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Abstract

The mechanical changes induced on paper by moisture sorption/desorption can generate undesir-
able effects when paper is used for printing. Specially, in very wet environments hygro-expansion
can produce cockles and curls that can affect the productivity of the printers and the quality
of the prints. In order to predict the moisture-induced mechanical changes on paper, a good
understanding of the moisture and heat transport processes is fundamental. This work presents
the derivation of a model to describe moisture and heat transport in paper. It also presents
different applications of this model focussed on one of the printers of Océ Technologies, together
with a description of the numerical methods used in the computation of a solution for these
applications. The applications include: isothermal moisture transport in single paper sheets and
a stack of papers subjected to changes in relative humidity, non isothermal moisture transport
in single paper sheets subjected to changes in temperature and/or relative humidity, and heat
and moisture transport in a paper sheet while being printed.
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Chapter 1

Introduction

Paper materials are well known for having a strong hygroscopic behavior, i.e., they react to the
moisture content of the air by adsorbing or releasing water. These water adsorption/desorption
processes are important since they produce shrinkage or expansion of the cellulose fibers that
compose the paper, which can affect the dimensional stability of paper by producing curls (global
deformation) or cockles (local deformation). The moisture-induced mechanical changes in paper
can generate problems while it is being printed. For example, if the paper is stored in wet en-
vironments the curling or cockling induced by water adsorption may jam the paper in printers
where the print head is very close to the paper. Or, if paper is heated while being printed, the
shrinkage due to moisture evaporation can lead to inaccuracies.

To predict the deformation of paper when it is exposed to changing temperature and/or hu-
midity of the environment, it is necessary to first understand the moisture and temperature
dynamics. Once this is done, the moisture and temperature evolution can be used as an input to
study the deformations. The goal of this work is to develop a model that describes the moisture
and heat transport in paper, and use this model to gain insight in the transport processes that
take place in paper sheets. This project is the first of a sequence of projects started by Océ
Technologies in order to study the effect of the deformation of paper on the print quality of one
of their printers. Therefore, the different situations studied in this work will aim to describe
parts of the printing process characteristic of the target printer.

An overview of the process that paper experiences in the target printer is as follows. Initially,
paper which comes in the configuration of a roll, is stored in a compartment inside the printer.
The external end of this paper roll is unrolled and placed at the beginning of a surface, called
print surface. This surface supports the paper while it is being printed, and it has a temperature
of 32 ◦C corresponding to the optimal temperature for the toner application. Every time that a
printing is performed, paper is moved along the print surface and then transported to another
surface which is in thermal equilibrium with the environment. This last surface is used in order
to give the paper dimensional stability while the toner dries. After this, the end of the printed
part of the paper roll is cut inside the printer and the printing is done. Figure 1.1 shows a
schematic representation of this process.
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CHAPTER 1. INTRODUCTION 4

Figure 1.1: Schematic representation of the printing process.

During the process mentioned above, different situations involving moisture and heat trans-
port can be identified. For instance, if the relative humidity in the place where printing takes
place is higher than the one in which the paper roll was produced, the roll will adsorb water from
the surrounding air after it is unpacked, trying to reach equilibrium with the new environmental
conditions. Similarly, the part of the paper connecting the roll with the print surface, which is
exposed on both sides to the environment, will adsorb water from the surrounding air. Finally,
when paper is transported along the print surface it will release water to the environment when
it is heated by this surface.

Due to the early stage of the research, not all the set up of the target printer will be con-
sidered. As the opening project, this work will be focused on the development of a robust model
to describe the moisture and temperature evolution in paper, and the application of this model
to gain insight in the transport processes involved in some steps of the printing process. To this
purpose, single paper sheets and stacks of paper will be considered instead of a long paper roll.

This report is structured as follows. Initially, a general mathematical model that describes the
moisture and heat transport in paper is derived in Chapter 2. Since paper is a porous medium,
this chapter includes a review of the averaging theory for porous media used to derive the general
model, followed by a detailed derivation of the model itself and its dimensional analysis. This
general model is used in the next chapters as a basis to derive specific models applied to different
situations. In Chapter 3 the general model is used to obtain a one-dimensional model to de-
scribe isothermal moisture transport in paper sheets in response to changes in relative humidity.
This model is later extended to a stack of papers, which is meant as a simpler representation
of the roll in which paper is stored inside the printer. Next, non-isothermal moisture transport
in paper sheets in response to changes in relative humidity and/or temperature is presented in
Chapter 4, and the results of the isothermal and non-isothermal models are compared. The one-
dimensional non-isothermal model derived in Chapter 4 is then extended in Chapter 5 to obtain
a two-dimensional model that describes the diffusive moisture and heat transport in a paper
sheet while it is transported over the print surface. Finally, Chapter 6 presents the conclusions
and discuses further research.



Chapter 2

Mathematical model

Paper materials consist of cellulose fibers and often fillers and additives that are configured
in a complex solid network. Since the voids in between the fibers form a partially connected
porous structure, paper is considered a porous medium. As in a lot of porous media, the solid-
pore heterogeneities in paper appear in a scale several orders of magnitude smaller than the
characteristic size of a paper sheet. Thus, the conservation laws need to be derived by using
averaging or homogenization techniques commonly applied to obtain continuum models in porous
media. Initially, Section 2.1 gives a review of the averaging technique used in this work for the
derivation of the transport models. Next, in Section 2.2 and 2.3, the porous medium theory
explained in 2.1 is applied to derive a three-dimensional model that describes the moisture and
temperature evolution in paper materials. This model is meant to be used for different situations,
e.g., moisture sorption of paper sheets during the storage period, moisture evaporation due to the
higher temperature in the print surface, etc. Since the boundary conditions and dimensionality
of the model depend on the specific application, no boundary conditions are specified in this
chapter. The model derived here is presented as a basis for the deduction of all the models used
in the upcoming chapters. Finally, the dimensional analysis of this three-dimensional model is
presented in Section 2.4.

2.1 Conservation laws for porous media

Different from systems that consist of only one homogeneous material, a porous medium consist
of a solid permeated by an interconnected network of pores filled with a fluid. At a scale of
the order of magnitude of the pores the system is strongly heterogeneous due to the presence of
solid-fluid interfaces. If one attempts to model transport phenomena in a porous medium using
balances at this microscopic scale, it would be necessary to know the detailed distribution of the
solid and pores. However, even if this distribution were known, finding a solution would require
an enormous computational effort. Moreover, the solution would be of no practical use since no
instrument is available to measure the variables considered at this level, to compare with the
numerical solution.

In order to circumvent the above mentioned problems, porous media can be described in terms
of macroscopic variables consisting of averages of the variables at the microscopic level. In
this approach the real multi-phase system is replaced by a model in which each of the phases
present in the system is assumed to fill up the entire porous medium domain. The system can
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be seen then as ”overlapping continua”, each of them corresponding to one of the phases present.

One of the methods to develop models in terms of macroscopic variables is the method of repre-
sentative elementary volumes (REV) [6], [8]. The general idea behind this method is to obtain
macroscopic balances by averaging the microscopic balances over a region called representative
elementary volume. Since the REV-method will be used to derive all the transport equations in
Section 2.2 and 2.3, this section gives a review of the theory behind it. Initially, the conceptual
definition of representative elementary volume is explained. It is followed by the derivation of
a balance equation called general microscopic balance, which describes transport processes at a
scale of the order of magnitude of a pore. Then, the averages over the representative elementary
volume are introduced, together with some properties and operation rules of the averaging oper-
ators. Finally, a general macroscopic balance equation is obtained by averaging the microscopic
balance.

The conceptual definition of the representative elementary volume is based on the following
considerations. Let U denote an arbitrary volume of a region in the porous medium, U0 denote
the representative elementary volume and UV and U0V the void space inside the regions U and
U0, respectively. An illustration of these volumes is shown in Figure 2.1. The ratio UV /U clearly
depends on the size of the region U . For instance, if U is small enough it could lie completely
inside the solid structure or completely inside a pore, and UV /U would take a value of 0 or 1,
respectively. In this case not all the regions of volume U would be a representative sample of
the porous medium at the microscopic scale. The representative elementary volume should on
the other hand satisfy

∂U0V

∂U0
= 0,

for certain range of U , i.e., it can be taken as any value U0 satisfying Umin < U0 < Umax, with
Umin and Umax such that they define the three following intervals. First, U < Umin where the
ratio UV /U undergoes changes due to microscopic inhomogeneity of the porous medium, second
Umin < U0 < Umax, where UV /U remains more or less constant except for small fluctuations,
and finally U > Umax, where fluctuations in UV /U take place due to macroscopic inhomogene-
ity of the porous medium. The ratio UV /U corresponding to the representative volume, i.e.,
U0V /U0 is known as the porosity of the porous medium, a parameter that will often be used in
the next sections for the deduction of the transport models in paper. Note that the existence of
a representative elementary volume is necessary in order to develop macroscopic balances using
the REV theory, but an explicit calculation of U0 is not needed.

The first step in the derivation of the conservation laws of a porous medium for which a repre-
sentative elementary volume exits is to derive the microscopic balances, i.e., balances that are
applicable inside a phase continuum and therefore describe transport processes at scales of the
order of magnitude of a pore. For the sake of convenience, a general equation that describes
the balance of a generic transport quantity is derived rather than several balances for different
quantities.

Let Eα be a transport quantity (mass, energy or momentum) of an α-phase in the porous
medium, with a phase being defined as matter that is identical in chemical composition and
physical state. For example solid gases and liquids constitute different phases, and also two
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Figure 2.1: Schematic representation of the representative elementary volume.

immiscible liquids are two phases. The balance of Eα in a volume U completely filled with that
α-phase is given by

∂

∂t

∫
U
ρEα dV︸ ︷︷ ︸ = −

∫
∂U

JEα · ν dS︸ ︷︷ ︸ +

∫
U
ραΓEα dV︸ ︷︷ ︸, (2.1)

net change of Eα net influx of Eαthrough total rate of production

in time the boundary of U of Eα

where ρEα is the quantity of Eα per unit volume of α-phase, ν the outward unit vector normal
to the boundary of U (∂U), ρα the density of the α-phase, ΓEα the internal rate of production
of Eα per unit mass of α-phase, and JEα the flux of Eα in the α-phase. For ρα continuous, and
after applying Gauss’s theorem, (2.1) becomes∫

U

(
∂ρEα
∂t

+∇ · JEα − ραΓEα

)
dV = 0.

Decomposing the flux of Eα in a convective and diffusive part, and since the previous equation
needs to hold for any volume U , we obtain

∂ρEα
∂t

+∇ ·
(
ρEαVα + Jdif

Eα

)
− ραΓEα = 0, (2.2)

where Vα is the velocity of the α-phase and Jdif
Eα

is the diffusive flux of Eα in the α-phase. This
equation is known as the general microscopic equation.

The next step in the derivation of the conservation laws consists of averaging the general micro-
scopic balance (2.2) to obtain a so-called general macroscopic balance. To this purpose two kinds
of volume averages are defined over any quantity Gα associated with the α-phase, an intrinsic
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phase average Gα
α

and a phase average Gα, given by

Gα
α
(x, t) =

1

U0α(x)

∫
U0α(x)

Gα(x, t) dV, (2.3)

Gα(x, t) =
1

U0(x)

∫
U0α(x)

Gα(x, t) dV, (2.4)

where U0(x) is the representative elementary volume centered at x and U0α(x) is the volume of
the α-phase inside U0(x). The volumes U0α and U0 are related by

θα =
U0α

U0
, (2.5)

with θα the volumetric fraction of α-phase in the reference volume. If the α-phase is occupying
all the void space, θα corresponds to the porosity of the porous medium. From equations (2.3)
to (2.5) it is easy to see that the following relation between both averages holds

Gα = θαGα
α
. (2.6)

The difference G̃α between the local and averaged quantities, Gα and Gα
α

is defined as

G̃α = Gα −Gα
α
. (2.7)

An important property of G̃α is that it satisfies G̃
α

= 0. This result follows after applying the
volumetric intrinsic phase averaging to (2.7).

It is easy to check that the intrinsic phase average is a linear operator, satisfying

G1α +G2α
α

= G1α
α

+G2α
α
,

βG1α
α

= β G1α
α
,

G1αG2α
α

= G1α
α
G2α

α
+ G̃1αG̃2α

α
, (2.8)

G1α ·G2α
α

= G1α
α ·G2α

α
+ G̃1α · G̃2α

α
,

where β is a constant, G1α and G2α are two scalar quantities associated with the α-phase, and
G1α and G2α two tensorial quantities associated with the α-phase.

When averaging the general microscopic equation it is necessary to take averages of time and
spatial derivatives. These averages can be calculated with the following averaging theorems [6],
[12], [7]

a) Average of a time derivative

∂Gα
∂t

α

=
∂

∂t

(
Gα

α
)
− 1

U0

∫
Sαβ

Gαwα · να dS. (2.9)

b) Averages of a gradient

∇Gα
α

= ∇
(
Gα

α
)

+
1

U0α

∫
Sαβ

G̃ανα dS, (2.10)

∇Gα = ∇
(
Gα

)
+

1

U0

∫
Sαβ

Gανα dS.
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Similarly, whenever Gα is a tensorial quantity we have

c) Averages of a divergence

∇ ·Gα
α

= ∇ ·
(
Gα

α
)

+
1

U0α

∫
Sαβ

G̃α · να dS, (2.11)

∇ ·Gα = ∇ ·
(
Gα

)
+

1

U0

∫
Sαβ

Gα · να dS.

In (2.9) to (2.11) Sαβ is the interface surface between the α-phase and any another phase present
in the system, referred to as the β-phase, να is the outward unit normal vector to the α-β inter-
face, directed from the α-phase to the β-phase, and wα the velocity of the displacement of the
α-β interface. For a medium consisting of more than two phases, e.g, a solid, a gas and a liquid,
the surface integrals in equations (2.9) to (2.11) need to be replaced by the sum of the surface
integrals over the interfaces of the α-phase with all the other existing phases.

The macroscopic balance of the transport quantity Eα can easily be obtained by applying the
above mentioned theorems to the average of the general microscopic balance. Taking the phase
average over (2.2), we have

∂ρEα
∂t

= −∇ ·
(
ρEαVα + Jdif

Eα

)
+ ραΓEα.

From (2.8) to (2.11), assuming that the velocity of displacement of the α-β interface wα = 0,
and expressing the averages in terms of intrinsic phase averages by using relation (2.6), we obtain

θα
∂

∂t

(
ρEα

α
)

= −∇.
[
θα

(
ρEα

αVα
α

+ ρ̃EαṼα

α
+ Jdif

Eα

α)]
+ θαραΓEα

α

− 1

U0

∫
Sαβ

(
ρEαVα + Jdif

Eα

)
· να dS, (2.12)

which is the general macroscopic balance. Two terms appear in (2.12) that are not in the gen-

eral microscopic balance (2.2). The first term involves the divergence of the flux ρ̃EαṼα

α
. This

flux is called the dispersive flux of Eα, and it appears due to the variations in Vα and ρEα at
the microscopic scale (inside U0). The second term is the surface integral over Sαβ. This term
represents the flux of Eα across the α− β interface per unit volume of porous medium.

Note that in (2.12), the value of the macroscopic variables ρEα
α, Vα

α
, Jdif

α

α
and ραΓEα

α
at

a given point x, must be interpreted as the average value of the corresponding microscopic
variables ρEα, Vα, Jdif

α and ραΓEα, over the representative volume centered at the point x.

2.2 Moisture transport model

The model for moisture transport in paper follows directly from the general macroscopic balance
(2.12) by taking the transport quantity Eα equal to the mass of water in the α-phase. Since no
free liquid is expected to be present, paper is modeled as composed of only two phases, one gas
and one solid. The gas corresponds to the air filling the pores, which contains water in the form
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of vapor. This phase is called pores, and it is represented by α = p. The solid corresponds to the
fibers. This phase contains water in liquid state bound to cellulose fibers, and it is denoted by
α = f. Then, the moisture transport model consists of two equations, one describing the water
conservation in the pores and one in the fibers. After discussing the general assumptions used
in all the conservation laws, this section presents a detailed derivation of the water balances in
each phase.

In all balances to be presented in Sections 2.2 and 2.3 the following assumptions will be taken
into account

(I) The porosity of the material is constant in time and space.

(II) The density of the paper’s fibers and air in the pores are constant.

(III) Hysteresis effects are negligible.

(IV) The relative humidity (see equation (2.19)) does not exceed 80%.

The first two assumptions are related to the physical properties of paper, while the last two
are mainly related to the water sorption/desorption process. The first assumption implies that
paper is seen as macroscopically homogeneous and that the mechanical changes generated by
hygro-thermal-expansions do not change the porosity of paper. The second assumption neglects
changes in the density of air and fibers due to changes in temperature and water concentration.

An important aspect of water sorption/desorption in paper is that these processes can show
a hysteretic behavior [20], [17], [14]. It means that the sorption and desorption isotherms used
to model the equilibrium water concentrations (see Section 2.2.1) are not the same, giving the
sorption/desorption process additional dependency on the history of the system. The third as-
sumption states that these history dependent effects are not taken into account.

The last assumption ensures that no free liquid, which would constitute a third phase, is present.
For moderate relative humidities the moisture in paper fibers is in an adsorbed state, bound by
chemico-physical forces to the cellulose polymer. Consequently, the water molecules constitute
part of the solid phase. As the relative humidity increases, physico-mechanical forces prevail
over the chemico-physical ones, giving rise to capillary condensation. This phenomenon makes
that unsaturated vapor condenses as bulk liquid in channels of sufficiently small dimensions.
However, for paper materials exposed to relative humidities below 80%, capillarity condensation
is not significant and no bulk liquid is expected to be present [21]. The fourth assumption is
also needed in order to use the GAB-isotherm when modeling the sorption of water in paper (see
Section 2.2.1). The GAB-equation fits sorption data very well up to relative humidities of about
80%, but it performs poorly for higher humidities [21]. The restriction to relative humidities
below 80% is reasonable since the operation range of the target printer is also restricted to the
same relative humidity range.
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2.2.1 Mass balance of water in the pores

If Ep is equal to the mass of water vapor in the pores, ρEp
p corresponds to the macroscopic

concentration of water in the pores Cp
p
. Taking α = p and ρE

α = Cp
p

in (2.12) we have

η
∂Cp

p

∂t
= −∇ ·

[
η
(
Cp

p
Vp

p
+ C̃pṼp

p
+ Jdif

p

p
)]
− Fpf + ηρpΓp

p
, (2.13)

were Cp is the concentration of water vapor in the air inside the pores, with dimensions [kg
m−3], ρp is the density of air, with dimensions [kg m−3], Vp is the velocity of the air inside the
pores, with dimensions, [m s−1], Jdif

p is the diffusive flux of water vapor in the air inside the
pores, with dimensions [kg m−2 s−1], Γp is the internal rate of production of water vapor in the
pores per unit mass of air in the pores, with dimensions [s−1], and Fpf is the mass of water vapor
that leaves or enters the pores through the boundary with the fibers per unit volume of porous
medium per unit of time, with dimensions [kg m−3 s−1]. This term represents the integral on the
right hand side of the macroscopic balance (2.12). η is commonly used to denote the porosity
of a porous medium, defined as the volumetric fraction of void space (pores). It corresponds
to the term θp in equation (2.12) and varies between 0 and 1, the two limits representing a
continuum medium composed completely of solid or void space, respectively. Note that the con-
centration Cp in (2.13) corresponds to the mass of water in the pores per unit volume of pores,
while ηCp corresponds to the mass water in the pores per unit of total volume (pores and fibers).

In all situations in which this model is used (see Chapter 3 to 5) no convective fluxes are present,
i.e., the macroscopic velocity of the air inside the pores Vp

p
and its corresponding deviation

Ṽp are 0. Since there are no chemical reactions that consume or produce water vapor in the
pores, the water production rate ρpΓp

p
is also 0. Taking Vp

p
= Ṽp = Γp

p
= 0, making use of

assumption I, and omitting the average signs, (2.13) reduces to

∂Cp

∂t
= −∇ · Jdif

p −
Fpf

η
. (2.14)

An expression for the macroscopic diffusive flux Jdif
p can be found by averaging the microscopic

Fick’s law [6]. It reads

Jdif
p = −Deff

p ∇Cp, (2.15)

where Deff
p is the effective diffusivity of water in the pores, with units [m2 s−1]. Deff

p accounts for
the deviation of the diffusivity in the pores from the diffusivity of water vapor in air due to the
presence of the solid matrix. Deff

p is smaller than the diffusivity of water in air since it takes into
account that the presence of solid particles causes the diffusion paths of species to deviate from
straight lines, making the actual distance traveled by the diffusing species much higher than the
length of their displacement inside the porous medium. It also accounts for the effect of pores
that, due to their size, are not accessible to the diffusing particles and dead-end and blind pores
(i.e., pores without being connected to the rest of the pore system).

One characteristic of paper is that its fibers are mainly oriented in the direction in which the
paper travels through the machine during the manufacturing. This fiber’s orientation makes
paper an anisotropic material. Thus, the effective diffusivity is in principle a tensorial quantity
represented by a 3x3 diagonal matrix with unequal diagonal entries. However, Deff

p is considered
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to be a scalar since only data for the diffusivity in the thickness direction is available. Moreover,
Deff

p is considered to be a constant, i.e., no variations with water concentration and temperature
are considered.

The term Fpf in (2.14) represents the sorption/desorption process of water on the network of
fibers. This process is driven by the difference between the current water concentration and the
concentration at which the system would reach equilibrium. It can be expressed as

Fpf = (1− η)ApfK(Cf,equ − Cf),

where Apf is the surface area of the pore-fiber interface per unit volume of porous medium,
with units [m−1], K is the pores to fibers mass transfer coefficient, with units [m s−1], Cf is the
water concentration in the fibers, with units [kg m−3] and Cf,equ is the value of Cf that would
be in equilibrium with the local value of Cp, with units [kg m−3]. If Cf < Cf,equ then Fpf > 0,
representing a net transport of water from pores to fibers, i.e., water vapor condensates and is
adsorbed onto the fibers. Analogously, for Cf > Cf,equ Fpf < 0, which means that water form the
fibers is transported to the pores through desorption. When both concentrations are the same
the system is in equilibrium and there is no net water transport between fibers and pores.

Introducing the new constant Kmi = ApfK, the expression for Fpf becomes

Fpf = (1− η)Kmi(Cf,equ − Cf), (2.16)

where Kmi is a new internal (pore to fibers) mass transfer coefficient, with units [s−1]. The mass
transfer coefficient Kmi is used here because, since Apf and K are constants, determining Kmi

from experimental data avoids the explicit determination of Apf and K separately.

With Fpf defined in (2.16) and Jdif
p defined in (2.15), equation (2.14) becomes

∂Cp

∂t
= ∇ ·

(
Deff

p ∇Cp

)
− Kmi(1− η)

η
(Cf,equ − Cf). (2.17)

The equilibrium water concentration in the fibers Cf,equ is a function of the temperature and
water concentration in the pores Cp. An explicit relation between Cf,equ and Cp can be found
by using a sorption isotherm, i.e., an equation that gives the equilibrium water concentration in
a material as a function of the humidity at a given constant temperature.

One commonly used isotherm to describe adsorption of water in different materials is the
Guggenheim-Andreson-De Boer or GAB-isotherm [21]. The theory used in the derivation of
this equation (Dent sorption theory) assumes that sorption takes place in a multilayered way
(see figure Figure 2.2) [11], [23]. Initially, water forms a first layer of molecules directly bound to
the solid molecules. The sites where these molecules are bound are known as the primary binding
sites, and this first layer of molecules is known as the monolayer of adsorption. In addition to
the primary binding sites, water molecules can also bind other water molecules forming further
layers and creating a multilayered region. The sites where the molecules in the multi-layer are
bound are known as secondary binding sites. Since the molecules bound to secondary sites are
not directly in contact with the solid molecules, their binding energy is lower than the one of the
molecules in the monolayer [22], [23]. The GAB-isotherm has been reported to fit the sorption
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data of water in paper very well [16], [5], [15]. It is given by

Xequ =
XmCGABKGABRH

(1−KGABRH)(1−KGABRH + CGABKGABRH)
, (2.18)

where RH is the relative humidity (to be defined in equation (2.19)) and Xequ is the equilibrium
moisture content (to be defined in equation (2.23)), both dimensionless variables. The dimen-
sionless constants CGAB, KGAB and Xm are known as the GAB-parameters. Theoretically, CGAB

represents an energy constant related to the difference between the chemical potential of the sor-
bate molecules in the first sorption layer and the molecules in the upper layers, KGAB represents
a correcting factor for properties of the multi-layer molecules relative to the bulk liquid, and
Xm is the water content corresponding to saturation of all primary sorption sites by one water
molecule [3]. The GAB-parameters are temperature dependent. For a given temperature they
need to be determined experimentally by fitting equation (2.18) to equilibrium concentration
data measured at that temperature for different relative humidities. Figure (2.3) shows typical
GAB-curves fitted to experimental data of paper at different temperatures.

Figure 2.2: Schematic representation of primary sorption sites (vertical bars), primary bound water
(dark circles) and secondary bound water (white circles).

Figure 2.3: GAB-isotherm for paper fitted to experimental data at different temperatures. Taken from
[16].
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Before incorporating the GAB-isotherm in the mass balance of water in the pores (2.17), it
is necessary to express the variables RH and Xequ that appear in (2.18) in terms of Cp and
Cf,equ, respectively.

First the relative humidity RH. It is defined as

RH =
Pw

P sw
, (2.19)

with Pw and P sw the partial and saturated pressure of water in the pores, respectively, both with
dimensions [Pa]. Note that RH varies between 0 and 1. P sw can be calculated from the Arden-
Buck’s equation, an empirical formula which relates the saturation vapor pressure of water in
air to the temperature. It is valid for temperatures between -80 and 50 Celsius degrees [9], and
is given by

P sw = 611.21 exp

[
−5420, 0657 + 21, 007T − 0, 00426T 2

T − 16, 01

]
, (2.20)

where T is the temperature in Kelvin. The pressures Pw and P sw can be expressed in terms water
vapor concentrations by applying the ideal gas law, i.e.,

Pw =
RTCp

Mw
,

P sw =
RTCsw
Mw

,

where Csw is the saturated water vapor concentration in [kg m−3], R is the ideal gas constant,
with a value of 8.31447 [J mol−1 K−1] and Mw is the molecular weight of water, with a value of
18, 0153× 10−3 [kg mol−1]. Substituting Pw and P sw in (2.19) we obtain

RH =
Cp

Csw
. (2.21)

An expression for Csw in terms of the temperature can be obtained by applying the ideal gas law
to relation (2.20). This leads to

Csw =
1.3243

T
exp

[
−5420, 0657 + 21, 007T − 0, 00426T 2

T − 16, 01

]
. (2.22)

In order to observe more clearly the behavior of the function Csw, Figure 2.4 shows a plot of Csw
vs T for the range of temperatures in which the model is meant to be used.

Now the equilibrium moisture content Xequ, which is defined by

Xequ =
ηCp + (1− η)Cf,equ

(1− η)ρf
, (2.23)

with ρf the density of the dry fibers in [kg m−3]. This variable represents the ratio between the
total mass of water and the mass of dry fibers in a paper sheet. Relation (2.23) can be simplified
by noticing that usually ηCp � (1−η)Cf,equ, i.e., the mass of water in the pores is much smaller
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Figure 2.4: Cs
w as a function of temperature.

than the corresponding equilibrium mass of water in fibers. For example at a temperature of
20◦C and RH of 0.5, ηCp has order of magnitude 10−3 while (1 − η)Cf,equ is of order 10 [ kg
m−3] [15]. With this simplification (2.23) reduces to

Xequ ≈
Cf,equ

ρf
. (2.24)

After substituting the relations (2.21) and (2.24) in (2.18) we can obtain the following expression
relating Cf,equ with Cp

Cf,equ =
ρfXmCGABKGAB

Cp

Csw

(1−KGAB
Cp

Csw
)(1−KGAB

Cp

Csw
+ CGABKGAB

Cp

Csw
)
. (2.25)

This relation together with (2.22) and (2.17) defines the evolution of the water concentration in
the pores.

2.2.2 Mass balance of water in the fibers

Similarly to the balance of water in the pores, the balance of water in the fibers follows after
taking α = f and ρEf

= Cf in the general macroscopic balance (2.12). Since the fibers are solid,

there is clearly no convection in this phase (Vf
f
, Ṽf

f
= 0), and since there is no water source,

the internal rate of production of water in the fibers is 0 as well (ρfΓf
f

= 0). Taking these
considerations into account and making use of the assumption I, the macroscopic balance of
water in the fibers becomes

(1− η)
∂Cf

f

∂t
= −(1− η)∇ · Jdif

f

f
+ Fpf ,

where Jdif
f is the diffusive flux of water in the fibers, with dimensions [kg m−2 s−1], and (1−η) is

the volumetric fraction of fibers in paper, which corresponds to the term θf in the macroscopic
balance. The equality 1− η = θf holds since the volumetric fractions of pores and fibers add to
1. Introducing relation (2.16), omitting the average signs and defining the diffusive flux Jdif

f in
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a similar way to (2.15), we reach

∂Cf

∂t
= ∇ ·

(
Deff

f ∇Cf

)
+Kmi(Cf,equ − Cf), (2.26)

with Deff
f the effective diffusivity of water in the fibers, with dimensions [m2 s−1].

When there is no convection, moisture can be transported in paper by two mechanisms, i.e.,
diffusion through the cellulose fibers or diffusion through the air filling the pores. Each mecha-
nism is dominant under different conditions. Diffusion in the pores is dominant at low relative
humidities when the moisture content in paper is low. This is due to the fact that at low relative
humidities no free liquid is expected to fill the pores and all the diffusion paths through the
pores are available, but at high relative humidities water condensates as a free liquid blocking
progressively these diffusion paths. On the other hand, diffusion in the fibers dominates in very
wet environments when water concentrations are high. This is because at low moisture concen-
trations the majority of the adsorbed molecules are in direct contact with the cellulose fibers,
having strong water-fiber interactions that limit the water molecules’ mobility. However, as the
moisture concentration increases there are more water molecules that are not in direct contact
with the fibers but only bound to other water molecules. Since their interaction with the fibers
is not as strong, they can move more freely increasing the diffusivity of water in the fibers.

For the range of relative humidities considered here, the dominant diffusion path is through
the pores [20]. For instance, for RH = 0.75 the effective diffusivity of water in the fibers is of
order 10−14 [16], [4], while for the same RH range the effective diffusivity of water in the pores
has an order of magnitude between 10−6 and 10−7 [16], [4], [5]. This difference of at least 7
orders of magnitude, justifies neglecting diffusion in the fibers. Taking Deff

f = 0 reduces (2.26)
to

∂Cf

∂t
= Kmi(Cf,equ − Cf), (2.27)

which constitutes the mass balance of water in the fibers. Note that this equation expresses that
the water concentration in fibers can only change due to local moisture exchange with the pores.

The moisture equations (2.17) and (2.27) are clearly temperature dependent. Note that the
temperature can influence the evolution of moisture in two ways. The first way is by the temper-
ature dependency of the saturation concentration of water vapor Csw. In this way the temperature
affects moisture by displacing the equilibrium concentration Cf,equ to lower values for increasing
temperature. The second way is due to changes in the values of the GAB-parameters. The
GAB-isotherm gives the equilibrium moisture concentration as a function of the relative humid-
ity for fixed temperatures. Thus, the GAB-parameters CGAB, KGAB and Xm are different for
different temperatures. A way to include the variation of these parameters with temperature
will be explained in more detailed in Chapter 4.

2.3 Heat transport model

The macroscopic energy conservation laws for paper are obtained by applying the general macro-
scopic balance with the transport quantity Eα equal to the sum of the kinetic and internal energy.
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Following the same approach as in Section 2.2, two energy balances are initially derived, each of
them corresponding to one of the phases present in the system (pores and fibers). Different from
the water balances, the resulting two equations are then reduced to a single differential equation
that describes the temperature evolution in paper. This section describes the derivation of this
differential equation.

The macroscopic energy balance for an α-phase can be obtained by taking ρEα = ρα(cαTα +
1/2|Vα|2) in (2.12), where Vα is the velocity of the α-phase in [m s−1] and cαTα the internal
energy of the α-phase per unit mass of α-phase in [J kg−1], with cα the specific heat of the
α-phase in [J kg−1 K−1] and Tα the temperature of the α-phase in [K]. Taking into account the
assumptions listed in Section 2.2, considering the specific heat of the α-phase constant, and after
several modifications [6], this balance can be expressed as

θαραcα
∂

∂t
Tα

α
= −θαραcα∇·

(
Tα

α
Vα

α
+ ραcαT̃αṼα

α)
−θα∇·qdif

α

α
+θαραΓα

α
+F h

αβ, (2.28)

where Γα
α

is the internal rate of heat production in the α-phase per unit mass of α-phase in [J

kg−1 s−1], qdif
α

α
is the conductive heat flux, with dimensions [J m−2 s−1], and F h

αβ is the sum
of the rates of heat exchange of the α-phase with any other phase β per unit volume of porous
medium, with dimensions [J m−3 s−1]. This term represents the integral in equation (2.12).

The energy balance in the pores is obtained by taking α = p in (2.28). Since there is no
heat source in the pores Γα

α
= 0, and since the model is meant to be applied in systems without

convection, Vp
p
, Ṽ

p

p = 0. With these simplifications and omitting the average signs, we have

ηρpcp
∂Tp

∂t
= −η∇ ·

(
qdif

p

)
+ F h

pf , (2.29)

where Tp is the temperature of the air in the pores in [K], ρp is the density of air in [kg m−3], cp

is the heat capacity of air in [J kg−1 K−1], η is the volumetric fraction of pores (porosity), qdif
p

is the conductive heat flux in the pores in [J m−2 s−1], and F h
pf is the rate of heat exchange of

the air in the pores with the fibers per unit of total volume (pores and fibers), in [J m−3 s−1].

Taking α = f in (2.28), omitting the average signs, and substituting Vf
f

= Ṽ
f

f = 0, the en-
ergy balance in the fibers is found to be

(1− η)ρfcf
∂Tf

∂t
= −(1− η)∇.

(
qdif

f

)
− F h

pf + (1− η)γh
f , (2.30)

where Tf is the temperature of the fibers in [K], cf is the specific heat of the fibers in [J kg−1

K−1], ρf is the density of the dry fibers in [kg m−3], (1 − η) is the volumetric fraction of fibers
in paper, qdif

f is the conductive heat flux in the fibers in [J m−2 s−1], and γh
f is the internal

rate of heat production in the fibers per unit volume of fibers in [J m−3 s−1]. Note that γh
f

corresponds to the term ρfΓf
f

following the notation in (2.28). It represents the heat release due
to condensation of water molecules being adsorbed on the fibers, or heat consumption due to
evaporation of water from fibers.
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One further simplification is the assumption that the fibers and air in the pores are in in-
stantaneous thermal equilibrium, i.e., Tp = Tf . This is valid since the fibers are of very small
diameter and have a very large surface to volume ratio, which makes the heat transfer across
their surface and conduction inside the fibers a very rapid process. It is also justified by the
comparable size of the pores and fibers networks, and by the zero velocity of both phases [6].

Taking T = Tp = Tf and adding the energy balances for pores and fibers we obtain

(ηρpcp + (1− η)ρfcf)
∂T

∂t
= −∇ ·

(
ηqdif

p + (1− η)qdif
f

)
+ (1− η)γh

f .

Under the assumption of thermal equilibrium the macroscopic conductive fluxes qdif
p and qdif

f

can be obtained by averaging the microscopic Fourier’s law [6] as

qdif
p = −Λeff

p ∇T,
qdif

f = −Λeff
f ∇T,

where Λeff
p and Λeff

f are the effective thermal conductivities of the air in the pores and the fibers,
respectively. Note that since paper is anisotropic, these conductivities are tensors.

Substituting the expressions for the conductive fluxes, the energy balance becomes

ρc
∂T

∂t
= ∇ · (Λ∇T ) + (1− η)γh

f , (2.31)

where ρc is the volumetric specific heat of paper in [J m−3 K−1], given by

ρc = ηρpcp + (1− η)ρfcf ,

and Λ is the effective thermal conductivity of paper in [J m−1 K−1 s−1], given by

Λ = ηΛeff
p + (1− η)Λeff

f .

The source term due to water condensation or evaporation γh
f can be expressed in terms of the

rate of change of the water concentration in the fibers as

γh
f = −∆Hads

∂Cf

∂t
,

where ∆Hads is the specific enthalpy of adsorption of water on the fibers, a negative quantity
with dimensions [J kg−1].

In the balance of water in the pores, the sorption of water in the fibers was modeled by using
the equilibrium concentration Cf,equ (see Section 2.2.1). An expression for Cf,equ was obtained
from the so-called GAB-isotherm, an equation derived based on a sorption theory known as Dent
Sorption Theory [23]. As explained in Section 2.2.1, this theory considers water to be adsorbed
in two forms, as primary and secondary bound water [23], [13]. The same theory states that
due to their different binding energies, the enthalpy of adsorption of these two water forms is
different. Following this theory, the enthalpy of adsorption can be expressed as [16]

∆Hads = ∆Hprim
Xprim

Xequ
+ ∆Hsec

(
1− Xprim

Xequ

)
=

Xprim

Xequ
(∆Hprim −∆Hsec) + ∆Hsec,
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where Xprim is the mass of water adsorbed on primary binding sites per unit mass of dry fibers,
Xequ the equilibrium moisture content defined in (2.24), ∆Hprim the specific enthalpy of conden-
sation of primary bound water in [J kg−1], and ∆Hsec the specific enthalpy of condensation of
secondary bound water in [J kg−1]. Since an experimental value of ∆Hsec is not available, it will
be approximated as the value of the enthalpy of condensation of water vapor. Xprim is given by
the Dent theory [23], [13] as

Xprim

Xequ
= 1−KGABRH

= 1−KGAB
Cp

Csw
.

Substituting γh
f in (2.31), the energy balance becomes

ρc
∂T

∂t
= ∇ · (Λ∇T )− (1− η)∆Hads

∂Cf

∂t
, (2.32)

with

∆Hads =

[
Cf,prim

Cf,equ
(∆Hprim −∆Hsec) + ∆Hsec

]
, (2.33)

Cf,prim

Cf,equ
= 1−KGAB

Cp

Csw
, (2.34)

where Cf,prim is the concentration of primary bound water in the fibers, with dimensions [kg
m−3], and Cf,equ the equilibrium concentration in the fiber given by (2.25). Note that the ap-
proximation in (2.24) was used to obtain relation (2.33). Equations (2.32) to (2.34) define the
temperature evolution in paper.

Summarizing, the mathematical model to describe moisture and heat transport in paper de-
rived in this chapter consist of three differential equations. The first equation (2.17) describes
the diffusion of water vapor through the pores network, the second equation (2.27) describes the
local water sorption or desorption onto the paper fibers, and the third equation (2.32) describes
the evolution of the temperature of paper under the assumption of thermal equilibrium between
pores and fibers. The three equations are coupled by means of the functions Cf,equ and ∆Hads

defined in (2.25) and (2.33), respectively, both being functions of the water concentration in the
pores Cp and the temperature T . Several physical parameters are involved in these three differ-
ential equations and their boundary conditions, which will be presented for different situations
in Chapters 3 to 5. The list of the parameter values that will be used in all the simulations is
presented in Table 2.1.
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Parameter name Symbol Value, reference

porosity η 0.47, [1]
volumetric specific heat of paper ρc 9.816× 105 J m−3 K−1, [1]
thickness of the paper sheet Lz 1.1× 10−4 m, [1]
length of the paper sheet Ly 0.25 m,
effective diffusivity of water in the pores Deff

p 1.7× 10−6 m2 s−1, [1]

pores to fibers mass transfer coefficient Kmi 7.4× 10−3 s−1, [5]
mass transfer coefficient with the environment Kme 0.0089 m s−1, [1]
heat transfer coefficient with the environment Khe 10.401 W m−2 K−1, ( From 4.4)
specific enthalpy of adsorption to primary sites ∆Hsec −2.45× 10−6 J kg−1, [16]
specific enthalpy of adsorption to secondary sites ∆Hprim −3.16× 10−6 J kg−1, [16]
in-plane effective thermal conductivity Λy 0.51 W m−1 K−1, [1]
through-plane effective thermal conductivity Λx 0.06 W m−1 K−1, [1]
thermal conductivity of air Λa 0.026 W m−1 K−1, [1]
diffusivity of water vapor in air Daw 2.53× 10−3 m2 s−1, [16]
density of air ρa 1.18 kg m−3, [16]
specific heat capacity of air ca 1.004× 103 J kg−1 K−1, [16]

Table 2.1: List of physical parameters.

2.4 Dimensional analysis

In this section the system of differential and algebraic equations derived in Sections 2.2 and 2.3
is scaled, and a new set of dimensionless equations is obtained. The parameters involved in
these dimensionless equations are also analyzed in order to get physical insight in the transport
processes in paper sheets.

The concentrations, temperature and spatial and time coordinates are scaled as

Ĉp =
Cp − Cpmin

Cpmax − Cpmin
,

Ĉf =
Cf − Cfmin

Cfmax − Cfmin
,

T̂ =
T

Tmax
,

(2.35)

x̂ =

[
x

`1
,
y

`1
,
z

`2

]
,

t̂ =
Deff

p t

`2
,

with Ĉp and Ĉf the dimensionless water concentration in pores and fibers, Cpmin and Cfmin the
minimum concentration of water in pores and fibers, with dimensions [kg m−3], Cpmax and Cfmax

the maximum concentration of water in pores and fibers, `1 a characteristic length in [m] of the
order of the length or width of a paper sheet, `2 a characteristic length in [m] of the order of the
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thickness of a paper sheet, Tmax the maximum attainable temperature in [K], and ` a reference
length in [m] for the dimensionless time, which can be defined in different ways depending on
the dimensionality of the application of the model.

The dimensionless concentrations Ĉp and Ĉf are defined such that they vary between 0 and
1. For an isothermal process Cpmin can be estimated as the minimum of the initial Cp-value
and the minimum water concentration in the environment surrounding the paper, and analo-
gously for Cpmax. The minimum and maximum water concentrations in the environment can be
calculated from the relative humidity in the environment RH∞, as follows

Cpmin = RHmin
∞ Cs

w,

Cpmax = RHmax
∞ Cs

w,

with RHmin
∞ and RHmax

∞ the minimum and maximum relative humidity of the environment, re-
spectively. On the other hand, for a non-isothermal process Cpmin can be estimated in the same
way, but Cpmax should be calculated from equation (2.22) as the saturation concentration of
water Csw corresponding to the maximum attainable temperature. For both kinds of processes,
if pores and fibers are initially in equilibrium, and assuming that the temperature does not de-
crease below its initial value, the maximum and minimum concentrations in the fibers can be
estimated from equation (2.25) as the equilibrium concentration in the fibers corresponding to
the maximum and minimum concentrations in the pores, respectively.

The dimensionless time is scaled with a characteristic diffusion time. The characteristic length
` that appears in the time scaling depends on the direction in which diffusion is taking place.
For instance, when modeling transport in the in-plane direction (x, y coordinates) an appropri-
ate choice would be ` = `1, while when modeling transport in the through-plane direction (z
coordinate) it would be ` = `2.

Substituting the dimensionless variables Ĉp, Ĉf , x̂ and t̂ in the system of differential equa-
tions for the concentrations (equations (2.17) and (2.27)), and grouping constants together we
get

∂Ĉp

∂t̂
=

`2

`21

(
∂2Ĉp

∂x̂2
+
∂2Ĉp

∂ŷ2

)
+
`2

`22

∂2Ĉp

∂ẑ2
−Nm

p (Ĉf,equ − Ĉf), (2.36)

∂Ĉf

∂t̂
= Nm

f (Ĉf,equ − Ĉf), (2.37)

where Nm
p and Nm

f are two dimensionless constants, given by

Nm
f =

`2Kmi

Deff
p

,

Nm
p =

(1− η)(Cfmax − Cfmin)

η(Cpmax − Cpmin)
Nm

f .

The constant Nm
f represents the ratio between the water diffusion time (`2/Deff

p ) and the char-
acteristic time of water transfer from pores to fibers (1/Kmi). N

m
f values close to 0 indicate that

the local intake of water in the fibers is slower than the diffusion of water through the pores
network, while a large value of Nm

f indicates that diffusion is the slowest process.
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For the temperature equation, after substituting the dimensionless variables in (2.32) and group-
ing constants together, we obtain

∂T̂

∂t̂
= Lexy

(
`2

`21

)(
∂2T̂

∂x̂2
+
∂2T̂

∂ŷ2

)
+ Lez

(
`2

`22

)(
∂2T̂

∂ẑ2

)
−Nh∆Hads

∂Ĉf

∂t̂
, (2.38)

where Lexy is the Lewis number for thermal diffusion in the in-plane directions of a paper sheet,
Lez is the Lewis number for thermal diffusion in the through-plane direction, and Nh is a constant
with dimensions [kg J−1] such that Nh∆Hads is a dimensionless quantity. They are given by

Lexy =
Λxy
Deff

p ρc
,

Lez =
Λz

Deff
p ρc

,

Nh =
(1− η)(Cfmax − Cfmin)

ρcTmax
.

The Lewis number is a dimensionless number that represents the ratio of thermal diffusivity to
mass diffusivity. Note that two Lewis numbers are defined since, due to the anisotropic nature
of paper, the in-plane and through-plane thermal diffusivities are different [1].

One important characteristic of paper is that its thickness is considerably smaller than its in-
plane dimensions. The width and length of paper sheets are of the order of 10−1m, while the
thickness is of order 10−4m. This difference makes the gradients through the thickness of the
sheet smooth out much faster than gradients in the plane. This can be observed from the di-
mensionless equations for temperature and water concentration in the pores, since for any choice
of ` in equations (2.36) and (2.38) the ratio `2/`21 multiplying the in plane diffusion terms would
have an order of magnitude approximately 10−6 times smaller that the ratio `2/`22 multiplying
the diffusion terms through the thickness.

The dimensionless function Ĉf,equ involved in the dimensionless moisture equations (2.36) and

(2.37) can be written in terms of the dimensionless water concentration in the pores Ĉp as follows

Ĉf,equ =
1

Cfmax − Cfmin

[
ρfXmCGAB(A2Ĉp +A1)

(1−A1 −A2Ĉp)(1 + (CGAB − 1)A1 + (CGAB − 1)A2Ĉp)
− Cfmin

]
,

with

A1 =
KGABCpmin

Csw
,

A2 =
KGAB(Cpmin − Cpmax)

Csw
.

Similarly, de function ∆Hads involved in the dimensionless temperature equation (2.38) can be
expressed in terms of Ĉp as

∆Hads = [A1∆Hsec + (1−A1)∆Hprim]−A2(∆Hprim −∆Hsec)Ĉp.
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If the relations for Ĉf,equ and ∆Hads are rearranged in order to obtain simpler equations with
less constants, we obtain

Ĉf,equ =
m1Ĉp +m2

m3 +m4Ĉp +m5Ĉ2
p

−m6, (2.39)

∆Hads = m8 −m7Ĉp, (2.40)

where

m1 =
ρfXmCGABA2

Cfmax − Cfmin
,

m2 =
ρfXmCGABA1

Cfmax − Cfmin
,

m3 = (1−A1)(1 +A1(CGAB − 1)),

m4 = A2(1−A1)(CGAB − 1)−A2(1 +A1(CGAB − 1)), (2.41)

m5 = −A2
2(CGAB − 1),

m6 =
Cfmin

Cfmax − Cfmin
,

m7 = A2 (∆Hprim −∆Hsec) ,

m8 = A1∆Hsec + (1−A1∆Hprim) .

Summarizing, the dimensionless equations for moisture transport in paper consist of equations
(2.36) and (2.37), with the function Ĉf,equ given by (2.39). The dimensionless equation for the

temperature evolution consists of equation (2.38), with ∆Hads given by (2.40). Both, Ĉf,equ and
∆Hads are functions of the dimensionless water concentration in the pores and temperature.



Chapter 3

Isothermal moisture transport

The goal of this chapter is to find a model that predicts the evolution of the moisture concentra-
tion in paper in response to changes in relative humidity. The solution of this model will be used
to get insight in the water intake process, for example, by studying how fast it is and what are
the dominant steps. The model derived here is meant to represent the water sorption in paper
sheets before being printed, when they are kept in an environment with a relative humidity
different from the relative humidity of the place where they were produced. Since this section
considers the isothermal case, the moisture model is solved independently from temperature,
i.e., the possible temperature changes generated by heat sources due to sorption or desorption
are neglected. Section 3.1 starts with the derivation of the mathematical models, which are
initially derived for one sheet of paper and later extended to a stack of paper. The numerical
approach used to solve these models is then explained in Section 3.2 and the numerical solutions
are presented and discussed in Section 3.3.

3.1 Mathematical model

In this section the moisture transport model obtained in Section 2.2 is used to derive a model
that describes the isothermal moisture transport in paper sheets exposed to an environment with
homogeneous relative humidity that varies in time. Paper sheets are assumed to exchange water
vapor only through their upper and bottom surfaces, and not through the lateral sides. This is
reasonable because, due to the small thickness of paper, the area available for mass transfer at
the top and bottom surface of a sheet is significantly larger compared to the lateral area. Taking
this into account and since the relative humidity in the environment is considered homogeneous,
there are no gradients in the in-plane directions. Thus, moisture is only transported through the
thickness of the paper sheets and the model is one-dimensional. All the equations are initially
derived for a single sheet of paper, and later the model is extended to a stack of paper by taking
into account the presence of air gaps between sheets. This section also includes the derivation of
a zero-dimensional model that will be used later on, to discuss the necessity of including diffusion
through the thickness of paper.

3.1.1 One paper sheet

The system considered in this section consists of a paper sheet whose bottom and top surfaces are
exposed to a homogeneous environment. This system represents the piece of paper connecting

24
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the paper roll with the print surface in the printing set up described in Chapter 1. Figure 3.1
shows a schematic representation of the situation together with the coordinate system. The
corresponding model for isothermal moisture transport in such paper sheets can be obtained by
taking the one-dimensional version of equations (2.17) and (2.27), i.e.,

∂Cp

∂t
= Deff

p

∂2Cp

∂z2
− (1− η)Kmi

η
(Cf,equ − Cf) , (3.1)

∂Cf

∂t
= Kmi (Cf,equ − Cf) , (3.2)

with the nonlinear function Cf,equ = Cf,equ (Cp) given by (2.25). The boundary conditions
describe the moisture exchange with the environment at the bottom (z = 0) and top (z = Lz)
of the sheet as follows

Deff
p

∂Cp

∂z
= Kme1(Cp − Cp∞) at z = 0, (3.3)

Deff
p

∂Cp

∂z
= Kme2(Cp∞ − Cp) at z = Lz, (3.4)

where Kme1 and Kme2 are external mass transfer coefficients at the bottom and top surface of
the sheet, respectively, with dimensions [m s−1], and Cp∞ is the water vapor concentration in the
bulk environment, i.e., away from the diffusion boundary layer between the paper sheet and the
air that surrounds it. Cp∞ can be calculated from the bulk relative humidity in the environment
RH∞ as Cp∞ = RH∞C

s
w, with Csw given in (2.22).

Figure 3.1: Notation and coordinates system for one paper sheet.

Fibers and pores are assumed to be initially in equilibrium with each other and with the envi-
ronment, so the initial conditions read

Cp(z, 0) = C init
p∞ , (3.5)

Cf(z, 0) = Cf,equ

(
C init

p∞

)
, (3.6)

with C init
p∞ the initial concentration of water in the environment.
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The dimensionless version of (3.1) and (3.2) is obtained by taking the one-dimensional version
of (2.36) and (2.37) with ` = `2 = Lz. It reads

∂Ĉp

∂t̂
=

∂2Ĉp

∂ẑ2
−Nm

p (Ĉf,equ − Ĉf), (3.7)

∂Ĉf

∂t̂
= Nm

f (Ĉf,equ − Ĉf), (3.8)

with the function Ĉf,equ defined in (2.39). Substituting the dimensionless variables defined in
(2.35) in the boundary and initial conditions we have

∂Ĉp

∂ẑ
= Bim1 (Ĉp − Ĉp∞) at ẑ = 0, (3.9)

∂Ĉp

∂ẑ
= Bim2 (Ĉp∞ − Ĉp) at ẑ = 1, (3.10)

Ĉp(ẑ, 0) = Ĉ init
p∞, (3.11)

Ĉf(ẑ, 0) = Ĉf,equ

(
Ĉ init

p∞

)
, (3.12)

with Ĉ init
p∞ the dimensionless concentration of water in the environment, and the dimensionless

constants Bim1 and Bim2 the Biot number for mass transfer at the bottom (ẑ = 0) and top (ẑ = 1)
surface of the sheet, respectively. They are given by

Bim1 =
LzKme1

Deff
p

, (3.13)

Bim2 =
LzKme2

Deff
p

. (3.14)

The Biot number for mass transfer represents the ratio of the mass transfer resistances inside and
at the surface of the paper sheets. High Bim values indicate that diffusion is the slowest process
and consequently, that concentration gradients inside the paper sheet are expected, while Bim

values close to 0 indicate that diffusion is fast compared to the external mass transfer and no
big concentration gradients are expected.

From equations (3.7) and (3.8) and their corresponding boundary and initial conditions (3.9) to
(3.12) the water concentration in fibers and pores across the thickness of the paper sheet can
be computed. However, these profiles do not give very useful information when comparing the
model with experiments. In real life it is very difficult to measure moisture profiles across the
thickness of paper, or to distinguish between the moisture concentrations in pores and fibers.
Experiments usually measure the total mass of water in the paper sheet, for example, by weight-
ing the sheet before and after drying it, or by using infrared sensors to determine the total water
concentration. In this way, the water concentration is usually reported as total moisture content
(Xtotal), i.e., the total mass of water contained in a paper sheet divided by the dry mass of the
sheet. Xtotal can be determined by integrating the water concentration in the fibers over the



CHAPTER 3. ISOTHERMAL MOISTURE TRANSPORT 27

paper thickness as follows

Xtotal =

∫
V Cf (1− η)dV

LzA(1− η)ρf
,

=
A(1− η)

∫ Lz
0 Cf dz

LzA(1− η)ρf
,

=

∫ Lz
0 Cf dz

Lzρf
,

where V is the volume of the paper sheet and A its surface area. Note that the term LzA(1−η)ρf

represents the total mass of dry fibers, and with the approximation ηCp � (1 − η)Cf , the first
integral that appears in the expression for Xtotal corresponds to the total mass of water in the
paper sheet.

3.1.2 Stack of paper sheets

In order to model the moisture sorption in a stack of two or more paper sheets the model for one
sheet can be extended by taking into account the presence of air gaps between the sheets. Sim-
ilarly to the situation considered for one paper sheet, the top surface of the stack is considered
to be exposed to an environment with homogeneous relative humidity that varies in time, but in
this case the bottom surface of the stack is assumed to be in contact with a water impermeable
surface. The moisture transport equations are derived in this section for a stack consisting of
only two paper sheets since the model for more sheets follows easily from the one of two sheets.
Figure 3.2 gives an illustration of the system together with the spatial coordinates.

Figure 3.2: Notation and coordinates system for two sheets of paper.

The moisture model derived in Section 3.1.1 for one sheet is extended for more sheets by in-
cluding a linear diffusion equation of water vapor in air, which represents the moisture diffusion
inside the air gaps. The air gaps are considered to act as an additional resistance for the mois-
ture transport in the thickness direction, but the water intake at the lateral surfaces of the stack
through the air gaps is considered negligible. This assumption is justified since the stack of
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papers is usually very compact and the surface available for water intake through the air gaps
is very small compared to the in-plane dimensions of the paper sheets. In addition, there is
experimental data that shows that for all conditions only the most external paper sheets show
the undesired features attributed to moisture sorption [1].

The moisture transport equations inside the paper sheets consists of equation (3.1) and (3.2),
and the differential equation for water vapor diffusion inside the air gaps is given by

∂Ca

∂t
= Daw

∂2Ca

∂z2
,

where Ca is the water concentration in the air gap, with dimensions [kg m−3], and Daw is the
diffusivity of water vapor in air, with dimensions [m2 s−1].

For a given number of paper sheets (Nsheets), there will be Nsheets − 1 air gaps and conse-
quently 2Nsheets− 1 differential equations of second order in space. The boundary conditions for
this set of equations can be grouped as interface conditions and external boundary conditions.
The first correspond to the conditions at the air gap-paper sheets interfaces, while the second
correspond to conditions at the external surfaces of the upper and lower paper sheets. The in-
terface conditions impose continuity of the water vapor flux through the air gap-paper interfaces
and continuity of the concentration of water vapor in the air inside the pores and the air inside
the air gaps, i.e.,

Deff
p

∂Cp

∂z
= Daw

∂Ca

∂z
,

Cp = Ca.

The external boundary conditions are given by equations (3.3) and (3.4), where now the external
mass transfer coefficient at at the bottom of the stack Kme1 = 0 due to the presence of the water
impermeable surface.

The dimensionless version of the system of equations for a stack of two sheets and its bound-
ary conditions is shown below. The extension of the system for more than 2 paper sheets is
straightforward.

∂Ĉp

∂ẑ
= 0 at z = 0,

∂Ĉp

∂t̂
=
∂2Ĉp

∂ẑ2
−Nm

p (Ĉf,equ − Ĉf) 0 < z < Lz,

∂Ĉf

∂t̂
= Nm

f (Ĉf,equ − Ĉf) 0 < z < Lz,

Ĉp = Ĉa at z = Lz,

∂Ĉp

∂ẑ
= D̂aw

∂Ĉa

∂ẑ
at z = Lz,

∂Ĉa

∂t̂
= D̂aw

∂2Ĉa

∂ẑ2
Lz < z < Lz + gap, (3.15)

Ĉp = Ĉa at z = Lz + gap,
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∂Ĉp
∂ẑ

= D̂aw
∂Ĉa

∂ẑ
at z = Lz + gap,

∂Ĉp

∂t̂
=
∂2Ĉp

∂ẑ2
−Nm

p (Ĉf,equ − Ĉf) Lz + gap < z < 2Lz + gap,

∂Ĉf

∂t̂
= Nm

f (Ĉf,equ − Ĉf) Lz + gap < z < 2Lz + gap,

∂Ĉp

∂ẑ
= Bim2 (Ĉp∞ − Ĉp) at z = 2Lz + gap,

where gap is the length of the air gap in [m] and D̂aw the dimensionless diffusivity of water vapor
in air, which represents the ratio between the diffusion coefficients in the paper sheets and in
the air gaps. It is given by

D̂aw =
Daw

Deff
p

.

Similarly to the initial conditions for one paper sheet, the stack of paper is assumed to be in
equilibrium with the initial relative humidity in the environment, i.e.,

Ĉp(ẑ, 0) = Ĉ init
p∞,

Ĉa(ẑ, 0) = Ĉ init
p∞,

Ĉf(ẑ, 0) = Ĉf,equ(Ĉ init
p∞).

3.1.3 Integrated moisture model for one paper sheet

For homogeneous water concentrations in the environment the moisture transport in one paper
sheet through the pore network was modeled with a one-dimensional diffusion equation in z. As
will be shown in Section 3.3, the numerical solution of this model displays nearly flat concen-
tration profiles through the thickness of paper. This suggests that an integrated model without
diffusion, where concentrations are considered constant across the thickness of the paper sheet,
may be suitable. In order to confirm this hypothesis, a zero-dimensional model is derived in this
section and the results obtained with both models will be compared in Section 3.3.

The zero-dimensional model for the variable Cp is obtained by integrating (3.1) over the thickness
of paper, i.e.,∫ Lz

0

∂Cp

∂t
dz = Deff

p

∫ Lz

0

∂2Cp

∂z2
dz − Kmi(1− η)

η

∫ Lz

0
(Cf,equ − Cf) dz.

Assuming Cp, Cf , and consequently Cf,equ, constant in z we get

Lz
dCp

dt
= Deff

p

∂Cp

∂z
(Lz, t)−Deff

p

∂Cp

∂z
(0, t)− LzKmi(1− η)

η
(Cf,equ − Cf) . (3.16)

Substituting the boundary conditions (3.3) and (3.4) leads to

dCp

dt
=
Kme1 +Kme2

Lz
(Cp∞ − Cp)− (1− η)Kmi

η
(Cf,equ − Cf) . (3.17)
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Note that in the zero-dimensional model for the variable Cp the water exchange with the en-
vironment is seen as moisture source term. For the variable Cf integration over the thickness
does not bring any changes. It leads to equation (3.2), where now Cf and Cf,equ are constant in z.

The dimensionless version of the zero-dimensional model is given by

dĈp

dt̂
= (Bim1 + Bim2 )

(
Ĉp∞ − Ĉp

)
−Nm

p

(
Ĉf,equ − Ĉf

)
, (3.18)

dĈf

dt̂
= Nm

f (Ĉf,equ − Ĉf). (3.19)

As for the one-dimensional model, paper is assumed to be in equilibrium with the initial con-
ditions in the environment, so the initial condition for (3.18) and (3.19) are given by equations
(3.11) and (3.12), respectively.

3.2 Numerical approach

The derivation of the numerical scheme for the isothermal model follows the method of lines
(MOL) approach, i.e., the spatial variables are discretized first, leading to an ODE system in
matrix-vector formulation that is subsequently discretized in time. The spatial derivatives are
discretized using finite differences approximations, and the time integration is performed with
the θ-method [19]. This section initially shows the discretization scheme for the moisture trans-
port model in one paper sheet, together with the iteration method used to solve the resulting
nonlinear system. The numerical schemes for the stack of paper and the zero-dimensional model
are then introduced, and finally, the orders convergence of the scheme for one paper sheet are es-
timated and discussed. All the schemes are derived in terms of the dimensionless equations, but
for the sake of simplicity the hat signs for the variables Cp, Cf and Ca are omitted in this section.

Following the method of lines, the first step in the derivation of the numerical scheme con-
sists of the discretization of the spatial derivatives in equation (3.7) and its boundary conditions
(3.9) and (3.10) for a fixed time t. For this purpose a spatial grid of M points is introduced.
Figure 3.3 shows the grid definition and notation.

Figure 3.3: Notation and grid for one paper sheet.

If we use the central difference approximation for the second order derivative ∂2Cp

∂z2 in (3.7) we
find for j = 1, 2, ...,M

dCpj

dt
=

1

∆z2

(
Cpj−1 − 2Cpj + Cpj+1

)
−Nm

p

(
Cf,equj − Cfj

)
, (3.20)
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where Cpj is the numerical approximation of the variable Cp at the jth grid point, likewise for
Cfj , and Cf,equj is used to denote Cf,equ(Cpj ), with the function Cf,equ defined in (2.39).

Using again the central difference approximation for the first order derivative ∂Cp

∂z in the boundary
conditions (3.9) and (3.10) at the grid points j = 1 and j = M , respectively, we find

Cp0 = −2∆zBim1 Cp1 + 2∆zBim1 Cp∞ + Cp2 , (3.21)

CpM+1 = −2∆zBim2 CpM + 2∆zBim2 Cp∞ + CpM−1 . (3.22)

Next, substitution of Cp0 and CpM+1 in (3.20) for j = 1 and j = M , respectively, leads to the
following ODE system

dCp

dt
= AMCp + f , (3.23)

where

Cp = [Cp1 , Cp2 , ..., CpM−1 , CpM ]T,

AM =
1

∆z2



-2(1+∆zBim1 ) 2
1 -2 1

. . .
. . .

1 -2 1
2 -2(1+∆zBim2 )

 ,

f = −Nm
p (Cf,equ −Cf) +

2Cp∞

∆z



Bim1
0
.
.
0

Bim2


︸ ︷︷ ︸

,

b
with

Cf =


Cf1

.

.
CfM

 ,

Cf,equ =


Cf,equ(Cp1)

.

.
Cf,equ(CpM )

 .

Note that with Cf,equ defined in (2.39), Cf,equ is a nonlinear function of Cp.
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The ODE system (3.23) is then discretized in time with the θ-scheme [19] as follows

C
n+1

p −C
n

p

∆t
= θ

(
AMC

n+1

p + f
n+1
)

+ (1− θ)
(
AMC

n

p + f
n)
, (3.24)

with θ a parameter varying between 0 and 1, ∆t the size of the time step, and C
n

p and f
n

the
value of the vectors Cp and f , respectively, at the time step n, i.e., at t = n∆t. Likewise for the

vectors C
n+1

p and f
n+1

. After rearranging, the discrete equation for the variable Cp (3.24) can
be written as the following system

(I− θ∆tAM) C
n+1

p = (I + (1− θ)∆tAM) C
n

p + θ∆tf
n+1

+ (1− θ)∆tfn . (3.25)

Since no spatial derivatives are involved, the discretization of the equation for Cf only includes
time integration. After applying the θ-scheme to (3.8) we obtain

C
n+1

f −C
n

f

∆t
= θNm

f

(
C
n+1

f,equ −C
n+1

f

)
+ (1− θ)Nm

f

(
C
n

f,equ −C
n

f

)
.

From this equation we can express C
n+1

f in terms of C
n+1

f,equ, C
n

f,equ and C
n

f as follows

C
n+1

f = N1C
n

f +N2C
n

f,equ +N3C
n+1

f,equ, (3.26)

with

N1 =
1−∆t (1− θ)Nm

f

1 + ∆tθNm
f

,

N2 =
∆t (1− θ)Nm

f

1 + ∆tθNm
f

, (3.27)

N3 =
∆tθNm

f

1 + ∆tθNm
f

.

In order to obtain a system only in terms of C
n+1

p , equation (3.26) is substituted in the term

f
n+1

of equation (3.25) as follows

f
n+1

= −Nm
p

(
C
n+1

f,equ −C
n+1

f

)
+ b

n+1

= −Nm
p

(
C
n+1

f,equ −N1C
n

f −N2C
n

f,equ −N3C
n+1

f,equ

)
+ b

n+1

= −Nm
p (1−N3) C

n+1

f,equ +Nm
p

(
N2C

n

f,equ +N1C
n

f

)
+ b

n+1
.

Substituting the expression above in (3.25) we obtain

(I− θ∆tAM) C
n+1

p = (I + (1− θ) ∆tAM) C
n

p + ∆t (1− θ) f
n −∆tθNm

p (1−N3) C
n+1

f,equ

+∆tθNm
p

(
N2C

n

f,equ +N1C
n

f

)
+ ∆tθb

n+1
,

which can be rewritten as

(I− θ∆tAM) C
n+1

p + ∆tθNm
p (1−N3) C

n+1

f,equ = (I + (1− θ) ∆tAM) C
n

p + ∆t
(
g

n+1

+ g
n
)
, (3.28)
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with

g
n

= (1− θ) f
n

+ θNm
p

(
N2C

n

f,equ +N1C
n

f

)
,

g
n+1

= θb
n+1

.

Since C
n+1

f,equ = Cf,equ

(
C
n+1

p

)
is a nonlinear function of C

n+1

p , the system in (3.28) is nonlinear.

Newton’s method is used to solve this system in every time step as explained below.

If for each time step n we introduce the variable v = C
n+1

p , the nonlinear system in (3.28)
can be written as N(v) = 0, with N(v) given by

N(v) = (I− θ∆tAM)v + ∆tθNm
p (1−N3)Cf,equ(v)︸ ︷︷ ︸− (I + (1− θ)∆tAM)C

n

p −∆t
(
g

n+1

+ g
n
)

︸ ︷︷ ︸ .
variable part constant part

Newton’s iteration for the system N(v) = 0 is given by

J`s` = −N`,

v`+1 = v` + s`,

where J is the Jacobi-matrix of N(v), i.e.,

J(v) =

(
∂Ni (v)

∂vj

)
= (I− θ∆tAM) + ∆tθNm

p (1−N3)Grad,

with Grad the Jacobi-matrix of the function C
n+1

f,equ = Cf,equ(C
n+1

p ). It is given by

(Grad)ij =
∂(C

n+1

f,equ)i

∂Cn+1

pj

(v)

=

(−m1m5)v2
j − (2m2m5)vj + (m1m3)− (m2m4)(
m3 +m4vj +m5v2

j

)2

 δij ,

i.e.,

Grad = diag

−(m1m5)v2
j − (2m2m5)vj + (m1m3)− (m2m4)(
m3 +m4vj +m5v2

j

)2

 .

Newton iteration described above needs an initial guess v0 and a stopping criterium. For any
time n+1 the initial guess is taken equal to the vector Cp in the previous time step, i.e., v0 = C

n

p.
The stopping criterium consists of satisfying a preestablished tolerance Tol or exceeding a max-
imum number of iterations `max, i.e., the iteration stops whenever one of the two following
conditions is satisfied ‖v` − v`−1‖2 < Tol or ` > `max. In all the numerical simulations a maxi-
mum number of iterations of 50 will be chosen, while the tolerance value will vary depending on
the values of ∆z and ∆t, such that it is of the same order of magnitude as the discretization error.
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The discretization of the model for moisture transport in a stack of papers follows the same
approach as for one sheet of paper. Initially, the space discretization of the differential equations
for the water concentration in the pores and air gaps, together with the external boundary con-
ditions and interface conditions is carried out. To this purpose a new spatial grid that includes
paper sheets and air gaps is introduced. Figure 3.4 shows the grid definition and notation for a
stack of two sheets. Although the grid is one-dimensional, it includes two indexes, j and k, for
Cp and Ca respectively.

Figure 3.4: Notation and grids for two sheets of paper.

The discretization of the differential equations for the variable Cp corresponding to the domains
occupied by paper sheets (j = 1, 2, ...2Mp) and the external boundary conditions (j = 1) and
(j = 2Mp) are approximated with central differences, following the same approach as for one

paper sheet. If the second order derivative ∂2Ca
∂z2 in the system of differential equations in (3.15)

is also approximated with central differences, we find for k = 1, 2, ...,Ma

dCak

dt
=
D̂aw

∆z2
a

(
Cak−1

− 2Cak + Cak+1

)
. (3.29)

The interface condition at z = Lz (j = Mp, k = 1) uses a 3-point backward difference approxi-
mation for the variable Cp and a 3-point forward difference approximation for Ca. The interface
at z = Lz + gap (j = Mp + 1, k = Ma) uses the forward difference approximation for Cp and
backward for Ca. Both approximations, forward and backward, are second order. The discrete
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interface conditions are given by

0 = CpMp − Ca1 ,

0 = −CpMp−2 + 4CpMp−1 − 3CpMp + δNgp (−3Ca1 + 4Ca2 − Ca3) ,

0 = CaMa − CpMp+1 ,

0 = δNgp

(
−CaMa−2 + 4CaMa−1 − 3CaMa

)
− 3CpMp+1 + 4CpMp+2 − CpMp+3 ,

with

δ =
∆zp

∆za
,

where ∆zp and ∆za are the resolution of the spatial grid inside the paper sheets and the air
gap, respectively. They may differ form each other since, as it will be shown in Section 3.3, the
concentration profiles in the air gaps are considerably flatter. Thus, choosing a smaller ∆z in
the paper sheets is recommended.

The semi-discrete model for the differential equations for Cp and Ca can be expressed by the
following ODE system

dC

dt
= AMC + f , (3.30)

where C is a vector that contains all the elements of Cp and Ca arranged in the following way

C = [C1 , C2 , ..., CMp , CMp+1 , CMp+2 , ..., CMp+Ma
, CMp+Ma+1 , CMp+Ma+2 , ..., C2Mp+Ma

]T

= [Cp1 , Cp2 , ..., CpMp , Ca1 , Ca2 , ..., CaMa , CpMp+1 , CpMp+2 , ..., Cp2Mp
]T,

and f and AM are given by

f = −Nm
p (Cf,equa −Cfa) +


0
.
.
0

2Bim2 Cp∞
∆z


︸ ︷︷ ︸

,

b

with

Cf,equa = [Cf,equ1
, Cf,equ2

, ..., Cf,equMp−1
, 0, 0, ..., 0︸ ︷︷ ︸, Cf,equMp+2

, Cf,equMp+3
, ..., Cf,equ2Mp

]T,

Ma + 2 points

Cfa = [Cf1 , Cf2 , ..., CfMp−1
, 0, 0, ..., 0︸ ︷︷ ︸, CfMp+2

, CfMp+3
, ..., Cf2Mp

]T.

Ma + 2 points
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Note that due to the coupling introduced by the interface conditions, the discrete equations
for Ca and Cp need to be solved together as one system.

Applying the θ-scheme on the ODE system in (3.30) leads to

(I− θ∆tAM) C
n+1

= (I + (1− θ)∆tAM) C
n

+ θ∆tf
n+1

+ (1− θ)∆tfn . (3.31)

Similarly to the model for one sheet, after implementing the θ-scheme for the differential equa-
tions in (3.15) corresponding to the variable Cf we reach

C
n+1

f = N1C
n

f +N2C
n

f,equ +N3C
n+1

f,equ, (3.32)

with N1, N2 and N3 defined in (3.27), and Cf , Cf,equ given by

Cf,equ = [Cf,equ1
, Cf,equ2

, ..., Cf,equMp−1
, Cf,equMp

, 0, 0, ..., 0︸ ︷︷ ︸, Cf,equMp+1
, Cf,equMp+2

, ..., Cf,equ2Mp
]T, Ma points

Cf = [Cf1 , Cf2 , ..., CfMp−1
, CfMp

, 0, 0, ..., 0︸ ︷︷ ︸, CfMp+1
, CfMp+2

, CfMp+3
, ..., Cf2MP

]T.

Ma points

Note that two different Cf -vectors have been defined, i.e., Cfa and Cf . The first vector is used in
the discrete scheme for Ca and Cp (3.31), while the second in the discrete scheme for Cf (3.32).
Both vectors have the same size but Cfa contains two more zeros than Cf . These two extra zeros
appear when the interface condition Ca = Cp at z = Lz and z = Lz + gap is introduced as part
of the system of equations for Ca and Cp. Analogously, two different equilibrium concentration
vectors, Cf,equa and Cf,equ have been defined. Taking this into account, and from the system in
(3.32) it is easy to see that the following equality holds

C
n+1

fa = N1C
n

fa +N2C
n

f,equa +N3C
n+1

f,equa. (3.33)

In a similar way as for one sheet, the term C
n+1

fa in equation (3.33) is substituted in the term

f
n+1

of equation (3.31) in order to derive the following nonlinear system for C
n+1

(I− θ∆tAM) C
n+1

+∆tθNm
p (1−N3) C

n+1

f,equa = (I + (1− θ) ∆tAM) C
n
+∆t

(
g
n+1

+ g
n
)
, (3.34)
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where

g
n

= (1− θ) f
n

+ θNm
p

(
N2C

n

f,equa +N1C
n

fa

)
,

g
n+1

= θb
n+1

.

This nonlinear system is solved by using Newton iteration as explained for one paper sheet, with
v = C

n+1
and the matrix Grad given by

(Grad)ij = 0,

∀ i 6= j and i = j ∈ {Mp,Mp + 1, ...Mp +Ma,Mp +Ma + 1}, and

(Grad)ij =
−(m1m5)v2 − (2m2m5)v + (m1m3)− (m2m4)

(m3 +m4v +m5v2)2 ,

∀ i = j ∈ {1, 2, ...,Mp − 1} and i = j ∈ {Ma +Mp + 2,Ma +Mp+1 + 3, ..,Ma + zMp}.

Finally, the discrete scheme for the variable Cf in the zero dimensional model is given by (3.26),
and the discrete scheme for the variable Cp can easily be obtained by applying the θ-scheme to
equation (3.18) and following the same procedure as in the one-dimensional model for one paper
sheet. The resulting nonlinear system for Cp is given by

(1 + θ∆tBim12)C
n+1

p + θ∆tNm
p (1−N3)C

n+1

f,equ = (1− (1− θ)∆tBim12)C
n

p + ∆tNm
p (θN1 + (1− θ))Cn

f

+∆tNm
p (θN2 − (1− θ))Cn

f,equ + ∆tBim12(θC
n+1

p∞ + (1− θ)Cn

p∞),

with

Bim12 = Bim1 + Bim2 .

This system can be solved by using Newton iteration as explained for one paper sheet. Note
that in this case the variables C

n

p and C
n

f are scalars.

The numerical schemes derived in this section were implemented in MATLAB 7.5 and used
to calculate the numerical solutions of the isothermal models. For the numerical parameters
and RH-ramp presented in Section 3.3, the computation of the solutions for the models of one
sheet and a stack of 15 sheets spends average times of 0.5 and 260 s, respectively. The numerical
schemes for both models are stable for a wide range of ∆t-values. For θ = 1 and θ = 1/2 it
only fails to give a solution for ∆ts higher than 0.02 h when Deff

p > 1 × 10−4 and steep RH-
ramps, e.g., going from 10% to 80% instantaneously, are applied. For this conditions Newton
iteration does not coverage. This is because of the fast variation in time of the concentrations,
the initial guess (v0 = C

n

p) is not close enough to the solution C
n+1

p for large ∆ts. As expected,
for θ = 0 the schemes converge under the stability condition ∆t < 2∆z2 [19]. Depending on
the time resolution, Newton method spends from one to 4 iterations to converge. For example,
for the physical parameters listed in Table 2.1 and a relative humidity ramp from 30 to 70%,
∆t = 3× 10−4 leads to an average of one iteration per time step, and ∆t = 3× 10−2 leads to an
average of 3 to 4 iterations.
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In order to test the schemes and their implementations, the numerical solution of the one-
dimensional model for isothermal moisture transport in one paper sheet was used to estimate
the order of convergence of the central differences space discretization and the θ-method for
time integration. The orders of convergence p were calculated with Richardson extrapolation as
follows

p = lim
h→0

f(h), (3.35)

with

f(h) =

 ln
(

Fh−Fh/2
Fh/2−Fh/4

)
ln(2)

 ,

where Fh, Fh/2 and Fh/4 denote the numerical solution for the variable F computed with h = h,
h = h/2 and h = h/4, respectively. F stands for either Cp or Cf , and h stands for ∆z when
checking the order of convergence of the central difference space discretization or ∆t for the
θ-scheme.

Table 3.1 and 3.2 show f(h) calculated for different values of h for the central difference scheme
and the θ-method, respectively. These tables show that f(h) always approaches a certain value,
which corresponds to the order of convergence p. The results of Richardson extrapolation show
that the estimated orders of convergence agree with the expected values: p = 2 for the central
difference scheme and the θ-scheme when θ = 1/2, and p = 1 for the θ-scheme when θ = 1 and
θ = 0.

∆z f(h)

1.0000e-001
5.0000e-002
2.5000e-002 1.9951e+000
1.2500e-002 1.9988e+000
6.2500e-003 1.9997e+000
3.1250e-003 1.9999e+000
1.5625e-003 2.0000e+000

Table 3.1: Order of convergence of the central difference scheme for the variable Cp in the one-
dimensional isothermal moisture model with a fixed ∆t = 4× 10−3.
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∆t f(h)
Cp Cf

θ = 0 θ = 1/2 θ = 1 θ = 0 θ = 1/2 θ = 1

3.1250e-00
1.5625e-003
7.8125e-004 1.9969 9.7905×10−1 1.9998 1.0075
3.9063e-004 1.0010 1.9988 9.8965×10−1 9.9962×10−1 1.9958 1.0038
1.9531e-004 1.0005 2.0363 9.9469×10−1 9.9959×10−1 2.0007 1.0019
9.7656e-005 1.0003 2.0561 9.9736×10−1 1.0010 2.0641 1.0010
4.8828e-005 1.0001 2.1023 9.9864×10−1 9.9871×10−1 2.3392 1.0007

Table 3.2: Order of convergence of the θ-scheme for different values of θ calculated for the variables Cp

and Cf in the one-dimensional isothermal moisture model with a fixed ∆z = 2.5× 10−2.

3.3 Results and discussion

In this section the numerical results of the isothermal moisture transport models for one paper
sheet and a stack of 15 paper sheets are discussed. In all the simulations paper was considered
to be initially in equilibrium with an environment of 23 ◦C and 30% relative humidity, and after
6 minutes the relative humidity was risen to 70% with a linear profile in a time interval of 0.5
minute. This relative humidity ramp represents the sudden change that the paper sheets ex-
perience when they are unpacked and released in a new environment. The physical parameters
used in all simulations are listed in Table 2.1. In the simulation for one paper sheet the external
mass transfer coefficients at the bottom and top of the sheet were considered equal to the value
of Kme reported in this table. In the simulation of the stack of papers the length of air gaps was
approximated as gap = Lz/2 since an experimental value of this parameter is not available.

The numerical solutions for one paper sheet were computed for a final time of 0.33h, with
∆t = 3 × 10−4h and θ = 1/2. A ∆z-value of 2.8 × 10−6m was taken in the spatial grid, corre-
sponding to 40 grid points. For the stack of paper the numerical solution was computed for a
final time of 5h, with ∆t = 5× 10−3h and θ = 1/2. In this case the spatial grid had 40 and 20
grid points inside each paper sheet and air gap, respectively, with a total of 880 grid points. The
corresponding spatial resolutions inside air gaps and paper sheets for this number of grid points
are ∆zp = ∆za = 2.8× 10−6m.

Figure 3.5 shows the evolution in time of the relative humidity and integrated moisture content
Xtotal for one paper sheet. This figure shows that Xtotal starts increasing almost instantaneously
after the RH ramp starts, which suggests that the resistance to moisture exchange with the
environment is not very high. The moisture content exhibits initially a fast increment, reaching
the 90% of its equilibrium value in approximately 0.16 h (10 minutes) after the RH ramp started.
After this, the speed of the water intake process decreases progressively as the moisture content
increases, approaching asymptotically to the equilibrium value Xtotal = 8.48%.

Although the moisture concentrations in pores and fibers are not always of practical of use,
studying the evolution of Cp and Cf is important in order to understand the water transport
process inside paper. Figure 3.6 shows the evolution in time of Cf and Cp through the thickness
of the paper sheet. From this figure we can see that the concentration of water in the pores
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Figure 3.5: Evolution in time of the relative humidity and integrated moisture content in one paper
sheet.

Figure 3.6: Evolution in time of the water concentration in pores and fibers along the thickness direction
of one paper sheet.

reaches its equilibrium value (Cp = 0.0144 kg m−3) much faster than the water concentration in
the fibers (Cf = 131.5 kg m−3), which indicates that water diffusion through the pores network
is a fast process compared to the local water sorption onto the fibers. This can also be concluded
by observing that for the parameters listed in Table 2.1 the dimensionless constant Nm

f has a
value close to zero, i.e., Nm

f = 5.2712×10−5. As explained in Section 2.4 this constant represents
the ratio between the characteristic time of water vapor diffusion and the characteristic time of
pores to fibers water transfer, so its small value indicates that diffusion is faster.

Figure 3.7 shows the water concentration profiles along the thickness of the paper sheet for dif-
ferent times. For all the times shown in this figure the water concentration gradients in both,
pores and fibers, seem to be considerably small. This result suggests that diffusion is also faster
compared to the water exchange with the environment. This agrees with the calculated Biot
number for one paper sheet, which has a value of 0.57. As explained in Section 3.1.1 this small
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Figure 3.7: Concentrations profiles of water in pores and fibers along the thickness direction one paper
sheet.

value indicates that the moisture exchange with the environment is slower than diffusion and no
big concentration gradients are expected.

From the flat concentration profiles in Figure 3.7 the necessity of considering diffusion through
the thickness of paper may be questioned. Therefore, it is interesting to study if a simpler model,
were concentrations are considered homogenous, is suitable to describe the moisture transport in
single paper sheets. Since the external transfer coefficient Kme has been found to vary between
0.0024 and 0.013 [m s−1] depending on the conditions of the environment [1], it is also interesting
to know whether this approximation is valid for the entire range of Kme-values. To this purpose
the one-dimensional model, where diffusion is included, is compared with the zero-dimensional
model derived in Section 3.1.3.

The left plot in Figure 3.8 shows the results obtained with both models for the two limit values
in the range of Kme and for the Kme value used in all the simulations. This figure shows that
when both external mass transfer coefficients are the same (Kme1 = Kme2) the zero-dimensional
model approximates the one-dimensional model very well for all the considered values of Kme.
However, small differences of about 0.2% in moisture content may appear between the two mod-
els when the external mass transfer coefficients differ from each other. The right plot in Figure
3.8 shows the results of both models when the difference between the two external mass transfer
coefficients is the biggest, i.e., when Kme1 = 0.013 and Kme2 = 0. This represents a paper sheet
with one of its sides exposed to the environment and the other side in contact with a water
impermeable material. The differences between the zero and one-dimensional models when both
coefficients are not the same is due to the fact that when Kme1 6= Kme2 the concentrations at
top and bottom of the paper sheet are not always the same, which causes gradients along the
thickness direction.

Different from one paper sheet, diffusion is not the fastest process in a stack of paper. Figure 3.9
shows the evolution in time of Cp and Cf along the thickness of a stack of 15 papers. From this
figure we can observe that there are significant concentration gradients in pores and fibers along
the thickness of the stack. The same result can be observed more clearly in Figure 3.10, where
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Figure 3.8: Evolution of the integrated moisture content for the one-dimensional and zero-dimensional
models of moisture transport in one paper sheet for different values of Kme.

the water concentration profiles have been plotted for different times. A closer look to those
figures shows that the concentration profiles are only present inside the paper sheets and that
the air gaps are characterized by homogeneous concentrations. This result reveals that the water
diffusion in the air gaps is much faster than inside the pores networks, and consequently, that
the air gaps do not contribute with significant resistance to the water transport between paper
sheets. This can be explained by observing that in (3.15) the parameter D̂wa = 14.882, i.e., the
diffusivity of water vapor in air is approximately 15 times larger than the effective diffusivity
of water in the pores, which makes the water vapor diffusion in the air gaps faster than inside
paper sheets.

In order to evaluate the direct effect of the air gaps on the concentrations profiles, Figure 3.10
compares the results obtained for a stack of 15 sheets with the results obtained by not taking
into account the air gaps, i.e., with the solution obtained by considering one sheet of paper with
thickness equal to 15 times the thickness of a singe sheet. This figure shows that the same results
are obtained with both models. Further study of the influence of the air gap showed that the
same result holds when the air gaps are of the same thickness as the paper sheets. This result
does not agree with [5], where the air gaps were found to offer resistance to moisture transport
although the moisture profiles were also flat. This difference may be due to the fact that in [5]
water diffusion through the fibers was also included. In such case the air gap is expected to have
a bigger influence since it affects significantly the contact between fibers of adjacent sheets.

One important aspect of the moisture sorption in a stack of papers is that the presence of further
sheets affects significantly the speed of moisture sorption in the upper sheets. Figure 3.12 shows
the evolution in time of the integrated moisture content of the upper two sheets in a stack of 2,
7 and 15 sheets. From this figure we can see that the more sheets, the slower the water intake
in the upper sheets. Having more paper sheets can increase in the order of hours or even days
the time to reach equilibrium of the upper sheets. This can be explained by noticing that the
presence of more paper sheets acts as a water sink for the upper papers, making the local water
intake onto fibers compete with the water transport towards lower sheets. The evolution of the
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Figure 3.9: Evolution in time of the water concentration in pores and fibers along the thickens of a stack
of 15 paper sheets (first row), and top view of both figures (second row).

integrated moisture content in each paper sheet of the stack of 15 sheets can be observed in
Figure 3.11.

Summarizing, the numerical results for the isothermal moisture problem have given valuable
insight in the moisture transport features in single paper sheets and stacks of papers. When
only one paper sheet was considered, diffusion inside the sheet showed to be faster than the
local water sorption onto the fibers and the moisture exchange with the environment. In this
case a simpler model where concentrations are considered homogeneous has proved to be a good
approximation. For the stack of paper, moisture gradients have been found to be present inside
paper sheets but not inside air gaps. In this case the moisture transport can be accurately
approximated with a simpler model were diffusion through the air gaps is not considered.
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Figure 3.10: Concentration profiles of Cf (right plot) and Cp and Ca (left plot) along the thickness of a
stack of 15 paper sheets for different times. Solid lines: calculated by taking into account diffusion through
air gaps. Dashed lines: calculated by neglecting the air gaps.
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Chapter 4

Non-isothermal moisture transport

Moisture sorption/desorption and temperature evolution in paper sheets are not independent
of each other. The heat released by water sorption onto the paper fibers can increase the tem-
perature of the paper sheet, and when paper is heated, the heat consumption due to moisture
desorption can slow down the temperature increments. At the same time, since the equilibrium
values of moisture concentration in the fibers are temperature dependent, changes in tempera-
ture influence the moisture adsorption and desorption processes by displacing the equilibrium
state of the system to lower water concentrations for higher temperatures.

In Chapter 3 the moisture evolution in paper sheets in response to changes in relative humidity
was analyzed under the assumption of an isothermal process. This assumption implied that
the effects of moisture on temperature and viceversa were neglected. The goal of this chapter
is initially to evaluate whether the isothermal process described in Chapter 3 shows significant
changes when the temperature evolution is included, i.e., if moisture intake generates significant
changes in temperature and if these temperature changes influence the moisture dynamics itself.
This chapter also aims to study the evolution of moisture in response to temperature changes
rather than changes in relative humidity. This is important in order to study the moisture dy-
namics in paper sheets when they are heated during the printing process. The first section of
this chapter shows the derivation of the non-isothermal mathematical model, Section 4.2 explains
the numerical approach used to solve this model, and finally, in Section 4.3 the results of the
numerical solutions are presented and discussed.

4.1 Mathematical model

In this section the moisture and temperature models derived in Section 2.2 and 2.3 are used to
obtain a model that describes the non-isothermal moisture transport in paper. Two systems
are studied for the non-isothermal case. The first system, called symmetric system, consists
of a paper sheet with both sides exposed to an environment of homogeneous temperature and
relative humidity that may vary in time. This system is the same as the one considered in
the isothermal case, but now the temperature evolution is also included. The second system,
called semi-isolated system, consists of a paper sheet exposed on one side to an environment of
homogeneous temperature and relative humidity that may vary in time, and the other side is
in contact with a water impermeable surface of homogeneous temperature that varies in time.
Figure 4.1 shows a schematic representation of both systems.

45
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Figure 4.1: Schematic representation of the non-isothermal systems modeled in this section.

Due to the small surface available for heat and mass transport through the lateral borders of
the paper sheets, the water and heat exchange through those borders are considered negligible,
and only exchange through the upper and bottom surfaces are considered. Taking this into
account and since the relative humidity and temperatures of the water impermeable surface and
environment are homogeneous, there are only gradients across the thickness of paper and the
moisture and temperature models are both one-dimensional.

The differential equations describing the water concentration in pores and fibers consist of equa-
tions (3.1) and (3.2) derived for the isothermal model, where now Cf,equ is not only a function
of Cp but also of temperature. The corresponding boundary conditions at the bottom (z = 0)
and top (z = Lz) of the paper sheet are given by equations (3.3) and (3.4), respectively, where
Kme1 = 0 when the second system is considered due to the presence of the water impermeable
surface. If the water concentrations inside paper are assumed to be initially in equilibrium with
the initial conditions in the environment, the initial conditions for the variables Cp and Cf consist
of equations (3.5) and (3.6), respectively.

The temperature model can be obtained by taking the one-dimensional version of equation
(2.32) derived in Section 2.3. It reads

ρc
∂T

∂t
= Λz

∂2T

∂z2
− (1− η)∆Hads

∂Cf

∂t
, (4.1)

with ∆Hads, defined in (2.33), a function of T and Cp. If the heat exchange at the bottom and
top of the sheet are described by two external heat transfer coefficients, the boundary conditions
for (4.1) read

Λz
∂T

∂z
= Khe1(T − T−) at z = 0, (4.2)

Λz
∂T

∂z
= Khe2(T∞ − T ) at z = Lz, (4.3)

where Khe1 and Khe2 are the external heat transfer coefficients at the bottom and top surface
of the sheet, respectively, with dimensions [W m−2 K−1], T∞ is the temperature in [K] of the
bulk environment, i.e., away from paper sheet, and T− is the temperature in [K] of the material
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present at z < 0. It can take the value T− = T∞ when the symmetric system (see Figure 4.1) is
considered or T− = Ts when the semi-isolated system is considered, with Ts the temperature in
[K] of the surface in contact with the paper sheet at z = 0.

Whenever the external mass transfer coefficient Kme is not zero, the external heat transfer
coefficient Khe can be calculated from Kme with the following relation [16]

Khe = Kme

(
Λa

Daw

)2/3

(ρaca)1/3, (4.4)

where Λa is the thermal conductivity of air surrounding the paper, with dimensions [J m−1 s−1

K−1], Daw is the diffusivity of water in air, with dimensions [m2 s−1], ρa is the density of air,
with dimensions [kg m−3], and ca is the specific heat capacity of air, with dimensions [J kg−1

K−1]. This relation is valid for Reynolds numbers (Re) between 103 and 105, with Re defined by

Re =
ρavaL

µa
,

where, va is the mean velocity of air, with dimensions [m s−1], L is a characteristic length of the
order of the length or width of a paper sheet, with dimensions [m], and µa is the dynamic viscos-
ity of air, with dimensions [kg m−1 s−1]. Due to the early stage of the research, an experimental
value of the velocity of the air surrounding the paper in the target printer is not available yet.
From the Re-values for which correlation (4.4) is valid, we can obtain that (4.4) can be used
for 0.06 < va < 6.7 m s−1. The velocity of the air in the target printer is expected to be lower
than the upper velocity limit (6.7 m s−1), but in some cases, e.g., during the storage period,
va might be below the lower limit (0.06 m s−1). In this case Khe can be calculated form other
available correlations valid for lower velocities [10], [18]. Unfortunately, when the paper sheet
is in contact with a water impermeable surface, no correlation is available to calculate Khe. In
this case Khe will be roughly estimated as twice the value obtained for the boundaries exposed
to the environment. This estimation takes into account that Khe is expected to be higher when
the paper is in contact with a metallic surface like the print surface.

If the paper sheet is assumed to be initially in thermal equilibrium with the environment, the
initial condition for equation (4.1) reads

T (z, 0) = T init
∞ , (4.5)

with T init
∞ the initial temperature of the bulk environment in [K].

At this point it is important to identify in which way the equations for moisture and temperature
are coupled. Moisture influences the temperature equation by means of the term ∆Hads∂Cf/∂t .
On the other hand, the moisture equations are influenced by temperature through the function
Cf,equ given in (2.25). Temperature can affect this function in two ways, first by changing the
value of the saturation pressure of water vapor in air Csw, and second, by changing the value
of the GAB-parameters CGAB, KGAB and Xm. The changes of Csw with temperature can be
calculated directly from relation 2.22, but including the variation of the GAB-parameters is not
as straightforward.
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As shown in Section 2.2.1, the expression for Cf,equ consists of a sorption isotherm, i.e., it gives
the equilibrium concentration values of water in the fibers as a function of the relative humidity
for a fixed temperature. The sorption isotherms are obtained by fitting the parameters CGAB,
KGAB and Xm to experimental data. Therefore, in order to obtain the GAB-parameters for a
given temperature, they need to be fitted to experimental data obtained at that temperature.
These parameters have been provided by Océ Technologies for temperatures of 20, 25, 30, and
35◦C, and the parameters for any intermediate temperature can be calculated by interpolating
the sorption equilibrium curves as will be explained in Section 4.2. A list of the GAB-parameters
provided by Océ Technologies and a plot of the GAB-isotherms for different temperatures are
shown in Table 4.1 and Figure 4.2, respectively.

T [◦C] KGAB CGAB Xm

20 0.8301 133.9263 3.6065
25 0.8269 29.1071 3.6563
30 0.9061 83.0121 3.1399
35 0.8659 39.0959 3.2898

Table 4.1: GAB-parameters for different temperatures [1].
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Figure 4.2: GAB-sorption isotherm for different temperatures.

The dimensionless version of the moisture equations for the variables Cp and Cf , together with
their dimensionless boundary and initial conditions are given by equations (3.7) to (3.12). The
dimensionless temperature equation can be obtained by taking the one-dimensional version of
(2.38) with the reference lengths for time ` and spatial coordinates (`2) equal to the thickness of
paper Lz. It is given by

∂T̂

∂t̂
= Lez

(
∂2T̂

∂ẑ2

)
−Nh

(
m8 −m7Ĉp

) ∂Ĉf

∂t̂
, (4.6)

with m7 and m8 two temperature dependent parameters given in (2.41).
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The dimensionless version of the boundary and initial conditions can be obtained by substi-
tuting the dimensionless temperature T̂ and space coordinate ẑ defined in (2.35) in equations
(4.2) to (4.3). This leads to the following equations

∂T̂

∂ẑ
= Bih1(T̂ − T̂−) at ẑ = 0, (4.7)

∂T̂

∂ẑ
= Bih2(T̂∞ − T̂ ) at ẑ = 1, (4.8)

T̂ (ẑ, 0) = T̂ init
∞ , (4.9)

where Bih1 and Bih2 are the Biot numbers for heat transfer at the bottom and top of the paper
sheet, respectively. They given by

Bih1 =
LzKhe1

Λz
,

Bih2 =
LzKhe2

Λz
.

The Biot number for heat transfer represents the ratio of the heat transfer resistances inside and
at the surface of the sheet. This ratio determines whether or not the temperatures inside the
sheet will vary significantly in space, while it heats or cools over time, from a thermal gradient
applied to the paper surface. Small Bih values (< 1), are typical for systems in which heat
conduction inside the body is faster than the heat exchange with the environment, in which no
large temperature gradients inside the body are expected to occur.

Summarizing, the model for non-isothermal moisture transport in single paper sheets consists
of equations (3.7) to (3.12), which describe the evolution of water concentration in pores and
fibers, and equations (4.6) to (4.9), which describe the evolution of the temperature in the sheet.

4.2 Numerical approach

As for the isothermal model, the discretization of the non-isothermal model uses the method of
lines, where spatial derivatives are first discretized leading to an ODE system that is subsequently
discretized in time. All the spatial derivatives are approximated with finite differences, and the
time integration is done using the θ-method [19]. This section initially shows the derivation of
the discrete equations for the variables Cf , Cp and T . Then an iterative process implemented to
solve the coupled moisture-temperature problem is introduced, and finally, the order of conver-
gence of the numerical schemes is estimated by using Richardson extrapolation. All the discrete
schemes are applied to the dimensionless differential equations, but for simplicity the hat sign
characteristic for the dimensionless concentrations and temperature is omitted in all the equa-
tions.

Instead of solving the moisture-temperature equations together in one discrete system, the cou-
pled problem is solved by using a moisture/temperature decoupled iteration to find a solution
that satisfies all the equations. Following this approach, we have that the discrete scheme for
the variables Cf and Cp is the same as the one derived for the isothermal case, consisting of
equations (3.28) and (3.26).
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For the discretization of the temperature equation, we introduce the same spatial grid as for
the moisture equations (see figure 3.3). If the second order derivative in equation (4.6) is ap-
proximated with central differences, we find the following for j = 1, 2, ...,M

dTj

dt
=

Lez
∆z2

(Tj−1 − 2Tj + Tj+1)−Nh
(
m8j −m7jCpj

) dCfj

dt
. (4.10)

Note that an index j has also been assigned to the parameters m7 and m8 since they are tem-
perature dependent, and therefore variable in z.

If the boundary conditions (4.7) and (4.8) are also approximated with central differences at
the grid points j = 1 and j = M , we obtain

T0 = −2∆zBih1T1 + T2 + 2∆zBih1T− , (4.11)

TM+1 = TM−1 − 2∆zBih2TM + 2∆zBih2T∞. (4.12)

Substituting (4.11) and (4.12) in (4.10) for j = 1 and j = M leads to the following ODE system

dT

dt
+Nh (m8 −m7. ∗Cp) . ∗ dCf

dt
= ATT + p, (4.13)

with the operator .* denoting the element-by-element multiplication of two vectors, and T, m7,
m8, AT and p given by

T = [T1, T2, ..., TM−1, TM ]T,

m7 = [m7 (T1) ,m7 (T2) , ...,m7 (TM−1) ,m7 (TM )]T,

m8 = [m8 (T1) ,m8 (T2) , ...,m8 (TM−1) ,m8 (TM )]T,

AT =
Lez

∆z2



-2(1+∆zBih1) 2
1 -2 1

. . .
. . .

1 -2 1

2 -2(1+∆zBih2)

 ,

p =
2Lez
∆z



Bih1T−
0
.
.
0

Bih2T∞

 .

The time discretization of the ODE system (4.13) is performed by applying the θ-scheme as
follows

T
n+1 −T

n

∆t
+Nh

[
θ
(
mn+1

8 −mn+1
7 . ∗C

n+1

p

)
+ (1− θ)

(
mn

8 −mn
7 . ∗C

n

p

)]
. ∗

(
C

n+1

f −C
n

f

∆t

)
= θA

T
T

n+1

+ θpn+1 + (1− θ)A
T
T

n

+ (1− θ)pn,
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which can be written as

(I− θ∆tAT) T
n+1

= (I + (1− θ)∆tAT) T
n

+ q, (4.14)

with

q = −Nh
[
θ
(
mn+1

8 −mn+1
7 . ∗C

n+1

p

)
+ (1− θ)

(
mn

8 −mn
7 . ∗C

n

p

)]
. ∗
(
C

n+1

f −C
n

f

)
+ ∆tθpn+1 + ∆t(1− θ)p

n

.

Summarizing, the discrete scheme for the non-isothermal model is given by the three follow-
ing systems of equations

(I− θ∆tAM) C
n+1

p + ∆tθNm
p (1−N3) C

n+1

f,equ = (I + (1− θ) ∆tAM) C
n

p + ∆t
(
g

n+1

+ g
n
)
, (a)

C
n+1

f = N1C
n

f +N2C
n

f,equ +N3C
n+1

f,equ, (b)

(I− θ∆tAT) T
n+1

= (I + (1− θ)∆tAT) T
n

+ q, (c)

corresponding to equations (3.28), (3.26) and (4.14), respectively. In equations (a), (b) the
term C

n+1

f,equ = Cf,equ(C
n+1

p ,T
n+1

), with the function Cf,equ defined in (2.39). This is because the
parameters m1, m2, m3, m4 and m5 involved in the definition of the function Cf,equ vary with
temperature due to the temperature dependency of Csw and CGAB, KGAB and Xm. In (c) the
vectors m7 and m8 also vary with temperature due to the temperature dependency of Csw and
the GAB-parameters.

Note, that since temperature varies in time and space, the parameters m1 to m5 involved in
the definition of Cf,equ also vary in time and space. The vector containing the parameter m1 for
all the grid points at the time step n+1 is denoted by mn+1

1 , likewise for mn+1
2 to mn+1

5 . In this

way, the jth component of the vector C
n+1

f,equ corresponds to Cf,equ(C
n+1

pj , T
n+1

j ) with the function
Cf,equ defined with the parameters m1 = (m1)j ,m2 = (m2)j , ...,m5 = (m5)j .

In order to solve the system of equations (a) to (c) the following iteration procedure is im-
plemented for each time step to find a solution C

n+1

p , C
n+1

f , T
n+1

.

1. Replace the vectors mn+1
1 , mn+1

2 , mn+1
3 , mn+1

4 and mn+1
5 by mn

1 , mn
2 , mn

3 , mn
4 and mn

5 ,
respectively, and solve the system in (a). This system needs to be solved with Newton’s
iteration method as explained in Section 3.2. The solution obtained in this step constitutes
a predictor of C

n+1

p , which is denoted by C∗p.

2. Solve the system in (b) with mn+1
1 , mn+1

2 , ..., mn+1
5 defined as in step 1. The solution

obtained in this step constitutes a predictor of C
n+1

f , which is denoted by C∗f .

3. Replace the vectors mn+1
7 and mn+1

8 by mn
7 and mn

8 , respectively, and solve the system in

(c). The solution of this system constitutes a predictor of T
n+1

, which is denoted by T∗.

4. Calculate the value of Csw for all the components in the temperature vector T∗ from
equation (2.22), to obtain a vector Cs∗

w .
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5. Calculate the GAB-parameters for all the components of the temperature vector T∗ to ob-
tain three vectors K∗GAB, C∗GAB and X∗m. This step needs to be performed by interpolating
the isotherm curves as will be explained later in this section.

6. Calculate m∗1,m
∗
2,m

∗
3,m

∗
4,m

∗
5,m

∗
7,m

∗
8 from (2.41) using the values of Cs∗

w , K∗GAB, C∗GAB

and X∗m obtained in steps 4 and 5.

7. Set mn+1
1 = m∗1, mn+1

2 =m∗2, mn+1
3 = m∗3, mn+1

4 = m∗4 and mn+1
5 =m∗5, and solve the system

in (a). The solution constitutes a corrector of C∗p, which is denoted C∗∗p .

8. Solve the system in (b) with mn+1
1 , mn+1

2 , ..., mn+1
5 defined as in step 7. The solution

constitutes a corrector of C∗f , which is denoted by C∗∗f

9. Set mn+1
7 = m∗7 and mn+1

8 = m∗8, and solve the system in (c). The solution constitutes a
corrector of T∗, which is denoted by T∗∗

10. Check if the following three conditions are satisfied: ‖C∗∗p −C∗p‖2 < tol, ‖C∗∗f −C∗f ‖2 < tol
and ‖T∗∗ − T∗‖2 < tol, with tol a prescribed tolerance. If the three conditions are satis-
fied, the iteration stops and the solution of the system (a) to (c) is given by C

n+1

p = C∗∗p ,

C
n+1

f = C∗∗f , T
n+1

= T∗∗ . If at least one of the conditions is not satisfied, take T ∗ = T ∗∗

and repeat steps 4 to 10.

The calculation of the GAB-parameters in step 5 is performed as follows. From the experimental
GAB-curves at 20, 25, 30 and 35◦C, the curves for the temperature set Tset = {20.1, 20.2, ...34.8,
34.9}◦C are calculated using linear interpolation. Then the GAB parameters KGAB,CGAB and
Xm are calculated for each temperature in Tset by fitting the GAB equation (2.18) to the interpo-
lated curves using least squares. These interpolation and fitting processes are performed before
the numerical solution is computed. Finally, when step 5 needs to be performed, the GAB-
parameters for any temperature not included in Tset are approximated as the GAB-parameters
of the closest temperature in Tset. Since the experimental error would not allow distinguishing
between GAB-curves for temperatures that differ less than 0.1◦C, this approximation is done to
avoid unnecessary interpolations and curve fitting every time that step 5 is performed.

The iteration process described above was implemented in MATLAB 7.5, and the numerical
solutions of the symmetric and semi-isolated systems were computed. For the parameters used
Section 4.3, computational times of the order of 10 s were spent for both of systems. The con-
vergence conditions of the numerical scheme for the non-isothermal model are very similar to the
ones found for the isothermal models (see Section 3.2), i.e., high water vapor diffusivity values
together with ∆t-values higher than 0.02h for steep relative humidity jumps make the Newton
iteration method non-convergent. On the other hand, the iteration used to solve the coupled
moisture-temperature equations does not show convergence problems. The number of iterations
inside each time step varies between 2 and 5 depending on the value of ∆t. For example, for
the parameters presented in Section 4.3, in the majority of time steps 2 iterations were required
when ∆t = 3× 10−4 and 3 to 4 iterations were required when ∆t = 3× 10−3.

In order to test the numerical schemes and their implementation the order of convergence p
of the central differences approximation and the θ-scheme was estimated by using Richardson
extrapolation as described in Section 3.2. From Table 4.2 and 4.3 we can observe that all the
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∆z f(h)
Cp T

1.0000×10−1

5.0000×10−2

2.5000×10−2 1.999 1.9999
1.2500×10−2 1.999 2.0018
6.2500×10−3 1.999 2.0035
3.1250×10−3 1.997 2.1034
1.5625×10−3 1.990 2.9347

Table 4.2: Order of convergence of the central differences space discretization in the non-isothermal
model for the variables Cp and T .

∆t f(h)
Cp Cf T

θ = 0 θ = 1/2 θ = 1 θ = 0 θ = 1/2 θ = 1 θ = 0 θ = 1/2 θ = 1

1.56×10−3

7.81×10−4

3.90×10−4 1.964 5.576×10−1 1.987 1.002 1.868 1.0027
1.95×10−4 1.132 2.007 8.172×10−1 9.986×10−1 1.997 1.001 9.986×10−1 1.784 1.001
9.76×10−5 1.070 1.999 8.923×10−1 9.993×10−1 1.999 1.000 9.993×10−1 1.648 1.000
4.88×10−5 1.036 2.000 9.644×10−1 9.996×10−1 2.000 1.000 9.996×10−1 1.549 9.98×10−1

2.44×10−5 1.018 2.000 9.843×10−1 9.998×10−1 2.000 1.000 1.005 2.202 1.006
1.22×10−5 1.009 9.923×10−1 9.999×10−1 9.944×10−1

Table 4.3: Order of convergence of the θ-scheme for different values of θ in the non-isothermal model
for the variables Cp and Cf and T .

calculated orders of convergence are in agreement with their theoretical values, i.e., p = 2 for
the central differences space discretization of the variables T and Cp, and for the theta scheme
p = 2 when θ = 1/2 and p = 1 when θ = 1 or θ = 0.

4.3 Results and discussion

The numerical solutions of the moisture and temperature evolution in response to changes in the
relative humidity or temperature are discussed in this section. All the solutions were computed
for a final time of 0.33 h, with ∆t = 3× 10−4 h, θ = 1/2 and ∆z = 2.8× 10−6 m. Two different
systems are studied in this section. The first corresponds to the same system considered in
Section 3.3. It is studied in order to compare the results of the isothermal and non-isothermal
models and observe the effects that moisture sorption in response to changes in the relative hu-
midity generates on temperature. The second system is studied in order to observe the evolution
of the moisture in paper in response to temperature changes.

The first system, denoted as symmetric system in Section 4.1, consists of a paper sheet with
its top and bottom surfaces exposed to the environment. The paper sheet was initially in equi-
librium with an environment of 30% relative humidity and 23◦C. After 6 minutes the relative
humidity was risen to 70% with a linear profile in a time interval of 0.5 minute, while the tem-
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perature of the environment was kept constant. The values of the physical parameters used in
this simulation are listed in table 2.1.

Figure 4.3 shows the evolution of the temperature in the paper sheet in response to the 30
to 70% relative humidity ramp. From this figure we can observe that moisture sorption gener-
ates changes on the temperature of the paper sheet, and consequently, that the heat of sorption
constitutes a significant heat source. For this quick RH-change the moisture intake is fast, mak-
ing the sheet’s temperature increase about 1.6◦C. This result agrees with what is reported in
literature, where temperature changes of up to 5◦C have been found [16], [2].

Figure 4.4 shows that the temperature changes induced by moisture sorption affect the moisture
dynamics itself. This can be observed by noticing that the integrated moisture content of the
non-isothermal process is always below the one of the isothermal process. This behavior can be
explained by analyzing how changes in temperature displace the equilibrium concentration of
water in the paper fibers. Since Csw increases with temperature (see Figure 2.4), a temperature
increment moves the ratio Cp/C

s
w , i.e., the relative humidity RH, to lower values. Since the

equilibrium concentration in the GAB isotherm decreases for decreasing RH (see Figure 2.3),
the temperature increment finally results in a decrement of the equilibrium water concentration.
This reduces the driving force for moisture sorption and consequently makes the water sorption
process slower. The displacement of the equilibrium concentrations to lower values for higher
temperatures is also caused by the displacement of the GAB-isotherm itself. This can be seen
from Figure 4.2 presented in Section 4.1, which shows that for 0.2 < RH < 0.75 the GAB-
isotherms corresponding to higher temperatures are below the ones for lower temperatures.
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Figure 4.3: Evolution in time of the temperature at
different points along the thickness of the paper sheet
considered in the symmetric system.
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Figure 4.4: Evolution in time of RH∞ and the inte-
grated moisture content of the paper sheet considered
in the symmetric system, calculated with the isother-
mal and non-isothermal models.

The difference in the evolution of the moisture content between the isothermal and no-isothermal
models becomes larger or smaller depending on the relative humidity ramp and the time scale
in which it is observed. In order to see this, Figure 4.5 shows the isothermal and non-isothermal
results for different RH-ramps. From this figure we can observe that for steep RH ramps, e.g.,
from 30 to 70 %, differences in moisture content up to 0.5% between both models are obtained.
This difference is significant since it corresponds to approximately 10% of the total moisture
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symmetric system for different RH∞ ramps, all of them performed in a time interval of 0.5 minute.
Dots: calculated with the isothermal model. Solid lines: calculated with the non-isothermal model.

Figure 4.6: Evolution in time of Cp, Cf and T along the thickness of the paper sheet considered in the
symmetric system.

content change in the paper sheet. On the other hand, the difference between the two models is
almost unnoticeable for times until approximately 0.025 h (1.5 min) after the relative humidity
ramp has started, or when the relative humidity only increases in 10%. However, using the
non-isothermal model is always recommended since the computational time only increases in the
order of seconds when compared to the isothermal model.

Figure 4.6 shows the evolution in time of the variables Cp, Cf and T for the non-isothermal
model along the z-axis, and Figure 4.7 shows the profiles in z of the same variables for different
times. From these figures we can see that, similar to the isothermal case, the profiles for the
three variables are virtually flat. This result was expected to hold for the variables Cp and Cf

since the parameters Deff
p , Kme1 and Kme2 were not considered to vary with temperature, which

made the Biot numbers for mass transfer remain the same as in the isothermal model. The
flat temperature profiles agree with the calculated value of the Biot number for heat transfer
Bih1 = Bih2 = 0.035. This small value indicates that heat conduction inside the paper sheet
is a faster process than the exchange with the environment, and therefore, that temperature
gradients inside the sheet are not expected. The consistent flat profiles for temperature and con-
centrations point out that these profiles are not mainly attributed to large diffusion coefficients,
but to the dimensionality of the paper sheets. This indicates that gradients in z are smoothed
out fast due to the small thickness of the sheet rather than large values of Λz and Deff

p .
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Figure 4.7: Concentrations and temperature profiles along the thickness of the paper sheet considered in
the symmetric system for different times.

The second system considered in this section (denoted as semi-isolated system in section 4.1)
consists of a paper sheet with its top surface exposed to a constant and homogeneous environ-
ment with a temperature of 23◦C and relative humidity of 50%, while its bottom surface is in
contact with a water impermeable surface. This surface has a homogeneous temperature that
varies in time. Its initial temperature is 23◦C, and after one minute it is risen to 30◦C with a
linear profile in a time interval of 0.5 minute. All the physical parameters used in this simulation
are listed in Table 2.1. Since an experimental value of the external heat transfer coefficient with
the impermeable surface is not available, it was assumed to be twice the external heat transfer
coefficient with the environment, i.e., Khe1 = 2Khe2.

Figure 4.8 shows the temperature evolution of the water impermeable surface Ts, the temper-
ature in the environment T∞ and the temperature of the paper sheet T at different locations,
and Figure 4.9 the evolution of the integrated moisture content Xtotal. From Figure 4.8 we can
observe that the temperature in the paper sheet increases immediately after Ts is risen, reaching
quickly an equilibrium value of 27.7◦C. This equilibrium value varies depending on the value
of the external heat transfer coefficient Khe1, reaching a limit of 30◦C for Khe1 values close
to 100Khe2 (data not shown). Figure 4.9 shows that the temperature increment of the sheet
induces moisture desorption and reduces the moisture content in 1.2%. However, the moisture
content does not reach its equilibrium value (4.81 %) as fast as the temperature, and it continues
decreasing for at least 10 minutes after the temperature in the sheet has reached equilibrium.
This was not expected according to the calculated Lewis number Lez = 0.036, which indicates
that the thermal diffusivity is small compared to the water diffusivity in paper, i.e., in diffusive
processes paper should adapt faster to changes in concentrations than changes in temperature.
However, since diffusion is not the only process involved in the water transport in paper, the
slow moisture response may be due to the effect of the water exchange with the fibers or with
the environment, which have been previously identified as slower processes than diffusion (see
Section 3.3).

For the second system considered in this section the external heat and mass transfer coefficients
at the top of the paper sheet differ from the corresponding coefficients at the bottom of the
sheet. The study of the temperature and moisture dynamics is particularly interesting in this
situation because it resembles the conditions of paper while being printed, the only difference
being that on the print surface temperature gradients are also imposed in the in-plane directions.
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Figure 4.8: Evolution in time of T∞, Ts and T in
the semi-isolated system.
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Figure 4.9: Evolution in time of the integrated
moisture content of the paper sheet considered in the
semi-isolated system.

Figure 4.10: Evolution in time of Cp, Cf and T along the thickness of the paper sheet considered in the
semi-isolated system.

Figure 4.10 shows the evolution in time of the variables Cp, Cf and T along the thickness of the
sheet. From this figure we can observe that the 4.7◦C-temperature increment of the paper sheet
decreases the water concentration in the fibers in 19.6 kg m−3, which corresponds to a decrement
of 20% of the initial Cf -value. On the other hand this temperature increment increases the water
concentration in the pores in 0.001 kg m−3, which corresponds to an increment of 10% of the
initial Cp-value. The increment of the variable Cp indicates that the desorbed water is being
accumulated in the pores, and therefore, that the water exchange with the environment is not
fast enough to transport all the water desorbed from the fibers.

Figure 4.10 also shows that the profiles in z of the variables Cf and T are flat for all times,
but there are some gradients for the variable Cp shortly after the temperature ramp starts. This
can be explained since shortly after Ts increases the desorption process is fast, transferring a
lot of water from fibers to pores in a short time. Since there is only water exchange with the
environment through the top of the sheet, water tends to accumulate at the bottom of the sheet
where the water impermeable surface is present, which generates concentration gradients in the
pores.
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The concentration gradients in the pores across the thickness of the paper sheet can be seen
more clearly from Figure 4.11 and 4.12. The results presented in these figures point to the
conclusion that, for the conditions considered in the second system, neglecting concentration
gradients in the pores along the z-axis is not a good approximation. Although those gradients
only appear shortly after the temperature increases and vanish fast after that, they may have
a significant effect when paper is on the print surface, where several temperature shocks are
applied in a short interval of time.
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Figure 4.11: Cp profiles along the thickness of the
paper sheet considered in the semi-isolated system.
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Figure 4.12: Evolution in time of Cp at different
points along the thickness of the paper sheet consid-
ered in the semi-isolated system.

Summarizing, the non-isothermal moisture transport in paper sheets in response to changes in
relative humidity or temperature were studied in this section. The comparison between isother-
mal and non-isothermal results leads to the conclusion that moisture and temperature evolution
are strongly dependent, and the use of a non-isothermal model is always recommended. Study-
ing the moisture evolution in response to temperature changes gave insight in the characteristics
of this process. It showed the magnitude and speed of the moisture desorption induced by
temperature changes. It also lead to the conclusion that fast moisture desorption after large
temperature increments may generate water concentration gradients in the pores, which is an
important observation when modeling moisture transport during the printing process.



Chapter 5

Two-dimensional non-isothermal
moisture transport.
Application to the print surface

Until now isothermal and non-isothermal, one-dimensional moisture transport in paper sheets
have been studied. The models derived in the previous chapters are able to describe the mois-
ture and temperature evolution in paper sheets under homogeneous boundary conditions, where
only gradients across the thickness of the sheets are present. In order to model the moisture
transport during the printing process the non-isothermal model derived in Chapter 4, needs to
be extended to take into account gradients in the in-plane coordinates. This is because when a
paper sheet is being printed it can be exposed to up to three different temperature and moisture
boundary conditions along its length, and these non-homogeneous boundary conditions generate
concentration and temperature gradients along the length of the paper sheet.

A schematic representation of a paper sheet while it is being printed is shown in Figure 5.1.
When paper is printed it is moved along two water impermeable surfaces with discrete displace-
ments, i.e., every time interval tstep [s] the sheet is moved over a distance Ystep [m]. The first
surface is where printing takes place, and it is known as print surface (PS). The temperature
and length of this surface are denoted by Tps [K] and Lps [m], respectively. The second surface
is known as IRT (image receiving table) surface. This surface has the same temperature as the
environment, and it is used to keep the paper flat for some time while the toner dries. The
length of this surface is denoted by LIRT.

The goal of this chapter is to develop and implement a model that describes the moisture
and temperature dynamics in paper sheets during the printing process described above. For this
purpose Section 5.1 initially introduces a mathematical model. Then the numerical scheme used
to solve the model is explained in Section 5.2, and finally, Section 5.3 presents and analyzes the
numerical solutions.

5.1 Mathematical model

As show in Section 4.3, moisture gradients were present across the thickness of paper sheets
with one of their surfaces exposed to the environment and the other in contact with a water

59
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impermeable surface whose temperature varies in time. Therefore, when modeling the moisture
and temperature evolution in paper sheets during the printing process, moisture and heat trans-
port across both, the thickness and the length of the sheet, need to be considered. The model
derived in this section consists thus of two-dimensional heat and moisture transport equations
with non-homogeneous boundary conditions that vary in time. In order to develop this model,
the following assumptions will be taken into account:

(I) The application of ink/toner during printing does not have any effect on the heat and
moisture transport processes

(II) The print surface is homogeneous

(III) There is no convective flux of air through the paper sheets

In some cases, the ink or toner applied when paper is printed can have high temperatures or
contain high amounts of water. The first assumption implies that the addition of ink/toner is
not consider as additional heat or moisture source in the paper sheet. This assumption also
states that the transport properties of paper are not affected by the presence of the ink/toner.
Specifically it implies that the external mass and heat transfer coefficients and effective diffusiv-
ity of water in the pores are not affected by, for example, pores at the surface of the sheet being
blocked by toner particles.

In practice the print surface has several small holes used to suck the paper to make it more
flat when it is being printed. For simplicity these holes are not taken into account, so as stated
in the second assumption, the print surface is considered to be homogeneous. The third assump-
tion implies that paper is not considered to be sucked into the print surface. When paper is
sucked it generates air flow through the pores, and this changes significantly the moisture and
temperature transport equations. For instance the assumption of thermal equilibrium between
pores and fibers used to derive the temperature equation in Section 2.3 needs to be further
analyzed, and convective fluxes in the pores can not be neglected. The model of the printing
process derived in this section is only meant as a first approach in which the transport equations
derived in the previous chapters are used to understand the diffusive water and heat transport
in paper sheets during the printing process. Therefore a complete model that describes in detail
what happens on the print surface is beyond the scope of this chapter.

Taking into account the assumptions listed above, the model for non-isothermal moisture trans-
port in paper sheets while being printed can be obtained by taking the two dimensional version
of equations (2.17), (2.27) and (2.32). They are given by

∂Cp

∂t
= Deff

p

(
∂2Cp

∂z2
+
∂2Cp

∂y2

)
− Kmi(1− η)

η
(Cf,equ − Cf), (5.1)

∂Cf

∂t
= Kmi(Cf,equ − Cf), (5.2)

ρc
∂T

∂t
= Λz

∂2T

∂z2
+ Λy

∂2T

∂y2
− (1− η)∆Hads

∂Cf

∂t
, (5.3)

with Cf,equ and ∆Hads defined in (2.25) and (2.33), respectively.

The boundary conditions for the variable Cp at the bottom (z = 0) and top (z = Lz) of the
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Figure 5.1: Coordinates system in the print surface.

paper sheet consist of equations (3.3) and (3.4), respectively. Note that now the external mass
transfer coefficient at the bottom of the sheet Kme1 is variable in time and space, while the
corresponding coefficient at the top of the sheet Kme2 is constant. Kme1 takes the value 0 for
the domain of the paper sheet that is in contact with the print or IRT surfaces, and it is equal
to Kme2 where it is exposed to the environment. The paper movement through the print surface
is modeled as if the print surface was moving and paper remained at the same position, i.e., the
point y = 0 is always located at the left corner of the paper sheet, and the position of the print
surface is the one that changes in time. Additionally, the displacement of the print surface is
assumed to be instantaneously, i.e., no time is needed to move it from one position to another.
In this way Kme1 can be expressed as the following step function

Kme1(t, y) =


Kme2 if y < Yps0(t),

0 if Yps0(t) ≤ y < Yps0(t) + Lps + LIRT,

Kme2 if y ≥ Yps0(t) + Lps + LIRT,

(5.4)

with Yps0(t) the y-coordinate of the left extreme of the print surface (see Figure 5.1). It can be
expressed in terms of the time interval tstep and distance Ystep as follows

Yps0(t) = Ystep

⌊
t

tstep

⌋
+ Yps0(0),

with b c the floor function and Yps0(0) the initial position of the print surface, which in all sim-
ulations will correspond to the right end of the paper sheet (Yps0(0) = Ly).

The boundary conditions for the temperature equation at the top and bottom of the sheet
are given by equations (4.2) and (4.3). Note, that the external heat transfer coefficient at the
top of the sheet Khe2 has a constant value, but the corresponding coefficient at the bottom of
the sheet Khe1 and the temperature T− are variable in time and space. The temperature T−
is given by T− = Tps where the paper sheet is in contact with the print surface, and T− = T∞
otherwise. Khe1 is equal to Khe2 where the paper sheet is exposed on both sides to the environ-
ment, and it has been chosen to be twice Khe2 above the print or IRT surfaces. Khe1 is taken as
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Khe1 = 2Khe2 at the print and IRT surfaces since no experimental data of such coefficient were
available at this stage of the research. This approximation takes into account that the external
heat transfer coefficient with these surfaces is known to be higher than the transfer coefficient
with the environment. T− and Khe1 can be expressed as

T−(t, y) =


T∞ if y < Yps0(t),

Tps if Yps0(t) ≤ y < Yps0(t) + Lps,

T∞ if y ≥ Yps0(t) + Lps(t),

(5.5)

Khe1(t, y) =


Khe2 if y < Yps0(t),

2Khe2 if Yps0(t) ≤ y < Yps0(t) + Lps + LIRT,

Khe2 if y ≥ Yps0(t) + Lps + LIRT.

(5.6)

Since the area of the lateral surfaces of a paper sheet is much smaller than the area of its upper
and bottom surfaces, the heat and mass transfer through the boundaries at y = 0 and y = Ly
is negligible compared to the exchange through the boundaries at z = 0 and z = Lz. Thus, the
boundaries y = 0 and y = Ly can be considered as isolated, i.e., their corresponding boundary
conditions are given by

∂Cp

∂y
=
∂T

∂y
= 0 at y = 0 and y = Ly.

If the paper sheet is assumed to be initially in thermal and concentration equilibrium with the
environment, the initial conditions for the variables Cp, Cf and T are given by equations (3.5),
(3.6) and (4.5), respectively.

The dimensionless version of (5.2) is given by (3.8), and the dimensionless version of (5.1)
and (5.3) can be obtained by taking the two-dimensional version of equations (2.36) and (2.38),
respectively, with ` = `2 = Lz and `1 = Ly. They read

∂Ĉp

∂t̂
=

∂2Ĉp

∂ẑ2
+ ε

∂2Ĉp

∂ŷ2
−Nm

p

(
Ĉf,equ − Ĉf

)
, (5.7)

∂Ĉf

∂t̂
= Nm

f

(
Ĉf,equ − Ĉf

)
, (5.8)

∂T̂

∂t̂
= Lez

∂2T̂

∂ẑ2
+ εLexy

∂2T̂

∂ŷ2
−Nh

(
m8 −m7Ĉp

) ∂Ĉf

∂t̂
, (5.9)

with Ĉf,equ a function of Ĉp and T̂ given by (2.39), m7 and m8 functions of T̂ given by (2.41),
and the small parameter ε given by

ε =

(
Lz
Ly

)2

.

For Lz and Ly the characteristic thickness and length of a paper sheet, respectively, ε is of order
10−6. The presence of this small parameter in equations (5.7) and (5.9) indicates that, due to the
different dimensions in thickness and length of the paper sheets, gradients in z are smoothed out
much faster than gradients in y, and therefore, that gradients in the thickness direction appear
for very short times compared to the gradients along the length.
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The dimensionless version of the boundary conditions for the water concentration in the pores
at the bottom and top of the paper sheet are given by equations (3.9) and (3.10), respectively,
where now Bih1 varies according to the function Kme1 given in (5.4). The dimensionless boundary
conditions for the temperature equation at the same boundaries are given by equations (4.7) and
(4.8), respectively, with Bih1 and T̂− varying in time and space accordingly to the functions given
in (5.6) and (5.5), respectively.

Substituting the dimensionless variables defined in (2.35) in the boundary conditions at y = 0
and y = Lz we obtain

∂Ĉp

∂ŷ
=
∂T̂

∂y
= 0 at ŷ = 0 and ŷ = Ly/Lz (5.10)

Finally, the dimensionless initial conditions for the variables Ĉp, Ĉf and T̂ are given by equations
(3.11), (3.12) and (4.9), respectively.

5.2 Numerical approach

The numerical scheme used to solve the system of equations (5.7) to (5.9) follows the same ap-
proach as in Section 4.2. It applies the method of lines, using finite differences to discretize the
spatial derivatives and the θ-method for time integration. For the discretization of the spatial
derivatives a two-dimensional grid with Nz grid points in the z-direction and Ny grid points
in the y-direction is introduced. This grid is numbered along horizontal grid lines as shown
in Figure 5.2. The numerical scheme presented in this section is derived for the dimensionless
water concentration and temperature equations, and the hat sign of the dimensionless variables
is omitted.

Figure 5.2: two-dimensional grid.
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Using a central difference approximation for the second order derivatives ∂2Cp

∂z2
and ∂2Cp

∂y2
in equa-

tion (5.7) we reach for i = 1, 2, ..., Nz and j = 1, 2, ..., Ny

dCpi,j

dt
=

1

∆z2

(
Cpi−1,j − 2Cpi,j + Cpi+1,j

)
+

ε

∆y2

(
Cpi,j−1 − 2Cpi,j + Cpi,j−1

)
−Nm

p

(
Cf,equi,j − Cfi,j

)
, (5.11)

where Cpi,j and Cfi,j are used to denote the value of the variables Cp and Cf at the grid point
(i, j), respectively, and Cf,equi,j = Cf,equ

(
Cpi,j

)
, with the function Cf,equ defined in (2.39).

If the first order derivatives in the boundary conditions for the variable Cp ( equations (3.9),
(3.10) and (5.10) ) are also approximated with central differences, we obtain

Cp0,j = −2∆z (Bim1 )j Cp1,j + 2∆z (Bim1 )j Cp∞ + Cp2,j for j = 1, 2, ..., Ny (5.12)

CpNz+1,j = −2∆zBim2 CpNz,j + 2∆zBim2 Cp∞ + CpNz−1,j for j = 1, 2, ..., Ny, (5.13)

Cpi,0 = Cpi,2 for i = 1, 2, ..., Nz, (5.14)

Cpi,Ny+1 = Cpi,Ny−1 for i = 1, 2, ..., Nz, (5.15)

where (Bim1 )j is used to denote the dimensionless number Bim1 evaluated at the y-coordinate of
the grid points with index (., j). A double index (i, j) is not assigned to (Bim1 ) since it is only a
function of y. Substituting (5.12) in (5.11) for i = 1, j = 1, 2, ..., Ny, (5.13) in (5.11) for i = Nz,
j = 1, 2, ..., Ny, (5.14) in (5.11) for i = 1, 2, ..., Nz, j = 1, and (5.15) in (5.11) for i = 1, 2, ..., Nz,
j = Ny, we reach the following ODE system

dCp

dt
= AMCp + f . (5.16)

The vectors Cp and f are given by

Cp =
[
Cp1,1 , Cp1,2 , ..., Cp1,Ny

, Cp2,1 , ..., Cp2,Ny
, ..., ..., Cpi,1 , ..., Cpi,Ny , ..., , ..., CpNz,1 , ..., CpNz,Ny

]T
,

f = −Nm
p (Cf,equ −Cf) + b,

with

Cf =
[
Cf1,1 , Cf1,2 , ..., Cf1,Ny

, Cf2,1 , ..., Cf2,Ny
, ..., ..., Cfi,1 , ..., Cfi,Ny

, ..., ..., CfNz,1
, ..., CfNz,Ny

]T
,

Cf,equ = [Cf,equ1,1
, Cf,equ1,2

, ..., Cf,equ1,Ny
, Cf,equ2,1

, ..., Cf,equ2,Ny
, ..., ..., Cf,equi,1 , ..., Cf,equi,Ny

,

..., ..., Cf,equNz,1
, ..., Cf,equNz,Ny

]T,

b =
2Cp∞

∆z

[
(Bim1 )1 , (Bim1 )2 , ..., (Bim1 )Ny , 0, 0, ..., 0, 0︸ ︷︷ ︸,Bim2 ,Bim2 , ...,Bim2

]T

,

(Nz − 2)Ny

and the matrix AM is given by

AM =



B
′
M C

′
M

CM BM CM

. . .
. . .

CM BM CM

C
′
M B

′′
M

 ,
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with BM, B
′
M, B

′′
M, CM, and C

′
M matrices of size Ny ×Ny. They are given by

BM =


−2δM 2εδy
εδy −2δM εδy

. . .
. . .

εδy −2δM εδy
2εδy −2δM

 ,

B
′
M =



−2
(
δM +

(Bim1 )1
∆z

)
2εδy

εδy −2
(
δM +

(Bim1 )
2

∆z

)
εδy

. . .
. . .

εδy −2
(
δM +

(Bim1 )
Ny−1

∆z

)
εδy

2εδy −2
(
δM +

(Bim1 )Ny

∆z

)


,

B
′′
M =



−2
(
δM +

Bim2
∆z

)
2εδy

εδy −2
(
δM +

Bim2
∆z

)
εδy

. . .
. . .

εδy −2
(
δM +

Bim2
∆z

)
εδy

2εδy −2
(
δM +

Bim2
∆z

)


,

CM =


δz

δz
.

.
δz

 ,

C
′
M = 2CM,

with

δy =
1

∆y2
,

δz =
1

∆z2
,

δM = εδy + δz.

Following the same procedure as for the variable Cp, if we use central differences to approximate
the second order derivative in the temperature equation (5.9), we obtain for i = 1, 2, ..., Nz and
j = 1, 2, ..., Ny

dTi,j
dt

=
Lez
∆z2

(Ti−1,j − 2Ti,j + Ti+1,j) +
εLexy
∆y2

(Ti,j−1 − 2Ti,j + Ti,j−1)

−Nh
(

(m8)i,j − (m7)i,jCpi,j

)dCfi,j

dt
, (5.17)

where Ti,j , (m8)i,j , (m7)i,j are used to denote the values of T , m8 and m7, respectively, at the
grid point (i, j) .
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If the first order derivatives in the temperature boundary conditions ( equations (4.7), (4.8)
and (5.10) ) are also approximated with central differences, we obtain

T0,j = −2∆z (Bih1)j T1,j + 2∆z (Bih1)j (T−)j + T2,j for j = 1, 2, ..., Ny (5.18)

TNz+1,j = −2∆zBih2 TNz ,j + 2∆zBih2 T∞ + TNz−1,j for j = 1, 2, ..., Ny, (5.19)

Ti,0 = Ti,2 for i = 1, 2, ..., Nz, (5.20)

Ti,Ny+1 = Ti,Ny−1 for i = 1, 2, ..., Nz, (5.21)

where (Bih1)j and (T−)j denote the variables Bih1 and T− , respectively, evaluated at the y-
coordinates of the points with index (., j).

Substituting (5.18) in (5.17) for i = 1, j = 1, 2, ..., Ny, (5.19) in (5.17) for i = Nz, j = 1, 2, ..., Ny,
(5.20) in (5.17) for i = 1, 2, ..., Nz, j = 1, and (5.21) in (5.17) for i = 1, 2, ..., Nz, j = Ny, we
obtain the following ODE system

dT

dt
+Nh (m8 −m7. ∗Cp) . ∗ dCf

dt
= ATT + p, (5.22)

with the vectors T, m7, m8 and p given by

T =
[
T1,1, T1,2, ..., T1,Ny , T2,1, ..., T2,Ny , ..., ..., Ti,1, ..., Ti,Ny , ..., , ..., TNz ,1, ..., TNz ,Ny

]T
,

m7 =
[
(m7)1,1, ..., (m7)1,Ny , ..., ..., (m7)i,1, ..., (m7)i,Ny , ..., , ..., (m7)Nz ,1, ..., (m7)Nz ,Ny

]T
,

m8 =
[
(m8)1,1, ..., (m8)1,Ny , ..., ..., (m8)i,1, ..., (m8)i,Ny , ..., , ..., (m8)Nz ,1, ..., (m8)Nz ,Ny

]T
,

p =
2Lez
∆z

[
(Bih1)1(T−)1, (Bim1 )2(T−)2, ..., (Bih1)Ny(T−)Ny , 0, 0, ..., 0, 0︸ ︷︷ ︸,Bih2T∞,Bim2 T∞, ...,Bim2 T∞

]T

,

(Nz − 2)Ny

and the matrix AT given by

AT =



B
′
T C

′
T

CT BT CT

. . .
. . .

CT BT CT

C
′
T B

′′
T

 ,

with BT, B
′
T, B

′′
T, CT, and C

′
T matrices of size Ny ×Ny. They are given by

BT =


−2δT 2εLexyδy
εLexyδy −2δT εLexyδy

. . .
. . .

εLexyδy −2δT εLexyδy
2εLexyδy −2δT

 ,

B
′
T =



−2
(
δT +

Lez

(
Bih1

)
1

∆z

)
2εLexyδy

εLexyδy −2
(
δT +

Lez

(
Bih1

)
2

∆z

)
εLexyδy

. . .
. . .

2εLexyδy −2
(
δT +

Lez

(
Bih1

)
Ny

δz

)


,
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B
′′
T =



−2

(
δT +

LezBih2
∆z

)
2εLexyδy

εLexyδy −2

(
δT +

LezBih2
∆z

)
εLexyδy

. . .
. . .

εLexyδy −2

(
δT +

LezBih2
∆z

)
εLexyδy

2εLexyδy −2

(
δT +

LezBih2
∆z

)


,

CT = LezCM,

C
′
T = 2CT,

with

δT = εLexyδy + Lezδz.

Note that the ODE systems for the variables Cp and T (equations (5.16) and (5.22)) correspond
to the same ODE systems derived in Sections 3.2 and 4.2 for the same variables (equations
(3.23) and (4.13)), the only difference being the definition of the matrices and vectors involved.
Therefore, the time discretization of the variables Cp, Cf and T , using the θ-method, leads to the
system of equations (3.28), (3.26) and (4.14), with the matrices AM and AT and vectors Cp, Cf ,
Cf , Cf,equ, f , m7, m8, and p defined as in this section. The solution of this system of equations
is calculated as explained in Section 4.2 for the one-dimensional non-isothermal model.

5.3 Results and discussion

The numerical solution of the mathematical model derived in Section 5.1 is computed in this
section for the printing parameters used in practice. The time step tstep has a value of 1.5 s,
the displacement Ystep has a value of 2.5 cm, and the lengths of the print and IRT surfaces
(Lps, LIRT) have a value of 14 and 20 cm, respectively. The rest of the physical parameters
used in the simulation are reported in Table 2.1. The solution was computed for a final time
of 30 s, with ∆y = 1 × 10−3 m (200 grid points in y), ∆z = 1.8 × 10−5 m (7 grid points in
z), ∆t = 0.15 s, and θ = 1. ∆y was chosen such that it was not larger than the value of the
diffusion region around the temperature jumps in the print and IRT surfaces, i.e., the region in
which concentrations and temperature are affected around a temperature jump. In results not
shown in this report, this diffusion region was found to be approximately 1.6 cm. Although the
time integration with θ = 1 leads to only first order convergence, this value for the parameter
θ was used since it avoids oscillations in time due to the discontinuous temperature boundary
conditions [19]. For the numerical parameters mentioned above, a computational time of ap-
proximately 4 h was required.

Figure 5.3 to 5.5 show the profiles of the variables Cp, Cf and T along an horizontal line, together
with the temperature T− involved in the temperature boundary condition at z = 0. From these
figures we can see that the movement of the paper sheet along the print surface increases the
temperature of the sheet with approximately 5.4 ◦C, but this temperature increment does not
generate significant changes in the water concentration in the fibers. Cf decreases at most 1
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kg m−3, which is considerably smaller than the change of approximately 20 kg m−3 obtained
in Section 4.3 after raising the temperature boundary condition from 23 to 30 ◦C. These small
Cf -changes during the printing process are due to the short time interval that the sheet spends
on the print surface. For the value of the printing parameters tstep, Ystep and Lps considered in
this section, every point of the paper sheet is in contact with the print surface for at most 9 s,
a very short time interval compared to the time needed to reach equilibrium, which in Section
4.3 was found to be of the order of 10 minutes. Figure 5.3 to 5.5 also show that the water
concentration in the pores increases while the sheet passes over the print surface, indicating that
the water exchange with the environment is not fast enough to transport all the desorbed water,
and therefore that water is accumulated in the pores.
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Figure 5.3: Profiles along the horizontal line z = 5.5 × 10−5 m for the variables Cp, Cf , T and T− at
the time t = 8.84 s.

Figure 5.3 shows the characteristic moisture and temperature profiles at the beginning of the
printing process, when the paper sheet is entering the print surface. This figure shows that at
this stage of the printing process the variables Cp, Cf and T are monotonically increasing in y,
with profiles consisting of several plateaus along the length of the sheet. Each of these plateaus
corresponds to a strip of paper that has been in contact with the print surface for the same
period of time. Since the print surface is initially in contact with the right corner of the sheet,
the plateaus closer to y = Ly have been over the print surface for longer times, and therefore
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they have higher temperatures and lower water concentration in the fibers.
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Figure 5.4: Profiles along the horizontal line z = 5.5 × 10−5 m for the variables Cp, Cf , T and T− at
the time t = 15.27 s.

Figure 5.4 shows the temperature and concentrations profiles in y at the time t = 8.84 s, when
the left part of the sheet is exposed to the environment, the middle part is in contact with the
print surface and the rest of the sheet is in contact with the IRT surface. This figure shows that
in the regions where the paper is in contact with the IRT surface the variable Cf has peculiar os-
cillatory profiles in y and the variables Cp and T have small undershoots. This behavior appears
because some parts along the length of the sheet are in contact with the hot print surface for 9s
and other parts for only 7.5 s. This difference in the contact time with the print surface occurs
since the length of displacement Ystep does not match exactly the length of the print surface, i.e.,
the ratio Lps/Ystep = 5.6 is not an integer. This makes some parts of the sheet stay for 1 time
step less over the print surface than the rest of the sheet.

In order to observe the oscillatory behavior more precisely, Figure 5.5 shows the profiles of the
variable Cf at the final simulation time (30 s), together with the distribution of the contact times
with the print surface. From this figure we can see that, as expected, the oscillations of the vari-
able Cf match the oscillations of the contact time with the print surface, and that the lower Cf

values correspond to the regions with longer contact time. From Figure 5.4 and 5.5 we can also
see that the oscillations of the variables Cp and T are less pronounced than for the variable Cf .
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Figure 5.5: Profiles along the horizontal line z = 5.5 × 10−5 m for the variables Cp, Cf , T and T− at
the time t = 30 s.

This result was expected since the mathematical model does not include diffusive fluxes for the
water adsorbed onto the fibers, which makes the oscillations of Cp and T , for which diffusive
fluxes are included, smooth out faster than for Cf . Although the magnitude of the oscillations of
Cf is not large, the presence of oscillatory profiles may be important when studying mechanical
changes that paper undergoes during the printing process.

In order to observe more clearly the evolution in time of the temperature and water concen-
trations at different points in the paper sheet, Figure 5.6 presents the variables Cp, Cf and T
at different points along the horizontal line z = 5.5 × 10−5 as a function of time. This figure
shows that the evolution of the temperature and water concentration in the pores is very sim-
ilar among the points considered. For all points the temperature increases while the point is
in contact with the print surface, and once the point is in contact with the IRT surface the
temperature decreases until it reaches equilibrium with the environment. Similarly, the water
concentration in the pores increases while a point is over the print surface due to accumulation of
the water desorbed from the fibers, and it decreases when the point leaves the print surface due
to the water adsorption onto the fibers induced by the temperature decrement. Different from
Cp and T , the evolution of the variable Cf differs among the points considered. As explained



CHAPTER 5. APPLICATION TO THE PRINT SURFACE 71

before, these differences appear due to the difference in contact time with the print surface, so
the points that reach lower Cf -values correspond to points with longer contact times.
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Figure 5.6: Evolution in time of the variables Cp, Cf and T at different points along the horizontal line
z = 5.5× 10−5 m.

In a different approach, the evolution in time of Cp, Cf and T is shown in Figure 5.7 for different
points along the vertical line y = 0.125 m. This figure shows that the temperature evolution
is nearly the same for all the points considered, which indicates that there are not large tem-
perature gradients along the thickness of the paper sheet. Figure 5.7 also shows that the water
concentration in the pores has differences of up to 5 × 10−4 (35% of the Cp-increment) among
the points considered. This result indicates that there are significant Cp-gradients along the
thickness. As expected, Cp reaches lower values near the boundary at z = Lz, where all the
desorbed water from the fibers can be directly exchanged with the environment, and it reaches
higher values for the points closer to z = 0, where the desorbed water can not be directly trans-
ported to the environment due to the presence of the water impermeable surface. Similar to
Cp, the evolution of the variable Cf varies among the points considered. Figure 5.7 shows that
the points for which the water concentration in the pores is lower reach lower concentration in
the fibers as well. This result was expected since lower concentrations in the pores displace the
equilibrium water concentration in the fibers to lower values.
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Finally, Figure 5.8 presents the distribution of Cp, Cf and T along both, thickness and length of
the sheet, for a fixed time. This figure provides a more global picture of a typical distribution
of all the variables for the complete paper sheet.

Summarizing, in this section the evolution of the temperature and moisture concentrations in a
paper sheet during a printing process without convective fluxes has been studied. The results
presented in this section showed that the movement of the paper sheet over the print surface
generates significant changes in the concentration in the pores and temperature of the sheet,
but due to the short contact time with the print surface, it only generates moderate changes
in the water concentration in the fibers. This section also showed that the discontinuous mov-
ing boundary conditions during the printing process generate gradients along the length of the
sheet, and for the printing parameters (tstep, Ystep and Lps) considered in this section, produce
an oscillatory behavior in the y-direction.
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Chapter 6

Conclusions and further research

In this work different models that describe moisture and heat transport in paper were developed
and used to gain insight in the characteristics of the transport processes. Initially, considering
paper a porous medium composed by fibers and pores, a general model was derived in Chapter
2 by using the method of Representative Elementary Volumes. This general model was used in
Chapters 3 and 4 as a basis to derive specific models to describe isothermal moisture transport in
paper sheets and stacks of papers in response to changes in relative humidity, and non-isothermal
moisture transport in paper sheets in response to changes in relative humidity and/or tempera-
ture. Those models were solved numerically and the solutions were used to study the features
of the transport processes for different applications in the target printer. Finally, in Chapter 5
a model to describe the moisture and temperature evolution in paper sheets while being printed
was studied. This model only included diffusive heat and moisture transport and was not meant
to represent the real situation in the print surface, where convection is of importance. However,
it is meant to gain insight in the diffusive processes during printing.

From the study of moisture transport in a single paper sheet in response to changes in the
relative humidity, we could conclude that in this case diffusion is faster than the exchange with
the environment and water sorption onto the fibers. For this process, the temperature and con-
centration gradients were small, and when the external mass transfer coefficients at the top and
bottom of the sheet were the same, a zero-dimensional model was adequate. The comparison
between the isothermal and non-isothermal models showed that water sorption induced by in-
crements of relative humidity can increase the temperature of the paper sheet by several degrees
Celsius, and that those temperature changes affect the moisture sorption process itself by dis-
placing the equilibrium concentration of water in the fibers. From this comparison we concluded
that moisture and temperature are strongly dependent, and that in order to model the water
intake in response to changes in relative humidity, the moisture and temperature equations need
to be solved together.

The study of the moisture and temperature evolution in response to changes in the temper-
ature boundary conditions showed that temperature increments of several degrees can decrease
significantly the water concentration in the fibers of the paper sheet. In this case, when fast tem-
perature changes were applied the water desorption from the fibers was found to be faster than
the water exchange with the environment, leading to water accumulation in the pores. Moreover,
the fast water desorption shortly after a large temperature jump was found to generate gradi-
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ents along the thickness direction when one of the sides of the paper sheet was in contact with
a water impermeable surface. This result lead to the conclusion that, when modeling the paper
sheets over the print surface, gradients across the thickness of the sheets needed to be considered.

From the results presented in Chapter 3 for the moisture transport in a stack of paper sheets in
response to changes in relative humidity, we concluded that, different from a single paper sheet,
there are concentration gradients along the thickness of the sheets inside a stack. Studying the
moisture transport in a stack of papers also showed that the air gaps between the paper sheets
do not offer resistance to moisture transport, i.e., there are no concentration gradients inside
the air gaps. From this result we concluded that a simpler model, where the air gaps are not
taken into account, is suitable to describe the moisture transport through the stack. Although
studying the isothermal moisture evolution in a stack gave valuable insight in the characteristics
of this process, the model still needs to be extended to consider a varying temperature.

Finally, the numerical solution of the model for the printing process presented in Chapter 5
showed that the movement of sheets over the print surface increases the temperature of the
paper sheet by approximately 5.4 ◦C. However, due to the short contact time with the print
surface, this temperature increment does not generate large changes in the water concentration
in the fibers. The results presented in Chapter 5 also showed that during the printing process
some regions of the sheet were in contact with the print surface for a shorter time, making
these regions reach higher concentrations in fibers than the rest of the sheet. From this result
we could conclude that when the ratio Lps/Xstep is not an integer, the movement over the hot
print surface generates oscillatory temperature and concentrations profiles along the length of
the paper sheet, which may be important when studying the mechanical changes of paper while
being printed.

Summarizing, all the models derived in Chapter 3 to 5 studied the transport processes in dif-
ferent stages of the complete printing sequence. The model for the stack of paper derived in
Chapter 3 constitutes a first step in the derivation of a model that describes the moisture sorp-
tion at the beginning of the printing sequence, where the paper roles are stored in environments
of relative humidity different from the place where they were produced. The one-dimensional,
non-isothermal model derived in Chapter 4 can be used to describe the moisture and temperature
evolution of the paper connecting the roll with the print surface, which is exposed on both sides
to the environment. And finally, the two-dimensional model derived in Chapter 5 constitutes a
first approach to understand the moisture and heat transport phenomena that take place on the
print surface.

The results provided in this work can be used to describe the moisture and temperature evolu-
tion at different stages of the printing sequence. However, they can not be used yet to obtain
accurate predictions of the water concentration and temperature of the paper sheets. This is be-
cause, since no experimental data is currently available, the models could not be validated. The
numerical solutions of the mathematical models presented here still need to be compared with
experiments, and the physical parameters need to be determined. Specifically, a more accurate
determination of the parameters Deff

p , Kme and Khe needs to be performed and the parameter
Kmi, which can not be measured experimentally, needs to be determined by fitting the numerical
results to experimental data.
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There is also place for further improvements of the moisture and temperature models. For
instance, an important aspect that may influence the performance of the model is the pres-
ence of hysteresis, which was neglected in this work. A closer study of these effects still needs
to be carried out and, if it turns out to be important, the sorption isotherm data need to be
extended in order to include hysteresis in the sorption and desorption curves. Another impor-
tant aspect of the moisture transport model is that diffusion through the fibers network was
considered negligible. This assumption was based on the small values of the diffusivity of wa-
ter in the fibers reported in literature [16], [4]. However, the effective diffusivity in the pores
measured by Océ Technologies was found to be one order of magnitude larger than the corre-
sponding values reported in literature, which indicates that the physical parameters may vary
considerably among different kind of papers. Therefore, a closer study of the effects of moisture
diffusion through the fibers must be included if the model fails to fit correctly experimental data.

Concluding, the goal of this work has been satisfactory achieved. This work provides math-
ematical models that are able to describe the moisture and heat transport in paper sheets in
response to temperature and/or relative humidity changes, applicable to different stages of the
printing sequence. Those models gave valuable insight in the moisture and heat transport in
paper, constituting the first step in the derivation of a model to study the mechanical changes
of paper when it is printed in wet environments. After a calibration process, the results of the
models presented in this work can be used as an input to study the deformation of paper in
response to changes in relative humidity and/or temperature.



Notation

Apf Surface area of interface pores-fibers per unit volume of porous medium [m−1]

Bih1 Biot number for heat transfer at z = 0

Bih2 Biot number for heat transfer at z = Lz
Bim1 Biot number for mass transfer at z = 0
Bim2 Biot number for mass transfer at z = Lz
Ca Concentration of water in the air gaps of a stack of paper [Kg m−3]

Ĉa Dimensionless concentration of water in the air gaps of a stack of paper
Cf Concentration of water in the fibers [Kg m−3]

Ĉf Dimensionless concentration of water in the fibers [Kg m−3]
Cf,equ Equilibrium concentration of water in the fibers [Kg m−3]
Cfmax Maximum concentration of water in the fibers [Kg m−3]
Cfmin Minimum concentration of water in the fibers [Kg m−3]
Cp Concentration of water in the pores [kg m−3]

Ĉp Dimensionless concentration of water in the pores
Cpmax Maximum concentration of water in the pores [Kg m−3]
Cpmin Minimum concentration of water in the pores [Kg m−3]
Cp∞ Concentration of water in the environment [kg m−3]

Ĉp∞ Dimensionless concentration of water in the environment [kg m−3]
C init
p∞ Initial concentration of water in the environment [kg m−3]

Cs
w saturated water vapor concentration [kg m−3]

cf Specific heat capacity of the fibers [J kg−1 K−1]
cp Specific heat capacity of the air in the pores [J kg−1 K−1]
c Specific heat capacity of paper [J kg−1 K−1]
Daw Diffusivity of water vapor in air [m2 s−1]

D̂aw Dimensionless diffusivity of water vapor in air
Deff

f Effective diffusivity of water in the fibers [m2 s−1]
Deff

p Effective diffusivity of water in the pores [m2 s−1]

Khe1 External heat transfer coefficient at the bottom of the paper sheet [J m−2 K−1 s−1]
Khe2 External heat transfer coefficient at the top of the paper sheet [J m−2 K−1 s−1]
Kme1 External mass transfer coefficient at the bottom of the paper sheet [m s−1]
Kme2 External mass transfer coefficient at the top of the paper sheet [m s−1]
Kmi Pores to fibres (internal) mass transfer coefficient [s−1]
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Lps Length of the print surface [m]
LIRT Length of the IRT surface [m]
Ly Length of the paper sheet [m]
Lz Thickness of the paper sheet [m]
` Characteristic length for the time scaling [m]
`1 Characteristic length of the order of the length of a paper sheet [m]
`2 Characteristic length of the order of the thickness of a paper sheet [m]
Mw Molecular weight of water [kg mol−1]
Nm

f Dimensionless constant in the dimensionless differential equation of the variable Cf

Nm
p Dimensionless constant in the dimensionless differential equation of the variable Cp

Lez Lewis number for the through-plane direction
Ley Lewis number for the in-plane directions
Nh Constant in the dimensionless differential equation for the variable T [Kg J−1]
Pw Partial pressure of water vapor in air [Pa]
P s

w Saturated pressure of water vapor in air [Pa]
R Ideal gas constant [J mol−1 K−1]
RH Relative humidity
RH∞ Relative humidity in the environment
RHmax

∞ Maximum relative humidity in the environment
RHmin

∞ Minimum relative humidity in the environment
Ystep Displacement step of the print surface [m]
T Temperature of paper [K]

T̂ Dimensionless temperature of paper
Tps Temperature of the print surface [K]
Tmax Maximum temperature of paper in a given process [K]
Ts Surface temperature [K]
tstep Time step of the movement of the print surface [s]
T∞ Temperature of the environment [K]
T− Temperature at the boundary z = 0 of the paper sheet [K]
X Moisture content in an oven dry fiber basis (kg water per kg of dry fibers)
Xequ Equilibrium moisture content
Xprim Mass fraction of water absorbed to primary bonding sites in a dry fiber basis
Xtotal Integrated moisture content of the paper sheet
∆Hads Specific enthalpy of adsorption of water in the fibers [J Kg−1]
∆Hprim Specific enthalpy of condensation of primary bound water [J Kg−1]
∆Hsec Specific enthalpy of condensation of secondary bound water [J Kg−1]
η Porosity of paper
Λ Effective thermal conductivity tensor [J m−1 K−1 s−1]
Λa Thermal conductivity of air [J m−1 K−1 s−1]
Λy Effective thermal conductivity of paper in the in-plane directions [J m−1 K−1 s−1]
Λz Effective thermal conductivity of paper in the through-plane direction [J m−1 K−1 s−1]
ρp Density of the air in the pores (porous phase)
ρf Density of the fibers [Kg m−3]
ρ Density of paper [kg m−3]
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