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Abstract

Modern control systems are often implemented using digital electronics. Traditionally, a time-triggered con-

trol setup is used, in which control tasks are executed at a fixed rate, with periodic inter-execution times. An

alternative to time-triggered control is event-triggered control. In this control setup, the control task is exe-

cuted after the occurrence of an event, rather than after the elapse of a certain amount of time. This results

in aperiodic inter-execution times, which may be beneficial in some cases. Application of this control strat-

egy is foreseen in applications where resources are scarce, for instance in networked control systems (NCS),

wireless sensor networks and embedded systems.

This thesis presents two approaches to the stability analysis of event-triggered control systems. A first ap-

proach is based on the input-to-state stability (ISS), with respect to measurement errors of a system con-

trolled by a static state feedback controller. The coefficients that appear in the bound on an ISS Lyapunov

function derivative can be used to design an event-triggering mechanism that renders the control system

globally asymptotically stable. An improvement to this event-triggering mechanism, which yields larger inter-

execution times has been made by optimizing the L2 gain, resulting in event-triggering mechanisms that

have a larger inter-execution time, when compared to existing results in literature.

The second approach presented in this thesis, models the event-triggered control system as a hybrid system.

This model truly describes the behavior of the event-triggered control system and leads to a different tech-

nique to prove stability. A Lyapunov stability analysis using quadratic Lyapunov functions is presented for

the hybrid system, which is used to show that stabilizing event-triggering conditions derived from the hy-

brid system analysis, result in equal or larger inter-execution times compared to the conditions from the ISS

approach. Furthermore, it is shown that by using higher order Lyapunov functions, instead of quadratic Lya-

punov functions, improved event-triggering mechanisms can be designed with larger inter-execution times.

These Lyapunov functions are constructed using sum of squares (SOS) techniques.

In the first part of the thesis, just as in much of the existing literature on event-triggered control, static

stated feedback controllers are investigated. Since the full state variable is often not available for feedback

in most practical situations, the second part of the thesis will address event-triggered control systems with

output-based dynamic feedback. An event-triggering mechanism for this class of systems can be designed

using an L2 gain analysis. The L2 gains for specific input-output pairs, corresponding to an event-triggered

channel in the control system, can be used to derive event-triggering conditions that preserve stability of

the control system. Tradeoffs can be made between the event load in different channels. However, for the

output-based feedback case, event-triggering conditions that preserve global asymptotical stability, result in

inter-execution times of zero, which are clearly undesirable. Therefore, a modified event-triggering condition

will be proposed, which guarantees nonzero inter-execution times. The price paid for this choice is that only

practical stability can be proven for this class of event-triggered control systems.
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Nomenclature

Abbreviations

HS Hybrid System

ISS Input-to-State Stability

LMI Linear Matrix Inequality

SOS Sum of squares

ZOH Zero Order Hold

Mathematical notations

N Set of natural numbers

R Set of real numbers

R+ Set of positive real numbers

R+
0 Set of nonnegative real numbers including zero

λmin(A) Smallest eigenvalue of the matrix A

λmax(A) Largest eigenvalue of the matrix A

|x| :=
√

xTx Euclidean norm of a vector x
||A|| :=

√
λmax(ATA) Square root of the maximum eigenvalue of the matrix ATA

diag(A1, . . . ,An) Block diagonal matrix with matrices A1, . . . ,An on the diagonal

S1, S2, S3 Subsets of the respective space: S1 ⊆ Rn, S1 ⊆ Rm, S1 ⊆ Rp

f−1 Inverse function, if f : S1 → S2 then f−1 : S2 → S1

f1 ◦ f2 : S1 → S3 The composition of functions f1 : S1 → S2 and f2 : S2 → S3

( f1 ◦ f2)(x) = f2
(

f1(x)
)

for all x ∈ S1

x+ Updated state signal x+(t) = limτ↓t x(τ)





CHAPTER ONE

Introduction

1.1 Motivation

Control systems are indispensable in many high-tech systems. Whether the application is a copier, electron

microscope or oil cracker, controllers are used to guarantee stable operation and enhance performance with

respect to the uncontrolled, open-loop system. The main benefits of closing the control loop are disturbance

rejection and tracking of setpoints. The range of control applications and the required system engineering

places the field of control engineering between the areas of electronics, software and hardware engineering.

As a result, control engineers have to collaborate closely with people from different backgrounds to design

the entire system from its subsystems, which gives rise to the need for flexible control solutions.

Nowadays, control systems are typically digitally implemented. Mostly, time-triggered implementations are

used, in which the control task is executed periodically in time, since for this class of control systems an

extensive analysis and design theory is available and robustness and performance criteria are well developed,

e.g., [1, 2]. Together with the presence of programming and scheduling techniques on real-time hardware

platforms, e.g., [3], this has become the dominating framework for digital control systems.

An alternative to this time-triggered control setup can be found in so-called event-triggered control systems.

In this case, signals are sampled or new control inputs are generated after the occurrence of events, rather

than after the elapse of a certain amount of time. In general, the source of such an event can be based on

anything, e.g., [4]:

• Sensor data arrival

• (Derivative of) difference between actual and desired variables

• Process requirements, e.g., an operator input

• Disturbances

• Computer resource availability

• Time, etc.
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In this thesis, the focus will be mostly on event-triggered control based on the difference between actual and

desired input and output variables.

1.2 Examples

For the design of a control system, event-triggered control offers interesting opportunities from a multidis-

ciplinary point of view. For instance, using events based on the sensor data arrival may reduce the need for

a high-frequency and high-resolution data acquisition system and using events based on computer resource

availability may allow multiplexing of different control tasks on a single control processor. As a result, re-

quirements on the real-time behavior to electronics and software are made negotiable and flexible. The ability

to make tradeoffs between all these requirements is beneficial for a lot of situations where the disciplines of

control, software, electronic and mechanical engineering meet. Typical examples where application of event-

triggered control can be useful, include

Networked Control Systems For a NCS the available communication bandwidth is often a constraining factor.

When multiple sensors and actuators share a (wireless) network, the transmission times depend on the

availability of the network. In [5] event-triggered control for NCSs is studies and the analysis shows

that it is possible to design event-triggering conditions that preserve asymptotic stability. Furthermore,

by simulation it is shown that the event-triggered controller outperforms a time-triggered controller in

terms of network load.

Wireless Sensor Networks The reduction of the number of control updates, is especially beneficial if sensors

have to operate on battery power, and communicate wireless. Radio operation can take up to 70 percent

of the total energy consumption [6]. Radio communication to go in sleep-mode between events may

save a lot of energy could be an application of event-triggered control in Wireless Sensor Networks

(WSNs).

Embedded Systems Given the multi-disciplinary approach required for embedded systems development it

is possible to bridge the gap between control engineering and software implementation by using a

flexible control implementation. Lower level feedback loops are typically time-triggered, whereas the

higher-level supervisory control layer typically are discrete event-triggered. Event-triggered control may

be a way of bridging these two layers in the control system. This could free processing time for other

processes of lower priority. In [7] event-triggered control is applied to a copier; a typical example of a

high-tech mechatronic system.

Intrinsically present In practice, in many cases an event-triggered nature is present. For instance, in a motion

control task, the passing of an encoder count is important, rather than the elapse of time. The imple-

mentation of the control algorithm however is hardly ever based on events. Control systems that exploit

this event-triggered nature reduce the need for a high resolution encoder [8] or reduce the computation

load on the controller [9].

The main advantage of event-triggered over time-triggered implementations is that the control task is executed

only if it is triggered by an event. When the event-triggering mechanism is designed properly and events are

based on relevant criteria, this ensures that control tasks are executed only when necessary. The objective is to

enlarge the average inter-execution times, compared to the time-triggered controller. The inter-execution time

is used throughout this thesis as the objective, that should be made as large as possible. If the time between

two control task executions increases, the load on the available resources decreases, whether this is battery
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power, computational power or network bandwidth.

The main obstacle in the application of event-triggered control is the lack of theory that enables the system

to be analyzed in a rigorous way [10]. Modeling the system behavior is more complicated and therefore,

techniques to analyze stability of an event-triggered system are few and still in development.

1.3 Outline of this report

The aforementioned section motivates the exploration of event-triggered control systems, for which only few

system analysis and design methods exist. The first goal of this work is to review some of the existing literature

on event-triggered control.

After some mathematical preliminaries in Chapter 2, Chapter 3 presents a summary of existing results on

event-triggered control. For each of the studied lines within event-triggered control, the main ideas are sum-

marized. Based on this short survey, a problem statement is formulated at the end of Chapter 3 for the research

conducted in this thesis.

The second part (Chapters 4-6) presents new results. In Chapter 4 a method is presented to analyse stability

of event-triggering conditions based on the L2 gain of the system. In Chapter 5 the design is improved, based

on a hybrid system model, which allows a more direct stability analysis, as this model truly describes the

behavior of the event-triggered control system. This analysis is extended in Section 5.4, where the event-

triggering conditions are enhanced using sum of squares (SOS) techniques together with the hybrid system

model.

Chapter 6, considers a control system using dynamic output-feedback, rather than static state-feedback. Static

state-feedback is mostly met in literature on event-triggered control, while dynamic output-feedback is often

used in practice. Event-triggering conditions preserving stability of the dynamic output-feedback control sys-

tem can be derived using event-triggering mechanisms in both the plant output and input channels. Tradeoffs

can be made between the event load in different channels.

Finally, in the final chapter of this thesis, conclusions are drawn on the presented research, recommendations

to improve the results are provided and some interesting possibilities for further research are stated.
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CHAPTER TWO

Mathematical preliminaries

This chapter provides an overview of some mathematical preliminaries used throughout this thesis.

2.1 Comparison functions and stability

Certain classes of functions are defined, which will be used in the stability definition later on.

Definition 2.1 [11]

• A function α : [0, a) → [0,∞) is said to belong to class K if it is continuous, strictly increasing and α(0) = 0.

It is said to belong to K∞ if additionally it holds that the function is radially unbounded, i.e., α(r) → ∞ as

r→∞.

• A function β : [0, a) × [0,∞) → [0,∞) is said to belong to class KL if it is continuous and for each fixed s,

the mapping r 7→ β(r, s) belongs to class K and for each fixed r the mapping s 7→ β(r, s) is decreasing and

β(r, s)→ 0 as s→∞.

Using the introduced classes of functions, stability can be characterized of the following nonlinear system:

ẋ = f (x), x ∈ Rn, (2.1)

with an equilibrium at the origin, i.e., f (0) = 0.

Definition 2.2 [11] The equilibrium point x = 0 of system (2.1) is

• stable if there exists a function α ∈ K and a positive constant c, such that

|x(t)| ≤ α(|x(0)|), for all t ≥ 0, and for all |x(0)| < c, (2.2)

• asymptotically stable if and only if there exists a function β ∈ KL and a positive constant c, such that

|x(t)| ≤ β(|x(0)|, t), for all t ≥ 0, and for all |x(0)| < c, (2.3)

• unstable if it is not stable,
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• globally asymptotically stable (GAS) if inequality (2.3) holds for all initial conditions x(0) ∈ Rn.

2.2 Stability analysis using Lyapunov functions

To verify whether system (2.1) is stable according to Definition 2.2, without solving the differential equations

explicitly, a Lyapunov function can be used.

Theorem 2.1 [11] Consider a continuously differentiable function V : Rn
→ R, which is radially unbounded (i.e.,

lim|x|→∞ V(x) = ∞) such that V(x) > 0 for all x , 0 and V(0) = 0 and ∂
∂x V(x) f (x) < 0 for all x , 0. Then the

system (2.1) is globally asymptotically stable.

A function V satisfying properties in Theorem 2.1 is called a Lyapunov function.

2.3 Ultimate boundedness

If system (2.1) is not asymptotically stable, then the system may still show ultimate boundedness.

Definition 2.3 [11] The system (2.1) is said to be ultimately bounded with ultimate bound MUB if there exists a positive

constant MUB, such that for every M0 ∈ R+ there is T(M0) ≥ 0, such that for all x(0) with |x(0)| ≤M0

|x(t)| ≤MUB, (2.4)

for all t > T(M0) and is said to be globally ultimately bounded, if (2.4) holds for all x(0) ∈ Rn.

2.4 Input-to-State Stability

Now consider the system with input

ẋ = f (x,u), (2.5)

with x ∈ Rn, and an input term u ∈ Rm. Since GAS can in general not be achieved for a non-zero input signal

u, the notion of stability is generalized to input-to-state stability (ISS), which we will now formally define.

Definition 2.4 [11] The system (2.5) is said to be input-to-state stable (ISS) if there exist a function β ∈ KL and a

function γ ∈ K such that for any initial state x(0) ∈ Rn and any bounded input u(t), i.e., supt∈[0,∞) |u(t)| < ∞, the

solution of (2.5) exists for all t ≥ 0 and satisfies

|x(t)| ≤ β(|x(0)|, t) + γ

 sup
τ∈[0,t]

|u(τ)|

 . (2.6)

A Lyapunov-like theorem is available that provides a sufficient condition for ISS.

Theorem 2.2 [12] Let V : Rn
→ R be a continuously differentiable function such that for all x ∈ Rn and u ∈ Rm

α(|x|) ≤ V(x) ≤ α(|x|), (2.7)

∂V
∂x

f (x,u) ≤ −αx(|x|) + αu(|u|), (2.8)

where α, α, αx are class K∞ functions and αu is a class K function. Then the system (2.5) is input-to-state stable.
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2.5 L2 Gain

A way of characterizing the relation between input and output of a system is by means of a bounded L2 gain

between input and output. Consider the system

H =

 ẋ(t) = f (x,u)
z(t) = g(x,u),

(2.9)

with state x ∈ Rn, input u ∈ Rm and output z ∈ Rl. Furthermore, define the 2-norm of a signal v : R+
→ Rq

as the square root of

‖v‖2L2
=

∞∫
0

vT(t)v(t)dt. (2.10)

Definition 2.5 [13] The L2 gain γ is defined as

inf
{
γ ∈ R

∣∣∣ ‖z‖L2 ≤ γ‖u‖L2 + β(x0)
}

, (2.11)

for some function β : Rn
→ R, and where z is the output signal of system (2.9) for input u ∈ L2 and initial condition

x(0) = x0.

An upperbound on the L2 gain can be computed using the concept of dissipativity [14].

Definition 2.6 System (2.9) with state x ∈ Rn, input u ∈ Rm and output z ∈ Rl is dissipative with respect to a

supply function s : Rn
× Rl

→ R if there exists a positive definite continuous function V : Rn
→ R, sometimes

called a storage function, such that V(0) = 0 and

V (x(t1)) − V (x(t0)) ≤

t1∫
t0

s (u(t), z(t)) dt, (2.12)

for all t1 ≥ t0 and all solutions x, u and z satisfying (2.9).

Using a specific supply function an upperbound on the L2 gain can be computed.

Lemma 2.1 [15] System (2.9) has a finite L2 gain from input u to output z smaller than or equal to γ, if system (2.9)

is dissipative with respect to the supply function

s(u, z) = γ2 uTu − zTz. (2.13)
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CHAPTER THREE

Overview of existing results on event-triggered

control systems

In this chapter, several existing approaches to event-triggered control are discussed. For each approach, the

basic ideas wil be briefly explained, the strengths and weaknesses are investigated. Based on the insights

acquired in this chapter, a problem statement for further research is stated.

3.1 Event-based impulsive control for first order stochastic systems

The approach taken in [16] is one of the earlier contributions in the field of event-triggered control. The paper

shows the advantages of event-based control over periodic control, by investigating statistical properties about

the number of updates, the inter-execution times and the covariance of the state.

Model

The system considered in [16] is given as

dx(t) = ax(t)dt + u(t)dt + dw(t), (3.1)

where x ∈ R is the state, u ∈ R is the control input, w ∈ R is the disturbance input, which is characterized by

a Wiener process and time t ∈ R+
0 .
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Event-triggering

A control input is applied only when the magnitude of the state trajectory exceeds a threshold d. If the state

reaches this threshold, an impulsive control input is applied that resets the state system to the origin, i.e.,

u(t) =


0 if − d < x(t) < d
δt if x(t) ≤ −d
−δt if x(t) ≥ d,

(3.2)

where δt is a Dirac delta pulse, with support at t. Hence, when |x(τk)| = d, the state of the system is reset to

the origin, i.e., x+(τk) = 0.

Results

In this methodology the applied controller prevents the system from drifting away from the origin. This

controller is compared to a minimum variance controller, with periodic sampling, where the sampling period

is chosen such that the average number of control task executions is the same. The analysis in [16] shows that

the event-based control strategy has a significantly smaller variance of the state for the same average sampling

rate, when compared to a periodic controller. This result holds true for all mean sample times, both for stable

and unstable system dynamics, parameterized by a ∈ {−1, 0, 1} in (3.1). In general, the performance increase

of the event-based controller is higher for unstable systems with slow sampling.

Interpretation

The analyses made in [16] provide a quantitative insight in the potential benefits of event-triggered control.

Such explicit stochastic analyses are rare in the literature on event-triggered control. However the lack of

successful results of this analysis for higher order systems prevents further application in control systems.

3.2 Event-based control using disturbance estimation

The work discussed in [17] presents a way of reducing the data communication effort in a static state-feedback

control loop using event-triggering. A classical feedback control loop is changed by adding an event-triggering

mechanism at the plant output and a control input generator at the plant input, which computes the control

outputs u based on a model and an estimated state of the plant. If the event detector detects an event, it

updates the sampled state (xs) at the input generator.

Model

The system is described by

ẋ(t) = Ax(t) + Bu(t) + Ew(t), (3.3)

with state x ∈ Rn, input u ∈ Rm, disturbance w ∈ Rp, time t ∈ R+
0 . The disturbance is assumed to be bounded:

|w(t)| ≤ wmax, for some wmax > 0. Together with the static state-feedback controller

u(t) = −Kx(t), (3.4)



3.2 Event-based control using disturbance estimation 11

the continuous-time closed-loop system becomes

ẋ(t) = (A − BK)︸    ︷︷    ︸
=:Ā

x(t) + Ew(t),
(3.5)

which depends on disturbance input w(t).

In the ideal case, when no disturbances are present and the actual physical system is exactly described by the

model (3.3), an input generator could control the plant in a feedforward fashion. However, when disturbances

are present and the model does not perfectly describe the actual physical system, feedback is necessary. An

event-triggering mechanism is used in combination with a control input generator, which uses a copy of the

model (3.5) to calculate a feedforward signal. The feedback loop transmits a measurement of the state at event

times. As information about the disturbances is generally unknown to the control input generator an estimate

of the disturbance is used w(t) = ŵk for t ≥ τk. The dynamics at the control input generator become ẋs(t) = Āxs(t) + Eŵk, xs(t) = x(tk), t ∈ (tk, tk+1]
u(t) = −Kxs(t).

(3.6)

At the arrival of new data at event-time tk, the estimate of the disturbance is recalculated, since the difference

between the controller state xs and the newly measured state x can be compared, i.e.,

x∆(tk+1) := x(tk+1) − xs(tk+1) =

tk+1∫
tk

eĀ(t−τ)E (w(τ) − ŵk) dτ, (3.7)

where we assume that the estimated disturbance is constant between tk and tk+1 with value d̄k. As a result, the

previous relation can we rewritten as

x∆(t) = Ā−1
(
eĀ(tk+1−tk)

− I
)

E(w̄k − ŵk). (3.8)

Therefore, the estimated constant disturbance d̄ can be determined as

w̄k = ŵk−1 +
(
Ā−1

(
eĀ(tk−tk−1)

− I
)

E
)+

(x∆(tk)) , (3.9)

where (·)+ denotes the pseudo-inverse H+ = (HTH)−1HT. The inverse matrix (HTH)−1 exists if the number

of disturbance inputs is lower than or equal to the number of state variables, i.e., p ≤ n and the matrices

occurring in H have full rank.

Event-triggering

The event-triggering method compares the controller state xs(t) to the measured state x(t). The event-

triggering mechanism triggers an event if the measured state x(t) leaves the set

Ω(xs) = {x | |x − xs| ≤ ē} , (3.10)

where ē > 0 is a threshold value for the event-triggering mechanism.

Interpretation

In [17], the stability is analyzed and it is shown that practical stability of the system is guaranteed up to

the bound Ω(xs(t)). The precision of the state tracking can be increased by choosing a smaller threshold ē.
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Furthermore, in [17], the inter-execution times of this controller are analyzed and it is shown that a lower

bound on the inter-execution times depends on the maximal possible disturbance. Hence for systems with

large disturbances the inter-execution times may become very small.

From a practical point of view, the control input generator needs to run a copy of the plant model to calcu-

late the control signal. Additionally the event-triggering mechanism needs to run the same plant model, to

calculate the controller state, which is needed to monitor when the state leaves the set Ω. This means that

two (digital) controllers are running to control the plant. One could reason, that if there are two ‘continuously’

running controllers, with enough computational power here, than also the overall feedback loop can be closed

‘continuously’. Hence, the main application for this approach should be that there can be less communication

between sensor and controller at the cost of more computational power at the controller.

3.3 Deadzone-based event-triggered control

In [18], an event-triggered framework is presented, which does not update the control input if the system state

is inside a certain deadzone, close to the origin. Based on this control methodology, an ultimate bound of the

state can be constructed. The size of the bound is a measure for performance of the event-triggering mecha-

nism. Tradeoffs can be made between the size of the ultimate bound and the number of control updates.

Model

The control system, considered in [18] is of the form:

ẋ(t) = Ax(t) + Bu(t) + Ew(t), (3.11)

with x ∈ Rn the state, u ∈ Rm the control input and disturbanec w ∈ Wc, and time t ∈ R+
0 . Wc ⊂ Rp is a

convex and compact set which contains the origin.

In [18] the system (3.11) is controlled using a static state-feedback controller, which is updated at update times

τk, using the sampled state xk := x(τk) and is given by

u(t) = uk = Kx(τk) = Kxk, (3.12)

for all t ∈ [τk, τk+1), k ∈N. These update times can evolve uniformly, described by τk+1 = τk + Ts, where Ts is

a fixed sample rate or can evolve non-uniformly, where an event trigger is used to determine the next control

update time, but which is at least the minimum sample time Ts, i.e., τk+1 ≥ τk + Ts.

Event-triggering

The event-triggering mechanism uses a deadzone region B ⊆ Rn, which contains the origin and in which the

controller is not updated. For instance, B := {x ∈ R | |x| < ē} for some ē > 0. The choice of ē influences the

ultimate bound, which is a measure for the control performance, i.e the largest possible error.

The system is discretized and using the deadzone controller, the system at update times τk+1 can be described

by
xk+1 = Axk + Buk + wk,

uk =

 Kxk if xk < B
uk−1 if xk ∈ B,

(3.13)
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with
A = eAchk ,

B =
τk+1∫
τk

eAcsds B,
(3.14)

where hk = τk+1 − τk is the inter-execution time and the disturbances at the execution times τk are bounded

to wk ∈ Wd, whereWd ⊂ R
p is a convex and compact set containing the origin.

In [18], it is proven that the disturbed system (3.13) is ultimately bounded to a set Ω, which means that the

system with initial condition x0 will always reach the set Ω in a finite number of control updates for all

disturbances, satisfying w ∈Wc. Additionally it is proven that the system is robustly positive invariant on the

control update times, to the set Ω for disturbances inWc, which means, that once the state is inside the set

Ω, the state will stay there for all future times.

The set Ω depends on the choice of ē, which is studied in [18] as well. Using the event-triggering as described

above, the number of control executions can be reduced up to 78% for the example considered in [18].

Interpretation

The presented framework uses a constant rate of control executions if the system state is far from the equilib-

rium, and no control updates if the state of the system is inside the deadzone, close to the origin. An upper

bound on the sample rate is determined beforehand and using ē to set the size of the deadzone, the ultimate

bound is calculated. Hence, the system state has an ultimate bound, but does not have asymptotic stability

properties, i.e., no convergence to the origin. However, the size of the ultimate bound can be tuned through

ē, which allows a tradeoff between the number of control updates and the size of the ultimate bound.

3.4 Event-triggered control based on Input-to-State Stability properties

In [19] event-triggered control systems are studied and designed, based on the notion of Input-to-State Stabil-

ity (ISS). If the closed-loop system is stable, and a ‘perturbed’ closed-loop system is ISS, then an appropriate

event-triggering mechanism retrieves the asymptotic stability property of the system. The event-triggering

condition is such that an event is generated when the difference between the state and the last transmitted

state becomes ‘too large’ in a suitably defined sense.

Model

Consider the system

ẋ(t) = f (x(t),u(t)), (3.15)

for all x ∈ Rn and u ∈ Rm, time t ∈ R+
0 and the static state-feedback controller

u = k(x(t)). (3.16)

An event-triggering mechanism is used, which updates the controller at event times τk ∈ R
+
0 , k ∈N. Between

two consecutive event times, the controller input is calculated on the basis of the state value at the event time,

i.e., x̂(τ+
k ) = x(τk), which is held constant until the next update, i.e., x̂(t) = x̂(τ+

k ) for all t ∈ (τk, τk+1]. If we

define the induced error with respect to the continuous state, as e(t) = x̂(t) − x(t) the following perturbed

system is obtained:

ẋ = f (x(t), k(x(t) + e(t))) . (3.17)
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Event-triggering

If the system (3.17) is ISS with respect to e(t), then there exists an ISS Lyapunov function for this system (see

Section 2.4). This ISS Lyapunov function satisfies

V̇ =
∂V
∂x

f (x(t), k(x(t) + e(t))) ≤ −α(|x|) + γ(|e|). (3.18)

Next, an event-triggering condition is designed based on (3.18) that guarantees that V is a Lyapunov function

for the closed-loop event-triggered system. An event is triggered when the condition

γ(|e|) = σα(|x|), 0 < σ < 1, (3.19)

holds, where σ can be used to set the decrease of the Lyapunov derivative. At the occurrence of an event,

the error is reset to zero, making x̂(τ+
k ) = x(τk). Letting initially x̂0 = x(0), we get that (3.19) guarantees

γ(|e|) ≤ σα(|x|). Hence, the derivative of the (ISS) Lyapunov function is now bounded by

V̇ =
∂V
∂x

f (x(t), k(x(t) + e(t))) ≤ (σ − 1)α(|x|), (3.20)

which proves GAS for this system.

Inter-execution time

In [19] it is shown that for system (3.17) with the event-triggering mechanism (3.19), a lower bound on the

inter-execution time exists, i.e., it holds that ∆τk+1 = τk+1−τk ≥ 0 for all k ∈N, if the system (3.17) is Lipschitz

continuous. This means that there exists a Lipschitz constant L for system (3.17), satisfying

| f (x(t), k(x(t), e(t)))| ≤ L|(x, e)| ≤ L|x| + L|e|. (3.21)

Next define ρ as the Lipschitz constant for the compact set E := {x ∈ Rn
| |e| ≤ γ−1(σα(|x|))}, such that the

|e| ≤ ρ|x| is more conservative than the event-triggering condition (3.19).

Let the first update be at τ0 = 0, which yields e(0) = 0, then the inter-event time can be bounded by looking at

the time it takes for the quotient |e|
|x| to evolve from 0, at the event time τ0, to the conservative event-triggering

condition |e|
|x| = ρ, which is reached at the next event time τ1. The inter-event time ∆τmin := τ1 − τ0 should be

larger than zero, to prevent infinitely fast event triggering. The dynamics of |e|
|x| can be bounded by

d
dt
|e|
|x|

=
d
dt

(eTe)
1
2

(xTx)
1
2

=
(eTe)−

1
2 eT ė(xTx)

1
2 − (xTx)−

1
2 xTẋ(eTe)

1
2

xTx
= −

eTẋ
|e| |x|

−
xTẋ
|x| |x|

|e|
|x|

≤
|e| |ẋ|
|e| |x|

+
|x| |ẋ|
|x| |x|

|e|
|x|

=
(
1 +
|e|
|x|

)
|ẋ|
|x|

≤

(
1 +
|e|
|x|

) L|x| + L|e|
|x|

= L
(
1 +
|e|
|x|

) (
1 +
|e|
|x|

)
.

(3.22)

Hence, if we define φ = |e|
|x| , (3.22) reduces to

φ̇ ≤ L(1 + φ)2. (3.23)

The solution to φ̇ = L(1 + φ)2 can be computed as

dφ
dt = L(1 + φ)2∫

(1 + φ)−2dφ =
∫

Ldt
−(1 + φ)−1 = Lt + C1

φ(t) =
−Lt − 1 − C1

Lt + C1
.

(3.24)
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As the first event is at τ0 = 0, we have that e(0) = 0 and φ(0) = 0. This initial condition is used to solve

C1 = −1, with which φ(t) can be expressed as

φ(t) =
−Lt

Lt − 1
. (3.25)

The lower bound on the inter-execution time ∆τmin, is given by the time t, when φ(t) = ρ and is explicitly

given by

∆τmin =
ρ

L(1 + ρ)
. (3.26)

Interpretation

This event-triggered control strategy is the first to present GAS properties for the control system and derive

a lower bound on the inter-execution time. The event-triggered control strategy based on the ISS Lyapunov

function proves stability of the system. However, in the example in [19], not the true ISS property is used,

but an execution rule based on the product of x and e. We will go into this in more detail in Chapter 4.

Furthermore, the event-triggering condition (3.19) seems conservative, as an event-triggering mechanisms,

implemented with event-triggering conditions larger than the conditions derived from (3.19), still show con-

verging trajectories of the event-triggered system (3.17),(3.19).

From an implementation point of view, this mechanism has some issues to be aware of. In [20], it is stated

that the implementation of the event-triggering mechanism needs dedicated hardware, not available in gen-

eral purpose digital controllers, to monitor the state continuously. Some suggestions have been made to use

mixed signal or field-programmable gate array (FPGA) electronics, which have better real-time properties

than traditional CPU’s, which could monitor the state continuously.

3.5 Conclusion and problem statement

The surveyed work shows that event-triggered control can be very beneficial with respect to a time-triggered

control [16, 18]. However, many analysis and design problems for event-triggered control are still open. A fist

observation is that none of the analysis frameworks are complete. For instance, the considered methods in

[17, 18, 19] are restricted to static state-feedback and the analysis from [16] is only suited for first order systems.

Secondly, the derived event-triggering condition (3.19) in [19], is not necessarily optimal and may be improved.

The basic principle of using ISS properties to find an event-triggering that renders the system GAS works fine,

but one might wonder how a less conservative event-triggering law can be obtained by truly describing the

dynamics of the system as a hybrid systems, as in [21].

Given these major open issues, the problem statement for this thesis can be formulated as:

How can we:

• for a given system (3.15) and static state-feedback controller (3.16) find event-triggering mechanisms,

that yield larger inter-execution times than existing ones [19], while preserving GAS?

• derive a stabilizing event-triggering mechanism for system (3.15) with output y = Cx and an output-

based dynamic controller?

These questions will be addressed in this report using different approaches, based on L2 gain analysis and

hybrid systems analysis.
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CHAPTER FOUR

Design of stabilizing event-triggering mechanisms

using L2 gain properties

In Section 3.4, the work presented in [19] is reviewed, where a method is presented to derive event-triggering

conditions, that shows GAS for the overall control system. The illustrative example of a linear system given in

[19], uses an event-triggering condition, that is not necessarily optimal in the sense that larger inter-execution

times could be achieved, while preserving GAS. This chapter will present a method to derive improved event-

triggering conditions, based on L2 gain properties of the closed-loop control system, with respect to the in-

duced event-triggering error, leading to larger inter-execution times for which GAS can be guaranteed.

4.1 Modeling a control system with event-triggered state sampling

One way of proving stability of an event-triggered control system is to use ISS of the perturbed system, as

shortly discussed in Section 3.4. Analogous to [19, 22] we consider a linear time invariant (LTI) plant and

event-triggered static state-feedback controller as shown schematically in Figure 4.1a. The plant dynamics are

given by

ẋ(t) = Ax(t) + Bu(t), (4.1)

with x ∈ Rn, û ∈ Rm and t ∈ R+
0 , and a static state-feedback controller, which uses the sampled state x̂k

u(t) = Kx(τk) = Kx̂k, (4.2)

for t ∈ (τk, τk+1], with the controller chosen such that A + BK is Hurwitz. The event times τk, k ∈ N are

determined by the event-triggering mechanism, which relates the state to the error induced by the event-

triggering

e(t) = x(τk) − x(t) = x̂k − x(t), (4.3)

which yields event times
τ0 = 0, and

τk+1 = inf{t > τk | |e(t)| ≥ ρ|x(t)|}.
(4.4)
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Figure 4.1 / System model with event-triggered sampling of the states x (a) and the model where the event-

triggering induced error is represented as an external input e (b).
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(a) Plot of the trajectories of the state x1, sampled state x̂1 and

the error e1.
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(b) Event times τ1, τ2, are deduced, from the event-triggering

mechanism, which triggers an event if |e| = ρ|x|.

Figure 4.2 / Behavior of the event-triggered system.

See Figure 4.2a for a sketch of the signals x1(t), x̂1(t) and e1(t) and Figure 4.2b, to see how the event-times are

deduced from the event-triggering condition(4.4). With (4.3), the closed-loop system (4.1), (4.2) can be written

as
ẋ(t) = Ax(t) + BKx(τk)

= (A + BK)x(t) + BKe(t),
(4.5)

for t ∈ (τk, τk+1], where e is considered as a disturbance input to the closed-loop system (4.5). This is illus-

trated in Figure 4.1b, which depicts how the error e induced by event-triggering mechanism can be seen as a

disturbance input to the continuously closed-loop system.

4.1.1 Event-triggering threshold

Events are triggered by comparing the norm of the error |e| to the norm of the state |x|. The system is initialized

at x(0) = x0 and x̂(0) = x0, so e(0) = 0. Now if the norm of the error |e|, compared to the norm of the state

|x| reaches the event-triggering threshold, i.e., |e| = ρ|x|, an event is triggered, which invokes an execution of

the control cycle, making x̂(τ+
k ) = x(τk), and hereby resetting e(τ+

k ) = 0, where τk, k ∈ N, are the event times
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deduced from (4.4).

The objective throughout this thesis will be to maximize the event-triggering threshold ρ, while preserving

GAS of the event-triggered system (4.5), (4.4). For ρ = 0 the system is GAS, as events are triggered continu-

ously and the error is kept zero, which reduces the closed loop system (4.5) to the system

ẋ(t) = (A + BK)x(t), (4.6)

which is GAS, since A + BK is assumed to be Hurwitz [11].

4.1.2 Stability criteria

Now let V(x) := xTPx be a quadratic Lyapunov function candidate for system (4.6), , where P is the positive

definite solution of the Lyapunov equation ((A + BK)TP + P(A + BK)) = −Q, for some positive definite Q,

which exists if A + BK is Hurwitz [11]. Then the derivative along (4.5) satisfies

V̇ = ẋTPx + xTPẋ
=

(
xT(A + BK)T + eT(BK)T

)
Px + xTP ((A + BK)x + BKe)

= xT
(
(A + BK)TP + P(A + BK)

)
x + eT

(
(BK)TP

)
x + xT(PBK)e.

(4.7)

The right-hand side of (4.7) can be bounded by

V̇ ≤ −xTQx + 2||PBK|| |e| |x|, (4.8)

Using that a positive definite matrix Q satisfies

λmin(Q)|x|2 ≤ xTQx ≤ λmax(Q)|x|2, (4.9)

where λmin(Q) and λmax(Q) denote respectively the smallest and largest eigenvalue of Q, V̇ can be bounded

by

V̇ ≤ −a|x|2 + b |x| |e|
= −a |x|

(
|x| − b

a |e|
)

,
(4.10)

where a = λmin(Q) > 0 and b = 2||PBK||. The function V̇ is negative if (|x| − b
a |e|) is negative and |x| , 0. Thus,

if the error is restricted to satisfy (due to (4.4))

b|e| ≤ σa|x|, (4.11)

with 0 < σ < 1, a decrease of the Lyapunov function

V̇ ≤ −(1 − σ)a|x|2, (4.12)

is guaranteed. The parameter σ can be used to influence the decrease of the Lyapunov function. The extreme

case σ→ 0 would lead to continuous event-triggering, which produces the same behavior as the continuous-

time controller and the other extreme case σ → 1 would allow the largest event-triggered induced error, but

would result in a slow decay of the Lyapunov function and therefore a slow convergence of the state to the

origin. To enforce the bound (4.11), the event-triggering threshold in (4.4) should be selected as ρ = σ a
b .
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4.2 L2 gain analysis to derive the event-triggering threshold

As noted in Section 4.1, the performance of the event-triggering mechanism is expressed by the event-

triggering threshold ρ. However in the sequel of this section, we will define the event-triggering threshold

on the basis of (an L2 gain) γ. The event-triggering threshold ρ is related to γ, as ρ := σγ−1, with 0 < σ < 1,

where σ is a design variable, used to set a bound on the decay of the Lyapunov function. The value of γ, which

is inversely related to ρ is used to compare the different methods to derive event-triggering conditions. A

small γ yields a large event-triggering threshold ρ, and minimization of γ is the objective to derive improved

event-triggering conditions, throughout the sequel of the thesis.

The value of γ, as derived in Section 4.1, is based on the bound on the Lyapunov function (4.10) and is noted

as

γlin =
b
a

=
2||PBK||
λmin(Q)

, (4.13)

where P is the positive definite solution of the Lyapunov equation ((A + BK)TP + P(A + BK)) = −Q, for some

positive definite Q. The resulting γlin depends on the choice of Q and consequently it is unclear how to select

Q, such that γlin is as small as possible.

However, by looking at an ISS Lyapunov function (2.7), with property

V̇ ≤ −|x|2 + γ2
|e|2, (4.14)

where the terms are in |x|2 and in |e|2, we see that the ratio γ between the two terms is an L2 induced (ISS)

gain from e to x. Therefore, the event-triggering threshold, in terms of γ, can be decreased until the L2 gain

(2.11) of the system (4.5) from e to x. This is also the smallest γ for which condition (4.14) still holds and can

be formulated as a convex optimization problem to minimize γ subject to a linear matrix inequality (LMI)

constraint. Equations (4.7) and (4.14) are rearranged to obtain for all x ∈ Rn and e ∈ Rn, on the derivative of a

candidate Lyapunov function V(x) = xTPx along the trajectory of (4.5), the inequality constraint

V̇ = xT
(
(A + BK)TP + P(A + BK)

)
x + eT

(
(BK)TP

)
x + xT(PBK)e ≤ −xTx + γ2eTe[

xT eT
]  (A + BK)TP + P(A + BK) PBK

KTBTP 0

  x
e

 ≤ [
xT eT

]  −I 0
0 γ2I

  x
e

 ,
(4.15)

where γ is an upperbound on the L2 gain from input e to state x [15]. This yields the LMI optimization

problem, in which γ is minimized, subject to (A + BK)TP + P(A + BK) + I PBK
KTBTP −γ2I

 � 0 and P � 0, (4.16)

with matrix variable P. The optimization algorithm, synthesizes an optimal matrix P which generally yields

less conservative values of γ, than the value for γlin.

Remark 4.1: To avoid the use of the LMI optimization as described above, theL2 gain may be calculated directly

from the transfer matrix G(s) between input e and state x. Let

G(s) = (sI − (A + BK))−1 BK. (4.17)

be the transfer function for system (4.5). As shown in [15], theH∞ norm of (4.17), is equivalently given by the

L2 gain of system (4.5). TheH∞ norm is given by [23]

‖G(s)‖∞ = sup
ω∈R

√
λmax(GH( jω)G( jω)), (4.18)
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where GH( jω) is the complex conjugate transpose of G( jω). MATLAB has algorithms in the control systems

toolbox to compute the H∞ norm of a linear system G, which may be a fast alternative to the LMI computa-

tions.

4.3 Equivalence of γlin and L2 gain

In the Section 4.1 a bound on V̇ is derived containing two terms: a stabilizing negative definite term in |x|2

and a destabilizing term in |e| |x|. These are the terms that occur in (4.10). The stability analysis from Section

4.1 ([19]) constructs an event-triggering threshold, based on the parameter a for |x|2 and b for |e| |x|. Following

the notation above, this yields γlin = b
a . However, the bound on an ISS Lyapunov function derivative (4.14),

contains only terms in |x| and |e|. Nevertheless, these two forms, yield the same L2 induced minimal gain γ.

To show this we first write the bound on the linear system Lyapunov function (4.10) in the ISS form (4.14),

starting from (4.10) and using that |x||e| ≤ 1
2ε |x|

2 + 1
2ε|e|

2 for all ε , 0, due to 1
2ε (|x| − ε|e|)2

≥ 0, we obtain

V̇ ≤ −a |x|2 + b
(

1
2ε |x|

2 + 1
2ε|e|

2
)

=
(

b
2ε − a

)
|x|2 + 1

2 bε|e|2
˙̃V ≤ −|x|2 + γ2

|e|2,

(4.19)

where Ṽ = (a− b
2ε )−1V, which implies ε > b

2a to keep the sign of Ṽ equal to the sign of V and where γ 2 = bε2

2aε−b .

Now, an explicit relationship between γ, in (4.19) and coefficients a and b in (4.10) is found.

A small γ is beneficial for the event-triggering threshold ρ, as decreasing γ yields a larger threshold value. To

find ε > 0 which minimizes objective function γ 2(ε), the first derivative ∂γ2

∂ε has to be zero and the second

derivative ∂2γ2

∂ε2 has to be positive.

∂γ2

∂ε
=

2bε
(2aε − b)

−
2abε2

(2aε − b)2 = 0, (4.20)

which has zeros at ε∗1 = 0 and ε∗2 = b
a .

The values for γ 2 at these points are

γ 2(ε∗1) = 0, and γ 2(ε∗2) =
b2

a2 . (4.21)

To test if these points are local minima, the second derivative has to be positive:

∂2γ2

∂ε2 =
2b

(2aε − b)
−

8abε
(2aε − b)2 +

8a2bε2

(2aε − b)3 > 0. (4.22)

The values for ∂2γ2

∂ε2 at the equilibrium points are

∂2γ2

∂ε2 (ε∗1) = −2, and
∂2γ2

∂ε2 (ε∗2) = 2. (4.23)

So ε∗2 is a local minimum of γ. As ε∗1 is a maximum and the function value of γ 2(ε∗1) is zero, hence γ 2(ε∗1)
and values around this point, values of γ 2 are non-positive, which are invalid solutions for γ 2.

As a result, the minimal allowable γ 2 is found at ε∗2, which has the value

γ 2
min = γ 2(ε∗2) =

b2

a2 . (4.24)
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Using this γlin :=
√
γ2

min = b
a in the event-triggering threshold ρ = σγ−1 = σ a

b , yields the same event-

triggering threshold as in (3.19), for some 0 < σ < 1.

The main benefit of the L2 gain approach, is that the event-triggering threshold, in terms of γ, is directly

derived from the L2 gain. The event-triggering mechanism can be setup in analogy with Section 4.1. Addi-

tionally, the L2 gain approach allows a less conservative event-triggering mechanism, while preserving GAS

of the event-triggered system (4.5), (4.4), as was shown in Section 4.2.

4.4 Existence of a lower bound on the inter-execution time

As the event times are implicitly defined by the dynamics of the system, this could result in ‘Zeno’ behavior,

which means that there are an infinite number of event times in a finite length interval. To analyze the inter-

execution behavior, consider the dynamics of the quotient |e|
|x| , as is done in Section 3.4. The time it takes for

this quotient to evolve form |e|
|x| = 0, at τ+

k to the event-triggering threshold ρ = σγ−1 at τk+1, should be lower

bounded for any x(0) ∈ Rn and σ > 0. If the inter-execution times ∆τk := τk − τk−1 are lower bounded, with a

non-zero bound, this prevents Zeno behavior.

Starting from (3.22), the dynamics of the quotient |e|
|x| are bounded as in [19], by

d
dt
|e|
|x|

≤ L
(
1 +
|e|
|x|

) (
1 +
|e|
|x|

)
, (4.25)

where L is defined as in (3.21), which yields for the system (4.5) L =
∥∥∥∥[A + BK BK

]∥∥∥∥.

Next substitute φ = |e|
|x| to obtain the differential equation

φ̇ = L(1 + φ)2, (4.26)

which has as solution for initial condition φ(0) = 0, which follows from |e|
|x| = 0 at τ+

k ,

φ(t) =
−Lt

Lt − 1
. (4.27)

Hence, the minimal inter-execution time ∆τmin ≤ inf{τk − τk−1}, k ∈ N, is the time it takes for φ(t) to evolve

from 0 to the event-triggering threshold ρ. This is the same result as (3.26) and is given as

∆τmin =
ρ

L(1 + ρ)
. (4.28)

4.5 Example: L2 gain based event-triggering

After presenting the event-triggered control problem, providing a way to analyze stability and showing the ex-

istence of a non-zero lower bound on the inter-execution time, we now illustrate the theory, using a numerical

example. To do so, consider the system described by (4.1),(4.2) with[
A B

]
=

 1 2 0
−2 1 1

 , K =
[
−0.45 −3.25

]
. (4.29)

To find a suitable event-triggering threshold, we first calculate γlin by solving the Lyapunov equation (A +

BK)TP + P(A + BK) = −Q. For Q = I this gives

P =

2.07 1.05
1.05 1.15
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and consequently, according to (4.13),

γlin =
2||PBK||
λmin(Q)

= 10.2. (4.30)

The γL2 for this system is found by optimizing γ over LMI condition (4.16) and is found as

γL2 = 4.58. (4.31)

It can already be seen that the direct optimal γL2 , which is computed as the L2 gain from e to x is smaller, and

thus better than γlin computed with the approach based on an arbitrary Lyapunov function, as was done in

[19]. The event-triggering thresholds, with σ→ 1 are selected as ρlin = γ−1
lin = 0.0977 and ρL2 = γ−1

L2
= 0.219.

From (4.28) the lower bounds on the inter-execution times (∆τmin) can be calculated, which are compared to

a simulation of the true response of the system from an initial condition. The results are shown in Table 4.1.

Note that the theoretical lower bound lies quite close to the actual minimal inter-execution in this example.

In Figure 4.3, the inter-execution times are depicted over time. The dense regions in the event plot 4.3a

correspond to the smallest inter-execution times. It is interesting to see, that there is a periodic sequence in

the inter-execution times and that there is a factor 5.5 between the smallest and largest inter-execution time.

Table 4.1 / Inter-execution times, from simulation

γ
Theoretical lower

bound ∆τmin (4.28)

Minimal

inter-execution time

Maximal

inter-execution time

Average

inter-execution time

γlin 0.0180 0.0238 0.132 0.0504
γL2 0.0364 0.0507 0.265 0.103
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Figure 4.3 / Inter-execution times using γL2 in the event-triggering condition.

To get insight in how events are triggered, in Figure 4.4a the norm of the state is plotted, together with scaled

norm γ|e|. Each time these two are equal, an event is triggered and the error is reset to zero.

4.6 Discussion of the results

A smaller γ yields a larger inter-execution time ∆τk, k ∈N and a lower bound on the inter-execution times is

given by ∆τmin. To illustrate the result on inter-execution times of the event-triggered system, simulations are
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Figure 4.4 /

done for a set of initial conditions on the circle x2
1 + x2

2 = 102, which extends to all initial conditions, because

of the linearity of the system. The mean, maximal and minimal inter-execution times are plotted as functions

of γ. In Figure 4.4b it can be seen that the inter-execution time for this system increases as γ is decreased.

An interesting observation is that, based on the simulation, for some values of γ < γL2 , the system trajectories

do not show instability. In spite of the fact that GAS can no longer be guaranteed, on the basis of ISS and

event-triggering with γ values below γL2 , trajectories converge to the origin. For a set of initial conditions on

the circle x2
1 + x2 = 102. Stability is investigated for a decreasing γ, in the sense that |x|, after some time Th

should be smaller than a certain threshold κ. The result of this analysis, for 40 different initial conditions, is

depicted in Figure 4.5a. For one specific initial condition, the experiment, where the norm of x becomes the

largest (around x0 = [10 0]), the experiment is repeated, where it can be seen that γ = 0.9 does no longer

satisfy the stability criterion, for Th = 6 and κ = 15.

The optimal γL2 found with the L2 gain analysis from Section 4.2 is an improvement to the one used in

[19], which is based on a suboptimal Lyapunov function. However the best γL2 for which stability can be

guaranteed based on the L2 gain analysis is only 4.58, which is far from the smallest possible γ, around 0.9,

as estimated, based on simulations (figure 4.5). Hence, it is of interest to investigate if improved methods for

stability analysis can be derived. This will be the topic of chapter 5.
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CHAPTER FIVE

Hybrid system analysis

A different stability analysis of the considered event-triggered control system, can be made by means of de-

scribing the system in a hybrid systems (HS) framework as in [21]. The hybrid framework that we will use,

describes flow dynamics together with an impulsive reset action, which characterizes precisely the behavior

of the event-triggered system. Different from the analysis in chapter 4, stability criteria can be used, which

relate directly to the behavior of the system, rather than on constraints, following from L2 gains of the orig-

inal continuous-time system without event-triggering. We will show that the stability analysis exploiting the

hybrid framework will indeed provide improved event-triggering conditions, while preserving GAS.

The outline of this chapter is as follows. The hybrid systems framework will be introduced in Section 5.1

and, subsequently, stability criteria using quadratic Lyapunov functions will be formulated and applied to

the event-triggered control system in Section 5.2. An example of this approach will be used in Section 5.3 to

illustrate the improvements. Finally, this framework allows, besides the quadratic Lyapunov functions, the use

of higher order Lyapunov functions for stability analysis, which will be explained in Section 5.4. The higher

order polynomial Lyapunov functions will be constructed using sum of squares (SOS) techniques [24, 25].

5.1 The event-triggered control system as a hybrid system

Reconsider the event-triggered system of Section 4.1. The dynamics are given by

ẋ(t) = Ax(t) + Bu(t), (5.1)

with x ∈ Rn, u ∈ Rm and t ∈ R+
0 and a static state-feedback controller, which uses the sampled state x̂k

u(t) = Kx(τk) = Kx̂k, (5.2)

for t ∈ (τk, τk+1], with K ∈ Rm×n, which is supposed to be chosen such that A+BK is Hurwitz. The event times

τk, k ∈ N are determined by the event-triggering mechanism, which relates the state to the error induced by

the event-triggering

e(t) = x(τk) − x(t) = x̂k − x(t), (5.3)
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which yields event times

τ0 = 0, and

τk+1 = inf{t > τk | |e(t)| ≥ γ−1
|x(t)|}.

(5.4)

With (5.3), the closed-loop system (5.1), (5.2) can be written as

ẋ(t) = (A + BK)x(t) + BKe(t). (5.5)

Furthermore, since it holds that ė = −ẋ, as d
dt x̂ = 0, we have that

ė(t) = −(A + BK)x(t) − BKe(t). (5.6)

The hybrid system we will consider, follows the closed-loop dynamics in terms of x (5.5)and e (5.6), between

two event times. We consider a event-triggering mechanism (5.4), which executes a control task if the con-

dition γ2eTe = xTx is satisfied, which updates the sampled state x̂(τ+
k ) = x(τk) at event times τk, k ∈ N and

consequently resets the error, e(τ+
k ) = 0. We define now so-called flow and jump regions [21] as

C :=

x ∈ R2n

∣∣∣∣∣∣∣ xT

 −I 0
0 γ2I

 x ≤ 0

 ,

D :=


x ∈ R2n

∣∣∣∣∣∣∣ xT

 −I 0
0 γ2I

︸        ︷︷        ︸
=:Γ

x = 0


,

(5.7)

where x := [xT eT]T. In the flow region C the system behaves according to (5.5),(5.6). If the dynamics reach

jump region D, the error e is reset to zero which corresponds to updating the controller.
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Figure 5.1 / Graphical representation of the regions C and D in the norm-space.
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This yields the closed-loop system

Σ :



ẋ =

 A + BK BK
−A − BK −BK

︸                   ︷︷                   ︸
=:F

x if x ∈ C,

x+ =

 I 0
0 0

︸    ︷︷    ︸
=:G

x if x ∈ D,

(5.8)

which is exactly a hybrid system, as studied in [21].

5.2 Stability of hybrid systems

The stability of the hybrid system (5.8) can be analyzed using Lyapunov-based techniques.

Theorem 5.1 The hybrid system (5.8) is GAS, for all x0 ∈ C∪D, if there exist a continuously differentiable function

V : R2n
→ R, satisfying V(0) = 0, functions s1, s2 : R2n

→ R+
0 and a function s3 : R2n

→ R such that for all

x ∈ R2n
\{0}

V(x) + s1(x) xTΓx > 0, (5.9)

∂
∂x

V(x)Fx − s2(x) xTΓx < 0, (5.10)

V(Gx) − V(x) + s3(x) xTΓx ≤ 0. (5.11)

Proof. If x ∈ C, then xTΓx ≤ 0, and on the basis of (5.9) V(x) > 0, for all x , 0, and on the basis of (5.10)
∂
∂x V(x)Fx < 0, for all x , 0. Similarly, if x ∈ D, then xTΓx = 0, and on the basis of (5.11) V(Gx) − V(x) ≤ 0, for

all x ∈ D. Therefore, the Lyapunov function decreases along the trajectories of the system, which shows GAS

of (5.8) [21, 26]. �

Taking a quadratic Lyapunov function of the form V(x) = xTPx, then the stability conditions from Theorem

5.1 can be transformed into LMI conditions.

Corollary 5.1 The event-triggered system (5.8), with regions defined by (5.7) is GAS for all x0 ∈ C ∪D, if there exist

a matrix P � 0 and scalars ν1 ≥ 0, ν2 ≥ 0, ν3 such that

P + ν1Γ � 0, (5.12)

FTP + PF − ν2Γ ≺ 0, (5.13)

GTPG − P + ν3Γ � 0. (5.14)

This set of LMIs (5.12)-(5.14) with P, ν1, ν2, ν3 as free variables, can be solved for a given control system with

matrices F and G. Initially γ has to be fixed to avoid nonlinear terms in the matrix inequality, but this can be

solved iteratively using a linesearch procedure. Once the infimum of γ, denoted by γHS, appearing in Γ, is

found, which still satisfies the set of LMIs (5.12)-(5.14), this γHS can be used in the event-triggering threshold

ρHS = σγ−1
HS, 0 < σ < 1.
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5.2.1 Relationship between L2 gain and hybrid system framework

The hybrid framework offers a useful alternative to the L2 gain analysis presented in chapter 4 to study

event-triggered control systems. Although the hybrid model is different from the model in chapter 4, there

is a relation between the two models. A stabilizing result from the L2 gain approach should also be able to

stabilize the hybrid model of the same system.

Theorem 5.2 If system (5.5) has a L2 gain γL2 > 0 from e to x and storage function V(x) = xTPx, which satisfies

(4.16), then, using the L2 gain γL2 for γ in the region describing matrix Γ, there exists a quadratic Lyapunov function

Ṽ(x, e) for the hybrid system (5.8), which renders the LMIs (5.12)-(5.14) feasible.

Proof. Starting from the results from Section 4.2, we can derive a Lyapunov function, which satisfies the

conditions that have to hold in the flow (5.12),(5.13) and jump domain (5.14). Take a candidate Lyapunov

function Ṽ(x) = xTP̃x, with partitioned matrix P̃ = diag(ν2P∗, 0). The LMI condition which has to hold in the

flow domain (5.13) can be written as (A + BK)T
−(A + BK)T

KTBT
−KTBT

  ν2P∗ 0

0 0

 +

 ν2P∗ 0

0 0

  (A + BK) BK
−(A + BK) −BK

 − ν2

 −I 0
0 γ2I

 ≺ 0

ν2

 (A + BK)TP∗ + P∗(A + BK) P∗(BK)

KTBTP∗ 0

 − ν2

 −I 0
0 γ2I

 ≺ 0.

(5.15)

This results in a LMI which is equivalent to the LMI for the L2 gain analysis (4.16), scaled with ν2. We can see

that any solution P∗ and γ satisfying (4.16) provides a solution to (5.15). Hence if P∗ and γ satisfy (5.15) then

P̃ =

 P∗ 0
0 0

 and γ, (5.16)

satisfy (5.13) for any ν2 > 0.

On the jump domain, we have that (5.14) has to hold. If we substitute our candidate P̃, we obtain I 0
0 0

T  ν2P∗ 0
0 0

  I 0
0 0

 −  ν2P∗ 0
0 0

 − ν3

 −I 0
0 γ2I

 � 0, (5.17)

or equivalently  −ν3I 0
0 ν3γ2I

 � 0. (5.18)

This condition holds for ν3 = 0.

Finally we need candidate P̃ to satisfy (5.12). Substitution yields ν2P∗ 0
0 0

 + ν1

 −I 0
0 γ2I

 =

 ν2P∗ − ν1I 0
0 ν1γ2I

 � 0, (5.19)

which holds for some ν1 > 0.

So we have that every storage function V described by P∗, satisfying L2 conditions (4.16) also satisfies the

inequality conditions to the Lyapunov function Ṽ for the hybrid system (5.12-5.14), with matrix P̃ as given in

(5.16). �
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5.3 Example: Event-triggering as a hybrid system

The design of an event-triggering mechanism, using the hybrid system framework is never more conservative

than the L2 gain approach of chapter 4, as was formally shown in Section 5.2.1 and is now illustrated using

the following example. Consider the control system (5.1)-(5.2), with system matrices given as

[
A B

]
=

 1 2 0
−2 1 1

 , K =
[
−0.45 −3.25

]
. (5.20)

To find the optimal gamma γHS we have to minimize the γ in the LMIs that describe the constraints on the

Lyapunov function for a hybrid system (5.12-5.14). Altogether we have the LMI conditions from Corollary 5.1,

which can be solved to find a satisfying quadratic Lyapunov function using MATLAB and the SeDuMi/YALMIP

solver for LMIs.

5.3.1 Results

From the previous sections three different ways have been presented to compute the value for γ, which can be

used in the event-triggering threshold ρ. A suboptimal γlin was found on the basis of the Lyapunov coefficients

a and b. Secondly an improved γL2 , which is the L2 gain of the system (4.5) from e to x. And thirdly, the

value found using the hybrid system framework. All three choices for γ imply asymptotic stability of the

corresponding event-triggered system, i.e., (4.5),(4.4) for γlin and γL2 and (5.8), for γHS. Table 5.1 shows γ

values for the different event-triggering design methods. It can be seen that the γ value found using the

hybrid system framework is significantly lower than that using the L2 gain method and that the hybrid system

approach, leads to a larger event-triggering threshold and a longer inter-execution time for the same system,

compared to γlin and γL2 (see also Figure 4.4b).

Table 5.1 / Differences between the event-triggering design methods
Lyapunov

coefficients (γlin)

L2 gain

(γL2 )

Hybrid system

(γHS)

Value 10.2 4.58 2.94

Average inter-execution time 0.0504 0.103 0.141

Although the presented method to design a stabilizing event-triggering condition with a hybrid system model

leads to less conservative results than the L2 gain method from chapter 4, the difference between the two

methods is not always as large as in the presented example. To illustrate this, we vary the controller matrix

K = [Ka Kb] over a range Ka ∈ [−1, 3] and Kb ∈ [−7, −2.5]. The analysis was done, only for those choices

of K, for which closed-loop system matrix A + BK from (5.5) is Hurwitz, which guarantees a finite L2 gain

and thus also a possible satisfaction of conditions (5.12)-(5.14), due to Corollary 5.1. The analysis is performed

along a grid of stabilizing values Ka and Kb and for six cross-sections along Ka and Kb, the results are depicted

in Figure 5.2. It can be seen that the value of γ for the hybrid system model (γHS), is often very close to the

L2 gain value (γL2 ), only value derived with the suboptimal method based on Lyapunov coefficients (γlin) is

always far off the two other values.
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Figure 5.2 / Comparison of the value of γ for the different methods.
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5.4 Sum of squares techniques for polynomial Lyapunov functions

In this section we aim at improving the results obtained using the hybrid system framework by using higher

order polynomial Lyapunov functions, instead of quadratic Lyapunov functions. In the case where the Lya-

punov function is a polynomial (affine) function, the constraints from the general stability Theorem 5.1 can

be replaced by so-called sum of squares (SOS) constraints. The resulting set of SOS constraints can efficiently

be solved using semi-definite programming, as was show in [24, 25].

5.4.1 Sum of squares decomposition

The idea of the sum of squares technique is to decompose a polynomial function into a sum of squares

Definition 5.1 [27] A multivariate polynomial p : Rn
→ R of degree 2d is a sum of squares (SOS) if there exist

polynomials fi(x), i = 1 . . .M, such that

p(x) =

M∑
i=1

f 2
i (x), for all x ∈ Rn. (5.21)

Clearly, a SOS function is nonnegative for all x ∈ Rn. To find the terms fi, p is expressed in a quadratic

form of a suitably defined vector Z(x), containing all monomials of degree less than or equal to d. If p can be

represented as

p(x) = Z(x)TQZ(x), (5.22)

where Q is a constant positive semi-definite matrix, then p is a sum of squares, see [24] for details.

Example 5.1: Suppose we want to know whether the quartic polynomial in two variables p(x1, x2) = 2x4
1 +

2x3
1x2 − x2

1x2
2 + 5x4

2 is a SOS. For this purpose, define a monomial base with terms up to order two Z(x) =

[ x2
1 x2

2 x1x2 ]T and consider the following quadratic form:

p(x1, x2) = 2x4
1 + 2x3

1x2 − x2
1x2

2 + 5x4
2

= Z(x)T


q11 q12 q13

q12 q22 q23

q13 q23 q33

︸                ︷︷                ︸
Q

Z(x)

= q11x4
1 + q22x4

2 + (2q12 + q33)x2
1x2

2 + 2q13x3
1x2 + 2q23x1x3

2

(5.23)

from which we get the following relations:

q11 = 2, q22 = 5,

q13 = 1, q23 = 0,

2q12 + q33 = −1.
(5.24)

Now, decomposing p(x) as an SOS amounts to searching for q12 and q33 satisfying (5.24), such that Q � 0. For

q12 = −3 and q33 = 5 the matrix Q will be positive semi-definite and we have

Q = LTL, where L =
1
√

2

2 −3 1
0 1 3

 , (5.25)

which yields the following SOS decomposition:

p(x) =
1
2

(2x2
1 − 3x2

2 + x1x2)2 +
1
2

(x2
2 + 3x1x2)2. (5.26)
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5.4.2 Application to hybrid system stability

The sum of squares technique can be used to prove stability of the event-triggered control system. One diffi-

culty in applying SOS constraints in the fashion of Theorem 5.1 and is the restriction of the Lyapunov function

V and the derivative along its trajectories to be positive definite or negative definite, respectively, instead of

positive semi-definite or negative semi-definite. To resolve this issue we can use the following Lemma.

Lemma 5.1 [27] Given a polynomial V of degree 2d, let φ(x) =
∑n

i=1
∑d

j=1 εi jx
2 j
i such that

m∑
j=1

εi j > θ,

for all i = 1, . . . ,n, with θ a positive number and εi j ≥ 0 for all i and j, then the condition

V(x) − φ(x) is a SOS, (5.27)

guarantees positive definiteness of V(x).

Proof. The function φ(x) as defined above is positive definite if εi j’s satisfy the conditions mentioned in the

proposition. Then V(x)−φ(x) being SOS implies that V(x) ≥ φ(x) and therefore V(x) is positive definite. �

The conditions to the Lyapunov function as formulated in Theorem 5.1, can be rewritten as SOS conditions

as follows.

Corollary 5.2 The hybrid system (5.8), with regions defined by (5.7), is GAS for all x0 ∈ C ∪ D, if there exists a

polynomial function V(x), such that polynomials V + s1(x)xTΓx−φ1(x), −V̇ + s2(x)xTΓx−φ2(x), −∆V− s3(x)xTΓx,

s1(x) − φ3(x) and s2(x) − φ4(x) are SOS and all functions φi(x), i = 1, . . . , 4 are as in Proposition 5.1.

The conditions in Corollary 5.2 are implemented as LMI conditions, for reasons of flexibility in the numerical

calculations. To illustrate how this is implemented, take a polynomial Lyapunov function candidate

V(x) = Z(x)TPZ(x), (5.28)

where Z(x) is a vector of monomials of degree d. To show that the polynomial V(x) is positive on the domain

C∪D,we have to look for a positive polynomials of degree 2d− 2 s(x) such thatV(x) ≥ s(x)Γ(x), as polynomial

Γ(x) is of degree 2. This results in the sum of squares problem, with equality constraints

vT
1 Q1v1 = V + s1(x)Γ(x) − φ1(x), (5.29)

vT
2 Q2v2 = −V̇ + s2(x)Γ(x) − φ2(x) (5.30)

vT
3 Q3v3 = −∆V + s3(x)Γ(x), (5.31)

vT
4 Q4v4 = s1(x) − φ3(x) (5.32)

vT
5 Q5v5 = s2(x) − φ4(x). (5.33)

where vi, i = 1, . . . , 5 are the monomial bases of appropriate order, all functions φi(x), i = 1, . . . , 4 are as in

Proposition 5.1 and Qi, i = 1, . . . , 5 are positive definite matrices, i.e., inequality constraints. If all matrices Qi,

i = 1, . . . , 5 are positive definite, this implies that all right-hand side polynomials are sums of squares. This

problem can be solved using MATLAB and the SeDuMi/YALMIP solver for LMIs.
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5.5 Example: Event-triggering as a Hybrid System with higher order LFs

Reconsider the control system (5.1)-(5.2), with system matrices given as

[
A B

]
=

 1 2 0
−2 1 1

 , K =
[
−0.45 −3.25

]
. (5.34)

Furthermore, define an even polynomial Lyapunov function with coefficients of even degrees up to 2d.

To prove that the conditions of Corollary 5.2 hold, we look for the decompositions (5.29) where Γ(x) =

−xTx + γ2eTe, and functions φi(x), i = 1, . . . , 4 are as in Proposition 5.1.

The describing matrix Q will have coefficients corresponding to all cross terms (v1vT
1 ), which are of order 2,

3 and 4. To eliminate the cross terms which correspond to the uneven orders of x, all submatrices, with cross

terms corresponding to two different order monomials, are set to zero. Only the diagonal block elements

corresponding to the monomial base of the same order are considered. In the Definition of V there are no

uneven degrees. This improves the numerical result of the SeDuMi solver, especially for higher orders the

number of variables can be reduced a lot, as can be seen in Table 5.2.

Table 5.2 / Number of independent coefficients
Order of the

monomial base
Matrix size

Number of coefficients

(full matrix)

Number of coefficients

(reduced matrix)

2 4x4 10 10
4 14x14 105 65
6 34x34 595 275
8 69x69 2415 905

5.5.1 Results

This system (5.29)-(5.33) is solved with the LMI solver SeDuMi and an optimization is done to find the smallest

feasible γ, such that GAS is guaranteed of system (5.8) on the basis of Corollary 5.2. For a quadratic Lyapunov

function, the found value of γSOS,2 = 2.94, so the results from the hybrid system analysis in Section 5.3 were

recovered, i.e γHS = 2.94. This proves that the SOS method is a valid way to construct a Lyapunov function.

Orders of Lyapunov function

Increasing the order of the Lyapunov function to 4th order, allowed γ to be reduced to 2.8. Increasing the

order of the Lyapunov function results in a significant reduction of γ, which is in turn beneficial for the inter-

execution time. In Table 5.3 for various orders of the Lyapunov function the minimum feasible values of γ are

given. The smallest γ value is 1.6, which requires a Lyapunov function of order 14. Smaller values of γ were

not considered as the time to compute a feasible solution for the 14th order Lyapunov function takes over an

hour on a PC with a 3GHz CPU. As a consequence, it is unclear how much the value of γ can be reduced by

further increasing the order of the Lyapunov function. In Figure 5.3, the feasibility ratio is plotted as a light

grey bar, which should be equal to 1 for a feasible problem with a complementary solution and converges to -1

for strongly infeasible problems. Also a small dark bar is drawn if the solver reported numerical errors, which

occurred in almost all cases. Furthermore in Figure 5.3 the equality and inequality residues are plotted for each

value of γ. This is a check on the quality of the result. For the equality residues (5.29)-(5.33), closer to zero
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Table 5.3 / Minimum feasible value of γ for each order of the Lyapunov function

Order of the Lyapunov

function

Minimum feasible

value of γ

2 2.94

4 2.80

6 2.20

8 1.75

10 1.65

12 1.65

14 1.60
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Figure 5.3 / Primal residues of the SOS problem. Residues on equality constraints are depicted at the top (in

general: lower residue is better) and the inequality constraints are plotted at the bottom.

is better, which is why only the largest equality residue is plotted, and for the inequality residues (positive

definiteness of Q matrices), nonnegativity is required, which is satisfied for all solutions. Large inequality

residues are further away form the negative domain, so only the minimum inequality residue is plotted.

Event-triggering comparison

The application of higher order Lyapunov functions allows a significant decrease of the value of γ. As can

already be concluded on the basis of Figure 4.4b, this will yield a significant improvement in terms of the

average inter-execution time. In table 5.4 the results are summarized for example system (5.1), (5.2), (5.34)

and the values of γ are given for the different methods.

5.6 Discussion

The formulation of the event-triggered system in the hybrid system framework is beneficial, as the event-

triggering mechanism has an intrinsic hybrid nature. Furthermore, the results based on the hybrid systems
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Table 5.4 / Differences between the event-triggering design methods
Lyapunov coefficients

(γlin)

L2 gain

(γL2 )

Hybrid system

quadratic LF (γHS)

SOS HS 14th

order LF (γSOS,14)

Value 10.2 4.58 2.94 1.60

Average inter-

execution time
0.0504 0.103 0.141 0.217

framework are guaranteed to be never more conservative than the ones based on the L2 gain, as derived

in chapter 4. In particular, the LMIs in the hybrid systems framework are always feasible, as was shown in

Section 5.2.1 and therefore the hybrid systems framework yields a larger event-triggering threshold than the

L2 gain analysis, for some choices of the static-state feedback matric K. This was illustrated using a numerical

example in Section 5.3.

However, the smallest γHS, which still proves GAS for the hybrid system using a quadratic Lyapunov function

is still not near the bounds found through the extensive simulation, done in Section 4.5, which seem to

indicate stability until γ values of 0.9 (see Figure 4.5). Therefore SOS techniques, constructing higher order

Lyapunov functions, are used to prove stability of the hybrid system (5.8) for γ values smaller than γHS. Using

SOS techniques to derive, ultimately, a 14th order Lyapunov function, the smallest feasible γ value is found

at γSOS,14 = 1.6. This is a reduction of a factor 1.8, compared to γHS, on the basis of a quadratic Lyapunov

function as derived in Section 5.3. Hence, a significant reduction of γ is obtained, for which stability can be

guaranteed and which is closer to the bounds found through extensive simulation from Figure 4.5. The main

drawback of the SOS techniques is that it takes a lot of computational power to find the Lyapunov functions,

when the order of the Lyapunov function increases.

SOS techniques do not only allow linear control systems to be analyzed, but also polynomial systems can

be analyzed. Calculations have been done to find a stabilizing event-triggering mechanism for a polynomial

system with static state-feedback, however, assumptions made on the decomposition, such as the reduction

of coefficients in the Q matrices, corresponding to uneven terms, can no longer be made. The problem gets

computationally difficult due to the very bad condition number of the problem. Decompositions matrices Q
have both very large and very small eigenvalues and the order of the problem is higher than in the linear case.

Therefore reliable solutions for this class of systems have not yet been found.

In summary, a major improvement is made when compared to the existing results in literature. For the same

example system that has been used throughout this thesis, the value of γ has been improved, which is the

determining factor for the length of the average inter-execution time. As a result, the average inter-execution

time has improved by a factor 4.31.
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CHAPTER SIX

Output-based event-triggered control

The presented method in Chapter 4 on the L2 gain analysis, is limited to application with a static state-

feedback controller. In practice, measuring all the states is often impossible and, thus, output-based dynamic

controllers are used in many applications, which compute the control signal u using output y, rather than

the state x. As such, it is important to extend the event-triggered control framework to include output-based

dynamic controllers.

6.1 Modeling the event-triggered dynamic output-feedback control sys-

tem

The setup that we take into consideration is an input-output event-triggered control system, where the event-

triggers are located both at the plant output y and the controller output u. This is schematically depicted in

Figure 6a. The control system is modeled using the generalized plant paradigm. The generalized plant P
consists of the plant with states xp ∈ Rnp and the dynamic output-feedback controller with states xc ∈ Rnc and

time t ∈ R+
0 . For the continuous-time case, the plant has control input u ∈ Rmu , disturbance input w ∈ Rmw ,

output y ∈ Rly and performance output z ∈ Rlz . The controller and plant are interconnected with channels u
and y. However, in the event-triggered case, a zero order hold (ZOH) mechanism is used in both these input

and output channels, i.e., û(t) = u(τk,u), for t ∈ (τk,u, τku+1] and ŷ(t) = y(τk,y), for t ∈ (τk,y, τky+1], where τk,u

and τk,y are the event times generated by an event-triggering mechanism, as will be detailed later. Now the

dynamics of the system can be described by
ẋp(t) = Apxp(t) + Bpû(t) + Bpww(t)
y(t) = Cpxp(t)
z(t) = Cpzxp(t) + Dwzw(t),

(6.1)

and the dynamic controller is described by ẋc(t) = Acxc(t) + Bc ŷ(t)
u(t) = Ccxc(t) + Dc ŷ(t).

(6.2)
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ŷ

y

u

w z

(a)

Plant

Controller

+
+
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Figure 6.1 / Model of the closed-loop control system with event-triggered sampling of the signals u and y (a)

and the model where the event-triggering induced errors eu, ey are represented as external in-

puts (b).

Using the errors induced by the event-triggering mechanism eu := û − u and ey := ŷ − y the dynamics of the

event-triggered system P (depicted in Figure 6b) are written as
ẋp(t) = Apxp(t) + Bp(u(t) + eu(t)) + Bpww(t)
y(t) = Cpxp(t)
z(t) = Cpzxp(t) + Dwzw(t),

(6.3)

and the controller  ẋc(t) = Acxc(t) + Bc(y(t) + ey(t))
u(t) = Ccxc(t) + Dc(y(t) + ey(t)).

(6.4)

To obtain the closed-loop system we combine (6.3) and (6.4), resulting in

˙̄x :=

ẋp

ẋc

 =

Ap + BpDcCp BpCc

BcCp Ac

︸                     ︷︷                     ︸
=:A

x̄ +

 Bp 0 Bpw

0 Bc 0

︸               ︷︷               ︸
=:B


eu

ey

w

 ,

z :=


y
u
z

 =


Cp 0
0 Cc

Cpz 0

︸        ︷︷        ︸
=:C

x̄ +


0 0 0
0 Dc 0
0 0 Dwz

︸               ︷︷               ︸
=:D


eu

ey

w

︸︷︷︸
=:w

.

(6.5)

Event-triggering mechanism

The system is designed with two independent event-triggers, namely, one in the input and one in the output

channel. The event-triggering mechanism monitors the norm of the signal and the norm of the corresponding

error, but also includes constants δu, δy. To be precise, an execution is invoked if the condition

|eu|
2 < ρ2

u|u|
2 + δ2

u, (6.6)

is violated in the input channel or condition

|ey|
2 < ρ2

y|y|
2 + δ2

y, (6.7)
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is violated in the output channel. On the occurrence of an event in a channel, at event times τk,u and τk,y,

k ∈ N, the corresponding error signal is reset to zero, i.e., eu(τ+
k,u) = 0 or ey(τ+

k,y) = 0, depending whether

the event-triggering condition for the input or output channel was violated. Note that, if an event is triggered

in the output channel, this will produce an immediate effect in the input channel, due to the presence of the

direct feedthrough term Dc in the controller. On the occurrence of an event in the y channel, the value of the

signals in the input channel change, which could possibly generate an event at the same time. To prevent the

accumulation of events, the plant is not considered to have a direct feedthrough term, which will ensure that

at maximum two events are triggered at the same time, but in different channels.

6.2 Deriving stabilizing event-triggering mechanisms using L2 gain tech-

niques

To derive the event-triggering conditions, we follow an L2 gain approach, in analogy with Chapter 4. On the

basis of a quadratic storage function V(x) = x̄TPx̄, with P � 0 and γu ≥ 0, γy ≥ 0 and γw ≥ 0, a bound on the

derivative can be found as

V̇ ≤ −εx̄Tx̄ − uTu + γ2
ueT

ueu − yT y + γ2
yeT

y ey − zTz + γ2
wwTw, (6.8)

which is implied by feasibility of the LMIs [15] A
T
P + PA + C

T
C + εI PB + C

T
D

B
T
P + D

T
C diag

(
−γ2

uI,−γ2
yI + DT

c Dc,−γ2
wI + DT

wzDwz

)  � 0 and P � 0. (6.9)

A feasible solution to LMI (6.9), yields γu, γy and γw, which are upperbounds to the L2 gains of the corre-

sponding input-output pairs. In a similar fashion as was noted in Section 4.2, the parameters ρu and ρy of the

event-triggering conditions are related to the L2 gains, as ρu = σuγ−1
u and ρy = σyγ−1

y . The L2 gain from w
to z, is related to the nominal performance of the system (6.5), with relevant matrices Bpw, Bcw, Cpz, Ccz, and

this L2 gain is not used in an event-triggering condition. Note that is was a design choice, to have only two

event-triggered channels in this system. One may include more channels, with event-triggering mechanisms,

by designing B, C and D to appropriately map the induced-error input, to the signal output, corresponding to

the same channel.

Event load tradeoff between input and output channel

In some cases it may be beneficial to tradeoff the event load, or the average number of execution over time,

between the input and output channel. It is possible to decrease the event load in the output channel, by

decreasing γy which typically results in a higher γu, to preserve feasibility of the LMIs (6.9). As a consequence

the event load in the input channel will increase. This may be beneficial, for instance, when battery powered

wireless sensors at the output side operate remotely and may save battery power as a consequence of the

improved idle/active ratio of the radio communication.

Now take into consideration the structure of the dissipation inequality (6.8). If we restrict both errors to satisfy

|eu|
2 < σ2

uγ
−2
u |u|

2 + δ2
u and |ey|

2 < σ2
yγ
−2
y |y|

2 + δ2
y, (6.10)

for 0 < σu < 1, 0 < σy < 1, and constants δu, δy > 0, then the system (6.5), with w = 0, is rendered

practically stable, i.e., the norm of the state does not converge to the origin, but converges to a value smaller
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than the ultimate bound. This is due to the constants δu, δy and the value of the ultimate bound will be

derived in the next section. Inequality (6.10) can be guaranteed by updating û(τ+
k,u) = u(τk,u), at event times

τk,u, k ∈N, when event-triggering condition |eu|
2 < σ2

uγ
−2
u |u|2 + δ2

u is violated and y is updated similarly when

|ey|
2 < σ2

yγ
−2
y |y|2 + δ2

y is violated.

Using (6.10), the derivative of the storage function is bounded by

V̇ ≤ −ε|x̄|2 − (1 − σ2
u)|u|2 − (1 − σ2

y)|y|2 + γ−2
u δ

2
u + γ−2

y δ
2
y. (6.11)

6.2.1 Ultimate boundedness of all trajectories of the event-triggered control system

The execution of an event-triggering rule as described above, differs from the event-triggering in the static

state-feedback case in Section 4.1, due to constants δu, δy. The application of input-output event-triggering

will bound the decrease of the dissipation inequality, without external disturbance inputs w, to

V̇ ≤ −εx̄Tx̄ − (1 − σ2
u)uTu + γ−2

u δ
2
u − (1 − σ2

y)yT y + γ−2
y δ

2
y

≤ −εx̄Tx̄ + γ−2
u δ

2
u + γ−2

y δ
2
y,

(6.12)

which is not strict negative definite for all x̄ ∈ Rnp+nc , due to the positive terms γ−2
u δ

2
u and γ−2

y δ
2
y. The domain

on which V decreases is given by x̄ ∈ Rnp+nc

∣∣∣∣∣∣ |x̄|2 ≥ γ−2
u δ

2
u + γ−2

y δ
2
y

ε

 . (6.13)

This can be transformed into an ultimate bound in terms of |x̄|, using the inequality (4.9). Before doing so,

note that for a quadratic function V(x̄) = x̄TPx̄ it holds that

λmin(P)|x̄|2 ≤ x̄TPx̄ ≤ λmax(P)|x̄|2. (6.14)

Using the left-hand side of this inequality we obtain

|x̄|2 ≤
1

λmin(P)
x̄TPx̄. (6.15)

From the right-hand side inequality of (6.14) and (6.13) we obtain

|x̄|2 ≤
γ−2

u δ
2
u + γ−2

y δ
2
y

ε
⇒ x̄TPx̄ ≤ λmax(P)

γ−2
u δ

2
u + γ−2

y δ
2
y

ε
. (6.16)

This inequality can be used to calculate an ultimate bound MUB on all trajectories. See also Section 2.3, for a

definition of the ultimate bound. For t→∞ we have that all solutions satisfy

|x̄| ≤

√
λmax(P)
λmin(P)

γ−2
u δ

2
u + γ−2

y δ
2
y

ε
:= MUB. (6.17)

6.2.2 Existence of a lower bound on the inter-execution time

Other than in the static state-feedback case, the event-triggering in case of the output-based controller, hap-

pens in two different channels. The triggering rule for the static state-feedback case, is based on the norm of

x, which goes to zero, only at the equilibrium. In the input-output triggering case, signals u and y may cross

zero several times before being in steady-state, which will not be an asymptote, as GAS cannot be guaranteed
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on the basis of (6.11). As the event-triggering mechanism relates eu, eyto u, y and the latter signals are zero at

some point in time, the inter-execution times can become zero.

To explicitly calculate a lower bound on the inter-execution times ∆τy,k, k ∈ N, the same approach from

Section 4.4 can be used. However, the event-triggering condition on |ey| does not only depend on |y|, but also

on the constant δy. Therefore a new variable ỹ = [ ρyyT δy ]T is introduced, which can be used to describe

a linear relationship between the |ey| and |ỹ|. The event-triggering condition can be expressed as |ey|
2 = |ỹ|2

and the quotient
|ey |

|ỹ| will evolve in time ∆τy,k from 0 to 1, which makes this a suitable variable for analysis on

inter-execution times. Now it has become clear why constants δu and δy were added to the event-triggering

condition: to prevent the denominator in the quotient
|ey |

|ỹ| to go to zero, which could lead to infinite many

events in finite time.

Consider the system (6.1)-(6.2) with initial condition that satisfies MUB < |x̄0| ≤ M0. Based on the Lyapunov

stability of the system with Lyapunov function V(x̄) = x̄TPx̄ and inequality (4.9), that bounds the levelset of

the Lyapunov function to V(x̄) ≤ λmax(P)|x̄0|
2, the trajectory of x̄ is bounded to |x̄(t)| ≤

√
λmax(P)
λmin(P) M0 := M∗0.

Output channel

For the output channel, the evolution of
|ey |

|ỹ| can be expressed as

d
dt
|ey|

|ỹ|
=

d
dt

(eT
y ey)

1
2

(ỹT ỹ)
1
2

=
(eT

y ey)−
1
2 eT

y ėy(ỹT ỹ)
1
2 − (ỹT ỹ)−

1
2 ỹT ˙̃y(eT

y ey)
1
2

ỹT ỹ

= −

eT
y ėy

|ey| |ỹ|
−

ỹT ˙̃y
|ỹ| |ỹ|

|ey|

|ỹ|
.

(6.18)

Using ˙̃y =

ρy ẏ
0

 =

−ρyėy

0

 as dy
dt = d

dt ŷ − d
dt ey = − d

dt ey, which yields |ėy| = ρ−1
y | ˙̃y|, the bound on d

dt
|ey |

|ỹ| can be

expressed as

d
dt
|ey|

|ỹ|
≤

ρ−1
y |ey| | ˙̃y|

|ey| |ỹ|
+
|ỹ| | ˙̃y|
|ỹ| |ỹ|

|ey|

|ỹ|
=

(
ρ−1

y +
|ey|

|ỹ|

)
| ˙̃y|
|ỹ|

, (6.19)

which is bounded if | ˙̃y| is bounded. To find a bound on | ˙̃y| we observe that ẏ can be expressed as

ẏ = Cpẋp = Cp

(
(Ap + BpDcCp)xp + BpCcxc + Bpeu

)
. (6.20)

Using the event-triggering condition (6.10), which yields |eu| ≤

√
ρ2

u|u|2 + δ2
u ≤ ρu|u| + δu, |ẏ| can be bounded

as

|ẏ| ≤

[‖Cp(Ap + BpDcCp)‖ ‖CpBpCc‖
] |xp|

|xc|

 + ρu(‖CpBpCc‖ |xc| + ‖CpBpDc‖ (|y| + |ey|)) + ‖CpBp‖δu


|ẏ| ≤

(∥∥∥∥[‖Cp(Ap + BpDcCp)‖ ‖CpBpCc‖(1 + ρu)
]∥∥∥∥ |x̄| + ρu(‖CpBpDc‖ |y| + CpBpDc‖ |ey|) + ‖CpBp‖δu

)
(6.21)

Using the inequalities |ỹ| ≥ ρy|y| which implies |y| ≤ ρ−1
y |ỹ| and |ỹ| ≥ δy which implies |ỹ|δy

≥ 1, the equality

|ẏ| = ρ−1
y | ˙̃y| and the boundedness property of |x̄(t)| ≤M∗0, a bound on | ˙̃y| can be expressed as

| ˙̃y| ≤

(∥∥∥∥∥[‖Cp(Ap + BpDcCp)‖ ‖CpBpCc‖(1 + ρu)
]∥∥∥∥∥M∗0+‖CpBp‖δu

)
δy

|ỹ| + ρu‖CpBpDc‖

ρy
|ỹ| + ρu‖CpBpDc‖ |ey|

= (C1 + C2)|ỹ| + C3|ey|

(6.22)
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where

C1 =

(∥∥∥∥[‖Cp(Ap + BpDcCp)‖ ‖CpBpCc‖(1 + ρu)
]∥∥∥∥ M∗0 + ‖CpBp‖δu

)
δy

C2 =
ρu‖CpBpDc‖

ρy

C3 = ρu‖CpBpDc‖.

(6.23)

Note that C2 and C3 are zero if the controller has no direct feedthrough term Dc.

With controller feedthrough

Using (6.32), (6.19) becomes

d
dt
|ey|

|ỹ|
≤

(
ρ−1

y +
|ey|

|ỹ|

)
(C1 + C2)|ỹ| + C3|ey|

|ỹ|

=

(
ρ−1

y +
|ey|

|ỹ|

) (
(C1 + C2) + C3

|ey|

|ỹ|

)
≤ max{ρ−1

y , 1}max{(C1 + C2), C3}

(
1 +
|ey|

|ỹ|

)2

.

(6.24)

Substitution of φ =
|ey |

|ỹ| gives differential equation

φ̇ = L(1 + φ)2, (6.25)

where L = max{ρ−1
y , 1}max{(C1 + C2), C3} whose solution, for φ0 = 0 satisfies

φ(t) =
−Lt

Lt − 1
, (6.26)

which gives a minimal inter-execution time; the time it takes for φ(t) to evolve from 0 to 1 as

∆τy,min =
1

2L
=

1
2 max{ρ−1

y , 1}max{(C1 + C2), C3}
. (6.27)

Without controller feedthrough

For the situation where there is no direct feedthrough, i.e., Dc = 0. The quotient d
dt
|ey |

|ỹ| is bounded to the

simpler form
d
dt
|ey|

|ỹ|
≤ C1

(
ρ−1

y +
|ey|

|ỹ|

)
, (6.28)

which has the solution for φ =
|ey |

|ỹ|

φ(t) = ρ−1
y eC1t

− ρ−1
y , (6.29)

which gives a minimal inter-execution time; the time it takes for φ(t) to evolve from 0 to 1 as

∆τu,min = 1
C1

ln
(
1 + ρy

)
. (6.30)

Input channel

For the input channel, there is no feedthrough, so the minimal inter-execution time is given by

∆τu,min = 1
C1

ln
(
1 + ρu

)
, (6.31)

where

C1 =

(∥∥∥∥[‖CcBcCp‖(1 + ρy) ‖CcAc‖
]∥∥∥∥ M∗0 + ‖CcBc‖δy

)
δu

.
(6.32)

For the full derivation see appendix B.
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6.3 Example: Output-based event-triggered control

Consider the system described by (6.1), with dynamic output-feedback controller (6.2) which is designed to

stabilize the system, i.e matrix A in (6.5) is Hurwitz. The system matrices are given as

[
Ap Bp Bpw

]
=

 1 2 0 1
−2 1 1 1

 ,

 Cp

Cpz

 =

 1 0

1 1

 ,

[
Ac Bc

]
=

 −3 2 4
−6 −3 2

 ,
[

Cc Dc

]
=

[
−2 −4 0

]
.

(6.33)

For the simulation of trajectories, the closed-loop system (6.5) will be used, in which w = 0. Disturbances are

considered only to make the tradeoff between the γu, γy and γw.

Event-triggering condition

Using (6.9) tradeoffs can be made between γu, γy and γw. The asymptotes for γu and γy in the system

without performance output z and disturbances w, are found from the Lyapunov function derivative bound

(6.8) taking γw →∞, which corresponds to the LMI (6.9), without the row and column belonging to γw. The

LMI (6.9) can be optimized to find the minimum value of the considered γu or γy. The asymptotic values

for this example are found by reducing the LMI (6.9) to have only one corresponding γ in the bottom right

submatrix. This gives yields γu,min = 6.84 and γy,min = 14.3. The complete tradeoff is visualized in Figure 6.2.

It can be seen, that a tradeoff can be made between the event load in both channels. A small γu, corresponds

to a low event load in the input channel, at the cost of a higher event load in the output channel. Here, also the

tradeoff curves are plotted for three different values of γw, in case system (6.1)-(6.2) has disturbance inputs w
and performance output z, with corresponding matrices Bpw and Cpz as given in (6.33).

In the remainder of the example, the values of γ are selected as γu = 7.3 and γy = 44.0, which lie within the

stabilizing area. The system is guaranteed to have the ultimate bound (6.17), which depends on the choice of
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Figure 6.2 / Tradeoff between input and output L2 gains (γu and γy), where asymptotes are indicated by grey

lines. The stabilizing region lies at the top right part of the plot. Low γ corresponds to a lower

event load.
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ε, and constants δu, δy in the execution rule. The constants are set relative to the event-threshold ρ and are

chosen as δuρ−1
u = δyρ−1

y = 5. A storage function (6.8) for system (6.1)-(6.2), with γw →∞ is given by

P =



171.0 −77.5 −171.0 81.1

−77.5 78.9 77.3 −79.1

−171.0 77.3 185.0 −73.9

81.1 −79.1 −73.9 88.7


, (6.34)

which satisfies LMI (6.9) with the choice of γu and γy. This storage function is used to calculate the ultimate

bound as

|x| ≤
√

λmax(P)
λmin(P)

γ−2
u δ

2
u+γ−2

y δ
2
y

ε

= 4.29,
(6.35)

where ε = 0.1.

Simulation

The event-triggered system is simulated using the Ordinary Differential Equation solver from MATLAB, e.g.,

ode45.m. To detect the occurrence of events, an event-function is used, which is a feature of the solver and

is supplied as input handle to the ODE solver. If the value of the event-function crosses zero, the simula-

tion is terminated and updates for û or ŷ are calculated, depending on which event was triggered. Next the

solver is continued at the final state and time from the previous simulation with the updated value for û
or ŷ. To compare the performance of the event-triggered control system, the same system is simulated as a

continuous-time (inter-execution time ∆τ = 0) control system and as a time-triggered (fixed inter-execution

time) control system. The state trajectories of all three controllers are plotted in Figure 6.3.

Inter-execution times

For the event-triggered control system the lower bound on the inter-execution times are calculated using the

inequality (6.30). This gives a lower bound for the channel u of ∆τu,min = 7.03 10−5 and for the channel y
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Figure 6.3 / Evolution of the states in the event-triggered case, the continuous-time case and the time-

triggered case.
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Figure 6.4 / Evolution of the input and output signals in the event-triggered case.

of ∆τy,min = 1.87 10−6. The simulated inter-execution times are displayed in table 6.1. Four different time

intervals are considered because the behavior of the event-triggered system differs in each of these domains.

From table 6.1 and Figure 6.4 it can be seen that the inter-execution times are at a minimum around zero.

The maximum inter-execution times can be found if the signal does not change quickly over time. So around
∂u
∂t = 0 and ∂y

∂t = 0 (or the maxima and minima of the signal) the largest inter-execution times are found. This

reflects also to the steady state situation, which is said to start form time 8.15, where the inter-execution time

increases with respect to the preceding transient domain. In Figure 6.5 the evolution of the inter-execution

times is depicted. It is clear that the inter-execution times increase until reaching a periodic cycle. As in

Section 4.1, where also periodic behavior was observed.

Table 6.1 / Inter-execution times, from simulation

Channel Domain
minimal

inter-execution time

maximal

inter-execution time

average

inter-execution time

u total 6.80e-3 0.528 0.0711
y total 0.0107 0.592 0.0608

u transient 6.80e-3 0.503 0.0526
y transient 0.0107 0.321 0.0298

u steady state 0.0576 0.528 0.117
y steady state 0.045 0.592 0.109

u around u = 0 6.80e-3 9.57e-3 7.60e-3
y around y = 0 0.0107 0.0133 0.0219

u around ∂u
∂t = 0 0.0385 0.278 0.0947

y around ∂y
∂t = 0 0.0274 0.151 0.0553

Comparison to time-triggered controller

To compare the results of the event-triggered controller to those achieved by a discrete-time controller, the

simulation of the system is repeated with a controller at a fixed sample rate. The sample rate of the time-

triggered controller was chosen as T = 0.03 which is around the same average sample rate, as the event-
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triggered controller achieved in the transient domain. The state trajectory of this controller is depicted in

Figure 6.3. In table 6.2 the maximum values of the error, e.g., |eu| = |û − u|, are presented at the different

part of the time domain. It can be seen that the maximum error of the event-triggered controller is most

of the time larger than the error of the time-triggered controller, only around u, y around zero the error of

the time-triggered controller is larger than the event-triggered controller. As we have seen in the previous

section, this is also the point where the smallest inter-execution times are found. Hence, the application of an

input-output event triggering is especially sensible, if performance is required where input and output signals

change quickly. If the slope of the signal, i.e., ∂u
∂t , is large, the event-triggering mechanism will have a small

error, while the error gets larger again, if the dynamics tend to steady-state.

Table 6.2 / Error (eu, ey), from simulation

Channel Domain
Maximal error

event-triggered

Maximal error

time-triggered

u total 5.45 3.73
y total 0.477 0.942

u transient 5.45 3.73
y transient 0.477 0.942

u steady state 1.1 0.137
y steady state 0.34 0.0514

u around u = 0 0.964 3.73
y around y = 0 0.348 0.942

u around ∂u
∂t = 0 5.45 2.67

y around ∂y
∂t = 0 0.477 0.552
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Figure 6.5 / Evolution of the inter-execution times in each channel.
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6.4 Discussion

The method discussed in this chapter, allows application of event-triggered control to a larger class of con-

trollers, namely dynamic output-based controllers. L2 Gains are used to prove stability for event-triggering

mechanisms in each signal channel of the control system.

The main benefit of event-triggered control can be seen in the inter-execution times. If a static state-feedback

control system approaches the equilibrium, the inter-execution times increase. However, for an dynamic

output-feedback controller, there is event-triggering in channels that cross zero, which may trigger a lot of

events with small inter-execution times. By adding constants δu and δy to the event-triggering condition,

these small inter-execution times can be lower bounded, with a bound larger than zero. However, the price

paid, is that only practical stability can be guaranteed, instead of GAS.

Furthermore, the stability criteria used in this chapter are based on L2 gain properties of the underlying

continuous-time closed-loop system. A more general description of the event-triggered system is required

to explore the possibilities of enhancing the event-triggering mechanism. Indeed, examples in this thesis

have shown that (for static state-feedback) it is possible to increase the event-triggering threshold beyond

the event-triggering threshold value, based on the L2 gain, while the system can still be guaranteed GAS.

Different techniques based on hybrid models that describe the event-triggered system more closely, have

been explored in Section 5.4. This framework can also be applied to dynamic output-feedback event-triggered

control systems and is work for future research.
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CHAPTER SEVEN

Conclusions & further work

7.1 Conclusions

In this thesis stability of event-triggered control systems is analyzed using different methodologies. The goal

of this thesis is to compare the different methodologies and improve the event-triggering conditions, yielding

larger inter-execution times while preserving stability of the system and extend the applicability of the event-

triggered theory to output-based dynamic controllers.

The first approach presented in this thesis considers control systems with static state-feedback. An event-

triggering mechanism is used, which updates the controller on the occurrence of an event and holds this

value until the next event. Event-triggering conditions can be derived by comparing the error, induced by the

event-triggering to the state. By triggering events when the induced error reaches a certain threshold, a bound

on the error can be enforced, which will preserve asymptotic stability of the system. The objective throughout

this thesis is to increase the threshold, such that a minimal number of events is triggered, while preserving

stability. The analysis showed that improved event-triggering rules, which can be designed on the basis of the

properties of the control system, should be based on the L2 gain, rather than on the coefficients of the bound

on a suboptimal ISS Lyapunov function derivative, as done in [19]. The L2 gain provides a direct relationship

between the error and the state and these same variables are used in the event-triggering condition. Hence,

the L2 gain can be used to derive an event-triggering condition, preserving GAS of the control system, which

yields larger inter-execution times than the event-triggering condition derived from an ISS Lyapunov function.

Based on extensive simulations it was observed that the smallest stabilizing event-triggering threshold, ex-

pressed in terms of γ, was actually much larger, than the L2 gain γL2 . Inspired by these simulations, stability

of the event-triggered system was studied by modeling it as a hybrid system, which truly describes the behav-

ior of the event-triggered control system. Stability of the hybrid system can be guaranteed using a Lyapunov

function and we derived a formal proof, that showed that the hybrid system is GAS for the γ values ob-

tained by the earlier method based on the L2 gain. In some cases, based on a quadratic Lyapunov function,

the hybrid modeling allows a further improvement of the event-triggering threshold, leading to much larger

inter-execution times.



52 Chapter 7: Conclusions & further work

Additionally, the hybrid system framework allows the use of higher order polynomial Lyapunov functions

to prove stability. Sum of squares techniques have been applied successfully to find higher order Lyapunov

functions, which allow further improvement of the event-triggering threshold. For the specific example used

throughout this thesis, on the basis of a 14th order Lyapunov function, the improvement in average inter-

execution times, with respect to the best result available in the literature [19] is a factor 4.31.

An extension of the L2 gain based event-triggering design, can be used for output-based dynamic controllers.

If the event-triggered control system is written as a closed-loop system with the induced errors as input and the

untriggered signals as output, an event-triggering threshold can be deducted based on the L2 gain. However,

the straightforward extension of event-triggering as used in the static state-feedback case led to zero inter-

execution times, which is undesirable in any practical controller implementation. Therefore, a modification

was proposed that introduced an additional constant in the threshold of the event-triggering mechanism. As

a consequence, the system is no longer converges to the origin, but converges only close to the origin. An

explicit expression for the ultimate bound has been derived.

7.2 Recommendations for further work

Some open problems can be identified, which deserve further attention.

Combination of hybrid system model and dynamic output-feedback controller

One of the first topics that can be explored further is the application of the hybrid modeling approach to

output-based controllers. This involves the combination of the work from Chapter 6 and Chapter 5.

SOS application for polynomial systems

The SOS method to find Lyapunov functions of the event-triggered control system has been very successful

for linear systems. However, for a polynomial system no feasible results are found. The problem gets very

badly conditioned and it takes a lot of heuristics to remove the monomials which have only small contribu-

tions to the stability conditions. Searching for efficient implementations, which reduces the order problem

and improves the conditioning, would form a next step in solving the stabilization problem for polynomial

systems.

Practical implementation

The event-triggered framework on itself, has the disadvantage that the event-triggering mechanism needs

to monitor the considered signal and the last transmitted signal, continuously. Hardware implementations

of such a continuous-time signal monitors are generally not available in digital control systems. To meet

these hardware requirements, mixed signal processing (combining analog and digital signals) or FPGA chips

can be used. A practical event-triggering setup, which can provide a proof-of-concept, should be a first step

towards application of the technology in an industrial environment.
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Extensions to self-triggered control

Another option to overcome the barrier of analog and digital control electronics, is extension of the presented

work to the self-triggered framework. Here, the controller puts itself to sleep mode after each control task ex-

ecution, which saves resources. The time to the next wake-up should be computed at each execution together

with the new control values. This framework has successfully been applied to static state-feedback controllers

and for systems without disturbances [22]. However, also for self-triggered control, dynamic output-feedback

controllers and systems with disturbances, the modeling would be certainly of interest.
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APPENDIX A

Equivalence of γlin and ISS gain

In this appendix the optimization analysis on γ, from equation (4.19) , to find the minimal value, as an

expression of the coefficients a and b from equation (4.10) is illustrated with a plot of γ̃ 2 and its derivatives as

function of ε.
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Figure A.1 / Plot of the system for b
a = 3. Extrema are marked with a circle. Note the minimum allowable

γ̃ 2 = 32 at ε = b
a .
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APPENDIX B

Minimal inter-execution time input channel

Consider the system (6.1 - 6.2) with initial condition that satisfies MUB < |x̄0| ≤ M0. Based on the Lyapunov

stability of the system with Lyapunov function V = x̄TPx̄ and inequality (4.9), that bounds the levelset of the

Lyapunov function to V(x̄) ≤ λmax(P)|x̄0|
2, the trajectory of x̄ is bounded to |x̄(t)| ≤

√
λmax(P)
λmin(P) M0 := M∗0.

For the input channel, ũ = [(ρuu)T δu]T is used. The evolution of |eu |

|ũ| can be expressed as

d
dt
|eu|

|ũ|
=

d
dt

(eT
ueu)

1
2

(ũTũ)
1
2

=
(eT

ueu)−
1
2 eT

u ėu(ũTũ)
1
2 − (ũTũ)−

1
2 ũT ˙̃u(eT

ueu)
1
2

ũTũ

= −
eT

u ėu

|eu| |ũ|
−

ũT ˙̃u
|ũ| |ũ|

|eu|

|ũ|
.

. (B.1)

using ˙̃u =

ρuu̇
0

 =

−ρuėu

0

 as du
dt = d

dt û −
d
dt eu = − d

dt eu, which yields |ėu| = ρ−1
u | ˙̃u|, the bound on d

dt
|eu |

|ũ| can be

expressed as
d
dt
|eu|

|ũ|
≤
ρ−1

u |eu| | ˙̃u|
|eu| |ũ|

+
|ũ| | ˙̃u|
|ũ| |ũ|

|eu|

|ũ|
=

(
ρ−1

u +
|eu|

|ũ|

)
| ˙̃u|
|ũ|

, (B.2)

which is bounded if | ˙̃u| is bounded. To find a bound on | ˙̃u| we observe that u̇ can be expressed as

u̇ = Ccẋc + Dc ˙̂y = Cc

(
Acxc + BcCpxp + Bcey

)
. (B.3)

Using the event-triggering condition (6.10), which yields |ey| ≤

√
ρ2

y|y|2 + δ2
y ≤ ρy|y| + δy, |u̇| can be bounded

as

|u̇| ≤

[‖CcBcCp‖ ‖CcAc‖
] |xp|

|xc|

 + ρy(‖CcBcCp‖ |xp| + ‖CcBc‖δy


|u̇| ≤

(∥∥∥∥[‖CcBcCp‖(1 + ρy) ‖CcAc‖
]∥∥∥∥ |x̄| + ‖CcBc‖δy

) (B.4)

Using the inequalities |ũ| ≥ ρu|u| which implies |u| ≤ ρ−1
u |ũ| and |ũ| ≥ δu which implies |ũ|δu

≥ 1, the equality

|u̇| = ρ−1
u | ˙̃u| and the boundedness property of |x̄(t)| ≤M∗0, a bound on | ˙̃u| can be expressed as

| ˙̃u| ≤

(∥∥∥∥∥[‖CcBcCp‖(1 + ρy) ‖CcAc‖
]∥∥∥∥∥M∗0+‖CcBc‖δy

)
δu

|ũ|
= (C1)|ỹ|

(B.5)

where

C1 =

(∥∥∥∥[‖CcBcCp‖(1 + ρy) ‖CcAc‖
]∥∥∥∥ M∗0 + ‖CcBc‖δy

)
δu

.
(B.6)

Using (B.6), (B.2) becomes
d
dt
|eu|

|ũ|
≤ C1

(
ρ−1

u +
|eu|

|ũ|

)
, (B.7)
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which has the solution for φ = |eu |

|ũ| , and φ0 = 0

φ(t) = ρ−1
u eC1t

− ρ−1
u , (B.8)

which gives a minimal inter-execution time; the time it takes for φ(t) to evolve from 0 to 1 as

∆τu,min = 1
C1

ln
(
1 + ρu

)
. (B.9)



APPENDIX C

M-file manual

Throughout this thesis several numerical examples are treated. The results, for instance a 14th order Lyapunov

function, would not fit on three pages. Therefore the m-files to construct the Lyapunov functions and other

files are summarized below and annotated with a short description.

Static state-feedback

Gamma computation

Section 4.2 introduces γlin based on the Lyapunov function and γL2 which is the ISS gain.

gamma = find_eventtriggering_gamma_lin(A,B,K) This function computes γlin = 2||PBK||
λmin(Q) , where Q = I,

and P is the solution to the Lyapunov equation (A + BK)TP + P(A + BK) = −Q.

gamma = find_eventtriggering_gamma_ISS(A,B,K,’PropertyName’,PropertyValue) This function

finds the L2 gain γL2 for a static state-feedback control system using matrices A, B and K, by minimiz-

ing γ with respect to the LMI constraint (4.16). It makes use of a fzero procedure, which performs the

bisection to find the minimal γ. LMI Constraints are checked with the function LMI_ISS.m. Optional

properties that can be passed along are:

• initial_value – Real number (default is 4.0)

This number is passed to the solver as initial γ to start the iterations with.

• eps_LMI – Real number (default is 1e-4)

This number is used in the LMI, to set the positive definiteness constraint on the matrices.

• verbose – on | {off} | sedumi | all

Sets the level of output. ’off’ shows no output, ’on’ shows the iteration steps from the fzero algo-

rithm, ’sedumi’ shows the output as generated by the Sedumi LMI solver and ’all’ shows both the

output from fzero solver and the sedumi solver.

Hybrid system

Section 5.2 introduces γHS, which is the minimal γ, that satisfies the LMI constraints which have to hold for

a hybrid system, as noted in Corollary 5.1.

gamma = find_eventtriggering_gamma_HI(A,B,K,’PropertyName’,PropertyValue) This function

finds γHS for a static state-feedback control system using matrices A, B and K. It makes use of a fzero

procedure, which performs the bisection to find the minimal γ. LMI Constraints are checked with the

function LMI_HI.m. Optional properties that can be passed along are:
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• initial_value – Real number (default is 4.0)

This number is passed to the solver as initial γ to start the iterations with.

• eps_LMI – Real number (default is 1e-4)

This number is used in the LMI, to set the positive definiteness constraint on the matrices.

• verbose – on | {off} | sedumi | all

Sets the level of output. ’off’ shows no output, ’on’ shows the iteration steps from the fzero algo-

rithm, ’sedumi’ shows the output as generated by the Sedumi LMI solver and ’all’ shows both the

output from fzero solver and the sedumi solver.

Sum of squares

Section 5.4.2 introduces higher order Lyapunov functions using sum of squares. To check feasibility of a

specific γ under SOS constraints as noted in Corollary 5.2, the following functions are used.

[lambda1, lambda2] = SOS_check_feasibility(A,B,K,gamma,order_V) This function checks for a

static state-feedback control system using matrices A, B and K if a Lyapunov function of order order_V

can be constructed. Note that order_V is a string specified for instance, as ’[4 2]’, for a polynomial

Lyapunov function which has fourth and second order terms. Output is the norm of the S-procedure

matrices (s1 and s2) corresponding to the highest order of the Lyapunov function. This can be useful to

check of these are not very small, for high order Lyapunov functions. A lot of other output is send to the

workspace. numerr and solinfo.solveroutput.info.feasratio are the most useful, as these can

be used to conclude about feasibility. But also the residue pres, matrices Q1 to Q5, as well as strings

containing the Lyapunov function V_str and the SOS polynomials LYAP_str, JUMP_str, FLOW_str,

S_1, S_2 and S_3. The output terms lambda1 and lambda2 give out the norm of the submatrix, corre-

sponding to the highest order, of Q1 and Q2 respectively.

SOS_find_lyap() This is a script which analyzes a range of possible gammas. The script automatically

increases the order of the Lyapunov function, if SOS_check_feasibility returned an error, other than

numerical errors. When all gammas are analyzed, it creates some plots from the residues, the required

order of the Lyapunov function for each γ and the feasibility ratio.

Dynamic output-feedback

min_pres = LMI_weighted_IO(A, B, C, D, gamma_u, gamma_y, gamma_w) This function checks fea-

sibility of LMI (6.9), with closed-loop matrices A, B, C, D and L2 gains gamma_u, gamma_y, gamma_w. The

output is the minimal primal residue from the LMI solver. This should be a positive value, for a feasible

LMI.

gamma = Optimize_weighted_IO(A,B,C,D,gamma_u, gamma_y, gamma_w, which_gamma) This func-

tion finds the infimum of a γ, selected by which_gamma � string {’gamma_u’ | ’gamma_y’}. The

optimizer solves LMI (6.9), using LMI_weighted_IO, iteratively towards the smallest feasible value of

the selected γ. The other values are fixed at the values from the input. The input value for the ‘free’ γ is

used as the initial condition of the optimization.

gamma = find_asypmtote(A,B,C,D,gamma_i, gamma_w) Optimizes γ, with initial condition gamma_i

over the LMI (6.9) with one row and column less. By selecting the appropriate rows and columns
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in the matrices B, C and D, where the outer row and column belong to γw, this yields the asymptotic

value γ, for the γ, whose row and column are present.

Output_feedback_gammas() A script that automates the above functions to create a tradeoff plot like Fig-

ure 6.2.

Simulation

State_feedback_sim A script which simulates the event-triggered static state-feedback system, as defined

in the top of the m-file.

Output_feedback_sim A script which simulates the dynamic output-feedback event-triggered system, as

defined in the top of the m-file.
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