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Abstract

Given a map M of an area with several features and cities, a fixed point p on this map and
travel times from p to a few points c on the map, we want to visualize the travel times from
p to all points c on this map by deforming the given map. This deformation should keep the
map recognizable, such that a user can still recognize the various features and cities on the
map. Therefore, the mapping has to be continuous and topology preserving. A point c is
displaced such that its distance to p on the travel time map indicates the travel time from p
to c. We define an influence area of each point c, which is a set of locations on the map near c
that are displaced in order to keep the topology of M intact and to minimize the distortion of
the map around c. We present displacement paths as a method to create a travel time map.
A displacement path is a path inside an influence area of a point c. Points on the path are
mapped to another location on the same displacement path using a scaling along the path.
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Chapter 1

Introduction

There are many different types of maps, ranging from abstract maps that show precipitation
in a region over stylized maps representing the metro network of a city to accurate road maps
used, for example, in car navigation systems. Figure 1.11 is an example of the latter, showing
the road network around Eindhoven. Distances on these maps usually indicate the actual
distance between two locations. These distances however give a poor indication of the time
it takes to travel between two locations. For example, traveling from Eindhoven to Weert
takes about the same time as traveling from Eindhoven to Helmond, even though Helmond
is closer to Eindhoven on the map.

Figure 1.1: Road network around Eindhoven.

A travel time map is a map that conveys information about the time it takes to travel from
one location (or a few locations) to (a subset of) all other locations. Information about the
travel time can be conveyed, for example, by having a list external to the maps, by labeling
the roads, by coloring areas with equal travel time or by deforming the map.

1Source: Google Maps
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2 Chapter 1. Introduction

Figure 1.2a [10] shows a part of the London subway network of the schematic tube map.
Figure 1.2b [16] shows the same part of the network with each station at its geographical
location. In both maps Leicester square is (approximately) in the center. Figure 1.2c [2]
shows the network as a travel time map with Leicester Square at the center. The distance on
this map between Leicester Square and another station indicates how long it takes to travel
from Leicester square to the other station. The background shows several concentric circles,
indicating the travel time in steps of 10 minutes from Leicester square.

(a) (b)

(c)

Figure 1.2: Maps of the London subway.

Other examples of travel time maps are shown in Figure 1.3. Like Figure 1.2c, Fig-
ures 1.3a [13] and 1.3b [18] convey travel time information by deforming the map. These
are examples of central-point cartograms or anamorphosis maps. An anamorphosis map is a
map where one point is selected as a fixed (central) point. We refer to this point as the source
of the map. A few points on the map are selected, for these points the travel time from the
source to the point is known. The rest of the map is deformed to illustrate these travel times.

Another method to create a travel time map, which does not deform the map, is to color
areas with similar travel time with the same color. These maps are isochrone maps. Fig-
ure 1.3c [5] shows an isochrone map illustrating the travel time from any place on Earth to
the nearest city with more than 50,000 inhabitants.

Observe that in the anamorphosis maps illustrated in Figures 1.2 and 1.3, it is hard to
see which area the map shows. The emphasis of these maps is much more on the underlying
network rather than providing an indication of the travel time to the selected points on
the map. Our goal is to create anamorphosis maps such that the mapped area is easily
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recognizable and provides a clear indication of the travel times. To this end, we add context
information to the maps to improve the recognizability of the map. Before we define the
problem of creating anamorphosis maps in Chapter 1.2, we discuss travel time maps in more
detail.

(a) (b)

(c)

Figure 1.3: Travel time maps of the Washington DC subway, the Japanese railways and travel
times to the nearest city.

1.1 Related work

In this section we discuss related work on travel time maps. We discuss methods to create
a travel time map by means of an accessibility index, which is a single value assigned to a
location on the map. This value can be visualized using cartogram construction methods.
We also discuss isochrone maps and anamorphosis maps.

Accessibility index. Gutiérrez and Urbano [12] studied the effect of the (at that time
planned) expansion to the European highway network. Rather than using the travel time
between cities, they defined an accessibility indicator for a city, which takes numerous things
into account such as travel time, delays due to likely congestion and economic importance
of a city. A lower accessibility index indicates a better accessible city. Figure 1.4 shows
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the accessibility of Europe in 1992 and again in 2002 after the completion of the planned
expansions.

(a) (b)

Figure 1.4: Visualization of access times in Europe via highways.

Cauvin and Schneider have created piezopleth maps [4]. In a piezopleth map, the map is
considered as a material of constant thickness. A weight is assigned to a number of points,
depending on the value being visualized. One such value is a measure indicating the acces-
sibility of a point. Cauvin explored this in [3]. The weight of a point acts as a force on
the material perpendicular to its surface. This causes a distortion of the map, as the map
stretches and contracts under this force. The deformation is computed using structure stress
calculation methods, commonly used in civil engineering. The resulting maps are shown in
Figure 1.5.

Figure 1.5: Piezopleth maps of France.

Using this method it is extremely difficult to produce an accurate travel time map. Points
are not displaced on the surface, but are displaced perpendicular to the surface. A displace-
ment parallel to the surface only occurs when the deformation caused by other points is large
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enough. The distance between the source and a point is therefore not an indication of the
travel time.

Isochrone maps. Isochrones have been used to create travel time maps as early as 1881 [11],
and are still being researched nowadays. O’Sullivan, Morrison and Shearer [14] created
isochrone travel time maps, which illustrate the travel times using public transport in Glas-
gow. One of their maps is illustrated in Figure 1.6, using the station marked with ⊕ as the
source. As public transport is only accessible at certain locations, for example bus stops
or train stations, the resulting map shows circles centered at these locations. These circles
follow from the assumption that one can travel from a station in any direction without being
hindered by obstacles such as rivers or large buildings.

Figure 1.6: Isochrone map of the public transport system of Glasgow.

An advantage of isochrone maps over anamorphosis maps is that isochrone maps can display
the travel time from multiple fixed points. Having multiple fixed points in anamorphosis maps
is not possible, as it is not clear which of the fixed points was considered as the source for a
part of the map. A disadvantage of isochrones is that it relies on color to convey the travel
times. When viewing the map, it is not immediately clear which points have a high travel
time, contrary to anamorphosis maps.

Anamorphosis maps. Langlois and Denain [7] created anamorphosis maps by assigning a
few points on the map a travel time. A deformation vector is then associated with these
points, and the deformation at any location on the map depends on the relative influence
the deformation vectors have over that location. Their anamorphosis maps are shown in
Figure 1.7, illustrating the areas around London and Paris respectively using travel times
by rail. They also compared their anamorphosis maps with isochrone maps of the same
areas, which are shown in Figure 1.8. They draw the conclusion that isochrone maps have
a preference as anamorphosis maps deform the geographical space, making the map harder
to understand, and violate the topology of a map. These topology violations are illustrated
in Figure 1.9, where for example Ireland intersects Great Britain and Portugal coincides
with Spain. The topology violations however are an artifact of their method, and not of
anamorphosis maps in general. For our maps we actually want to deform the geographical
space to emphasize the differences in travel time, without introducing any topology violations
at all.
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(a) (b)

Figure 1.7: Anamorphosis maps of the area around London and Paris.

(a) (b)

Figure 1.8: Isochrone maps of the area around London and Paris.

Figure 1.9: Topology violations on an anamorphosis map of Europe.
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Cauvin [3] describes a method similar to the method of Langlois and Denain. A set of
points on the map is assigned a travel time, which fixes the location of these points in the
travel time map. Other points on the map are displaced using interpolation along a grid on
the map. This results in fairly nice maps shown in Figure 1.10, but like the method of Langlois
and Denain, this method can cause the same topology violations as shown in Figure 1.9.

Figure 1.10: Anamorphosis map of Luxembourg.

Shimizu and Inoue [17] solve the problem of creating an anamorphosis map by formulating
it as a nonlinear least squares problem. They use the network of the Japanese railways and
create a complete network distance cartogram and a partial network distance cartogram. In
the complete cartogram the travel times between every pair of stations on the network are
taken into account, and in the partial cartogram only the travel times between two stations
that are connected directly are taken into account.

(a) (b)

Figure 1.11: Map of the Japanese railway network and a travel time map of the network.



8 Chapter 1. Introduction

To create these cartograms, they define two methods, the L-M method and their proposed
solution. The first minimizes the displacement distance of stations, the second minimizes
difference in angle between two neighbouring stations. Both methods can be applied to
create complete or partial network distance cartograms. The proposed solution is extended
by assigning weights to travel times. A travel time between two stations which are connected
directly gets a higher weight than a travel time between two stations which are connected
via other stations. This creates a travel time map shown in Figure 1.11. These methods
however only describe how to deform a network, and do not specify how to deform a map
with features.

Devadoss [9] described two mathematically defined radial deformations using polar coor-
dinates. Before discussing his methods, we define the radial ray, city vector and influence
area.

Definition 1 The radial ray of a city ci, i > 0 is the half-line starting at source c0 and
intersecting ci.

Definition 2 The city vector of a city ci, i > 0 is defined as the line segment directed from
ci to f(ci), i.e. the displacement vector of the city.

The radial ray of two cities c1 and c2 with respect to source c0 is illustrated in Figure 1.12a,
and the city vector of the cities is illustrated in Figure 1.12b.

c1

c2

c0

(a)

c1

c2

c0

f(c2)

f(c1)

(b)

Figure 1.12: Two cities c1 and c2 with their radial ray and their city vector.

Definition 3 The influence area Ii of a city ci is the area of the map whose points are
influenced by the displacement of ci.

Devadoss defines a radial deformation of points on the map. Every city is displaced along
its radial ray. For all cities ci, i > 0, a variable δi is defined, which is the length of the
city vector of ci. The sign of δi is negative if the city vector is directed towards the source
city, otherwise it is positive. Let p be a point on the map with polar coordinates (θ, r) and
determine the two cities clockwise and counter-clockwise from p around c0. Let ci be the city
counter-clockwise from p, and similarly let ci+1 be the city clockwise from p. Equation (1.1)
is applied on all points on the map. Note that for a point p, the equation moves p along its
radial ray as the angle of p remains unchanged. The distance of displacement of p along its
radial ray depends on the displacement of its neighbour cities, as illustrated in Figure 1.13.

f((θ, r)) = (θ, r
((

θi+1 − θ

θi+1 − θi

)(
ri + δi

ri

)
+

(
θ − θi

θi+1 − θi

)(
ri+1 + δi+1

ri+1

))
) (1.1)



1.1. Related work 9

c1

c2

c0

f(c2)

f(c1)

p1 p2 p3

Figure 1.13: Scaling along radial rays using Equation (1.1).

The other method which Devadoss described was to extend the above radial deformations
by using two buffers. For all cities, two buffer values εI

i and εE
i are defined, which determine

the size of the buffer at ci. This buffer is a line segment added to the endpoints of the city
vector along the radial ray. The city vector of a city ci is extended without loss of generality
along the radial ray from ri− εI

i to ri + δi + εE
i . This buffer is illustrated in Figure 1.14a and

the influence area of a city ci is illustrated in Figure 1.14b.

c0

ci

f(ci)

ε
I

i

ε
E

i

(a)

c0

ci

f(ci)

ε
I

i

ε
E

i

(b)

Figure 1.14: The buffer at a city ci and the corresponding influence area.

To obtain the anamorphosis map, a scaling is performed along all radial rays: If a point p
lies outside all influence areas, then f does not displace the point. If p lies inside the influence
area, then a scaling along the radial ray of p is performed as illustrated in Figure 1.15. Along
the radial ray of a point p, the segment x is mapped to X, while the segment y is mapped to
Y .

c0

ε
I

i ε
E

i

x

Xy

Y

Figure 1.15: Scaling regions inside an influence area.
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1.2 Problem description

In this thesis we explore several methods to create an anamorphosis map based upon the
methods described by Devadoss. Our goal is to ensure that the map is still readable and easy
to understand. One option is to assign a travel time to every location on the map. However,
this travel time is not always known, nor is it always relevant. In a map displaying the road
network between cities for example, the travel time from a city to the middle of a wheat field
is (usually) neither known, nor relevant. Therefore only travel times between the source and
places of interest, which we call cities, is required.

Centered at the source of the map there is a circle of locations that correspond to a certain
travel time. A city with that specific travel time from the source can be displaced to any
location on this circle, as this ensures that the distance between the source and the city
represents the travel time between them. However, if cities move to arbitrary locations on
this circle the resulting maps can be hard to understand as the relative location of cities with
respect to the source changes. For example, a city to the northeast of the source should remain
northeast of the source in the travel time map. Therefore, we choose to restrict displacement
of cities to the nearest location on the circle. This is illustrated in Figure 1.16, which shows
a source s, a city c and a few circles centered at s. The closest point on the circle is c′.
Devadoss also uses this restriction, as cities are displaced along their radial ray, they end up
at the nearest location on the circle.

c

s

c
′

Figure 1.16: Nearest location of a point on a circle and city c.

We want to deform the map such that distances on the map illustrate travel times from
the source to the cities. The points on the map that do not have a travel time should be
displaced such that the map is still recognizable, but also to emphasize the differences in
travel time. If a city ci has a relatively large travel time, points near ci should be displaced
a lot to emphasize this relatively large travel time.

Formal description. Let M ⊆ R2 be a simple polygon (the map). We define four sets of
elements on M :

• The set C of cities consists of points in M that represent cities on the map. One city
is the source c0 and every city ci ∈ C, i > 0 has a travel time ti from c0. In our maps a
city is represented by a disk.

• The set of point features also consists of points in M , but these points do not have a
travel time. Examples are small towns or points of interest. These are boxes in our
maps.
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• Area features are elements of M that are represented by simple polygons, such as lakes
or forests, but also regions such as provinces or countries. Area features can contain
other features as well as cities.

• Linear features are elements of M that are represented by a polyline, such as rivers or
roads.

We want to deform M to another simple polygon M ′ (the anamorphosis map) using a map-
ping f such that the distance d between the source city c0 and every other city ci represents
the travel time between c0 and ci: d(f(c0), f(ci)) = ti for all cities ci ∈ C, i > 0. The mapping
should also ensure that M ′ is still recognizable as being a deformation of M .

The mapping f , when applied on a feature, takes into account all city vectors whose cities
have the feature inside their influence area. Influence areas can vary in size and shape to
produce different anamorphosis maps. The mapping f does not displace points which are
outside all influence areas.

Requirements. We define several requirements for f , such that f keeps the anamorphosis
map M ′ recognizable as a transformation of the map M . The requirements of continuity
and topology are hard requirements: they must be satisfied as they are vital to make M ′

recognizable. The other requirements are soft requirements: it is not necessary to satisfy
them, but they improve the readability of M ′.

Continuity. The mapping should be continuous, such that for example a linear feature in
M does not get split up into two separate line segments in M ′. Let d(x, y) be the
distance between two points x, y ∈ M , and let d(f(x), f(y)) be the distance between
two points in M ′. Then ε > 0 and δ > 0 should exist such that d(x, y) < δ if and only
if d(f(x), f(y)) < ε.

Topology. The topology of the map should not change. That is, cities should not end up
on the other side of a river or in a different province for example. Two non-intersecting
linear features should not intersect in the anamorphosis map, nor should features inside
area features be displaced outside the area feature. Intuitively, a map M ′is a topology
preserving deformation of M if the features of M can be continuously transformed
without jumping over or intersecting other features.

Similar size, shape, orientation and color of features. In order for features of the map
to remain recognizable, they should maintain their size, shape, orientation and color as
much as possible [8, 15]. In Figure 1.17 these aspects are illustrated using the small
black rectangle on the left. A feature is easier to recognize if it keeps the same size,
shape, orientation and color. A feature is also recognized by its location with respect
to other features, i.e. the order of the features. In Figure 1.17 for example, if the black
rectangle is above the pentagon shape, it can be confusing if the pentagon shape is
above the rectangle after applying f .

Limited influence. If a feature is neither near a city ci nor f(ci), then displacing ci should
have little or no effect on the feature. A city ci therefore should only have a limited
influence over the features on the map, i.e. an influence area should not be infinite.
This requirement ensures that the mapping f does not create infinitely large maps or
creating a spike by displacing points a very large distance.
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Size: Shape: Orientation: Color: Order:

Figure 1.17: Five aspects of recognizing the black rectangle on the left.

Bends. For linear features and the boundary of area features, the number of bends as well
as the size and angle of the bends should change as little as possible. This is illustrated
in Figure 1.18, which shows three linear features between cities. A mapping f should
not create additional bends in a linear feature like illustrated in Figure 1.18b.

(a) (b)

Figure 1.18: Unnecessary additional bends.

Smooth deformation. Deformations of a feature have to be smooth. A deformation is
smooth if the difference in slope between two consecutive points of a deformed feature
is low. This is illustrated in Figure 1.19, where 1.19a shows a linear feature with two
endpoints and 1.19b and 1.19c show two possible deformations of this linear feature. In
Figure 1.19b the difference in slope between points a and b is high, while in Figure 1.19c
the difference in slope is small. Figure 1.19d shows a smoother deformation than 1.19c
as the difference in slope is even less.

p1

p2

(a)

f(p1)

f(p2)

a

b

(b)

f(p1)

f(p2)

a

b

(c)

f(p1)

f(p2)

a

b

(d)

Figure 1.19: Smoothness of a deformation.
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The radial deformations described by Devadoss, which were discussed in Chapter 1.1, sat-
isfy the requirements of topology preservation and continuity, and radial deformations using
buffers also satisfy the requirement that influence areas should be limited. However, the other
requirements are not, most importantly the requirement of smoothness of the deformation.
This is illustrated in Figure 1.20, where (a) is created using radial deformations and (b) is
created using buffered radial deformations. While some distortion of the features is desirable,
the distortions illustrated in Figure 1.20a cause the map to be quite unreadable as very large
spike is created, caused by the displacement of Lelystad. This very large spike is caused by
the violation of the requirement of limited influence areas. Near Leeuwarden another spike
appears, where the island of Vlieland (labeled V ) is suddenly stretched, which violates the
requirement of smoothness as well as the requirement of similar shape (of the island). Fig-
ure 1.20b is created using buffered radial deformations. Some areas of the map are compressed
to a line, which results in deformations which are not smooth at all, and the region of Zeeland
is deformed in such a way that it barely resembles its original shape, violating the requirement
of similar shape.

V

(a) (b)

Figure 1.20: Problems with radial deformations.

In this thesis we introduce the concept of displacement paths to create anamorphosis maps.
A displacement path is a path and points on the path are mapped to another location on the
same path using the scaling function as Devadoss described. The concept of displacement
paths is discussed in Chapter 2. In Chapter 3 we show the results of the methods suggested by
Devadoss and compare these with our displacement paths. While displacement paths produce
better anamorphosis maps for larger maps, they still produce unreadable maps if two cities
are close to each other. A possible solution to this problem as well as concluding remarks are
given in Chapter 4.





Chapter 2

Displacement paths

Recall that we want to create an anamorphosis map to visualize the travel times by deforming
a given map using a mapping f . The map consists of a set of cities C where one of the cities
is the source city c0. Another city ci ∈ C, i > 0 has a travel time ti assigned to it, which is
the travel time from the source to ci. The radial ray of a point p on the map is the half-line
starting at c0 and intersecting p. The mapping f displaces a city ci along its radial ray to a
location f(ci) such that the distance between c0 and f(ci) is ti, i.e. ci ends up at the nearest
location on the circle centered at c0 with radius ti. The line segment directed from ci to f(ci)
is the city vector of ci. The input map also contains point features, linear features and area
features. These features do not have a travel time, and f should displace these features on
the map such that the resulting anamorphosis map is still recognizable and provides a clear
indication of the travel time of the cities. The displacement of a feature therefore depends on
the displacement of the nearby city or cities. The area of the map whose points are influenced
by the displacement of ci is the influence area of ci.

To displace the various features of a map, we define a displacement path. A displacement
path is a path from a source to a target, and points on this path are displaced to another
location on the same path. Displacement paths are applied within an influence area of a city,
every point within an influence area is on exactly one displacement path. A displacement
path does not intersect another displacement path, nor does it intersect the boundary of the
influence area. The city vector is extended in both directions until it intersects the boundary
of its influence area. This creates a displacement path that is a straight line segment, directed
in the same direction as the city vector. Other displacement paths have a shape in between
the extended city vector and the boundary, the closer a displacement path is to the boundary
of the influence area, the more it follows a path along the boundary. Figure 2.1a shows a city
ci with its influence area and a few displacement paths in this influence area.

ci
f(ci)

(a)

wd

w

(b)

Figure 2.1: Influence area of ci with a few displacement paths and the relative distance.

15
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The shape of a displacement path is defined by the relative distance r of the path. The
relative distance of a displacement path is the distance between the displacement path and the
(extended) city vector wd divided by the total width of the influence area w at any point on
the displacement path. A relative distance of 0 indicates a displacement path coinciding with
the extended city vector, and a relative distance of 1 indicates a displacement path coinciding
with a part of the boundary of the influence area. Figure 2.1b shows these distances of a
displacement path.

Subdivision of an influence area. An influence area of a city ci is subdivided into four areas,
an area S, an area T and two areas M . Areas S and T have to be convex and contain a part
of the boundary of the influence area. As the city vector is part of a displacement path, area
S is selected such that ci as well as the extension of the city vector from ci lie inside area S.
Similarly, area T is selected such that f(ci) and the extension of the city vector from f(ci) lie
inside area T . All displacement paths have their source in area S, and their targets in area
T . Figure 2.2 illustrates an influence area with the four areas.

S
T

M

M

ci
f(ci)

Figure 2.2: Four areas of an influence area.

Areas S and T are required to be convex. Let ec be the connecting boundary, which is the
part of the boundary of S that is also adjacent to the M areas. If an area S is not convex, then
a displacement path either has its target also in area S, or the displacement path intersects
the boundary of the influence area. This is illustrated in Figure 2.3. The convexity of area T
follows the same argument. An M area never contains a source or target of a displacement
path. This ensures that a displacement path never intersects a boundary, that displacement
paths completely cover an influence area and that the source and target of displacement
paths are always in areas S and T respectively. The source and target also coincide with the
boundary of the influence area. In order to apply displacement paths, influence areas are not
allowed to overlap one another.

S S

Figure 2.3: Area S has to be convex.
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Displacing points on a displacement path. The mapping f for a single displacement path
is defined similar to the scaling that Devadoss suggested and is described in Chapter 1.1. A
displacement path is split up in three segments, the source segment Ds, the middle segment
Dm and the target segment Dt. The segments are defined by two splitting points on the
displacement path, points ps and pt. The exact location of these points on the displacement
path depends on the size and shape of the influence area. Point ps however always lies closer
to the source than pt. The scaling implies that the source and target are not displaced, which
is desirable as points on the boundary of an influence area are not displaced. Figure 2.4 shows
a displacement path D from a source s to a target t with its three segments. Note that a
displacement path is not necessarily straight.

D

Dm DtDs

s t
ps pt

Figure 2.4: Segments of a displacement path.

The mapping f maps the segment Ds to segments Ds and Dm, while segments Dm and
Dt are mapped to Dt, as illustrated in Figure 2.5. Observe that by varying the location of
points ps and pt along the displacement path, the length of the segments can be varied. In
particular, by increasing and decreasing the length of segment Dm, the displacement distance
of points on the displacement path is increased and decreased respectively.

D

Dm&DtDs

Ds&Dm Dt

f f

Figure 2.5: Mapping of segments of a displacement path.

For the displacement path containing ci, the points ps and pt coincide with ci and f(ci)
respectively. Other displacement paths have a shape in between the straight line of the
extended city vector and the boundary of the influence area. On these paths the points
ps and pt are moved closer together such that they coincide at the displacement path on
the boundary, i.e. decreasing the length of segment Dm. This ensures that points on the
boundary of an influence area are not displaced at all. The distance between points ps and pt

along the displacement path is δ · (1− r)2 where δ is the length of the city vector and r is the
relative distance of the displacement path. The displacement path at r = 1, which coincides
with part of the boundary, has a segment Dm with length 0. This results in no scaling at all
along the displacement path, and as such, points on the boundary of the influence area are
not displaced at all. This is illustrated in Figure 2.6. Recall that the exact location of points
ps and pt depends on the shape of the influence area, and Figure 2.6 shows just one way to
decrease the length of segment Dm.
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ci

f(ci)

ps pt

Figure 2.6: Changing the distance between ps and pt.

Requirements. Displacement paths satisfy the requirements of continuity and topology
preservation. The satisfaction of the continuity requirement follows from Lemma 1. The
topology requirement is satisfied as the displacement paths never intersect: Two features on
the same displacement path never intersect or jump over each other as the mapping f is a
scaling along the displacement path. Two features in different displacement paths also never
intersect or jump over each other as the displacement paths never intersect and points on the
boundary are not displaced at all. Note that this requires that influence areas are disjoint,
otherwise a point on the map can be on two displacement paths. This way, a point can still
intersect another feature. The satisfaction of the other requirements depends on the size and
shape of the influence areas.

Lemma 1 Displacement paths in an influence area define a continuous mapping f .

Proof. Recall the definition of continuity: Let d(x, y) be the distance between two points
x, y ∈ M , and let d(f(x), f(y)) be the distance between two points in M ′. Then ε > 0 and
δ > 0 should exist such that d(x, y) < δ if and only if d(f(x), f(y)) < ε. Take two arbitrary
points x, y ∈ M . This pair falls in one of three cases:

Case 1: Points x and y lie on the same displacement path

Case 2: Points x and y lie on different displacement paths in the same influence area.

Case 3: Points x and y lie in different influence areas.

In case 1, the mapping f is clearly continuous, as displacing points on a path is a simple
scaling of the segments of the path. This is illustrated in Figure 2.7, which shows a displace-
ment path and two points x and y, which are at most a distance δ apart. The scaling ensures
that the distance between f(x) and f(y) is at most ε.

f(D)

f

ps pt
x y

f(x) f(y)

< δ

< ε

D

Figure 2.7: The mapping f is continuous in one displacement path.

In case 2, the scaling on the different displacement paths is determined by the length of
the segments of the displacement paths, which in turn is determined by the distance between
points ps and pt. The distance between these points depends on the relative distance, which
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is described by a continuous function, wd/w. The distance between points ps and pt is also a
continuous function, δ · (1 − r)2. Within one displacement path, the mapping is continuous
(case 1), and as the change in location of points ps and pt between displacement paths is also
continuous, the mapping f is continuous in this case as well. This is illustrated in Figure 2.7,
which shows two displacement paths D1 and D2 and two points x and y, which are at most
a distance δ apart. As the change in location of ps and pt is continuous, the scaling ensures
that the distance between f(x) and f(y) is at most ε.

D1ps ptx

y

f(x)

f(y)

f

D2

f(D1)
f(D2)

Figure 2.8: The mapping f is continuous for two displacement paths in the same influence
area.

In case 3, a boundary of the influence area is in between the two points x and y. Case 2
shows the mapping is continuous within one influence area. As points on the boundary of
an influence area are not displaced, the displacement of points near the boundary remains
continuous. This is illustrated in Figure 2.9, which shows two displacement paths D1 and D2

directed in opposite direction, a boundary between them and two points x and y. As cases
1 and 2 showed, the mapping is continuous within one influence area, and as points on the
boundary are not displaced, a point z can be defined on the boundary with distance δ/2 from
points x and y. For both points x and y, a continuous mapping exists to map x and y to
point z. Similarly, a point f(z) exists on the boundary, coinciding with z, and a continuous
mapping exists which maps points f(x) and f(y) to f(z). Composing these mappings creates
the mapping f for points x and y. Therefore, the mapping f is continuous in the case of two
points in different influence areas.

D1
ps ptx

y

f(x)

f(y)

f

D2

f(D1)
f(D2)

pspt

z

f(z)

Figure 2.9: The mapping f is continuous for two displacement paths in different influence
areas.

¤
A number of influence areas can be used with displacement paths, which have to satisfy

these requirements:

1. Areas S and T have to be convex.

2. Influence areas do not overlap.

Two examples of influence areas satisfying these requirements are racetracks and Voronoi
cells.
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2.1 Racetracks

A racetrack is an oval shape around the city vector. It consists of two semicircles centered
at the endpoints of the city vector, and two lines parallel to the city vector connecting the
semicircles. The width of the racetrack is chosen such that racetracks do not overlap. The
semicircles form areas S and T . This satisfies the two requirements for influence areas: areas S
and T are convex and influence areas do not overlap. Displacement paths inside a racetrack
are parallel to the city vector: the source and target of the displacement paths lie on the
semicircles and the M areas are two rectangles. Figure 2.10 illustrates a racetrack and a
few displacement paths, as well as the areas S, T and M . Observe that the city vector is
completely on exactly one displacement path.

ci f(ci)
S M

M

T

Figure 2.10: Displacement paths in a racetrack.

The length of the three segments of a displacement path depend on the distance between the
displacement path and the boundary of the racetrack. For the path containing the city vector,
point ps coincides with ci, while point pt coincides with f(ci). For other displacement paths,
ps is the intersection of the displacement path with the line perpendicular to the city vector
through ci. The location of point pt depends on the relative distance of the displacement path
and the length of the city vector. Recall that the length of the segment Dm is δ · (1 − r)2.
This determines the location of pt on the displacement path, as illustrated in Figure 2.11.

ci
f(ci)

ps

D

pt

w

wd

δ

Figure 2.11: Displacement path D and its two points ps and pt.

Using displacement paths in racetracks satisfies most of the requirements given in Chap-
ter 1.2. The continuity and topology requirements are satisfied as displacement paths in
general satisfy these requirements. The requirement of limiting the influence area of a city
is also satisfied, but if there are a lot of city vectors close to each other, the racetracks have
to be very narrow in order to avoid overlapping. This violates the requirement of smooth
deformations, as illustrated in Figure 2.12. This shows a linear feature l and two deformations
of l, one with a narrow racetrack and one with a wider racetrack. A wider racetrack causes
a smoother deformation.
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c1
f(c1)

l

c1 f(c1)

f(l)

c1 f(c1)

f(l)

Figure 2.12: A feature in a narrow and a wide racetrack influence area.

2.2 Voronoi Cells

A more intuitive influence area for a city ci is the set of points for which ci’s vector is the
closest city vector. The influence area of city ci is the set of points where the distance to ci’s
vector is smaller than the distance to any other city vector. This is equal to the Voronoi cell
of the city vector. The Voronoi diagram [1, 6] divides the plane into these Voronoi cells. A
site is a line segment or a point which has a Voronoi cell, let S denote the set of all sites.
Let the site which is a point be a point site. A line segment has two end points, which we
also call point sites. Let a line site be a line segment without its two end points. Let d(p, s)
be the distance between a point p and a site s. If the site is a point site, this is simply the
Euclidean distance between the two points. If the site is a line site, then d(p, s) is defined as
the minimal Euclidean distance between p and any point on the line: d(p, s) = minq∈s d(p, q).
A Voronoi cell V C of a site s ∈ S is given by Equation 2.1.

V C(s) = {p ∈ R2 | ∀s′ ∈ S\p : d(p, s) < d(p, s′)} (2.1)

The boundary of a Voronoi cell consists of edges or arcs. A part of the boundary of a
Voronoi cell is an edge if the boundary is the bisector of two point sites or the bisector of two
line sites. A part of the boundary is an arc if it is the bisector of a line site and point site.
Specifically, the arc is a segment of a parabola. An example of a Voronoi diagram of a set of
points and line segments is shown in Figure 2.13.

Figure 2.13: Voronoi diagram of a set of line segments and points.
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Areas in Voronoi cells. The four areas of the influence area Ii are defined similarly to
racetrack influence areas, by two line segments perpendicular to the city vector through ci

and f(ci) respectively, as illustrated in Figure 2.14. These line segments are the connecting
boundaries of areas S and T . As a source of a displacement path always coincides with
the boundary of the influence area, an edge or arc of the boundary that contain sources of
displacement paths is said to spawn displacement paths. An edge or arc of the boundary
terminates a displacement path if the targets of displacement paths coincides with the edge
or arc.

S

T

M

M

Figure 2.14: Areas in a Voronoi cell.

Let ec be the connecting boundary of area S. Define the inside of an edge or arc to be the
side of the edge or arc that is incident to area S. An edge or arc b of the boundary spawns a
displacement path if there exists a projection from ec to e such that the projection encounters
the inside of e. This is illustrated in Figure 2.15, which shows the projection on edges e1,
e2 and e4 and arc e3. Edges e1 and e4 do not spawn displacement paths, as the projection
encounters the outside of these edges. The projection on e2 and arc e3 on the other hand
encounters the inside of these edges, hence e2 and e3 spawn displacement paths.

S

e1

e2

e3

e4

ec

(a)

S

e1

e2

e3

e4

ec

(b)

Figure 2.15: Edges e1 and e4 do not spawn displacement paths, but e2 and e3 do.
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Along the boundary. The relative distance of a displacement path is measured using only
the boundaries of the influence area that do not spawn or terminate displacement paths. Let
an M -boundary be an edge or arc of the boundary of the Voronoi cell that does not spawn or
terminate displacement paths. The relative distance of a displacement path is defined by the
intersection of a line L perpendicular to the city vector with an M -boundary. If no such edge
or arc exists, for example because the boundary that intersects with L spawns or terminates
displacement paths, then the nearest M -boundary is extended such that the M -boundary
intersects L. If the M -boundary is an edge, then the edge is simply extended. If this M -
boundary is an arc, then the arc is extended by a straight line starting at the endpoint of the
arc with the same slope as the slope of the arc at the endpoint. This is illustrated for five
intersections b1 to b5 in Figure 2.16a. Intersections b1 and b5 are examples of intersections
of L with the extension of the nearest M -boundary. The relative distance of a displacement
path is the distance between the path and the city vector at L divided by the length of L.
Figure 2.16b shows a Voronoi cell with several displacement paths.

b1

b2

b3

b4

b5

L1

L2

L3

L4

L5

(a)

ci

(b)

Figure 2.16: Intersections of lines perpendicular to the city vector with M edges or arcs.

In a displacement path, the displacement of points is similar as the racetrack method. Each
displacement path has a point ps, which is again the intersection of the displacement path
with the line perpendicular to the city vector through ci. The distance between points ps

and pt along the displacement path is again δ · (1 − r)2 where r is the relative distance of
the displacement path, r = wd/w. However, as the displacement is not a straight line like in
racetrack influence areas, δ is defined as the length of the displacement path in the M area.
This is illustrated in Figure 2.17a. Figure 2.17b shows the four points on a displacement path.
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w

wd

δ

ci

D

(a)

ci

s

t

ps

pt

(b)

Figure 2.17: Displacements path D in a Voronoi cell, and the four points s, ps, pt and t.

Requirements. By definition of a Voronoi cell, the requirement that influence areas do not
overlap is satisfied. The requirement that areas S and T are convex follows from Lemma 2.

Lemma 2 Areas S and T are convex in a Voronoi cell of the city vector vi of city ci.

Proof. Let S′ be the Voronoi cell of a city ci in the Voronoi diagram of the set of all cities
cj and their images f(cj). As Voronoi cells of a Voronoi diagram of point sites are convex [1],
area S′ is convex. Split S′ by the line L perpendicular to the city vector through ci. As S′

is still the intersection of a number of half-planes, S′ is still convex. This is illustrated in
Figure 2.18a.

c0

ci

L

vn

(a)

c0

ci

L

(b)

Figure 2.18: Splitting along a perpendicular line and reconnecting the city vectors.
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The next step is to construct area S from S′ by recreating the city vectors and recomputing
the Voronoi diagram. Connecting two points with a line segment can cause a subset of the
points in area S′ to be closer to the interior of this new line segment than to ci. Recreating
the city vector vn for a city cn replaces one or two edges on the boundary of S′ partially with
a parabola, as illustrated in Figure 2.18b. This parabola is the bisector of ci and vn, where
the epigraph of the parabola is the set of points closer to ci, and the hypograph is closer to
the new city vector. As the epigraph of the parabola is a convex set and area S′ is convex,
taking the intersection of these two produces another convex set. Therefore, an S area of the
Voronoi diagram is also convex. ¤

Using displacement paths in Voronoi cells satisfies most of the requirements given in Chap-
ter 1.2. Like racetrack influence areas, the requirement of limiting the influence area of a city,
as well as the continuity and topology requirements are satisfied. Compared with racetrack
influence areas, Voronoi cells are an improvement as the entire area of the map is covered
by an influence area. This results in overall smoother distortion, as there is more space for
displacement paths to displace features. Narrow racetracks like Figure 2.12 do not exist, and
distortions of features are smoother than using racetrack influence areas. It however does not
completely satisfy the smoothness requirement. As points on the boundary of a Voronoi cell
are not displaced, features that cross these boundaries are subject to a lot of distortion if two
neighbouring cities are displaced in the same direction. This is illustrated in Figure 4.3. A
much smoother deformation would be to deform l to a line between f(c1) and f(c2).

c1 f(c1)

c2

f(c2)

c0

l

(a)

c1 f(c1)

c2

f(c2)

f(l)

(b)

Figure 2.19: Distortion using Voronoi cell influence areas.
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Experimental results

An application was developed that produces anamorphosis maps. The application reads a
map from a file in the Scalable Vector Graphics format1 (.svg files). It extracts the cities
from the map, which are circle nodes in the SVG file. The polyline nodes in the SVG file
are read as area features or linear features, depending on whether or not the fill-attribute
is set. Point features are polygon nodes in the SVG file. The application can also read maps
created using the IPE image editor2, where marks as disc shapes are cities, polygons are area
features, polylines are linear features and marks as boxes are point features. The travel times
are read from a separate file. The application creates both an SVG file as well as an IPE file
using the same formatting for both files as described here.

The application creates an anamorphosis map using any of the four methods described in
this thesis, which are the radial deformations and radial deformations with buffers described
by Devadoss and discussed in Chapter 1.1 and using displacement paths in both racetrack
and Voronoi cell influence areas as described in Chapter 2. These methods are tested on
a variety of maps, in particular the two maps illustrated in Figure 3.1. The results of the
various methods are illustrated in this chapter using these two maps, and all maps are created
using the developed application.

(a) (b)

Figure 3.1: Two maps used to compare the various methods to create anamorphosis maps.

1The full specification of SVG files can be found at http://www.w3.org/TR/SVG11/
2The IPE image editor can be downloaded at http://ipe7.sourceforge.net/
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Recall that cities are represented by disks. The source city of a map is represented by a
larger disk. In order to keep the maps clear, only linear features, cities and their city vectors
are shown in the maps in this chapter. A city vector of a city ci is illustrated as an arrow
directed from ci to f(ci); note that if the city vector is small, it is not always visible, or only
(a part of) the arrowhead is visible. Figure 3.1a shows seven cities with the source city always
at the center of the map and a few linear features. Figure 3.1b shows a schematized map
of the Netherlands with all province capitals and Amsterdam. The linear features are the
boundaries of the provinces and the major rivers.

3.1 Radial deformations

The first method Devadoss described assigned each point a polar coordinate, and scaled it
depending on the two neighbouring city vectors. Figure 3.2 shows a map and the corre-
sponding anamorphosis map created using radial deformations. It shows that due to the
unboundedness of the influence areas, some points far away from any city still have a large
displacement distance. An example of such a point is point p in Figure 3.2a. This shows that
the requirement that a city should only have a limited influence does not hold, and causes
the size of the map to nearly double. This effect is even more pronounced when it is applied
to the map of the Netherlands with Lelystad as source city, as shown in Figure 3.3.

p

(a)

f (p)

(b)

Figure 3.2: A map and its anamorphosis map, created using radial deformations.

Moreover, this method produces spikes, which are highly localized distortions that violate
the smoothness requirement. This is illustrated in Figure 3.4, which shows two such spikes,
one is near Limburg, the other in the north. These spikes are caused by two cities c1 and c2

having almost identical radial rays. These two radial rays create a very small cone shaped
influence area between them, and any feature within that cone is displaced a lot compared to
features outside this cone, violating the smoothness requirement. This is especially clear in
Figure 3.4b, which shows that a small part of the border is displaced a lot, creating a spike.
This effect is most pronounced when a city not near the center of the map is chosen as source
city. In Figure 3.5, Groningen is chosen as source city. A large part of the Netherlands falls
into the cone produced by Lelystad. As the travel time from Groningen to Lelystad is large
compared to nearby cities such as Utrecht or Amsterdam, this causes a lot of distortion.
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(a) (b)

Figure 3.3: Radial deformations with Lelystad as source city.

(a)

c1

c2

(b)

c2

c1

(c)

Figure 3.4: Anamorphosis map of the Netherlands and two artifacts of radial deformations.

(a) (b)

Figure 3.5: Radial deformations with Groningen as source city.
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Buffers. The result of radial deformations using buffers is shown in Figure 3.6b. As a buffer
bounds the influence area of a city, not all points are displaced, point p in Figure 3.6a for
example. This keeps the map approximately the same size, as a part of the map lies outside all
influence areas. Compared with Figure 3.6c, which is the same map created without buffers,
the buffered radial deformation looks a lot better.

p

(a)

f (p)

(b)

f (p)

(c)

Figure 3.6: Original map on the left and two anamorphosis maps, created using radial defor-
mations with and without buffers on the middle and right.

Figure 3.8 shows three maps of the Netherlands created using buffered influence areas
with Utrecht, Lelystad and Groningen respectively as source. Compared to Figure 3.9, which
shows the same three maps created without buffers, the results are much nicer. As Figure 3.8b
shows, the influence area using buffered radial deformations is clearly limited, satisfying the
requirement of limited influence. However, as Figure 3.9c shows, this method still produces
spikes. These spikes are illustrated in Figures 3.7a and 3.7b. The spikes are even more
pronounced when taking Den Haag as source. These spikes are shown in Figures 3.7c and 3.7d.
This still violates the smoothness requirement.

(a) (b) (c) (d)

Figure 3.7: Spikes created by applying buffered radial deformations on the map of the Nether-
lands.
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(a) (b) (c)

Figure 3.8: Anamorphosis maps created using buffered radial deformations.

(a) (b) (c)

Figure 3.9: Anamorphosis maps created using radial deformations without buffers.
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3.2 Displacement paths

3.2.1 Racetracks

Figure 3.10 shows the small map again and two anamorphosis maps, Figure 3.10b is created
using racetrack influence areas. Compared with the anamorphosis maps created using buffered
radial deformations in Figure 3.10c, the map that is produced is not all that different. Only
a part of the map is displaced, as not all features lie within a racetrack. Again, point p is a
point that is not displaced as it lies outside all racetracks. Due to the shape of the racetracks,
which leave a relatively large part of the map outside all influence areas, this method also
produces readable results for large maps. Figure 3.11 shows the map of the Netherlands with
Utrecht, Lelystad and Groningen respectively selected as source. If the city vector of a city
is quite long, then due to the shape of the racetracks this method produces typical spikes.
This can be seen in Figure 3.11a near the city of Groningen in the top right, but is more
pronounced if Lelystad is picked as source, as illustrated in Figures 3.11b.

p

(a)

f (p)

(b)

f (p)

(c)

Figure 3.10: Original map on the left and two anamorphosis maps, created using racetracks
in the middle and buffered radial deformations on the right.

(a) (b) (c)

Figure 3.11: Anamorphosis maps created using racetrack influence areas.
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Figure 3.11c shows the effect of narrow racetracks. The features near Lelystad are distorted
a lot, as the racetrack around Lelystad is very narrow due to the proximity of the racetracks
of other cities such as Den Bosch and Utrecht. This is more clearly illustrated in Figure 3.12,
which shows a part of the original map of the Netherlands on the left, and that same part of
the anamorphosis map created using racetracks.

(a) (b)

Figure 3.12: Anamorphosis maps created using racetrack influence areas.

On the other hand, using racetrack influence areas leaves a large part of the map untouched,
which creates extra distortion. For example, in Figure 3.11b the mapping produces spikes for
the three cities in the north. The space in between these cities is unused, and the features
in that area could also have been displaced along with the cities to lessen the distortion.
As points on the boundary of a racetrack and points outside a racetrack are not displaced,
features that cross these boundaries are subject to distortion if two neighbouring cities are
displaced in the same direction. This is illustrated more clearly in Figure 3.13, which shows
two city vectors and their racetracks and a linear feature l with its endpoints coinciding with
c1 and c2. The mapping f only displaces the part of l inside the racetracks, outside the
racetracks f(l) coincides with l. The parts of l inside the racetracks are displaced to form
two parabolic arcs. This creates extra (unnecessary) bends in l.

c1 f(c1)

c2

f(c2)

c0

l

c1 f(c1)

c2

f(c2)f(l)

Figure 3.13: Distortion of a feature partially outside two racetrack.
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3.2.2 Voronoi cells

Using Voronoi cells as influence areas ensures that every point on the map is in exactly
one influence area. This is illustrated in Figure 3.14, which shows a small map and two
anamorphosis maps, produced using Voronoi cells and racetracks. The result using Voronoi
cells is similar to the map produced using racetracks, as points far away from a city vector
are not displaced a lot, for example point p.

p

(a)

f (p)

(b)

f (p)

(c)

Figure 3.14: Original map on the left and two anamorphosis maps, created using Voronoi
cells in the middle and racetracks on the right.

The difference between racetrack influence areas and Voronoi cells is of course that using
Voronoi cells, every point on the map is in one such cell, and therefore all points on the
map are displaced. This difference is illustrated in Figure 3.15, which shows the map of the
Netherlands with Lelystad as source, created using (in order) buffered radial deformations,
racetracks and Voronoi cells. In Figures 3.15a and 3.15b the area to the west of Leeuwarden is
not displaced as it is not in any influence area. Using Voronoi cells, the same area is now in the
influence area of Leeuwarden, and is therefore displaced corresponding to the displacement of
Leeuwarden. Figures 3.16, 3.17 and 3.18 show anamorphosis maps using Utrecht, Groningen
and Zwolle as source cities.

(a) (b) (c)

Figure 3.15: Anamorphosis maps of the Netherlands using racetracks and Voronoi cells.
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(a) (b) (c)

Figure 3.16: Anamorphosis maps with Utrecht as source.

(a) (b) (c)

Figure 3.17: Anamorphosis maps with Groningen as source.

(a) (b) (c)

Figure 3.18: Anamorphosis maps with Zwolle as source.
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However, while using Voronoi cells as influence areas over racetracks creates larger influence
areas, and therefore smoother distortions, it still has the problem of spikes. This is caused by
not displacing points on the boundary and is visible in Figure 3.15c and more clearly illustrated
in Figure 3.19a. Figure 3.19b shows the same area with part of the Voronoi diagram, which
clearly shows that the spikes coincide with the boundaries of the Voronoi cells.

(a) (b) (c)

Figure 3.19: Spikes created by the (dashed) boundaries of Voronoi cells.
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Conclusions

The method of using displacement paths in the Voronoi cell of a city vector produces better
results than the other methods we discussed. It does not introduce topology violations like
some of the anamorphosis methods described in Chapter 1.1, and it deals better with large
maps than the radial deformations Devadoss described. In a large map with a lot of cities,
the area between two radial rays is very narrow, which causes a lot of distortion using the
methods of Devadoss. Compare Figure 4.1a with Figure 4.1b, where in both maps Groningen
is selected as source city. Figure 4.1b is created using displacement paths in racetrack influence
areas, and is a lot more readable than Figure 4.1a, which is created using radial deformations.

(a) (b)

Figure 4.1: Anamorphosis maps using radial deformations and displacement paths in race-
tracks.
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4.1 Open problems

The problem of narrow racetracks is partially solved by using Voronoi cell influence areas.
However, if two city vectors are close to each other and are displaced in opposite direction
along their radial ray, the deformation of the map is still very large, which usually leads to an
unreadable part of the map. One solution to this would be to allow the city vector to rotate.
Instead of displacing a city along its radial ray, a city would be displaced to another location
on the circle of equal travel times, as illustrated in Figure 4.2. This creates more space in
between the two city vectors, thus increasing the smoothness (and readability) in that area.
Care has to be taken however not to reduce readability due to the rotation of the city vector.

c1

c0

f(c1)

f(c2)
c2

Figure 4.2: Rotating a city vector.

As noted in Chapter 2.2, the problem illustrated in Figure 4.3a is a problem when using
Voronoi cell influence areas. Points on the boundary of an influence area are not displaced,
which leads to unnecessary distortion if two cities are displaced in the same direction. The
intersection of r with the boundary of the Voronoi cells is not displaced by f , creating a shape
as illustrated in Figure 4.3b.

c1 f(c1)
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f(c2)

c0

l

(a)

c1 f(c1)

c2

f(c2)

f(l)

(b)

Figure 4.3: Distortion using Voronoi cell influence areas.

One possible solution for this problem is to have displacement paths decay towards points
on the boundary which are displaced by the average displacement of the two or three nearest
cities, rather than decaying to a boundary on which points are not displaced at all. Points in
between two city vectors which are displaced in the same direction are then displaced just as
much, creating less distortion. The linear feature r is then ideally displaced as illustrated in
Figure 4.4.
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c1 f(c1)

c2

f(c2)

c0

f(r)

Figure 4.4: Result of displacement paths decaying to the average displacement of the nearest
cities.

Another open problem is with regards to the convexity of the S and T areas. The require-
ment of convexity of these areas is too strong. Following the definition used in Chapter 2.2,
it is sufficient to have the sources and targets of displacement paths within one influence area
create a connected set of parts of the boundary. Displacement paths will still cover the entire
influence area, and will never exit the influence area. Weakening this requirement on S and T
areas allows for a larger variety of influence areas, for example the S area shown in Figure 4.5.

Figure 4.5: Area S does not have to be convex with respect to the connecting boundary.
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