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Abstract 

Design of a band-pass sigma-delta AID 
converter for digital radio applications 

Graduation report Technical University Eindhoven 
Department EB 

F.P.A. van der Velden 

The design process of a second- and fourth-order one-bit bandpass sigma-delta AID (ana
logue to digital) converter for radio applications is presented in this graduation report. 
Implementations and simulation results are shown for a bandpass sigma-delta AID con
verter designed for an AM-radio. The sampling frequency of the implemented bandpass 
sigma-delta AID converter is 5 MHz. 

An important property of sigma-delta AID converters is their ability to shape noise. The 
noise-shaping concept of the baseband sigma-delta converters is extended to the bandpass 
case, in which the zeros of the Noise-Shaping-Function (NTF) are placed at a non-zero 
frequency WOo The quantisation noise is minimal around Wo so that the output bit stream 
accurately represents the input signal in a narrow band around WOo The design process 
is based on z-domain analysis. A discrete-time model and a noise model are used. As a 
starting point of the design process an Initial Noise Transfer Function (INTF) is used. 

The tuning frequency Wo is the center frequency of the bandpass loop filter G(z) of the 
sigma-delta AID converter. By changing the center frequency of the loop filter the sigma
delta AID converter is made adjustable. In this way the radio receiver can be tuned to a 
desired radio channel. 

An important problem of sigma-delta converters is the stability and the idle pattern os
cillation. A stability model is used in order to examine the stability of the bandpass 
sigma-delta AID converter. According to Stikvoort's theory it is possible to make a 
sigma-delta modulator stable by introducing a limiter. It was shown that the second
order sigma-delta modulator is stable without the use of a limiter. From the root locus of 
the second-order sigma-delta modulator it became clear that a limit cycle at !fs can occur. 
For the fourth-order sigma-delta modulator, the stability constraints were investigated by 
applying the root locus method to the sigma-delta modulator using several fourth-order 
loop filters. The root loci showed that for the fourth-order sigma-delta modulator a limiter 
is necessary. 

Simulations of the fourth-order sigma-delta modulator with a Pascal simulation program 
showed however that the fourth-order modulator did not function correctly although a 
limiter was applied. Two exceptions were found in which the poles of the INTF are located 
such that the fourth-order modulator operates correctly even without using a limiter. 



From in-band noise calculations of the fourth-order modulator in combination with the 
simulation results a choice was made for the location of tht- INTF-poles ofthe fourth-order 
modulator. 

The conversion of the loop filters from the z-domain to the s-domain was based on the 
impulse invariant design technique. The loop filter G(s) of the second- and fourth-order 
sigma-delta AID converter are designed with LC-circuits. By varying the value of L, the 
tuning frequency is made adjustable. Slight adjustment of the phase shift of the loop 
filter was necessary in order to let the fourth-order sigma-delta AID converter function 
correctly. The measured output spectra of the second-order and fourth-order bandpass 
sigma-delta AID converters were in agreement with the simulated output spectra. 

Measurements showed that the second-order bandpass sigma-delta AID converter switches 
to idle-channel situation for a relative input signal level smaller than -53 dB. The idle
channel situation to which the converter switches depends on the offset voltage at the 
input of the comparator and on the total delay in the sigma-delta loop. Measured were 
limit cycle frequencies of !fs, kfs and ~fs. 

The measured SIN-ratio of the second-order bandpass sigma-delta AID converter is too 
high in comparison with theory. The measured SIN-ratio of the fourth-order bandpass 
sigma-delta AID converter is too low in comparison with the theoretical SIN-ratio. The 
differences are probably caused by the distortion signals in the circuit and cross-talk 
between the signals. 

Keywords: 

Sigma-delta ADC, Sigma-delta modulators, AID converters, modulators, I-bit converters. 
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1 Introduction 

Sigma-delta A/D (analogue to digital) converters are widely used for high resolution A/D 
conversion. An important property of sigma-delta A/D converters is their ability to shape 
noise. 

Traditional sigma-delta converters have the noise-transfer-function zeros near WQ = 0 in 
order to minimise quantisation noise in a narrow band around DC. These sigma-delta 
converters arE' called baseband sigma-delta A/D converters. The technique of baseband 
sigma-delta A/D conversion is well established and is frequently used in speech and com
munication applications. 

The noise-shaping concept of the baseband sigma-delta converters was extended in Schreier 
and Snelgrove [1] to the bandpass case, in which the noise-transfer-function zeros are placed 
at a non-zero frequency Woo Quantisation noise is minimised around W Q so that the output 
bit stream accurately represents the input signal in a narrow band around WOo 

The graduation task is to design a one-bit bandpass sigma-delta converter which can be 
used in AM and FM applications. The tuning frequency Wo of the bandpass sigma-delta 
converter must be adjustable in order to tune the AM- or FM-receiver. This can be done 
by using a tunable bandpass loop filter in the converter. 

After the design phase, the converter must be implemented with standard components 
(CMOS or bipolar technology). The clock frequency of the system must be a mu1tiple of 
;}2, 44.1 or 48 kHz. An important problem of sigma-delta converters is the stability and 
the idle patterns. Investigations must be done in order to determine stability constraints 
for the bandpass sigma-delta AID converter. 

In figure 1 the basic configuration of the one bit sigma-delta AID converter is shown. 

Si + I: G(S) 1 bit .. 
AID • 

So 
-

1 bit 
DIA 

, 

I 

Figure 1: Configuration of the one-bit sigma-delta AID converter. 
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2 Requirements of the bandpass sigma-delta AID con
verter 

Before the design can be started the requirements of the sigma-delta AID converter must 
be known. There are several requirements which the AID converter has to fulfill, given in 
order of importance: 

• The sigma-delta AID converter must be a one-bit bandpass sigma-delta AID con
verter; 

• The bandpass sigma-delta AID converter must be tunable in order to select an 
incoming channel (A tunable bandpass loop filter is needed to create a hole in the 
ou tpu t-noise spectrum at the location of the carrier frequency); 

• The in-band noise in the output signal of the sigma-delta AID converter must be 
minimi sed; 

• The sigma-delta AID converter must operate stablYi 

• The sigma-delta AID converter must allow a circuit implementation with off-the
shelf components (CMOS or bipolar technology with supply voltages less than 5.0 
Volt ). 

2.1 The choice of an appropriate sample frequency 

The AM broadcast band stretches from 522 kHz to 1611 kHz and is divided into 122 
channels each separated by 9 kHz. The signal bandwidth of each channel is 8 kHz. In the 
AM-receiver the signal received by the antenna can be fed directly to the AID converter or 
via an RF-frontend which can cause third-order harmonic distortion. Both configurations 
result in different requirements for the sample frequency. In the first situation the highest 
input frequency lin is 1615 kHz. In the second situation the highest input frequency is 
3 x 1615 kHz:::; 4845 kHz due to the third-order distortion. In order to avoid aliasing 
the sample frequency must at least be the Nyquist frequency. This means that for an 
AM-receiver a sample frequency of at least 2 x 1615 == 3230 kHz is necessary in both 
situations. We will now calculate which sample frequency is necessary to avoid aliasing 
completely if third-order distortion is present. Suppose a sample frequency Is is chosen 
in such a way that 18/2 is located between the band of interest located around la and the 
band formed by the third-order distortion (see figure 2). 
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Figure 2: Input spectrum of the AID converter. 

The third-order distortion can not be folded back into the band of interest if the intervals 
Xl, X2, X3 and X4 satisfy the condition 

or if 

This means that there is no aliasing if 

31, - 12k H z - fs > fs - I, + 4k H z 
o 2 2 0 

or 

3.f + 12kH z _ fs > fs _ .f - 4kH z 
Jo 2 2 Jo 

From these equations follows 
fs < 4fo - 16kHz 

or 

fs > 4fo + 16kHz 

In other words aliasing occurs when a sample frequency is used for which 

4fo -16kHz < fs < 4fo + 16kHz 

This means for fo = 522 kHz (m.inimum carrier frequency AM-spectrum): 

2072 kHz < fs < 2104 kHz, 

and for fo = 1622 kHz (maximum carrier frequency AM-spectrum); 

6428 kHz < fs < 6460 kHz. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

So in the case of third-order distortion one can avoid aliasing by using a sample frequency 
of 6460 kHz or larger. 

The FM broadcast band ranges from 87.5 MHz to 108 MHz, so the FM-receiver must be 
able to handle input frequencies fin between 87.5 MHz and 108 MHz. If a frontend is 
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assumed to be present before the AID converter then the sample frequency must satisfy 
the condition 

216MHz< Is < 350MHz (8) 

to prevent aliasing caused by third-order harmonic distortion (calcnlated by Leijten[3]). 

2.2 Implementing choice 

It was decided in an early stage to design the bandpass sigma-delta AID converter for 
an AM-receiver. This decision was made to avoid implementation problems. The AM
spectrum contains much lower frequencies then the FM-spectrum, so for implementation 
of the converter off-the-shelf components can be used without having difficulties with great 
delay-times in comparison to the sample-period. 

It was decided to nse a sample frequency of 5 MHz (about three times as high as the highest 
input frequency if no frontend is present between the antenna and AID converter). With 
this sample frequency the frequency range of the AM-spectrum can be drawn in the unit 
circle of the z-domain (see figure 3). 

1m-axes 

1250kHI 

1611kHs 

2500kH. o 

Z-plane 

fs=5000kHz 

Re-axes 

Figure 3: Frequency range over which the bandpass AID converter must be tunable. 

This indicates the tuning range of the bandpass sigma-delta AID converter. The 5 MHz 
sample frequency gives an oversampling ratio of 312 (the oversampling ratio is defined as 
one-half the sampling rate divided by the width of the band of interest [2]). 

5 



3 Models of the sigma-delta AID converter 

The sigma-delta AID converter is a system which contains a sampler. Therefore it is 
comlllon practice to design the converter in the z-domain. A discrete-time model of the 
sigma-delta AID ronverter is used. In calculating the in-band noise of the output signal of 
the AID converter a noise model which is based on the discrete-time model will be used. 
In order to derive stability constraints a stability model is used to which the root locus 
method can be applied. In this chapter the three models will be discussed. 

3.1 The discrete-time model 

The noise shaping properties of a sigma-delta AID converter are defined by the noise 
transfer function (NTF) around the loop, by the number of quantising levels in the quan
tiser and by the nature of the input signal. With one quantising level in the quantiser the 
output of the sigma-delta AID converter is a serial bit stream and the converter is called 
a one-bit sigma-delta AID converter. 

The design methodology of a one-bit sigma-delta AID converter is based on a discrete-time 
model of the sigma-delta AID converter. The discrete-time model of a sigma-delta AID 
ronverter is called a sigma-delta modulator ( In this report the term "modulator" is used 
to describe a sampled data implementation of a sigma-delta loop, whereas the term "con
verter" refers to an architecture with DIA converters, analogue filters and a comparator). 
The discrete-time model of the one-bit sigma-delta AID converter configuration consists 
of a quantiser, a loop filter G(z) and a limiter (see figure 4). 

Limiter Quantiser 

Si G(z) 

Figure 4: Discrete-time model of the one-bit sigma-delta AID converter. 

The quantiser and the limiter are assumed to operate without any delay. In the next two 
paragraphs the limiter and the quantiser of the discrete-time model will be discussed. 
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3.1.1 The limiter 

The limiter truncates the incoming signal when its amplitude becomes larger than a certain 
value A/. In practice this happens when overload of the loop filter occurs. It is also 
possible to introduce a limiting function on purpose. Introducing a limiting function may 
be necessary in order to make the sigma-delta loop stable. More is said about stability in 
paragraph 3.3. 

In evaluating the noise shaping characteristics the signals are presumed to be small so 
the limiter has no influence on the signals. The output versus input characteristic of the 
limiter is given in figure 5. 

Limiter 

Yin -1 * ~vout 
Vout 

t 
All 

-AI 

Figure 5: Output versus input of the limiter. 

3.1.2 The quantiser 

~Vin 

The one-bit sigma-delta AID converter has a one-level quantiser. The incoming signal of 
the quantiser is mapped onto two possible values. The mapping is a non-linear process 
which introduces quantisation errors into the signal which depend on the size of the steps 
between the discrete levels. In the case of the one-level quantiser all non-negative values 
are mapped onto the output value +Aq and all negative values are mapped onto -Aq (See 
figure 6). 
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Vout 

t 
Quantiser +Aqll-: ---

VmJ 
IT ~Vin 

----i-Aq 

Figure 6: Input versus output of the two-level quantiser and its error distribution. 

In order to calculate the error which is introduced into the signal by the quantiser it is 
assumed that the error can be described as a random variable. Secondly it is assumed that 
the value of the error is uniformly distributed over the interval to which it extends and that 
the random variable is not correlated with the input of the quantiser. The quantisation 
error is defined by 

(9) 

in which \'in and Vout represent the input and output signals of the quantiser respectively. 
The variance of the quantisation error is given by 

(10) 

in which p(eqe ) is the probability density of the quantisation error and e~e is the average 
quantisation error. 

In the case of a randolU analogue signal at the input of the quantiser the average quan
tisatioll error is zero, and the quantisation error is assumed to be uniformly distributed 
over the interval (-Aq,Aq). 

The noise power Pq which is added to the signal results from the variance of the random 
variable. It can be calculated that the noise power is equal to 

1 
P,g = 0'2 = - A 2 

3 q 
(11 ) 

(The quantising step is 2Aq in the case of a one-bit coder). In the case of a one-level 
quantiser the quantisation error is strongly correlated with the input of the quantiser. It 
is howE-ver COllllUon practice to model the error which is introduced by the quantiser by 
means of a source which adds white noise eqn to the signal (see figure 7). 
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eqn 

+ 

{> +~ ~ 

Cq 

Figure 7: Noise model for the quantisation error, eqn represents the quantisation noise. 

III this model cq represents the signal-dependent gain of the quantiser. The power density 
of the added quantisation noise Ndq is given by 

(12) 

The amplitude of the output signal is mapped to one of two values (+Aq and -Aq) which 
do not depend on the input signal level. For this reason the power at the output of the 
quantiser is constant and equal to 

Po = A2 q (13) 

The power inserted by the noise source is assumed to be constant also. For these reasons 
the gain must be signal-dependent because the total amount of power which comes out of 
the system must be equal to the total amount of power which goes into the system. 

3.2 The noise model 

In the noise model, the quantiser is modelled by means of the source discussed in the 
previous section with the signal-dependent gain eq • Furthermore the signal at the input of 
the limiter is assumed to be sufficiently small so that limiting does not occur. As a result 
of this, the limiter is omitted from the discrete-time modeL The noise model is given in 
figure 8. 
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8i G{z) 8x )----,--.. 80 

Figure 8; The noise model of the one-bit sigma-delta AID converter. 

From this model it follows that 

(14) 

(15) 

Rewriting (14) and (15) gives 

(16) 

We define the Noise Transfer Function (NTF) and the Signal Transfer Function (STF) as 
being 

NTF= 1 
1 + cqG(z) 

(17) 

STF = cqG(z) 
1 + cqG(z) 

(18) 

STF approximates 1 in the signal band where I cq G(z) I> 1. 

The noise density in the output is inversely proportional to 11 + cqG(z) 12 and the noise 
contribution of the coder vanishes at those frequencies for which 1 G(z) 1- 00. 

We will now define the Initial Noise Transfer Function (INTF): 

1 _ T(z) 
INTF = 1 + G(z) - N(z) (19) 
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III other words INTF=XTF when cq is equal to one. This INTF shows that the noise con
tribution ill the output of thE' modulator vanishes at those frequencies for which T(z)-O. 
T( z) and !\ (z) arE' polynomials in z of degree n where 11 is the coder order. For realisation 
G(z) is required to contain at least one factor z-l. This requirement is fulfilled if the 
coefficients of z1i in T(z) and N(z) are equal. The design of the loop filter G(z) will be 
based OIl this INTF. 

Rewriting (19) results in 

G( ) 
= N(z) - T(z) 

"I Z T(z) (20) 

The INTF will be chosen in such a manner that the zeros of the NTF are located at 
frequency Wo '" O. This means that 

T(z) = 0 (21 ) 

must have solutions for z which are located on the unit circle. From (19) and (20) it can 
be seen that the zeros of the NTF and INTF are the poles of the loop filter G(z). In other 
words the poles of G(z) must lie on the unit circle in the z-domain in order to minimise 
the quantisation noise. 

The introduction of the gain factor cq does not change the requirement for zero noise 
contribution in the output. The value of cq is obtained from the calculation of the power 
in the output of the quantiser. 

Within the noise model of the sigma-delta AID converter the noise introduced by the 
quantiser is assumed not to be correlated with the input signal. The power density of the 
quantising noise Ndq as a function of the normalised frequency is given by 

(22) 

The total noise power PNt in the output of the sigma-delta modulator is obtained from 
the integration of the spectral density. By applying (22 ) to the result of the integration 
of the squared modulus of the most right-hand term of equation (16) one obtains 

(23) 

If no input signal is present, the power PNt is equal to the output power Po (see (13)). 
Equating the two results for the output power yields the integral expression from which 
cq can be solved. 
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(24) 

Equation (24) shows that thE' value of cq depends on the characteristics of the loop filter 
G(z). In order to be meaningful with respect to the assumptions of the model it is required 
that (24) has solutions with cq > O. If this is not the case the noise model including the 
assumptions made up to now should be considered as inadequate. 

With the aid of the noise model the in-band noise of a one-bit sigma-delta A/D converter 
can be derived when implementing the value of cq • The in-band noise power PNb for a 
certain bandwidth fib is given by 

(25) 

in which fio indicates the normalised tuning frequency of the bandpass sigma-delta A/D 
converter, given by 

(26) 

3.3 The stability model of the sigma-delta AID converter 

The basic mechanism of noise shaping is negative error feedback which shapes the spectral 
density of the quantisation error in such a way that the power density of the quantisation 
error is as low as possible in the signal band. The power which is present outside the 
signal band is not of interest and may be orders of magnitude larger than the power of 
the signal which is coded. 

When considering the signal and the way in which the coder represents a value in between 
two quantising steps, one finds that the output toggles between the two levels. This 
toggling is essential for the operation of the sigma-delta modulator as it enables the sigma
delta modulator to generate an error signal at frequencies outside the signal band. The 
error signal itself may be like noise or may consist oflimit cycles that can be disturbed by 
the signal and occur at submultiples of the sample frequency such as 18/2, 18/4 ... These 
limit cycles are part of the error signal of a correctly operating sigma-delta modulator 
and must be distinguished from unstable behaviour. Instability of the feedback loop gives 
rise to limit cycles at relatively low frequencies and results in amplitudes in the loop filter 
that disables the noise shaping. Usually these limit cycles are not affected by the input 
signal, and if such a limit cycle is present, it persists if the input signal is removed. Hence, 
correct operation of a sigma-delta modulator cannot be related to the absence of limit 
cycles, and the stability criterion cannot be stated in terms which are used in conventional 
linear stability analysis. 
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In this report the same stability criterion as defined by Stikvoort [4] will be used. This 
criterion says that a sigma-delta modulator is unstable if a limit cycle can be present which 
di~turbs the noise shaping mechanism and which remains present if the input signal to the 
sigma-delta modulator is taken away. 

According to the theory presented in Stikvoort the loop filter G( z) may be replaced by 
a loop filter H(z) in combination with a limiter in the feedback path (see figure 9). The 
limiter is here introduced on purpose. 

-1 G(Z) ~ + 

Limiter .. 
Figure 9: Dividing loop filter G( z) into loop filter H( z) and limiter in a feedback loop. 

When the signal level is low and the limiter is not active H(z) and G(z) are related by 

G(z) = H(z) 
1 - H(z) 

(27) 

or 

G(z) 
H(z) = 1 + G{z) (28) 

The relationship between the pole-zero patterns of the two fil ters is revealed if one combines 
(20) with (28). This results in 

H( ) = N(z) - T(z) 
z N(z) (29) 

which shows that the zeros of H(z) and G(z) coincide and that the poles of H(z) are the 
poles of the INTF. 

If we replace loop filter G(z) of the sigma-delta modulator by the configuration given in 
figure 9 we get the configuration given in figure 10. 
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Limiter Qu.a.ntiller 

-1 H (z )II----r----tI~ * H ~ h-* So 
Si 

+ 

Limiter I 

Figure 10: Configuration in which G(z) is replaced by a loop filter H(z) and a limiter in 
the minor feedback loop. 

This configuration contains two limiters. These two limiters may be replaced by one placed 
directly behind H(z) under the assumption that both limiters have the same limiting 
function. This is done in figure 11. 

Limiter Quantiller 

Si So 

Figure 11: Equivalent configuration revealed by shifting the limiters. 

In this new situation the limiter represents the limiting function of loop filter H(z) when 
overload of this loop filter occurs. By inspection of the last configuration, it can be seen 
that the limiting function of loop filter H(z) theoretically may be placed in the shorter 
feedback loop. This is because it doesn't matter whether the quantiser gets the limited 
signal at its input or not. If this is done one gets exactly the same configuration which is 
used by Stikvoort. In this report the last configuration is chosen (see figure 12). 
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Quantiler 

Si So 

Figure 12: Configuration used by Stikvoort. 

In order to be able to apply the root locus method for investigating the stability of the 
sigma-delta modulator, the system is partitioned into a linear part (being loop filter H(z)) 
and a nonlinear part (consisting of the limiter and the quantiser). Furthermore the lim
iter and the quantiser will be replaced by a global transfer function which describes the 
nonlinear transfer of the limiter and the quantiser (see figure 13 a and b). By replacing 
the two global transfers Al and Aq by one global transfer A one gets the stability model 
given in figure 13 c. 

16 



Sx 

Si H(z) 
+ 

(a) 

Si H(z) 
+ 

-Eqe 

(b) Lineear part NoDliDear part 

Sx 

Si H(z) 
+ 

(e) 
-Eqe 

Figure 1:3: Derivation of the stability model by replacing the limiter and the quantiser by 
global transfers A/ and Aq respectively. 

The global transfer function A represents the transfer of the fundamental of the waveform 
and care should be taken for the consequences of the waveform that is assumed to be 
present. For a small value at the input the quantisation error exceeds the input value, 
whereas for a large input value the limiter restricts the modulus of the quantisation error 
to AI- Aq (AI> Aq ) (see figure 14). The operation of the limiter at increasing signal levels 
causes in both situations (configuration figure 11 and figure 12) changes in the gain as 
well as in the phase shift of the loop filter due to the factor 1 - A H(z) in the denominator 
of the loop filter. 
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1. Output limiter &II function of Sx. 

2. Output quantiaer &II function of Sx. 

3. -Eqe &II function of Ss.. 

-Eqe 

t 

1 

2 
3 

Figure 14: Output of the nonlinear part of the sigma-delta modulator versus the input of 
the nonlinear part. 

The global transfer function A of the nonlinear part can be calculated from the transfer 
of a nonsampled quantiser with the aid of the Fourier series if the assumption is made 
that there exists some waveform at the input of the nonlinear part of the sigma-delta 
modulator. 

The range of A extends from - 00 for small values of Sx to a positive maximum Am which 
depends on the fundamental of the waveform at the input of the nonlinear part of the 
sigma-delta modulator. The maximum value of Am is limited by 

(30) 

So Am and A are smaller than 1. 

According to the root locus method the sigma-delta modulator will be stable if the roots 
of 

AH(z) = 1 (31 ) 

lie inside the unit circle for all occurring values of A. 
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4 Design of a second- and fourth-order bandpass sigma
delta AID converter 

4.1 Introduction 

In this chapter the design process of a second- and fourth-order bandpass sigma-delta 
A/D converter will be discussed. The decision was made to start with the design of a 
second-order bandpass sigma-delta A/D converter. Once the main problems in designing 
the second-order bandpass sigma-delta are solved, a start will be made in designing a 
fourth-order bandpass sigma-delta A/D converter. 

The final goal is a fourth-order bandpass sigma-delta AID converter. This has two reasons. 
At first it is known that higher-order baseband coders have a better signal-to-noise ratio 
than lower-order coders and the expectation is that higher-order bandpass coders will 
also have a better signal-to-noise performance. The second reason is that second-order 
baseband coders are proven to behave stable, in contrast to higher-order baseband coders 
which need a limiter for stability. In this chapter the second- and fourth-order bandpass 
sigma-delta A/D converter will be examined for stability. This examination is necessary as 
during the literature search no stability constraints were found for bandpass sigma-delta 
converters. 

During the design process the three models of previous chapter are used and compromises 
are found in order to satisfy the requirements mentioned in chapter 2. 

4.2 The Initial Noise Transfer Function 

4.2.1 The second-order INTF 

For a second-order coder the polynomials T(z) and N(z) of the INTF must be of degree 2. 
Furthermore the coefficients of Z2 of both polynomials must be equal in order to have at 
least one factor z-l in loop filter G(z). From the requirement for zero noise contribution 
in the output of the coder follows that the zeros of T(z) must lie on the unit circle. 

The following general INTF is chosen for the second-order bandpass sigma-delta AID 
converter: 

in other words 
T(z) = (z - Jllo)(z - e-illo ) 

N(z) = (z - rej</»(z - re- j </» 

(32) 

(33) 

(34) 

With this INTF the output noise of the coder is zero in the proximity of the normalised 
frequency ()o. The zeros and poles of the INTF must form conjugate pairs otherwise 
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complex filter coefficients are revealed. By expressing T(z), N(z) and INTF in coefficients 
one obtains 

2 T(z)=z +b1z+b2 

N(z) = z2 + CIZ + C2 

with 

b1 = -2cos(00) 

b2 = 1 

c} = -2rcos(4)) 

C2 = r2 

The loop filters G(z) and H(z) are according to (20) and (29) equal to 

with 

ao Cl - bl 

al = C2 - b2 

(3.5) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41 ) 

(42) 

(43) 

(44) 

In the design of the second-order sigma-delta AID converter the following items can be 
chosen: 

• The normalised tuning frequency 00 ; 

• The radius r of the poles of INTF; 

• The angle 4> of the poles of INTF; 

The normalised tuning frequency depends on the sample frequency and the frequency 
range over which the loop filter of the sigma-delta AID converter must be tunable. 
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4.2.2 The fourth-order INTF 

For a fourth-order coder the polynomials T(z) and N(z) of the INTF must be of degree 4. 
Furthermore the coefficients of Z4 of both polynomials must be equal in order to have at 
least one factor z-l in loop filter G( z). Again it is required that the zeros of T(z) must 
lie on the unit circle. 

The following general INTF is chosen for the fourth-order bandpass sigma-delta AID 
converter: 

in other words 

T(z) = (z - ej9o )2(z - e-j8o? 
N(z) = (z - raeja)(z Tae-ia){z - Tbeif3)(Z - rbe-if3) 

(4.5) 

(46) 

(47) 

With this INTF the output noise of the coder is zero at (Jo' Again conjugate pairs of the 
INTF-zeros and -poles must be chosen because of implementation reasons. By expressing 
T(z), N(z) and INTF in coefficients one obtains 

T(z) z4 + b1z3 + b2z2 + b3z + b4 (48) 

N(z) = z4 + C}z3 + C2z2 + C3Z + C4 (49) 

with 
bi = -4cos«(Jo) (.50) 

b2 = 2+4cos2(Oo) (51) 

b3 = -4cos{Oo) (52) 

b4 = 1 (53) 

Cl = -2racos(a) - 2TbCOS«(3) (54) 

C2 = r; + rt + 4raTbCos(a)cos«(3) (55) 

C3 = -2Tarlcos(a) - 2Tbr;COS«(3) (56) 

C - r2r2 4 - a b (57) 

The loop filters G(z) and H(z) are according to (20) and (29) equal to 

(,58) 
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\vith 

ao = Cl - b1 

at = C2 - bz 

az = C3 - b3 

a3 = C4 - b4 

(59) 

(60) 

(61 ) 

(62) 

(63) 

In the design of the fourth-order sigma-delta AID converter the following items can be 
chosen: 

• The normalised tuning frequency eo; 

• The radii r a and Tb of the poles of INTF; 

• The angles 0' and /3 of the poles of INTF; 

The normalised tuning frequency depends on the sample frequency and the frequency 
range over which the loop filter of the sigma-delta AID converter must be tunable. 

4.3 Stability constraints of the bandpass sigma-delta AID converter 

4.3.1 The second-order converter 

The stability constraint according to the root locus method is given in equation (31). 
Substituting the loop filter function H(z) in this equation gives 

z Aaoz + Aal = Z + CIZ + Cz 

z2 + (Cl - Aao)z + (C2 - Aad = 0 

The solutions of this equation are 

(64) 

(65) 

(66) 

These solutions must lie inside the unit circle for all occurring values of A. Therefore the 
roots must satisfy 

I Zl,21<1 (67) 
or 

(68) 
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From this equation it follows t hat the solutions Z1.2 lit' insidt' the unit circle if 

(69) 

or 
(70) 

Su bstitution of al and C2 according to (44), and (38) gives 

(71) 

This equation shows the stability constraint for the second-order bandpass sigma-delta 
AID converter. In chapter 3 it was derived that the global parameter A is smaller than 1 
except for the case Ai ...... 00. So the second-order sigma-delta AjD converter is stable as 
long as the poles of INTF are chosen inside the unit circle (1'<1). 

In figure 1.5 the root locus is given for a second-order sigma-delta AjD converter in which 
tht' poles of INTF are chosen by 1'=0.5 and 4> = 80 = 0.44 11: rad. For this drawing the 
program 'Rootlocus' was used which is available at the Philips Research Laboratories (A 
varies from -100.0 to 1.0). 

-f-

1m z-plane 

LA=1 
A~-~ ((\ A-=-:OO 

- .... { ............................ ,} .......................... ..... 

~i j VI 
Re 

Figure 15: The root locus of a second-order bandpass sigma-delta AjD converter in which 
the poles of the INTF are chosen by r=0.5 and 4> = 80 = 0.44 11: rad. 
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From the drawinl?; it can he seE'n that for A ......., -00 the roots are located on the rea] 
axis. The roots on the positive rea] axis go to the zero of H(z), while the roots on the 
negative real axis go to -00. This means that an oscillation at half the sampling frequency 
can occur. From applying the root locus method to other combinations of eo, rand cP it 
became clear .that the trajectories of the roots always have the same sort of shape. For 
negative values of A the roots travel from the poles of H(z) to the origin of the z-plain 
and then from the origin the roots travel further over the left and right side of the real 
axis. For positive values of A the roots travel from the poles of H(z) to the unit circle (at 
the crossing with the unit circle A = 1). The roots never go outside the unit circle for 
positive values of A as long as A < L This again proves that the second-order bandpass 
sigma-delta is stable. 

4.3.2 The fourth-order converter 

For the fourth-order sigma-delta AID converter a simple stability constraint in terms of A 
can not be derived. Therefore a computer is used for executing the 'Rootlocus' program. 
The main problem at executing the program was that the number of degrees of freedom 
in choosing the fourth-order loop filter is rather high. As was mentioned before a choice 
must be made for 

• The radius of the first pole (Ta) of the INTF; 

• The radius of the second pole (Tb) of the INTF; 

• The angle of the first pole (0:) of the INTF; 

• The angle of the second pole (13) of the INTF. 

Several executions of the 'Rootlocus' program were done for the following combinations 
of the parameters: 

• The combination in which the angles 0: and 13 are chosen equal to angle Do, and the 
radius Ta equal to radius Tb; 

• The combination in which the angles 0: and 13 are chosen equal to angle eo, and 
different combinations of radius Ta and radius Tb; 

• The combination in which the radius Ta and radius Tb are chosen equal, angle 0: equal 
to eo -c and angle 13 equal to eo + 6j 

• The combination in which one pole was chosen on the positive real axis and the 
other pole by a certain radius and an angle equal to a factor of angle eo. 

We will first discuss two examples of the first combination of parameters. In figure 16 the 
root locus is drawn for the combination Ta = Tb = 0.2 and 0: = 13 = eo = 0.2 1r rad. In 
figure 17 the root locus is drawn for Ta = Tb = 0.6 and 0: = {J = eo = 0.2 1r rad. 
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1m z-plane 

-......:: <> • • ~ , • , • • , . i-' 

Re 

Figure 16: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are chosen at Ta = Tb = 0.2 and 0: = f3 = eo = 0.2 1L 

-I-

hn z-plane 

/r-~ ... 
( ~\' ·cy· ..... . . ... ;..: 

Re 

Figure 17: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are chosen at Ta = Tb = 0.6 and 0: = f3 = (Jo = 0.211". 
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It is calculated that for figure 16 the roots lay outside the unit circle for)' > 0.4563. This 
means that a limiter is necessary for stability. This limiter must have a limiting value of 
Al \.,.hich keeps the maximum value of ). below 0.4563. According to (30) the value of Al 
must then be 1.839 or less in thE' case Aq = 1.0. 

For figure 17 the roots lay outside the unit circle for)' > 0.8471. This means that a limiter 
is nE'cessary with a value of Ai equal to 6.540 or less in the case Aq = 1.0. These two 
examples of the first combination of parameters show that a limiter is necessary but the 
value Al may be chosen larger for stable behaviour if one choses the radius of both poles 
larger. An advantage of this combination of parameters is that the number of degrees 
of freedom is reduced to two. They are the radius l' (= Ta = Tb) and the angle 80 (= a 
= /3). With this reduction, the converter can more easily be optimised for the signal-to
noise performance. Another advantage is that the shape of the trajectory of the roots is 
independent of thE' tuning frequency (Jo' 

Now we will discuss two examples of the second combination of parameters. In figure 18 
the root locus is drawn for the combination Ta = 0.4, Tb = 0.6 and a = f3 = (Jo = 0.2 11" 

rad. It is calculated that the roots lay outside the unit circle for ). > 0.7642. So a limi ter 
is necessary with a value of AI equal to 4.240 or less in the case Aq = 1.0. 

In figure 19 the root locus is drawn for the combination Ta = 0.2, Tb = 0.8 and a = f3 = 
(Jo = 0.2 11" rad. 

1m z-plane 

f 
-+ ......... + .......... . . ..... 

\ 
Re 

Figure 18: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are chosen at Ta = 0.4, Tb = 0.6 and a = f3 = ()o = 0.2 11". 
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Figure 19: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are chosen by ra = 0.2, ro = 0.8 and a = 13 = 80 = 0.2 1r. 

It is calculated that for figure 19 the roots lay outside the unit circle for A > 0.8269. This 
means that a limiter is necessary with a value of At equal to 5.777 or less in the case Aq 
= 1.0. These two examples of the second combination of parameters show that a limiter 
is necessary but the value Ai may be chosen larger for stability if at least one pole is 
chosen in the neighbourhood of the unit circle. A disadvantage is in that case that the 
pole has a negative influence on the signal-to-noise performance (The INTF-pole is located 
near to the INTF-zeros). However an advantage of this combination of parameters is that 
the degrees of freedom reduced to three. They are radii ra and rb and angle 80 (= a = 
13). With this reduction the converter can more easily be optimised for the signal-to-noise 
performance and the shape of the trajectory of the roots does not dependent on the tuning 
frequency 80 , 

Now we will discuss the third combination of parameters. In figure 20 the root locus is 
drawn for the combination Ta = Tb = 0.2, a = 80 - 0.1 1r rad and 13 = 80 + 0.11r rad for 
80 = 0.2 1r rad. In this figure the roots are located outside the unit circle for A > 0.4455. 
So a limiter is necessary with a value of AI equal to 1.803 or less in the case Aq = 1.0. 

A second example of the third combination of parameters is drawn in figure 21. In this 
figure the root locus is drawn for the combination ra = rb = 0.9, a = 80 - 0.1 1r rad and 
13 = 80 + 0.11r rad for 80 = 0.2 1r rad. 
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Figure 20: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are chosen at Ta = Tb 0.2, (\' = 0.11r, {3 = 0.3 1r and 80 = 0.2 1r. 
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Figure 21: The root locus method of a fourth-order bandpass sigma-delta AID converter. 
The poles of the INTF are chosen at ra = rb = 0.9, (\' = 0.1 1r, {3 = 0.3 1r and 80 = 0.2 1r. 
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It was calculated that for this figure the roots are located outside the unit circle for)' > 
0.9406. So a limiter is necessary with a value Al equal to 16.83,5 or less (Aq = 1.0). 

The two examples of the third combination of parameters show that a limiter is necessary. 
The value Al may be chosen larger for stable behaviour if one choses the radius of both 
poles larger. However poles which are located in the neighbourhood of the zeros of the 
INTF have a negative effect on the signaI-to-noise performance. An advantage of this 
combination of parameters is that the number of degrees of freedom is reduced to two. 
They are the angle-shift parameter (8) and the radius r (= Ta = Tb). Care should be taken 
in choosing the size of 8. If an independent behaviour of the root locus as function of (Jo 

is preferred then the tuning range is limited by the angle-shift 8. 

In the last two figures two examples of the fourth combination of parameters are taken: 
One pole chosen on the positive real axis and the other pole chosen with a certain radius 
and an angle equal to a factor of angle (Jo' In figure 22 the root locus is drawn for the 
combination Ta = Tb 0.9,0; = 0.0 11" rad and f3 = 2 x (Jo for ()o = 0.211" rad. For this figure 
the roots lay outside the unit circle for)' > 0.8030. So in this case a limiter is necessary 
with a value At equal to 5.076 or less in the case Aq = 1.0. 

In figure 23 the root locus is drawn for the same combinations as in figure 22 but now for 
0(; :; 0.711" rad. 
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Figure 22: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are chosen at Ta = Tb :; 0.9,0; = 0.0 11", f3 :; 2 x 90 and ()o = 0.211". 
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1m z-plane 

Figure 23: The root locus of a fourth-order bandpass sigma-delta AID converter. The 
poles of the INTF are at T a = Tb = 0.9, a = 0.0 11", {3 = 2 x (Jo and (Jo = 0.7 1r. 

From this figure it can be seen that the roots are located outside the unit circle for a very 
small value of A namely A > 0.2904. This means that in this case a limiter is certainly 
necessary with a value of AI equal to 1.409 or less in the case Aq = 1.0. It is clear that 
this is no improvement. 

More root loci were computed. They all showed that a limiter is necessary for a fourth
order sigma-delta AID converter. These tests showed also that it may be possible to 
calculate exactly the values of the parameters Ta , Tb, a and {3 for which the roots do not 
leave the unit circle for A < 1. This is only of practical use when a constant angle (Jo is 
needed. Schreier and Snelgrove [4] chose a bandpass sigma-delta AID converter tuned on 
one eight the sampling frequency ((Jo = 0.25 11" rad). 

Their INTF was equal to 

I NTF = (z2 - v'2z + 1)2 
z4 - 2.1757z3 + 2.3077z2 - 1.3054z + 0.3846 

(72) 

Figure 24 shows the root locus plot for the bandpass sigma-delta AID converter according 
to Schreier and Snelgrove. 
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Figure 24: The root locus of the fourth-order bandpass sigma-delta AID converter ac
cording to Schreier and Snelgrove ((Jo = 0.251['). 

In the next paragraph the simulation of the second- and fourth-order sigma-delta modu
lator will be discussed. 

4.4 Simulation of the second- and fourth-order bandpass sigma-delta 
AID converter 

4.4.1 The Pascal simulation program 

The bandpass sigma-delta AID converter was simulated with a Pascal program. The 
Pascal program contains descriptions of the blocks of the discrete model of the bandpass 
sigma-delta AID converter as given in figure 12 in previous chapter. The most complicated 
part of this model is the loop filter. In order to simulate the loop filter in Pascal a IIR 
filter is used. A second-order IIR filter is given in figure 25. 
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Figure 25: A second-order IIR filter. 

The relation between the signals is: 

No(z) = X(z) 
N1(z) = z-l No(z) 
Dz(z) z-l Dt(z) 
Dt(z) = Do(z) 
Do(z) = Y(z) 

or in the time-domain: 

no(n) = x(n) 
?it(n) no(n - 1) 
dz(n) = d1(n - 1) 
d1(n) = do(n - 1) 
do(n) = yen) 

The output Y(z) is equal to: 

or in the time-domain: 

(73) 

(74) 

By expressing No(z), N1(z), DJCz) and Dz(z) into X(z) and Y(z) the relationship between 
the output Y(z) and the input X(z) of the filter is obtained: 

(75) 

The transfer of the IIR filter is equal to 
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Y(z) _ ao + alz- l 

X(z) - 1 + b}z-l + b2z-2 
(76) 

In this way the loop filter G(z) or H(z) can easily be simulated for both sigma-delta 
modulators by substituting the coefficients as given in previous paragraphs. However 
one has to be very careful with the sequence in which the Pascal program executes its 
instructions when implementing the IIR filter. Delays can easily be added in the program 
by executing the instructions in the wrong sequence or at the wrong moments. 

The Pascal simulation program for a second-order sigma-delta modulator is given in Ap
pendix AI, and the Pascal simulation program for a fourth-order sigma-delta modulator 
is given in Appendix A2. In these programs the following order of shifting and adding of 
signals has been used: 

• Calculate the value of the input of the filter; 

• Shift the values of the different signals through the filter; 

• Calculate the output of the fi1ter. 

With this seqnence of instructions an extra delay is introduced by shifting the signals first 
and add the signals later for calculating the output. That is why the output for example 
in the second-order case is calculated by 

(77) 

instead of the manner given in (74). The initial value of the signals n and d have been 
chosen to be zero. 

The limiter is simulated in the following way: 

if (lirnin > Ai) then limout := AI; 
if (limin < -AI) then limou! := -Ati 
if (lirnin < AI) and (limin > -AI) then limout := 1imin; 

The quantiser is simulated in the following way: 

if %. > 0 then qout := 1 else qout := -1; 

The initial value of qout has been chosen to be -l. 

In order to be able to select different values for the tuning frequency, radius of the poles of 
INTF, angle of the poles of INTF, signal frequency, signal amplitude and sample frequency 
the values for these parameters must be filled in at each execution of the program. 
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4.4.2 Simulation results of the second-order bandpass sigma-delta modulator 

In figure 26 and figure 27 the simulation results of the second-order bandpass sigma-delta 
modulator tuned at two different frequencies are given after processing the output files of 
the Pascal program with the program 'Cgap'. These are just two examples to show that 
the general INTF as defined in paragraph 4.2 functions. 
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Figure 26: Simulation result of a second-order sigma-delta modulator tuned at a frequency 
of 511 kHz with an sinusoidal input signal (signal frequency = 511 kHz and a signal level 
of -20 dB relative to !A~)(sample frequency = 5000 kHz). 

From these simulation results it can be concluded that the noise-shaping mechanism of the 
second-order bandpass sigma-delta modulator functions correctly for an INTF in which 
the poles are chosen in the origin of the z-plain. From other simulations performed with 
the given Pascal program it became clear that the choice of the location of the poles is 
not of great importance for the proper operation of the noise-shaping mechanism as long 
as the INTF-poles lie inside the unit circle of the z-plain. It is however important for the 
depth of the hole in the output spectrum of the converter that the poles lay as far away 
as possible from the zeros of the INTF. 
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Figure 27: Simulation result of a second-order sigma-delta modulator tuned at a frequency 
of 1100 kHz with an sinusoidal input signal (signal frequency = 1100 kHz and a signal 
level of -20 dB relative to !A~)(sample frequency = 5000 kHz). 

4.4.3 Simulation results of the fourth-order bandpass sigma-delta modulator 

Combinations of parameters (a, (3, Ta and Tb) were used in simulating the fourth-order 
modulator with the Pascal simulation program. In this section some 'simulation results 
will be discussed. 

In figure 28 and figure 29 the simulation results of the fourth-order bandpass sigma-delta 
modulator are given in which a loop filter is used with the following parameters Ta = Tb = 
0.2, (J = a = (3 = 0.2044 1(' rad. This loop filter requires for stable operation a limiter with 
a limiting value AI ::; 1.83 (see paragraph 4.3.2). Figure 28 shows the simulation result 
of the modulator to which no input signal is applied and in which a limiter is used with 
a limiting value of 100.0. From this simulation result it can be seen that the modulator 
oscillates on the quarter of the sample frequency. Because this oscillation frequency is 
located in the AM-band it is not allowed to occur. Using a limiter with Al = 1.83 gives 
the result given in figure 29. In this case no oscillation frequency is present, but the noise 
level in the band of interrest is rather high. There is hardly any noise shaping. With an 
input signal and with the same limiter (AI = 1.83) one gets the simulation result as given 
in figure 30. 
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Figure 28: Simulation result of a fourth-order sigma-delta modulator tuned at a frequency 
of 511 kHz with no input signal and loop filter coefficients Ta = Tb = 0.2 and () = a = f3 
= 0.2044 11'. The limiting value of the limiter is Al = 100.0. 
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Figure 29: Simulation result of a fourth-order sigma-delta modulator tuned at a frequency 
of 511 kHz with no input signal and loop filter coefficients Ta = Tb = 0.2 and () = a = f3 
= 0.2044 11'. The limiting value of the limiter is Al = 1.83. 
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Figure 30: Simulation result of a fourth-order sigma-delta modulator tuned at a frequency 
of 511 kHz with a sinusoidal input signal (signal level -20 dB relative to ~A~) and loop 
filter coefficients Ta = Tb = 0.2 and () = a = (J = 0.2044 'fr. The limiting value of the 
limiter is Al = 1.83. 

This result is almost the same as the previous result. The input signal has no influence 
on the output spectrum and is invisible due to the high amount of distortion noise of the 
limiter and quantiser. This means that although a limiter is applied in the modulator the 
modulator doesn't function in the way we want. Improper behaviour was found for almost 
all combinations of filter coefficients although a limiter was applied in the modulator. 

There were found two exceptions. The first exception is the case in which the filter 
coefficients are chosen to be Ta = Tb = 0.6 ± 0.05 in combination with a = (J = (Jo' The 
second exception is the case in which the filter coefficients are chosen to be Ta = Tb = 0.6 
± 0.0.5 in combination with a = (Jo - 0, (J = (Jo + 0, in which ° < 0.1 'fr rad .. In figure 31 
an example of the first exception is given. 
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Figure 31: Simulation result of a fourth-order sigma-delta modulator tuned at a frequency 
of 511 kHz with no input and with a sinusoidal input signal (signal level -20 dB relative 
to -& A~) and loop filter coefficients ra, = rb = 0.6 and (J = a: = f3 = 0.2044 1r, AI = 100.0. 
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For these coefficients no limiter is necessary. In idle channel condition and in normal 
operation the modulator functions correctly without the use of a limiter over a tuning 
range from (}o = 0.1 7r rad to 0.9 7r rad. No explicit explanation could be found for this 
behaviour. Care must however be taken with the choice of the parameters (}o, sample 
frequency, nu.mber of samples, and the manner in which 7r is defined in the program. If 
tlH' tuning frequency is chosen exactly equal to an even part of the sample frequency 
the Pascal program can produce figures which lead to limit cycles which do not occur in 
practical situations. Therefore if one isn't very cautious with the choice of the parameters 
the Pascal simulations are not very reliable. 

At last, an example is given of a fourth-order bandpass sigma-delta modulator which is 
simulated for a tuning frequency of 1100 kHz, with a sinusoidal input signal (signal level 
-20 dB relative to 1Aq) and with the filter coefficients chosen to be To. = Tb = 0.6, a = {3 
= (}o = 0.44 7r, A[ = 100.0. 
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Figure 32: Simulation result of a fourth-order sigma-delta modulator tuned at a frequency 
of 1100 kHz with sinusoidal input signal (signal level -20 dB relative to tA;) and loop 
filter coefficients To. = Tb = 0.6 and (} a = {3 = 0.44 1C' rad (sample frequency = 5000 
kHz). The limiting value of the limiter is Al = 100.0. 

From the simulation results and from the root locus results it was decided to use the 
combination of filter coefficients in which To. = Tb = r and a = {3 = 80 , This decision was 
made because of the following reasons: 

• The simulation results show that for this combination with r = 0.6 ± 0.05 the 
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modulator functions in a proper stable way without the presence of a limiter in the 
loop of the modulator; 

• The root loci do not dependent on the chosen angle Bo. Therefore they do not 
dependent on the tuning frequency; 

• With this combination the number of degrees of freedom in designing the loop filter 
is reduced to two which has advantages in optimising the modulator for optimal 
signal- to-Iloise performance. 

In the next paragraph the SIN-ratio for the fourth-order bandpass sigma-delta modulator 
as well as for the second-order modulator will be calculated. 

4.5 Calculation of the SIN-ratio of the second- and fourth-order band
pass sigma-delta AID converter 

4.5.1 Introduction 

In this paragraph the SIN-ratio of the second- and fourth-order bandpass sigma-delta 
modulator will be calculated. The SIN-ratio will be calculated as a function of the input 
signal level presuming a certain loop filter G( z). This will be done as follows: 

• A sinusoidal input signal (representing the incoming radio channel) is applied to the 
sigma-delta modulator which is tuned to this input signal; 

• The signal power Ps is calculated by making use of the fact that STF approximates 
1 in the signal band; 

• The in-band noise power PNb is calculated over a bandwidth of 9 kHz, after calc.u
lating the value cq of the noise model. 

• The SIN-ratio is then determined by taking the ratio of Ps and PNb. 

The signal power Ps is calculated by 

(78) 

In which As is the amplitude of the input signal. The value Cq of the noise model can be 
calculated by using equation 

(79) 

By substituting Po, Ps and PNt according to (13), (78) and (23) respectively one gets 
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(80) 

Rewriting this equation gives 

(81) 

From this equation cq can be solved. We will define the left side of this equation as Int. 
If cq is determined then one can use (25) to calculate the in-band noise power. 

4.5.2 The SIN-ratio of the second-order converter 

In this paragraph the SIN-ratio will be calculated for a second-order bandpass sigma
delta modulator in which a loop filter G( z) is applied with coefficients r = 0.0 and </> = 80 , 

This choice of coefficients was made because implementing such a loop filter can easily be 
done by using a tuned LC-circuit (more about implementing the second-order bandpass 
sigma-delta AID converter will be discussed in next chapter). 

First we will examine whether (81) has more than one solution for cq or not. Therefore 
we will calculate Int as a function of Cq• We will do that for the situations in which the 
coefficients of loop filter G(z) are chosen by r = 0.0 and Bo = 0.0, 0.1, 0.2, 0.3, 0.4 and 0.5 
7r respectively. The results are given in appendix B.1. 

The number of solutions for (81) dependent on the loop filter coefficients and the input 
signal level. If no input signal is assumed then the number of solutions can easily be 
seen by drawing a horizontal line in the plots at 3 7r: the number of crossings of the line 
with the curve gives the number of solutions. The number of solutions varies from two 
to four for cq varying from 0.0 to 5.0. The number of solutions depends on (Jo. Stikvoort 
used the lowest value for cq in designing a second-order baseband sigma-delta modulator. 
The SIN calculations which he made with this solution were good in comparison with 
the practical measurements of the SIN-ratio of the implemented second-order baseband 
modulator. Hence the first solution for cq is assumed to be suitable also in designing the 
second-order bandpass sigma-delta modulator and is therefore used in this report. 

Figure 33 shows the SIN-ratio as function of the input signal level (sinusoidal input signal) 
for a second-order bandpass sigma-delta modulator which is tuned on 1100 kHz (80 = 0.44 
7r) and in which a loop filter is used with coefficients r = 0.0 and </> = 80 , 

The SIN-ratio increases with increasing input signal level until a certain maximum is 
reached. In the noise model the peak corresponds to a decrement of the signal dependent 
value cq (see figure 34) and a sharp increment of the amplitude in the input ofthe quantiser. 
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Figure 33: SIN-ratio of a second-order sigma-delta modulator tuned at a frequency of 
1100 kHz as function of the input signal level (signal level relative to !A~) and loop filter 
coefficients r = 0.0 and 4> = (Jo = 0.44 1r (sample frequency = 5000 kHz) . 
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4.5.3 The SIN-ratio of the fourth-order converter 

In this paragraph the SIN-ratio will be calculated for a fourth-order bandpass sigma-delta 
modulator in which a loop filter G(z) is applied with the coefficients Ta = Tb and 0: = (3 
= Bo. This choice of coefficients was taken because of the reasons mentioned in previous 
section. 

First we will examine whether (81) has more than one solution for cq or not. Again we 
will calculate the left part of (81) (lnt) as a function of Cq in which we let (Jo vary from 0 
to 7r. This will be done for the situations in which the coefficients of loop filter G(z) are 
chosen by r = 0.0, 0.2, 0.4, 0.6, 0.8 and (Jo = 0.0, 0.2 and 0.4. The results are given in 
appendix B.2. 

The number of solutions for cq of a fourth-order bandpass sigma-delta modulator does 
also dependent on the loop filter coefficients and the input signal level. The number of 
solutions varies from two to six for cq varying from 0.0 to 5.0 ifno input signal is assumed. 
Stikvoort used the third solution for cq (if one starts to count from the left side of the 
plots) in designing a fourth-order baseband modulator. The SIN calculations which he 
made with this solution were again good in comparison with the practical measurements 
of a fourth-order baseband modulator. Hence the third solution for cq is assumed to be 
suitable in designing the fourth-order bandpass sigma-delta modulator. 

If one looks carefully to the plots in appendix B.2 then one can see that the third solution 
is located just before the highest peak occurs. The fact that there are several solutions for 
c'1 means that the sigma-delta modulator according to the noise model has several energy 
states. It is possible that the sigma-delta modulator will operate correctly in the lowest 
possible energy state. Hence the stability constraints as determined by the root locus 
method might not be unique. More research has to be done in order to prove this theory. 

In figure 35 to :n the solutions cq are given as function of T = Ta = Tb for several tuning 
frequencies (0: = Ii = eo) and no input signal assumed. The discontinuities in each plot 
are caused by the jumping of the modulator from one energy state into another. With 
these solutions for cq the in-band noise power PNb was calculated as a function of r over a 
bandwidth of 10 kHz (again no input signal assumed). These ca1culation results are given 
in figure 38 to 40. 

43 



""_r __ .................... __ , ..... , ....... ." .. ,. ..... 

i I I 
, I ! I , i 

.,0 

,. c 
I 

4,Q 

i 
i I 
i .LC 

i : 
i i ! : 2,0 

1.0 I 
I 

0,0 
0,0 COlLOm 

200.Ora 

aIf •• _-_- .... A4-1JI. 

J I 
I I 

I I I I 
! i 

I 
i ) I 

J i/ i 
! 

/ ,v 
800.0. 

600,0. 1,0 
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Figure 37: cq of a fourth-order sigma-delta modulator tuned at a frequency of 1100 kHz 
as function of the radius r = Ta = Tb and a = f3 = 80 = 0.4 7r (no input signal assumed). 

, 
i 
I 
-.. -!p_M> 
1-

P_ ..... ,....., t. 

r ...................... .... 

200.0. 600.0. 1.0 

Figure 38: PNb of a fourth-order sigma-delta modulator tuned at a frequency of 1100 kHz 
as function of the radius r = Ta = Tb and a = f3 = 80 = 0.0 7r (no input signal assumed). 
The signal bandwidth = 9 kHz. 
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From these plots it can be seen that the optimal choice for the value of T is 0.6. For this 
radius the fourth-order bandpass sigma-delta modulator works stable according to the 
Pascal simulations without making use of a limiter. 

In figure 41 the SIN-ratio as function of the input signal level (sinusoidal input signal) of 
a fourth-order bandpass sigma-delta modulator is given which is tuned to 1100 kHz (eo = 
0.44 7r rad) and in which a loop filter is used with coefficients r = Ta = Tb = 0.6 and a 
,3 = 80 , 

The SIN-ratio increases with increasing input signal level until a certain maximum is 
reached. In the noise model the peak corresponds again to a decrement of the value cq 

(see figure 42) and a sharp increment of the amplitude in the input of the quantiser . 
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Figure 41: SIN-ratio of a fourth-order sigma-delta modulator tuned at a frequency of 
1100 kHz as function of the input signal level (signal level relative to !A~) and loop filter 
coefficients r 0.6 and 80 = 0.44 7r (sample frequency = 5000 kHz). 
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5 Implementation of the bandpass sigma-delta AID con
verter 

5.1 The one-bit AID converter 

The one-bit AID converter consists of a comparator and a positive edge-triggered D-type 
flip-flop (D-FF). As comparator the precision high-speed comparator NE5105A with latch 
is used. The typical delay time of this comparator is 32 ns at an overdrive voltage VOD 

of 5 m V and supply voltages Vee = 5 V, Vee = -5 V. The overdrive voltage is defined 
as the applied differential voltage in excess of the input offset voltage Vos. The offset 
voltage is 100 fLV. An average delay time of 25 ns was measured during normal operation 
of the bandpass sigma-delta modulator. The delay-time of the comparator decreased with 
increasing overdrive voltage. 

As flip-flop the 74HCT74 is used. The typical propagation delays tpHL and tpLH of this 
flip-flop are 1.5 ns at a supply voltage of 5 V and a CL of 15 pF. The flip-flop has discrete 
output levels equal to the applied supply voltages. The supply voltages of the D-FF are 
chosen to be Vee = 5 V and GND = 0 V. 

The comparator and the positive edge-triggered D-FF form the quantiser of the discrete
time model. In figure 43 the configuration of the one bit AID converter is given. 

NE5105A 
lOOn 

LoopfiJ D-----1f--r---l 
74HCT74 

D Q Q 

lk 

C '" BonQ 
'" 6 

Figure 43: Total configuration of the one bit AID converter of the bandpass sigma-delta 
AID converter. 

5.2 The one-bit D I A converter 

The one-bi t D I A converter will be designed in such a way that output pulses are created 
according to figure 44. 

49 



elk! J 
Q 

, 

("Oil) ("i") , , 
1 
1 
1 
1 , 

I 1 1 

non_inv h'-_"-_-_--+r_-_--_-;-~---'I ----iu---
- I 

LJ 
1 
1 
1 

inv u 
o 

1 
1 
1 

. -_ ... _- .... ----, 
1 , 
1 

T/2 T 

. 
1 
1 

--uTnn n 
'---..... 1--'· 1 

1 , 

3T/2 2T 

Figure 44: Positive and negative output pulses of the one-bit Dj A converter. 

The positive and negative output pulses appear one-half of the sampling period after the 
moment at which the Clkl-signal has a positive edge. The configuration of the one-bit 
D j A converter is given in 45. 

>-________ ..---;,2 HHCT02 1 

non 

inv 
74HCT74 

ClklL>----i 

20 MHz 

Figure 4.5: Configuration of the one bit Dj A converter of the bandpass sigma-delta AjD 
converter. 
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5.3 The clock circuit 

A :20 MHz crystal is used in order to derive the.:) MHz elk-signals for the one-bit DI A
and AID converter. The dock circuit is given in figure 46. 

.--------[::>Cl kl 
74HCT74 ">leT'" 74H<:'T74 

9 

r---C>Clk2 

20 MHZD---J..--------.....J 

20 MHz crystal 

Figure 46: Clock circuit of the bandpass sigma-delta AID converter. 

The 20 MHz clock signal is divided by four by the first two D-FFs. The third D-FF is 
used for synchronising the 5 MHz signal with the 20 MHz signal. The positive edge of 
the synchronised 5 MHz clock signal (Clkl) will be used as reference. The fourth D-FF 
generates the Clk2-signal for the one-bit AID converter. The delay between the Clk1-
signal and the Clk2-signal is 9 ns (Propagation time NOR) + 25 ns (due to the inverted 
20 MHz signal). This delay is introduced on purpose. The data available at the output of 
the comparator is latched into the D-FF of the one-bit AID converter with the positive 
edges of Clk2. The one-bit D I A converter uses the information available at the output of 
the one-bit AID converter 50 ns after a positive edge of Clkl. In fact a delay of 50 ns is 
introduced in this manner in the sigma-delta loop. Introducing delay time in the sigma
delta loop means introducing phase shift. By latching the data available at the output of 
the comparator some time « 50 ns) later it is possible to reduce the loop delay-time. In 
our case we have reduced the delay-time with 34 ns. 
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5.4 Timing 

In this section we will discuss the timing of the bandpass sigma-delta AID converter 
assuminl?; the converter contains a limit cycle at half the sampling frequency. We will 
assume that the loop filter has no phase shift for an input signal with a frequency equal 
to fo. In figure 47 a theoretical timing overview is given of the various signals in tht> 
sigma-delta system. 

20 MHz ~ 

10 MHz 

5 MHz 

CUd 

Clk2 

Q 

iDv 

output 
comparator 

~ 
"I t1f-I-~_......J 

I L..I --,..--' 

Figure 47: Timing overview of the signals of the bandpass sigma-delta AID converter. 

Time tl is the delay between Clk1 and Clk2. Time t2 is the tillle difference between the 
positive edge ofClk2 and the pulse-center of the output pulse of the one-bit D/A converter. 
These times are tl = 34 ns and t2 = 75 ns respectively (t2 should be 100 ns, see figure 
44). 

The actual sample moment is determined by the positive edge of Clk2. Each time a 
positive edge appears data from the output of the comparator is latched into the D-FF of 
the one-bit AID converter. However these data bits are determined by the input value of 
the comparator 25 ns ago (the propagation time of the comparator). The total delay time 
between the moment at which the output bits of the comparator are determined and the 
moment at which the pulse-center of the one-bit D I A converter appears is therefore 25 ns 
+ 75 ns = 100 ns. 
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5.5 Method for the conversion of the loop filter from the z-domain to 
the s-domain 

The design of the loop filter was based on z-domain analysis. No delays were assumed to be 
present in the one-bit AID and DI A converter. In reality the loop filter is an analogue loop 
filter and the one-bit AID and D/A converters have delay. [n the previous paragraph the 
delay of the one-bit AID converter together with the one-bit D j A converter was calculated 
to be 100 ns (one-half of the sampling period). The objective is to design an analogue 
filter for which the sampled response to a pulse from the one-bit Dj A is identical to the 
impulse response of the loop filter in the discrete modulator. 

The pulses of the one-bit Dj A converter are shifted over a time !T. In [5] the z-transform 
of a shifted continuous-time function f(t-r) is found. The z-transform off{t) sampled at t 
= nT, n = 0,1,2, ... , is given by FT(z), If r is an integer lllultiple of the sampling period 
T, we obtain 

00 

2[1{t -IT)] = z-I FT(z) = L f(nT)z-{n+l) (82) 
n=O 

If T is not an integer multiple of T, let 

T = IT - liT (83) 

where I is an integer and 0 ~ Ii ~ 1. We may then write for the z-transform 

00 

2[f(t IT)] = L f(nT + 6T)z-(n+l) (84) 
n=O 

A closed expression for the z-transform (84) can be obtained most directly by using the 
integral 

1 l c+jOO F(>.) 
£[I(t; T)J = -2' . d>' T(.\-s) 

7rJ C-JOO 1 - e 
(8S) 

in which f(t;T) is the evaluation of f(t) for t = nT, and F(>.) is the Laplace transform of 
f( t). The Laplace transform off( t- T) is 

£[I(t - T)] = e-(TA) F(>.) (86) 

Replacing esT by z in (85), we now write 

1 jC+jOOe-(IT-ST).>. F(>.) 
2[1(t - r)] = FT(z, r) = -. d>' 1 AT -1 

27rJ c-joo e z 
(87) 
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(nfortunately, the integrand does not converge in the left-half plane. This difficulty is 
avoided by recognising that the delay r can be regarded as a delay IT (where I is an 
integer) less an "advance" b T. Then, with (82), we obtain 

FT(z,r) z-l_ dA--:-='---:-1 l c+jOO eST>. F(A) 
21rj c-joo 1 - e>.T Z-l 

(88) 

The integrand in (88) goes to zero as I A I goes to infinity in the left-half plane. Hence we 
can evaluate this integral by the method of residues upon forming a dosed contour over 
the left-half plane, enclosing all poles of F( A). Thus 

_/ . eoT)' F(A) 
Z[J(t - r)] == FT(Z, r) == z ~ res~dues .. oJ 1 _ e)'T Z-l at .. pole8 .. oJ..F(A) (89) 

We can use this formula for the conversion of the loop filter from the z-domain to the 
s-domain by setting 1 == 1 and {; == ! (delay of ! T). The conversion now becomes 

-1 . e!T>.G(A) 
G(z) = z ~ restdues .. oJ 1 _ e)'T z-l aLpoles .. oJ .. G(A) (90) 

5.6 Implementation of the second-order loop filter 

In this section we will discus in which way the second-order loop filter for the second-order 
bandpass sigma-delta AID converter is implemented. 

5.6.1 Conversion from the z-domain to the s-domain 

The discrete loop filter function G( z) given in (41) is chosen. This filter contains one zero 
and two poles. The analogue loop filter must also have one zero and two poles. Assumed 
is an analogue loop filter G(s) given by 

G(s) = K (8 n) 
(s - Pl)(S - P2) 

Poles PI and P2 are assuUled to form a conjugate pair. 

PI = +jb 

pz = -jb 

(91) 

(92) 

(93) 

Appendix Cl details the conversion of the loop filter from the z-domain to the s-domain 
using (90). With this conversion a relation is revealed between the zero in the z-domain 
Zo and the zero in the s-domain n. This relation is 
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Zo 
1 + Iftan(!Oo) 
1 -7}tan( !Oo) 

(94) 

The poles PI and P2 of G( s) can be matched to the poles of G( z) according to the matched 
z- transformation: 

Zl = eP1T 

Z2 = eP2T 

This means 
bT = 00 

With this information we can solve nib as a function of rand 00 from (94) 

!:. _ r + 1 - 2cos(00) cos(!Oo) 
b - r + 1 + 2cos(90 ) sin(!Oo) 

(95) 

(96) 

(97) 

(98) 

If we plot If as a function of 00 for different values of r then we obtain the plot as shown 
in figure 48. 
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Figure 48: nib as a function of 00 at different values of r. 

The loop filter will be implemented using a tunable LC-circuit. According to the plot the 
value of radius r of the discrete loop filter can best be chosen to be zero because a tunable 
LC-circuit contains a zero at n = O. For 60 = ! 11' and 90 3 11'. n is exactly zero for r = 
O. 

55 



5.6.2 The tunable LC-circuit 

In figure 49 an LC-circuit is shown. 

Vi nC>--J f-----C::J---I 

Vee 

Figure 49: Possible implementation of an LC-circuit. 

The LC-combination is current-driven by the npn-transistor. A simple model of this LC
circuit is given in figure 50. 

R C 
i 

T 
i 

Figure 50: A simple model of the LC-circuit. 

In this schematic R represents the resistance which is connected parallel to the LC
combination. This resistance is formed by the ac-resistance of C, the ac-resistance of 
L, the collector-emitter resistance of the transistor and the load which will be connected 
to the output of the LC-circuit. The transfer of the Le-circuit is given by 

Vout sLR -- - ~~~--::---::' 

't s2RLC+sL+R 
(99) 

The zero n and poles PI and P2 are given by 

n = 0.0 (100) 
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-1 I 1 1 
PJ 2RC + jy YC - 4R2C2 

-1 . I 1 1 
P2 = 2RC - Jy LC - 4R2C2 

The tuning frequency fo and the Q-factor of the LC-circuit are given by 

10 
fo = 21f VYC 

rc Q=RVi 

(101 ) 

(102) 

(103) 

(104) 

A coil with adjustable core is used. The value of L can be regulated from about 17 J.LH 
to 49 J.LH. For C a paper-capacitor is used of 560 pF. With these components the tuning 
range of the bandpass sigma-delta AID converter extends from 960 kHz to about 1630 
kHz. 

The value of the Q-factor determines the depth of the hole in the output spectrum of 
the bandpass sigma-delta AID converter. The Q-factor can be made larger by making 
R larger. Resistance R can be made larger by making the collector-current It: of the 
transistor smaller. The collector-current Ie is determined by 

(105) 

The transistor BFR91A is used. We have chosen a collector-current of about 0.9 mA at 
supply voltages Vee = -5 V and Vee = + 5 V. Resistor Rz has a value of 4k7. 

The resistance R can also be made smaller by increasing the resistance of the load. This 
will be done by using a follower. Furthermore the Q-factor depends upon how far the core 
is turned in the coil. 

The adder in the discrete-time model of the bandpass sigma-delta AID converter can be 
implemented by connecting a second resistor in series with a second decoupling capacitor 
(see figure 51) and connecting the inverted output-signal of the one-bit DIA converter to 
the adder. 
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C 1 R 1 
lOOn 22k 

vinlc:>-1 
vin2e>--1· 

Vee 

C_3 R_3 
lOOn 22k 

Figure 51: Implementation of the adder. 

The input Vinl is chosen to be the input of the sigma-delta AID converter. Input Vin2 
will be connected to the output inv of the one-bit D I A converter. The voltages applied to 
input Vinl and Vin2 cause currents through Rl and R3. These currents are added at the 
emitter of the transistor. Resistors Rl and R3 are given a value of 22k. The maximulll 
amplitude of the ac-voltage which can appear at the emitter is limited by VBE. With Rl 
and R3 being 22k the maximum amplitude of the ac-voltage at the emitter stays under 

~BE' 

By defining Rv = Rl == R3 the voltage transfer of the LC-circuit is approximated by 

v: sLJl. 
~_ Rv 

Vin - 52 RLC + 5L + R 

because i can be approximated by 

5.6.3 The follower 

. Vin 
t==-

Rv 

(106) 

(107) 

In order to increase the impedance of the load of the LC-circuit a follower is connected to 
the output of the LC-circuit. The follower is shown in figure 52. 
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G , Fe . R IN . ROU"!' 

VinC>----~------~ 

lnv 

Figure 52: The follower which is placed behind the LC-circuit for increasing the load 
impedance. 

Capacitor C4 is a parasitic capacitor. The resistors R4 and Rs are necessary for connecting 
the positive input ofthe Opamp to DC. By connecting the negative input of the Opamp via 
C5 and R4 back to the positive input of the Opamp, the load of the LC-circuit increases. 
The Opamp reduces VR4 . The result is less current through R4 and therefore its seems 
like the resistance of R4 increases. 

By connecting a capacitor C5 in the follower, the transfer ofthe follower becomes frequency 
dependent. Simulations were performed in order to investigate the influence of capacitor 
C5 • During these simulation the parasitic capacitor C4 was removed. The simulation 
schematic and results are given in appendix D.l. From the simulation results it became 
clear that the Q-factor considerably increases when the value of Cs is larger than 1 nF. 
The phase-characteristic of the LC-circuit in cascade with the follower also improved with 
a larger value of Cs. In the implementation of the follower the value of Cs is chosen to be 
lOOnF. 

The parasitic capacitor C4 makes the transfer of the follower dependent on the values of 
R6 and R7 . Simulations were performed in order to investigate the influence of resistors 
Ro and R7 (see appendix D.2). From the simulation results it became clear that the phase 
at the tuning frequency increases when Rs increases. The phase shift is zero if Rs is zero 
and becomes positive when Rs increases. A loop filter with a positive phase at fo creates 
possibilities to reduce the total delay in the sigma-delta loop. We have chosen R6 to be 
an adjustable resistor of 10k and R7 = 10k. By adjusting Rs we can regulate the total 
delay in the sigma-delta loop. An external offset regulation must be applied to the Opamp 
because the impedance connected to the negative input is different from the positive input 
of the Opamp. 
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5.7 Overview of the complete second-order loop filter 

Figure 5:J shows the total second-order loop filter as implemented. 

.np 

ADB47JN 

G.K,RIN,ROl1'I' 
~H>()O. 3'>119< lag, 100 

outp 

>--"":-C:>VOU t 

Figure 53: The total second-order loop filter of the second-order bandpass sigma-delta 
converter. 

The Opamp AD847JN is used. This Opamp has the following features: 

• .50 MHz Unity Gain Bandwidth; 

• 300 V I fkS Slew Rate; 

• 120 ns Settling Time to 0.1 % for a 10 V step; 

• 3.5 V ImV Open-Loop Gain into a 500 Ohm load; 

• lmV max Input Offset Voltage; 

• ± 3.6 V Output Voltage Swing. 

5.8 Implementation of the fourth order loop filter 

In this paragraph we will discus in which way the fourth-order loop filter for the fourth
order bandpass sigma-delta AID converter is implemented. 

The discrete loop filter function G(z) given in (58) forms the starting point. This filter 
contains three zeros and four poles. The zeros of G(z) can be calculated by solving: 
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N(z) - T(z) = 0 (108) 

or by substituting N(z) and T(z) with Ta Tb = rand (Jo = Q = /3: 

(z - TeJ(0 )2(z _ re- j(0 )2 _ (z _ ej(0 )2(z - e- j(0 )2 = 0 ( 109) 

By rewriting this equation according to 

(110) 

we get 

(( z-rejOo )(z-re-JOo)+( z-eJ6" )(z-e-jO,,) )«z-rejeo )(z-re-je" )-(z-eje" )(z_e-jOo ) = 0 
(111 ) 

The solutions are now determined by 

or 

«z - rejO,,)(z - re- je,,) + (z - ejOo)(z - e- jO,,») = 0 

«z - rejOo)(z - re- jeo ) - (z - ejIJo)(z - e-jIJ,,)) = 0 

2Z2 - 2cos(00)(r + l)z + r2 + 1 = 0 

- 2cos(Oo)(r - l)z + r2 - 1 = 0 

So the zeros of Gez) are 

The zeros Z2 and Z3 are complex when 

2 2( r2 + 1) 
C08 ( eo) < (r + 1)2 

(112) 

(113) 

(114) 

(115) 

(116) 

(117) 

(118) 

This is the case for 0 ::; r < 1. Because G( z) is designed with an r which fulfills this 
constraint it is clear that G( z) always has one real zero and two complex zeros. 

Figure 54 shows the value of the real zero Zl as a function of 90 according to (116). Figure 
55 shows the values of the real part of Z2,3 as a function of 00 according to (117). Figure 
56 shows the values of the imaginary part of Z2 as a function of 90 according to (117). The 
values of the imaginary part of Z3 are the same values as the values of the imaginary part 
of Z2 multiplied by -L The value of Zl is positive for 0 < 90 < 0.5 11" and negative for 0.5 
11" < 80 < 11". The value of Zl sharply increases (00 < 0.511") or decreases (90 > 0.511") when 
eo approaches 0.5 11". 
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Figure 54: The value of the real zero Z1 as a function of ()o for different r-values. 
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Figure 5:): The values of the real parts of Z2 and Z3 as a function of f)o for different r-values. 
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Figure 56: The values of the imaginary parts of Z2 as a function of 00 for different r-values. 

ThE' analogue loop filter must also contain three zeros and four poles. Assumed is an 
analogue loop filter G(s) equal to 

Poles PI and P2 are assumed to form a conjugate pair. 

PI = +jb 

P2 = -jb 

( 119) 

(120) 

(121) 

Appendix C2 details the conversion of the loop filter from the z-domain to the s-domain 
using (90). 

No simple expression could be derived which gives the relation between the s-domain zeros 
and the z-domain zeros. Even the program 'Mathematica' could not find solutions for the 
complicated equations. Therefore the following approach was made in order to design the 
fourth-order loop filter: 

• First investigate how G(s) could be implemented; 

• Calculate the zeros of G( s); 
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• Su bstitllte the zeros of G(s) in the conversion formula and calculate the zeros of 
G(z); 

• Compare the calculated zeros of G(z) with the desired values; 

• Comparisoll agreelllt'llt stops the process while disagreement results in changing G(s) 
and startiI1g over. 

We will assume n} to be real and n2 and n3 to be complex according to 

n2,3 = rn ± j.in (122) 

So rn is the real part of zero n2 and n3 and in is the imaginary part of these zeros. 

Filter G(s) can be implemented by the cascade of two separate filters G1(s) and G2(s) 

( 123) 

with 

(124) 

(12.5) 

Filter (;1(S) can be implemented by the cascade of an active RC-filter and a tuned LC
circuit according to 

, (s nd sLit 
(q(s) = -'---~ 

8 • 8 2 RLC + 8L + R 
(126) 

The pole introduced by the RC-filter is cancelled by the zero introduced by the LC-circuit. 
A possible implementation of the active RC-filter is given in figure 57. 

lOV 
common 

Vout 
outp 

Figure 57: Possible active RC-filter for implementation of zero n1. 
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The transfer of this RC-filter is 

Vout _ -sR"lC - 1 

Vtn sCR1 

( 127) 

So tlw real zpro nl becomes 

(128) 

and is independent of the tuning frequency of the bandpass filter. Filter G"l(s) can be 
implemented by the configuration given in figure 58. 

R_4 R_3 

Vl D>--...>-----I! LL") !-i --1gi-. -in~v '---4 

outp V3 
inp 

G,FC,RIN,ROUT 

Figure 58: Implementation of filter (;"l(s). Block LC(s) represents a tunable LC-circuit. 

The transfer of this filter is 

V3 R3 
VI = -Le(s) - R4 

By substituting equation (106) for LC(s) we obtain 

V3 = s2LRCt+s(Lt+Lt)+Rt 
VI c~2 RLC + sL + R 

The complex zeros n2 and n3 become 

so rn and in are 
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rn = 
2RC~ 

in = J_l- -rn2 
LC 

(132) 

(l:J3) 

There are two methods to tune the bandpass filter. The first method is by tuning L. By 
making L tunable only the imaginary part of the zeros n2 and n3 depend on the tuning 
frequency of the bandpass filter. The second method is by tuning C. In this manner both 
parts of n2 and n3 become dependent on the tuning frequency. 

From the conversion method we obtain (see appendix C2) 

-1 L " T(z) 
G(z) = z res = /\ ( T)2( )2D z- eP1 z- eP2 

(134) 

The poles PI and P2 of G(s) are matched to the poles of G(z) according to the matched 
z- transformation. 

In an ideal LC-circuit (R ~ 00) we obtain the poles 

.{£ PI = +J -LC (135) 

P2 = JL~ (136) 

or 

b = J L~: = i ( 1:37) 

Furthermore rn and in of an ideal LC-circuit become 

(138) 

in = J L~ - rn2 (139) 

thus 
(140) 

For complex zeros is required 

(141) 
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In appendix C3 the zeros of G(z) are shown as function of 80 , These zeros are calculated 
according to the conversion formula for different values of rn and in. In these calculations 
it was assumed that L is adjustable. This means that rn is independent of Bo. The 
imaginary part in is calculatE:'d according to (140) in which variable b was calculated 
according to (137). 

From thE> plots in appendix C3 thE> following conclusions can be reached 

• The value of nl has great influence on Zl and almost no influence on the real and 
imaginary value of Z2 and Z3. 

• The value of rn has great influence on the real and imaginary value of Z2 and Z3 and 
on Zl as well. 

From comparison of the plots in appendix C3 with the plots in figure 54 to 56 the following 
conclusions are made 

• The value of rn must be relatively high (about 1e06) in order to get good agreement 
bE>tween the calculated zeros and the desired zeros (r = 0.6). 

• The value of UI is not of great importance because this value has only influence on 
Zl and the values of Zl are not even close to the desired values of Zl' 

We will choose nl = 0 and rn = -1000000. This means that the active RC-filter is not 
needed. Thus the total fourth order can be implemented by the cascade of an LC-circuit 
and the circuit according to figure .58. This implementation is shown in figure 59. 

VIC> 
V3 

V4 

Figure 59: Possible implementation of the bandpass filter of the fourth-order bandpass 
sigma-delta AID converter. 

Both LC-circuits must be tuned to the same frequency fo. The transfer function is negative 
due to the inverting amplifier in the last stage. Figure 61 shows an implementation with 
a non-inverting amplifier in the last stage. 
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V4 G.""RIN.ROUT 
R_4 UlP 

V5 

Figure 60: Implementation of the bandpass filter of the fourth-order bandpass sigma-delta 
AID converter. 

The last configuration will be used for implementing the fourth-order bandpass loop filter. 
From this configuration we obtain 

(142) 

(143) 

(144) 

or 
(14,s) 

The first and second LC-circuit transfer functions are presumed to be 

(146) 

(147) 

Substituting these equations into (145) gives 

(148) 

Rewriting this equation gives the transfer of the fourth-order loop filter according to figure 
60: 
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Vs L 8(82LC + !\-!t8 + 1) 

VI == A Rv' (82LC + 1)2 
( 149) 

So the zeros expressed in component values are 

(150) 

and 
-K 

rn == 2ii::C (1.51) 

in == J L~' - rn
2 (V>2) 

The LC-circuit which was used in implementing the second-order bandpass loop filter was 
also used in implementing the fourth-order bandpass loop filter: 

With Rv == 22k, C == 560 pF, and rn == -1000000 we obtain 

K == - 2rnRvC == 24.6 (153) 

With Rs==lk and K == 24.6 we obtain 

R4 == K Rs == 24.6k (154) 

A value of 22k is chosen for R4 • 

The Opamp is non ideal. Small offset currents are present at the input of the Opamp. For 
compensating offset-effects it is required 

(155) 

With R3 == Ik we obtain 

(156) 

Resistors Rl and R2 are given a value of Ik. 

By checking the requirement (141) for complex zeros it became clear that this requirement 
is satisfied with the components chosen as mentioned. 
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5.9 Overview of the complete fourth-order loop filter 

Figur(' 61 shows th(' total fourth-order loop filter as implemented. 

vo~>-~----~------------------------------~----, 

v~~_C>~r-~--~--------------------------------~J--'--~ 

.... " ,. 

Figure 61: The total fourth-order loop filter of the second-order bandpass sigma-delta 
converter. 
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6 Measurement results of the second- and fourth-order 
bandpass sigma-delta AID converter 

6.1 The second-order bandpass sigma-delta AID converter 

6.1.1 Measurement results of the bandpass loop filter 

The second-order bandpass loop filter was implemented according to figure 53 of previous 
chapter. In the loop filter is used the LC-combination L = 34 pH and C = 560 pF (fo 

1.1 MHz). The measured transfer of the second-order band-pass loop filter is given 
in appendix E.1. This transfer was measured with a network analyser according to the 
configuration as shown in figure 62. The power of the oscillator signal is 0 dBm. The 
Device Under Test (OUT) is in this section the second-order loop filter. 

Network 
Analyser 

TestI-T ____ ------1 

Ref ,....R--,...., 

Dsc I--s 
__fI_--"------j 

lk 

Figure 62: Measurement configuration with the network analyser. 

The length of the cables between the network analyser and the DUT are made equal in 
order to measure the phase-shift characteristic correctly. The network analyser has an 
internal impedance R;7! of 50 Ohm. A power of 0 dBm in a load of 50 Ohm gives a voltage 
of 0.223 v~ff over the load (signal amplitude of 0.31 V in case of a sinusoidal signal). The 
measured amplitude of the output signal Vout of the loop filter was 0.53 V at fo. The 
amplitude of the signal (fsignal = fo) at the Test input of the network analyser is 

U - V Rin - 0 53 50 - 0 0252V 
T - out 1000 + Rin - . 1000 + 50 - . (157) 

The power that is dissipated in the Test input of the network analyser is 

(158) 

or in dBm : 

PTdBm = lOlog(PTmW) = 101og(6.37e - 03) = -21.9dBm (159) 
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.:\leasured with the network analyser was an amplitude of -21.7 dBm at fo (see appendix 
£.1). The amplification of the LC-circuit at fa is 

Al = Vaut = 0.53 = 1.71 
V'in 0.31 

(160) 

The phase of the loop filter varies from +90 degrees (lin < fo) to -90 degrees (fin> fo) 
in ca.')€' R6 = 0 Ohm. By adjusting & it was possible to add a phase shift from 0 degrees 
to +9 degrees over the whole spectrum. This enables us to compensate a delay in the 
sigma-delta loop to a maximum of 22.7 ns for fo = 1.1 MHz: 

9 
llt = -- = 22 7ns 

360fo • 
(161 ) 

The tuning frequency depends on the signal input. At larger input amplitudes the tuning 
frequency decreased. This effect occurs because larger input amplitudes cause a larger 
collector current in the transistor which decreases R of the LC-circuit. The measured 
Q-factor was Q1 = 138 for fo = 1.1 MHz. This Q-factor was obtained after applying 
following Q-improvement measures: 

• Connect C as close as possible to L; 

• Keep all wires as short as possible; 

• Use a ground plane; 

• Connect the base of the transistor directly to the ground plane; 

• Connect decoupling capacitors between the supply lines and the ground plane as 
close as possible to the LC-circuit; 

• Connect the metal package of the coil to the ground plane. 

6.1.2 The output spectrum of the converter under normal operation 

The measured output spectra of the second-order bandpass sigma-delta AID converter are 
given in appendix E2. These spectra are measured with a spectrum analyser according to 
the configuration shown in figure 63. 

The output spectra are measured for input signals with amplitudes of 0.005 V, 0.05 V, 
0.15 V, 0.5 V and 1.0 V. From these measurement results the following conclusions can 
be made 

• For signal amplitudes smaller than 0.005 V the sigma-delta AID converter looses its 
noise shaping function and goes into idle channel condition; 
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• ThE' dE'pth of the holE' in thE' output spectrum does not depend on the input signal 
amplitude until the amplitudE' becomes larger than 0.5 V; 

• The hole in the output spectrum is less deep for larger input signals. 

Spectrum 
Analyser 

Test T Ik 
Ref j-R __ ----i 

08C 

Sinus 
Generator 

s 

Vin OUT I vo~t 

Figure 63: Measurement configuration of the spectrum analyser. 

During the measurements it was discovered that the comparator introduces distortion 
signals in the circuit. According to the data sheet of the comparator it is essential for 
the comparator to use ground planes. It was recommended to use separate analogue and 
digital ground planes. Furthermore, the analogue and digital ground planes should only 
meet at one point. A poor layout of the circuit board not only increases the uncertainty 
region of the comparator but also introduces hysteresis. The used circuit board has a 
ground plane and a Vee plane. There is no distinguish made between the analogue and' 
digital ground. Therefore it is possible that the comparator introduces distortion signals 
in the circuit via its supply lines. It was measured that the comparator functions correctly 
for input signals VOD ~ 2.5 mY. The delay of the comparator depends on the amplitude 
of the input signals. In table 1 are the delay times given of the comparator as a function 
of the input signal power. These delay times were measured with the help of a network 
analyser used according to the configuration shown in figure 62. The frequency of the 
input signal is 1.1 MHz. 
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Table 1: Measured delay times of the comparator as a function of ViTI 

liiTl (d BIll) DeJay(ns) 
0 26.7 
-3 26.8 
-6 27.3 

-10 28.0 

So the propagation delay time increases when the signal amplitudes decreases. The prop
agation delay time of the comparator does not depend on the input signal frequency. 

6.1.3 The output spectrum of the idling converter 

In appendix E3 the output spectra of the second-order bandpass sigma-delta AID con
verter in idle-channel condition are shown. Idle-channel condition means that no input 
signal is applied to the converter. In practice this can happen when the LC-circuits of 
the sigma-delta AID converter are being tuned in order to select a radio channeL The 
output spectra were measured with the measurement configuration given in figure 63. The 
implemented second-order sigma-delta AID converter has two idle-channel conditions. If 
no input signal is applied to the converter, the converter oscillates with a frequency of! fs 
or ~fs. By applying a dc offset-voltage to the input of the comparator according to figure 
64 we can introduce a limit cycle with a frequency of ~ fs. 
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Figure 64: Applying an offset voltage on the input of the comparator. 

A small change in the phase shift (by changing J4;, ofthe follower) eliminates the occurrence 
of one or more idle channel conditions. The limit cycle at ! fs remains. So the limit cycles 
which occur depend on the offset which is present in the inputs of the comparator and 
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on the total phase shift in the sigma-delta loop. By regulating the dc offset-voltage we 
obtain the idle-channel conditions shown in figure 65. In this figure the numbers "0" and 
"1" represent the output bits of the sigma-delta AID converter. For example "110" means 
that the output of the sigma-delta AID converter repeats two ones followed by one zero. 
The frequency of such a limit cycle is lIs. 

t Increasing 
Voffset 

+ 
Decreasing 
Voffset 

Figure 65: Measured limit cycles of the second-order bandpass sigma-delta AID converter 
as a function of the offset voltage on the input of the comparator. 

Simulations with the Pascal program in which was added a dc offset-voltage to the input 
of the comparator resulted in the idle-channel conditions shown in figure 66. 
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Figure 66: Simulated limit cycles of the second-order bandpass sigma-delta AID converter 
as a function of the offset voltage on the input of the comparator. 

The simulated results may not be compared to the measured results since the comparator 
which is used in the simulations has no hysteresis and no offset voltage. 

The limit cycle frequencies !Is and lIs are not located in the AM broadcast band when 
Is = 5 MHz. Therefore no problems will occur when the second-order sigma-delta AID 
converter is applied in digital AM-radio and Is = 5 MHz. 

6.1.4 The SIN-measurement results 

The SIN-ratio as a function of the input power was measured with the help of a spectrum 
analyser. The sigma-delta AID converter is tuned to the incoming signal (fo = IsignaJ). 
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The difference between the signal amplitude and the depth of the hole in the output 
SIH'ctnllll was measured. ThE' measured difference was then corrected by 

(162) 

in order to get the SIN-ratio in dB for a band width of 9 kHz. RBW is the Resolution 
Band Width ofthe spectrum analyser. The measured SIN-ratio ofasecond-order bandpass 
sigma-delta AID converter tuned on a frequency of 1.1 MHz is given in figure 67. The 
dashed line represents the calculated SIN-ratio. The points indicate the measured S/N
ratio. 
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Figure 67: The SIN-ratio of the second-order bandpass sigma-delta AID converter as 
function of the input signal level (signal level relative to ! A~) and 10 = Isignal = 1.1 MHz. 
The dashed line represents the calculated SIN-ratio. The points indicate the measured 
SIN-ratio. 

The SIN-ratio increases with increasing input signal level until a certain maximum is 
reached. The measured maximum occurs at an input signal level of about -13 dB relative 
to !A~. The theoretical maximum occurs at an input signal level of about -3 dB relative 

to !A~. 

The early decrement in the SIN-ratio is caused by the increment of the noise level at 
the output of the sigma-delta AID converter when larger input amplitudes are applied 
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to the loop filter. The increment of the noise level at the output was measured by the 
ronfi~uration shown in figure 68. The measured resufts are given in table 2. Used was the 
fourth-order loop filter and the RBW of the spectrum analyser is 1 kHz. 

SinUB 
Generator 

Vinl ...-----, 
G(s) ~ 

Vin2 

Spectrum 
Analyser I 

Figure 68: Set up for the measurement of noise level at the output of the sigma-delta AID 
converter as a function of the input signal level. The sigma-delta loop is open. 

Table 2: The noise level at the output of the sigma-delta AID converter with open sigma
delta loop as a function of Yin1 

Vin1 (Vtd Noise level( dBm) 
0 .. 5 -65 
0.6 -60 
0.7 -55 
0.8 -50 
0.9 -47 
1.0 -45 
1.5 -43 
2.0 -43 

Because the sigma-delta loop in this configuration is open, the increment of the noise level 
at the ou tpu t of the sigma-delta AID converter must be caused by distortion signals in 
the circuit board, or cross-talk between the signals. 

6.2 The fourth-order bandpass sigma-delta AID converter 

6.2.1 Measurement results of the bandpass loop filter 

The fourth-order bandpass loop filter was implemented according to figure 61 of previous 
chapter. In this loop filter are used two LC-combinations with L = 34 pH and C = 
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560 pF (fo = 1.1 MHz). Measurements are performed for both LC-circnits separately. 
Tlw llH'asU)'pd trans[E'r of tht> first LC-drcuit is given in appendix F1. The measured 
transfer of the second LC-cirruit is given in appendix F2. The first LC-circuit is in fact 
thE' second-order loop filter of the second-order bandpass sigma-delta AID converter. The 
Ill€'asnrement results of this first LC-circuit are given in previous paragraph. 

The transfers were measured with a network analyser according to figure 62 in which the 
oscil1ator signal is 0 dBm. The measured amplitude of the output signal Vout of the second 
LC-circuit was 0.42 V at fo. The amplitude of the signal (fsignal = fo) at the Test input 
of the network analyser is 

50 
UT = 0.42--

0 
= 0.02V 

lO.) 

The power in the Test input of the network analyser is 

1 2 1 0.02 2 
PT = RUTe!! = 50( V2) = 4j.tW 

or in dBm : 
PTdBm = 1010g(PTmW) = 1010g(4e - 03) = -23.98dBm 

(163) 

(164) 

(16.) ) 

Measured with the network analyser was an amplitude of -23.94 dBm at fo (see appendix 
F:2). The amplification of the LC-circuit at fo is 

A2 = Vou! = 0.:2 = 1.35 
Vin 0.31 

(166) 

The phase of both LC-circuits goes from +90 degrees (fin < fo) to -90 degrees (fin> fo) in 
case R6 and R12 are 0 Ohm. By adjusting R6 or R12 (see figure 61) it was possible to add 
a phase shift from 0 degrees to +9 degrees to the phase characteristic of each LC-circuit. 
The measured Q-factor of the second LC-circuit was Q2 = 110 for fo = 1.1 MHz after the 
Q-improvement. 

The transfer of the total loop filter is shown in appendix F3. For the frequency fo the 
phase shift is zero when R6 and R12 (see figure 61) are zero. 

The amplitude of the output voltage of the Opamp of the last stage may not become larger 
than 3.5 V. According to (145) (see chapter 5) was the output voltage of the last stage 

(167) 

in which V2 is the output voltage of the first LC-circuit and V3 is the output voltage of the 
second LC-circuit. Measured were the amplifications of the first and second LC-circuit at 
the fr€'quency fo: 
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and 

V2 
Al = - = 1.71 

\/1 
( 16R) 

( 169) 

With the chosen components is A = 0.0444 and K = 22. The maximum input amplitude 
V2max which may be applied to the second LC-circuit can be derived from 

(170) 

so 
V VSmax 3.5 = 2.565V 

2max = A {I + K A2 } = 0.0444 {I + 22.1.35} 
(171 ) 

So the maximum input amplitude V1max which may be applied to the first LC-circuit (= 
maximum input amplitude of the fourth-order loop filter) is 

IT _ Y2max _ 2.565 - 15V 
Vlmax - - - • • 

Al 1.71 
( 172) 

The input amplitude of the one-bit D I A converter is 2.5 V. This amplitude is larger than 
Vlmax. The sigma-delta AID converter however functions correctly because the amplitudes 
of the input signals with frequencies equal to the tuning frequency of the bandpass loop 
filter are very small due to the error feedback of the sigma-delta AID converter. 

6.2.2 The output spectrum of the converter under normal operation 

The measured output spectra of the fourth-order bandpass sigma-delta AID converter are 
given in appendix F4. These spectra are measured with a spectrum analyser according to 
the configuration shown in figure 63. Slight adjustment of the phase shift was necessary 
in order to let the fourth-order sigma-delta AID converter correctly. 

The output spectra are measured with input signals with amplitudes of 0.005 V, 0.15 V, 
0.5 V, 0.75 V and 1.0 V. From these measurement results the following conclusions can 
be abstracted 

• For all given amplitudes of the input signal the fourth-order sigma-delta AID con
verter functions correctly; 

• The depth of the hole in the output spectrum depends on the input signal; 

• The hole in the output spectrum becomes less deep for larger input signals. 
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6.2.3 The output spectrum of the idling converter 

In appendix F5 the output spectrum of the fourth-order bandpass sigma-delta in idle 
channt'] condition is given. According to this measurement it became clear that the fourth
order sigma-dt'lta A/D convertt'r dot's not show limit cycles. Although no input signal is 
applied to the fourth-order converter it still shapes the noise spectrum in such a way that 
there is little noise present in the band of interest. 

6.2.4 The SIN measurement results 

The SIN -ratio of the fourth-order bandpass sigma-delta AID converter is measured in 
the same way as the SIN-ratio of the second-order bandpass sigma-delta AID converter. 
The measured SIN-ratio is given in figure 69. The dashed line represents the calculated 
SIN-ratio. ThE' points indicate the measured SIN-ratio. 

100 

90 

80 

70 
OJ 
'0 

i 60 ::::: 
U1 

(> 

50 (> 
. 

40 
(> 

• (> 

30 (> . 

20 
-so -40 -30 -20 -10 0 

Ps_dB 

Figure 69: Measured SIN-ratio of the fourth-order bandpass sigma-delta AID converter 
as function of the input signal level (signal level relative to ! A~) and Isignal = 10 = 
1.1 MHz. The dashed line represents the calculated SIN-ratio. The points indicate the 
measured SIN-ratio. 

6.3 Comparison of the theoretical and measured results 

ThE' measured phase and amplitude characteristics of the separate LC-circuits are in agree
lllent with the simulatt'd characteristics. It became clear that parasitic capacitors in the 
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follower have great influence on the phase characteristic of the total LC-circuit. By adjust
ing R6 of the follower it is possible to add a phase shift to the total phase characteristic 
of the LC-circuit. The maximum phase shift occurs when R6 has its largest possible value 
(10k). No additional phase shift is introduced when ~ is zero. The maximum phase 
shift was according to the measurements 9 degrees. According to the simulation of the 
LC-circ.uit in which one parasitic capacitor C4 is applied, the phase shift is also 9 degrees 
for R6 = 10k. This means that the value of the parasitic capacitor (5 pF) was estimated 
correctly. 

The second-order bandpass sigma-delta AID converter switches into idle-channel condition 
for an input signal level smaller than -53 dB relative to 1A~. The idle-channel condition to 
which the converter switches depends on the offset voltage at the input of the comparator 
and on the total delay in the sigma-delta loop. The limit cycles which occurred during the 
measurements were at !fs, !fs and after apllying an external offset voltage to the input 
of the comparator tfs. 

The measured output spectra of the second-order and fourth-order bandpass sigma-delta 
AID converters under normal operation were in agreement to the simulated output spectra. 
However, the depth of the hole in the output spectrum became less at larger input signals. 
This is caused by distortion signals in the circuit and cross-talk between the signals. The 
influences of these effects can be made smaller by better circuit lay-out, using shorter wires 
and using shielded cables. 

The measured SIN-ratio of the second-order bandpass sigma-delta AID converter seems 
to be in agreement with the theoretical SIN-ratio except for the higher input-levels. The 
theoretical SIN-ratio is calculated assuming that the poles of the loop filter are located 
on the unit circle. The implemented loop filter contains poles which are located inside the 
unit circle due to the resistance R of the LC-circuit. Therefore it can be concluded that 
the measured SIN-ratio is to high in comparison to the theoretical possible SIN-ratio. In 
figure 70 are shown the measured SIN-ratio and the theoretical SIN-ratio in case the loop 
filter has a Q-factor equal to the measured Q-factor (Q1 = 138). 

The measured maximulll of the SIN-ratio of the second-order bandpass sigma-delta AID 
converter occurs at an input level of -13 dB relative to ~ A;. The maximum of the theoret
ical SIN-ratio occurs at an input level of -3 dB relative to 1A;. This difference is caused 
by distortion signals in the circuit and cross-talk between the signals. The depth of the 
hole in the output spectrum became less deep at larger input signals. 

The measured SIN-ratio of the fourth-order bandpass sigma-delta AID converter is about 
26 dB lower than the theoretical SIN-ratio. The theoretical SIN-ratio is calculated as
sUllling that the poles of the loop filter are located on the unit circle. If the SIN-ratio 
is calculated assuming that the poles of the loop filter are located inside the unit circle 
according to the measured Q-factors then the theoretical SIN-ratio is still higher than the 
measured results (see figure 71). 
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Figure 70: The "measured (points) and theoretical (dashed line) SIN-ratio of the second
order bandpass sigma-delta AID converter as function of the input signal level in case the 
loop filter has a Q-factor equal to the measured Q-factor (signal level relative to ! A~) 
and fSignal fo = 1.1 MHz. 
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Figure 71: The measured (points) and theoretical (dashed line) SIN-ratio of the fourth
order bandpass sigma-delta AID converter as function of the input signal level in case the 
LC-circuits of the loop filter have Q-factors equal to the measured Q-factors (signal level 
relative to ! An and isignal = fo = 1.1 MHz. 
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7 Conclusions and recommendations 

7.1 Conclusions 

A second-order and fourth-order one-bit bandpass sigma-delta AID converter for radio 
applications has been designed and implemented. The design was based on z-domain 
analysis because the sigma-delta AID converter is a sampled system. A discrete-time 
model of the bandpass sigma-delta AID converter is used. The discrete-time model of 
the sigma-delta AID converter is also referred to as a sigma-delta modulator. Constraints 
were derived for the sample frequency in case the sigma-delta AID converter is used in an 
AM- and FM-radio applications. 

It was decided at an early stage to design the bandpass sigma-delta AID converter for 
AM-radio applications. The sample frequency was chosen to be 5 MHz. The design of 
the bandpass sigma-delta AID converter is based on an Initial Noise Transfer Function 
(INTF). The INTF is determined with the help of the noise model of the sigma-delta AID 
converter. The INTF is chosen in such a way that the quantisation noise is minimised 
around a normalised tuning frequency (Jo' This means that the output bit stream accu
rately represents the input signal in a narrow band around (Jo- The tuning frequency is the 
center frequency of the bandpass loop filter G(z) used in the sigma-delta AID converter. 
By changing the center frequency of the loop filter the sigma-delta AID converter is made 
tunable. In this way the radio receiver can be tuned to a desired radio channel. 

A stability model has been derived in order to examine the stability of the bandpass sigma
delta AID converter. The sigma-delta modulator is assumed to be unstable if a limit cycle 
can be present which disturbs the noise shaping mechanism and which remains present 
if the input signal to the sigma-delta modulator is removed. According to Stikvoort's 
theory it is possible to make a sigma-delta modulator stable by introducing a limiter. The 
stability model contains a global transfer function >. which represents the transfer of the 
limiter and quantiser. It was shown that the maximum value of >. is smaller than 1. By 
making use of >. the root locus method can be applied. 

It was determined that the second-order sigma-delta modulator is stable without the use 
of a limiter. The roots of the root locus remain inside the unit circle for 0 < A < 1. From 
the root locus of the second-order sigma-delta modulator it became clear that a limit cycle 
at lis can occur. 

For the fourth-order sigma-delta AID converter a stability constraint in terms of >. could 
not be derived. Therefore the stability constraints were investigated by applying the root 
locus method to the sigma-delta modulator using several fourth-order loop filters. The 
results showed that for a stable fourth-order sigma-delta modulator a limiter is necessary. 

The second-order and fourth-order sigma-delta AID converter were simulated using a 
Pascal program. The simulation program is based on the discrete-time model of the 
sigma-delta AID converter. From the simulation results the following conclusions were 
made: 
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• The noise shaping mechanism of the second-order bandpass sigma-delta modulator 
operates correctly for an INTF in which the poles are located at the origin of the 
z-plane. 

• The depth of the hole in the output spectrum of the second-order bandpass becomes 
df:'eper when the poles of the INTF lie as far away as possible from the zeros of the 
INTF. 

• The fourth-order bandpass sigma-delta modulator did not function correctly for al
most all combinations of filter coefficients although the necessary limiter was applied 
in the program. 

• Two exceptions were found for the fourth-order case. The first exception is the 
c.ase in which the poles are chosen to be located at Zl,2 = (0.6 ± 0.05)ei9o and 
Z3,4 = (0.6 ± O.05)Ci9o • The second exception is the case in which the poles are 
chosen to be located at Zl = (0.6 ± 0.05)e j (9o-6), Z2 = (0.6 ± 0.05)ej (9oH), Z3 = 
(0.6 ± O.05)e- j (9o-6) and Z4 = (0.6 ± 0.05)e- j (9oH) in which 0 < " < O.h. With 
these poles the fourth-order bandpass sigma-delta modulator functions correctly even 
without using a limiter. 

It was decid€'d to chos€' the radii of the poles of the INTF equal to each other. The angles 
of the poles of the INTF were chosen to be equal to ±Oo' In this way the number of degrees 
of freedom in chasing the filter coefficients was reduced. With this reduction it became 
easier to design the bandpass sigma-delta modulator for optimum SIN-performance. 

The SIN-ratio of the second-order bandpass sigma-delta modulator is calculated as a 
function of the input signal level relative to !A~. In these calculations an INTF in which 
the poles are located at the origin of the z-plane was used. The bandwidth was assumed 
to b€' 9 kHz. The highest SIN-ratio of the second-order bandpass sigma-delta modulator 
was calculated to be 68 dB for a relative input signal level Ps = - 3 dB. 

The in-band noise PNb of the fourth-order bandpass sigma-delta modulator was calculated 
as a function of the radius (r) of the poles of the INTF for a bandwidth of 10 kHz. From 
these results in combination with the simulation results it became clear that r = 0.6 
is a good choice. With this choice the SIN-ratio of the fourth-order bandpass sigma
delta modulator is calculated as a function of the input signal level relative to !A;. The 
bandwidth was assumed to be 9 kHz. The highest SIN-ratio of the fourth-order bandpass 
sigma-delta modulator was calculated to be 99 dB for a relative input signal level Ps = -
3 dB. 

The second-order bandpass sigma-delta AID converter was implemented with the INTF
poles located at the origin of the z-plane. The fourth-order bandpass sigma-delta AID 
converter was implemented with the INTF-poles located at Zl,2 = (0.6)e jlfo and Z3,4 = 
(O.6)e- jOo in the z-plane. 

The conversion of the loop filters was based on the impulse invariant design technique. 
A conversion formula suitable for our sigma-delta configuration was found in [5). The 
loop filter G(s) of the second- and fourth-order sigma-delta AID converter were designed 
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with LC-drcuits. By varying the value of L, the tuning frequency was adjustable. Imple
mentation measures were taken in order to improve the Q-factor of the LC-circuits. One 
of these measures was using a follower in the LC-circuit. It became clear that parasitic 
capacitors in the follower have a large influence on the phase characteristic of the total 
LC-circuit. Simulations were performed in order to investigate the influence of parasitic 
capacitors. The measured phase and amplitude characteristics of the separate LC-circuits 
were in agreement with the simulated characteristics. By adjusting a resistor used in the 
follower it was possible to add a phase shift to the total phase characteristic of the LC
circuit. A phase shift between 0 and 9 degrees could be added for a tuning frequency of 1.1 
M Hz. Slight adjustment of the phase shift was necessary in order to allow the fourth-order 
sigma-delta AID converter function correctly_ 

Measurements showed that the second-order bandpass sigma-delta AID converter switches 
to idle-channel condition for an input signal level smaller than -53 dB relative to !A~. The 
idle-channel condition to which the converter switches depends on the offset voltage at the 
input of the comparator and on the total delay in the sigma-delta loop. The limit cycle 
frequencies which occurred during the measurements were ~ fa, lfs and after applying an 
external offset voltage to the input of the comparator a limit cycle frequency of if a was 
obtained. 

The measured output spectra of the second-order and fourth-order bandpass sigma-delta 
AID converters were in agreement with the simulated output spectra. However, the depth 
of the hole in the output spectrum however became less at larger input signals. This is 
caused by distortion signals in the circuit and cross-talk between the signals. The influences 
of these effects can be made smaller by better circuit lay-out, using shorter wires and using 
shielded cables. 

The measured SIN-ratio of the second-order bandpass sigma-delta AID converter is too 
high in comparison with the theoretical SIN-ratio. The difference is ascribed to correlation 
between the signal and the error of the quantiser. The measured maximum of the S/N
ratio of the second-order bandpass sigma-delta AID converter occurred at an input level 
of l:l dB re1ative to !A; instead of an input level of -3 dB. This difference was caused by 
poor circuit layout. 

The measured SIN-ratio of the fourth-order bandpass sigma-delta AID converter is too 
Jow in comparison with the theoretical SIN-ratio. This difference is probably caused by the 
distortion signals in the circuit and cross-talk between the signals. The used components 
were actually not suitable but were chosen because no alternatives were available. 

7.2 Recommendations 

More research is recommended in order to investigate the relation between the noise model 
and the stability model. In the noise model a gain cq is used representing the signal
dependent gain of the quantiser. Energy equations for the sigma-delta modulator lead 
to several solutions for cq dependend on the loop filter function and the input signal of 
the converter. More research has to be done in order to determine constraints for the 
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appropriate solution(s) of cq • 

In future implementations of the bandpass sigma-delta converter it is recommended to 
use appropriate components. Especially the comparator of the bandpass sigma-delta AjD 
converter is a critical part in the implementation. A high precision comparator with no 
hysteresis and internal offset voltage is preferred. Care should be taken with the total 
phase shift in the sigma-delta loop. Especially the total phase shift in the loop of the 
fourth-order sigma-delta AjD converter is a critical element for the correct operation of 
the converter. Possibilities for slight adjustments of the phase-shift are recommended. 
Furthermore the use of a good one-bit DjA converter is recommended. A one-bit DjA 
converter comparable to the DAC-7 is preferred. The DAC-7 itself is not appropriate 
because this DjA converter has a delay of at least one sample period. 
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A Simulation programs. 

A.I Simulation program for a second-order bandpass sigma-delta mod
ulator. 

program sigmadelta(input.output); 
{ 2nd order sigma-delta modulator } 

VAR inputvalue,ampl,x.AI 
alfa.beta.teta 
pi. twpi ,ph 
lim_in,lim_out,q_in 
f_in.f_sample,r 
t.samples 
q_out 
n 
d 
a 
b 
c 
inp,out.testl,test2 

PROCEDURE input; 
begin 

WRITE ('Number of samples 
READLN (samples); 

DOUBLE; 
DOUBLE: 
DOUBLE; 
DOUBLE; 
DOUBLE; 
INTEGER32; 
INTEGER32; 
ARRAY[O .. 10] 
ARRAY[O .. 10] 
ARRAY[O .. 10] 
ARRAY [0 .. 10] 
ARRAY[O .. 10] 
TEXT; 

WRITE ('Frequency input signal in kHz 
READLN (f_in); 

REPEAT 
begin 

OF 
OF 
OF 
OF 
OF 

WRITE ('Sample frequency in kHz, not zero 
READLN(f_sample); 
end; 

UNTIL (f_sample <> 0); 

WRITE ('Amplitude input signal (max. 1.0) 
READLN (ampl); 

WRITE ('Tata in cos(pi*teta) 
READLN (teta); 
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DOUBLE .- [* of 0] ; 
DOUBLE .- [* of 0] ; 
DOUBLE := [* of 0] ; 
DOUBLE := [* of 0] ; 
DOUBLE := [* of OJ; 

: ' ) ; 

: ' ) ; 

: ' ) ; 

: ,) ; 

: ') ; 



WRITE ('radius pole INTF 
READLN (r); 
WRITE ('angle pole INTF 
READLN (alfa); 

end; {input} 

procedure initialize_inout; 
begin 

OPEN (inp.'sigmadelta.in','unknown' ); 
rewrite(inp); 

OPEN (out,'sigmadelta.out','unknown' ); 
rewrite(out); 

OPEN (testl,'limiter.in'.'unknown' ); 
rewrite(testl); 

OPEN (test2,'quantisator.in','unknown' ); 
rewrite(test2) ; 

t:=O; 
pi:=4.0*arctan(1.OOOOOOOO); 
twpi:=2.0*pi; 
ph:=twpi*f_in/f_sample; 
lim_out:=O; 
q_out: =-1; 

end; {initialize_inout} 

begin {main} 
input; 
initialize_inout; 

Al:=5; 

x:=eos(pi*teta); 

{coefficients loop filter G} 
c[1]:=-2*r*cos(pi*alfa); 
c[2]:= r*r; 
b[l]:= -2*x; 
b [2]:= 1; 
a [0] := e[t] - b[l]; 
a[t]:= e[2] - b[2]; 
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: ' ) ; 

: ' ) ; 



WHILE t <= samples DO 
begin 

end. 

inputvalue:=ampl*sin(ph*t); 
writeln(inp,inputvalue); 

n[O]:=inputvalue - q_out; 

{numerator loop filter G} 
n[4] :=n[3]; 
n[3] :=n[2] ; 
n[2] :=n[l]; 
n[l] :=n[O] ; 

{denominator loop filter G} 
d[4] :=d[3]; 
d[3] : =d[2] ; 
d [2] : =d[l] ; 
d[l] :=d[O]; 

{transfer filter G} 
d[O]:= a[O]*n[l] + a[1]*n[2] - b[l]*d[l] - b[2]*d[2]; 

lim_in:= d[O]; 
writeln(testl,lim_in); 

{limiter} 
if (lim_in> AI) then lim_out:=AI; 
if (lim_in<-AI) then lim_out:=-AI; 
if Clim_in< AI) and (lim_in>-AI) then lim_out:=lim_in; 

q_in:=lim_out; 
writeln(test2,q_in); 

{quantiser} 
if q_in>O then q_out:=l else q_out:=-l; 
writelnCout,q_out); 

t:=t+l; 
end; 
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A.2 Simulation program for a fourth-order bandpass sigma-delta mod
ulator. 

program sigmadelta(input,output); 
{ 4th order sigma-delta modulator} 

VAR inputvalue,ampl,x,AI 
alfa,beta, teta 
pi,twpi,ph 
lim_in,lim_out,q_in 
f_in,f_sample,ra,rb 
t,samples 
q_out 
n 
d 
a 
b 
c 
inp,out,testl,test2 

PROCEDURE input; 
begin 

WRITE ('Number of samples 
READLN (samples); 

DOUBLE; 
DOUBLE; 
DOUBLE; 
DOUBLE; 
DOUBLE; 
INTEGER32; 
INTEGER32; 
ARRAY[O .• 10] 
ARRAY [0' .. 10] 
ARRAY [0 .. 10] 
ARRAY[O .. 10] 
ARRAY [0 .. 10J 
TEXT; 

WRITE ('Frequency input signal in kHz 
READLN (f_in); 

REPEAT 
begin 
WRITE ('Sample frequency in kHz ,not zero 
READLN(f_sample); 
end; 

UNTIL (f_sample <> 0); 

WRITE ('Amplitude input signal 
READLN (ampl); 

WRITE ('Teta in cos(pi*teta) 
READLN (teta); 

WRITE ('radius first pole 
READLN (ra); 
WRITE ('angle first pole 
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OF DOUBLE := [* of 0] ; 

O~ DOUBLE := [* of 0] ; 

OF DOUBLE := [* of 0] ; 

OF DOUBLE := [* of 0] ; 
OF DOUBLE := [* of 0] ; 

: ' ) ; 

: ' ) ; 

: ' ) ; 

: ') ; 

: ' ) ; 

: ' ) ; 

: ' ) ; 



READLN (alta); 

WRITE ('radius second pole 
READLN (rb); 
WRITE ('radius second pole 
READLN (beta); 

end; {input} 

procedure initialize_inout; 
begin 

OPEN (inp,'sigmadelta.in','unknown' ); 
rewrite (inp) ; 

OPEN (out,'sigmadelta.out','unknown' ); 
rewrite(out): 

OPEN (testl,'limiter.in','unknown' ); 
rewrite(tes'tl) ; 

OPEN (test2,'quantisator.in' ,'unknown' ); 
rewrite(test2); 

t:=O; 
pi:=4*arctan(1.00000000); 
twpi:=2*pi; 
ph:=twpi*f_in/f_sample; 
lim_out:=O; 
q_out:=-l; 

end; {initialize_inout} 

begin {main} 
input; 
initialize_inout; 

Al:=5: 

x:=cos(pi*teta); 

{coefficients loop filter H} 
c[1]:=-2*ra*cos(pi*alfa)-2*rb*cos(pi*beta); 
c[2]:= ra*ra + rb*rb + 4*ra*rb*cos(pi*alfa)*cos(pi*beta); 
c[3]:=-2*ra*rb*rb*cos(pi*alfa) - 2*rb*ra*ra*cos(pi*beta); 
c[4]:= ra*ra*rb*rb; 
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: ' ) ; 

: ') ; 



b [1] : =-4*x ; 
b[2]:= 2 + 4*x*x; 
b [3J : =-4*x; 
b [4J : = 1; 
a[O]:= e[l] - b[l]; 
a[l];= e[2] - b[2]; 
a[2J:= e[3J - b[3J; 
a[3J;= e[4J - b[4J; 

WHILE t <= samples DO 
begin 

inputvalue:=amp1*sin(ph*t); 
vriteln(inp,inputva1ue); 

n[O]:=inputvalue - q_out + lim_out; 

{numerator loop filter H} 
n[4J :=n[3J; 
n[3]:=n[2J; 
n[2J :=n[l] ; 
n[l] :=n[OJ; 

{denominator loop filter H} 
d[4] :=d[3J; 
d [3J : =d [2J ; 
d[2] :=d[l] ; 
d[l] :=d[O]; 

{transfer filter H} 
d[O]:= a[OJ*n[l] + a[l]*n[2] + a[2J*n[3] + a[3]*n[4J -

c(lJ*d[lJ - c[2]*d[2J - c[3J*d[3J - c[4]*d[4J; 

lim_in:= d[O]; 
vrite1n(testl,lim_in); 

{limiter} 
if (lim_in> AI) then lim_out:=Al; 
if (lim_in<-Al) then lim_out:=-Al; 
if (lim_in< AI) and (lim_in>-AI) then lim_out:=lim_in; 

q_in:= d[O]; 
vriteln(test2,q_in); 

{quantiser} 
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end. 

if q_in>O then q_out:=l else q_out:=-l; 
writeln(out,q_out); 

t:=t+l; 
end; 
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B Calculation of Int as a function of cq 

In this appendix the valUE' of Int is calculated as a function of cq• The value of cq was 
varied linear from 0 to .5 with a stepsize of 0.01. Int is defined by 

r 1 
Int = Jo 11 + cqG(e) 12d8 (173) 

At each calculation of Jnt for a certain value of cq the integral was calculated for e varying 
from 0 to 11" in 1000 steps. 

B.I Calculation results for the second-order bandpass sigma-delta mod
ulator 
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B.2 Calculation results for the fourth-order bandpass sigma-delta mod
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C Conversion of the loop filter from the z-domain to the 
s-domain 

C.I Conversion of the second-order loop filter 

The conversion formula is 

, -1 . e!AT G('x) 
CT(Z) = Z L res'tdues .. oj..! _ eAT z-l .. at..poles .. of .. G('x) (174) 

Assumed is an analogue loop filter G( s) equal to 

G(s) = K (s - n) 
(s - Pl)( S - P2) 

Poles PI and P2 are assumed to form a conjugate pair. 

PI = +jb 

P2 = -jb 

~AT 

The residues of ~~ex¥:~l at poles of G('x) are 

and 

Ke8P1T(pl - n) 
resl = -:-(1---ep- 1'::;;'T:"":)(-Pl----'-P2-:') 

The sum of these two residues times z-l is 

(17.5 ) 

(176) 

(177) 

(178) 

(179) 

K (eoP1T(pI - n) - e8P2T(P2 - n»z - eOP1T(PI - n)eP2T + eOP2T{P2 - n)eP1T 

(PI - P2) (z - eP1T)(z - eP2T ) 
(182) 

Because this result must be equal to G(z) we obtain 
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This means 

P1T = +j9o 

P2T = -jOo 

(183) 

(184) 

bT = 00 (185) 

By substituting PIT and P2T by (183), (184) and (137) we obtain 

eOP1T(Pl - n) - e6P2T(p2 - n) = 2jbcos(69o) - 2jnsin(69o ) (186) 

and 

so 

(188) 

From this last equation follows that the zero of G(z) must be equal to 

(190) 

By filling in 6=0.5 we get 

1 + .!1tan( 1(0 ) z - b 2 
0- 1 n (Ill) - btan '2uo 

(191) 

According to the design is the zero of G( z) 

(192) 

From (191) and (192) we obtain a relation between the zero in the z-domain and the zero 
in s-domain: 

n r + 1 - 2cos(Oo) COS ( !Oo) 
b = r + 1 + 2cos(Oofsin(19o) 
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C.2 Conversion of the fourth-order loop filter 

The conversion formula is 

" -1"" ~JXTG(A) G'( ) G(z) = z L...t reszdues .. of··l _ e~T Z-1 •• at .. poles .. of·· 7 A ( 194) 

In the z-domain we have a loop filter G(z) with one real zero and two complex zeros. 
The analogue loop filter G(s) must therefore also have one real and two complex zeros. 
Assumed is an analogue loop filter G(s) equal to 

We will assume n} to be real and n2,3 to be complex according to 

n2,3 = rn ± -j.in 

Poles PI and P2 are assumed to form a conjugate pair. 

PI = +jb 

P2 = -jb 

The residues of ~!:;~;j at poles of G(A) can be determined by using 

1 { d
m

-
1 

} res[f(z); a] = ( )' lim -d 1 [(z - a)m fez)] m -1 . z-a zm-

(195) 

(196) 

( 197) 

(198) 

(199) 

in which a =F 00 is a pole of order ll1 of the function fez). The residues of ~!:;f}~~ at poles 
of G(A) are 

(200) 

(201) 

Calculation of reSt results in 

(202) 
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We will definE' 

so 

E(>.) = A(>.)B(>.) 

E'(>.) = A'(>.)B(>.) + A(>.)B'(>') 

F(>') = C(>.)D(>.) 

F'(>') = C'(>.)D(>.) + C(>')D'(>') 

A( >.) = e6AT 

A'(>') 8TeoAT 

( 3 2 B >.) = >. - >. (nl + n2 + n3) + >'(nln3 + n2n3 + nln2) - n}n2n3 

B'(>') = 3>.2 - 2>'(nl + nz + n3) + n}n3 + n2n3 + nlnZ 

C(>') = 1 - eAT Z-l 

C'(>.) = -TeAT Z-l 

Dz(>') = (>. - P2)2 

D~(>') = 2(>. - pz) 

= lim KF(>')E' (>') - F'(>.)E(>.) 
A-PI F( >.)2 

(204) 

(205) 

(206) 

(207) 

(208) 

(209) 

(210) 

(211) 

(212) 

(213) 

(214) 

(215) 

(216) 

(217) 

= lim l(e AT z-1(TD2(>.)E(>.) + D~(>'}E(>') - D2(>')E'(>')) + Dz(>.)E'(>') - Dz(>.)E(>.) 
A-Pl (1 - eAT Z-1)2 D2(>.)2 

(218) 
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;::: J(eP1T z-l(T D2(pdE(pt} + D~(Pl)E(Pl) - D2(pdE'(Pl)) + D2(pt}E'(pt} - D~(pdE(pd 
(1- ePITz-l)2D2{PJ)2 

(219) 

ResiduE' rf::S2 can be calculated in the same way and is equal to 

In the equation for res2 is 

(221 ) 

and 

D~(p2);::: 2(P2 PI) (222) 

The sum of res I and reS2 is equal to 

(223) 

Because 

(224) 

the sum of residues can be simplified. We obtain 

with 

K2(pd = TD2(Pl)E(pd + D~(Pl)E(pd - D2(pt}E'(Pl) (226) 

L2(Pl) ;::: D2(pdE'(pd - D~(Pl)E(PI) (227) 

K1(P2);::: TD1(P2)E(P2) + Di(p2)E(p2) - D1(P2)E'(P2) (228) 

L1(P2) D1 (P2)E'(P2) D~(p2)E(P2) (229) 

Further evaluation of this equation and by multiplying numerator and denominator by z4 

we obtain 
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(2:30) 

with 

T(z) = coilz3 + CO/zZ
2 + cohz + COl4 (231) 

colt = L2(pd + L1(P2) (232) 

co/z = eP1T K2(pt} + eP2T K1 (P2) - 2L2(Pl)eP2T - 2L1(P2)eP1T (233) 

coh = LApt}e2P2T + Ll(pz)eZPlT - 2!(z(Pl)eP1T eP2T 2Kl(pz)eP2TePlT (234) 

(23.'» 

Because this result must be equal to G( z) we obtain 

This means 

PIT = +jOo 

pzT = -jOo 

(236) 

(237) 

(238) 

and the coefficients of the numerator become 

coil = L2(Pl) + L1(pz) (239) 

coh = e+jOo K2(pt} + e-jOoK1(pz) - 2L2(pJ)e- jfio - 2L1(pz)e+ j
(Jo (240) 

coh = Lz(pt}e-Zjfio + L 1(pz)e+2jfio - 2K2(pd - 2Kl(PZ) (241) 

COl4 = KZ(PI)e- j9o + K1(pz)e+j9o (242) 

With the help of a computer program and mathematica the solutions of 

T(z) = 0 (243) 

were calculated as a function of Do at different values of rn and nt. These solutions must 
become equal to the zeros of the dpsigned G(z). 
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C.3 The zeros of G(z) calculated with the conversIOn method 

In this appendix the zeros of the fourth-order loop filter G(z) are calculated as a function 
of e, This G(z) was the result of the conversion method in which a fourth-order loop filter 
G( s) was used as a starting point. The zeros of G( s) are determined by rn and nl' For 
different values ttl and r'n difff'rent loop filters G(z) are obtained. 

~roAC'alC'ulatlon ACC'ortlLU'/.9 to the conVerS.lon _ethod. 
CalculatIon of tM Z-er'08 for nl : -1. m " .. 1 •• « ft.UlctlorJ of tb.ta. 
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:'E-r .>~.~~,: dcccrdlng !:o the converSlor; met:hod. 
(' ... ::;-.;;,'tt: :<:-r: ~h,,;. :€->rC$ for- nl -le-OS. rn :::: ~1E>05 dS a function of the-ca. 
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Z~ro-Cd: leu lot lon ,fIccord lng to the conyers 10n ffiE'thod. 
Calcu!<'tlcr: ~f ':::h1?' :eros for n1 :: "'le06, rn :: ~lQO as a functlon of theta. 
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D Simulation schematics and results of the LC-circuit 

D.I Simulation of the LC-circuit for several values of Cs• 

Simulation schematic of the Le-circuit for several values of Cs. 
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D.2 Simulation of the LC-circuit for several values of lk and R i • 

Simulation schematic of the LC-circuit for several values of I4> and R7. Capacitor C2 and 
C5 have a value of 100 nF. 
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E Measurement results of the second-order bandpass sigma
delta AID converter 

E.1 The amplitude and phase characteristic of the second-order loop 
filter 
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F Measurement results of the fourth-order bandpass sigma
delta AID converter 

F.l The amplitude and phase characteristic of the first LC-circuit 
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