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Abstract 

The possibility of detecting mechanical defects in certain artificial heart valves is studied by 
investigating a simplified model configuration via computational simulations. This model 
consists of a perfectly conducting circular thin-wire segment embedded in a homogeneous, 
dispersive, dielectric medium. In this report three different configurations containing such 
a circular thin-wire segment are considered. In the first configuration the circular wire 
is completely closed; in the second configuration the circular wire is interrupted by an 
opening. These configurations represent a perfect and a completely broken heart valve, 
respectively. In the third configuration an impedance is included into the circular wire to 
model a partial fracture. In all three cases, the mathematical formulation of the problem is 
carried out in the same way. Starting from an integral relation for the electric field in the 
Laplace domain, a one-dimensional integral equation for the total current along a circular 
thin-wire segment is derived. In analogy with the case of a straight thin wire, this equation 
is referred to as Pocklington's equation. From a computational point of view, this equation 
has the disadvantage that twice repeated differentiations with respect to the angular co
ordinate along the wire lead to rapid fluctuations in the kernel. These fluctuations can be 
avoided by using a Green's function technique to analytically invert a one-dimensional wave 
operator that includes these differentiations. The resulting integral equation is referred to 
as Hallen's integral equation. In addition to the unknown current, Hallen's equation for the 
interrupted circular wire contains two homogeneous solutions with unknown amplitudes. 
These amplitudes must be determined by imposing two additional boundary conditions 
on the unknown current. For the open loop, the current must vanish at the ends of the 
wire. For the closed loop, the homogeneous solutions in Hallen's equation are accounted 
for by enforcing periodic boundary conditions to the Green's function. This distinction 
leads to two different versions of Hallen's equation. The introduction of an impedance into 
the circular wire does not lead to a completely new equation; it can be accounted for by 
including an extra term in Hallen's equation for the closed wire. 

Hallen's equations cannot be solved in closed form; therefore the unknown current must be 
determined numerically. To this end, all quantities are normalized and space discretized. 
In case of the completely closed circular wire, the periodicity is used to directly invert 
the discretized integral equation with the aid of a Discrete Fourier Transformation. For 
the broken wire and the wire with a load, the wire geometry is no longer translationally 
invariant with respect to the angular coordinate <p. As a consequence, the inversion cannot 

1 



be carried out with the aid of a Discrete Fourier Transformation. Instead, the Conjugate
Gradient method is applied to calculate the current along the wire. Since parts of the 
configuration still show translation invariance in fj), the Discrete Fourier Transformation 
can be used to efficiently evaluate the relevant linear operations on the successive estimates 
and residuals. Results of the calculated current along the wire are given for the case of 
a Gaussian voltage pulse and for incident fields originating from an electric and magnetic 
point dipole, respectively. The late-time behavior of the current along the wire, when 
excited by a Gaussian voltage pulse or a magnetic point dipole, depends significantly on 
the status of the wire. 

Finally, we address the principle of simultaneously exciting and detecting the current along 
the wire representing the heart valve. In view of the successful excitation of such a current 
with a magnetic point dipole, we consider the situation where the same wire is excited 
by a second circular ring. When this second ring is excited by a voltage source it excites 
a similar electric field as the magnetic point dipole. Therefore, we expect similar effects 
in the late-time behavior of the current along the first ring. The question is whether this 
late-time behavior, in turn, influences the current along the second ring, which at that 
time acts as a receiving antenna. The relevant integral equations are obtained as follows. 
The field radiated by the second ring, i.e. the antenna, can again be derived by using 
the integral representation for the electric field. This expression is then substituted in 
Pocklington's equation for the first wire. Analogously, the radiated field from the first 
wire is substituted in Pocklington's equation for the second wire. This procedure results 
in two coupled integral equations. These equations are then transformed into equivalent 
Hallen-type equations by using the same Green's function technique as before. By in
troducing a suitable space discretization the resulting system of linear equations can be 
solved numerically with the aid of the Conjugate-Gradient-FFT method. Results of the 
calculated currents along the two wires are presented and discussed. It turns out that, 
in this configuration, the late-time behavior of the current along the second wire, i.e. the 
antenna, significantly depends upon the status of the first wire. 
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Chapter 1 

Introduction 

In recent years, it has been established that the minor outlet closure strut in certain arti
ficial heart valves may suffer from mechanical defects [1]. These defects appear as cracks 
or fractures near the junction of a leg of this strut with the main ring of the device. As 
a consequence, the valve occluder may escape from the device, which subjects the patient 
to a lethal risk. The present report presents a feasibility study into using pulsed electro
magnetic waves for this purpose. The principal difficulty with generating electromagnetic 
effects in a biological environment is that blood and live tissue are highly dispersive and 
therefore extremely lossy. This means that any measurement will definitely have to be 
invasive, e.g., via a catheter. Even in such circumstances it seemed doubtful whether a 
significant electromagnetic effect can be generated and measured. To investigate this, it 
was decided to first model a simplified but representative configuration with the aid of com
putational techniques. This model should at least have the following characteristics of an 
artificial heart valve: (i) a loop of highly conducting material representing the metal parts; 
(ii) the choice between closing the loop completely (perfect valve), including a resistive 
load (fatigue, partial fracture), or an interruption (complete fracture); (iii) an environment 
with representative material properties. A simple model satisfying these conditions is a 
thin circular wire embedded in a homogeneous dielectric medium. An electric current along 
the wire is excited by a so-called delta-gap voltage or by an incident field, both of finite 
duration. The wire is assumed to be thin enough that the so-called thin-wire approxima
tion may be applied. In that approximation, the response of the wire to any excitation is 
completely determined by the total current in the q'>-direction. 

The electromagnetic field problem of determining the total current along a circular thin 
wire is a fundamental and classical problem in electromagnetic theory. A straightforward 
way of handling this problem is by assuming an angularly independent current along the 
loop [2]. In that case, only the magnitude of the current needs to be determined, e.g., from 
variational expressions. This assumption, however, is unrealistic when the current contains 
short wavelengths in comparison with the loop's circumference. A better approach is to use 
thin-wire approximations and to consider the integral equation for the total current that 
flows along the surface of a perfectly conducting thin wire. These approximations, first 
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applied by Pocklington [3] for straight and circular thin wires, replace the two-dimensional 
boundary integral equation for the current density on the surface of the wire by a one
dimensional integral equation for the total current along the wire. In this equation, the 
electric-field strength is represented as the result of applying a second-order differential 
operator on the longitudinal component of a vector potential involving the unknown cur
rent. For this total current, the observation point can be chosen either on the surface of 
the wire, see for example Yung and Wong [4], or at the central axis [5]. 

For a straight thin wire, the integral equation for the total current along the wire is re
ferred to as Pocklington's equation. In this equation, the differential operator is identical 
to the wave operator. This was first recognized by Hallen [6], who used a Green's function 
technique to invert this operator, thus obtaining an alternative integral equation. A disad
vantage of Hallen's equation is that the condition that the current vanishes at both ends 
of the wire must be enforced explicitly. The main advantage of Hallen's equation is that 
the kernel in the vector potential need not to be differentiated, which limits the strongly 
varying behavior of the kernel near the point of observation, and thus facilitates the space 
discretization of the problem in the numerical solution [5]. 

In this report, the same approach is applied to a Pocklington-type equation for the to
tal current along a circular thin-wire segment. For this configuration, the second-order 
differential operator is no longer identical to the one-dimensional wave operator. However, 
it can be broken up into a linear combination of such an operator and a term that vanishes 
near the point of observation. At this point a distinction, based upon the different bound
ary conditions, is made between the completely closed circular wire and the circular wire 
with an interruption. For the interrupted wire, the boundary conditions that the current 
vanishes at the end faces must be enforced explicitly. For the completely closed wire the 
unknown current must satisfy periodic boundary conditions. One way to incorporate these 
conditions into the equation is to impose them on a Green's function. The introduction 
of an impedance into the circular wire leads to an extra term in Hallen's equation for the 
completely closed circular wire. 

Numerically, these equations can be solved either directly in the time domain [7] or in
directly, via a Fourier or Laplace transformation to the real or complex frequency domain 
[5, 8]. Here, we choose the Laplace domain since this offers the possibility to handle a 
wire surrounded by a dispersive medium. Furthermore, the indirect approach allows us to 
exploit the periodicity of the unknown current in case the wire is completely closed. After a 
space discretization similar to the one described in [5] for the case of the straight thin wire, 
a discretized integral equation is found. In case the wire is completely closed, the unknown 
current occurs only in single and double convolutions of periodic sequences. Consequently, 
this equation can be inverted directly with the aid of a Fast Fourier Transformation [9]. 
In the non-periodic structures of the interrupted and loaded circular wires the inversion 
can not be carried out directly and a more general method like the Conjugate-Gradient 
method is applied [10, 11]. 

6 



A third idea from [8] is to use a fixed space discretization for all frequencies. This will 
lead to an increasing relative error in the frequency-domain current for increasing imagi
nary part of the complex frequency s = f3 + jw. However, for a practical choice of forcing 
functions, this increase will be compensated by the decay of the transformed pulse shape. 
Therefore, a correct time-domain result is still obtained. The transformation of the com
plex current to the time domain is done by applying an inverse Laplace transformation. 
In [8] this idea is also used to derive a dedicated extrapolation procedure that is used to 
generate the successive starting values for the CG-FFT procedure from "final" results at 
previous frequencies. This leads to a considerable faster convergence of the procedure. In 
the present report this possibility has not been investigated, since it was our main objective 
to obtain insight into the physical behavior of the currents along the wires. 

The theoretical computations for the model used in this report indicate that it may be 
possible to detect fractures in artificial heart valves. Of course the model discussed is a 
very crude idealization of the actual configuration. However, because of the uncertainties 
in the description of a fracture and of the properties of the surrounding medium, it does 
not seem sensible to consider a very detailed model in a feasibility study of the present 
type. In addition, the effects observed are significant enough that we may expect a similar 
behavior in the actual problem. 

The presentation is organized as follows. In chapter 2, Pocklington's integral equation 
for the general case of a circular thin-wire segment is derived. This equation describes the 
relation between the sources on one hand and the current along the wire on the other hand. 
Subsequently, this equation is transformed into a Hallen-type integral equation with the 
aid of a Green's function technique. Here, different boundary conditions result in different 
equations for the closed and the interrupted circular wire, respectively. In chapter 3, we 
then consider the numerical solution of these equations. At the end of this chapter, some 
results of a delta-gap voltage excitation are discussed. In chapter 4, more realistic sources 
like the electric and magnetic point dipole are used to excite the wire. Finally, in the last 
chapter the problem of simultaneous excitation and detection is addressed by considering a 
configuration consisting of two coupled circular wires. For readers who are more interested 
in the application than in the mathematical and computational details, it is recommended 
to study sections 2.1 and 5.1 (the configurations), 3.5, 4.4, 5.6 (the results) and chapter 6 
(conclusions and recommendations). This should at least provide them with an impression 
of the present status of this research. 
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Chapter 2 

Formulation of the problem 

A simple model that represents the characteristic features of an artificial heart valve is a 
circular wire embedded in a homogeneous dielectric medium. In this chapter, three spe
cific configurations containing such a circular wire are considered. In the first case, we 
completely close the circular wire so that we have a simple model representing a perfect 
artificial heart valve; in the second case, an interruption in the circular wire is introduced 
to represent a completely broken heart valve; in the third case, we include an impedance 
in the circular wire to model fatigue or a partial fracture. 

In the first section, the integral relation for the electric field is derived from Maxwell's 
equations. In the second section, the integral relation for the electric field is used to arrive 
at Pocklington's equation for a circular thin-wire segment. Finally, in the third section, 
where we transform Pocklington's equation into Hallen's equation, we discriminate between 
the open and closed circular wire on account of the different boundary conditions. The 
circular wire with a load can in turn be regarded as an extension to the closed circular 
wire. This interpretation leads to an extra term in Hallen's equation. 

2.1 The model configuration 

We consider a perfectly conducting thin wire in the shape of a torus. The central axis is 
circular, with radius b, and is placed in the plane z 0 of a three-dimensional cylindrical 
coordinate system. The center of this circle coincides with the origin of a cylindrical 
coordinate system. The cross section of the wire is circular with radius a. The length 
of the thin-wire segment is determined by the size of the gap in the torus. The gap is 
centered around ¢ = 7r and its size is (27r - 2¢max)b. The interior of the wire is called V, 
the boundary of V is the closing surface OD and the unbounded domain exterior to OD 
is called V. In figure 2.1 n is the normal on the surface pointing into V. The thin-wire 
segment is embedded in a homogeneous, dielectric medium. The complex permittivity 
and the complex wave velocity of the medium surrounding the wire are denoted by € and 
c = 1/ ViJi, respectively. In this report the permeability of free space is used, i.e. /-t = /-to· 
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Figure 2.1: The configuration. 

The circular wire is potentially both a receiver and a transmitter. It acts as a receiver when 
an incident electromagnetic field generates a current along the wire. It acts as a transmitter 
when this current, or a directly generated current, typically driven by a voltage across a 
small gap located at ¢ ¢gap , induces an electromagnetic field. In the limit of a vanishing 
gap, such an excitation is referred to as a delta-gap voltage excitation. 

2.2 The integral relation for the electric field 

Let us first consider the incident field in the interior domain V. Since, by definition, the 
incident field is the field that would be present in the absence of the scatterer, we have in 
the space-Laplace domain 

\7 X Hi(r,s) - sEEi(r,s) - 0, 
\7 x Ei(r, s) + sJ-LHi(r, s) 0, (2.1) 

when rEV. In (2.1), the right-hand side contains no source terms since the sources of 
the incident field are located in V. The superscript i reflects the circumstance that these 
equations pertain to the incident fields. 

Next we define the spatial Fourier transform V(k) of a vector field VCr) as 

V(k) Iv VCr) exp[-jk . r]dV(r), 
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where k uxkx + uyky + uzkz. In order to apply this transformation to (2.1), we further 
need the corresponding transform of \7 x V(r). With the aid of Gauss' theorem, we find 

(\7xV)(k) = jk x V(k) + 1 dA(r) exp[-jk· r](n(r) x V(r)). (2.3) 
lev 

The second term on the right-hand side of (2.3) is just the spatial Fourier transform of the 
vector function n(r) x V(r) over its domain of definition av. Combining (2.1) and (2.2), 
we obtain the following equations for iIi (k, s) and :fui (k, s) 

Ai", i 
jk x H (k, s) - seE (k, s) - _j~2(k, S), 

. . 
jk X :ful (k, s) + stLiIl (k, s) 

Ami 
J B' (k, S), (2.4) 

in which j~i (k, s) and j;,i (k, s) are the spatial transforms over the boundary av of the 
quantities 

J~i(r, s) = n(r) x Hi(r, s) when r E av, (2.5) 

and 

J~,i(r, s) = -n(r) x Ei(r, s) when r E av, (2.6) 

respectively. Note that in the right-hand sides of (2.5) and (2.6) the limiting values of 
the quantities upon approaching av via V are to be taken. However, both tangential 
components are continuous across av. Therefore, this distinction is not really important 
in the present context. The structure of (2.4) leads to the interpretation that J~\r, s) and 
J~,i(r, s) are the Laplace-transformed source densities of the electric and magnetic surface 
currents. The system of equations (2.4) is now in the desired algebraic form. Solving these 
equations yields 

ti (k2 + S2€tL)-1 {StLj~\k, s) - (s€)-ljk(jk. j~\k, s)) + jk x j;'\k, s)}, (2.7) 

and 

where we have employed the usual notation k Ikl (k· k) t. At this point we would like 
to perform the inverse spatial Fourier transformation. To achieve this, we first introduce 
a Green's function. The Green's function Q(r, t) is defined as the causal solution of the 
second-order differential equation 

[\72 - at
2 :2] Q(r, t) = -8(r)8(t), (2.9) 

where c is the speed of light in a homogeneous medium, equal to 1/ J€ii. By subjecting 
(2.9) to a temporal Laplace transformation and a spatial Fourier transformation over V OC)) 

the following result is obtained 

G(k,s) = (k2 + ::)-1 (2.10) 
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Note that the right-hand side of (2.10) is the multiplicative factor that can also be seen 

in (2.7) and (2.8). Ei in (2.7) and Hi in (2.8) can therefore be regarded as a space-time 
convolution of the Green's function in the space-time domain and the inverse Fourier and 
Laplace transform of the remaining parts. Next, we transform G(k, 8) to the space domain. 
The inversion integral can be written as 

1 r A 

G(r, 8) - 87r3 iv G(k, 8) exp(jk· r)dV(k) 

1 100 111" 111" k
2 

sin (h . -8 3 dk dOk k2 2/ 2 exp(jkr cos Ok)d¢k, 
7r 0 0 -11" S C 

(2.11) 

where spherical coordinates are used to represent the k-domain. Here, Ok is the angle 
between k and rand ¢k the angle of k around r. In (2.11) the integrals over ¢k and Ok 
are elementary and the integration over k can be performed by applying Cauchy's theorem 
and Jordan's lemma. This leads to 

G(R ) = exp[-sR/c] 
,s 41fR' (2.12) 

where we have changed the notation of the Green's function G(R, s) with R = Irl. Now 
we can write Ei(r, 8) and Hi(r, s) as space convolution integrals 

{O, ~,l}Ei(r, s) = sf-tA~i(r, s) - (S€)-1\7(\7. A~i(r, s» \7 x A,;,i(r, s), (2.13) 

and 

(2.14) 

for r E {V, av, V}, which means that in V the left-hand side of (2.14) is equal to 0, in V 
the left-hand side is equal to Hi(r, s) and on av the left-hand side is equal to ~Hi(r, s). 
In (2.13) and (2.14), we have introduced the vector potentials 

A~/(r,s) = J dA(rf)G(R,s)J~i(r',s), (2.15) 
!aD 

with R = I r - r'l and a similar definition for Am, i . 

Second let us consider the scattered field in the exterior domain. In V the scattered 
fields comply with 

\7 x HS(r, s) - sEEB(r, s) = 0, 

\7 x EB(r, s) + sf-tHS(r, s) = 0, (2.16) 

when r E V. In (2.16), the right-hand side does not contain sources since the sources 
of the scattered field are located in V. Analogous to (2.13) and (2.14) we can derive an 
expression for the scattered electric and magnetic fields, respectively. This leads to 

{-I, -~, O}ES(r, s) = sf-tA~S(r, s) - (S€)-1\7(\7 . A~S(r, S) + \7 x A,;,S(r, s), (2.17) 
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and 

{-I, ~,O}HS(r, s) = sEAr;;,S(r, s) (SIL)-lV'(V'. Ar;;,S(r, S)) - V' x A~:nr, s), (2.18) 

for r E fV, av, V} . In (2.17) and (2.18), the vector potentials A are the ones defined 
in (2.15), while the additional superscript s now reflects the fact that these potentials 
pertain to the scattered field. Note that in this case the limit upon approaching av via 
V has to be taken. Here, this distinction is relevant because of the possible presence of a 
surface current. Obviously, the propagation velocity should be taken equal to c = 1/..fiJi . 
Finally, the minus sign in (2.17) and (2.18) originates from the fact that n(r) points into V. 

In writing down (2.17) and (2.18), we have applied the integral relation (2.13) and (2.14) 
to an infinite domain. Strictly speaking, this is not allowed, since this relationship was 
derived for a finite domain only. However, we can also arrive at (2.17) and (2.18) by con
sidering the domain between av and a spherical surface with radius r roo. By choosing 
a sufficiently large roo, we can make the contribution from this extra boundary vanish, by 
using the property that the scattered fields vanish when t ~ O. 

Third, we make use of the fact that the circular wire is electrically impenetrable. This 
provides us with the boundary condition 

Jr;;,i(r, s) Jr;;,S(r, s) = JB(r, s) -n(r) x E(r, s) = 0, (2.19) 

when r E avo This condition shows that we can obtain an integral equation involving only 
the magnetic field strength H(r, s) by adding (2.14) and (2.18). This leads to 

{1,~, O}H(r, s) = Hi(r, s) + V' x A~(r, s), (2.20) 

with r E {V, av, V}. Analogous to (2.20) we can derive an expression for the electric field 
strength E(r, s). Doing so results in 

{1,~, O}E(r, s) = Ei(r, s) - sILA~(r, s) (SE)-lV'[V' . A~(r, s)], (2.21) 

for r E {V, av, V}. After multiplying by SE and renaming A~ and J~ to the more 
commonly used symbols A and J, respectively, we arrive at the integral relation for the 
electric field 

1. S2 
Es[{I, 2' O}E(r, s) - Et(r, s)] = V'V' . A(r, s) - c2A(r, s), (2.22) 

where 

A(r,s) r dA(r')J(r', s) exp[-~R/C], 
lav . 411' 

(2.23) 

and r E {V, av, V}. We will refer to A as the vector potential and to J as the electric 
current density flowing on avo (2.22) is valid for all t, r and for all perfectly conducting 
scatterers, as long as the normal on their surface is piecewise continuous. 
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2.3 Pocklington's equation 

In this section we derive Pocklington's equation for the general case of a circular thin-wire 
segment. Later on, when we transform Pocklington's equation into Hallen's equation, we 
will discriminate between the open and the closed circular wire. This distinction is made 
to account for the different boundary conditions. The principal tool in the theoretical 
description of the problem outlined in section 2.1 is a one-dimensional integral equation 
for the total current along the wire. The most suitable starting point for deriving such an 
equation is the integral relation for the electric field, which has been derived in the previous 
section. The first step is to consider equation (2.22) for r = bur(r/J), Le. at the central axis 
of the wire. In this way, an equation is obtained in which the fields on the left-hand side 
of (2.22) are restricted to the exciting sources and which does not contain the generated 
field. Furthermore, only the 4>-component of this equation is taken into account. Then the 
left-hand side of (2.22) is written as 

ESU<I>(r/J) . [{O, -2
1

, 1}E(r, s) - Ei(r, s)] = ES [{O,!, l}E<I>(bur(r/J) , S) 
r=bUr(<I» 2 

-E~(bur( r/J), 8)] . (2.24) 

In case of a delta-gap excitation, a voltage V(s) is impressed across the gap r/J E (r/Jgap -
D..r/J, r/Jgap+D..r/J) C (-r/Jmax, r/Jmax). The electric field in the gap may be considered as pointing 
in the 4>-direction, hence 

<l>gap+A<I> 

J bdr/JE<I> (bur (r/J) , s) = -V(s). (2.25) 
</>gap-A</> 

By taking the limit for D..r/J ~ ° and observing that the right-hand side does not depend 
on D..r/J, it follows that the electric field in the gap can be approximated by 

(2.26) 

where o( r/J) denotes the Dirac delta function. Substituting this result and introducing the 
short notation 

(2.27) 

finally expresses the left-hand side of (2.22) in generating sources 

€SU</> ( r/J) • [{O,~, 1 }E(r, s) - Ei(r, S)] = -ES [~V(s )o( r/J - r/Jgap) 
r=bU,.(<I» 

+Ei(r/J, s)] . (2.28) 
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To arrive at a one-dimensional integral equation for the current, also the ¢-component of 
the right-hand side of equation (2.22) must be calculated on the central axis r = bur (¢). 
This is done by looking at the two terms of the right-hand side of (2.22) separately. 

u.p(¢) . [\7\7 . A(r, S)]r=bUr(<t» 

[ 

<Pma", 27!' (j ) 1 
= u<t>(¢)' \7\7. j bd¢1 j adO'J(r', s) exp ~~R c 

-<t>m"", 0 r=bUr(1)) 

(2.29) 

with R = Ibur (¢) - bur (¢') - aup(¢', 0')1. This distance is O'-dependent. However the term 
proportional to a only becomes of interest when ¢ - ¢' is small. In that case the estimate 
u r (¢) - u r (¢') ~ u<t>(¢)(¢ - ¢') applies. This vector is perpendicular to up so that we can 
approximate R by 

R ~ VI bur (¢) - bur (¢') 12 + a2 = V4b2 sin2((¢ - ¢')j2) + a2 = Ra(¢ - ¢'), (2.30) 

which does not depend on 0'. Equation (2.29) can now be written as 

(A.) [\7\7 A()] ~8",2 <pj
ma

", dA.'J(A.' )exp(-sRa (¢ ¢')jc) (2.31) 
U<t> '+' • • r,s r=bUr(<f» b 'I' '+' ,+"s 47fRa(¢-¢') 

-<Pm"", 

where we have introduced the total current along the wire as 

211' 

J(¢', s) = j adO' J<t>(r', s). 
o 

(2.32) 

Finally, we have to consider the second term of the right-hand side of equation (2.22). 

U<t>(¢)· [- ;:A(r,S)j 
r=bUr(<p) 
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= _;: [U<f;(¢)' ,pjaa: bd¢' 7ade'J(r"S)exp~~1:/C)l 
-,pm""" 0 r=bUr(,p) 

2 ,pmaa: ( ( ')j ) ~-~ I bdA.'I(A.') (A._A.,)exp-sRa ¢-¢ c. 
C2 'f' 'f', 8 COS 'f' 'f' 41f Ra( ¢ _ ¢') 

-"'rna", 

(2.33) 

Combining the results leads to a one-dimensional integral equation for the total current 
along the wire 

,pI ",a", bdA.'I(A.' ) (~a 2 _ S2 (A._ A./)) exp(-sRa(¢- ¢')/C) = 
'f' 'f' ,8 b2 ,p C2 cos 'f' 'f' 41f Ra( ¢ ¢/) 

-.pma", 

(2.34) 

with ¢ E (-¢max, ¢max). In analogy with the straight thin wire, this integral equation is 
referred to as a Pocklington's equation. 

2.4 Hallen's equations 

A straightforward way to calculate the current along the wire is to evaluate the differentia
tions with respect to ¢ in the operator [8,p2/b2 - 82 cos(¢- ¢/)/C2J explicitly. However, this 
would strongly magnify the almost singular behavior of the kernel at ¢' = ¢, which may 
give rise to numerical problems. As an alternative, the operator is inverted in closed form. 
At this point the different boundary conditions for the open and the closed circular wire are 
taken into account. In case of the open circular wire, the current is interrupted at the end 
faces, which results in the boundary conditions I( -¢max, s) = I(¢max, 8) = O. However, in 
case of the closed circular wire the current is not interrupted and we can therefore apply 
periodic boundary conditions. This distinction leads to two different versions of Hallen's 
equation. These equations no longer contain the spatial differentiations which were present 
in Pocklington's equation. 
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2.4.1 The circular wire with an interruption 

In contrast with Pocklington's equation for the straight thin wire, where the differential 
operator is identical to the wave operator, the differential operator in Pocklington's equa
tion for the circular wire contains the term cos( ¢ ¢'), which is inevitably part of the 
integrand in the left-hand side of (2.34). This complicates the inversion, and we therefore 
decompose the differential operator into the wave operator and a term which vanishes for 
¢' ¢. Equation (2.34) can then be written as 

[
a 2 _ (Sb)2] <PIma", bd¢'J(¢' )exp(-sRa(¢- ¢')/c) = 

<P c ,S 41rRa(¢ _ ¢') 
-<Pm .. " 

( )

2 <Pmax 

- S: I bd¢' J ( ¢' , S) (1 
-<Pmax 

(A._A.,))exp(-sRa(¢ ¢')/c)_ b2Ei(A. ) 
cos 'f' 'f' 41r Ra( ¢ _ ¢') ES 'f" S 

-EsbV(s)6(¢ - ¢gap), (2.35) 

with ¢ E (-¢max, ¢max). In the left-hand side, the wave operator is no longer part of 
the integral and can be inverted with the aid of a Green's function technique. The rele
vant Green's function can be expressed as the solution of the inhomogeneous second-order 
differential equation 

[a~ 'l] G(¢, ¢'; ')') = -ti(¢ - ¢'). (2.36) 

The particular solution of the fundamental equation is given by 

1 
G(¢ - ¢'; ')') = 2')' exp( -')'I¢ - ¢'I), (2.37) 

with')' sb/c. We can now rewrite the right-hand side of (2.35) as a linear combination 
of delta functions 

[
a 2 _ (Sb)2] <PIma", bd¢'J(¢' )exp[-sRa(¢- ¢')/c] = 

<P c ,S 41rRa(¢ _ ¢') 
-<PTna,; 

¢') <PI"""· bd¢"J(¢1I )[1 _ cos(¢' _ ¢")]exp[-sRa(¢' ¢")/C] 
, s 41r Ra( ¢' - ¢II) 

<Pm .. " 

-Esb2 I d¢'8(¢ - ¢')Ei (¢" s) - EsbV(s)ti(¢ ¢gap). (2.38) 

-<Pm .. " 
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By substituting (2.36) in (2.38) and applying the principle of superposition, the inversion is 
completed. The result is the Hallen-type equation for the circular wire with an interruption 

<pjma", bdA.'J(A.' )exp[-sRa(¢ - ¢')/c] 
'f' 'f',S 41rRa(¢-¢') 

sb <p
j

ma
", dA.' <p

j

ma
", bdA.IIJ(A.1I )[1- (A.I _ A.1I)]exp[-sb(Ra(¢' - ¢")/b + I¢ - ¢'I)/c] 

2c 'f' 'f' 'f', S cos 'f' 'f' 41r Ra ( ¢' ¢") 
-.p",a", -</>max 

y </>ma:rJ . y 
+2 j bd¢' E~(¢', s) exp[-sbl¢ - ¢'I/c] + 2 V (s) exp[-sbl¢ ¢gapl/cJ 

-¢m.a", 

+F+(s) exp[-sb(¢ + ¢max)/c] + F_(s) exp[sb(¢ - ¢max)/C], (2.39) 

where Y = J c/ f..l denotes the wave admittance of the medium surrounding the wire. The 
yet unknown signals F+(s) exp[-sb(¢ ¢max)/c] and F_(s) exp[sb(¢ - ¢max)/cJ represent 
two independent homogeneous solutions of the differential equation (2.36). These signals 
can be determined by imposing the boundary conditions 

J( -¢max, s) = J(¢max, s) = o. (2.40) 

The subscripts + and refer to the direction of propagation of the wave in the positive 
and negative ¢-direction, respectively. 

2.4.2 The completely closed circular wire 

The difference between Hallen's equation for the circular wire with an interruption and 
the completely closed circular wire originates from the difference in boundary conditions. 
To derive a Green's function for the completely closed wire two strategies can be followed. 
One is to 21r-periodically extend all the functions involved, the other is to enforce periodic 
boundary conditions on the Green's function. Both strategies will yield the same result. 
We will now derive Green's function by using periodic boundary conditions. This Green's 
function G must then satisfy 

(2.41) 

and 

(2.42) 

17 



where ¢' E [0,211"] is fixed. The general solution of (2.36) is given by 

1 
G(¢,¢';"() = 2"( [exp(-"(I¢ ¢'I)+Aexp(-"(¢)+Bexp('Y¢)], (2.43) 

in which the coefficients A and Bare ¢-independent. Enforcing the first boundary condition 
results in 

A[l - exp( -21l""()1 + B[l exp(21l""()] = exp[-(21l" - ¢'h] exp( -¢'''(), (2.44) 

and enforcing the second boundary condition results in 

A[l - exp( -21l""()]- B[l - exp(21l""()] = exp[-(21r - ¢'hl + exp( -¢',,(). (2.45) 

By subtracting (2.44) and (2.45) we get an expression for A, by adding (2.44) and (2.45) 
we get an expression for B. We end up with 

and 

A = exp[(¢' - 1l"hl 
2 sinh( 1r"() , 

B = exp[-(1l" + ¢'h]. 
2 sinh ( 1l""() 

(2.46) 

(2.47) 

By substituting (2.46) and (2.47) in (2.43), the following expression for Green's function 
is obtained 

exp( -I¢ - ¢'b) sinh(lr"() + exp( -1l""() cosh(l¢ - ¢'b) 
2"( sinh ( 11""( ) 

cosh[(I¢ - ¢'I - 1l" hl 
2"( sinh( 1r"() 

1 n=oo 

2 L exp[-"(I¢ - ¢' + 21l"n1L 
"( n=-oo 

(2.48) 

with ¢ E [0,21l"l. By comparing the third expression with (2.37), it is obvious that this is 
the 21r-periodic solution of the second-order differential equation 

00 

[8~ - "(2] G(¢, ¢'; "() - L 8(¢ - ¢' + 21l"n) , (2.49) 
n=-oo 

with -00 :s; ¢ :s; 00. We therefore arrive at the conclusion that imposing 21l"-periodic 
boundary conditions on the solution is equivalent with a 21r-periodic extension of the 
source over the infinite interval -00 < ¢ < 00. Moreover we notice that Green's function 
only depends on the difference ¢ - ¢' and we henceforth write 

A,' ) = 2 G(A.. A,I. ) = cosh[(I¢ - ¢'I- 1l"hl 
'f' , "( "( 'f', 'f' , "( . h() . sm 11""( 

(2.50) 

18 



This Green's function can now be used to invert the wave operator. This is done in a 
similar way as in the case of a circular thin wire with an interruption. Inversion now 
results in 

211" 211" 

sb Jdc//G(¢ - ¢', sb Jbd¢IIJ(¢II,S)[l 
2c c o 0 

(
A-.I _ A-.1I)]exp[-sRa(¢' - ¢")/C] 

cos 'f' 'f' 411" Ra (¢' _ ¢") 

211" 

+ ~ J bd¢'G(¢ - ¢', S:)E i (¢', S) + ~ V(s)G(¢ (2.51) 
o 

with ¢ E [0,211"]. 

2.4.3 Extension to a circular wire with a load 

Suppose that we cut the completely closed circular thin wire at ¢ = ¢load and place an 
impedance between the end faces at ¢ = ¢load - fl.¢ and ¢ ¢load + fl.¢. In that manner, 
we have created a simple model that can be used to represent a fracture or fatigue. The 
electric field over the impedance may be considered as pointing in the ¢-direction, hence 

4>load+t:..4> J bd¢E4>(bur,s) = V/oais) = J(¢load, S)Zload. (2.52) 
4>load-t:..</> 

By taking the limit for fl.¢ ........ 0, it follows that the electric field over the impedance is 

(2.53) 

where 8(¢) denotes the Dirac delta function. Incorporating the impedance in Pocklington's 
equation means adding on the right-hand side of (2.34) the term 

(2.54) 

Incorporating the impedance in Hallen's equation means adding on the right-hand side of 
(2.51) the term 

y - ~ 
-"2J(¢load, S)ZloadG(¢ - ¢load, -;;). (2.55) 
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Chapter 3 

Numerical implementation 

In this chapter we will discuss the steps that are necessary to numerically solve Hallen's 
equations in the space-Laplace domain. The first step, which is the normalization and space 
discretization of Hallen's equations, is treated in the first section. In case of the completely 
closed circular wire, this normalized and space-discretized equation can be solved directly, 
and very efficiently, by making use of the periodicity. In the other two cases we will have 
to apply a more general method like the Conjugate-Gradient method, which is explained 
in full detail in the second section. In this section we will also derive the adjoint operators 
necessary for the implementation of the Gonjugate-Gradient method. In the third section 
we will discuss an efficient method for calculating these operators in case of the wire with 
an interruption. After we have solved Hallen's equations in the space-Laplace domain, 
the time domain currents are obtained via an inverse Laplace transformation, which will 
be discussed in the fourth section. Finally, we will present some results of the numerical 
computations. 

3.1 Space-discretized Hallen's equations 

In order to numerically calculate the current along the wire, we first have to normalize and 
space-discretize Hallen's equations. This will be carried out in detail in the case of the 
circular wire with an interruption. In the other two cases this is done in exactly the same 
way; therefore we will only state the result of the normalization and space discretization. 

3.1.1 The circular wire with an interruption 

To prevent under- and overflow in the numerical computations, we normalize all space 
coordinates with respect to the radius of the circular wire and all time coordinates with 
respect to the corresponding free-space travel time. Thus, for example, 

r 
r 

b' (3.1) 
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and 

- cot 
t = b 

This leads to the introduction of the following normalized physical quantities 

sb s= - Ic" sb 
Sycr =-; 

c 

_ a 
a= -' 

b' 

i(¢, s) = 1(¢, s;o = 1(¢, s); 

V(s) yes); 

(3.2) 

(3.3) 

where Cr = c/ co denotes the complex relative permittivity of the medium surrounding the 
circular wire. Substituting these definitions in (2.39) and immediately dropping the tildes 
results in 

Sf 70

" d¢' <IT d¢" J(¢", 8)[1- cos(¢' _ ¢")Jexp[-sy'f;"~~~~~ !~,~ I¢ - ¢'I)] 
-</>"'''$ -</>m" 0; 

Y </>"'''''' Y 
+"2 f bd¢'Ei (¢',s)exp[-sJc;I¢-¢'ll+ 2 V(s)exp[-sJc;l¢ ¢gapl] 

-</>ma", 

+F+(s) exp[-sJc;(¢ + ¢max)] + (s) exp[sJc;(¢ - ¢max)]. (3.4) 

Next we discuss the spatial discretization. This discretization is carried out in three 
steps. First the interval ¢ E (-¢maxl ¢max) is divided into M equally spaced subinter
vals with mesh size 2cpmax/ M. Second we limit the points of observation to ¢ = ¢m 
-¢max + m6.cp, with m = 0, ... ,M. As a third and final step in the spatial discretization 
procedure, the integrals are approximated. Because the kernel of the integral equation 
exp[-sJ£;Ra(cp - cp')]/4'71Ra(¢ - ¢') shows an almost singular behavior for ¢I ¢, this 
behavior should be accounted for in the approximation. By introducing the triangular 
expansion function according to 

{
I -I¢m 
0, 

¢1/6.¢, ¢m - 6.¢ < ¢ < ¢m 6.¢, 
otherwise, 
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the integral over the unknown current I(</J, s) is approximated by a weighted sum over the 
sampled values through a piecewise-linear approximation 

(3.5) 

By making use of </J' = </Jml + </J" and Aml(</JI) Ao(</J' - </Jml) we can reduce the sum to 

.6.</J M-l 

411" L I (</Jm l , s) exp[-sFrRa(</Jm - </Jml )]Wm-ml, 
m 1 =1 

(3.6) 

where we have introduced the short notation 

l:l.<b 

Wm = 1 J. Ao(</J) d</J. 
.6.</J -l:l.</> V4sin2(m.6.</J/2 - </J/2) + a2 

(3.7) 

By breaking up the integral into two integrals, one over [-.6.</J, 0] and one over [0, .6.</J] and 
approximating R~ (</Jm </J) by a second-order Taylor expansion around </J = .6.</J /2, the 
approximated integral can be carried out analytically. 

The integral over the incident field can be carried out with the aid of a repeated trape
zoidal rule, which is of a similar accuracy as the piecewise-linear approximation used in 
(3.5). This results in 

with 

</>max J bd</JI Ei(</J', s) exp( -sFrI</J </J'I) ~ 
-</>ma", 

{
I, 

W m' = 1/2, 

M 

b.6.</J L wmIE:n,(s)exp(-sFrI</Jm </Jm,l), (3.8) 
m'=O 

if m' = 1, ... , M - 1, 
if m' = a,M. 

For the integrations over </JI and </J" in the first term of the right-hand side of equation 
(3.4) we again use the repeated trapezoidal rule. This is allowed since the almost singular 
behavior of l/Ra(</J' - 4>/1) is now accounted for by the factor of [1- COS(</J' </J")]. 

Note that in case of the incident field the variable m' runs from a up to and including 
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M. This is due to the fact that the incident field can differ from zero at the end faces of 
the wire. As a consequence of the boundary conditions I( -cPmax, s) = I(cPmaxl s) = ° the 
variable mil in the sum over the current along the wire runs from 1 up to M -1 inclusive. 
Substituting the approximated integrals into (3.4) and neglecting the discretization errors 
results in the normalized and space-discretized Hallen's equation 

M-l 

L Iml(s) exp[-sFrRa(cPm - cPm,)]Wm- ml = 
m'=1 

exp[-s.jE;Ra(cPm' - cPm" )]] + 2 Y [b ~ Ei () (- ;;:-IA-. - A-. I] 
R ( '" _ '" ) 1r ~ W m , m' S exp Sy Cr 'Pm 'Pm' 

a 'Pm' 'Pm" m' =0 

V(s) 1 + f:j,cP exp[-sFrlcPm - cPgapl] 

(3.9) 

for m = 0, ... , M. By enforcing the equality sign in (3.9) the problem is reformulated as 
finding the exact solution of the approximated equation. For this reason we have introduced 
the new notation Im/(s). This system of M + 1 equations with M 1 unknowns can be 
written in matrix form 

Lu= I, 

with L a linear operator and u the unknown vector, with vector components 

if m = 0, 
if m = 1, ... , M - 1, 
if m = M, 

and I the known vector, with components 
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for m = 0, ... ,M. From equation (3.9) the matrix elements of the linear operator L = 
L1 + L2 can be read. This results in 

M-1 

L U m, exp[-sy'£;Ra(¢m - ¢m')]Wm- m, 
m'=l 

and 

(3.13) 

3.1.2 The completely closed circular wire 

For the completely closed circular wire, equation (2.51) is enforced for ¢m = m/).¢ with 
m = 0, ... , M - 1. The discretized version of Hallen's equation then reads 

M-l 

L I(¢m"s)exp[-sy'£;Ra(¢m-m')]Wm- m, ~ 
m'=O 

cos ( ¢m' -mil)] 

m=0, ... ,M-1, (3.14) 

where we have chosen ¢gap = O. In this discretization, the integral over ¢" in (2.51) is 
handled in a slightly different way than was discussed in the previous section in connection 
with (3.4). Because of the availability of the weighting coefficients {Wm }, this integral is 
handled in the same way as the one over ¢t on the first line of that equation. By introducing 
a short notation for the s-dependent sequences 
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which are all M-periodic with respect to the discrete index m, equation (3.14) can be 
recognized as a discrete convolution. By enforcing the equality sign in (3.14) the problem 
is reformulated as finding the exact solution of the approximated equation 

Im(s) * Km(sy€;) = Gm(sy€;) * Im(s) * Lm(sy€;) 

+27rY [Gm(SY€;) * E:n(s) + d;) Gm(sY€;)] , (3.16) 

for m = 0, ... , M - L In this equation we have used the short notation for the discrete 
convolution 

M-l 

Fm * Gm = L FmIGm-ml. 
m'=,;O 

The application of a Discrete Fourier Transformation 

M-l 

Fk L Fm exp[-27rjkm/MJ, 
m=O 

(3.17) 

(3.18) 

to the convolution Fm*Gm results in the product FkGk • Hence applying a Discrete Fourier 
Transformation to (3.16) immediately yields the transformed solution 

(3.19) 

for k = 0, ... , M - L Finally an inverse Discrete Fourier Transformation gives the 
frequency-domain current 

1 M-l h 

Im(s) = M L h(s) exp[27rjkm/M]. 
k=O 

(3.20) 

We observe that the Discrete Fourier Transformation is a very useful tool to solve the cur
rent from equation (3.19). The application of a Discrete Fourier Transformation requires 
periodic input sequences. In non-periodic structures like the circular wire with an interrup
tion, this periodicity can be artificially achieved by expanding the sequences (see section 
3.3). However, even then the inversion cannot be carried out directly and a more general 
method like the Conjugate-Gradient method must be applied. For the closed circular wire, 
however, the geometry directly offers periodicity, which makes the use of a Discrete Fourier 
Transformation very efficient. 

The number of angular steps M has been given a frequency-independent, fixed value. 
Thus, the numerical effort for the calculation of the constituent i k (s) is equal for each fre
quency. As a consequence, the relative error in the calculated constituents increases with 
increasing frequency. We now use the fact that the source functions V (s) and EH s) have 
their main frequency content in the low-frequency region. In other words, the higher the 
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frequency, the less accurate the constituents are calculated but the smaller their contribu
tion to the time-domain signal is. Therefore, correct time-domain results are still obtained. 

For the evaluation of (3.19), the sequence l/Ch(sVE;) is to be determined. This can 
be done analytically. For Re(sVE;) > 0 

M-l 

Ch(sylc;) = L G(mb:.cjJ, sylc;) exp( -27rjkm/M) 
m=O 

00 M-l 

L L exp[-27r(sylc;lm nMI + jkm)/M] 
n=-oo m=O 

1 1 

1 - exp[-27r(jk + sVE;)/M] 1 exp[-27r(jk - sJf;)/M] 
sinh (27rSVE;/M) 

cosh(27rsJf;/M) - cos(27rk/M) ' 
(3.21) 

where the sum over n has been decomposed into two sums (one over negative and one over 
non-negative values of n), and where some elementary properties of geometric progression 
were used. This result reveals that we may expect problems if sVE; is an integer multiple 
of jM/2. In that case the value of l/Ch(sJf;) is determined by taking a limit. 

3.1.3 The circular wire with a load 

The discretized version of Hallen's equation in case of the circular wire with a load reads 

M-l 

L fm'(s) exp[-sylc;Ra(cjJm-ml )]Wm-ml= 
m'=O 

(3.22) 

for m = 0, ... ,M -1. By enforcing the equality sign in (3.22) the problem is reformulated 
as finding the-exact solution of the approximated equation. For this reason the notation 
fm(s) was introduced. This system of M equations with M unknowns can be written in 
matrix form 

Lu=j, (3.23) 
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with L a linear operator and U the unknown vector, with vector components 

um=Im(s), m O, ... ,M-l, 

and f the known vector, with components 

[ 

M-l i yes) 1 
fm 27rY b fo G(rPm-m" s.ji;.)Em'(s) + ~rP G(rPm, s.ji;.) , 

(3.24) 

(3.25) 

for m = 0, ... , M - 1. From equation (3.22) the matrix elements of the linear operator 
L = Ll + L2 can be read. This results in 

M-l 

(LIU)m = L Um' exp[-s.ji;.Ra(rPm-m')]Wm- m, 
m'=l 

(3.26) 

and 

Fr~rP M-l [ M-l 
(L2u)m - S t; m~o G(rPm-m"s.ji;.) m~o Umll(S)[COS(rPm'-mll) -1] 

. eXP[-Sy'i';.'R,,(rPm'-m"l]Wm'-m"l ' (3.27) 

with e fixed and m = 0, ... , M - 1. 

3.2 The Conjugate-Gradient method 

In this section, we consider the iterative procedure that has been used to solve the system 
of linear equations (3.9) and (3.22). In the derivation we follow [10]. However, we adapt 
the notation of this paper to the problem at hand. The general idea of such an iterative 
procedure is to construct a sequence of functions {u(n), n = 0, 1, 2, ... } such that the norm 
of the residual in the operator equation Lu = j, Le. ERR(n) =< r(n) I r(n) >~, with 

(3.28) 

decreases with increasing n. At each step of the iterative procedure, we write 

u(n) u(n-l) + u(n) 
cor' (3.29) 

where u~~t is a suitably constructed correction function. Substituting (3.28) in (3.29) yields 

(3.30) 

We will start the procedure with an initial guess u(O) with corresponding residual r(O), and 
a suitably chosen variational function <p(l). Let 

u(1) = oP) (/'l(l) 
cor I 'I" • (3.31) 
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We now have to determine the scalar a~l) such that < r(l) I r(l) > is minimized. The 
relevant value of a~l) is denoted as the optimum value art. Assuming that this optimum 
exists, we let 

(3.32) 

where 8al is arbitrary. We can now write 

< r(l) I r(l) > = < ropt I ropt > +2Re (8a~ < L1p(l) I ropt > ) + 

< 8a1L1p(1) I 6a1L81p(I) >, (3.33) 

with 

(3.34) 

Now, the last term in the right-hand side of this equation is always positive if 8al O. 
Hence, if 

or < LU(l) I ropt >= 0 cor , (3.35) 

we have constructed the situation that for 8al = 0 the quantity < ropt I ropt > is the 
absolute minimum of < r(l) I r(l) >. The substitution of (3.30) and (3.31) in (3.35) leads 
to 

/,,,(1) _ 
'-"I -

< L1p(l) I rCO) > 
IIL1p(l)W (3.36) 

where we have dropped the superscript opt. To achieve anything at all, ap) must satisfy 
the condition ail) 0, or 

(3.37) 

This is called the improvement condition. The non-vanishing of ail) also implies that 

(3.38) 

In the subsequent steps we let 

U(n) = ro,(n)ll'J(n) + ",,(n)u(n-l) 
cor '-'-I 't" '-"2 cor , n 2,3, ... , (3.39) 

with 1p(n) a suitably chosen variational function. Analogous to (3.35) it follows that < r(n) I 
r(n) > is minimized when 

and < Lu~~;l) I r(n) >= o. (3.40) 

The substitution of (3.30) and (3.39) in (3.40) leads to two linear algebraic equations 

< L1p(n) I L1p(n) > ain) + < L1p(n) I LU~:;l) > a~n) = - < L1p(n) I r(n-I) > , (3.41) 

< LU~:r-I) I L1p(n) > ain) + < LU~:;l) I LU~:;l) > a~n) = < Lu~:;l} I r(n-I) > . 

28 



Using (3.39) and (3.40) we observe that 

< Lu~~; I r(n) >= o. (3.42) 

On account of (3.42) the right-hand side of the second equation of (3.41) vanishes. The 
non-vanishing of the right-hand side of the first equation of (3.41), and consequently of 
{a~n), a~n)}, can be ensured if 

(3.43) 

which is referred to as the improvement condition. Furthermore the non-vanishing of 
{a~n), a~n)} also implies that 

(3.44) 

Hence, if the improvement condition has been satisfied we have a monotonic decrease in 
the global root-mean-square error. Further we can observe, by substitution of (3.30) in the 
second equation of (3.40) and using (3.42), that 

< Lu(n-l) I Lu(n) >= 0 
cor cor , (3.45) 

which states that Lu~~: is orthogonal to LU~~;l). The coefficients a~n) and a~n) can be 
solved from (3.41). By introducing 

with 

(n) 
u(n) = (Il(n) + a2 u(n-l) 

cor Y (n) cor , 
al 

the first equation of (3.41) can be rewritten as 

< Lrp(n) I Lu~~ > ain) = < Lrp(n) I r(n-l) > . 

With (3.46) we can rewrite the orthogonality relation (3.45) as 

< LU(n-l) I Lu(n) >= 0 cor cor , 

and hence 

< DIl(n) I Lu(n) >=< Lu(n) I Lu(n) > 
Y cor cor cor . 

When we substitute this result in (3.48) we obtain 

""en) _ 
'-"I -

< Lrp(n) I r(n-I) > 

IILu~~tIl2 
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With the aid of the orthogonality relation (3.42) we can also write 

< Lil(n) I r(n-I) > 
cor 

The second equation of (3.41) can be rewritten as 

< LU~~l) I LI.{Jn) > 

IILu~~1)W 

Substituting equation (3.53) in (3.47) and using equation (3.46) leads to 

il(n) = (!'l(n) _ dn)il(n-I) 
cor 't' '" cor' 

with 

(3.52) 

(3.53) 

(3.54) 

dn) < Lil~":n.-l) I LI.{J(n) > 
'" (3.55) 

IILil~~;l) 112 

With equations (3.29), (3.30), (3.51), (3.54) and (3.55) the iterative scheme based on 
error minimization has been defined. More specifically, we now consider the case where 
the variational function l.{J(n) is linearly related to the residual r(n-I) at the previous step. 
Hence, 

l.{J(n) = L t r(n-I), 

where L t is the adjoint operator of L and is defined as the operator for which 

< Lu I v >=< u I Ltv>, 

for all functions u and v. Since 

(3.56) 

(3.57) 

< LI.{J(n) I r(n-I) >=< LL t r(n-I) 1 r(n-I) >=< L t r(n-I) I L t T(n-I) >=/= 0, (3.58) 

the improvement condition (3.43) is automatically satisfied. With this choice of variational 
functions the expression for a~n) simplifies to 

with 

(n) _ A(n) 

al - - B(n)' 

A(n) _ 111.{J(n)W, 

B(n) - IILil~:;W. 

Through substitution of (3.56) in the first equation of (3.40) it follows that 

< l.{J(n) II.{J(n+1) >= o. 
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reO) = Lu(O) f 
! 

n=n 1 
I 

! 
A(n) = I I <p(n) 112 = IILtr(n-l)W 

l 
if n = 1 then il,(n) = <pel) = L t reO) 

cor 

if n > 2 then il,(n) = L t r(n-I) + A(n) il,(n-l) 
- cor A(n-l} cor 

! 
B(n) = IILil,~~tW 

U(n) (n-l) _ A(n) n(n) 
U B(n)ucor 

r(n) = r(n-I) _ A(n) Lil,(n) or r(n) 
B(n) cor 

Lu(n) f 

l 
1 

ERR(n) = {< r(n) I r(n) > / < f If> P I 

Figure 3.1: The Conjugate-Gradient scheme 

Consequently, we have 

< L<p(n) I r(n-2) >= O. (3.62) 

With this property, we can rewrite the expression for ~(n) as 

< Lil,(n-l) I Ltn(n) > < Lu(n-l) I Ltn(n) > 
~~- ~ y - ~ y 

- B( n-l) - - --'-'-A--:--(n-'---:"l)---' (3.63) 

This expression can further be simplified by the substitution of Lu~~1) = r(n-I) - r(n-2). 

With (3.62) and A(n) =< L<p(n) I r(n-I) >= 11<p(n)W we obtain the simple result 

(n) _ A(n) 

~ --A(n-I)' (3.64) 

This results in the computational scheme outlined in figure 3.1. 

3.2.1 The adjoint operators 

In the case of the circular wire with an interruption and the circular wire with a load the 
Conjugate-Gradient method is used to calculate the current along the wire. To apply this 
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method we need the adjoint operator L t of In this section we will derive the adjoint 
operator in the case of the circular wire with an interruption. Since the adjoint operator 
in case of the circular wire with a load can be derived in a similar way we will only state 
the result. The adjoint operator L t of L is defined as that one for which 

< Lu I v >=< u I Lt v >, 

for all functions u and v for which this inner product, which is defined as 

M 

< u I v >= I: umv:n, 
m=O 

exists. We start by writing out the inner product < Lu I v > 

M M-l 

< Lu I v >= I: v:n I: Um' exp[-sJEr"Ra(<pm - <Pm')]Wm- m, 
m=O m'=l 

<Pm' Il 

M-l 

I: Um" [cos( <Pm' - <Pm") 
m"=O 

1] exp[-syl€;Ra(<Pm' - <Pm")]]. 
Ra (<Pm' - <Pm" ) 

Changing the order of the summations leads to 

M-l M { }* 
< Lu I v >= m~l Um' fo vmexp[-s* F;Ra(<Pm - <Pm')]Wm- m, 

+ ~l #- {s*~~<P[ (A. A.) 1] exp[-s* JE;Ra (<Pm' - <Pm")] 
L.,; Um" L.,; cos 'Pm' - 'Pm" - Wm' R (A. _ A. ) 

mll=l m'=O 2 a 'Pm' 'Pmll 
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The right-hand side of (3.68) is of the form 

M 

L um,(Lt v)~" (3.69) 
m'=O 

It is now easy to recognize the adjoint operator in (3.68), which can also be written in the 

form Lt + Lt. This results in 

41T M 
- I.l¢ m~o Vm, exp[-s* ;-;i.(¢m' + ¢max)] , for m = 0, (3.70) t (LIV)O -

M 

L Vm, exp[-s* ;-;i.Ra(¢m - ¢m' )]Wm- m" for m 1, ... , M - 1,(3.71) t (Ll v)m 
m'=O 

(Ll V)M -
41T M 
I.l¢ m~o Vm' exp[s* ;-;i.(¢m' - ¢max)], for m = M, (3.72) 

and 

t (L2v)m - 0, for m = 0, M, (3.73) 

t (L2V)m s' -If{ /).t/> m~o [[COS( t/>m t/>m') - 1] Wm' exp [-~~ R. ( ::,) t/>m' ) I . 

m~o Vm" exp[ _so fo[t/>m' - <Pm" II] ,for m 1, ... ,M - 1, (3.74) 

where we have used the fact that Ra(¢m' - ¢m) = Ra(¢m - ¢m') and Wm'-m = Wm- m,. 

The adjoint operator in case of the circular wire with a load 

Analogous to (3.70)-(3.74) we can derive an expression for the adjoint operator Lt of 
L in case of the circular wire with a load. Doing so results in 

and 

M-l 

L Vm' exp[-s* ;-;i.Ra(¢m-m' )]Wm- m" for m =f. f, 
m'=O 
M-l 

- L Vm' exp[-s* ;-;i.Ra(¢l-m' )]Wl- m, 
m'=O 

21TY* Z* M-l 

+ b..¢ l fo vm,G*(¢m'-l, sFr), 

s* J€:.1.l¢ M-l ; L [cos(¢m-m') l]exp[-s*;-;i.Ra(¢m-m/)] 
m'=O 

M-l 

(3.75) 

(3.76) 

·Wm- m, L Vm"G*(¢m'-m ll , sFr), for m = 0, ... , M - 1. (3.77) 
m"=O 
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3.3 Evaluation of the operators 

The Discrete Fourier Transformation is a useful tool for calculating the convolution terms 
as they appear in the operators Land Lt. The application of the Discrete Fourier Trans
formation, however, requires periodic input sequences. The configuration of the circular 
wire with a load offers this periodicity but in case of the circular wire with an interruption 
this periodicity is not present. To investigate whether we still can come up with an exact 
evaluation of the convolution terms in (3.12), (3.13), (3.71) and (3.74), we need to go back 
to basic signal analysis. The Discrete Fourier Transformation is defined as 

M-l 

Pk = L Fm exp[-21rjkm/1U], 
m=O 

and the inverse transformation as 

1 M-l h 

M L Fk exp[21rjkm/kl]. 
k=O 

Furthermore, the convolution is defined as 

M-l 

(F*G)m = L Fm,Gm- m,. 
m'=O 

(3.78) 

(3.79) 

(3.80) 

We would like to evaluate this convolution simultaneously for all m by determining the 
inverse Discrete Fourier Transformation of the sequence pi1k' One can derive that 

m 

DFT-1(PkGk) = L Fm,Gm- m, 
m'=O 

M-l 

L Fm,GM+m-m,. 
m'=m+l 

(3.81) 

For Gm being a periodic sequence we have GM+m- m, = Gm- m" and both results are 
identical. Although this periodicity in not present in the case of the circular wire with an 
interruption we still want to arrive at a similar result. To achieve this we introduce the 
sequences F'm and G'm with length 2M, and use the fact that the functions corresponding 
to Gm are even in m. We expand the sequences Fm and Gm as follows 

F'm = { 

G'm = { 

Fm, for m=O, ... ,M, 
0, for m=M+l, ... ,2M 1, 

for m = 0, ... , M, 
for m = M + 1, ... ,2M - 1. 

The inverse Discrete Fourier Transformation of the sequence pI kG' k can now be written as 

m 

DFT-1(P'kG'k) = L F'm,G'm- m, 
m'=O 

2M-l 

L F'm' G' 2M+m_m,· 
m'=m+l 
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Since F'm' = 0 for m' > M we can write (3.82) as 

m M 

DFT-1(..f\G'k) = L F'm,G'm-m' + L F'm,G'2M-(m'-m)' (3.83) 
m'=O m'=m+l 

If m' > m then 0 < m' - m ~ M. Hence we can also write 

m M 

DFT-1(F'kG'k) = L F'm,G'm-m' + L F'm,G'm'-m 
m'=O m'=m+l 

M M 

L F'm,G'm-m' = L Fm,Gm- m,· (3.84) 
m'=O m'=O 

In case the variable m' runs from 1 up to and including M - 1 we obviously take F' 0 

F'M = O. 

3.4 Transformation to the time domain 

Finally, we need to discuss the transformation from the frequency-domain result to a time 
signal. For this purpose we use the transform pair (3.78)-(3.79) from the previous section. 
We are interested in computing the sampled time signal I(ktl.t). This time signal can be 
calculated by evaluating the Bromwich inversion integral 

I(t) 
fJ+joo 

2~j / l(s) exp[st]ds 
fJ-joo 

exp[/1t] /00 1(j1 + jw) exp[jwt]dw, 
21r 

-00 

(3.85) 

where s denotes the complex frequency, which is related to the real-valued circular fre
quency w by s = /1 + jw. The real-valued parameter /1 may be chosen arbitrarily, although 
the poles of the complex-frequency current must all lie in the half plane Re(s) < j1. In 
case of the completely closed circular wire, s 0 is a natural frequency which follows from 
Equation (3.19); this implies that in that case /1 must be positive. The function I(t) is 
real-valued which implies that 

1(/1- jw) = 1*(/1 + jw). (3.86) 

Hence we can write 
00 

exp[j1t] / 
I(t) = 1r Re 1(/1 + jw) exp[jwt]dw. (3.87) 

o 

We approximate (3.87) in three steps. First, we assume that we can truncate the integration 
at some w = W max so that I(t) is computed up to a given accuracy. Next we divide the 
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interval 0 ::; w < W max into N subintervals and apply a repeated trapezoidal rule. This 
results in 

L}.wexp[,6t] {I N-l 
T(t):::::: 1r Re 21(,6) + ]; 1(,6 + jnL}.w) exp[jnL}.wt] 

+~I(iJ + jw_) eXPliwm.xt]} . (3.88) 

Third, we drop the last term in (3.88) since, for an appropriate truncation, 1(,6+jwmax ) will 
be negligible. This already gives us a sum of N terms that runs from n = 0 to n = N -1. 
To identify the exact form of (3.79), we substitute the desired values of time 

L}.wexp[,6kL}.t] {I N-l . . } 
T(kL}.t) :::::: 1r Re 21(,6) + ]; 1(,6 + JnL}.w) exp[jnL}.wkL}.t] . 

Now (3.89) is of the same form as (3.79), provided that we choose 

21r 
L}.wL}.t = N' 

and 

I = { !I(,6), 
n 1(,6 + jnL}.w) , 

for n = 0, 
for n = 1, ... , N - 1. 

(3.89) 

(3.90) 

The approximate time-domain current can now be written in a Discrete Fourier Transfor
mation formulation 

L}.wexp[,6kL}.t] N-l 
T(kL}.t) :::::: L In exp[21rjnk/N] k 0, ... , N - 1. 

1r n=l 

(3.91) 

To avoid the adverse effects of aliasing, only the first half of the time samples are used. 
Statistically, the error in the sum in (3.91) is expected to be uniformly distributed with 
respect to k. The approximated time-domain current T(kL}.t) is obtained by multiplying 
this sum by a factor exp[,6kL}.t]. This means that also the error in the current increases 
exponentially with increasing discretized time. For this reason, ,6 should not be chosen too 
large. 

3.5 Results 

In this section we will restrict ourselves to the situation where the circular wire is excited 
by a voltage impressed over a delta gap. We start by looking at two specific configurations. 
These two configurations represent the extremes, namely a perfect artificial heart valve and 
a completely fractured artificial heart valve. The perfect artificial heart valve is represented 
by the closed circular wire and the completely fractured one is represented by the open 

36 



circular wire. Subsequently, we will consider the configuration where the artificial heart 
valve only has a partial fracture. In this case an impedance is introduced in the closed 
circular wire to represent this fracture. The dimensions of the circular wire are chosen such 
that they correspond with the dimensions of the artificial heart valve. In case of the open 
circular wire the width of the opening representing the fracture is set at one degree. The 
circular wire is embedded in blood; the dispersion characteristics of blood are depicted in 
figure (3.2). In all the results presented in this section, the circular wire is excited with a 

4,---------------------~ 

} 2 
loglo f (Hz) 

(a) 

11 

2~--------------------~ 

loglO 0 

(S/m) 

_}+--,-..,..--,----.---.--r---,---,,-r--,..-' 

1 2 
loglO f (Hz) 

(b) 

11 

Figure 3.2: Dispersion characteristics of blood (aJ: Er'(J), (bJ: a(J). 

voltage pulse Vet). Vet) has a Gaussian shape 

V(t) = exp [_ (t ~p to) '] , (3.92) 

where to represents the time with maximum value and tp is proportional to the width of 
the pulse. In order to guarantee that Vet) >::::: 0 for t < 0 we must take to large enough in 
comparison with tp, for example to 4tp. Applying the Laplace transformation to (3.92) 
results in 

yes) = tpy7r exp [stp ( s:p - ~:)]. (3.93) 

In the figures 3.3 and 3.4 a closed and an open circular wire are considered, respectively. 
The wires are subdivided into 64 equi-angular segments and are driven by a Gaussian volt
age pulse with tp = 5.0 X 10-10 s and to 4tp at the location ¢ = -7f /4 rad. By comparing 
the figures 3.3 and 3.4, it can be seen that, as long as the reflections originating from the 
open end faces are of no concern, the plots of the current as a function of time match 
exactly. However a significant difference is noticeable at later times. Namely, the current 
in case of the complete closed circular wire contains a stationary component which is not 
present in case of the open circular wire. The magnitude of this stationary component is 
in accordance with the one calculated using the final-value theorem (See Appendix A). 
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Figure 3.3: Current along the open circular wire. Dimensions of the loop are: a 5.0 x 10-4 

m, b=2.0 x 10-2 m. Number of segments: 64, excitation point: <p = -1f /4 rad, observation 
point: <p = 0 rad, <Popening = 1f /180 rad. 

We will now look at the situation where the artificial heart valve has a partial fracture. 
To model this partial fracture we will introduce an impedance into the completely closed 
circular wire. It is now possible to investigate to what extent the late-time behavior is 
influenced by a fracture. Figure 3.5 shows plots of the current along the circular wire with 
different loads. The loads considered are 0 n, 2.0 n, 8.0 nand 106 n and are located at 
<p = 1f rad. The configuration with a load of 0 n is identical to a completely closed circular 
wire which is confirmed when figure 3.4 is compared with figure 3.5. A similar observation 
applies to the situation where the wire is loaded with an impedance of 106 n in comparison 
to the open circular wire. However, the plots of the current in these two situations are not 
completely in agreement, see figure 3.6. For later times a small difference appears. This 
difference can partly be attributed to the fact that the impedance is located in a delta gap 
and therefore has no real physical dimensions and partly to a decrease in accuracy. In the 
case of the open circular wire this decrease in accuracy occurs when the gap is small in 
comparison to the mesh size. In case of the circular wire with a load the condition of the 
system matrix deteriorates with increasing impedance. This phenomenon in not examined 
in more detail because the accuracy in these cases is still good enough to meet our initial 
goal, which is investigating the possibility of detecting fractures in artificial heart valves. 
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Figure 3.4: Current along the closed circular wire. Dimensions of the loop are: a 
5.0 x 10-4 

ill, b=2.0 X 10-2 ill. Number of segments: 64, excitation point: ¢ = -1[/4 rad, 
observation point: ¢ 0 rad. 

0.02 r---.,.---,---,-----,---r---r--.,----,---,.---, 
i
it ----. 

iii --_ ... 
iv 

0.Q15 

0.01 

0.005 

-0.005 '--_-'---_-'-_--'-_---I._----J'--_-'--_-'--_-'-_---'-_---' 
o 2e-09 4e-09 6e-09 8e-09· 1 e-08 1.2e-08 1.4e-08 1.6e-OB 1.8e-08 2e-OB 

time[s] 

Figure 3.5: Current along the circular wire with a load. Dimensions of the loop are: 
a = 5.0 x 10-4 

ill, b=2.0 X 10-2 ill. Number of segments: 64, excitation point: ¢ = -1f /4 
rad, observation point: ¢ = 0 rad. Loads: (i) Ze = 0 0, (ii) Z£ 2.0 0, (iii) Z£ = 8.0 0, 
(iv) ZR, = 106 0. 
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Figure 3.6: Comparison between the open circular wire and the circular wire with a load. 
Dimensions of the loops are: a = 5_0 X 10-4 m, b=2.0 X 10-2 m. Number of segments: 64, 
excitation point: ¢ = -1[/4 rad, observation point: ¢ 0 rad. (i) ¢opening 1f /180 rad, 
(ii) Ze = 106 n. 
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Chapter 4 

Dipole excitation 

From the integral relations derived in the previous chapters it follows that an electric 
current along the wire can be excited by a so-called delta-gap voltage with a pulse shape 
Vgap(t) or by an incident electric field ei(r, t), both of finite duration. In the last section of 
the previous chapter we presented the results of a delta-gap voltage excitation. Since such 
a delta-gap voltage excitation may physically not be realizable, we will now consider the 
case where the artificial heart valve is excited by an incident electric field generated by an 
antenna. The simplest antennas are the electric and magnetic point dipole antennas. These 
antennas can be regarded as construction elements with which every current distribution 
can be realized. In the first and second section of this chapter we derive the fields generated 
by an electric and a magnetic point dipole placed in an arbitrary point and pointing in an 
arbitrary direction. Since a magnetic current is a fictitious source we demonstrate, in the 
third section, that the effect of a magnetic point dipole can be realized by a loop of electric 
current. Finally, in the last section some results will be presented. 

4.1 The electric point dipole 

One of the simplest antennas is the electric point dipole. This is an electric line current 
extending over an incremental length I. In practice this antenna can be approximately 
realized by a dipole antenna of which the length is much smaller than the wavelength. We 
will start by deriving a general expression for the electric and magnetic field generated by 
an electric current density. Let us consider Maxwell's equations 

V' x H(r, s) - stEer, s) = Je(r, s), 
V' x E(r, s) + sILH(r, s) = o. 

The divergence of the second expression of (4.1) is 

V'. H(r,s) = O. 

Any divergenceless vector is the curl of some other vector, so we can write 

H(r, s) = V' x Ae(r, s), 
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where Ae(r, s) is called the magnetic vector potential. Substituting (4.3) in the second 
equation of (4.1), we have 

'\7 x [E(r, s) + sj1Ae (r, s)] O. (4.4) 

Any curl-free vector can be written as the gradient of some scalar. Hence 

(4.5) 

where <Pe(r,s) is a yet arbitrary scalar potential. To obtain an equation for Ae(r,s) we 
substitute (4.3) and (4.5) in the first equation of (4.1). This results in 

which by vector identity becomes 

We are still free to choose <Pe(r, s) and '\7 . Ae(r, s). If we let 

-1 
<Pe(r, s) = -'\7 . Ae(r, s), 

SE 

then the equation for Ae (r, s) simplifies to 

'\72 Ae(r, s) - S2Ej1Ae(r, s) = -Je(r, s). 

( 4.6) 

(4.7) 

(4.8) 

(4.9) 

This equation is called the Helmholtz equation. If the current density Je(r, s) is located in 
a finite volume V, the solution of the Helmholtz equation is given by 

A ( ) - rrr J (' )exp[-sR/c]d I 
e r, S - JJJv e r, s 4nR r, (4.10) 

with R = Ir r'l. In terms of the vector potential, we have 

fI(r,s) '\7 x Ae(r,s), 
1 

E(r, s) = -sj1Ae (r, s) + -'\7 ['\7 . Ae(r, s)] . 
SE 

(4.11) 

Let us now determine E(r, s) and fI(r, s) generated by an electric point dipole. Normally 
the coordinate system is chosen such that the origin coincides with the location of the 
dipole, since this simplifies the calculations. In our case, however, we have already chosen 
the origin to coincide with the center of the circular wire. Therefore, we have to calculate 
the electric and magnetic field of an electric point dipole located in an arbitrary point 
rp = xpux + Ypuy zpuz and pointing in an arbitrary direction Ud = dxux + dyuy + dZuZ1 

with d; d; + d; = 1. For the current density we can now write 

( 4.12) 
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and 

A ( ) - I IF( )exP[-8Rp /c] 
e r ,8 - e 8 41rRp Ud, (4.13) 

with Rp = Ir-rpl = J(x - xp)2 + (y - Yp)2 + (z - Zp)2. By calculating the curl of Ae(r, s) 
we arrive at 

exp[-8Rp/C] ( sRp ) H(r, s) = -IelF(s) R3 1 + - Rp X Ud, 
41r p C 

( 4.14) 

with Rp = r rp' To arrive at an expression for the electric field, we have to calculate 
\7 [\7 . Ae (r, s)]. Doing so results in 

V' IV" A,(r, s)1 = J,IF(s) ext~/cl (~ [3 (814) (SRp) 2] 3 -c- + -c- Rp (rp . Ud) 

- [1 + (S; ) ] Ud) . (4.15) 

By substituting (4.13) and (4.15) in (4.11) we obtain 

E(r, s) = 

( 4.16) 

4.2 The magnetic point dipole 

A magnetic point dipole is a fictitious magnetic line current extending over an incremental 
length l. The fields generated by such a magnetic point dipole are identical to the fields 
generated by a loop of electric current, which we will demonstrate in the next section. 
The magnetic point dipole is located in an arbitrary point rp = xpux ypuy zpuz and is 
pointing in the direction Ud dxux + dyuy + dZuZ1 with d; + d; + d; = 1. We again start 
from Maxwell's equations 

\7 x H(r, s) - sfE(r, s) 
\7 x E(r, s) sJ1,H(r, s) - (4.17) 

with 

(4.18) 

Since the divergence of the electric field is zero, we can write the electric field as a curl of 
the electric vector potential 

E(r,s) = -\7 x Am(r,s). (4.19) 
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Substituting (4.19) in the first equation of (4.17) and using the fact that a curl-free vector 
is the gradient of some scalar leads to 

H(r, B) BEAm(r, B) = -\74>m(r, B), (4.20) 

with rPm(r, B) a yet arbitrary scalar potential. By substitution of (4.19) and (4.20) in the 
second expression of (4.17) we obtain an equation for Am (r, B). This yields 

- \7 [\7 . Am(r, B)] + \72Am(r, B) - S2Ej.LAm(r, B) = -Jm(r, s) + Bj.L\7 rPm(r, B). (4.21) 

If we let 

-1 
rPm(r, s) = -\7 . Am(r, B), 

Bj.L 

then the equation for the electric vector potential simplifies to 

\72 Am(r, s) - B2Ej.LAm(r, B) -Jm(r, B). 

The solution of this equation reads 

Am(r, s) = iii Jm(r', s) exp~~~/c] dr', 

with R = Ir - r'l. In terms of the electric vector potential Am(r, B) we have 

H(r, B) 

E(r, s) 

Substituting (4.18) in (4.24) leads to 

A ( ) -1 IF( )exp[-sRp/c] 
m r, s - m SpUd, 

471" .... tp 

( 4.22) 

( 4.23) 

( 4.24) 

(4.25) 

(4.26) 

with Rp = Ir - rpl I(x - Xp)2 + (y - Yp)2 + (z - Zp)2. Using this expression for the 
electric vector potential we can now obtain the electric and magnetic field generated by a 
magnetic current density. Doing so results in 

E(r, B) = '" I IF( )exp[-sRp/c] 
- v X m S 471" Rp Ud 

I IF( )exp[-sRp/c] (1 SRp) R 
m s 4 R3 + P X Ud, 

71" P C 
(4.27) 

H(r,s) 

(4.28) 
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4.3 The current loop 

We will now show that the fields generated by a small circular electric current loop are 
identical to the fields generated by a magnetic point dipole. The center of the loop coincides 
with the position of the magnetic point dipole and the direction of the magnetic point dipole 
coincides with the normal of the plane in which the loop is located. The radius of the loop, 
a, is much smaller than the wavelength. Starting from equation (4.10) we can write the + 

magnetic vector potential in case of the current loop as 

( 4.29) 

with contour C being the circle with radius a, T the tangent of C and l'the arc length. We 
can now use equation (4.11) to obtain an expression for the electric field. To arrive at such 
an expression we first have to calculate the divergence of the magnetic vector potentiaL 
\Ve can write 

IeF(s) J (T' . v) exp[-sR/c]dl' le 47rR 

-IeF(s) J (T' . v') exp[-sR/c] dl' le 47rR 

-IeF(s) J ~ exp[-sR/c] dl'. 
le azl 47rR 

( 4.30) 

Because the integrand is periodic, this divergence is zero. 
field simplifies to 

As a consequence, the electric 

J exp[-sR/c] 
E(r, s) = -sJ-l1eF(s) le r' . 47rR dl' . 

We now make use of the fact that we can write the tangent as 

T' 
r' r p 

Ud X I' I' r - rp 

for r' on C. By substituting (4.32) in (4.31) we arrive at 

E( ) = - f F( ) i r' - rp exp[-sR/c] dl' r, S SJ-l e S Ud X I 1 R . e r' - rp 47r 

(4.31) 

( 4.32) 

(4.33) 

The term exp[ -sRI c]/ 47r R is now approximated by a first-order Taylor expansion around 
r' = rp' Using this approximation in (4.33) results in 

E(r, s) = fF() i r/-rp {exP[-sRp/c1 
-SJ-l e S Ud X I' I 4 p + e r - rp 7rJ.'1J 

[(r' - rp) . v'] exp[-sR/c] I, } dl' 
47rR r =rp 

sJ-lleF(s)Ud x {J (r' - rp) (rl _ r )dl' } . v (exp[-sRp/C]) . (4.34) 
le Ir' - rpl p 47r Rp 
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The expression between braces is called a dyadic function. To simplify the calculation 
of this dyadic function, a right-handed orthonormal base (Ub U2, Ud) is introduced. The 
origin of this base coincides with rp- The dyadic function now reads 

( 
1 0 0) 

7ra2 0 1 0 . 
000 

1 (rt - rp) (r' _ r )dZ' 
fe Ir' - rpl p 

( 4.35) 

With respect to the orthonormal base (UI) U2, Ud) we can now write 

(
100) (100) 

UdX 010 =UdX 010. 
00000 1 

( 4.36) 

The second expression also applies to the orthonormal base (Ux ) u y) u z ), so that we arrive 
at 

E(r, s) _ 8/.t1eF (S)Ud X 7ra2 (~ ~ ~) \7 (exp[-sRp/c1) 
o 0 1 47rRp 

s/1/lfa2IeF(s)Ud x \7 (exp~~~/c]). ( 4.37) 

By comparing this equation with the first line of equation (4.27), we conclude that these 
expressions are identical, provided that 

(4.38) 

Finally, we have to prove that the identical electric fields lead to identical magnetic fields. 
Outside the area containing the sources we can write in case of an electric current density 

H(r,s) 

E(r, s) 

- \7 x Ae(r, B), 
1 1 
-\7 x H(r, s) -\7 x \7 x Ae(r, B) 
BE BE 
1 
- \7 [\7 . Ae (r, B)] - B JJAe (r, 8), 
BE 

and in case of a magnetic current density 

E(r, B) 

H(r,s) 

-\7 x Am(r,s), 
1 1 

x E(r, s) -\7 x \7 x Am(r, s) 
8JJ SJJ 

1 
-\7 [\7 . Am](r, s)] - sEAm(r, s). 
sJJ 

Since the electrical fields are identical, we can write 
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( 4.40) 

(4.41) 

(4.42) 
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By taking the curl of this equality, we arrive at 

1 
\7 x Ae(r, s) = -\7 x \7 x Am(r, S). 

sJ.1, 
( 4.44) 

When we compare the left-hand side of (4.44) with (4.39) and the right-hand side of (4.44) 
with the first line of (4.42), we conclude that in case the electric fields are identical the 
magnetic fields are identical as well. Thus, the effect of a magnetic point dipole away from 
the source point can be realized by a circular loop of electric current. 

4.4 Results 

In this section we look at the effect of an electric and a magnetic point dipole on the current 
along the circular wire in case of the three different configurations. Our expectation is that 
it should be possible to excite the circular wire with these dipoles in such a manner that 
the same effects appear as observed in case of the delta-gap excitation. In particular, we 
want to generate a stationary component in the current along the circular wire when it is 
completely closed and a final value of zero when it is interrupted. First, we look at the 
effects of an electric point dipole. In case of the electric point dipole it is not realistic to 
use a Gaussian shaped electric current density as the excitation because this would create 
a situation were charge is permanently separated. This is not acceptable from a physical 
point of view. To avoid this situation we use the derivative of a Gaussian pulse. Hence 

Je(r, s) = IelsG(s)8(r - rp)ud, ( 4.45) 

with G(s) being the Laplace transform of 

g(t) = exp [- (~)l (4.46) 

We again start by considering the two extremes. In the figures 4.1 and 4.2 the current along 
the open and the closed circular wire are depicted as a function of time. The parameters of 
the Gaussian pulse are tp 5.0 x 10-10 s and to = 4tp. The electric point dipole is located 
in (0, b, b) and is pointing in the x-direction. The circular wires, of which the dimensions 
are compatible with the dimensions of the artificial heart valve, are embedded in blood. 
From figure 4.2 we observe that in case of the completely closed circular wire the current 
along the wire does not contain a stationary component. Since the strength of the electric 
field at the location of the circular wire depends on the distance between the point on the 
wire and the location of the dipole this was not what we expected beforehand. However, 
the absence of this stationary behavior of the current at late times can be explained by 
using the final-value theorem from Appendix A. In case of an incident field, the stationary 
component is determined by 

fa E( r, sO) . dl, ( 4.47) 
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Figure 4.1: Current along the open circular wire. The wire is excited by an electric point 
dipole with lel = 411"b3EO, located in (0, b, b) and pointing in the x-direction. Dimensions of 
the loop are: a 5.0 x 10-4 m, b=2.0 x 10-2 m. Number of segments: 64, observation 
point: ¢ 0 rad, ¢opening 11" /180 rad. 

with the contour C being the axis of the circular wire. The electric field of an electric point 
dipole in terms of the vector potential Ae(r, s) is given by 

1 
-V[V· Ae(r, s)]. 
SE 

E(r, s) = -Sf.J,Ae(r, s) 

The substitution of (4.48) in (4.47) leads to 

fa E(r, s) . dl f~ ( -Sf.J,Ae(r, s) + :E V [V· Ae(r, S)]) . dl 

- -Sf.J, fa Ae(r, s) . dl, 

(4.48) 

( 4.49) 

where we have postponed the substitution of s = 0 and used the fact that the term with 
the gradient is a conservative field. In case of an electric point dipole the vector potential 
Ae(r, s) is given by 

exp[-sR/c] 
Ae(r, s) = lelsG(s) 411"R Ud· (4.50) 

The substitution of this vector potential in (4.49) results in 

J E(r, s)· dl = -S2f.J,G(S) i exp[-sR/c]Ud' dl. 
k c ~R 

(4.51) 

48 



$ 
c 
~ 

le-OS 

13 -5e-07 

-1e-06 

-1.5e-oS 

-2e-OS '--_-'--_-'-_-'--_--L.._-'-_--'-_--'-_---'-_---'_----' 
o 2e-09 4e-09 Se-09 8e-09 1 e-08 1.2e-oS 1.4e-08 1.Se-08 1.8e-OS 2e-06 

time[s] 

Figure 4.2: Current along the closed circular wire. The wire is excited by an electric point 
dipole with leZ 47rb3€o, located in (0, b, b) and pointing in the x-direction. Dimensions of 
the loop are: a = 5.0 x 10-4 m, b=2.0 x 10-2 m. Number of segments: 64, observation 
point: ¢ 0 rad. 

The right-hand side vanishes when we substitute s 0 and this explains the absence of a 
stationary component in the current along the completely closed circular wire. Because no 
significant difference between the stationary component of the currents in the cases of the 
open and the closed circular wires was observed, it seems of little use to load the wire with 
an impedance. For this reason we refrain from showing plots of the current in the case of 
the circular wire with a load. 

Second, we will now look at the effect of a magnetic point dipole on the current along 
the circular wire. The magnetic point dipole is excited by a Gaussian shaped magnetic 
current density 

(4.52) 

where G(s) is the Laplace transform of the Gaussian pulse Q(t) with parameters tp = 
5.0 X 10-10 s and to = 4tp. From (4.38) it follows that using a Gaussian-shaped current 
density corresponds with switching on an electric current in a loop. In the figures 4.3, 
4.4 and 4.5, the current along the circular wire is depicted as a function of time. From 
figures 4.3 and 4.4 it is observed that the results are similar to the results obtained with a 
delta-gap voltage excitation. When the wire is completely closed, a stationary behavior 
is observed for t > 4 ns. This stationary component is not present when the wire is 
interrupted. The magnitude of this stationary current is in accordance with the final-value 
theorem from Appendix A. Furthermore, we observe that the results from the closed and 
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Figure 4.3: Current along the open circular wire. The wire is excited by a magnetic point 
dipole with 1ml = 47rb3 , located in the origin and pointing in the negative z-direction. 
Dimensions of the loop are: a 5_0 x 10-4 m, b=2.0 X 10-2 m. Number of segments: 64, 
observation point: <P 7r /8 rad, <Popening = 7r /180 rad. 

the open circular wire are in complete agreement as long as the reflections which originate 
from the end faces are of no concern. By introducing an impedance in the wire we can also 
examine the effect of a partial fracture on this stationary component. Figure 4.5 shows 
the effect on the current when such an impedance is introduced. When we choose this 
impedance to be zero we have a situation which is identical to the completely closed wire. 
A large impedance approximates the situation where the wire has an interruption. This is 
confirmed when we compare the figures 4.3-4.5. Finally, we remark that the introduction 
of an impedance causes an exponential decay in the current along the wire. This decay 
increases when the impedance increases. 
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Figure 4.4: Current along the closed circular wire. The wire is excited by a magnetic 
point dipole with Im1 = 41rb3 , located in the origin and pointing in the negative z-direction. 
Dimensions of the loop are: a = 5.0 x 10-4 ill, b=2.0 x 1O-2m. Number of segments: 64, 
observation point: c/J = 1r /8 rad. 
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Figure 4.5: Current along the circular wire with a load. The wire is excited by a magnetic 
point dipole with Iml 41rb3 , located in the origin and pointing in the negative z-direction. 
Dimensions of the loop are: a = 5.0 x 10-4 ill, b=2.0 X 10-2 ill. Number of segments: 64, 
observation point: c/J = 1r /8 rad. Loads: (i) Z£ 0 n, (ii) Ze = 2.0 n, (iii) Z" 8.0 n, 
(iv) Z£ = 106 n. 
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Chapter 5 

Coupled circular wires 

In this chapter we investigate whether it is possible to simultaneously excite and detect 
the current along the wire representing the artificial heart valve by using a second ring 
as a transmitting and receiving antenna. This idea is based upon results obtained in the 
previous chapter. It turned out to be possible, by means of a magnetic point dipole, to 
generate a current along the circular wire which significantly depends upon the status of 
the wire. The magnetic point dipole involved was excited by a Gaussian-shaped magnetic 
current density. Although a magnetic point dipole is fictitious, the effect caused by such a 
dipole can be realized by switching on a small current loop. A similar effect occurs when 
a circular wire is excited by a Gaussian-shaped delta-gap voltage. In principle, it should 
therefore be possible to generate similar effects with a second circular wire. In other words, 
the status of the wire representing the artificial heart valve determines the behavior of the 
current along this wire. As a consequence, the radiated field generated by this wire will 
depend on the status of the wire. Since the wire representing the artificial heart valve is 
also circular, the radiated field originating from this wire will in turn influence the current 
along the second circular wire, i.e. the antenna. Based on the shape of the current along 
the second circular wire, it should therefore be possible to predict the status of the wire 
representing the artificial heart valve. 

5.1 The model configuration 

Let us consider two perfectly conducting circular wires. The first circle has radius b1 and is 
placed in the plane z ° of a three-dimensional cylindrical coordinate system. The center 
of this circular wire coincides with the origin of this coordinate system. The second circular 
wire, with radius b2 , has its center at (0,0, d) and is located in the plane z d. Both the 
cross sections of wire 1 and wire 2 are circular with radius al and a2, respectively. The 
wires are embedded in a homogeneous, dielectric medium with permittivity €, permeability 
J1, and wave velocity c = 1/ J€ii. In spite of the fact that only the second wire, representing 
the antenna, will be driven by a delta-gap voltage, we will consider the most general case 
when formulating the problem outlined above. This is a model of the situation where both 
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wires can be excited and both wires contain an impedance. 

5.2 The radiated electric field 

Let us first consider the electric field radiated by a current along a circular wire which 
in turn is generated by a delta-gap voltage excitation. The starting point for deriving a 
representation for this radiated electric field is again the integral relation for the electric 
field. We will restrict ourselves to the radiated electric field originating from the second 
wire. Furthermore, we will assume the distance between the two wires to be large compared 
to the thickness of the second wire. In that case, the current on the second wire may be 
assumed to be concentrated on the wire axis. Since we will use the radiated field as source 
for the first wire, it is sufficient to consider only the <p-component for r = b1ur (¢). Then 
the integral representation can be written as 

with 

R - \r r/\ 
Vr-(b-1 -co-s-( ¢-)---b-2-co-s-( ¢-')-) 2-+-( b-1-si-n-( ¢-)---b-2 -si-n (-¢-')-)2-+-d2 

- Vbi + b~ + d2 - 2b1b2 cos(¢ - ¢/) = R 12 (¢ - ¢'). (5.2) 

Since this distance only depends on the difference ¢ - ¢' we can write the right-hand side 
of (5.1) as 

J27rb dA.lJ. (A.I ) (_1_02 _ S2 (A. _ A./)) exp[-sR12 (¢ ¢')jc]. 
2 'f' 2 'f', S b

1
b

2 
<P c2 cos 'f' 'f' 47rR

12
(¢ ¢') 

o 

(5.3) 

In a similar way we can arrive at an analogous expression for the radiated field originating 
from the first wire. 
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5.3 The Pocklington-type equations 

In this section we will derive the Pocklington-type equations for two coupled circular wires. 
As a starting point we use Pocklington's equation for a circular wire with a load. In 
Pocklington's equation for the first circular wire we use the radiated electric field originating 
from the second wire as a secondary source. This yields 

J21r b d,",,-I I (,",,-I ) (~a2 _ S2 ('""- _ ,",,-I)) exp[ -SRI (cP - cP' ) / c] 
1 'f' 1 'f" s bi <P c2 cos 'f' 'f' 41r RI (cP _ cP') 

o 

(5.4) 

where cPel is the position of the delta gap in which the impedance is located, and cPvI is 
the position of the delta-gap across which the voltage is impressed. The extra subscript 1 
reflects the circumstance that these positions pertain to the first wire. Analogously, we can 
substitute the radiated field from the first wire into Pocklington's equation for the second 
one. This results in 

(5.5) 

with R21 (cP - cP' ) = R12 (cP cPt) and similar definitions for cPe2 and cPv2 as used in (5.4). We 
now have obtained two coupled integral equations. We will refer to these equations as the 
Pocklington-type equations. 

5.4 The Hallen-type equations 

To avoid the differentiations with respect to cP in the differential operator aUblb2 -
8

2 cos( cP - cPt) / c2 we split off the same one-dimensional wave operators as in the first lines 
of equations (5.4) and (5.5). Subsequently, we use Green's function from section 2.4.2 
to complete the inversion from Pocklington-type equations to Hallen-type equations. This 
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results again in two coupled integral equations. The integral equation for the current along 
the first wire now reads 

j
271"b d,l..'{I (,I..' )exp[-sR1(¢-¢/)/c] +1 (,I..I )exP[-SR12(¢-¢')/c1} = 

1'f' 1 'f',S 4nR1(¢-¢') 2 'f',S 41rR12(¢-¢') 
o 

271" 271" 

+ ~: j d¢'G(¢ - ¢', S~l) j b1d¢"Il(¢"' s) [1 
o 0 

(5.6) 

For the current along the second wire, we can write 

I (,I..I )exp[-sR21 (¢ - ¢/)/C]} = 
1 'f" S 41r R21 (¢ _ ¢/) 

271" 271" 

+~b: j d¢'G(¢-¢', S~2) jb2d¢lIh(¢II,s) [1 (,I..' _ ,1..11)] exp[-sR2(¢' - ¢")/c] 
cos 'f' 'f' 41r R2 ( ¢' ¢I!) 

o 0 

271" 

sb2 jd¢'{;(¢ 
2c 

o 

,1..' sb2 j271"b d,l..111 (,1..11 ) [1- bi (,I..I _ ,1../1)] exp[-sR21(¢1 ¢I!)/c] 
'f" C 2 'f' 1 'f' ,s b

2 
cos 'f' 'f' 41r R21 (¢' _ ¢") 

o 

sb2 Y - sb2 ¢t2, -) + -2 G(¢ - ¢v2, -)V2(S). 
C C 

(5.7) 

5.5 The space-discretized Hallen-type equations 

To obtain a numerical solution of the Hallen-type equations we first normalize all space 
coordinates with respect to the radius of the first circular wire and all time coordinates 
with respect to the corresponding free-space travel time. Subsequently, the Hallen-type 
equations are space discretized, where we take into account the almost singular behavior of 
the kernels exp[-sy'ErR1(¢ - ¢')]/41rR1(¢ - ¢') and exp[-sy'Er"R2(¢ - ¢')]/41rR2(¢ - ¢'). 
Since these steps have already been discussed in full detail in chapter 3, section 1, we will 
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now only state the result. The normalized and space-discretized integral equation for the 
current along the first wire now reads 

cos( 4>m'-m" )] . 

[1 b ("" )] eXP[-SJE;R12(4)ml-mll
)]]_ 2 yh£1(S)Z G(""~) 

2 cos 'f'm' -mil R ("") 1[' A "" 1 'f'm-ib S V €r 
12 'f'm'-m" u'f' 

(5.8) 

Applying the same normalization and space discretization to the integral equation for the 
current along the second wire results in 

M-1 [ eXP[-sJE;R21(4)m-ml)]] 
b2 L 12,ml(s)exp[-syI€;R2(4>m-ml)]W2,m-ml + Il,m'(S) R (4) I) = 
~~ 21 m~ 

~1 I ()[b ("" )]eXP[-SJE;R21(4)m,-mll
)]] 

L..J 1,m" S 2 - cos 'f'm'-m" R ("" ) 
mil ==0 21 'f'm'-m" 

(5.9) 
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with 

R1(cPm) V4sin2(mD.cP/2) + ai, 
R2(cPm) - V4b~ sin2(mD.cP/2) + a~, 

R12 ( cPm) R21 (cPm) = V~l-+-b-~ -+-d-2 ---2-b2-c-o-s(-m-D.-cP-). (5.10) 

Trough normalization and space discretization of the Hallen-type equations we have now 
arrived at two coupled sets of M equations for 2M unknowns. We can combine these two 
sets to one set of 2M equations with 2M unknowns. This set can then be written in matrix 
form as 

(f~~ f~~) ( :~ ) = ( ;~ ) , (5.11) 

with L a linear operator and u the unknown vector, with components 

u(m) = ul(m) hm(s), 
u(M m) = u2(m) = 12,m(s), (5.12) 

with m 0, ... ) M -1. The linear operator consists of four submatrices. In terms of these 
submatrices, we can write 

M-l 

(LllUdm = L exp[-sy'E;R1(cPm-m,)]W1,m-m'Ul,m' + (5.13) 
m'=O 

~1 exp[-syl€;R12 (cPm-m')] syl€;D.cP ~1 [C(A-. t;-). 
L.J ( U2 m' + L.J 'f'm-m' , 8 V €r 

m'=O R12 cPm-m') , 2 m'=O 

~1 [b (A-. ) 1] exp[-syl€;R12 (cPm'-mll 
)] 1 

L.J 2 cos 'f'm' -mil - () U2 m" , 
m"=O R12 cPm'-m" ' 

(5.14) 

(5.15) 
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and 
M-l 

(L22U2)m - b2 L exp[-sJf~"R2(¢m-m' )]W2,m-m,U2,m' + 
m'=O 

y'€;tJ..¢ M-l [ M-l 
S €; b2 m~o G(¢m-ml ,Sy'€;b2 ) ~O b2 [COS(¢m'-m") -1]· 

exp [-S Jf, R2 (<Pm' -m" ) I W2,m' - m" U2,m" 1 + 

Uz l2 
21fY tJ..'¢ Z2G(¢m-lZ, s.jE;b2), (5.16) 

with m = 0, ... ,M - 1 and £1 and C2 fixed. The known vector consists of the following 
components 

f(m) 

f(M +m) (5.17) 

with m 0, ... , M - 1 and vI and v2 fixed. To solve this matrix equation we again use 
the Conjugate-Gradient method. In this context we need the adjoint operator L t of L. 
The adjoint matrix can be found by writing out the inner product < Lu I v >, changing 
the order of summations and then recognizing the form < u I Ltv > in the rearranged 
expression. Analogous to (5.11) we can write the adjoint operator as 

(5.18) 

with 
M-l 

L exp[-s*/~Rl(¢m-ml)]Wl,m-m'Vl,m' + (5.19) 
m'=O 

( t) ~l exp[-s*R.R12 (¢m-m')] 
L 12Vl m - L.; VI m' + 

m'=O R12 (¢m-m') , 

S*R.tJ..¢ ~1 [(b (,.J.. ) -1) exp[-s*R.R12(¢m-m')] 
2 L.; 2 cos 'Pm-m' R (,.J.. _ I) 

m'=O 12 'Pm m 
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M-l ] L G*(¢>m'-mll , SyiE;)Vl,m ll , 

m"=O 
(5.20) 

b 
~1 exp[-s*yIE;R21 (¢>m-m')] 

2 L... V2m' + 
m'=O R21 (¢>m-m' ) . 

s*yIE;Ll¢>b ~1 [( (A. t) _ b ) exp[-s*yIE;R21 (¢>m-m')]. 
2 2 L... COS 'f/m-m 2 R (A. ) 

mt =0 21 'f/m-m' 

M-l ] 
m~o G*(¢>m'-mll

, syiE;b2)V2,mll , (5.21) 

and 
M-l 

b2 L exp[-s* ~R2(¢>m-m')]W2,m-mIV2,m' + 
m'=O 

s*.Ji:.Ll¢> M-l [ 
; b2 fo b2 (cOS(¢>m-ml ) -1)exp[-s*~R2(¢>m_ml)]' 

W2,m-ml 1:1 

G*(¢>m'-mll , SyiE;V2.mllb2)] 
mil =0 

27rY* Z* M-l 

+ Ll¢> 2 {jm-R.2 m~o G*(¢>m'-£2' syiE;b2 )V2,m" (5.22) 

5.6 Results 

In this section some examples of the currents along the two coupled wires are given. We 
consider the situation where the second wire, i.e. the antenna, is excited by a delta-gap 
voltage. The pulse shape of the delta-gap source is Gaussian and is given, in the Laplace 
domain, by 

V(s) = tpvn exp [stp (S!p - ::)]. (5.23) 

We again start by looking at the two configurations representing the extremes. In the first 
configuration, depicted in figure 5.1a, the artificial heart valve is considered to be intact; 
in the second configuration, depicted in figure 5.1b, it is assumed to be completely broken. 
Since a measurement of this type has to be invasive due to the highly dispersive medium, 
the diameter of the second ring is chosen smaller than the diameter of the ring representing 
the artificial heart valve. In both situations the wires were subdivided into 64 equi-angular 
segments. The second wire, which was driven by a Gaussian voltage pulse with parameters 
tp = 5.0 X 10-10 s and to = 4tPl was placed lcm above the first one. From figure 5.1, it is 
observed that in case the first wire is completely closed a stationary current component is 
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induced by the radiating field of the second wire. This stationary component is not present 
when the first wire is interrupted. Furthermore, we conclude that the magnitude of the sta
tionary component in the current along the second circular wire is influenced by the status 
of the first wire. Although the difference between the stationary components is small, it 
can be increased by increasing the interaction between the wires by reducing the distance 
between them. Since we are interested in the question whether it is possible to detect an 
interruption on the basis of the shape of the current along the second circular wire we will, 
from now on, only consider this current. Figure 5.2 shows plots of the current along the 
second wire in case the first wire is loaded with 0 0,2.0 0,8.0 ° and 106 0, respectively. 
The distance between the two wires is reduced to 0.25 cm. From figure 5.2a we observe 
that the current along the second wire is significantly influenced by the condition of the 
first wire. In case the first wire is intact the stationary current component is larger than 
for a completely broken first wire. Introducing an impedance in the first wire results in 
an exponential decay of the current along the wire. This effect can be shown more clearly 
when the configuration with the load of 106 ° is used as a reference. In figure 5.2b we have 
plotted I(i) (7r /2, t) I(iv) (7r /2, t), I(ii) (7r /2, t) - I(iv) (7r /2, t), I(iii) (7r /2, t) - I(iv) (7r /2, t), 
respectively. 

Finally, we discuss the situation where both wires contain an impedance. For the first 
wire, we consider the configurations representing the two extremes; for the second one, we 
consider the configurations where this wire contains an impedance of 2.0 ° and 20.00, 
respectively. From figure 5.3a and 5.3b we observe that when the impedance is 2.0 0, a 
difference in the late-time behavior of the current along the second wire can still be no
ticed. However, the distinction between the open and the closed circular wire is not as 
evident as in the case where the second wire did not contain an impedance. Furthermore, 
by increasing the impedance in the second wire to 20.0 0, the differences in the late-time 
behavior of the current along this wire decrease. This is a consequence of the fact that by 
incorporating an impedance into the second wire, the electric field radiated by this wire 
is no longer similar to the electric field generated by a magnetic point dipole. Namely, a 
magnetic point dipole can be envisaged as a small loop in which a current is switched on. 
In the first part of this study, we observed that such a current could also be generated by 
exciting a small loop with a delta-gap voltage pulse. However, the results also showed that 
by including an impedance into the ring, this stationary component vanished. Now, if such 
a ring is used to excite the first wire representing the heart valve, the current along this 
wire will depend less on its status. As a consequence, the late-time behavior of the current 
along the second ring, i.e. the antenna, will in turn depend less on the status of the first 
ring. This effect increases with increasing impedance. 
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Figure 5.1: Current along the coupled circular wires, (i) wire 1, (ii) wire 2. Dimensions of 
the loops are: al = a2 5.0 x 10-4 ill, bi = 2.0 X 10-2 ill, b2 = 1.5 X 10-2 

ill. Distance 
between the wires: 10-2 m. Number of segments: 64, excitation point (wire 2): 4> = 0 rad, 
observation point (wire 1 and wire 2): 4> 1f /2 rad, position of the load (wire 1): 4> = 1f 

rad. Loads: Z2 0 0, (a) Zl = 0 0, (b) Zl = 106 0. 
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Figure 5.2: Current along wire 2. Dimensions of the loops are: al a2 = 5.0 x 10-4 m, 
bl = 2.0 X 10-2 m, b2 1.5 x 10-2 m. Distance between the wires: 2.5 x 10-3 m. Number 
of segments: 64, excitation point (wire 2): ¢ = 0 rad, observation point (wire 2): ¢ = 7r /2 
rad, position of load (wire I): ¢ = 7r rad. Loads: Z2 = 0 0, (i) Zl 0 0, (ii) Zl = 2.0 0, 
(iii) Zl = 8.00 and (iv) Zl = 1060. (a) no reference used, (b) reference Z2 = 1060. 
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Figure 5.3: Current along wire 2. Dimensions of the loops are: al = a2 = 5.0 x 10-4 ill, 

bi = 2.0 X 10-2 
ill, b2 = 1.5 X 10-2 ill. Distance between the wires: 2.5 x 10-3 ill. Number 

of segments: 64, excitation point (wire 2): c/J = 0 rad, observation point (wire 2): c/J = 1f /2 
rad, position of loads (wire 1 and wire 2): c/J 1f rad. (a) loads: Z2 2.0 n, (i) ZIOn, 
(ii) Zl = 106 n. (b) loads: Z2 = 20.0 n (i) ZI = 0 n, (ii) Zl = 106 n. 
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Chapter 6 

Conclusions and recommendations 

In this report we have studied the possibility of detecting mechanical defects in certain 
artificial heart valves by investigating a simple model configuration via computational sim
ulations. The model consists of a circular thin-wire segment embedded in a homogeneous, 
dispersive, dielectric medium. To represent the characteristic features of an artificial heart 
valve, three specific configurations containing such a thin wire were considered. The first 
one was a completely closed circular wire, and represents a perfect artificial heart valve. In 
the second one an interruption in the circular wire was introduced to represent a completely 
broken artificial heart valve. Finally, an impedance was incorporated into the circular wire 
to model fatigue or a partial fracture. 

In all three cases the mathematical formulation proceeded in the same way. Starting from 
the integral relation for the electric field we derived a one-dimensional integral equation for 
the current along the thin-wire segment. However, from a computational point of view, the 
operator in this Pocklington-type equation could cause numerical problems. To avoid these 
problems we used a Green's function technique to invert this operator in closed form. For 
the 9ose'd circular wire this resulted in an alternative integral equation which, in addition 
to the unknown current, contained two homogeneous solutions with unknown amplitudes. 
These amplitUdes were determined by imposing two additional boundary conditions. For 
the closed circular wire, the homogeneous solutions are accounted for by enforcing periodic 
boundary conditions to the Green's function. As a consequence, we obtained two different 
versions of the Hallen-type integral equation for the open and closed circular wire, respec
tively. The introduction of an impedance into the wire did not lead to a completely new 
equation; it was accounted for by including an extra term in the equation for the closed 
wire. Since these Hallen-type equations could not be solved analytically, the unknown cur
rent was determined numerically. In the case of the closed wire the periodicity was used 
to efficiently calculate the unknown current with the aid of the Discrete Fourier Transfor
mation. In the other two cases, where the wire geometry was not translationally invariant, 
we used the Gonjugate-Gradient method to calculate the unknown current. 

As for the excitation, different possibilities were considered. First we investigated a delta-
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gap voltage excitation. A significant difference was observed in the late-time behavior of the 
currents in the configurations representing the extremes. For the completely closed wire, 
the current contained a stationary component which was not present for the interrupted 
wire. The introduction of an impedance into the circular wire resulted in an exponential 
decay of the current along the wire. The rate of this decay increases for an increasing 
impedance. On the basis of these characteristic differences it seems possible to distinguish 
a perfect heart valve from a broken one. However, these results were obtained using a delta
gap voltage, which from a physical point of view may not be realizable. Subsequently, we 
therefore considered the case where the circular wire was excited by more realistic sources 
like an electric and a magnetic point dipole. The effect observed in case of a delta-gap 
excitation was not present when we used an electric point dipole to excite the wire. The 
absence of a stationary-current component in this case was also verified analytically by 
using the final-value theorem from Appendix A. Next, we used the magnetic point dipole 
as a source. The same significant effect in the late-time behavior of the current along 
the wire was noticed as in the case of a delta-gap excitation. This means that, with this 
antenna, a current can be generated along the wire with a late-time behavior that depends 
strongly on the status of the wire. 

Up to this point the problem of detecting this difference in late-time behavior was not 
yet addressed. A magnetic point dipole can also be envisaged as a small loop in which a 
current is switched on. In the first part of our study, it was observed that such a current 
can also be generated by exciting this small loop with a delta-gap voltage pulse. Therefore, 
a logical next step was to replace the magnetic dipole by a secondary loop excited by a 
voltage source. Our expectation was that such a loop may then serve as a transmitting 
as well as a receiving antenna. This expectation was confirmed by the results. First, 
it proved possible by using the second ring as antenna to generate the desired effect in 
the shape of the current. Second, it also proved possible to detect the difference in the 
late-time behavior by using the same ring as a receiving antenna. For a perfect circular 
wire and a completely broken one the computations resulted in different values of the sta
tionary component in the current along the secondary wire. Incorporating an impedance 
into the first wire gave rise to an exponential decay in the current along the second one. 
Furthermore, it was observed that it was still possible to distinguish between a closed and 
an open loop even when the wire acting as an antenna contained a load. However, for a 
loaded secondary loop, the difference in late-time behavior rapidly decreases with increas
ing impedance. This is due to the fact that the introduction of such an impedance into 
the second loop results in an exponential decay of its stationary current component. As 
a consequence, the circular wire with a load is no longer a representative model for the 
magnetic point dipole. 

It should be remarked that, until now, we have considered a relatively simple model of 
the artificial heart valve. The theoretical computations for this method indicate that it 
may be possible to detect fractures in artificial heart valves. A first and mandatory next 
step in the continuation of this study is to generalize the configuration by including interior 
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loops into the circular wire to obtain a more realistic model of the occluder struts. Since 
a measurement based upon our model has to be invasive, a second possible step is to take 
into account the wires connecting the magnetic dipole to the source and the impedance of 
such a source. Furthermore, the fact that the artificial heart valve is located in a blood 
vessel could be taken into account by considering an inhomogeneous embedding. Finally, 
because of the large number of assumptions in the present model, it is strongly recom
mended to obtain some experimental verification of the results before any generalization 
of the present model is considered. 
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Appendix A 

The final-value theorem 

In this appendixl an analytic expression for the stationary current component in case of 
the closed circular wire is derived. Starting point is Pocklington's equation for such a wire 

J211"bdA.,J(A.1 ) [..!:..a 2 _ s2 (A._ A.')] exp(-8Ra(1>-1>')/c) 
'f' 'f' ) 8 b2 <P c2 cos 'f' 'f' 41r Ra ( 1> 1>') 

o 

(A.1) 

By introducing the short notation 

1(1),8) [
..!:..a 2 8

2 (A.)] exp( -sRa (1))/c) 
b2 if> c2 cos 'f' 41r Ra ( 1> ) , 

9(1), s) -€ [lV(S)6(1> 1>gap) E i (1), s)] ) (A.2) 

Pocklington's equation can be written as 

211" 

J bd1>'J(1)', s)I(1) -1>',8) = S9(1), s). (A.3) 
o 

Since 1(1), s) and 9(1), s) are both analytic functions of the complex frequency s, we can 
expand these functions into Taylor series around s = 0 

00 

1(1), s) = L Fn(1))sn, (A.4) 
n==O 

00 

9(1),8) = L Gn(1))sn. (A.5) 
n=O 

IThe analysis in this appendix was adopted from work by ir. E.S.A.M. Lepelaars. 
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To account for the late-time behavior of the current, I (¢, 8) is written as a Laurent series 

00 

I(¢, 8) = L In(¢)8n. (A.6) 
n=-l 

The coefficient I-I (¢) in this Laurent series determines the stationary component of the 
electric current. By introducing the functions In(¢), Fn(¢) and Gn(¢), Pocklington's equa
tion can be written as the following hierarchy of equations 

21i 

S-1 : J bd¢'I_1(¢')Fo(¢ - ¢') = 0, 
o 
21i 

SO J bd¢' [L 1(¢')F1(¢ - ¢') + Io(¢')Fo(¢ - ¢')] = 0, 
o 
21i 

SI J bd¢' [L 1(¢')F2(¢ - ¢') + I o(¢')F1(¢ - ¢') + II (¢')Fo(¢ ¢')] Go(¢), 
o 

(A.7) 

We observe that all terms in equation (A.7) are of the form 

21i 

J p(¢')q(¢ - ¢/)d¢' = r(¢), (A.8) 
o 

with p(¢), q(¢) and r(¢) being 21r-periodical functions. If p(¢) and r(¢) are known, q(¢) 
can then be determined with the aid of a Fourier series expansion. The series is defined as 

00 

p(¢) = L Pm exp(jm¢) , (A.9) 
m=-oo 

where 

1 21i 

Pm = 21r J p(¢) exp( -jm¢)d¢. (A.IO) 
o 

This yields 

(A.ll) 

Through the introduction of such a Fourier series, the hierarchy of equations (A.7) can be 
written as 
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(A.12) 

Let us first consider the equation for S-I. To solve this equation, we have to determine the 
Fourier coefficients of Fo(¢) and Ll(¢)' For Fom we can write 

(A.13) 

The right-hand side of this equation only vanishes when m 0, which together with the 
first equation of (A.12) implies that LIm 0 for m =1= o. As a consequence, we now 
only have to determine L IO • This is in accordance with the physical expectation that a 
stationary component should not depend on ¢. Although the first equation of (A.12) is 
thus satisfied, LlO has not yet been determined. Second, we consider the equation for SO 

for m = O. In this equation we have to determine FlO' However, for F1 (¢) we can write 

F1(¢) - [Osf(¢,8)]s=0 

[0 {~02 (exp( -SRa(¢)/C)) _ 8
2 

(A.)exp( - 8Ra(¢)/C)}] 
s b2 ¢ 471Ra(¢) c2 cos 'f/ 41rRa(¢) 8=0 

- :20~ (~~) = 0, (A.14) 

which implies that tim 0 for all m. Since FlO Foo = 0, LlO is still not determined. 
Third, we consider the equation for S1. From this equation, it follows that 

A Goo 
1-10 = A' 

21rbF20 

(A.15) 

We now have to determine F20 and Goo 

(A.16) 

and 

k [k ~Jg(¢,O)d¢= -<:(s=O) V(s=O) +JEi(¢,s 
21r 21r b 

o 0 

(A.17) 
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The substitution of (A.16) and (A.17) in (A.15) finally yields 

A 2 [V(S = O)/b + 7 Ei(¢, S = O)d¢j 
Lw=~ , 

JL(S = 0) J cos(¢)/.j(a/b)2 + (2sin(¢/2))2d¢ 
o 

(A.18) 

which is the stationary component of the electric current, i.e. I( ¢, t) -+ Lw for t -+ 00. 
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