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Abstract

The transfusion of blood constitutes a process that has saved thousands of people all over
the world. Examination of the blood is absolutely necessary for safe transfusion. In medicine,
there are mainly two examination methods, the ELISA and the PCR method. Applying the
first method, the blood laboratories are able to test a lot of blood samples simultaneously
and this is beneficial because the duration of the shelf life of the blood is limited. The second
method is an individual testing procedure but it provides more accurate results than the
first one. Most of the blood banks globally follow a combination of these methods, namely
the samples are first tested in groups according to the ELISA method and after that, they
are retested for more exact results with the PCR process. The choice of the group size is
supremely important since it essentially determines the safety and the required time for the
testing procedure. The optimal choice of the group size with respect to time, profit and the
safe transfusion of the blood, subject to the restrictions of this procedure, is the topic of the
thesis. The first chapter establishes a general setting for the process and motivates the use of
a queueing model in studying blood test procedures. In Chapter 2, we develop a simplified
model of the procedure that we can use in order to tackle the problem and determine the
proper group size. In Chapter 3, a more refined model is introduced which takes into account
additional restrictions and features of the testing process. We again focus on the proper value
of the group size. Finally, the last chapter contains conclusions we derive from this work.
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1 Preliminaries and first results

1.1 Introduction

Consider a Central Blood Services laboratory in which donors arrive for blood donation and test-
ing. Each blood donation goes through multiple tests in order to determine the blood type and the
possibility of various infections and pathogens which are able to cause Transfusion-Transmitted
Diseases. The blood transfusion can be viewed as an issue of life and death. Therefore, it is abso-
lutely necessary to keep the shelf of blood samples clean from diseases which could be transmitted
through blood.

Each blood sample is tested for several bacteria and viruses such as hepatitis B (HBV), hepatitis
C (HCV), syphilis and human immunodeficiency (HIV). The blood laboratories have developed
two different test procedures. The older one is called ELISA (Enzyme Linked Immuno-Sorbent
Assay). This procedure detects virus-specific antibodies in the blood. The benefit of this procedure
is that it has high sensitivity and specificity, so the blood sample could be screened properly. There
is one disadvantage though. There are viruses such as HIV, for which the immune system requires
a lot of time to develop a high concentration of antibodies. As a result, the ELISA test can not
detect the virus during the first days (or weeks) after infection. Thus, the ELISA procedure has a
lower analytic detection limit. Actually the period elapsing from the time a person is infected by
some virus until antibodies can be detected, is called window period. Examples of average window
periods for some viruses are: 22 days for HIV, 60 days for HBV and 70 days for HCV. During
the window period, the ELISA method might provide wrong information about the blood sample.
This problem was the motivation for the development of a new test procedure which is called PCR
(Polymerase Chain Reaction). This test detects viral genetic material in the blood which is a
distinct advantage because in this way the test has much higher sensitivity and specificity. The
PCR method can also be used during the window period. However, PCR is very expensive relative
to ELISA.

The main policy that the blood banks use in the USA and some countries in Europe is the
following: All blood samples are tested in the ELISA station in batches (due to the lower cost).
The batches found clean from this test are re-tested individually in the PCR station. If a blood
sample is found clean from both of the stations, then it is stored and ready to be used.

Every clean sample is separated into three components, the red blood cells, the platelets and
the plasma. Each of the components may be used for different purposes and it has different shelf
life. The red blood cells have 35 to 42 days shelf life. The plasma has 12 to 15 months shelf life.
The last component, namely the platelets have lower shelf life, 4-6 days, which means that they
must be used within 4 to 6 days.

It is understandable, that the test procedures must be completed as fast as possible due to the
limited life time of the components of the blood. This creates a problem which will be discussed
through the chapters. Also, the fact that we may use two test procedures with different cost and
accuracy requires attention.

1.2 Description of the model

Initially, we focus on the test procedure. This process is separated in two tests. The first one
(ELISA) aims to test the donated blood into groups and the second one (PCR) scans every sample
individually. The blood samples are collected and organized in groups of size m,m ∈ N. Every
group of size m will be tested apart from the others in the ELISA station. The purpose of the
test is to classify every group to be either contaminated or clean. If one group is clean then it
may be given to the second test (PCR) for individual screening. But if a group is contaminated
then it is retested by dividing it in subgroups of size m1,m1 ∈ N. The number of subgroups is
k1 = m

m1
. All these k1 subgroups are resent to the first (ELISA) test for rescreening. This defines

the first recycle. Those subgroups found clean are sent to the second test (PCR). The contaminated
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ones are similarly separated in k2 subgroups of size m2 = m1

k2
and resent to the ELISA station.

This completes the second recycle. The process continues in the same way until each subgroup
is classified or a maximum number of recycles is reached. We denote the maximum number of
recycles by r, r ∈ N. Also, the initial group of size m is denoted by m0 = m. Furthermore, we
define as q ∈ (0, 1) the probability that a unit in the population is clean. It must be mentioned
that the value of this probability is well known by biostatisticians. Obviously, the bigger groups
have greater probability to be contaminated. Considering all things mentioned above, we may
define all the necessary notation along with some random variables for the complete description of
the model.

•Definition 1.2.1: The initial group has size m = m0 ∈ N. The probability that a unit in the
population is clean is denoted by q ∈ (0, 1). The maximum number of recycles is r ∈ N. We define
for i = 1, 2, . . . , r,
mi = The size of the subgroup in recycle i,
ki = mi−1

mi
= The number of subgroups in recycle i.

•Definition 1.2.2: We define for i = 0, 1, . . . , r,
Ti = The processing time of recycle i,
Ni = The number of contaminated subgroups in recycle i.
For convenience, N−1 = 0.

The following diagram shows the test process for the case r = 2.
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The distributions of the random variables Ni, i = 0, 1, . . . , r from the above model description
are known:

P (N0 = n0) =

{
1− qm, n0 = 1,
qm, n0 = 0,

P (N1 = n1|N0 = 1) =

(
k1
n1

)
(1− qm1)n1(qm1)k1−n1

1− qm
, n1 = 1, 2, . . . , k1,

P (N1 = 0|N0 = 0) = 1,

and for i = 2, 3, . . . , r,

P (Ni = ni|N0 = 1) =

( m
mi
ni

)
(1− qmi)niqm−mini

1− qm
, ni = 1, 2, . . . ,

m

mi
,

P (Ni = 0|N0 = 0) = 1,

see Barlev and Boxma [1].
The condition that N0 = 1 is inserted due to the fact that if N0 = 0 then there are no contaminated
groups and the procedure immediately stops. But if N0 = 1 then there will be at least one
contaminated subgroup in every recycle and the variables Ni will be positive for all i = 1, 2, . . . , r.
A brief comment about these distributions is the following:

Provided that N0 = 1, the variables Ni have binomial behavior. For instance, on the first
recycle, the probability that the number of contaminated subgroups is n1 equals P (N1 = n1|N0 =

1) =
(k1n1

)(1−qm1 )n1 (qm1 )k1−n1

1−qm because there are
(
k1
n1

)
different ways to choose n1 subgroups out of

k1 and the probability that n1 particular ones are contaminated is (1− qm1)n1(qm1)k1−n1 .

There is one relation between the variables mentioned above, given that there is a contaminated
item in the initial group:

Ti = ai + biNi−1, i = 0, 1, . . . , r,

where ai, bi are positive constants.

The rationale behind this assumption is that part of the processing time (ai) is fixed, only
dependent on the size mi, and that another part is linearly dependent on the number of subgroups
which need to be tested.

•Theorem 1.2.3: The distribution functions of the random variables Ti, i = 0, 1, 2, . . . , r which
represent the testing time of all subgroups in recycle i are the following:

P (T0 = a0) = 1,

P (T1 = t1) =

{
qm, t1 = 0,
1− qm, t1 = a1 + b1.

P (T2 = n1b2 + a2|N0 = 1) =

(
k1
n1

)
(1− qm1)n1(qm1)k1−n1

1− qm
,
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where n1 = 1, 2, . . . , k1.
Similarly, for i = 3, 4, . . . , r,

P (Ti = ni−1bi + ai|N0 = 1) =

( m
mi−1
ni−1

)
(1− qmi−1)ni−1qm−mi−1ni−1

1− qm
,

where ni−1 = 1, 2, . . . , ki−1.
For all i = 2, 3, . . . , r,

P (Ti = 0|N0 = 0) = 1.

Proof. We will initially calculate the distribution of T0. This random variable is constant, namely
T0 = a0 + b0N−1 = a0. Therefore we can trivially write that P (T0 = a0) = 1.

About the distribution of T1 we shall use the fact that the initial group can be either clean
with probability qm or contaminated with probability 1− qm. If it is clean, then the testing time
is T1 = 0, otherwise the testing time is T1 = a1 + b1. Therefore,

P (T1 = t1) =

{
qm, t1 = 0,
1− qm, t1 = a1 + b1.

About the distribution of T2, we must consider the value of N0. It is clear that P (T2 = 0|N0 =
0) = 1 simply because if the initial group is not contaminated then there will not be separation of
the group and test recycles, which means that T2 = 0. The interesting case is N0 = 1 because only
then we can actually execute the test recycles. Considering the distribution of N1, the processing
time T2 takes the value a2 + b2n1 if and only if N1 = n1, n1 = 1, . . . , k1. In other words, the
distribution of T2 is given by

P (T2 = n1b2 + a2|N0 = 1) =

(
k1
n1

)
(1− qm1)n1(qm1)k1−n1

1− qm
,

where n1 = 1, 2, . . . , k1.
We may proceed now to Ti, i = 3, 4, . . . , r, in a similar way. For N0 = 0 we obtain P (Ti = 0|N0 =
0) = 1 under the same rationale as in T2. For N0 = 1 we have,

P (Ti = ai + bini−1|N0 = 1) = P (Ni−1 = ni−1) =

( m
mi−1
ni−1

)
(1− qmi−1)ni−1qm−mi−1ni−1

1− qm
,

where ni−1 = 1, 2, . . . , ki−1.

The above preliminary result may be used in due time to determine service time distributions
and feedback probabilities in a queueing model of the blood testing procedure.

1.3 Organization of the thesis

In the previous section, we have derived the distribution of the processing time of each recycle in
the ELISA station conditioned on the number of contaminated subgroups in each recycle. The
sum of these processing times equals the service time in the ELISA station. But this processing
time is not the only time interval that is included in the process. It is possible that a group is
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prepared for examination while there is another group that has occupied the server in the station.
Therefore, the group must wait until the completion of the examination of the group that is being
tested. In other words, the system essentially is a queueing system since the groups wait for their
examination and then they are served. In addition, if a group is found clean then it is transferred
to the PCR station and this process leads to the development of another queue. Eventually, we
have a system of two consecutive queues. Furthermore, we might have an explicit distribution of
the service time in the ELISA and in the PCR station which could be used in order to obtain
substantial information such as the mean of the waiting time of a blood sample in the station or
the total time of the whole process. For the reasons above, we conclude that the development of a
queuing model is a proper method to tackle the problem of analysing and optimizing blood testing
procedures.

In Chapter 2, we establish a queueing model that describes the examination process under the
hypothesis that if a group is found contaminated in the ELISA station, then it is discarded from
the system instead of being separated. This simplified process is not the complete description of
the model but we can derive some useful conclusions. Following several arguments, we proceed
to the definition of a profit objective function that reflects the earnings of the process after the
examination of the blood samples. We analyse the queueing model and we apply the results for
evaluating and eventually optimizing this profit objective function.

In Chapter 3, we expound a queueing model in which we comprise the possibility that one might
divide a contaminated group in the ELISA station. This procedure is more complex than the one
described in Chapter 2 but it leads to the of large number of non contaminated samples. We again
use the results of the elaboration in order to estimate the profit objective function and plan a policy
that optimizes the objective function. Lastly, in Chapter 4, we summarize the conclusions that
have been obtained from the previous chapters along with some recommendations which might be
helpful for further study.
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2 The first model of the system

In this chapter, we introduce and analyze the first model that describes the blood testing procedure
in the stations. The first section deals with the queueing model MX |M |c queue with constant
batch size because this kind of queue shall be used to describe the process in the PCR station. The
following section is an application of this queueing model to our case along with some numerical
results. We close this chapter by introducing a profit objective function under the hypothesis that
the ELISA station is defined as an M |M |1 queue and the PCR station as an MX |M |c queue with
constant batch size.

2.1 The MX |M |c queue with constant batch size

The test in the PCR station is individual. It has already been mentioned that if the batch of blood
samples is found clean in the ELISA station, it then moves to the PCR station. Naturally, the
number of jobs in PCR is expected to be greater than the number of jobs in the ELISA station.
As a result, it might be beneficial to have more than one server in the PCR station, namely in
the second queue. The present section describes this case. We assume that the second queue is
MX |M |c. Initially, the size of the batch is a random variable X but we focus on the case in which
the size is a constant m. The section ends with an algorithm we can use in order to calculate values
such as the expectation of the waiting time in this queue and some percentiles of the waiting time
given that it is positive.

Consider a queueing system in which customers arrive in batches of size equal to the random
variable X. The distribution of X is P (X = i) = xi ∈ N, i = 1, 2, . . . and it is independent of the
arrival rate. The batch arrivals occur according to a Poisson process with parameter λ > 0. The
service time B of each customer is exponentially distributed with parameter µ > 0. The number
of servers is c ∈ N. Suppose that X = m where m is a constant. The occupation rate is ρ = λm

cµ

and it is assumed to be less than 1. We denote by L(t) and Lq(t) the number of customers in the
system and in the queue respectively, at time t. Letting t tend to infinity, we obtain the number
of customers in the system at an arbitrary time, that is L. We also denote by Lq the number of
customers in the queue at an arbitrary time. In addition, W and S are the waiting time and the
sojourn time respectively of an arbitrary customer. From Little’s Law, see page 26 of Adan and
Resing [6], we obtain that E(Lq) = λmE(W ) and E(L) = λmE(S). The relation between the
sojourn time and the waiting time is E(S) = E(W ) +E(B). Therefore, we may use the following
equations to our calculations:

E(L) = λmE(W ) + cρ,

E(Lq) = λmE(W ).

Finally, we denote by pi the steady-state probability that i customers are present at an arbitrary
time, namely limt→∞(P (L(t) = i)) = P (L = i), i = 0, 1, 2, . . .
We explicitly denote the waiting time of the first customer in a batch by W (1). In the MX |M |c
queue the waiting time distribution can be calculated from the following formulas,

P (W > x) =
1

ρ

∞∑
i=0

e−cµx
(cµx)i

i!

∞∑
j=1

pc+i+j , x ≥ 0, (1)

P (W (1) > x) =

∞∑
i=0

e−cµx
(cµx)i

i!

∞∑
j=0

pc+i+j , x ≥ 0; (2)
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see page 79 of Eikeboom and Tijms, [2].
Let us briefly describe the derivation of Formula (1). We denote by zj the probability that an
arbitrary customer has j, j ∈ N other customers in front of him just after arrival. Using the
PASTA property, see page 27 of Adan and Resing, [6], we obtain that

P (W > x) =

∞∑
j=c

P (W > x| the customer has j other customers in front of him)zj

=

∞∑
i=0

P (W > x| the customer has j=c+i other customers in front of him)zc+i, x ≥ 0.

Furthermore,

P (W > x| the customer has j=c+i other customers in front of him) = P (

i∑
k=1

Mk > x),

where Mk = min{E1, . . . , Ec}, k = 1, 2, . . . , i and Ek, k = 1, 2 . . . , c are independent exponential
random variables with parameter µ. Therefore, the variables Mk, k = 1, 2, . . . , i are independent
exponential random variables with parameter cµ. Consequently, the sum

∑i
k=1Mk follows an

Erlang distribution Er(i, cµ). Therefore,

P (

i∑
k=1

Mk > x) =

i−1∑
k=0

e−cµx
(cµx)k

k!
, x ≥ 0,

and

P (W > x) =

∞∑
j=c

i−1∑
k=0

e−cµx
(cµx)k

k!
zj , x ≥ 0,

For j ≥ c, we have that zj =
pj+1

ρ , see page 305 of Cromie et al. [3]. Finally, swapping the order
of summation, we obtain that

P (W > x) =

∞∑
i=0

∞∑
j=i+c

e−cµx
(cµx)i

i!

pj+1

ρ

=
1

ρ

∞∑
i=0

e−cµx
(cµx)i

i!

∞∑
j=1

pc+i+j , x ≥ 0.

The steady-state probabilities pj , j = 0, 1, . . . can be calculated by solving the balance equations,
namely:

jµpj = λ

j−1∑
i=0

pi

∞∑
n=j−i

xn, 1 ≤ j ≤ c− 1, (3)

cµpj = λ

j−1∑
i=0

pi

∞∑
n=j−i

xn, j ≥ c, (4)

and of course the normalization equation,

∞∑
i=0

pi = 1;

see page 79 of Eikeboom and Tijms [2].
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•Proposition 2.1.1 : Suppose that the size of a batch is a constant m ∈ N, i.e. X = m. Then
the balance equations can be written as

jµpj = λ

j−1∑
i=0

pi, 1 ≤ j ≤ c− 1 and m ≥ j,

jµpj = λ

j−1∑
i=j−m

pi, 1 ≤ j ≤ c− 1 and m < j,

(A)

cµpj = λ

j−1∑
i=0

pi, j ≥ c and m ≥ j,

cµpj = λ

j−1∑
i=j−m

pi, j ≥ c and m < j.

Proof. The size of the batch is constant. Then, the distribution of X is reduced to

xn = P (X = n) =

{
1, n = m,
0, otherwise.

It is obvious that
∑∞
n=k xn =

{
0, m < k,
1, m ≥ k.

Now, we fix j, where j = 1, 2, . . . There are two possibilities:
• If 1 ≤ j ≤ c − 1 then the corresponding recursive formula is jµpj = λ

∑j−1
i=0 pi

∑∞
n=j−i xn. If

m ≥ j then obviously m ≥ j − i, which means that
∑∞
n=j−i xn = 1 and the formula becomes

jµpj = λ

j−1∑
i=0

pi, 1 ≤ j ≤ c− 1 and m ≥ j.

On the other hand, if m < j we can rewrite the formula as follows:

∞∑
n=j−i

xn =

{
0, m < j − i i.e., i < j −m,
1, m ≥ j − i i.e., i ≥ j −m.

Therefore,

jµpj = λ

j−1∑
i=0

pi

∞∑
n=j−i

xn = λ

j−1∑
i=j−m

pi.

Thus, we derive the second formula,

jµpj = λ

j−1∑
i=j−m

pi, 1 ≤ j ≤ c− 1 and m < j.

• If j ≥ c then the corresponding recursive formula is cµpj = λ
∑j−1
i=0 pi

∑∞
n=j−i xn. If m ≥ j then

obviously m ≥ j − i, which means that
∑∞
n=j−i xn = 1 and we obtain the third formula of the

proposition:

cµpj = λ

j−1∑
i=0

pi, j ≥ c and m ≥ j.
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On the other hand if m < j then we can work as we have done in the first case and the result is

cµpj = λ

j−1∑
i=j−m

pi, j ≥ c and m < j.

We will try to compute the distribution function of the waiting time given that it is positive,
namely W |W > 0. It is very important for us due to the fact that we can use this distribution to
calculate some percentiles and acquire a better insight into the behavior of the waiting time of the
blood samples at the PCR testing station.

• Proposition 2.1.2: In our setting, namely the MX |M |c queue with constant batch
size m, the distribution function of the variable W provided that W > 0 is

P (W ≤ x|W > 0) = 1− ρP (W > x)∑∞
j=1 pc+j

, (5)

and the distribution function of the variable W (1) provided that W (1) > 0 is

P (W (1) ≤ x|W (1) > 0) = 1− P (W (1) > x)∑∞
j=0 pc+j

. (6)

Proof. We will first calculate the probability P (W > 0) from (1).

P (W > 0) =
1

ρ

∞∑
i=0

e−cµ0 (cµ0)i

i!

∞∑
j=1

pc+i+j =
1

ρ

∞∑
j=1

pc+j ,

under the convention that 00 = 1. Then, for x ≥ 0 we have

P (W > x|W > 0) =
P (W > x,W > 0)

P (W > 0)
=
P (W > x)

P (W > 0)
.

In other words,

P (W ≤ x|W > 0) = 1− P (W > x)

P (W > 0)
= 1− ρP (W > x)∑∞

j=1 pc+j
.

Using the same method, we find the conditional distribution (6) of the variable W (1).

One other way to prove equation (6) is to use the PASTA property, see page 27 of Adan and
Resing [6]. Applying the PASTA property we obtain that P (W (1) > 0) =

∑∞
j=0 pc+j and then

P (W (1) > x|W (1) > 0) =
P (W (1) > x)

P (W (1) > 0)
=
P (W (1) > x)∑∞

j=0 pc+j
.

An approximation for the distribution function of the waiting time

We introduce a set of parameters which will be used for defining an approximation for the distri-
bution function of the waiting time.
The probability generating function of X is χ(z) =

∑∞
j=1 xjz

j , where |z| < R, R > 0. The con-
vergence radius is assumed to be R > 1.
Furthermore, τ is the unique solution of the equation

λτ [1− χ(τ)] = cµ(1− τ),
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on the interval (1, R), see page 304 of Tijms [4]. Finally, σ is a constant number given by

σ = −
(τ − 1)

∑c−1
i=0 (c− i)piτ i/c

1− λτ2χ′(τ)/(cµ)
.

Computing the values of τ, σ, we may use an asymptotic expansion for the steady-state probabilities
pj . To be more specific,

pj ≈ στ−j for j large enough,

see page 304 of Tijms [4]. This relation reduces the computational effort because for j large enough,
we can actually use this formula instead of the exact solution of the balance equations (3), (4).
Once we have calculated the parameters τ, σ we may use the following formula which is an approx-
imation of the waiting time distribution.

P (W > x) ≈ στ−c

τ − 1
e−cµ(1− 1

τ )x , x ≥ 0; (7)

see page 305 of Tijms [4].

Under this formula, we may approximate the cumulative distribution function of the waiting time
given that it is positive.

• Proposition 2.1.3: An approximation for the distribution function of the waiting
time W provided that W > 0 is

P (W ≤ x|W > 0) ≈ 1− e−cµ(1− 1
τ )x , x ≥ 0.

Proof. We will first calculate the probability P (W > 0).

P (W > 0) ≈ στ−c

τ − 1
.

Then, for x ≥ 0 we have

P (W > x|W > 0) =
P (W > x)

P (W > 0)
≈ P (W > x)

(
στ−c

τ − 1

)−1

.

Therefore,

P (W ≤ x|W > 0) = 1− P (W > x)

P (W > 0)

≈ 1−
στ−ce−cµ(1−

1
τ

)x

τ−1

στ−c

τ−1

≈ 1− e−cµ(1− 1
τ )x.

13



2.2 Algorithms for numerical results

First algorithm for numerical results
We use the propositions of the previous section in order to calculate some important quantities of
the MX |M |c queue with constant batch size. The method for the computations is summarized in
the following algorithm:

1. Insert m,λ, µ, c,K. K represents the number of steady-state probabilities we will calculate
from the system (A).

2. Calculate pi, i = 0, 1, . . . ,K from the linear system:

jµpj = λ

j−1∑
i=0

pi, 1 ≤ j ≤ c− 1 and m ≥ j,

jµpj = λ

j−1∑
i=j−m

pi, 1 ≤ j ≤ c− 1 and m < j ≤ K,

cµpj = λ

j−1∑
i=0

pi, j ≥ c and m ≥ j,

cµpj = λ

j−1∑
i=j−m

pi, j ≥ c and m < j ≤ K,

K∑
j=0

pj = 1.

3. Put

P (W > x) =
1

ρ

K−1−c∑
i=0

e−cµx
(cµx)i

i!

K−c−i∑
j=1

pc+i+j , x ≥ 0.

4. Calculate E(W ), E(L), E(Lq) by using the formulas

E(W ) =

∫ ∞
0

P (W > x)dx,

E(L) = λmE(W ) + cρ,

E(Lq) = λmE(W ).

5. Calculate the percentiles χ20, χ50, χ90, χ95, χ99 from the equations

P (W ≤ χk|W > 0) = 1− ρP (W > χk)∑K−c
j=1 pc+j

=
k

100

where k = 20, 50, 90, 95, 99.
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In the first step we introduce a constantK which defines the number of steady state probabilities
we will calculate from the system. For the numerical computation of the steady state probabilities,
we truncate this infinite system by computing all pj , j = 0, 1, . . . ,K. The rest of pj , namely
pK+1, pK+2, . . . are considered to be 0. We choose K to be the smallest integer j such that
pj < 10−8. After some numerical experiments, it is clear that for small batch sizes (m = 1, 2, 3)
and small number of servers (c = 1, 2 . . . , 10), an appropriate choice of K could be around 100.
But generally speaking, the results of this algorithm approximate very well the analytical results
for K < a102 where a ∈ N.

On the third step, the formula of P (W > t) has been adjusted to the condition that we have
calculated the steady state probabilities from p0 up to pK . In other words, in the first sum the
index i ≤ K − 1 − c and in the second sum the index j ≤ K − c − i. Therefore the probability
pc+i+j is not considered beyond pK .

Second algorithm, based on the approximation (7)

We develop a second algorithm, which aims at the calculation of the percentiles of the waiting
time based on the approximation (7).

1. Insert m,λ, µ, c,M. M represents the number of steady-state probabilities we will calculate
from the linear system (A).

2. Calculate τ which is the unique solution of the equation

λτ [1− χ(τ)] = cµ(1− τ),

in (1,∞).

3. Set p̃0 = 1 and calculate p̃i, i = 1, 2, . . . ,M from the linear system

jµp̃j = λ

j−1∑
i=0

p̃i, 1 ≤ j ≤ c− 1 and m ≥ j,

jµp̃j = λ

j−1∑
i=j−m

p̃i, 1 ≤ j ≤ c− 1 and m < j ≤M,

cµp̃j = λ

j−1∑
i=0

p̃i, j ≥ c and m ≥ j,

cµp̃j = λ

j−1∑
i=j−m

p̃i, j ≥ c and m < j ≤M.

4. Find

σ̃ = −
(τ − 1)

∑c−1
i=0 (c− i)p̃iτ i/c

1− λτ2χ′(τ)/(cµ)
,

and
∞∑
i=0

p̃i =

M∑
i=0

p̃i +
σ̃τ−M

τ − 1
.

5. Compute σ from the equation

σ =
σ̃∑∞
i=0 p̃i

.
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6. Calculate the percentiles χ20, χ50, χ90, χ95, χ99 from the equations

P (W ≤ χk|W > 0) = 1− e−cµ(1− 1
τ )χk =

k

100
,

where k = 20, 50, 90, 95, 99.

In the first step, we introduce a variable M . The reason is that we set p̃0 = 1 and we compute
p̃1, . . . , p̃M . We assume that the rest of p̃j can be obtained by using the asymptotic expansion
p̃j = σ̃τ−j .
In the second step, we calculate τ as the unique solution of the equation λτ [1− x(τ)] = cµ(1− τ)
in (1,∞). It must be mentioned that normally, τ ∈ (1, R) where R is the convergence radius of
the series x(z) =

∑∞
i=1 xiz

i. But in the special case X = m, this series reduces to x(z) = zm and
thus R =∞.
In the fourth and fifth step, we calculate the value σ by normalization. The sum

∑∞
i=0 p̃i has been

computed by using the asymptotic expansion, namely,

∞∑
i=0

p̃i =

M∑
i=0

p̃i + σ̃

∞∑
i=1

τ−M−i =

M∑
i=0

p̃i +
σ̃τ−M

τ − 1
.

2.3 Numerical results

The PCR station has been described as a queue at which customers arrive in groups. The size of
the group may differ due to the division which happens in the first queue, in the ELISA station.
We remind the reader that a group will be divided in subgroups in the ELISA station if it is found
contaminated. The subgroups found clean will be transferred at the PCR station. The process
shows that the groups arriving at the PCR station might have size m = m0 or m = m1 etc. For
the sake of simplicity we assume that the groups will always have size m, namely we consider the
PCR station to be an MX |M |c queue with constant batch size. In Chapter 3, we also consider
the case in which X is a random variable. Under this assumption we can apply the results from
the previous section. We use the same notation as before. The arrival process is Poisson with
parameter λp(m) where p(m) is the probability that a batch of size m is found clean in the ELISA
station. The following table shows the numerical results for some given values. We denote as χk
the percentile P (W < χk|W > 0) = k%.We assume that the exponential service time in the station
has parameter µ = 1 for all the instances. We have used the second algorithm for the derivation
of these results.
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Table 1: Results for the MX |M |c queue with constant batch size.

Data ρ E(W ) E(L) E(Lq) χ20 χ50 χ90 χ95 χ99 limn→∞
pn+1
pn

c = 1
m = 2

λp(m) = 0.1 0.2 0.875 0.375 0.175 0.308 0.976 3.410 4.494 7.035 0.370
c = 1
m = 2

λp(m) = 0.25 0.5 2 1.5 1 0.553 1.795 6.245 8.172 12.648 0.640
c = 5
m = 2

λp(m) = 0.5 0.2 0.010 1.010 0.010 0.696 0.217 0.725 0.945 1.456 0.370
c = 5
m = 2

λp(m) = 1.25 0.5 0.139 2.849 0.349 0.123 0.384 1.280 1.664 2.560 0.640
c = 5
m = 10

λp(m) = 0.1 0.2 0.565 1.565 0.565 0.270 0.699 2.061 2.709 4.171 0.780
c = 5
m = 10

λp(m) = 0.25 0.5 1.378 5.944 3.444 0.458 1.260 4.120 5.464 8.340 0.890
c = 10
m = 2

λp(m) = 2.5 0.5 0.028 5.138 0.138 0.062 0.192 0.640 0.833 1.280 0.640
c = 10
m = 2

λp(m) = 3.5 0.7 0.161 8.130 1.129 0.107 0.333 1.110 1.440 2.213 0.780

The last column shows the limit of the fraction of the consecutive steady state probabilities.
The sequence {pn}∞n=0 is approximately geometric and the ratio remains constant and equal to the
number which is written in the table.

2.4 A profit objective function

In this section, we will implement a profit objective function of the blood testing procedure in both
of the stations. The rationale behind this setting has been described by [5]. The setting is again
the same as in the previous section. To be more specific there are two queues (the ELISA station
and the PCR station) in series. The purpose of these queues-stations is to classify every item as
clean or contaminated. The clean ones will be stored in the blood bank and the contaminated ones
will be scrapped.

We assume that the first queue is Q1: M |M |1. The arrival rate is λ/m where λ > 0 and
m represents the size of the batch we have defined for the ELISA station. The service time is
exponential with parameter µm > 0. Apparently, the mean service time is proportional to m
due to the fact that the bigger groups require longer service time. Therefore, we assume that
µm = 1

xm+y , x, y > 0, which means that the mean service time equals xm + y. The occupation

rate is ρ1 = λ/m
µm

and it is assumed to be less than 1. The sojourn time of an item (group of samples)
is denoted by S1. The probability that a unit is contaminated is ε. Therefore, the probability that
a group of size m is clean equals p(m) = (1 − ε)m. At this point, we simplify the model. After
the completion of service in Q1, a group is either discarded or moves to the second station PCR.
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In other words, we shall not execute recycles in the ELISA station in order to keep the size of the
group arriving at the PCR station constant. In Chapter 3, a queueing model is established that
comprises the case of separation and further testing in the ELISA station. The diagram below
describes this simplified form of the problem.

The second queue is Q2 : Mm|M |1 and represents the PCR station. Initially, we assume that
in the PCR station there is only one server for the blood testing, namely c = 1. The arrival
rate is λp(m) (now, the samples are tested individually) and the service time is exponential with

parameter ν. The occupation rate is ρ2 = λp(m)
ν and it is assumed to be less than 1. The sojourn

time is denoted by S2.
The expectation of the sojourn times is known by [5] and they are given by

E(S1) =
1

µm − λ
m

,

E(S2) =
m+ 1

2(ν − λp(m))
.

The first expectation is simply derived by using the M |M |1 theory. The interesting part is the
second expectation E(S2). Consider an arbitrary group of blood samples in Q2. This group waits
for its service until the first of its m individual jobs is being taken into service as if it were an
M |Em|1 queue with Erlang-m service times. Now, a blood sample is with probability i

m the i-th
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one of the group to be served in the queue. These observations imply that:

E(S2) =
λ
mν p(m)(m+ 1)m

2(1− λ
mν p(m)m)ν

+

m∑
i=1

i

m

1

ν

=
λp(m)(m+ 1)

2ν(ν − λp(m))
+
m+ 1

2ν

=
m+ 1

2(ν − λp(m))
.

Substituting µm = 1
xm+y and p(m) = (1− ε)m, the expectations above can be rewritten as

E(S1) =
m(xm+ y)

m− λ(xm+ y)
,

E(S2) =
m+ 1

2(ν − λ(1− ε)m)
.

In order to define the objective function, we introduce a set of notations:

1. It is possible that a unit found clean in the ELISA station, would be declared as contaminated
in the PCR station. This conditional probability is denoted by γ ∈ (0, 1).

2. ke(m) > 0 represents the cost for screening a group of size m at the ELISA station. This cost
is an increasing function of m. We assume that ke(m) = 1 + m−1

16 . The measurements, which
have already been made, tend to give this relation between the cost in the ELISA station
and the size of the group. The size of the batch has an upper bound m0 due to the limited
equipment of the station. A realistic value of m0 is 48.

3. kpcr > 0 is the cost for screening a single item at the PCR station. The screening cost at the
PCR station is much higher than the one at the ELISA station. Therefore, kpcr satisfies the
relation kpcr > ke(m0).

4. l > 0 represents an upper bound of the residual shelf life. The shelf life of the blood units
is quite limited (the components of the blood, such as platelets, can not endure for a long
time). l can also be considered a decision parameter provided with an upper bound, say l0=4
days.

5. r > 0 is a reward for each time unit of residual shelf life of a single item.

6. r1 > 0 is a reward for each item found clean in both of the stations, provided its residual
shelf life is smaller than l.

7. d > 0 represents the acquisition cost per item.

8. R(m) ∈ R is the profit objective function with respect to m.

The profit objective function suggested by [5] is maximizing the expected profit, namely

R(m) = rλp(m)(1− γ)E[(l − S1 − S2)I(l − S1 − S2 > 0)]

+r1λp(m)(1− γ)P (l − S1 − S2 > 0)− kpcrλp(m)− ke(m)λ/m− dλ

under the assumptions: 
m ≤ m0,
l ≤ l0,
γ << ε,
kpcr > ke(m0).
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Above I denotes an indicator function. We briefly explain the rationale behind this formula. The
first term represents the expected reward for each time unit of residual shelf life of an item provided
the unit is found clean in both stations. The second term represents the expected reward for each
clean item provided its residual shelf life is less than l. The third term represents the cost for the
PCR test. The fourth term represents the cost for the ELISA test and finally the fifth term is the
acquisition cost of an item.
As we can see, the profit objective function contains the probability P (l− S1 − S2 > 0) = P (S1 +
S2 < l). We will try to find an analytical form of this probability.
P (S1 + S2 < l) = P (S1 + B2 + W2 < l) = 1 − P (S1 + B2 + W2 > l) where W2, B2 are the
waiting time and the service time respectively, in the second queue. From queueing theory, we
know that the variable S1 is exponentially distributed with parameter λ1 = µm− λ

m . The variable
B2 is also exponential, with parameter λ2 = ν. The last variable W2 can be approximated from

the formula (7). For simplicity, we write P (W2 > x) = ζe−δx, x ≥ 0, where ζ = στ−c

τ−1 and

δ = cµ(1− 1
τ ). Actually, for the special case c = 1, that is Mm|M |1 queue, we could even obtain

an exact expression for the Laplace Stieltjes transform of the sojourn time, see Barlev and Boxma
[1]. For x = 0, we have that P (W2 = 0) = 1− ζ and

P (W2 > x|W2 > 0) =
P (W2 > x)

P (W2 > 0)
= e−δx, x ≥ 0,

which means that the variable W2|W2 > 0 is exponential with parameter λ3 = δ.

P (S1 +B2 +W2 > l) = P (W2 = 0)P (S1 +B2 +W2 > l|W2 = 0) + P (W2 > 0)P (S1 +B2 +W2 > l|W2 > 0)

= (1− ζ)P (S1 +B2 > l) + ζP (S1 +B2 +W2 > l|W2 > 0).

Now, all the variables are exponential. Thus, we can calculate the probabilities by using the
following formulas from the appendix A:

P (S1 +B2 > l) =
λ1

λ1 − λ2
e−λ2l +

λ2

λ2 − λ1
e−λ1l,

P (S1 +B2 +W2 > l|W2 > 0) =

3∑
i=1

∏
j 6=i

λj
λj − λi

e−λil.

Therefore,

P (S1 +B2 +W2 > l) = (1− ζ)

(
λ1

λ1 − λ2
e−λ2l +

λ2

λ2 − λ1
e−λ1l

)
+ ζ

3∑
i=1

∏
j 6=i

λj
λj − λi

e−λil,

and

P (S1 + S2 < l) = 1− (1− ζ)

(
λ1

λ1 − λ2
e−λ2l +

λ2

λ2 − λ1
e−λ1l

)
− ζ

3∑
i=1

∏
j 6=i

λj
λj − λi

e−λil.

Since we have calculated the probability P (S1 + S2 < l), we may proceed to the calculation of
the expectation E[(l−S1−S2)I(l−S1−S2 > 0)] = E[(l−S1−B2−W2)I(l−S1−B2−W2 > 0)].
Let us define g(S1, B2,W2) = (l − S1 −B2 −W2)I(l − S1 −B2 −W2 > 0). So, we are looking for
the E[g(S1, B2,W2)]. Using the tower property, we obtain

E[g(S1, B2,W2)] = E[E[g(S1, B2,W2)|W2]]

= P (W2 = 0)E[g(S1, B2, 0)] + P (W2 > 0)E[g(S1, B2,W2)|W2 > 0].
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In other words,

E[g(S1, B2,W2)] = (1− ζ)E[g(S1, B2, 0)] + ζE[g(S1, B2,W2)|W2 > 0]. (8)

Now, we will calculate the two summands separately.
• First summand: The variables S1 and B2 are exponential with parameters λ1 and λ2 respectively.
Therefore,

E[g(S1, B2, 0)] =

∫ ∞
0

∫ ∞
0

g(x, y, 0)fS1
(x)fB2

(y)dxdy

=

∫ ∞
0

∫ ∞
0

(l − x− y)I(l − x− y > 0)λ1e
−λ1xλ2e

−λ2ydxdy

=

∫ l

0

λ2e
−λ2y

[∫ l−y

0

(l − x− y)λ1e
−λ1xdx

]
dy.

Furthermore,∫ l−y

0

(l − x− y)λ1e
−λ1xdx =

[
−e−λ1x(l − x− y)

]l−y
0
−
∫ l−y

0

e−λ1xdx

= l − y +

[
e−λ1x

λ1

]l−y
0

= l − y − 1

λ1
+
e−λ1(l−y)

λ1
,

and the expectation E[g(S1, B2, 0)] is written as:

E[g(S1, B2, 0)] =

∫ l

0

λ2e
−λ2y

(
l − y − 1

λ1
+
e−λ1(l−y)

λ1

)
dy

=

[
−e−λ2y

(
l − y − 1

λ1
+
e−λ1(l−y)

λ1

)]l
0

+

∫ l

0

e−λ2y(−1 + e−λ1(l−y))dy

= l − 1

λ1
+
e−λ1l

λ1
−
∫ l

0

e−λ2ydy +

∫ l

0

e(λ1−λ2)y−λ1ldy

= l − 1

λ1
+
e−λ1l

λ1
+

[
e−λ2y

λ2

]l
0

+

[
e(λ1−λ2)y−λ1l

λ1 − λ2

]l
0

= l − 1

λ1
+
e−λ1l

λ1
+
e−λ2l

λ2
− 1

λ2
+

e−λ2l

λ1 − λ2
− e−λ1l

λ1 − λ2

=

(
1

λ1
− 1

λ1 − λ2

)
e−λ1l +

(
1

λ2
− 1

λ2 − λ1

)
e−λ2l +

(
l − 1

λ1
− 1

λ2

)
.

• Second summand: Since the condition guarantees that W2 > 0, the variable W2 is exponential
with parameter λ3. Using this fact, we can write the expectation as

E[g(S1, B2,W2)|W2 > 0] =

∫ ∞
0

∫ ∞
0

∫ ∞
0

g(x, y, z)fS1(x)fB2(y)fW2(z)dxdydz

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

(l − x− y − z)I(l − x− y − z)λ1e
−λ1xλ2e

−λ2yλ3e
−λ3zdxdydz

=

∫ l

0

λ3e
−λ3z

∫ l−z

0

λ2e
−λ2y

∫ l−y−z

0

λ1e
−λ1x(l − x− y − z)dxdydz.
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This integral is calculated just like the previous one. The basic steps of the computation and the
final result are written below.∫ l−y−z

0

(l − x− y − z)λ1e
−λ1xdx =

λ1(l − y − z)− 1 + e−(l−y−z)λ1

λ1
,

∫ l−z

0

λ2e
−λ2y

∫ l−y−z

0

(l − x− y − z)λ1e
−λ1xdx

=
1

λ1λ2(λ1 − λ2)

[
λ2

2(1− e−(l−z)λ1)− λ1λ
2
2(l − z) + λ2

1(e−(l−z)λ2 − 1 + lλ2 − zλ2)
]
,

and finally,

E[g(S1, B2,W2)|W2 > 0] =
λ2λ3

λ1(λ1 − λ2)(λ1 − λ3)
e−lλ1+

λ1λ3

λ2(λ2 − λ1)(λ2 − λ3)
e−lλ2+

λ1λ2

λ3(λ3 − λ1)(λ3 − λ2)
e−lλ3

+l − 1

λ1
− 1

λ2
− 1

λ3
.

Since we know both of the summands, we can simply substitute in the equation (8) and derive the
value of the expectation E[g(S1, B2,W2)] = E[(l − S1 − S2)I(l − S1 − S2 > 0)].

Application of the profit objective function

Since we have calculated all the summands of the profit objective function, we can apply it for
some given values. These values are based on information we have received from professor Barlev.
Some of them passed on to him by the director of the Israeli blood bank.
Instance 1:

1. λ,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 1,

7. l = 96 hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 0.2,

11. r = 8,

12. r1 = 0.1.
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We choose three different values for the arrival rate in order to see the behavior of the objective
function. The results are summarized in the tables below. For every instance, there are two tables.
The first one presents the values of the parameters related to the objective function, while the
second table shows the values of the summands of the objective function. The first column shows
the different values of m. We denote by E the expectation E[(l− S1 − S2)I(l− S1 − S2 > 0)] and
by P the probability P (l − S1 − S2 > 0).

Table 2: Parameters of the instance with arrival rate λ = 0.16.

m ρ1 ρ2 τ σ λ1 λ3

2 0.1663 0.9581 1.0289 0.0278 0.4010 0.0047
4 0.0895 0.9562 1.0180 0.0174 0.4070 0.0029
8 0.0511 0.9523 1.0108 0.0105 0.3717 0.0018
16 0.0319 0.9448 1.0067 0.0064 0.3040 0.0011
24 0.0254 0.9372 1.0052 0.0049 0.2553 0.0009
48 0.0190 0.9150 1.0036 0.0034 0.1717 0.0006

Table 3: Results for the profit function with arrival rate λ = 0.16.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
2 20.3821 0.6034 26.0357 0.0096 -0.9154 25.1299
4 14.4550 0.4482 18.4276 0.0071 -0.8763 17.5585
8 10.1935 0.3122 12.9430 0.0050 -0.8544 12.0936
16 7.7852 0.2194 9.8063 0.0035 -0.8387 8.9711
24 7.1265 0.1854 8.9050 0.0029 -0.8293 8.0786
48 7.1244 0.1567 8.6912 0.0024 -0.8076 7.8860

Table 4: Parameters of the instance with arrival rate λ = 0.10.

m ρ1 ρ2 τ σ λ1 λ3

2 0.1040 0.5988 1.3947 0.2535 0.4310 0.0472
4 0.0559 0.5976 1.2170 0.1467 0.4220 0.0297
8 0.0319 0.5952 1.1146 0.0800 0.3792 0.0171
16 0.0199 0.5905 1.0595 0.0422 0.3077 0.0094
24 0.0159 0.5858 1.0406 0.0288 0.2578 0.0065
48 0.0119 0.5719 1.0213 0.0150 0.1730 0.0035
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Table 5: Results for the profit function with arrival rate λ = 0.10.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
2 78.0819 0.9991 62.3375 0.0099 -0.5721 61.7754
4 70.3407 0.9976 56.0450 0.0099 -0.5477 55.5072
8 59.0536 0.9728 46.8639 0.0096 -0.5340 46.3396
16 47.1123 0.8790 37.0894 0.0087 -0.5242 36.5739
24 41.1882 0.7909 32.1671 0.0077 -0.5183 31.6566
48 33.8557 0.6308 25.8133 0.0060 -0.5048 25.3145

Table 6: Parameters of the instance with arrival rate λ = 0.05.

m ρ1 ρ2 τ σ λ1 λ3

2 0.0520 0.2994 2.1325 0.4168 0.4560 0.0885
4 0.0280 0.2988 1.5477 0.2323 0.4345 0.0590
8 0.0160 0.2976 1.2680 0.1237 0.3854 0.0352
16 0.0010 0.2952 1.1328 0.0641 0.3108 0.0195
24 0.0080 0.2929 1.0886 0.0434 0.2599 0.0136
48 0.0060 0.2859 1.0449 0.0221 0.1740 0.0071

Table 7: Results for the profit function with arrival rate λ = 0.05.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
2 85.8580 1 34.2728 0.0050 -0.2861 33.9918
4 83.0801 0.9999 33.0977 0.0050 -0.2738 32.8288
8 77.5554 0.9994 30.7733 0.0050 -0.2670 30.5113
16 69.0065 0.9879 27.1629 0.0049 -0.2621 26.9057
24 63.3596 0.9618 24.7413 0.0047 -0.2591 24.4868
48 54.4819 0.8698 20.7699 0.0041 -0.2524 20.5216

One first comment about the values of λ1 and λ3 is that as m increases, these parameters tend
to 0. The interpretation of this fact is that the sojourn time in the ELISA station and the waiting
time in the PCR station tend to be larger as the size of the groups increases. In every instance, the
profit objective function decreases as the size m increases. The same happens to the expectation
E[(l − S1 − S2)I(l − S1 − S2 > 0)] and to the probability P (l − S1 − S2 > 0). The decreasing
order of the probability is natural since the bigger groups require more time in the PCR station
and therefore the probability that they spend time less than l becomes smaller. For the same
reason the expectation is also decreasing. We observe that as λ becomes smaller, the probability
P (l − S1 − S2 > 0) becomes larger provided we have the same group size. We also observe that
as λ decreases, the values of the profit function change slower. A final observation is that using
these particular values for the parameters of costs and rewards, the profit objective function is
essentially determined by the summand rλp(m)(1− γ)E. However this does not always occur. In
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other instances below, we see that the influences of the summands are of the same order and they
similarly affect the final result, namely the value of R.

The profit objective function has been defined and used under the assumption that the second
queue has only one server. The second queue represents the PCR station but probably this station
has more than one available servers for the examination of the blood. We now turn to the case of
c > 1 servers in the PCR station.

Application of the profit objective function with more than one servers in the PCR
station
In the following instances, the PCR station is equipped with c > 1 servers. We remind the reader
that the profit objective function contains in its formula the waiting time in the PCR station and
we have applied the approximation (7) for evaluating the probability and the expectation that
includes this waiting time.

Instance 2: We consider the case in which the PCR station is equipped with c > 1 servers. We
examine a similar instance as above, namely:

1. λ,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c,
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7. l = 96 hours,

8. ke(m) = 1 + m+1
16 ,

9. kpcr = 5,

10. d = 0.2,

11. r = 8,

12. r1 = 0.1.

We choose some different values for the arrival rate and for the number of servers in order to see
the behavior of the objective function. The results are summarized in the tables below.

Table 8: Parameters of the instance with arrival rate λ = 1 and c = 10.

m ρ1 ρ2 τ σ λ1 λ3

4 0.5593 0.5976 1.2170 0.3181 0.1970 0.2971
8 0.3191 0.5952 1.1146 0.1077 0.2667 0.1713
16 0.1991 0.5905 1.0595 0.0461 0.2515 0.0936
24 0.1590 0.5858 1.0406 0.0300 0.2203 0.0650
48 0.1190 0.5719 1.0213 0.0152 0.1542 0.0348

Table 9: Results for the profit function with arrival rate λ = 1 and c = 10.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
4 84.2319 0.9999 671.131 0.0996 -5.4769 665.753
8 84.3964 1 669.755 0.0992 -5.3398 664.515
16 81.3924 1 640.767 0.0984 -5.2417 635.624
24 77.8462 1 607.963 0.0976 -5.1829 602.878
48 67.8652 0.9998 517.439 0.0952 -5.0476 512.486

Table 10: Parameters of the instance with arrival rate λ = 0.5 and c = 10.

m ρ1 ρ2 τ σ λ1 λ3

4 0.2796 0.2988 1.5477 0.8675 0.3220 0.5898
8 0.1596 0.2976 1.2680 0.1982 0.3292 0.3522
16 0.0995 0.2952 1.1328 0.0721 0.2827 0.1954
24 0.0795 0.2929 1.0886 0.0456 0.2412 0.1356
48 0.0595 0.2859 1.0448 0.0223 0.1646 0.0715
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Table 11: Results for the profit function with arrival rate λ = 0.5 and c = 10.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
4 86.8606 1 346.037 0.0498 -2.7385 343.349
8 86.7667 1 344.283 0.0496 -2.6699 341.663
16 85.6642 1 337.199 0.0492 -2.6209 334.627
24 84.2283 1 328.903 0.0488 -2.5915 326.361
48 79.4399 1 302.845 0.0477 -2.5238 300.369

Table 12: Parameters of the instance with arrival rate λ = 1 and c = 20.

m ρ1 ρ2 τ σ λ1 λ3

4 0.5593 0.2988 1.5477 7.4368 0.1970 1.1795
8 0.3191 0.2976 1.2680 0.5486 0.2669 0.7044
16 0.1991 0.2952 1.1328 0.1073 0.2515 0.3908
24 0.1590 0.2929 1.0886 0.0545 0.2203 0.2713
48 0.1190 0.2852 1.0449 0.0233 0.1542 0.1430

Table 13: Results for the profit function with arrival rate λ = 1 and c = 20.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
4 84.9227 1 676.634 0.0996 -5.4769 671.257
8 86.2252 1 684.268 0.0992 -5.3398 679.028
16 85.8526 1 675.880 0.0984 -5.2417 670.737
24 85.0456 1 664.189 0.0976 -5.1829 659.104
48 82.0016 1 625.222 0.0953 -5.0476 620.269

Table 14: Parameters of the instance with arrival rate λ = 2 and c = 20.

m ρ1 ρ2 τ σ λ1 λ3

8 0.6383 0.5952 1.1146 0.1962 0.1417 0.3427
16 0.3981 0.5905 1.0560 0.0588 0.1890 0.1873
24 0.3181 0.5858 1.0406 0.0339 0.1787 0.1300
48 0.2380 0.5719 1.0213 0.0157 0.1334 0.0695

27



Table 15: Results for the profit function with arrival rate λ = 2 and c = 20.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 82.3717 1 1307.38 0.1984 -10.6797 1296.89
16 83.0502 1 1307.64 0.1968 -10.4834 1297.35
24 81.4983 1 1272.97 0.1952 -10.3659 1262.80
48 75.5719 1 1152.40 0.1906 -10.0952 1142.49

We observe that the behavior of the profit objective function is quite similar to that for the case
of c = 1. The function R is essentially decreasing. There is a difference in these cases though. We
observe that in Table 13, the order of values slightly changes since R(8) > R(4). The same behavior
is observed in Table 15 where R(16) > R(8). Below, there are several applications and tables for
further examination of the profit objective function. The instances are organized according to
the following order. Instance 3 corresponds to changes of the parameters λ and c. The cases 4,
5, 6 show the behavior of the profit objective function while l changes. Furthermore, Instance 7
is essentially a different set of results for different values of the cost in the ELISA station while
Instance 8 deals with the variation of ν. In Instance 9, we find the value of R for all the possible
m. The last instances 10, 11, 12, 13 represent cases in which we have actually derived the optimal
value of m.

Instance 3: We change the setting and we use the following values.

1. λ,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c,

7. l = 96 hours,

8. ke(m) = 1 + m+1
16 ,

9. kpcr = 5,

10. d = 0.2,

11. r = 0.1,

12. r1 = 3.

The tables show the different values for several arrival rates and number of servers.
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Table 16: Results for arrival rate λ = 1 and c = 10.

m rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
4 8.3891 7.9677 -5.4769 10.8799
8 8.3719 7.9358 -5.3398 10.9679
16 8.0096 7.8726 -5.2417 10.6405
24 7.5995 7.8098 -5.1829 10.2264
48 6.4680 7.6154 -5.0476 9.0358

Table 17: Results for arrival rate λ = 2 and c = 20.

m rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 16.3429 5.9518 -10.6797 11.6144
16 16.3454 5.9044 -10.4834 11.7665
24 15.9121 5.8574 -10.3659 11.4036
48 14.4050 5.7183 -10.0952 10.0281
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In this case, the behavior of the objective function remains the same. Actually, we can see the
decreasing order and the exception for λ = 2 and c = 20, where R(16) > R(8). Therefore, this
instant change of monotony is independent of the values of the costs and rewards. In other words,
our observation that the function R follows a specific monotony is again verified. We observe that
the final result R is not determined by one summand only. The weight of every summand is of the
same order in this instance.

Instance 4: We shall try to follow the values of R while l changes. The parameter l represents
an upper bound for the residual shelf life. Therefore, we give the values from 24 up to 96 hours
with increments of 6 hours.

1. λ = 1,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l = 96 hours,

8. ke(m) = 1 + m+1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.

Table 18: Results for the profit function with m = 4.

l E P rλp(m)(1− γ)E r1λp(m)(1− γ)P R
24 13.3898 0.9298 1.3336 2.7781 -2.1652
30 19.1096 0.9712 1.9032 2.9019 -1.4718
36 24.9961 0.9885 2.4895 2.9535 -0.8340
42 30.9511 0.9955 3.0826 2.9744 -0.2199
48 36.9336 0.9983 3.6784 2.9827 0.3842
54 42.9268 0.9993 4.2753 2.9859 0.9843
60 48.9243 0.9997 4.8726 2.9871 1.5829
66 54.9233 0.9999 5.4701 2.9876 2.1808
72 60.9229 1 6.0677 2.9878 2.7785
78 66.9228 1 6.6652 2.9878 3.3761
84 72.9227 1 7.2628 2.9879 3.9737
90 78.9227 1 7.8604 2.9879 4.5713
96 84.9227 1 8.4579 2.9879 5.1689

The following figure represents the same setting and we can clearly see that the objective func-
tion increases as l becomes larger. In this particular case, the objective function increases almost
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linearly with l, but that is not always the case.

Figure 1: Values of the profit objective function with m = 4.

Table 19: Results for the profit function with m = 16.

l E P rλp(m)(1− γ)E r1λp(m)(1− γ)P R
24 14.1737 0.9536 1.3948 2.8152 -1.8357
30 19.9738 0.9823 1.9656 2.9000 -1.1762
36 25.8979 0.9936 2.5485 2.9326 -0.5606
42 31.8694 0.9975 3.1362 2.9449 -0.0394
48 37.8588 0.9991 3.7256 2.9495 0.6334
54 43.8549 0.9997 4.3156 2.9512 1.2252
60 49.8535 0.9999 4.9059 2.9518 1.8161
66 55.8529 1 5.4963 2.9521 2.4067
72 61.8527 1 6.0867 2.9522 2.9972
78 67.8527 1 6.6772 2.9522 3.5877
84 73.8526 1 7.2676 2.9522 4.1781
90 79.8526 1 7.8581 2.9522 4.7686
96 85.8526 1 8.4485 2.9522 5.3591

The expectation E and the probability P increase while l becomes larger as it was expected,
namely R is a monotonically increasing function with respect to l. If we consider both m and l to
be the arguments of R, then R tends to find its optimal-maximal value for higher values of l while
m also tends to reach its greater values provided the system can operate and the occupation rates
do not exceed the limit of one unit.
Instance 5: Changing the values of l.

1. λ = 2,
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2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.

Table 20: Results for the profit objective function with l = 48.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 34.4178 0.9956 6.8283 5.9254 -12.2797 0.4741
16 35.0764 0.9986 6.9035 5.8963 -12.0834 0.7165
24 33.5768 0.9985 6.5557 5.8486 -11.9659 0.4384
48 28.4247 0.9942 5.4181 5.6854 -11.6952 -0.5917

Table 21: Results for the profit objective function with l = 72.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 58.3734 0.9998 11.5810 5.9509 -12.2797 5.2522
16 59.0508 0.9999 11.6220 5.9043 -12.0834 5.4429
24 57.5019 1 11.2270 5.8572 -11.9659 5.1183
48 51.7074 0.9998 9.8561 5.7170 -11.6952 3.8779

Table 22: Results for the profit objective function with l = 96.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 82.3717 1 16.3422 5.9518 -12.2797 10.0144
16 83.0502 1 16.3452 5.9044 -12.0834 10.1665
24 81.4983 1 15.9121 5.8574 -11.9659 9.8036
48 75.5719 1 14.4050 5.7183 -11.6952 8.4281

Instance 6: Changing the values of l for different rewards r and r1.
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1. λ = 2,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.2,

12. r1 = 2.

Table 23: Results for the profit objective function with l = 48.

m rλp(m)(1− γ)E r1λp(m)(1− γ)P R
8 13.6567 3.9503 5.3273
16 13.8071 3.9309 5.6546
24 13.1114 3.8990 5.0446
48 10.8362 3.7903 2.9313

Table 24: Results for the profit objective function with l = 72.

m rλp(m)(1− γ)E r1λp(m)(1− γ)P R
8 23.1621 3.9672 14.8496
16 23.2441 3.9362 15.0968
24 22.4539 3.9048 14.3928
48 19.7122 3.8113 11.8283

Table 25: Results for the profit objective function with l = 96.

m rλp(m)(1− γ)E r1λp(m)(1− γ)P R
8 32.6844 3.9679 24.3726
16 32.6909 3.9363 24.5438
24 31.8243 3.9049 23.7633
48 28.8099 3.8122 20.9270

Instance 7: Changing the values of ke(m).
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1. λ = 2,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l = 96 hours,

8. ke(m) = a
(
1 + m−1

16

)
,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.

Table 26: Results for the profit objective function with a = 0.2.

m −kPCRλp(m)− ke(m)λ/m− dλ R
8 -11.9922 10.3019
16 -11.8896 10.3602
24 -11.8034 9.9661
48 -11.5639 8.5594

Table 27: Results for the profit objective function with a = 0.5.

m −kPCRλp(m)− ke(m)λ/m− dλ R
8 -12.1000 10.1941
16 -11.9623 10.2876
24 -11.8643 9.9052
48 -11.6131 8.5102

Table 28: Results for the profit objective function with a = 2.

m −kPCRλp(m)− ke(m)λ/m− dλ R
8 -12.6390 9.6550
16 -12.3256 9.9243
24 -12.1690 9.6005
48 -11.8592 8.2641
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Table 29: Results for the profit objective function with a = 5.

m −kPCRλp(m)− ke(m)λ/m− dλ R
8 -13.7172 8.5769
16 -13.0521 9.1977
24 -12.7784 8.9911
48 -12.3514 7.7719

Table 30: Results for the profit objective function with a = 10.

m −kPCRλp(m)− ke(m)λ/m− dλ R
8 -15.5140 6.7800
16 -14.2631 7.9868
24 -13.7940 7.9755
48 -13.1717 6.9516

Instance 8: Changing the parameter ν.

1. λ = 2,

2. µm = 1
0.079m+1.921 hours−1,

3. ν hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l = 72 hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.

Table 31: Results for the profit objective function with ν = 1
3 .

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 61.9305 0.9999 12.2867 5.9515 -12.2797 5.9586
16 63.6228 1 12.5219 5.9044 -12.0834 6.3429
24 63.1948 1 12.3385 5.8573 -11.9652 6.2299
48 60.7464 0.9999 11.5790 5.7179 -11.6952 5.6017
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Table 32: Results for the profit objective function with ν = 1.

m E P rλp(m)(1− γ)E r1λp(m)(1− γ)P −kPCRλp(m)− ke(m)λ/m− dλ R
8 63.9429 1 12.6860 5.9516 -12.2797 6.3580
16 65.7066 1 12.9320 5.9044 -12.0834 6.7530
24 65.3955 1 12.7681 5.8573 -11.9652 6.6596
48 63.4533 0.9999 12.0950 5.7180 -11.6952 6.1178

Instance 9: Finding R for all m.

1. λ = 2,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l = 72 hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.
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Table 33: Results for the profit objective function.

m R m R
5 0.4693 27 4.9714
6 4.2636 28 4.9210
7 4.9731 29 4.8700
8 5.2522 30 4.8186
9 5.3892 31 4.7669
10 5.4603 32 4.7148
11 5.4951 33 4.6625
12 5.5073 34 4.6100
13 5.5045 35 4.5574
14 5.4910 36 4.5047
15 5.4699 37 4.4519
16 5.4429 38 4.3991
17 5.4114 39 4.3464
18 5.3763 40 4.2937
19 5.3383 41 4.2410
20 5.2979 42 4.1886
21 5.2554 43 4.1362
22 5.2111 44 4.0841
23 5.1653 45 4.0322
24 5.1183 46 3.9805
25 5.0701 47 3.9291
26 5.0212 48 3.8779

The optimal choice for m is m = 12 and the corresponding value is R(12) = 5.5073.

Instance 10: Obtaining the optimal value for different values of λ and c.

1. λ,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c,

7. l = 72 hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.
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Table 34: Optimal choices for m.

λ c optimal m R(m)
1 10 7 2.8379

1.5 10 5 2.0635
1 15 10 3.0000
2 15 9 4.5273
1 20 11 3.0253
2 20 12 5.5073
3 20 13 3.6650
1 25 11 3.0304
2 25 14 5.6874
3 25 16 7.0838

3.5 25 17 5.9829
1 30 11 3.0314
2 30 15 5.7405
3 30 19 7.6863
4 30 22 7.1480

4.5 30 24 3.4600

In the table above, in order to derive the optimal value of R, the parameter m runs from 1
until 48 with step h = 1 for every given pair (λ, c).
Instance 11: Finding R for several m and l.

1. λ = 2,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 20,

7. l hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.

In the following table, − denotes that the stability condition (ρ1 < 1 and ρ2 < 1) is violated.
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Table 35: Results for the profit objective function.

m l R m l R m l R
4 24 - 20 48 0.5936 36 72 4.5047
8 24 -4.6406 24 48 0.4384 40 72 4.2937
12 24 -4.1920 28 48 0.2686 44 72 4.0841
16 24 -4.1618 32 48 0.0932 48 72 3.8779
20 24 -4.2280 36 48 -0.0827 4 84 -
24 24 -4.3317 40 48 -0.2566 8 84 7.6335
28 24 -4.4538 44 48 -0.4267 12 84 7.8786
32 24 -4.5856 48 48 -0.5917 16 84 7.8047
36 24 -4.7224 4 60 - 20 84 7.6501
40 24 -4.8615 8 60 2.8687 24 84 7.4608
44 24 -5.0006 12 60 3.1353 28 84 7.2534
48 24 -5.1380 16 60 3.0808 32 84 7.0366
4 36 - 20 60 2.9458 36 84 6.8151
8 36 -1.9721 24 60 2.7769 40 84 6.5917
12 36 -1.6423 28 60 2.5912 44 84 6.3688
16 36 -1.6642 32 60 2.3979 48 84 6.1484
20 36 -1.7672 36 60 2.2022 4 96 -
24 36 -1.9006 40 60 2.0070 8 96 10.0144
28 36 -2.6466 44 60 1.8145 12 96 10.2499
32 36 -2.1969 48 60 1.6266 16 96 10.1665
36 36 -2.3474 4 72 - 20 96 10.0024
40 36 -2.4965 8 72 5.2522 24 96 9.8036
44 36 -2.6428 12 72 5.3073 28 96 9.5867
48 36 -2.7855 16 72 5.4429 32 96 9.3600
4 48 - 20 72 5.2979 36 96 9.1284
8 48 0.4741 24 72 5.1183 40 96 8.8944
12 48 0.7592 28 72 4.9210 44 96 8.6604
16 48 0.7165 32 72 4.7148 48 96 8.4281

Instance 12: Obtaining the optimal value for different values of λ and c with both m and l
being arguments of R.

1. λ,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c,

7. l hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

39



10. d = 1,

11. r = 0.1,

12. r1 = 3.

Table 36: Optimal choices for m and l.

c λ optimal m optimal l R
10 1 6 96 5.2191
10 1.5 6 96 5.5576
15 1 10 96 5.3760
15 1.5 10 96 7.7839
15 2 10 96 9.2516
15 2.5 48 96 -5.9564
20 1 10 96 5.4003
20 1.5 12 48 7.9490
20 2 12 96 10.2499
20 2.5 12 96 11.8769
20 3 12 96 10.6075
25 1 10 96 5.4044
25 1.5 12 96 7.9874
25 2 14 96 10.4205
25 2.5 14 96 12.5760
25 3 16 96 14.1689
25 3.5 18 96 14.1787
25 4 18 96 6.3998
30 1 10 96 5.4051
30 1.5 12 96 7.9963
30 2 14 96 10.4706
30 2.5 16 96 12.7635
30 3 18 96 14.7564
30 3.5 20 96 16.2067
30 4 22 96 16.5122
30 4.5 24 96 13.5700
30 5 48 96 -4.7617

In the table above, m runs from 4 until 48 with step h = 2 and l runs from 12 until 96 with
step h = 6.
Instance 13: Having at most 48 hours of shelf life.

1. λ,

2. µm = 1
0.079m+1.921 hours−1,

3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c,
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7. l ≤ 48 hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 0.1,

12. r1 = 3.

Table 37: Optimal choices for m and l.

c λ optimal m optimal l R
10 1 6 48 0.4469
10 1.5 6 48 -1.2987
15 1 10 48 -0.6223
15 1.5 10 48 0.6538
15 2 10 48 -0.2080
15 2.5 48 48 -16.9131
20 1 12 48 0.6501
20 1.5 12 48 0.8316
20 2 12 48 0.7592
20 2.5 14 48 0.0358
20 3 14 48 -2.9662
25 1 12 48 0.6564
25 1.5 14 48 0.8742
25 2 14 48 0.9469
25 2.5 16 48 0.7544
25 3 18 48 -0.0004
25 3.5 18 48 -2.0438
25 4 18 48 -9.0935
30 1 12 48 0.6577
30 1.5 14 48 0.8870
30 2 16 48 1.0062
30 2.5 18 48 0.9496
30 3 20 48 0.5993
30 3.5 22 48 -0.2648
30 4 24 48 -2.0898
30 4.5 24 48 -6.0973
30 5 48 48 -18.4884

Once again, m runs from 4 until 48 with step h = 2 and l runs from 12 until 48 with step h = 6.
From all these instances, we see that this monotony of the function R is repeated in different cases
and for different values of the parameters. The conclusion of all these trials is that the function R
is generally increasing for smaller values of m in the interval [1,48] until it reaches a local maximum
and then it decreases as m becomes larger. That is why we can actually find a maximal value of R
in a particular point m provided l is fixed. Generally speaking, increasing the value of m provides
a benefit for the ELISA station and a disadvantage for the PCR station. If the size of the group
increases, then the testing process in the ELISA stations is executed faster for more donors. But
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once this group arrives at the PCR station, then there are more donors coming instantly and that
fact increases the waiting time in the PCR station.
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3 The second model of the system

In this chapter, we introduce a different model to describe the blood testing procedure in the
stations. We take into account the fact that the groups might be separated and the PCR station
receives groups of different size. The first section concerns the distribution of the size of an arriving
group to the PCR station. The next sections are a new description of both of the stations, adapted
to the fact that the groups are divided. The last section presents numerical results for the objective
function in some examples.

3.1 The distribution of X

We are interested in the distribution of the variable X, where X represents the size of an arriving
group at the PCR station. As it has already been mentioned, there are groups of size m = m0

which arrive at the ELISA station. Suppose that the number of these groups in an arbitrary day
equals M . A very useful quantity is the number of contaminated individuals in a group of size
m0. We denote this variable by Y0 which is governed by the binomial distribution Bin(ε,m0)
simply because we have m0 individuals and the probability that an arbitrary individual is infected,
equals ε. If a group is stated as clean, then it is transferred to the PCR station. This occurs with
probability P (Y0 = 0) = (1− ε)m0 . If it is contaminated, then it is divided in k1 subgroups of size
m1 = m0

k1
. In other words, since we have in total M groups of size m0, then on average P (Y0 = 0)M

proceed to the PCR station, while [1 − P (Y0 = 0)]M return to the ELISA station for separation
and reexamination. Now, some of these subgroups will contain contaminated individuals. Let us
define Y1 the number of contaminated individuals in an arbitrarily chosen subgroup of size m1.
The next step is to derive the distribution of Y1. This distribution is hypergeometric and the
formula is written below:

P (Y1 = y1) =

(
Y0

y1

)(
m0−Y0

m1−y1

)(
m0

m1

) , y1 = 0, 1, . . . ,m1.

The rationale behind this formula is that there are
(
m0

m1

)
possible samples of size m1 from which(

Y0

y1

)(
m0−Y0

m1−y1

)
contain y1 infected and m1−y1 clean individuals. We observe that the distribution of

Y1 contains the variable Y0 whose distribution is known. Therefore, we can apply the law of total
probability in order to derive particular results:

P (Y1 = y1) =

m0∑
y0=0

P (Y1 = y1|Y0 = y0)P (Y0 = y0) =

m0∑
y0=0

(
y0
y1

)(
m0−y0
m1−y1

)(
m0

m1

) (
m0

y0

)
εy0(1− ε)m0−y0 ,

where y1 = 0, 1, . . . ,m1.

If the subgroup is found clean then it moves to the PCR station. This event occurs with probability
P (Y1 = 0). If there is at least one infected individual in the subgroup, then the subgroup is declared
contaminated and must be divided and retested in the ELISA station. The number of subgroups of
size m1 is on average Mk1[1−P (Y0 = 0)] because there are on average M [1−P (Y0 = 0)] groups of
size m0 which will be divided in k1 subgroups each. In other words, Mk1P (Y1 = 0)[1−P (Y0 = 0)]
of the subgroups proceed to the PCR station and Mk1[1 − P (Y1 = 0)][1 − P (Y0 = 0)] return to
the ELISA station for reexamination. This iterative method leads us to define Yi the number of
contaminated individuals in a subgroup of size mi, where i = 0, 1, 2, . . . , r. Following the same way
of thinking, the distribution of Yi is known and it is a function of Yi−1, just like the distribution
of Y1 which is a function of Y0. Thus,

P (Yi = yi) =

(
Yi−1

yi

)(
mi−1−Yi−1

mi−yi

)(
mi−1

mi

) , yi = 0, 1, . . . ,mi,
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and we use the law of total probability to derive the exact results,

P (Yi = yi) =

mi−1∑
yi−1=0

P (Yi = yi|Yi−1 = yi−1)P (Yi−1 = yi−1).

In an arbitrary recycle i, where i = 1, 2, . . . , r, there are on average Mk1k2 . . . ki[1 − P (Yi−1 =
0)][1 − P (Yi−2 = 0)] . . . [1 − P (Y0 = 0)] groups of size mi. The fraction P (Yi = 0) of them move
to the PCR station and 1− P (Yi = 0) return to the ELISA station. The total number of samples
that arrive at the PCR station is on average

MP (Y0 = 0) +M

r∑
i=1

P (Yi = 0)

i∏
j=1

kj [1− P (Yj−1 = 0)].

After all this preparation we can derive the distribution of X.

•Proposition 3.1.1: The distribution function of the random variable X which represents the
size of an arriving group at the PCR station is the following:

P (X = m0) =
MP (Y0 = 0)

MP (Y0 = 0) +M
∑r
i=1 P (Yi = 0)

∏i
j=1 kj [1− P (Yj−1 = 0)]

=
P (Y0 = 0)

P (Y0 = 0) +
∑r
i=1 P (Yi = 0)

∏i
j=1 kj [1− P (Yj−1 = 0)]

,

and in general,

P (X = mi) =
P (Yi = 0)

∏i
j=1 kj [1− P (Yj−1 = 0)]

P (Y0 = 0) +
∑r
i=1 P (Yi = 0)

∏i
j=1 kj [1− P (Yj−1 = 0)]

, (9)

where i = 1, 2, . . . , r.

We observe that the distribution of X is independent of M . Thus, the parameter M is only a
tool for the derivation of the result above and it does not play an important role.

3.2 Analysis of the ELISA station

The ELISA station is the first of the two stations in which the blood is tested. In this station, the
blood samples are organized in groups. Each group is tested and stated as clean or contaminated. In
the first case, the group is transferred to the PCR station for further and individual reexamination.
In the second case, the group is separated in subgroups of smaller size and retested in the ELISA
station as it has been mentioned in the previous sections. The purpose of this section is to establish
a queuing model for the whole process in the ELISA station. The process is decribed by the diagram
below.
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We assume that the donors arrive in batches according to a Poisson process, the service (testing)

time is exponential and there is one available server. The Poisson process has parameter λ̂/m0

where λ̂ > 0 and m0 is the number of samples in a group. The service time depends on the size of
the group. Let us denote by µi > 0 the parameter of the exponential service time for a group of
size mi, where i = 0, 1, 2, . . . , r.

Once a group is tested, there is a probability 1 − P (Y0 = 0) that the group is divided in k1

subgroups of size m1 and these groups return to the queue of the station. This fact implies that
apart from the groups of size m0, there are groups of size m1 which arrive at the queue. As we
can imagine, these groups arrive at the queue instantaneously and all together. This fact yields
that the arrival process is not a Poisson Process anymore since the arrivals do not happen ran-
domly in time but they occur all together at once. We can use an approximation though. We can
overlook the fact that the arrivals occur instantly and all together and assume that they occur

according to a Poisson process with parameter λ̂
m0

[1−P (Y0 = 0)]k1. If a group of size m1 is found
contaminated, then it must be divided in k2 subgroups of size m2 and these groups return to the
ELISA station. For an arbitrary group of size m1, the probability that it is contaminated equals
1−P (Y1 = 0). Therefore, following the same rationale as the previous step and applying the same
assumption, there are groups of size m2 which arrive at the queue according to a Poisson process

with parameter λ̂
m0

[1− P (Y0 = 0)]k1[1− P (Y1 = 0)]k2. We conclude that for each size mi, we can
assume that there is a corresponding Poisson process with parameter λi, namely

λ0 = λ̂
m0

,

λ1 = λ̂
m0

[1− P (Y0 = 0)]k1, and in general

λi =
λ̂

m0

i∏
j=1

[1− P (Yj−1 = 0)]kj ,

where i = 1, 2, . . . , r. Using the merging property of the Poisson process, we derive that the arrival
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rate in the queue is

λ =

r∑
i=0

λi.

The fact that the groups in the queue have different sizes, motivates us to define types of groups.
So, we can say that the customers-groups of size mi are of the type i for all i = 0, 1, . . . , r. Every
type has its own exponential service time. The type i groups have service time with parameter µi.
In other words, the service time B in our setting is hyperexponential Hr+1(s0, . . . , sr;µ0, . . . , µr),
where si is the probability that the group in service is a type i group. The probabilities si,
i = 0, 1, . . . , r, must be computed in order for us to have further results on this queue. The method
to derive these probabilities is exactly the same as the method we followed to derive the distribution
of the variable X.

Suppose that the number of groups of size m0 in a random day equals M . From all these
groups, on average M [1 − P (Y0 = 0)] are separated in k1 subgroups and return to the ELISA
station which means that there are M [1− P (Y0 = 0)]k1 groups of size m1, and so on. Therefore,
there are M groups of size m0 and

M

i∏
j=1

kj [1− P (Yj−1 = 0)]

groups of size mi, where i = 1, 2, . . . , r. In total, the number of groups which arrive at the queue
is on average equal to

M +M

r∑
i=1

i∏
j=1

kj [1− P (Yj−1 = 0)].

Now, we can derive the probability that an arbitrary group in the queue is type i:

s0 =
1

1 +
∑r
i=1

∏i
j=1 kj [1− P (Yj−1 = 0)]

,

si =

∏i
j=1 kj [1− P (Yj−1 = 0)]

1 +
∑r
i=1

∏i
j=1 kj [1− P (Yj−1 = 0)]

,

where i = 1, 2, . . . , r.

Eventually, we use an M |Hr+1|1 queue for the description of the ELISA station. This queuing
model is an approximation of the real performance of the ELISA station, mostly because we have
assumed that the arrivals occur according to a Poisson Process. All the parameters of this model
are known from the preparation we have already done and we may proceed to the examination of
the model.

The occupation rate in this queue is

ρ1 = λE(B) = λ

r∑
i=0

si
µi
,

and it is assumed to be less than 1.
The next step is to calculate the steady-state probabilities. We denote by L(t) the num-

ber of groups in the system at an arbitrary time t ≥ 0. The steady-state probabilities pn =
limt→∞ P (L(t) = n), n = 0, 1, 2, . . . are calculated by solving the linear system

p0 = 1− ρ1,
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pn =

n∑
k=0

pn+1−kuk + p0un, n = 0, 1, 2, . . . ,

∞∑
n=0

pn = 1,

where un =
∫∞

0
(λt)n

n! e−λtfB(t)dt and fB(t) =
∑r
i=0 siµie

−µit, t ≥ 0 is the density function of the
service time B, see page 62 of Adan and Resing, [6].

We can also derive the probability generating function of the variable L. This can be used as
a second way to calculate the steady-state probabilities. The Laplace-Stieltjes transform of B is
LB(s) =

∑r
i=0

siµi
µi+s

, s ≥ 0. The probability generating function of the variable L is

PL(z) =
(1− ρ1)LB(λ− λz)(1− z)

LB(λ− λz)− z
, |z| ≤ 1,

see page 63 of Adan and Resing, [6]. We can find the distribution of L and so the steady-state
probabilities, by inverting the Laplace-Stieltjes transform above. Since B is hyperexponential and
its transform is a rational function, the inversion of PL(z) can be easily performed. Using the
Laplace-Stieltjes transform of the service time B, we can find the Laplace-Stieltjes transform of
the sojourn time S and the waiting time W . The relations we use are the following:

LS(s) =
(1− ρ1)sLB(s)

λLB(s) + s− λ
,

LW (s) =
(1− ρ1)s

λLB(s) + s− λ
, s ≥ 0,

see page 66 of Adan and Resing, [6]. Once again, these transforms are rational functions and
the inverse functions can be determined. Therefore, we are able to derive the distributions of the
sojourn and the waiting time.
We can perform an execution of the formulas above to see how they precisely work. We follow a
simple case. Let us derive the Laplace-Stieltjes transform of the sojourn time when r = 1. For the
service time B, it holds that

LB(s) =
s0µ0

µ0 + s
+

(1− s0)µ1

µ1 + s
=
s0µ0(µ1 + s) + (µ0 + s)(1− s0)µ1

(µ0 + s)(µ1 + s)
.

We substitute in the formula of the sojourn time and we obtain,

LS(s) =
(1− ρ1)sLB(s)

λLB(s) + s− λ

=
(1− ρ1)s[(s0µ0 − s0µ1 + µ1)s+ µ1µ0]

λ(s0µ0 − s0µ1 + µ1)s+ λµ1µ0 + (s− λ)(µ0 + s)(µ1 + s)

=
(1− ρ1)s[(s0µ0 − s0µ1 + µ1)s+ µ1µ0]

s3 + (µ0 + µ1 − λ)s2 + (λs0µ0 − λs0µ1 − λµ0 + µ0µ1)s

=
(1− ρ1)(s0µ0 − s0µ1 + µ1)s+ (1− ρ)µ1µ0

s2 + (µ0 + µ1 − λ)s+ (λs0µ0 − λs0µ1 − λµ0 + µ0µ1)
.

We decompose the fraction. The roots of the denominator are

−σ1,2 =
(µ0 + µ1 − λ)±

√
(µ0 − µ1 + λ)2 − 4λs0(µ0 − µ1)

2
,
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and they are real because µ0 < µ1. Therefore, the transform can be written as

LS(s) =
a1

σ1 + s
+

a2

σ2 + s
,

where

a1 =
(1− ρ1)(s0µ0 − s0µ1 + µ1)σ1 − (1− ρ1)µ1µ0

σ1 − σ2
and a2 =

(1− ρ1)µ1µ0 − (1− ρ1)(s0µ0 − s0µ1 + µ1)σ2

σ1 − σ2
.

The last step is to express the transform as in the exponential case, namely

LS(s) =
a1

σ1

σ1

σ1 + s
+
a2

σ2

σ2

σ2 + s
,

which means that the distribution of the sojourn time S is P (S ≤ x) = 1 − a1
σ1
e−σ1x − a2

σ2
e−σ2x,

x ≥ 0.

Application of the model

We perform an application of the queuing model described above. The size of the groups and
the way in which those groups are separated depends on the policy which the professionals of
the ELISA station use. Thus, the integer-valued variables m0, . . . ,mr, r are free to be selected.
The time unit is 1 hour. We assume that the parameters µi can be obtained by the relation
µi = 1

0.079mi+1.921 hours
−1 for all i = 0, 1, . . . , r. This is the relation we obtain by some numerical

records.

First Instance: Suppose that the arrival rate of donors in the ELISA station is λ̂ and the
probability that a sample is contaminated is ε = 0.001. The policy in this instance is that the
initial groups have size m0 = 24. If a group is found contaminated, then we separate it in six sub-
groups of size m1 = 4. But if a group of size m1 is contaminated, then it is discarded. Therefore
r = 1 and k1 = 6. The results are summarized in the table below.

Table 38: Results for λ̂ = 1.

λ ρ1 s0 s1 µ0 µ1

0.0476 0.1723 0.8754 0.1246 0.2620 0.4470

The expectations of the service time, sojourn time and waiting time are E(B) = 3.6201,
E(S) = 4.3893 and E(W ) = 0.7692 respectively. The distribution function of the waiting and
the sojourn time are

FW (x) = 0.82769 + 0.00729(1− e−0.44221x) + 0.16502(1− e−0.21921x),

FS(x) = 1− 0.07499e−0.44221x − 0.92501e−0.21921x, x ≥ 0.

Let us use a different value for λ̂, say λ̂ = 5, in order to observe the differences.

Table 39: Results for λ̂ = 5.

λ ρ1 s0 s1 µ0 µ1

0.2378 0.8615 0.8754 0.1246 0.2620 0.4470
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The expectations of the service time, sojourn time and waiting time are E(B) = 3.6201,
E(S) = 26.6173 and E(W ) = 22.9971 respectively. The distribution function of the waiting
and the sojourn time are

FW (x) = 0.13845 + 0.85970(1− e−0.03739x) + 0.00185(1− e−0.43363x),

FS(x) = 1− 0.00523e−0.43363x − 0.99477e−0.03739x, x ≥ 0.

Second Instance: We change the policy of the station. Suppose that the initial size of the groups
is m0 = 48. The first recycle consists of subgroups of size m1 = 12. We also perform a second
recycle with group size m2 = 3. If a group of size m2 = 3 is contaminated, then it is scraped.
Therefore, k1 = 4 and k2 = 4. The results in this instance are the following:

Table 40: Results for λ̂ = 1.

λ ρ1 s0 s1 s2 µ0 µ1 µ2

0.0249 0.1306 0.8358 0.1568 0.0075 0.1750 0.3486 0.4634

The expectations of the service time, sojourn time and waiting time are E(B) = 5.2406,
E(S) = 6.0602 and E(W ) = 0.8196 respectively. The distribution of the waiting and the sojourn
time are written below:

FW (x) = 0.86937 + 0.00029(1− e−0.46322x) + 0.00781(1− e−0.34507x) + 0.12253(1− e−0.15377x),

FS(x) = 1− 0.00560e−0.46322x − 0.11602e−0.34507x − 0.87838e−0.15377x, x ≥ 0.

We use a different value for λ̂ to this instance too:

Table 41: Results for λ̂ = 5.

λ ρ1 s0 s1 s2 µ0 µ1 µ2

0.1246 0.6532 0.8358 0.1568 0.0075 0.1750 0.3486 0.4634

The expectations of the service time, sojourn time and waiting time are E(B) = 5.2406,
E(S) = 15.5193 and E(W ) = 10.2787 respectively. The distribution of the waiting and the
sojourn time are written below:

FW (x) = 0.34683 + 0.00030(1− e−0.46278x) + 0.00728(1− e−0.33662x) + 0.64569(1− e−0.06294x),

FS(x) = 1− 0.00140e−0.46278x − 0.02699e−0.33662x − 0.97161e−0.06294x, x ≥ 0.

In every instance, the sojourn time is hyperexponential but it seems that one of the coefficients
of the exponential summands tends to 1, while the others tend to 0. In other words the sojourn
time tends to behave as an exponential random variable. This observation might be useful in the
future in case we want to approximate the sojourn time by an exponentially distributed random
variable.
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3.3 Analysis of the PCR station

In this section, we develop a queueing model for the description of the PCR station. The groups
which have been found clean in the ELISA station move to the PCR station. Thus, in the model
we use, the donors arrive in groups but they are tested individually. We assume that these groups
of samples arrive according to a Poisson process with parameter λPCR, λPCR > 0. The service
time is exponentially distributed with parameter ν, ν > 0. The number of servers is c, c = 1, 2, . . .
The size of the arriving groups varies and we use the variable X to denote the size of the coming
group to the station. The distribution P (X = i) = xi, i = 1, 2, . . . of the variable X is already
known from the equations (9). Eventually, the queue we use is an MX |M |c queue with group
arrivals of size X.

The first step for this section is to derive the value of λPCR. The ELISA station is described by
an M |Hr+1|1 queue. Therefore, the departure process is quite complicated since the service time
is not exponential but hyperexponential. This fact creates a lot of difficulties for the study of the
PCR station queue since the departure process of the ELISA station is the arrival process of the
PCR station. For this reason we approximate the departure arrival of the ELISA station by using
a Poisson process. Following the same notation as in Section 3.2, the groups of size m0 arrive at

the ELISA station according to a Poisson process with parameter λ0 = λ̂
m0

. The probability that a
group of this size is found clean equals P (Y0 = 0). Therefore, we assume that the groups of size m0

arrive at the PCR station according to a Poisson process with parameter λPCR0 = λ0P (Y0 = 0).
In Section 3.2, it has been assumed that the groups of size mi, i = 1, 2, . . . , r arrive at the ELISA
station with parameter λi. Following the same reasoning as the case of size m0, we obtain that
the groups of size mi arrive at the PCR station according to a Poisson process with parameter
λPCRi = λiP (Yi = 0), where i = 1, 2, . . . , r. Using the merging property of the Poisson process, we
obtain that the groups arrive at the PCR station according to a Poisson process with parameter

λPCR =

r∑
i=0

λPCRi .
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The occupation rate per server in this queue is ρ2 = λPCRE(X)E(B)
c , where E(B) = 1

ν and E(X)
can be computed from the distribution of X. As always, we assume that ρ2 < 1. The number
of samples in the system at time t ≥ 0 is denoted by L(t) and the steady state probabilities
pn = limt→∞ P (L(t) = n) are calculated from the system (3), (4). Once we find the steady-state
probabilities we can use the equations

P (W > x) =
1

ρ

∞∑
i=0

e−cµx
(cµx)i

i!

∞∑
j=1

pc+i+j , x ≥ 0,

P (W (1) > x) =

∞∑
i=0

e−cµx
(cµx)i

i!

∞∑
j=0

pc+i+j , x ≥ 0;

see page 760 of Cromie et al. [3], to find the distributions of the waiting times W and W (1),
where W denotes the waiting time of an arbitrary sample in the group and W (1) denotes the
waiting time of the first sample in the group. Using the distribution of the waiting time, we can
find the expectation E(W ).

3.4 Applying the profit objective function

The next step is to apply the profit objective function in several examples. We remind the reader
that the profit objective function given by [5], is maximizing the expected profit:

R(m) = rλp(m)(1− γ)E[(l − S1 − S2)I(l − S1 − S2 > 0)]

+r1λp(m)(1− γ)P (l − S1 − S2 > 0)− kpcrλp(m)− ke(m)λ/m− dλ,
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under the assumptions: 
m ≤ m0,
l ≤ l0,
γ << ε,
kpcr > ke(m0).

This formula is introduced under the hypothesis that the ELISA station is an M |M |1 queue with
batch arrivals and the PCR station is an M |M |1 queue which receives the clean groups of the
ELISA station with a constant group size. But in this section, the ELISA station is an M |Hr+1|1
queue and the PCR station is an MX |M |c queue which receives the clean groups of the ELISA
station with different sizes, depending on the number of recycles that have been done in the first
station. Therefore, the new profit objective function we introduce is:

R(m0,m1, . . . ,mr) = rλPCR(1− γ)E[(l − S1 − S2)I(l − S1 − S2 > 0)]

+r1λ
PCR(1− γ)P (l − S1 − S2 > 0)− kpcrλPCR − ke(m)λ− dλ̂,

under the assumptions: 
m ≤ m0,
l ≤ l0,
γ << ε,
kpcr > ke(m0).

The parameter λ represents the arrival rate at the ELISA station and similarly λPCR represents
the arrival rate at the PCR station.

First Instance: We consider the instance in which the policy in the ELISA station is to initiate
with groups of size m0 = 24, and if the group is contaminated then it is divided in subgroups of
size m1 = 4. There is no other recycle. The arrival rate of donors in the first station is λ̂ = 1.
This specific instance has been already examined in Section 3.2. In this case the distribution of
the sojourn time in the ELISA station is the following:

FS1
(x) = 1− 0.07499e−0.44221x − 0.92501e−0.21921x, x ≥ 0.

In other words, the sojourn time is either exponential with parameter ν1 = 0.44221 or with
parameter ν2 = 0.21921. The first case occurs with probability q1 = 0.07499 and the second one
occurs with probability q2 = 0.92501.
We calculate the probability P (l − S1 − S2 > 0).

P (S1 + S2 > x) = q1P (S1 + S2 > x|S1 = S
(1)
1 ) + q2P (S1 + S2 > x|S1 = S

(2)
1 )

where S
(1)
1 denotes the exponential sojourn time with parameter ν1 = 0.44221, and similarly, S

(2)
1

denotes the exponential sojourn time with parameter ν2 = 0.21921. From now on, the analysis is
the same as in Section 2.4, namely

P (S
(i)
1 + S2 > x) = P (S

(i)
1 +B2 +W2 > x)

= P (W2 = 0)P (S
(i)
1 +B2 > x) + P (W2 > 0)P (S

(i)
1 +B2 +W2 > x|W2 > 0)

= (1− ζ)P (S
(i)
1 +B2 > x) + ζP (S

(i)
1 +B2 +W2 > x|W2 > 0),

for i = 1, 2. Now, the variables S
(i)
1 , B2, W2|W2 > 0 are exponential with parameter νi, ν and

δ respectively. Since we have a sum of exponential variables we can use again the formulas from
Appendix A and we can find the exact value of the probability P (S1 + S2 > x). For instance,

P (S
(i)
1 +B2 > x) =

νi
νi − ν

e−νx +
ν

ν − νi
e−νix, x ≥ 0,
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for i = 1, 2.
We calculate the expectation E[(l− S1 − S2)I(l− S1 − S2 > 0)] = E[(l− S1 −B2 −W2)I(l− S1 −
B2 −W2 > 0)] = E[g(S1, B2,W2)].

E[g(S1, B2,W2)] = q1E[g(S
(1)
1 , B2,W2)] + q2E[g(S

(2)
1 , B2,W2)],

and we can analyze every summand,

E[g(S
(i)
1 , B2,W2)] = (1− ζ)E[g(S

(i)
1 , B2, 0)] + ζE[g(S

(i)
1 , B2,W2)|W2 > 0)].

Once again, every variable contained in these formulas is exponential with known parameter.
Therefore, we can use the formulas from Section 2.4 for computing the expectation E[g(S1, B2,W2)].

The following table shows the results for a given value of λ̂ which represents the arrival rate of
donors at the ELISA station.

Table 42: Results for λ̂ = 1.

c τ σ P (l − S1 − S2 > 0) E[g(S1, B2,W2)] R(m0,m1)
10 1.03944 0.02955 0.9993 77.6047 28.3841
15 1.06835 0.04413 1 84.1133 30.8096
20 1.088 0.05485 1 85.1827 31.2082

The first column represents the number of servers the PCR station is equipped in every instance.
The second and the third column show the values of τ and σ respectively. We remind the reader
that these parameters depend on c and they are used in order for us to calculate the parameters

of the waiting time W2, namely ζ = στ−c

τ−1 and δ = cν(1 − 1
τ ). The last three columns show the

values of P (l − S1 − S2 > 0), E[g(S1, B2,W2)], R(m0,m1) respectively.

Second Instance: We change the policy of the station and we follow the second instance from
Section 3.2. Suppose that the initial size of the group is m0 = 48. The first recycle consists of
subgroups of size m1 = 12. We also perform a second recycle with groups of size m2 = 3 and
there is no other recycle. The distribution of the sojourn time in the ELISA station is

FS1
(x) = 1− 0.00560e−0.46322x − 0.11602e−0.34507x − 0.87838e−0.15377x, x ≥ 0,

which means that q1 = 0.00560, q2 = 0.11602, q3 = 0.87873 and ν1 = 0.463322, ν2 = 0.34507, ν3 =
0.15377. The following table shows the results for this instance.

Table 43: Results for λ̂ = 5.

c τ σ P (l − S1 − S2 > 0) E[g(S1, B2,W2)] R(m0,m1,m2)
10 1.02014 0.01469 0.9930 66.9876 12.4034
15 1.03455 0.02057 0.9999 81.2286 15.1266
20 1.0442 0.02342 1 82.3581 15.3425

Third Instance: We change the values of some parameters and we examine some possible sce-
narios in order to find the optimal one.

1. λ̂ = 2,

2. µm = 1
0.079m+1.921 hours−1,

53



3. ν = 1
6 hours−1,

4. ε = 10−3,

5. γ = 1
2010−3,

6. c = 30,

7. l = 72 hours,

8. ke(m) = 1 + m−1
16 ,

9. kpcr = 5,

10. d = 1,

11. r = 1,

12. r1 = 3.

For several given values (m0,m1) we write the distribution of the sojourn time.

1. (48, 24), FS1
(x) = 1− 0.03339e−0.25937x − 0.96661e−0.13208x,

2. (48, 12), FS1
(x) = 1− 0.08504e−0.34230x − 0.91496e−0.13181x,

3. (48, 8), FS1(x) = 1− 0.12593e−0.381939x − 0.87407e−0.13141x,

4. (24, 8), FS1
(x) = 1− 0.01954e−0.38812x − 0.98046e−0.17629x,

5. (24, 6), FS1
(x) = 1− 0.02872e−0.41245x − 0.97128e−0.17583x,

6. (24, 4), FS1(x) = 1− 0.04528e−0.43896x − 0.95472e−0.17486x,

where x ≥ 0.

Table 44: Results for the profit objective function.

m0 m1 τ σ E P R
48 24 1.03437 0.02264 57.1214 0.9979 0.2254
48 12 1.03456 0.02276 57.3873 1 0.4506
48 8 1.03461 0.02279 57.6015 1 0.6746
24 8 1.06824 0.06328 59.9878 0.9999 2.8470
24 6 1.06830 0.06335 60.0072 0.9999 2.9616
24 4 1.06835 0.06341 60.0381 0.9999 3.1903

For these values of the parameters we see that the best policy is to initiate with groups of size
m0 = 24 and separate them if it is necessary in groups of size m1 = 4.

In every case, the occupation rate of the station is less than 1. Both the expectation E[g(S1, B2,W2)]
and the profit function R(m0,m1) are increasing with respect to the number of servers c. This is a
natural result since more servers in the PCR station means faster examination of the samples and
therefore more residual shelf life for the blood samples. The probability P (l−S1−S2 > 0) always
tends to be almost equal to 1, due to the fact that l = 96 hours and the sum of the sojourn times
is almost always much less than 96 hours.

The profit objective function we have used in this and the previous chapter does not take into
account the cost of the number of servers. In addition, we have used at most 40 servers in the
instances above but it is certain that due to the limited space or financial support, the number of
servers should be bounded, namely c ≤ c0, where c0 is a positive integer.
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4 Conclusions and Recommendations

4.1 Conclusions

In this section, we summarize the results we have derived in the previous two chapters. Let us
focus first on Chapter 2 where the key feature is that if a group is found contaminated in the
ELISA station, then it is not separated but it is discarded.

A first result that arises is that it is advantageous to use more than one servers in the PCR
station. A test of a group consisting of 48 blood samples lasts approximately 5.7 hours in the
ELISA station while a test of a single sample lasts approximately 6 hours in the PCR station.
This fact clearly leads to the operation of more servers in the second station. Table 2 clearly shows
this unequal work division where the occupation rate in ELISA station is ρ1 = 16.63% while the
corresponding rate in the PCR station is ρ2 = 95.81%. Furthermore, comparing the capacity of
the system and the values of the profit objective function in the scenarios of one or more servers
we again derive the same result. To be more specific, in Table 11, where the PCR station is
equipped with 10 servers, the objective function is approximately equal to 320000. Nevertheless,
the same setting (equal values of the parameters) but with one server can not be applied because
the occupation rate exceeds the unit.

Studying the instances of Chapter 2, we observe that the probability P (S1 + S2 < l) tends to
take the value 1 for l ≥ 48. In other words, the total time that a blood sample needs in the system
is usually considerably less than 48 hours. Therefore, the blood samples can frequently endure the
testing procedure even if we set a very strict bound on the shelf life’s duration, for example 48
hours. A positive consequence of this result is that if l is considered to be a decision parameter,
then we have the possibility to give relatively low values to l. Of course, at it has been shown, the
greater l provides better results for the objective function. But at least, we know that if a reason
arises and we must use some low values for l, that would be possible without the threat that the
blood sample is not proper for transfusion.

Perhaps the most interesting result from Chapter 2 is the behavior of the function R. Naturally,
the behavior of R slightly depends on the values of its parameters (mostly on the number of
servers in the second station) but there are several characteristics that are present in almost all
the instances. Specifically, the function R tends to be increasing for the lower values of m until it
reaches a maximum and then it decreases. Therefore, we can find a maximum of the profit objective
function R in the interval [1, 48] and it frequently lies at the lower values of m.

In Chapter 3, a more complex model has been described. We have taken into account the fact
that the groups might be separated and retested. The service time in the ELISA station is hyper
exponential. Using the Laplace-Stieltjes transform of the sojourn and the service time, we have
concluded that the sojourn time is also hyper exponentially distributed with different parameters.
An additional observation about the sojourn time is that its terms tend to be almost negligible
except for one term that remains. In other words, for a given set of values of the parameters,
the sojourn time tends to be exponentially distributed as the variables m0, m1, . . . , tend to take
particular values.

Considering the values of l, we can derive similar results in Chapter 3 as in Chapter 2, namely
since the probability P (S1 + S2 < l) tends to take the value 1 for l ≥ 72, we can actually use a
broader set of values for the parameter l.

In Section 3.4 we have developed an instance in which we can roughly see the monotony of R
with respect to (m0,m1). The result we derive from this instance and the corresponding Table
44 is that for a fixed m0, the smaller values of m1 perform better. Undoubtedly, the monotony
of the function R depends on the values of the parameters and by extension the policy we follow
also depends on these parameters but we can retain the observation that the smaller values of the
subgroup size perform better.

These are the significant conclusions of the thesis. The essential goal of the thesis, which is to
find an optimal policy with respect to the profit and with as priority the safe transfusion of the
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blood, has been achieved at least for the simplified models that we have used through the chapters.

4.2 Recommendations

According to the models we have used, there are some conventions which must be encountered
in order for the methods to be applicable and the results to be correct. For example, the service
time in the PCR station is exponentially distributed and the samples arrive according to a Poisson
distribution. In other words, the models are approximations of the actual process. Perhaps there
are similar models that are more accurate and closer to reality. For instance, maybe the service
time in the PCR station is close to a constant. This is the reason for studying the MX |D|c queue
in appendix B. A collection of real data would help to compare the models and find which one
approximates this process better.

In Chapter 3 we have concluded that the profit objective function follows a specific monotony
but further instances must be studied in order to derive results for the case of more than one
recycle and generally different values of the parameters. In Table 44, we examine the case of one
recycle and several values of (m0,m1). For more recycles and different values of the parameters,
it is possible that the monotony of R changes. This requires additional instances and study for its
verification.

In Section 3.2 an assumption have been made, namely the groups and the subgroups arrive at
the ELISA station according to a Poisson process. This is not true since the subgroups arrive all
together and immediately after the examination of the group from which they are originated. This
assumption creates a reasonable approximation of the initial setting but its accuracy and how well
it performs in different cases requires further study. A simulation of the system in Chapter 3 could
provide information about the performance of this approximation.

A more general comment is the fact that the profit objective function and its constraints do
not take into account the fact that the use of more servers probably costs more than the operation
of one server. Furthermore, due to several reasons such as limited available space, the number
of servers we are able to use is limited. This constraint should be considered for a more realistic
application.

A Sum of independent exponential random variables

• Proposition: Suppose that X1 and X2 are two independent exponential random
variables with parameter λ1, λ2 respectively, where λ1, λ2 > 0. Then the density
function of the sum X1 +X2 is

f(x) =

{
λ1λ2

λ1−λ2
(e−λ2x − e−λ1x), x ≥ 0,

0, otherwise,

and the distribution function is

F (x) = 1 +
λ1

λ2 − λ1
e−λ2x +

λ2

λ1 − λ2
e−λ1x, x ≥ 0.

Proof. The density functions of the random variables X1 and X2 are the following:

fi(x) =

{
λie
−λix, x ≥ 0,

0, otherwise,
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where i = 1, 2. The density function of the sum X1 + X2 is the convolution of f1 and f2. For
x ≥ 0,

f(x) = (f1 ∗ f2)(x)

=

∫ ∞
−∞

f1(x− y)f2(y)dy

=

∫ ∞
0

f1(x− y)λ2e
−λ2ydy

=

∫ x

0

λ1e
−λ1(x−y)λ2e

−λ2ydy

= λ1λ2e
−λ1x

∫ x

0

ey(λ1−λ2)dy

= λ1λ2e
−λ1x

[
ey(λ1−λ2)

λ1 − λ2

]x
0

= λ1λ2e
−λ1x

[
ex(λ1−λ2)

λ1 − λ2
− 1

λ1 − λ2

]
=

λ1λ2

λ1 − λ2
(e−λ2x − e−λ1x), x ≥ 0.

For x < 0,

f(x) = (f1 ∗ f2)(x) =

∫ ∞
−∞

f1(x− y)f2(y)dy =

∫ ∞
0

f1(x− y)λ2e
−λ2ydy =

∫ ∞
0

0λ2e
−λ2ydy = 0.

The distribution of the sum X1 +X2 is

F (x) =

∫ x

−∞
f(y)dy

=

∫ x

0

λ1λ2

λ1 − λ2
(e−λ2y − e−λ1y)dy

=
λ1λ2

λ1 − λ2

∫ x

0

(e−λ2y − e−λ1y)dy

=
λ1λ2

λ1 − λ2

[
e−λ2y

−λ2
− e−λ1y

−λ1

]x
0

=
λ1λ2

λ1 − λ2

[
e−λ2x

−λ2
− e−λ1x

−λ1
+

1

λ2
− 1

λ1

]
=

−λ1

λ1 − λ2
e−λ2x +

λ2

λ1 − λ2
e−λ1x + 1

= 1 +
λ1

λ2 − λ1
e−λ2x +

λ2

λ1 − λ2
e−λ1x, x ≥ 0.

• Proposition: Suppose that X1, X2 and X3 are three independent exponential
random variables with parameter λ1, λ2 and λ3 respectively, where λ1, λ2, λ3 > 0.
Then the distribution function of the sum X1 +X2 +X3 is

F (x) = 1−
3∑
i=1

∏
j 6=i

λj
λj − λi

e−λix, x ≥ 0.
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The proof of the proposition is similar as the previous proof. We can use the previous proposi-
tion to obtain the density function of the sum (X1+X2), and then we can again use the convolution
of densities fX1+X2

and fX3
to derive the density fX1+X2+X3

. An analytical proof is developed in
page 299 of [7].

B The MX |D|c queue with constant batch size

In this section we analyze the MX |D|c queue. This is motivated by the observation that the service
time in the PCR station may be nearly constant. In other words, one other model to describe the
process in PCR could be an MX |D|c queue with batch arrivals.

Consider a queueing system in which customers arrive in batches of size X according to a
Poisson process with parameter λ > 0. The distribution of X is P (X = i) = xi for all i = 1, 2, . . .
and it is independent of the arrival rate. Each customer requires a deterministic service time
D > 0. The number of servers in this system is c ∈ N. We denote by W the waiting time of an
arbitrary customer in the system and by Lq the number of customers in the queue at an arbitrary

time. The occupation rate per server is ρ = λE(X)D
c and it is assumed to be less than 1. Denote

by pj(t) the probability that j customers will be in the system at time t. Using that the service
times are constant we find that

pj(t+D) = rj(D)

c∑
k=0

pk(t) +

c+j∑
k=c+1

pk(t)rj−k+c(D), j = 0, 1, . . . ,

where the values rj(u) represent the compound Poisson probability, namely the probability that
a total of j customers arrive during a time u. The values rj(u) can be calculated by the formulas

r0(u) = e−λu and rj(u) = λu
j

∑j−1
i=0 (j − i)xj−iri(u), j = 1, 2, . . ., u > 0, see page 79 of Eikeboom

and Tijms [2].
By letting t→∞ in these equations, we find

pj = rj(D)

c∑
k=0

pk +

c+j∑
k=c+1

pkrj−k+c(D), j = 0, 1, . . . ,

see page 80 of Eikeboom and Tijms [2]. For j = 0 the second sum in the equation is considered
to be 0. The stationary distribution {pj}∞j=0 can be computed by solving the balance equations
system above along with the normalization equation,

∞∑
j=0

pj = 1.

Using Little’s Law we have the relation E(Lq) = λE(X)E(W ) and of course we may use the
definition of E(Lq) =

∑∞
j=c(j − c)pj .

•Proposition : Suppose that the size of batches is a constant m ∈ N, i.e. X = m.
Then the balance equations can be written as

pj = pc+je
−λD, 1 ≤ j < m,

pj =
λD

j
mrj−m(D)

c∑
k=0

pk +

c+j−m∑
k=c+1

pkrj−k+c(D), m ≤ j.
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Proof. We remind the reader that xm = P (X = m) = 1. For j = 1, 2, . . . , we consider the following
cases:
• If m > j then

rj(u) =
λu

j

j−1∑
i=0

(j − i)xj−iri(u) = 0.

We can simplify the balance equation,

pj = rj(D)

c∑
k=0

pk +

c+j∑
k=c+1

pkrj−k+c(D) =

c+j∑
k=c+1

pkrj−k+c(D).

For k = c + 1, c + 2, . . . , c + j we obtain rj−1, rj−2, . . . , r0 and the only nonzero summand is for
k = c+ j.

pj =

c+j∑
k=c+1

pkrj−k+c(D) = pc+jr0(D) = pc+je
−λD ⇒

pj = pc+je
−λD, 1 ≤ j < m.

• If m ≤ j then

rj(u) =
λu

j

j−1∑
i=0

(j − i)xj−iri(u) =
λu

j
mxmrj−m(u) =

λu

j
mrj−m(u).

Then,

pj = rj(D)

c∑
k=0

pk +

c+j∑
k=c+1

pkrj−k+c(D) =
λu

j
mrj−m(u)

c∑
k=0

pk +

c+j∑
k=c+1

pkrj−k+c(D).

For k = c+ 1, c+ 2, . . . , c+ j we obtain rj−1, rj−2, . . . , r0 and for k = j + c−m+ 1 we obtain the
first summand equal to zero because rj−k+c(D) = rm−1(D) = 0. So, the expression for pj can be
simplified, namely,

pj =
λu

j
mrj−m(u)

c∑
k=0

pk +

c+j−m∑
k=c+1

pkrj−k+c(D).

We introduce some parameters and functions which will be useful for describing an approxima-
tion for the waiting time distribution in this setting.

We again define the probability generating function χ(s) =
∑∞
j=0 xjs

j , |s| ≤ 1. For the function
χ we assume that it satisfies a property which is necessary for the use of the approximation of the
waiting time distribution. The property is that convergence radius R of χ is greater than 1 and
lims→R χ(s) =∞. This assumption implies that the equation sceλD(1−χ(s)) = 1 has a unique root
s1 with multiplicity one on the interval (1, R).

We denote by ηi the probability that a customer has the i-th position in the batch, i =
1, 2, . . . ,m. We also denote by ΠW the probability that a customer is delayed in queue,

ΠW = 1−
c−1∑
j=0

pj

c−j∑
i=1

ηi.

In our setting, there are no priorities between the jobs. Thus, we can assume that

ηi =

{
1/m, 1 ≤ i ≤ m,
0, otherwise.
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Finally, we introduce the parameters θ and δ as follows:

θ =
(χ(s1)− 1)

(s1 − 1)2E(X)
[csc−1

1 − λDχ′(s1)e−λD(1−χ(s1))]−1
c−1∑
j=0

pj(s
j
1 − sc1),

δ = λ(χ(s1)− 1).

Now, we are ready to present an approximation P̃ (W > x) for the probability P (W > x):

P̃ (W > x) =

{
ΠW e

−βx −
∑[x/D]
j=1 P (W = jD), x ≤ ξ0,

θe−δx, x > ξ0,

where ξ0 and β can be obtained by solving the system

ΠW e
−βξ0 −

[ξ0/D]∑
j=1

P (W = jD) = θe−δξ0 ,

(B)∫ ∞
0

P̃ (W > x)dx = E(W ),

and [x/D] denotes the largest integer contained in x/D. Let us give a brief explanation for this
approximation. For x large enough, namely x > ξ0, using the generating function of the
probabilities bk(u) we can derive the approximation θe−δx, x > ξ0, for the probability P (W > x),

see page 84 of Eikeboom and Tijms [2]. The correction term
∑[ξ0/D]
j=1 P (W = jD) is explained as

follows. Due to the PASTA property, see page 27 of Adan and Resing [6], we obtain that for
j ≥ 1,

P (W = jD) =

c−1∑
i=0

pi

c−i∑
k=1

ηjc+k.

Based on this relation, we observe that P (W ≤ x) is discontinuous in x = jD if and only if
ηjc+k > 0 for some 1 ≤ k ≤ c. Therefore, P (W ≤ x) is continuous for all x ≥ 0 only if∑c
i=1 xi = 1. Hence, the correction term

∑[ξ0/D]
j=1 P (W = jD) is equal to zero when

∑c
i=1 xi = 1,

otherwise it is needed because it will ensure that we are not approximating a discontinuous
function by means of a continuous one.

Suppose that
∑c
i=1 xi = 1. From the first equation of the system above, we obtain:

ΠW e
−βξ0 = θe−δξ0 ⇔

ln ΠW e
−βξ0 = ln θe−δξ0 ⇔

ln ΠW − βξ0 = ln θ − δξ0 ⇔

β =
ln ΠW − ln θ + δξ0

ξ0
, (10)
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which is an expression of β as a function of ξ0. We calculate the integral
∫∞

0
P̃ (W > x)dx:∫ ∞

0

P̃ (W > x)dx =

∫ ξ0

0

ΠW e
−βxdx+

∫ ∞
ξ0

θe−δxdx

=

[
ΠW e

−βx

−β

]ξ0
0

+

[
θe−δx

−δ

]∞
ξ0

=
ΠW

β
(1− e−βξ0) +

θe−δξ0

δ
.

Using (10) we can derive an expression in which the only unknown is ξ0.∫ ∞
0

P̃ (W > x)dx =
ΠW ξ0

ln ΠW − ln θ + δξ0

(
1− θe−δξ0

ΠW

)
+
θe−δξ0

δ

=
ΠW ξ0

ln ΠW − ln θ + δξ0
− ξ0θe

−δξ0

ln ΠW − ln θ + δξ0
+
θe−δξ0

δ
.

Hence, the second equation of the system (B) becomes:

ΠW ξ0
ln ΠW − ln θ + δξ0

− ξ0θe
−δξ0

ln ΠW − ln θ + δξ0
+
θe−δξ0

δ
= E(W ),

from which we can find ξ0.
Suppose that

∑c
i=1 xi < 1. Then we may derive formulas for β and ξ0 in a similar way:

ΠW e
−βξ0 −

[ξ0/D]∑
j=1

P (W = jD) = θe−δξ0 ⇔

ln e−βξ0 = ln

(∑[ξ0/D]
j=1 P (W = jD) + θe−δξ0

ΠW

)
⇔

β =
ln ΠW − ln

(∑[ξ0/D]
j=1 P (W = jD) + θe−δξ0

)
ξ0

.

Furthermore,

∫ ∞
0

P̃ (W > x)dx =

∫ ξ0

0

ΠW e
−βxdx−

∫ ξ0

0

[ξ/D]∑
j=1

P (W = jD)dx+

∫ ∞
ξ0

θe−δxdx

=

[
ΠW e

−βx

−β

]ξ0
0

+

[
θe−δx

−δ

]∞
ξ0

−
∫ ξ0

0

[x/D]∑
j=1

P (W = jD)dx

=
ΠW

β
(1− e−βξ0) +

θe−δξ0

δ
−
∫ ξ0

0

[x/D]∑
j=1

P (W = jD)dx.

Substituting β, the first term becomes

ΠW ξ0

ln ΠW − ln
(∑[ξ0/D]

j=1 P (W = jD) + θe−δξ0
) [1− e− ln ΠW+ln

(∑[ξ0/D]
j=1 P (W=jD)+θe−δξ0

)
] =
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ΠW ξ0

ln ΠW − ln
(∑[ξ0/D]

j=1 P (W = jD) + θe−δξ0
) [1−

∑[ξ0/D]
j=1 P (W = jD) + θe−δξ0

ΠW
],

while the other two terms remain the same. Now, we have an expression with one unknown ξ0.
We can calculate the last summand as follows:∫ ξ0

0

[x/D]∑
j=1

P (W = jD)dx =

∫ D

0

0dx+

∫ 2D

D

P (W = D)dx+ . . .+

∫ ξ0

[ξ0/D]D

[ξ0/D]∑
j=1

P (W = jD)dx

=

[ξ0/D]∑
n=1

∫ (n+1)D

nD

n∑
j=1

P (W = jD)dx+

∫ ξ0

[ξ0/D]D

[ξ0/D]∑
j=1

P (W = jD)dx

= D

[ξ0/D]∑
n=1

n∑
j=1

P (W = jD) + (ξ0 − [ξ0/D]D)

[ξ0/D]∑
j=1

P (W = jD).

If we consider again the case X = m, namely the constant batch size case, the calculation of the

term
∑[x/D]
j=1 P (W = jD) becomes even easier:

[x/D]∑
j=1

P (W = jD) =

{
0, m ≤ c,∑c−1
i=0 pi

∑c−i
k=1 ηjc+k, m > c.

C Mm|M |∞ queue

In this section, we analyse the Mm|M |∞ queue. Consider a system with infinitely many servers
in which the customers arrive in batches of size m, m ∈ N. The arrivals occur according to a
Poisson process with parameter λ > 0. The service of each customer is exponentially distributed
with parameter µ > 0. We use the classical notation. Let W represent the waiting time of an
arbitrary customer, B represent the service time and S the sojourn time, namely S = W +B. We
also define as L(t) the number of customers in the system at time t. The probability that there are
n customers in the system at an arbitrary time t is denoted by pn(t). Taking the limit as t → ∞
we obtain limt→∞ L(t) = L and pn = limt→∞ pn(t), where L represents the number of customers
in the system and pn is the steady state probability that there are n customers in the system. The
amount of work arriving per time unit is ρ = λmE(B) = λm

µ . From Little’s Law we obtain the
relation

E(L) = λmE(S).

In our setting, there are infinitely many servers, which means that an arriving customer is served
immediately because there is always an available server. This implies that the waiting time is
always zero, i.e. W = 0. Little’s Law takes the form

E(L) = λmE(B) =
λm

µ
= ρ.

Let us consider the distribution of the sojourn time S of an arbitrary customer. Since W = 0, the
sojourn time coincides with the service time. Therefore,

P (S > l) = e−µl, l ≥ 0.

Now, if the number of servers is finite, then there could be a waiting time and thus a greater
sojourn time. In other words, denoting by S′ the sojourn time in the same setting but with finitely
many servers, we obtain the inequality

P (S > l) ≤ P (S′ > l), l ≥ 0.
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This inequality provides us a bound for the distribution of the sojourn time in the Mm|M |c
queue.
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