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Abstract

In Model-driven development (MDD) models are the primary artefact of the software development
process. Models reduce the gap between problem domain and implementation. Model transform-
ations are used to manipulate the models (e.g. refactoring, translating, or refining). Using MDD,
models can be verified early on to ensure that the software will meet its requirements. Hence,
defects (e.g. bugs) in the models can be found early on in the development process. Defects caught
early on in the development process are cheaper to fix. Much like software code and models, model
transformations can also contain defects. Therefore, model transformations must be verified as
well.

Some model transformations, such as refinements, may increase the size of the models they
are applied on. The size of a model’s state space tends to grow exponentially with the size of
the model. Hence, in a sequence of transformations verifying every intermediate model can be
time consuming (or even infeasible) as the state space tends to grow exponentially with the size
of the model. It is much more efficient to check whether a transformation preserves a given set of
properties.

This work formally verifies an existing approach for checking property-preservation for model
transformations that may affect synchronising behaviour of parallel processes. The key element of
the property-preservation check is checking for preservation of bisimulation. By reasoning about
the transformation rules the approach checks whether a transformation is bisimulation preserving
for all possible input models. We propose two novel contributions to the bisimulation-preservation
check. We show that, without these contributions, transformations are not guaranteed to preserve
bisimulation for all input models. Using these notions we show that bisimulation-preservation of
transformations can indeed be determined by model checking sets of transformation rules with
dependent behaviour.
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Chapter 1

Introduction

In Model-driven development (MDD) models are the primary artefact of the software development
process. A simple overview of MDD is presented in Figure 1.1. Models bridge the gap between
problem domain and implementation. Using model transformations the models are manipulated,
e.g. model transformations can be used to refactor, translate or refine models. When the trans-
formed models are detailed enough, the implementation may be generated (semi-)automatically
from the models. Using MDD, models can be verified early on to ensure that the software will
meet its requirements. Hence, defects (e.g. bugs) in the models can be found early on in the de-
velopment process. Defects caught early on in the development process are cheaper to fix [5, 18].
Much like software code and models, model transformations can also contain defects. Therefore,
model transformations must be verified and validated as well.

Problem domain

Abstract model

Transformed model

Implementation

analysis

Requirements

design

model
transformation(s)

generate

Properties

Abstract model
semantics

Transformed
model semantics

verify

verify

Specification & design Verification

Figure 1.1: Overview of MDD

Many type of models describe dynamic systems where the state of the systems may change over
time. For such models requirements can be expressed as properties that the model should satisfy
such that, with the help of a model checker, it can be verified whether the model satisfies the
properties [2]. To verify a property of a model the model checker explores the state space implied
by the model, which contains all possible states reachable by the system. Model transformations
may be applied on large models. Some model transformations, such as refinements, may also
increase the size of the models they are applied on. The size of a model’s state space tends to grow
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CHAPTER 1. INTRODUCTION

exponentially with the size of the model [15]. Therefore, model checking every intermediate model
can quickly become infeasible. Instead, it is much more efficient to verify whether a transformation
is property-preserving. However, the verification of a model transformation is fundamentally more
complex than verifying a model [11, 4].

Wijs and Engelen [8, 24, 25] propose an algorithm that checks whether a transformation
preserves a given property for any input-model. The proposed algorithm can be used to sim-
plify the process of verifying model transformations. The property-preservation check determ-
ines whether a transformation preserves a given property by reasoning about the transformation’s
source- and target-pattern. By relating the source- and target-patterns traditional model-checking
techniques [2] can be used to verify whether the transformation preserves a given property.

In order to ensure correct verification results, the property preservation check must be proven
correct. This can be done by giving a proof. However, in manual proofs, the steps leading to the
proof are often quite large. It is easy to forget details that must be addressed for the correctness
of the proof and of the algorithm. A solution is to mechanically verify the proof using (interactive)
theorem prover software. Such a theorem prover generates a formal proof using input from the
user. Each proof step is verified such that the correctness of the proof can be guaranteed.

The basis of the property-preservation check is the bisimulation-preservation check. Two pro-
cesses are bisimilar iff they can simulate each others behaviour. In our previous work [6], we have
verified the bisimulation-preservation check for the application of one transformation rule. We
provided missing pre-conditions and gave a formal proof of the correctness of the bisimulation-
preservation check. In this thesis we continue to verify the model verification approach proposed
by Wijs and Engelen. More specifically, we mechanically verify the bisimulation-preservation
check for the application of a transformation on a model consisting of concurrent, communicating
processes.

Results and contributions. This work formalizes the approach proposed by Wijs and Engelen
in an interactive theorem prover. We propose two novel contributions to the theory with the
definition of κ-synchronisation laws and cascading rule systems. We show that, without κ-
synchronisation laws and cascading rule systems, transformations are not guaranteed to preserve
bisimulation for all input models. Furthermore, we construct a generic relation that relates original
and transformed models with respect to the application of a transformation on a model consisting
of concurrent, communicating processes. By showing that this relation is a bisimulation relation
the correctness of the bisimulation-preservation check is established. The proof is formally verified
using an interactive theorem prover.

The bisimulation-preservation check is limited input models that are admissible with respect
to τ -transitions. In addition, the check is limited to rule systems that are confluent, cascading and
synchronously uniform. However, it can be checked whether models and rule system satisfy these
limitations. Even when a transformation does not preserve bisimulation for a given property,
it may still be possible that said property holds for the output model of a specific instance of
the transformation. Nevertheless, transformations that do preserve bisimulation can be reused
without need for additional verification.

Applications. Once the correctness of the bisimulation-preservation check is formally verified,
the output of the bisimulation-preservation check can be trusted. The check can be used to show
that a transformation preserves behaviour for all possible input models. Amongst others, the
check can be used to verify the correctness of refactoring transformations. Another application is
the verification of transformations translating one language into another: if the behaviour of two
languages can be expressed as concurrent LTSs, then the check can be used to verify the correctness
of the translation transformation. Furthermore, the bisimulation-preservation check can be applied
to verify whether a transformation preserves certain properties, i.e. the check allows the model-
checking of transformations. Since the check supports abstraction of behaviour, it may be used to
check whether refinement transformations are behaviour-preserving (or property-preserving).

2 On the formal correctness of a model transformation verification technique



CHAPTER 1. INTRODUCTION

1.1 Terminology

Models are simplified or abstract representations of systems. The structure and well-formedness
rules of a model is described in a meta-model. A transformation describes how source models
are transformed into corresponding target models according to a set of transformation rules. The
transformation rules define how constructs in the source language are transformed into constructs
in the target language. A transformation instance is the process where one or more source models
are transformed into one or more target models as specified by the transformation. The trans-
formation itself can also conform to a meta-model or transformation language. An overview of
how models, meta-models, transformations, and transformation instances are related is shown in
Figure 1.2.

Source model

Source

meta-model

Transformation

instance

Target model

Target

meta-model

conforms to conforms to

Transformation

instance of

Transformation

meta-model

conforms to

input output

Figure 1.2: Relation between models, meta-models, transformations, and transformation instances

Extensive research has been done on the verification and validation of model transformations.
Not all works agree upon the definitions of verification and validation. We follow the IEEE
Standard Glossary of Software Engineering [21]:

• Verification. “The process of evaluating a system or component to determine whether the
products of a given development phase satisfy the conditions imposed at the start of that
phase.” Informally, verification concerns building the product right. For model transforma-
tions, verification entails checking the transformation’s properties.

• Validation. “The process of evaluating a system or component during or at the end of the
development process to determine whether it satisfies specified requirements.” Informally,
validation is about building the right product. Therefore, validation of a model transforma-
tion considers whether the model transformation adheres to its requirements.

Approaches for the verification of model transformations can be classified in input dependent
and input independent approaches:

• Input independent. The verification of a transformation’s rules. Input independent verifica-
tion guarantees that a transformation is correct for all possible source models. However, the
transformation’s rules must be available for this type of verification.

• Input dependent. The verification of a transformation’s output model given an input model.
The correctness of the model transformation transformation is only guaranteed for the in-
stances that have been verified. Since input dependent verification only considers specific
transformation instances, these approaches are generally less complex than input independ-
ent verification. However, transformations must be re-verified for every new instance.
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CHAPTER 1. INTRODUCTION

1.2 Problem description

In MDD models can be analysed to verify that the model satisfies desirable properties. In partic-
ular, it is important that safety and liveness properties are satisfied. Informally, a safety property
requires that something bad may never happen, e.g. “the model may not enter a deadlock”. A
liveness property informally requires that something good will eventually happen, e.g. “the model
eventually terminates”. These kind of properties are expressed over the dynamic semantics of a
model, i.e. these properties say something about the run-time behaviour of a model. To verify
these run-time properties one can use model-checking techniques [2].

As model transformations are software artefacts, like software code or models, they can contain
defects. To ensure that a model transformation preserves the dynamic semantics of source models
the transformation must be verified. Our work focusses on proving and mechanically verifying the
correctness of an input independent approach that verifies whether a given model transformation
preserves dynamic semantics.

The problem. Bisimulation is an equivalence relation which can be used to compare the dy-
namic semantics of two processes. Two processes are bisimilar iff there exists a bisimulation
relation [2] that shows that both processes can simulate each other’s observable behaviour. A
model transformation preserves dynamic semantics when a transformation preserves bisimularity
between source and target model.

Baldan et al. [3] showed that a transformation is bisimulation-preserving if the source- and
target-pattern of the rule are bisimular and the communication interface of the process is not
changed. However, not only the processes, but also the communication between the processes
may be manipulated by model transformations. When a transformation rule changes the com-
munication interface of a process, another process may no longer be able to communicate with
the transformed process. It is still possible for a transformation to be bisimulation preserving
if the transformation contains other transformation rules which ‘update’ the affected processes
coherently. This idea is incorporated in the model verification approach proposed by Engelen and
Wijs [8, 24, 25, 23]. The approach is implemented in the REFINER tool [26]. Nevertheless, no
formal proof is given. Our goal is to prove the correctness of the approach proposed by Engelen
and Wijs and to guarantee its correctness by means of an interactive theorem prover. For simpli-
city, we take the theory proposed in [8, 24, 25] as starting point, leaving the extension proposed
in [23] as future work.

Our solution. The transformation verification approach proposed by Engelen and Wijs is input
independent and is suitable for transformations between languages for which the semantics can be
expressed in Labelled Transition Systems (LTSs). An LTS [2] formally describes what actions a
model can take for all reachable states in the state space of a process. Engelen and Wijs present
an algorithm, called the property-preservation check, which determines whether a transformation
preserves certain semantic properties of models it can be applied on. Property preservation is
determined by checking for bisimulation preservation after hiding property unrelated actions [16].
The bisimulation-preservation check reasons about the dynamic semantics of models and model
transformations using LTSs.

The semantics of a model is formally defined as a network of LTSs. The LTS network [12]
describes a set of concurrent processes and the synchronisation laws between the processes. The
semantics of transformations are formally defined as system of transformation rules, or rule system
for short. A rule system consists of a set of transformation rules and a set of new synchronisation
laws. Each transformation rule describes a source LTS-pattern and a target LTS-pattern. A
transformation replaces occurrences of the source LTS-pattern by the target LTS-pattern.

To determine bisimulation preservation in cases where the communication interface changes
the bisimulation-preservation check must consider synchronisations that are touched directly or
indirectly by the transformation, i.e the check must consider combinations of transformation rules.
Additionally, the check must consider that it may not always be possible for two actions to syn-
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CHAPTER 1. INTRODUCTION

chronise in a given input-model, i.e. the check must consider subsets of transformation rules that
touch synchronising behaviour.

The goal of this work is to mechanically verify the bisimulation-preservation check, and to
identify the conditions under which the check holds. For verification of proofs we use the Coq
proof assistant1. Building on the formalizations of our previous work [6], we develop a framework
of formalizations aimed towards proving the correctness of the bisimulation-preservation check.

Benefits of the solution. The advantage of using an interactive theorem prover is that the
correctness cannot be shown without formalization of all necessary pre-conditions. Hence, no
corner-cases can be forgotten. Once the correctness of the bisimulation-preservation check is
formally proven, the check can safely be used in the verification of transformations (without
further use of the theorem prover).

The bisimulation-preservation check has three benefits. First, traditional model-checking tech-
niques can be used to verify whether a transformation preserves a given property. Second, the
output model of the transformation does not have to be re-checked for the preserved properties.
Therefore, the verification of models can be done more efficiently. Third, transformations can be
re-used, i.e. a transformation does not have to be re-verified for new models with respect to the
properties that have been verified for the transformation.

1.3 Thesis overview

In Chapter 2 we review related work. Furthermore, we shortly discuss what is the interpreta-
tion of the ‘correctness’ of model transformations. Chapter 3 discusses bisimulation-preservation
with respect to the transformation of a single process LTS. We show that application of a single
transformation rule preserves bisimulation if the left and right LTS patterns of the transformation
rule, extended with uniquely labelled self-loops, are bisimilar. Many of the notions introduced in
Chapter 3 are also applied in the next chapter. Chapter 4 is dedicated to bisimulation-preservation
with respect to the transformation of multiple, concurrent process LTSs. We prove that, given
proposed pre-conditions, one can determine whether a transformation preserves bisimulation for
all possible input-models. In Chapter 5, the conclusion and future work are presented.

Appendix A gives an overview of the Coq interactive theorem prover. Discussed in Appendix B
is the formalization of bisimulation-preservation proofs with respect to the transformation of mul-
tiple, concurrent process LTSs.

1http://coq.inria.fr
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Chapter 2

Related work

Numerous approaches for verification of model transformations have been proposed in the liter-
ature. Yet, research on the verification of the transformation mechanism is still in its infancy [1].
Most related works discuss approaches to verify instances of model transformations. This work
considers the more general case: the verification of an approach for verifying model transform-
ations including the transformation mechanism. Since there is little work on the verification of
transformation verification approaches we will discuss transformation verification approaches, not
limiting ourselves to the verification of these approaches.

Most input dependent approaches do not require verification of the approach itself since the
output is mostly re-verified or compared with the input model. More related to our work are
the input independent approaches, for which a proof is required showing that verification of the
transformation rules is sufficient to identify preservation of a given property. Therefore, we will
only discuss input independent approaches.

First, we discuss a few notions of correctness for model transformation. Next, we discuss
alternative and complementary approaches and compare this work to ours. We distinguish between
the two most common techniques: theorem proving and model checking.

2.1 On the correctness of model transformations

In the literature the ‘correctness’ of model transformations has many interpretations. Not all
interpretations necessarily guarantee full preservation of behaviour. We will distinguish between
the notions of correctness proposed by Rahim and Whittle [1]:

• Type-correctness. A transformation is type-correct if the target model conforms to the
abstract syntax of the output language, i.e. elements of the target model are instances of
elements of the target meta-model.

• Preservation of static semantics. A transformation preserves static semantics if the output
model of the transformation is well-formed with respect to the target meta-model. If output
models are well-formed, then they are also type-correct.

• Preservation of dynamic semantics. A transformation preserves dynamic semantics when
the output model preserves a given property of the source model, such as safety proper-
ties, liveness properties, and properties relating the semantics of the output model to the
semantics of the source model.

• Correspondence between source and target. According to this notion a transformation is
correct when the elements of the output model correspond to elements of the source model;
e.g. the transformation of a UML class diagram to a relation database proposed by Ehrig
et al. [7] is considered correct because the transformation generates an entity for each class
in the class diagram.

On the formal correctness of a model transformation verification technique 7
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• Semantics of model transformation. This notion considers properties of the transformation
itself, such as termination and confluence.

2.2 Model transformation verification approaches

Theorem proving. Stenzel et al. [20] propose a calculus for operational Query View Transform
(QVT) transformations. The calculus has one rule for every operational QVT expression. The
correctness of these rules are proven using the KIV interactive theorem prover. The rules express
under which preconditions a QVT expression maintains a given property. The approach can be
used to determine type-correctness and preservation of dynamic semantics. The authors apply
their approach to verify security-properties for a transformation from UML class diagrams to Java
code. KIV is used to reason about the formal semantics of the source- and target-languages. A
disadvantage of the approach is that KIV must also be used to reason about the properties of
transformations. According to the authors: “Interactive theorem provers require quite a lot of
experience to use successfully, because the user must know the logic, the input language, how
things are formalized, and how to utilize the strength of the tool.” Therefore, verification of
transformations with this approach requires high efforts or experience in theorem proving.

A model transformation verification approach is presented by Giese et al. [10] where model
transformations are specified using Triple Graph Grammars (TGGs). The model transformation
is defined by a set of transformation rules. Each transformation rule consists of a source, target
and correspondence graph which are defined in terms of the meta-models of the respective lan-
guages. The correspondence model defines the mapping between the source and target graphs.
Preservation of dynamic semantics is proven by showing that bisimulation is a congruence with
respect to the specified transformation rules. The authors use an interactive theorem prover to
guarantee the correctness of the proof. Changing or adding transformation rules requires a new
proof and re-verification, again requiring the investment of valuable resources.

Poernomo and Terrel [17] extend the proof-as-model-transformation approach by supporting
partially ordered model transformation specifications. Partially ordered traversal mappings are
defined between classes of the source and target meta-models. A transformation is specified
in Coq as a formula of the form ∀Msrc ∈ Tsrc.P re(Msrc) =⇒ ∃Mtrgt ∈ Ttrgt.Post(Msrc,Mtrgt),
where Pre(Msrc) is a precondition over instance Msrc of meta-model Tsrc, and Post(Msrc,Mtrgt)
is a post-condition describing the required relation between instances Msrc and Mtrgt of meta-
models Tsrc and Ttrgt respectively. The authors apply their approach to a simple transformation
indicating correspondence between source and target and type-correctness. Since the transformation
is extracted from the proof the transformation is correct by construction. However, the proof for
this simple transformation is considerable and requires manual input. It is likely that an order of
magnitude more manual input is needed to guide the proof assistant as the proof’s search space
exponentially increases with complexity.

A subset of UML, called UML Reactive System Development Support (UML-RSDS), is used
by Lano and Kolahdouz-Rahimi [13] to specify and verify model transformations. In UML-RSDS
model transformations are specified declaratively using OCL constraints or by using operations
of meta-model classes. A set of transformation rules is represented by a UML class. The rule-
set has an application policy which controls the order and conditions of the applications of its
rules. Transformation rules are specified as operations using pre- and postcondition pairs in the
OCL notation. The precondition of the rule specifies which elements of the source-meta-model
are considered by the rule and when the rule is applicable. The postcondition of the rule specifies
how elements of the target meta-model are related to the considered elements of the source meta-
model. For verification, the transformation is automatically translated to the B formalism. Using B
machines and inference rules, type-correctness and preservation of static semantics can be checked.
The disadvantage of the approach is that it only verifies the specification of model transformations.
Further verification is required to verify whether a transformation’s implementation matches its
specification.

In summary, there is little work on the verification of (input independent) transformations with
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respect to dynamic semantics [1]. The work that considers dynamic semantics is often not fully
automated. Our contribution in this area is the correctness proof of a fully automatic approach
for the verification of model transformations. For more complete verification our work can be
used together with other approaches that verify preservation of static semantics, termination, and
confluence. Comparing our work with these other approaches we observe that most approaches
require additional use of theorem proving to validate the model transformation. In our work we
prove the correctness of a transformation verification approach that uses basic model-checking
principles. This approach requires no knowledge of theorem proving and is more accessible to
those with little experience in theorem proving.

Model checking. Garcia and Möller [9] propose an approach translating transformation rules
to the +CAL model-checking language. The EMOF meta-models and OCL statements are auto-
matically translated to +CAL. The transformation is expressed as a +CAL algorithm operating
on Abstract Syntax Trees. Additionally, the transformation is annotated with assumptions about
its input and assertions about the system state. The +CAL specification is then checked for pre-
servation of static semantics and termination. It is not clear whether the translation from EMOF
meta-models and OCL to +CAL is verified as well.

A transformation verification approach proposed by Baldan et al. [3] verifies transformation
rules for Open Nets (ONets). Open Nets are a reactive extension of Petri Nets, allowing the spe-
cification of processes that communicate with unknown processes via an interface. The authors
show that a transformation rule is weak-bisimulation-preserving iff the left- and right-patterns
are weakly bisimilar. The interface to external processes must remain untouched. The approach
is dynamic-semantics-preserving. The proposed approach is limited to the verification of trans-
formations that leave the communication interface intact. Furthermore, to determine semantic
preservation the authors use weak bisimulation which does not respect the branching structure
of a process. Therefore, weak bisimulation is not adequate with properties expressing inevitable
reachability [22].

Lúcio and Vangheluwe [14] use symbolic execution to verify model transformations written
in the DSLTrans transformation language. The approach reasons about the meta-models and
the structure of the transformation. In DSLTrans transformation rules are encapsulated in lay-
ers. These layers are connected with each other forming a graph. Because the transformations
are structured using these layers the model-checker can build a state space consisting of all pos-
sible execution combinations of transformation rules. A property meta-model is constructed from
the source- and target-meta-models of the transformation. Therefore, properties expressing cor-
respondence between source and target can be formulated and verified. Furthermore, DSLTrans
transformations are terminating and confluent by construction. The DSLTrans language is not
Turing complete. Hence, some transformations may not be expressible in DSLTrans. Furthermore,
the language in which properties are expressed is in a relatively basic state. Properties about at-
tributes cannot be expressed. These attributes should also be addressed symbolically, requiring
an extension of the algorithm.

In summary, again not many approaches consider correctness with respect to dynamic se-
mantics. The work that does consider dynamic semantics only allows transformations which do
not change the communication interface of a process. In contrast, the approach we verify can also
determine preservation of dynamic semantics when the communication interface changes. If com-
municating parties are all transformed coherently the transformation may still preserve dynamic
semantics. We prove the correctness of the model vertification approach proposed by Engelen and
Wijs with respect to branching bisimulation. Unlike weak bisimulation, branching bisimulation
respects the branching structure of a process. Unlike weak bisimulation, branching bisimulation is
adequate with properties expressing inevitable reachability [22]. In contrast with other work, we
mechanically-verify the transformation verification approach. This guarantees that the approach
is correct and bug-free.

On the formal correctness of a model transformation verification technique 9





Chapter 3

Transformation of a single process

In this chapter first the notion of LTS and branching bisimulation equivalence are discussed in Sec-
tion 3.1. Next, in Section 3.2 we discuss the transformation of an LTS given a transformation rule
and its matches. Finally, in Section 3.3, it is shown that one can verify whether a transformation
rule is bisimulation-preserving for all possible input processes. The most significant formalizations
are given in Section B.1 of Appendix B.

3.1 LTS and LTS equivalence

Labelled Transition System. The semantics of processes and transformation rules are ex-
pressed in terms of Labelled Transition Systems (LTSs). The LTS is formally defined in Defini-
tion 1. For a process an LTS describes all possible behaviour of the process. For transformation
rules, LTSs explain how a given LTS is refined: occurrences of one pattern LTS are replaced by
another pattern LTS. The traditional definition of LTS [2] contains a single initial state. In con-
trast, an LTS as defined by Definition 1 contains a non-empty set of initial states. This deviation
makes it possible to describe both traditional LTSs and pattern LTSs.

Definition 1 (Labelled Transition System). A Labelled Transition System G is a four-tuple
(SG ,AG , TG , IG), with

• SG a finite set of states;

• AG a set of action labels (including the invisible action τ);

• TG ⊆ SG ×AG × SG a transition relation;

• IG ⊆ SG a non-empty set of initial states

Action labels will be denoted by a, b, c, etc. A transition (s, a, s′) ∈ TG , or s
a−→G s′ for short,

denotes that LTS G can move from state s to state s′ by performing the a-action. The reflexive-
transitive closure of the binary relation

τ−→G is denoted by ⇒G . Furthermore, the intersection of
two LTSs G and H is defined as G ∩ H = (SG ∩ SH,AG ∩ AH, TG ∩ TH, IG ∩ IH) [8]. An example
of an LTS is shown in Figure 3.1. States are indicated as circles. Initial states are coloured black.
The labelled arrows between states indicate transitions.

0 1
a

2
a

3

4

a

b

Figure 3.1: Example of an LTS
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LTS equivalence. The branching bisimulation [2] equivalence relation is used to compare LTSs.
Branching bisimulation is sensitive to the branching structure of an LTS and supports abstraction
from actions. Furthermore, branching bisimulation is adequate with properties expressing inevit-
able reachability [22]. Therefore, branching bisimulation preserves safety and liveness properties.
Branching bisimulation is defined as follows:

Definition 2 (Branching bisimulation). A binary relation B between two LTSs G1 and G2 is a
branching bisimulation iff the following holds:

For all s ∈ SG1
and t ∈ SG2

, s B t implies:

1. if s
a−→G1

s′ then

• either a = τ with s′ B t;

• or t⇒G2
t̂
a−→G2

t′ with s B t̂ and s′ B t′.

2. the symmetric case: if t
a−→G2 t

′ then

• either a = τ with s B t′;

• or s⇒G1
ŝ
a−→G1

s′ with ŝ B t and s′ B t′.

The two conditions, called the transfer conditions, enforce branching bisimilarity between states
as depicted in Figure 3.2, the dashed lines indicate related states. Two states s and t are branching
bisimilar, denoted s ↔b t, if there is a branching bisimulation B with s B t. Furthermore,
two sets of states S1 ⊆ SG1

, S2 ⊆ SG2
are called branching bisimilar, denoted S1 ↔b S2, iff

∀s1 ∈ S1 : (∃s2 ∈ S2 : s1 ↔b s2) and vice versa. We say two LTSs G1,G2 are branching bisimilar,
denoted as G1 ↔b G2, iff IG1

↔b IG2
.

s

s′

t

τ

s

s′ t̂

t

a τ

t′

a

Figure 3.2: Visualization of the branching condition of branching bisimulation

3.2 LTS transformation

A transformation rule and its match. Refinement of an LTS is achieved by means of an LTS
transformation. Such an LTS transformation is defined through a transformation rule. When a
transformation rule has a match on the given LTS the transformation can be applied. Definition 3
formally defines a transformation rule.

Definition 3 (Transformation rule). A transformation rule r = (L,R) consists of a left pattern
LTS L = (SL,AL, TL, IL) and a right pattern LTS R = (SR,AR, TR, IR), with IL = IR =
(SL ∩ SR).

The initial states of the left and right pattern LTSs are known as the glue-states and consist of
the set of states that are part of both pattern LTSs, i.e. IL = IR = (SL ∩ SR). When applying a

12 On the formal correctness of a model transformation verification technique
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transformation rule to an LTS, the changes are applied relative to these glue-states. An illustration
of a transformation rule is given in Figure 3.3. Glue-states are coloured black, and non-glue-states
are coloured white. The open arrow emphasizes that the left pattern LTS is replaced by the
right pattern LTS. The transformation rule replaces two sequential a-actions with two sequential
a′-actions while replacing the state connecting the two transitions. The intersection of the two
pattern LTSs is shown on the right side of the figure.

0̃

1̃

a

a

L

0̃

2̃

L ∩R

0̃

3̃

a′

2̃

a′

R

2̃

Figure 3.3: Illustration of a transformation rule r

A transformation rule r = (L,R) is applicable on a given LTS G iff a match m : SL → SG on
G exists according to Definition 4.

Definition 4 (Match). An pattern LTS H = (SH,SH, TH, IH) has a match m : SH → SG on an
LTS G = (SG ,AG , TG , IG) iff the following holds:

1. m is injective;

2. ∀i ∈ IG , s ∈ SH : m(s) = i =⇒ s ∈ IH;

3. ∀s1
a−→H s2 : m(s1)

a−→G m(s2);

4. ∀s ∈ SH \ IH, p ∈ SG :

(D1) m(s)
a−→G p =⇒ (∃s′ ∈ SH : s

a−→H s′ ∧m(s′) = p);

(D2) p
a−→G m(s) =⇒ (∃s′ ∈ SH : s′

a−→H s ∧m(s′) = p).

A match is an embedding of pattern LTS H in LTS G. The four conditions in Definition 4 are
known as the glueing conditions. A match is only valid when these glueing conditions hold. The
second condition ensures that the initial states of an LTS are not removed by a transformation
with match m, i.e. if a state s ∈ SH matches on an initial state i ∈ IG then s must be a glue-state.
The third condition of Definition 4 enforces that for every transition in SH there is a matching
transition in G such that the labels are equal and its states are matched in the same direction. The
fourth condition expresses the dangling conditions. The dangling conditions enforce the existence
of a transition from or to the match of a non-glue-state. As a consequence, the dangling conditions
rule out removal of transitions that are not explicitly present in H. Therefore, the transformation
of Figure 3.3 cannot be applied on LTS G in Figure 3.4. For dangling condition (D2) the direction
of the a-transition is simply reversed. The set m(S) = {m(s) ∈ G | s ∈ S} is the image of a set of
states S through match m on an LTS G.

On the formal correctness of a model transformation verification technique 13



CHAPTER 3. TRANSFORMATION OF A SINGLE PROCESS

mL(0̃)

a

a

p
b

G

a′

a′

Transformed G

pmL(1̃)

mL(2̃)

mL(0̃)

mR(3̃)

mL(2̃)

7

Figure 3.4: Dangling condition (D1) invalidates this match, preventing the removal of the b-
transition

Lemma 1 describes that whenever a transition is not matched but a state of the transition is
matched, then the matched state must be a glue-state.

Lemma 1. Let H = (SH,SH, TH, IH) be an pattern LTS with match m : SH → SG on an LTS
G = (SG ,AG , TG , IG), then

∀s1, s2 ∈ SG : s1
a−→G s2 =⇒

∀p ∈ SH :

(
(m(p) = s1 ∧ ¬(∃p2 ∈ SH : m(p2) = s2 ∧ p a−→H p2))

∨ (m(p) = s2 ∧ ¬(∃p1 ∈ SH : m(p1) = s1 ∧ p1
a−→H p))

)
=⇒ p ∈ IH

Proof. Let s1, s2 ∈ SG such that s1
a−→G s2. Assume for a contradiction that p /∈ IH. We

distinguish two cases:

• Case: m(p) = s1 ∧ ¬(∃p2 ∈ SH : m(p2) = s2 ∧ p a−→H p2). By (D1) of Definition 4 there

exists a p2 ∈ SH such that m(p2) = s2 and p
a−→H p2. Hence, we have a contradiction.

• Case: m(p) = s2 ∧ ¬(∃p1 ∈ SH : m(p1) = s1 ∧ p1
a−→H p). By (D2) of Definition 4 there

exists a p1 ∈ SH such that m(p1) = s1 and p1
a−→H p. Again, we have a contradiction.

Transformation of an LTS. A transformation is implemented using the double-pushout (DPO)
approach [19]. Hence, a transformation rule can only be applied if there exists a match such that
the glueing conditions hold. Definition 5 defines the transformation of an LTS G by means of an
applicable transformation rule r.

Definition 5 (LTS Transformation). Let G = (SG ,AG , TG , IG) be an LTS, let r = (L,R) be
a transformation rule, and let T (G) denote the LTS resulting from the transformation of LTS G.
Furthermore, let m : SL → SG and m̂ : SR → ST (G) be the matches of rule r such that m̂(s) = m(s)
for all states s ∈ SL ∩ SR. The transformation of LTS G, via rule r with matches m and m̂, is
defined as T (G) = (Sm,Am, Tm, IG) where

• Sm = (SG \m(SL)) ∪ m̂(SR);

• Tm = (TG \ {m(s)
a−→G m(s′) | s a−→L s′}) ∪ {m̂(s)

a−→T (G) m̂(s′) | s a−→R s′};

• Am = {a | ∃s a−→ s′ ∈ Tm} ∪ {τ}.

14 On the formal correctness of a model transformation verification technique
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The set of states Sm obtained after transformation consists of the states in SG without the
states to be removed (matches of states in SL \ SR), and with states to be added (states in
SR \ SL). The added states must be ‘fresh’ with respect to the states in SG , i.e. we must have
∀s ∈ SR \ SL : m̂(s) /∈ SG . The new transitions Tm consist of the transitions TG where matched
transitions from TL are removed and matched transitions from TR are added. Since we have
m̂(s) = m(s) for all glue-states s ∈ SL ∩ SR, the transitions matched by both TL and TR are left
intact.

Consider the transformation rule r shown previously in Figure 3.3. An application of r on an
LTS is shown in Figure 3.5. The V symbol indicates application of a transformation rule. In
this example, states 0̃, 1̃, and 2̃ of the transformation rule, are matched to states 0, 1, and 2 of
G respectively. The left-pattern of r does not match on states 1, 2, and 3 as this would remove
the b-transition and violate the dangling conditions of a match. The right most LTS shows the
intersection between G and T (G) and shows what part of G is left unchanged by the transformation.

0

1

a

2

a

3 4

a b

G

0

2

3 4

a b

0

5

a′

2

a′

3 4

a b

T (G) G ∩ T (G)

Figure 3.5: Example of an LTS transformation

3.3 Preservation of branching bisimulation

Handling incoming and outgoing transitions for pattern LTSs. Glue-states form the
interface between the source and target LTS of a transformation. Matches of glue-states of a
transformation rule r may have outgoing and incoming transitions that are not present in the
patterns of r. To make these possible transitions explicit κ-self-loops are added to the glue-states
of transformation rule r. An LTS extended with self-loops on the glue states is formalized in
Definition 6. The κ-extended transformation rule can now be defined as rκ = (Lκ,Rκ). The
self-loop of a glue-state s is labelled with a unique label κs /∈ AL ∪ AR.

Definition 6 (LTS extended with κ-self-loops). The LTS H extended with κ-self-loops is defined
as follows:

Hκ = (SH,AH ∪ {κs | s ∈ IH}, TH ∪ {(s, κs, s) | s ∈ IH}, IH).

The κ-self-loops ensure that glue-states are at least related to themselves. This prevents bisim-
ilarity of two different glue-states which are matched on states with different incoming and outgoing
transitions where those transitions are not explicitly present in the patterns of the transformation
rule. Such a situation is illustrated in Figure 3.6. Possible outgoing and incoming transitions that
are not present in the transformation rule are represented by the κ-selfloops.

Because κ-actions are not τ -actions, it is clear that any sequence of τ -transition in a κ-extended
LTS Hκ must be present in the original LTS H as well. This intuition is formalized in Lemma 2.
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0̃

1̃ 2̃

a b

↔b/

κ1 κ2

κ00̃

1̃ 2̃

b a

κ1 κ2

κ0

L R

Figure 3.6: The κ-self-loops ensure 2 ↔b/ 1

Lemma 2. Let H be an LTS, then

∀s, s′ ∈ SH : (s⇒Hκ s′) =⇒ (s⇒H s′)

Proof. By structural induction on ⇒Hκ :

• Base case: s ⇒Hκ s. We have to show s ⇒H s, this follows directly from the reflexivity of
⇒.

• Base case: s
τ−→Hκ s′. We have to show s⇒H s′.

Since s
τ−→Hκ s′ and since the κ-extension only adds self loops, we have s

τ−→H s′ or s =
s′ ∧ τ = κs. Since κs 6= τ the latter case cannot occur. Hence, we have s

τ−→H s′. By
definition of ⇒ it follows that s⇒H s′.

• Step case: s ⇒Hκ ŝ and ŝ ⇒Hκ s′ with Induction Hypothesis: (s ⇒Hκ ŝ) =⇒ (s ⇒H ŝ)
and (ŝ⇒Hκ s′) =⇒ (ŝ⇒H s′). We have to show s⇒H s′.
By the Induction Hypothesis we have s ⇒H ŝ and ŝ ⇒H s′. The proof follows from the
transitivity of ⇒.

In a branching bisimulation relation between the two patterns of a transformation rule extended
with κ-self-loops, a glue-state s must be related to itself, since it is the only state having a κs-
transition. Hence, a state s′ ∈ SR can only be related to a glue-state s ∈ IL if there exists a
τ -path from s′ to s, where the τ -path may have length zero (s = s′). This idea is expressed in
Lemma 3.

Lemma 3. Let B be a branching bisimulation relation such that Lκ ↔b Rκ, then

∀s ∈ IL, s′ ∈ SR : s B s′ =⇒ (s′ ⇒R s)

Proof. We have a branching bisimulation relation B such that Lκ ↔b Rκ. Let state s ∈ IL and

state s′ ∈ SR. Given s B s′, we have to show that s′ ⇒R s. Since s ∈ IL, we have s
κs−→R s

by Definition 6. We distinguish two cases corresponding to the branching condition of branching
bisimulation:

• Case κs = τ with sBs′:

By Definition 6 we have κs 6= τ . This contradicts the case’s assumption. Therefore, this
case cannot occur.

• Case ∃t̂, t′ ∈ SRκ : s′ ⇒Rκ t̂ κs−→Rκ t′ with s B t̂ and s B t′:

The κs-transition only occurs as s
κs−→Rκ s, therefore, we must have t̂ = s and t′ = s. Hence,

we have s′ ⇒Rκ s. By Lemma 2, the proof follows.
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The bisimulation-preservation check. A transformation is branching-bisimulation-preserving
if the patterns of a transformation rule extended with κ-self-loops are branching bisimilar. This
is expressed in Proposition 1. The bisimulation-preservation check follows directly from the pro-
position.

Proposition 1. Let G be an LTS, let r be a transformation rule with matches m : SL → SG and
m̂ : SL → ST (G) with m(s) = m̂(s) for all s ∈ SL ∩ SR. Then, the following holds:

Lκ ↔b Rκ =⇒ G ↔b T (G)

Proof. By definition of bisimilarity between LTSs, we have G ↔b T (G) iff there exists a branching
bisimulation relation C such that IG C IT (G). Before constructing relation C, we first define a
relation D which relates all states of LTS G not removed by the transformation to themselves,
we have D = {(s, s) | s ∈ SG \m(SL \ SR)}. Furthermore, since Lκ ↔b Rκ, there also exists a
branching bisimulation relation B with IL B IR with {(s, s) | s ∈ IL} ⊆ B. To relate states that
are removed from G and states that are added to G we define relation B̂ = {(m(q), m̂(p) | q B p}.
Relation C is constructed as follows: C = D ∪ B̂. Lemma 4 shows that a state m̂(p) ∈ SR
simulates the behaviour of a state m(q) ∈ SL if q B p. We will present Lemma 4 after the proof
of Proposition 1. We now prove that C is a branching bisimulation relation, i.e. we show that
Definition 2 holds for C.

• C relates the initial states of G and T (G), i.e. IG C IT (G).

Since we have IG = IT (G) we only have to show ∀s ∈ IG : ∃t ∈ IG : s C t. Let s be an
arbitrary state in IG , we can instantiate the existential quantifier with s. What remains to
be shown is: s C s. Since the second condition of Definition 4 prevents the removal of initial
states, i.e. s /∈ m(SL \ SR), we have s D s. Hence, by definition, we have s C s.

• If s C t and s
a−→G s′ then either a = τ ∧ s′ C t, or t⇒T (G) t̂

a−→T (G) t
′ ∧ s C t̂ ∧ s′ C t′.

We distinguish two cases: s D t and s B̂ t.

1. Case s D t. We have s = t, s ∈ SG \m(SL \ SR), and s
a−→G s′.

Again, we distinguish two cases:

(a) Case s′ ∈ SG \m(SL \ SR). Both s and s′ are not removed by the transformation.
We distinguish two cases:

◦ Case m(q) = s∧m(q′) = s′ ∧ q a−→L q′ (there exists a transition in TL matching

s
a−→G s′). Then q ∈ IL and q′ ∈ IL. Because q ∈ IL, it follows that q B q and

that s ∈ T (G) (Definition 5). By Lemma 4 the proof follows.

◦ Case ¬(m(q) = s∧m(q′) = s′∧ q a−→L q′). Hence, the transition is not matched
on by m and, by Definition 5, remains present in T (G).

(b) Case s′ ∈ m(SL \ SR). Let q′ ∈ SL \ SR such that m(q′) = s′. By (D2) of

Definition 4, there exist a q ∈ SL such that m(q) = s and q
a−→L q′. Furthermore,

since s /∈ m(SL \ SR), we have q ∈ IL (by Lemma 1). Because q ∈ IL, it follows
that q B q and that s ∈ T (G) (Definition 5). The proof follows from Lemma 4.

2. Case s B̂ t. We have s ∈ m(SL), s′ ∈ SG , and s
a−→G s′. We distinguish two cases:

(a) Case s′ ∈ SG \m(SL \ SR). Again, we distinguish two cases:

◦ Case s ∈ m(IL). Both s and s′ are not removed by the transformation. Since
s B̂ t, we have q B t with m(q) = s and t ∈ SR. Hence, by Lemma 3, t⇒R s.

By Definition 5, the proof follows: t⇒T (G) s
a−→T (G) s

′.

◦ Case s ∈ m(SL \ SR). Let q ∈ SL \ SR such that m(q) = s. By (D1) of

Definition 4, there exist a q′ ∈ SL such that m(q′) = s′ and q
a−→L q′. Because

s B̂ t, we have q B t. By Lemma 4 the proof follows.
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(b) Case s′ ∈ m(SL \ SR). Let q′ ∈ SL \ SR such that m(q′) = s′. By (D2) of

Definition 4, there exist a q ∈ SL such that m(q) = s and q
a−→L q′. Because s B̂ t,

we have q B t. The proof follows from Lemma 4.

• If s C t and t
a−→T (G) t

′ then either a = τ ∧ s C t′, or s⇒G ŝ a−→G s′ ∧ ŝ C t ∧ s′ C t′.

This case has not been mechanically verified. However, this case is symmetrical to the
previous case.

Lemma 4 states that if there exists a transition q
a−→L q′ matching s

a−→G s′, then a state
t ∈ T (G) simulates state s ∈ SG if state t is matched by a state p ∈ SR such that q B p.

Lemma 4. Consider transformation rule r and its matches m and m̂ on an LTS G. Let s, s′ ∈
m(SL) with s

a−→G s′, and let t ∈ ST (G). Furthermore, let q, q′ ∈ SL such that m(q) = s and

m(q′) = s′, and let p ∈ SR with m̂(p) = t and q B p. Then q
a−→L q′ implies:

• either a = τ with s′ C t;

• or t⇒T (G) t̂
a−→T (G) t

′ with s C t̂ and s′ C t′.

Proof. Since q B p, by Definition 2, we have the following two cases:

• Case a = τ with q′ B p. By definition of B̂, we have m(q′) B̂ m̂(p). Since m(q′) = s′ and
m̂(p) = t, we have s′ C t.

• Case p⇒R p̂
a−→R p′ with q B p̂ and q′ B p′. By definition of B̂, we have m(q) B̂ m̂(p̂) and

m(q′) B̂ m̂(p′). Since m(q) = s and m(q′) = s′, it follows that s C m̂(p̂) and s′ C m̂(p′).

Furthermore, by Definition 5, we have t ⇒T (G) m̂(p̂)
a−→T (G) m̂(p′). Choosing t̂ = m̂(p̂) and

t′ = m̂(p′), the proof follows.
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Chapter 4

Transformation of multiple
synchronizing processes

Section 4.1 introduces a concurrent system as a network of LTSs. Next, in Section 4.2 we discuss
the transformation of a network of LTSs given a system of transformation rules and a vector of
matches. Section 4.3 considers the effects of manipulation of synchronising behaviour and how
these effects relate to the bisimulation-preservation check. Finally, the proof of the correctness of
the bisimulation-preservation check for concurrent systems is given in 4.4. The most noteworthy
formalizations in Coq are presented in Section B.2 of Appendix B.

4.1 A concurrent system

Network of LTSs A network of LTSs [12], or LTS network for short, describes a system
consisting of a finite number of concurrent process LTSs and a set of synchronisation laws which
define the possible interaction between the processes. The LTS network is defined as shown in
Definition 7. We write 1..n for the set of integers ranging from 1 to n. A vector v̄ of size n contains
n elements indexed from 1 to n. For all i ∈ 1..n, v̄[i] represents the ith element of vector v̄.

Definition 7 (Network of LTSs). A network of LTSs M of size n is a pair (Π,V), where

• Π is a vector of n LTSs, representing n concurrent processes. For each i ∈ 1..n, we write
Π[i] = (Si,Ai, Ti, Ii), and s

a−→i s
′ is shorthand for s

a−→Π[i] s
′.

• V is a finite set of synchronisation laws. A synchronisation law is a tuple (t̄, a), where t̄ is
a vector of size n called the synchronisation vector and a is an action label representing the
result of successful synchronisation. We have ∀i ∈ 1..n : t̄[i] ∈ Ai ∪ {•}, where • is a special
symbol denoting that Π[i] performs no action.

The set of indices of processes participating in a synchronisation law (t̄, a) is formally defined
as Ac(t̄) = {i | i ∈ 1..n ∧ t̄[i] 6= •}. The set of actions involved in synchronisation laws with
multiple processes is given by As = {t̄[i] | i ∈ 1..n∧ (t̄, a) ∈ V ∧ t̄[i] 6= • ∧ |Ac(t̄)| > 1}. The set As
contains all synchronising actions.

System LTS of an LTS network. The explicit behaviour of an LTS network M is described
by its system LTS. The system LTS combines the processes in Π and the synchronisation laws in
V as shown in Definition 8.
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Definition 8 (System LTS of a network of LTSs). The system LTS (SM,AM, TM, IM), describing
the behaviour of a network of LTSs M is obtained by combining the processes in Π according to
the synchronisation laws in V:

• SM = S1 × · · · × Sn;

• AM = {a | (t̄, a) ∈ V} ∪ {τ};

• TM is the smallest transition relation satisfying:

∃(t̄, a) ∈ V : ∀i ∈ 1..n :

(
(t̄[i] = • ∧ s̄[i] = s̄′[i] ∧ s̄[i] ∈ Si)

∨ (t̄[i] 6= • ∧ s̄[i] t̄[i]−−→i s̄
′[i])

)
=⇒ s̄

a−→M s̄′;

• IM = {〈s1, . . . , sn〉 | ∀i ∈ 1..n : si ∈ Ii}.

We write s̄
t̄ a−−→M s̄′ as a shorthand notation for a transition s̄

a−→M s̄′ that is enabled by a
synchronisation law (t̄, a) ∈ V.

Besides independent actions, an LTS network also allows specification of (multi-party) syn-
chronisations. An example of an LTS network is shown in Figure 4.1a, the corresponding system
LTS is presented in Figure 4.1b. The LTS network has three processes that interact with each
other. A multi-party synchronisation is specified by (〈c, c, c〉, c), the c-action in the system LTS
is the result of the synchronisation of the c-actions of the three processes. Synchronisation law
(〈c, b, •〉, b) indicates a two-party synchronisation between process Π[1] and process Π[2]. As spe-
cified by (〈a, •, •〉, a), the a-action of process Π[1] can be performed independently of the other
processes. Furthermore, non-deterministic behaviour can be introduced by specifying multiple
rules for the same actions as shown by synchronisation laws (〈a, •, •〉, a) and (〈a, c, c〉, d): in state
2 1 0 the a-action can either be performed individually or the a-action synchronises together with
the c-actions from the other processed to produce action d. When process LTS Π[i] has an a-
transition, but there is no corresponding synchronisation law, then the action cannot actually be
performed, we say the action is cut.

0

1

2

0

1

0

a

ac

cb c

V =





(〈a, •, •〉, a),
(〈c, b, •〉, b),
(〈c, c, c〉, c),
(〈a, c, c〉, d)





Π[1] Π[2] Π[3]

(a) An LTS Network M

0 0 0

1 0 0

a

b

2 1 0 1 1 0
a

d

LTS M

2 0 0
a

c

(b) System LTS of M

Figure 4.1: An LTS network and its system LTS

LTS network admissibility. Branching bisimilarity is a congruence for LTS networks if they
are admissible with respect to τ -transitions [12]. The definition of admisibility for LTS networks
is given in Definition 9.
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Definition 9 (LTS network Admissibility). An LTS network M = (Π,V) is called admissible iff
the following holds:

1. ∀(t̄, a) ∈ V : (∃i ∈ 1..n : t̄[i] = τ =⇒ Ac(t̄) = {i} ∧ a = τ);

2. ∀i ∈ 1..n : ∀s, s′ ∈ Si : (s
τ−→i s

′ =⇒ ∃(t̄, a) ∈ V : t̄[i] = τ).

The first condition of Definition 9 enforces that τ -actions are always performed independently
and that the resulting action is again the τ -action. The second condition ensures that there is
a synchronisation law for every process in the LTS network that can perform the τ -action, i.e.
τ -actions performed by processes in Π are never cut by the synchronisation laws. In the remainder
of this thesis, we only consider admissible LTS networks. Admissibility of LTS networks is checked
by traversing over the sets of synchronisation laws and process LTS transitions.

4.2 Network transformation

A system of transformation rules. A system of transformation rules, or a rule system for
short, allows the transformation of multiple processes at once. Furthermore, a rule system may
introduce new synchronisation laws to an LTS network. In Definition 10 the rule system is defined.

Definition 10 (Rule system). A rule system Σ = (R, V̂) consists of a set R of transformation
rules and a set V̂ of synchronisation laws introduced by the rule system.

Intuitively, a rule system describes how a concurrent system is modified to create a new (often
more detailed) concurrent system. A rule system is designed with a specific result in mind.
Therefore, it is desirable that a rule system is confluent such that transformation rules can be
applied in any order eventually leading to the same result. Let G VR G′ denote the fact that
LTS G′ = T (G) can be obtained by applying a rule r ∈ R on some matches m : SL → SG and
m̂ : SR → SG′ . Moreover, let V∗R be the reflexive, transitive closure of VR. Confluence of rule
systems is defined as shown in Definition 11. It is possible to check whether a rule system is
confluent [25, 26]. In the remainder of this thesis we will only consider confluent rule systems.

Definition 11 (Confluent rule system). Consider a rule system Σ = (R, V̂) and an LTS G. Rule
system Σ is confluent iff for all LTSs G1, G2 with G V∗R G1 and G V∗R G2, there exists an LTS G3

such that G1 V∗R G3 and G2 V∗R G3.

An illustration of a confluence for rule systems is presented in Figure 4.2. The rule system
consists of two transformation rules r1 and r2. Each arrow indicates the application of a given
transformation rule r ∈ R on some matches m and m̂. The dotted graph labels and dashed
arrows represent a finite number of graphs and rule applications respectively. Any order of rule
applications eventually results in graph Gz.

G
G1

Gi

. . .

. . .

. . .

Gz
Gx

Gy

r1

r2

r1

r2

r2

r1

r2

r2

r1

r1

r1

r2

Figure 4.2: Illustration of a confluent rule system

On the formal correctness of a model transformation verification technique 21



CHAPTER 4. TRANSFORMATION OF MULTIPLE SYNCHRONIZING PROCESSES

Transformation of an LTS network. An LTS networkM is transformed given a rule system
and a number of matches corresponding to rules in the rule system as defined in Definition 12.
Each process LTS G ∈ Π is transformed by applying a transformation rule r ∈ R according to
two corresponding matches m : SL → SG and m̂ : SR → ST (G), i.e. each such process LTS G is
transformed obtaining T (G).

An overview of the process transformations is given in Figure 4.3. Definition 12 corresponds
to a single transformation-step. Since we assume that rule systems are confluent the order of
transformation-steps is irrelevant for the final result. Wijs and Engelen [8, 24, 25] define the
transformation of an LTS network with respect to a set of vectors of matches. However, this
definition is applied to a scenario that considers only a single vector of matches. Hence, for the
sake of consistency, we have defined the transformation of an LTS network as a transformation-step
with respect to a single vector of matches rather than a set of vectors of matches.

Definition 12 (LTS network transformation). Let M = (Π,V) be an LTS network of size n and
let Σ = (R, V̂) be a rule system. Let r̄ be a vector of size n such that for all i ∈ 1..n, r̄[i] ∈ R with
corresponding matches mi : SL → SΠ[i] and m̂i : SR → ST (Π[i]). Furthermore, for all i ∈ 1..n let
Ti denote the LTS transformation by application of rule r̄[i] on matches mi and m̂i according to
Definition 5. The transformation of LTS network M is defined as follows:

TΣ(M) = (〈T1(Π[1]), . . . , Tn(Π[n])〉,V ∪ V̂)

r̄[i] = 〈L,R〉 (with r̄[i] ∈ R)

Π[i] Ti(Π[i])

mi m̂i

R

Figure 4.3: Overview of process transformations in Definition 12

Consider an index i ∈ 1..n. We write Li and Ri for the left pattern LTS and the right pattern
LTS respectively of transformation rule r̄[i]. The set of indices of processes of a network that
potentially directly synchronise with behaviour matched by Li, called the direct dependency set of
process Π[i], is defined by ddepL(i) =

⋃
(t̄,a)∈V{Ac(t̄) | t̄[i] ∈ ALi}. An index j ∈ 1..n is in ddepL(i)

iff there exists a synchronisation law (t̄, a) ∈ V such that i 6= • and j 6= •. This means both Π[i] and
Π[j] participate in a synchronisation law. For j ∈ 1..n, the set of actions of process Π[j] on which
r̄[i] depends is given by AddepL(i)(j) = {t̄[j] | (t̄, a) ∈ V ∧ t̄[i] ∈ ALi ∧ t̄[j] 6= •}. An action b ∈ AΠ[j]

is in AddepL(i)(j) iff there exists an action c ∈ ALi with which the b-action synchronises. The direct
dependency set extended with indirectly dependent process indices, called the dependency set of
process Π[i], is defined by the transitive closure of ddepL, i.e. depL(i) = ddep+

L . Sets ddepR(i),

AddepR(i)(j), and depR(i) are defined similarly using the synchronisation laws V ∪ V̂. Finally, the
combined dependency set of Π[i] and Ti(Π[i]) is defined as dep(i) = depL(i) ∪ depR(i).

Consider an LTS network M. States in the system LTS of M are vectors s̄ of size n. Any
element in such a state can be matched on by some transformation rule. The set defined as
M(s̄) = {i | s̄[i] ∈ mi(SLi)}, is the set of indices of elements in s̄ matched on by the corresponding
transformation rule in r̄.

4.3 Transformation of synchronising behaviour

Synchronisation properties. To ease reasoning about transformation of synchronising beha-
viour we introduce a few restrictions. These restrictions, called synchronisation uniformity, are
defined in Definition 13.
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Definition 13 (Synchronisation uniformity). A rule system Σ = (R, V̂) is called synchronisation
uniform with respect to LTS network M iff the following holds:

1. ∀a ∈ As, i ∈ 1..n : (∃r ∈ R : a ∈ ALi) =⇒
∀s a−→i s

′ : ∃q, q′ ∈ SLi : mi(q) = s ∧mi(q
′) = s′ ∧ q a−→Li q′;

2. ∀a ∈ As, i ∈ 1..n : (∃r ∈ R : a ∈ ARi) =⇒
∀s a−→Ti(Π[i]) s

′ : ∃q, q′ ∈ SRi : m̂i(q) = s ∧ m̂i(q
′) = s′ ∧ q a−→Ri q′;

3. ∀i ∈ 1..n, j ∈ depL(i) : AddepL(i)(j) ⊆ ALj ;

4. ∀i ∈ 1..n, j ∈ depR(i) : AddepR(i)(j) ⊆ ARj ;

5. ∀(t̄, a) ∈ V̂, i ∈ 1..n : t̄[i] /∈ Ai.

The first and second condition are called the universal applicability conditions. This condition
expresses that a transformation rule matching a synchronising transition must match all synchron-
ising transitions with that label. Without constructing the state space of an LTS network it is
difficult to determine which transitions in the different processes will be able to synchronise. If
these conditions would not hold, the transformed and unchanged transitions may follow a different
communication protocol. It is hard to distinguish these transformed and unchanged transitions
during verification of the rule system. As a consequence, it is difficult to determine whether the
transformed network is bisimilar to the original network by reasoning about the rule system alone.

The third and fourth condition state that a rule system must be complete with respect to
dependent actions. All actions that can synchronise with behaviour of Li (or Ri) must also be
transformed by some transformation rule in R. Should this condition not hold, it becomes difficult
to reason about synchronising behaviour between LTS patterns. If some of the synchronising
parties are changed while others are not, it is difficult to say how this affects the unchanged
synchronising parties.

The fifth condition enforces that new synchronisation laws only involve actions that are not
present in the corresponding source LTS. This condition prevents new synchronisation laws from
changing the semantics of a model in a way that is inconsistent with the transformation rules.

The second and fourth condition are new with respect to [8, 24, 25]. These conditions are the
symmetric equivalents of the first and third conditions respectively. Symmetry of branching bisim-
ulation’s transfer conditions requires that these symmetric equivalents are present. By checking
the appropriate sets of transitions and actions synchronisation uniformity of rule systems can be
determined. In the remainder of this work we only consider synchronously uniform rule systems.

Synchronisation uniformity makes it easier to reason about synchronising behaviour. As ex-
pressed in Lemma 5, whenever a transition in the process of a network is matched, all participating
transitions of the other processes must be matched as well.

Lemma 5. Consider an LTS network M = (Π,V) of size n. Let r̄ be a vector of transformation
rules given by a network transformation (Definition 12) applied to M, then

∀s̄, s̄′ ∈ SM : s̄
t̄ a−−→M s̄′ ∧

(∃i ∈ Ac(t̄), q, q′ ∈ SLi : mi(q) = s̄[i] ∧mi(q
′) = s̄′[i] ∧ q t̄[i]−−→Li q′) =⇒

(∀i ∈ Ac(t̄) : ∃q, q′ ∈ SLi : mi(q) = s̄[i] ∧mi(q
′) = s̄′[i] ∧ q t̄[i]−−→Li q′)

Proof. Let s̄, s̄′ ∈ SM such that s̄
t̄ a−−→M s̄′. Furthermore, let j ∈ Ac(t̄), q, q′ ∈ SLj such that there

is a transition q
t̄[j]−−→Lj q′ matching s̄[j]

t̄[j]−−→Π[j] s̄
′[j]. If |t̄| = 1, then Ac(t̄) = {j} and the proof

follows from the premises. If |t̄| > 1, then t̄[i] ∈ As. Let i ∈ Ac(t̄), we have t̄[i] ∈ AddepL(j)(i).
Hence, by condition 3 of Definition 13, we have t̄[i] ∈ ALi . Moreover, from Definition 8 it
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follows that s̄[i]
a−→Π[i] s̄

′[i]. By condition 1 of Definition 13 there exists p, p′ ∈ SLi such that

there is a transition p
t̄[i]−−→Li p′ with mi(p) = s̄[i] and mi(p

′) = s̄′[i]. In both cases we have

∀i ∈ Ac(t̄) : ∃q, q′ ∈ SLi : mi(q) = s̄[i] ∧mi(q
′) = s̄′[i] ∧ q t̄[i]−−→Li q′.

Consider a confluent rule system Σ = (R,V). Since Σ is confluent, it is possible to construct
a set of transformation rules R∗ from R that Σ∗ = (R∗, V̂) produces the same output as the
exhaustive application of Σ on an LTS network M = (Π,V). This set of transformation rules R∗

is created by combining transformation rules in R. Since the left and right LTS patterns of all
r ∈ R are bisimilar, by congruence, all left and right LTS patterns of all r∗ ∈ R∗ are bisimilar.
Therefore, synchronisation uniformity may be enforced over a sequence of transformation steps
rather than a single transformation step as defined by Definition 12, i.e. synchronisation uniformity
may be weakened such that it applies to a sequence of transformation steps.

In the remainder of this thesis we assume that a rule system is synchronisation uniform with
respect to the model being transformed. When transforming synchronising behaviour, it is natural
to transform all involved parties. Thus, it is reasonable to make this assumption.

Networks of transformation rules. When a rule system affects synchronising actions multiple
transformation rules must be involved to update the affected processes. By considering appropriate
LTS-pattern combinations it is possible to determine whether the combined behaviour of the
processes remains bisimilar.

Let r̄ be the vector of transformation rules given by a network transformation. Recall that
Li and Ri represent the left and right LTS patterns of rule r̄[i] respectively. To analyse com-
binations of LTS-patterns we first convert the transformation rules in two LTS networks Lr̄ =
(〈L1, . . . ,Ln〉,V) and Rr̄ = (〈R1, . . . ,Rn〉,V ∪ V̂), called pattern networks. Next, the pattern
networks are filtered as defined by Definition 14 to produce pattern networks that consider only
a given subset of rules. Given a set of indices I, the filtered left and right pattern networks are
denoted LI and RI . The filtered pattern networks are equivalent to the notion of rule patterns
described in [8]. With these filtered pattern networks the synchronising behaviour before and after
transformation can be compared.

Definition 14 (Filtered LTS network). Given an LTS network M = (Π,V) of size n and a set
of indices I ⊆ 1..n, the filtered LTS network is defined by MI = (Φ,V), with

∀i ∈ 1..n : Φ[i] =

{
Π[i] if i ∈ I
∆(Π[i]) otherwise

where ∆(Π[i]) = ({∗},AΠ[i], ∅, {∗}) is a dummy LTS with a dummy state ∗.
To produce an LTS network the actions of the synchronisation vectors must be elements of

the respective LTS. Therefore, the dummy LTS ∆(i) contains the same action set as the LTS Π[i]
that the dummy replaces. However, as dummy LTSs represent no behaviour (i.e. the behaviour
is filtered), they do not contain any transitions.

Like a single transformation rule, the filtered left and right pattern networks have glue-states
as well. In fact, if a filtered left pattern network LI matches on M, by Definition 12, matched
states in processes indexed by I are replaced by the matched states of the corresponding filtered
right pattern network RI relative to the glue-states. Lemma 6 states that the glue-states of LI
and RI are those (vector-)states that are present in both filtered pattern networks, i.e. ILI =
IRI ∧ ILI = SLI ∩ SRI .
Lemma 6. Let r̄ be a vector of size n of transformation rules given by a network transformation
(Definition 12). Furthermore, Let LI and RI be the corresponding filtered left and right pattern
networks with I ⊆ 1..n. The following holds:

ILI = IRI ∧ ILI = SLI ∩ SRI
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Proof. We have to show ∀s̄ ∈ ILI : s̄ ∈ IRI ∧ s̄ ∈ SLI ∩ SRI , ∀s̄ ∈ IRI : s̄ ∈ ILI , and
∀s̄ ∈ SLI ∩ SRI : s̄ ∈ ILI . The proof for all three cases is analogue. For the sake of brevity,
we only present the proof for the first case.

Let s̄ ∈ ILI . By Definition 14, we have ∀i ∈ I : s̄[i] ∈ ILi and ∀i ∈ 1..n \ I : s̄[i] ∈ I∆(i). We
distinguish two cases. Let i ∈ 1..n:

• Case: i ∈ I. We have LI [i] = Li, RI [i] = Ri, and r̄[i] = (Li,Ri). By Definition 3, it follows
that s̄[i] ∈ IRi and s̄[i] ∈ SLi ∩ SRi . Hence, s̄[i] ∈ RI [i] and s̄[i] ∈ SLI [i] ∩ SRI [i].

• Case: i /∈ I. By Definition 14, we have LI [i] = ∆(Li) and RI [i] = ∆(Ri), and I∆(Li) =
S∆(Li) = S∆(Ri) = I∆(Ri) = {∗}. Since s̄[i] = ∗, it follows that s̄[i] ∈ RI [i] and s̄[i] ∈
SLI [i] ∩ SRI [i].

In both cases s̄[i] ∈ RI [i] and s̄[i] ∈ SLI [i] ∩ SRI [i]. Therefore, s̄ ∈ IRI and s̄ ∈ SLI ∩ SRI .

Similar to matches for a single rule, we can define how state vectors of pattern networks are
mapped to state vectors of LTS networks. By referring to matches of the individual vector elements
a state vector can be matched on to another state vector. Since pattern networks may contain
the dummy LTS ∆(i) a vector state in a pattern network might match on multiple vector states
of an LTS network. This mapping is defined as presented in Definition 15.

Definition 15 (Mapping of state vectors). Consider an LTS network M = (Π,V) of size n and a
filtered LTS network NI = (Φ,V) with I ⊆ 1..n. Let r̄ be a vector of transformation rules with for
each r̄[i] a corresponding match mi : SΦ[i] → SΠ[i]. A state q̄ ∈ SNI is mapped to a state s̄ ∈ SM,
denoted by q̄ `I s̄, iff

∀i ∈ I : mi(q̄[i]) = s̄[i]

The presented mapping amounts to a simulation relation between state vectors. For state
vectors s̄ ∈ SM and p̄ ∈ SNI , if p̄ `I s̄, then the group of states s̄[i] indexed by i ∈ I can simulate
the behaviour of the state vector p̄. This concept is formalized in Lemma 7 and Lemma 8.

Lemma 7. Let M = (Π,V) be an LTS network of size n and let NI = (Φ,V) be a filtered pattern
network, with I ⊆ 1..n. Let r̄ be a vector of transformation rules with for each r̄[i] a corresponding
match mi : SΦ[i] → SΠ[i], then

∀p̄, p̄′ ∈ SNI : p̄
a−→NI p̄′ =⇒ (∀s̄ ∈ SM : p̄ `I s̄ =⇒

∃s̄′ ∈ SM : s̄
a−→M s̄′ ∧ p̄′ `I s̄′ ∧ ∀i ∈ 1..n \ I : s̄[i] = s̄′[i])

Proof. Let p̄, p̄′ ∈ SNI with p̄
a−→NI p̄′, and let s̄ ∈ SM such that p̄ `I s̄. Let (t̄, a) ∈ V be the

synchronisation law such that p̄
t̄ a−−→NI p̄′. We show how to construct a state s̄′ ∈ SM according

to Definitions 14 and 15 such that s̄
t̄ a−−→M s̄′, p̄′ `I s̄′, and ∀i ∈ 1..n \ I : s̄[i] = s̄′[i], i.e. we show:

∀i ∈ 1..n : ∃q′ ∈ Si : (i ∈ Ac(t̄) =⇒ s̄[i]
t̄[i]−−→i q

′) ∧ (i /∈ Ac(t̄) =⇒ s̄[i] = q′)

∧ (i ∈ I =⇒ mi(p̄
′[i]) = q′) ∧ (i /∈ I =⇒ s̄[i] = q′)

Since p̄
t̄ a−−→NI p̄′, all active sub-states are part of the filtered pattern network. It follows that

Ac(t̄) ⊆ I. Let i ∈ 1..n, we distinguishing three cases:

• Case: i ∈ I ∩Ac(t̄). We have to show ∃q′ ∈ Si : mi(p̄
′) = q′ ∧ s̄[i] t̄[i]−−→i q

′).

By condition 3 of Definition 4, it follows that mi(p̄[i])
t̄[i]−−→i mi(p̄

′[i]). Since a match is an

injective function, we have mi(p̄[i]) = s̄[i]. Hence, we get s̄[i]
t̄[i]−−→M mi(p̄

′[i]). It follows that
mi(p̄

′[i]) is the appropriate choice for q′.
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• Case: i ∈ I \Ac(t̄). We have to show ∃q′ ∈ Si : mi(p̄
′) = q′ ∧ q′ = s̄[i].

Since i /∈ Ac(t̄) we have p̄[i] = p̄′[i]. It follows that mi(p̄
′) = mi(p̄) = s̄[i]. Hence, a suitable

choice is q′ = s̄[i].

• Case: i /∈ I. We have to show there is a q′ ∈ Si such that q′ = s̄[i].

Since Ac(t̄) ⊆ I, it follows that i /∈ Ac(t̄). Hence, by Definition 8, we can take q′ = s̄[i].

It follows that there exists an s̄′ ∈ SM such that s̄
a−→ s̄′, p̄′ `I s̄′, and ∀i ∈ 1..n \ I : s̄[i] =

s̄′[i].

Lemma 8. Let M = (Π,V) be an LTS network of size n and let NI = (Φ,V) be a filtered pattern
network, with I ⊆ 1..n. Let r̄ be a vector of transformation rules with for each r̄[i] a corresponding
match mi : SΦ[i] → SΠ[i], then

∀p̄, p̄′ ∈ SNI : (p̄⇒NI p̄′) =⇒ (∀s̄ ∈ SM : p̄ `I s̄ =⇒
∃s̄′ ∈ SM : (s̄⇒M s̄′) ∧ p̄′ `I s̄′ ∧ ∀i ∈ 1..n \ I : s̄[i] = s̄′[i])

Proof. Let p̄, p̄′ ∈ SNI with p̄⇒NI p̄′, and let s̄ ∈ SM such that p̄ `I s̄. We show how to construct
a state s̄′ ∈ SM such that s̄⇒M s̄′, p̄′ `I s̄′, and ∀i ∈ 1..n \ I : s̄[i] = s̄′[i] by structural induction
on ⇒NI :

• Base case: p̄⇒NI p̄. We have to show s̄⇒M s̄, this follows from reflexivity of ⇒.

• Base case: p̄
τ−→NI p̄′. We have to show ∃s̄′ ∈ SM : s̄

τ−→M s̄′, this follows directly from
Lemma 7.

• Step case: p̄⇒NI ˆ̄p and ˆ̄p⇒NI p̄′. We have to show s̄⇒M s̄′.

By the Induction Hypothesis we have s̄ ⇒M ˆ̄s and ˆ̄s ⇒M s̄′. The proof follows from the
transitivity of ⇒.

Consider a set of indices I ⊆ 1..n and a state vector s̄ ∈ SM of some LTS networkM. Lemma 9
states the following: when states s̄[i] indexed by i ∈ I are matched there is a state vector q̄ ∈ SLI
such that q̄ `I s̄.

Lemma 9. Consider an LTS network M = (Π,V) and a filtered left-pattern network LI = (L,V)
with I ⊆ 1..n. Let r̄ be a vector of transformation rules with for each r̄[i] a corresponding match
mi : SLi → SΠ[i].

∀s ∈ SM : (∀i ∈ I : i ∈M(s̄)) =⇒ ∃q̄ ∈ SLI : q̄ `I s̄

Proof. Let s ∈ SM with (∀i ∈ I : i ∈ M(s̄)). We have to show that there is a q̄ ∈ SLI such that
q̄ `I s̄. By Definition 15, it is sufficient to show that for all i ∈ I there exists a q ∈ SLi such that
mi(q̄[i]) = s̄[i]. Since (∀i ∈ I : i ∈ M(s̄)), by definition of M(s̄), for all i ∈ I there exists such a
state q ∈ SLi with mi(q̄[i]) = s̄[i].

Previously, in Lemma 5, it was shown that all transitions participating in a synchronization
law must be matched if there is a match on one of the participating transitions. Lemma 10
formulates a similar statement on the level of transitions in a system LTS: whenever a transition
participating in synchronisation is matched, then there is a (filtered) pattern network matching
the corresponding transition in the system LTS.
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Lemma 10. Consider an LTS network M = (Π,V) of size n. Let r̄ be a vector of transformation
rules given by a network transformation (Definition 12) applied to M, then

∀s̄, s̄′ ∈ SM : s̄
t̄ a−−→M s̄′ ∧

(∃i ∈ Ac(t̄), q, q′ ∈ SLi : mi(q) = s̄[i] ∧mi(q
′) = s̄′[i] ∧ q t̄[i]−−→Li q′) =⇒

(∀s̄m ∈ SLM(s̄)
: s̄m `M(s̄) s̄ =⇒ ∃s̄′m ∈ SLM(s̄)

: s̄′m `M(s̄) s̄
′ ∧ s̄m

t̄ a−−→LM(s̄)
s̄′m)

Proof. Let s̄, s̄′ ∈ SM such that s̄
t̄ a−−→M. Furthermore, let s̄m ∈ SLM(s̄)

such that s̄m `M(s̄) s̄.

We have to show ∃s̄′m ∈ SLM(s̄)
: s̄′m `M(s̄) s̄

′ ∧ s̄m
t̄ a−−→LM(s̄)

s̄′m. We show how to construct s̄′m
according to Definitions 14 and 15, i.e. we show ∀i ∈ M(s̄) : ∃p′ ∈ SLi : mi(p

′) = s̄′[i] ∧ (i ∈
Ac(t̄) =⇒ s̄m[i]

t̄[i]−−→Li p′). Note that for i ∈ 1..n \M(s̄) we have s̄′m[i] = ∗. Hence, there are no
proof obligations and the case can be admitted.

Let i ∈M(s̄). We distinguish two cases:

• Case: i ∈ Ac(t̄). We have to show that ∃p′ ∈ SLi : mi(p
′) = s̄′[i] ∧ s̄m[i]

t̄[i]−−→Li p′.

By Lemma 5 there exist p, p′ ∈ SLi : mi(p) = s̄[i], mi(p
′) = s̄′[i], and p

t̄[i]−−→Li p′. From the

injectivity property of Definition 4 it follows that p = s̄m[i]. We get s̄m[i]
t̄[i]−−→Li p′. Thus,

p′ is a fitting choice.

• Case: i /∈ Ac(t̄). We have to show that ∃p′ ∈ SLi : mi(p
′) = s̄′[i].

Following Definition 8, we have s̄[i] = s̄′[i]. It follows that mi(s̄m[i]) = s̄[i] = s̄′[i]. Therefore,
we take p′ = s̄m[i].

Hence, for all i ∈ M(s̄) there is a p′i ∈ SLi such that mi(p
′
i) = s̄′m[i]. Additionally, we have

s̄m
t̄ a−−→LM(s̄)

s̄′m.

Handling incoming and outgoing synchronisation for pattern networks. When (filtered)
pattern networks are formed it is also important to consider incoming and outgoing synchronising
transitions that may not be present in the pattern network. Before we formally introduce the
κ-extension Mκ = (Πκ,Vκ) of an LTS network M = (Π,V) we first explain why incoming and
outgoing synchronising transitions must be considered with an example.

As illustrated in Figure 4.4, it is not sufficient to only consider the κ-self loops in extended
transformation rules (Definition 6). Figure 4.4a presents a rule system that does not preserve
bisimulation. Again, the states are numbered such that matches can be identified by the state
label, i.e. a state ĩ is matched onto state i of the corresponding process LTS of Figure 4.4c.
Figure 4.4b shows that individual κ-self loops are not sufficient to detect that the rule system is
not bisimulation preserving. In Figure 4.4c LTS network M is transformed using the rule system
of Figure 4.4a. The system LTSs before (LTSM) and after (LTS TΣ(M)) applying the rule system
are presented in Figure 4.4d. Clearly, these system LTSs are not bisimilar. However, the failure to
preserve bisimulation can be detected if an additional transition representing the synchronisation
of κ1 and κ2 is added in the pattern networks Lκ{1,2} and Rκ{1,2}. States (0̃ 1̃) and (1̃ 0̃) would not

be able to perform this κ-synchronisation, and thus Lκ{1,2}↔b/ Rκ{1,2}.
The κ-extensions for LTS networks is formally defined in Definition 16. The filtered κ-extended

left and right pattern networks are denoted LκI and RκI respectively, they are created by first
applying κ-extension on the pattern networks and then filtering the κ-extended pattern networks.
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Figure 4.4: The synchronisation of κ-self loops must be considered to properly determine bisimu-
lation preservation for rule systems

Definition 16 (Extension of an LTS network with κ-synchronisation). Consider an LTS network
M = (Π,V). The κ-extension of M is defined as Mκ = (Πκ,Vκ), with

• ∀i ∈ 1..n : Πκ[i] = (Π[i])κ

• Vκ = V ∪ {(〈κ1, . . . , κn〉, κs̄) | s̄ ∈ IM ∧ (∀i ∈ 1..n : κi = κs̄[i] ∨ κi = •)} \ {〈•, . . . , •〉}, where
κs̄ is a unique result label such that ∀(t̄, a) ∈ Vκ : a = κs̄ =⇒ t̄ = 〈κ1, . . . , κn〉.
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The κ-synchronisation laws ensure that each vector of glue-states is at least related to itself.
Furthermore, the κ-synchronisation laws prevent that a vector state s̄ which consists of a number
of glue-states is related to a vector state q̄ consisting of the same glue-states plus some additional
glue states if s̄ cannot reach such a state with the same glue-sates as q̄, i.e. the situation presented
in Figure 4.4 is prevented. For each s̄ ∈ IM there is a number of κ-synchronisation laws that
represent incoming and outgoing synchronising transitions for combinations of κ actions that can
be performed by vector glue-state s̄. Each κ-synchronisation law v has a unique result label, i.e.
κ-synchronisation laws can be identified distinguished based solely on their result action. The
synchronisation of two κ-actions κi and κj will be denoted by the κij-action. The introduction of
κ-synchronisation laws is a novel contribution to work of Wijs and Engelen [8, 24, 25].

The κ-synchronisation actions are unique for each vector of glue-states. Hence, as stated in
Lemma 11, each vector of glue-states must be related to itself.

Lemma 11. Consider a vector of transformation rules r̄ of size n given by a network transform-
ation (Definition 12). Let I ⊆ 1..n be a set of indices, and let LI and RI be filtered left and
right pattern networks produced from r̄. Let BI be a branching bisimulation relation such that
LκI ↔b RκI , then

∀s̄ ∈ ILI : s̄ BI s̄

Proof. Let s̄ ∈ ILI , by Definition 16, we have s̄ ∈ ILκI . Since LκI ↔b RκI , there exists a p̄ ∈ IRκI
such that s̄ BI p̄. From Definition 16 it follows that s̄

κs̄−→LκI s̄. Moreover, since s̄ BI p̄, we

also have p̄ ⇒RκI ˆ̄p
κs̄−→RκI p̄′ with s̄ BI ˆ̄p. The κs̄ action represent the synchronisation of all

κs̄[i] actions, where i ∈ I. This means that ∀q̄, q̄′ ∈ SRκI : q̄
κs̄−→RκI q̄′ =⇒ q̄ = s̄ ∧ q̄′ = s̄ (by

Definition 6 and Definition 16). Thus, we have ˆ̄p = s̄. It follows that s̄ BI s̄.

In Chapter 3, we have shown that if a glue-state s ∈ IL is related to a state s′ ∈ SR, there
exists a τ -path from s′ to s (Lemma 3). A similar statement can be made for vector states in
filtered pattern networks. Lemma 12 expresses that if a vector state s̄ ∈ SLI , of which some
sub-states are glue-states, is related to p̄ ∈ SRI , then there exists a state ˆ̄p ∈ SRI with the same
glue-sub-states as s̄ such that p̄⇒RI ˆ̄p and ˆ̄p is related to s̄ as well.

Lemma 12. Consider a vector of transformation rules r̄ of size n given by a network transform-
ation (Definition 12). Let J ⊆ I and I ⊆ 1..n be sets of indices, and let LI and RI be filtered left
and right pattern networks produced from r̄. Let BI be a branching bisimulation relation such that
LκI ↔b RκI , then

∀s̄ ∈ SLI , p̄ ∈ SRI : s̄ BI p̄ ∧ (∀i ∈ J : s̄[i] ∈ ILi) =⇒
∃ ˆ̄p ∈ SRI : p̄⇒RI ˆ̄p ∧ s̄ BI ˆ̄p ∧ ∀i ∈ J : ˆ̄p[i] = s̄[i]

Proof. Let s̄ ∈ SLI and p̄ ∈ SRI such that s̄ BI p̄ and ∀i ∈ J : s̄[i] ∈ ILi . Consider the κ-action κs̄J
produced from the synchronisation of the κ actions of all s̄[j] with j ∈ J . By Definition 16, it follows

that s̄ ∈ SLκI , p̄ ∈ SRκI and s̄
κs̄J−−→ s̄. Moreover, since s̄ BI p̄, we also have p̄ ⇒RκI ˆ̄p

κs̄J−−→RκI p̄′
with s̄ BI ˆ̄p. Since κs̄J is unique for sub-states indexed by J we have ∀i ∈ J : ˆ̄p[i] = s̄[i]. Finally,
since τ is not the result of a κ-synchronisation, it follows that p̄⇒RI ˆ̄p.

Handling inability to synchronise An LTS may want to perform a synchronising action in
a certain state, but there is no guarantee that the synchronisation partners are able to perform
the corresponding synchronisation action. Hence, when determining bisimulation preservation
pattern networks that capture successful and unsuccessful synchronisation must be considered.
As rule systems may be applied to any LTS network, all possible synchronisation scenarios must
be considered.

Figure 4.5 shows that unsuccessful synchronisation must be considered to properly detect that
a given rule system does not preserve bisimulation. A rule system Σ that does not preserve
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bisimulation is given in Figure 4.5a. The states are numbered such that matches can be identified
by the state label, i.e. a state ĩ is matched onto state i of the corresponding process LTS in
Figure 4.5c. The bisimulation checks for the rule system Σ are presented in Figure 4.5b. Only
when bisimulation is checked between Lκ{1} and Rκ{1} one can observe that the rule system is not
bisimulation preserving. The κ1, κ2 transition represents two individual κ-transitions and the κ12

transition represents the synchronisation of the κ1 and κ2 actions. As indicated in Figure 4.5d,
when the rule system is applied to the LTS network M in Figure 4.5c the resulting LTS network
TΣ(M) is not bisimilar to the original LTS network M.
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Figure 4.5: Both successful as unsuccessful synchronisation must be considered in checking for
bisimulation preservation
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4.4 Preservation of branching bisimulation

Reasoning about the generic bisimulation relation by example. To raise intuition of
the contents of the general bisimulation relation for bisimulation preserving rule systems we will
use an example which contains: (partly) matched vector states, successful synchronisation, and
unsuccessful synchronisation.

Figure 4.6 shows the application of a rule system on an LTS network. Clearly, the rule system
presented in Figure 4.6a preserves bisimulation: the first transformation rule simply relabels state
1̃ to 3̃, the second transformation rule does not change anything, and no new synchronisation
laws are added. Figure 4.6b shows how the (filtered) pattern networks are related with respect
to bisimulation. Rule system Σ is applied on an LTS network M as presented in Figure 4.6c. In
Figure 4.6d shows the system LTSs before (LTS M) and after (LTS TΣ(M)) applying the rule
system.

There are two ways to deduce that state (0 0) ∈ SM ∩ STΣ(M) is related to itself: the state

is not removed by the transformation, and the state (0̃ 0̃) ∈ SLκ{1,2}
is related to itself since

(0̃ 0̃) ∈ SRκ{1,2}
. Furthermore, since states (1 1) ∈ SM and (3 1) ∈ STΣ(M) are fully matched and

do not contain states matched by glue states their relation can only be derived from the relation
between Lκ{1,2} and Rκ{1,2}.

Relating states (1 2) ∈ SM and (3 2) ∈ STΣ(M) is less trivial since the first element of the
vector state is replaced and the second element of the vector state is not matched. There is no
(filtered) pattern network which shows a trivial relation between these two vector states. Observe
that the second elements of vector states (1̃ 1̃) ∈ SLκ{1,2}

and (3̃ 1̃) ∈ Rκ{1,2} are glue states. The κ4-

transition represents possible incoming and outgoing transitions to and from state 1̃ ∈ SLκ{2}
∩SRκ{2}

that might not be present in the LTS pattern.
Vector state (1 2) ∈ SM behaves both as sub-state (1) ∈ S1 and sub-state (2) ∈ S2. Sub-state

(1) ∈ S1 is replaced by the transformation (since (1) ∈ m(L1 \ R1)) and sub-state (2) ∈ S2 is not
matched on, as a consequence, the two sub-states cannot perform synchronising actions. It can
be said that the behaviour of (1) ∈ S1 and (2) ∈ S2 is disjoint. Hence, we can only relate states
(1 2) ∈ SM and (3 2) ∈ STΣ(M) iff there exists a bisimulation relation between Lκ{1} and Rκ{1}
that relates sub-state (1̃) ∈ SLκ{1}

and (3̃) ∈ SRκ{1}
. One could say that part of the bisimulation

relation between Lκ{1,2} and Rκ{1,2} cascades into the bisimulation relation between Lκ{1} and Rκ{1}.
Rule systems for which this cascading effect holds in general are called cascading rule systems.
The cascading rule system is formally defined in Definition 17. Cascading rule systems are a novel
contribution to work of Wijs and Engelen [8, 24, 25].

Definition 17 (Cascading rule system). A rule system Σ = (R, V̂) is called a cascading rule
system, iff for all sets of indices I ⊆ 1..n and J ⊆ I the following holds:

∀s̄ ∈ SLI , p̄ ∈ SRI : s̄ BI p̄ ∧ (∀i ∈ I \ J : s̄[i] ∈ ILi ∧ s̄[i] = p̄[i]) =⇒
(∀s̄′ ∈ SLJ , p̄′ ∈ SRJ : (∀i ∈ J : s̄[i] = s̄′[i] ∧ p̄[i] = p̄′[i]) =⇒ s̄′ BJ p̄

′)

When a rule system is not cascading, bisimulation-preservation is not guaranteed for all inputs.
Before arguing that this holds in general, we explain an illustrative example shown in Figure 4.7.
A rule system Σ that is not cascading is presented in Figure 4.7a. The states are numbered
such that matches can be identified by the state label, i.e. a state ĩ is matched onto state i of
the corresponding process LTS in Figure 4.7c. The bisimulation checks for the rule system Σ
are presented in Figure 4.7b. All bisimulation check fails to recognize that Σ is not bisimulation
preserving. In the relation between Lκ{1,2} and Rκ{1,2} vector states (0̃ 1̃) ∈ SLκ{1,2}

and (0̃ 3̃) ∈
SRκ{1,2}

are related. However, sub-states (1̃) ∈ SLκ{2}
and (3̃) ∈ SRκ{2}

are not related by the relation

between Lκ{2} andRκ{2}. Therefore, rule system Σ is not cascading. The cause is the introduction of

actions t1 and t2, which produce τ -transitions from sub-state (3̃) ∈ SRκ{2}
to sub-state (2̃) ∈ SRκ{2}

in such a way that sub-state (3̃) ∈ SRκ{2}
cannot perform any actions when pattern network L{1,2}
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is left via sub-state (0̃) ∈ SRκ{1}
. However, sub-state (1̃) ∈ SRκ{2}

can perform an a-action. Hence,

as shown in Figure 4.7d, vector states (3 1) ∈ SM and (3 3) ∈ STΣ(M) cannot be related. It follows
that M and TΣ(M) are not bisimilar.
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Figure 4.7: The bisimulation checks for non-cascading rule system Σ do not recognize that Σ is
not bisimulation-preserving for M
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We now argue that we cannot guarantee bisimulation-preservation for all inputs if a rule system
is not cascading. Consider an LTS network M = (Π,V), a rule system Σ = (R, V̂), and two sets
of indices I ⊆ 1..n and J ⊆ I. Let s̄ ∈ m(SLI ) and p̄ ∈ m̂(SRI ) be two bisimilar vector states
with identical glue-states (indexed by I \ J). It is always possible to constructM such that there

are transitions s̄
t̄ a−−→M s̄′ and p̄

t̄ a−−→TΣ(M) p̄
′ with Ac(t̄) = I \ J and ∀i ∈ I \ J : s̄′[i] /∈ m(SLi),

i.e. with the transitions the pattern networks LI and RI are left via sub-states shared by s̄ and p̄
that are matched on by glue-states. If M and TΣ(M) are bisimilar, then s̄′ should be related to
p̄′. By Definition 8, we have ∀i ∈ J : s̄′[i] = s̄[i]. We refer to the sub-states of s̄′ and s̄ indexed
by J as s̄J , and we refer to the sub-states of p̄ indexed by J as p̄J . Similarly, we refer to the sub-
states of s̄′ indexed by I as s̄′I . If all sub-states in s̄J are matched on by glue-states, it follows by
Lemma 11 that the relation between s̄ and p̄ cascades to s̄J and p̄J . If not all sub-states in s̄J are
matched on by glue-states, then there is a sub-state in s̄J that is replaced by the transformation.
Without loss of generality assume that all sub-states in s̄J are replaced by the transformation.
Hence, the behaviour of s̄′I is disjoint from the behaviour of s̄′J . Assume that Σ is not cascading,
i.e. the vector states that map on s̄J and p̄J are not bisimilar. Then, s̄′ and p̄′ are not bisimilar.
As a consequence, M and TΣ(M) are not bisimilar. Therefore, bisimulation-preservation is not
guaranteed for all inputs if a rule system is not cascading. We only consider cascading rule systems
in the remainder of this thesis. An algorithm checking whether a rule system is cascading is a
topic for future work.

The bisimulation-preservation check. Branching bisimilarity is a congruence for admiss-
ible LTS networks. Therefore, two pairs of pattern networks LI and RI , LJ and RJ , with
LI ↔b RI and LJ ↔b RJ , can be combined to form pattern networks LI∪J and RI∪J such that
LI∪J ↔b RI∪J . By employing Lemma 13 we can avoid reasoning about dependency sets in the
bisimulation relation that will be constructed.

Lemma 13. Let Σ = (R, V̂) be a rule system. Let r̄ be a vector of size n such that for all i ∈ 1..n,
r̄[i] ∈ R, then

(∀i ∈ 1..n, I ⊆ dep(i) : LκI ↔b RκI ) =⇒ (∀I ⊆ 1..n : LκI ↔b RκI )

Proof. By induction on n.

• Base case (n = 1). For all i ∈ 1..n there is an r̄[i] ∈ R. Hence, there is no i ∈ 1..n that is
not in the dependency set. It follows that for all i ∈ 1..n we have dep(i) = 1..n.

• Step case with (∀i ∈ 1..n−1, I ⊆ dep(i) : LκI ↔b RκI ) =⇒ (∀I ⊆ 1..n−1 : LκI ↔b RκI ) as In-
duction Hypothesis (IH). Given (∀i ∈ 1..n, I ⊆ dep(i) : LκI ↔b RκI ), we also have (∀i ∈ 1..n−
1, I ⊆ dep(i) : LκI ↔b RκI ) and Lκn ↔b Rκn. By IH it follows that
(∀I ⊆ 1..n−1 : LκI ↔b RκI ). What remains to show is (∀I ⊆ 1..n−1 : LκI∪{n} ↔b RκI∪{n}), i.e.

the case with subsets containing n remains to be shown. Take an arbitrary I ⊆ dep(i) with
i ∈ 1..n− 1, we have Lκn ↔b Rκn. By IH and congruence it follows that LκI∪{n} ↔b RκI∪{n}.

Hence, we have (∀i ∈ 1..n, I ⊆ dep(i) : LκI ↔b RκI ) =⇒ (∀I ⊆ 1..n : LκI ↔b RκI ).

Proposition 2 expresses that a rule system is branching-bisimulation-preserving if the κ-extended
left- and right pattern networks of the dependency sets and their subsets are branching bisimilar.
The bisimulation-preservation check follows directly from Proposition 2. Because of confluence of
rule systems, exhaustive application of a rule system always results in the same final model. Let
M0 and Mz be the original and final model respectively. By Proposition 2, each pair of inter-
mediate models Mi and Mi+1 are bisimilar. Because branching bisimulation is an equivalence
relation, it follows that M0 is bisimilar to Mz.
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Proposition 2. Let M = (Π,V) be an LTS network of size n and let Σ = (R, V̂) be a cascading
rule system. Let r̄ be a vector of size n such that for all i ∈ 1..n, r̄[i] ∈ R with corresponding
matches mi : SL → SΠ[i] and m̂i : SR → ST (Π[i]). The following holds:

(∀i ∈ 1..n, I ⊆ dep(i) : LκI ↔b RκI ) =⇒ M↔b TΣ(M)

Proof. By Definition 2, of branching bisimilarity between LTSs, we have M↔b TΣ(M) iff there
exists a branching bisimulation relation C such that IM C ITΣ(M). By Lemma 13, we have
(∀I ⊆ 1..n : LκI ↔b RκI ). As a consequence, for any I ⊆ 1..n there exists a branching bisimulation
relation BI with ILκI BI IRκI . We define C as follows:

C = {(s̄, p̄) | ∀i ∈ 1..n : (i /∈M(s̄) =⇒ s̄[i] ∈ Si ∧ s̄[i] = p̄[i])

∧ (i ∈M(s̄) =⇒ ∃s̄m ∈ SLM(s̄)
, p̄m ∈ SRM(s̄)

:

s̄m BM(s̄) p̄m ∧ s̄m `M(s̄) s̄ ∧ p̄m `M(s̄) p̄) }
Consider an index i ∈ 1..n. The first case in the relation, i /∈ M(s̄), relates the sub-states

of a state vector that are not matched by transformation rules. The second case in the relation,
i ∈ M(s̄), relates the matched sub-states of a state vector. We prove that C is a branching
bisimulation relation, i.e. we show that Definition 2 holds for C. For readability, we emphasize
conclusions that satisfy a given proof obligation.

In the proof we will sometimes construct state vectors from other state vectors. Let s̄ and p̄ be
state vectors, and let I ⊆ 1..n be a set of indices, we write q̄ := s̄[p̄/I] to construct a state vector
q̄ with ∀i ∈ 1..n : (i ∈ I =⇒ q̄[i] = p̄[i]) ∧ (i /∈ I =⇒ q̄[i] = s̄[i]).

• C relates the initial states of M and TΣ(M), i.e. IM C ITΣ(M).

Since IΠ[i] = ITi(Π[i]) we have IM = ITΣ(M). Therefore, we only have to show that for all
s̄ ∈ IM there exists a p̄ ∈ IM such that s̄ C p̄. Let s̄ be an arbitrary state in IM, we can
take s̄ for p̄ (as instance for the existential quantifier).

What remains to be shown is that s̄ C s̄. Consider an index i ∈ 1..n. Following relation C
we distinguish two cases: i /∈M(s̄) and i ∈M(s̄).

◦ Case: i /∈M(s̄). We must have s̄[i] = s̄[i], which is trivially true.

◦ Case: i ∈ M(s̄). We have to show there exist s̄m ∈ SLM(s̄)
and p̄m ∈ SRM(s̄)

such that
s̄m BM(s̄) p̄m, s̄m `M(s̄) s̄, and p̄m `M(s̄) s̄.

By Lemma 9 we have a state q̄ ∈ SLM(s̄)
such that q̄ `M(s̄) s̄. Since the second

condition of Definition 4 prevents the removal of initial states, we have ∀i ∈ M(s̄) :
q̄[i] ∈ ILi , or simply q̄ ∈ ILM(s̄)

for short. From the lifted glue condition (Lemma 6) it
follows that q̄ ∈ SRM(s̄)

. Hence we can use q̄ to instantiate the existential quantifier
for both s̄m and p̄m. By Lemma 11, we have q̄ BM(s̄) q̄.

In both cases we have s̄ C s̄.

• If s̄ C p̄ and s̄
a−→M s̄′ then either a = τ ∧ s̄′ C p̄, or p̄⇒TΣ(M) ˆ̄p

a−→TΣ(M) p̄
′∧ s̄ C ˆ̄p∧ s̄′ C p̄′.

Let (t̄, a) ∈ V be the synchronisation law that enables the transition s̄
a−→M s̄′. We distinguish

two cases: M(s̄) ∩Ac(t̄) = ∅ and M(s̄) ∩Ac(t̄) 6= ∅.
1. Case: M(s̄)∩Ac(t̄) = ∅. We have ∀i ∈ Ac(t̄) : i /∈M(s̄). We construct p̄′ := p̄[s̄′/Ac(t̄)].

By C we have ∀i ∈ Ac(t̄) : s̄[i] = p̄[i]. It follows that p̄
a−→TΣ(M) p̄′. Left to show is

s̄′ C p̄′. Let i ∈ 1..n:

◦ Case: i /∈M(s̄′). We have to show s̄′[i] = p̄′[i].
For i ∈ Ac(t̄) we have s̄′[i] = p̄′[i] by construction of p̄′. For i ∈ (1..n\M(s̄))\Ac(t̄)
we have s̄′[i] = s̄[i] = p̄[i] = p̄′[i] (by Definition 8 and s̄Cp̄). Hence, in both cases
we have s̄′[i] = p̄′[i].
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◦ Case: i ∈M(s̄′). We have to show there exist s̄′m ∈ SLM(s̄′) and p̄′m ∈ SRM(s̄′) such

that s̄′m BM(s̄′) p̄
′
m, s̄′m `M(s̄′) s̄

′, and p̄′m `M(s̄′) p̄
′.

We first establish some properties which will be needed to construct states bsam
and p̄′m, and a relation with s̄′m BM(s̄′) p̄

′
m. Since ∀j ∈ M(s̄′) ∩ Ac(t̄) : j ∈ M(s̄′),

by Lemma 9, there exists a q̄′ ∈ SLM(s̄′)∩Ac(t̄) such that q̄′ `M(s̄′)∩Ac(t̄) s̄
′. By

applying Lemma 1 with s̄
a−→M s̄′, and ∀j ∈ Ac(t̄) : j /∈ M(s̄), it follows that

∀j ∈M(s̄′) ∩Ac(t̄) : q̄′[j] ∈ ILj . Therefore, q̄′ ∈ ILM(s̄′)∩Ac(t̄) .

To relate s̄′ and p̄′ we need to find a relation BM(s̄′) relating two states that map
on s̄′ and p̄′ respectively. If only active sub-states are matched we can use the
property that initial states are related to themselves in BM(s̄′). In the opposite
case, there is a j ∈ 1..n \ Ac(t̄) and we can use s̄ C p̄ to construct the required
relation. We distinguish between the two mentioned cases:

∗ Case: ∀j ∈ 1..n \ Ac(t̄), j /∈ M(s̄′). Only sub-states of s̄′ indexed by Ac(t̄) are
matched on. Hence, M(s̄′)∩Ac(t̄) = M(s̄′). As q̄′ ∈ ILM(s̄′)∩Ac(t̄) , by Lemma 6,

we have q̄′ ∈ SLM(s̄′) and q̄′ ∈ SLM(s̄′) . Since ∀j ∈ Ac(t̄) : s̄′[j] = p̄′[j] (by

construction of p̄′) and q̄′ `M(s̄′) s̄′, we also have q̄′ `M(s̄′) p̄′. Finally, by
Lemma 11 it follows that q̄′ BM(s̄′) q̄′.

∗ Case: ¬∀j ∈ 1..n \ Ac(t̄), j /∈ M(s̄′). There is a matched sub-state of s̄′

that is not indexed by Ac(t̄), i.e. there exists a j ∈ 1..n \ Ac(t̄) such that
j ∈ M(s̄′). Since j /∈ Ac(t̄) we have j ∈ M(s̄) (by Definition 8). Since s̄ C p̄
and j ∈ M(s̄) it follows that there exist s̄m ∈ SLM(s̄)

and p̄m ∈ SRM(s̄)
such

that s̄m BM(s̄) p̄m, s̄m `M(s̄) s̄, and p̄m `M(s̄) p̄. Furthermore, by Lemma 11
we have q̄′ BM(s̄′) q̄

′. Let s̄′m := s̄m[q̄′/Ac(t̄)] and p̄′m := p̄m[q̄′/Ac(t̄)], applying
congruence to q̄′ BM(s̄′) q̄

′ and s̄m BM(s̄) p̄m we get s̄′m B(M(s̄′)∩Ac(t̄))∪M(s̄) p̄
′
m.

Since ∀k ∈ 1..n \ Ac(t̄) : k ∈ M(s̄) ⇐⇒ k ∈ M(s̄′) (by Definition 8)
and M(s̄) ∩ Ac(t̄) = ∅, we have (M(s̄′) ∩ Ac(t̄)) ∪ M(s̄) = M(s̄′). Hence,
s̄′m ∈ SLM(s̄′) , p̄

′
m ∈ SRM(s̄′) , and s̄′m BM(s̄′) p̄′

m. Finally, since s̄m `M(s̄) s̄,

p̄m `M(s̄) p̄, and q̄′ `M(s̄′)∩Ac(t̄) s̄
′, by construction of s̄′m and p̄′m, it follows

that s̄′m `M(s̄′) s̄′ and p̄′
m `M(s̄′) p̄′.

In all cases we have s̄′ C p̄′.

2. Case: M(s̄) ∩Ac(t̄) 6= ∅. We distinguish whether there exists a matching transition:

(a) Case: ∃i ∈ Ac(t̄), q, q′ ∈ SLi : mi(q) = s̄[i] ∧ mi(q
′) = s̄′[i] ∧ q t̄[i]−−→i q

′. Part of

transition s̄
a−→M s̄′ is matched on. By C we have states s̄m ∈ SLM(s̄)

and p̄m ∈
SRM(s̄)

such that s̄m BM(s̄) p̄m, s̄m `M(s̄) s̄, and p̄m `M(s̄) p̄. By Lemma 10 there

exists s̄′m ∈ SLM(s̄)
such that s̄′m `M(s̄) s̄

′ and there is a transition s̄m
t̄ a−−→LM(s̄)

s̄′m.
Since s̄m BM(s̄) p̄m, by Definition 2, we have the following two cases:

i. Case: a = τ with s̄′m BM(s̄) p̄m. We have to show that s̄′ C p̄. Let i ∈ 1..n:

◦ Case: i /∈M(s̄′). We have to show s̄′[i] = p̄′[i].

Since s̄m
t̄ a−−→LM(s̄)

s̄′m and i /∈ M(s̄′), by Definition 8, it follows that
i /∈ Ac(t̄). Therefore, we have s̄′[i] = s̄[i] and i /∈ M(s̄) (both by Defini-
tion 8). Furthermore, from i /∈ M(s̄) and s̄ C p̄ it follows that s̄[i] = p̄[i].
Consequently, we have s̄′[i] = p̄′[i].

◦ Case: i ∈M(s̄′). We have to show there exist s̄′m ∈ SLM(s̄′) and p̄m ∈ SRM(s̄′)

such that s̄′m BM(s̄′) p̄m, s̄′m `M(s̄′) s̄
′, and p̄m `M(s̄′) p̄.

Since s̄m
t̄ a−−→LM(s̄)

s̄′m, it follows that ∀i ∈ Ac(t̄) : i ∈ M(s̄) ∧ i ∈ M(s̄′). By
Definition 8, we have ∀i ∈ 1..n \ Ac(t̄) : i ∈ M(s̄) ⇐⇒ i ∈ M(s̄′). Hence,
M(s̄) = M(s̄′). Consequently, we have s̄′m ∈ SLM(s̄′) and p̄m ∈ SRM(s̄′)

with s̄′m BM(s̄′) p̄m ∧ s̄′m `M(s̄′) s̄′ ∧ p̄m `M(s̄′) p̄.

In both cases we have s̄′ C p̄.
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ii. Case: p̄m ⇒RM(s̄)
ˆ̄pm

a−→RM(s̄)
p̄′m with s̄m BM(s̄) ˆ̄pm and s̄′m BM(s̄) p̄

′
m. We

have to show ∃p̂, p̄′ ∈ STΣ(M) : p̄⇒TΣ(M) ˆ̄p
a−→TΣ(M) p̄

′ ∧ s̄ C ˆ̄p ∧ s̄′ C p̄′.

By Lemma 8 there is a ˆ̄p ∈ STΣ(M) such that p̄⇒TΣ(M) ˆ̄p, ˆ̄pm `M(s̄) ˆ̄p, and
∀j ∈ 1..n \M(s̄) : ˆ̄p[j] = p̄[j]. By Lemma 7, there is a p̄′ ∈ STΣ(M) such that

ˆ̄p
a−→TΣ(M) p̄′

m, p̄′m `M(s̄) p̄
′, and ∀j ∈ 1..n \M(s̄) : p̄′[j] = ˆ̄p[j]. Hence, the

transition requirements are satisfied. Moreover, by Lemma 14 we have s̄ C ˆ̄p.
What remains to be shown is s̄′ C p̄′. Let i ∈ 1..n:

◦ Case: i /∈M(s̄′). We have to show s̄′[i] = p̄′[i].

Since s̄m
t̄ a−−→LM(s̄)

s̄′m and i /∈ M(s̄′), by Definition 8, it follows that i /∈
Ac(t̄). Therefore, we have s̄′[i] = s̄[i] and i /∈ M(s̄) (both by Definition 8).
Moreover, from i /∈ M(s̄) and s̄ C p̄ it follows that s̄[i] = p̄[i]. Since p̄[i] =
ˆ̄p[i] = p̄′[i] (by construction of ˆ̄p and p̄′), we have s̄′[i] = p̄′[i].

◦ Case: i ∈M(s̄′). We have to show there exist s̄′m ∈ SLM(s̄′) and p̄′m ∈ SRM(s̄′)

such that s̄′m BM(s̄′) p̄
′
m, s̄′m `M(s̄′) s̄

′, and p̄′m `M(s̄′) p̄
′.

As s̄m
t̄ a−−→LM(s̄)

s̄′m, it follows that ∀i ∈ Ac(t̄) : i ∈ M(s̄) ∧ i ∈ M(s̄′).
Furthermore, by Definition 8, ∀i ∈ 1..n \ Ac(t̄) : i ∈ M(s̄) ⇐⇒ i ∈
M(s̄′). Hence, M(s̄) = M(s̄′). Consequently, we have s̄′m ∈ SLM(s̄′) and

p̄′
m ∈ SRM(s̄′) with s̄′m BM(s̄′) p̄′

m ∧ s̄′m `M(s̄′) s̄′ ∧ p̄′
m `M(s̄′) p̄′.

In both cases we have s̄′ C p̄′.

(b) Case: ∀i ∈ Ac(t̄) : ¬(∃q, q′ ∈ SLi : mi(q) = s̄[i] ∧mi(q
′) = s̄′[i] ∧ q t̄[i]−−→i q

′). There

is no match on transition s̄
a−→M s̄′.

We have M(s̄) ∩ Ac(t̄) 6= ∅, it follows that there is a k ∈ M(s̄) ∩ Ac(t̄). Hence, by
s̄ C p̄, there exist s̄m ∈ SLM(s̄)

and p̄m ∈ SRM(s̄)
such that s̄m `M(s̄) s̄, p̄m `M(s̄) p̄,

and s̄m BM(s̄) p̄m. For all j ∈ Ac(t̄) there is no matching transition or there is no
state q ∈ SLj such that mj(q) = s̄′[j]. Hence, by Lemma 1, it follows that ∀j ∈
M(s̄) ∩ Ac(t̄) : s̄m[j] ∈ ILj . By Lemma 12, there exists a ˆ̄pm ∈ SRM(s̄)

such that

p̄m ⇒RM(s̄)
ˆ̄pm, s̄m BM(s̄) ˆ̄pm, and ∀j ∈ M(s̄) ∩ Ac(t̄) : ˆ̄pm[j] = s̄m[j]. Moreover,

by Lemma 8 there is a ˆ̄p ∈ STΣ(M) such that ˆ̄pm `M(s̄) ˆ̄p, p̄⇒TΣ(M) ˆ̄p, and
∀j ∈ 1..n \ M(s̄) : ˆ̄p[j] = p̄[j]. Let p̄′ := ˆ̄p[s̄′/Ac(t̄)], by construction, we have
p̄′ ∈ STΣ(M). Since ∀j ∈ M(s̄) ∩ Ac(t̄) : ˆ̄pm[j] = s̄m[j], by injectivity of mj

(Definition 4), it follows that ∀j ∈ Ac(t̄) : ˆ̄p[j] = s̄[j]. Therefore, by construction of

p̄′, we have ˆ̄p
a−→TΣ(M) p̄′. Moreover, by Lemma 14 we have s̄ C ˆ̄p. What remains

to be shown is s̄′ C p̄′. Let i ∈ 1..n:

◦ Case: i /∈M(s̄′). We have to show s̄′[i] = p̄′[i].
For i ∈ Ac(t̄) we have s̄′[i] = p̄′[i] by construction of p̄′. Furthermore, for
i ∈ (1..n\M(s̄))\Ac(t̄) we have s̄′[i] = s̄[i] = p̄[i] = ˆ̄p[i] = p̄′[i] (by Definition 8,
s̄ C p̄, and construction of ˆ̄p and p̄′). Hence, in both cases we have s̄′[i] = p̄′[i].

◦ Case: i ∈ M(s̄′). We have to show there exist s̄′m ∈ SLM(s̄′) and p̄′m ∈ SRM(s̄′)

such that s̄′m BM(s̄′) p̄
′
m, s̄′m `M(s̄′) s̄

′, and p̄′m `M(s̄′) p̄
′.

By Definition 8 only sub-states index by Ac(t̄) change. Sub-states index by
Ac(t̄) may transition from a matched sub-state to another matched sub-state,
or such a matched sub-state may transition to a sub-state that is not matched
(or vice versa). We will construct states s̄′ ∈ SLM(s̄′) and p̄′ ∈ SRM(s̄′) by

considering the two disjoint sets M(s̄′) \Ac(t̄) and M(s̄′)∩Ac(t̄), such that we
can relate s̄′ and p̄′ using congruence.
First, we focus onM(s̄′)\Ac(t̄). Consider the earlier established state s̄m ∈ SLM(s̄)

.

In order to use Definition 17 we split s̄m and ˆ̄pm each in two parts: s̄mI ∈
SLM(s̄)∩Ac(t̄) and s̄mJ ∈ SLM(s̄)\Ac(t̄) , and ˆ̄pmI ∈ SLM(s̄)∩Ac(t̄) and ˆ̄pmJ ∈ SLM(s̄)\Ac(t̄) .
By Lemma 1, it follows that ∀j ∈ M(s̄) ∩ Ac(t̄) : s̄m[j] ∈ ILj . Hence, we
have s̄mI ∈ ILM(s̄)∩Ac(t̄) . Since ∀j ∈ M(s̄) ∩ Ac(t̄) : ˆ̄pm[j] = s̄m[j], we have
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s̄mI = ˆ̄pmI . By Definition 17, it follows that s̄mJ BM(s̄)\Ac(t̄) ˆ̄pmJ . Finally,
since M(s̄′) \Ac(t̄) = M(s̄) \Ac(t̄), we get s̄mJ BM(s̄′)\Ac(t̄) ˆ̄pmJ .
Next, we prove some properties for the set M(s̄′) ∩Ac(t̄). By Lemma 9, there
exists a state q̄′ ∈ SLM(s̄′)∩Ac(t̄) such that q̄′ `M(s̄′)∩Ac(t̄) s̄

′. By Lemma 1,

we have s̄mI ∈ ILM(s̄)∩Ac(t̄) . Hence, we also have q̄′ ` p̄′. Furthermore, from
Lemma 11, it follows that q̄′ BM(s̄′)∩Ac(t̄) q̄

′.
Let s̄′m := q̄′[s̄mJ/M(s̄′)\Ac(t̄)] and p̄′m := q̄′[ ˆ̄pmJ/M(s̄′)\Ac(t̄)]. By construc-
tion of s̄′m and p̄′m, we have s̄′m ∈ SLM(s̄′) , p̄

′
m ∈ SRM(s̄′) , s̄

′
m `M(s̄′) s̄′, and

p̄′
m `M(s̄′) p̄′. Finally, by congruence, it follows that s̄′m BM(s̄′) p̄′

m.

In both cases we have s̄′ C p̄′.

• If s̄ C p̄ and p̄
a−→T (M) p̄

′ then either a = τ ∧ s̄ C p̄′, or s̄⇒M ˆ̄s
a−→M s̄′ ∧ ˆ̄s C p̄ ∧ s̄′ C p̄′.

This case has not been mechanically verified. However, this case is symmetrical to the
previous case with one exception: p̄

a−→T (M) p̄
′ is enabled by some (t̄, a) ∈ V ∪ V̂. Therefore,

when transition p̄
a−→T (M) p̄

′ is not matched on, we have to show that (t̄, a) ∈ V.

Let p̄, p̄′ ∈ STΣ(M) such that p̄
a−→T (M) p̄

′ is enabled by some (t̄, a) ∈ V ∪ V̂. We consider

the cases where transition p̄
a−→T (M) p̄

′ is not matched on. Assume for a contradiction that

(t̄, a) ∈ V̂. By condition 5 of Definition 13, all actions t̄[i] with i ∈ 1..n are not actions
of original process Π[i], i.e. we have ∀i ∈ 1..n : t̄[i] /∈ Ai. Hence, these actions must be
introduced by Ri. It follows that ∀i ∈ 1..n : t̄[i] ∈ ARi \ ALi . However, this means that

transition p̄
a−→T (M) p̄

′ must be matched on, which contradicts our assumption that the
transition is not matched. Hence, we must have (t̄, a) ∈ V.

In the proof of Proposition 2, there are two cases where we construct a state ˆ̄p ∈ STΣ(M) from
two related states s̄ ∈ SM and p̄ ∈ STΣ(M) such that the matched parts of s̄ and ˆ̄p are related.
The fact that s̄ and ˆ̄p are related by C follows almost directly from the definition of C, as shown
in Lemma 14.

Lemma 14. Consider a vector of transformation rules r̄ of size n given by a network transform-
ation (Definition 12). Let LM(s̄) and RM(s̄) be filtered left and right pattern networks produced
from r̄. Let BM(s̄) be a branching bisimulation relation such that LκM(s̄) ↔b RκM(s̄), then

∀s̄ ∈ SM, p̄, ˆ̄p ∈ STΣ(M) : s̄ C p̄ ∧ ∀j ∈ 1..n \M(s̄) : ˆ̄p[j] = p̄[j] ∧(
∃s̄m ∈ SLM(s̄)

, p̄m, ˆ̄pm ∈ SRM(s̄)
: p̄m `M(s̄) p̄ ∧ ˆ̄pm `M(s̄) ˆ̄p

∧ s̄m `M(s̄) s̄ ∧ s̄m BM(s̄) ˆ̄pm∧

)
=⇒ s̄ C ˆ̄p

Proof. Let s̄ ∈ SM and p̄ ∈ STΣ(M) such that s̄ C p̄. Furthermore, let s̄m ∈ SLM(s̄)
and p̄m, ˆ̄pm ∈

SRM(s̄)
such that s̄m `M(s̄) s̄, p̄m `M(s̄) p̄, ˆ̄pm `M(s̄) ˆ̄p, and s̄m BM(s̄) ˆ̄pm. Additionally, assume

that ∀j ∈ 1..n \M(s̄) : ˆ̄p[j] = p̄[j] by construction of ˆ̄p. We show that s̄ C ˆ̄p. Let i ∈ 1..n. By
definition of C, we distinguish two cases:

• Case: i /∈M(s̄). We have to show s̄[i] = ˆ̄p[i].

By s̄ C p̄ and construction of ˆ̄p, it follows that s̄[i] = p̄[i] = ˆ̄p[i].

• Case: i ∈ M(s̄). We have to show there exist s̄m ∈ SLM(s̄)
and ˆ̄pm ∈ SRM(s̄)

such that

s̄m BM(s̄) ˆ̄pm, s̄m `M(s̄) s̄, and ˆ̄pm `M(s̄) ˆ̄p, this is trivially satisfied by the premises of this
lemma.

In both cases we have s̄ C ˆ̄p.
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Chapter 5

Conclusion and Future Work

This work formally verified the theory proposed by Wijs and Engelen [8, 25] using the Coq inter-
active theorem prover. We have formally proven the correctness of the bisimulation-preservation
check with respect to the application of a transformation rule to a single process LTS. We have
improved upon some of the definitions making the theory’s notions more consistent. Furthermore,
we propose two novel contributions to the theory proposed by Wijs and Engelen in order to prove
the correctness of the bisimulation-preservation check. These contributions are κ-synchronisation
laws and cascading rule systems.

We have shown that κ-synchronisation laws are required to take into account synchronising
transitions that enter and leave a pattern network. Furthermore, when a rule system is not
cascading, it is possible to construct an LTS network M such that the original network M and
the transformed network TΣ(M) are not bisimilar while the check gives a positive result. Hence, to
guarantee that a transformation preserves bisimulation for all possible inputs, the rule system must
be cascading. Finally, we have proven the correctness of the bisimulation-preservation check with
respect to the application of a transformation on an LTS network. For this proof we constructed
a generic relation that relates original and transformed LTS networks and have shown that this
relation is a bisimulation. The proof is formally verified using an interactive theorem prover.

The bisimulation-preservation check is limited input models that are admissible with respect
to τ -transitions. In addition, the check is limited to rule systems that are confluent, cascading and
synchronously uniform. However, it can be checked whether models and rule system satisfy these
limitations. Even when a transformation does not preserve bisimulation for a given property,
it may still be possible that said property holds for the output model of a specific instance of
the transformation. Nevertheless, transformations that do preserve bisimulation can be reused
without the need for additional verification.

Future work. In this thesis we have established the correctness of the bisimulation-preservation
check with respect to branching bisimulation. However, the original check [8, 25] uses divergence-
sensitive-branching bisimulation. In the future, divergence-sensitivity can be added to our bisim-
ulation definition in Coq. This extension will only add proof obligations for the divergence-
sensitivity condition, i.e. we will have to prove that divergence of states is preserved given that
the two LTS patterns of a κ-extended transformation rule are divergence-sensitive branching bisim-
ilar. Additionally, Wijs and Engelen [23] proposed a weakening of the synchronisation uniformity
pre-condition and an extension of their approach which efficiently handles transformations which
leave the communication interface intact. The weakening and extension can be added to the form-
alization in Coq. Weakening the pre-conditions in the formalization would only require reproving a
few lemma’s. Formalization of the extension would require the construction of a new generic bisim-
ulation relation between original and transformed LTS network to reason about transformation
which leaves the communication interface intact.

At the moment of the writing of this thesis, the authors of REFINER [26] have introduced
κ-synchronisation in the property-preservation check. However, the implementation does not
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yet check whether rule systems are cascading (Definition 17). We want to develop an efficient
algorithm which checks whether a rule system is a cascading rule system. Consider a rule system
Σ = (R, V̂), where 1..n are indices uniquely identifying r ∈ R. Let I ⊆ 1..n and J ⊆ I be two sets
of indices. Moreover, let BI and BJ be bisimulation relations such that LκI ↔b RκI and LκJ ↔b RκJ
respectively. We can construct a relation B̂J between LκJ and RκJ from bisimulation relations BI
and BJ such that entries from BI cascade to B̂J according to Definition 17. A trivial approach to
check whether Σ is cascading is to check for all I ⊆ 1..n and J ⊆ I whether B̂J is a bisimulation
relation. However, this approach performs a bisimulation check twice for each J and may not scale
well with parallel processing. We conjecture that it is possible to construct B̂J from a bisimulation
relation B{1..n} between Lκ{1..n} and Rκ{1..n}. Should this be possible, then we only have to perform
one bisimulation check for each J ⊂ 1..n. These checks can be performed in parallel.

To further increase the reliability of the property-preservation check approach, we could encode
the corresponding algorithm in Coq as a proof. An implementation of the algorithm that is correct-
by-construction can then be generated from the Coq proof.

As another area of future work, we would like to investigate how the property-preservation
check can be applied on modelling and transformation languages. It would be interesting to in-
vestigate what class of modelling and transformation languages can be semantically formalized
such that the property-preservation check can be applied to verify transformations. Further-
more, the current implementation of the property-preservation check approach does not return
counter-examples when a transformation is deemed not property-preserving. To guide developers
in developing transformations, it is vital to generate counter-examples for model transformations
that do not preserve a given property. Such counter-examples help the developers understand why
their transformation may not preserve a given property.
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[9] M. Garćıa and R. Möller. Certification of Transformation Algorithms in Model-Driven Soft-
ware Development. In Bleek W.-G., J. Raasch, and H. Züllighoven, editors, Software Engineer-
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Appendix A

Coq in a nutshell

The Coq proof assistant1 is an interactive theorem prover. For a good understanding of how the
proofs presented in this paper relate to the presented Coq listings, it is essential to know the basics
of Coq.

Typing and verification In Coq mathematical definitions, executable algorithms and theorems
can be expressed in a formal language called Calculus of Inductive Construction (CIC). CIC is
based on typed λ-calculus, a (logical) formula is a type and the corresponding λ-term is a proof
of the formula. Coq mechanically verifies proofs by checking whether a λ-term indeed has the
given type, i.e. Coq checks whether a given proof indeed proves the corresponding formula using
a type-checking algorithm.

Type(. . .)

Type(2)

Type(1)

Prop Set

Figure A.1: The CIC
typing hierarchy

In Coq every object has a type. That a given object x has type T is
denoted by x : T. Types have a type called a sort whenever a type is
manipulated as a term. The set of sorts S is defined as

S = {Set, Prop, Type(i) | i ∈ N}

where Set : Type(1), Prop : Type(1) and Type(i) : Type(i+ 1) for
all i ∈ N as shown in Figure A.1.

The sort Prop represents the type of logical propositions. The sort Set
represents the type of small sets or universes; e.g booleans, naturals, and
function types over these data types. Unlike in set theory, set operations
are not available on objects of type Set. The sort Type(i + 1), like Set

contains small sets, but also large sets such as Set, Prop, and Type(i).
Furthermore, Type(i + 1) contains all products, subsets and function
types over the sorts in Type(i) as well.

Coq syntax Consider a function F : A → B → C, we have A → B → C = A → (B → C)
since types are right associative. Terms are left associative, we have F a b = (F a) b. Moreover,
since F a : B → C we have F a b : C. Let P and Q be logical propositions, and let x and y be
instances of some type T . Table A.1 shows a summary of the syntax for logical propositions. The
syntax of the universal and existential quantifiers is presented in Table A.2.

Table A.1: Coq syntax for logical propositions

⊥ > x = y x 6= y ¬P P ∧Q P ∨Q P → Q P ⇔ Q
False True x = y x <> y ∼P P /\Q P \/ Q P -> Q P <-> Q

1http://coq.inria.fr

On the formal correctness of a model transformation verification technique 43

http://coq.inria.fr


APPENDIX A. COQ IN A NUTSHELL

Table A.2: Coq syntax for logical quantifiers

∀x ∈ T : P forall x:T, P

∃x ∈ T : P exists x:T, P

Definitions and proofs There are a few constructs which are used to specify definitions and
proofs. Definitions can be specified by means of the keywords Definition and Record. Listing A.1
defines a predicate of type (A → B) → Prop on a function F : A → B stating that F is injective:
function F is injective iff Injective F holds. Note that the type of the variables quantified in the
forall statement are left implicit in this example, Coq is able to derive types for variables and
definitions in most situations.

Definition Injective (F : A -> B) : Prop :=

forall a1 a2, F a1 = F a2 -> a1 = a2.

Listing A.1: Injective predicate for a function

We can also formalize an injective function in a Record. The definition presented in Listing A.2
states that InjectiveFunction is a function F : A → B for which Injective cond holds. The
:> symbols after F declare F as a coercion from InjectiveFunction to A → B, this means that
an object IF : InjectiveFunction can be used as a function of type A → B.

Record InjectiveFunction := {

F :> A -> B;

Injective_cond : forall a1 a2, F a1 = F a2 -> a1 = a2

}.

Listing A.2: Record defining an injective function

A Record can contain multiple objects, for example a tuple with an x : X and a y : Y can
be defined as shown in Listing A.3. The x and y elements can be extracted from a record object
t : TupleXY using (x t) and (y t) respectively.

Record TupleXY := {

x : X;

y : Y

}.

Listing A.3: A tuple with an x : X and a y : Y

Proofs for propositions can be constructed using the Lemma or Theorem keywords. The dis-
tinction between Lemma and Theorem is only syntactical, i.e. Lemma and Theorem can be used
interchangeably. During the construction of a proof Coq shows the hypotheses available and the
goals (proof obligations). When all goals are solved a proof is completed with Qed, which validates
and records the proof. A Coq proof for the commutativity of the conjunction operator is shown
in Listing A.4. Several tactics are applied to prove the goal (A ∧ B) → (B ∧ A). First, intro
introduces the (A ∧ B) part before the implication as a hypothesis H, the goal becomes (B ∧ A).
The destruct tactic, splits hypothesis H into two hypotheses. Finally split ; assumption proves
the goal. This final step first uses split to split the goal in the two sub-goals A and B, after which
both goals are proven by our hypotheses using assumption. For other tactics and constructs used
in this work, please refer to the Coq reference manual2.

Lemma AndCommutative : (A /\ B) -> (B /\ A).

Proof.

intro H.

destruct H.

split ; assumption.

Qed.

Listing A.4: Proof that the conjunction operator is commutative

2http://coq.inria.fr/refman/
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Appendix B

Formalization

Section B.1 discusses formalizations with respect to a single process LTS. Section B.2 is dedicated
to the formalization of the bisimulation-preservation check with respect to the transformation of
multiple, concurrent process LTSs. The Coq formalization has been checked with version 8.4pl2 of
the Coq IDE. The verification code is available at: http://1drv.ms/1s3cE1A. The formal proofs
in Coq mostly follow the same structure as the proofs presented in this thesis. One proof-step in
the presented proofs usually corresponds to several, much smaller, steps in Coq.

B.1 Transformation of a single process

An LTS is a tuple 〈SG ,AG , TG , IG〉 as defined in Definition 1. We formalize this definition in Coq
as shown in Listing B.1. A set of states or actions is defined by means of the Ensemble type. A set
of vector states with length n, called States, is denoted as States : Ensemble (State n) and is
of type State n → Prop. A state s : State is a member of the set States : Ensemble State

iff States s holds. The set of actions and the set of initial states are defined similarly. Given
an action a : Act and two states s : State, s’ : State, an LTS G has transition s

a−→G s’ iff
Trans G a s s’ holds.

Record LTS := {

States : Ensemble (State n); (* States S (vector size n) *)

Acts : Ensemble Act; (* Actions A*)
Trans : Act -> (State n) -> (State n) -> Prop; (* Transitions T *)
Init : Ensemble State; (* Initial states I *)

(* T ⊆ A× S × S *)

trans_cond : forall a s s’, Trans a s s’ -> States s /\ States s’ /\ Acts a;

(* I ⊆ S *)

init_cond : forall s : State , Init s -> States s;

(* ∅ ⊂ I *)

init_not_empty_cond : exists s, Init s;

(* τ ∈ A *)

tau_cond : Acts tau

}.

Listing B.1: Formalization of an LTS in Coq

The formalization of Definition 2 (branching bisimulation) in Coq is presented in Listing B.2.
The binary relation B is formalized as the relation BR on the set of all states. For ease of use,
bisimulation-relation BR is declared as coercion from BB to the relation State → State → Prop.
The B states property states that relation BB G1 G2 relates the states of LTSs G1 and G2. Bisim-
ulation between the two LTSs is expressed by the B init. The transfer conditions of branching
bisimulation are expressed in B branching and B branching sym. The TauPath function, defined
by clos refl trans State (Trans G tau), represents the reflexive transitive closure of the τ -
transition, i.e. for states t, th and LTS G we have t ⇒G th iff TauPath G t th holds.
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Record BB (G1 : LTS)(G2 : LTS) := {

BR :> State n -> State n -> Prop; (* Relation B *)

(* B relates states of G1 to states of G2 *)

B_states : forall s t, BR s t -> States G1 s /\ States G2 t;

(* The initial states of both LTSs must be related *)

B_init : forall s, (Init G1 s -> exists t, Init G2 t /\ BR s t)

/\ (Init G2 s -> exists t, Init G1 t /\ BR s t);

(* B is a branching bisimulation *)

B_branching :

forall s t, BR s t -> (* for all s, t such that s B t *)

forall a s’, Trans G1 a s s’ -> (* if s
a−→G1 s

′ *)

(* either a = τ ∧ s′ B t *)

(a = tau /\ BR s’ t)

(* or t⇒G2 t̂
a−→ t′ with s B t̂ and s′ B t′ *)

\/ exists th t’, (TauPath G2 t th /\ Trans G2 a th t’ /\ BR s th /\ BR s’ t’)

;

B_branching_sym :

forall s t, BR s t -> (* for all s, t such that s B t *)

forall a t’, Trans G2 a t t’ -> (* if t
a−→G2

t′ *)

(a = tau /\ BR s t’)

\/ exists sh s’, (TauPath G1 s sh /\ Trans G1 a sh s’ /\ BR sh t /\ BR s’ t’)

}.

Listing B.2: Formalization of branching bisimulation (Definition 1) in Coq

A transformation rule r, described in Definition 3, consists of a left LTS pattern L and a right
LTS pattern R such that IL = IR = SL ∩ SR. We formalize the notion of a transformation rule
in Coq as shown in Listing B.3. The L and R fields represent the left and right LTS patterns
respectively. The glue cond property states that the set of initial states (the glue-states) of both
LTS patterns is comprised of the intersection of the set of states of the left and right LTS patterns,
i.e. Init L = Init R = (States L) ∩ (States R).

Record TransRule := {

L : LTS; (* Left pattern L *)

R : LTS; (* Right pattern R *)

(* IL = IR = SL ∩ SR *)

glue_cond : Init L = Init R /\ Init L = (IntersectS (States L) (States R))

}.

Listing B.3: Formalization of a transformation rule (Definition 3) in Coq

Listing B.4 presents the formalization of match m : SH → SG of the left LTS pattern H of a
transformation rule on a graph G in Coq (Definition 4). Since a match is a partial function with
respect to the set of all states, we define the match function m as a relation such that two states s
and s’ are related iff (m s s’) holds. All states s ∈ SH are mapped by match m as indicated by
m matches. The m states property expresses that if m(q) = s, we have q ∈ SH and s ∈ SG , this
corresponds to m : SL → SG . The second condition of a match is represented by m trans, it states
that there must be matching transitions for all transitions in TH. The m init property states that
initial states may only be matched on by glue-states, this corresponds to the third condition of
the definition of a match. Furthermore, D cond corresponds to the dangling conditions (the fourth
condition of a match).

Record Match (H : LTS)(G : LTS) := {

m :> State 1 -> State 1 -> Prop;

(* A match maps all states in H*)

m_matches : forall p, States H p <-> exists s, m p s;
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(* A match maps states in H to states in G, i.e. m : H → G *)

m_states : forall p s, m p s -> States H p /\ States G s;

(* m is injective *)

m_injective : forall s1 s2 s’, (m s’ s1 /\ m s’ s2)

\/ (m s1 s’ /\ m s2 s’) -> s1 = s2;

(* A non -glue state may not match onto an initial state , i.e.

∀i ∈ IG , s ∈ SH : m(s) = i =⇒ s ∈ IH *)

m_init : forall i, Init G i -> forall s, m s i -> States (L r) s /\ States (R r)

s;

(* The transition labels must match , i.e. ∀p1
a−→H p2 : m(p1)

a−→G m(p2) *)

m_trans : forall a p1 p2 , Trans H a p1 p2 ->

exists s1 s2, m p1 s1 /\ m p2 s2 /\ Trans G a s1 s2;

(* Dangling conditions *)

D_cond : forall s1 s2 p1 a,

States H p1 /\ ~Init H p1 (* p1 ∈ SH \ IH *)

/\ States G s2 (* s2 ∈ G *)

-> ( (* (D1) m(p1)
a−→G s2 =⇒ ∃p2 ∈ SH : p1

a−→H p2 ∧m(p2) = s2 *)

(m p1 s1 /\ Trans G a s1 s2 ->

exists p2, States H p2 /\ Trans H a p1 p2 /\ m p2 s2)

(* (D2) s2
a−→G m(p1) =⇒ ∃p2 ∈ SH : p2

a−→H p1 ∧m(p2) = s2 *)

/\ (m p1 s1 /\ Trans G a s2 s1 ->

exists p2, States H p2 /\ Trans H a p2 p1 /\ m p2 s2)

)

}.

Listing B.4: Formalization of a transformation rule’s match (Definition 4) in Coq

The formalization of Lemma 1 is presented in Listing B.5. The lemma expresses that whenever
a transition is not matched but a state of the transition is matched, then the matched state must
be a glue-state.

Lemma D_cond_reverse : forall H G (mr : Match H G) s1 s2 p a, (* H,G,m : SH → SG *)

(* s1
a−→G s2 =⇒ *)

Trans G a s1 s2 -> ( (* m(p) = s1 ∧ ∀p2 ∈ SH : m(p2) 6= s2 ∨ ¬p
a−→H p2 *)

(mr p s1 /\ (forall p2, ~mr p2 s2 \/ ~Trans H a p p2))

(* (m(p) = s2 ∧ ∀p1 ∈ SH : m(p1) 6= s1 ∨ ¬p1
a−→H p)) *)

\/ (mr p s2 /\ (forall p1, ~mr p1 s1 \/ ~Trans H a p1 p)))

-> Init H p. (* p ∈ IH *)

Listing B.5: Formalization of Lemma 1 in Coq

Listing B.6 presents the formalization of the κ-extended transformation rule, this is an applied
version of Definition 6. The KFun function produces a unique κs action for a state s. The produced
action cannot be τ as expressed by kfun not tau.

The record TransRuleK defines the κ-extension of some L and R of a transformation rule
r = (L,R) given a KFun function that produces κ-actions. The kacts cond condition ensures that
κ-actions are not already present in AL and AR. The a cond property adds κ-actions to AL and
AR to produce ALκ and ARκ . The sets TLκ and TRκ are defined by t cond. A transition is in
TLκ iff the transition was already present in TL or the transition is the κ-self-loop of a glue-state,
i.e. TLκ is TL with additional κ-self-loops from glue-states. The set TLκ is defined similarly.

(* A function that produces a unique action per state *)

Record KFun := {

kfun :> State 1 -> Act;

kfun_injective : forall s s’, kfun s = kfun s’ -> s = s’;

kfun_not_tau : forall s, kfun s <> tau

}.

(* The κ-extended transformation rule *)

Record TransRuleK (r : TransRule)(k_fun : KFun) := {
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ker :> TransRule; (* κ-extension of r *)

(* κ-actions not in AL and AR *)

kact_cond : forall s, ~Acts (L r) (k_fun s) /\ ~Acts (R r) (k_fun s);

(* SLκ = SL ∧ SRκ = SR *)

s_cond : States (L ker) = States (L r) /\ States (R ker) = States (R r);

(* ILκ = IL ∧ IRκ = IR *)

i_cond : Init (L ker) = Init (L r) /\ Init (R ker) = Init (R r);

(* ALκ = AL ∪ {κs | s ∈ IL} ∧ ARκ = AR ∪ {κs | s ∈ IR} *)

a_cond : forall a, (Acts (L ker) a -> Acts (L r) a

\/ exists s, Init (L r) s /\ k_fun s = a)

/\ (Acts (R ker) a -> Acts (R r) a

\/ exists s, Init (R r) s /\ k_fun s = a)

/\ (Acts (L r) a -> Acts (L ker) a)

/\ (Acts (R r) a -> Acts (R ker) a);

(* κ-self-loops are added *)

t_cond : forall a s s’,

(Trans (L ker) a s s’ <-> Trans (L r) a s s’

\/ (k_fun s = a /\ s = s’ /\ Init (L r) s))

/\ (Trans (R ker) a s s’ <-> Trans (R r) a s s’

\/ (k_fun s = a /\ s = s’ /\ Init (R r) s))

}.

Listing B.6: Formalization of the κ-extension of a transformation rule (Definition 6) in Coq

The formalization of Definition 5 is given in Listing B.7. The Transform record declares LTS
TG, corresponding to LTS T (G), as a coercion from Transform to LTS. LTS TG has the following
properties: IT cond, ST cond, TT cond,and AT cond. These four properties correspond to IG , Sm,
Am, and Tm respectively. Most notable is the definition of Tm, it is defined as TG removing the
transitions in TL and adding transitions in TR.

(* Transformation rule r, LTS G, and match m : SL → SG *)

Record Transform {r : TransRule }{G : LTS}(mL : Match (L r) G) := {

TG :> LTS; (* T (G) *)

mR : Match (R r) TG; (* Match m̂ : SR → ST (G) *)

mR_cond : forall q, Init (L r) q -> mL q = mR q;

(* Initial state are identical to IG *)

IT_cond : Init TG = Init G;

(* Sm = (SG \m(SL) ∪ m̂(SR) *)

ST_cond :

let mR_States := image_mr mR (States (R r)) in

let mL_States := image_mr mL (States (L r)) in

States TG = UnionS (SetminusS (States G) mL_States) mR_States;

(* Tm = (TG \ {m(s)
a−→G m(s′) | s a−→L s′}) ∪ {m̂(s)

a−→T (G) m̂(s′) | s a−→R s′} *)

TT_cond :

forall a s s’,

Trans TG a s s’ <-> (

(* TG \ {m(s)
a−→G m(s′) | s a−→L s′} *)

(Trans G a s s’ /\ ~( exists q q’, mL q s /\ mL q’ s’

/\ Trans (L r) a q q’))

\/ (* {m̂(s)
a−→T (G) m̂(s′) | s a−→R s′} *)

exists q q’, mR q s /\ mR q’ s’ /\ Trans (R r) a q q’

);

(* Am = {a | ∃s a−→ s′ ∈ Tm} ∪ {τ} *)

AT_cond : forall a, Acts TG a <-> (a = tau \/ exists s s’, Trans TG a s s’)

}.

Listing B.7: Formalization of LTS transformation (Definition 5) in Coq
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B.2 Transformation of multiple synchronizing processes

Given in Listing B.8 is the Coq formalization of the LTS Network (Definition 7). The SyncLaw

record defines a synchronisation law. Say we have a synchronisation law v corresponding to
v = (t̄, a), then sync v represents the synchronisation vector t̄ and act v represents the res-
ult action a. The synchronisation vector sync is formalized as a list of length n. Consider a
list l of length n, nth i l d function returns its third argument d if i >= n. Hence, we have
nth i (sync v) None = None for t̄[i] = • and we have nth i (sync v) None = Some b for
t̄[i] = b.

The LTS network of some size n is formalized by the LTSNetwork record. The list of n
processes is represented by Procs. The set of synchronisation laws V corresponds to SyncN. For
all synchronisation laws (t̄, a) we must have ∀i ∈ 1..n : t̄[i] ∈ Ai ∪ {•}, this property is expressed
by NoUnknownSyncActs and enforced by the SyncActs cond condition. Moreover, the Adm cond

property expresses that the LTS networks is admissible.

(* Syncronisation law (t̄, a) *)

Record SyncLaw {n} := {

sync : listn (option Act) n; (* Synchronisation vector t̄
• is represented by None *)

act : Act (* Result action a *)

}.

(* All actions in a synchronisation vector are members of the corresponding

process LTS , i.e. ∀(t̄, a) ∈ V, i ∈ Ac(t̄) : t̄[i] ∈ Ai ∪ {•} *)

Definition NoUnknownSyncActs {n}(V : Ensemble (@SyncLaw n))(Glist : list LTS) :=

forall v, V v -> (* ∀(t̄, a) ∈ V *)

forall i a ,(nth i (sync v) None) = Some a -> (* ∀i ∈ Ac(t̄) *)

Acts (nth i Glist d_lts) a. (* t̄[i] ∈ Ai *)

(* LTS network *)

Record LTSNetwork {n} := {

Procs : listn (@LTS 1) n; (* Vector of LTSs Π (with state size 1) *)

SyncN : Ensemble (@SyncLaw n); (* Set of synchronisation rules V*)

SyncActs_cond : NoUnknownSyncActs SyncN Procs;

Adm_cond : Admissible SyncN Procs (* The LTS network is admissible *)

}.

Listing B.8: Formalization of LTS network (Definition 7) in Coq

The formalization of the system LTS of an LTS network is presented in Listing B.9. The set
of all vector states SM is formalized by NetStates. The set of actions that may be performed
by the system LTS is given by NetActs. The NetTransSL definition formalizes the transition

with a given synchronisation law s̄
t̄ a−−→M s̄′. An a-transition (s̄

a−→M s̄′)in the system LTS is
described by NetTrans. The initial states of the system LTS are formalized by NetInit. Finally,
the system LTS of an LTS network M is formally constructed by SystemLTS. Since (SystemLTS M)

is of type LTS, we may use (SystemLTS M) as an LTS in any function or definition operating on
LTSs; e.g Acts (SystemLTS M) will return the set NetActs M.

(* SM = S1 × · · · × Sn *)

Definition NetStates {n}(M : @LTSNetwork n)(s : State n) :=

forall i, i < n -> States (nth i (Procs M) d_lts) (nthS i s).

(* AM = {a | (t̄, a) ∈ V} ∪ {τ} *)

Definition NetActs {n}(M : @LTSNetwork n)(a : Act) :=

a = tau \/ exists v, (SyncN M) v /\ act v = a.

(* Transition with known sync law , i.e. s̄
t̄ a−−→ s̄′ *)

Definition NetTransSL {n}(M : @LTSNetwork n)(v : SyncLaw)(s1 s2 : State n) :=

SyncN M v /\

forall (i : nat), i < n -> (* ∀i ∈ 1..n *)

match nth i (sync v) None with
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(* t̄[i] = • ∧ s̄[i] = s̄′[i] ∧ s̄[i] ∈ Si *)

| None => nth i s1 d_str = nth i s2 d_str

/\ States (nth i (Procs M) d_lts) (nthS i s1)

/\ States (nth i (Procs M) d_lts) (nthS i s2)

(* t̄[i] 6= • ∧ s̄[i] t̄[i]−−→i s̄
′[i] *)

| Some x => Trans (nth i (Procs M) d_lts) x (nthS i s1) (nthS i s2)

end.

(* Transition in a system LTS , i.e. ∀s̄, s̄′ ∈ SM : (∃(t̄, a) ∈ V : s̄
t̄ a−−→ s̄′) =⇒ s̄

a−→ s̄′ *)

Definition NetTrans {n}(M : LTSNetwork)(a : Act)(s1 s2 : State n) :=

exists v, act v = a /\ NetTransSL M v s1 s2.

(* IM = {〈s1, . . . , sn〉 | ∀i ∈ 1..n : si ∈ Ii} *)

Definition NetInit {n}(M : @LTSNetwork n)(s : State n) :=

forall i, i < n -> Init (nth i (Procs M) d_lts) (nthS i s).

(* The System LTS *)

Definition SystemLTS {n}(M : LTSNetwork) :=

Build_LTS n (NetStates M) (NetActs M) (NetTrans M) (NetInit M)

(NetLTS_trans_cond M) (NetLTS_init_cond M)

(NetLTS_init_not_empty_cond M) (NetLTS_tau_cond M).

Listing B.9: Formalization of the system LTS of an LTS network (Definition 8) in Coq

A rule system Σ = (R, V̂) is defined in Definition 10. In Listing B.10 the formalization of a
rule system is given. Since the rule system is only used in the context of a transformation of an
LTS network, the set of transformation rules is defined as a vector. In the formalization of the
transformation of an LTS network we will see that each nth i (Rules RS) d tr of a rule system
RS is matched on process nth i (Procs M) d lts of an LTS network M. The dummy transform-
ation rule d tr is a transformation rule that does not apply any changes. More specifically, the
dummy transformation rule transforms patterns of the dummy LTS d lts to d lts.

The sets SyncL and SyncR represent the sets of synchronisation laws V and V̂ respectively. The
SyncLActs cond and SyncRActs cond conditions, and AdmL cond and AdmR cond conditions ensure
that the SyncActs cond and Adm cond conditions respectively hold for LTS networks generated
from the RuleSystem. The formalization of the filtered left pattern network has the following sig-
nature: LeftNetwork n(RS : @RuleSystem n)(I : Ensemble nat). The formalization of the
filtered left pattern network has a similar signature.

(* Rule system (n-vector) *)

Record RuleSystem {n} := {

Rules : listn TransRule n; (* Vector of transformation rules r̄
with ∀i ∈ 1..n : r̄[i] ∈ R *)

SyncL : Ensemble (@SyncLaw n); (* Set of existingsynchronisation laws V *)

SyncR : Ensemble (@SyncLaw n); (* Set of new synchronisation laws V̂ *)

SyncLActs_cond : NoUnknownSyncActs SyncL (map L Rules);

SyncRActs_cond : NoUnknownSyncActs (Union SyncLaw SyncL SyncR) (map R Rules);

AdmL_cond : Admissible SyncL (map L Rules);

AdmR_cond : Admissible (Union SyncLaw SyncL SyncR) (map R Rules)

}.

Listing B.10: Formalization of a rule system (Definition 10) in Coq as a vector of transformation
rules

Shown in Listing B.11 is the Coq specification for Definition 12, the transformation of an LTS
network. The LTS network TM represents the LTS network TΣ(M) created by transforming an
LTS networkM by applying a transformation system Σ. The ith rule nth i (Rules RS) d tr of
a rule system RS is matched on process nth i (Procs M) d lts of an LTS network M via match
mLs i.

50 On the formal correctness of a model transformation verification technique



APPENDIX B. FORMALIZATION

The SyncN cond condition expresses that the synchronisation laws of the transformed LTS
network TM is the union of the laws of the input LTS network and the laws introduced by the rule
system. The SyncMatch cond condition states that the synchronisation laws of the transformation
system must match the transformation laws of the model. For now we require that the set of
synchronisation laws SyncL RS and SyncN M are equivalent, where RS is a rule system and M is an
LTS network. In the future, we may formalize a more flexible way to match synchronisation laws
of a rule system with synchronisation laws of an LTS network.

The SyncMatch cond condition expresses that the ith process LTSs nth i (Procs TM) d lts

is represented by the transformation of ith process TrG i (Ti(Π[i])). This transformation includes
match m̂i : SR → ST (Π[i]), i.e. mR (TrG i).

(* Specification of network transformation *)

Record NetTransform {n}{M : @LTSNetwork n}{RS : @RuleSystem n} := {

TM :> LTSNetwork; (* TΣ(M) *)

(* r̄[i] ∈ R has corresponding match mi : SL → SΠ[i] *)

mLs (i : nat) : Match (L (nth i (Rules RS) d_tr)) (nth i (Procs M) d_lts);

(* A RuleSystem can only be applied if the left -patterns sync laws match

those of the network *)

SyncMatch_cond : SyncL RS = SyncN M;

SyncN_cond : SyncN TM = Union SyncLaw (SyncN M) (SyncR RS); (* Laws V ∪ V̂ *)

(* Ti(Π[i]) (this includes m̂i : SR → ST (Π[i])) *)

TrG (i : nat) : Transform (mLs i);

Procs_cond : forall i, i < n -> nth i (Procs TM) d_lts = TrG i

}.

Listing B.11: Formalization of the transformation of an LTS network (Definition 12) in Coq

Lemma 5 states that when a transition in a process LTS Π[i] (with i ∈ 1..n) is matched it
follows that all transitions participating in the synchronisation law are matched as well. The
formalization of Lemma 5 is shown in Listing B.12.

Lemma Ac_Fully_Matched :

forall {n} {M} {RS} (TrM : @NetTransform n M RS) v s s’,

(* s̄
t̄ a−−→M s̄′ *)

NetTransSL M v s s’ ->

(* There is a matching transition in a process LTS *)

(exists i, exists q q’, mLs TrM i q (nthS i s) (* m(q) = s̄[i] *)

/\ mLs TrM i q’ (nthS i s’) (* m(q′) = s̄′[i] *)

/\ exists a, (nth i (sync v) None) = Some a (* t̄[i] = a *)

/\ Trans (L (nth i (Rules RS) d_tr)) a q q’) (* q
a−→Li q

′ *)

(* All participating transition are matched *)

-> (forall i a, (nth i (sync v) None) = Some a ->

exists q q’, mLs TrM i q (nthS i s)

/\ mLs TrM i q’ (nthS i s’)

/\ Trans (L (nth i (Rules RS) d_tr)) a q q’).

Listing B.12: Formalization of Lemma 5 in Coq

The formalization of Definition 15, the mapping of state vectors of pattern networks to state
vectors of LTS networks, is presented in Listing B.13. The filtered pattern network LI is expressed
by LeftNetwork RS I, with RS a rule system and I a set of indices. A vector state p of the filtered
pattern network LeftNetwork RS I is mapped to a vector state s of an LTS network M iff for all
i < n /\ I i (i ∈ I ∩ 1..n) nthS i p is matched on nthS i s, i.e. mi(p̄[i]) = s̄[i] or formalized:
mLs TrM i (nthS i p) (nthS i s). We have p̄ `I s̄ iff MapL TrM I p s holds. Mapping of the
right filtered pattern network MapR is defined similarly. It is possible to formalize a mapping of
filtered LTS networks to LTS networks as proposed in Definition 15. Such a formalization would
require adding a parameter for the matching function mLs TrM and may be an option for future
work.
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(* Mapping of state vectors in SLI to state vectors in M *)

Definition MapL {n}{M : LTSNetwork }{RS : RuleSystem }(TrM : @NetTransform n M RS)

(I : Ensemble nat)(p s : State n) :=

(* s̄ ∈ SM ∧ p̄ ∈ SLI *)

States (SystemLTS M) s /\ States (SystemLTS (LeftNetwork RS I)) p

(* ∀i ∈ I : m(p̄[i]) = s̄[i] *)

/\ forall i, i < n -> I i -> mLs TrM i (nthS i p) (nthS i s).

Listing B.13: Formalization of the mapping of state vectors (Definition 15) in Coq

The formalization of Lemma 7 is given in Listing B.14. The lemma states that for each
transition in a filtered pattern network there is a transition in the LTS network on which the former
transition is mapped. In a way, this is similar to the third condition of a match (Definition 4).
Lemma 8 is formalized similarly.

Lemma MapR_trans2 :

forall {n}{M}{RS}(TrM : @NetTransform n M RS) (I : Ensemble nat) a p1 p2 s1,

(* ∀p̄1, p̄2 ∈ SRI , s̄1 ∈ STΣ(M) : p̄1
a−→RI p̄2 ∧ p̄1 `I s̄1 =⇒ *)

Trans (SystemLTS (RightNetwork RS I)) a p1 p2 -> MapR TrM I p1 s1 ->

(* ∃s̄2 ∈ STΣ(M) : p̄2 `I s̄2 ∧ s̄1
a−→TΣ(M) s̄2 ∧ ∀i ∈ 1..n \ I : s̄1[i] = s̄2[i] *)

exists s2, MapR TrM I p2 s2 /\ Trans (SystemLTS TrM) a s1 s2

/\ forall i, i < n -> ~I i -> nthS i s1 = nthS i s2.

Listing B.14: Formalization of Lemma 7 in Coq

Given an LTS network M and a rule system Σ = (R, V̂) Lemma 9 expresses that there is a
vector state q̄ ∈ SLI such that q̄ `I s̄ if there is a match with mi(q̄[i]) = s̄[i] for all i ∈ I, where
s̄ ∈ SM and I ⊆ 1..n. Listing B.15 shows the formalization of Lemma 9. The last part of the
conjunction states that all sub-states that are not indexed by I are dummy states. For some proofs
it is helpful to know that sub-states not indexed by I are dummy states, e.g. when we have to
show equivalence of sub-states of two different vector states of filtered pattern networks.

Lemma exists_mapLState :

forall {n}{M}{RS}(TrM : @NetTransform n M RS) (I : Ensemble nat) s,

(* ∀s̄ ∈ SM ∧ (∀i ∈ I : i ∈M(s̄)) =⇒ *)

States (SystemLTS M) s -> (forall i, I i -> NetMatchIds TrM s i) ->

(* ∃q̄ ∈ SLI : q̄ `I s̄ ∧ ∀i ∈ 1..n \ I : s̄[i] = ∗ *)

exists q, MapL TrM I q s /\ forall i, i < n -> ~I i -> Init d_lts (nthS i q).

Listing B.15: Formalization of Lemma 9 in Coq

The formalization of Definition 16, the κ-extended rule system, is presented in Listing B.16.
Let RS be a rule system, k fun be a function producing κ-actions from sub-states, and k fun2 be
a function that produces unique κ-synchronisation-result actions (κs̄) from a κ-synchronisation
vector. The set of κ-synchronisation laws is represented by SyncK RS k fun k fun2. A synchron-
isation law v is a κ-synchronisation law iff SyncK RS k fun k fun2 v holds. The specification
of the κ-extension of a rule system RS is formalized by RuleSystemK RS k fun k fun2. The
κ-extended rule system is described by rsk. Together rki and r cond state that rki i is the κ-
extension of the ith transformation rule of RS. The SyncL cond and SyncR cond conditions specify
that the κ-synchronisation laws are combined with SyncL (V) and SyncR (V̂) of rule system RS to
obtain the κ-extension of the sets of synchronisation laws.

(* The kappa synchronisation law , i.e. (〈κ1, . . . , κn〉, κs̄) *)

Definition SyncK {n} (RS : @RuleSystem n)(k_fun : KFun)

(k_fun2 : listn (option Act) n -> Act)(v : SyncLaw) :=

(act v) = k_fun2 (sync v) (* a = κs̄*)
(* The exists a κ-synchronisation vector such that t̄ = 〈κ1, . . . , κn〉 *)

/\ (exists I s i, i < n /\ I i

/\ Init (L (nth i (Rules RS) d_tr)) (nthS i s)

/\ sync v = KSyncVec k_fun I s).

(* System of κ-extended transformation rules *)
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Record RuleSystemK {n}{RS : @RuleSystem n}{k_fun : KFun}( k_fun2 : KFun2 RS k_fun)

:= {

rsk :> RuleSystem; (* κ-extended rule system *)

(* The ith κ-extended transformation rule *)

rki (i : nat) : TransRuleK (nth i (Rules RS) d_tr) k_fun;

r_cond : forall i, i < n -> nth i (Rules rsk) d_tr = rki i;

(* Vk = V ∪ SyncK, where

SyncK = {(〈κ1, . . . , κn〉, κs̄) | s̄ ∈ IM ∧ (∀i ∈ 1..n : κi = κs̄[i] ∨ κi = •)} \ {〈•, . . . , •〉} *)

SyncL_cond : forall v, (SyncL rsk) v <-> (SyncL RS) v \/ SyncK RS k_fun k_fun2 v;

SyncR_cond : forall v, (SyncR rsk) v <-> (SyncR RS) v \/ SyncK RS k_fun k_fun2 v

}.

Listing B.16: Formalization of the κ-extension of a rule system (Definition 16) in Coq

Lemma 11 expresses that initial states of filtered pattern networks are related to themselves
by bisimulation relations relating the κ-extended left and right filtered pattern networks. In List-
ing B.17 the formalization of Lemma 11 is given. The bisimulation relation BI rel is constructed
from the relation between the left and right κ-extended filtered pattern networks. The BI rel

relation relates left and right filtered pattern networks.

Lemma BI_rel_glue_states_related :

forall {n} {RS} {k_fun} {k_fun2} (RSk : @RuleSystemK n RS k_fun k_fun2) I,

let SysL (R : RuleSystem) := SystemLTS (LeftNetwork R I) in

let SysR (R : RuleSystem) := SystemLTS (RightNetwork R I) in

(* forall bisimulation relations BI between LκI and RκI , and (forall) s̄ ∈ ILI ,
s̄ is related to itself by BI_rel *)

forall (BI : BB (SysL RSk) (SysR RSk)) s, Init (SysL RS) s ->

(BI_rel RSk I BI) s s.

Listing B.17: Formalization of Lemma 11 in Coq

Lemma 12 expresses that, if a vector state s̄ ∈ SLI , of which some sub-states are glue-states, is
related to p̄ ∈ SRI , then there exists a state ˆ̄p ∈ SRI with the same glue-sub-states as s̄ such that
p̄⇒RI ˆ̄p and ˆ̄p is related to s̄ as well. The formalization of Lemma 6 is presented in Listing B.18.
Lemma 12 assumes J ⊆ I ⊆ 1..n. However, for the formalization we have chosen to use 1..n∩I∩J
for J such that i ∈ J is represented by i < n -> I i -> J i.

Lemma TauPath_glue_state_prop :

forall {n} {RS} {k_fun} {k_fun2} (RSk : @RuleSystemK n RS k_fun k_fun2)

(I J : Ensemble nat),

let SysL (R : RuleSystem) := SystemLTS (LeftNetwork R I) in

let SysR (R : RuleSystem) := SystemLTS (RightNetwork R I) in

forall (B : BB (SysL RSk) (SysR RSk)) s p,

(* s̄ BI p̄ ∧ (∀i ∈ I ∩ J : s̄[i] ∈ ILi ) *)

B s p -> (forall i, i < n -> I i -> J i ->

Init (L (nth i (Rules RS) d_tr)) (nthS i s))

(* =⇒ ∃ ˆ̄p ∈ SRI : p̄⇒RI ˆ̄p ∧ s̄ BI ˆ̄p ∧ ∀i ∈ I ∩ J : ˆ̄p[i] = s̄[i] *)

-> exists ph, TauPath (SysR RS) p ph /\ B s ph

/\ (forall i, i < n -> I i -> J i ->

nth i ph d_str = nth i s d_str).

Listing B.18: Formalization of Lemma 12 in Coq

The assumption that rule systems are cascading (Definition 17) is formalized as shown in
Listing B.19. Given an rule system Σ = (R, V̂) for all I ⊆ 1..n let BI be a relation such that
LI ↔b RI . A rule system Σ = (R, V̂) is cascading if for all I ⊆ 1..n and J ⊆ I it holds that: if
two states s̄ ∈ SLI and p̄ ∈ SRI are related by bisimulation relation BI and both contain identical
glue-states index by I \ J , then s̄′ ∈ SLJ and p̄′ ∈ SRJ are related by a bisimulation relation BJ ,
where s̄′ and p̄′ are obtained by removing the glue-states index by I \ J from s̄ and p̄ respectively.
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Axiom BBRuleSystem_cascading :

forall {n} {RS} {k_fun} {k_fun2} (RSk : @RuleSystemK n RS k_fun k_fun2) I J

(BI : BB (SystemLTS (LeftNetwork RSk I)) (SystemLTS (RightNetwork RSk I))),

(* J ⊆ I *)

Included nat J I ->

exists (BJ : BB (SystemLTS (LeftNetwork RSk J))

(SystemLTS (RightNetwork RSk J))),

(* ∀s̄ ∈ SLI , p̄ ∈ SRI : s̄ BI p̄ ∧ (∀i ∈ I \ J : s̄[i] ∈ ILi ∧ s̄[i] = p̄[i]) *)

forall s p, BI s p ->

(forall i, I i -> ~J i -> Init (L (nth i (Rules RS) d_tr)) (nthS i s)

/\ nthS i s = nthS i p)

(* =⇒ ∀s̄′ ∈ SLJ , p̄
′ ∈ SRJ : (∀i ∈ J : s̄[i] = s̄′[i] ∧ p̄[i] = p̄′[i]) =⇒ s̄′ BJ p̄

′ *)

-> forall s’ p’, (forall i, i < n -> J i -> nthS i s’ = nthS i s

/\ nthS i p’ = nthS i p

) -> BJ s’ p’.

Listing B.19: Assumption that rule systems are cascading according to Definition 17 formalized
in Coq

The formalization of bisimulation relation C proposed in Proposition 2 is presented in List-
ing B.20. The part where matched states are related is represented by Bhat rel. The part where
non-matched states are related is represented by D rel. Again, the bisimulation relation BI rel

is constructed from the relation between the left and right κ-extended filtered pattern networks.
Recall M(s̄) the set of indices of elements in s̄ matched on by the corresponding transformation
rule. The set M(s̄) is expressed by NetMatchIds TrM s, i.e. i ∈M(s̄) iff NetMatchIds TrM s i.

Definition Bhat_rel {n}{M : LTSNetwork }{RS : RuleSystem }{k_fun : KFun}

{k_fun2 : KFun2 RS k_fun}(RSk : RuleSystemK k_fun2)

(TrM : @NetTransform n M RS) s p :=

let I := NetMatchIds TrM s in

let SysL X := SystemLTS (LeftNetwork X I) in

let SysR X := SystemLTS (RightNetwork X I) in

(* ∃s̄m ∈ SLM(s̄)
, p̄m ∈ SRM(s̄)

*)

exists sm pm (B : BB (SysL RSk) (SysR RSk)),

(* s̄m `M(s̄) s̄ ∧ p̄m `M(s̄) p̄ *)

MapL TrM I sm s /\ MapR TrM I pm p

(* s̄m BM(s̄) p̄m *)

/\ BI_rel RSk I B sm pm.

Definition D_rel {n}{M : LTSNetwork }{RS : RuleSystem }(TrM : @NetTransform n M RS)

(i : nat)(s p : State n) :=

(* \bs[i] \in \states{i} \wedge \bs[i] = \bp[i] *)

States (nth i (Procs M) d_lts) (nthS i s) /\ nthS i s = nthS i p.

(* C = {(s̄, p̄) | ∀i ∈ 1..n : (i /∈M(s̄) =⇒ s̄[i] ∈ Si ∧ s̄[i] = p̄[i])
∧(i ∈M(s̄) =⇒ ∃s̄m ∈ SLM(s̄)

, p̄m ∈ SRM(s̄)
:

s̄m BM(s̄) p̄m ∧ s̄m `M(s̄) s̄ ∧ p̄m `M(s̄) p̄) } *)

Definition C_rel {n}{M : LTSNetwork }{RS : RuleSystem }{k_fun : KFun}

{k_fun2 : KFun2 RS k_fun}(RSk : RuleSystemK k_fun2)

(TrM : @NetTransform n M RS)(s p : State n) :=

forall i, i < n -> (~ NetMatchIds TrM s i -> (D_rel TrM i) s p)

/\ (NetMatchIds TrM s i -> (Bhat_rel RSk TrM) s p).

Listing B.20: Coq formalization of generic bisimulation relation C that is defined in Proposition 2

Formalization of Proposition 2 is presented in Listing B.21. Axiom BBNet congruence prop

expresses the that LTS networks are admissible with respect to τ -transitions and that branching
bisimulation is a congruence for admissible LTS networks. The BBRuleSystem cascading repres-
ents the assumption that rule systems are cascading. Furthermore, the BBNetAssumption axiom
represents the pre-condition that there exists a bisimulation relation BI between LκI and RκI for all
I ⊆ 1..n. Finally, the proposition Check Correct states that there exists a bisimulation relation
C that relates an LTS network M and the transformed LTS network TrM.
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(* An admissible LTS network is a congruence w.r.t branching bisimulation *)

Axiom BBNet_congruence_prop : (* Code omitted *)

(* A rule system must be cascading *)

Axiom BBRuleSystem_cascading : (* Code omitted *)

(* Pre -condition: (∀I ⊆ 1..n : LκI ↔b RκI ) *)

Axiom BBNetAssumption :

forall {n} {RS} {k_fun} {k_fun2} (RSk : @RuleSystemK n RS k_fun k_fun2) I,

exists (B : BB (SystemLTS (LeftNetwork RSk I)) (SystemLTS (RightNetwork RSk I))),

True.

(* C is a branching bisimulation relation between M (M) and TrM (TΣ(M)) *)

Proposition Check_Correct :

forall {n} {M} {RS} {k_fun} {k_fun2} (RSk : @RuleSystemK n RS k_fun k_fun2)

(TrM : @NetTransform n M RS),

exists (C : BB (SystemLTS M) (SystemLTS TrM)), True.

Listing B.21: Formalization of Proposition 2 in Coq
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