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Abstract 
Order bundling consists of multiple buyers combining their orders at the same seller, in order to get a 

lower price. This can be the case because order cost are shared among the buyers or because the seller 

provides a quantity discount. In most existing models that deal with order bundling, each buyer pays 

the same price per item. This study investigates whether buyers could benefit by working together in 

a way in which they don’t necessarily all pay the same price per item. 

This is done by using the assumptions from a single item newsvendor model. This means there are 

several buyers that want to buy a certain quantity of a single product. Only a single period is looked at. 

Buyers first buy items, then face a stochastic demand and items left at the end of the period are 

worthless. 

Two mechanisms are created that automatically find the optimal order quantity for each buyer and 

the price each buyer has to pay. In the first mechanism all buyer always pay the same price per item, 

while price differences are allowed in the second mechanism. Both mechanisms use the maximum 

price each buyer is willing to pay for each order quantity as input. The results of the mechanisms are 

shown to be non-dominated, meaning that no buyer can improve its profit without decreasing the 

profit of at least one other buyer. It is also never profitable for a set of buyers to split off from the 

coalition. Next to that, the mechanisms are shown to be useful in practice because there is no incentive 

for buyers to provide false input and there is no reason to supply more parameters than the maximum 

prices to the mechanism. 

Using the mechanisms, it is found that the method with possible price differences can never lead to a 

worse result for a buyer than the model without price differences. However, it can lead to a higher 

profit, and the chance of this happening is found to depend on the total order quantity, the number of 

buyers, the variance in the bids of buyers and the price curve of the seller. 
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1 Introduction 
The goal of this chapter is to introduce the reader into the subject as well as the structure of this thesis. 

This is done by first sketching a standard situation that is a typical case for this thesis (section 1.1). Next 

a possible improvement for this case is mentioned (section 1.2) that forms the background for this 

thesis. The main concepts are explained briefly (section 1.3) and the research goals are formulated 

(section 1.4). The chapter ends with an explanation of the rest of this thesis (section 1.5). 

1.1 Situation 
When companies buy products they need, they often don’t buy them directly from the manufacturer. 

Instead they buy from a local distributor. The reason can be a shorter lead time, but the fact that the 

manufacturer sells in big quantities can also be a problem for companies that only need “a few” items. 

When this is the case, a distributor buys a lot of the products, stores them in his inventory and 

distributes them. Of course there are inventory costs that have to be paid and the distributor also 

needs to make a profit. Therefore a buyer pays more than it would when buying directly from the 

manufacturer, but it can buy smaller quantities and has faster delivery. Figure 1 shows the situation. 

Buyer Buyer Buyer

Distributor

Manufacturer

...

Distributor...Distributor ...

 

Figure 1: Schematic overview of the “standard” situation with a manufacturer, distributors and companies buying from the 
distributor. 

Example 

Car repair garages can be an example of this situation. Garages often have spare parts in stock that 

are used regularly. However, there are many different parts and some parts are not used very often. 

Garages typically don’t order directly at the manufacturers of these parts, but buy them from importers. 

These importers buy large quantities and keep them in stock. This way a single garage can for example 

buy 5 parts instead of having to buy 100 and keeping them in stock. Of course the costs and margin of 

the importer increase the price for the garage. 

1.2 Possibilities 
When there are a lot of companies that need the same products, it can be possible for them to work 

together when ordering their parts. Instead of each managing their own orders, the orders can be 

combined. This way the shipping costs and any other fixed costs can be divided over several companies. 

It is also much easier to meet minimum quantity requirements. This situation is shown in Figure 2. 
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Buyer Buyer Buyer

Manufacturer

Figure 2: Schematic overview of the proposed situation in which several companies work together and are able to order directly 
from the manufacturer.  

Example 

Several garages could bundle their orders, skipping the distributor altogether. This way the costs per 

product decrease without the size of the inventory of the garages increasing. There are some possible 

problems with this method though.  

Firstly, the lead time might be longer. But this is not necessarily the case and might be solved by 

increasing the inventory slightly. This problems is not discussed in the remainder of this report. 

The second problem is when a garage wants to place an order, there have to be other garages that 

want to order the same product. The other garages might not need the product, or they might not need 

it urgently. In the first case, the garage can always order at the importer like he used to. In the second 

case there might be a solution by having a combined order in which not every garage pays the same 

price per product. The company that needs the product urgently might be willing to pay more than the 

company that doesn’t really need it yet. If he can get it at a discount it might be profitable to order it 

anyway and keep it in inventory. This would mean a system is required in which each company can 

enter his wishes and the optimal price that each company should pay is determined. This is the concept 

this report uses. 

1.3 Main concepts 
This research addresses the possibilities found in the previous section. In this report, the benefits of 

order combining are examined by creating a mechanism that automatically combines orders. The 

entire scenario and assumptions are explained in section 4.1 but the two main concepts are treated 

here as well. Subsection 1.3.1 deals with quantity discounts while subsection 1.3.2 is about price 

differences between buyers. 

1.3.1 Quantity discount 
The core principal of order combining is a quantity discount offered by the seller. This means the selling 

price per item depends on the order quantity. The price per item can never increase if the order 

quantity is increased since that would encourage buyers to decrease their order quantity. The decrease 

in price per item eventually stops when a certain order size is reached, since there is always a minimum 

price per item that has to be paid. Figure 3 shows an example of the price per item including quantity 

discount. If there is no quantity discount, the price per item is the same for all order quantities. 



3 
 

 

Figure 3: An example of the offered selling price per item versus the order quantity, including quantity discounts. 

1.3.2 Price differences between buyers 
The second concept that is fundamental in this research is a possible price difference between 

individual buyers. When combining orders, it can be possible to distribute the cost in such a way that 

not all companies pay the same price per item. This may seem unfair or disadvantageous to a company 

that has to pay more than another company, but this is not necessarily the case. All companies have 

different parameters and only aim to improve their own situation. The following example shows a case 

where a solution with price differences can be beneficial to all parties. 

 Example 

Suppose there are 2 companies, that are each willing to buy 1 item. Company 1 is willing to pay €10 

while company 2 is only willing to pay €8. The selling price is €12 for 1 item and €9 for 2 items. 

 Neither company can place an order by themselves because the price is higher than what 

they are willing to pay. No purchase is possible. 

 If both companies pay the same price, they both need to pay €9 for their item. This is no 

problem for company 1 but it is too high for company 2. Therefore no purchase is possible. 

 If price differences between the companies are possible, a deal can be made where 

company 1 pays €10 and company 2 pays €8. A purchase is possible here. 

1.4 Research goals 
The goal of this research is to develop mechanisms that automatically combines orders from several 

buyers, in an optimal way, into one order that is placed at the seller. A mechanism where price 

differences among buyers are allowed is compared to a mechanism where this is not allowed. 

To do this several steps have to be taken and so there are some subgoals; 

1) Determine all circumstances that are necessary and conditions that have to be met in order 

for a combined order method to work. 

This part needs to look at all required assumptions and several practical issues that will arise. Also the 

validity of the concept needs to be looked at carefully. The model of assumptions is created here. 

2) Create two mechanisms which automatically combine the orders of all companies to form a 

single order that is placed at the seller. One mechanism in which all buyers pay the same price 

per item, and one mechanism in which price differences are possible. 

Here individual buyers place “bids” of how much they are willing to pay and these bids are used as 

input for the mechanisms. The first mechanism is simplest, because no price difference can arise. 

P
ri

ce
 p

er
 it

em

Order quantity



4 
 

However some cases in which an order can be beneficial to all parties, might be missed while they are 

incorporated in the second, more complex mechanism. 

3) Determine how each individual company decides what the optimal buying strategy is and how 

bids are determined. This is done to compare the scenario where the mechanisms can use all 

data as input, with the scenario where only the bids are known.  

This part needs to look at individual companies and take the assumptions from the first part into 

account. Also, it should be able to include different types of companies. Some companies may be 

larger, have more inventory space, have a deterministic demand and so on. This part needs to be broad 

and a general model is needed to not be fixated on certain assumptions for the companies. 

4) Test several characteristics of both mechanisms and compare them for different scenarios. 

In this final part, tests are done to see if all requirements are met and if there are scenarios where the 

mechanisms don’t lead to an optimal or stable solution. Also a comparison between both mechanisms 

is made and parameters that influence the difference between the models are found. 

1.5 Structure of the report 
The remainder of this thesis starts with an orientation of everything that is already known about order 

combining. Chapter 2 lists several types of order combining methods that occur in practice while 

chapter 3 reviews existing literature.  Then the notation, assumptions and requirements of the models 

are treated in chapter 4. Two mechanisms (one with and one without allowing price differences 

between buyers) are created in chapter 5. This chapter results in algorithms for both cases. After both 

mechanisms have been created, their characteristics are checked in chapter 6. This chapter also 

compares both mechanisms. Lastly, chapter 7 consists of conclusions and discussion while references 

can be found in chapter 8.  
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2 Order combining in practice 
Order combining and group buying is something that already exist in practice. This chapter shows 

several types of order combining that occur in practice. Essentially, these are all methods where there 

is no direct sale from a manufacturer to an individual buyer. Only existing systems are looked at, 

literature is looked at in the next chapter. Subsection 2.1 is about group buying and looks at systems 

where individuals can opt in on a deal placed by a seller. After that, a system with a distributor is looked 

at in subsection 2.2. Subsection 2.3 treats franchising, where a parent company gathers all orders from 

its franchisees to create a large order. Lastly, merging is explained in section 2.4. Here several 

companies merge into one new company.    

2.1 Group buying 
Several types of group buying for individuals exist (Group buying website). This usually entails a system 

in which a seller can create a special deal for an item it sells. This item is sold for a lower price than 

normal and buyers can buy the deal. There is a condition; the deal only happens if enough people buy 

it.  

Sellers can organizes this deal themselves but usually there is an intermediary. A well-known example 

of this is Groupon (Groupon website). This is a large company that collect deals from local retailers and 

other companies. It lists these deals and individuals can buy the product. The price, minimum number 

of required buyers for the deal to go through and the end date are all given. Groupon takes a 

percentage of the amount each customer pays. 

This is a clear form of order combining since several people buy the same item and they all get a 

discount because of the large amount of buyers. This is equivalent to a quantity discount. In this case 

all decisions are made by the seller. A buyer can’t propose a deal nor can he negotiate a price. There 

are also some differences with the situation described in sections 1.2 and 1.3.  

 It is a take-it-or-leave it deal and all buyers always buy the same product for the same price.  

 Apart from the minimum number of buyers that decides if the deal goes on or not, the number 

of buyers doesn’t influence the deal. When more buyers buy the product, the price isn’t 

lowered. 

 The deal is a one-time opportunity. It is not something that occurs on a regular basis so a buyer 

can’t decide to wait for a better deal at a later time. 

The model behind this system is very simple and no additional optimization is required. It is simply an 

offer by a seller that either goes on or is cancelled. All buyers always pay the same price and no extra 

planning of other deals are involved. 

2.2 Distributor 
A distributor is a warehouse that buys products, stores them and sells them on to retailers or end-user 

customers (Warehouse website). This is done to shorten lead times, allow customers to buy several 

products at one location and allow the sale of smaller quantities. A distributor usually buys products 

in large quantities and breaks them up before it sells them on. This allows them to deal with 

manufacturers that have a minimum order quantity much easier. If a customer buys directly at the 

manufacturer, the price would be higher due to the smaller quantity. But the distributor does have 

storage cost and it is also a commercial entity that strives to make a profit, which increases the price. 

This system does provide a quantity discount to the distributor or warehouse due to the larger 

quantity. But a large portion of this discount is spend on storage cost or is not going to the buyers. The 

distributor has no incentive to give its customers as much discount as possible (as long as this doesn’t 
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change its sales volume). Therefore there may be more beneficial ways to deal with this situation, as 

explained in section 1.2. 

2.3 Franchising 
Franchising is an arrangement where one party (the franchiser) grants another party (the franchisee) 

the right to use its trademark or trade-name as well as certain business systems and processes. The 

franchisee usually pays a one-time franchise fee plus a percentage of sales revenue (Franchising 

website). A well-known example of franchising is McDonalds. The individual restaurants are not owned 

by McDonalds but pay to use the name and methods. This way the risk is not with the franchiser, as it 

would be if McDonalds used chain companies which it owned. Now, if a restaurant doesn’t do well, 

the costs are for the owner of the restaurant and not the parent company. 

A result of franchising is that it requires a lot of standardization. This also results in order combining. 

Franchisees are required to buy their products at a certain location or from the franchiser. This way a 

lot of franchisees buy at the same location and this can lead to a discount. Therefore this is also a form 

of order combining to achieve quantity discounts. But franchising also has some key differences to the 

situation described in sections 1.2 and 1.3. 

 The buyers (franchisees) have no power to decide where they buy their products and what 

price they pay. They are not allowed to buy products at a different location so there are no 

negotiations possible. 

 The quantity discount goes to the franchiser and not to the franchisee. The franchisee can 

decide to give a discount to the franchisers because it wants them to be successful but it can 

also decide not to. Essentially the franchiser is a distributor that has a monopoly and can set 

its prices at whatever it wants. 

 Each franchisee pays the same price, regardless of how much it is willing to pay for a product. 

Also it doesn’t matter how large the order of the franchisee is. 

Since the franchiser wants the franchisees to do well this is a type of cooperative model. But again, 

there is no real optimization model behind the system. The franchiser buys all products (or makes a 

deal with a manufacturer) and sells them on to franchisees at a price the franchisee sets. This is not 

necessarily dependent on the number of franchisees or how much each franchisee is willing to pay.  

2.4 Merging 
The last method of achieving order discounts is the merging of several companies into one company 

(Merging website). By combining their procurement departments, companies can automatically 

increase the order quantities. This can in turn lead to a quantity discount or more bargaining power. 

Of course this only works if the companies that merge buy the same products. 

Merging creates scale advantages (among others) but it is a very drastic measure and has a lot of 

consequences. Normally, the reasons to merge are not on the procurement side of the business 

process. The target customers that can be reached may increase or the production cost decrease. This 

option is not a viable option for the situation that this report looks at because the parties are no longer 

independent after a merger. Therefore no order combining mechanism is used. All orders are simply 

combined and it is irrelevant which costs are made by which department, as long as the total cost is 

minimized. 
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3 Order combining in literature 
Apart from occurring in practice, order combining is also a topic that has been researched. This chapter 

gives an overview of existing literature on this subject. This is done to list information that is valuable 

in the rest of the research. This thesis is on stochastic demand, single item, single period order 

combining with a quantity discount from the supplier and possible price differences between buyers. 

Because a lot of work has already been done on many of these subjects, this chapter looks at existing 

literature. This consists of; 

 Single buyer (no order combining) fixed supplier price models with both deterministic and 

stochastic demand. 

 Single buyer (no order combining) quantity discount models with both deterministic and 

stochastic demand. 

 Multiple buyer (order combining) models with both deterministic and stochastic demand. 

All six scenarios (both types of demand) are treated in this chapter. After that, related topic and 

additional literature is looked at. This includes information on bids and allocation rules that can be 

used later on in the thesis.  

3.1 No quantity discount and deterministic demand 
This model is the simplest case. There is a single buyer with demand that is known upfront, who orders 

items at a supplier without lead times. 

A model for this situation was first developed by (Harris, 1913). After that is has been analyzed and 

used extensively, starting with (Wilson, 1934). Now it is known as the economic order quantity (EOQ) 

model and it determines the optimal order quantity. Note that Harris’ paper is about producing instead 

of ordering items but the principle is the same. 

To determine the total cost (Z) for an entire year, 3 different cost have to be added together. The 

purchase costs, the ordering costs and the inventory holding costs. This gives: 

 
𝑍 = 𝑐 ∙ 𝐷 +

𝐾 ∙ D

𝑄
+

ℎ ∙ Q

2
   ( 1 ) 

Where K equal the fixed price to place an order and D is the demand per year. h is the cost to store 1 

item for 1 year and c is the price to buy 1 item. 

By minimizing the total costs, the optimal order quantity is found to be; 

 

𝑄 = √
2 ∙ K ∙ D

ℎ
 ( 2 ) 

It can be noted that the optimal order quantity is independent of the purchase price of an item since 

these costs have to be paid no matter what. 

3.2 No quantity discount and stochastic demand 
This model is similar to the EOQ model. The difference is that only the demand distribution is known 

upfront but the exact demand is not. When only a single period is looked at, the newsvendor model is 

obtained. This is the case when items can’t be kept in stock to the next period, for example with 

perishable goods. The newsvendor model is also a standard case in inventory management and has 

been treated for example in (Arrow, et al., 1951).  
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Here the expected total profit for the company is given by: 

 

𝐸 [∏(𝑄)] = ∫ 𝑟 ∙ 𝑥 ∙ 𝑓(𝑥)𝑑𝑥

𝑄

0

+ ∫ 𝑟 ∙ 𝑄 ∙ 𝑓(𝑥)𝑑𝑥

∞

𝑄

− 𝑝 ∙ 𝑄 ( 3 ) 

Which leads to an optimal order quantity of; 

 𝑄∗ = 𝐹−1 (
𝑟 − 𝑝

𝑟
) ( 4 ) 

Where F-1(x) is the inverse of F(x) and 𝐹(𝑥) = 𝑃(𝐷 ≤ 𝑥) is the cumulative distribution function of the 

demand (D). So this equals the probability that the demand is equal to or smaller than x. The retail 

price the company sells a product for is r and the price per item the company buys the items for is p. 

In this solution it is assumed that there are no holding cost and items left over at the end of the period 

are worth nothing. These assumptions can be relaxed by introducing extra terms in the solution 

relatively easily.  

3.3 Single buyer quantity discount model with deterministic demand 
An extension to the EOQ model is including quantity discounts. This means the supplier’s price depends 

on the order quantity. When a larger order is placed, the price per item can decrease. This extension 

is looked in several articles such as (Lee, et al., 1986). 

Several different types of quantity discount exist. Linear quantity discount means the price per item is 

linearly dependent on the order quantity. All-unit quantity discount means the price per item is a step 

function and the discount applies to all units. On the contrary; for the incremental-units quantity 

discount, the discount is also a step function but the discount only applies to units above a certain 

threshold value. There can be several steps, each with their own threshold value. The resulting 

difference is that for the incremental-units quantity discount the total cost always increase while for 

the all-unit quantity discount the step can cause the total price to go down at the order quantity where 

the price per item decreases. The linear quantity discount can also lead to a decreasing total cost but 

normally the price per item is only proportional to the order quantity up to a certain limit. Otherwise 

the price per item would reach zero at a certain point which obviously cannot happen in practice. The 

method to find the optimal order quantity is the same for all discount types. And it is very 

straightforward. The method for the fixed price is simply repeated for all possible prices. 

In ( 1 ), the cost per item now depends on the order quantity. 

Again, Q is calculated using: 

 

𝑄 = √
2 ∙ K ∙ D

ℎ
 ( 5 ) 

This Q is referred to as the EOQ value from now on. It might be profitable to increase the order quantity 

above the EOQ value, in order to achieve a lower price per item. This will increase holding costs. It is 

never beneficial to order less than the EOQ value since that would only increase the price per item.  

For higher order quantities than the EOQ value, only the lowest possible quantity for a certain price 

can be optimal. For example; the holding cost and fixed order costs cause an optimal order quantity of 

4 but the price is lower if the order quantity is in the 5-10 range. Then it can never be optimal to have 

an order quantity of 6-10. Only 4 and 5 are possible options. 
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Therefore to find the optimal order quantity, the total cost should be compared for the EOQ value and 

all breaking points (the order quantities where a change in the price per item occurs) above the EOQ 

value. Of these possibilities, the Q that has the lowest total cost (Z) is the optimal order quantity. 

3.4 Single buyer quantity discount model with stochastic demand 
In a very similar way to the previous section, the newsvendor model can also be extended to include 

quantity discounts offered by the supplier. Again, this means the supplier’s price depends on the order 

quantity. When a larger order is placed, the price per item can decrease. The difference with the 

previous section is that demand is stochastic. 

Without quantity discounts, the solution for this model is; 

The addition of a quantity discount is investigated in (Qin, et al., 2011) for example. The main idea is 

the same as for the quantity discount model with deterministic demand. The “standard model” 

solution is repeated for all possible prices. 

So if j is the number of different possible prices offered by the retailer. The optimal order levels Qj are 

determined for each price per item pj using; 

  𝑄𝑗(𝑝𝑖) = 𝐹−1 (
𝑟 − 𝑝𝑗

𝑟
) ( 7 ) 

Each price per item can only by obtained by having an order quantity in a certain price range. This 

range is [qj, qj+1]. So if Qj is not in that range, it is not possible to place the order. In that case, the closest 

possible order quantity is chosen. So if Qj < qj  𝑄𝑗
∗ = qj and if Qj > qj+1  𝑄𝑗

∗= qj+1. Otherwise 𝑄𝑗
∗= Qj. 

This gives the optimal realizable order quantity 𝑄𝑗
∗ for each possible pj. Next, out of all these options, 

the best option has to be chosen. This is done by calculation the expected profit in each situation and 

picking the one that has the highest expected profit. This is determined by; 

 

max
𝑗

{𝐸[𝜋(𝑄𝑗
∗)]} = max

𝑗
{∫ 𝑟 ∙ 𝑥 ∙ 𝑓(𝑥)𝑑𝑥

𝑄𝑗
∗

0

+ ∫ 𝑟 ∙ 𝑄𝑗
∗ ∙ 𝑓(𝑥)𝑑𝑥

∞

𝑄𝑗
∗

− 𝑝𝑗 ∙ 𝑄𝑗
∗}     

= max
𝑗

{𝑟 ∫ 𝑥 ∙ 𝑓(𝑥)𝑑𝑥

𝑄𝑗
∗

0

−  𝑟 ∙ 𝑄𝑗
∗ ∙ 𝐹(𝑄𝑗

∗) − 𝑝𝑗 ∙ 𝑄𝑗
∗} 

 

( 8 ) 

So Q* is the 𝑄𝑗
∗ that causes the highest expected profit of all realizable optimal order quantities. An 

explanation of the formula and the symbols can be found in the section 3.2, about stochastic demand 

without quantity discounts. 

3.5 Order bundling model with deterministic demand 
The next extension that is looked at is order bundling. This means several orders are combined into a 

single order with a larger order quantity. It is implied in this assumption that there are multiple buyers 

buying the same item and the supplier offers a quantity discount. This includes the simplest version; a 

quantity discount and fixed order cost that have to be paid for each order, irrespective of the order 

size. It is also assumed in this section that all demand is deterministic. 

 𝑄∗ = 𝐹−1 (
𝑟 − 𝑝

𝑟
) ( 6 ) 
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This case is looked at by (Meca, et al., 2004) and (Meca, et al., 2003) for example. They assume a fixed 

ordering cost (besides the cost per item) that can be divided over multiple buyers. They find that it is 

optimal if buyers adjust their order periods to all order at the same time. When there are n buyers, 

each with demand rate di and holding cost hi and the fixed order cost is equal to a, they find; 

 
𝑄𝑖

∗ = 𝑑𝑖√
2∙𝑎

∑ ℎ𝑖∙𝑑𝑖
𝑛
𝑖=1

  ( 9 ) 

to be the optimal order quantity for buyer i. The optimal number of orders per time period is  

 

𝑚𝑖
∗ =

𝑑𝑖

𝑄𝑖
∗ = √

∑ ℎ𝑖 ∙ 𝑑𝑖
𝑛
𝑖=1

2 ∙ 𝑎
= √

∑ 𝑚𝑖
𝑛
𝑖=1

2 ∙ 𝑎
 ( 10 ) 

Here mi is the optimal number of order per time period when there is no order combining. 

This leads to a total cost of coalition S; 

 
𝐶0(𝑆) = 𝑎√∑ 𝑚𝑖

2

𝑖∈𝑆

 
( 11 ) 

Note that the demand or holding cost of buyers are not required to be disclosed. Meca et al. find that 

the total cost can be allocated proportional to the square of the individual cost and that this solution 

is in the core of the game. Each company then pays; 

 
𝜋𝑖(𝐶0) =

𝑎 ∙ 𝑚𝑖
2

√∑ 𝑚𝑖
2

𝑖∈𝑆

 ( 12 ) 

They extend the model, such as including the disclosure of private information, orders coming in 

gradually, and the possibility to have shortages. 

In (Mosquera, et al., 2005), the authors show an allocation rule which is the unique rule that is immune 

to coalitional manipulation. This means there is no incentive for multiple buyers to merge into one 

buyer or for one buyer to split into several buyers. 

In their overview, (Dror, et al., 2011) state 6 different allocation methods to distribute cost among 

buyers. Each buyer pays 𝑥𝑖. These rules are; 

1. Demand. Allocate according to the fraction of the total demand. 𝑥𝑖 =
𝑑𝑖

∑ 𝑑𝑗𝑗∈𝑆
∙ 𝐶0(𝑆)  

2. Individual. Allocate by proportion of individual cost. 𝑥𝑖 =
𝑐𝑖

∑ 𝑐𝑗𝑗∈𝑆
∙ 𝐶0(𝑆) 

3. Incremental. Allocate according to marginal cost. 𝑥𝑖 =
𝑚𝑖

∑ 𝑚𝑗𝑗∈𝑆
∙ 𝐶0(𝑆)  

with 𝑚𝑖 = 𝐶0(𝑆) − 𝐶0(𝑆\{𝑖}) so it is the contribution of buyer i to the total cost. 

4. Shapley. 𝑥𝑖 = the Shapley value. The Shapley value can be interpreted as the average marginal 

contribution each player would make to the grand coalition if it were to form one player at a 

time. 

5. Nucleolus. To determine the nucleolus the difference between the total coalition and each 

possible subcoalition is looked at and the lowest value of all these differences is maximized. 

6. Louderback. Allocate in proportion to the difference between individual cost and marginal 

cost. 𝑥𝑖 = 𝑚𝑖 +
[𝑐𝑖−𝑚𝑖]

∑ [𝑐𝑗−𝑚𝑗]𝑗∈𝑆
∙ [𝐶0(𝑆) − ∑ 𝑚𝑗]𝑗∈𝑆  
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Comparing these rules they find; 

“The Louderback allocation rule seems to perform better than all the other with the exception of the 

nucleolus. (…) The percentage in the core is consistently higher than the INCREMENT method, which is 

higher than SHAPLEY, which is higher than INDIVIDUAL method. Allocating the cost based on the 

DEMAND scores very poorly with respect to being in the core.” 

More literature on allocation rules and whether or not they are in the core of the game is given at the 

end of this chapter, in subsection 3.7.2. 

3.6 Order bundling model with stochastic demand 
This scenario is very similar to the previous one. Several orders are combined into a single order with 

a larger order quantity. It is implied in this assumption that there are multiple buyers buying the same 

item and the supplier offers a quantity discount. Demand is stochastic but distributions are known to 

all buyers. It is also assumed that demands of individual buyers are uncorrelated. 

A model for this situation was made by Hartman (Hartman, 1994). He looked at order bundling, where 

multiple buyers cooperate to lower their cost. Here the buyers work together by having a central 

inventory, so variations in demand can be averaged out. This leads to what is called the newsvendor 

centralization game. (Hartman, 1994) Proves that with uncorrelated demands, a stable allocation can 

always be found. Stability implies that no group of buyers can split off from the coalition and improve 

their situation. (Müller, et al., 2002) Extend this and prove that the core of the game is non-empty for 

all possible distributions of random demand. 

Note that in these cases, there is a central inventory and each buyer receives its own items after 

demand has been realized. This is the case in most papers in literature and it means that the order 

quantity for each individual buyer isn’t determined. Only the optimal order quantity for the total 

coalition is determined. 

A paper that doesn’t follow this centralization assumption is (Slikker, et al., 2005). They look at the 

problem with a different viewpoint, by looking at the profit instead of cost. Also they make a 

fundamental change by looking at the order quantities for each individual buyer and not just the total. 

Then the individual buyers can exchange items after demand becomes known. These transshipments 

come at a cost but can be used to deal with fluctuations in demand. This also allows for different retail 

prices between buyers. (Slikker, et al., 2005) prove that the model has a non-empty core and that the 

game is totally balanced. (Chen, et al., 2009) extend this model to prove the non-emptiness of the core 

and suggest a way of finding an element of the core.  

(Chen, 2009) Also makes extensions to the model. He looks at a retail price that can be varied to effect 

demand and uses general quantity discounts. Chen is able to show that the core of this game is not 

empty and his proof suggest and allocation in the core. 
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3.7 Related topics 
Literature is also available on related topics as well. Since placing bids and using allocation rules to 

distribute profit (and cause price differences between buyers) is an important part of this thesis, 

literature on this is also looked at. Some literature on bids and allocation rules is stated below. Further, 

the following topics are related to the topic of this research but are not looked into further; 

 Literature on auction theory is not applicable since it is assumed in this thesis the seller has 

unlimited supply and can always fulfill demand. Therefore buyers are not competing as they 

are in auctions. This is a fundamental difference. 

 Multiple item models also exist but this is an unnecessary extension since only a single item is 

looked at throughout this research. 

 The retail price (the price the buyers sells the item on for) can be altered to influence 

(expected) demand. This is outside the scope of this research since the buyer is assumed to 

have no influence on its demand distribution. 

 Demands for different buyers can be correlated to each other. This is also outside the scope 

of this research, as well as strategic behavior to influence the profit of another company. 

3.7.1 Bids 
The methods and papers threated above all use a system in which the holding cost, expected demand 

and margin for each company are known to all parties. Therefore is it possible to optimize the system 

exactly. Another method uses bids placed by the companies. Each company states the maximum price 

it is willing to pay for each number of items. This is the only information they provide to the system. 

This seems more suitable in practice since companies will be hesitant to share all their “personal 

information”. These “statements of the willingness to pay” are also called reserve prices or bids. 

The bids create an extra step in the process since each buyer first determines his bids, and then an 

optimization is done using these bids. The system with bids is used for example in (Li, et al., 2010) and 

(Li, et al., 2004). Note that the first paper focusses on multiple item systems, which fall outside the 

scope of this research. The second paper has a similar model as the one that will be treated in this 

thesis, but it doesn’t make any remarks about the benefits of the system with price differences 

between buyers compared to the systems without price differences. 

Note that the term bids is also used in auction theory but this topic is fundamentally different. In 

auctions, multiple buyers compete over a finite supply and thus place bids with the goal to outperform 

the other buyers. In this research, the supply is assumed to be sufficient and all the suppliers can meet 

all demand. Therefore the buyers cooperate and don’t compete.  

3.7.2 Allocation rules 
A result of the cooperation between buyers using bids is that a surplus can exist. This means the sum 

of the bids is higher than the total price that has to be paid and there is money “left over”. This is 

essentially extra profit and needs to be allocated among the buyers. For this an allocation rule is 

required. 

This allocation is the topic of several papers such as (Li, et al., 2010), (Li, et al., 2004) and (Yamamoto, 

et al., 2001). The first paper only uses an allocation rule without going into much detail on its 

characteristics and why it is chosen. But the other two papers focus on finding an allocation rule and 

testing the stability. 
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(Li, et al., 2004) first defines the core of the game: 

A budget balanced mechanism (C, X) is in the core if it satisfies the stand-alone principle: no 

member of the coalition C can form a coalition by themselves or with other buyers, such that 

the reported value of the new coalition exceeds the sum of the members’ reported utility. 

This means that a mechanism is in the core if it finds a solution for which no single buyer or group of 

buyers is better off splitting off from the coalition. This means the solution is stable. 

Next, several different allocation rules are stated such as: 

1. Egalitarian sharing. Each buyer pays either a threshold value or its bid, whichever is lowest. So 

this method uses a threshold value which equals a maximum price per item. This threshold is 

chosen in such a way that the total price paid by the coalition equals the total selling price that 

has to be paid to the seller. Since there is a maximum value which is in independent of a buyer’s 

bid (as long as it bids above the threshold) there is less incentive for the buyer to place a bid 

that is not its true maximum price. This result of this method is that the buyer that bids less 

than the average selling price always pays exactly what is bids, and thus has no extra profit.  

2. Backward cost sharing. Starting with the lowest bid, each buyer pays the whole bid until the 

sum equals the total selling price. For example; if the total cost for the coalition is 14 and 3 

buyers bid 6, 9 and 10, then the first buyer pays 6, the second pays 8 and the third pays 0. This 

method encourages buyers to place either high or low bids. 

3. Proportional subsidy. The buyers that bid less than the average price that has to be paid, pay 

their bid. The difference between what they pay and what they would have paid if everybody 

paid the same amount, is divided among the other buyers in proportion to their bid. So the 

higher the bid the more you pay but the more surplus you receive. 

4. Proportional cost. The total cost is divided among all members of the coalition in proportion 

to the bids. This method is more uneven then the proportional subsidy since even the lowest 

bids receive a part of the surplus.  

Of these mechanisms, only the egalitarian sharing mechanism is proven to always be in the core. For 

the others, the method can be modified to lead to a mechanism that is in the core.  For the proportional 

mechanisms, start with the standard mechanism. Then check for the subset of coalition with the 

highest bids if their payment in the total coalition is higher than in the case they split off. If this is the 

case, the difference is subtracted from the payment of that subset evenly among all members. The 

cost are then added to the rest of the buyers using the corresponding mechanism. The core is checked 

recursively for all subsets with highest bids for all possible subset sizes. For the backward cost 

mechanism, the core is checked only for each individual buyer. 

(Li, et al., 2010) And (Yamamoto, et al., 2001) use the egalitarian sharing rule since this was proven to 

be stable and in the core of the game. 
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4 Model characteristics 
This chapter explains the model characteristics of the models that are developed in chapter 4. This 

includes all notation that is used and the assumptions that have to be made. Those are explained in 

section 4.1. This chapter also treats the requirements that each mechanisms must meet for it to be 

useful. That is done in section 4.2.  

4.1 Notation and assumptions 
This section looks at all the general notation that is used in the rest of this report and in the 

mathematical model. Also, a list of assumptions used throughout the model is stated in this section, 

along with the reason for these assumptions. 

 There are several companies willing to buy a certain item. These companies are called buyers 

and the number of buyers is n. Each individual buyer is indicated using i. This assumption forms 

the core of the model since order combining requires several buyers. 

 Buyers are assumed to be risk neutral. This means only the expected profit is of interest to 

them and not the chance of sustaining a loss above a certain amount. This way, expected profit 

can be used throughout the thesis. Note that from this point on, the expected profit is simply 

referred to as profit.  

 The buyer sells the product to its customers. Demand for buyer i is a random variable given by 

Di. A buyer has no influence on its (expected) demand. The buyer doesn’t know this demand 

upfront but it does know the distribution of its own demand. Orders can only be bought at the 

start of the period and no changes can be made after demand is observed. It is assumed only 

whole products can be bought and sold. This means demand is discrete. 

 Only 1 product and a single time period are looked at. This means inventory that is left over at 

the end of the period cannot be carried over to the next period. A situation where this happens 

is when perishable goods are looked at. This assumption leads to what is called the 

newsvendor model and is looked at because it is the simplest stochastic case. 

 It is assumed that each buyer only tries to optimize its own situation. No strategic decisions 

are made to deliberately hinder or aid another buyer. This would be almost impossible to 

model adequately.  

 Each buyer holds its own inventory and there are no transshipments possible between 

individual buyers. 

 The “retail price” for which a buyer sells the products when demand comes in, is given by ri. 

This value is assumed to be fixed and known upfront by the buyer, and not by the other buyers. 

 Inventory left over at the end of the period is assumed to be worthless and there are no holding 

cost for products in stock. 

 No cost are incurred when demand comes in that can’t be met. This is assumed to be a lost 

sale but there are no extra penalty cost. 

 The seller offers a quantity discount, meaning that the total purchase price (p) depends on the 

order quantity Q. 𝑝𝑄  is the price to buy Q items and is assumed to be fixed in time and known 

to all buyers. This price is the cheapest price for which an order of size Q can be placed at any 

seller. This can be either a manufacturer or a distributor. Since only whole product can be 

bought, the order quantity Q is discrete. 

 Lead times are fixed and are not taken into account. The seller can always deliver and shipping 

cost are not taken into account. There are also no extra cost for splitting up a combined order 

and sending it on to individual buyers. 
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Since the single period, stochastic demand case is used in the research, the additional notation for the 

general newsvendor model is also required.  

 𝐹𝑖(𝑥) = 𝑃(𝐷𝑖 ≤ 𝑥) is the cumulative distribution function of the demand (Di). This equals the 

probability that the demand for buyer i is equal to or smaller than x. The distribution is 

assumed to be known. 

 𝑓𝑖(𝑥) is the density function of the demand. In a discrete model, 𝑓𝑖(𝑥) is the probability that 

𝐷𝑖 = 𝑥 

 ri is the retail price the buyer gets when an item is sold to a customer. 

 si is the shortage cost that is incurred if demand can’t be fulfilled.  

 gi represents the value of an item that is left in stock at the end of the period. Naturally, gi < 

𝑝𝑄  and gi < ri 

A short recap of the result of the newsvendor model in the case of a single buyer where there is no 

order combining yet: 

If Qi > x; (Qi - x) items are not sold, and are worth gi per item at the end of the period. If Qi < x; there 

are (x - Qi) lost sales for which si has to be paid for each of these items. 

This leads to an expected total profit for the buyer of: 

 
𝐸[𝜋𝑖(𝑄𝑖)] = ∑(𝑟𝑖 ∙ 𝑥 + 𝑔𝑖(𝑄𝑖 − 𝑥))𝑓𝑖(𝑥)

𝑄𝑖

𝑥=0

+ ∑ (𝑟𝑖 ∙ 𝑄𝑖 − 𝑠𝑖(𝑥 − 𝑄𝑖))𝑓𝑖(𝑥)

∞

𝑥=𝑄𝑖+1

− 𝑝𝑄𝑖
 ( 13 ) 

Since it is assumed that there are no shortage cost (si = 0) and an item has no remaining value at the 

end of the period (gi = 0), the expected profit for the buyer becomes: 

 

𝐸[𝜋𝑖(𝑄𝑖)] = ∑ 𝑟𝑖 ∙ 𝑥 ∙ 𝑓𝑖(𝑥)

𝑄𝑖

𝑥=0

+ ∑ 𝑟𝑖 ∙ 𝑄𝑖 ∙ 𝑓𝑖(𝑥)

∞

𝑥=𝑄𝑖+1

− 𝑝𝑄𝑖
 ( 14 ) 

in which p depends on 𝑄𝑖. 

When there are multiple buyers combining their orders, the only thing that changes for an individual 

buyer is the selling price per item it needs to pay. This price then depends on the total order quantity 

of the group of buyers. So 

 
𝑄𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑄𝑗

𝑛

𝑗=1

= 𝑄𝑖 + ∑ 𝑄𝑗

𝑛

𝑗=1\𝑖

 ( 15 ) 

The price then becomes 𝑝𝑄𝑡𝑜𝑡𝑎𝑙
. Note that allocation rules can change the price per item a buyer pays 

if price differences between buyers are possible. This is used and explained in section 5.2. 

4.2 Requirements 
In this section the requirements that the final mechanisms must meet are stated. This doesn’t include 

assumptions (which have already been treated in the previous section). Rather is states what the 

developed mechanisms must do. 

Firstly, the goal of the mechanisms is to find a solution that is optimal to each buyer. The result of the 

mechanism is an order quantity and associated profit for each buyer. The optimal order quantity vector 

is given by 𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍 = 〈𝑄1
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, 𝑄2
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, 𝑄3
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, … , 𝑄𝑛
𝑜𝑝𝑡𝑖𝑚𝑎𝑙〉 and the profit vector is given by 

𝝅𝒐𝒑𝒕𝒊𝒎𝒂𝒍 = 〈𝜋1
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

,  𝜋2
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, 𝜋3
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, … , 𝜋𝑛
𝑜𝑝𝑡𝑖𝑚𝑎𝑙〉. The goal is to find a solution for which no 

buyer can increase its profit in any way without decreasing the profit of another buyer. 
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So there is no 𝝅 for which at least one 𝜋𝑖 > 𝜋𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

while for all 𝜋𝑖; 𝜋𝑖 ≥ 𝜋𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

. If this is the case 

the solution is not dominated by any other solution (Osborne, et al., 1994) and it is optimal. 

Secondly, the optimal solution should also be stable. This means it is non-dominated by all solutions in 

which one or more buyers are left out. This is true because it means that no group of buyers can 

achieve a higher profit for at least one of its members while not decreasing the profit of any of the 

others, by splitting off from the coalition. So it can never happen that for all 𝑖; 𝜋𝑖
𝑠𝑒𝑐𝑡𝑖𝑜𝑛 ≥ 𝜋𝑖

𝑐𝑜𝑎𝑙𝑖𝑡𝑖𝑜𝑛. 

Note that the profit of the buyers that split off can be affected by this move and needs to be 

determined again after the split off. 

Also, it should never be beneficial for a buyer to supply incorrect or incomplete input into the 

mechanism. This means buyers should never want to state a different bid then what they are really 

willing to pay. This requirement is necessary because the mechanism will not find a stable solution if 

the input is incorrect or incomplete. 

Next, making the input from buyers accessible to other buyers should not have an effect on the final 

solution. This way the buyers can see how the mechanism works and check the solution, which means 

they need all input. This requirement follows from the assumption that buyers only strive to optimize 

their own situation and the requirement that it can never be beneficial to supply false or incomplete 

input.  

Lastly, the mechanisms needs to be able to take different prices for different order quantities from the 

same buyer into account. This means a buyer is willing to pay more for the first item than for the 

second, because that item is less urgent. This urgency causes different bids and is vital to the success 

of the mechanisms. 
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5 Order combining mechanisms 
In this chapter the mechanisms to solve the models are explained. This is done in 3 parts. The input 

that can be used consist only of the selling price for each order quantity and the maximum price each 

buyer is willing to pay for each quantity. This is different from many papers in literature, where the 

optimal order quantity for each price is determined directly for each buyer. The reason this is not done 

is because the optimal order depends on the order quantities of the other buyers, which are not known 

at the time the bids are placed. First, the model without price differences between buyers is treated 

in section 5.1. A mechanism that leads to an optimal solution is found there. The solution is also shown 

to meet the required characteristics. Section 5.2 does the same for the model is which price differences 

between buyers are possible. Lastly, 5.3 investigates what happens if all information is known and not 

just the maximum prices stated by the buyers. This section shows that this does not lead to a different 

result for any of the two models. 

Example 

Throughout the chapter the same example is used. This uses the selling price given in Table 1 and Figure 

4 and Figure 5. For each order quantity the total price, price per item and marginal price is given. The 

marginal price is the difference between the total price and the previous total price. The stated prices 

are the lowest possible prices for each quantity. It is irrelevant if this is all at the same seller for each 

quantity. Since the seller can always fulfill demand there is no need to look at other sellers with different 

prices. Note that the price per item never increases but the marginal price does. The price per item also 

flattens out as the order quantity keeps increasing. This selling price can be an all-unit quantity discount 

or an incremental-unit quantity discount. 

Table 1: Example selling price (total price, price per item and marginal price) for several different order quantities. 

Order quantity Total price (€) Price per item (€) Marginal price (€) 

1 21 21 21 

2 40 20 19 

3 57 19 17 

4 72 18 15 

5 85 17 13 

6 102 17 17 

7 112 16 10 

8 120 15 8 

9 135 15 15 

10 150 15 15 

11 159,5 14,5 9,5 

12 168 14 8,5 

13 182 14 14 

14 196 14 14 

15 210 14 14 

16 224 14 14 

17 238 14 14 

18 252 14 14 

19 266 14 14 

20 280 14 14 
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Figure 4: Example of total selling price versus the order quantity 

 
Figure 5: Example of selling price per item versus the order quantity 

In the example it is assumed that there are 4 buyers which state the maximum price they are willing to 

pay for each order quantity. These bids are given in Table 2 to Table 5. The marginal bid is the bid minus 

the bid for an order quantity that is 1 item smaller. So it is essentially the price the buyer is willing to 

pay for that particular item. The average bid is simply the total bid divided by the order quantity. Each 

buyer determines the maximum price by itself and only provides the bids and no other information. 

Table 2: Example bids placed by buyer 1 

Order quantity Total bid (€) Marginal bid (€) Average bid (€) 

1 20 20 20 

2 36 16 18 

3 49 13 16,33 

4 59 10 14,75 

5 65 6 13 

 

Table 3: Example bids placed by buyer 2 

Order quantity Total bid (€) Marginal bid (€) Average bid (€) 

1 18 18 18 

2 34 16 17 

3 48 14 16 

4 58 10 14,5 

5 60 2 12 

 

 

Table 4: Example bids placed by buyer 3 

Order quantity Total bid (€) Marginal bid (€) Average bid (€) 

1 16 16 16 

2 28 12 14 

3 36 8 12 

4 41 5 10,25 

5 45 4 9 

 

Table 5: Example bids placed by buyer 4 

Order quantity Total bid (€) Marginal bid (€) Average bid (€) 

1 19 19 19 

2 38 19 19 

3 54 16 18 

4 68 14 17 

5 77 9 15,4 

 

  

5.1 Optimal solution without price differences between buyers 
The first model that is looked at has no price differences between buyers. This means that every buyer 

in the coalition pays the same price per item, namely 
𝑝𝑄𝑡𝑜𝑡𝑎𝑙

𝑄𝑡𝑜𝑡𝑎𝑙
. When price differences between buyers 

are not allowed it is not possible for buyers to allocated profit among themselves. Therefore, when 

𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍 is known, 𝒑𝒐𝒑𝒕𝒊𝒎𝒂𝒍 and 𝝅𝒐𝒑𝒕𝒊𝒎𝒂𝒍 are automatically fixed. 

Subsection 5.1.1 explains which input can be used by the mechanism and what the output is. In 

subsection 5.1.2 the mechanism is explained and an example is given. It is shown that the solution that 

is obtained is non-dominated and it is never beneficial for any group of buyers to split off from the 
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coalition in subsection 5.1.3. That subsection also checks fairness of the result and shows there is no 

incentive for any buyer to state a false maximum price. The section concludes with a summary in 

subsection 5.1.4. 

5.1.1 Input and output of the mechanism 
The input that the mechanism uses consists of the selling prices (the selling price of the supplier for 

each possible quantity) and the individual bids placed by the buyers. It is assumed that only the bids 

placed by each buyer are known and not the individual holding cost, retail prices or expected demand. 

So each buyer i states that they are willing to pay a maximum amount per item of 𝑏𝑖,𝑄𝑖
 to buy 𝑄𝑖  

products. The selling price is assumed to always increase as 𝑄𝑖  increases, with a non-increasing slope. 

Note that 𝑏𝑖,𝑄𝑖
 is the total price the buyer is willing to pay and not the price per item. 

The output of the mechanism is 𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍, which contains the optimal order quantities for all individual 

buyers. Note that when this is known, the total order quantity, total selling price, selling price paid by 

each buyer and total profit for each buyer are automatically fixed. 

The total order quantity is the sum of all order quantities (𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

= ∑ 𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑖 ). The total selling 

price can simply be found in the selling price curve by looking up the total order quantity (𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

𝑜𝑝𝑡𝑖𝑚𝑎𝑙). 

The selling price paid by each buyer is the number of items it buys times the selling price per item 

(𝑝𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

= 𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

∙
𝑝

𝑄
𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙 ). Here the selling price per item is the total selling price divided by 

the total order quantity. The profit for each buyer is the price it bid, minus the price is 

pays (𝜋𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

= 𝑏
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙 − 𝑝𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

= 𝑏
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙 − 𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

∙
𝑝

𝑄
𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙 ). 

5.1.2 Mechanism to find optimal order quantity 

The selling price per item is never decreasing (
𝑝𝑄

𝑄
≥

𝑝𝑄+1

𝑄+1
). Therefore, the profit for the purchase of an 

individual item can never decrease if more buyers decide to buy an item. So it is never disadvantageous 

for buyer 𝑖 if the order quantity of any other buyer increases. Therefore, if a certain total order is 

profitable for a buyer, it is at least as profitable for that buyer if other buyers increase their orders. 

To find the optimal order quantity lemmas that are used are: 

 If a buyer buys an item for the price it bid or for a lower price, it never makes a loss on that 

item. This is the case because the bid is by definition the break-even price for which the profit 

is zero. 

 If it is profitable for a buyer to place an order at a certain total order quantity, the profit can 

never decrease when other buyers later decide to increase their order quantity. This is the 

case because this can never lead to a higher selling price per item and thus the profit never 

decreases. Of course it can increase. 

 It is never advantageous for any buyer to exclude another buyer from the coalition. This is 

the case because the more orders, the lower the selling price per item. If a buyer doesn’t place 

any order, he is not beneficial to the others but he is never harmful. 

The method used to find the optimal order starts with nothing and builds up the total order in small 

steps. Each time a single order or set of orders is added to the current total order. The orders that are 

added are only added if the profit of these orders is not negative. This causes the total order to 

increase, which can increase the profit of the orders already in the total order. The orders that are 

added might not directly lead to a profit at this step (although they never lead to a loss) but may lead 
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to a profit when more orders are added in later steps.  So at each point, the profit vector, by definition, 

dominates all previous profit vectors (or it is equal to the previous one). This process is then repeated 

until there is no dominating profit vector with an order quantity greater than the current total order 

quantity. 

Determining which order(s) to add 

 The orders should always be added to the total order in descending order of bid per item. 

Since it is never beneficial to exclude orders, there can never be a buyer that is not included in 

the total order and is willing to pay more per item than a buyer that is included in the total 

order. If this situation would occur, everyone would benefit by including the extra order. 

Therefore an order of size m always consists of the m items for which the respective buyers 

were willing to pay the most per item. 

First, for all orders, the required total order quantity for that order to be profitable (or at least break-

even) is determined. This is done by comparing the price per item the buyer is willing to pay for each 

order quantity, to the selling price per item for each quantity. This leads to the required order quantity 

for each bid to be profitable; 𝑄𝑖
𝑟. For each bid, 𝑄𝑖

𝑟 is the smallest possible Q for which 
𝑏𝑖,𝑄𝑖

𝑄𝑖
>

𝑝𝑄𝑖
𝑟

𝑄𝑖
𝑟 . If no 

𝑄𝑖
𝑟 exist then it is never profitable for buyer i to place an order of size 𝑄𝑖  under any circumstance. 

Starting from the situation where no orders are placed, all 𝑄𝑖
𝑟 from all buyers are listed together and 

sorted in ascending order. This list is labelled 𝑸𝒕𝒐𝒕𝒂𝒍
𝒓 . The smallest order quantity for which the order 

can be combined is selected. So the smallest value in 𝑸𝒕𝒐𝒕𝒂𝒍
𝒓  for which 𝑄𝑡𝑜𝑡𝑎𝑙

𝑟 ≤ 𝑄𝑡𝑜𝑡𝑎𝑙. This gives an 

order for which no buyer makes a loss. Also, no buyer wants to order more items for this selling price 

per item. This order becomes the “current total order” and the associated total order quantity is 𝑄𝑡𝑜𝑡𝑎𝑙
# , 

the total selling price is 𝑝𝑄𝑡𝑜𝑡𝑎𝑙
#  and the order quantity for buyer 𝑖 is 𝑄𝑖

#. 

The orders are added in several steps and not all at once because the bids need to be updated in 

accordance with the current total order. The reason for this is shown in the following example. 

Suppose the total bids lead to a certain profit for buyer 1. Next the order quantity is increased 

and the buyer pays the price it bid. Then it is at the break-even point and has a profit of zero. 

But since it obtained a profit in the first situation, the addition of an extra order has decreased 

its profit. Then 𝜋1
𝑠𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 1 > 𝜋1

𝑠𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 2 so the profit in situation 2 doesn’t dominate the profit 

vector in situation 1. Situation 2 is thus never an optimal order quantity and should never be 

the current total order at any point during the in the process. 

To prevent this problem, the bids are updated each step to take the current profit into account. 

Continuing from the current total order, each buyer determines what total order quantity is required 

for the buyer to increase its order quantity. Effectively, this means the buyer determines what average 

price is required for each possible order quantity to lead to a higher profit than the current situation. 

Here the current profit is taken into account and the buyer only looks at its own profit. The current 

profit of buyer 𝑖 is the total bid minus the total price for the current order. This is given 

by (𝑏𝑖,𝑄𝑖
# − 𝑄𝑖

# ∙
𝑝

𝑄𝑡𝑜𝑡𝑎𝑙
#

𝑄𝑡𝑜𝑡𝑎𝑙
# ). Here 

𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

#

𝑄𝑡𝑜𝑡𝑎𝑙
#  is the price per item that is paid. The possible bids for each buyer 

are the bids with 𝑄𝑖 > 𝑄𝑖
#. For those bids, the total bid is updated by subtracting the current profit, 

 
𝑏𝑖,𝑄𝑖

𝑛𝑒𝑤 = 𝑏𝑖,𝑄𝑖
− (𝑏𝑖,𝑄𝑖

# − 𝑄𝑖
# ∙

𝑝𝑄𝑡𝑜𝑡𝑎𝑙
#

𝑄𝑡𝑜𝑡𝑎𝑙
# ) ( 16 ) 

So the bids no longer signify the price for which the profit is zero but they signify the price for which 

the profit is as high as it is in the current total order. 
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Now the previous steps are repeated using the new bids. The required order quantity for a bid to be 

profitable (𝑄𝑖
𝑟) is determined, these values are sorted and the smallest possible order quantity is 

selected. This leads to a situation in which each buyer is at least as well off as in the previous situation. 

This process is repeated until it is no longer beneficial for any buyer to increase its order quantity. 

There is a special situation that needs to be looked at. It is possible that there a more buyers that are 

willing to place an order, than required for a decrease in selling price. In this scenario it is possible that 

it is profitable for a buyer to place an order, but more profitable if it doesn’t place an order but the 

others do. In this case a rule is required to determine which orders are added to the total order first. 

To do this the resulting profit for each buyer in each possible scenario is determined. The scenario that 

benefits the buyer that has the lowest final profit, is chosen first. If there are several scenarios which 

are equally profitable to that buyer, the buyer with the next lowest profit is looked at and so on. Since 

no buyer’s profit decreases in any scenario, no scenario is disadvantageous to a certain buyer. 

Example 

In the example there are 4 buyers that want to buy a certain item. The seller’s price can be found in 

Table 1 and the bids of the buyers in Table 2 to Table 5. By comparing the average bids to the selling 

price per item, the required total order quantity for each bid is determined. These values can be found 

in Table 6 to Table 9. 

Table 6: The required total order quantities for each order quantity of buyer 1 to be profitable 

Order quantity Total bid (€) Average bid (€) Required order quantity for profitability 

1 20 20 2 

2 36 18 4 

3 49 16,33 7 

4 59 14,75 11 

5 65 13 - 

 

Table 7: The required total order quantities for each order quantity of buyer 2 to be profitable 

Order quantity Total bid (€) Average bid (€) Required order quantity for profitability 

1 18 18 4 

2 34 17 5 

3 48 16 7 

4 58 14,5 11 

5 60 12 - 

 

Table 8: The required total order quantities for each order quantity of buyer 3 to be profitable 

Order quantity Total bid (€) Average bid (€) Required order quantity for profitability 

1 16 16 7 

2 28 14 12 

3 36 12 - 

4 41 10,25 - 

5 45 9 - 
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Table 9: The required total order quantities for each order quantity of buyer 4 to be profitable 

Order quantity Total bid (€) Average bid (€) Required order quantity for profitability 

1 19 19 3 

2 38 19 3 

3 54 18 4 

4 68 17 5 

5 77 15,4 8 

 

From these values it is found that the smallest possible order quantity is three. In that case the seller’s 

price per item is €19 and buyer 1 orders one item while buyer 4 orders two. In this situation the profit 

for buyer 1 is €1 and for buyer 4 it is €0.  

Now the required order quantities have to be determined again to include current orders. The total 

quantity required for each buyer to obtain a higher profit than in the current situation is determined. 

For buyers 2, 3 and 4 this doesn’t change anything because their profit is €0, but for buyer 1 there is a 

change. The total bid is decreased by €1 and the average bid is calculated again and compared to the 

seller’s price. Table 10 shows the updated values for buyer 1. This includes its current order of one (in 

green in the table) and the current profit (of €1) is subtracted from all total bids. 

Table 10: Updated required order quantity for buyer 1 including a current order size of 1 (in green) and a current profit of €1 

Order quantity Total bid (€) Average bid (€) Required order quantity for profitability 

1 20 20 2 

2 35 17,5 5 

3 48 16 7 

4 58 14,5 11 

5 64 12,8 - 

 

The current order quantity is 3 and there are two orders that can be placed at an order quantity of 4 (1 

for buyer 2 and 1 for buyer 4). So these orders are both added to the total order. This brings the total 

order quantity to 5 and the price per item to €17. The profit for each buyer is determined again. Note 

that the profit for buyer 1 also increases since the price decreases, even though the order quantity for 

buyer 1 doesn’t change. Table 11 shows the situation for each buyer after the second iteration. 

Table 11: Order quantity, bid, price and profit for each buyer after the second iteration. 

 Buyer 1 Buyer 2 Buyer 3 Buyer 4 

Order quantity 1 1 0 3 

Total bid (€) 20 18 - 54 

Total price (€) 17 17 - 51 

Profit (€) 3 1 - 3 

 

Again the required order quantities are updated to include the current profit. Table 12 shows the 

required total order quantities after iteration 2 for buyer 1. The tables for the other buyers are 

determined in the same way but are not shown here. 
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Table 12: Updated required order quantity for buyer 1 including a current order size of 1 (in green) and a current profit of €3 

Order quantity Total bid (€) Average bid (€) Required order quantity for profitability 

1 20 20 2 

2 33 16,5 7 

3 46 15,33 8 

4 56 14 11 

5 62 12,4 - 

 

The process of adding the smallest possible order to the total order, determining the profit for each 

buyer and adjusting the bids and required order quantities is repeated continuously. Table 13 shows 

the order quantity for each buyer as well as its profit after each iteration. After the fourth iteration, it 

is no longer possible to increase order quantity without decreasing the profit of at least 1 buyer. 

Therefore the final order has been reached. The total order quantity is 9 and the selling price per item 

is €15. The profit for buyers 1, 2, 3 and 4 is respectively €6, €4, €1 and €8. 

Table 13: Resulting order quantity and profit for each buyer after each iteration 

Iteration Order quantity Price per item (€) Profit (€) 

 Total Buyer 1 Buyer 2 Buyer 3 Buyer 4  Buyer 1 Buyer 2 Buyer 3 Buyer 4 

1 3 1 - - 2 19 1 - - 0 

2 5 1 1 0 3 17 3 1 - 3 

3 8 2 2 0 4 16 6 4 - 8 

4 9 2 2 1 4 15 6 4 1 8 

 

5.1.3 Testing characteristics of the mechanism 
This subsection test several characteristics of the solution that is obtained by the mechanism. These 

are whether there is a dominating solution, whether a group of buyers can benefit by splitting off from 

the coalition, whether the result is fair, and if there is an incentive for buyers to state false bids. 

Dominating solution 

As explained in section 4.2, for a solution to be optimal it has to be non-dominated. Otherwise the 

dominating solution is clearly better and the solution found by the mechanism can never be optimal. 

Each total order is at least as good as the previous one (no buyer ever sees its profit decrease at any 

point during the iterations) and it is not possible to find a total order bigger than the final total order, 

without decreasing the profit of at least one buyer. Therefore the resulting profit vector is not 

dominated by any of the others. There is no 𝝅 = 〈𝜋1, 𝜋2, 𝜋3, … , 𝜋𝑛〉 for which 𝜋𝑖 ≥ 𝜋𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

for all 𝑖 

and 𝜋𝑖 > 𝜋𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

 for at least one i. Because a situation can occur in which a choice is made between 

2 possible options (which occurred in the example), the resulting profit vector is not the only profit 

vector that is not dominated by another, and it is thus not the unique solution. Both options lead to a 

non-dominated solution. 

Benefit in splitting off from the coalition 

It is fundamental for a mechanism to be useful that no buyer can benefit by not cooperating. If an 

individual buyer or group of buyers would be better off by themselves, they would not cooperate. It 

should thus be tested if the mechanisms can lead to a situation in which an individual buyer would 

have a better profit on its own, or a situation in which a group splits off and none of them decrease 

their profit, while at least one buyer has its profit increase. 
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It is very straightforward to show that the mechanism always leads to a result where no buyer or group 

of buyers would benefit by splitting off from the coalition. This is the case because the selling price per 

item never increases with increasing order quantity. Removing one or more buyers from the total 

coalition decreases the total order quantity and thus increases the price per item the remaining buyers 

have to pay. Each buyer only optimizes its own profit and there is no profit allocation possible. 

Therefore the quantity discount generated by other buyers is simply a bonus and can never have a 

negative result to any of the buyers. 

The only exception would be the removal of a buyer that doesn’t place any order in the total optimal 

order. But this would keep the profit the same for all buyers. The buyer doesn’t add value but it also 

doesn’t cost anything to the others. Also, the buyer will never be able to place a profitable order, 

whether in the total coalition or working together with any smaller set of buyers. This is the case 

because a smaller set of buyers will only lead to a higher selling price per item, so if the price is too 

high in the total coalition, it is also too high in a smaller coalition. 

Fairness 

Since no buyer can ever make a loss in either of the mechanisms, this means there is always an 

incentive for a buyer to cooperate in the coalition if it behaves rational. There is also a less rational 

requirement for buyers to participate. They must feel like the methods used are fair. This fairness is 

hard to define mathematically but it makes sense that buyers will be sceptic if they have to pay more 

per item than another buyer. 

The case without price differences seems to be the fairest result possible. Every buyer pays the same 

price per item, regardless of their bid or total order size. No buyer can complain that a buyer is favored 

or question an allocation method. So fairness is not a problem for this mechanism. 

Incentive to state false bids 

The quality of the results of a mechanism depends on the input provided by the buyers. Each buyer 

has to state its maximum bids and there is no independent method to check whether the bids are in 

accordance to the parameters of the buyer. Therefore it is important that it is in the best interest of 

the buyers to state their true maximum price. If buyers are better off by deliberately stating a higher 

or lower bid than their real maximum value, then this will always happen. This will also lead to a 

situation where buyers need to trust other buyers to be honest even if this would decrease profit. To 

prevent this, there can be no incentive to state false bids.  

Each buyer maximizes its own profit, while benefitting from the quantity discount generated by other 

buyers. There is no profit sharing and no allocation rule. There are only two possible outcomes when 

a buyer places a bid; it either gets the item for a price that is independent of the bid or it doesn’t get 

the item at all. The profit of a buyer depends on the total order quantity of the other buyers but not 

on the price they pay. The profit of a buyer is not of interest to other buyers. Therefore, stating a false 

bid always has a negative effect on the profit of the buyer that states it. There is no incentive to state 

false bids at all.  
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5.1.4 Summary 
This subsection gives a summary of the method to find the optimal order quantity, starting from the 

individual bids and the selling price. This is done in words and in mathematical notation using an 

algorithm (Table 14). 

 Use the seller’s price and the average bids to determine the total order quantity required for 

each individual order to be profitable. 

 Combining all buyers, select the smallest possible order quantity for which no buyer makes a 

loss. 

 Determine the profit for each buyer in this situation and subtract this from the bids that have 

not been placed yet. Determine the required total order quantity again to find the quantity 

required for the buyer to get a profit that is at least as high as in the current situation. 

 Add the smallest possible order quantity to the total order. If there are several possibilities, 

choose the one that benefits the buyer with the lowest total profit. 

 Keep repeating the last 2 steps until it is no longer possible to add orders. The optimal order 

has now been reached. 
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Table 14: Algorithm to find optimal order quantity, and optimal order for each buyer. Bids for each buyer and selling price 
for each order quantity are used as input. 

 

5.2 Optimal solution with price differences between buyers 
The second model that is looked at includes the possibility of price differences between buyers. This 

means that it is possible for buyers to choose how they allocate cost among themselves. This means 

that after 𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍 becomes known, 𝝅𝒐𝒑𝒕𝒊𝒎𝒂𝒍 can still be changed. 

𝑄𝑖
# = 0 

𝑄𝑡𝑜𝑡𝑎𝑙
# = 0 

End = false 

Loop while End = false 

If 𝑄𝑡𝑜𝑡𝑎𝑙
#  ≠ 0 

 Loop for all i       

   Loop for all 𝑄𝑖  starting from 𝑄𝑖
# + 1   adjusts bids that are not included in 

    𝑏𝑖,𝑄𝑖

𝑛𝑒𝑤 = 𝑏𝑖,𝑄𝑖
− (𝑏𝑖,𝑄𝑖

# − 𝑄𝑖
# ∙

𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

#
 

𝑄𝑡𝑜𝑡𝑎𝑙
# )  current bid, to include current profit 

   End loop 

 End loop 

End if 

 

 Loop for all i and all 𝑄𝑖        determines required order quantity 

  𝑄𝑖,𝑄𝑖

𝑟  is smallest Q for which 
𝑏𝑖,𝑄𝑖

𝑛𝑒𝑤

𝑄𝑖
≥

𝑝
𝑄𝑖

𝑟

𝑄𝑖
𝑟     for each order to be profitable 

 End loop       

 

 Sort all 𝑄𝑖,𝑄𝑖

𝑟 in ascending order and label 𝑄𝑡𝑜𝑡𝑎𝑙
𝑟    

 

 Loop for 𝑄𝑡𝑜𝑡𝑎𝑙 starting from 𝑄𝑡𝑜𝑡𝑎𝑙
#

, until 𝑄𝑡𝑜𝑡𝑎𝑙
𝑟 ≤ 𝑄𝑡𝑜𝑡𝑎𝑙   find smallest possible order, larger than 

  𝑄𝑡𝑜𝑡𝑎𝑙
# = 𝑄𝑡𝑜𝑡𝑎𝑙       current order and set this as new  

  𝑄𝑖
# = 𝑄𝑖         current order. 

  If 𝑄𝑡𝑜𝑡𝑎𝑙
𝑟 > 𝑄𝑡𝑜𝑡𝑎𝑙 for all 𝑄𝑡𝑜𝑡𝑎𝑙      End algorithm if no order is possible 

End = true 

 End loop 

End loop 

  

 

} 

} 

} 
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Therefore, the first step is to maximize the total profit for the set of buyers as a whole. So first 𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍 

is found and next 𝝅𝒐𝒑𝒕𝒊𝒎𝒂𝒍 = 〈𝜋1
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, 𝜋2
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, 𝜋3
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

, … , 𝜋𝑛
𝑜𝑝𝑡𝑖𝑚𝑎𝑙〉 is determined to find the 

optimal way to divided profit among the buyers. 

Subsection 5.2.1 explains which input can be used by the mechanism and what the output is. In 

subsection 5.2.2 the mechanism to find the optimal order quantity is explained and an example is 

given. Subsection 5.2.3 deals with the second part of the mechanism. Here the profit is allocated 

among the buyers. Again an example is given. In subsection 5.2.4 Error! Reference source not found.it 

is shown that the solution that is obtained is non-dominated and it is never beneficial for any group of 

buyers to split off from the coalition. That subsection also checks fairness of the result and shows there 

is no incentive for any buyer to state a false maximum price. The section concludes with a summary in 

subsection 5.2.5. 

5.2.1 Input and output of the mechanism 
The input for this mechanism is exactly the same as for the mechanism when price differences were 

not possible. So it consists of the selling price curve (the selling price for each possible quantity) and 

the individual bids placed by the buyers. Again it is assumed that only the bids placed by each buyer 

are known and not the individual holding cost, retail prices or expected demand. So buyer i states that 

they are willing to pay a maximum amount of bi,Q to buy Q products. 

The output of the mechanism is not the same as for the previous mechanism. Again, 𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍, which 

contains the optimal order quantities for all individual buyers, is determined. But this time only the 

total order quantity and total selling price are then automatically fixed. The price each buyer pays, and 

thus the profit it makes, can still vary. Therefore the price each buyer pays, 𝒑𝒐𝒑𝒕𝒊𝒎𝒂𝒍, is also output of 

the mechanism. 

The total order quantity is the sum of all order quantities (𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

= ∑ 𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑖 ). The total selling 

price can simply be found in the selling price curve by looking up the total order quantity (𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

𝑜𝑝𝑡𝑖𝑚𝑎𝑙). 

Note that the result can be different from the one found by the mechanism in the previous section. 

Therefore 𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍 is different from the one in the previous section. The same goes for the total selling 

price, the price paid by each buyer and the profit for each buyer. 

5.2.2 Optimal order quantity 
To find the optimal order quantity, the total profit of the set of buyers is looked at. The profit is the 

differences between the selling price and the price the buyers are willing to pay. First, the bids of all 

buyers are listed together. This is done by sorting all bids by decreasing marginal bid. The marginal bid 

for buyer i and item Q is given by 𝑏𝑖,𝑄
𝑚 = 𝑏𝑖,𝑄 − 𝑏𝑖,𝑄−1. Here the “m” indicates “marginal”. All 𝑏𝑖,𝑄

𝑚  are 

listed together and sorted in descending order, labelled 𝑏𝑄𝑡𝑜𝑡𝑎𝑙

𝑚 . So each time it is determined which 

buyer is willing to pay the most to receive one additional item. The sum of all marginal bids up to a 

certain point is the total price the coalition is willing to pay for that order quantity. In mathematical 

notation this is given by; 

 

𝑏𝑡𝑜𝑡𝑎𝑙, 𝑄𝑡𝑜𝑡𝑎𝑙
= ∑ 𝑏𝑗

𝑚

𝑄𝑡𝑜𝑡𝑎𝑙

𝑗=1

 ( 17 ) 

Using the data on the seller’s price for each quantity; the total bid and total selling price can both be 

graphed for each possible order quantity. Each point of the “total bid” is equally beneficial to the 

buyers since the profit is exactly zero for each of these points. Therefore the optimal order quantity 

for the coalition is the point where the differences between the total bid and the total selling price is 
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the highest. This difference is the total profit and it can be determined by subtracting the selling price 

from the total bid. The profit 𝜋𝑘 for order quantity k, is thus given by; 

 

 𝜋𝑡𝑜𝑡𝑎𝑙, 𝑄𝑡𝑜𝑡𝑎𝑙
= ∑ 𝑏𝑗

𝑚

𝑄𝑡𝑜𝑡𝑎𝑙

𝑗=1

− 𝑝𝑄𝑡𝑜𝑡𝑎𝑙
 ( 18 ) 

The point with the highest profit is then found to determine the optimal order quantity (𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

). 

The optimal order quantities for the individual buyers (𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

) can simply be found by looking at 

the individual orders included in the total order. 

So in short, the set of optimal order quantities for each buyer is the set that maximizes the total profit. 

So; 

 
𝑸𝒐𝒑𝒕𝒊𝒎𝒂𝒍 = arg max

𝑸
(𝜋𝑡𝑜𝑡𝑎𝑙, 𝑄𝑡𝑜𝑡𝑎𝑙

) = arg max
𝑸

(∑ 𝜋𝑖,𝑄𝑖

𝑖

) ( 19 ) 
 

In which the profit is given by 𝜋𝑖,𝑄𝑖
= 𝑏𝑖,𝑄 − 𝑝𝑄𝑡𝑜𝑡𝑎𝑙

 and 𝑄𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑄𝑖𝑖  is the total order quantity for 

the set of buyers. 

Example 

In this example the same 4 buyers are looked at again. The seller’s price can be found in Table 1 and 

the bids of the buyers in Table 2 to Table 5. By listing all marginal bids together, from highest to lowest, 

the result in Table 15 is obtained. This table shows the total bid for each order quantity. 

Table 15: Orders for all buyers and marginal and total bid for each order quantity, sorted by marginal bid 

Order quantity Buyer Marginal bid Total bid 

1 1 20 20 

2 4 19 39 

3 4 19 58 

4 2 18 76 

5 1 16 92 

6 2 16 108 

7 4 16 124 

8 3 16 140 

9 2 14 154 

10 4 14 168 

11 1 13 181 

12 3 12 193 

13 1 10 203 

14 2 10 213 

15 4 9 222 

16 3 8 230 

17 1 6 236 

18 3 5 241 

19 3 4 245 

20 2 2 247 
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Using the data on the seller’s price for each quantity, the total bid and total selling price are both 

graphed for each possible order quantity in Figure 6 (total bids and selling price) and Figure 7 (bids and 

selling price per item). The total profit can be determined by subtracting the selling price from the total 

bid. Figure 8 shows a graph of the surplus versus the order quantity. Note that this uses the total bid 

and total selling price and not the “per item” values. This is done since the buyers are interested in 

maximizing the total profit and not the profit per item. 

 
Figure 6: Example of the total selling price and total bid of the set of 
buyers for different order quantities 

 
Figure 7: Example of the selling price per item and total bid per item 
of the set of buyers for different order quantities 

 

 

Figure 8: Example of the surplus (total bid minus total selling price) for different order quantities 

Table 16 gives the total bid (from Table 15), total selling price (Table 1) and surplus (difference between 

the previous two columns) for each order quantity. The highest surplus is found to be for an order 

quantity of 12. This means the optimal order quantity is 12. The associated total selling price is €168. 

For this price buyers 1 and 2 order 3 items, buyers 3 buys 2 items and buyer 4 orders 4, which adds up 

to 12.   

Table 16: Total bid, selling price and surplus for each order quantity  

Order quantity Total bid (€) Total selling price (€) Surplus (€) 

1 20 21 -1 

2 39 40 -1 

3 58 57 1 

4 76 72 4 

5 92 85 7 

6 108 102 6 
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7 124 112 12 

8 140 120 20 

9 154 135 19 

10 168 150 18 

11 181 159,5 21,5 

12 193 168 25 

13 203 182 21 

14 213 196 17 

15 222 210 12 

16 230 224 6 

17 236 238 -2 

18 241 252 -11 

19 245 266 -21 

20 247 280 -33 
 

5.2.3 Profit allocation 

The result of the previous section is the optimal order quantity for the set of buyers (𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

) and 

associated optimal order quantities for all individual buyers (𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

). The total selling price for this 

order is also known and equal to 𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

𝑜𝑝𝑡𝑖𝑚𝑎𝑙. The question that remains is how to allocate the total cost 

among the buyers. For this an allocation rule is required that meets certain criteria. Of course the sum 

of the price each buyer pays has to be equal to the total selling price. Also, no buyer can pay more than 

the bid it placed. Lastly, the allocation has to lead to a solution that is fair and where no set of buyers 

can achieve a higher profit for itself by splitting off from the total coalition. Also there should be no 

incentive for buyers to state false bids. 

The allocation rule that is used, uses a threshold value. This rule has been treated in subsection 3.7.2 

and is effectively a maximum price per item for all buyers. If a buyer’s bid is lower than the threshold 

value, the buyer pays the price it bid, which is the maximum price it is willing to pay. So if 

(𝑏
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙
𝑚 <

𝑝
𝑄

𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙 ) the price the buyer pays for that item is 𝑏

𝑖,𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑚 . If the bid is higher than 

the threshold, the buyer pays the threshold value. So the price a buyer pays for a particular item is; 

 𝑝
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙
𝑚 = min (𝑏

𝑖,𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑚 , 𝑇) ( 20 ) 

 in which T is the threshold level. The threshold is set in such a way that the sum of all prices equals 

the total selling price. This is found using; 

 𝑇 ∙ |𝐶̅| + ∑ 𝑏
𝑗,𝑄𝑗

𝑜𝑝𝑡𝑖𝑚𝑎𝑙
𝑚

𝑗𝜖𝐶\𝐶̅

= 𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

𝑜𝑝𝑡𝑖𝑚𝑎𝑙  

𝑇 =
1

|𝐶̅|
(𝑝

𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙 + ∑ 𝑏

𝑗,𝑄𝑗
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑚

𝑗𝜖𝐶\𝐶̅

) 

( 21 ) 

Here C is the total set of orders in the optimal total order and 𝐶̅ ∈ 𝐶 is the set of orders in the optimal 

total order for which 𝑏
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙
𝑚 ≥ 𝑇. |𝐶|̅̅ ̅̅  is the size of �̅�. 

To determine the threshold value, the average price per item that needs to be paid for all remaining 

items is compared to all marginal bids. Marginal bids below the average price per item, pay the 

marginal bid. After that the average price per item is determined again and the process is repeated 
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until there are no more marginal bids below the average price per item. Then the threshold is set at 

the average price per item of the remaining items. 

An important aspect is that this allocation rule applies to each item individually. So if a buyer buys 

several items, each item is evaluated separately using the marginal bids. If for example, the buyer’s 

marginal bid for the second item is below the average selling price, it pays the marginal bid. For the 

first item it pays the threshold value (assuming this bid is above the threshold value). This is even the 

case if the average bid for both items is higher than the average price for two items. This is done 

because otherwise buying the second item would decrease the profit for that buyer.  

Example 

The total order quantity for the set of buyers was found to be 12 with a total price per item of €168. 

This means the average price per item the buyers must pay is €14. The individual order quantities for 

the buyers 1, 2, 3 and 4 are 3, 3, 2 and 4 respectively. For these order quantities, the average bid per 

item by the 4 buyers is €16,33, €16, €14 and €17. 

So in this case, no total bid is lower than the average price per item. Therefore the threshold value could 

be set at the average price and each buyer pays the threshold. However, the threshold needs to be used 

for each individual bid. All marginal bids are compared to the average price of €14. There are 2 marginal 

bid lower than €14. The last bid of buyer 1 that is included is a bid of €13 and the last bid of buyer 3 is 

a bid of €12. Because the marginal cost are only €9,5 and €8,5 it is obviously profitable to include these 

bids but the buyer will not pay the average price of €14 for this item. Instead the marginal bids of €13 

and €12 are paid. 

This means a price of €143 (€168 - €13 - €12) remains for 10 items, which leads to a new average price 

of €14,3 for the remaining items. There are 2 marginal bids below this price (one of buyer 2 and one of 

buyer 4). So for both these items, the buyer pays the price it bid, which is €14. 

Again, looking at the remaining items gives a price of €115 (€143 - €28) that needs to be divided over 

8 items. This gives an average price of €14,375 per item. Now all remaining marginal bids are higher 

than the average price that needs to be paid. So the threshold can be set at this value. This means all 

remaining product are bought for €14,375 each. Table 17 gives an overview of the result.  

Table 17: Overview of the result for each buyer 

 Buyer 1 Buyer 2 Buyer 3 Buyer 4 

Order quantity 3 3 2 4 

Total bid (€) 49 48 28 68 

Total price (€) 41,75 42,75 26,375 57,125 

Profit (€) 7,25 5,25 1,625 10,875 

 

Note that the optimal order quantity without price differences was found in section 5.1 to be 9 items. 

So in this case the price difference between the buyers allowed for a bigger total order quantity. This is 

caused by the last orders that are added to the total order. Their marginal bids are lower than the 

average price so the marginal bid is paid here, instead of the average price that was paid in the previous 

section. Still each buyer benefits and sees an increase in its profit, since the profits of the individual 

buyers without price differences were €6, €4, €1, €8. 
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5.2.4 Testing characteristics of the mechanism 
This subsection test several characteristics of the solution that is obtained by the mechanism. These 

are whether there is a dominating solution, whether a group of buyers can benefit by splitting off from 

the coalition, whether the result is fair, and if there is an incentive for buyers to state false bids. 

Dominating solution 

As explained in section 4.2, for a solution to be optimal it has to be non-dominated. Otherwise the 

dominating solution is clearly better and the solution found by the mechanism can never be optimal. 

For a solution to dominate the solution that is found, at least one buyer needs to increase its profit. 

No single item leads to a loss, so decreasing the total order quantity would not increase the profit of 

any buyer. Increasing the total order quantity would decrease the total profit so the profit of at least 

one buyer would decrease. Therefore the solution cannot be dominated. 

Benefit in splitting off from the coalition 

It is fundamental for a mechanism to be useful that no buyer can benefit by not cooperating. If an 

individual buyer or group of buyers would be better off by themselves, they would not cooperate. It 

should thus be tested if the mechanisms can lead to a situation in which an individual buyer would 

have a better profit on its own, or a situation in which a group splits off and none of them decrease 

their profit, while at least one buyer has its profit increase. 

If there is a benefit in splitting off from the coalition, the removal of one or more buyer should lead to 

a higher profit for at least one of the others while none of the others sees a decrease in its profit. 

Any individual order or group of orders that is added to the total order, increased the total profit or at 

least kept the total profit the same. Therefore the marginal bid is at least as big as the marginal price, 

which is the increase in the total selling price when the order or orders are added. 

Using the threshold allocation rule, the price for each item is either the marginal bid or the threshold 

value; 𝑝
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙
𝑚 = min (𝑏

𝑖,𝑄𝑖
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑚 , 𝑇). The threshold value is found in ( 21 ) and is equal to 

𝑇 =
1

|𝐶̅|
(𝑝

𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙 + ∑ 𝑏

𝑗,𝑄𝑗
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

𝑚

𝑗𝜖𝐶\𝐶̅

) 

Here C is the total set of orders in the optimal total order and 𝐶̅ ∈ 𝐶 is the set of orders in the optimal 

total order for which 𝑏
𝑖,𝑄𝑖

𝑜𝑝𝑡𝑖𝑚𝑎𝑙
𝑚 ≥ 𝑇. |𝐶|̅̅ ̅̅  is the size of �̅�. 

There are two options about the removed items; 

1. If the order or group of orders that are removed have a marginal bid above the threshold value, 

its removal will increase the threshold value. This is the case because |𝐶̅| decreases (and 

𝑝
𝑄𝑡𝑜𝑡𝑎𝑙

𝑜𝑝𝑡𝑖𝑚𝑎𝑙  may increase). This causes each remaining buyer that pays the threshold value to 

have a decreasing profit as a result of the removal of some of the orders. 

2. If the order or group of orders that are removed have a marginal bid lower than the threshold 

value, its removal will still never decrease the threshold value. In this case the order is bought 

for the price that was bid, meaning that there is no profit on this item. Placing them didn’t 

decrease the total profit. Therefore the removal of a set of orders, can’t improve the total 

profit of the remaining orders. 
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So summarizing both options: 

 The bid was lower than the threshold value. In this case the buyer that was removed didn’t 

make a profit. Since removing it won’t increase the total profit of the coalition, it won’t 

increase the profit of any of the remaining buyers. 

 The bid was higher than the threshold value. The buyer that is removed was paying the 

threshold value. Therefore, the removal can never decrease the threshold and thus can never 

lead to a higher profit for any of the remaining buyers. 

It both cases, it is not possible for the profit of any of the remaining buyers to increase. Therefore it is 

never beneficial for a set of buyers to split off from the others. 

Fairness 

As explained before, the rational objective of obtaining a higher profit is not the only requirement for 

buyers to cooperate. They must also feel like they are being treated fairly and some buyers aren’t 

favored over others. 

In this mechanism, a total profit needs to be allocated among the buyers. There are several different 

methods this can be done in a stable way. It would seem that the options for the fairest method are 

either an equal profit per item as much as possible, or an equal price per item as much as possible. 

It may seem that the equal profit per item is the most fair since this is what matters to the buyers in 

the end. However, this would lead to a situation where buyers with less demand or a “wrong” retail 

price receive the same profit as buyers that are for example better at generating demand. It is not fair 

that buyers that perform better than others receive the same profit. Another problem is that the equal 

profit per item leads to buyers trying to increase their order quantity instead of looking at their profit 

for each item. A method to prevent this is to give each buyer the same profit, regardless of the order 

quantity. But in that case a buyer’s goal may well be to order only one item since more items don’t 

necessarily improve their profit.  A final problem is that buyers would have to trust other buyers when 

stating their bids. This will lead to a situation with much distrust. 

For the reasons mentioned in the previous paragraph, a situation where the price per item is the same 

to all buyers as much as possible, will be conceived as more fair. As mentioned in the case without 

price differences, buyers become skeptical when they see that others pay less per item then they do. 

Using the threshold allocation rule, each buyer either pays the same price per item as the others or 

has a profit of zero for that item. It is then the responsibility of buyer to create as much profit as 

possible for this price and if one buyer can achieve a higher profit then another he simply earned that. 

Another reason why the threshold allocation rule is chosen is that it is the most similar to the case 

without price differences. Price differences only occur when there is no option for the buyer to buy 

the item for the threshold value since that would lead to a loss. This makes the mechanisms easier to 

compare.  

Incentive to state false bids 

As explained before, the quality of the results of a mechanism depends on the input provided by the 

buyers. If it can be beneficial for a buyer to state different maximum prices than they are willing to pay 

in reality, the mechanism will not work. Therefore, for the mechanism to function, there can be no 

incentive to state false bids. 

In this case, the total profit is maximized first and it is then divided among the buyers. This is done 

using an allocation rule that is based on the bids stated by the buyers. This can potentially lead to a 

situation where a false bid is beneficial to a buyer.  
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When an allocation rule is used where each order gets the same profit, a lower bid leads to a higher 

“real” profit. Of course there is the risk that an order is not included in the total order because the bid 

is not high enough, while the buyer was willing to pay enough, but stated a lower bid. However, it is 

likely that the buyer is able to estimate which bid will definitely be high enough. It can than lower all 

its bids above that value to that value. This way it increases his profit while having a relatively low risk 

of lowering its profit by getting a smaller amount of orders. 

The threshold-allocation rule used in this thesis removes this problem for the most part. All items for 

which the bid is above the threshold value are sold for the same price. This means it doesn’t matter 

what price is bid, as long as it is above the threshold value. Therefore there is no incentive for the buyer 

to state a different value here. Each stated price leads to the same selling price (and thus the same 

profit), as long as it is above the threshold value. This greatly reduces the incentive to state false bids, 

compared to an allocation rule where the final price is proportional to the bids.  

There is a way in which a buyer can increase its profit by stating a lower bid than what it is really willing 

to pay. For items in the total order with a bid below the threshold value, the bid is equal to the final 

price. This means that a lower bid directly leads to a lower price and thus a higher profit. But for a bid 

below the threshold value there is a high probability that the order is not included in the total order, 

because the bid is not high enough and doesn’t increase the total profit of the coalition. Also, the 

threshold value is not known to the buyers at the time they place their bids. A buyer might try to 

estimate it and adjust its bids accordingly but since there is only a small amount of bids in the total 

order with a bid below the threshold value, this is very risky. The change of lowering the price and not 

receiving an order at all as a result is high. 

The conclusion is that as long as the bids are all stated without a buyer knowing all other bids 

beforehand, a false bid can lead to a higher profit but only at a high risk of leading to a lower profit. A 

false bid can be beneficial if a buyer knows all other bids before it states its own. In that case it can 

determine the result for all possible bids it states and pick the best option. Therefore it is important 

that no buyer has access to all other bids before it states its own bids. As long as all bids are stated 

separately, it is safe to assume all buyers state their “true” maximum prices. 

5.2.5 Summary 
This subsection gives a short summary of the method to determine the optimal order quantity and 

price per item for each buyer. This is done in words and in mathematical notation using an algorithm 

(Table 18). 

 First, determine the marginal bids of all individual buyers by taking the total price each buyer 

is willing to pay for a certain quantity, and subtracting the amount it is willing to pay for a 

quantity that is 1 item smaller. This gives the price it is willing to pay for that item. Marginal 

bids for individual buyers are always non-increasing. 

 Next, list all marginal bids together in a single list and sort them by decreasing marginal bid. If 

it is profitable to add an order to the total order, than it is always profitable to add all orders 

above that order. Therefore the orders can be added from top to bottom until this is no longer 

profitable. 

 Determine the cumulative value of all marginal bids up to a certain order. This gives the total 

price the set of buyers is willing to pay for a certain order quantity and is called the total bid. 

The order quantity is the number of marginal bids that have been added together. 

 For each order quantity, subtract the total selling price (which is stated by the seller) from the 

total bid. This gives the profit for the set of buyers. The optimal order quantity is the quantity 

which maximizes the profit. 
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 To use the threshold allocation rule, first determine the average price per item that needs to 

be paid. All marginal bids that are lower than this value pay the price they bid. For the other 

bids, determine the new average price per item that needs to be paid. Again, each bid that is 

less than this value, pays the price it bid. This process is repeated until there are no bids below 

the average price per item. The remaining bids than pay the average price per item, which is 

set as the threshold value. 
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Table 18: Algorithm to find optimal order quantity and associated price for each buyer with price differences between buyers  

 

Loop for all i and all Q 

 𝑏𝑖,𝑄
𝑚 = 𝑏𝑖,𝑄 − 𝑏𝑖,𝑄−1    determine marginal bids 

End loop 

Sort all 𝑏𝑖,𝑄
𝑚  in ascending order and label 𝑏𝑄𝑡𝑜𝑡𝑎𝑙

𝑚   sort marginal bids 

𝑏𝑡𝑜𝑡𝑎𝑙, 𝑄𝑡𝑜𝑡𝑎𝑙
= ∑ 𝑏𝑗

𝑚

𝑄𝑡𝑜𝑡𝑎𝑙

𝑗=1

 

𝜋𝑡𝑜𝑡𝑎𝑙, 𝑄𝑡𝑜𝑡𝑎𝑙
= 𝑏𝑡𝑜𝑡𝑎𝑙, 𝑄𝑡𝑜𝑡𝑎𝑙

− 𝑝𝑄𝑡𝑜𝑡𝑎𝑙
       

𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

= 𝑎𝑟𝑔 max
𝑄𝑡𝑜𝑡𝑎𝑙

𝜋𝑄𝑡𝑜𝑡𝑎𝑙
 

 

𝑄𝑡𝑜𝑡𝑎𝑙 = 𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

 

 

End = false 

Loop while End = false 

 n = 0 

 loop for all i 

  loop for Q up to 𝑄𝑡𝑜𝑡𝑎𝑙  

   if 𝑏𝑖,𝑄
𝑚 <

𝑝𝑄𝑡𝑜𝑡𝑎𝑙

𝑄𝑡𝑜𝑡𝑎𝑙
     

    𝑝𝑖,𝑄
𝑚 = 𝑏𝑖,𝑄

𝑚    

    n = n + 1     

   End if 

  End loop 

 End loop 

 If n = 0 

  Loop for all i and all Q up to 𝑄𝑡𝑜𝑡𝑎𝑙
𝑜𝑝𝑡𝑖𝑚𝑎𝑙

    

   𝑝𝑖,𝑄
𝑚 =

𝑝𝑄𝑡𝑜𝑡𝑎𝑙

𝑄𝑡𝑜𝑡𝑎𝑙
     

  End loop     

End = true 

 Else 

  𝑄𝑡𝑜𝑡𝑎𝑙  = 𝑄𝑡𝑜𝑡𝑎𝑙  - n      

 end else      

end loop 

} 

} 
} 

Determine total bids per quantity, 

total profit per quantity, 

and quantity that maximizes profit 

} 

} 

} 

If no items have been removed, all remaining 

items have average price of remaining items as 

price and algorithm ends 

If items have been removed, determine 

new amount of remaining items 

Go through all remaining orders, pay marginal 

bid if below average price of remaining items. 

Count these items and remove them from list 
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5.3 Full information sharing model 
The mechanisms found to solve the models in the previous 2 sections used the fact that only the bids 

stated by the buyers are known. Each buyer keeps its retail price and demand distribution to itself. 

This section focuses on what would happen if the buyers would disclose all information they have and 

the mechanisms can use it all as input. This essentially leads to a situation where there is full 

cooperation and full information sharing by all buyers. 

In subsections 5.1.3 and 5.2.4 it was shown that there is no incentive for a buyer to state false bids 

since this would not increase their profit in any way. The only way a buyer could benefit is if it knows 

all information about the other buyers before disclosing any information. Note that it seems relatively 

easy to avoid this situation in practice so that shouldn’t be a problem. 

Subsection 5.3.1 explains how the bids (which are the maximum prices the buyers are willing to pay) 

are determined using all known information. Since there is no incentive to state false bids the result is 

the same whether the buyers determine the bids themselves before disclosing them, or whether they 

just disclose all parameters and the mechanism determines the maximum prices for them. Therefore 

it can also directly be concluded that disclosing more information than just the maximum prices 

doesn’t change the solution that is obtained by any of the mechanisms. This is valuable information 

since it means that there is no need for buyers to share their demand distribution with others. 

5.3.1 Creating the bids 
Each individual buyer has to determine the maximum price it is willing to pay for different order 

quantities. It does this individually without taking any others into account. As explained in section 4.1, 

each buyer is assumed to known its own demand distribution and retail price. There are no holding 

cost or shortage cost and all inventory left at the end of the period is assumed to be worth nothing. 

The expected profit of a single buyer is found in section 4.1 and with si = 0 (no penalty for demand that 

can’t me met) and gi = 0 (items left at the end of the period are worth nothing) it is;  

 

𝐸[𝜋𝑖(𝑄𝑖)] = ∑ 𝑟𝑖 ∙ 𝑥 ∙ 𝑓𝑖(𝑥)

𝑄𝑖

𝑥=0

+ ∑ 𝑟𝑖 ∙ 𝑄𝑖 ∙ 𝑓𝑖(𝑥)

∞

𝑥=𝑄𝑖+1

− 𝑝𝑄𝑡𝑜𝑡𝑎𝑙
 

                    = 𝑟𝑖 ∑(𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖

𝑥=0

+ 𝑟𝑖 ∙ 𝑄𝑖 ∙ (1 − 𝐹𝑖(𝑄𝑖)) − 𝑝𝑄𝑡𝑜𝑡𝑎𝑙
 

( 22 ) 

The maximum price buyer i is willing to pay for order quantity 𝑄𝑖, (𝑝𝑖,𝑄𝑖

𝑚𝑎𝑥), is the price which leads to 

an expected profit of zero. This is the case because for higher prices than that point, the profit is 

negative. A lower price leads to a positive profit. So the break-even price can be found using: 

 

𝐸[𝜋𝑖(𝑄𝑖)] = 𝑟𝑖 ∑(𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖

𝑥=0

+ 𝑟𝑖 ∙ 𝑄𝑖 ∙ (1 − 𝐹𝑖(𝑄𝑖)) − 𝑝𝑖,𝑄𝑖

𝑚𝑎𝑥 = 0 ( 23 ) 

This leads to a maximum price as a function of the order quantity of: 

 

𝑝𝑖,𝑄𝑖

𝑚𝑎𝑥 = 𝑟𝑖 (∑(𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖

𝑥=0

+ 𝑄𝑖 ∙ (1 − 𝐹𝑖(𝑄𝑖))) ( 24 ) 

Using this formula, each buyer can determine the maximum price it is willing to pay for each order 

quantity and makes this its bid. This maximum price only depends on the order quantity the buyer 

receives and is independent of the behavior of the other buyers.  
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The total bid never decreases with increasing order quantity 

The increase of the bid when 𝑄𝑖  is increased by 1 is given by 

𝑝𝑖+1,𝑄𝑖+1
𝑚𝑎𝑥 − 𝑝𝑖,𝑄𝑖

𝑚𝑎𝑥 

         = 𝑟𝑖 ( ∑ (𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖+1

𝑥=0

+ (𝑄𝑖 + 1) ∙ (1 − 𝐹𝑖(𝑄𝑖 + 1)) − ∑(𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖

𝑥=0

+ 𝑄𝑖(1 − 𝐹𝑖(𝑄𝑖))) 

         = 𝑟𝑖 ((𝑄𝑖 + 1) ∙ 𝑓𝑖(𝑄𝑖+1) + (𝑄𝑖 + 1) ∙ (1 − 𝐹𝑖(𝑄𝑖 + 1)) − 𝑄𝑖 ∙ (1 − 𝐹𝑖(𝑄𝑖))) 

         = 𝑟𝑖((𝑄𝑖 + 1) ∙ 𝑓𝑖(𝑄𝑖+1) + (1 − 𝐹𝑖(𝑄𝑖) − 𝑓𝑖(𝑄𝑖+1)(𝑄 + 1)) 

         = 𝑟𝑖(1 − 𝐹𝑖(𝑄𝑖)) 

Since 1 − 𝐹𝑖(𝑄𝑖) ≥ 0 and 𝑟𝑖 > 0, the maximum total price a buyer is willing to pay never decreases as 

the order quantity increases. 

The bid per item never increases with increasing order quantity 

Using the same method, the increase of the bid per item when 𝑄𝑖  is increased by 1 is given by; 

𝑝𝑖+1,𝑄𝑖+1
𝑚𝑎𝑥

𝑄𝑖 + 1
−

𝑝𝑖,𝑄𝑖

𝑚𝑎𝑥

𝑄𝑖
= ∑(𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖

𝑥=0

∙ (
1

𝑄𝑖 + 1
−

1

𝑄𝑖
) + 𝑓𝑖(𝑄𝑖+1) ∙ (

1

𝑄𝑖 + 1
− 1) 

Using that 𝑄𝑖 ≥ 0, (
1

𝑄𝑖+1
−

1

𝑄𝑖
) < 0 and (

1

𝑄𝑖+1
− 1) < 0. It is also known that ∑ (𝑥 ∙ 𝑓𝑖(𝑥))

𝑄𝑖
𝑥=0 ≥ 0 and 

𝑓𝑖(𝑄𝑖+1) ≥ 0. 

Therefore; 

𝑝𝑖+1,𝑄𝑖+1
𝑚𝑎𝑥

𝑄𝑖 + 1
−

𝑝𝑖,𝑄𝑖

𝑚𝑎𝑥

𝑄𝑖
≤ 0 

This means the bid per item never increases when the order quantity is increased. In fact, the only way 

the bid per item can stay the same is when it is certain that demand is higher than the increased order 

quantity so all items can always be sold. In that case the break-even point is when the buyer pays the 

retail price to buy the item. It then sells is on for the same price and has a profit of zero.  
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6 Analyzing the mechanisms 
This chapter analyzes both mechanisms created in the previous chapter. The goal is to do a comparison 

of the mechanisms with and without price differences between buyers. The advantages and 

disadvantages of both mechanisms are looked at as well as the scenarios that cause relatively small 

and relatively large differences between the mechanisms. 

6.1 Comparing the mechanisms 
This section compares both mechanisms. The goal is to investigate in which scenarios the inclusion of 

price differences leads to a different result. As reasoned in chapter 1, allowing price differences 

between buyers can lead to a result that is better for buyers compared to a result in which buyers 

always pay the same price per item. However, this is not necessarily the case. Even though the inclusion 

of price differences can never lead to a worse result, it is definitely possible that both mechanisms lead 

to the same result. This section investigates the difference between the results of both mechanisms. 

First it is looked at what causes a differences between both mechanisms. Next the influence of several 

parameters is checked. These are the total order quantity in subsection 6.1.1, the number of buyers in 

subsection 6.1.2, the influence of the magnitude of the differences between the buyers’ bids in 

subsection 6.1.3 and the price curve of the seller in subsection 6.1.4. It is shown that all 4 parameters 

influences the probability of both mechanisms leading to the same result. 

The main difference is, of course, the way the price each buyer pays is determined. When all buyers 

necessarily pay the same price, the average bid per item is compared to the average selling price per 

item to determine the optimal order quantity. Each buyer then pays the average selling price per item. 

When there can be price differences, the marginal bids are used to determine the optimal order 

quantity. The buyers then pay either their marginal bid or the average price per item that remains after 

the payments of order that pay the marginal bid are included. 

There are two differences between the mechanisms that can occur. The optimal order quantity can be 

different and the price paid for each item (and thus the profit of each buyer) can be different. 

Optimal order quantity 

Without price differences, an order is added to the total order if it increases the profit for the individual 

buyer. With price differences the order is added if it increases the profit for the coalition as a whole. 

Since adding an order can never decrease the profit of the other buyers, if adding an order leads to a 

higher profit for the buyer, it automatically also leads to a higher profit for the coalition as a whole. 

Therefore the optimal order quantity with price differences can never be smaller than the one without 

price differences. 

It can be the case that the optimal order quantity is higher with price differences. This happens when 

an extra order for a single buyer leads to a lower average selling price, increasing the profit of all other 

buyers. If adding this order would decrease the average bid of the buyer more than the average selling 

price, the order would not be placed without price differences. 

The optimal order quantity is the same for both mechanisms when the last orders that are added in 

the mechanism with price difference, would also increase the profit for the buyers that place them if 

there are no price differences allowed. 

Price paid for each item 

Without price differences, each buyer pays the average selling price per item. With price differences, 

the price for each item is the minimum of the marginal bid and the threshold value, where the 

threshold value is determined using ( 21 ). When the optimal order quantities and the average selling 
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prices per item are not the same for both mechanisms, it is obvious that the final price paid for each 

item is not the same for both mechanisms. 

When the optimal order quantities and the average selling prices are the same, the resulting prices per 

item are the same for both mechanisms if all marginal bids are higher than the average selling price. 

In this case nobody pays the marginal bid and everybody pays the threshold value. Then, the threshold 

value is automatically the same as the average selling price per item and there is no difference between 

the results of both mechanisms. If there is at least one order with a lower marginal bid than the average 

selling price, the marginal bid is paid for that item. This increases the threshold value and thus the price 

for all other orders. As a result, the price paid for each item is different for all orders when the 

mechanisms are compared. 

The conclusion is that, if the average selling prices are not the same for both models, the final result 

will never be the same. If the average selling prices are equal, the resulting prices paid by each buyer 

are only the same if all marginal bids are above the average selling price. Otherwise the result will not 

be the same for both models. 

6.1.1 Total order quantity 
This subsection evaluates the influence of the total order quantity on the difference between both 

mechanisms. 

For the optimal order quantity, the results of both mechanisms are different if the last orders that are 

added to the total order, increase the profit of the coalition but not of the individual buyer directly. If 

each buyer still orders the same proportion of the total order, there is no reason to assume a larger 

total order quantity increases the chance of this happening.   

The price paid for each order is different when there is at least 1 order in the total order for which the 

marginal bid is below the average selling price. This is more likely to happen when there are larger 

differences in marginal bids. Then the lower bids are more likely to be below the average selling price. 

Larger differences are more likely when more orders are included in the total order. 

6.1.2 Number of buyers 
As found in the previous subsection, the total order quantity is of influence to the difference between 

the models with and without price differences. The higher the total order quantity, the more likely it 

is that the mechanisms will not have the same result. If the total order quantity doesn’t increase but 

the number of buyers does, this also causes a difference.  

The last order that is added to the total order is either profitable itself or increases the profit of 

previously added orders. When more of the previous orders were placed by the same buyer, it is more 

likely that the profit of that buyer increases. Therefore a larger number of buyers (but a smaller number 

of orders per buyers) leads to a bigger chance of the results of the mechanisms being different. This 

makes sense because when there is only 1 buyer, there is obviously no difference between the models. 

There is no reason to assume that a different number of buyers in a total order, also influences the 

chance of the resulting prices being different between both mechanisms, and not just the total order 

quantities. But the conclusion is that the larger the number of buyers (while keeping the total order 

quantity constant), the bigger the chance of the solutions of but mechanisms being different. 
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6.1.3 Variance between bids of the buyers 
Next to the total order quantity and the number of orders per buyer, another parameter that is of 

influence is the amount of variance between the bids placed by the buyers. Here both the differences 

between buyers and the differences between the marginal bids of an individual buyer are dealt with. 

So essentially, this subsection evaluates whether the mechanisms are more likely to lead to different 

results when then is a larger spread in how much buyers are willing to pay for items. 

The total order quantity is different with and without price differences when the last orders that are 

added with price differences wouldn’t lead to an increased profit for the buyer that places them if 

there was no profit allocation. For this, only the last bids are of interest and the variance between the 

bids makes no difference. 

The profit allocation leads to a difference between the mechanisms, if bids are included in the total 

order, for which the marginal bid is lower than the average selling price. Bids are added by comparing 

the average bid with the average selling price, so more variation between the marginal bids is of 

influence here. If the average bid remains the same, a larger variation means the chance of marginal 

bids below a certain value increases. Therefore, the larger the variation between the marginal bids of 

the buyers, the larger the probability that the mechanisms lead to different outcomes. Note that both 

mechanisms always lead to the same result when all orders in the total order have exactly the same 

marginal bid. 

6.1.4 Price curve of the seller 
In contrast to the previous parameters that were on the buyers’ side of the process, this subsection 

looks at the price curve of the seller. This entails the steepness of the price curve (which is essentially 

the amount of quantity discount) and the type of quantity discount. 

As explained in section 3.3, several types of quantity discount exist. All-unit discount means the price 

of all units decreases if a certain threshold quantity is reached. Incremental-unit discount also uses 

threshold quantities but only the price of units above that quantity decreases. Since the prices are 

either averaged for all buyers (model without price differences) or the profit is allocated among them 

(model with price differences) the type of quantity discount is not of much interest. What is of interest 

however, is that the discount applying to all units is likely to lead to larger steps in the total price. 

When large steps in the total price are present, adding an extra order leads to relatively large profit 

increases for the coalition as a whole at some points. If all-unit discount is used, adding the order that 

brings the total order above a certain threshold leads to an extra profit for all other orders. Therefore 

it is more likely to be profitable to the coalition even when the order itself is not profitable. In this case 

the order is only placed in the mechanism with price differences but not in the mechanism without 

price differences. So the more price steps there are and the bigger they are, the bigger the probability 

of different results for both mechanisms. 

Note that large price steps can occur just as well when the incremental-unit discount is used. The 

discount scheme in general deals with the price per item but the total price for each quantity is looked 

at in the mechanisms. 

For the allocation of the profit, only the total selling price for the optimal order quantity is of interest. 

Therefore the price curve of the seller has no influence on the probability that the profit allocation 

leads to a situation in which price differences occur.  



42 
 

7 Conclusion and research possibilities 
This chapter concludes the thesis. The goal of this thesis was to develop mechanisms that automatically 

combines orders from several buyers, in an optimal way, into one order that is placed at the seller. A 

mechanism where price differences among buyers are allowed is compared to a mechanism where 

this is not allowed. To reach this goal, 4 different subgoals were formulated; 

1) Determine all circumstances that are necessary and conditions that have to be met in order 

for a combined order method to work. 

2) Create two mechanisms which automatically combine the orders of all buyers to form a single 

order that is placed at the seller. One mechanism in which all buyers pay the same price per 

item, and one mechanism in which price differences are possible. 

3) Determine how each individual company decides what the optimal buying strategy is and how 

bids are determined. This is done to compare the scenario where the mechanisms can use all 

data as input, with the scenario where only the bids are known.  

4) Test several characteristics of both mechanisms and compare them for different scenarios. 

The first step of this process was creating the model in chapter 4. This includes listing all assumptions 

in section 4.1 and requirements of the mechanisms in section 4.2. With this, the first subgoal was 

achieved. 

The main assumptions are that a single-item newsvendor model is used with several buyers and a 

single seller that can fulfill all demand. Only 1 period is looked at and items cannot be carried over to 

the next period. Demand for each individual buyer is stochastic but the distribution is known by that 

buyer. Its retail price is fixed up front. There are no holding cost or penalty cost when demand cannot 

be fulfilled or items are left at the end of the period. Lastly, each buyer is risk neutral and only 

interested in their own profit. 

Requirements that the mechanisms must meet are that a non-dominated solution is always found and 

no set of buyers can improve their result by splitting off from the coalition. Also it should never be 

beneficial to supply false data and the mechanisms should lead to the same result if all data was known 

and not just the bids placed by the buyers. 

In sections 5.1 (without price differences) and 5.2 (with price differences) mechanisms were created 

that lead to an order quantity and price for each buyer. This achieves what was set as subgoal 2. Figure 

9 gives a concise overview of these mechanisms. As input, both mechanisms use the selling price for 

each quantity (supplied by the seller) and the maximum price each buyer is willing to pay for each 

order quantity. Each buyer determines this value individually and sends it in as a bid. 

The mechanism without price differences uses an iteration method where each new combined order 

dominates the previous order in terms of profit for all individual buyers. This process is repeated until 

a dominating solution no longer exist. The order quantities for all buyers are then known and the prices 

are automatically fixed since no price differences among buyers are possible. 

The mechanism with price differences consist of two stages. First the optimal order quantity is 

determined using marginal bids and maximizing the total profit for the coalition as a whole. Next the 

total profit is allocated among the buyers to determine the price each buyer has to pay. This is done 

using a threshold value. Each item is either bought for the threshold value of for the price the buyer 

bid for it; whichever is lowest. 
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Determine the maximum price each company 
is willing to pay for each order quantity

is the nth-highest value of 

With T a threshold value found using:

C is the set of orders in the total order
         is the set of orders in the total order for 
which 

Steps to find the optimal order quantities

1.

2. Sort all       in ascending order, label

3. Find smallest       for which
   and at this to current order (indicated using #)             

4.

5. Adjust remaining bids by subtracting profit    

6. Go back to step 1 and reapeat, using 
only the adjusted, remaining bids until no 
bids can be added to the current bids

The current bid is the optimal bid. This gives:
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With price differences 
between buyers

Without price differences 
between buyers

- Retail price
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- price curve 
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Figure 9: Summary of both mechanisms 

Section 7.1 provides the conclusions of the report while section 7.2 discusses possibilities for future 

research. 

7.1 Conclusions 
After the completion of both mechanisms it was tested if all requirements are met. For both 

mechanisms it was shown that the solution is non-dominated and no set of buyers can ever benefit by 

splitting off from the coalition. It was also shown that no buyer would have an incentive to provide 

false maximum bids as input to the mechanism. There was a chance of this leading to a higher profit 

for the buyer in the case with price differences, but it would come at a high risk of decreasing its profit. 

The fairness of the solution of both mechanisms was also explained. 

Since there is no incentive for the buyers to state false data, and bids can be determined 

mathematically in a rational way, the results of the mechanisms would not change if all data was 

available as input. The mechanisms would then determine the maximum bids in exactly the same way 

as the individual buyers do. This result is important because it means that buyers are not required to 

submit individual data (such as expected demand) for the mechanisms to obtain optimal results. This 

concludes subgoal 3. The only scenario that would lead to a different outcome is when a buyer knows 
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all data from other buyers before it has to provide data itself. It can then adjust its own bids accordingly 

to benefit at the cost of others. 

For the last part of subgoal 4, the differences in results from both mechanisms are looked at. As was 

reasoned in section 1.2 allowing price differences between buyers can result in more profit for the 

buyers. It is also possible that all buyers receive the same profit as in the case without price differences. 

However, the profit cannot decrease when price differences are allowed, compared to the case where 

this isn’t allowed. 

Section 6.1 investigates which parameters affect the difference in the solution between the two 

mechanisms. Four parameters are found that influence this difference.  

 The first is the total order quantity. It is found that larger differences between the mechanisms 

are more likely when more orders are included in the total order. 

 The second parameter that is looked at is the number of order per buyer (while keeping the 

total order quantity constant). Here the result is that a larger number of orders per buyer (but 

a smaller number of buyers to keep the total order quantity the same) leads to a smaller 

chance of the results of the mechanisms being different. 

 The variance in the bids of the buyers is also found to be of influence. The larger the variation 

between the marginal bids of the buyers, the larger the probability that the mechanisms lead 

to different outcomes. 

 Lastly, the seller’s price is looked at. Here the more price steps there are in the seller’s price 

and the bigger they are, the bigger the probability of different results for both mechanisms. 

These parameters can be looked at when determining if it is beneficial in a specific case to set up a 

mechanism which allows price difference. 

7.2 Further research 
This research has shown that allowing price difference between buyers in a quantity discount order 

combining model can increase the results. However, the current model that is used is very simple and 

limited. It would seem to be a logical next step to test if a mechanism can also be found when some 

assumptions are relaxed. 

First of all, the current model doesn’t include holding cost, penalties when demand can’t be fulfilled 

and penalties when inventory is left at the end of the period. These aspects can probably be 

implemented fairly easy since they only affect the maximum prices the buyers are willing to pay and 

not the mechanisms themselves. 

Ordering cost could also be included in the model. In this research ordering cost are assumed to be 

included in the seller’s price. But they only depend on the total order quantity and not on the total 

number of buyers. 

One of the assumptions that seems to be furthest away from practice is the assumption that only a 

single period is looked at. A multi-period model would be a big change and is definitely a possibility for 

future research. This would allow buyers to carry over items to the next period but it also causes some 

fundamental differences with the research in this thesis. When multiple periods are taken into 

account, it becomes beneficial for buyers to predict bids from other buyers. If they expect a lot of 

demand in the next period, it may be beneficial to place low bids this period and benefit from the 

others in the next period. This leads to a situation where buyers will try to analyze and predict the 

actions of other buyers, whereas they only need to look at their own data in the current model. This 
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problem may be tackled by having buyers disclose all information about expected demand in upcoming 

periods but this definitely requires more research first. 

A model that includes multiple items is also a possibility for future research. Often, buyers will buy 

more than one product but this report only looks at a single product. Note that having multiple 

products only changes the model if different products can be bought at the same seller and a combined 

quantity discount exists or when demands of products are correlated. The latter can for example be 

the case when a buyer states that it is willing to pay a certain price for one item of either product 1 of 

product 2. Combined bids are then required and this will make it more complex to find a mechanism 

than in this report. 

The last possibility for future research that is mentioned here involves including strategic behavior. 

This means a buyer doesn’t focus solely on maximizing its own profit but also deliberately tries to 

hinder or aid other buyers. This might be done in an attempt to gain an advantage from this in the long 

run. For example by driving a competitor out of business or gaining an ally that will help later on. 

However, allowing for strategic behavior changes the core of the model. The model and mechanisms 

in this thesis are formed around the basic assumption that all buyers are completely rational and the 

demand they receive is independent from each other. Strategic behavior would change this 

assumption and would thus lead to several problems that need to be dealt with. This includes modeling 

non-rational behavior such as buyers favoring some buyers over others to the point where they are 

willing to accept a decrease in profit in some cases. This scenario seems complex and difficult to model 

but could also be more true to reality. 
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