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Abstract

When sound becomes inconvenient, it is usually called noise. Sound has a great impact on
humans and how they perform. Sound created in rooms with occupants or environmental
noise  can  be  very  disturbing.  In  general,  noise  exposure  can  result  in  hypertension,
ischaemic heart disease, decrease in concentration, annoyance and sleep deprivation. 

Therefore a method that  allows to accurately  predict  sound levels  and sound behaviour
based on a model is important and can contribute to making the right policy for urban areas
and determine the design criteria and solutions for urban areas and rooms. 

In this research the PSTD method is used to predict the behaviour (reflection and diffraction)
of sound and sound pressure levels.  The power of the developed PSTD method is the fact
that it only requires 2 nodes (spatial grid points) per wave length. That is about  to  less
than  time  domain  acoustic  simulations  in  general  require  in  1D  (6  to  10  nodes  per
wavelength).

The  method  has  been  validated  before  for  staircase  geometries.  In  this  study  the
geometries of interest are non-staircase (cartesian). In real life, boundaries and geometries
are almost always non-cartesian, for example curves and slopes. Such geometries cannot be
solved with a high accuracy. A coordinate transform is applied to overcome the problems
that  arise  with  a  cartesian grid.  The coordinate transform makes it  possible  to  simulate
non-staircase geometries like the calculations of the concert hall shaped geometry. 

First the performance of orthogonal boundaries are investigated by two different geometries
that are non-cartesian in real life. References are provided by reconfiguring the geometry (by
rotating)  or  BEMacoustics  (acoustic  simulation  software  applying  the  boundary  element
method).  When  using  the  PSTD  method  for  non-staircase  geometries,  the  spatial
discretization needs to be increased to roughly 10 to 20 points per wavelength depending
on the geometry of interest. As a result the main advantage of the PSTD method will be lost
because computational costs will increase to similar levels as other methods. 

A curvilinear coordinate transformation is applied on two different cases. The transformation
makes it  possible to perform calculations on non-cartesian geometries.  Furthermore the
transformation  makes  it  possible  to  calculate  the  derivatives  between  the  transformed
coordinates  and the  calculation  grid.  The  transformation is  applied for  a  stretching and
compressing case where the influence of stretching and compressing in comparison to a
cartesian mesh is investigated. The last case is a concert hall shaped 2D geometry with a
temperature gradient. Some room acoustical parameters are calculated. In this case good
results are obtained when simulating with the implemented conformal curvilinear coordinate
transformation for geometries with non-staircase boundaries, but when a transformation is
applied close attention needs to be paid to the angles of the boundaries and the stretching
and  compressing  rate  of  the  grid.  The  influence  of  the  temperature  gradient  on  the
acoustical parameters is limited.
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1. Introduction 

1. Introduction 

Usually, sound is described by atmospheric pressure fluctuations. These pressure differences give
humans and other living species the ability to communicate and perceive the world around them. 

Because  perceiving  sound  is  important  to  understand  each  other  and  because  it  can  be  very
inconvenient  (road  traffic  noise  for  example),  the  prediction  of  how sound will  be  perceived  in
different locations, indoor and outdoor, is important. 

This  Chapter is  intended to give an overview of  why sound is  important  for our health and the
common ways of simulating sound pressures. Also, the framework of this research and its objectives
are presented.

1.1 Noise and health

When sound becomes inconvenient, it is usually called noise. Sound has a great impact on humans
and how they perform. 

Sound created in rooms (speech, ventilation system or other equipment etc.) with occupants can be
very  disturbing  [1],  [2].  In  general,  noise  exposure  can  result  in  hypertension,  ischaemic  heart
disease, decrease in concentration, annoyance and sleep deprivation [3]. 

A large contribution to health problems related to sound are related to traffic noise from cars and air
planes  [3],  [4].  The produced noise by traffic can affect  the  autonomic  nervous system and the
endocrine  system  [5].  The  endocrine  system consists  of  all  the  glands  and  the  hormones  they
produce and help to keep body conditions stable. 

Noise can also be used in a positive way. Sound masking systems use background noise to prevent
speech intelligibility and promote concentration in for example open office plans. A recent study
indicates that under specific conditions (low dopamine levels for example) noise can have a positive
effect on the cognitive performance [6]. 

In Europe and other developed countries, the majority of the population lives in urban areas. In north
and western Europe about 80% of the population lives in cities  [7].  Activities of  people produce
sound,  and  sound  from  traffic  is  largest  contributor  to  noise  levels  in  urban  areas.  Activities
undertaken by humans and the sound that is released by these activities, is called environmental
noise [8].

Therefore a method that allows to accurately predict sound levels and sound behaviour based on a
model is important and can contribute to making the right policy for areas and determine the design
criteria and solutions for urban areas and inside buildings. 

1 



1. Introduction 

1.2 Modelling of sound 

There  are  basically  three  ways  to  make  a  prediction  of  the  behaviour  of  sound  in  the  urban
enviroment:

– Analytical calculations: only simple configurations can be calculated [9].
– Geometric acoustic methods: where sound is modelled as rays with a specified number of

reflections. This can be done for enclosed spaces [10] and outdoors [11]. 
– Wave based methods: the wave equation is solved [12].

With analytical solutions the wave equation is solved under specific conditions and in simple cases. 

Modelling sound propagation in urban areas is usually done with a ray-tracing method [11], [13]. This
method by its self can only provide accurate results for the first line of buildings (buildings with a
direct line of sight to the source). 

Ray trace methods have limitations: two problems immediately occur, both caused by the size of the
receiver [14]. Firstly, a point cannot detect a ray because a point is infinite small. So the receiver has
to have a size. Therefore, the receiver may receive too many or too few rays. Secondly, a receiver may
be shaded behind a geometry and still detect a ray because of its size. More geometry and receiver
size related examples can be found in literature [14]. The influence of diffraction can not directly be
taken into account, but different combinations of the ray trace methods and other algorithms make it
possible to compute more complex geometries including the effects of diffraction: hybrid methods
[15]. The simulation time, depends on the number of rays and the complexity of the calculations that
are  performed.  In  general,  ray  trace  methods  are  relatively  fast,  sometimes  so  fast  that
implementations for direct auralization (games for example) have been developed [15].

Accurate modelling of linear atmospheric sound propagation (see Appendix A) requires detailed and
accurate input of the atmospheric conditions, ground surface, geometry and material properties [16].
Linear  acoustics  use different  assumptions/conditions  in the conservation formulas  of  mass and
momentum. By making use of these assumptions the wave equation can be solved. 

1.3 State-of-art on acoustical solvers for the wave equation

There are basically two different types of wave based methods. Models in the frequency domain and
models in the time domain  [17]. They can be classified in three general categories: Finite Element
method (FEM), Boundary Element method (BEM) and Finite Difference Time-Domain method (FDTD). 

In recent years, with computers becoming faster, wave based methods are being used more often to
solve  acoustical  problems.  The  main  drawback  of  wave  based  methods  in  general  is  the
computational power it takes to perform a simulation. Therefore simulations are often limited to
lower frequencies [20], [21]. The main intention and progress made on research using wave based
methods the past years is speeding up calculation time. This is done by new algorithms, combining
algorithms and making use of parallel computing. 

Frequency domain 
Calculations  in  the  frequency-domain  are  performed  by  a  harmonic  excitation  signal  and  then
calculate the influence of that excitation on a receiver point. This limits the solution to steady state.
This is done with the transfer function making use of a Laplace transform to calculate the impulse
response  [17].  Transfer  functions  describes  the relation between the  input  and the  output  of  a
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function  in  the  frequency  domain.  Finite  Element  Methods  (FEM)  are  widely  used  to  perform
acoustical simulations in the frequency domain [19], [21]. The FEM method solves the pressure field
in a domain of discretized volumes. An advantage of FEM is that it is not limited to a structured grid
[19]. The disadvantage of FEM methods is the computational power it takes to compute a solution.
The computer  power increases with higher  frequencies,  and therefore FEM methods are mostly
limited to lower frequencies.

Hybrid methods are also developed making use of  Trefftz method and FEM. FEM is a computer
intensive method but allows complex geometries. Trefftz method is limited in the geometries that
can be solved but is computationally fast. Combining both, using FEM for the complex parts of the
geometry and Trefftz for the simpler part of the geometry allows for faster calculations [20]. 

Boundary Element Method is another frequency domain method. Boundary element methods mesh
only the boundaries of a problem. The solution of a problem in the domain of interest is derived
from the  solutions  calculated  on  the  boundary  [21].  This  is  done  by  expressing  the  acoustical
variables as a surface integral over the boundaries. In recent years BEM has been combined with the
Fast Multipole Method (FMM) resulting in much faster computations [22]. 

Time domain 
Calculations in the time-domain are often performed with the Finite Difference Time Domain method
(FDTD).  This  numerical  method  was  explicitly  designed  by  Yee  to  solve  the  time  domain  wave
equation  [19]. The method makes uses of a cartesian equidistant grid. The FDTD method requires
high computational power. 

A relative new field is combining wave-based time-domain methods with graphics processing unit
(GPU) computing. Because GPU´s are based on a lot of parallel cores, multiple calculations can be
performed at once (in parallel) to reduce the calculation time significantly [23], [19]. 

In  recent  years,  Spectral  and  Pseudo  Spectral  (PS)  methods  have  been  developed  to  solve
time-dependent acoustical  problems. Spectral  methods use a global function to approximate the
spatial  derivatives,  whereas FDTD uses local  functions.  In PS methods,  the global  derivatives are
represented as trigonometric  functions or Chebychev polynomials  [24].  This  gives more accurate
results and faster calculation times than FDTD methods. The PSTD method used in this thesis is a PS
method and requires only 2 grid points per wavelength by making use of trigonometric expansion
functions. It is therefore computationally fast and accurate. 

1.4 Problem statement

In the BPS acoustic group at the TU/e, a method to solve the wave equation for acoustical problems
is  under development.  The method is  called Fourier PSTD and is  used for time-domain acoustic
propagation. With this method, it is possible to calculate sound propagation on a detailed scale.  

The method can solve domains with a cartesian grid. In real life, boundaries and geometries are
almost always non-cartesian, for example curves and slopes. Such geometries cannot be solved with
a high accuracy. A coordinate transform can be applied to overcome the problems that arise with a
cartesian  grid.  The  applied  coordinate  transform  is  a  curvilinear  coordinate  transformation.
Curvilinear transformations have been applied for FDTD acoustical  calculations but  not  for PSTD
acoustical calculations. 

3 



1. Introduction 

The power of the developed PSTD method is the fact that it only requires 2 nodes per wave length.
That is about  to  less than time domain acoustic simulations in general require (6 to 10 nodes
per wavelength in 1D)  [19]. To put that into a general perspective, simulating frequencies up to 20
kHz would require a grid spacing of 1.7-2.9 mm for traditional time domain methods. In PSTD that
would  be  8.5  mm.  Simulating  a  cubic  meter  with  a  grid  spacing  of  1.7  mm  would  require
approximately  200 million nodes,  2.9 mm requires 44 million nodes and PSTD requires only 1.6
million  nodes.  This  is  a  substantial  decrease  of  required  grid  nodes,  computational  power  and
memory requirement.  

To  fulfil  the research objectives,  the code of  the  PSTD method has  to  be altered/rewritten and
simulations performed. The aim of this master thesis is threefold: 
1. To investigate the influence of non-cartesian boundaries on the calculation results. This aspect  

will be investigated by simulating two cases. One where a rigid plate is rotated around its  
center, resulting in a plate built-up as a staircase. The second case is a circle hit by a plane 
wave.  The  circle  is  discretized  resulting  in  a  staircase  boundary.  The  reference  in  the  
second case is BEMacoustic.

2. To apply a coordinate transform and investigate how the transform influences the results.  The  
coordinate transform calculates derivatives between the transformed coordinates and the 
calculation  grid.  They  are  calculated  for  a  stretching  and  compressing  case  where  the  
influence of stretching and compressing in comparison to a cartesian mesh is investigated. 
The transformation is performed with a Schwarz-Christoffel mapping.

3. To calculate some acoustical parameters for a concert hall shaped geometry with a temperature 
gradient. The temperature difference in the domain results in different sound speeds. Three 
different temperature gradients are applied and the influence investigated.

In  this  research  a  coordinate  transformation  is  applied  to  the  PSTD  method.  The  coordinate
transform makes it possible to simulate non-staircase geometries like the calculations of the concert
hall shaped geometry. 

This results in the following two research questions:
1. Can  the  current  PSTD  method  be  utilized  to  calculate  sound  propagation  for  non-staircase  

geometries?
2. Can the  current  PSTD method be utilized to  calculate  sound propagation after  a  coordinate  

transform is applied.

4 
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1.5 Research approach

To fulfil the aim of the research, steps have been taken as illustrated below.

Fig.  1. Schematic of the research approach, the red boxes involve research question 1, the blue and grey research
question 2.  

The results of the simulations of Chapter 3, 4 and 5, together with the publication [25] determine the
conditions for  the simulations in Chapter  6.  This  has  been done to ensure that  the simulations
performed in Chapter 6 have accurate results.

Throughout the project literature was studied on the following topics:
• Grid generation (Appendix C);
• Time-Domain acoustics and Pseudo-Spectral methods (Chapter 2);
• numerical methods  (Chapter 1.3);
• matrix calculation (Appendix C).

This  is done  because  these  topics  are  not  included  in  the  bachelor  calculus  course  or  the
master-track. 

5 
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2. Time-domain acoustic modelling:  Solving the Linearised Euler Equations

2. Time-domain acoustic modelling: Solving the Linearised Euler Equations

In a volume of fluid or gas different physical and mechanical properties prevail at different locations
in the volume, such as velocity, pressure, temperature etc. [26]. These properties can vary in different
locations in the medium. In linear acoustics, the pressure fluctuations, generated by sound waves for
example, are small in comparison with the average pressure in the atmosphere [12]. 

The method applied in this thesis for solving the Linearized Euler Equations (LEE equation  2.1) is
based on the spatial derivative operator (how a quantity is changing in space) and a time marching
scheme. Pseudo Spectral (PS) methods are methods to solve partial differential equations (PDE's) as
the LEE. A PS method gives approximate results at a number of spatial points (the collocation points).

The Fourier PSTD method is a pseudo spectral method to solve a time-dependent problem. Pseudo
spectral methods are global methods, meaning that the solution at any given point in the grid is
dependent on the solution of the total  field  [18].  The time marching scheme that is applied is a
Runge-Kutta method [18]. 

2.1 Linearised Euler Equations 

In the numerical approximation of the LEE equations, all
the factors shown in figure 2 can be implemented and the
influence  on  the  grid  points  calculated.  The  LEE
components can be seen in the yellow oval. The boundary
conditions include the geometry of interest and the edges
of the calculation domain.  The boundary conditions can
have  a  large  influence  on  the  simulation  results.  For
example wind can be moddeld as a boundary condition
and  cause  refraction.  Diffraction  can  occur  due  to  the
ground or buildings. 

In  this  thesis,  no  simulations  were  performed  with
influence of wind, turbulence or humidity.

In  Chapters  3,  4  and  5  a  homogeneous  atmosphere  is
assumed. In Chapter 6 a temperature gradient is applied,

which influences the density of the atmosphere. Air absorption is excluded in the simulations [18, p.
32].

In Equation 2.1 the LEE equations are presented [18]: 

                         (Equation 2.1)

7 

Fig.  2.  Atmospheric  components  that  can be
modelled with the LEE equations  [46]



2. Time-domain acoustic modelling:  Solving the Linearised Euler Equations

where: 

2.2 Time discretization 

The  PSTD  method  uses  the  whole  grid  solution  to  calculate  the  spatial  derivative  operator.
Subsequently, a time iteration scheme is used. To determine the derivative in the time domain, as
shown  in  Equation  2.1,  a  6th order  optimized  Runge-Kutta  method  is  used  [16],  [27] (RKo6s).
Runge-Kutta methods are often used to solve initial value problems  [28] and use different stages
between one time step, in this case, 6 stages. The RKo6s method only stores the values at two time
steps, thus reducing storage requirements. 

The actual time step is calculated according to Equation 2.2:

(Equation 2.2)

where  is the maximum speed of sound in the spatial domain. In a homogeneous atmosphere ,
the time step can be calculated as shown in Equation 2.3:

(Equation 2.3)

where  is the maximum frequency of interest computed by de Fourier PSTD method. The time
derivatives as shown in Equation 2.1 can be approximated by Equation 2.4. To compute the velocity
and pressure at  the 6 Runga-Kutta coefficients [27] are applied to Equation 2.4:

    

(Equation 2.4)
where, 

8 



2. Time-domain acoustic modelling:  Solving the Linearised Euler Equations

The Runge-Kutta method only needs the calculated acoustical parameters of the previous time step.
The   coefficients  are  developed  so  that  the  dissipation  and  dispersion  error  for  frequencies
corresponding with 4 time points per wavelength (Equation 2.4) are minimized [16].

2.3 Spatial discretization1 

A finite difference method (FDM) of discretization is used. The concept of a pseudo spectral method
is that an unknown function  can be approximated by a function ;  is based on the sum of
N number of  orthogonal  basis  functions  ,  with the expansion coefficients   [29],  [30],  see
Equation 2.5: 

(Equation 2.5)

where the value of the coefficients is dependent on the method of approximating the orthogonal
basis functions and the order ( ) determines the accuracy of the approximation. 

Orthogonal  basis  functions  applied  for  the  performed  simulations  are  Fourier  orthogonal  basis
functions. Therefore, the method of solving the PDEs is called: the Fourier PS method. 

Introducing the wave equation (see Appendix A: deriving the homogeneous wave equation):

(Equation 2.6)

where Equation  2.6 is the homogeneous wave Equation (because no source is present).  A spatial
derivative operator like the Laplace-operator  is used as a function to predict the orthogonal
basis functions Equation  2.5. By rewriting Equation  2.6 to incorporate the Laplace-operator we get
Equation 2.7:

(Equation 2.7)

where   is  a  property  of  the medium and assumed to  be independent  of  the  other  variables,
therefore often a constant. In Chapter  6  is dependent on the temperature and therefore not a
constant. The function  becomes  because the wave equation is dependent on the place ( )
and the time ( ). If Equations 2.5, 2.6 and 2.7 are combined we get Equation 2.8

(Equation 2.8)

1 This paragraph is for the most part based on the information in:
-  M. Hornikx, “Numerical modelling of sound propagation to closed urban courtyards,” PhD Thesis, Chalmers Uni

versity of Technology, Göteborg, 2009.). p 50-54
-  J. S. Hesthaven,  Spectral methods for time-dependent problems, Cambridge University Press, Cambridge ; New   

York (2007). p. 23-34
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2. Time-domain acoustic modelling:  Solving the Linearised Euler Equations

The spatial derivative operator L has no effect on expansion coefficients . This is due to the fact
that the expansion factors are time dependent and not spatial dependent [18]. The function 
needs to be calculated for every time step where  is known from the previous time step; see
Equation 2.4. Therefore, elaborating further on Equation 2.8 can be done without including time, see
Equation 2.5. 

Fourier orthogonal  basis  functions are used;   changes into  .  Fourier series can only be
computed if the signal is continuous on the interval for which the series is computed. Furthermore,
the signal needs to be (2 ) periodic within that interval. Because  this signal is discrete, DFT
(discrete Fourier transform) formulas need to be used. Equation 2.8 becomes:

(Equation 2.9)

with the series coefficients in the frequency domain:

(Equation 2.10)

where  gives the amplitude and  the wave number of the trigonometric functions that are part of
the sum.  is numerically approximated and Equation 2.9 and 2.10 change into Equation 2.11 and
2.12. In Equation 2.11  is centred around wave number 0: 

 (Equation 2.11)

Equation  2.10 is approximated with a quadrature formula  [30]. A  quadrature formula is exact for
every trigonometric polynomial: 

(Equation 2.12)

The   stands  for  the  distance  in  the  spatial  domain  between  two  nodes.  When  choosing  an
equidistant cartesian grid . 

The term  makes sure that the coefficients at  (maximum sample point in frequency domain)
for the frequency at the Nyquist frequency (where  ) are attenuated by a factor of a  . This
results in an amplitude that is  the value for frequency at the Nyquist frequency. 

The  term   is  the  complex  form  of  the  Euler  identities.  The  Euler  equation  is:
, where the trigonometric identities (the Euler identities) can be rewritten in

10 



2. Time-domain acoustic modelling:  Solving the Linearised Euler Equations

complex form:   and  .  This  results  in a complex form of the

Fourier series. 

Using Equations 2.11 and 2.12 to calculate the pressure at a given time leads to two types of errors.
First the integral of  2.10 is replaced by a sum, leading to a truncation error. This is the difference
between an infinite amount of data points and a   number of data points (omitting   in
Equation 2.11). 

The second error is an aliasing error in equation 2.12. The summation of  to  goes from 
to  (  starts at 0), respectively  to . Thus , the number of data points, is equal to 2 resulting in
a periodic discretization. Because of this,   in the exponent can be added with any  resulting in
the same value of . Therefore , every period  that fits in  is not distinguishable from

period. If higher frequency components ( , the bound of the sum) are attenuated, the
aliasing error get smaller. Also,   can be bigger than 0 when the signal comprises out of higher
frequencies than , the maximum frequency of interest and results in aliasing. 

Both errors decrease when the signal is smoother (consists out of less high frequency sinusoids). So
the spatial frequency of the maximum frequency of interest, Equation 2.13:

(Equation 2.13) 

needs to be 2 points per wave length. Where the 1 stands for 1 period of a corresponding frequency
in the wave number domain. So Equation 2.13 is equal to:

(Equation 2.14)

When the interval of the signal increases to  Equation 2.9 changes to an integral:

(Equation 2.15)

where Equation 2.10 changes into:

(Equation 2.16)

Equation  2.15 and  2.16 are known as the Fourier transform pair. Both of these integrals are like
Equations  2.11 and  2.12 approximated by the numerical quadrature. Due to the approximation in
the form a sum, compared to the integrals of Equation 2.15 and 2.16,  the domain is discretized (it is
not possible to take a sum of ), and therefore the sums are also discrete, see Equation 2.17 (spatial
domain):

(Equation 2.17)

where the wave number domain is represented by formula 2.18:

11 



2. Time-domain acoustic modelling:  Solving the Linearised Euler Equations

(Equation 2.18)

where  is the wave number: 

(Equation 2.19)

The result is that the bigger  gets, the higher the frequency is. Both sums (Equation 2.17 and 2.18)
are periodic, a sine and cosine of   for wave number   at point   in the Euler identities. This
results in the same errors as stated at the top of the previous page: truncation and aliasing. 

When the spatial derivative operator as used in Equation 2.7 is applied to Equation 2.15,  can be
calculated. Still, the expansion factors need to be approximated by using Equation 2.18, by calculating
the  second  derivative  (operator  ),  on  the  orthogonal  basis  function  (the  Euler  identity´s) see
Equation 2.20:

(Equation 2.20)

Utilizing Equation 2.202 on the Fourier transform pair (Equation 2.15) the spatial derivative operator
can be calculated: 

(Equation 2.21)

So to calculate   as used in Equation 2.6, we first need to calculate the expansion coefficients
according to Equation 2.18 in the wave number domain by applying a FFT. By multiplying it with the
derivative  operator  (Equation  2.20)  and integrate  numerically  as  in  Equation  2.17 over  the wave
number domain and perform an inverse FFT we get  in the spatial domain. 

The orthogonal  basis  functions can be seen as plane waves that  are solutions to the Helmholtz
equation. To solve Equation  2.6 using the method of Equation  2.5, it can be rewritten in the wave
number domain by using the Helmholtz equation (see Appendix B):

(Equation 2.22)

The Helmholtz equation makes it possible to describe acoustical variables independent of time. This
is done by using harmonic waves. The Dirac delta function, which can be used as the source (see
Equation 2.1), results in the distribution for the expansion coefficients in the wave number domain.
The Dirac delta function contains sinusoids of multiple frequencies. By accumulating these sinusoids,
the Dirac delta function is created. 

2    , 
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2.4 Simulation in general

Simulations are performed using Matlab R2012b (8.0.0.783) for Linux 64bit.  The code is provided by
dr. ir. M.C.J. Hornikx PhD (assistant professor University of Technology Eindhoven). The code solves
the acoustical LEE Equations and its corresponding variables. The program can be altered to suit the
simulation objectives. There is no GUI (Graphical User Interface) available and therefore alterations to
the code have to be done by programming. A GUI is under development. 

The grid that is used is a staggered grid. This means that the pressure nodes and velocity nodes are
calculated at a shifted spatial interval of . In Appendix C, a detailed description of the grid and how

calculations on the grid are performed is shown. The method has been validated [18] for staircase
geometries. 

The power of  the PSTD calculation method is  the limited number of  nodes needed to  perform
accurate  simulations  in  comparison  to  FEM  or  BEM  methods.  Another  advantage  is  that  the
calculations on the matrices can be evaluated with a FFT.  Reducing the computational  time and
memory requirements. 

Calculation  time  depends  on  the  amount  of  nodes  and  the  discrete  time  step.  Therefore,  the
maximum frequency (higher frequencies for an identical domain require more nodes) and the size of
the domain. The simulations in Chapter 3 and 4 take from a few hours to a week. The simulations in
Chapter 5 at a high compression rate ( ) take about a week on the computer cluster of the
university, simulations as presented in Chapter 6 take about 5 weeks per temperature gradient on
the cluster. 
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3. Scattering of sound from a plate 

3. Scattering of sound from a plate 

As previously stated, curves and geometries that do not have 90 degree angles as boundaries can
not be simulated accurately. This is because of the cartesian equidistant grid of the PSTD method. To
investigate how inaccurate simulations are with non-orthogonal boundaries.  In this case specially
with boundaries on an angle. Therefore, scattering of sound from a plate is investigated in 2D, with
different rotational intervals of the plate. The plate and source are rotated equally, as shown in figure
4.  By rotating a plate,  the geometry of  the plate  is  constructed as a staircase of  plate sections.
Otherwise, gaps would appear between the different plate sections. One plate section is equal to the
spatial discretization. The simulation configuration is shown in figure 4.

3.1 Simulation Conditions

The  simulations  are  performed  in  free  field  conditions,  meaning  that  the  boundary  layers  are
constructed out of a PML (perfectly matched layer) and approximate an absorption coefficient of 1.
Reflections are suppressed by attenuating them in the PML. The PML is a part of the computational
domain  [31].  The plate has no absorption and is  therefore totally  reflecting the incoming sound
pressure. The origin of the domain is located at the centre of the plate.  In table  1 the  simulation
setup is summarised.

Table 1: simulation setup scattering from a rotated plate 

Simulation parameters

Plate dimensions 2 

Distance from source to origin 3 

Distance from receiver to origin 2 

Domain ( ) [-5,5]

Range ( ) [-5,5]

Rotation interval  1º

Total number of simulations 46 (0º-45º and free field)

Number of PML cells 50 

Number of sources 1 

Number of receivers 360

Physical parameters

 (Nyquist frequency) 1700 

 340 

 1,2 

 0,1 

 1,4706e-04 
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Fig.  3. 2D free field signal calculated using
the  Fourier  PSTD  method.  with  the
parameters  as  stated  in  Table  1.(a)  Time
signal  of  source at  1 meter  distance and
receiver angle 0. (b) Frequency content of
source.

(a)

(b)

file:///../Simulatie/staircasePSTD_V3/impus/plate_freccont.eps
file:///../Simulatie/staircasePSTD_V3/impus/plate_TimeSignal.eps


3. Scattering of sound from a plate 

Fig. 4. Scattering from a plate that is rotated using a point source. (a) Reference configuration (0° rotation). (b) The plate
and the source are rotated 45°. (c) The sound pressure p at time 0.01 s reference configuration. (d) The sound pressure
p at time 0.01 s the plate and the source are rotated 45°.  

The source is a monopole at a distance of 3 meters ( ) from the origin (centre of the plate). It is a
pressure distribution in a Gaussian shape incorporated in the code. In the simulations, initially there
is zero acoustical velocity. The pressure distributes through time see figure 3a.

Because the domain is symmetrical in the x-direction and the z-direction, simulations can be limited
to a rotation of 45° around the origin of the domain. Simulations are performed with an interval of
1°. The plate has a finite length of 2 meters and its origin is located at the horizontal velocity node

 or the horizontal pressure node , dependent on the angle of the plate. The faces of
the staircase geometry of the plate collocate on the horizontal and vertical velocity nodes. 

The receivers are located at a circle around the origin with a receiver per 1°, see figure 4a and 4b.
The receiver on the line between the source and the origin has angle 0. Angles are counter-clockwise.
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3. Scattering of sound from a plate 

3.2 Results

When  the  plate  is  rotated  and  is  built-up  as  a  staircase,  the  corners  introduce  diffraction  and
reflection of the sound wave. When the plate is rotated around the origin of the domain, the plate is
not symmetrical around  for every degree of rotation. 

The pressure is attenuated for the higher frequencies as shown in figure 3b. The red line in figure 3b
at 1700 Hz indicates that there are still frequencies in the source signal that are higher than 2 points
per wavelength. This will cause aliasing, but very limited because the source is already attenuated for
more than 60 (dB) for frequencies above 1700Hz.  

When the plate is rotated and the impulse response is plotted as shown in figure 5, the first peak is
the sound pressure hitting the receiver. The second peak is the reflection back from the plate. The
presented pressures in the figure  5 show almost the same pressure distribution in time at 0º of
rotation and 45º of rotation.  

             (a)              (b)

Fig. 5. Impulse response of the simulations with the presence of a plate.  Solid line is no rotation of the plate, the dashed
line is a rotation of 45º (a) Receiver angle 0º. (b) Receiver angle 30º. 

The peaks in figure 5b are lower than in figure 5a because the distance between the source and the
receiver is longer.  The difference between figure  5a and  5b at the third low point at about 0,018
seconds is the result of later reflections from the edge of the staircase faces. The sinusoidal shaped
pressure at 0.02 seconds is the result of diffraction from the corners of the staircase. This can also
been seen in figure 4c and 4d. 

The sound pressures shown in figure 6 are first corrected for the free field simulation by subtracting
the  pressures  of  the  free  field  simulation  from the  simulations  where  the  plate  is  rotated.  See
Equation 3.1 were  is the angle of rotation of the plate between 1º and 45º:  

(Equation 3.1)

Then the sound pressure difference is calculated by performing a FFT and taking the absolute values
of the sound pressure levels in  as shown in Equation 3.2:

(Equation 3.2)

where  and  are calculated with the following equation: . were  is the symbol for the
FFT and  the time signal. 
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3. Scattering of sound from a plate 

For the calculation of the sound pressure in the octave bands, the accumulated pressure values
within that frequency band is taken. 

(Equation 3.3)

For the calculation of the total sound pressure at a specified rotation of the plate, the sum is taken of
all the sound pressures of the specific receiver with corresponding angle of rotation:

(Equation 3.4)

where  is the angle of rotation. 

In figure 6 the results are shown making use of Equations 3.3 and 3.4. The peaks at 90º and 270º are
caused by almost the same calculated sound pressure in the presence of a plate as in the free field
simulation. Therefore at those angles  and  are reciprocal and almost equal to 0. Calculating

 according to Equation  3.2 results in a large sound level difference because of the dividing by a
very small denominator (almost 0). 

Figure 6 clearly shows the influence of the plate built-up as a staircase. The asymmetric geometry of
the plate when rotated results in the asymmetric sound pressure field. For the lower frequencies, up
to 160 Hz,  the results  are  fully  accurate,  because at  those frequencies  there  are 10 points  per
wavelength in the calculations of the pressure and velocity. At higher frequencies, between 60°-120°
and 240°-300° receiver angles, the influence of the reflection and diffraction is clearly visible and
results in sound pressure differences of more than 5 dB compared to no rotation of the plate. 
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3. Scattering of sound from a plate 

             (a.1)                (a.2)

             (b.1)                (b.2)

             (c.1)                (c.2)

Fig. 6. (a-,b-,c.1)  Sound pressure from scattering of a point source at 15º, 30º, 45º rotated plate per receiver angle per 
1/3 octave band. (a-,b-,c.2) Accumulated sound pressure at 15º, 30º, 45º compared with 0º rotation. 
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4. Scattering of sound from a circle 

4. Scattering of sound from a circle 

In this Chapter, the 2D scattering of a plane wave from a circle is investigated. As in Chapter 3, the
geometry  is  constructed  as  a  staircase.  In  this  case  the  influence  of  curved  boundaries  is
investigated. In figure  7 the build-up of the geometry is shown. The source is a plane wave. The
surface of the circle is located at vertical and horizontal velocity nodes. Because a staggered grid (see
Appendix C) is used, the pressure nodes are at  distance away from the surface of the circle. 

4.1 Simulation conditions

The PSTD method is compared to BEMacoustics (version 11-2009). BEMacoustics is an open source
software toolbox for Matlab. The toolbox is an acoustical wave based program to solve scattering and
radiation of sound. BEMacoustics is a validated and widely used program. The drawback is the large
amount of discretization points on the boundary and simulations have to be performed for each
frequency separately. The source in BEMacoustic has the same amplitude at every frequency. PSTD
has an amplitude distribution that differers per frequency, see figure 8b.

The method of solving in BEMacoustic,  is  a Boundary Element Method (BEM).  Boundary element
methods mesh only  the  boundaries  of  a  problem.  The  solution of  a  problem in  the domain of
interest is derived from the solutions calculated on the boundary [21]. This is done by expressing the
acoustical variables as a surface integral over the boundary. 

Fig. 7. The geometry and simulation domain of the scattering of a plane wave from a  rigid circle. (a) Modelled 
parameters, (b) The discretization of the circle. 

The simulations performed in BEMacoustics are performed with 10 points per wavelength (usually 6
points per wavelength is sufficient but for better accuracy, 10 points per wavelength are chosen). All
other parameters such as speed of sound in the medium and density are the same as used in the
PSTD simulation. The line sound source in BEMacoustics is part of the code provided by the code
package. The simulation setup of PSTD is shown in table 2. 
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4. Scattering of sound from a circle 

Tabel 2: simulation setup scattering of a plane wave from circle.

Simulation parameters

Circle radius 0.5 

Distance from source to origin 3.75 

Distance from receiver to origin 2.5 

Domain ( ) [-6,875;6,875]

Range ( ) [-6,875;6,875]

Total number of simulations 2 PSTD, 2170 BEMacoustics

Number of PML cells 50 

Number of sources 1 

Number of receivers 360

Physical parameters

 (Nyquist frequency) 1360 

 340 

 1,2 

 0,125 

 1,8382e-04 

4.2 Results

To investigate the influence of the discretization of the circle on the scattered sound pressure, the
same  method  as  described  in  paragraph  3.2 is  used.  Both  calculation  methods  (PSTD  and

BEMacoustic) are corrected for the influence of the source
by subtracting the calculated results of free field conditions
from the result with the presence of the circle. By doing so,
the  signal  is  corrected  for  the  different  amplitudes  at
different frequencies. 

Figure  9 shows  the  impulse  response  from  the  PSTD
calculations.  The  second  peak  is  the  reflection  from  the
plane  wave.  Diffraction  is  clearly  visible  after  the  second
peak.  

To compare the results of both methods, the difference per
1/3 octave band in sound pressure level is plotted; see figure

10. The PSTD results show a high accuracy for low frequencies up to the wavelength of twice the
circle diameter (170 ). The wavelength is then large enough to not be influenced by the shielding
of  the  discretized circle.  When  the  wavelength  gets  smaller,  PSTD  underestimates  the  sound
pressure behind the circle;  (the underestimating by PSTD is  exaggerated because of  the decibel
scale: small absolute pressure differences generate large decibel differences). A partial explanation
can be dedicated to the fact that due to the discretization a larger part behind the circle is shielded,
see figure 7. 
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Fig. 8. 2D free field signal calculated using
the  Fourier  PSTD  method.  with  the
parameters as stated in table  2. (a) Time
signal  of  the  plane  wave  as  source.  (b)
Frequency content of source.

(b)

(a)

Fig.  9. The impulse response of the PSTD
calculations. Solid line receiver  0,  dashed
line receiver 45. 



4. Scattering of sound from a circle 

Fig. 10. The difference between Fourier PSTD (solid line) and BEMacoustic (dashed line) per 1/3 octave band. The sound 
pressure is plotted as a function of the receiver angle.  
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 (a)

 (b)

 (c)

Fig.  11.  (a) Results of scattering calculated by PSTD per
frequency.  (b)  Results  of  scattering  calculated  by
BEMacoustic.  (c)  Difference  between  PSTD  and  BEM
acoustic. 
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When the results are plotted per frequency (see
figure  11)  the  results  show clearly  the  effect  of
diffraction;  the  pressure  changes  direction  by
scattering of the corners of the discretized circle.
For high frequencies,  the BEM results  show that
there is  interference between the two waves that
collide at the back of the circle; due to the same
diffraction.  

The effect of diffraction can be seen in figure  10
where  the  peaks  and  dips  of  the  PSTD  and
BEMacoustic  don’t  occur  at  the  same  place  for
higher frequencies.  Also the peaks and dips are
higher in the PSTD results. This can be explained
as a result of the different time it takes for a wave
to  be  reflected  back  at  a  receiver,  due  the
discretization and the amount of shielding. This is
receiver angle dependent. 

When the results of both methods are subtracted
from each other, the results are more or less the
same  up  to  170   (see  figure  11c).  At  higher
frequencies, the differences are larger. 



5. Deformation of the grid

5. Deformation of the grid

With a coordinate transform it is possible to  stretch or compress the spatial discretization in the
directions of  and . 

In this Chapter the influence of this deformation is investigated in 2D. This is done by a compression
ratio:

(Equation 5.1)

In order to elongate or shorten the discretization, a grid transformation is performed (see Appendix
C) from a physical grid to a calculation grid. The physical grid is deformed and the calculations are
performed on the calculation grid with an equidistant discretization see figure  12. The coordinate
transformation is illustrated with this formula:             .

Different  conformal  curvilinear  transformations  and  their  corresponding  code  for  Matlab  where
investigated.  Eventually  a  choice  was  made  for  a  transformation  that  is  performed  with  a
Schwarz-Christoffel mapping. A toolbox made for Matlab to perform the mapping has been made by
Toby Driscoll [33]. The toolbox performs a curvilinear grid transformation from a physical domain to a
cartesian grid. 

The toolbox makes a physical grid in Matlab, based on a given domain in the form of the polygon
Then it calculates and determines the vertices. A corresponding map is made with pre-vertices based
on a cubic domain with the same number of nodes. 

The  discretization  of  this  cubic  domain,  and  its  location,  is  not  corresponding  with  the  desired
location of the grid. A second linear transformation is needed to get the cubic sub-domain to its
desired location with the desired discretization.  

Fig. 12. The simulation domains with corresponding grids. The dark circles are receivers, the red dot in the centre is the
source. (a) The physical grid, (b) The computational grid.  

5.1 Simulation conditions

The simulations are divided into categories:   and  . This is done because of the
Courant  number.  The  Courant  number  determines  how much  the  acoustical  variables  that  are
calculated are allowed to differ as a relationship between the time discretization and the spatial
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5. Deformation of the grid

discretization  [32]. The Courant number is a ratio between the spatial discretization and the time
discretization.  The  Courant  number  cannot  be  greater  than  1  in  1-D  simulations.  Above  1  the
acoustical parameters would propagate more in one time step than 1 grid points. The result is an
unstable simulation with unreliable results. For higher dimensions as is the case here, the Courant
number  is  called  CFL  condition  (Courant–Friedrichs–Lewy  condition)  and  the  ratio  gets  smaller.
Therefore,  the CFL number is set  to   in the simulations.  The CFL does not  match the spatial
discretization when the grid is compressed. Therefore the simulations where , two different
simulations are performed per compression rate:

• One for the free  field conditions  with a  correction on the   for  the compression rate;

.

• One where no compression is modelled but the calculations are performed with the same 
as if it were compressed. 

For  situations  where  the  grid  is  stretched,  this  phenomenon does  not  occur.  Compressing  and
stretching happens in the  direction and the CFL number is based on the smallest grid spacing in
the computational grid (equidistant). Therefore, the stretched grid in the computational domain is
always small enough to prevent stability problems. In table 3 the general simulation setup is shown. 

Tabel 3: simulation setup compression of the grid.  

Simulation parameters

Distance from source to origin 0 

Distance from receiver to origin 3 

Domain ( ) Differs per simulation

Range ( ) Differs per simulation

Total number of simulations 120

Number of PML cells 50 

Number of sources 1 

Number of receivers 360

Physical parameters

 (Nyquist frequency) 3400 

 340 

 1,2 

 0,05 

 Differs per simulation

The source is introduced as a oscillating pressure value of time. 
Meaning that the source is oscillating from the start of the 
simulation see Equation 5.2:

(Equation 5.2)

where:
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Fig. 13. 2D free field signal calculated 
using the Fourier PSTD method. With the 
parameters as stated in table 3.(a) Time 
signal of the source. (b) Frequency content
of source.
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The peak amplitude of the source signal is at the central time; 0,02 seconds. The impulse response
shown in figure  13a is with no compression or elongation. The source is introduced at a pressure
node with  coordinate  (0,0).  Because  the  source  is  repeatedly  introduced  (every  time step)  as  a
changing pressure at the origin, it  creates discontinuities in the calculations  [16]. Simulations are
performed as free field cases. 

Another aspect that has to be taken into account, is that when the compression rate gets lower the
domain needs to get bigger otherwise the receiver points end up in the absorption (PML-layer). 

5.2 Results

All the simulations are compared with the simulations of , thus eliminating the influence of
the source spectrum:

(Equation 5.3)

where  are calculated with the following equation: . were  is the symbol for the FFT
and  the time signal. The average error shown in figure 14 is computed as: 

(Equation 5.4)

where the levels are calculated per 1/3 octave band and  is the receiver number. 
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Fig. 14. The average error when the physical grid is compressed or stretched. 

The  results,  see  figure  14,  show  no  error  when  the  grid  is  compressed.  This  is  because  the
discretization never gets larger than 2 points per wavelength.  When the grid is  stretched in the
vertical  direction,  the  discretization  gets  bigger  than  2  points  per  wavelength  for  the  higher
frequencies. When less than two points per wavelength are incorporated in the calculation, large
(minimum of 5 ) errors immediately arise. Therefore, the scale of the colour bar in figure 14 is set
to 0  to 1 . 
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6. Simulation of a concert hall shaped geometry with a temperature gradient  

The final simulations performed are based on a 2D cross section of a concert hall type geometry. The
geometry is derived from the Sala Nezahualcóyotl concert hall in Mexico; see figure 15. The choice
for  the  Sala  Nezahualcóyotl  concert  hall  was  based  on a  modelling  perspective.  A  temperature
gradient is applied to simulate the influence of an audience can have, by warming the hall with body
heat for example, on the sound field and some acoustical variables. 

Due to the limitations of the PSTD method some angles of the boundaries of the geometry have
been altered to stay within a 20 degree  [25] (positive and negative)  difference compared to the
adjacent boundary.  This to limit the grid deformation and ensure that the receiver-point average
error  stays within 2 dB see Chapter 5 and [25]. The physical grid is also stretched and compressed
see figure 15b. To prevent inaccurate results a higher maximum frequency was chosen to decrease
the grid spacing. 

                            (a)

                            (b)

Fig. 15. Configuration of the geometry. (a) Cross section of the the Sala Nezahualcóyotl concert hall [33]. (b) 
Physical geometry and grid used in the simulation where one in ten grid lines is plotted. 

6.1 Simulation conditions

The receivers are located at  the audience hearing level  at  1.25   above floor level.  The interval
between the receivers is 1  , determined per audience plane. The horizontal part of the polygon
represents the stage where the musicians would perform. In table 4 the simulation parameters are
shown. A detailed description of the geometry and the receiver locations are presented in Appendix
D. 
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Table 4: simulation setup of a concert hall shaped geometry with a temperature gradient.

Simulation parameters

Domain ( ) [-30.80;30.80]

Range ( ) [-9.08;9.08]

Maximum compression 0.1093 

Maximum stretch 2.4354 

Total number of simulations 4

Number of sources 1 

Source location (-9.93,-7.83)

Number of receivers 49

Receiver locations See Appendix D

Physical parameters

 (Nyquist frequency) 1715 

 0,10 

 1.5935e-05 

                     (a)

                     (b)

Fig.  16. (a) Configuration of the source and the receivers, the numbers represent the receiver number. (b)
Temperature gradient of 20°
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The   in  table  4 is  based  on  no
stretching.  When  taking  the  influence
of  the  temperature  gradient  and  the
stretching  into  account  the  maximum
frequency with reliable results is:

• 679   with  a  temperature
gradient of 0°C; 

• 687   with  a  temperature
gradient of 6°C;

• 704   with  a  temperature
gradient of 20°C.

In  figure  16 the  configuration  of  the
source and the receivers is shown. Also
a  temperature  gradient  of  20  °C  is
plotted. 

1-12

13-17
18-49



6. Simulation of a concert hall shaped geometry with a temperature gradient  

Two different temperature gradients were simulated. One with a gradient of 6°C and one with a
gradient of 20°C. This is done to simulate temperature difference in concert halls due spectators and
other heat sources. The 6 °C temperature gradient is based on recommended design parameters for
auditoriums according to the REHVA manual for non-industrial buildings [34]. The 20°C temperature
gradient is simulated to exaggerate the influence of a higher speed of sound due to the lower density
as a result of the higher temperature. The temperature gradient is distributed linearly between the
lowest node ( ) and the highest node ( ) on the , see figure 16b. With
this distribution, the density of the air is recalculated per node:

(Equation 6.1)

where   is  the density  of  air  at  0°C,  1.29  .  The
temperatures   and   are  the  absolute
temperatures in Kelvin.

The  boundaries  are  modelled  with  an  absorption
coefficient. The absorption coefficient is represented as 
an impedance at the boundaries:

           (Equation 6.2)

where   is  the  acoustical  impedance  of  the  boundary
material  divided by the characteristic  impedance of  air.
The  initial  absorption  coefficients  set  in  the  simulation
are:

• Left and right planes (vertical)  = 0.30 ;
• Bottom planes  = 0.80 ;
• Ceiling:  = 0.10 . 

From the recorded pressure, the impulse response can
be plotted, see figure  17. The impulse response shows
the direct sound and the early reflections. Compared to
familiar  3D  concert  hall  impulse  responses,  there  are
very few reflections. The time between the reflections is
large  with  almost  no  sound  pressure  between  the
reflections and the sound field is therefore not diffuse. 
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Fig.  17.  impulse  response  with  the  different
temperature  gradients.  (a)  Pressure  (Pa).  (b)
Zoom of the first 0.04 seconds of the impulse
response (c) Energy time curve (dB). 

(c)

(a)

(b)



6. Simulation of a concert hall shaped geometry with a temperature gradient  

6.2 Results

With the recorded impulse responses, different room acoustical parameters can be calculated. Three
of these parameters are presented in this thesis:

• Reverberation time ( );
• strength ( );
• clarity ( ).

The  strength  is  calculated  directly  out  of  the  impulse  response.  For  the  calculation  of  the
reverberation time and the clarity, the software package Dirac is used (version 6.0.5129.1859 for the

 and version 6.0.5129.1894 for the ). To load the files into Dirac, the pressures from the impulse
response were converted to 16 bit wave files with Matlab.

The  indicates, after the first reflections, how long (in time) it takes for the sound pressure to drop
60 dB. The  plotted in figure 18 show that there is a large spread between the different receiver
locations. This spread seems to be independent of the temperature gradient and reduces when the
frequency increases.  This  could  be an effect  of  the sound field being less  diffuse for  the lower
frequencies. 

The   is  also  calculated  making  use  of  a
formula for 2D geometries [35] derived from the
formula of Eyring, see table 6. 

       (Equation 6.3)

where  the area of the geometry in ,  the
perimeter in  and  the mean absorption of
the boundaries. 

As  stated  before,  the  PSTD  method  uses
absorption  coefficients  that  are  set  in  the
simulations  to  calculate  the  impedance.  The
amount  of  absorption  is  a  function  of  the

impedance, the frequency and the incidence angle. Therefore, the absorption coefficient for random
incidence sound waves,  needs to be calculated [36]:

(Equation 6.4)

The difference in absorption is shown in table 5:

Table 5: The difference in absorption between perpendicular incidence and random 
incidence. 

Absorption coefficient Difference 

Left and right planes (vertical) 0.30 0.45 51.9 

Bottom planes 0.80 0.90 12.3 

The ceiling 0.10 0.18 75.4 
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Fig. 18. The Reverberation time in seconds. The dotted line
is an interpolated curve to fit  the data. The crosses are
mean values  of  the  49  receiver  points  with  the  spread
between the receivers. 



6. Simulation of a concert hall shaped geometry with a temperature gradient  

The lower values for the calculated  in table 6 can be explained by non-diffuse sound field. The
simulations, as stated, show a non-diffuse sound field. The Equations used to calculate  are based
on the assumption of a diffuse sound field. This can be the result of non-uniform absorption on the
boundaries in the simulations. Uneven distribution can result in large (up to 1 second) differences in
the calculated RT time [35]. The actual  time of the Sala Nezahualcóyotl concert hall fully occupied,
in 3-D with a frequency range form 500 to 1000 is 2  [37].

Table 6: The average RT simulated (the average over the 1/3 octave bands 25Hz-630Hz) and calculated with absorption 
coefficients for perpendicular incidence and for random incidence. 

RT Simulated Calculated Difference Calculated Difference

1.52 1.24 -18.6 0.94 -38.2 

1.50 1.24 -18.0 0.94 -37.7 

1.49 1.22 -18.3 0.93 -38.0 

The strength, , is a parameter to describe the loudness of the sound distribution in a concert hall
[38]. The reference sound pressure level is the sound pressure at 10 meters distance in free field
conditions  from  the  source.  The  reference  pressure  is  calculated  making  use  of  the  free  field
simulation at distance  where every recorded pressure at the different receivers is corrected as if it
were at a distance of 10 meters from the source:

(Equation 6.5)

Then the sound pressure level in  is calculated.  is calculated by subtracting the sound pressure
level  of  the sound source at 10 m in free field conditions from the sound pressure level  at  the
receiver point: 

(Equation 6.6)

In figure 19 the calculated G value is presented,
based  on  the  impulse  responses  from  the
simulations. 

For larger concert halls it is recommended that
 [39]. The results confirm that. There is

a  large spread between the different  receiver
points of about . 

The clarity is also an acoustical parameter used
for  the  comparison  between  concert  halls.  It
describes the ratio of the early arriving sound
to  the  later  arriving  sound.  The  clarity  is
calculated  according  to  the  following  formula
[39]: 
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Fig.  19.  The  strength  in  [dB].  The  dotted  line  is  a
interpolated curve to fit the data. The crosses are mean
values of the 49 receiver points with the spread between
the receivers. 



6. Simulation of a concert hall shaped geometry with a temperature gradient  

(Equation 6.7) 

where  is the time set for the early arriving sound. Normally for , a time period of 50  and 80  is
used. For large halls a recommended value for the  is:  [39]. 

In figure  20 and table  7 the results of the clarity are shown. The results indicate that in the 2D
simulations  the  direct  sound field  is  dominant.  The  actual   value  of  the  Sala  Nezahualcóyotl
concert hall in 3-D is 0  [26]. The results show that the calculated clarity is much higher. The cause
of a lack in a diffuse sound field is likely the effect of the simulation being in 2 dimensions instead of
3 dimensions. Another cause of a lack in a diffuse sound field can be that the planes that make up
the polygon are totally flat, without any irregularities preventing the sound from breaking up. 

Tabel. 7: The average clarity over the 1/3 octave 
bands (25Hz-630Hz)

Average clarity

 3.2 5.4 

 3.3 5.5 

 3.4 5.4 

(a) (b)

Fig. 20. (a) The plotted per 1/3 octave band (b) The  plotted per 1/3 octave band

The presented acoustical variables,  ,   and  , are influenced by the temperature gradients. At
higher temperatures the speed of sound is higher. The  is smaller at higher temperatures and the
sound pressure drops quicker (in time) when the speed of sound is higher. The same effect happens
when integrating over time as is done with the . A larger amount of acoustic energy will be present
in the fist 50 or 80  at higher temperatures. For the  the influence of the temperature gradients
is almost not existing.  
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7. Discussion and conclusion 

7. Discussion and conclusion 

In this  Chapter the results  are  analysed and discussed.  This  analysis  is  done to understand the
results better and relate the different simulations. 

The simulations are performed with the Fourier PSTD method. Numerical methods always have their
advantages  and  disadvantages.  The  main  advantage  of  the  applied  method  is  the  limited
computational costs compared to other numerical methods that solve the LEE equations. 

One  drawback  of  the  PSTD  method  is  that  non  periodic  boundaries  introduce  discontinuous
properties  which  result  in   (higher  frequencies).  This  results  in  aliasing  and  the  Gibbs
phenomenon (see Chapter 3).

When the source signal is a periodic function of time (as in Chapter 6), the signal is always present, it
approaches 0 but  never  reaches it.  Therefore,  always  contributing (for  a  very  small  part)  to  the
recorded pressures. 

Reflecting back on the central research questions:
Can the current PSTD method be utilized for non-staircase geometries?

The calculations with PSTD method for non-staircase geometries have been performed in Chapter 3
and  4. The results are accurate for low frequencies (up to   of the Nyquist frequency). At low
frequencies more points than 2 points per wavelength are used to calculate the sound pressures
and the results are therefore more accurate. 

The results of Chapter  3 where sound is scattered from a plate under different angles, show that
differences in diffraction occur at different rotational angles. This is the result of the asymmetrical
build-up of the plate. The sound pressure levels calculated behind the plate are more accurate than
the calculated sound pressure levels in front of the plate. At higher frequencies, differences start to
occur due to different diffraction patterns at different rotational angles. 

In the case of Chapter 4 when sound is scattered from a circle, the PSTD method underestimates the
sound pressures behind the circle. In general, when sound is scattered from a the circle,  the peaks
and dips are higher in the PSTD results. This can be explained as a result of the different time it takes
for the wave to be reflected back at a receiver, due a different amount of shielding dependent on the
angle of the receiver. 

When using the PSTD method for non-staircase geometries, the spatial discretization needs to be
increased to roughly 10 to 20 points per wavelength depending on the geometry of interest. As a
result, the main advantage of the PSTD method will be lost because computational costs will increase
to same levels as other methods. 

Can the current PSTD method be utilized after a coordinate transform is applied?
Good results are obtained when simulating with the implemented conformal curvilinear coordinate
transformation for geometries with non-staircase boundaries, but when a transformation is applied
close  attention  needs  to  be  paid  to  the  angles  [25] of  the  boundaries  and  the  stretching  and
compressing rate of the grid. Stretching more than 2 points per wavelength causes inaccuracies in
the sound pressure levels, see Chapter 5) 
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7. Discussion and conclusion 

Overall, the applied curvilinear PSTD method show accurate results when the applied grid has low
deformations. 

The  simulations  performed  in  Chapter  6 with  a  non-homogeneous  (temperature  and  density
differences) atmosphere show that room acoustical parameters can be calculated out of the impulse
responses of the simulations. The differences in the reverberation time (see table 6), strength and
clarity at different temperature gradients can be explained by a higher speed of sound at higher
temperatures. 
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8. Future research and developments 

8. Future research and developments 

Based on the preformed simulations, the following recommendations and possible developments
are summarized: 

• A direct comparison of the non-orthogonal (curved) boundaries as simulated in Chapter 4
with the same simulation conditions after a coordinate transform is applied like in Chapter 6.

• Implementing  an  automatic  CFL  condition  by  calculating  it.  This  can  improve  the
computational  time.  By  optimizing  the  CFL  condition  dependent  on  the  grid  properties
(compression for example) and/or the dimensionality of the geometry could result in faster
simulations without losing stability. 

• Chapter 5.2 shows that results become inaccurate when the computational grid is stretched,
depending on the discretization and  (the maximum frequency of interest). In that case,
the grid can be refined to compensate for the amount of stretching. By doing so,  is still
calculated accurately with 2 points per wave length at any position in the grid. This ensures
good results up to the desired frequency. 

• When the discretization size for the calculation grid is determined in the code, the spatial
discretization is first calculated and then a value is chosen out of prefixed values that is close
to, but smaller, than a calculated value. By rounding down the calculated value (insuring 2
points for ) to a desired decimal place will speed up the calculations. The CFL condition
then needs to be adjusted for the grid spacing. 

• Chebyshev  expansion  coefficients  allow  for  multi-domain  parallel  calculations.  Only  the
solutions calculated on the boundaries have to shared with the calculations on the internal
grid points. Therefore, making it possible to parallel compute the internal field. Investigating a
way  of  implementing  a  similar  concept  for  the  Fourier  PSTD  method  could  speed  up
computational time if the calculation domain is calculated parallel. 
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Appendix A: Deriving the homogeneous wave equation3 

The  homogeneous  wave  equation  describes  how  sound  behaves  in  a  homogeneous  medium
(atmospheric  ambient  parameters,  ,   and   don't  change  over  time  and  space).  The  wave
equation  is  based  on  the  equation  of  conservation  of  mass  (the  continuity  equation)  and  the
conservation of momentum (Newton´s second law of motion).  

The influence of the acoustical waves on the atmospheric properties is very small. Furthermore, the
atmosphere is at rest ( ). The subscript  indicates the ambient values of the atmosphere and
the subscript  the change due to the acoustic wave  the ambient values.

The conservation of mass is represented by Equation A.1 [12].

(Equation A.1)
where, 

(Equation A.2)

Equation A.2 describes the mass flow rate at an infinitely small point. The derivative   describes

density change rate. So for example if the density increases, the speed must decrease because the
total amount of mass in the system must be conserved. 

The formula for conservation of momentum shows how a particle velocity changes (accelerates) due
to local pressure gradients:

(Equation A.3)

Temperature has an influence on the pressure and density. The assumption in this  relation is that
there is no heat exchange within the medium (adiabatic). 

(Equation A.4)

where  is a constant and .  the specific heat ratio between the isobaric (constant pressure)

and the isochoric (constant volume) heat capacities of the air in the atmosphere. So the pressure is a
function of the density only:  (barometric fluid). 

A Taylor expansion is a way to approximate a derivative, in this case the derivative of pressure to the
density. A first order Taylor expansion is used because the density is the only variable: 

(Equation A.5)

So the pressure as a function of the density is approximated by the ambient pressure and a small
change of pressure (in relation to the ambient pressure and density) multiplied by the total density. 

When the definition of  (speed of sound) is introduced [40]:

3 This appendix is for the most part based on the information in:
-  E. Salomons, Computational Atmospheric Acoustics. Netherlands: Kluwer Academic Publishers, 2001.
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(Equation A.6)

The 0 stands for the derivative at ambient conditions. If Equation A.4 is combined with equation A.5
and A.6 we get:

(Equation A.7)

Combining Equation A.1 and equation A.7 and write  as a function of  [41] we get: 

(Equation A.8)

Rewriting Equation A.1 and Equation A.3 we get the linear acoustic equations:

(Equation A.9)

(Equation A.10)

Because speed  is a function of time ( ) and distance ( ), taking the derivative of Equation A.9 to
time will eliminate   from the left hand side. The same thing can be done for Equation A.10 with

respect to the distance, eliminating . Now we get: 

(Equation A.11)

(Equation A.12)

This  means that  both the left  hand sides  of  the equations  are equal  to  each other.  Combining
Equation A.11 and A.12 we get the wave equation:

 (Equation A.13)

Equation 2.6 is equal to Equation A.13, the only difference is that Equation 2.6 is the one-dimensional
wave equation and Equation A.13 the three-dimensional wave equation. 

II



Appendix B: Helmholtz equation4 

The orthogonal basis functions used in the Fourier PSTD method can be seen as plane waves that
are solutions to the Helmholtz equation. Therefore, the wave equation needs to be rewritten in the
wave number domain. Dependent on the sound source that is used, a slightly different form of the
wave equation is used to find a solution to the partial differential equations.

The sound sources that are used in the simulation are composed out of harmonic waves. 

Harmonic waves

A harmonic wave is an acoustical signal with the shape of a sinusoidal. This means a harmonic wave
is a sound wave with one frequency in the signal [42] see figure 21 [43].

Fig. 21. Harmonic wave at two different times.

In this case, sound pressure is only dependent on the time. At one position the sound pressure
oscillates  sinusoidally:  ,  where   is  the phase angle  (the start  value of  the wave)  that
changes over time by the angular frequency . A  function can also be used is if the phase
angle is shifted with  . The amplitude in this case is between  .  The phase angle is position

dependent and can also be written as .

So the pressure   can be written as:  .  Where   is the amplitude.  The
same can be done for the velocity: . Both velocity and pressure are real values
and can be expressed by the real part of Eulers formula:

(Equation B.1)

In Equation B.1  is a complex amplitude with  and  as real numbers. Replacing  and  in their
complex form gives: 

(Equation B.2)

where the subscript  stands for complex. Only  is dependent on time. Taking the time derivative
of :

(Equation B.3)

Substituting Equation B.2 and B.3 into Equation A.9, it becomes:

(Equation B.4)

4 This appendix is for the most part based on the information in:
-  E. Salomons, Computational Atmospheric Acoustics. Netherlands: Kluwer Academic Publishers, 2001.
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Equation B.4 has to be true for every moment in time. Doing the same thing for Equation A.10 we get
Equation B.5:

(Equation B.5)

The wave equation can also be written, on the same way as above, in a complex form resulting in the
Helmholtz equation. Taking the complex derivative of  to  using Equation B.2:

(Equation B.6)

In Equation B.6  is a non zero constant, by taking the derivative with respect to . Substituting
Equation B.2 and B.6 in A.13 we get the Helmholtz equation. 

(Equation B.7)

This is called the homogeneous Helmholtz wave equation. A plane wave can be incorporated as a
source in the initial conditions. For example, this was done with the simulations of the plane wave
hitting a circle in Chapter 4. It is called homogeneous because no source term is incorporated in
Equation B.7, its variables are not equal to 0 and have the same degree. The Helmholtz equation is a
way to compute the wave equation in the wave number domain, making use of Euler identities.

Harmonic waves with a monopole source

For simulations where a point source is used, the Helmholtz wave equation can be rewritten in a
non-homogeneous form. Thus, the outgoing wave from the point source has a uniform speed and
pressure  at  a  radial  distance  from  the  source  origin.  The  Laplacian  contains  the  coordinate
derivatives. Because it is only dependent on the radius [44] it reduces to: 

(Equation B.8)

So Equation B.7 can be rewritten to: 

(Equation B.9)
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Appendix C: Constructing the grid

To compute the numerical solution of the partial differential equations, a domain is subdivided into
elements/cells  [45]. The intersection of the elements can be called nodes/vertices or points. More
terminology of the different parts of a grid is shown in figure 22.

The grid used in PSTD is a staggered grid. This means that

the pressure and velocity derivatives are shifted , where 

is the size of the discretization, see figure  23. The red line
represents the pressure grid and the blue line the velocity
grid. 

Often, the boundaries of the domain of interest are not a
staircase geometry.  Therefore,  the  solution  is  sought  in  a
transformed grid. The transformation used in this thesis is a
curvilinear coordinate transform.

The transformation is performed with Matlab. In the code, a
Schwarz-Christoffel  mapping  is  used.  The  mapping  code
comes from a toolbox made for Matlab and has been made
by Toby Driscoll [33]. The toolbox performs a curved linear
grid transformation from a physical  domain to a cartesian
grid. 

The domain of interest is coded in the toolbox as a polygon,
together with the desired amount of vertices in the x and z

direction.  Then  the  physical  grid  is  constructed  by  calculating  and  determining  the  vertices.  A
corresponding map is made with pre-vertices based on a cubic domain with the same number of
nodes. 

The transformation is illustrated in an example of a plate in the centre of a domain that can rotate
around its axis, as in Chapter 3, see figure 24. In the physical grid, the discretization size depends on
the angle of the plate and on how the domain is divided in sub-domains. Figure 24 is divided into 4
sub-domains:

• Above the plate;
• left from the plate;
• right from the plate;
• below the plate.

By dividing the domain into the stated sub-domains,  the length of  the plate is  always the same,
independent of the angle. The discretization increases in the z-direction left and right of the plate due
to a node, to preserve the right length, at the top and bottom of the plate. So the bottom and top of
the plate are equal to  were,  is the angle of the plate in relation to the horizontal

axis. 

With the code used for this thesis it is not possible to model sub-domains. However with a linear
transformation to relocate the sub-domains to their right place (the physical and calculation grid) it
should be possible. First making sure that the boundaries at the edge of the adjacent sub-domains is
of the same type of node (the vertical velocity and pressure nodes, or the horizontal velocity and
pressure nodes) for every sub-domain (to make it possible to delete the double boundary nodes) and
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Fig. 22.  Grid terminology. 

Fig.  23.  Staggered  grid  in  2D.  Where  the
circles  are  the  pressure  nodes  and  the
triangles the velocity nodes.



then deleting one of the adjacent row of nodes (of sub-domains that are adjacent to remove one
adjacent boundary) results in one large grid out of the sub-domains and should allow for calculations
with sub-domains. 

        (a)         (b)

        (c)         (d)

Fig. 24. Mapping from a physical domain with a rigid plate in the center, rotated 45º (same configuration as Chapter 3)
to the calculation domain (a) Physical domain with grid. (b) Calculation domain with grid. (c)(d) Smaller cut-out of
physical domain and calculation domain. 

For  the  mapping,  the  spatial  derivatives  are  important,  they  indicate  the  rate  of  change  of  the
pressure  and  the  velocity  at  the  nodes.  The  general  mapping  of  the  LEE  equations  without
transformation is shown in Equation C.1: 

(Equation C.1)

where , , , are:

           (Equation C.2)

and  is the velocity field in three directions with pressure p: 

(Equation C.3)
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When the matrix is written out for ,  and  we get: 

(Equation C.4)

when Equation C.1 is written out, we get: 

            (Equation C.5)

when a transformation is applied as shown in figure 24, Equation C.1 changes to: 

(Equation C.6)

The ,  and  are: 

(Equation C.7)

and   etc..  These  derivatives  describe  the  spatial
transformation per node from the physical domain to the calculation domain. This has to be done
per node because the node can shift from its place by the transformation in three directions. 

VII



Implementing the transformation to Equation C.4 we get:

     (Equation C.8)

Rewriting Equation C.5 to include the transformation we get: 

    (Equation C.9)

The  matrix  calculations  in  this  appendix  are  performed  on  the  nodes.  The  calculated  spatial
derivatives indicate the rate of change. The derivatives are calculated globally, all at the same time
and are time independent. Because the numerical approximation of the derivatives can be done by
matrix calculations, the calculations can therefore quickly be evaluated by the FFT algorithm.
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Appendix D: input parameters of a concert hall shaped geometry with a temperature

gradient

Vertex of the geometry starting at left top corner going clockwise in meters

Vertex x-position y-position 

1 -30.80015 2.5572

2 -12.6719 8.2676

3 -5.7700 7.9648

4 0.3170 9.0825

5 30.8001 5.3919

6 30.8001 0.3078

7 13.6893 -5.9195

8 0.3289 -9.0825

9 -19.5331 -9.0825

10 -30.80015 -4.9825

Receiver location in meters:

Receiver nr.: x-position y-position Receiver nr.: x-position y-position 

1 -30.6666145000000 -3.78104161464984 26 8.50910650000000 -5.89584509179446

2 -29.6666145000000 -4.14493413925896 27 9.50910650000000 -5.65910281965743

3 -28.6666145000000 -4.50882666386808 28 10.5091065000000 -5.42236054752040

4 -27.6666145000000 -4.87271918847720 29 11.5091065000000 -5.18561827538337

5 -26.6666145000000 -5.23661171308632 30 12.5091065000000 -4.94887600324634

6 -25.6666145000000 -5.60050423769544 31 13.5091065000000 -4.71213373110931

7 -24.6666145000000 -5.96439676230456 32 13.7447395000000 -4.64930188521189

8 -23.6666145000000 -6.32828928691368 33 14.7447395000000 -4.28536236930460

9 -22.6666145000000 -6.69218181152280 34 15.7447395000000 -3.92142285339732

10 -21.6666145000000 -7.05607433613192 35 16.7447395000000 -3.55748333749004

11 -20.6666145000000 -7.41996686074104 36 17.7447395000000 -3.19354382158276

12 -19.6666145000000 -7.78385938535016 37 18.7447395000000 -2.82960430567548

13 -9.22387471881345 -7.37534371881345 38 19.7447395000000 -2.46566478976820

14 -8.51676793762691 -6.66823693762691 39 20.7447395000000 -2.10172527386092

15 -7.10255437525381 -5.25402337525381 40 21.7447395000000 -1.73778575795364

16 -4.27412725050762 -2.42559625050762 41 22.7447395000000 -1.37384624204636

17 1.38272699898476 3.23125799898476 42 23.7447395000000 -1.00990672613908

18 0.509106500000000 -7.78978326889070 43 24.7447395000000 -0.645967210231801

19 1.50910650000000 -7.55304099675367 44 25.7447395000000 -0.282027694324519

20 2.50910650000000 -7.31629872461664 45 26.7447395000000 0.0819118215827608

21 3.50910650000000 -7.07955645247961 46 27.7447395000000 0.445851337490041

22 4.50910650000000 -6.84281418034258 47 28.7447395000000 0.809790853397322

23 5.50910650000000 -6.60607190820555 48 29.7447395000000 1.17373036930460

24 6.50910650000000 -6.36932963606852 49 30.7447395000000 1.53766988521188

25 7.50910650000000 -6.13258736393149
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