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Summary

Vanderlande Industries is a multinational with world-wide experience in material handling systems. They
are active in parcel and postal systems, distribution systems and baggage handling systems. Within Van-
derlande Industries there are a lot of different systems using different equipment in several automated pro-
cesses. Entities, like bags and totes, have to be transported, stored, sorted and picked within these systems.
Although the implementation of these processes and the equipment used for these processes are depending
on the system, entities within several systems of Vanderlande Industries seem to experience the same pro-
cesses. Therefore a generic model is developed to be able to analyze several systems within Vanderlande
Industries.

The queueing models used in this thesis deal with a pull system where the sequence of entities is not taken
into account, i.e. entities for a particular operator are modeled as identical, with no batching, i.e. entities
are served and transported individually, and with recirculation. For such a system with one operator three
analytical techniques are described: a direct analysis using balance equations, which is applicable for small
systems, and two approximations which are applicable for larger systems. These analytical techniques are
also used to obtain results in the single operator case and in the analysis of systems with multiple operators.

For the queueing model representing a system with multiple operators an approximation has been devel-
oped. In the approximation the service of the shared station is balanced among the entities present at that
station. A closed-form expression of the steady-state probabilities describing the number of entities at the
different stations is obtained in this way, where the expression only depends on the mean of the service
distributions.

A program has been written in Matlab which uses that closed-form expression to give results for the utiliza-
tion of an operator, the throughput of the system, the mean number of entities in the buffer and the mean
number of entities waiting at the storage. To validate the program, simulations have been made using the
simulation program Arena. The results are in general very accurate for both large and small systems within
the scope of this thesis, e.g. the utilization of the operator in the model is approximated with a maximal
error of 2%. For large systems, i.e. when the number of entities circulating and the buffersize per operator
are large, the normalization constant however becomes a limiting factor for the runtime of the script and
the memory needed by Matlab. For existing systems within Vanderlande Industries however Matlab’s pre-
cision is sufficient.

Finally a side-step is done to investigate systems including sequencing. The different solutions implemented
by Vanderlande Industries are stated and two queueing models are proposed for modeling such systems.
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Abbreviations/Definitions

In the thesis the following abbreviations and definitions are used:

Arena := Simulation program used for validation, version 12.0 - CPR 9 Rockwell Automation.
Batchsize := Number of totes released at once from the storage.
BHS := Baggage Handling System. See Section 1.2.
Bottleneck := A component is the bottleneck if it has the lowest total service rate of all

components in the system.
Broken totes := Totes that are sent from the operator to the storage (if necessary).
Component := Equivalent with Service Station.
CPS := Compact Picking System. See Section 1.3.
Cranes := Servers at the storage. In an automated storage this is really a crane,

in manual storage these are persons.
Entity := Item traveling through the system. In BHS the entity equals a bag and in CPS it equals a tote.
Half width := Indication of the reliability for the simulation result obtained in Arena.

It indicates a 95%-confidence interval for the value.
LHD := Load Handling Device.

Device at a crane that retrieves the entities from the rack. A crane can consist
of multiple load handling devices (up to 4 at the moment).

Matlab := Program used to obtain numerical results from analysis, version 7.5.0.342, The MathWorks.
Order := Set of entities that are needed successive at the operator.
PFD := Process Flow Diagram.

Representation of a system where flows between the different processes are shown.
Service Station := A station consists of a server (or several) and a queue in front of it. Entities

arrive at a station and join the queue (if necessary). After that they are served
with some service rate.

Throughput := The number of entities actually served by the system per timeunit.
Total service rate := Rate that is equal to the number of servers at the station times the service rate

of one server of that station.
Tote := Object which travels through a distribution system.
TPV := Target Pipeline Value.

The number of entities that are traveling to or are at the operator at each moment in time.
TU/e := Eindhoven University of Technology.
Utilization := The fraction of time the operator is working.
VI := Vanderlande Industries.
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CHAPTER 1

Introduction

In this chapter an introduction of Vanderlande Industries is given. The different systems within Vander-
lande Industries are briefly discussed and the problem description of this thesis is stated. Then a closer look
is given at the Baggage Handling System and the Compact Picking System, where the latter is a goods-to-
man system within distribution, and the global assumptions which are made throughout the whole thesis
are stated. Finally the thesis outline is given in the last section of this chapter.

1.1 Vanderlande Industries

This project has been performed at Vanderlande Industries (VI) in Veghel at the Systems - Simulation group.
The company focuses on the implementation and integration of automated material handling processes at
companies. First a short history of the company is given, after that their products and the simulation group
are described.

1.1.1 History

In 1949 Eddy van der Lande established ‘Machinefabriek E. van der Lande’, working on the service and
repair of machinery in the textile industry, in Veghel the Netherlands. After a few years the company
moved their interests to material handling. In 1962 it joined the American organization ‘Rapistan Inc’. The
name of the company changed to ‘Rapistan Lande’. At the end of the eighties a buy-out of the management
separated ‘Rapistan’ and all the shares resumed to Dutch ownership. The company changed its name in
‘Vanderlande Industries’, which is still in use nowadays. The company is now able to design, develop and
integrate warehouse management systems into their handling solutions.

1.1.2 Products

The company focuses their activities on four business areas: parcel and postal systems, distribution systems,
baggage handling systems and services. The parcel and postal systems deliver a wide range of technologies
for both parcels and letter post. In the distribution section Vanderlande Industries provides automated
solutions for storage, picking, consolidation and warehouse control. The baggage handling systems are
delivered to airports. They take care of the baggage from the check-in until the place where bags are put
into containers that will be loaded in the airplane. In this business segment, VI is among the world’s top two
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CHAPTER 1. INTRODUCTION

suppliers. Finally Vanderlande Industries provides services to take care that already operational systems are
working well. To get an impression of the companies which Vanderlande Industries supplied their systems
too, a list is stated:

• Parcel and postal systems: DHL, TNT Express, UPS

• Distribution systems: Argos, Next, Laakdal Nike, Plus Retail

• Baggage handling systems: Amsterdam Schiphol, Ankara Esenboğa Airport, London Heathrow

1.1.3 Simulation Group

The simulation group is part of the systems department. The goal of the department is to answer questions
of internal and external customers to identify risks in both an early stage of a project as during projects.
They perform the following activities:

• Analysis: analyzing both input and output data.

• Animation: showing the possible solution(s) to customers. Using a movie Vanderlande Industries can
show the customer the system.

• Emulation: testing the real control software for a specific part of the system.

• Simulation: running the proposed system to understand, investigate and optimize the behaviour of
the system.

In this project only a look has been given on baggage handling systems and distribution systems. Parcel
and postal systems therefore are not discussed in this thesis, although you can see such systems as part of
distribution systems where entities arrive at the system, are sorted by the system and leave the system after
the sortation.

1.2 Baggage Handling Systems

In general a baggage handling system (BHS) provides the control, screening and handling of incoming
baggage. A certain route is followed from the check-in to the airplane and from the aircraft unloading to the
passenger. Of course the route is not that easy to describe and consists of several steps. The main important
areas are briefly discussed in the remaining of this section. In Figure A.1 in Appendix A the Process Flow
Diagram (PFD) of a BHS is shown. A PFD is a representation of the system, where flows between the
different processes are shown.

1.2.1 Transport

Within the baggage handling systems of VI bags have to be transported from one process to another process.
At VI they have different equipment to transport baggage:

• Conveyors with loose baggage (raw baggage).

• TUBTRAX R© (see Figure 1.1), which consists of standard sized tubs that can be placed on conveyors.
Baggage handling becomes more reliable since all baggage has the same size and shape when it is put
in a tub. There are loaders, to put the baggage in the tub, and unloaders, to get the baggage from the
tub.
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1.2. BAGGAGE HANDLING SYSTEMS

• BAGTRAX R© (see Figure 1.1), which consists of carts (tubs with wheels) that can be placed on rails. It
also works with loaders and unloaders and it has the same main advantage as the Tubtrax. Another
advantage is that the speed of this carts can be upgraded to 10 m/s. The carts are driven by linear
motors.

(a) A bag transported in a tub (b) A bag transported in a cart

Figure 1.1: Some pictures of (usage of) transport equipment

1.2.2 Check-In and Transfer

People arrive with their bag at the check-in. Here the baggage receives a barcode and enters the BHS. If the
baggage is Out-of-Gauge, i.e. too heavy or too large/small for the system, the baggage has to be handled
separately.
At the transfer baggage is coming in from an airplane. This baggage has already a label. In the same way as
with the baggage at check-in, Out-of-Gauge bags are sorted out and will not enter the BHS. The rest of the
transfer baggage can go the same way as the check-in baggage. Transfer baggage is of arriving people who
can change at the airport to another plane or who have reached their final destination.

1.2.3 Screening and Identification

Depending on the structure of the airport, baggage is first screened or identified. At the identification area,
first a computer tries to identify the bag by scanning the label. If the computer fails by some reason the
baggage is identified manually by a person. At the screening area baggage is screened for dangerous stuff,
like knives etc. First a computer makes an X-ray of the baggage. Then it decides whether the baggage is safe
or not. If it is safe the baggage is sent further into the BHS, otherwise it will have to undertake more levels
of screening. First by a person which looks at the X-ray the computer made. If it is still not sure whether the
baggage is safe or not, another more detailed scan is made by a computer. After rejection by this computer
again a person will look at the more detailed picture. In the final level of screening the baggage is opened
and investigated. By using this method of screening, Vanderlande Industries (VI) can ensure with high
probability that baggage in the system is safe.
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CHAPTER 1. INTRODUCTION

1.2.4 Storage

Some baggage arrives substantially before departure time at the system. This baggage therefore has to be
stored. There are different ways to store baggage:

1. Bufferlanes
The baggage is stored on belts until they are requested by the system. The advantage is that you can
easily sort baggage for the same flight and you can release it at once to the operator. The disadvantage
is that it takes a lot of room if the number of flights is big and that it takes a lot of time to pick a bag
out of a lane that is located in the middle of the lane.

2. Racks with cranes (see Figure 1.2)
The baggage is loaded into tubs. The tub arrives at the Pick-up and Deposit Zone (P&D-zone), where
a crane will pick the tub. The tub then is put in a rack, according to some storage policy, and the
crane takes other baggage from the rack (baggage that is requested by the system). The retrieved tub
is deposit at the P&D-zone.
There are different cranes within VI, some of them can handle up to four bags at once. Baggage can
be stored such that it can be retrieved individually according to priority, maximizing flexibility and
control. An advantage is the increase of bags per hour that can be served. The main disadvantage of
racks is the costs of these systems.

Depending on the system either one of the storage ways is chosen. In large systems the racks and cranes are
often used.

Figure 1.2: A crane with a rack on each side where yellow tubs with bags are stored in the racks
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1.2. BAGGAGE HANDLING SYSTEMS

1.2.5 Sorter

At VI they have different equipment to sort baggage. Which one to use, depends on then system. Some
examples are stated:

• BAXORTER R© (see Figure 1.3)
A Baxorter consists of a loop with trays. Sorting uses mechanically actuated divert blades, that are able
to move from one side to the other one on the tray. The blades gently guide bags into the destination
output. This action ensures reliable and predictable sorting with a low impact on baggage. Between
the trays there is a closed deck which prevents loose handles becoming trapped in the transport mech-
anism. The capacity is 2500 bags per hour and it has high flexibility in number of outputs to flights or
destinations. This makes it ideal for small airports.

• HELIXORTER R© (see Figure 1.3)
Helixorter is a tilt-tray or belt-tray loop sorter system for baggage sorting. The length of the trays is
the same for all trays on the sorter. When a bag comes to the right operator, the tray can be lifted and
the bag falls of the tray to the operator. It can handle a lot of destinations and has a capacity of more
or less 5500 bags per hour. The Helixorter takes a lot of space because of its construction and therefore
it is expensive.

There are several other sorting equipment. Independent of the equipment used, the goal of the sorter is to
execute sortation and transportation.

(a) Bag leaving Baxorter using blade (b) Bags joining the Helixorter (c) Bags leaving the Helixorter

Figure 1.3: Some pictures of (usage of) sort equipment
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CHAPTER 1. INTRODUCTION

1.2.6 Operators

After the sorter has sorted the baggage, they arrive at the operator. The operator can be seen as the exit of
the BHS. In BHS there are two types of operators: laterals and robots.

Lateral

A lateral exists of a chute in combination with one of the following:

• Conveyor Belt (see Figure 1.4)
Bags coming from the chute are transported on a conveyor to the person. Very often the buffersize of
this type is not very big. Therefore in most cases only one flight is assigned to a conveyor belt.

• Carousel
Bags coming from the chute are transported on a circulating conveyor (carousel). At a carousel bags
several persons can work simultaneously and therefore several flights can be assigned to the lateral.

• Bin
Bags coming from the chute falls down in a bin. The bags slide down to the end of a bin and wait there
for a person to pick it. Because of available space around a bin, it is hard to get several vehicles close.
Furthermore the buffersize is limited. Here no manual sorting is necessary.

Next to an operator there are baggage vehicles. The bags are put in these vehicles. If the vehicle is full, it is
replaced by a new one.
Bags that are arriving when the lateral is already closed for that flight, are resend to a special place (usually
called a Garbage Carousel) where persons can individually get the bags to the proper flight. The choice for
a specific type of lateral can depend on the number of destinations, the required storage positions at the
lateral, the available space and the required sort capacity (it is possible to sort the bags at the lateral).

(a) A person serving a bag at the lateral (b) A robot serving a bag

Figure 1.4: Pictures of operators

Robot

The robot is a mechanical person (see Figure 1.4). It can do everything automatic and the big advantage of
a robot is that the service rate of a robot is high. Another advantage of a robot is that it can work all day
without having a break. The disadvantage is that a robot is expensive and that is why it is important to
know how many robots are needed.
The robot sends a signal to the system and a number of bags is released from the storage at once. The bags
are sent to the robot, which will pack them in containers. The full containers are placed at a storage area for
containers and are retrieved if the flight is going to depart.

6



1.3. DISTRIBUTION SYSTEMS

1.3 Distribution Systems

One of the other markets where Vanderlande Industries focuses on is distribution systems. Managing dis-
tribution is about having the correct products in the correct quantities and the correct quality in the right
place at the right time. Depending on the system needed, Vanderlande Industries offers five main system
concepts:

• CPS: Compact Picking System (see Figure 1.5)
Goods-to-man system where operators pick products at a very high rate, which are filled from a wide
range of articles. Product totes are stored in a miniload system, where they stay until they are re-
quested by the operator. If they are requested, they are picked by a crane from the rack and trans-
ported to the workstation of the operator. A workstation of an operator is set up in such a way that
the operator can pick with a very high level of accuracy.

• ODS: Order Distribution System (see Figure 1.5)
A highly dynamic goods-to-man system, where large numbers of order lines are filled by a low num-
ber of articles. Totes are stored in a miniload system. Operators pick the required number of items
from the product totes and place them in an order tote. Completed order totes are pushed onto the
conveyor and new order totes come in the place. Once the order totes are processed completely, they
are grouped per order and stacked automatically.

• XDOCK
Dock-to-dock planning, scheduling and execution system for a cross dock operation. Arriving goods
are unloaded and a quality check is performed. The goods are sorted out gentle by the sorter, such
that there is no product damage. Goods for a specific store are loaded into delivery units, like pallets
and roll cages. Full deliverable units are stored in a hall and when needed they are loaded into trucks.

• BPS: Batch Picking System
Man-to-goods system for large numbers of order lines, filled from a wide range of articles. Multiple
orders are picked simultaneously followed by a sorting action using technology such as crossbelt
sorters and put-to-light displays.

• ZPS: Zone Picking System (see Figure 1.5)
Man-to-goods system where picking areas are segmented into workstations, optimizing operator pro-
ductivity in each zone through sophisticated workload balancing. Zone picking reduces walking dis-
tances and enables picking directly into the order tote.

7



CHAPTER 1. INTRODUCTION

(a) An example of a Compact Picking System

(b) An example of an Order Distribution System

(c) An example of a Zone Picking System

Figure 1.5: Some pictures of (usage of) sort equipment

In several systems it is important to get totes in a particular sequence somewhere in the system. The perfor-
mance of such a system could be less than the performance of a system where the sequence of totes is not
important. In the former systems totes have to get in the right sequence, what could cause some delay on
several locations in the system.

The sequence issue is partially caused at the operator. An operator can often pick only the tote that comes
directly in front of him. In compact picking systems (CPS) operators only handle one order at a time. This

8



1.4. PROBLEM DESCRIPTION

implies that the totes belonging to the order served at the moment will have to arrive at the buffer such that
this buffer can make sure the operator can reach and serve all totes belonging to this order. Totes for the
next order therefore cannot join the buffer always. This problem can also arise in several baggage handling
systems (BHS) and other distribution systems.

To control the sequence in which totes arrive at the buffer, there is communication between the storage and
the buffer. This communication looks briefly as follows:

• When a crane at the storage has retrieved a tote from the rack and has put it at the Deposit Zone, it can
get a new tote from the rack. The system of the crane makes a list of all the totes that are in the rack.
This list is sent to each buffer.

• The buffer receives the list with all totes that can be retrieved by the idle crane(s). The buffer knows
the number of totes that are on the way to this buffer. Therefore he also knows the number of free
bufferplaces. Depending on several factors as the number of free places, urgency of an order and the
order lead time, the buffer indicates which totes it wants to have and with what urgency they are
needed. The buffer sends this list back to the system of the crane.

• From all the buffers (for each operator one) the crane receives a list with the indicated totes and their
priorities. The system of the crane then decides which tote has the highest priority and it will retrieve
that tote.

A more detailed description is not in the scope of this thesis. With this communication the buffer tries to
control the order in which totes arrive at that buffer. Because totes have to undergo special activities between
the storage and the buffer, e.g. merging and sorting, totes may arrive in a different sequence at the buffer.
This could cause some performance loss for the system.

1.4 Problem Description

Although there are several different systems within Vanderlande Industries (VI), there are also some similar-
ities between these systems. Entities, like bags and totes, have to be transported, stored, sorted and picked
within these systems. Although the implementation of these processes and the equipment used for these
processes are depending on the system, entities within several systems of Vanderlande Industries seem to
experience the same processes. Therefore a general model should be able to model several systems within
VI.

To look at the performance of the systems by making a simulation is very time-consuming and therefore not
cost-effective. With the general model it might be possible to check in a convenient way what the effect is of
changing some system characteristics, such as number of operators and the service rate of an operator, for
the total system.

Therefore the main objective of this research is:

“Develop a general practical model which can calculate or approximate the performance measures
utilization of the operator and throughput of the system for different systems within Vanderlande

Industries”

The input parameters of interest are: the number of cranes, the service rate of a crane, the service rate of a
server at the sorter, the service rate of the operator, the number of operators, the size of the buffer in front of
the operator and the number of entities circulating through the system for one operator.

9



CHAPTER 1. INTRODUCTION

1.5 Flowdiagrams

In Section 1.5.1 a description of the flows in a general system is stated. It is substantiated why this descrip-
tion is correct for the baggage handling system and the compact picking system in Section 1.5.2 and 1.5.3
respectively.

1.5.1 General system

When you look closer to the flows that occur in distribution and baggage handling systems, a number of
similarities might be found. There is an input of new entities into the system. There is a flow of entities from
a storage via a sorter to a place where operators are working on these entities. Because of these similarities
it may be possible to describe this part of the process in both systems with a single system description. In
Figure 1.6 the flows of a general system are shown:

Input Storage Sorter Operators

Figure 1.6: Description of a general system

Below the different components are briefly described:

• Input: place where entities arrive and enter the system. Depending on the system used the entities
travel to different processes, such as identification, screening, labeling, . . . Here the arrival rate of new
entities is the most important parameter.

• Storage: area within the system where entities are stored, waiting until they are needed at the oper-
ators. A storage area can be seen as a large buffer, where entities wait until they are requested. The
storage service rate is determined by the number of cranes, the service rate of one crane and the stor-
age policy in the case of racks and cranes. In case of bufferlanes the number of lanes, the service rate
of a lane and the size of a lane are the important parameters.

• Sorter: conveyor that can transport and sort the entities to the place they were intended for. The total
service rate of the sorter is determined by the number of entities it can handle and the speed at which
the conveyor rotates.

• Operators: collection of robots or manual operators where entities of a certain type arrive. An operator
works with some service rate (entities per hour). The operator can only handle the front item in the
buffer and it can only work on one type of entity at the time. Therefore only the front item in the buffer
can be reached and served. The service rate can depend on the type of entity.

In the flowdiagram there is only transport between the components. In reality there are some special activ-
ities like merges, loaders, unloaders, . . . , which have influence on the transport and the transport times of
the entities. The delay from these activities should be included in the arrival rates and the service times of
the different components.
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1.5. FLOWDIAGRAMS

1.5.2 Baggage Handling System

To show that the flows within a baggage handling system (BHS) are contained in the general system, we
first have a closer look at BHS. In the remaining of this section the entities mentioned in the general system
are called bags.
In Figure A.1 in Appendix A the process flow diagram is shown of the BHS. In a different configuration the
identification and screening areas could be interchanged. Below the flow of the bags is described:

1. Bags arrive at the check-in or at the transfer. At the check-in, people arrive with their baggage and the
baggage is labeled. At the transfer, bags are coming in from an airplane. These bags have already a
label. After this, bags are identified and screened by the system. Bags arriving at the check-in travel
to the sorter or to the storage, not necessarily using the sorter. In several systems bags arriving at the
transfer travel through the system first using the sorter.

2. Bags that are stored at the storage will wait until they are needed at the operator. If needed, they are
retrieved and the bags will travel via the sorter to the operator.

3. Bags that arrive at the sorter will go to the operator.

When we closely look at what happens in the flow in a BHS the input in Figure 1.6 can be seen as the input,
identification and screening area in the PFD. From these three components all bags are going to either the
storage or the sorter. From the storage bags are going to the sorter and from the sorter bags are going to the
operators.
This results in Figure 1.7:

Input Storage Sorter Operators

Figure 1.7: BHS contained in general system

The flow of BHS therefore is contained in Figure 1.6.
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1.5.3 Compact Picking System

In this section the flow in the general system is validated for the compact picking system (CPS). To show
this, a closer look at CPS is necessary. In this section the entities mentioned in the general system are called
totes. Within these totes there is a certain amount of products.
In Figure A.2 in Appendix A the process flow diagram is shown of CPS. In another configuration the quality
and quantity check can be interchanged.

1. Replenishment only happens with full totes. Full totes arrive at the system, where they are checked
and labeled. After the labeling, the totes are sent to the storage using the sorter.

2. A customer can place an order, which consists of several products. An order of a customer is accepted
if the items needed by the customer are present in the system, in particular in the storage. The totes,
where the items are in, then are retrieved from the storage. Incoming full totes (at replenishment) will
therefore not travel to the operators directly. When totes are requested from the storage, the totes will
travel to the operators using the sorter.

3. When a tote contains more items than the customer needs and there are items remaining in the tote,
the so-called broken tote, it is sent back to the storage using the sorter. At the moment it is not possible
for the system to request totes traveling on the sorter. Therefore broken totes always are transported
to the storage using the sorter and therefore not to another operator.

4. Empty totes are transported to an Empty Tote Storage, where the empty totes are stored. In CPS empty
totes are not sent back to the storage. Doing this would decrease the total service rate of the storage,
because the empty totes have to be put in the racks.

5. When an order is finished at a certain operator, the order is transferred out of the system using a
different conveyor, not using the sorter.

For a CPS the input in Figure 1.6 can be seen as the input, identification and labeling area in the PDF. The
operators are the same as the Picking Area in the PFD. From the input, the totes go to the sorter. From the
sorter the totes are going to the storage or to the operators. From the storage the only flow is to the sorter.
From the operator either the totes are sent back to the storage using the sorter or the totes (if empty) will
leave the system.

Input Storage Sorter Operators

Figure 1.8: CPS contained in general system

The flow of CPS therefore is contained in Figure 1.6.
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1.6 Global Assumptions

The focus of this project is on the throughput (number of entities actually served by the system per time
unit) and the utilization (fraction of time the operator is working).
In the thesis the following assumptions are made:

• The sorter is not a bottleneck.
The sorter in the system is developed in such a way that it can serve entities such that the preferable
throughput of the system is achieved. Would the sorter be full, no entities can be retrieved from the
storage. So if the sorter is not developed large enough, the system could experience a deadlock. In
practice the sorter is often not the bottleneck of the system. Therefore we have chosen in this thesis
to focus on the storage and the operators as bottlenecks. Therefore recirculation is also taken into
account.

• Operators receive either entities from the input or from the storage, not both.
In Schiphol Zuid the amount of incoming bags per day is 16000. Approximately 15000 bags (93,8%)
go directly to the storage. The reason for this is that they use batching in Schiphol Zuid. Furthermore
the bags that go to the laterals do not affect the flow of the other bags anywhere in the system. In this
thesis the flow from the storage can be modeled. In Eindhoven Airport incoming bags go directly to
the operator. They do not have to be stored here.
In CPS the arriving totes are used as replenishment. They will go to the storage to be stored. Orders in
the CPS are only accepted if the items are already in the system available. Therefore the arriving totes
do not have to travel from the input to the operator. It only takes some time for the totes to get to the
storage. In the service rate of the storage the time to put the new totes in the racks can be included.
For broken totes that are sent back to the storage this also holds. Therefore the flow from the storage
to the operator is the only one modeled for this system.

• The system is a pull system and entities are served individually.
The operator has a Target Pipeline Value (TPV). This implies that after each served entity by the oper-
ator, a new entity is requested from the storage. When there is no storage it means that a new entity is
already at the input (or arrives at the input), when an entity is served by the operator.
When the operator does not work, no new entities are requested from the storage. So the operator
determines when a new entity is requested. He ‘pulls′ the entities from the system.

• All entities that are sent to the operator are served. The entities for a particular operator are identical,
i.e. the sequence of entities is not taken into account.

• There are always entities available at the storage to be retrieved for any operator.

• The performance of each operator in the system is the same.

1.7 Thesis Outline

In this chapter the research problem is introduced and the assumptions that will hold for (almost) the whole
thesis are stated. Furthermore some similarities in the flows in some different systems within Vanderlande
Industries are given. The remainder of the thesis is outlined as follows.

In Chapter 2 the system is modeled in the case there is only one operator. In Chapter 3 the system is modeled
with multiple operators. In Chapter 4 we make a side-step to a system where the assumption, that entities
for a particular operator are identical, is dropped. In that chapter two queueing models are proposed,
that in this thesis are not analyzed and investigated further. In Chapter 5 a conclusion is drawn and some
recommendations for future research are made.
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CHAPTER 2

Single Operator

In this chapter we first look at a system with only one operator. Solution techniques developed in this chap-
ter are later used in the investigation and analysis of systems with more than one operator.
In Section 2.1 the system and the model used for the single operator case are described. In Section 2.2 it is
described in which way the different components (or stations) in the queueing model are modeled.
In this chapter three techniques have been developed. The first technique, which uses a direct analysis, is
discussed in Section 2.3. This technique is applicable in small systems to get results within a reasonable
time. When the number of entities circulating and the buffersize in front of the operator increases, the run-
time increases exponentially. In Sections 2.4 and 2.5 two other techniques are therefore described, which are
approximations for the performance of the model and are (also) applicable in large systems. In Section 2.6
results obtained from the approximations are compared with the results obtained from the direct analysis.
In Section 2.6.5 a weight function is assigned to both techniques to improve the approximation of the per-
formance measures even more for large systems. In Section 2.6.6 the comparison is summarized and it is
stated which approximation works best given certain values of the parameters.
Finally this chapter is summarized and a conclusion is drawn in Section 2.7.

In this chapter entities are denoted by totes and the model uses a storage. The model however is also
applicable when there is an input station instead of a storage. In Appendix D the model with an input
station is described. Also the different systems within Vanderlande Industries for which the model should
work are stated in this appendix.

2.1 Introduction

Totes arrive at the input and they travel towards the storage where they are stored. After a tote is requested
by the operator it is retrieved from the storage and it travels to the sorter. Using the sorter, totes travel to the
operator and try to enter the buffer at the operator. If the buffer is full, a recirculation on the sorter occurs.
After being served the tote leaves the system.
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CHAPTER 2. SINGLE OPERATOR

In Figure 2.1 the flowdiagram is shown for the single operator case:

Input Storage Sorter Operator

Figure 2.1: Flowdiagram of system with single operator

Because of the Target Pipeline Value (TPV), a new request in the storage is made after a service completion
at the operator. This implies that the served tote can be seen as a new tote requested from the storage. The
number of totes that are on the way from the storage to the operator therefore is constant. This phenomenon
can be modeled as a closed queueing network, where the number of totes circulating equals the TPV. In the
remaining of this chapter the TPV is denoted by C.
In a closed queueing network several service stations are present. These stations can be single or multiserver
stations. The totes in the network travel according to a routing probability matrix. The service rates at the
different stations can depend on the number of totes present at that station. The queueing policy can also
differ per station. In our system every component of the system can be seen as a different service station in
the closed network with his own characteristics.

To maintain C, a new tote should be present at the storage for the operator when another tote completes
service at the operator. Because arriving totes at the input are stored in the racks by the same cranes which
have to retrieve other totes from the racks, it takes some extra time to retrieve totes due to incoming totes. To
deal with these totes the service rate of the storage should include the time to put the new totes in the rack.
The input is modeled in this way. Because the sorter is no bottleneck, broken totes do not have a problem
to join the sorter. With the same reasoning as for arriving totes at the input, the broken totes cause some
delay-time at the storage. The broken totes are thus modeled as a loss of service rate of a crane. In case the
storage consists of lanes, the input causes no delay at the servers.
In front of the operator there is a buffer with a finite size. In the remaining of this chapter the size of this
buffer is denoted by N . Totes that see the buffer full have to make a recirculation on the sorter. This contin-
ues until the tote is able to join the buffer.

The above results in the queueing model shown in Figure 2.2:

Storage Sorter Operator

recirculation

N

Figure 2.2: Closed queueing network for one operator

After a service completion a tote leaves the system and a new tote is requested from the storage. Because
totes are the same for the system, a new tote requested at the storage can be modeled as the same tote that
would leave the system in reality. Therefore after a service completion at the operator the tote travels to-
wards the storage. In Section 2.2 it is described in which way the different stations are modeled.
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2.2. COMPONENTS OF THE CLOSED QUEUEING MODEL

The difficulty in analyzing the model in Figure 2.2 is the blocking, i.e. the totes are not able to join the queue
in front of the server because it is full. There are several ways of blocking possible in queueing networks. In
Balsamo [2] there is a survey given of product form queueing networks with blocking, meaning that there
is a closed-form expression for the steady-state probabilities. The blocking mechanism of interest for the
system here is Repetitive Service (RS) blocking. The reason for this is that in the system the sorter is just
a conveyor that keeps serving. To have a closed-form expression for the steady-state probabilities with RS
blocking the additional assumption is needed that at every time in all the stations at least one tote must
be present. Because the utilization of the operator is of interest, this assumption is not applicable for our
system. In Bonald [4] a sufficient condition is stated for queueing networks to have a closed-form expression
for the steady-state probabilities. The blocking causes the model to violate this condition.

2.2 Components of the Closed Queueing Model

The storage is modeled as a multiserver station with nc servers. The service time of one server is assumed
to be exponentially distributed with rate λ. Arriving totes join the queue and are served according to the
First-Come-First-Served policy (FCFS). Recall that we assume that there are always totes available at the
storage to be retrieved. A tote at the storage models a request in the system. The buffersize of the storage in
the model is infinite.

The sorter is modeled as an infinite server station. The reason for this is that the sorter causes only a delay,
equal to the travel time from the storage to the operator. Recall we assume that the sorter is not a bottleneck.
Therefore totes already served by the storage do not have a problem to join the sorter. The service time of
one server at the sorter is assumed to be exponentially distributed with rate γ.

Remark: in reality the sorter is just a conveyor with a fixed length and which moves with a fixed velocity.
The location where totes enter the sorter could be different depending on which system you are looking at.
In Schiphol Zuid this location is the same for all cranes, in Plus Retail there are three different locations.
The mean service time 1

γ could be taken as a weighted average of the different travel times on the sorter. In
the real system there could be some delay because totes are not able to get on the sorter immediately. The
service rate of the sorter could be adjusted to make the travel time a little bit longer because of the short
delay caused by the fact that totes are not able to join the sorter immediately. In this thesis this delay-time is
neglected, the γ could always be adjusted.

The operator is modeled as a single server station. The service time is assumed to be exponentially dis-
tributed with rate µ. When the buffer in front of the operator is full, the tote makes a recirculation on the
sorter, otherwise it will enter the queue. This means that it receives another service at the sorter. Totes join
the buffer according to the FCFS-policy. This implies that totes can not interchange their position in the
buffer, just like in the real system. As illustrated in Figure 2.2 a served tote at the operator travels to the
storage.

The number of totes circulating in the network is denoted by C. Recall that C equals the Target Pipeline
Value of the operator in the real system. In the remaining of this chapter we use buffer indicating the buffer
in front of the operator. The size of this buffer is denoted byN . Because of the finite buffersize and the earlier
mentioned reasons, the system has no closed-form expression for the steady-state probabilities. Therefore it
is not possible to have an analytic expression for the performance of the model.

In the remaining of this chapter we let C > N+1. When C ≤ N+1 the number of totes circulating in the
system is smaller than the number of totes that are able to get in the buffer. The buffer therefore is too big
and you can model it as an infinite buffer. With an infinite buffer there is no blocking and there is a simple
closed-form expression for the steady-state probalities for the model. The solution techniques developed
are also applicable if C ≤ N + 1.
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2.3 Exact Analysis

In this section the steady-state probabilities are defined for the model in Figure 2.2 and the performance
measures are stated in terms of these steady-state probabilities. In Section 2.3.2 a validation is made for the
implementation of these probabilities. Finally a conclusion is drawn with respect to the exact analysis.

2.3.1 Steady-state Probabilities

In this section the model in Figure 2.2 is analyzed. Therefore we define the balance equations for this system
and solve them. This system can be modeled as a two-dimensional Markov process
X(t) = (Nsto(t), Nope(t)), where Nsto(t) and Nope(t) denote the number of totes present at the storage and
the operator at time t respectively. Here Nsto(t) ∈ {0, . . . , C} and Nope(t) ∈ {0, . . . , N + 1}.

Note that the number of totes at the sorter, Nsor(t), is not included. The reason for this is that the number
of totes at the sorter at time t is known if the number of totes at the storage and the operator at time t are
known, i.e. Nsor(t) = C − Nsto(t) − Nope(t). The steady-state probabilities are defined as:

Pi,j = lim
t→∞

P (Nsto(t) = i,Nope(t) = j)

In Figure 2.3 the transition diagram is stated:

0,0 1,0

0,1

0,N

0,N+1 C-N-1,N+1

C-1,0 C,0

C-1,1

i,j

γC

γC−1

γC−N+1

γC−N γ1

γC−(i+j−1)

γC−(i+j)

γ1γC−1

λ1 λ2 λC−1 λC

λC−1

λi λi−1

λC−N−1

λ1

λ1

λ1

µ

µ

µ

µ

µ

µ

µ

µ

Figure 2.3: Transition diagram for the exact analysis
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2.3. EXACT ANALYSIS

The balance equations are given by:

γCP0,0 = λ1P1,0

(γC−i + λi)Pi,0 = µPi−1,1 + λi+1Pi+1,0 i = 1, . . . , C − 1
λCPC,0 = µPC−1,1

(γC−j + µ)P0,j = λ1P1,j + γC−(j−1)P0,j−1 j = 1, . . . , N
µP0,N+1 = λ1P1,N+1 + γC−NP0,N

(λi + µ)Pi,N+1 = γC−(i+N)Pi,N + λi+1Pi+1,N+1 i = 1, . . . , C −N − 2
(λC−N−1 + µ)PC−N−1,N+1 = γ1PC−N−1,N

(γC−(i+j) + µ+ λi)Pi,j = γC−(i+j−1)Pi,j−1 + µPi−1,j+1 + λi+1Pi+1,j i = 1, . . . , C − 1
j = 1, . . . , N , i+ j < C

(λi + µ)Pi,j = µPi−1,j+1 + γ1Pi,j−1 i = C −N, . . . , C − 1
j = 1, . . . , N , i+ j = C

where γi = iγ, i = 0, . . . , C. To model the storage as a multiserver station with nc servers, λi is as follows:

λi =
{
iλ i ≤ nc
ncλ i > nc

Let p = (P0,0, P1,0, . . . PC,0, P0,1, . . . , PC−N−1,N+1) be the row vector containing the steady-state probabili-
ties. The number of possible states S is equal to:

S =
C+1∑

k=C−N

k =
C+1∑
k=0

k −
C−N−1∑
k=0

k = −1
2
N2 +N(C − 1

2
) + 2C + 1 (2.1)

The balance equations and the normalization equation can be rewritten as

pQ = 0,
N+1∑
i=0

C−i∑
j=0

Pi,j = pe = 1 (2.2)

where e = (1, . . . , 1) a column vector with dimension S, p ∈ [0, 1]S and Q ∈ RS×S a square matrix defined
as:

Q =


A0,0 B0,1

B1,0 A1,1 B1,2

B2,1 A2,2 B2,3

. . . . . . . . .
BN,N−1 AN−1,N−1 BN,N+1

BN+1,N AN,N


The submatrices Ai,i ∈ R(C+1−i)×(C+1−i), Bi+1,i ∈ R(C+1−i)×(C−i) and Bi,i+1 ∈ R(C−i)×(C+1−i) are defined
as (for i = 0, . . . , N, j = 1, . . . , N ):

A0,0 =


−γC
λ1 −(γC−1 + λ1)

λ2 . . .
. . . −(γ1 + λC−1)

λC−N−1 −λC



Aj,j =


−(γC−j + µ)

λ1 −(γC−j−1 + µ+ λ1)
λ2 . . .

. . . −(γ1 + µ+ λC−j−1)
λC−j −(λC−j + µ)
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AN+1,N+1 =


−µ
λ1 −(µ+ λ1)

λ2 . . .
. . . −(µ+ λC−N−2)

λC−N−1 −(µ+ λC−N−1)



Bi,i+1 =


γC−i 0

γC−i−1 0
. . . . . .

γ2 0
γ1 0

 Bi+1,i =


0
µ 0

µ 0
. . . . . .

µ 0
µ


The equations in (2.2) can be combined to:

pQ̃ = (p) (Q e) = (0 1) = b̃ (2.3)

where 0 = (0, . . . , 0) ∈ RS is the zero row vector with dimension S.

Matrix Q can be seen as a generator matrix for a level dependent Quasi-Birth-and-Death (QBD) Markov
process. In Choi et al. [5] a matrix-geometric solution is given for level dependent QBD chains.
In Ye et al. [9] the folding algorithm is discussed, which can solve Finite QBD Processes with level-dependent
transitions. The folding algorithm uses binary reduction steps, where the K-level matrix Q is reduced to a
single-level matrix from which a boundary vector is obtained. At every step the QBD form is kept.
In this thesis these solution techniques are not implemented, instead the program Matlab is used to solve
equations (2.3).

When the steady-state probabilities Pi,j are known, the performance measures are easily obtained. The
utilization of the operator ρ, the throughput of the system η and the mean queue length at the operator
E[Qope] are given by (2.4), (2.5) and (2.6) respectively:

ρ = 1−
C∑
i=0

Pi,0 (2.4)

η = ρµ (2.5)

E[Qope] =
N+1∑
j=2

C−j∑
i=0

(j − 1)Pi,j (2.6)

2.3.2 Validation

To obtain the steady-state probabilities from (2.3) program Matlab is used. Matlab solves (2.3) using the
‘division’ terminology similar as in the scalar case. The dimension compatibility condition requires that the
number of columns of Q̃ equals that of b̃. This condition holds and therefore Matlab is able to solve the
balance equations.

To validate whether (2.3) and the implementation of it in Matlab is correct, the obtained values for the three
system characteristics are compared with simulation of the model in Figure 2.2. The simulation program
used for this is Arena.
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Numerical Results

Within Vanderlande Industries the operator works with a service rate between 100 and 1000 totes/hour.
The cranes used in Schiphol Zuid work with a service rate of 170.1 totes/hour. The sorter at Schiphol Zuid
rotates with a speed of 2 m/s. The distance for the totes to travel from the location where they join the sorter
to the location where they leave the sorter, the buffer in front of the operator, is about 100 meters. The mean
travel time on the sorter is therefore 50 seconds.
The default value of the variables in this section are:

• Service rate of a crane: λ = 170.1 totes/hour,

• Number of cranes in the storage: nc = 8,

• Service rate of a server at the sorter: γ = 3600
50 = 72 totes/hour,

• Target Pipeline Value: C = 15.

In Table 2.1 the results are stated for the utilization and the mean queue length at the operator, using the
Matlab script and the simulation model in Arena.

Utilization operator Mean queue length
µ Exact Case Simulation ∆ (%) Exact Case Simulation ∆ (%)

100 1.0000 1.0000 0.0004 9.5443 9.5463 -0.0210
200 1.0000 1.0000 0.0006 8.7295 8.7298 -0.0034
300 0.9991 0.9991 0.0015 7.4913 7.4945 -0.0427
400 0.9913 0.9913 -0.0025 5.9519 5.9547 -0.0470
430 0.9859 0.9858 0.0086 5.4758 5.4717 0.0749
470 0.9755 0.9756 -0.0026 4.8588 4.8603 -0.0309
500 0.9654 0.9655 -0.0176 4.4198 4.4238 -0.0904
530 0.9531 0.9532 -0.0075 4.0079 4.0099 -0.0499
570 0.9340 0.9341 -0.0099 3.5069 3.5099 -0.0855
600 0.9179 0.9176 0.0264 3.1693 3.1676 0.0537
700 0.8571 0.8571 -0.0031 2.2699 2.2700 -0.0044
800 0.7929 0.7930 -0.0102 1.6568 1.6574 -0.0362
900 0.7316 0.7316 -0.0091 1.2416 1.2405 0.0887
1000 0.6756 0.6755 0.0190 0.9558 0.9552 0.0628
1500 0.4773 0.4774 -0.0151 0.3537 0.3539 -0.0565

Table 2.1: Utilization and mean queue length from analysis (Exact Case) and Simulation for N=10

In Figure 2.4 the results are plotted. As can be seen, the lines coincide for both the utilization as the mean
queue length at the operator.
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(a) Utilization operator and mean queue length: N=15
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(b) Utilization operator and mean queue length: N=10
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(c) Utilization operator and mean queue length: N=5

Figure 2.4: Exact case compared with simulation
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Runtime

To get some insight in the runtime of the Matlab-script, several runs have been made where the runtime
has been recorded. Because the size of matrix Q has most effect on the runtime of the script, this size is the
variable to be changed. Recall that the dimension of Q equals S × S and S depends on C and N according
to (2.1). In Figure 2.5 the results of the runtime are plotted.
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Figure 2.5: Runtime for Matlab-script

Depending on the number of totes in the system and the buffersize, the runtime increases exponentially in
C and N . It depends on the system of interest whether this script works in a reasonable time. For a single
operator in Schiphol Zuid, the buffersize is 40. In front of the pickers in Plus Retail the size of the buffer is
42. The number of totes in the system therefore can have a value up to 100, to stay within a runtime of three
minutes. This means that the script can be used in that system.

2.3.3 Conclusion

In Figure 2.4 the results of the simulation and the Matlab-script are displayed. It can be concluded from
this figure that the implementation in Matlab for the model in Figure 2.2 is accurate. With a relative error of
at most 0.1% the Matlab-script can be used to obtain accurate results for the performance measures of the
model. The runtime of the script increases when C or N increases. In Sections 2.4 and 2.5 two approxima-
tions for the performance measures of the model are discussed which can be used when C and N are large.
In Section 2.6 the script developed in this section is used to compare the obtained results to the results of the
two approximations of Sections 2.4 and 2.5.

23



CHAPTER 2. SINGLE OPERATOR

2.4 Jump-over Blocking

In this section an approximation is developed for the model shown in Figure 2.2. As discussed before,
repetitive service blocking needs the additional assumption of having a tote at each station all the time. This
is not applicable in our case because the utilization of the operator is of interest. In this section a different
form of blocking is therefore used in the model. Van Dijk [6] describes a form of blocking called Jump-
over Blocking for which the steady-state probabilities describing the number of totes at the stations have
a closed-form expression. Whenever a tote sees the buffer full at node i, it jumps over that node as if it
was served with infinite speed. After that it is routed according to the pre-defined routing probabilities.
Bakker [1] looks at the model where served totes at the operator are sent to the storage with probability 1
and blocked totes jump over the operator and are sent to the sorter with probability 1. To obtain results
for his model, he uses the model of Van Dijk with a certain blocking probability. To determine the blocking
probability Bakker [1] uses an algorithm to determine the blocking probability iteratively. Here the same
algorithm with a small variation is used. In Section 2.4.1 we have a closer look at the model and define
explicitly what the steady-state probabilities are. Furthermore the algorithm is described. In Section 2.4.2 a
validation is made for the implementation of the algorithm. In Section 2.4.3 a conclusion for this section is
stated.

2.4.1 Steady-state Probabilities

The model described in Section 2.4.5 of Bakker [1] looks as follows:

Storage Sorter Operator

p

1-p

Retrial

Served

Figure 2.6: A closed queueing network with Jump-over Blocking

The steady-state probabilities of this model can be characterized by the number of totes present at the dif-
ferent stations, P (n1, n2, n3), denoting n1, n2 and n3 totes at the storage, sorter and operator respectively. A
station consists of the server(s) and the queue in front of it.
In the previous section we used the notation Pi,j , indicating that there are i and j totes at the storage and
operator respectively. The number of totes at the sorter was not included in the notation, because it is fixed
for given i and j. Therefore it was possible to analyze the model as a two-dimensional Markov chain instead
of a three-dimensional Markov chain, what makes the analysis easier. In this section the number of totes at
the sorter is included in the notation, because it gives more insight in the model and the complexity of the
closed-form expression does not change.

The closed-form expression for the steady-state probabilities according to Van Dijk [6] is:

P (n1, n2, n3) = d

3∏
i=1

1∏ni

k=1 min(k, ci)
(
Vi
µi

)ni (2.7)
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2.4. JUMP-OVER BLOCKING

where d is the normalization constant, ni the number of totes present at station i, ci the number of servers
at station i, µi the service rate of a single server at station i and Vi a solution of the traffic equations for
station i, i = 1, 2, 3. The normalization constant is the value which makes the sum over all probabilities
over all feasible states equal to 1. An alternative proof, that the closed-form expression of the steady-state
probabilities is well-defined, is given in Section 3.4.1. The way the different variables are determined, is
discussed in the remaining of this section.

Traffic Equations

The traffic equations are defined as:

Vj =
3∑
i=1

Vipij j = 1, 2, 3 (2.8)

where pij is the probability of traveling after a service at node i to node j. The traffic equations state that
the rate into a component should equal the rate out of that component in steady state. The solution of the
traffic equations is unique up to a multiplicative constant. In this case the solution of the traffic equations is
chosen as follows:

V1 = (1− p)V3

V2 = V1 + pV3

V3 = V2

⇒ V1 = 1− p
V2 = 1
V3 = 1

(2.9)

When nc is the number of cranes at the storage, by combining (2.7) and the solution of the traffic equations
(2.9):

P (n1, n2, n3) = d
1

min(n1, nc)!n
max(0,n1−nc)
c

(
1− p
λ

)n1
1
n2!

(
1
γ

)n2(
1
µ

)n3 (2.10)

where n1 ∈ {0, . . . , C}, n2 ∈ {0, . . . , C}, n3 ∈ {0, . . . , N + 1} and n1 + n2 + n3 = C. Note for nc = 1 or
nc ≥ C, the single server source or infinite server source described in Bakker [1] respectively is obtained.

Normalization Constant

The calculation of the normalization constant for large systems often takes a lot of time. To make it less
time-expensive an algorithm has been described in the literature, the Convolution Algorithm. In Chapter 3
of Zijm [10] this algorithm is described. The normalization constant is denoted by G(M,C), where M is the
number of stations and C the number of totes in the closed system. In Zijm [10] a derivation of the following
recursion formula is given:

G(M,C) =
C∑
k=0

fM (k)G(M − 1, C − k)

The initial values for the algorithm looks as follows:

1. When there are no totes in the system, there is only one configuration possible.
Hence G(i, 0) = 1 for i = 1, 2, 3.

2. When there is only one station, here chosen to be the sorter, all totes are at this station.
Hence G(1, l) = 1

l! (
V2
γ )l for l = 0, . . . , C.
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CHAPTER 2. SINGLE OPERATOR

The algorithm to compute the normalization constant is then as follows:

Algorithm 2.1 Convolution Algorithm

1. Initialization step:

(a) G(i, 0) = 1 for i = 1, 2, 3

(b) G(1, l) = 1
l! (

1
γ )l for l = 0, . . . , C

(c) j = 0

2. j = j + 1, i = 1

3. i = i+ 1

4. Compute

G(i, j) =
j∑

k=0

fi(k)G(i− 1, j − k) (2.11)

where
f1(k) =

1
k!

(
1
γ

)k k = 0, . . . , C

f2(k) =
1

min(k, nc)!n
max(0,k−nc)
c

(
1− p
λ

)k k = 0, . . . , C

f3(k) =

 (
1
µ

)k k ≤ N + 1

0 k > N + 1

(2.12)

5. Go to step 3 until i = 3

6. Go to step 2 until j = C. Return G(3, C).

Algorithm 2.1 gives the normalization constant d = 1
G(3,C) depending on C. The steady-state probabilities

defined in (2.10) can now be computed if the blocking probability p is known. The order of Algorithm 2.1 is
O
(
CM

)
.

Calculation of the Blocking Probability

To determine the blocking probability p, Bakker [1] introduced an algorithm, where p is calculated itera-
tively by calculating at each iteration step the steady-state probability that the buffer is full. In Bakker [1]
there are at most N totes at the operator. By our definition of the steady-state probabilities, the blocking
probability is the fraction of the time that there are N + 1 totes at the operator.

As mentioned in Bakker [1] we should deal with the arrival theorem when calculating the steady-state prob-
abilities. The arrival theorem states that an arriving tote at a station in a closed queueing network sees the
system in equilibrium, only with one tote less in the total system.

The initial value of p is set to 0. The algorithm terminates when the differences between two successive pi’s
is smaller than a certain tolerance ε.
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2.4. JUMP-OVER BLOCKING

The algorithm to calculate the blocking probability is:

Algorithm 2.2 Blocking probability for Jump-over Blocking

1. Initialization step:

(a) i = 0

(b) p0 = 0

2. Set i = i+ 1 and calculate the new blocking probability:

pi =
C−1−(N+1)∑

n1=0

P (n1, C − 1− (N + 1)− n1, N + 1)

where P (n1, n2, n3) is given by (2.10) with p = pi−1

3. Repeat step 2 until |pi − pi−1| < ε and return pi

We have not been able to prove that this algorithm converges, i.e. the sequence pi is increasing or pi − pi−1

is decreasing, but an intuitive argument is the following. An increase in the blocking probability p implies
that more totes will travel to the sorter, after having service at the operator or after a jump-over. As a con-
sequence, more totes only have the sorter service time before they get another attempt in joining the buffer.
Therefore the buffer will be more full and the new blocking probability increases. Since a probability is
bounded above by 1, the algorithm will converge if pi is increasing.

The number of iterations needed for Algorithm 2.2 to converge depends on the values of the parameters.
In Figure 2.7 a plot has been made for the number of iterations needed by the algorithm to converge. The
parameters λ and µ are varied, C = 15, nc = 3, N = 5 and γ = 72 are fixed. It turns out that for these values
the number of iterations is bounded above by 40. Also for many other values 40 seems to be an upper bound
with some exceptional peaks (up to 100 iterations).
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Figure 2.7: Number of iterations needed for Algorithm 2.2 to converge with tolerance ε = 10−8
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System Characteristics

The system characteristics are again easily obtained by using the steady-state probabilities P (n1, n2, n3).
The utilization of the operator ρ, the throughput of the system η and the mean queue length at the operator
E[Qope] are given by (2.13), (2.14) and (2.15) respectively.

ρ = 1−
C∑

n1=0

P (n1, C − n1, 0) (2.13)

η = ρµ (2.14)

E[Qope] =
N+1∑
n3=2

C−n3∑
n1=0

(n3 − 1)P (n1, C − n1 − n3, n3) (2.15)

2.4.2 Validation

Algorithm 2.1 and 2.2 have been implemented in Matlab. Before using Algorithm 2.2 for comparison with
the exact case, it is checked if the steady-state probabilities defined in (2.10) and Algorithm 2.1 are imple-
mented well. To do this, a simulation model has been made in Arena.
As in Section 2.3.2 the variables have the following default values:

• Service rate of a crane: λ = 170.1 totes/hour,

• Service rate of a server at the sorter: γ = 3600
50 = 72 totes/hour,

• Service rate of the operator: µ = 250 totes/hour,

• Buffersize of operator: N = 5,

• Target Pipeline Value: C = 15.

The blocking probability is fixed in each simulation model. This means that when using the Matlab script,
the blocking probability is set to the value indicated in the table. Algorithm 2.2 is therefore not used yet.

The results are obtained by running the simulation 10.000 simulation hours. In Table 2.2 the results
are stated when there is one crane and there are five bufferplaces. In Figure 2.8 the results are stated with
different values of nc, µ and N .

Utilization operator Mean queue length
p Jump-over Simulation ∆(%) Jump-over Simulation ∆(%) Half Width

0.01 0.6629 0.6628 0.0105 0.9882 0.9874 0.0810 0.00151
0.05 0.6858 0.6854 0.0593 1.0888 1.0875 0.1149 0.00138
0.1 0.7159 0.7158 0.0164 1.2320 1.2313 0.0577 0.00164
0.2 0.7795 0.7800 -0.0683 1.5861 1.5891 -0.1869 0.00252
0.3 0.8446 0.8446 -0.0025 2.0406 2.0422 -0.0798 0.00200
0.4 0.9049 0.9047 0.0176 2.5872 2.5866 0.0236 0.00193
0.45 0.9307 0.9306 0.0068 2.8819 2.8813 0.0201 0.00318
0.5 0.9523 0.9522 0.0101 3.1779 3.1777 0.0060 0.00249
0.6 0.9817 0.9817 0.0018 3.7242 3.7245 -0.0083 0.00142
0.8 0.9987 0.9987 0.0022 4.3759 4.3759 0.0005 0.00067
0.95 0.9996 0.9996 -0.0005 4.5110 4.5107 0.0062 0.00005

Table 2.2: Utilization and mean queue length from analysis (Jump-Over) and simulation for nc = 1, N = 5
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2.4.3 Conclusion

As can be seen in Table 2.2 and Figure 2.8 (on next page) the results obtained from simulation and the
Matlab-script are approximately the same. The error is probably caused due to limited numerical precision
of the simulation.
Whether the model with Jump-over Blocking is a good approximation for the exact case, is investigated in
Section 2.6. In that section Algorithm 2.2 is used to calculate the blocking probability p.
In Chapter 3 the Jump-over Blocking is used in a mixed queuing model. There a proof is given of the partial
reversibility of the Markov process which describes a closed network with Jump-over Blocking. It uses
a different way of proving that the closed-from expression of the steady-state probabilities as in (2.10) is
well-defined.
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Figure 2.8: Jump-over Blocking compared with simulation against blocking probability p
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2.5 Pre-directing Totes

In this section another approximation of the model shown in Figure 2.2 is presented. In Section 2.5.1 the
model is described in more detail and the performance measures are stated in terms of the obtained steady-
state probabilities. After that a validation of the steady-state probabilities is given in Section 2.5.2.

2.5.1 Steady-state Probabilities

The system looks as follows:

Storage Sorter Operator

p

1-p

Figure 2.9: A closed queuing network with recirculation with probability p

The main difference between the model in Figure 2.2 and the model in Figure 2.9 is the infinite buffer in front
of the operator. The storage, sorter and operator are modeled as described in Section 2.2. After a service
completion at the sorter, the served tote is redirected with ‘blocking probability’ p to the sorter and it joins
the buffer with probability (1− p). In the model it is not really a blocking probability, but it is calculated in
that way. Probability p equals the fraction of time the buffer in front of the operator is full, i.e. the fraction
of time there are more than N totes at the operator. An algorithm is developed to calculate the blocking
probability p.

For this closed queueing network with no blocking, a closed-form expression for the steady-state probabil-
ities describing the number of totes at the stations exists. This can be proven by showing that the adjoint
process is reversible, what will not be done in this thesis. In Bonald [4] it is proven that this is a sufficient
condition for having a closed-form expression for the steady-state probabilities. Again we can use (2.7) to
define the steady-state probabilities.

Traffic Equations

The traffic equation are already defined in (2.8). The solution of the traffic equations in this case is chosen as
follows:

V1 = V3

V2 = V1 + pV2

V3 = (1− p)V2

⇒ V1 = 1− p
V2 = 1
V3 = 1− p

(2.16)

Combining (2.7) and (2.16) we obtain:

P (n1, n2, n3) = d
1

min(n1, nc)! · nmax(0,n1−nc)
c

(
1− p
λ

)n1
1
n2!

(
1
γ

)n2(
1− p
µ

)n3 (2.17)

where d is the normalization constant, p the probability of being redirected to the sorter, nc the number of
cranes, n1, n2, n3 ∈ {0, . . . , C} and n1 + n2 + n3 = C.
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Normalization Constant

To calculate the normalization constant again Algorithm 2.1 is used with the following definition of the
fi(k):

f1(k) =
1
k!

(
1
γ

)k k = 0, . . . , C

f2(k) =
1

min(k, nc)! · nmax(0,k−nc)
c

(
1− p
λ

)k k = 0, . . . , C

f3(k) = (
1− p
µ

)k k = 0, . . . , C

Calculating the Blocking Probability

Now that we are able to calculate the steady-state probabilities, a good blocking probability p has to be
calculated, such that the system in Figure 2.9 is a good approximation for the system in Figure 2.2. For a
given p, the steady-state probability of arriving at a ‘full’ buffer is equal to:

f(p) =
C−1∑

n3=N+1

C−1−n3∑
n1=0

P (n1, C − 1− n1 − n3, n3) (2.18)

where P (n1, n2, n3) is given by (2.17). Because of the arrival theorem for closed queueing networks we have
to sum up to C − 1 instead of C.

In Appendix C an algorithm is stated which uses the same idea as Algorithm 2.2. It turned out that Al-
gorithm C.1 does not converge for all values of the different parameters. A reason for this is stated in the
appendix.

Because Algorithm C.1 apparently does not work for all values of the input variables, a new algorithm has
been developed. This algorithm uses the fact that f(p) defined in equation (2.18) is a decreasing function
in p. With the help of the bisection method the root of f(p) − p is calculated. This root is equal to the p of
interest.

Algorithm 2.3 Blocking probability for Pre-directing totes using that f(p) is decreasing

1. Initialization step:

(a) p1 = f(0)

(b) p2 = f(0.99)

(c) i = 0

2. Set i = i+ 1 and calculate αi = (p1 + p2)/2 and f(αi)

if [f(αi) - αi > 0]

p1 = αi

else

p2 = αi

3. Repeat step 2 until |f(αi)− αi| < ε and return p = αi
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We have not been able to prove the convergence of Algorithm 2.3, i.e. the sequence f(p) is a decreasing
function in p, but intuitively its clear. When the blocking probability p is small, the number of totes that are
redirected is small. The buffer gets many totes in it and therefore the new ‘blocking probability’ is large.
With an increase of p, the number of redirected totes becomes larger. The number of totes in the buffer
therefore becomes smaller and the new ‘blocking probability’ becomes smaller. So an increase in p implies
a decrease in f(p).

The bisection method is illustrated in Figure 2.10 for initial values p1 = 0.25 and p2 = 0.85:
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Figure 2.10: Bisection method illustrated for C = 15, N = 5, nc = 10, λ = 170.1, γ = 72, µ = 250

The bisection method halves the interval where the root lies in every step. The method gives an upper and
a lower bound of the root, rather than a single value. At every step the value for the middle of the interval
and the new blocking probability with this value is calculated with (2.18). The absolute error is defined as
half of the length of the interval. Denote with En the absolute error after n steps. This error is given by:

En =
1

2n+1

The number of iterations n needed for the algorithm to have an error smaller than the tolerance ε:

n > −1 + 2 log
1
ε

:= g(ε) (2.19)

In Figure 2.11 we see what (2.19) implies for the number of iterations.
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Figure 2.11: Number of iterations needed to obtain a tolerance of ε for Algorithm 2.3

An upper bound for the number of iterations it takes for Algorithm 2.3 to have an accuracy of ε = 10−8

turns out to be 30 iterations.
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System Characteristics

The utilization of the operator ρ, the throughput of the system η and the mean queue length at the operator
E[Qope] are given by (2.13), (2.14) and (2.15), where the first sum runs from 2 to C instead of from 2 to N+1,
with steady-state probabilities (2.17) respectively.

2.5.2 Validation

Algorithm 2.3 has been implemented in Matlab. Before using it for comparison with the exact case, it is
checked if the steady-state probabilities defined in (2.17) are implemented well. To do this, a simulation
model has been made in Arena for the model defined in Figure 2.9.

In this section the parameters have the following default values:

• Service rate of a crane: λ = 170.1 totes/hour,

• Target Pipeline Value: C = 15.

The extra variable, the blocking probability, is fixed in each simulation model. This means that when using
the Matlab script, the blocking probability is set to the value indicated in the table. Algorithm 2.3 is therefore
not used yet. The results are obtained by running the simulation model 10.000 simulation hours. In Table
2.3 the results are stated when nc = 3 and µ = 250. In Figure 2.12 the results are plotted for three different
situations. In Section 2.5.3 the conclusion from the plots is stated.

Utilization operator Mean queue length
p Pre-directing totes Simulation ∆(%) Pre-directing totes Simulation ∆(%) Half width

0.01 0.9992 0.9992 0.0007 8.8162 8.8171 -0.0100 0.00157
0.05 0.9990 0.9990 0.0010 8.6701 8.6696 0.0061 0.00374
0.1 0.9988 0.9988 -0.0002 8.4696 8.4712 -0.0185 0.00289
0.2 0.9981 0.9980 0.0016 7.9957 7.9951 0.0078 0.00253
0.3 0.9965 0.9965 -0.0001 7.3931 7.3937 -0.0085 0.00443
0.4 0.9929 0.9929 0.0003 6.6079 6.6063 0.0241 0.00396
0.45 0.9893 0.9893 -0.0019 6.1242 6.1255 -0.0214 0.00458
0.5 0.9832 0.9833 -0.0030 5.5659 5.5690 -0.0566 0.00403
0.6 0.9557 0.9557 -0.0039 4.1973 4.1957 0.0372 0.00371
0.8 0.7004 0.7002 0.0304 1.0745 1.0727 0.1659 0.00250
0.95 0.2079 0.2079 0.0091 0.0491 0.0491 -0.0303 0.00021

Table 2.3: Utilization and mean queue length obtained from Matlab (Pre-directing totes) and simulation for
nc = 3, µ = 250, γ = 72

2.5.3 Conclusion

As can be seen in Table 2.3 and Figure 2.12 (on the next page) the results obtained from simulation and the
Matlab-script are approximately the same. The error is probably caused due to limited numerical precision
of the simulation. Taking a longer simulation time should make the simulation results closer to the results
of the Matlab-script. In Section 2.6 the Matlab-script is used to compare this approximation, then using
Algorithm 2.3, with the exact case.

34



2.5. PRE-DIRECTING TOTES

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

2

4

6

8

10

12

p

E[Qope]

E[Qope,direct] E[Qope,simulation]

0

0.2

0.4

0.6

0.8

1

1.2

ρ

ρdirect ρsimulation

(a) nc = 3, µ = 250, γ = 3600
50

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

2

4

6

8

10

12

p

E[Qope]

0

0.2

0.4

0.6

0.8

1

1.2

ρ

(b) nc = 2, µ = 250, γ = 3600
50

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0

2

4

6

8

10

12

p

E[Qope]

0

0.2

0.4

0.6

0.8

1

1.2

ρ

(c) nc = 3, µ = 500, γ = 3600
70

Figure 2.12: Pre-directing totes compared with simulation against blocking probability p
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2.6 Comparison of the Techniques

After the validation of the two approximations, they are used to see whether they are a good approximation
for the exact case. The exact case can be solved using Matlab for small values of C and N . The runtime of
the script in solving the balance equations increases with an increase in C and N , because the number of
balance equations increases with an increase of the state space. Therefore some good approximations to the
exact case should be obtained if there are systems within Vanderlande Industries which have higher values
of C and N .

Note: when there is no blocking (i.e. C ≤ N + 1 and p = 0) the steady-state probabilities of the Jump-
over Blocking and Pre-directing totes, defined in (2.10) and (2.17) respectively, are the same. Therefore they
give the same results in that case. According to Van Dijk [6] the closed-form expression of the steady-state
probabilities for the exact case, when there is no blocking, equals the one defined in (2.7). Substituting the
different variables in that case gives the same steady-state probabilities as in the two approximations. In the
remaining of this section only the case is investigated where C > N + 1.

The variables are chosen to be:

• Service rate of a crane: 140 ≤ λ ≤ 280 totes/hour
The cranes in the storage have to do different cycles depending on the number of totes to be put away
and to be picked and where these totes have to be stored and to be picked. The lower and upper
bound are obtained by looking at the crane cycle times of the cranes in Schiphol Zuid.

• The number of cranes in the storage: 1 ≤ nc ≤ 6
The number of cranes used depends on the number of racks and the amount of totes that have to be
stored in the system. Here it is chosen to let the number of cranes vary between 1 and 6. Because
there is only one operator, it is in this case sufficient to choose these values. The total service rate of
the storage increases with an increase of the number of cranes. The total service rate of the operator
is already less in the case of 6 cranes and λ = 280, looking at even more cranes will result in the same
conclusion.

• Service rate of a server at the sorter: 20 ≤ γ ≤ 100 totes/hour
The service rate of the sorter depends on the distance for a tote to travel on the sorter and the speed
at which the sorter rotates. In Schiphol Zuid it rotates with a speed of 2 m/s. The lower and upper
bound indicates a distance of 90 and 18 meters respectively for a tote to travel on the sorter.

• Service rate of the operator: 100 ≤ µ ≤ 1000 totes/hour.
Within the systems of Vanderlande Industries the service rate of the operator is between 100 and 1000
totes/hour.

• Target Pipeline Value: 5 ≤ C ≤ 50
The TPV for an operator depends on the system.

• Buffersize: 1 ≤ N < C

Depending on which parameter is varied, the other parameters have a default value. Therefore at the be-
ginning of each section the values are stated for that section. The total service rate of a component is defined
as the number of servers at that component times the service rate of a single server of that component. A
component is said to be the bottleneck of the system if its total service rate is the minimum of all total service
rates. In Section 2.6.6 the conclusions are stated according to the results in this section.
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2.6.1 Service Rate of a Crane

In this section the following default values are chosen:

• Service rate of a server at the sorter: γ = 72 totes/hour,

• Service rate of the operator: µ = 500 totes/hour,

• Target Pipeline Value: C = 15.

• Buffersize of operator: N = 8.

In Table 2.4, 2.5 and 2.6 the numerical results are stated for nc = 1, nc = 2 and nc = 6 respectively.

Utilization operator Blocking probability
λ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing

140 0.2800 0.2800 0.2800 0.00 0.00 0.0000 0.0000 0.0000
150 0.3000 0.3000 0.3000 0.00 0.00 0.0000 0.0000 0.0000
160 0.3200 0.3200 0.3200 0.00 0.00 0.0000 0.0000 0.0000
170 0.3400 0.3400 0.3400 0.00 0.00 0.0000 0.0000 0.0001
180 0.3600 0.3600 0.3600 0.00 0.00 0.0001 0.0001 0.0001
190 0.3800 0.3800 0.3800 0.00 0.00 0.0001 0.0001 0.0002
200 0.4000 0.4000 0.4000 0.00 0.00 0.0002 0.0002 0.0002
210 0.4200 0.4200 0.4200 0.00 0.00 0.0002 0.0002 0.0003
220 0.4399 0.4400 0.4399 0.00 0.00 0.0004 0.0003 0.0005
230 0.4599 0.4599 0.4599 0.01 0.00 0.0005 0.0005 0.0007
240 0.4798 0.4799 0.4798 0.01 0.00 0.0007 0.0006 0.0010
250 0.4998 0.4998 0.4998 0.01 0.00 0.0009 0.0009 0.0014
260 0.5196 0.5197 0.5196 0.02 0.00 0.0013 0.0011 0.0019
270 0.5394 0.5396 0.5394 0.03 0.00 0.0017 0.0015 0.0025
280 0.5591 0.5594 0.5591 0.05 0.00 0.0022 0.0020 0.0033

Table 2.4: Utilization and blocking probability for nc = 1

In Tables 2.4 and 2.5 the utilization is best approximated by the Pre-directing totes approximation. In Table
2.6 the utilization is best approximated by the Jump-over Blocking approximation. The difference between
the two tables is the number of cranes present at the storage. When there is only one crane, the storage is
the bottleneck of the system. When there are six cranes, the operator becomes the bottleneck. The question
is whether or not this is a general result.

In all tables the Jump-over Blocking approximation and the Pre-directing totes approximation are an upper
and lower bound respectively for the utilization (indicated by the + and - -sign in front of the relative differ-
ence). This phenomenon is discussed in Section 2.6.5.

An increase of λ causes an increase of the utilization. The faster the storage can deliver the totes to the oper-
ator, the longer the operator can work. Therefore an increase in nc also causes an increase of the utilization.
With the same reasoning you can argue that the blocking probability will increase with an increase of λ and
nc.
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Utilization operator Blocking probability
λ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing

140 0.5588 0.5590 0.5588 0.05 0.00 0.0019 0.0018 0.0028
150 0.5976 0.5981 0.5975 0.08 0.00 0.0031 0.0028 0.0046
160 0.6355 0.6364 0.6354 0.14 -0.01 0.0046 0.0043 0.0069
170 0.6722 0.6737 0.6720 0.22 -0.02 0.0066 0.0062 0.0101
180 0.7073 0.7095 0.7069 0.32 -0.04 0.0092 0.0086 0.0139
190 0.7403 0.7435 0.7397 0.44 -0.08 0.0122 0.0116 0.0184
200 0.7709 0.7752 0.7699 0.56 -0.12 0.0156 0.0150 0.0235
210 0.7988 0.8042 0.7974 0.68 -0.18 0.0194 0.0189 0.0289
220 0.8240 0.8304 0.8219 0.78 -0.25 0.0235 0.0231 0.0347
230 0.8463 0.8536 0.8435 0.87 -0.33 0.0277 0.0276 0.0404
240 0.8658 0.8738 0.8623 0.92 -0.41 0.0321 0.0323 0.0462
250 0.8828 0.8912 0.8785 0.95 -0.49 0.0365 0.0370 0.0517
260 0.8975 0.9060 0.8924 0.96 -0.56 0.0409 0.0416 0.0571
270 0.9100 0.9186 0.9043 0.94 -0.63 0.0451 0.0462 0.0621
280 0.9207 0.9291 0.9144 0.91 -0.69 0.0493 0.0506 0.0669

Table 2.5: Utilization and blocking probability for nc = 2

Utilization operator Blocking probability
λ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing

140 0.9461 0.9484 0.9401 0.24 -0.64 0.0353 0.0351 0.0467
150 0.9527 0.9549 0.9462 0.24 -0.68 0.0396 0.0395 0.0518
160 0.9578 0.9600 0.9510 0.23 -0.71 0.0437 0.0437 0.0567
170 0.9620 0.9641 0.9549 0.22 -0.74 0.0476 0.0477 0.0613
180 0.9654 0.9674 0.9581 0.21 -0.76 0.0513 0.0516 0.0656
190 0.9683 0.9702 0.9607 0.20 -0.78 0.0548 0.0552 0.0696
200 0.9707 0.9725 0.9629 0.19 -0.80 0.0582 0.0587 0.0733
210 0.9727 0.9745 0.9649 0.18 -0.80 0.0613 0.0620 0.0768
220 0.9745 0.9762 0.9665 0.18 -0.81 0.0643 0.0651 0.0800
230 0.9760 0.9776 0.9680 0.17 -0.82 0.0672 0.0680 0.0831
240 0.9773 0.9789 0.9692 0.17 -0.83 0.0699 0.0708 0.0860
250 0.9785 0.9800 0.9703 0.16 -0.83 0.0724 0.0735 0.0886
260 0.9795 0.9810 0.9713 0.15 -0.84 0.0748 0.0760 0.0912
270 0.9805 0.9819 0.9722 0.15 -0.84 0.0771 0.0784 0.0935
280 0.9813 0.9827 0.9730 0.14 -0.84 0.0793 0.0807 0.0958

Table 2.6: Utilization and blocking probability for nc = 6
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2.6.2 Service Rate of a Server at the Sorter

In this section the following default values are chosen:

• Service rate of the crane: λ = 170.1 totes/hour,

• Target Pipeline Value: C = 15,

• Buffersize of operator: N = 5.

To see the effect of the sorter on the total system, the total service rate of the storage and the operator are
chosen equal. In Table 2.7 and 2.8 the results are stated for µ = λ and µ = 3λ respectively. In Figure 2.13 the
results are plotted for µ = λ, µ = 2λ and µ = 3λ.

Utilization operator Blocking probability
γ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing
20 0.8612 0.8763 0.8420 1.75 -2.24 0.1107 0.1156 0.1536
25 0.8860 0.9113 0.8665 2.86 -2.20 0.1552 0.1699 0.2126
30 0.8993 0.9334 0.8807 3.79 -2.07 0.1917 0.2186 0.2606
35 0.9075 0.9486 0.8899 4.53 -1.93 0.2218 0.2613 0.2996
40 0.9128 0.9595 0.8964 5.11 -1.80 0.2470 0.2987 0.3313
50 0.9195 0.9736 0.9049 5.89 -1.58 0.2876 0.3605 0.3795
60 0.9233 0.9819 0.9104 6.35 -1.40 0.3189 0.4095 0.4139
70 0.9258 0.9871 0.9143 6.62 -1.25 0.3440 0.4489 0.4394
80 0.9276 0.9904 0.9172 6.76 -1.13 0.3647 0.4799 0.4590
90 0.9289 0.9923 0.9194 6.83 -1.02 0.3820 0.5030 0.4744

100 0.9299 0.9935 0.9212 6.84 -0.94 0.3968 0.5190 0.4868

Table 2.7: Utilization and blocking probability for µ = λ and nc = 1

Utilization operator Blocking probability
γ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing
20 0.4900 0.4900 0.4895 0.00 -0.10 0.0021 0.0021 0.0028
25 0.5769 0.5770 0.5753 0.01 -0.29 0.0057 0.0056 0.0080
30 0.6481 0.6484 0.6443 0.05 -0.58 0.0119 0.0117 0.0170
35 0.7045 0.7054 0.6979 0.13 -0.94 0.0207 0.0204 0.0300
40 0.7483 0.7503 0.7387 0.27 -1.28 0.0319 0.0315 0.0461
50 0.8074 0.8132 0.7932 0.71 -1.76 0.0585 0.0586 0.0834
60 0.8424 0.8534 0.8257 1.31 -1.97 0.0870 0.0890 0.1219
70 0.8639 0.8808 0.8454 1.96 -2.14 0.1141 0.1198 0.1579
80 0.8779 0.9006 0.8603 2.59 -2.00 0.1388 0.1494 0.1905
90 0.8876 0.9157 0.8703 3.18 -1.94 0.1609 0.1774 0.2193

100 0.8945 0.9276 0.8777 3.70 -1.87 0.1806 0.2034 0.2449

Table 2.8: Utilization and blocking probability for µ = 3λ and nc = 3

In Table 2.7 the Pre-directing totes approximation is the best approximation for all γ. In Table 2.8 it is the best
approximation for γ > 70. For γ < 70 the Jump-over Blocking approximation is the best approximation.
In Table 2.8 the total service rate of the storage and operator is 510 totes/hour. For γ < 35 the sorter is
the component with the smallest total service rate in the system (Cγ < 510) and the Jump-over Blocking
approximation is the best approximation in that case.
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(a) Service rate operator: µ=λ, Number of cranes: nc = 1
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(b) Service rate operator: µ=2λ, Number of cranes: nc = 2

20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
0

0.2

0.4

0.6

0.8

1

(c) Service rate operator: µ=3λ, Number of cranes: nc = 3

Figure 2.13: Utilization of operator and blocking probability p from the three approaches varying γ

In Figure 2.13 the Jump-over Blocking approximation and the Pre-directing totes approximation give an
upper and lower bound for the utilization respectively. This phenomenon is discussed in Section 2.6.5.
An increase of γ causes an increase of the utilization. The faster the sorter can deliver the totes to the oper-
ator, the more the operator can work. With the same reasoning you can argue that the blocking probability
will increase with an increase of γ.
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2.6.3 Service Rate of Operator

In this section the following default values are chosen:

• Service rate of a crane: λ = 170.1 totes/hour,

• Number of cranes in the storage: nc = 3,

• Service rate of a server at the sorter: γ = 72 totes/hour,

• Target Pipeline Value: C = 15.

When the buffersize is almost the same as C the blocking probability is small and the results of the three
approaches will coincide. The interesting case is when totes are blocked at the operator. One way to ensure
blocking is to make the buffersize small.
In Table 2.9 and 2.10 the results are stated for N = 11 and N = 2 respectively. In Figure 2.14 the results are
plotted for N = 11, N = 5 and N = 2.

Utilization operator Blocking probability
µ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing

100 1.0000 1.0000 1.0000 0.00 0.00 0.4835 0.5286 0.4225
200 0.9999 1.0000 0.9998 0.01 -0.01 0.1707 0.1857 0.1673
300 0.9955 0.9964 0.9949 0.09 -0.06 0.0447 0.0461 0.0493
330 0.9902 0.9914 0.9894 0.12 -0.08 0.0283 0.0289 0.0327
370 0.9772 0.9785 0.9765 0.13 -0.08 0.0150 0.0150 0.0177
400 0.9622 0.9634 0.9616 0.12 -0.06 0.0091 0.0091 0.0109
430 0.9426 0.9435 0.9421 0.10 -0.05 0.0055 0.0055 0.0066
450 0.9272 0.9280 0.9268 0.09 -0.04 0.0039 0.0039 0.0047
470 0.9103 0.9110 0.9100 0.07 -0.03 0.0028 0.0028 0.0033
500 0.8828 0.8832 0.8826 0.05 -0.02 0.0017 0.0017 0.0020
600 0.7842 0.7843 0.7841 0.01 0.00 0.0003 0.0003 0.0004
700 0.6923 0.6923 0.6923 0.00 0.00 0.0001 0.0001 0.0001
800 0.6147 0.6147 0.6147 0.00 0.00 0.0000 0.0000 0.0000
900 0.5508 0.5508 0.5508 0.00 0.00 0.0000 0.0000 0.0000
1000 0.4981 0.4981 0.4981 0.00 0.00 0.0000 0.0000 0.0000

Table 2.9: Utilization and blocking probability when N = 11
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Utilization operator Blocking probability
µ Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing

100 0.9986 0.9990 0.9790 0.04 -1.96 0.8706 0.8797 0.8363
200 0.9890 0.9917 0.9491 0.27 -4.04 0.7328 0.7512 0.7048
300 0.9629 0.9711 0.9079 0.85 -5.71 0.5901 0.6167 0.5888
330 0.9506 0.9610 0.8935 1.09 -6.01 0.5474 0.5757 0.5559
370 0.9306 0.9441 0.8728 1.46 -6.20 0.4916 0.5210 0.5134
400 0.9128 0.9285 0.8562 1.73 -6.20 0.4512 0.4803 0.4824
430 0.8928 0.9104 0.8391 1.96 -6.02 0.4125 0.4403 0.4515
450 0.8785 0.8968 0.8268 2.09 -5.88 0.3878 0.4143 0.4322
470 0.8634 0.8822 0.8143 2.19 -5.68 0.3642 0.3889 0.4128
500 0.8396 0.8586 0.7946 2.26 -5.37 0.3308 0.3525 0.3858
600 0.7562 0.7712 0.7269 1.98 -3.88 0.2382 0.2494 0.3007
700 0.6759 0.6852 0.6591 1.38 -2.49 0.1725 0.1768 0.2291
800 0.6052 0.6105 0.5958 0.87 -1.55 0.1270 0.1283 0.1737
900 0.5451 0.5481 0.5397 0.55 -0.98 0.0955 0.0956 0.1321
1000 0.4945 0.4962 0.4914 0.35 -0.64 0.0731 0.0731 0.1014

Table 2.10: Utilization and blocking probability when N = 2

In Table 2.10 it is shown that the utilization is best approximated by the Jump-over Blocking approximation
with a relative error of at most 2.26%. In this table the operator is the bottleneck for µ < 600. For µ ≥ 600 the
total service rate of the sorter is smaller than the sum of the total service rate of the storage and the operator.

The utilization of the operator calculated with the exact case is again bounded above and below by the
Jump-over Blocking approximation and the Pre-directing totes approximation respectively (Figure 2.14).
This phenomenon is discussed in Section 2.6.5.

A decrease in N will cause an increase in the blocking probability p. This is intuitive: a decrease of the
buffersize causes the buffer to be a longer fraction of time full. Also p, being the fraction of time an arriving
tote see the buffer full, will increase and the more the totes have to be recirculated.

An increase in the service rate of the operator µ coincides with a decrease of the utilization of the operator
ρ and the blocking probability p. An increase of the operator’s service rate causes a decrease of the number
of totes at the operator. Therefore p will decrease and the fraction of time there are no totes at the operator
will increase. As a consequence the utilization ρ decreases.
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(b) Buffersize: N=5
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(c) Buffersize: N=2

Figure 2.14: Utilization of operator and blocking probability p from the three approaches against µ

2.6.4 Number of Totes circulating

In this section the following default values are chosen:

• Service rate of the crane: λ = 170.1 totes/hour,

• Number of cranes in the storage: nc = 3,

• Service rate of a server at the sorter: γ = 72 totes/hour,
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In Table 2.11 the results are stated for N = 5 and µ = 250. In this case the situation when the buffersize
is small in comparison to the number of totes is of interest. In Table 2.12 the interest is what happens in
the case the buffer is big and the total service rate of the storage and operator are equal, because the total
service rate of the sorter in the system is depending on C. Recall that the sorter is modeled as an infinite
server station, i.e. the number of servers is equal to C.

Utilization operator Blocking probability
C Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing
5 0.7177 0.7177 0.7177 0.00 0.00 0.0000 0.0000 0.0000
6 0.8081 0.8081 0.8081 0.00 0.00 0.0000 0.0000 0.0000
7 0.8759 0.8765 0.8746 0.08 -0.14 0.0092 0.0093 0.0090
8 0.9226 0.9253 0.9177 0.28 -0.53 0.0410 0.0419 0.0428
9 0.9527 0.9577 0.9431 0.52 -1.01 0.0996 0.1045 0.1057

10 0.9712 0.9775 0.9578 0.65 -1.38 0.1767 0.1903 0.1846
11 0.9824 0.9885 0.9667 0.62 -1.60 0.2599 0.2842 0.2653
12 0.9891 0.9941 0.9724 0.51 -1.69 0.3399 0.3730 0.3399
13 0.9932 0.9969 0.9764 0.37 -1.70 0.4122 0.4502 0.4056
14 0.9958 0.9983 0.9792 0.26 -1.66 0.4755 0.5147 0.4625
15 0.9973 0.9990 0.9814 0.17 -1.60 0.5300 0.5679 0.5113
18 0.9993 0.9998 0.9855 0.05 -1.38 0.6505 0.6790 0.6208
20 0.9996 0.9999 0.9872 0.03 -1.24 0.7049 0.7273 0.6723
30 1.0000 1.0000 0.9914 0.00 -0.86 0.8384 0.8460 0.8095
40 1.0000 1.0000 0.9932 0.00 -0.68 0.8895 0.8931 0.8678

Table 2.11: Utilization and blocking probability when N = 5 and µ = 250

Utilization operator Blocking probability
C Exact Case Jump-over Pre-directing ∆(%) Exact Case Jump-over Pre-directing
30 0.9561 0.9561 0.9561 0.00 0.00 0.0000 0.0000 0.0000
32 0.9597 0.9597 0.9597 0.00 0.00 0.0000 0.0000 0.0000
34 0.9627 0.9628 0.9627 0.02 0.00 0.0004 0.0004 0.0004
36 0.9653 0.9666 0.9652 0.13 0.00 0.0031 0.0030 0.0044
38 0.9675 0.9720 0.9674 0.46 -0.01 0.0110 0.0111 0.0180
40 0.9695 0.9791 0.9692 0.99 -0.03 0.0248 0.0261 0.0438
42 0.9713 0.9864 0.9708 1.56 -0.05 0.0427 0.0475 0.0781
44 0.9728 0.9924 0.9721 2.02 -0.07 0.0633 0.0739 0.1156
46 0.9742 0.9964 0.9734 2.27 -0.09 0.0853 0.1035 0.1528
48 0.9755 0.9985 0.9745 2.36 -0.11 0.1080 0.1348 0.1881
50 0.9766 0.9993 0.9755 2.32 -0.12 0.1309 0.1625 0.2211

Table 2.12: Utilization and blocking probability when N = 30 and µ = 510.3

Again the Jump-over Blocking and Pre-directing totes approximation give an upper and a lower bound re-
spectively for the utilization of the operator. This phenomenon is discussed in Section 2.6.5.

In Table 2.11 the Jump-over Blocking approximation gives the best results. In this table the operator is
the bottleneck of the system. In Table 2.12 the Pre-directing totes approximation is the best.

An increase in C means that there are more totes circulating. The number of totes at the operator will
increase and therefore the utilization of the operator. With the same reasoning you can argue that an increase
in C implies an increase of the blocking probability p.
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2.6.5 Upper and Lower Bound

In all numerical results the Jump-over Blocking and Pre-directing totes are an upper and a lower bound
respectively for the utilization of the operator. An intuitive argument is the following:

• When there is blocking (p > 0) the totes will stay at the sorter in the model in Figure 2.2. With Jump-
over Blocking the totes will jump over the operator and will go back to the sorter with probability p.
Because the buffer is full, the operator continues working and the utilization does not differ between
the both models. However, every tote served at the operator will travel to the sorter with probability
p and only needs the service time at the sorter to get back to the operator. This means that when the
buffer is not full, a tote will again join the buffer after only a service time at the sorter with probability
p, where it actually also needs a service at the storage according to Figure 2.2. As a consequence more
totes will (try to) join the buffer and therefore the utilization of the operator with Jump-over Blocking
will intuitively be an upper bound for the utilization of the model.

• With Pre-directing totes served totes at the sorter will stay at the sorter with probability p. Here totes
can already join the buffer although there are more thanN+1 totes at the operator. In comparison with
the model of Figure 2.2, the operator is still working when this happens and the utilization does not
differ between the both models. However, when the buffer is not full (Nope < N + 1) totes will again
stay at the sorter with probability p, although they should join the buffer as in the model in Figure 2.2.
Because of this phenomenon the operator will intuitively be idle for a longer time than it should. As
a consequence the utilization of the operator using Pre-directing totes will be a lower bound for the
utilization of the model obtained from exact analysis.

The phenomenon of having an upper and lower bound is used to improve the approximation. The idea is
that the two approximations are combined by giving a weight to the two approximations. The Pre-directing
totes and Jump-over Blocking approximation receive a weight of α and 1− α respectively, where α ∈ [0, 1].
When the Pre-directing totes or Jump-over Blocking approximation is the best approximation α will have to
be chosen smaller or bigger than 1

2 respectively. Using the weight for sure you will stay between the lower
and upper bound of the utilization and you can obtain a value closer to the exact utilization.

Finding an ideal α might be possible, but will not be further investigated in this thesis. The accuracy of the
approximation of the utilization will probably not improve significantly. As an illustration in Table 2.13,
2.14 and 2.15 for different values of α the utilization is approximated (utilization for exact case are taken
from Table 2.5, 2.8 and 2.10 respectively).

Exact Case α = 0.5 α = 0.7 α = 0.9
λ ρ ρ ∆(%) ρ ∆(%) ρ ∆(%)

140 0.5588 0.5589 0.022 0.5589 0.013 0.5588 0.003
160 0.6355 0.6359 0.065 0.6357 0.035 0.6355 0.004
180 0.7073 0.7082 0.138 0.7077 0.065 0.7072 0.008
200 0.7709 0.7726 0.217 0.7715 0.081 0.7704 0.056
220 0.8240 0.8261 0.264 0.8244 0.057 0.8227 0.151
240 0.8658 0.8681 0.256 0.8657 0.011 0.8634 0.278
260 0.8975 0.8992 0.197 0.8965 0.107 0.8938 0.411
280 0.9207 0.9217 0.112 0.9188 0.207 0.9159 0.526

Table 2.13: Utilization and difference for different α
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Exact Case α = 0.5 α = 0.3 α = 0.1
γ ρ ρ ∆(%) ρ ∆(%) ρ ∆(%)
20 0.8612 0.8591 0.244 0.8523 1.042 0.8454 1.839
30 0.8993 0.9071 0.860 0.8965 0.312 0.8860 1.484
40 0.9128 0.9279 1.651 0.9153 0.269 0.9027 1.114
50 0.9195 0.9393 2.154 0.9255 0.660 0.9118 0.833
60 0.9233 0.9462 2.476 0.9319 0.926 0.9176 0.623
70 0.9258 0.9507 2.685 0.9361 1.111 0.9216 0.462
80 0.9276 0.9538 2.819 0.9391 1.241 0.9245 0.337
90 0.9289 0.9559 2.902 0.9413 1.332 0.9267 0.239

100 0.9299 0.9573 2.952 0.9429 1.396 0.9284 0.160

Table 2.14: Utilization and difference for different α

Exact Case α = 0.5 α = 0.3 α = 0.1
µ ρ ρ ∆(%) ρ ∆(%) ρ ∆(%)

100 0.9986 0.9890 0.962 0.9930 0.562 0.9970 0.163
200 0.9890 0.9704 1.883 0.9789 1.022 0.9874 0.160
300 0.9629 0.9395 2.433 0.9521 1.121 0.9647 0.190
400 0.9128 0.8924 2.237 0.9068 0.652 0.9213 0.933
500 0.8396 0.8266 1.552 0.8394 0.026 0.8522 1.499
600 0.7562 0.7490 0.947 0.7579 0.224 0.7667 1.396
700 0.6759 0.6721 0.557 0.6774 0.216 0.6826 0.989
800 0.6052 0.6031 0.340 0.6060 0.146 0.6090 0.632
900 0.5451 0.5439 0.216 0.5456 0.089 0.5472 0.395
1000 0.4945 0.4938 0.146 0.4948 0.051 0.4957 0.248

Table 2.15: Utilization and difference for different α

The weight α will be chosen 0.3 or 0.7 if Jump-over Blocking or Pre-directing totes is the best approximation
respectively, because the global impression is that for these values the utilization is best approximated.
Further investigation could lead to an optimal α depending on the input parameters.
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2.6.6 Conclusion of the Comparison

Which approximation is best depends on which component is the bottleneck of the system. Recall that a
component is the bottleneck of the system when the total service rate of this component (number of servers
× service rate of one server) is the minimum of the three components. The total service rates are denoted
and given by:

Storage := Tsto ⇒ Tsto = ncλ
Sorter := Tsor ⇒ Tsor = Cγ

Operator := Tope ⇒ Tope = µ

The following situations occur:

• Tsor > Tsto + Tope

– The storage is the bottleneck. (Tsto < Tope)
In Tables 2.4 and 2.5 Pre-directing totes is the best approximation, implying α should be chosen
0.7.

– The operator is the bottleneck (Tsto > Tope)
In Tables 2.9 and 2.10 (for µ < 500) Jump-over Blocking is the best approximation, implying α
should be chosen 0.3.

– The storage and the operator are both the bottleneck (Tsto ≈ Tope)
In Tables 2.7 and 2.8 (for γ > 30 and γ > 80 respectively) Pre-directing totes is the best approxi-
mation, implying α should be chosen 0.7.

• Tsor < Tsto + Tope

– In Table 2.6 Jump-over Blocking is the best approximation. Also in Tables 2.7, 2.8 and 2.10
(for γ < 30, γ < 70 and µ > 600 respectively) Jump-over Blocking is the best approximation,
implying α should be chosen 0.3.

2.7 Chapter Review

The exact analysis of the model gives nice results in the case where the number of totes circulating C and
the buffersize in front of the operator N are small. Furthermore the exact analysis gives the possibility of
getting some insight in where the totes are in steady-state.

For bigger values of C and N two approximations for the utilization and throughput have been developed:
a model with Jump-over Blocking and a model with Pre-directing totes. In all the numerical results it turned
out that the first is an upper bound for the utilization and the latter a lower bound. Depending on which
station is the bottleneck either the Jump-over Blocking or the Pre-directing totes is the best approximation.

To improve the approximation of the utilization a weight is assigned to the two different approximations.
The relative error drops and therefore a better approximation of the utilization is obtained. In Section 2.6.6
a rule is given of which approximation gives best results for the utilization and which value the weight
should have for all possible cases.
The weight probably depends on the input parameters. Further investigation could be done to obtain the
optimal weight function. The improvements of the approximation will probably not increase significantly
by investigating this. It is not in the scope of this thesis.

In the next chapter the topic is systems with multiple operators. The techniques developed in this chapter
are used there. The direct analysis is used in Section 3.3, Jump-over Blocking and Pre-directing totes are
used in Section 3.4.
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CHAPTER 3

Multiple Operators

In this chapter we will look at a system with multiple operators. Techniques developed in Chapter 2 are
used in the investigation and analysis of these systems. In the models of this chapter entities/totes are
denoted by customers, because this is common for the kind of models used.
In Section 3.1 the system, the model and the approximation of the model are presented. In Section 3.2 the
model used for the approximation, a mixed queueing network (MQN), is described in more detail.
To obtain the performance measures of the MQN, two approximations have been developed. The first and
second approximation are discussed in Section 3.3 and Section 3.4 respectively. The first approximation
uses a mathematically simpler model, but it can lead to non-negligible errors in some cases. The second
approximation is mathematically more involved but gives accurate results in all cases. For the interested
reader the idea used in Section 3.3 is worthwhile reading.
In Section 3.5 this chapter is summarized and a conclusion is stated.

3.1 Introduction

Totes travel to the storage after they arrive at the input. A tote is stored, until it is requested from the
storage by one of the operators. After a tote is requested, it is retrieved and it is put on the sorter. The sorter
transports the tote to the operator which requested the tote. If the buffer in front of that operator is not full
it joins the buffer, otherwise it makes a recirculation on the sorter. Finally it leaves the system when it is
served by the operator.
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The flowdiagram of the system with multiple operators is shown in Figure 3.1:

Input Storage Sorter Operator

Operator

Operator

System Out

Figure 3.1: Flowdiagram of system with multiple operators

We will assume that the storage in this system is used as a global component, meaning that every operator
uses the same storage. The sorter is also used by all operators. The distance that a tote has to travel from the
storage to the operator could differ per tote. The place where totes join the sorter depends on the location
of the server which retrieved it from the storage, the place where totes leave the sorter depends on which
operator requested the specific tote. Hence totes could have different travel times to reach a certain opera-
tor. Each operator has an own buffer and works independently of the other operators. Every operator has a
Target Pipeline Value and therefore a new request in the storage is done after a service completion at one of
the operators. The number of operators is denoted by X .

In this thesis the focus is on the storage and the operators as the bottleneck of the system. The sorter is
modeled as an infinite server. For this reason we can model the sorter in the following two ways:

1. As a global station
The sorter is located directly after the storage and is modeled as just one station with an infinite num-
ber of servers. A server at the sorter works with service rate γ. All the totes are served by the sorter.

2. As X substations
Operator i has an own sorter i with infinite number of servers. A server at sorter i works with service
rate γ. From the storage totes that are requested by operator i travel to operator i after a service
completion at sorter i. Sorter i is also modeled as an infinite server.

In both cases totes are served with the same rate without having any delay-time because of the infinite num-
ber of servers. The latter is used, because of the way the system is modeled later on. Every operator has
its own TPV and therefore the number of totes traveling for operator i should be constant. To deal with the
distinction between operators, we say that there are different types of totes in the system. A tote of type
i travels from the storage to sorter i with probability 1. After a service at the sorter, it joins the buffer of
operator i if possible, otherwise it makes a recirculation on sorter i. After a service completion at operator
i, the tote travels to the storage as if it is a new request at the storage for a tote of type i, 1 ≤ i ≤ X . The
arriving totes at the input and the broken totes again are modeled as a delay of the service rate of a server
at the storage as already argued in the previous chapter (Section 2.1).
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The above is illustrated in Figure 3.2:

Storage

Sorter 1 Operator 1

recirculation

Sorter i Operator i

recirculation

Sorter X Operator X

recirculation

Figure 3.2: Flowdiagram with X subchains

The number of totes of type i is denoted by Ci, 1 ≤ i ≤ X . If we want to analyze the model exactly, the
order in which totes of different types are at the storage should be included in the state description, because
the storage works according to a FCFS-policy. The number of possible states is therefore big. When there
are two operators and C1 = C2 = 10, the number of possible sequences of the totes at the storage is large.
When all totes are at the storage, there are

(
20
10

)
= 184756 possible sequences. In Figure 2.5 the runtime of

the Matlab-script for the single operator is presented. It turned out that Matlab needs 20 seconds to solve
2000 balance equations and already 35 seconds to solve 2440 balance equations. The number of totes present
at sorter i and operator i also have to be added to the state description. As a consequence the number of
balance equations that have to be solved becomes large. Because we want a practical model to analyze the
systems within Vanderlande Industries, an approximation of the model in Figure 3.2 has to be developed.

The big difference between the single operator case and the multiple operator case is the usage of the stor-
age. Where in the single operator case the storage is completely used by this operator, the storage is shared
among all operators when there are multiple operators. So due to the effect of multiple operators, the ser-
vice rate of the storage available for one operator decreases. To approximate the performance (utilization of
an operator and the throughput of a subchain) of the model shown in Figure 3.2, we use a mixed queueing
network.

51



CHAPTER 3. MULTIPLE OPERATORS

The mixed queueing network looks as follows:

Storage

SorterOperator

open open

Figure 3.3: Mixed queueing model

The closed customers in this model are the totes for a single operator. The open customers represent the
totes served by the other (X − 1) operators. In Section 3.2 the different stations are described in more detail.

3.2 Components of the Mixed Queuing Model

The storage is modeled as a multiserver station with nc servers. The service rate of one server is denoted
by λ. Customers arriving at the storage join the queue. In the real system totes are often stored in standard
boxes. For the service time of a server at the storage it does not matter which type of tote is in the box. The
service rate of a server is therefore independent oof the type of tote it has to retrieve. A server at the storage
is either a crane or a lane. In the remaining of this chapter we use cranes and racks to describe the storage
for convenience.

The sorter is modeled as an infinite server station. The service rate of a server at the sorter is denoted by γ.
Similar to the single operator case (see remark in Section 2.2), the mean service time 1

γ can be chosen as a
weighted average of the different travel times. In that way you can cope with the different places at which
customers join and leave the sorter.

The operator is modeled as a single server station with service rate µ. The buffer in front of the operator has
size N . The number of customers circulating in the closed network is denoted by C.

The arrival rate of open customers is denoted by θ. The open customers model the arriving customers of
the other (X − 1) operators at the storage. The difficulty lies in determining θ, such that it represents the
flow coming from the other operators in a good way, and determining the influence of the open customers
on the closed customers at the storage. In this chapter it is assumed that every subchain in Figure 3.2 has
the same characteristics. This means that the service rate of the sorter and the operator is the same for each
subchain, the number of totes i recirculating is the same for all i and the service rate at a crane at the storage
is independent of the type of tote.
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3.3 Priority for Open Customers

In this section an approximation for the mixed queueing model shown in Figure 3.3 is developed. In Sec-
tion 3.3.1 an adjusted service rate is defined. This adjusted service rate is used as an input value for the
analysis of the closed queueing network by substituting the new rate for λ in the exact analysis for the sin-
gle operator case. The results obtained by varying the parameters then are compared with results obtained
from simulation of the model in Figure 3.2 in Section 3.3.2. In Section 3.3.3 a conclusion is stated.

3.3.1 Analysis

In this section the analysis is given for the mixed queueing network using an adjusted service rate. In the
remaining part this adjusted service rate is denoted by the inflated service rate.

Inflated Service Rate

The inflation factor is defined as the fraction of time the storage is not working on open customers. It
uses the fraction of time there are i cranes working on the open customers at the storage, denoted by Pi,
i ∈ {0, . . . , nc}. Recall that nc denotes the number of cranes present at the storage. When these Pi are
known, the fraction of time there are j = nc - i cranes available for the closed customers is known. The
inflated service rate λ∗ of a crane used is:

λ∗ =
nc∑
i=0

(Pi
min(nc − i, C)

min(nc, C)
)λ (3.1)

When there are more cranes than closed customers, it could occur that although some cranes are used by
open customers, the closed customers all can be served directly by a crane without having any waiting time
in the queue at the storage, i.e. the closed customers experience no delay. Therefore the two minima are
added in (3.1).

Calculating the Fraction of Time i Cranes are working

To calculate the Pi, we give priority to the open customers. Although this has nothing to do with reality, it
gives the possibility to approximate the FCFS-rule at the storage. Giving priority means that the service rate
for the open customers is not affected by the closed customers. In the analysis of the first step therefore the
closed customers are neglected.
Assume the open customers arrive according to a Poisson process with rate θ. The storage is a server station
with nc servers, where the service time of one server is exponentially distributed with rate λ. The analysis
of this station is equal to the analysis of a M/M/s - queue (s = nc). Therefore the fraction of time there are i
open customers at the storage, Qi, is equal to [8]:

Qi =



(sρ)i 1
i!

s−1∑
j=0

(sρ)j

j! + (sρ)s

s!
1

1−ρ

if 0 ≤ i ≤ s

(sρ)i 1
si−ss!

s−1∑
j=0

(sρ)j

j! + (sρ)s

s!
1

1−ρ

if i > s

(3.2)

where s = nc, ρ = θ
ncλ

, λ the service rate of one crane and θ the arrival rate of open customers.
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The Pi’s then follows from (3.2):

Pi =


Qi for 0 ≤ i ≤ nc − 1
∞∑
j=nc

Qj = 1−
nc−1∑
j=0

Qj for i = nc
(3.3)

In the case that there are more closed customers C than number of cranes nc and we give priority to the
open customers, the inflated service rate in (3.1) has another interpretation. The fraction of time a crane is
working on the open customers equals ρo = θ

sλ , i.e. the total arrival rate of the open customers divided by
the total service rate of the storage. The service needed by the open customers is here equally distributed
over the s cranes. The fraction of time the cranes can serve closed customers then equals (1−ρo). We get for
the inflated service rate of a crane:

λ∗ = λ(1− ρo) (3.4)

The inflated service rated defined in (3.1) and (3.4) are equivalent in the case that C ≥ nc. This is proven as
follows:

Proof of equivalence between inflated service rates if (C > nc)

Let λ∗1 and λ∗2 equal the inflated service rate in (3.1) and (3.4) respectively, i.e.

λ∗1 =
nc∑
i=0

(Pi
nc − i
nc

)λ

λ∗2 = λ(1− θ

ncλ
)

Then

λ∗1 = P0
nc
nc
λ+ P1

nc − 1
nc

λ+ . . .+ Pnc

nc − nc
nc

λ

= λ(
nc∑
i=0

Pi − P1
1
nc
− P2

2
nc
− . . .− Pnc

nc
nc

)

= λ(1− 1
nc

(P1 + 2P2 + . . .+ ncPnc
))

= λ(1− 1
nc

θ

λ
)

= λ∗2

where the fourth step follows from the fact that (P1 + 2P2 + . . . + ncPnc
) and

θ

λ
both equal the expected

number of busy servers.

�
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Calculating the Arrival Rate of Open Customers

The last unknown variable is θ, which represents the arrival rate of customers served by the other (X − 1)
operators, i.e. the number of customers arriving per time unit at the storage. Beforehand we do not know
what the throughput of one closed subchain is. To calculate the good θ an algorithm is developed. At every
recursion step the inflated service rate using (3.3) and the throughput of the closed subchain for a given θ,
η(θ), is calculated. The latter uses solution techniques developed in Chapter 2. The calculated throughput
times (X − 1) is compared with θ and the algorithm terminates when the difference is smaller than some
tolerance ε. Again the bisection method is used to find the root of (X − 1)η(θ) − θ. The algorithm then
returns the inflated service rate λ∗ calculated in the last recursion step.

Algorithm 3.1 Calculating λ∗ for closed subchain with X operators using inflation factor

1. Initialization step:

(a) θ1 = 0

(b) θ2 = ncλ

(c) i = 0

2. Set i = i + 1

(a) Calculate αi = (θ1 + θ2)/2

(b) Calculate Pi with θ = αi and (3.3)

(c) Calculate λ∗ with (3.1) and the obtained Pi
(d) Calculate steady-state probabilities with λ∗ and the exact analysis discussed in Section 2.3

(e) Calculate throughput of closed subchain η(αi) with (2.5)

if [(X − 1) η(αi) - αi > 0]
θ1 = αi

else
θ2 = αi

3. Repeat step 2 until |(X − 1)η(αi)− αi| < ε. Return λ∗

Algorithm 3.1 converges only if the function f(θ) = (X − 1)η(θ) − θ is a decreasing function for θ ∈
{0, . . . , ncλ} and f(0)f(ncλ) < 0. The throughput of the total system is defined as the minimum through-
put of each component. The total system therefore cannot have a higher throughput than ncλ, because
the storage can not have a higher throughput than ncλ. Therefore θ can not be higher than X−1

X ncλ. If
θ = 0, the open customers do not have any influence on the service rate of the cranes implying η(θ), i.e.
f(0) = (X − 1)η(θ)− 0 > 0. Increasing θ implies an increase of service rate requested and used by the open
customers. Therefore, intuitively the throughput of the closed subchain will not increase. The function
(X − 1)η(θ)− θ therefore will decrease. When the total service of the storage is used by the open customers,
the closed customers receive no service at all. The throughput of the closed customers therefore equals 0,
i.e. f(ncλ) = (X − 1)η(ncλ)− ncλ = −ncλ < 0.

A plot have been made of the function η(θ) and the function θ
X−1 . For the intersection of the two lines it

holds that (X − 1)η(θ) = θ, which gives the θ we are looking for. For this θ it holds that the open customers
have a throughput equal to (X − 1) times that of the closed customers. In Figure 3.4 the two functions have
been plotted for a specific case.
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Figure 3.4: Throughput of closed subchain depending on θ illustrated for X = 4, C = 15, N = 8, nc = 5, λ =
200, γ = 72, µ = 250

To obtain the point of intersection the bisection method is used to find the root of (X − 1)η(θ)− θ. In Figure
3.5 the bisection method is illustrated for the same case as above. It will eventually converge to the point of
intersection.
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α1 = θ1
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(X − 1)η(θ)− θ

θ

Figure 3.5: Bisection method illustrated for X = 4, C = 15, N = 8, nc = 5, λ = 200, γ = 72, µ = 250

In Section 2.5.1 the convergence of the bisection method is already discussed. An upper bound for the
number of iterations needed for the bisection to converge with a tolerance of ε = 10−8 is 30 iterations
(Figure 2.11).

System Characteristics

Algorithm 3.1 returns λ∗ for which the open customers have a throughput equal to (X−1) times the through-
put of the closed subchain. With this λ∗ and the exact analysis from the previous chapter the utilization of
the operator, the throughput of the closed subchain and the mean queue length at the operator can be cal-
culated with (2.4), (2.5) and (2.6) respectively.
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3.3.2 Numerical Results

To obtain numerical results for the approximation Algorithm 3.1 is implemented in Matlab. First by using
the algorithm to calculate λ∗ and then by using λ∗ as an input parameter in the earlier implemented exact
analysis. Recall that totes are denoted by customers in this section.

The simulation results are obtained by making a simulation model of the system shown in Figure 3.2 in
the simulation program Arena. The model creates a fixed number of customers of type i, 1 ≤ i ≤ X . All
customers travel to the storage. After being served at the storage, all customers travel to the sorter. After
a service completion a customer of type i joins buffer i if possible otherwise it receives another service at
the sorter. Recall that the sorter is assumed to have an infinite number of servers and the service rate of one
server is γ for all customers. After a service completion at operator i, a customer travels back to the storage.
The storage is modeled as a multiserver station with nc cranes and a service time that is independent of the
type of customer. The operators are chosen to be the same, i.e. µi = µ, 1 ≤ i ≤ X .
With Arena it is possible to distinguish between the different customers. It gives an overview of the utiliza-
tion for all operators, the number of customers of type i served per hour and the mean number of customers
waiting in buffer i. As discussed before, the performance measures for all the X subchains are assumed to
be the same. Because of simulation the values could differ a little bit from each other, depending on which
customer is created earlier by Arena. Therefore the average of all the utilization- and throughput-values is
taken as the utilization of one operator and the throughput of one closed subchain respectively. Arena also
gives the mean number of total customers waiting at the storage.

Three different cases are investigated. In all these cases the following variables are chosen as follows:

• Service rate of a crane: 100 ≤ λ ≤ 280 customers/hour

• Number of cranes in the storage: 7 ≤ nc ≤ 25
We already argued that for one crane good results can be obtained. Of interest is therefore the case
when there are several cranes. This range is intuitively sufficient to say something about cases with
more cranes or with less cranes.

• Service rate of a server at the sorter: γ = 72

At the beginning of each case the values of the other parameters are stated. The values are chosen such that
interesting values are obtained for the throughput and the utilization. In the first case a system with five
operators is chosen. In the second case the same system only with four operators is chosen. In the third case
a system with five operators, where the parameters have different values than in the first case, is considered.

First the numerical results are presented in tables and figures, in Section 3.3.3 conclusions are drawn with
respect to these results.
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First Case: µ = 500, X = 4, C=15, N= 8

Utilization operator Mean queue length
λ Simulation Approximation ∆ (%) Simulation Approximation ∆ (%)

100 0.5996 0.5679 5.5734 0.7043 0.5744 22.6191
120 0.7193 0.6604 8.9233 1.2649 0.8912 41.9354
140 0.8320 0.7405 12.3520 2.1631 1.2892 67.7876
160 0.9110 0.8065 12.9516 3.1611 1.7507 80.5610
180 0.9486 0.8577 10.5998 3.8348 2.2393 71.2469
200 0.9640 0.8951 7.7022 3.9514 2.7108 45.7678
220 0.9718 0.9212 5.4941 4.4270 3.1311 41.3882
240 0.9762 0.9391 3.9467 4.5838 3.4862 31.4856
260 0.9790 0.9515 2.8850 4.6908 3.7778 24.1665
280 0.9810 0.9602 2.1718 4.7836 4.0151 19.1399

Table 3.1: Utilization and mean queue length from approximation using λ∗ and simulation for nc = 12

Utilization operator Mean queue length
λ Simulation Approximation ∆ (%) Simulation Approximation ∆ (%)

100 0.8613 0.7348 17.2158 2.4137 1.2535 92.5513
120 0.9245 0.8193 12.8446 3.2579 1.8589 75.2600
140 0.9479 0.8778 7.9853 3.7134 2.4773 49.8981
160 0.9594 0.9153 4.8215 4.0013 3.0272 32.1799
180 0.9663 0.9386 2.9594 4.2086 3.4737 21.1554
200 0.9712 0.9532 1.8917 4.3763 3.8215 14.5177
220 0.9748 0.9627 1.2598 4.5094 4.0901 10.2519
240 0.9775 0.9691 0.8641 4.6215 4.2994 7.4908
260 0.9797 0.9737 0.6213 4.7144 4.4649 5.5878
280 0.9813 0.9770 0.4421 4.7924 4.5981 4.2271

Table 3.2: Utilization and mean queue length from approximation using λ∗ and simulation for nc = 18
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Figure 3.6: Difference for utilization between the approximation and simulation results for the first case
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Second Case: µ = 500, X = 5, C=15, N= 8

Utilization operator Mean queue length
λ Simulation Approximation ∆ (%) Simulation Approximation ∆ (%)

100 0.4800 0.4680 2.5500 0.3716 0.3439 8.0587
120 0.5761 0.5530 4.1831 0.6171 0.5335 15.6798
140 0.6719 0.6323 6.2707 0.9909 0.7816 26.7791
160 0.7674 0.7047 8.8945 1.5682 1.0934 43.4210
180 0.8581 0.7686 11.6373 2.4418 1.4672 66.4240
200 0.9228 0.8227 12.1656 3.3756 1.8897 78.6314
220 0.9632 0.8660 11.2256 4.0256 2.3343 72.4559
240 0.9693 0.8989 7.8252 4.3848 2.7675 58.4360
260 0.9757 0.9228 5.7278 4.5890 3.1609 45.1771
280 0.9795 0.9398 4.2262 4.7275 3.4997 35.0820

Table 3.3: Utilization and mean queue length from approximation using λ∗ and simulation for nc = 12

Utilization operator Mean queue length
λ Simulation Approximation ∆ (%) Simulation Approximation ∆ (%)

100 0.7199 0.6380 12.8316 1.2454 0.7977 56.1224
120 0.8514 0.7331 16.1419 2.3282 1.2433 87.2505
140 0.9265 0.8102 14.3487 3.3451 1.7807 87.8584
160 0.9536 0.8678 9.8889 3.8816 2.3545 64.8599
180 0.9647 0.9072 6.3356 4.1688 2.8948 44.0071
200 0.9708 0.9329 4.0614 4.3420 3.3547 29.4307
220 0.9745 0.9493 2.6503 4.5026 3.7233 20.9296
240 0.9775 0.9601 1.8108 4.6173 4.0122 15.0826
260 0.9796 0.9673 1.2679 4.7111 4.2383 11.1539
280 0.9814 0.9724 0.9274 4.7964 4.4173 8.5829

Table 3.4: Utilization and mean queue length from approximation using λ∗ and simulation for nc = 18
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Figure 3.7: Difference for utilization between the approximation and simulation results for the second case
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Third Case: µ = 250, X = 5, C=10, N= 4

Utilization operator Mean queue length
λ Simulation Approximation ∆ (%) Simulation Approximation ∆ (%)

100 0.5600 0.5488 2.0543 0.4972 0.4861 2.2793
120 0.6718 0.6479 3.6982 0.8154 0.7360 10.7941
140 0.7826 0.7375 6.1222 1.2830 1.0386 23.5320
160 0.8782 0.8131 8.0011 1.8609 1.3773 35.1151
180 0.9351 0.8709 7.3757 2.5235 1.7156 47.0923
200 0.9596 0.9101 5.4376 2.5733 2.0096 28.0530
220 0.9698 0.9346 3.7723 2.7005 2.2365 20.7451
240 0.9749 0.9497 2.6635 2.7716 2.4015 15.4084
260 0.9779 0.9592 1.9545 2.8173 2.5206 11.7727
280 0.9798 0.9655 1.4804 2.8494 2.6081 9.2512

Table 3.5: Utilization and mean queue length from approximation using λ∗ and simulation for nc = 7

Utilization operator Mean queue length
λ Simulation Approximation ∆ (%) Simulation Approximation ∆ (%)

100 0.9410 0.8881 5.9564 2.3168 1.8294 26.6429
120 0.9568 0.9326 2.5941 2.4953 2.2151 12.6466
140 0.9647 0.9531 1.2155 2.5970 2.4432 6.2980
160 0.9696 0.9636 0.6173 2.6693 2.5808 3.4272
180 0.9730 0.9697 0.3469 2.7232 2.6701 1.9872
200 0.9754 0.9735 0.1932 2.7638 2.7321 1.1581
220 0.9776 0.9762 0.1365 2.8006 2.7770 0.8491
240 0.9790 0.9782 0.0800 2.8272 2.8127 0.5159
260 0.9801 0.9797 0.0468 2.8496 2.8406 0.3172
280 0.9812 0.9809 0.0384 2.8696 2.8634 0.2155

Table 3.6: Utilization and mean queue length from approximation using λ∗ and simulation for nc = 15
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Figure 3.8: Difference for utilization between the approximation and simulation results for the third case
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3.3.3 Conclusion

From the tables and figures in the previous section we see that the approximation is in all cases a lower
bound for the actual utilization. Beforehand you already can predict this. In the first step of the approach
open customers receive overall priority over the closed customers. However the open customers also expe-
rience delay from the closed customers in reality. The closed customers therefore receive more service from
the storage in reality than in the priority situation. As a consequence the storage could serve more closed
customers and there should arrive more closed customers at the operator in the approximation. Therefore
the utilization of the operator is underestimated using priority for the open customers.

In Table 3.1 the error for λ = 180 is 10.5%. Instead of obtaining a utilization of 0.9486 as in the simulation,
the approximation gives back a value of 0.8577. Also in the other tables there are such errors. For systems
within Vanderlande Industries the utilization of the operator is often the most cost-expensive factor. An
error on the utilization like this is non-negligible.

In heavy traffic at the storage (Tsto = λnc � Tope = Xµ, where Tsto and Tope again denote the total service
rate of the storage and operator respectively), the closed customers see the storage full very often. This is
the case in both the mixed queueing model as in the system with X closed subchains. The performances
therefore will not differ a lot in heavy traffic. In light traffic (Tsto = λnc � Tope = Xµ) an arriving closed
customer sees a crane available very often. This again holds for both the mixed queueing model as for the
system. The performances therefore will not differ a lot in both heavy as light traffic. So when there are
many cranes idle or on the contrary lot of cranes busy all the time, this approximation can be used to obtain
the performance measures.

For nc = 12 and nc = 15 in Figure 3.7 the maximal error occurs when λ = 200 and λ = 150 respectively. In
those cases the total service rate of the storage equals that of the operators, i.e. Tsto ≈ Tope. This phenomenon
happens in all the cases.

Both the storage and the operator are the bottleneck in this case. Where in the system withX closed sub-
chains the customers are distributed over both the operator and the storage, in the mixed queuing model
there are a lot of open customers at the storage in comparison with the number of closed customers. Given
priority to the open customers results in the situation that an arriving closed customer sees the cranes oc-
cupied far too often in that case. The performance of the mixed queueing model is then different from the
system with X subchains.

So we conclude that given priority to the open customers might lead to non-negligible errors. In the next
section we look at balancing the storage capacity between the closed and open customers, which turns out
to be a much better approximation in all cases.
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3.4 Balancing the Transition Rates

In this section another approximation for the mixed queueing model shown in Figure 3.3 is developed.
The approximation uses a modification of the transition rates of the original Markov process describing the
mixed queueing model. This leads to a partially reversible Markov process.
Partially reversible Markov processes have two advantages: they have a closed-form expression for the
steady-state probabilities and if the Markov process is ergodic, the stationary distribution of the number
of customers at the different stations is independent of the service distribution at each station beyond the
mean (Theorem 2 in [4]), often called insensitivity. In Section 3.4.1 a description of this modification is
given. A closed-form expression is derived for the mixed queueing model. In Section 3.4.2 the obtained
approximation for the performance measures is compared with simulations.

3.4.1 Analysis

The process Q, representing the mixed queueing model shown in Figure 3.3, is not partially reversible.
Therefore it is difficult to analyze the model and to obtain a closed-form expression for the steady-state
probabilities. In the previous section an approximation is developed where open customers receive overall
priority over the closed customers. This approximation turned out to give bad results for the performance
measures, up to a difference of 10% for the utilization of the operator (Section 3.3.2). A new process with a
modification of the transition rates of the original process is partially reversible, while improving the accu-
racy of the approximation significantly. The modified rates are called Balanced Rates in the remaining of this
section. The definition of a partially reversible network is given, because it plays a central role in this section.

There are two phenomena in the mixed queueing model making process Q not partially reversible. The first
phenomenon is the FCFS-policy at the storage, the second phenomenon is the blocking at the operator.
To deal with the first phenomenon the transition rates going out of the storage are modified, where the total
service rate of the storage is balanced among the open and closed customers. To deal with the blocking at
the operator, Jump-over Blocking described in Section 2.4 is used in the closed subchain.

It is proven for each phenomenon separately that, with such a modification, the process describing the ob-
tained queueing model is partially reversible.

For the first phenomenon this has been done by looking at a simpler model. In that model two types of
open customers arrive at a multiserver station where they make a transition with Balanced Rates. It is
proven that the Markov process Y = (Y1, Y2), describing the number of customers of type 1 and 2 present
at the multiserver station, is partially reversible with the modified transitions.

Remark: Bonald and Proutière [3] have introduced the notion of balanced fairness as a bandwidth al-
location in data networks. Under this allocation the distribution of number of flows and the expected
throughput depends only on the average traffic load of each type of flow. The performance of the net-
work is insensitive to other traffic characteristics. Our approach is based on similar ideas.

For the second phenomenon this has been done by proving that the Markov process Z = (Z1, Z2, Z3), de-
scribing the number of customers at the storage, sorter and operator in the closed subchain with Jump-over
Blocking, is partially reversible.

Finally, the closed subchain with Jump-over Blocking is substituted for customers of type 2 in the simple
model. Using a result stated in Bonald [4], process M describing the obtained mixed queueing model is
partially reversible. A closed-form expression for the steady-state probabilities is given by Theorem 1 of [4]
for the obtained mixed queueing model. This expression is given explicitly at the end of this section.
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Definition: Partially reversible [4]

Consider a queueing network with n stations. Let z = (z1, . . . , zn), where zi denote the number of customers at
station i, i = 1, . . ., n. Let ei be the unit vector with the i-th coordinate 1 and let {Z(t)}t≥0 be a Markov process with
the following transitions rates

q(z, z + ei) = θi(z)
q(z, z + ej − ei) = µi(z)pij(z)

q(z + ei, z) = µi(z + ei)pi(z + ei)

where θi(z) is the external arrival rate to station i in state z, pij(z) the probability that a customer after a service
completion at station i in state z is routed to station j, pi(z) the probability that a customer leaves the network after a
service completion at station i in state z, µi(z) the service rate of station i in state z, 0 ≤ i, j ≤ n, i 6= j.
A network is said to be partially reversible if

1. the traffic equations

Vi(z) = θi(z) +
n∑
j=1

Vj(z)pji(z + ej) (3.5)

have a positive solution V = (V1, . . . , Vn) in all feasible states

2. the Markov process {Ẑ(t)}t≥0 defined by the transition rates

q̂(z, z + ei) = Vi(z), q̂(z + ei, z) = µi(z + ei) for all classes of open customers

q̂(z, z + ej − ei) = µi(z)Vj(z− ei) for all classes of closed customers

is reversible. The Markov process {Ẑ(t)}t≥0 will be called the adjoint process of {Z(t)}t≥0.

Partial Reversibility of a Simple Model

Let Y = (Y1, Y2) be a two-dimensional Markov process, where Y1 and Y2 denote the number of customers of
type 1 and 2 at a station with nc servers. Assume customers of type i arrive according to a Poisson process
with rate θi. The service rate of a server is denoted by λ. If all servers are working, customers of type i join
queue i in front of the station. The allocation of the total service rate is assumed to be balanced, meaning
that the total service rate of the station is allocated to customers of type i according to the ratio of the number
of customers of type 1 and type 2 present at the station and in the queue. When there are more customers
of type 1 than of type 2, the probability that a customer of type 1 is served by the servers is higher than a
customer of type 2 is served. You can say that type 1 customers receive more service in that case.
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The model is shown in Figure 3.9:

θ1

θ2

λ

λ

1

nc

φ1(y)

φ2(y)

Figure 3.9: Storage with nc cranes and two types of arriving customers

Here φi(y) is the service rate for customers of type i when the system is in state y. Let ei be the unit vector
with coordinate i equal to 1. Let y be the vector (y1, y2). The transition rates of Y are given by:

q(y,y + ei) = θi (3.6)

q(y,y− ei) =
{
yiλ if y1 + y2 ≤ nc
ncλ

yi

y1+y2
if y1 + y2 > nc

(3.7)

where nc is the number of servers at the station and i = 1, 2. Customers of type i arrive according to a Pois-
son proces with rate θi in all feasible states. The rate at which a customer of type i leaves, depends on the
number of customers of type i at the station. When there are more servers than customers present, the rate
at which a customer of type i leaves equals yiλ as in the multiserver case. When there are more customers
than servers, the service rate for the customer of type i equals yi

y1+y2
times the total service rate of the station

ncλ.

With the transition rates in (3.6) and (3.7), it will be proven that Markov process Y is reversible. To prove
this, Kolmogorov’s criterion is used which is stated in [7]:

Theorem 1: Kolmogorov
The following statements are equivalent:

• q is reversible

• ∀n ∈ N,∀y0, y1, . . . , yn ∈ Y with yn = y0

n∏
i=1

q(yi−1, yi) =
n∏
i=1

q(yi, yi−1) (3.8)

The theorem states that q is reversible if the product of the transition rates from a state to itself over a given
route is equal to the product of the transition rates back on that route, independent of the route taken. To
show (3.8), it is sufficient to show that ∀y ∈ Y, 1 ≤ i, j ≤ T, i 6= j, where T is the number of types of
customers, the product of the transitions from y to (y − ei − ej) and from (y − ei − ej) to y is independent
of the route taken (illustrated in Figure 3.10), i.e.

q(y,y− ei)q(y− ei,y− ei − ej) = q(y,y− ej)q(y− ej ,y− ei − ej)

and
q(y− ei − ej ,y− ej)q(y− ej ,y) = q(y− ei − ej ,y− ei)q(y− ei,y)

respectively. Then (3.8) holds for all the four states in that cycle and therefore it holds for all routes in that
cycle. Because a route consists of such cycli, (3.8) holds for every route.
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q(y− ej , y− ei − ej)

q(y, y− ej)

q(y, y− ei)

q(y− ei, y− ei − ej)

(a) Departure transitions

q(y− ei, y)

q(y− ei − ej , y− ei)

q(y− ei − ej , y− ej)

q(y− ej , y)

(b) Arrival transitions

Figure 3.10: Departure and arrival transitions between state y and state (y - ei - ej)

Proof of reversibility of the simple model:

Consider the model shown in Figure 3.9. Let y = (y1, y2), where yi is the number of customers of type i
at the service station and let nc the number of servers. There are two different situations that have to be
distinguished for the departure transitions (Figure 3.11):

1. The total number of customers is smaller than or equal to the number of servers (y1 + y2 ≤ nc)

2. The total number of customers is greater than the number of servers (y1 + y2 > nc)

y1 + y2 = nc

(1)

(2)

y1

y2

0
0

Figure 3.11: Overview of different cycles

1.

q(y,y− e1)q(y− e1,y− e1 − e2) = λy1λy2

= λy2λy1

= q(y,y− e2)q(y− e2,y− e1 − e2)

2.

q(y,y− e1)q(y− e1,y− e1 − e2) = λnc
y1

y1 + y2
λnc

y2
y1 − 1 + y2

= λnc
y2

y1 + y2
λnc

y1
y1 + y2 − 1

= q(y,y− e2)q(y− e2,y− e1 − e2)

65



CHAPTER 3. MULTIPLE OPERATORS

Hence
∀y ∈ Y, q(y,y− e1)q(y− e1,y− e1 − e2) = q(y,y− e2)q(y− e2,y− e1 − e2)

The arrival transitions are independent of the number of customers present at the service station. Hence

∀y ∈ Y, q(y− e1 − e2,y− e2)q(y− e2,y) = θ1θ2 = θ2θ1 = q(y− e1 − e2,y− e1)q(y− e1,y)

Hence (3.8) holds for all feasible states. Hence q is reversible according to Theorem 1.

�

If Y is reversible, the steady-state probabilities can easily be expressed in terms of the transitions by using
Theorem 4 in [7]:

Theorem 2
Let y0 be any reference state and let (y0, y1, . . . , yn) denote the path from y0 to state y. If Y is reversible, an invariant
measure is given by:

π(y) =
n∏
i=0

q(yi−1, yi)
q(yi, yi−1)

y ∈ Y \ y0

π(y0) = 1
(3.9)

Combining (3.6), (3.7) and (3.9) gives the following explicit form for π(y):

π(y) =


θy11 θ

y2
2

λy1+y2y1!y2!
if y1 + y2 ≤ nc

θy11 θ
y2
2 (y1 + y2)!

λy1+y2ny1+y2−nc
c y1!y2!nc!

if y1 + y2 > nc

It is useful to introduce the following notation:

Φ(y1, y2) =


1

λy1y1!y2!
if y1 + y2 ≤ nc

(y1 + y2)!
λy1ny1+y2−nc

c y1!y2!nc!
if y1 + y2 > nc

(3.10)

Note that λy2 is left out of the definition of Φ(y1, y2). We will use this notation in (3.15).

The steady-state probabilities for Y then can be obtained by normalizing π(y) over all feasible states. The
main result of this paragraph is that the allocation Balanced Rates has made Y reversible and therefore also
partially reversible.
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Partial Reversibility of the Closed Queueing Network with Jump-over Blocking

In Section 2.1 it is argued that when using Repetitive Service Blocking the closed subchain is not reversible.
In this paragraph the closed subchain has been modeled with Jump-over Blocking as described in Section
2.4. It is proven that the Markov ProcessZ = (Z1, Z2, Z3), describing the number of customers at the storage,
sorter and operator in the closed subchain with Jump-over Blocking is partially reversible.
Recall the system looks as follows:

Storage Sorter Operator

p

1-p

Retrial

Served

Figure 3.12: A closed queueing network with Jump-over Blocking

Proposition 1
The Markov process Z = (Z1, Z2, Z3) describing the closed network with Jump-over Blocking shown in Figure 3.12
is partially reversible.

Proof of Proposition 1

Let z = (z1, z2, z3), where z1, z2 and z3 denote the number of customers at the storage, sorter and operator in
the closed subchain with Jump-over Blocking respectively, z1 ∈ {0, . . . , C}, z2 ∈ {0, . . . , C}, z3 ∈ {0, . . . , N +
1}, z1 + z2 + z3 = C, where C is the number of closed customers in the network and N the buffersize.
The service rates are:

µi(z) =


z1λ if 0 ≤ z1 ≤ nc, i = 1
ncλ if nc < z1 ≤ C, i = 1
z2γ if 0 ≤ z2 ≤ C, i = 2
µ if 0 ≤ z3 ≤ N + 1, i = 3

(3.11)

The following two conditions have to be proved:

1. For all feasible states z ∈ Z the traffic equations defined in (3.5) have a positive solution V(z) =
(V1(z), V2(z), V3(z))

2. The Markov process Z defined by the transition rates

q(z, z + ej − ei) = µi(z)Vj(z− ei) (3.12)

is reversible.
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First condition 1. is proven. The traffic equations are for all feasible z ∈ Z with z3 < N + 1:

V1(z) = (1− p)V3(z)
V2(z) = V1(z) + pV3(z)
V3(z) = V2(z)

⇒ V1(z) = 1− p
V2(z) = 1
V3(z) = 1

(3.13)

and for z ∈ Z with z3 = N + 1:

V1(z) = (1− p)V2(z)
V2(z) = V1(z) + pV2(z)
V3(z) = 0

⇒ V1(z) = 1− p
V2(z) = 1
V3(z) = 0

(3.14)

Hence, the solutions of (3.13) and (3.14) are positive for all feasible states.

The solutions in (3.13) and (3.14) are used together with (3.11), (3.12) and Kolgomorov’s criterion (Theorem
1) to prove the second condition.
There are two different subcycles that have to be distinguished (for all i, j, k ∈ {1, 2, 3} , i 6= j 6= k):

(i) From state z back to itself using state (z +ei + ej − 2ek) (Figure 3.13(a))

(ii) From state z back to itself using state (z +ei − ej) (Figure 3.13(b))

(z + ei + ej − 2ek)(z + ej − ek)

(z) (z + ei − ek)

(a) Illustration of (i)

(z + ei − ej)(z + ek − ej)

(z) (z + ei − ek)

(b) Illustration of (ii)

Figure 3.13: Departure and arrival transitions between state z and state (z + ei + ej - 2ek)

First we will prove that (3.8) holds for case (i). The product of the transitions rates clockwise is equal to

q(z, z + ei − ek)q(z + ei − ek, z + ei + ej − 2ek)q(z + ei + ej − 2ek, z + ej − ek)q(z + ej − ek, z) =

µk(z)Vi(z− ek)µk(z + ei − ek)Vj(z + ei − 2ek)µi(z + ei + ej − 2ek)Vk(z + ej − 2ek)µj(z + ej − ek)Vk(z− ek)

and counter-clockwise

q(z, z + ej − ek)q(z + ej − ek, z + ei + ej − 2ek)q(z + ei + ej − 2ek, z + ei − ek)q(z + ei − ek, z) =

µk(z)Vj(z− ek)µk(z + ej − ek)Vi(z + ej − 2ek)µj(z + ei + ej − 2ek)Vk(z + ei − 2ek)µi(z + ei − ek)Vk(z− ek)

These two products are the same because

µk(z + ei − ek) = µk(z + ej − ek) ∀i, j, k i 6= j 6= k
Vi(z− ek) = Vi(z + ej − 2ek) ∀i, j, k i 6= j 6= k

µi(z + ei + ej − 2ek) = µi(z + ei − ek) ∀i, j, k i 6= j 6= k
Vk(z + ej − 2ek) = Vk(z + ei − 2ek) ∀i, j, k i 6= j 6= k
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Second we will prove that (3.8) holds for case (ii). The product of the transitions rates clockwise is equal to

q(z, z + ek − ej)q(z + ek − ej , z + ei − ej)q(z + ei − ej , z + ei − ek)q(z + ei − ek, z) =

µj(z)Vk(z− ej)µk(z + ek − ej)Vi(z− ej)µk(z + ei − ej)Vj(z + ei − ej − ek)µi(z + ei − ek)Vk(z− ek)

and counter-clockwise

q(z, z + ei − ek)q(z + ei − ek, z + ei − ej)q(z + ei − ej , z + ek − ej)q(z + ek − ej , z) =

µk(z)Vi(z− ek)µj(z + ei − ek)Vk(z + ei − ej − ek)µi(z + ei − ej)Vk(z− ej)µk(z + ek − ej)Vj(z− ej)

These two products are the same because

µj(z) = µj(z + ei − ek) ∀i, j, k i 6= j 6= k
Vi(z− ej) = Vi(z− ek) ∀i, j, k i 6= j 6= k

µi(z + ei − ek) = µi(z + ei − ej) ∀i, j, k i 6= j 6= k
Vj(z + ei − ej − ek) = Vj(z− ej) ∀i, j, k i 6= j 6= k

Hence for both cases (i) and (ii) the product of the transition rates clockwise equals the product of the
transition rates counter-clockwise. Because every route consists of (a combination of) these subcycles, both
products will be equal for all routes. Hence condition 1 and 2 are valid for q. Using Theorem 1 on q, q is
reversible implying Z is partially reversible.

�

Now that we have proved that the process describing the closed queueing network with Jump-over Blocking
is partially reversible, we will substitute this closed queueing network in the simple model. In the next
paragraph this obtained mixed queuing model is illustrated and the closed-form expression for the steady-
state probabilities describing the number of customers at the stations in this mixed queueing network is
given.
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Mixed Queueing Network with Jump-over Blocking and Balanced Rates

The mixed queueing model with Jump-over Blocking and Balanced Rates is shown in Figure 3.14:

Storage

SorterOperator

open open

1-p

p

served

retrial

Figure 3.14: Mixed queueing model with Jump-over Blocking

Proposition 2
The Markov process M = (M1,M2,M3,M4), describing the evolution of the mixed queueing network with Jump-
over Blocking at the operator and Balanced Rates at the storage shown in Figure 3.14 where M1 denotes the number of
open customers at the storage and Mi the number of closed customers at the storage, sorter and operator for i = 2, 3, 4
respectively, is partially reversible.

The proof is a direct result of the previous two paragraphs as stated in [4]. Because the closed subchain is
partially reversible, for all states m ∈ M the traffic equations have a positive solution. The adjoint Markov
process that describes the evolution of the network with the same arrival rate θ, no routing for the open
subnetwork and homogenous routing probabilities for the closed subchain, must be reversible. Therefore
M is partially reversible.

Because M is partially reversible, the mixed queueing model in Figure 3.14 has a closed-form expression for
the steady-state probabilities if Balanced Rates at the storage is used. Let M = (M1,M2,M3,M4) as stated
in Proposition 2. The following theorem is stated and proven in [4]:

Theorem 3
For a partially reversible network, the Markov process {M(t)}t≥0 has the same invariant measure π as the adjoint
process, given π(k) = 1 for some reference state k ∈ S and for all states m ∈ S, k 6= m, by

π(m) =
n∏
l=1

q̂(m(l − 1),m(l))
q̂(m(l),m(l − 1))

where m(0) ≡ k,m(1), . . . ,m(n) ≡ m denotes any path from state k to state m and S the set of feasible states.

Let m = (m1,m2,m3,m4). The set of feasible states S consists of all states m where m1 ∈ N ∪ {0}, m2 ∈
{0, . . . , C}, m3 ∈ {0, . . . , C} and m4 ∈ {0, . . . , N + 1}, m2 +m3 +m4 = C.
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The transitions q̂ for the adjoint process of the mixed queueing model in Figure 3.14 for m ∈ S are given by:

q̂(m,m + ei) =
{
θ if i = 1
0 if i = 2, 3, 4

q̂(m,m− ei) =


m1λ if m1 +m2 ≤ nc, i = 1

m1

m1 +m2
ncλ if m1 +m2 > nc, i = 1

0 if i = 2, 3, 4

q̂(m,m + ei − ej) =



m2λ(1− p) if i = 2 , j = 2, m1 +m2 ≤ nc
m2

m1 +m2
ncλ (1− p) if i = 2 , j = 2, m1 +m2 > nc

m3γ(1− p) if i = 2 , j = 3
µ(1− p) if i = 2 , j = 4
m2λ if i = 3, 4 , j = 2, m1 +m2 ≤ nc

m2

m1 +m2
ncλ if i = 3, 4 , j = 2, m1 +m2 > nc

m3γ if i = 3, 4 , j = 3
µ if i = 3, 4 , j = 4
0 otherwise

Using Theorem 3 and the above stated transition rates an invariant measure for m ∈ S is then given by:

π(m) = Φ(m1,m2)θm1(
1− p
λ

)m2
1
m3!

(
1
γ

)m3(
1
µ

)m4 (3.15)

where p the blocking probability, m1 ∈ N ∪ {0}, m2 ∈ {0, . . . , C}, m3 ∈ {0, . . . , C} and m4 ∈ {0, . . . , N + 1},
m2 +m3 +m4 = C and Φ(m1,m2) is defined in (3.10).
The steady-state probabilities for the model in Figure 3.14 then are obtained by normalizing (3.15) over the
state space S:

P (m1,m2,m3,m4) =
π(m)∑

m∈S
π(m1,m2,m3,m4)

(3.16)

Partial reversibility is a necessary and sufficient condition for insensitivity (Theorem 2 of [4]). This implies
that the steady-state probabilities (3.16) are independent of the service distribution at each queue beyond
the mean.

Calculating the Blocking Probability

The blocking probability p in (3.15) is approximated in the same way as described in Section 2.4.1. Again the
arrival theorem holds and the blocking probability is iteratively calculated by calculating the steady-state
probability of having a full buffer with one tote less in the closed subchain.
This procedure is stated in Algorithm 3.2:
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Algorithm 3.2 Blocking probability for closed subchain with Jump-over Blocking

1. Initialization step:

(a) j = 0

(b) p0 = 0

2. Set j = j + 1 and calculate the new blocking probability:

pj =
∞∑

m1=0

C−1−(N+1)∑
m2=0

P (m1,m2, C − 1− (N + 1)−m2, N + 1)

where P (m1,m2,m3,m4) is given by (3.16) with p = pj−1

3. Repeat step 2 until |pj − pj−1| < ε and return pj

Calculating the Arrival Rate of Open Customers

As argued in Section 3.3, the θ represents the arrival of the customers served by the other (X − 1) operators.
Here the same approach is applied and again the bisection method is used to find the root of (X−1)η(θ)−θ.

Algorithm 3.3 Calculating Steady-state probabilities using Balanced Rates at the storage

1. Initialization step:

(a) θ1 = 0

(b) θ2 = ncλ

(c) i = 0

2. Set i = i + 1

(a) Calculate αi = (θ1 + θ2)/2

(b) Calculate blocking probability pi using Algorithm 3.2

(c) Calculate P (m1,m2,m3,m4) with θ = αi, p = pi and (3.16)

(d) Calculate throughput of closed subchain η(αi)

η(αi) = µ(1−
∞∑

m1=0

C∑
m2=0

P (m1,m2, C −m2, 0)) (3.17)

if [(X − 1) η(αi) - αi > 0]
θ1 = αi

else
θ2 = αi

3. Repeat step 2 until |(X − 1)η(αi)− αi| < ε. Return P (m0,m1,m2,m3)
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System Characteristics

Algorithm 3.3 gives the steady-state probabilities P (m0,m1,m2,m3) calculated in the last iteration step and
the system characteristics are easily obtained with these probabilities. The utilization of the operator ρ, the
throughput of the closed subchain η and the mean queue length at the operator E[Qope] are given by (3.18),
(3.19) and (3.20) respectively:

ρ = 1−
∞∑

m1=0

C∑
m2=0

P (m1,m2, C −m2, 0) (3.18)

η = ρµ (3.19)

E[Qope] =
∞∑

m1=0

N+1∑
m4=2

C−m4∑
m2=0

(m4 − 1)P (m1,m2, C −m2 −m4,m4) (3.20)

3.4.2 Numerical Results

Algorithm 3.3 is implemented in Matlab with all the equations needed by the algorithm. The simulation
model is described in Section 3.3.2 and is used to obtain simulation results in this section.

Four different cases are investigated. In all these cases the following variables are chosen as follows:

• Service rate of a crane: 100 ≤ λ ≤ 280 customers/hour

• Number of cranes in the storage: 7 ≤ nc ≤ 25
We already argued that for one crane good results can be obtained. Of interest is therefore the case
when there are several cranes. This range is intuitively sufficient to say something about cases with
more cranes or with less cranes.

• Service rate of a server at the sorter: γ = 72

Each case starts with defining the values of the parameters µ, X , C and N . In the first case X = 4 operators
and the other parameters are chosen µ = 500, C = 15 and N = 8. The second and third case have the same
values for µ, C andN but now withX = 5 andX = 8 operators respectively. In the final case we takeX = 5
again, but now µ = 250, C = 10 and N = 4. Note that in the first, second and fourth case the system is the
same as in Section 3.3.2 the first, second and third case respectively.

Remark: in Tables 3.7 and 3.8 (on the next page) the results are given for both Jump-over Blocking as Pre-
directing totes in the closed subchain. In the tables we see that for all values of the parameters the absolute
value of the relative error made by Pre-directing totes in the closed subchain is larger than in the case that
Jump-over Blocking is used. Also the runtime of the script is longer in the case Pre-directing totes is used.
Because of these two reasons, Jump-over Blocking (described in Section 2.4) is used in the closed subchain
and further investigated in this thesis.

In the remaining of this section the numerical results are presented, the conclusions derived from the results
are stated in Section 3.4.3.
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First Case: µ = 500, X = 4, C=15, N= 8

Simulation Jump-over Blocking Pre-directing totes
λ ρ ρ ∆(%) Runtime ρ ∆(%) Runtime

100 0.5996 0.5984 -0.1996 224 0.5983 -0.2118 575
120 0.7193 0.7134 -0.8198 275 0.7129 -0.8882 581
140 0.8320 0.8187 -1.5986 319 0.8170 -1.8048 553
160 0.9110 0.9011 -1.0878 351 0.8971 -1.5274 576
180 0.9486 0.9467 -0.1968 352 0.9411 -0.7902 566
200 0.9640 0.9653 0.1340 335 0.9595 -0.4658 536
220 0.9718 0.9734 0.1595 335 0.9678 -0.4141 563
240 0.9762 0.9777 0.1540 321 0.9723 -0.3960 587
260 0.9790 0.9805 0.1550 324 0.9753 -0.3760 544
280 0.9810 0.9824 0.1417 322 0.9774 -0.3734 553

Table 3.7: Utilization obtained from simulation and both an approximation with Balanced Rates and Jump-
over Blocking as an approximation with Balanced Rates and Pre-directing totes for nc = 12

Simulation Jump-over Blocking Pre-directing totes
λ ρ ρ ∆(%) Runtime ρ ∆(%) Runtime

100 0.8613 0.8477 -1.5860 253 0.8458 -1.8017 494
120 0.9245 0.9223 -0.2417 268 0.9182 -0.6859 497
140 0.9479 0.9492 0.1354 306 0.9442 -0.3912 517
160 0.9594 0.9612 0.1834 284 0.9559 -0.3654 535
180 0.9663 0.9682 0.1955 318 0.9629 -0.3575 555
200 0.9712 0.9730 0.1837 262 0.9677 -0.3655 577
220 0.9748 0.9765 0.1688 307 0.9712 -0.3723 538
240 0.9775 0.9791 0.1617 318 0.9730 -0.4610 509
260 0.9797 0.9811 0.1435 262 0.9760 -0.3763 533
280 0.9813 0.9828 0.1471 297 0.9778 -0.3615 557

Table 3.8: Utilization obtained from simulation and both an approximation with Balanced Rates and Jump-
over Blocking as an approximation with Balanced Rates and Pre-directing totes for nc = 18
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Figure 3.15: Difference for utilization between the approximation and simulation results for the first case
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Second Case: µ = 500, X = 5, C=15, N= 8

Simulation Approximation with Balanced Rates
λ ρ E[Qope] E[Qsto] ρ ∆(%) E[Qope] E[Qsto]

100 0.4800 0.3716 42.0717 0.4799 -0.0212 0.4337 45.7053
120 0.5761 0.6171 37.0251 0.5753 -0.1345 0.7303 40.2577
140 0.6719 0.9909 31.3249 0.6695 -0.3629 1.1557 33.9859
160 0.7674 1.5682 24.5291 0.7606 -0.8779 1.7317 26.7577
180 0.8581 2.4418 16.2551 0.8446 -1.5660 2.4623 18.7196
200 0.9228 3.3756 8.6470 0.9127 -1.0926 3.2848 10.7925
220 0.9554 4.0256 4.0460 0.9532 -0.2300 3.9832 5.0547
240 0.9693 4.3848 1.9481 0.9702 0.0943 4.3988 2.2807
260 0.9757 4.5890 0.9976 0.9773 0.1636 4.6278 1.1115
280 0.9795 4.7275 0.5361 0.9809 0.1476 4.7702 0.5840

Table 3.9: Utilization, mean buffer at operator and storage from simulation and approximation with Bal-
anced Rates and Jump-over Blocking for nc = 12

Simulation Approximation with Balanced Rates
λ ρ E[Qope] E[Qsto] ρ ∆(%) E[Qope] E[Qsto]

100 0.7199 1.2454 22.1252 0.7128 -0.9847 1.3567 24.7221
120 0.8514 2.3282 11.3774 0.8365 -1.7480 2.2769 14.0521
140 0.9265 3.3451 3.8237 0.9208 -0.6170 3.2639 5.2178
160 0.9536 3.8816 1.1704 0.9542 0.0684 3.8785 1.5022
180 0.9647 4.1688 0.3827 0.9663 0.1652 4.1958 0.4664
200 0.9708 4.3420 0.1333 0.9724 0.1670 4.3962 0.1599
220 0.9745 4.5026 0.0499 0.9763 0.1806 4.5435 0.0587
240 0.9775 4.6173 0.0190 0.9790 0.1580 4.6604 0.2268
260 0.9796 4.7111 0.0076 0.9811 0.1534 4.7568 0.0091
280 0.9814 4.7964 0.0003 0.9828 0.1342 4.8382 0.0038

Table 3.10: Utilization, mean buffer at operator and storage from simulation and approximation with Bal-
anced Rates and Jump-over Blocking for nc = 18
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Figure 3.16: Difference for utilization between the approximation and simulation results for the second case
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Third Case: µ = 500, X = 8, C=15, N= 8

Simulation Approximation with Balanced Rates
λ ρ E[Qope] E[Qsto] ρ ∆(%) E[Qope] E[Qsto]

100 0.3000 0.1142 88.0224 0.3000 0.0000 0.1284 94.7867
120 0.3600 0.1768 83.7123 0.3600 -0.0027 0.2020 90.4044
140 0.4199 0.2590 79.2479 0.4200 0.0302 0.3020 85.7942
160 0.4803 0.3669 74.5470 0.4800 -0.0591 0.4355 80.8833
180 0.5401 0.5060 69.6182 0.5399 -0.0390 0.6101 75.5777
200 0.6000 0.6840 64.3777 0.5996 -0.0584 0.8343 69.7657
220 0.6600 0.9149 58.7062 0.6591 -0.1374 1.1164 63.3262
240 0.7199 1.2175 52.4122 0.7180 -0.2682 1.4648 56.1396
260 0.7800 1.6216 45.2359 0.7759 -0.5228 1.8879 48.1030
280 0.8395 2.1749 36.6685 0.8320 -0.9024 2.9337 39.1626

Table 3.11: Utilization, mean buffer at operator and storage from simulation and approximation with Bal-
anced Rates and Jump-over Blocking for nc = 12

Simulation Approximation with Balanced Rates
λ ρ E[Qope] E[Qsto] ρ ∆(%) E[Qope] E[Qsto]

100 0.4501 0.3097 70.9273 0.4500 -0.0248 0.3630 77.3599
120 0.5402 0.5054 63.6285 0.5398 -0.0874 0.6053 69.5315
140 0.6301 0.7922 55.6017 0.6291 -0.1644 0.9535 60.5865
160 0.7200 1.2192 46.3986 0.7172 -0.4013 1.4319 50.1970
180 0.8100 1.8757 35.1774 0.8024 -0.9393 2.0636 38.1591
200 0.8938 2.8639 21.1406 0.8807 -1.4658 2.8589 24.7149
220 0.9472 3.8249 9.1785 0.9405 -0.7031 3.7289 11.9224
240 0.9683 4.3457 3.6252 0.9684 0.0100 4.3394 4.4626
260 0.9762 4.5981 1.5439 0.9775 0.1321 4.6277 1.7730
280 0.9799 4.7406 0.7121 0.9813 0.1412 4.7806 0.7906

Table 3.12: Utilization, mean buffer at operator and storage from simulation and approximation with Bal-
anced Rates and Jump-over Blocking for nc = 18
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Figure 3.17: Difference for utilization between the approximation and simulation results for the third case
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Fourth Case: µ = 250, X = 5, C=10, N= 4

Simulation Approximation with Balanced Rates
λ ρ E[Qope] E[Qsto] ρ ∆(%) E[Qope] E[Qsto]

100 0.5600 0.4972 27.8449 0.5592 -0.1491 0.5640 31.2420
120 0.6718 0.8154 23.4296 0.6691 -0.3993 0.8898 26.4853
140 0.7825 1.2825 17.7034 0.7752 -0.9327 1.3121 20.7351
160 0.8782 1.8609 10.8732 0.8706 -0.8695 1.8244 13.9472
180 0.9351 2.5235 5.4756 0.9382 0.3269 2.3309 7.2498
200 0.9596 2.5733 2.6733 0.9669 0.7624 2.6372 3.2347
220 0.9698 2.7005 1.3931 0.9764 0.6803 2.7739 1.5694
240 0.9749 2.7716 0.7794 0.9805 0.5648 2.8430 0.8482
260 0.9779 2.8173 0.4629 0.9826 0.4774 2.8847 0.4950
280 0.9798 2.8494 0.2889 0.9840 0.4232 2.9132 0.3050

Table 3.13: Utilization, mean buffer at operator and storage from simulation and approximation with Bal-
anced Rates and Jump-over Blocking for nc = 7

Simulation Approximation with Balanced Rates
λ ρ E[Qope] E[Qsto] ρ ∆(%) E[Qope] E[Qsto]

100 0.9410 2.3168 0.6678 0.9492 0.8795 2.3707 0.9428
120 0.9568 2.4953 0.1350 0.9647 0.8265 2.5643 0.1820
140 0.9647 2.5970 0.0321 0.9716 0.7146 2.6701 0.0421
160 0.9696 2.6693 0.0083 0.9757 0.6350 2.7412 0.0110
180 0.9730 2.7232 0.0024 0.9785 0.5594 2.7933 0.0032
200 0.9754 2.7638 0.0000 0.9805 0.5162 2.8333 0.0010
220 0.9776 2.8006 0.0000 0.9819 0.4499 2.8649 0.0003
240 0.9790 2.8272 0.0000 0.9831 0.4238 2.8906 0.0001
260 0.9801 2.8496 0.0000 0.9840 0.3978 2.9118 0.0001
280 0.9812 2.8696 0.0000 0.9848 0.3617 2.9296 0.0000

Table 3.14: Utilization, mean buffer at operator and storage from simulation and approximation with Bal-
anced Rates and Jump-over Blocking for nc = 15
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Figure 3.18: Difference for utilization between the approximation and simulation results for the fourth case
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Runtime

To get some insight in the runtime of the Matlab-script, several runs have been made where the runtime
has been recorded. To calculate the performance measures of the system, i.e. the utilization of the operator,
the throughput of the system and the mean queue length at the operator, we use (3.18), (3.19) and (3.20)
respectively. In these formulas we have an infinite sum, which represents the summation over all different
number of open customers in the model. Because of the implementation in Matlab we are not able to
evaluate this infinite sum. The reason for this is that the number of open customers is one of the dimensions
of the developed matrix. Therefore we use the variable nopen to obtain a finite dimension. The value of nopen

should be chosen large enough such that the obtained performance measures do not differ from the ones
obtained when the infinite sum is used.
It turned out that we got numerical problems if nnopen

c > 10300. Hence we choose nopen = 300/ log nc. The
maximal number of open customers therefore is fixed for given nc. The runtime of the script depends on
the maximal number of open customers, the number of customers circulating in the closed subchain and
the buffersize in front of the operator. The runtime is obtained in the case the other parameters have the
following default values: nc = 15, X = 5, λ = 200, µ = 500 and γ = 72. The number of customers
circulating, C, and the buffersize, N , have been varied and the results for the runtime are stated in Figure
3.19:
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Figure 3.19: Runtime for Matlab-script using Algorithm 3.3

Depending on the number of customers in the system and the buffersize, the runtime increases exponen-
tially in C and N . It depends on the system of interest whether this script works in a reasonable time. For a
single operator in Schiphol Zuid, the buffersize is 40. To get some results for the model it takes 15 minutes,
what is a reasonable time.
Matlab gives an error for larger values of C and N , because the memory Matlab uses is not enough to store
the matrix with the dimensions. Assigning more memory to Matlab can cope with this problem, although
the range of values for which the script already works seems sufficient for systems within Vanderlande
Industries.
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3.4.3 Conclusion

From the tables and figures we see that the utilization obtained from the approximation of the model is not
a lower or an upper bound for the utilization of the system. Although in Section 3.3 the approximation
turned out to be a lower bound, the approximation for the model developed in this section does not have
such property.

In all figures and tables in Section 3.4.2 we see that the relative error for the utilization is at most 2%. For sys-
tems within Vanderlande Industries the utilization of the operator is often the most cost-expensive factor. A
utilization of 0.95 is normal. From the tables we see that in the case the system has a high utilization (> 0.95)
the relative error between the approximation and simulation drops to 0.5 %. The developed approximation
gives therefore very promising results for the performance measures of the model.

For all values of the parameters we see that the maximal error occurs when the total service rate of the
storage equals the total service rate of the operators, i.e. Tsto ≈ Tope. As an example: for nc = 12 and
nc = 15 in Figure 3.16 the maximal error occurs when λ = 180 and λ = 140 respectively.

Both the storage and the operator are the bottleneck in this case. Where in the system withX closed sub-
chains the customers are distributed over both the operator and the storage, in the mixed queuing model
there are a lot of open customers at the storage in comparison with the number of closed customers. The
performance of the mixed queueing model is then a little bit different from the system with X subchains.

In the tables also some results are stated for the mean queue length at the operator and the mean number
of customers at the storage. Although these values do not coincide precise, the values obtained from the
approximation give a good indication for the distribution of customers over the different stations in the
model.
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3.5 Summary and Conclusion

In this chapter we looked at systems with multiple operators. First it is argued that the system with X oper-
ators could be represented as a model with X closed subchains, where the storage is shared by all operators
(Figure 3.2). Because of the large state space when the number of customers is increased, the model is ap-
proximated with a mixed queueing model. There is one closed subchain modeled as in the single operator
case and a stream of open customers arriving at the storage, representing the arrival of customers served by
the other (X − 1) operators. There are two approximations developed to get results for the mixed queueing
model.

In the first approximation open customers receive overall priority over the closed customers at the storage.
To calculate the arrival rate of open customers an algorithm has been developed. After implementation of
this algorithm numerical results have been given and compared with simulation of the model with X sub-
chains. Given priority to the open customers might lead to non-negligible errors.

In the second approximation the total service rate of the storage is balanced among the open and closed cus-
tomers according to the ratio of number of open and closed customers at the storage. The closed subchain
is modeled with Jump-over Blocking, a technique that is described in Chapter 2. The blocking probability is
again calculated iteratively by using a similar algorithm as in Chapter 2. Algorithm 3.3 is used to calculate
the arrival rate of interest, such that it equals the throughput of the closed subchain times the number of
other operators in the system. The algorithm terminates and gives back the steady-state probabilities for
the number of customers in the different stations obtained in the last recursion step, which are used to cal-
culate the performance measures of the mixed queueing model. The obtained performance measures are
compared to simulation results for the model with multiple operators.

Balancing the total service rate of the storage among the open and closed customers turns out to be a very
accurate approximation. A Matlab-script is developed for this approximation where the number of opera-
tors, the number of cranes, the service rate of a crane, the service rate of a server at the sorter, the service rate
of the operator, the number of totes circulating per operator and the buffersize are input parameters. Using
the algorithms the following performance measures are obtained: utilization of an operator, the throughput
of a closed subchain, the mean number of customers in the queue at the operator and the mean number of
customers in the queue at the storage. These performance measures are only depending on the mean of the
service time distribution.
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Sequence of Entities in the System

In the systems within Vanderlande Industries the sequence of entities could have an effect on the perfor-
mance of the system. The performance can decrease in comparison with the performance of a system that
does not need any particular sequence of entities. Entities have to arrive in the right order at the operator,
what could cause some delay on several locations in the system because some entities should be in front of
other entities. These effects are not yet known and therefore it is interesting to have a closer look at it.

In the queueing models of Chapter 2 and 3 the buffer is modeled as a simple queue and entities for a par-
ticular operator are modeled as being identical. According to the description in Section 1.3 the buffer tries
to control the order of arriving entities at the operator. Entities that cannot join the queue are not requested
from the storage. Also entities that are belonging to the current served order receive higher priority of be-
ing retrieved from the storage than entities belonging to the next order. In this way the system can partly
regulate the order of entities at the buffer.

In this chapter a closer look is given at the buffer and the assumption that all entities are identical for
a particular operator is dropped. First three different ways of dealing with the sequence of entities are
discussed. Then two queueing models are proposed to model the sequence of entities in the system. The
models however are not analyzed yet and it is not yet known whether or not one of these models is able to
model the sequence issue in an accurate way. In the remaining of this chapter entities are denoted by totes
for convenience.
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4.1 Dealing with the Sequence Issue

In this section three ways of dealing with the sequence of entities are given. In most systems within Vander-
lande Industries they have implemented a mix of these three ways.

4.1.1 Sequencer

The sequencer is a device which can rearrange totes. It is a rack where a load handling device (LHD) picks
and deposits totes in and from the rack. It can be seen as a buffer with the extra feature of being able to
reshuffle totes. Because of the use of a sequencer, it is less important in which way the totes are released
from the storage and in which order they arrive at the buffer in front of the operator. However, a sequencer
is very expensive and therefore it is not implemented always. The effect of a sequencer on the performance
of the system in comparison to a system with no sequencer is not yet known precisely. The sequencer is of
interest in systems where many different product totes are needed in small quantities (one or two product
items of a product), e.g. CPS.

Figure 4.1: Picture made in Automod of a pick station with two sequencers and three bufferlanes

4.1.2 Adding Bufferlanes

Instead of a single lane with bufferplaces a number of parallel bufferlanes can be placed in front of the op-
erator. In this way totes belonging to next orders already can be stored, even though not all totes of the
current order have arrived yet at the buffer.

Where the sequencer is used in systems with many different products that are asked in small quantities,
bufferlanes are often implemented in systems with less different products asked in larger quantities, as in
an Order Distribution System. When the buffersystem is seen as a black box, having bufferlanes can be seen
as equivalent to having a sequencer. It is just a buffer that can rearrange totes.

Within VI they have a nearly optimal strategy of filling bufferlanes with product totes. This algorithm,
called ‘stacking algorithm’, is already implemented in several systems within VI. Using this algorithm the
effect of adding a bufferlane to the system represents just an increase of the buffersize.
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4.1.3 Releasing Totes after the Sequencing Point

In the system there exists a fixed point, which is called the sequencing point. After this point new retrieved
totes for sure will not pass earlier retrieved totes. The location of this sequencing point depends on the
system, but is often located on the sorter. When the last tote of the current order arrives at this place, totes
belonging to the next order for that operator can be released from the storage according to the TPV. The
sequencing point is a way of dealing with the sequence problem at the storage.

4.1.4 Consequences for the System

The service times of the storage and sorter are not affected by one of the above mentioned solutions of the
sequence issue. Having a sequencer and adding bufferlanes are both solutions implemented at the opera-
tor. The service time of the operator therefore is affected. In fact the goal of the solutions is to improve the
performance of the system and therefore the performance of the operator.
The arrival process of requests at the storage is different. In the first two solutions more totes can be re-
quested, because the buffer can rearrange totes. Because of the sequencing point totes are requested in
batches at the storage. If the last tote of the current order has passed this point, the totes for the next order
are released simultaneously from the storage (up to the TPV). By the same reasoning you can argue that the
arrival process at the buffer is influenced by the implemented solutions.
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4.2 Proposed Queueing Models

In this section two models are proposed. The first model deals with the whole system and the interaction
between the stations in this system. The second model focuses only on the operator.

4.2.1 Queueing Model 1

In Figure 4.2 a proposed model is given for a single operator with sequencing included:

Storage Sorter Operator

N1

Ni

Nk

recirculation

N

Buffersystem

Bufferlane 1

Bufferlane k

Figure 4.2: Proposed Queueing Model 1

The following aspects should be included in the queueing model:

• The storage is a multiserver station. All totes that are needed could be at the storage. Therefore the
storage should be able to store the number of totes circulating for the operator, i.e. the queue should
have at least a size equal to the TPV. Therefore it can be modeled as an infinite queue. The service rate
of a crane could be independent of the type of tote it has to serve, because totes are often standard
sized trays.

• The sorter is an infinite server station.

• In the buffersystem there are k bufferlanes with all a finite queuesize Ni, 1 ≤ i ≤ k. Every bufferlane
consists of a queue and a server. The service policy and the service rate of this server depends on what
the bufferlane represents, e.g. a conveyor or a sequencer.

• The operator is a single server station that works with the ‘First-Come-First-Served’-policy (FCFS).
Because the operator can only reach the tote in front of him, the FCFS-policy should be included here.
In front of the operator there can be a small buffer of size N , where totes are stored in the right order
and therefore have passed the buffersystem already.

• There are l different types of totes circulating, each having an own TPV Cj , 1 ≤ j ≤ l. Each type
represents a different order. We need different orders to see the effect of sequencing in the model.

The buffersystem in this model should be able to communicate with the storage. It should be able to stop
the cranes from retrieving totes if the buffersystem is full. It should be able to request only totes of type i,
where the other totes are just in the storage and not being served at that moment.

The servers of the bufferlanes have to know which type of order is being served by the operator. They
will have to know which totes they will have to release. Because the buffer in front of the operator cannot
change the sequence of totes, they will have to arrive in the right order there. The servers of the bufferlanes
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therefore should only serve totes of the current order and the servers of bufferlanes containing no totes of
the current order should not serve any tote at that moment.

The arrival of totes and the allocation to the different lanes should be such that totes of the current order
can reach the buffer after the buffersystem. If a tote arrives too early at the buffersystem, it should be able
to reject this tote and let it make a recirculation on the sorter.

Sequencer

The bufferlanes in the buffersystem consist of a queue and a server. The server represents the sequencer and
the queue represents the number of places in the rack. The service time of the sequencer should include the
time for the LHD to retrieve the tote from the rack and the travel time from the sequencer to the operator.
An important feature of the sequencer is that it can reach all totes present in the rack. Therefore all totes
present in the queue can be served.

Adding Bufferlanes

The bufferlanes in the buffersystem consist of a queue and a server. The service time of the server should
include the travel time from the bufferlane to the operator. The server works according to the FCFS-policy,
because it is just a conveyor and therefore it can only reach the first tote in the queue.

Sequencing Point

When the sequencing point is located right after the storage, totes of type B should be kept in the storage
until the last tote of A has left the storage. Totes of type C then should be kept in the storage until the last
tote of B has left the storage, et cetera. The storage will have to know which type of tote it could serve at
each moment. When the sequencing point is located right after the storage, no recirculation is allowed.

When the sequencing point is located after the sorter, i.e. in the beginning of the buffersystem, the above
also holds with the difference that totes of type B should be kept in the storage until the last tote of A has
left the sorter (or joined the buffersystem) and recirculation is allowed.

Discussion

In this model there is a fixed number of bufferlanes in the buffersystem, each consisting of a queue and a
server. The server either models a sequencer or a conveyor. In the case of a sequencer, the service time
should include the time for a LHD to retrieve a tote from the rack and the travel time from the sequencer
to the operator. Moreover, the server can reach all totes present at that queue. In the case of a conveyor the
service time should include the travel time from the bufferlane to the operator. Moreover, the server works
according to the FCFS-policy.

To see what happens in the system because of the sequencing problem, there are at least several different
types of totes needed in the model. The bufferlanes should be able to interact with the operator to know
which type of tote is being served at a certain moment. Totes of the current order should be able to reach
the operator. The distribution of arriving totes over the different bufferlanes of the buffersystem therefore
should be controlled.

The advantage of this model is the possibility to model the three possible solutions in one model. The big
disadvantage is probably the large state space needed to describe the model. The operator must be able to
change to a different type of order and also the storage should interact with the other components. Therefore
the type of tote served at the moment should probably be included in the state description. Besides this the
sequence of the totes at the different bufferlanes should be known in the case no sequencer is used. All this
information has to be added in the state description.
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4.2.2 Queueing Model 2

In Figure 4.3 a proposed model for the operator is given:

Operator

θ1

θ2θ3

θi

θl

Figure 4.3: Queueing model of operator

The following variables are used in the remaining of this section:

• Number of bufferlanes: k

• Size of bufferlane j: Nj 1 ≤ j ≤ k

• Number of open arrival streams: m. Because of either a sequencer, several parallel bufferlanes or both,
different types of totes can arrive simultaneously at the buffer in front of the operator. The number
of different types of totes that can arrive simultaneously, i.e. the number of open arrival streams, is
denoted by m. Each arrival stream represents an order.

• Total buffersize: N = N1 + . . .+Nk

The following aspects should be included in the queueing model:

• There are l types of orders where order i consists of Ci totes, 1 ≤ i ≤ l. Whenever arrival stream i is
open, totes of type i arrive with arrival rate θi. The total number of totes that can be present equals
the total buffersize N . In most cases Ci will be smaller than N . The number of types of totes that can
arrive simultaneously equals m.

• The operator is a single server station who works according to the FCFS-policy, because the operator
can only reach the tote in front of him. After he finished order i (all Ci totes have been served), it is
going to serve order i+ 1.

• An arriving tote of type i is accepted if and only if there are enough bufferplaces free for the remaining
totes of the current served order to enter the buffersystem. Otherwise the arriving tote is lost.
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Depending on the implementation of the software of the system, the number of open arrival streams is
limited by the number of bufferlanes. Adding a bufferlane has the effect of increasing m and N . Adding
a sequencer to the system intuitively implies a larger increase of m and N than in the case of adding a
bufferlane. In systems with a sequencer Ci will probably be small, in systems with bufferlanes these Ci will
probably be larger.

If Ci totes of type i have arrived, this arrival stream is closed and arrival stream of type i+m is opened. The
number of bufferlanes and sequencers determine the value of m. The buffersize N determines the maximal
number of totes that can be present. When the buffer is full, all arriving totes are rejected until the operator
has served a tote.

Discussion

The number of open arrival streams models either the number of bufferlanes, the number of sequencers or
both. The size of the bufferlanes, including either a sequencer or not, is modeled by the number of totes that
can be present at a certain time.
The advantage of this model is that the size of the state space will probably be less than in the first model.
Therefore this model is mathematically less involved and probably analyzable. The big disadvantage is that
you only look at the sequencing problem at the operator. Another disadvantage is that the sequencing point
is not included in the model.

4.3 Discussion of Models

The first proposed model deals with the total system. The main advantage of this model is that the three so-
lutions are all included in the model. The big disadvantage is that there is a lot of interaction involved. The
state space to describe the system will be large. Therefore it will probably be mathematically more involved
and maybe it is impossible to analyze it.

The second model deals with the sequence issue at the operator. The advantage of this model is that it will
probably be possible to analyze it. The big disadvantage is that you only look at the sequencing issue at the
operator. Another disadvantage is that the sequencing point is not included in the model.

More research is recommended.
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CHAPTER 5

Conclusion and Recommendations

In this chapter conclusions for the results of this study are stated, followed by some recommendations for
future research.

5.1 Conclusion

Within Vanderlande Industries there are a lot of different systems using different equipment in several
automated processes. Entities, like bags and totes, have to be transported, stored, sorted and picked within
these systems. Although the implementation of these processes and the equipment used for these processes
are depending on the system, entities within several systems of Vanderlande Industries seem to experience
the same processes.
Therefore the objective of this thesis was stated as follows:

“Develop a general practical model which can calculate or approximate the performance measures
utilization of the operator and throughput of the system for different systems within Vanderlande

Industries”

In Chapter 2 research is done on systems with one operator. The developed model is analyzed in three
ways: with direct analysis, which is applicable for small systems, and with two approximations, one using
Jump-over Blocking and the other using Pre-directing totes, which are applicable for both small and large
systems. The two approximations give an upper and a lower bound for the utilization in all numerical
results. Therefore a weight function is used to get even more accurate results in comparison with the simu-
lation results of the model. The value of the weight function depends on which approximation is best and
therefore a rule is given to determine this value.
The conclusion from Chapter 2 is that for small systems the direct analysis can be used to obtain accurate
results for the performance measures of the model within reasonable time. However, for large systems a
weighted combination of both approximations should be used to get accurate results for the performance
measures of the model.
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In Chapter 3 a model has been developed for systems with multiple operators. Instead of an exact analysis
of that model due to the large state space and therefore the large runtime needed in that case, two approx-
imations have been developed using a mixed queuing model. In the mixed queueing model the closed
subchain represents the system for a single operator and the open flow represents the arrival of entities
from the other operators.

The first approximation of the model for multiple operators uses a priority-rule at the storage. The
comparison of the results obtained from this approximation and the simulation results of the model with
multiple operators turned out to give good results in a very busy or very idle storage, but non-negligible
errors in between.

The second approximation of the model for multiple operators balances the total service rate over the
entities present at the storage, i.e. entities of type i receive a fraction of the total service rate, which equals
the number of entities of type i present at the storage divided by the total number of entities present at the
storage. This technique gives accurate results, when it is compared to simulation results of the model, both
in a very busy or very idle storage and in between. Besides accurate results for the utilization of the operator
and the throughput of the system the method also gives accurate results for the mean number of totes at
the buffer in front of the operator and the mean number of totes waiting at the storage. Another important
result is that in the method only the mean of the service time distribution is needed to get accurate results
for the model.
The conclusion for Chapter 3 is that the second approximation, using balanced rates, gives better results
than the first approximation. The developed algorithm using the second approximation gives accurate re-
sults for the performance measures of the model with multiple operators.

In Chapter 4 two models have been proposed to model the sequencing problem within the systems of VI.
These models however have not been analyzed yet and it is not known whether they are capable of dealing
with the sequencing problem in an accurate way.
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5.2 Recommendations

In this section some important recommendations are made for future research.

5.2.1 Validation with Practical System

The most important recommendation is to validate the queueing model for the single operator (Chapter
2) and the queueing model for multiple operators (Chapter 3) with practical systems within Vanderlande
Industries. Although the approximation of the model for multiple operators give accurate results for the
model, it is not yet known whether this also holds for a practical system.

In the model we do not take the order of entities into account, the assumption is that the system ensures
that the totes arrive in the right order at the buffer and therefore at the operator. The impact however
of this problem on the system performance is not known right now. Different scenarios need to be ran
with these practical systems and the results obtained should be compared to the results provided by our
approximation.

5.2.2 Determine Values of Input Parameters

Another recommendation for future research is to have a look at the way the input parameters are depend-
ing on several system characteristics and therefore in which way the values have to be chosen.

The travel time from the storage to the operators can include more than only the travel time on the sorter.
It could also include the time to get from the deposit zone at the storage to the sorter or the time that it needs
for special activities, like merging and unloading. The mean time for a tote to travel from the storage to the
operator therefore could be determined more accurate. The determined value then can be used in the model
as an input parameter.

An operator has to do lots of activities besides picking totes from the buffer such as taking breaks or
getting new loading units. These activities determine the actual service rate of an operator. In our queueing
models this service rate is an input parameter, but in this thesis no research is done on how to choose the
value of this parameter. In the FALCON-project already research has been done on the effective service rate
of a picker in Compact Picking Systems (CPS). The results from this research could probably be used for
this.

5.2.3 Effect of Non-Symmetric Subchains

Another recommendation is to do research of the effect of the assumption that all operators experience the
same system characteristics. In the developed algorithm this assumption is used to determine the arrival
rate of totes from the other operators. The effect of different performance measures for different operators,
e.g. other service rates of the operators or different travel times from storage to operator, in a system on this
arrival rate is not yet known and should be investigated.

5.2.4 Sequencing Issue

Whether the models proposed for the sequencing problem are very useful is hard to say. Because of the
interaction between the stations in the system intuitively it will be hard to analyze the queueing model with
all three solutions included. The storage, sorter, buffersystem and operator have to communicate with each
other on which totes are served at the moment and which totes are going to be served. Queueing models
focussing on particular stations can probably be analyzed in a more convenient way, although these models
will probably miss the interaction between the station in the system. Because of the probably mathematically
involved analysis when all interactions are taken into account, the recommendation is to look at particular
stations.
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APPENDIX A

Process Flow Diagrams

In order to validate the general flow model shown in Figure 1.6 the process flow diagrams of the baggage
handling system and the compact picking system are shown in Figure A.1 and A.2 respectively.
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Figure A.1: Process Flow Diagram of Baggage Handling System
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Figure A.2: Process Flow Diagram of Compact Picking System
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APPENDIX B

Service Rate of a Crane

The servers in the storage in Vanderlande Industries are often cranes. There are several different cranes
implemented in the systems. A crane consists of a car, that is able to drive between the racks, and of a
number of load handling devices, which pick and retrieve the totes from the racks. At the moment there are
cranes which have up to four load handling devices. The big advantage is that the capacity increases with
more load handling devices, the big disadvantage is that the implementation of the system becomes more
difficult and the costs increase.

The service rate of a crane depends on:

• The number of totes it has to put in the racks.

• The position where it has to put the totes.

• The number of totes it has to retrieve from the racks.

• The position of the totes it has to retrieve.

• The number of load handling devices.

• The speed/acceleration of the load handling devices/car.

• The size of the rack.

Within Vanderlande Industries there are calculation sheets available which are able to calculate the service
rate of a crane. Depending on the above mentioned variables it calculates the capacity (number of totes per
hour) of the crane. In the sheets different scenarios for the crane are shown, i.e. varying the number of totes
to be stored and retrieved. To approximate the position where the totes have to be stored/retrieved, the
FEM-norm is used. This norm, developed by the European Federation of Material Handling, is used within
Vanderlande Industries and it has turned out to be a good approximation for the actual store/retrieve loca-
tions in the long run. For every chosen scenario the cycle time of the crane and the capacity of the crane is
calculated. Finally a weighted average of these capacities is taken just by indicating the fraction of cycles that
consists of the different illustrated scenarios. The value obtained is then denoted as the capacity of the crane.
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To check what the effect is of only taking the average of the different cycle times, a simulation model has
been made. The simulation is based on the calculation sheet of Schiphol, where four different scenarios are
made. With equal probability the capacity of the crane λ is 212.7, 168.3, 158.3 or 141.3 totes/hour. The result
of the simulation is compared with the exact analysis with a capacity of λ = 170.1.
The other parameters are chosen:

• Service rate of a server at the sorter: γ = 72 totes/hour,

• Target Pipeline Value: C = 15.

• Buffersize in front of operator: N = 5.

In Table B.1, B.2 and B.3 the results are stated for nc = 8, nc = 3 and nc = 1 respectively. The simulation
time has been taken to be 100000 hours. With this time the half-width of the confidence-interval of the mean
queue length at the operator drops to a value smaller than 0.0040, implying that the obtained value is very
accurate. The values are chosen such that we can see what happens both when there are few and when there
are many totes at the storage waiting.

Utilization operator Mean queue length Mean Tote Storage
µ Exact Analysis Simulation ∆(%) Exact Analysis Simulation ∆(%) Exact Analysis

100 1.0000 1.0000 0.0007 4.8143 4.8140 0.0062 0.000
200 0.9996 0.9996 0.0010 4.5335 4.5311 0.0530 0.000
300 0.9958 0.9957 0.0139 4.1185 4.1115 0.1703 0.000
400 0.9818 0.9813 0.0527 3.5663 3.5530 0.3743 0.000
430 0.9744 0.9738 0.0672 3.3818 3.3680 0.4097 0.001
470 0.9621 0.9611 0.1037 3.1298 3.1133 0.5300 0.001
500 0.9509 0.9499 0.1100 2.9400 2.9236 0.5610 0.002
530 0.9382 0.9367 0.1607 2.7535 2.7324 0.7722 0.002
570 0.9191 0.9173 0.1953 2.5100 2.4900 0.8032 0.003
600 0.9034 0.9015 0.2170 2.3362 2.3165 0.8504 0.003
700 0.8457 0.8430 0.3215 1.8226 1.8025 1.1151 0.006
800 0.7850 0.7819 0.4051 1.4184 1.4006 1.2709 0.008
900 0.7264 0.7230 0.4804 1.1125 1.0962 1.4870 0.010
1000 0.6724 0.6690 0.4945 0.8840 0.8716 1.4227 0.012

Table B.1: Utilization and mean queue length with nc = 8

In Table B.1 there are few totes waiting at the storage. In this case we see that the relative error of the
utilization is at most 0.4945%. Also the mean queue length at the operator is well approximated with a
relative error of at most 1.4870%. An increase of µ implies that more totes have to be served by the storage
per timeunit. The difference in utilization between the analysis and the simulation increases in this case.
This result also can be concluded from the other two tables. When there are many totes waiting at the
storage (Table B.3) the utilization is the same up to a relative error of at most 2.27%. Many totes waiting at
the storage implies for these values that there are only a few totes at the operator.
A reasonable utilization of the operator within the systems of Vanderlande Industries is more than 0.85.
In the tables we see that when the utilization is bigger than 0.85 the relative error is at most 1.00%. For
Vanderlande Industries this implies that it is accurate enough to use only the mean of the crane cycle time
in the system calculations.
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Utilization operator Mean queue length Mean Tote Storage
µ Exact Analysis Simulation ∆(%) Exact Analysis Simulation ∆(%) Exact Analysis

100 0.9999 1.0000 -0.0071 4.8138 4.8132 0.0125 0.0057
200 0.9994 0.9993 0.0042 4.5177 4.5136 0.0908 0.0850
300 0.9914 0.9906 0.0837 4.0013 3.9804 0.5251 0.4158
400 0.9543 0.9502 0.4313 3.1860 3.1358 1.6009 1.1512
430 0.9347 0.9292 0.5975 2.9077 2.8501 2.0210 1.4285
470 0.9033 0.8960 0.8170 2.5408 2.4783 2.5219 1.8063
500 0.8767 0.8680 0.9994 2.2801 2.2136 3.0042 2.0816
530 0.8485 0.8388 1.1636 2.0383 1.9724 3.3411 2.3410
570 0.8099 0.7993 1.3262 1.7506 1.6896 3.6103 2.6547
600 0.7811 0.7700 1.4446 1.5617 1.5039 3.8433 2.8634
700 0.6909 0.6793 1.7050 1.0812 1.0361 4.3529 3.4053
800 0.6141 0.6030 1.8458 0.7732 0.7395 4.5571 3.7638
900 0.5505 0.5400 1.9421 0.5730 0.5477 4.6193 4.0049
1000 0.4980 0.4884 1.9529 0.4385 0.4192 4.6040 4.1731

Table B.2: Utilization and mean queue length with nc = 3

Utilization operator Mean queue length Mean Tote Storage
µ Exact Analysis Simulation ∆(%) Exact Analysis Simulation ∆(%) Exact Analysis

100 0.9996 0.9994 0.0180 4.7551 4.7447 0.2196 0.8303
200 0.8312 0.8156 1.9030 2.1964 2.0770 5.7477 7.4681
300 0.5667 0.5546 2.1750 0.6682 0.6350 5.2205 9.7614
400 0.4252 0.4160 2.2277 0.3049 0.2908 4.8349 10.1291
430 0.3956 0.3870 2.2178 0.2529 0.2416 4.6854 10.1856
470 0.3619 0.3541 2.2103 0.2020 0.1934 4.4467 10.2286
500 0.3402 0.3330 2.1644 0.1733 0.1661 4.3046 10.2517
530 0.3209 0.3141 2.1919 0.1502 0.1441 4.2540 10.2693
570 0.2984 0.2918 2.2772 0.1260 0.1207 4.4242 10.2870
600 0.2835 0.2773 2.2395 0.1115 0.1069 4.3405 10.2970
700 0.2430 0.2378 2.2073 0.0778 0.0746 4.2090 10.3183
800 0.2126 0.2080 2.2126 0.0573 0.0552 3.9085 10.3292
900 0.1890 0.1849 2.2334 0.0440 0.0423 4.0354 10.3351
1000 0.1701 0.1664 2.2056 0.0348 0.0335 3.8827 10.3383

Table B.3: Utilization and mean queue length with nc = 1
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APPENDIX C

Pre-directing totes Algorithm

In this appendix the algorithm is described for the Pre-directing totes, which turned out not to converge for
all values of the input parameters. Again in this algorithm we use the arrival theorem, i.e. an arriving tote
at a station in a closed queueing network sees the system in equilibrium, only with one tote less in the total
system.

Algorithm C.1 Blocking probability for Pre-directing totes by calculating fraction of time buffer full

1. Initialization step:

(a) i = 0

(b) p0 = 0

2. Set i = i+ 1 and calculate the new ‘blocking probability’:

pi = f(pi−1) =
C−1∑

n3=N+1

C−1−n3∑
n1=0

P (n1, C − 1− n1 − n3, n3) (C.1)

where P (n1, n2, n3) is given by (2.17) with p = pi−1

3. Repeat step 2 until |pi − pi−1| < ε

Algorithm C.1 has been implemented in Matlab. To see whether there is a unique pi that satisfies pi =
f(pi−1) a plot can be drawn of the function f(pi−1), defined as in equation (2.18). In Figure C.1 four plots
have been drawn.
In Figures C.1(a) and C.1(b) we see that both the equation f(p) = p and the equation f(f(p)) = p have one
solution in the interval (0,1). Algorithm C.1 converges to this solution in these cases.
In Figures C.1(c) and C.1(d) we see that equation f(p) = p has one solution and equation f(f(p)) = p has
multiple solutions in the interval (0,1). Because the slope of f(p) is larger than 1 for some p in the interval
(0,1), Algorithm C.1 will alternate between the two solutions both not equal to the solution of equation
f(p) = p (except when the start value equals the solution of f(p) = p.
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(c) nc=10, µ=200, N=5
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(d) nc=1, µ=100, N = 5

Figure C.1: Function f(p) and f(f(p)) for certain values of the parameters
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APPENDIX D

Different Systems and Explanation Variables

In this appendix the models for the single operator and the multiple operators are mapped on the different
systems within Vanderlande Industries. Because the model for the single operator also can include an input
station instead of a storage station, both models are discussed separately.
First it is stated for the single operator case which systems can be modeled with the queueing models,
second for systems with multiple operators. Recall the assumption that operators do not receive both new
arriving entities (directly from the input) and entities from the storage to serve. The systems mentioned in
this appendix are briefly described in Sections 1.2 and 1.3. The other assumptions are stated in Section 1.6.

D.1 Single Operator

The model is described in Section 2.1. The first station in the network can be modeled as an input station or
as a storage station. The model is shown in Figure D.1:

Storage/Input Sorter Operator

recirculation

λ γ µN

Figure D.1: Closed queueing network for one operator
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APPENDIX D. DIFFERENT SYSTEMS AND EXPLANATION VARIABLES

D.1.1 Input

When using an input station instead of the storage the parameters have the following interpretation/value:

• The input is modeled as a single server. The service rate of this server, λ, equals the arrival rate of new
entities to the system. In the Matlab-script the number of servers here should equal 1.

• The sorter is modeled as an infinite server. The service rate of a server at the sorter is denoted by
γ. Therefore 1

γ equals the mean travel time from the input to the operator. This mean travel time
includes, depending on the system, special activities like identification, merging, quality check, . . . ,
which every entity has to undertake from the input to the operator.

• The operator is modeled as a single server. The service rate of this server is denoted by µ. The buffer-
size in front of the operator is denoted by N .

• The Target Pipeline Value (TPV) is denoted by C.

Because the input is modeled as a single server, the arrival rate of new entities is independent of the number
of entities present at the input-station. The TPV can be seen as the maximal number of entities that travel
through the system. When there are no entities at the input, no arrivals are allowed because the TPV is then
already achieved in the system.

This model with the exact analysis can be used in the following systems:

• Baggage handling system when no recirculation can occur.
The buffer in front of the operator should be chosen large enough to deal with C bags.
Parameter λ represents the arrival rate of new bags to the system. Parameter 1

γ the mean travel time
for a bag to go from the input to the sorter and µ the service rate of an operator. BuffersizeN should be
chosen larger than C to prevent recirculation. When an operator has served a bag, a new bag should
be present at the input to go into the system. The results obtained in this way are a worst case scenario
solution.

• Zone picking system.
Parameter λ represents the arrival rate of new totes to a zone. Parameter 1

γ the mean travel time for
a tote on the sorter and µ the service rate of an operator. The model only is able to analyze one zone
with one station. In [1] a model is stated which can model multiple zones and multiple operators at
one zone.

• XDOCK.
Parameter λ represents the arrival rate of new totes. Parameter 1

γ the mean travel time for a tote on
the sorter and µ the service rate of an operator.
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D.1. SINGLE OPERATOR

D.1.2 Storage

When using the storage instead of an input station the parameters have the following interpretation/value
(see also Section 2.2):

• The storage is modeled as a multiserver station with nc servers. The service rate of a server is denoted
by λ. This rate includes the delay caused by arriving entities that have to be put away in the racks.

• The sorter is modeled as an infinite server. The service rate of a server at the sorter is denoted by
γ. Therefore 1

γ equals the mean travel time from the storage to the operator. This mean travel time
includes, depending on the system, special activities like unloading, merging, . . . , which every entity
has to undertake from the storage to the operator.

• The operator is modeled as a single server. The service rate of this server is denoted by µ. The buffer-
size in front of the operator is again denoted by N .

• The Target Pipeline Value (TPV) is again denoted by C.

This model can be used in the following systems:

• Baggage handling system.
Parameter λ represents the service rate of a single crane/lane and nc the number of cranes/lanes in
the storage. Parameter 1

γ the mean travel time for a bag to go from the storage to the sorter and µ the
service rate of an operator. When an operator has served a bag, a new bag should be present at the
storage to get into the system.

• Compact picking system.
Parameter λ represents the service rate of a single crane/lane and nc the number of cranes/lanes in
the storage. Parameter 1

γ the mean travel time for a tote to go from the storage to the sorter and µ the
service rate of an operator. When an operator has served a tote, a new tote should be present at the
storage to go into the system.

• Order distribution system.
Parameter λ represents the service rate of a single crane/lane and nc the number of cranes/lanes in
the storage. Parameter 1

γ the mean travel time for a tote to go from the storage to the sorter and µ the
service rate of an operator. When an operator has served a tote, a new tote should be present at the
storage to go into the system.
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APPENDIX D. DIFFERENT SYSTEMS AND EXPLANATION VARIABLES

D.2 Multiple Operators

The model for multiple operators is described in Chapter 3. Because of the large state space and therefore
the large number of balance equations obtained by analyzing the model exactly, an approximation of the
model has been developed. The approximation of the model uses a mixed queueing network, which is
shown in Figure D.2:

Storage

SorterOperator

open open

λ

µ γN

Figure D.2: Mixed queueing model

The parameters have the following interpretation/value:

• The storage is modeled as a multiserver station with nc servers. The service rate of a server is denoted
by λ. This rate includes the delay caused by arriving entities that have to be put away in the racks.

• The sorter is modeled as an infinite server. The service rate of a server at the sorter is denoted by
γ. Therefore 1

γ equals the mean travel time from the storage to the operator. This mean travel time
includes, depending on the system, special activities like unloading, merging, . . . , which every entity
has to undertake from the storage to the operator.

• The operator is modeled as a single server. The service rate of this server is denoted by µ. The buffer-
size in front of the operator is again denoted by N .

• The Target Pipeline Value (TPV) for a single operator is again denoted by C.

• The number of operators is denoted by X .

This model can be used in the following systems:

• Baggage handling system.
Parameter λ represents the service rate of a single crane/lane and nc the number of cranes/lanes in
the storage. Parameter 1

γ the mean travel time for a bag to go from the storage to the sorter and µ the
service rate of an operator. When an operator has served a bag, a new bag should be present at the
storage to go into the system. The number of operators is denoted by X .

• Compact picking system.
Parameter λ represents the service rate of a single crane/lane and nc the number of cranes/lanes in
the storage. Parameter 1

γ the mean travel time for a tote to go from the storage to the sorter and µ the
service rate of an operator. When an has operator served a tote, a new tote should be present at the
storage to go into the system. The number of operators is denoted by X .

• Order distribution system.
Parameter λ represents the service rate of a single crane/lane and nc the number of cranes/lanes in
the storage. Parameter 1

γ the mean travel time for a tote to go from the storage to the sorter and µ the
service rate of an operator. When an has operator served a tote, a new tote should be present at the
storage to go into the system. The number of operators is denoted by X .
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