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Summary

Tyre wear is hard to predict and difficult to understand.The tyre behavior is effected
by changing circumstances like: Routes and style of driving, road surface, season,
the vehicle and the tyre itself.

The aim of this project is to improve the understanding of the irregular tyre
wear problem. This is done by using tyre simulation models which help to analyze
the possible origin and solutions to irregular tyre wear. Experiments are performed
to verify the correlation between the theoretical model and the experimental data.
The central question of this research is: What causes irregular tyre wear and what
can be done to prevent it?

Irregular tyre wear is expected to be a dynamical phenomenon which is caused
by vertical force variations as a result of vertical natural frequencies of the belt,
sprung mass and unsprung mass.

An abrasive wear model which is focussed on a local scale represents the tyre
wear. This wear model provides more wear at a local lower normal force, which
agrees with assumptions from actual field data. Measurements show that this wear
model is in some areas in line with the measurement data. These similarities show
that local vertical force variations as a result of vertical natural frequencies are a
highly plausible cause of dynamic irregular wear. The conclusions are however
based on experiments with one tyre. More experiments in future research will
need to point out if the dynamic irregular wear phenomenon really appears.

The simulation models are used for a parameter study to find out how different
parameters influence the irregular wear phenomenon. The most effective parame-
ter to reduce irregular tyre wear is the initiation, because this is what starts the
wear problem. A decreasing initiation length and height leads to less wear. Irregu-
lar wear noticeably increases with an increasing wear exponent, residual stiffness,
camber angle, toe angle, belt mass and a decreasing sidewall damping coefficient.
Having an integer number of harmonics of the vertical natural frequencies at one
tyre revolution leads to an extra wear increment.

A suggestion for future research is to focus on getting a better understanding
about the behavior of the contact patch. It is also possible that a similar phenom-
enon appears as a result of force variations due to natural frequencies in the lateral
and longitudinal direction.
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1 Introduction

1.1 Motivation

Tyres are one of themost important parts of road vehicles, because tyres provide the
only connection between the vehicle and the road. Therefore it is important to have
a good understanding of the behavior of these important parts. It is however hard
to precisely predict the actual behavior of a tyre. A tyre consists of many different
components and materials. The main component of a tyre is a rubber material.
The behavior of rubber materials is hard to predict, because it is has viscoelastic
proporties and it is sensitive to temperature changes. The tyre’s behavior is also
affected by the car and environment, which continuously change.

Tyre wear is one of the phenomena which is hard to predict and understand.
Tyre wear can roughly be divided into two categories: regular tyre wear and irreg-
ular tyre wear. Regular tyre wear shows an even wear on the circumference of the
tyre. Irregular wear on the other hand results in local spots on the tyre which wear
faster than other spots. Tyre wear is generally a combination of a regular and an
irregular wear phenomenon.

Figure 1.1: Example of irregular tyre wear

Problems with irregular tyre wear mainly occur at the (undriven) rear wheels of
a front wheel driven car. Figure 1.1 shows an example of an irregular worn tyre. The
figure shows the wear of the entire tread, whereas the black spots are more worn
than the lighter areas. These spots generally produce extra tyre noise, which makes
driving less comfortable. Not much is known about the origin of these spots, but
every tyre manufacturer is faced with this problem. This resulted in this master
project which has been done in close cooperation with Vredestein tyres.

1.2 Problem statement

There are not many researches about irregular tyre wear publicly available. The
available information mainly consists of practical knowledge. Irregular wear types
which consist of wear spots on the circumference of the tyre are expected to be a
dynamical phenomenon.

The aim of this project is to get a better understanding on the dynamical irreg-
ular tyre wear problem. The investigation needs to be done by using analytical tyre
simulation models. The models should help to visualize the possible origin and
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solutions of irregular tyre wear. Experiments are executed to verify the theoretical
simulation models.

The central question is: What causes irregular tyre wear and what can be done
to prevent it?

1.3 Outline of this report

The second chapter of this report covers a literature study which is divided in three
different sections. The first section is about tyre wear, where the wear mechanism
of rubber and wear models are discussed. The second section covers different fric-
tion models. The last section is about tyre simulation models. These tyre mod-
els are divided into three different approaches: lumped parameter models, semi-
analytical approaches and full finite element method (FEM) analysis.

The third chapter describes the development of the applied simulation mod-
els. The models are divided into two main sections: tyre models and quarter car
models. Both sections start with the equations of motion of the model, which is
followed by a Matlab/Simulink model corresponding to the equations. The next
section discusses a linearized variant of the model. The linear models are applied
to investigate the stability of the model.

The fourth chapter covers the experiments which were executed to find out if
dynamic irregular wear can be reproduced on a laboratory test rig. This chapter
starts with the test set up, which is followed by the experimental results. The last
section of this chapter discusses the correlation between the simulation results and
the experimental results.

The fifth chapter consists of a parameter study with the simulation models. In
the final chapter the conclusions and recommendations are given.
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2 Literature survey on tyre wear

2.1 Tyre wear

According to Maître [16] there are five important sources which cause wear: Routes
and styles of driving, road surface, season, the vehicle and the tyre itself. The
variation in wear rate due to driving style can be up to a factor 6. Whereas the effect
of the driven course, independent of the road surface material, leads to 10 times
more wear. The road surface characteristics (friction, abrasion) leads to 3 times
more wear. The main season dependent wear parameters are the temperature and
humidity. The wear rate can be twice as high because of humidity. According to [22]
differences in temperature can also lead to 2 times more wear. The average life of a
tyre may vary within a range of 50%, depending on the vehicle characteristics. The
vehicle weight, suspension and steering geometry have the most influence. The
tyre itself has also a major effect on wear. The most important parameters acting
on wear are the stiffness, geometry, tread and material characteristics. Because tyre
wear is depending on so many parameters, it is difficult to predict. The only way
to master the problem is by making assumptions and neglecting some of these
parameters. That is why the focus in the next chapters will lie on the influences of
stresses and the interaction between tyres and road surface.

The different causes of wear lead to different types of wear, the most common
sorts are described in appendix A. Many of these irregular wear phenomena seems
to have a dynamical characteristic. These sorts of tyre wear will from now on be
mentioned as dynamic irregular wear.

2.1.1 Rubber wear

Wear of rubber elements is considered to be a result of the energy dissipation be-
cause of friction. Friction of rubber materials can be divided into two main phe-
nomena, i.e. adhesion and hysteresis. This is shown in the diagram of Figure 2.1.
The adhesion phenomenon is a molecular kinetic stick-slip situation between the
rubber and the contacting surface. Hysteresis is a phenomenon within the sliding
rubber.

2.1.2 Abrasive wear

Adhesion occurs when two solid surfaces slide over each other under pressure.
Temporary bonding appears between molecules of a sliding rubber surface and
a contact surface due to the high pressure. The bonds are torn apart due to the
continuing sliding, which results in abrasive wear. The conditions of both surfaces
influence the intensity of the adhesion effect. When both surfaces for instance
have a perfectly smooth texture, like high hysteresis rubber on glass, both surfaces
will be totally in contact. The resulting maximum possible contact area leads to a
maximum adhesion force. High sliding velocities of rubber on smooth surfaces
can lead to so called Schallamach waves of detachment [28].
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Figure 2.1: Schematic diagram of the friction and wear mechanisms in rubber-
like materials [18]

This is however not a common situation of adhesion for a road tyre. The sliding
velocity is in reality not high enough and both the tyre surface and especially the
road surface are too rough on a microscopic scale. Microscopic harsh textures,
like asphalt, lead to local adhesion by the roughness peaks of the materials which
results in abrasion. The adhesion depends on texture properties, rubber properties
and especially the vertical load and the sliding velocity.

Figure 2.2: Area of adhesion at different load situations [10]

Figure 2.2 shows the influence of the vertical load on the area of adhesion.
Larger vertical loads squeeze the rubber material more between the irregularities
of the road surface. This increases the overall contact area which results in more
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and stronger bonds and more adhesion and abrasion as a result.
A higher sliding velocity tears the temporary bonds between the tyre and contact

surface apart faster. This leads to higher abrasive forces and more abrasive wear as
a result.

2.1.3 Hysteresis wear

Friction and wear on rough textures are not only generated by adhesion forces.
At rough textures the tyre will also wear because of deformation which results in
fatigue. Hysteresis wear originates from the penetration of the texture peaks of the
road surface into the rubber. The rubber will drape around these peaks as a result
of the viscoelastic behavior. This leads to high deformation at the rising slopes
and low deformation at the falling slopes. Because the rubber material slides over
these slopes, this leads to a pressure hysteresis in the rubber material which is
shown in Figure 2.3. Hysteresis wear is a relatively mild type of wear, it is however
continuous.

Figure 2.3: Deformation forces which lead to hysteresis wear [10]

2.1.4 Overall wear mechanism

Dividing rubber friction into adhesion and hysteresis is used to identify the two
main wear components. Tyre wear is mainly a combination of abrasive and fa-
tigue wear. The extent and combination of these two sorts of wear depends on the
surface. In case of a tyre on asphalt abrasive wear is combined with fatigue wear.
Fatigue wear will be negligible for low test distances, because it is negligible to the
more severe abrasion wear. Fatigue wear can have an effect at longer test intervals,
because of the continuous nature of this type of wear.

2.2 Wear models

Irregular tyre wear reveals itself as local spots which wear faster and is therefore
probably dominated by abrasive wear. Most wear and friction theories of rubber
are based on abrasive wear. That is why the focus of this chapter lies on adhesive
wear models. The most general adhesive rubber wear model is the wear law of
Archard [15]:
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∆H = k∗adh

pavs

HM
(2.1)

with ∆H as the amount of wear which is expressed in [m] and k∗adh as the
dimensionless specific wear factor of adhesion and abrasion. Furthermore pav rep-
resents the mean apparent pressure [N/m2], s the sliding distance [m] and Hm the
hardness of the softest contact patch [N/m2]. This wear model provides a linear
relation between the amount of wear and a combination of the sliding distance and
the mean apparent pressure.

Schallamach did research on the wear of slipping wheels [27]. He used an ex-
pression which has a similar structure as the wear model of Archard. The expres-
sion of Schallamach is however concentrated on tyre wear instead of rubber wear
in general. He derived the following general abrasion model:

A = γsFn (2.2)

where A denotes the abrasion quantity, γ the abrasion per unit energy dissipa-
tion, s the sliding distance and Fn the normal force. Schallamach does however
not mention the units of these parameters. According to this model, the abrasion
quantity is proportional to the sliding and the normal force. These parameter are
already mentioned in Section 2.1.2 as the most important factors of abrasive wear.

Shepherd [30] has used the wear model of Schallamach (2.2) to model diagonal
wear under certain conditions like toe and camber variations on a non driven axle:

W = BC
K (σlat − σth)σn

z , σlat > σth

W = 0, σlat ≤ σth
(2.3)

σz

σth

σz

σlat

σ σlat th≤

no sliding

s
lid

in
g

σth

σlat

σ σlat th>

sliding

Figure 2.4: Sliding according to Sheppard’s wear model

where W defines the wear increment [m], σlat the tangential stress [N/m2], σth

the threshold stress [N/m2] and σz the normal stress [N/m2]. Furthermore the
terms B,C and K respectively represent the abrasion coefficient, contact area [m2]
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and shear stiffness of the block. Shepherd does not mention the units of the B and
K. Shepherd considers sliding to appear when the lateral stress is larger than the
threshold stress. The rubber is considered to be not sliding when the lateral stress
is lower than the threshold stress. In that case there will not be abrasive wear at all.
This phenomenon is illustrated by Figure 2.4. The threshold stress is calculated
by σth = µ0σz , where µ0 is a constant coefficient of friction [−]. The difference
between the lateral stress and the threshold stress is assumed to be the sliding
stress. This sliding results in an abrasive wear increment, which he considers as a
local decrease in height.

The wear models of abrasion of Archard, Schallamach and Shepherd are appro-
priate for determining the wear on the total contact area of a tyre. Both have been
used in researches on tyre wear. Shepherd’s variant of the abrasive wear model is
also suitable for modeling abrasive wear on a local scale. The irregular tyre wear
problem is considered to occur on a local scale, which is why the Shepherd’s wear
model seems to be the best base for the irregular wear model.

2.3 Friction models

The wear law which has been used by Shepherd, determines the lateral sliding by a
the difference between a lateral stress and a threshold stress. The threshold stress
is calculated by multiplying the normal stress with a friction coefficient. Friction
coefficients mainly describe a friction model. In case of rubber materials, these
models become more complicated because of the viscoelastic behavior of the ma-
terial.

The most simple friction model is the Coulomb friction formulation, which is
also known as the dry friction formulation:

µ(vr) =
{

µs for vr = 0
µk for vr > 0 (2.4)

with µ denoting the friction coefficient and more specific the static friction co-
efficient µs and the dynamic friction coefficient µk, which are all dimensionless.
Furthermore the relative sliding velocity of the contact surface vr is expressed in
[m/s].

According to this friction model, the friction coefficient depends on the relative
sliding velocity. The µ equals the static friction coefficient when the velocity equals
zero. The kinematical friction occurs at sliding velocities larger than zero.

The Coulomb friction is graphically presented as FC (dotted line) in Figure 2.5a.
The major downside of the coulomb friction model is the implementation at zero
velocity. The static friction is namely not uniquely defined at zero velocity, which is
clearly visible in Figure 2.5a.

The solid curve in Figure 2.5a represents a more extensive representation of the
static friction. This curve contains the stick in the zero-velocity region, the Stribeck
friction at low vr and the viscous friction at higher velocities. In this figure FS is
the maximum static friction force and vs the Stribeck velocity. This solid curve is
described by the following equation:
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Figure 2.5: Illustration of different static(a) and dynamic (b-d) friction effects
[6]

F (vr) =
[
FC + (FS − FC)e−|vr/vs|δ + σ2 |vr|

]
sgn(vr) (2.5)

where (σ2|vr|) is the viscous friction term and δ is the Stribeck exponent, which
typically lies between 0.5 and 2.

The stick in the zero-velocity region however is physically better described when
the dynamics are taken into account, as shown in Figure 2.5b. This curve, known
as the Dahl model, corresponds to the hysteric stress-strain curve. This curve de-
scribes the process of elastic and plastic horizontal deformation of the sliding con-
tacts. It implies that before real sliding occurs, there is a relative displacement.

Figure 2.5c shows the variable breakaway force, which decreases from the max-
imum static force FS to the coulomb friction force FC as the time derivative of the
applied force increases. Figure 2.5d shows the frictional lag effect, which is the
low speed friction response with respect to periodic change of relative speed that
closes a hysteretic loop around the static friction curve. The loop is wider for higher
frequencies of the relative speed.
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2.4 Modeling tyres

Figure 2.6 shows a cross section of an automotive tyre. This figure gives a clear
indication of the complexity and number of components of a tyre. The main com-
ponent of a tyre is rubber. The proporties of rubber on its own are already difficult
to understand, because of its viscoelastic behavior and the sensitivity to tempera-
ture changes. Each of the other components also have their own material behavior
andmaterial proporties. This makes it hard to fully understand the overall behavior
of tyres. This problem can be solved by taking assumptions and focussing on the
part of interest.

Figure 2.6: Cross section of a tyre [35]

According to Chang [4] tyre modeling can be divided into three different ap-
proaches: Lumped parameter models, semi-analytical approaches, and full finite
element method (FEM) analysis. These three models represent three different ap-
proaches to model tyres.

2.4.1 Lumped parameter models

Lumped parameter models represent theoretical tyre behavior based on parameters
which are derived from experiments. The accuracy of lumped parameter models
strongly depends on the accuracy of the parameters. The main advantages of these
models is the reduction of a complex tyre problem to a manageable level, while
still enough realism is retained. That is because these models are simple and the
computational costs are low. Lumped parameter models are not detailed enough
to simulate all the complicated processes of the mechanical behavior of the tyre in
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detail. The models are however ideal to simulate specific tyre behavior by focussing
on the part of interest and by simplifying the other parts of the tyre.

One of these lumped parameter models is the rigid ring model. The tyre belt
is represented by a rigid ring which is suspended with spring-demper elements
to the rim and the road. The spring-damper elements represent the visco-elastic
behavior of the tyre sidewall and the pressure inside the tyre. The rigid ring model
is generally used to simulate the the dynamic behavior of the tyre belt.

The flexible circular ring model has a similar modeling approach as the rigid
ring model. This model simulates the flattening of the contact area and rolling
resistance of the tyre. The tyre tread is represented by a flexible ring, which is sus-
pended by a nest of radial arranged linear springs and dampers. The model’s ring
tension and radial foundation stiffness are obtained experimentally by performing
contact patch length measurements and static point-load tests on the specific tyre.
The radial foundation stiffness is related to the tyre’s inflation pressure.

There are many other sorts of lumped parameter models, but the rigid ring type
of models are mainly used for modeling the vertical dynamic behavior of a tyre. An
example of a fully empirical lumped parameter model is the the Magic formula
[21]. This tyre model deals with the tyre/road contact interface problem. The Magic
formula consists of a set of mathematical formulas, which express the lateral force,
longitudinal force and aligning moment. The tyre behavior is determined by fitting
measured data to the model parameters. A full set of Magic formula equations for
pure lateral forces is shown in Appendix B.

2.4.2 The semi-analytical model approach

A semi-analytical model is more detailed than the lumped parameter approach,
however not detailed enough to simulate the whole mechanical tyre phenomenon.
These kinds of models can also be seen as semi-FEM models. This approach
mainly consists of a global analytical model in combination with a more advanced
local model of the point of interest. These models can obtain the global results
fast, and can also capture the local detailed information where interested. Semi-
analytical models are also known as hybrid models, because they are a combina-
tion of different models. Most important advantage of these models compared to
the lumped parameter approach is that it takes more effects into account. It is a
good methodology to take care of both accuracy and computational efficiency in the
same time.

Nakajima [19] for instance developed a hybrid model which is part lumped pa-
rameter and part FEM. He used his model to do research on the impact of holes
and bumps on a tyre. He modeled the overall vertical tyre behavior by using a vis-
coelastic ring model. The contact model, which is where the focus of his research
lies on, has been modeled by using an FEM model.

2.4.3 The FEM model approach

The most detailed models are FEM models. The detail is the big advantage of this
model, it is however also the major drawback. The details make the model more
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complex which results in high computational costs. Because of the complex tyre
structure assumptions have to be made to reduce the development time.

Figure 2.7: FEM models, (a) simple tyre section mesh, (b) global-local approach,
(c) full detail FEM tyre model [5]

According to Cho [5] a 3D FEM model can be generated by a simple revolution
of a tyre section mesh which consists of membrane elements (Figure 2.7a). The
details in such a model are completely ignored, which benefits the total CPU time.
These simple models can only be used for basic tyre analysis, because of their
simplicity and inaccuracy.

To obtain a better view of the tyre’s performance, the footprint, contact pressure
andmore details need to be taken into account. For more detailed analysis, a global-
local approach can be used (Figure 2.7b). A part around the contact area of the
simplified model is separated and refined by inserting the detailed tread blocks.
The local model uses inputs from the simple global model to calculate the traction
and displacement boundaries. This is its weak point because the simulation results
are restricted to the simplified model.

To obtain predictions of the tyre characteristics with high accuracy, the complete
tyre needs to be modeled in detail (Figure 2.7c). The drawback of this approach is
complicated modeling which takes a lot of time. The number of DOFs is high
which leads to high computational costs.

The currently most used models to investigate tyre wear are the FEM models.
These models give the most detailed representation of the stress levels in the con-
tact patch. FEM models are however mainly used to do research on static and reg-
ular wear phenomena. The irregular wear is however expected to be a dynamical
phenomenon.

Simulating dynamic behavior with an FEM model would make this early stage
research on irregular wear unnecessary complex. The aim of this research is to
make an analytical model to obtain a better understanding on irregular wear. A
simple but effective lumped parameter model or a simple semi-analytical model
would be desired. The overall accuracy is not expected to be completely exact, but
representative. This model is considered to improve the understanding the dy-
namic irregular wear problem.
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2.5 Sueoka’s research on polygonal wear spots

Based on the literature survey, the most ideal analytical model for this research will
be a simple tyre model which describes the tyre behavior, like a lumped parameter
model, in combination with an adhesive wear model. Atsuo Sueoka has devloped
such a model in [31]. Sueoka is known for his pioneering research on wear pat-
tern formations at contact rotating systems. In [31] he has adapted his research to
automotive tyres.

Sueoka has analytically investigated the polygonal wear of a car and truck tyre at
a constant forward velocity. He believes polygonal wear is caused by vertical force
variation as a result of the first vertical natural mode of the tyre belt. In his model,
the tyre is approximated by a rigid ring model (Section 2.4.1) and the tyre wear is
approximated by a wear model with a time delay.

The rigid ring model consists of a single degree of freedom system of the tyre
belt in the vertical direction. The mass and stiffness of the system correspond to
the the first vertical natural frequency of the tyre belt. The normal force from the
rigid ring model is used as an input of the wear model. Sueoka has based his
wear model on Shephard’s abrasive wear model. The contact patch of the tyre is
approximated by a point contact, which changes the stresses of (2.3) into forces.
With some simplification this results in the following wear model:

U(t) = U(t− T ) + νβn{Fn(t)}n (2.6)

where U represents the wear quantity which is expressed in [m], t the time [sec]
and T the time delay [sec]. Furthermore ν defines the abrasion parameter [m/N ],
β is assumed to be some sort of a friction coefficient [−] , Fn(t) the normal force
[N ] and n the dimensionless wear exponent.

The wear quantity at time t consists of the wear of the previous revolution U(t−
T ) and wear increment at t. The time delay is the time of one tyre revolution.
The wear increment is considered to be caused by sliding in the lateral direction.
Sueoka linked the lateral sliding to the lateral force acting at the contact area. The
wear increment is calculated by multiplying the normal force Fn(t) with coefficient
β and the abrasion parameter ν. He considers than an increased normal force leads
to increased lateral slip which leads to a wear increment.

β = |asα + acγ| (2.7)

Coefficient β is assumed to be some sort of friction coefficient, which depends
on the toe angle α and the camber angle γ. The actual meaning of this parameter is
not described by Sueoka. Parameter β is calculated by using some sort of cornering
stiffness factor as and camber stiffness factor ac. It is also not clear how these
factors are determined.

The focus of Sueoka’s research lies on relating the forward vehicle velocity to
the number of wear spots at the circumference of the tyre. He has found out that
the number of spots at the circumference is equal to the imaginary part of the
unstable root. The equations of motion of the rigid ring model in combination
with the wear equation have been used to find the roots of the system. The system
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has an infinite number of roots because of the time delay in the wear model. He
has calculated the real part of the root for different imaginary parts by using an
iteration process. Sueoka has performed this process for different velocities which
leads to Figure 2.8.
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Figure 2.8: Stability and number of spots for a range of velocities [31]

Figure 2.8 is used to predict the number of wear spots which appears at a certain
velocity. The number of spots can be determined from this figure by going vertically
up at a certain velocity. The first intersection with an unstable area relates to the
expected spot number. At a velocity of 80 km/h for instance, the expected number
of spots is 8. It is not completely clear from this figure how many spots appear at
velocities with overlapping unstable areas.

It is however much easier to calculate the number of spots with:

number of spots =
7.2πrefn

Vx
(2.8)

where re is the wheel radius in [m], fn the vertical natural frequency of the tyre
belt in [Hz] and Vx the forward vehicle velocity in [km/h]. This equation provides
the exact number of spots without having the indistinctive situations of Figure 2.8.

The paper of Sueoka is not written from a vehicle dynamics point of view. In
particular the used terminology makes it sometimes hard to understand. The idea
behind Sueoka’s approach seems however to be a plausible cause of dynamic irreg-
ular tyre wear. Therefore the modeling approach of this research is based on the
model of Sueoka, but with some changes based on the results from the literature
survey. The used rigid ring model is simple but effective to simulate the dynamic
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vertical tyre behavior. The model is linked to an abrasive wear model, which is
expected to be the dominant wear phenomenon. An additional advantage of us-
ing a rigid ring model is the available knowledge of such models at the Eindhoven
University of Technology.
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3 Development of analytical models

The analytical model of this research has to provide a better understanding of the
dynamic irregular tyre wear problem. Atsuo Sueoka’s [31] modeling approach is
used as a basis to develop the analytical models. His tyre model is based on a rigid
ring model in combination with an abrasive wear law.

This chapter will describe two different analytical models, the tyre model and
quarter car model. Each set contains a model for linear and non-linear situations.
The linear models are easier to implement and are used for determining the stabil-
ity.

3.1 Tyre model

Sueoka [31] considers the first vertical natural frequency of the tyre belt as a cause
of polygonal wear. His model, which is used as a basis of the analytical models,
is based on a rigid ring model. The model represents the first vertical natural fre-
quency of the belt. The mass of the tyre belt is isolated from dynamical influences
of other components like the suspension movement. The belt mass mb is approxi-
mated to be suspended between two rigid boundary conditions i.e. the rim and the
road. The setup of the tyre simulation model is shown in Figure 3.1. In this model
the interaction between the road and the tyre is approximated by a point contact.

(a) (b)
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Figure 3.1: (a) Schematic view of the tyre model, (b) Free body diagram of the
tyre model

21



The displacement of the axle Za is considered as a static displacement which is
caused by the constant vertical force Fl0 which acts on the axle. The increasing tyre
wear is assumed to have negligible influence on the displacement Za, because the
reduction of the tyre radius will be small in comparison to the static value of Za.
That is why Za is assumed to be constant and fixed. The constant vertical force Fl0

is caused by the static vertical force of the sprung and the unsprung mass.
The suspension between the belt mass and Za represents the sidewall of the

tyre. This suspension consists of the sidewall stiffness cb and the damping of the
sidewall kb. The suspension between the road and the belt mass consists of the
residual stiffness cr. The residual stiffness contains the remaining stiffnesses of
the tyre. The tyre wear quantity is approximated by a local decrease of the tyre
radius by U(t− T ).

3.1.1 Tyre model equations of motion

The free body diagram of Figure 3.1b is used to derive the corresponding set of
equations of motion. This leads to the following two force expressions which work
on the two suspensions. Here Fn(t) is the force acting on the road and Fb(t) is
the force acting on the tyre rim. The time derivative of displacement Za is equal to
zero, because Za is considered to be constant.

Fn (t) = cr (U (t− T ))− Zb (t) (3.1)

Fb (t) = kbŻb (t) + cb (Zb (t)− Za0) (3.2)

The free body diagram and the force expressions of (3.1) and (3.2) lead to the
following equation of motion for the belt.

mbZ̈b (t) + kbŻb(t) + cb(Zb(t)− Za0) + cr(Zb(t)− U(t− T )) + mbg = 0 (3.3)

The stationary normal force equals the sum of the constant force Fl0 and the
belt mass in a steady state situation. The initial conditions are denoted with sub-
script 0.

Fn0 = Fl0 + mbg (3.4)

The initial displacement of Zb is derived by assuming the equation of motion
(3.3) in a steady state situation. There is no dynamic irregular wear in a steady state
situation, because there are no force variations. The value of U0(t− T ) is therefore
assumed to be zero.

Zb0 = −Fl0 + mbg

cr
(3.5)

The force Fb(t) equals the constant vertical force Fl0 in a steady state situation.
The spring forces are for that reason the only remaining force terms. This leads to
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the initial condition of displacement Za.

Za0 = −Fl0

cb
− Fl0 + mbg

cr
(3.6)

3.1.2 Local abrasive wear model

Sueoka’s wear model (C.1) is based on the wear model of Shepherd (2.3). At this
model, tyre wear increases with an increasing normal force. This does however
not agree with assumptions from the field data from Vredestein, which suppos-
edly shows more wear at lower local contact forces. This is in contradiction with
Sueoka’s wear model. Therefore a different wear model is derived to match the
expected wear mechanism of the Vredestein data.

The new wear model is also based on the wear model of Shepherd, but from
a local point of view. Dynamic irregular wear is assumed to appear at a local scale
because it appears as local spots which wear faster than the rest of the tyre tread.

top view

side view

wheel plane

road surface

tread element

V
α x
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Ω
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qzlocal

tread element

qy

F = q dxz z∫

F = q dxy y∫

Figure 3.2: Sliding at a local scale illustrated by a simple brush model

The local orientated wear phenomenon is illustrated by a simple brushmodel in
Figure 3.2. The top view shows the deflections of the brushes in the lateral direction
and with that the lateral pressure distribution qy . The bold black lines represent the
tread elements. The side view shows the vertical pressure distribution qz which is
assumed to be even. There is however a local lower pressure distribution qzlocal.
The local lower vertical stress is assumed to be small and therefore have negligible
effect on the overall vertical force Fz . The local lower vertical stress result in a local
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lower lateral stress. It is assumed that this lower stress has negligible effect on the
overall lateral force Fy for the same reason.

These local lower vertical stress and the local lower lateral stress do however in-
fluence the stress levels at a local scale. The local lateral threshold stress becomes
smaller, because of the lower vertical stress. is assumed to occur when the actual
lateral stress becomes larger than the threshold stress. The lateral stress level be-
comes equal to the threshold stress when sliding occurs. It is assumed that no
sliding occurs at stresses lower than the threshold stress.

The actual demanded stress from the local spot is considered to be equal to the
overall lateral stress, which is shown by the dotted line in the top view of Figure 3.2.
The available stress is much lower, because of the lower threshold stress. This is
shown in the top view of Figure 3.2 by the local decrease of the lateral deflection.
The difference between the overall lateral stress and the threshold stress is in this
case assumed to be the sliding stress.

The contact surface between road and tyre in the rigid ring model is approxi-
mated as a point contact. The stresses of the wear model are for that reason re-
placed by their corresponding forces. The lateral forces are calculated by using the
Magic Formula for pure lateral forces. The full set of equations of the Magic For-
mula can be found in appendix B. The local lateral force, also the local threshold
force, is calculated by using the varying normal force Fn as an input of the Magic
Formula. The overal lateral force is calculated by using the static normal force Fn0.
The Magic Formula is chosen to replace the not clearly defined friction model of
Sueoka’s wear model. The Magic Formula is a commonly used model in Vehicle
Dynamic research. It is proven to be a reliable model to derive the lateral force,
while taking the influences of the toe and camber angle into account. An addi-
tional advantage is the available knowledge of the Magic Formula at the Eindhoven
University of Technology. The Magic Formula is for that reason chosen over the
unclear, but simpler friction model of Sueoka.

When this hypothesis is projected on Shepherd’s wear model, it shows that the
wear model is still applicable. This results in the following set of equations for the
wear increment W (t):

W (t) = ν {FyMF (Fn0(t), α, γ)− FyMF (Fn, α, γ)} (Fn0)n

Fn (t) < Fn0
(3.7)

W (t) = 0, Fn (t) ≥ Fn0 (3.8)

where fyMF is the Magic Formula representation of the lateral force. The abra-
sion coefficient, contact area and shear stiffness of Shepherd’s model are assumed
to be constant and are replaced by one abrasive wear parameter ν. The resulting
wear model is similar to Shepherd’s model, but it now shows increasing wear as a
result of a locally decreasing vertical force. This agrees with the supposed trend of
irregular wear from the field data of Vredestein.

The overall wear U(t) is calculated by adding the wear increment W to the wear
from one revolution before U(t − T ). This is schematically shown in Figure 3.3.
After one revolution U(t) becomes U(t − T ). U(t − T ) contains a time delay T ,
which equals one tyre revolution. This results in the following local wear model:
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Figure 3.3: Schematic view of the wear formula

U (t) = U (t− T ) + ν {FyMF (Fn0(t), α, γ)− FyMF (Fn, α, γ)} (Fn0)n

Fn (t) < Fn0
(3.9)

U (t) = U (t− T ) , Fn (t) ≥ Fn0 (3.10)

3.1.3 Matlab/Simulink model of the tyre model

The equations of motion and the abrasive wear model of the tyre model are trans-
lated into a Matlab/Simulink model. The model is divided into different sections
to clarify the working principle of the different components. The complete Mat-
lab/Simulink model is shown in appendix D.

The input of the model comes from the part which is shown in Figure 3.4.
This input section has the option to choose between an initiation from the road or
an initiation from the tyre itself. The initiation from the road gives one initiation
in a simulation, because the initiation has no relation to the tyre rotation. An
initiation from the tyre however occurs every rotation at the same spot. The rotation
dependency is achieved by using a time delay of one tyre rotation. The delayed
signal is fed back and used as an initiation input of the following rotation. The
choice of the initiation type is indicated by a flag named "d.input". The initiation
comes from the road when the flag is true. When the flag is false, the initiation
comes from the tyre.

An example of a rotation dependent initiation is shown in Figure 3.5. The
shown signal is a step with a length of 1 cm and a height of 1 mm. The first step
starts at the start of the first rotation. This is not clearly visible in Figure 3.5a, which
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Figure 3.4: Initiation input of the Matlab/Simulink model
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Figure 3.5: (a) Repeating initiation from the tyre itself, (b) Initiation signal of
the first rotation

is why a zoomed figure is shown in Figure 3.5b. The initiation at the beginning of
the first rotation returns at the beginning of every following rotation.

Figure 3.6 shows the equation of motion of the tyre model. Integrator block
"Zb" contains the initial condition Zb0 and the block named "Initial Za" represents
the constant displacement Za0. The equations of these initial displacements have
been derived in Section 3.1.1.
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Figure 3.7: Matlab/Simulink model of the abrasive wear model

The abrasive wear model is shown in Figure 3.7. The normal force from the Fig-
ure 3.6 is the varying input of the abrasive wear model. The block named ’Lateral
Magic Formula’ transforms the varying normal force into a varying lateral force by
using the Magic Formula. The static normal load Fn0 is transformed into a static
lateral force in the same way. Both forces are compared to each other to find out
if local sliding occurs or not. The sliding conditions are the same as shown in the
abrasive wear equations (3.9) and (3.10). Local lateral sliding is assumed to occur
when the varying lateral force is smaller than the static lateral force, which is shown
in Figure 3.8. The dotted line represents the force variations where no local lateral
sliding occurs and the solid line shows the force variations where lateral sliding
occurs.

The local lateral sliding is multiplied with the static normal force and the abra-
sion parameter. The resulting wear increment is added to the total wear of one tyre
revolution before. The delayed wear is also fed back to the tyre model’s equations
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Figure 3.9: Output of the Matlab/Simulink model

The simulation time, angle of rotation, varying normal force and the wear are
the output data from this simulation model. The output block, which is shown in
Figure 3.9, contains a feature to choose if all data is sent to the workspace or only
the data from the last rotation. This is achieved by using an enabled subsystem.
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The enabled subsystem contains all blocks which sent simulation data to theMatlab
workspace. When the flag named "lastrot" is chosen to be true, the subsystem is
only enabled for the interval of the last complete rotation. With this procedure,
only the data of the last rotation is sent the to the workspace of Matlab. If the flag is
false, all data of the complete simulation will be sent to the workspace. This feature
solves the problem of having large files, when only the data of the last rotation is
needed.

Sign Quantity Unit Description
mb 4.6 [kg] Belt mass
cr 0.299e6 [N/m] Residual stiffness
ma 20 [kg] Unsprung Mass
cb 0.941e6 [N/m] Sidewall stiffness
kb 147 [Ns/m] Sidewall damping
v 1.09e-13 [m/N] Reciprocal of the wear resistance
α -1 [deg] Toe angle
γ 0 [deg] Camber angle
Fn0 3955 [N] Contact force Tyre model
n 1 [-] nth power of the tyre wear
r 300e-3 [m] Wheel radius
g 9.81 [m/s2] Gravitation

Table 3.1: Simulation parameters

Two simulations are performed to show the results of the Matlab/Simulink
model. Both simulations use the SWIFT tyre parameters [21] and the parameters
of Sueoka’s model [31]. The simulation parameter are shown in Table 3.1 and the
SWIFT tyre parameters are shown in Appendix E. The input of the simulations
is a step function with a length of 1 cm and a height of 1 mm, like shown in Fig-
ure 3.5b. The simulated forward velocity is 112 km/h for a simulation time of 100
sec. Together this corresponds to a simulated distance of about 3 km.

U(t)

r r=1.5W

Increasing
wear

U(t)<<r

→

U(t)

Figure 3.10: Sketch of the implementation of the wear contour

The irregular tyre wear values are very small in comparison with the dimen-
sions of the tyre. That makes it is hard to visualize the wear contour by using
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the original tyre dimensions as is shown at the left of Figure 3.10. Therefore the
tyre dimensions are replace by imaginary dimensions which show the wear con-
tour much clearer. The tyre radius is replaced by an imaginary radius which is 1.5
times the maximum wear value as is shown at the right of Figure 3.10. The re-
sulting wear contour shows the increasing irregular wear as local decreases of the
imaginary circumference.
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Figure 3.11: (a) Wear contour resulting from an initiation from the road, (b)
Wear contour resulting from a tyre irregularity

Figure 3.11a shows the wear contour of the last rotation of a simulation with an
initiation from the road. The initiation is a bump on the road with the specifications
of the mentioned step function. This particular velocity causes five wear spots
on the circumference of the tyre. The number of wear spots strongly relates to
the forward velocity, like shown in (2.8). The expected number of spots by using
(2.8) for a velocity of 112 km/h is 5, which agrees with the number of spots in
Figure 3.11a.

The results from a tyre dependent initiation are shown in Figure 3.11b. This
figure shows also 5 wear spots, because of the same velocity. This wear pattern is
much more severe in comparison with the initiation from the road. The origin of
the more severe wear is obviously the initiation. Whereas the initiation from the
road was only once, the initiation from the tyre occurs every rotation at the same
spot.

The difference in initiation leads also to another wear difference. Figure 3.11a
shows also some minor wear between the wear spots, which is indicated with the
arrows. The wear spots as a result of the road initiation act as tyre related initia-
tions. This leads to the indicated small wear spots. These minor wear spots are
smaller because of a smaller initiation, but occur every rotation and keep increas-
ing. Figure 3.11b does not show these minor wear spots. The larger tyre dependent
initiation causes more severe wear, which is much larger than the minor wear by
spot initiation. The minor spots are therefore not visible.

A single road initiation is not a realistic situation. A more realistic random
road initiation does not result in a clear irregular wear pattern. A combination of

30



a random road initiation and a tyre dependent initiation does however show an
irregular wear pattern. The initiation from the tyre is continues and overrules the
wear as a result of the random road initiation. The resulting pattern is similar to
the pattern of the tyre related initiation, but the random road initiation makes the
pattern less distinctive. That is why in the following chapters only the initiation
from the tyre is discussed.

3.1.4 Linearization of the tyre model

For small displacements around the equilibrium position, the displacements can
be written as the sum of a stationary displacement and a slightly varying compo-
nent. The stationary displacement is indicated with subscript 0 and equals the ini-
tial conditions of (3.5) and (3.6). The varying part consists of small displacements
around the equilibrium position and is indicated with the small capitals. The to-
tal displacements are indicated with an extra subscript tot and are shown in the
following equations.

Zbtot (t) = zb (t) + Zb0 (3.11)

Utot (t) = u (t) + U0 (3.12)

The total displacements in the equation of motion from (3.3) are substituted for
the stationary and varying displacements from (3.11) and (3.12).

mbz̈b(t) + kbżb(t) + cb(zb(t) + Zb0 − Za0)
+cr(zb(t) + Zb0 − u(t− T ))−mbg = 0 (3.13)

The stationary components in (3.13) are substituted for (3.5) and (3.6). This
leads to the following equation of motion of the tyre belt for small displacements:

mbz̈b(t) + kbżb(t) + cbzb(t) + cr(zb(t)− u(t− T )) = 0 (3.14)

3.1.5 Linearization of the abrasive wear model

The equation of motion is linearized to make the implementation of the tyre model
easier. The wear equation contains the rather complex set of Magic Formula equa-
tions as shown in Appendix B. The simulation of the tyre model shows that small
displacements around an initial displacement lead to small force variations around
an initial normal force. The Magic Formula is linearized for small displacements
around an initial displacement to make the implementation easier.

The irregular tyre wear research is focused on the rear tyres of a front wheel
driven car. These rear tyres do usually not make large slip angles, especially in
the situation of small displacements. It is assumed that the force variations do
not influence the slip and camber angles. Therefore the values of these angles are
considered to be constant. These conditions lead to the following linearized Magic
Formula:
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FyMFlin
(Fn) = FyMF (α0, γ0, Fn0) + F ′

yMF (α0, γ0, Fn0) (Fn − Fn0) (3.15)

where FyMF is the full Magic Formula of Appendix B. The derivative of the
Magic Formula F ′

yMF is discussed in Appendix F. The resulting values of both
the Magic Formula and its derivative have constant values because of the constant
input values α0, γ0 and Fn0.
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Figure 3.12: a : Linear Magic Formula against the normal Magic Formula, b :
Relative error of the linear Magic Formula

The dashed line in Figure 3.12a shows the characteristic of the full equation
of the Magic Formula for pure lateral forces (Appendix B). The solid line shows
the characteristic of the linearized Magic Formula of (3.15). The lines almost com-
pletely overlap each other for this interval. This leads to negligible relative errors
for the small normal force variations around initial normal force, which is shown
in Figure 3.12b.

The linear Magic Formula is representative for small normal force variations
around initial normal force. It is therefore applicable to linearize the local abrasive
wear model of (3.9). This leads to the following linear expression:

u(t) = u(t− T ) + ν(FyMFlin
(Fn0)− FyMFlin

(Fn))Fn
n0 (3.16)

where:

FyMFlin
(Fn0) = FyMF (α0, γ0, Fn0) (3.17)
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FyMFlin
(Fn) = FyMF (α0, γ0, Fn0) + F ′

yMF (α0, γ0, Fn0) (Fn − Fn0) (3.18)

The normal force is linearized for small variations of zb around Zb0 which leads
to the following linear expression:

Fn = cr(u(t− T )− zb(t)) + Fl0 + mbg (3.19)

Equation (3.17), (3.18) and (3.19) are inserted into (3.16) which leads to the ex-
pression of the linear abrasive wear model:

u(t) = u(t− T )− νF ′
yMF (α0, γ0, Fn0)cr(u(t− T )− zb(t))(Fn0)n (3.20)

Equation 3.20 is simplified by taking the constant terms of together to one con-
stant parameter Cwear:

u(t) = u(t− T ) + Cwear(zb(t)− u(t− T )) (3.21)

Cwear = νcrF
′
yMF (α0, γ0, Fn0)(Fn0)n (3.22)

3.1.6 Matlab/Simulink model of the linear tyre model

The Matlab/Simulink model of the linear tyre model is based on the linear equa-
tion of motion of Section 3.1.4 and the linear abrasive wear model of Section 3.1.5.
The overall layout of the model is similar to the Matlab/Simulink model of the
non-linear tyre model of Section 3.1.3. Nevertheless The initial conditions and in-
fluences of gravitation have disappeared because of the linearization.
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Figure 3.13: Matlab/Simulink model of the linear wear model

The largest difference between the linear and the non-linear tyre model is the
abrasive wear model. The part of the Matlab/Simulink model of the linear wear
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model is shown in Figure 3.13. The varying normal force is the input of the linear
wear model. The saturation block is applied to prevent having negative wear, which
is actually a local increase of the tyre instead of the usual decrease. The negative
variations of the normal force are used as an input for the linear abrasive wear
model. The remaining parts of this section are the same as the non-linear wear
model. The complete Matlab/Simulink model of the linear tyre model is shown in
Appendix D.

The simulation parameters are similar to the ones used in the non-linear Mat-
lab/Simulink model. So the simulation velocity is 112 km/h for a simulation time
of 100 sec. The initiation is a step with a length of 1 cm and a height of 1 mm.
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Figure 3.14: Tyre wear resulting from a tyre irregularity

The results from a tyre dependent initiation are shown in Figure 3.14. The fig-
ure shows a similar pattern as the non-linear model with the same number of spots
and a similar overall wear quantity. The advantages of the linear tyre are obvious
when the durations of the simulations are compared. The non-linear tyre model
takes about 280 seconds to simulate 100 seconds, whereas the linear model takes
160 seconds. The linear Matlab/Simulink model is less comprehensive in com-
parison to the Matlab/Simulink model of Section 3.1.3. Especially the wear law of
the linear model is simpler. This makes the linear model more easy to implement.
The conditions of small displacements and force variations need however to be sat-
isfied for the linear model to obtain representative results. The force variations in
this case are about 20 N which satisfies the conditions and causes a negligible error
according to Figure 3.12 at page 32.

3.1.7 Laplace transformation of the linear tyre model

The time delay in the wear model makes it hard to predict the stability of the overall
system. To overcome this problem, the equations of motion are transformed from
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the time domain to the s domain. This is done by using Laplace transformation. To
make the transformation easier, the time variable t and time delay T are rewritten:

τ = Ωt → t =
τ

Ω
(3.23)

T =
2π

Ω
(3.24)

where τ is the angular position of the tyre and Ω the angular velocity.
The rewritten time variables of (3.23) and (3.24) changes the time depending

terms in the linear equation of motion of Section 3.1.4:

żb (t) =
dzb (t)

dt
=

dzb

(
τ
Ω

)
d

(
τ
Ω

) = Ω
dzb

(
τ
Ω

)
dτ

(3.25)

u̇ (t) =
du (t)

dt
=

du
(

τ
Ω

)
d

(
τ
Ω

) = Ω
du

(
τ
Ω

)
dτ

(3.26)

z̈b (t) =
d2zb (t)

dt2
=

d2zb

(
τ
Ω

)
d

(
τ
Ω

)2 = Ω2 d2zb

(
τ
Ω

)
dτ2

(3.27)

mbΩ2 d2zb

(
τ
Ω

)
dτ2

+ kbΩ
dzb

(
τ
Ω

)
dτ

+ (cb + cr) zb

( τ

Ω

)
− cru

(
τ − 2π

Ω

)
= 0 (3.28)

The Laplace transformation of the rewritten equation of motion (3.28) results
in: {

mbΩ2s2 + kbΩs + cb + cr

}
Zb (s)−

{
cre

−2πs
}

U (s) = 0 (3.29)

The terms of (3.23) and (3.24) transform the linear abrasive wear model into:

u
( τ

Ω

)
= u

(
τ − 2π

Ω

)
+

(
zb

( τ

Ω

)
− u

(
τ − 2π

Ω

))
Cwear (3.30)

The Laplace transformation of (3.30) leads to:

(Cwear)Zb(s) + (−1 + e−2πs(1− Cwear))U(s) = 0 (3.31)

Equations (3.29) and (3.31) are rewritten into a matrix structure:

A (s) X (s) = 0 (3.32)

A (s) =
[
mbΩ2s2 + kbΩs + cb + cr cre

−2πs

Cwear −1 + e−2πs(1− Cwear)

]
(3.33)

X (s) =
[
Zb (s) U (s)

]T (3.34)
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The condition of (3.32) is satisfied when the determinant of matrix A is equal
to zero. This results in the characteristic equation of the linear tyre model:

(mbΩ2s2 + kbΩs + cb + cr)(−1 + e−2πs(1− Cwear))
−(Cwear)(cre

−2πs) = 0 (3.35)

3.1.8 Stability of the linear tyre model

Tyre wear in general is a progressive phenomenon, since it only increases and never
decreases. This was already visible in the simulation results of sections 3.1.3 and
3.1.6. This is even more clear when the simulated wear of these simulations is
plotted against the time which is shown in Figure 3.15. This is a figure from the
tyre simulation of Section 3.1.4 for the first 10 sec for the initiation at the tyre. The
simulation with an input from the road shows also growing wear, but with a smaller
wear increment.
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Figure 3.15: Tyre wear against time

The characteristic equation of (3.35) is used to investigate the stability of the sys-
tem. This characteristic equation contains an exponential termwhich is the Laplace
transformation of the time delay of the wear model. An exponential term has an
infinite number of roots which makes it difficult to use conventional methods for
investigating stability of a system.

The encirclement theorem [25] is a method which is valid for systems with a
time delay. The characteristic equation needs to be transformed from the Laplace
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domain to the frequency domain, to be able to use the encirclement theorem.
Therefore s is replaced by jω which leads to:

(mbΩ2ω2 + kbΩjω + cb + cr)(−1 + e−2πjω(1− Cwear))
−(Cwear)(cre

−2πjω) = 0 (3.36)

According to the encirclement theorem, the system is stable when the locus
encloses the origin only in anti-clockwise direction. The locus repeats indefinitely
because of the infinite number of roots due to the presence of the exponential term.
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Figure 3.16: Stability of the tyre model

The encirclement theorem is performed for a velocity of 112 km/h and the other
parameters are equal to the simulation parameters of Sections 3.1.3 and 3.1.6. Fig-
ure 3.16 shows the behavior of the system for the frequency interval −10 < ω <
+10. It is not clear from Figure 3.16 in which direction the locus encircles the ori-
gin. This is why Figure 3.17 is made. This is a similar figure as Figure 3.16, but
for frequency interval −1 < ω < +1 and zoomed in at the origin. This figure
shows that these parts of the locus encircle the origin in a clockwise direction. This
confirms that the tyre model is unstable.
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Figure 3.17: Stability of the tyre model zoomed in at the origin

3.2 Quarter car model

The tyre model of Section 3.1 is ideal to do research on the polygonal wear phe-
nomenon. The model does however only represent the vertical dynamical behavior
of the tyre. The dynamic behavior of the vehicle may also influence the polygonal
wear phenomenon.

The model which takes the the vehicle dynamics into account has a similar
set-up as the tyre model and is also known as a quarter car model. This model is
shown in Figure 3.18. The part between the belt mb and the road is similar to the
tyre model. In the quarter car model displacement Za is the displacement of the
unsprung mass ma. The unsprung mass is suspended to the sprung mass ms.

The suspension between the sprung and the unsprung mass is modeled by the
damping coefficient ks and stiffness coefficient cs. These parameters represent the
damping and stiffness of the suspension of the vehicle. The other parameters are
equal to the parameters of the tyre model.

3.2.1 Quarter car model equations of motion

The free body diagram of Figure 3.2b is used to derive the expression of the forces
in the suspension.

Fn (t) = cr (U (t− T )− Zb (t)) (3.37)
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Figure 3.18: (a) Schematic view of the quarter car model, (b) Free body dia-
gram of the quarter car model

Fb (t) = kb(Żb(t)− Ża(t)) + cb(Zb(t)− Za(t)) (3.38)

Fa(t) = ks(Ża(t)− Żs(t)) + cs(Za(t)− Zs(t)) (3.39)

Here is Fn(t) the normal force acting at the road (3.37), Fb(t) is the force acting
at the rim (3.38) and Fa(t) is the force acting between the sprung and unsprung
mass (3.39). These equations are used to derive the equations of motion of respec-
tively the tyre belt, unsprung mass and sprung mass:

mbZ̈b(t) + kb(Żb(t)− Ża(t)) + cb(Zb(t)− Za(t))+
cr(Zb(t)− U(t− T )) + mbg = 0

(3.40)

maZ̈a(t) + ks(Ża(t)− Żs(t)) + cs(Za(t)− Zs(t))− kb(Ża(t)− Żb(t))
+ cb(Za(t)− Zb(t)) + mag = 0

(3.41)
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msZ̈s(t) + ks(Żs(t)− Ża(t)) + cs(Zs(t)− Za(t)) + msg = 0 (3.42)

The abrasive wear model is the same as the one used at the tyre model as de-
scribed in Section 3.1.2. The initial condition of Fn0 is derived from the static
equilibrium and consist of the sum of all masses times the gravitation.

Fn0 = (ma + ms + mb)g (3.43)

The initial conditions are derived from the equations of motion in a steady state
situation. The resulting initial conditions are denoted with subscript 0.

Zb0 = − (ma + ms + mb)g
cr

(3.44)

Za0 = − (ma + ms + mb)g
cr

− (ma + ms)g
cb

(3.45)

Zs0 = − (ma + ms + mb)g
cr

− (ma + ms)g
cb

− msg

cs
(3.46)

3.2.2 Matlab/Simulink model of the quarter car model

The Matlab/Simulink model of the quarter car model is based on the equations of
Section 3.2.1 and the abrasive wear model. The structure of the model is similar
to the Matlab/Simulink model of the tyre model. A figure of the complete Mat-
lab/Simulink model is shown in Appendix D.

The simulation parameters are the same as used in the Matlab/Simulink mod-
els of the linear and the non-linear tyre model. The same SWIFT tyre parameters
are used for the Magic Formula and the simulation parameter are shown in Ta-
ble 3.2. The initiation is a step with a length of 1 cm and a height of 1 mm. The
simulation is only done for a tyre related initiation and not for an initiation from
the road. The resulting wear contour is shown in Figure 3.19.

The wear contour in Figure 3.19 shows a completely different pattern than the
wear contours of the linear and non-linear tyre model. The normal force variations
in the tyre model are only caused by the vibration of the belt mass. The normal
force variations of the quarter car model consists of a combination of vibrations
from the belt mass (Zb), unsprung mass (Za) and sprung mass (Zs). This is clearly
visible in Figure 3.20, where the displacement variations of the three masses are
plotted together with the varying normal force (Fn).

The displacement of the sprung mass has a minor effect on the Fn. The normal
force variations are mainly caused by a combination of the vibrations of the belt
mass and the sprung mass. The force variations of Fn which are smaller than
4000 N ((mb + ma + ms)g) cause local sliding. This sliding results in local wear
which leads to the wear pattern of Figure 3.19.
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Sign Quantity Unit Description
Vx 112 [km/h] Forward Velocity
tmax 100 [s] Simulation time
mb 4.6 [kg] Belt mass
cr 0.299e6 [N/m] Residual stiffness
ma 20 [kg] Unsprung Mass
cb 0.941e6 [N/m] Sidewall stiffness
kb 147 [Ns/m] Sidewall damping
ms 383 [kg] Sprung mass
cs 19.6e3 [N/m] Vehicle suspension stiffness
ks 490 [N/m] Vehicle suspension damping coefficient
v 1.09e-13 [m/N] Reciprocal of the wear resistance
α -1 [deg] Toe angle
γ 0 [deg] Camber angle
n 1 [-] nth power of the tyre wear
r 300e-3 [m] wheel radius
g 9.81 [m/s2] Gravitation

Table 3.2: Simulation parameters quarter car
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Figure 3.19: Wear contour resulting from a tyre irregularity

3.2.3 Linearization of the quarter car model

The quarter car model has been made easier to implement by linearizing the equa-
tions which describe this quarter car model. The equations of motion of the quarter
car model are linearized in the same way as described in Section 3.1.4 for the equa-
tion of motion of the tyre model. The linearization is done for small displacements
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Figure 3.20: Displacement variations and variations of the normal force

around the equilibrium position. This results in the linear equation of motion of
respectively the belt mass, unsprung mass and sprung mass.

mbz̈b(t) + cr(zb(t)− u(t− T ))− kb(ża(t)− żb(t))− cb(za(t)− zb(t)) = 0 (3.47)

maz̈a(t)− ks(żs(t)− ża(t))− cs(zs(t)− za(t)) + kb(ża(t)− żb(t)
+cb(za(t)− zb(t)) = 0 (3.48)

msz̈s(t) + ks(żs(t)− ża(t)) + cs(zs(t)− za(t)) = 0 (3.49)

The linearization of the abrasive wear model is described in Section 3.1.5. This
leads to the following equation for the linear abrasive wear model:
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u(t) = u(t− T ) + Cwear(zb(t)− u(t− T )) (3.50)

Cwear = νcrF
′
yMF (α0, γ0, (ms + ma + mb)g))((ms + ma + mb)g)n (3.51)

where Cwear represents the constant parameters. The Cwear has changed in
comparison with the linear tyre model because the static normal load of the quarter
car model is different.

3.2.4 Matlab/Simulink model of the linear quarter car model

The Matlab/Simulink model of the linear quarter car model is based on the linear
equations of motion and the linear abrasive wear model of the previous section.
The resulting Matlab/Simulink model has a similar layout as the Matlab/Simulink
model of the non-linear quarter car model. The part with the linear abrasive wear
model is the same as was used for the linear tyre model. The complete Mat-
lab/Simulink model of the linear quarter car model is shown in Appendix D.
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Figure 3.21: Wear contour resulting from a tyre irregularity

The parameters which are used for the simulation are the same as used for the
non-linear quarter car model from Section 3.2.2, which means an initiation step
with a length of 1 cm and a height of 1 mm and a simulation time of 100 sec at a
velocity of 112 km/h. The simulation results are shown in Figure 3.21.

The wear contour of 3.21 is equal to the pattern of the non-linear model. This
was also the case with the linear and non-linear tyre model. The linear quarter
car has again a big advantage on the duration of the simulation. Whereas the
non-linear Matlab/Simulink model of the quarter car model has a duration of the
simulation of 302 seconds, the linear model only needs 200 seconds to simulate
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100 seconds. The relative error of the linear quarter car model is similar to the
linear tyre model, because the normal force variations are similar.

3.2.5 Laplace transformation of the quarter car model

The Laplace transformation of the quarter car model is performed in the same way
in the same way as was done with the tyre model in Section 3.1.7. The Laplace
transformations of the linear equations of motion of the quarter car model result
in: (

mbs
2Ω2 + kbsΩ + cb + cr

)
Zb(s)− (kbsΩ + cb) Za(s)

−
(
cre

−2πs
)
U(s) = 0 (3.52)

(
mas2Ω2 + kssΩ + kbsΩ + cs + cb

)
Za(s)− (kssΩ + cs) Zs(s)

− (kbsΩ + cb) Zb(s) = 0 (3.53)

(
mas2Ω2 + kssΩ + cs

)
Zs(s)− (kssΩ + cs) Za(s) = 0 (3.54)

where (3.52) is the Laplace equations of the belt mass, (3.53) is the sprung mass
and (3.54) is the unsprung mass. The Laplace transformed linear abrasive wear law
is the same as for the linear tyre model, but with the parameter Cwear from (3.51):

(Cwear)Zb(s) + (−1 + e−2πs(1− Cwear))U(s) = 0 (3.55)

Equations (3.52), (3.53), (3.54) and (3.55) are rewritten to a matrix structure:

A (s) X (s) = 0 (3.56)

A(s) =


a11 a12 0 a14

a21 a22 a23 0
0 a32 a33 0

a41 0 0 a44

 (3.57)

a11 = mbs
2Ω2 + kbsΩ + cb + cr

a12 = − (kbsΩ + cb)
a14 = −cre

−2πs

a21 = − (kbsΩ + cb)
a22 = mas2Ω2 + (ks + kb)sΩ + cs + cb

a23 = − (kssΩ + cs)
a32 = − (kssΩ + cs)
a33 = mas2Ω2 + kssΩ + cs

a41 = Cwear

a44 = −1 + e−2πs(1− Cwear)

(3.58)

X (s) =
[
Zb (s) Za (s) Zs (s) U (s)

]T (3.59)

The condition of (3.56) is satisfied when det(A(s)) = 0 which is the character-
istic equation of the linear quarter car model.
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3.2.6 Stability of the linear quarter car model

The linear quarter car model contains the same wear model as the tyre model.
Therefore the characteristic equation of the quarter car model contains an expo-
nential term as well. The characteristic equation consists of the determinant of
matrix A (3.56). The encirclement theorem [25] is used to investigate the stability
of the characteristic equation which represents the linear quarter car model.

The encirclement theorem is performed with the simulation parameters of Sec-
tion 3.2.2. Figure 3.22 shows the encirclements of the locus for a frequency interval
−15 < ω < +15. This figure does not clearly show in which direction the locus
encircles the origin. Therefore Figure 3.23 shows the same figure, but zoomed in
at the origin. The crossing lines at the right (dashed) show there is at least one en-
circlement in a clockwise direction around the origin. Therefore the linear quarter
car model is considered to be unstable.
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Figure 3.22: Stability of the quarter car model
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Figure 3.23: Zoom in at the origine of Figure 3.22
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4 Experimental approach on irregular tyre wear

Irregular tyre wear is known to appear, but not all the circumstances are known. Ex-
periments have been performed at a laboratory test rig to try to reproduce dynamic
irregular wear in a controlled environment of a laboratory test rig. The parameters
of the tyre model are approximated from the test data to make an interaction be-
tween the simulation model and testing results possible. This is used to find out if
there is a correlation between the simulation data and the measurements.

4.1 Test procedure

Figure 4.1: Schematic view of the test rig

The experiments have been performed at a tyre test rig at the Vredestein test
center in Enschede. This test rig is schematically shown in Figure 4.1. The rig
consists of a rotating drum with a diameter of 5.2 m which drives the tyre. The
tyre itself is attached to the carrier. This carrier applies the load to the tyre by using
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pneumatics. Because of the weight of the carrier it is basically impossible to obtain
a load lower than 2500 N.

The placement of the sensors is schematically shown in Figure 4.1. A string po-
tentiometer (A) has been fixed between the carrier and the rigid frame to measure
the displacements. An accelerometer (B) has been attached to the static part of
the measurement hub which measured the accelerations in the vertical direction.
The corresponding vertical forces at the tyre are measured with a strain gauge mea-
surement hub (C). The data from the sensors has been logged by a data acquisition
programme called Dasylab. The used Dasylab worksheet is shown in appendix G.

The series of experiments are performed with a slick tyre. The slick tyre is
chosen, because it has no unexpected influences from the tread. Slick tyres are
also known to have clear welds. The weld is caused by the connection of the tread
layers and results in a bump on the tyre surface. This weld is expected to cause the
local rotation dependent initiation, as used as the initiation of the simulations of
Chapter 3.

The disadvantage of using a slick tyre is the impossibility to measure the wear,
because there is no reference. The groove bottom of the tread pattern is commonly
used as a reference to measure tyre wear, because it is not exposed to wear. There-
fore three longitudinal grooves have been cut into the slick tyre to overcome this
problem. The grooves are kept as small as possible to minimize the possible neg-
ative effects. The bottom of these three grooves is used as a reference for the wear
of this tyre.

The test procedure to approximate the tyre parameters consists of a vertical
load sweep at different constant velocities. The vertical load starts at 3000 N and
is raised to 4500 N and 6000 N. These vertical loads are kept constant for about 1
minute. These load sweeps are performed at constant velocities in the range of 0 to
150 km/h with steps of 25 km/h in between. The velocity dependent sidewall stiff-
ness, residual tyre stiffness, first vertical natural frequency and the effective wheel
radius are approximated from this data. The approximation of these parameters is
discussed in Section 4.2.1.

The wear experiments have been performed by running the tyre for a certain
period at a constant velocity. The constant velocity has been matched to a veloc-
ity where theoretically an integer number of spots will appear. This velocity has
been determined by using (2.8). The testing interval is matched to a distance of
5000 km. After this interval the tyre tread height is measured at a tread scan
machine. This test procedure is performed for several intervals of 5000 km. The
heights of the tread for different distances are compared to each other to determine
the wear. The results of these experiments are discussed in Section 4.2.2.

4.2 Test results

4.2.1 Approximation of the tyre parameters

The simulation parameters are derived from the data of the load sweeps. The belt
mass mb is however approximated before the experiments, by taking 75% of the
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total tyre mass [21]. The total mass of the test tyre is 11.8 kg which makes an ap-
proximated belt mass of 8.85 kg.

The measured data from the load sweeps has been turned into a Power Spectral
Density figure (PSD) by using Matlab. First the data has been filtered by using a
eight order low pass digital Butterworth filter. The cut off frequency of this filter is
set at 120 Hz, because the vertical natural frequency is expected to lie in the region
from 70 to 85 Hz. The filtered signals are turned into a PSD by using Welch’s
method. An example of such a PSD is shown in Figure 4.2.
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Figure 4.2: PSD of the force signal (A) and the acceleration signal (B) at 4500
N and 125 km/h

The PSD plots of the force signal from the measurement hub mainly show
the density of the low frequenties. The density of the higher frequencies is prob-
ably faded away because of high frequency noise. The PSD of the acceleration
mainly shows the density at higher frequencies. The PSD of the displacement is
not shown, because the used plots did not show any information about the frequen-
cies at all.

All the PSD figures show initiation dependent frequencies, like 1 in Figure 4.2.
This frequency is velocity dependent and shows the frequency of the initiation
pulses. The initiation is tyre related and gives one pulse at every rotation. This
frequency is used to approximate the effective wheel radius re.

All force PSD figures show a constant peak around 4.5 to 5 Hz (3), which
appears especially at lower velocities. These peaks correspond to the natural fre-
quency of the wheel hop. This wheel hop has already been investigated at an earlier
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test series. An analysis of the wheel hop is given in appendix H. The wheel hop is
most severe at 33 km/h and turns out to have a negligible effect on the measured
signals when this velocity is avoided.

The determination of the vertical natural frequency is more difficult. Especially
the PSD of the acceleration signal shows different peaks within the frequency range
of 70 to 85 Hz. It turns out that many of the peaks shown in this range are not
consistent for different velocities and loads. The natural frequency of the belt is
however not expected to vary much. All PSD figures show a consistent peak around
71 Hz (2 in Figure 4.2). The fact that this peak shows up in both the force signal as
well as the acceleration figure emphasizes the assumption of this frequency to be
the natural frequency of the belt.
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Figure 4.3: Overall tyre stiffness

The overall stiffness of the tyre is derived from the vertical forces and corre-
sponding displacements of the velocity sweeps. The mean values of the measure-
ments of the contant forces and corresponding displacements are shown as sym-
bols in Figure 4.3. The figures shows that the stiffness is velocity dependent, be-
cause the displacement at constant loads decreases with increasing velocity. The
measured load and displacement data is fitted to:

Fz(Vx, ρz0) =
(

1 + qV 2

∣∣∣∣ Vx

3.6re

∣∣∣∣) qFz2(ρz0 + ∆r)2 + qFz1(ρz0 + ∆r) (4.1)

where Fz is the spring force [N], ρz0 the deflection, Vx the velocity and qFz1 and
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qFz2 are shape parameter. Note that the displacement is the deflection measured
from a fixed point, where the deflection is only the deflection of the tyre itself. Zege-
laar [34] has used this function in his research on dynamic tyre respons to describe
the vertical stiffness. Shape parameters qFz1 and qFz2 are determined by fitting a
quadratic polynomial through the data of the static displacement. The polynomial
represents the basic non-velocity dependent function of the overall stiffness. The
values of the research of Schmeitz [29] are used as starting point to determine these
parameters. The deflection is calculated by subtracting the static displacement at 0
mm from the displacement data.

∆r = qV 1

(
Vx

3.6re

)2

(4.2)

The tyre deflection grows ∆r with increasing velocity (4.2). The velocity depen-
dency parameter qV 1 is determined from the mean difference between the static
deflection and the deflection at the measured velocities. At increasing velocity not
only the defection grows but the vertical stiffness increases as well. The rate of this
increase is represented by parameter qV 2. Parameter qV 2 is determined by calcu-
lating the mean factor between the measured forces and the calculated forces. The
calculated forces are calculated by using the equation from (4.1) without the pre
multiplier 1 + qV 2.

Parameter Value Unit
qFz1 2e5 [m]
qFz2 5.5e5 [m]
qV 1 1.1e-7 [m]
qV 2 8e-4 [m]

Table 4.1: Shape values of the stiffness function(4.1)

The determined parameters are shown in Table 4.1. The characteristics of (4.1)
are shown by the straight lines in Figure 4.3. From this figure it can be concluded
that the fitted function agrees well with the measured data.

Ctot(Ω, ρz0) = dFz(Ω,ρz0)
dρz0

= (1 + qv2|Ω|)qFz2(2ρz0 + 2∆r + ∆r2)
+qFz1(1 + ∆r))

(4.3)

fn =
1
2π

√
cb + cr

mb
(4.4)

1
ctot

=
1
cb

+
1
cr

(4.5)

The overall stiffness of (4.3) needs to be divided into a sidewall stiffness cb and
a residual stiffness cr to match the simulation model. This is done by using the
function of the natural belt frequency (4.4) and the function of the division of the
stiffnesses (4.5).
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4.2.2 Results and discussion of the wear experiments

Parameter Value Unit
tyre 235/45R17 -
rim 7j -

pressure 2.2 [bar]
mb 8.85 [kg]
γ -2.5 [◦]
α -0.5 [◦]
fn 71 [hz]
re 0.31 [m]

Fn0 3500 [N]
Vx 125 [km/h]

Table 4.2: Parameters of the experiments

The experiments are performed under the circumstances of Table 4.2. The
test velocity is chosen to match a theoretically integer number of wear spots. At
an integer number of spots, the force variations of the previous rotation amplify
the force variations of the actual rotation. This gives higher force variations which
results in increased wear. The natural frequency of 71 Hz theoretically gives exactly
4 spots at a velocity of 124.6 km/h. This value has been rounded off to a value
of 125 km/h, because the velocity of the test rig can only be adjusted by integer
numbers. The velocity is desired to lie at a high velocity to shorten the testing time
for the long runs. With this velocity, a long distance run of 5000 km takes 40
hours.

The height of the profile of the tyre has been scanned before the long distance
run begun. The resulting scan is shown in Figure 4.4. This scan is used as a
reference to determine the wear quantity.

Figure 4.4 shows the irregularities of the tyre tread, where the white areas cor-
respond to the higher areas and the dark to the lower. The welt of the connection of
the different belt layers causes an irregularity at 114◦ with a height of 0.5 mm. The
tyre also has a large non-uniformity between 180◦ and 280◦ which has a height
of about 0.5 mm. The values of these irregularities are representative for normal
tyres.

The tyre tread is divided into 4 sections, like schematically shown in Figure 4.5.
The 3 longitudinal grooves are used as the limits of the sections. Section A is the
section from the left wall to the first groove. This section lies at the inner side of
the tyre. Section D lies between the third groove and the outer shoulder.

The tread height has also been scanned at 5000 km. The wear at 5000 km
is calculated by subtracting the tread height scan of 0 km from the scan of 5000
km, which results in Figure 4.6. The white areas correspond to the larger wear
quantities and the dark areas correspond to areas with little wear. Both scans are
corrected by subtracting the mean height of the first groove bottom. The groove
bottoms are supposed to keep a constant height.
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Figure 4.4: Tyre tread height scan at 0 km

Figure 4.5: Test tyre with three grooves

Section A of Figure 4.6 shows some negative wear spots which mean a growth
of the tread height instead of wear. This is a result of the sticking of rubber particles
to the tyre tread. The first negative wear spot lies in front of the weld at 114◦. The
other spots also lie in front of an abrupt irregularity. The abrupt height increment
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Figure 4.6: Wear increment between 0 and 5000 km

results in a non-contact area in front of the irregularity. The rubber particles heap
up in this non-contact area and fill the area up, which finally leads to a low contact
zone. The large local difference between the contact forces lead to local sliding as is
supposed in the local wear model. This local sliding leads to local heath generation
which lumps the rubber particles to the tread. This process has not started at 0 km,
therefore the difference between 0 km and 5000 km shows a local growth of the
tyre tread.

The sticking of rubber only happens at the most inner side of the tread, because
the tread merges here into the tyre sidewall which leads to a slight curvature of the
tread. It happens only at the inner side because of the negative camber angle. The
negative camber angle increases the load at the inner side of the tyre. The negative
camber angle also decreases the open space between the curved area of the tread
and the drum. The larger load and the smaller open space leads to more local
sliding and a worse removal of particles, which results in the accumulation and
sticking of rubber particles.

Section B also shows a minor growth of the tread, especially at the left side of
the section. This growth is larger than the local sticking rubber particles and is
probably the result of the settling of the shape of the tyre.

Section B does also show clearly increased wear between 200◦ and 280◦ and
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from 320◦ to 40◦. The wear area between 200◦ and 280 ◦ corresponds to the tyre
non-uniformity as shown in Figure 4.4. According to the wear models of Sueoka
[31] and Shepherd [30], the higher force due to the non-uniformity leads to more
wear. This does however not correspond to the used wear mod which is used for
the simulation models. The wear area from 320◦ to 40◦ has no direct traceable
initiation from the tread height. This area is probably the result of normal force
variation, due to the natural frequency of the belt.

Section C shows the wear areas of section B even clearer. This section does
however not show negative wear. Section D shows also a similar overall pattern as
section B and C.
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Figure 4.7: Measured mean wear increase over the different test intervals

The wear patterns after 10000 km, 12500 km and 15000 km show a similar
shape as Figure 4.6. The amount of wear does however increase for increasing
distance. These figures are shown in Appendix I. The mean amount of wear from
these figures are shown in Figure 4.7. The amount of wear is high in the first
interval from 0 km to 5000 km especially in comparison to the other intervals.
This is however a normal behavior of new tyres. A more remarkable result is the
high amount of wear at 10000 km, because this value does not agree with the
other values. The wear quantity line is expected to have a similar shape as the
fitted quadratic polynomial, which is shown as the dashed line in Figure 4.7. The
deviation of the 10000 km value is probably a measuring error.

From these experiments results it is recommended to use wider grooves in fu-
ture experiments. The small grooves have a tendency to become besmeared, which
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gives a wrong correction height. The center and outside groove are not used for the
correction for that reason. A wider groove in future experiments is expected to give
a more steady correction height, because they are expected to besmear harder.

The wear figure shows some possible effects of dynamic irregular tyre wear. It
is assumed that some of these irregular wear spots are a result of the initiation by
either the weld or the non-uniformity. The Matlab/Simulink model of the linear
tyre model is used to compare the test results to the expected results from the
analytical model. This comparison is discussed the following section.

4.3 Comparing the simulated wear with the measured wear

The data from the simulation model is compared to the test results to find out if
the theoretical model approximates reality. The used simulation model is based on
the Matlab/Simulink model of the linear tyre model of Section 3.1.6. The linear
model is chosen over the non-linear model to reduce the simulation time and to
make the interpretation easier. The force variations are low enough to be within
the acceptable error tolerances of the linearization of the Magic Formula. The Mat-
lab/Simulink model of the linear tyre model is converted to match the test para-
meters. The linear residual stiffness and sidewall stiffness are changed by their
measured equivalents from Section 4.2.1.

0 40 80 120 160 200 240 280 320 360
−8

−7

−6

−5

−4

−3

−2

−1

0
x 10

−4

rotation angle [°]

he
ig

ht
 [m

]

Figure 4.8: Tread scan line at 0 km, which is used as the input signal for the
tyre model

The simulations are performed by using the determined parameters of the test
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series, which are shown in Table 4.2. The tread scan of Figure 4.4 and the calcu-
lated wear Figure 4.6 show the most consistent shape in the transversal direction
for section C. One circumferential scan line of this section is chosen to represent
the tyre shape at 0 km. This scan line is shown in Figure 4.8 and is used as an
input for the Matlab/Simulink model. The line clearly shows the irregularity from
the weld at 114◦ and the non-uniformity between 200◦ and 280◦.
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Figure 4.9: Simulated wear (top) and measured wear (bottom)

The top of Figure 4.9 shows the simulated wear and the measured wear is
shown at the bottom. The largest difference between the two figures is the covered
distance. The measured tyre has covered 5000 km, whereas the simulated tyre has
only covered 35 km. The short simulated distance is a result of the simulation time
which is limited by the maximum number of calculations in Matlab/Simulink. A
larger distance is possible but reduces the accuracy of the model, which is not
wanted.

The question is if we need a larger simulated distance for the comparison. The
overall shape of the wear pattern is the most important. Keep in mind that the
simulation model is an analytical model, not an exactly predicting model. The
overall distance does not seem to influence the shape of the wear pattern that much,
because the tread scans show similar shapes for all distances. The amount of wear
does increase with increasing distance. So the shorter simulated distance seems to
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be sufficient to compare the overall shape of the simulated wear with the measured
wear.

The wear pattern from Figure 4.9 is divided into sections 1, 2, 3 and 4. Part 1
shows a similar shape for both figures. The peak of the simulated wear has a slight
phase delay in comparison with the measured wear. The delay can be the result
of a wrongly estimated vertical natural frequency of the belt. It can however also
be the result of one of the numerous other assumptions that were made. There is
however no clear correlation between the input signal from Figure 4.8 and the wear
peak. This peak can originate from the dynamic irregular tyre wear phenomenon,
but that will be discussed later.

Part 2 seems to have little similarity for both signals. The simulated data shows
a large dent as a result of the initiation, where the measured data only shows an
almost imperceptible dent. Both shapes show a more similar shape, when the dent
of the simulated wear is neglected. The slope after the initiation starts earlier for the
measured wear than it does for the simulated wear. The slope of the simulated wear
is also longer and decreases till the end of section 2. The measured wear on the
other hand, becomes constant at 150◦ till the end of section 2. The measured wear
even stays constant after 160◦, where the input signal already shows an increasing
slope again. This is probably the result of force variations as a result of the natural
frequency of the belt which are initiated by the initiation at 114◦, which cancels the
effects of the rising slope of the tyre shape.

Section 3 shows quite a good similarity. The simulated wear shows two peaks
against one for the measured wear. The two wear peaks of the simulated wear
clearly correspond to the two peaks in the input signal. The single peak of the
measured wear can be a result of force variations in combination with the two
peaks of the input signal.

The largest difference between both wear patterns is shown in section 4, since
the shapes seem to be each others opposites. The wear in this section is caused by
the tyre non-uniformity which lies between 200◦ and 280◦. The local wear model
of the simulation model is not expected to be valid for this section, because of the
length of this non-uniformity. The length of this initiation causes a force variation
over the whole contact length instead of a local force variation. The abrasive wear
model as used by Sueoka [31] as is shown in Section 2.5, is more representative for
this more global wear. Sueoka’s wear model is the opposite of the local wear model
and provides more wear as a result of high normal forces instead of the local low
normal forces of the applied local wear model.

The non-uniformity theoretically result in force variations as a result of the ver-
tical natural frequency of the belt. The wear peak in section 1 is presumably the
result of these force variations, because there are no direct initiations known to ap-
pear. The fact that both the simulated wear as well as measured wear show this spot
emphasizes this presumption. The adopted local wear model seems to be valid for
the wear as a result of the force variations. The expectation of irregular wear to be
a local phenomenon are underlined with this result.

According to the theoretical irregular tyre wear phenomenon, the initiation
from the weld and the non-uniformity should have resulted in local force variations.
The initiation from the weld is followed too closely by the tyre non-uniformity to
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make it irrefutable clear if the weld initiation causes force variations and dynamic
irregular wear. The non-uniformity seems to cause force variations which result in
a wear spot after the initiation. This spot has no direct link with the input signal,
which emphasizes this presumption. This conclusion is however based on only
the results of experiments with one tyre. Similar experiments with other tyres are
needed to confirm this conclusion. The applied local wear model does not seem to
work for large initiations. This was already expected because the local wear model
is assumed for local force variations and not for force variations of the whole con-
tact area. The wear model does look to be valid for the local force variations as a
result of the vertical natural frequency of the belt which results in irregular wear. A
more decisive answer can be determined from more detailed measurements of the
vertical force variations acting at the tyre. This was however not possible with the
available test equipment. The dynamical irregular wear phenomenon seems to be
highly plausible based on the results from the performed experiments.
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5 Parameter study of dynamic irregular tyre wear

Section 4.3 shows quite a good correlation in some areas between the simulation re-
sults and the measurements. Based on these results, the developed tyre simulation
model is expected to be representative for the dynamic irregular tyre wear problem.
The tyre simulation models and quarter car models are used to investigate the in-
fluences of different model parameters on irregular wear. The quarter car model is
not compared to measurement data, but is expected to provide acceptable results.
This expectation is based on the similar structure of the tyre simulation model and
the quarter car model.

The simulated initiation is a pulse initiation. This does not necessarily corre-
spond with the initiation of a real tyre. The initiation of the test tyre of Section 4.3,
for instance, shows a small pulse-like initiation in combination with a large non-
uniformity. The pulse initiation is chosen because a small pulse does not influence
the normal force of the whole contact area, like a large non-uniformity does.

The parameter study is performed by simulating variations of -20% and +20%
of the reference value, which is similar to the simulation parameters from Chap-
ter 3. The resulting changes of the wear quantity are relatively compared to the
wear value of the reference value. The relative mean tyre wear is chosen to repre-
sent the changes of the simulated tyre wear. The simulation velocity is 112 km/h for
a simulation time of 100 sec. The basic initiation is a step function with a length
of 1 cm and a height of 1 mm.

5.1 Parameter study of dynamic irregular tyre wear by
using the tyre simulation model

Parameter Quantity Rel. mean wear No. Spots

Forward velocity
Vx = 112 km/h

0.80 Vx 0.57 6.25
0.91 Vx 0.44 5.5
1.00 Vx 1.00 5.00
1.20 Vx 0.76 4.17

Table 5.1: Simulation results for changes of the forward velocity

Table 5.1 shows the simulated tyre wear values for different forward velocities.
The number of wear spots in Table 5.1 is calculated by using:

number of spots =
7.2πrefn

Vx
(5.1)

which corresponds to the number of spots which appear from the simulations.
Where re is the wheel radius in [m], fn the vertical natural frequency of the tyre belt
in [Hz] and Vx the forward vehicle velocity in [km/h]. The simulated wear is most
severe at a velocity of 112 km/h, because in that case there is an integer number
of spots. There is a complete overlap between the force variations of the current
rotation and the remaining force variations of the previous rotation at an integer
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number of spots. The overlap leads to an amplification of the force variations which
results in more wear. The opposite happens at an integer and a half number of
spots. The remaining force variations of the previous rotation are in antiphase
with the force variations of the current rotation. This leads to less wear, as is shown
in the second row of Table 5.1.

Wear also increases with an increasing velocity like shown in Table 5.1, when
the relative mean wear values of 0.80 Vx and 1.20 Vx are compared. The impact
force from the initiation is higher at higher velocities which results in larger vertical
force variations. Having an integer number of spots has however a bigger influence
on the wear than the increased velocity.

Parameter Quantity Rel. mean wear No. Spots

Initiation length
linit = 1 10−2 m

0.80 linit 0.80 5.00
1.00 linit 1.00 5.00
1.20 linit 1.21 5.00

Table 5.2: Simulation results for changes of the initiation length

The influences of the initiation length are shown in Table 5.2. The initiation
leads to a linear response of the normal force, because the damping and stiffness
characteristics are assumed to be linear. An increasing initiation length leads to a
larger respons force from the springs and damper. The larger respons force leads
to larger force variations and more wear as a result. The changes of the relative
mean wear are almost equal to the changes of the initiation length. The minor
differences are due to rounding and truncation errors.

Parameter Quantity Rel. mean wear No. Spots

Initiation height
hinit = 1 10−3 m

0.80 hinit 0.80 5.00
1.00 hinit 1.00 5.00
1.20 hinit 1.20 5.00

Table 5.3: Simulated wear values for changes of the initiation height

Table 5.3 shows the influence of the initiation height on the simulated wear.
The relative mean wear values show that a higher initiation results in more wear.
A higher initiation causes a higher impact force, which leads to larger vertical force
variations and more wear as a result.

Parameter Quantity Rel. mean wear No. Spots

Belt mass
mb = 4.6 kg

0.80 mb 0.55 5.59
1.00 mb 1.00 5.00
1.20 mb 0.46 4.56

Table 5.4: Simulated wear values for changes of the belt mass

The belt mass is one of the parameters which influence the vertical natural
frequency of the belt. The number of wear spots is determined from this natural
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frequency by using (5.1). A higher belt mass results in a lower vertical natural
frequency which leads to less wear spots at the same velocity. In this example the
variations of the belt mass lead to a non-integer number of spots, which leads to
less wear in comparison to the integer number of spots of the reference value.

A higher belt mass will theoretically lead to less wear. The higher mass is cou-
pled with a higher inertia and results in a lower amplitude of the harmonic of the
natural frequency. Having an integer number of spots does however has a larger
effect on the wear than the results of variations of the inertia.

Parameter Quantity Rel. mean wear No. Spots

Sidewall stiffness
cb = 9.41 105 N/m

0.80 cb 0.55 4.61
1.00 cb 1.00 5.00
1.20 cb 0.49 5.37

Table 5.5: Simulated wear values for changes of the sidewall stiffness

The sidewall stiffness also influences the vertical natural frequency of the belt
and therefore the number of spots. An increased sidewall stiffness leads to an
increased vertical natural frequency and more spots. Table 5.5 shows the values
for both an increased and decreased sidewall stiffness. These changes result in a
non-integer number of spots. The wear is therefore smaller in comparison with
the wear at an integer number of spots.

A tyre with a less stiff sidewall will theoretically experience more severe irregu-
lar tyre wear than a tyre with a stiffer sidewall. A higher sidewall stiffness decreases
the displacement of the belt which leads to decreased normal force variations. This
results in less wear, which is also shown by the relative mean wear values of the
variations of the sidewall stiffness.

Parameter Quantity Rel. mean wear No. Spots

Residual stiffness
cr = 2.99 105 N/m

0.80 cr 0.43 4.88
1.00 cr 1.00 5.00
1.20 cr 1.36 5.12

Table 5.6: Simulated wear values for changes of the residual stiffness

The vertical natural frequency of the belt is also influenced by the residual stiff-
ness. Table 5.6 shows that the initial value with the integer number of spots does
not have the highest relative mean wear value. The increased residual stiffness
shows the most wear. It can be concluded that the wear due to the increased resid-
ual stiffness is larger than the wear decrease due to a non-integer number of spots.
The larger residual stiffness theoretically results in a higher initiation force for the
same initiation height. The larger initiation force leads to larger force variations
and consequently more wear.

Table 5.7 shows the simulated wear values for varying sidewall damping coeffi-
cients. A larger damping coefficient theoretically results in a higher damping ratio
and less irregular wear. The damper absorbs more energy at larger values of the

62



Parameter Quantity Rel. mean wear No. Spots

Sidewall damping
kb = 147 Ns/m

0.80 kb 1.24 5.00
1.00 kb 1.00 5.00
1.20 kb 0.84 5.00

Table 5.7: Simulated wear values for changes of the sidewall damping coefficient

damping coefficient which leads to smaller normal force variations and less wear.
The smaller force variations also lead to less amplifying from the force variations
of the previous tyre rotation at an integer number of spots.

Parameter Quantity Rel. mean wear No. Spots

Toe angle
α

α = 0.00◦ 0.078 5.00
α = −1.00◦ 1.00 5.00
α = −2.50◦ 2.39 5.00

Table 5.8: Simulated wear values for changes of the toe angle

The influence of the toe angle on the irregular tyre wear is shown in Table 5.8.
The table shows that the larger toe angles results in more severe wear. This is a
direct consequence of increased lateral sliding with an increasing toe angle as a
result of the non-linear characteristic of the cornering stiffness.

Parameter Quantity Rel. mean wear No. Spots

Camber angle
γ

γ = 0.00◦ 1.00 5.00
γ = −1.00◦ 1.07 5.00
γ = −2.50◦ 1.17 5.00

Table 5.9: Simulated wear values for changes of the camber angle

Table 5.9 shows the differences in wear for different camber angles. Larger
camber angles introduce more lateral sliding and more wear as a result due to the
non-linear behavior of the camber stiffness.

Parameter Quantity Rel. mean wear No. Spots

Exponent
n = 1

0.80 n 0.19 5.00
1.00 n 1.00 5.00
1.20 n 5.23 5.00

Table 5.10: Simulated wear values for changes of exponent n

The parameter n is the exponent of the initial normal force where Cwear (3.22)
is multiplied with. This parameter is assumed to be 1 for all other experiments. The
value of the wear exponent normally lies between 0.8 and 2.2 [30]. Table 5.10 shows
the influence of the exponent n on the irregular tyre wear. The wear increases with
increasing exponent n as a result of the higher value where Cwear is multiplied
with.
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Parameter Quantity Rel. mean wear No. Spots

Vertical force
Fl0 = 3955 N

0.80 Fl0 0.99 5.00
1.00 Fl0 1.00 5.00
1.20 Fl0 0.91 5.00

Table 5.11: Simulated wear values for changes of the contant vertical force
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Figure 5.1: Characteristic of the constant parameter of the linear wear model
Cwear for different values of the vertical force Fl0

The influence of the constant vertical force on the irregular tyre wear is shown
in Table 5.11. The lower and the higher vertical force both result in less wear. The
non-linear characteristic of the cornering stiffness and the decreasing lateral fric-
tion coefficient with increasing vertical force lead to the characteristic of Cwear

(3.22) which is shown in Figure 5.1. The reference value (1.00 Fl0) lies closest to
the vertical force where the maximum value of Cwear appears. The smaller values
of Cwear for 0.8 Fl0 and 1.2 Fl0 leads to a smaller Cwear and therefore less wear.

Based on the simulation results of the different parameter variations it can be
concluded that a tyre manufacturer can change a couple of parameters to lower the
irregular wear. Changes of the wear exponent n result in the largest relative mean
wear changes. An increased residual stiffness also leads to more wear, even if the
number of spots is changed from an integer number into an non-integer number.
It is advised to keep the residual stiffness and the exponent n as low as possible.

Probably the most important parameters to change are the initiation proporties,
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because the initiation starts the whole phenomenon. The wear becomes smaller
when the initiation is smaller in length and height.

Increased toe and camber angles lead to more wear. It is advised to the con-
sumer to make sure that the suspension geometry is in line with the manufac-
turer’s prescriptions to avoid unnecessary increased irregular wear. These conclu-
sions correspond to the practical experienced causes of tyre wear from Appendix A.

The vehicle velocity is also a very important parameter, especially at an integer
number of spots. The force variations of the previous rotation amplify the force
variations of the actual rotation in this situation. It is recommended to avoid having
an integer number of spots at a highway speed limit, because these velocities are
mainly driven constantly for a long time. This phenomenon can also be used to
decrease the severity of the wear. The force variations of the actual rotation and
the previous rotation are in antiphase when the speed is tuned to a velocity with an
integer and a half number of spots. The force variations of the previous rotation
will reduce the force variations of the actual rotation.

It is advised to avoid having a vertical force close to the maximum cornering
stiffness. This does however compromises the cornering behavior of the vehicle.

An increase of the sidewall stiffness and the sidewall damping coefficient lead
to less severe wear due to smaller force variations. The changes from an integer
number of spots to a non-integer number of spots does however have a bigger
influence on the wear. Changes of the belt mass are fully overruled by the changes
due to the number of spots as a result of the changed natural frequency.

5.2 Parameter study of dynamic irregular tyre wear with
the quarter car model

All simulations of this section are performed with the linear quarter car model.
The quarter car model has a similar structure as the tyre model, but takes the whole
quarter car into account instead of focussing on the belt. Although the wear pattern
from both models is different, the conclusions of are similar. The simulations of
the parameter of Section (5.1) are not discussed for the linear quarter car model for
that reason.

The number of spots is in case of the quarter car model not only caused by the
number of harmonics of the vertical natural frequency of the belt at one tyre rev-
olution. The number of harmonics of the vertical natural frequency of the sprung
mass and the unsprung mass do also have an effect on the number of spots. The
tables with the simulation results therefore show the number of harmonics which
vary with the varying parameter.

It is expected from the results of the simulations with the tyre model of Sec-
tion 5.1 that the worst case scenario might be the situation with an integer number
of harmonics of the vertical natural frequency of the belt mass fn mb

, unsprung
mass fn ma

and sprung mass fn ms
at one or more tyre revolutions. The different

masses have been slightly tuned to simulate such a situation. The speed is matched
to five harmonics of the natural vertical frequency of the belt mass. Variations of
the parameters are simulated to find out if this really is the worst case situation
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and to find out what the influences are of the different parameters on the irregular
wear.

Mass Rel. No. harmonics
mb ma ms mean wear fn mb

fn ma fn ms

4.60 22.51 370.61 1.00 5.00 1.00 6.6710−2

3.68 22.51 370.61 1.05 5.59 1.00 6.6710−2

5.52 22.51 370.61 0.99 4.56 1.00 6.6710−2

4.60 18.00 370.61 0.97 5.00 1.12 6.6710−2

4.60 27.00 370.61 0.82 5.00 0.91 6.6710−2

4.60 22.51 296.49 0.98 5.00 1.00 7.4510−2

4.60 22.51 444.74 0.94 5.00 1.00 6.0910−2

Table 5.12: Simulation results of the variations of the masses with the quarter
car model

Table 5.12 shows the results of variations of the three different masses. The first
row shows the expected "worst case scenario" with overlapping harmonics of the
different natural frequencies. The results from this "worst case scenario" are used
as a reference.

The second and the third row show the effects of varying the belt mass. A lower
belt mass leads to more wear, because the lower mass leads to a lower inertia. The
lower inertia results in larger displacements of the mass and larger lateral force
variations which results in an increased wear. The lower belt mass also leads to
a lower fn mb

. This leads to a higher number of harmonics of fn mb
at one tyre

revolution, which results in more overlap between the harmonics of fn mb
and the

harmonic of fn ma for the first 180◦. The sliding is mainly caused in the these first
180◦, because the normal force variations are lower than the initial normal force in
this region which is shown in Figure 5.2. The wear increment at a lower mass is
larger than the decrease of not having an integer number of spots. So the expected
"worst case scenario" is not the worst case at all.

The effects of the unsprung mass are shown in the fourth and the fifth row of
Table 5.12. The increasing unsprung mass leads to decreasing wear, because the
increasing inertia leads to smaller force variations. The increased unsprung mass
also leads to a slightly lower fn ma

. Both the increased and the decreased sprung
mass lead to a lower mean wear than the "worst case scenario." Having an integer
number of harmonics of fn ma

does have a bigger influence on the wear than the
increased force variations of a lower unsprung mass.

Variations of the sprung mass leads to the wear values which are shown in the
sixth and seventh row of Table 5.12. An increasing sprung mass leads to smaller
force variations because of the same effect of the larger inertia as with the belt mass
and unsprung mass. An increasing sprung mass does also have a big influence on
the initial normal force, which consists of the sum of all the masses times the grav-
itation constant. The sprung mass has a much bigger share on the initial normal
force than the unsprung mass and the belt mass. The increased initial normal
force leads to a lower Cwear as is shown in Figure 5.1. Having exact one harmonic
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Figure 5.2: Displacement variations and variations of the normal force (equal
to Figure 3.20) with the quarter car model

of fn ms
over 15 tyre revolutions has however a bigger influence on the relative

mean wear than the increased normal force variations of a lower sprung mass and
the lower Cwear.

Parameter Quantity Rel. No. harmonics
mean wear fn mb

fn ma
fn ms

Suspension stiffness
cs = 19.6 103 N/m

0.80 cs 0.98 4.99 0.99 6.01 10−2

1.00 cs 1.00 5.00 1.00 6.67 10−2

1.20 cs 1.02 5.01 1.08 7.25 10−2

Table 5.13: Simulation results for changes of the suspension stiffness with the
quarter car model
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Table 5.13 shows the effects of changing the suspension stiffness. An increased
suspension stiffness leads to a higher fn mb

, fn ma and fn ms . The higher fn mb

leads to a better overlap in the first 180◦ between the between the harmonics of
fn mb

and fn ma
. This is a similar effect as with the decreased belt mass of Ta-

ble 5.12. The period of the harmonic of fn ma
becomes smaller as well, but the

decrease is much smaller than the increase of the number of harmonics of fn mb
.

The increased suspension stiffness therefore leads to more wear than the reference
of the second row.

Parameter Quantity Rel. No. harmonics
mean wear fn mb

fn ma fn ms

Suspension
damping
ks = 490 Ns/m

0.80 ks 1.11 5.00 1.00 6.6710−2
1.00 ks 1.00 5.00 1.00 6.6710−2
1.20 ks 0.93 5.00 1.00 6.6710−2

Table 5.14: Simulation results for changes of the suspension damping with the
quarter car model

Table 5.14 shows the effects of changing the vehicle suspension damping coeffi-
cient. A higher damping coefficient leads to less wear, because the force variations
decay faster as a result of more energy absorbtion. This is a similar process as
described for the sidewall damping coefficient of the tyre model.

The additional parameters which are described in this section are all vehicle
related. Changes of the suspension damping coefficient have the biggest influence
on dynamic irregular wear. An increased damping coefficient leads to less wear,
because the force variations are damped faster. A worn shock absorber will the-
oretically lead to more severe wear. The damping coefficient of the worn shock
absorber is much lower, which leads to more severe irregular wear spots. The worn
shock absorber is also one of the experienced practical causes of dynamic irregular
tyre wear from Appendix A.

An increased unsprung and sprung mass both lead to an increased inertia
which results in smaller force variations, which leads to less wear. The effects
of the larger inertia of the unsprung mass are however overruled when an integer
number of harmonics of the natural frequency of the unsprung mass occur at one
tyre revolution. Exact one harmonic of the natural frequency of the sprung mass
over an integer number of tyre revolutions leads however to more wear than the
increased inertia of the sprung mass.

A larger belt mass results in less wear as well. Increasing the suspension stiff-
ness leads to an increased mass. These changes of the belt mass and the suspen-
sion stiffness overrule the wear decrease of not having an integer number of spots.
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6 Conclusions and recommendations

This chapter contains the main conclusions of this research and recommendations
for future projects. The aim of this project is to provide a better understanding of
the dynamic irregular tyre wear problem. The research is performed by four sim-
ulation models i.e. a linear and non-linear tyre model and a linear and non linear
quarter car model. These models are used to investigate and visualize the dynamic
irregular tyre wear problem. Experiments have been performed in a controlled en-
vironment to be able to verify the correlation between the theoretical model and
the experimental data. The research is used to answer the central question: What
causes irregular tyre wear and what can be done to prevent it?

6.1 Conclusions

The main conclusion is that dynamic irregular wear is expected to be caused by
lateral slip as a result of force variations due to the vertical natural frequency of
the belt mass, sprung mass and unsprung mass. The remaining conclusions are
divided into three main categories: The model based conclusions, the conclusions
from the measurements and the conclusions from the parameter study.

The following conclusions are based on the development of the simulation
models:

• The tyre model and quarter car model are based on a simple rigid ring tyre
model in combination with an abrasive wear law and are capable to simulate
dynamic irregular wear.

• A local wear model is adopted because it is more in line with the expectations
from field data of irregular tyre wear than the usual wear models.

• The linear simulation models provide similar results as the non-linear simu-
lation models, but with a negligible error and with shorter simulation times.

• The linear simulation models of the tyre model and quarter car model are
both unstable.

Measurements have been executed to reproduce the dynamic irregular wear
phenomenon, which leads to the following conclusions:

• It is hard to judge if the irregular tyre wear phenomenon appears in the mea-
surements, because there is an overlap between the initiations of the tyre and
the expected irregular wear spots.

• One wear spot in particular shows that the dynamical irregular wear phe-
nomenon is highly plausible to appear. The spot has no direct correlation
with the input signal, but both the simulated wear as the measured wear
show a similar wear spot.

• The applied local wear model does not seem to be valid for large initiations,
but it seems to be valid for the dynamic normal force variations.
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The simulation models are used for a parameter study, with the following main
simulation based conclusions as a result:

• The most important parameter to reduce irregular tyre wear is by starting
at the source, which is the initiation. The wear decreases with a decreasing
initiation length and height.

• Increasing the wear exponent n, residual stiffness, camber angle, toe angle
lead and belt mass to the largest wear increments. It is worth the effort to
keep these parameter as low as possible. Irregular wear decreases with an
increasing sidewall damping coefficient.

• An extra wear increment appears when an integer number of harmonics of
the vertical natural frequencies appears at one tyre revolution.

6.2 Recommendations

The following recommendations are made with regard to further investigations on
the dynamic irregular wear phenomenon.

• Similar experiments need to be performed in future research, but with other
tyres to make well-grounded conclusions. The measurements of this re-
search are carried out with a single tyre and it is not irrefutable clear if the
dynamic irregular tyre wear phenomenon really appears.

• The influences of the actual suspension behavior are not measured in this
project. It is interesting for future projects to measure the influences of a real
car on this dynamic irregular tyre wear phenomenon. It is however recom-
mended to do this in a controlled environment with accurate sensors, which
can cope with the dynamic behavior. A possible project might be measuring
the suspension movements of a car with an irregular worn tyre at an indoor
drum.

• It is recommended for future research to investigate the possibility of de-
veloping a model which supports both the local wear models as well as the
global wear model.

• The contact patch is modeled as a local point contact. Future research can be
focussed on a more advanced contact patch to get a better understanding at
what actually happens within the contact patch during irregular wear. This
can also help to get a better understanding about the limits of the local and
global wear models.

• The dynamic irregular tyre wear phenomenon is examined for force varia-
tions in the vertical direction. It is likely that a similar phenomenon appears
in the longitudinal direction and the lateral direction. A combination of these
phenomena in the above mentioned directions can be a possible explanation
of diagonal wear.
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Nomenclature

α Sideslip angle [◦]

α Toe angle [◦]

∆H Wear height [m]

∆r Increase of the wheel radius with increasing velocity

δ Stribeck exponent [−]

γ Abrasion per unit energy dissipation

γ Camber angle [◦]

µ Friction force coefficient [−]

µ0 Constant coefficient of friction [−]

µk Kinematic friction force coefficient [−]

µs Static friction force coefficient [−]

ν Abrasion parameter [m/(Nn+1)]

Ω Angular velocity [rad/s]

ρz0 Deflection at zero velocity [m]

σz Normal Stress [N/m2]

σlat Lateral stress [N/m2]

σth Threshold stress [N/m2]

τ Angular position of the tyre [rad]

A Abrasion quantity

ac Camber stiffness factor [1/◦]

as Cornering stiffness factor [1/◦]

B Abrasion coefficient

By Stiffness factor in ’Magic Formula’ [−]

C Contact area [m2]

cb Sidewall damping [Ns/m]

cr Residual Stiffness [N/m]

cs Vehicle stiffness coefficient [N/m]
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Cy Shape factor in ’Magic Formula’ [−]

Ctot Overall tyre stiffness [N/m]

Cwear Constant parameters of the linear wear model [−]

Dy Peak factor in ’Magic Formula’ [−]

dfz Normalized change in vertical load [−]

Ey Curvature factor in ’Magic Formula’ [H−]

Fa Suspension force between the sprung mass and the unsprung mass [N ]

Fb Suspension force between the unsprung mass and the belt mass [N ]

FC Coulomb friction [N ]

Fn Normal force [N ]

fn Natural frequency [Hz]

FS Maximum static friction force [N ]

Fz Vertical force [N ]

Fl0 Constant vertical force [N ]

fnh Natural frequency of the hydraulics [Hz]

fn ma
Vertical natural frequency of the unsprung mass [Hz]

fn mb
Vertical natural frequency of the belt mass [Hz]

fn ms
Vertical natural frequency of the sprung mass [Hz]

Fy0 Lateral tyre force [N ]

FyMFlin
Linear Magic Formula for pure Lateral sideslip [N ]

FyMF Magic Formula representation of the lateral force [−]

Fzn Nominal load of the tyre [N ]

g Gravitation constant [m/s2]

HM Hardness of the softest contact patch [N/m2]

ih Initiation height [m]

il Initiation lenght [m]

K Shear stiffness

k∗adh Specific wear factor of adhesion and abrasion [−]
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kb Sidewall stiffness [N/m]

ks Vehicle damping coefficient [Ns/m]

Ky Cornering stiffness [N/rad]

ma Unsprung mass [kg]

mb Belt mass [kg]

mc Mass of the carrier [kg]

ms Sprung mass [kg]

n Wear exponent [−]

p Parameter [−]

pav Mean apparent pressure [N/m2]

qV Coefficients velocity dependency vertical tyre stiffness [m]

qFz Coefficients vertical force as function of vertical deflection [m]

re Effective rolling radius [m]

s Laplace parameter [−]

s Sliding distance [m]

T Time delay of one revolution [s]

t Actual time [s]

tmax Simulation time [s]

U(t) Wear at t [m]

U(t− T ) Wear of the previous revolution [m]

vr Relative velocity of the contact surface [m/s]

vs Stribeck velocity [m/s]

Vx Forward vehicle velocity [km/h]

W Wear increment [m]

Za Displacement of the axle [m]

Zb Displacement of the belt [m]
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A Sorts of tyre wear

The following descriptions of tyre wear are based on information from [1], [3], [7]
[9], [11], [14], [23], [26], [32] and [33]. This information is supplemented with the
point of view from the knowledge which is gained with this report.

A.1 Alternate lug wear

Figure A.1: Alternate lug wear [11]

At Alternate Lug Wear the tire’s lugs do not wear consistently because they are
not making uniform contact with the highway. This can be on one shoulder or
both. Alternate lug wear is often the first stage of diagonal wear.

The problem is mostly caused by ineffective dampers, out-of-balance of wheel
and tyre assembly or a toe-error. Alternate lug wear may routinely develop on cer-
tain tread types, so it could also be related to the tread design/tire design. These
tyres mostly have deep and large tread blocks, which squirm a lot.

The routinely developed wear pattern corresponds to the irregular wear pattern
from dynamic normal force variations like discussed in this report. The squirming
and the not uniform contact points to slip related local wear. The circumstances of
wear correspond to the ones which were discussed in Chapter 5. This is one of the
types of wear where the analytical knowledge of this report can be applied on.

A.2 Both sided shoulder wear

Figure A.2: Both sided shoulder wear [11]

In this case the shoulders of the tyre wears more rapid compared to the tread
center. The tread is not making a flat contact to the road and the shoulders are
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carrying most of the forces. This increases slipping on the contact surface and
causes more rapid wear on the tyre shoulders. It also generates excessive heat and
increases rolling resistance which reduces tire durability.

This is mostly caused by under inflation or overloading. However worn or dam-
aged suspension components or high lateral thrusts (constant severe cornering)
could also be the cause.

This type of wear leads to irregular wear in the transverse direction of the tread.
The shoulders take most of the forces because of their higher stiffness in compari-
son with the lower stiffness at the center of the tread. The higher forces influences
the whole contact patch, which is why the global abrasive wear models must be
applied. The higher vertical forces at the shoulders lead to more wear.

A.3 Center wear

Figure A.3: Center wear [9], [7]

The tread center has a rapid wear compared to the shoulders. The center of the
tread bears most of the load and wears out faster than the outside edges.

This is mostly caused by over inflation. A rim with too narrow width will also
cause center wear.

The forces are concentrated on the center of the tread and irregular wear in the
transverse direction of the tread. This has also an effect on the whole contact patch,
therefore higher forces lead to more wear.

A.4 Cupping/ Dipping /Scallop wear

Figure A.4: Cupping [11]
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Local areas of fast wear creating a scalloped appearance around tire. The tire
is not tracking straight down the highway, but is bouncing sideways during parts
of its rotation. It first appears around the shoulder ribs of the tire. The vehicle
begins to bounce, creating more irregular wear, which creates more bouncing, and
so forth.

The bouncing can create vehicle suspension component wear. The cupping
could be caused by loose or worn bearings, mismounted tire/ wheel assembly, out
of balance wheel assembly, tread design/ tire design and worn suspension compo-
nents.

This is also an irregular tyre wear phenomenon that corresponds to the dynam-
ical irregular tyre wear as analyzed in this report. The pictures of Figure A.4 show
a similar shape as is shown in the simulations results. The sideways bouncing
confirms the expectation of having a similar dynamical force varying phenomenon
in other directions. The circumstances which cause wear correspond to the ones
from Chapter 5. The knowledge of this report can be used to understand this type
of irregular wear better.

A.5 Diagonal wear

Figure A.5: Diagonal wear [11]

The diagonal wear is recognizable on localized sections of comparatively rapid
tread wear that run diagonally across the tread, from shoulder to shoulder. The di-
agonal wear phenomenon is similar to the Cupping/ Dipping /Scallop wear prob-
lem, but in a diagonal direction. The wheel might start to bounce because of an
initiation, resulting in more wear spots on the circumference of the tyre.

Diagonal wear can develop from a brake skid, spot wear, shoulder wear, or other
advanced wear conditions. The probable causes are loose or worn wheel bearings,
mismounted or out of balance tire/ wheel assembly, worn suspension components
and tread design/ tire design. The diagonal wear can be accentuated by toe-error.
This wear pattern is most commonly seen on the rear (non-driven) axle of front-
wheel-drive vehicles.

This type of wear is probably caused by a combination of dynamical force varia-
tions in different directions. The development of the wear spots correspond to the
dynamical phenomenon in the vertical direction which is discussed in this report.
Therefore the gained knowledge of this report can also be used to understand this
type of wear.
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A.6 One-sided wear

Figure A.6: One-sided wear [11]

When one-sided wear does not have a "scrubbed" appearance, it is caused by a
camber error. The camber error is creating excess contact pressure on one shoulder,
which results in rapid wear on that shoulder. Excessive negative camber will cause
inside shoulder wear, excessive positive camber will cause outside shoulder wear.
The excessive camber angles could be caused by sagged springs or lowered springs.
This makes the vehicle sit too low in its suspension travel, where the camber angle
is excessive. The camber error could also be caused by other worn or damaged
suspension or steering parts.

If the tread shoulder wear has a "scrubbed" (also known as "saw tooth", "scuffed"
or "feathered") appearance, it is caused by a toe error. The tire is being dragged side-
ways (lateral scrubbing). Excessive toe in will feather the outside shoulder, toe-out
the inside shoulder. It could also be caused by constant severe cornering.

In this case, the forces are mainly applied on one side. The higher forces lead
to more wear. This corresponds to the ’global’ abrasive wear models, because the
forces influence the whole contact patch in longitudinal direction. This wear gives
an irregular wear in the transverse direction.

A.7 Rib punch wear

Figure A.7: Rib punch wear [11]

Erratic tread wear where the smaller ribs wear more rapidly than the larger
ones. The worn areas are scrubbing the highway because the tread area is distorting
in the footprint.
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This could be caused by broken shock absorbers, loose or worn bearings and
out-of-balance conditions. It is also related to the tread design.

This sort of irregular tyre wear corresponds to the applied local wear phenom-
enon of this report. The circumstances correspond to the circumstances of chap-
ter 5. Therefore in can not be excluded that this type of wear has a link with the
irregular wear which was investigated in this report. Research of a tyre with rib
punch wear can confirm this suspicion.

A.8 Spot wear

Figure A.8: Spot wear [11]

The tire slid across the road surface, scuffing away the tread in one area. One
or more small, localized spots of comparatively rapid tread wear.

This generally happens as a result of brakes locking up due to brake malfunc-
tion or the driver aggressively applying the brakes in an emergency situation. How-
ever it could also be caused by amismounted or out of balance tyre/wheel assembly,
loose or worn bearings and worn suspension component. Flat spotting can also oc-
cur if the tire sat in oil, fuel or chemicals, if a softened or discolored rubber adjacent
to the flat spot is found. The tyre must be removed from service; because of the
localized impact the tyre structure is damaged.

These flattened spots are mainly caused by non dynamic circumstances. These
spots can however be the initiation of dynamical irregular wear.
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B Magic Formula’s set of equations

The Magic Formula [21] consists of a number of equations which describe the
forces and moments developed by a rolling tyre. In the case of this research the
Magic Formula for pure lateral force is used to determine the lateral force. The
input parameters of this Magic Formula are the sideslip angle α, camber angle γ,
and vertical force Fz .

Fy0 = FMF (α, γ, Fz) (B.1)

The Magic Formula for the lateral force consists of the following set of equa-
tions for pure side slip conditions.

Fy0 = Dy sin (Cy arctan (1− Ey) Byαy + Ey arctan(Byαy))) + SV y (B.2)

αy = α + SHy (B.3)

Cy = pcy1 (B.4)

Dy = Fz (pDy1 + pDy2dfz)
(
1− pDy3γ

2
)

(B.5)

Ey = (pEy1 + pEy2dfz) {1− (pEy3 + pEy4γ) sign (αy)} (B.6)

Ky = pKy1Fzn sin
(

2 arctan
(

Fz

pKy2Fzn

)) (
1− pKy3γ

2
)

(B.7)

By =
Ky

CyDy
(B.8)

SHy = (pHy1 + pHy2dfz) + pHy3γ (B.9)

SV y = Fz (pV y1 + pV y2dfz) + (pV y3 + pV y4dfz) γ (B.10)

dfz =
Fz − Fzn

Fzn
(B.11)
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C Sueoka’s model

The models of this research are based on the model of Sueoka’s research [31].
The biggest difference between Sueoka’s model and the models developed for this
project is the wear law. Sueoka used a global wear law which gives more wear as a
result of higher forces acting at the road. This project’s wear law is more local and
gives more wear when the the local normal force is lower (Section 3.1.2).

The linear tyre model is compared in Section 5 to a Matlab/Simulink which
is based on Sueoka’s equations of motion. The single degree of freedom system
of Sueoka’s model is assumed to be identical the linear tyre model, to be able to
use the same parameters and notations. This part of the model is explained in
Section 3.1.6.

U(t) = U(t− T ) + νβn{Fn}n (C.1)

Sueoka used the wear law which is shown in (C.1). This wear law is similar to
the abrasive wear laws of Archard (2.1) and Schallamach (2.2). The wear quantity
U and the wear of the previous revolution U(t − T ) are the same parameters as
used in the models of this report. The normal force Fn, exponent n and abrasion
parameter ν are also the same parameters as previously used.

β = |asα + acγ| (C.2)

The wheel alignment parameter β consists of (C.2), where as is a cornering
stiffness factor and ac a camber stiffness factor.

U0(t) =
νβnPn

0 (t− T )
T

(C.3)

U0(t− T ) =
νβnPn

0 (t)
T

(C.4)

U(t) = u(t− T )− νβnPn
0 + νβn{P (t)}n (C.5)

Sueoka’s model is linearized in the same way as explained in Section 3.1.4. The
linear expression of (C.5) is derived, by using the steady state values of (C.3) and
(C.4). The linear wear equation of (C.5) is shown in the bordered section of Fig-
ure C.1. The remaining parts of the model are the same as the Matlab/Simulink
model of the linear tyre model (Section 3.1.6).

Figure C.2 shows the difference between Sueoka’s wear model [31] and the local
wear model which is used for this research. The wear in Sueoka’s model results
from high normal forces (Figure C.2a). The local wear model on the other hand,
provides wear as a result of slip which is caused by a local lower normal force
(Figure C.2b). These models are each others opposites, which is clearly visible in
the placements of the wear spots.

The comparison between the measurements and the simulation results of Sec-
tion 4.3 shows that both models are appropriate for different conditions. Wear
according to Sueoka’s wear model is likely to appear from wide initiations which
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Figure C.1: Matlab/Simulink model of Sueoka’s model
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Figure C.2: (a) Simulated wear contour with the tyre model, (b) Simulated
wear contour with Sueoka’s model

influence the normal force on the whole contact patch. The local wear model is
more appropriate for the wear as a result of force variations. The local wear model
is for that reason applied for the other simulations of this section.

Both wear models react in a different way when the same initiation is applied,
but the overall force variations are the same. Relative changes of the parameters
influence the overall force variations, which lead to the same relative wear changes
for both wear models. Therefore the conclusions from this section are applicable
for both wear models.
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D Matab Simulink models

Figure D.1: Matlab Simulink model of the tyre model
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Figure D.2: Matlab Simulink model of the linear tyre model
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Figure D.3: Matlab Simulink model of the quarter car model part 1
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Figure D.4: Matlab Simulink model of the quarter car model part 2
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Figure D.5: Matlab Simulink model of the linear quarter car model part 1
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Figure D.6: Matlab Simulink model of the linear quarter car model part 2
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E Swift tyre parameters

SWIFT parameters, from page 614 of [21]. These terms are from a 205/60R15 91V,
with a pressure of 2.2 bar.

r0 = 0.313[m] Fzn = 4000 [N]
mb = 9.3[kg] V0 = 16.67 [m/s]
pCy1 = 1.193 pDy1 = -0.990
pDy2 = 0.145 pDy3 = -11.23
pEy1 = -1.003 pEy2 = -0.537
pEy3 = -0.083 pEy4 = -4.787
pKy1 = -14.95 pKy2 = 2.130
pKy3 = -0.028 pHy1 = 0.003
pHy2 = -0.001 pHy3 = 0.075
pV y1 = 0.045 pV y2 = -0.024
pV y3 = -0.532 pV y4 = 0.039

Table E.1: Swift tyre parameters
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F Differentiated Magic Formula

This section shows the derivative of the Magic Formula for pure lateral force of (B).
The set of equations of the Magic Formula is differentiated to Fz .

For starters the overall function (B.1) is simplified, which result in:

Fy0 = Dy sin (CyV arMF ) + SV y (F.1)

where:

V arMF = arctan ((1− Ey) Byαy + Ey arctan (Byαy)) (F.2)

The derivative of Fy0 (F.1) becomes:

F ′
y0 = D′

y sin (CyV arMF )
+Dy cos (CyV arMF )

(
C ′

yV arMF + CyV ar′MF

)
+ S′

V y
(F.3)

The derivative of V arMF (F.2) becomes:

V ar′MF = 1
1+((1−Ey)Byαy+Ey arctan(Byαy))2

(
B′

yαy + Byα′
y −B′

yαyEy

−Byα′
yEy −ByαyE′

y + E′
y arctan (Byαy) + Ey

1+(Byαy)2

(
Byα′

y + B′
yαy

)) (F.4)

where:

α′
y = S′

Hy (F.5)

C ′
y = 0 (F.6)

D′
y =

(
FznpDy1 + 2FzpDy2 − FznpDy2

Fzn

) (
1− pDy3γ

2
)

(F.7)

E′
y =

(
pEy2

Fzn

)
(1− (pEy3 + pEy4γ) sign (αy)) (F.8)

K ′
y = 2pKy1pKy2F

2
zn

(
1− pKy3γ

2
)
cos

(
2 arctan

(
Fz

pKy2Fzn

))(
1

p2
Ky2F 2

zn+Fz2

) (F.9)

B′
y =

CyDyK ′
y −Ky

(
CyD′

y + C ′
yDy

)
(CyDy)2

(F.10)

S′
Hy =

pHy2

Fzn
(F.11)

S′
V y =

(
pV y1 + pV y2

(
Fz − Fzn

Fzn

))
+ Fz

(
pV y2

Fzn

)
+

(
pV y4

Fzn

)
γ (F.12)
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G Dasylab worksheet

Figure G.1: Dasylab Worksheet
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H Wheel hop analysis of test the rig

At the second test series something unexpected has occurred, which has not been
visible at the other test series. While accelerating to a velocity of 50 km/h, a wheel
hop occurs. This also happens while accelerating to higher velocities. The wheel
hop occurs around 35 km/h. This wheel hop is a result of the natural frequency of
the hydraulics of the test rig. These hydraulics apply the load force at the tyre. The
question is if this wheel hop has any consequences on the vertical acceleration, ver-
tical displacement and vertical force measurements. A closer analysis is performed
to find out what the consequences of this wheel hop are.

Figure H.1: Simplified tyre to test rig interaction

The vertical displacement and vertical force have been analyzed for a velocity
range of 25 to 36 km/h. These signals clearly show a wheel hop which has the
largest magnitude at a velocity of 33 km/h. The influences of the hydraulics of the
test rig on the measurement data are able to be investigated, because the overall
tyre stiffness is calculated from the test data in Section 4.2.1. The stiffness of the
hydraulics ch of the test rig and overall tyre stiffness ctot is simplified to the mass
spring system which is shown in Figure H.1. The mass of the carrier mc of the test
rig is approximately 250 kg. This weight is why the test rig can not provide loads
under 2500 N. The simplified model is turned into the equation of motion, which
is shown in (H.1).

mcz̈c = ch(−zc)− ctot(zc − z0) (H.1)

When this equation is Laplace transformed and rewritten to the frequency do-
main, it gives the following equation for the natural frequency.
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fnh =
1
2π

√
ch + ctot

mc
(H.2)

The wheel hop velocity of 33 km/h corresponds to a natural frequency of the
hydraulics fnh of 4.8 Hz. Equation (H.1) is turned into a Matlab Simulink model.
This model is used to investigate the influences of the influences of the hydraulic
stiffness on the measured data. A sinusoidal signal with a frequency of 80 Hz is
set on z0 to simulate the natural frequency of the belt. The vertical force signal is
measured at ctotza and the acceleration signal is measured at mc. The signals of
the model are measured and compared to a model without the hydraulic stiffness
included. Both models provide quite similar signals, so the influences are nil.

The stiffness of the hydraulics has negligible influence on the measurements of
the vertical displacement, vertical force and vertical acceleration with respect to the
vertical natural frequency of the tyre. A velocity of 33 km/h or a close multiple need
to be avoided, because the hydraulics do have a large influence at those speeds.

The wheel hop is only clearly visible at the second test series, because that series
was performed with a tyre with a large initiation. This does not mean that a wheel
hop does not occur at other test series. The smaller initiation of these test series
probably leads to a less to non visible wheel hop.
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I Tyre wear figures

Figure I.1: Tyre wear after 10000 km

97



Figure I.2: Tyre wear after 12500 km
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Figure I.3: Tyre wear after 15000 km
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