain a zoom spectrum of e.g. 400 lines, 
see also Cref.471. 
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CHAPTER 4 : PRACTICAL CONSIDERATIONS USING THE SPECTRUM ANALYSIS. 

4.0 OVERVIEW. 

4.1 SNTRODUCTION. 

4.2 SCALING OF THE SPECTRUM AXES. 

4.3 FREQUENCY RESOLUTION AND ROTATIONAL SPEED FLUCTUATIONS. 

4.4 BIAS ERROR. 

4.5 PICKET FENCE EFFECT. 

In this chapter some considerations concerning the application of 
spectrum analysis f o r  the condition monitoring of gearboxes are 
pointed out briefly. 

4.1 INTRODUCTION. 

For a correct interpretation of gearbox vibration spectra, one should 
not only be familiar with the mathematical principles of spectrum 
analysis, but one should also study the aspects concerning its 
application in practice. SoPae important issues concerning the 
interpretation of gearbox vibration spectra are discussed in this 
chapter. For information on the application of  vibration eieasureeient 
equipment the reader is referred to the literature [refs.10,41,46]. 

4.2 SCALING OF THE SPECTRU 

Important in the representation of vibration spectra is the scaling of 
the frequency and aaplitude axes. The amplitude scale of the spectra 
of gearbox vibration signals is usually logarithmic: 

1)  The dynamic range of the analyser and the vibration measurement 
system is much greater than a linear scale can handle, thus using a 
log scale, more information will be available from the spectrum plot. 

2) Another reason for using a logarithmic amplitude scale is that 
small changes in the transmission path by which the signal has reached 
the measurement point do not change the shape of the spectrum very 
much, but shift it up and down. Log sales (e.g. in decibels) are then 
convenient since this allows level comparisons by addition or 
subtraction of scale values. 
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In rare cases a linear amplitude scale is chosen, e.g. when the 
parameter being measured is directly of interest ( e . g .  
displacement).For periodic signals containing equally spaced discrete 
frequency components (such as gearbox vibrations), the aim is to 
separate adjacent components and this can best be done by using a 
linear frequency scale. A log frequency scale could be used where a 
wide frequency range is to be covered, or in order to eliminate the 
effects of minor machine speed fluctuations by a lateral shift of the 
spectrum. 

Using high resolution spectra , it is necessary to bear in mind the 
amount of rotational speed fluctuations of the gearshafts. The choice 
of the maximum frequency resolution in the spectra of gearbox 
vibrations not only limited by the maximum number of lines of the 
analyser, but also by rotational speed fluctuations. 
For instance studying a 0-500 Hz spectrum with a resolution of 
4000 lines (0,025%) a time record length of = 8 seconds is 
necessary. 
This means that speed fluctuations of less than 0,025% in a period of 
8 seconds are required to give any meaning to an analysis of greater 
resolution and this degree of accuracy is not very likely for 
rotational shaft speeds in mechanical systems. 

is 

4000 

Further speed fluctuations may cause problems when averaging the 
spectra. In the analysis of gearbox vibrations a number of n 
"instantaneous" spectra are averaged to average out minor amplitude 
fluctuations and to obtain a better signal to noise ratio (in practice 
n usually equals 8 or 16) .  Detecting sideband structures serious 
analysis problems may occur when the frequency spectra are shifted 
because of fluctuations in the shaft rotational speed. When the 
nodulated sideband spacing Af is smaller than the product Af,.Z of 
the shaft rotational speed fluctuation Af1 and the number of teeth 
2 , then the sideband structures might not be found back in the 
averageà spectrm. In câse of 5peed f luctmtims closely spaced 
components in the "instantaneous" spectra will form one broad peak in 
the averaged spectrum. To reduce this problem some F.F.T. spectrum 
analysers have the possibility to apply an internal sample rate to the 
A.D. convertor of the analyser. In this case the internal sampling 
frequency (where AT is the sample interval) of the analyser is 
phase-locked to the rotating speed of the machine under analysis, e.g. 
by utilizing a so-called tracking adaptor. The frequency scale is then 
expressed in terms of orders (multiples of a fundamental shaft 
rotational speed) to which the sample rate is locked. 

& 
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4 . 4  RESOLUTION BIAS ERROR. 

The amplitude level of a lower resolution spectrum analysis is always 
higher than the level of a higher resolution analysis. This effect is 
known as the resolution bias error and occurs in the vicinity of peaks 
in the spectrum. I t  arises because a peak which is composed o f  a 
number of separate components has a height which is the sum of the 
various components, so that its height will always be greater than 
that of its components. In a worst case, supposing a zoom factor of 10 
is used a group of closely spaced components of equal levels could 
give an apparent peak ten times higher than the level of the 
individual components. Thus spectra measured with different resolution 
should only quantitatively be compared with extreme caution. 

4 . 5  PICKET FENCE EFFECT. 

Comparing spectra quantitatively one should be aware of the so-called 
Picket Fence effect, when the rotational frequency is not constant 
but fluctuates which in practice will almost always occur. 
A rotational frequency fluctuation can cause a difference in levels of 
1,42  dB using Hanning Weighting and 3,9 dB using flat weighting on the 
time signal. 
The Picket Fence effect results from the discrete sampling of the 
spectrum in the frequency domain. It is as though the spectrum is seen 
through the slits in a Picket Fence and thus f o r  example peak values 
are not necessarily seen. The error can be compensated when there is 
only one frequency component which falls between two spectral lines. 
Consider 3 sinusoidal time signals gl(t), g2(t), g3(t) with 
frequencies f2 and f3 and the same amplitude are being analysed 
with a Hanning weighting function. The discrete frequency specticum is 
given in fig.4.1 . 

f,, 

fig 4 . 1  : The picket fence effect. 
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Component with frequency fl, has two "sidebands" caused by signal 
leakage (not by modulation ! )  that are each 6 dB below the centre peak 
(in fig 4 . 1  only the first two sidebands are shown of a family of 
sidebands which are caused by convolution of the Fourier transform of 
the sinusoidal component and the Fourier transform of the Hanning 
window in the frequency domain). 
This indicates that the frequency of sinusoid 1 is exactly that of the 
centre analysis line, and that its level is exactly that o f  this line. 
For f2, the two lines have equal levels and 
they are 1,42 dB below the centre line of fl. This indicates that 
component 2 has a frequency exactly halfway between the analysis lines 
and has exactly the same level as component 1 .  
Any sinusoid partly between analysis lines gives a distinct pattern 
for a Hanning window, such as component 3 and thus its frequency and 
level can be calculated. Assuming that the signal is a single sinusoid 
the heights of the two highest line can be used to determine the exact 
level and frequency of the component involved. For more information 
see Cref.511. 

component with frequency 
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CHAPTER 5 : THE CEPSTRUM ANALYSIS. 

5.0 OVERVIEW. 

5 . 1  INTRODUCTION TO THE CEPSTRUM TECHNIQUE. 

5.2 TOWARDS A NEW CEPSTRUM DEFINITION 

The most commonly used definitions of the Cepstrum are given. It is 
shown how the cepstrum can detect certain periodicities in the 
spectrum. Further the mathematical principles are explained and an 
efficient way of calculating the cepstrum is pointed out, resulting in 
a new definition of the cepstrum. 

5 . 1  INTRODUCTION TO THE CEPSTRUM TECHNIQUE. 

5.1.1 APPLICATION OF THE CEPSTRUM TECHNIQUE. 

The application areas of the "Cepstrum Technique" encompass radar and 
sonar, where the cepstrum can be used to reduce reflection 
interference; speech, where the speaker fundamental frequency (pitch) 
is estimated and spectrum envelopes are calculated; marine and earth 
seismology, seismic exploration and detection where source depth 
determinations are made and the ocean bottom is mapped, and the 
electroencephalogram (EEG) or brain waves where correlates of 
electrophysiological events are derived. 

The reader interested in one of the applications mentioned above, is 
referred to an excellent review article on the cepstrum literature, 
written by Chillers et al.[ref 501, containing a very extensive 
reference list. 
We will confine ourselves in this report to the application of the 

spectrum analysis. 
cepstj-~r, &-ah-< ccL,iiitrrlue R I .  in monitoring the condition of gearboxes using 

Changes in the frequency spectra o f  vibration signals of gearboxes 
often indicate deterioration of the mechanical condition. Analysing 
the relative complex spectra of gearboxes, the "Cepstrum Technique" 
can be a powerful help in order to detect certain periodic structures 
in the spectra, such as families of sidebands or harmonics. 
These sidebands and harmonics may contain important diagnostic 
information on the condition of gearboxes e.g. on the amount of wear 
on the gearteeth. 



-5.2- 

The two main advantages of the cepstrum technique in gearbox 
monitoring are: 

1) Its ability to detect periodicities in the spectra, not immediately 
apparent to the eye. Thus better information will be available for 
diagnosis, especially in complex spectra. 

2 )  The accuracy with which the cepstrum technique can separate 
periodic structures in the spectrum. So the diagnostic information 
will be more accurate on the modulation sources in gearbox 
vibration signals, e.g an unbalanced rotating shaft. 

Before discussing the advantanges and limitations of the cepstrum 
technique in more detail, it is interesting to have a brief look at 
the backgrounds of the cepstrum technique. 

5.1.2 HARMONICS AND SIDEBANDS IN GEARBOX VIBRATION SPECTRA. 

As was mentioned in the introduction, the cepstrum analysis can be 
used for the detection of periodicity in a spectrum, for example 
families of harmonics or sidebands with uniform spacing. These 
harmonics or sidebands are almost always present in the 
spectra of gearboxes. 

I c 2a 48 sa ea iaa 128 148 168 iea zaa ZZB HZ. 

fig 5.1: Family of harmonics , fc=20 hz. 

A family of harmonic frequecles is defined by : 

fn= n. fc n=1,2,3, ...... 

vibration 

where fc is the carrier frequency e.g. the toothmeshing frequency 
A family of sidebands is defined by 

f m fs = f c i  m .  m=1,2,3, ... ( 5 . 2 )  

where fm is the modulation frequency e.g. a shaft rotational 
frequency. 
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I POWERSPECTRUM 

fig 5 . 2  : Family of (frequency modulated) sidebands, 
fc=160 HZ ; f,= 10 Hz. 

The generation causes of these harmonics and modulated sidebands are 
discussed in chapter 2 .  

5.1.3 DEFINITION OF THE CEPSTRUM 

The cepstrum was first described by Bogert et al. [ref-l] in 1963 as a 
technique for finding echo arrival times in a composite seismic 
signal. 
These authors defined the cepstrum (which we term the power cepstrum 
to avoid confusion with the amplitude and complex cepstrum) of a 
(time-)function as "the powerspectrum of the logarithm of the power 
spectrum" of that function. 

Powercepstrum : C(T) = 1 F {log Gxx(f)f l 2  
o 

= I -00 f log Gxx(f).e-j2nTf.df12 

where Gx,(f) is the power spectrum of the time signal g(t), 

l 2  

(5.3) 

( 5 . 4 )  

and F tg(t)l represents the the forward Fourier transform of the 
function g(t). 
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The final magnitude squaring in eqn.(5.3) (using the absolute values 
of F-' {log G,,(f ) 1 ) 
In actuality the final squaring operation in eqn.(5.3) is not always 
necessary and is frequently omitted. The cepstrum obtained by 
omitting the squaring operation is called amplitude cepctrum. 

could be changed to simply squaring. 

Amplitude Cepstrum : C ( T )  = 1 F {log G,,(f)I I ( 5 . 6 )  

Later a new definition for the amplitude cepstrum was introduced ; 
"the inverse transform of the logarithm of the power spectrum." 

1 Amplitude Cepstrum : C ( T )  = F- {log G,,(f)ì 

o = log G,,(f).e +i2r-rf. df 
-00 

The reasons for using definition ( 5 . 7 )  are : 

a) It highlights the connection between the cepstrum and the 
autocorrelation function R,,(T), which can be obtained as the 
inverse transform of the power spectrum (see also $ 5.1.4). 

( 5 . 7 )  

b) Definition ( 5 . 7 )  is closer to that of the "Ccmplex cepstrum" 
[ r e f .  12 1 ,  which is defined as the "inverse transform of the 
complex logarithm of the complex linear spectrum". 

Complex Cepstrum : C ( T )  = F-'t log G, (f) 1 

Where G, (f) is the complex linear spectrum of time signal g(t) 

(5.9) 

(5.10) 
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To avoid confusion between the spectrum and cepstrum Bogert et al. 
introduced the following paraphrased terms, 

frequency ............. quefrency 
spectrum ............. cepstrum 
phase . . . . . . . . . . . . .  saphe 
amplitude ............. gamnitude 
filtering ............. liftering 
harmonic ............. rahmonic 
period ............. repiod 

along with others. Today the most utilized terms are cepstrum, 
quefrency and rahmonic, e.g., amplitude in the cepstrum domain is 
usually called just that and not "gamnitude' as suggested by Bogart et 
al. 
Note that the independent variable T of the cepstrum has the dimension 
of time. This variable T is called quefrency. 
A quefrency T represents rapid fluctuations in the spectrum e.g. 
small frequency spacings A between the sidebands or harmonics. 
A high quefrency T represents slow changes in the spectrum e . g .  the 
frequency spacings A are large. 

low 

+i POWERCEPCTRUM 1 

fig 5.3 : Powercepstrum of the spectrum from fig 5 . 2 .  Peak at 
quefrency of 0 . 1  sec., so A= 1 / . 1 = 1 0  Hz. Rahntonics at 
quefrency 0.2, 0.3 and 0 . 4  sec. 

Where the  peaks in the zepstrun result  from families of modulated 
sidebands, the quefrency of the first peak represents the periodic 
time of modulation, and its reciprocal the modulation frequency, so : 

( 5 . 1 1 )  T = &  1 

Note that the quefrency tells nothing about absolute frequency, only 
about frequency spacings. 
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5.1.4 CEPSTRUM AND THE AUTOCORRELATION FUNCTION. 

The autocorrelation function R,, (T) is a special time average defined 
by 

RXX(~) = lim 4 T'2g(t).g[t+r)dt 
T-r 00 -i,* (5.12) 

Thus the autocorrelation function is found by taking a signal, 
multiplying it by the same signal displaced T units in time,and 
averaging the product over all time. 

There is a close relationship between the autocorrelation function 
RXX(y) and the (auto-)powerspectrum Gx,(f 1 ,  which is very frequently 
used by digital signal analysers to calculate the autocorrelation 
function. 

(5.13) 

The autocorrelation function always has a maximum at T=O equal to 
the mean square value of g(t). If the signal g(t) is periodic, the 
correlation function is also periodic with the same period. 
Random noise, on the other hand, will only correlate around T = O .  The 
autocorrelation function is often used to improve the signal 
to noise ratio (SNR) of periodic signals. 

Comparing the cepstrum, according to eqn.(5.7) 

(5.71 

with eqn. (5.13) we note that the difference between tnis cepstrum 
definition and the autocorrelation function is that in case 
of the cepstrum the logarithm of the spectrum values is taken before 
performing the inverse Fourier transform. 

The powerspectrum G,, of the vibration signal at the measuring point 
on the gearbox housing is the product of the powerspectrum Sxx of the 
source function and the squared amplitude of the frequency response 
function (transfer function) H, of the transmission path, i.e. 
gears, shafts, bearings, housing. 
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Fig. 5.5 : the influence of the transmission path 

Sx = linear spectrum of source function 
Sxx = (auto-)powerspectrum of source function 
G, = linear spectrum of vibration signal 
G,, = (auto-)powerspectrum of vibration signal 
H, = frequency response function of transmission 

H,, = (auto-)powerspectrum of frequency response 
function of the transmission path 

path 

G, = Sx.Hx (5.14) 

(5.15) 

taking the logarithm of the Powerspectrum G,, transforms the 
multiplication operation in epn.(5.15) to an addition so 

log G,, = log Sxx + 210g \H,I (5.16) 

Because the Fourier transform is a linear operation we may write 

Eqn.(5.17) shows that the source and transmission path effects are 
additive in the cepstrum. 
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One could say that the second term of eqn.(5.18), C H ( ~ )  describes 
"periodicities" in the amplitude of the transfer function of the 
transmission path, i.e. frequency spacings between the natural 
frequencies of the transmission path. 
In general periodicities in the amplitude of the transfer function 
will have a different quefrency content than periodicities in 
the (power-)spectrum of the source function represented in the first 
term CS(~). And, since according t o  eqn.(5.17) the source and 
transmission path effects are additive in the cepstrum, they will be 
separated in the cepstrum. 
By contrast, the autocorrelation function according to eqn.(5.13) 
involves a convolution of the two effects in the quefrency domain, 
which is much more complicated. 

(5.19) 

This de-convolution effect of the log operation in the cepstrum could 
be used t o  estimate the amplitude of the transfer function of the 
transmission path by averaging n cepstra at n different shaft 
rotational frequencies and than performing a forward Fourier transform 
on the averaged cepstrum, see also ref.[42]. 

Intermezzo : The convolution theorem. 

The convoluti'on- thëoÏem -Ttätës 73ïät-- ä FoüTiër- transform- (either 
forward or inverse) transforms a convolution into a multiplication and 
visa versa. 

and if c(t) = a(t)*b(t) 

m 

where c f t )  = a(t)*b(t) := J a(T).b(t-T).dT 
-m 
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5.2 TOWARDS A NEW CEPSTRUN DEFINITION 

5.2.1 INTRODUCTION 

Although the cepstrum definitions according to eqn.(5.3),(5.6) and 
(5.7) are very useful in analysing speech or seismic signals, the 
analysis of vibration spectra of gearboxes demands a slightly 
different definition of the cepstrum, as will be shown in 5.2.2. In 
$ 5.2.3 and $ 5.2.4 the reader will be made familiar with some 
properties of respectively the Fourier transform and the Hilbert 
transform. These paragraphs are meant as an introduction to $ 5.2.5 
where a new definition of the cepstrum is formulated, see also ref[2]. 

5.2.2 THE NEED FOR A NEW CEPSTRUM DEFINITION 

The inverse Fourier transform of the linear complex spectrum G,(f) of 
a time function g(t) gives the original time function g(t). 
Nevertheless the inverse Fourier transform of the square root of the 
powerspectrum does not give the original (scaled) time function 
because the phase information has been lost. Remember that 

* 
G,, = G,. G, (5.20) 

Now consider the next example 

let g(t) = A.cos( 2rft + i p )  

with : Al = A.COS@ and B1= B.sinip 

A l  B1 where and - are in fact the Fourier coefficients of the Fourier 
transform of the original time signal g(t). 
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fig 5.5 : Time signal g(t) and its linear complex spectrum 

An inverse Fourier transform of Gx(f) will give the original time 
function g(t) thus : 

The powerspectrum of g(t) is shown in fig 5.6 

(5.22) 

t ALL.-!- -f f -8 

fig 5.6 : Powerspectrum Gxx(f) of g ( t ) .  

The intaginairy part of the powerspectrum equals zero and the real part 
has two peak amplitudes at frequencies -f and f with magnitude where C 

(5.23) 
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An inverse transform of Gxx(f) would give : 

(5.24) 

Or when using the log scaling according to the cepstrum definitions 
e.g. eqn.(5.7) we get 

A2 
2 

F-’i log(G,,(f))) = log(- ).cos(2nft) (5.25) 

The non-linear amplitude filtering by taking the log values of the 
powerspectrum is done to de-accentuate the high amplitude frequency 
components (e.g. carrier frequencies) in order to give some more 
accent to lower amplitude components (such as modulated sidebands), 
so one could say that the powerspectrum is flattened, or whitened. 
Another advantage of the log operation; the separation of source 
function and transmission path effects in the cepstrum, is pointed out 
in J 5.1.4 . 

Analysing speech or seismic signals the amplitude peaks of interest in 
the-powersp~ctrum_will acc-ur-at frequencies- ~ ~~ - ~ ~~~ ~ 

f = k.A Hz. with k= ..,-2#-1,0,1,2, 

1 And a distinct peak is found in the cepstrum at T =  . 

(5.26) 

Frequency D o m a i l  

Powerspectrum 

f-0 $+ f 

Quefrency  Dornairi 

decomposed 

I 

co ma o se d 

- 
A 



-5.12- 

But in the powerspectra o f  gearbox vibrations a family of sidebands 
does not necessarily go trough zero frequency, in other words 
first peak of a family of sidebands in the powerspectrum does 
need to occur at f=k.A Hz. 

F r e q u e n c y  Domai ’1 QLtef r e n c y  03iiiai 1 

Pg de r s p e c  t r urn 

t =a 

the 
not 

fig 5.8 : Hypothetical spectrum with peaks at : 
f = 1/4 A t k 5 for k = O ,  1 ,  2 
f = -1/4 A t k A for k = 0,-1,-2 
and its cepstrum. 

1 In the cepstrum of fig 5.8 occurs a zero passing at T= Ä instead of a 
peak as in fig 5.7. In relative complex cepstra these zero-passings 
indicating periodicities in the powerspectrum might be easily 

cepstrum definitions (5.3) and ( 5 . 7 ) .  Another problem occurs when 
there are also other zero-passings present in the cepstrum which 
contain no information on sideband spacings, see also fig 5.8. 
This indicates the need for a new definition of the cegstrum for 
analysing gearbox vibration signals. 

-ayexlooked --especially when using a&solute values as describedin ~- ~~ 

5.2.3 PROPERTIES OF THE FOURIER TRANSFOW 

The Fourier transform will be presented by a double ended arrow 
indicating forward transformation from left to right and vice versa 

Thus : g(t) <---> C(f) 

-i2rft .dt o0 

means that G(f)= F fg(t)f = J g(t). e 
-OD 

and (2.28) 

(5.27) 
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According to these definitions a time signal (time domain 
representation) can equally well be described in terms of 
corresponding spectrum (frequency domain representation). 

Any function g(t) can be regarded as the sum of two functions e(t) 
o(t) where : 

eit) = e(-t) and o(t)= -o(-t) 

The function e(t) is called even function whereas o(t] is called 
function. 

I 
I 

the 

and 

odd 

(5.29) 

With the above definitions some other basic properties of the Fourier 
transform be derived (see fig 5.10). The relationships shown in 
fig 5.10 apply to any Fourier transform pair. It is seen that after 
the Fourier transform the even real parts remain real and the even 
haginairy parts remain imaginairy. Odd real parts are translated to 
odd imaginairy parts and vice versa. 

can 
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Rea' Fourier Real 

imaginary 

Rea! Fourier Real 

imaginary 

Even Even 

fig 5.10: Properties of the Fourier Transform (source Cref.441) 

Another property of the Fourier transform is that the spectrum of a 
real time function is conjugate even (see eqn. 3.9). 

There is a '  definite relationship, the so-called Hilbert Transform, 
between the real and haginairy part of the Fourier spectrum of a 
"causal function". Because of its relevance in the calculation process 
of cepstrum, a short derivation of the Hilbert transform will be 
given. 

the 

3.2.4 THE HILBERT TRANSFORB. 

A function is g(t) is called "causal" when g(t) = O for t< O .  

fig 5.11 : Decomposition of a causal function into even and odd 
components. 
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Fig 5.11 shows a hypothetical causal real function g(t), and the way 
in which it can be decomposed into an even and an odd function. These 
functions must be identical for positive time in order that they will 
cancel for negative time, thus : 

for t 2 O 

o(t)=-o(+) = g(t)/2 

Since e(t) = o(t) for t> O and e(t) = - o(t) for t< O we may write : 

o(t) = sgn(t).e(t) 

e(t) = sgn(t). o(t) 

where sgn(t) is the sign function : 

sgn(t) = 
1 

-1 

for t> O 

for t< o 

(5.30) 

(5.31) 

Thus in the time domain there is a definite relationship between the 
even and uneven part of a causal function. 
In the frequency domain there is a relation between the real and 
imaginairy parts of the Fourier transform G(f) of the causal function 
g(t). This relation is called the Hilbert transform. 

Let the Fourier transforms of e(t) and o(t) be R ( f )  and j X(f) 
respectively, and the Fourier transform of sgn(t) equals j$f ,thus : 

e(t) <-- -> R(f) , o(t) <-- -> j X(f) , sgn(t) <- - ->  jnf 1 

and 

(5.32) 

Since o(t] = e(t).sgn(t) and using the convolution theorem we may 
write : 
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* F te(t))) F {o(t)) = y F {sgn(t).e(t)ì = - . (  Ff 1 1 1 
3 X(f) = 

J J 

* R(f) - 
ICE - -  

Thus X(f) = - i -1 c# dy 

In the same way we find : 

R(f) = F fe(t)) = F {sgn(t).o(t)} = 

- 1  - * X(f) 

(5.33) 

(5.34) 

’ * F toft)) jrf 

(5.35) 

(5.36) 

Equations 
inverse 
imaginairy parts of the Fourier transform of a causal function. 

(5.34) and (5.36) are known as respectively the forward and 
Transform and give the relation between the real and Hilbert 

Hotice that in contrast t o  the Fourier transform, the Hilbert 
Transform is a local mapping within either the time domain or  the 
frequency domain. 

The Fourier transform of (-nf)-’ is j sgn(s) , which is equal to +j for 
posktive-s- -and--j- for-nega-t-ive- s-(-the-parameters-is-introduc_edt_o- - 

prevent confusion with the parameter T, s and T both have the 
dimension of time [sec]). Noting that convolution in the f-domain 
corresponds with multiplication in the s-domain we find that the 
Hilbert Transform is equivalent for a curious kind of filtering, in 
which the amplitudes of the spectral components are left unchanged, 
but their phases are altered by 5 positively or negatively , according 
to the sign of s , see fig 5.12 . 

Reaì  Real  

fig 5.12 : (-nf)-’ and its Fourier transform j sgn(s) 
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Thus all cosine components transform to negative sine components and 
all sine components transform into cosines, see fig 5.13 . A  
consequence of this is that the Hilbert Transforms of even functions 
are odd and the those of odd functions even. 

.j 

ïmag 

sgn s 

I 

fig 5.13 : Explaining the Hilbert transform of cosine and sine 
functions (left) in term of their spectra (right). 

Now 
function k(t) : 

consider a real function g(t). With it we may associate a complex- 

(5.37) 

where Hi{g(t)) is the Hilbert transform of g(t), thus according to 
eqn.(5.33) : 

Hi {g(t)f = - & * g(t1 í5.38; 

In signal analysis and optics this associated complex function ktt) is 
known as the "Analytic Signal" , whereas the Hilbert transform 
Hi{ g(t) 1 is called the "Quadrature Function" of g(t). 
As an example, the quadrature function of cos(wt) is -sin(wt) and the 
analytic signal corresponding to cos(wt1 is elwt. One might say that 
the analytic signal k(t) bears the same relationship to g(t) as elwt 
does to cos(wt). 
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The analytic signal contains no negative frequency components; in fact 
it is obtainable from g ( t )  by suppressing the negative frequencies. 
for example, noting that 

,jut ,-jut 
cos(wt) = , 

we obtain the analytic signal by suppressing the negative frequency 
term e-7wtr and doubling the result. To show this in general let 
F {g(t))= G(f) and let Q(t) be derived by suppressing the negative 
frequencies and doubling the result : 

1 for f> O 

O for f< O 
with the Unit Step f-unction H(f) = 

since F t i 6(t) t 1 = H(f1 (see appendix A2) 

it follows that g(t) = 2 [ 3 6(t) t -J * g(t) 
- 1  = g(t) - j ( * g(t) 

Thus g(t) is indeed the analytic signal, as originally defined. 

5 . 2 . 5  A NEW DEFINITION OF THE CEPSTRUM 

Now that the reader has become familiar with some mathematical 
principles of the Fourier transform, these principles can be used to 
formulate an efficient way to calculate the cepstra numerically. 
Our  aim was t o  detect periodicities in the (log-) powerspectrum Gxx(f) 
being a real even function. 
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In this paragraph we will prove the next 3 hypotheses, see also 
ref. [2]. 

1) Calculating the cepstrum , the same result is obtained by a forward 
OK inverse transform of the (log-) powerspectrum. 

2) Calculating the cepstrum it is sufficient t o  transform the 1-sided 
spectrum only i.e. the positive frequency values of the ( l o g - )  
powerspectrum, multiplied by a factor 2. 

3 )  In some situations the imaginairy part of the cepstrum of a 1-sided 
powerspectrum, being the Hilbert transform of the real part, can be 
of great use. 

At the end of this paragraph a new definition of the powercepstrum 
will be formulated using the 3 hypotheses above. 

ad11 First we will show that the same result is obtained by a forward 
or inverse transform of the powerspectrum thus that: 

Since the powerspectrum is a real even function the 
(log-)powerspectrum will also be a real even function. 

letting 
m 

C(T) = F-' {logGxxf = -00 I (log Gx,(f)).eti2Trfdf 

00 

C'(T) = F {logG,,) = -00 J (log G,,(f)).e-i2rTfdf 

then 

m 
C'(T) = J (log Gxx(f)).e-i2nTfdf 

-W 

(5.41) 

(5.42) 
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Because G,, is a real even function, C ( T )  is also a real and even 
function (see fig 5.10) 

from eqn(5.42) we find 

(5.43) 

(5.44) 

Using the cepstrum definition according ttr eqn.(5.7), eqn.15.44) can 
be of use when the cepstrum is calculated by an FFT analyser by 
filling analyser time buffer with the l o g  powerspectrum data and 
then performing a forward Fourier transform on these data, treated as 
a time signal. 
In a normal FFT analyser, an inverse transform, if available usually 
assumes complex data. Thus, because the log powerspectrum is real, it 
can be more efficiently transformed by a forward transform, since only 
half the buffer size is required, or conversely, for a given buffer 
size the obtainable resolution is twice as fine. 

the 

ad 2) Now we will show that there exists a definite relationship 
between the cepstrum of a 2-sided powerspectrum and the cepstrum of a 
1-sided powerspectrum. 
Let GxXIl be the 1-sided powerspectrum, and Gx,,2 the 2-sided 
powerspectrum with : 

(5.45) 

Decompose GxxIl into an even and odd part 

Gxx,l = el 4- O 1  

Decomposition of GxXl2 gives 

Gxx,2 = e2 O 2  

Further el= e2 
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I 0 1  

e 2  
Gxx , 2  

I t 
f 

02 

f- 

fig 5 . 1 4 :  Decomposition of Gxxrl an Gxxf2 into even and odd 
components. 

Let el <---> El <---> j O1 , e2 <---> E2 , o2 <---> j O2 

Then FI Gxx,lI = El + j 01 = EZ+ j 01 

and FI GXxI2I = E2 

Thus , i f  the cepstrum of the 2-sided spectrum - -  is desired, the 
imaginairy part of F{ GXxf 1 could-be discarded. 
ad 3 )  On the other hand, the haginairy part of the Fourier transform 
of a 1-sided powerspectrum represents the Hilbert transform of the 
real part and has some interesting properties. 
The actual peak amplitude in the quefrency domain will not necessarily 
occur in the real part of the cepstrum. The peak amplitude may also 
occur in the haginairy part . This depends on the "phasing" (i.e. the 
position in the spectrum) of harmonic or sideband structures in 
relation to the position of zero frequency. 

To illustrate this we will consider a hypothetical powerspectrum 
consisting of an infinite series of dirac pulses or 5-functions with a 
frequency spacing A [Hz.]. 
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fig 5.15 :Hypothetical (log-)powerspectrum of 6-functions spaced 
W 

at A [Hz.l1 G2= k=-w 1 a(f-k.A) with k=~.121-lIûIl121.~ 

We introduce the "Shah" symbol III(f,A) 

00 

III(f,A) = 1 6(f-k.A) 
k=-m 

Calculating the cepstrum we perform a Fourier transform from the 
frequency domain to the quefrency domain. 

Notice the "filtering" property of the 6-function in relation to 
Fourier -transforms. ~~ ~ 

(5.46) 
-00 

(5 .47 )  
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Frequency Domain Quefrency Domain 

r e a l  

u t 

t=B  1 
Ä 

f = O  f 
I 1  i I I I I I i 1 1 .  

fig 5.16 : Cepstrum of the 2-sided powerspectrum. 

Considering 
at 8 [sec] the positive quefrency values only we find the first peak 

indicating that the powerspectrum was periodic with A[Hz]. 

Let us now consider the 1-sided powerspectrum IIIl(f,A) 

00 

III,(f,A) = a(f) t 2 I: ó(f-k.A) 
k= 1 

( 5 . 4 8 )  

The 
2 times the positive frequency components of the spectrum. 

factor 2 results from defining the I-sided powerspactnun as being 

ca - - E e -j2m~kA 
k= i 

Frequency Domain 

f20 f 

Quef rency Dornai rl 

fig 5.17 : Cepstrum of 1-sided powerspectrum 
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Comparing eqn.(5.47) to eqn.(5.49) we notice the addition of an 
imaginairy component. Remember III(f,A) was a real even function thus 
FIIII(f,A)ì will be real and even too (see fig 5.10), whereas 
III,(f,A) is a real causal function thus FtIIIl(f,A) 1 will be 
complex. 
We see that the real part o f  eqn.(5.49) is equal to the real part o f  
eqn.(5.47) as was already noticed in 2) . 
The imaginairy part of eqn.(5.49) is the Hilbert transform of the real 
part of eqn.(5.47). The haginairy part shows a series of two 
neighbouring dirac pulses with opposite sign, which could be 
considered of as being the (negative) derivatives of a series of 
(positive) dirac pulses. 

Searching for periodicities in powerspectrum we could study the real 
part of the cepstrum only, leaving the negative frequencies out. 
For numerical Discrete Fourier Transforms this means that only the 
positive part of the powerspectrum between zero frequency and the 
folding frequency has to be transformed. This can result in an 
increase of the resolution in the cepstrum with a factor 2, when the 
number of lines in the 1-sided spectrum equals the number of lines in 
the 2-sided spectrum, e.g. by adding 2 zero's to the 1-sided spectrum 
from the folding frequency ffold to fmax. 

4 4 - z 4 

L zeroes 

%Old %ax *fold L x  

fig 5.18 : Adding zero's in order to increase the resolution. 

N Or, when transforming only the first 2 lines of the powerspectrum 
(without adding zero's) the cepstrum calculation time will be reduced 
by more then a factor 2 ,  when an FFT algorithm is used. 
The number of multiplication operations performeä in a PFT algorithiü 
is about N. 210gN , so the reduction of the calculation time will be 

$ *log $ 
N 210g N 

210g N - 1 i 
= ' ( 'log N 

(5.49) 
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In some cases the peak in the cepstrum indicating a periodicity in the 
powerspectrum will be more prominent in the imaginary part of the 
cepstrum than in the real part. This depends on the position 
("phase") of the sidebands in relation to the position of zero 
frequency as will be shown in the next examples. 

Consider the following group of functions 

with a = "phase". 

for a = O we find : 

O0 -]2n.rk.Af F iIIIl(f,A,O)} = 2 1 e 
k= 1 

1 for 4 we find : 

(5.50) 

(5.51) 

(5.52) 

(5.53) 

see fig 5 . 1 9 .  
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Frequency Domain 

- 1  a = T  

O u e f  rency Domain 

Real 

Real 

fig 5.19 : The influence of "phase" a on the real and imaginairy 
part o f  the cepstrum. 

In practice the peaks in the cepstrum (and powerspectrum) will not be 
dirac pulses, but peaks with a finite peak amplitude. 

~ -Two neighbouring Dirac-pulses with opposite- sign will result -in two 
'opposite peaks with a zero-passing. 
As we have seen in in fig 5.19, depending on the "phase" o: there may 
occur a peak amplitude or a zero-passing in the real part of the 
cepstrum at i =$ . 
Using the real part only, a zero-passing could easily be overlooked or 
misinterpreted. Using the cepstrum definition according to eqn.(5.3), 
i.e. taking the absolute values of the real part could make the 
detection of the quefrency resembling the periodicity in the 
powerspectrum still more difficult. 
Fig 5.19 shows that a zero passing in the real.part of the cepstrum 
corresponds with a peak in the imaginairy part at the same quefrency. 
By the square of the real and imaginairy part of the cepstrum 
the interpretation problems at zero-passings can be evaded. 

taking 

Thus our definition of the Power Cepstrum will be 

C ( T ) =  I F {log Gxx,l(f)} I *  (5.54) 

With GXX,  being the 1-sided power spectrum defined in eqn.(5.45) : 
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f o r  f ) O 
for f = O 
for f ( O 

The Amplitude Cepstrum will be defined as : 

(5.45) 

(5.55) 
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CHAPTER6 : PRACTICAL CONSIDERATIONS USING THE CEPSTRUM ANALYSIS. 

6.0 OVERVIEW. 

6.1 APPENDING ZEROES. 

6.2 TIME AND FREQUENCY WINDOW. 

6 . 3  THE EFFECTS OF NOISE LEVEL. 

6.4 MINIMUM NUMBER OF SPECTRAL LINES NEEDED. 

The Cepstrum technique often demands some additional effort and 
consideration before it can be used succesfully in practice. 
This chapter points out some practical considerations using the 
cepstrum technique for analysing the vibration spectra of gearboxes. 

6.1 APPENDING ZEROES. 

Appending to a data sequence increases the sampling rate N of 
its discrete Fourier transform, and thus increases the resolution in 
the spectrum. In other words, the effect of appending zeroes is to 
increase the number of timesamples N. This implies that the spectrum 
is- -s-ampl-ed at smaller sample intervals, since the spacing between 
these samples is proportional to & .  

zeroes 

- -  - - -  - -  

For example, if a time record of length N is extended to 2N with N 
zeroes and a transform of size 2N is erformed then the resolution in 
the spectrum will increase from N to 2~ while the bandwidth 
will still be fmaX . 
Extending a record of N data with zeroes can be interpreted as 
applying a rectangular weighting function of lenght N to a data record 
of length 2N. 
A disadvantage of appending zeroes in this way is that it changes the 
spectrum slightly. Remember that multiplying a function with a 
rectangular weighting function in the time domain corresponds with a 
convolution of the Fouriertransform of the time signal and the 
transform of the weighting function, in the frequency domain . 

'ma, f ma, 
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I 
fig 6 . 1  : Rectangular weighting function and (the amplitude 

spectrum of) its Fourier transform. 

In the same way it is possible to increase the resolution in the 
cepstrum by appending zeroes to the log-spectrum data record before 
performing the cepstrum computation. 
Because the DC-component in the cepstrum, C(T=O), has no pratical 
relevance, the mean value of the log spectrum could be set to zero 
before the calculation of the cepstrum is performed. Setting the mean 
value of the log-spectrum to zero is likely to reduce the jump 
(discontinuity) between the last spectrum line and the first appended 
zero, thus the distortion of the spectrum because of this 
discontinuity will be less. 

~~ - 

6.2 TIME AND FREOUENCY WINDOW. 

To reduce leakage in the spectrum of the vibration signals of 
gearboxes, a Hanning window (or  weighting function) is commonly used. 
To reduce leakage in the cepstrum one might be motivated to window the 
log-spectrum also. But putting a Hanning time window on the 
log-spectrum, the cepstrum can be strongly affected. This can be 
explained as follows. 
The largest basic period Tb of the stationary deterministic vibration 
signal g(t) usually will be smaller than the length T of the time 
window. Thus the time data record will contain more than one period of 
the lowest basic frequency (e.g. a shaft rotational speed) of the time 
signal. The effect of the Hanning window on the spectrum will decrease 
with a growing number of repetitions of the basic period in the time 
data record. Nevertheless the log-spectrum does not repeat during the 
length of the frequency window, and Hanning weighting will therefore 
strongly affect the cepstrum. Especially when sideband structures of 
interest are in the beginning and/or end region of the spectrum 
window. 
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Time signal Amplitude spectrum 
Rectanau 1 ar Window I 

a 

Hanning Window I 
b 

* 
t 

t- T l i 

f 

* 
f 

c- F 
4 

fig 6 . 2  : a) Rectangular weighting in time and frequency domain 
b) Hanning weighting in time and frequency domain. 

T = length time window,F = length frequency window. 

Using a window on the spectrum it is therefore adviced to use a 
frequency window that is relative constant (flat) over that portion of 
the log-spectrum containing relevant periodicities (sidebands) such as 
the window shown in fig 6.3 

1 

I 
I w 

0.9T t Eoec.3 0.1T 

fig 6.3 : Cosine taper data window after Bingham et.al.[ref 521. 
(in time domain representation) 

d(t)= # ( 1-cos( y 1 for O 1 t 10.1 T 

d(t)= 1 for 0.1 T< t < 0.9 T 

T ) )  ,for (3.9 T< t i T d(t)= 3 (ltcos( 1cii:t -0.9 TI 

Further it is adviced to set the mean value of the log-spectrum 
to zero before applying a frequency window in order to affect the 
cepstrum as less as possible. 
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6.3 : THE EFFECTS OF NOISE LEVEL. 

In theory, problems arise in spectra consisting of discrete frequency 
components (such as gearbox vibration spectra) because the logarithm 
does not exist for the zeroes between the discrete components. 
However, in practice there will be a base noise level in each 
spectrum, or in any case a lower limit determined by the dynamic range 
of the measurement system. Fig 6 . 4  illustrates how the signal t o  noise 
ratio in a spectrum would have a direct effect on the amplitudes of 
the components in the cepstrum. 

f CHz.1 

,--j , , ~ ;ps , t rdn i  i- 

‘c Lsec.i 

C e p s t r u r n  2 

~~ t Csec.1 

fig 6 .4  : Influence of noiselevel on the cepstrum. 

Thus 
similar base noise conditions. 

it is only valid to compa-re cepstra quantitatively obtained with 

6 . 4  M I N I M ~ M  NUMBER OF SPECTRAL LINES NEEDED. 

Bridging occurs when two or more adjacent components in the spectrum 
are so close to each other in frequency that their amplitude peaks are 
not separated in the spectrum but form one broad peak, in other words 
they are “melted” together. Because of this effect of bridging, the 
possibility of the cepstrum to separate sideband structures w i t h  only 
slightly different sideband spacings can be affected. 
According t o  [ref.2], using Hanning weighting, the separation of 
adjacent frequency components in the spectrum must be at least 8 lines 
t o  ensure that bridging is suppressed to below -50 dB. These 8 lines 
are recommended as the minimum spacing to avoid this problem. 
This means that in a normal 400 line FFT analysis it will only be 
possible to include about 50 components at the minimum spacing of 8 
lines. 
For example, for a 20 tooth gear these 50 components would only extend 
up t o  between the second and third toothmeshing harmonic. 
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8 lines * 
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Toothmesh f r s q .  
2nd Harmonic 
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fig 6.5  : Hypothetical spectrum of a 20-tooth gear. 

The minimum number of lines needed can 
The smallest modulation frequency occurring in the time-signal will be 
called f,.In many cases fm will be equal to a shaft rotational speed 

be calculated as follows. 

fO* 
The bandwith of the spectrum will be expressed in the number of 
harmonics of the toothmeshing frequency Nharm , the spectrum contains. 
So in fig.6.5 Nharm * 2.5). 

In order to avoid the effect of bridging the smallest frequency 
spacing f ~ ~ ~~ 

~ ~~~ 
~~~ 

between sidebands has . to  be 

f, . . Nharm . 8 
's 2 'lines 

( 6 . 1 )  

with : z = number of teeth. 
Nlines= number of lines in the baseband spectrum. 
Nharm = number of toothmesh harmonics. 
fS 
f0 = shaft rotational speed. 

= smzllest. frequency spacino between sidebands. 

To be able to detect the smallest modulation frequency fm in the 
baseband spectrum, fm has to be greater than or equal to f,, so 

f, 2 f, 

this means : 
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fo . 2 . Nharm . 8 

Nïines 2 f m ( 6 . 2 )  

Often it will be necessary to perform a zoom spectrum analysis in 
order to obtain sufficient resolution in the original spectrum, before 
performing the cepstrum analysis. - 

When the cepstrum calculation is carried out on a zoomed spectrum, the 
lower limiting frequency is interpreted as being zero, and the 
significance of 'phasing' , the position of the sidebands in relation 
to zero frequency is lost. 
Performing a cepstrum analysis on a zoomed spectrum does tend to 
overemphasize that particular part of the spectrum. 
It is expected that a cepstrum over a wider frequency range would give 
a more representative result. Some analysers have therefore the 
ability to perform a cepstrum analysis of a spectrum of up to 4000 
lines using a special method of zoom [ref.47]. 

C 
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CHAPTER 7 : TEST RESULTS. 

7.0 OVERVIEW. 

7 . 1  INTRODUCTION 

7.2 SOME EXAMPLES. 

7.3 REMARKS. 

In this 
from two gearboxes and the results are discussed. 

chapter some examples are given of spectra and cepstra taken 

At the KEMA laboratories in Arnhem in the Netherlands a Nicolet 100 A 
FFT spectrum analyser was used in combination with a Hewlett t i  Packard 
9826 desktop computer. 
A special software program "CEP100A" was written to let the HP 
computer control the analyser (which had no cepstrum options) and to 
perform a Fast Fourier Transform (FFT) to obtain the cepstrum. 
The program causes the analyser to calculate 4 neighbouring 
zoomspectra of 400 lines each, which are placed behind each other in 
order ~~ to ~ obtain a ~ baseband ~~ spectrum with a higher resolution. ~ ~~ These 
1600 lines were transferred digitally tÖ the HP computer. 
The resolution in the cepstrum was further increased by adding 448 
zero's to the spectrum data rekord. 
After adding the zero's the HP computer performs a FFT transform on 
the 2048 spectral data and calculates a 1024 line amplitude cepstrum 
according to eqn.(5.55). 

Fig 7.la shows a 1600 line l-sided amplitude spectrum of a gearbox 
coupled to the electric generator of an energy plant. The amplitude 
scale is logarithmic and represents the intensity of the vibrations 
in acceleration in [ m/s2], measured on the housing of one of the 
roller bearings. The spectrum shown in 7.la represents an average of 
16 spectra. 
The transmission train in the gearbox only contains two gears. The 
driven gearwheel rotates at 50.0 Hz and has 99 teeth, thus the 
toothmesh ft is found at 4950 Hz. The driving wheel has 58 frequency 



a) 

bf I RMPLITUDE CEPCTRUM I 
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I I I E H z . 1  
460 280 143 id0 Bh 66l.7 57l.1 510 441.4 46 36l.4 33l.3 3d.8 

fig 7.1 : Spectrum and Cepstrum of a generator gearbox with two gears 
with toothmesh frequency ft at 4950 Hz. 

, 
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teeth and rotates at 85.3 Hz. A prominent sideband structure is found 
around the toothmesh frequency. 
The origin of the relative high amplitude values in the 1010 Hz region 
could not be traced back. An explanation could be that in this region 
natural frequencies of the gearsystem are excitated. 
The 1-sided amplitude cepstrum in fig 7.lb shows a peak Al at 
quefrency T = 0.02 sec., indicating that a strong frequency and/or 
amplitude modulation is present at 50 Hz. Another peak B1 is found at 
T = 0.0117 sec.( 85.3 Hz). The amplitude peaks B2 at T = 0.0234 and B3 
at T = 0.0351 sec. are rahmonics (harmonics) of cepstrum component BI- 
The relative large amplitude of A, in relation to the amplitude of Bl 
indicates that the modulation at 50 Hz is more serious than the 
modulation at 85.3 Hz. 
Note that there are no units given on the linear amplitude scale of 
the cepstrum, this is because the amplitude of the components in the 
cepstrum have no concrete physical meaning. 
Fig 7.2 shows a 400 line zoomspectrum of the same gearbox centered at 
the toothmesh frequency. It is seen that the toothmesh frequency 
ft= 4947.5 Hz, thus that the rotational frequency was 4947.5/99 = 
49.97 Hz. Note the sideband structure around the toothmesh frequency. 
The cepstrum of fig 7.2b shows 2 series of rahmonics A1,A2,A3 and 
BirB2,B3,B4 with fundamentals A ,  at T= 0.02 sec. (50 Hzl and B1 at 
T = 0.012 sec.ft35.3 Mz). 

Fig-7.5 -7.6 and 7.7 give the spectra anbcegstra- 0-f-a gearbox with- a 
transmission train of 4 gears (see fig 7.41, with a load of 
respectively 1.12 , 3.32 and 5.48 kW. The toothmesh frequencies ftl 
and ft2 are not constant because it was not possible to adapt the 
rotational speed when the loaä was varied. 

\ 
measurement point 

24 = 99 
E-- 

OUT 

23 = 20 

f3 f2 ftl 

fig 7.4 Picture of the gearbox ; 21 = number of teeth 
fti= toothmesh frequency, fi = shaft rotational speed. 
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f2 
HZ 

2 4 . 8 6  4 . 9 7  
2 4 . 6 7  4 . 9 3  
2 4 . 4 2  4 . 8 9  

fl 
Hz 

ft2 load 
HZ kW 

f3 ft? 
Hz Hz 

1.01 2 2 3 . 7 5  9 9 . 5 0  1.12 
1.00 222.00 9 8 . 7 5  3 . 3 2  

. 9 9  2 1 9 . 7 5  9 7 . 7 5  5 . 4 8  

5 . 6 9  
6 . 4 6  
3 . 9 6  

ampl. ft2 
m/s2 

- 4 4  
. 6 7  
* 72 

Note that the amplitude of ftl is not proportional to the load. An 
explanation for this could be that the load conditions of the spiral 
bevel gears of ftl have improved with increase of load. Another 
explanation could be that the vibration energy is spread out on a 
large number of high amplitude sidebands at frequencies ftl+ n-fl . 
Studying the amplitude cepstra of fig 7 . 5  I 7 . 6  and 7 . 7  a strong 
modulation is found at the shaft rotational frequencies f2 (rahmonics 
B1,B2 'B3 ) and fl (rahmonics AIlA2 and A3). 

7 . 3  REMARKS. 

At the time this report was published the author did not have the 
opportunity yet to examine if there were serious defects present in 
first gearbox discussed in 7 . 2 .  
Trend analysis was not yet possible because there were no data 
available of one and the same gearbox over a longer period of time. 
The- relative strong modulation at the shaft rotational ~ -~~ speed of ~~ the 
driven wheel in the first gearbox and the high vibration level 
measured at the toothmesh frequency might be caused by misalignment of 
the driven shaft. In case of misalignment the pitch circles of the 
gears will not touch exactly thus the gears will not mesh properly and 
a high vibration level of the toothmesh frequency will be present. 

The measurement data of the second gearbox of $ 7 . 2  showed strong 
modulation at the shaft rotational speeds fl and f2. 
Examination of this gearbox showed that the second gearwheel (with z2 
teeth) was mounted incorrectly on its shaft and moved periodically 
from and to the first gear (with z1 teeth), causing heavy wear on the 
toothflanks of these gears. 

Because the absolute value of the amplitudes of the components in the 
cepstrum depends on a number of effects e.g. the noise level in the 
spectrum and the chosen bandwidth it is advised not to compare the 
cepstra quantitatively but only qualitatively. 
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CHAPTER 8 : EVALUATION OF THE CEPSTRUM IN GEARBOX MONITORING. 

8.0 OVERVIEW. 

8 .1  SUMMARY. 

8.2  COMPLICATIONS IN PRACTICE 

8 . 3  CONCLUDING REMARKS 

First the advantages of the cepstrum technique in condition monitoring 
are summarized. Further some complications that can occur when using 
the spectrum or cepstrum analysis in practice are pointed out. At the 
end of this chapter suggestions for further research are given. 

3 . 1  SUMMARY. 

Gearbox vibration spectra usually contain sideband structures. These 
sideband structures are generated by amplitude and/or frequency 
modulation of the toothmesh frequencies and their harmonics. 
Increases in the number or strength of such sideband structures is an 
indication for e.g. growing eccentricities or unbalances. The spacings 
of the sidebands give valuable diagnostic information about the 
modulation source. The cepstrum, being -the spectrum _of the-logarithmic 
spectrum, can be used to detect these sideband spacing. The two main 
advantages of the cepstrum technique in gearbox monitoring are: 

i) Its ability to detect periodicities in the spectra, which are not 
immediately apparent to the eye. Thus better information will be 
available for diagnosis especially in complex spectra. 

2) The accuracy with which the cepstrum technique can separate 
periodic structures in the spectrum. So the diagnostic information 
will be more accurate on the modulation sources in gearbox 
vibration signal, e.g. an unbalanced rotating shaft. 

It is important to note that the cepstrum without its corresponding 
spectrum has no use; only in combination with its spectrum it is 
possible to detect changes in the mechanical condition or  to make a 
diagnosis. 
With the results of a combined spectrum-cepstrum analysis the place 
and cause of the deteriorating condition can often be traced. 
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8 . 2  COMPLICATIONS IN PRACTICE. 

A disadvantage of the spectrum-cepstrum analysis is that it demands a 
great skill of the user to prevent misinterpretation of the spectra 
and cepstra. Apart from this fact complications often occur when 
performing the spectrum analysis on gearboxes in practice : 

The spectrum is very sensitive to small changes in the load on the 
teeth and small changes in the rotational frequency may cause great 
differences between spectra of the same gearbox. 

There will not always be a definite relationship 
in the spectrum and the size of the mechanical defect (e.g. the 
amount of wear, or unbalance). 

between changes 

In some cases instability of the vibration signal will make it 
impossible to make reproducable spectra. in gearbox vibration 
analysis a unit is called stable when it generates time-invariant 
( i . e .  stationary) spectra. Instability can be caused by a number of 
reasons such as externally generated input and/or output torque 
fluctuations or because of the existence of a time-varying 
transmission path between the gears and the measurement point as 
found in epicyclic gearboxes. 

A bad signal-to-noise ratio in the vibration signal, e.g. because 
the- transmhsion path from excitation source to -measurement poin& - 

is too long, can complicate the interpretation of the spectra. 

Generalization and standardization of vibration measurements is 
nearly impossible. Every gearbox has to be analysed individually. 

Performing a cepstrum analysis is even more complicated than a 
spectrum analysis. 

All complications discussed above are also valid for the use of the 
cepstrum technique in practice. 

A great number of effects will influence the shape of the cepstrum, 
e.g. the signal-to-noise ratio and the chosen bandwidth of the 
spectrum analyser. Therefore it is advisable only to compare 
cepstra made under identical conditions. 
Further it is advised to compare the cepstra not quantitatively but 
only qualitatively. 
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3 )  The presence of more than one series of rahmonics in the cepstrum 
might be confusing, whereas only the fundamental rahmonic gives the 
modulation frequency. 

4 )  Though the cepstrum might be a great help to detect modulation 
frequencies, it gives no specific information on the physical cause 
of the modulation. 

5 )  Frequency modulation at the beginning of a gear train will a lso  
result in frequency modulation at the end of the train and vice 
versa. Locating the frequency modulation source is only possible 
when also amplitude modulation is present at the source, because 
amplitude modulation in the beginning of 
implicate amplitude modulation at the end of the train. 

the train does not 

The complications .as discussed above limit the use of the cepstrum 
(and spectrum) technique. 
The enthusiasm on the perspectives of the cepstrum analysis in the 
condition monitoring of gearboxes should therefore be tempered by a 
healthy scepticism. Nevertheless in many cases the cepstrum will be a 
useful supplement to the normal spectrum analysis for the detection 
and evaluation of sidebands in gearbox vibration spectra due to 
modulation. 

IR order to make the analysis of cepstra and spectra more valid, 
research should be done to get more insight in the effects of 
mechanical defects or faults on the vibrational behaviour. This 
points out the need for the development of adequate dynamical models 
of the gearbox systems. Further statistical theories for planning of 
experiments be used to set up a measurement program to examine 
the influence of different parameters (such as torque, rotational 
frequency, amount of wear, amount of unbalance etc. ) on the 
vibrational behaviour of gearbox systems. 

~~~ 

could 
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APPENDIX Al : FREQUENCY MODULATION AND BESSEL FUNCTIONS. 

Problem : find the spectrum 

We have (see J 2.4.3,page 2.14 

e(t) = A. cos(wc.t f m.s 

of a sinusoidal frequency modulated signal 

= A. [cos (wc. t) . cos(m. sin(w,.t) ) -sin(wc. t) . sin(m. sin(wm. t) 11 
(Al.1) 

In eqn.(Al.l) the terms "cos(m.sin(wm.t))" and "sin(m.sin(w,.t))" are 
periodic with period T = - . Hence tney can be expanded by Fourier 
series. Note that : 

"m 

Using the Fourier series expansion we may write 

OD ejm.siniwmt) = cn ejnwmt 
n=-oo 

Where Cn = T 1 -T/2 J/2,jm.sin(wmt) -,-jnw,t .dt 

~ 

~ 2r and T = - thus we- write, 

letting wm.t = x 

(Al .2) 

(Al. 3) 

(Al - 4 )  

(Al. 6 )  

The 
by : 

Bessel function Jn of the first kind, order n, argument z is defined 

( A l  . 7 )  

letting x = elwt in eqn. (Al . 7 )  I 
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Hence 

Comparing (A1.9) with (A1.3) we write, 

Thus from eqn.(Al.G) : 

Cn = J,(m) = Z;F 1' j. ej(m.sin(x) - nx) ,dx 
-TI 

From eqn.(A?.ll) we find 

~ 
~~ 

now from (A1.10) 

J2 (m) (cos(2wmt) t jsin(2wmt) 

t J-z(rn1 (cos(2wmt) - jsin(2wmt) 

i- .................... 

(Al .9) 

(Al. IO) 

(Al .li) 

(Al. 12) 

(Al. 13) 

Equating real and imaginairy parts and using eqn.(A1.13) we find 
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00 

cos(m.sin(wmtf = Jo(m) t 2 i J2n(m)cos(2nwmt) (Al. 14) 
n= 1 
o 

sin(m.sin(w,t) = 2 f Jzntl (m)sin(2(n+l)wmt) (Al. 15) 
n-O 

Eqn.(A1.14) and (A1.15) are the desired Fourier series expansions for the 
terns cos(m.sin(w,.t)) and sin(m.sin(wm.t)) . 
Substitution of (A1.14) and (A1.15) in (Al.l) gives 

e(t) = A.[cos(wc.t + m.sin(wm.t)] 

= A cos(wct)tJo(m) t 2[J2(m).cos(2wmt) + J4(m)cos(4wmt) t . . ] I  

-2A sin(wct)tJl(m).sin(wmt) t J3(ml.sin(3wmt) t ...] 1 (A1.16) 

Using the trigonometric formulas 

COS(A).COS(B)= 1/2 [cos(A-B) + cos(AtB)] 

sin(A).sin(B)= 1/2 [cos(A-B) - cos(A+B)] 

we write for eqn.(Al.l6) 

Eqn.(A1.171 shows that the wideband F signal e(t) consists of a carrier 
and an infinite number of sidebands, spaced at frequencies (wc f wn), 
(uc 1: 2wn1,(wc f 3wnl etc. as shown in fig 2.11, page 2.15 . 
The Bessel functions are illustrated in fig 2.10 . 
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APPENDIX A2 

Problem : Prove that F ó(t) + & 1 = H ( f )  

Proof : 

For the Unit Step function H(f) = 
1 for f2 O 

O fox f <  o 
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LIST OF SYMBOLS. 

a a ib 
dB 

O' n n 

dít) 
e(t) 
f 

fC 

ffold 
ffs 
fm 
ft 
fO 

fS 
g(t) 
m 
r 

t 

Fouriercoefficients 
decibel 
weighting function 
modulated time signal 
frequency 
carrier frequency 
folding frequency or Nyquist frequency 
full scale frequency 
modulation frequency 
toothmesh frequency 
shaft rotational speed 
smallest frequency spacing between sidebands 
time signal 
modulation index 
toothmesh period 
time 
discrete ~~ samples of time ~ signal 

1-1 
Csl 
Csl 

amplitude of sinusoidal signal 
series of rahmonics 
total meshstiffness 
stiffness of a pair of teeth 
cepstrum 
length frequency window 
forward Fourier transform 
inverse Fourier transform 
linear complex spectrum of g(t) 
(auto-)powerspectrum of g(t) 
1- sided (auto-)powerspectrum of g(t) 
2- sided (auto-)powerspectrum of g(t) 
Hilbert transform 
linear complex spectrum of frequency response function 
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xx H 

Jn(z) 

%arm 
Niines 
R x x W  

sX 

sxx 
T 
T 
Xfk) 
z 

OL 

B 

(auto-)powerspectrum of frequency response function 
Bessel function of the first kind, order n ,argument z 
number of toothmesh harmonics 
number of lines in baseband spectrum 
autocorrelation function 
linear complex spectrum of the source function 
(auto-)powerspectrum of the source function 
period 
record length 
discrete samples of the spectrum 
number of teetn 

"phase" of the sidebands 
bending angle of teeth under load 
"Gesamtüberdeckungsgrad" 
initial phase of carrier frequency 
carrier frequency 
modulation frequency 

_wecrencY_ _ ~ _~~ _ _  _~ _ ~ ~ 

Etirac pulse in t-domain 

I11 (f,Al "Shah" symbol 
A frequency spacing 

Af peak 
A€ frequency resolution 
AS rotational deviation 
AT sample interval 

maximum frequency deviation of the carrier 

CHzl 
E radl 

[-I 
Eradl 

- 1  

- 1  
[rad-s 3 
[rad.s 1 

I s  1 
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