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Summary

We have derived spectral dyadic Green's functions for several planarly multi-layered struc
tures excited by electric and magnetic sources. If we transform these dyadics back to the
spatial domain with the aid of the inverse Fourier transformation, we encounter the Som
merfeld Integral (SI). Since this integral cannot be evaluated in closed form, we will apply
the Method of Steepest Descent to compute it numerically in an efficient way. This implies
that we have to deform the integration path of the SI to the path of Steepest Descent
(SDP). In this report the efficiency of integration along the SDP is demonstrated by com
paring it with a slightly deformed Sommerfeld Integration Path, called the First-Contour
Deformation (FCD). This latter path avoids all singularities in the plane of integration and
is therefore much easier to implement. The relative error and the difference in computation
time of the SI between both paths are set against each other for a structure containing a
perfectly conducting ground plane with a dielectric slab on top.
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Chapter 1

Introduction

Antennas for high-frequency micro-electronic systems are frequently fabricated by pho
tolithographic techniques on dielectric substrates with different permittivities and perme
abilities. To compute the electromagnetic field in such a layered medium, many researchers
have intensively studied these structures, over the last forty years [3,5,6]. In the seventies
and eighties, applications, such as geophysical prospecting and remote sensing, where the
main reason for this study. However, most of the recent developments in this area have
been driven by applications like micro-strip patch antennas, printed circuit boards, and
monolithic micro- and millimeter-wave integrated circuits. Although many of these strat
ified structures have a simple geometric shape, their analysis is complicated by the fact
that the sources are radiating in the presence of material interfaces. In those special cases
where the material boundaries are conformed to a planar, cylindrical, or spherical surface,
Green's functions can be obtained from the eigenvalues and eigenfunctions.

In this report only planarly stratified media are considered. For these structures, the
eigenvectors take the form of a plane-wave spectrum. Therefore, the Green's functions
will be presented in their spectral representation by using the Fourier transformation. To
obtain the spatial-domain Green's functions, the inverse Fourier transformation is applied.
This transformation results in the so-called Sommerfeld Integral (SI), whose numerical
evaluation is the main topic of this report. It is of great importance that the computation
of the SI is performed efficiently, since it has to be evaluated repeatedly in order to calculate
the electromagnetic field. Several efficient techniques have been proposed to accelerate this
numerical integration, like for example the Discrete Complex Image Method [13], a series
representations of Green's functions using Perfectly Matched Layers [17], extrapolation
methods for SI tails [16], and the Method of Steepest Descent [6]. The latter is the method
that we will apply to compute the Sl's.

The basic idea of the Method of Steepest Descent is to deform the integration path of the
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SI to a path along which the integrand decreases most rapidly away from the saddle point,
the so-called Path of Steepest Descent (SDP). However, since we are dealing with layered
structures, surface- and leaky-wave singularities are present in the plane of integration as
well. Therefore, we cannot deform the integration path arbitrarily, because if the path
encounters a singularity, its contribution has to be added to the integral. To calculate this
contribution, we need to find the exact location of the singularity, at the expense of extra
computation time. The numerical results of the integral obtained by integration along the
SDP are compared with the results obtained via a slightly deformed SI path, called the
First-Contour Deformation (FCD). This FCD avoids all surface- and leaky-wave singular
ities and therefore no information regarding their locations is necessary. This comparison
gives us an insight in the efficiency of the Method of Steepest Descent. Also the far-field
asymptotic expansion is derived with the aid of the saddle-point method, which offers a
quick way to determine the leading-order approximation of an integral. The numerical
results of the far-field closed-form expressions will be compared with the results of the
integral computed along the SDP, to obtain an indication for the distance beyond which
the far field starts.

In Chapter 2, we start from the time-harmonic Maxwell equations to arrive at a spec
tral representation of the electromagnetic fields for planarly stratified structures excited
by electric and magnetic point sources. To retrieve the spatial domain representation, we
encounter the Sommerfeld Integral. Properties like branch cuts, branch points and singu
larities of the integrand are discussed in Chapter 3. In Chapter 4, we will demonstrate
the possibilities when deforming an integration path. This is necessary, since the SDP
can change in the plane of integration. The location of this path is also derived in this
chapter, together with a search routine to find the necessary singularities in the plane of
integration. Numerical results of the far-field asymptotic expressions and of the integrals
computed along the SDP and the FCD are deployed in Chapter 5. Finally, conclusions are
drawn in Chapter 6.
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Chapter 2

General analysis of layered structures

We present a general analysis to obtain the electromagnetic field excited by an electric or
magnetic point source located at z = z' = 0 in a stratified structure. A stratified structure
with three different dielectric layers is shown in Figure 2.1. Each layer is assumed to

z

Figure 2.1: geometry of a three-layered planar structure.

be infinite in the x- and y-direction, which implies that edge effects, like diffraction, are
absent. The thickness of a layer is denoted by dn , where n is the number of the layer.
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(2.2)

2.1 Maxwell's equations

To calculate the electromagnetic field in an arbitrary point for a general stratified structure,
we start from the time-harmonic Maxwell equations. With an ejwt time dependence, they
are given by

"\lxE - -M-jwB, (2.1a)

"\lxH J + jwD, (2.1b)

"\l·D P, (2.1c)

"\l·B Pm, (2.1d)

where
E = electric field, H = magnetic field,
D = electric flux density, B = magnetic flux density,
J = electric current density, M = magnetic current density,
P = electric charge density, Pm = magnetic charge density.

Vectors are denoted by a bold typeface. If we assume that the medium in each layer is
isotropic, then the following constitutive relations apply in the absence of primary fields

B - f1(z)H,

D c(z)E,

(2.3a)

(2.3b)

where f1(z) and c(z) are the permeability and the permittivity of the medium, respectively.
Further, we assume that all media are lossless, that each layer is homogeneous and that
the permeability is independent of the height z. Since the permittivity c(z) depends on
the z-coordinate, we can solve the Maxwell equations in the spectral domain.

2.1.1 Transmission-line theory

We introduce the following spatial Fourier transformations [15, 21]:

00 00

E(kp, z,w) = JJE(r,w)ejkp . Pdxdy,

with

-00 -00

00 00

H(k p, z,w) = JJH(r,w)ejkp ' Pdxdy,

-00 -00

k p = kxx + kyY,

P = xx+yy,

10

(2.4)

(2.5)



where (.) is a unit vector. These are vectors in the transverse plane. Variations in the
z-direction are always considered in the spatial domain.

The Fourier transformation of Equation (2.4) reduces the nabla operator in Equation (2.1)
to

(2.6)

which is decomposed in a transverse and longitudinal part. In a similar way, the electro
magnetic fields are decomposed, i.e.,

E(kp,z,w) = Ep(kp,z,w) + Ez(kp,z,w)z,

H(k p, z, w) = Hp(kp, z, w) + flz(k p, z, w)z,

as well as Maxwell's equations

(2.7)

-jkp x ftz + z x ozHp -
-jkp x Ezz + z x ozEp

jwc(z)Ep+ Jp } transverse components,
-jwp,Hp - Up

(2.8)

-jkp x H p = jwc(z)Ezz + }zz } 1 . d' 1. - . - ~ - ~ ongltu ma components,
-Jkp x E p = -Jwp,Hzz - Mzz

where we used Equation (2.3).

(2.9)

Next, the transverse field components Ep and Hp are expressed in components, which are
parallel and orthogonal to the normalized direction kp/kp as [21]

E- .kpV '(~ kp)Vp = Jk TM - J Z x k TE,
p p

H- '(~ kp)I .kp1p = J z x k TM + Jk TE·
p p

(2.10a)

(2.lOb)

The scalars VTE,TM(k p, z, z') and IrE,TM(kp, z, z') in the transverse plane have the same
dimensions, except for the normalizing constant 1/kp , as a voltage and current along a
transmission line. This property will be exploited later on. Now, let us substitute Equa
tion (2.lOa) in the longitudinal part of Equation (2.9), i.e.,

(2.11)

which gives us an expression for the longitudinal magnetic field component Hz. Substitu
tion of Equation (2.lOb) in the longitudinal part of Equation (2.9), gives for the electric-field
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component Ez the following expression

(2.12)

The Equations (2.10), (2.11), and (2.12) are all substituted in the transverse part of
Maxwell's equations, given by Equation (2.8). If we distinguish between the components
parallel and orthogonal to the direction k p / kp and decompose the sources in these directions
as well, Le.,

we obtain the following first-order differential equations

(2.13)

-jwc(Z)VTM + j(~. Jp) }
2 - ~ TM components,

kJTM + .(~ ~.M) + kpJzz
jwc(z) J z x kp p jwc(z')

(2.14)

(2.15)

where

with the following requirements

Im[kz(z)] :::; 0,
Re[kz(z)] ~ 0 if Im[kz(z)] = O.

(2.16)

(2.17)

These requirements are chosen in such a way that the radiated field remains bounded or
propagates away from the source as Izl ----+ 00 for an ejwt time dependence. In Chapter 3,
the consequences of these requirements are discussed.

Equations (2.14) and (2.15) yield two coupled sets of equations. The first one is determined
by the functions VTM and ITM . From Equation (2.11), it follows that for this type of
solution, the longitudinal part of the magnetic field equals zero. Therefore, these solutions
are referred to as T M-modes. On the other hand, the longitudinal part of the electric
field equals zero for the functions VTE and IrE, according to Equation (2.12), which are
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therefore referred to as the T E-modes. Finally, we note that the longitudinal component
Jz only generates TM-modes, whereas the component Mz only generates TE-modes. If
a longitudinal component Jz is located exactly at the transition between two media, its
permittivity is given by

1 1( 1 1)
c(z') = 2" c(z'-) + c(z'+) , (2.18)

where c(z'-) denotes the permittivity of the media below the transition and c(z'+) the
one of the media above.

Next, we introduce the modal characteristic impedances of a transmission line [6], i.e.,

_ 1 _ kz(z) }
ZTM(Z) - YTM (Z) - wc(z) for TM-modes,

ZTE(Z) = YT~(Z) = k~(~) } for T E-modes.

(2.19)

(2.20)

If we substitute these characteristic impedances in Equation (2.14) and (2.15), we obtain
the following transmission-line equations

OzV; = -jkzZplp+ vp,

ozIp = -jkzYpV; + ip,
(2.21)

where the subscript p assumes the values of T E and T M. The voltage vp(kp , z') and
current ip(kp , z') sources in Equation (2.21) are given by

'(A k p M) kpJzz. .(kp J)
VTM = J Z x kp ' p + jwc(z')' ZTM = J kp ' p ,

, .(" k p J-) kpMzz .(kp M- )ZTE = -J Z x k' p +, , VTE = J k' p'
p JWJ-l P

(2.22)

To obtain the spectral electromagnetic fields, we substitute the Equations (2.10), (2.11),
and (2.12) in Equation (2.7), i.e.,

E - .kpll _ '(" kp)ll [kpIrM - Jz] "
- J k TM J Z x k TE + '() Z,

P P JWc Z

H- .( " k p) T +' k p
T + [kpVTE - Mz] "= J Z x k lTM JklTE . Z,

P P JWJ-l

(2.23)

which indicates that outside the source region VTM, IrM and VTE , IrE represent fields that
are, respectively, T M and T E to z.
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2.1.2 Source-free transmission-line equations

We shall consider a region which contains no sources. This implies that the transmission
line equations of Equation (2.21) are given by

Oz v;, = -jkzZplp,

ozIp = -jkzy;'v;,, (2.24)

which are the homogeneous source-free transmission-line equations. Since kz and Zp remain
constant in each layer, because we assumed the layers to be homogeneous, Equation (2.24)
is reduced to the following second-order differential equations

[0; + k;,i] Ip = 0,

[0; + k;,i] v;, = 0,

(2.25a)

(2.25b)

where i denotes the layer number, as defined in Figure 2.1, and the wavenumber is, with
the aid of Equation (2.16), given by

k2 2 k2
z,i = W 11£i - p' (2.26)

The solutions of the homogeneous transmission-line equations of Equation (2.25) are writ
ten in travelling-wave form as [19]

(2.27)

where V+(kp , z') and V-(kp , z') are the amplitudes of voltage waves at the source z =
z' = 0 and at a transition z = z' + d, as shown in Figure 2.2. The first exponential term

....f···· T····· ...
z=z' ...~L~.-..J.~:..

Figure 2.2: voltage waves V+(kp , z') and V-(kp , z') starting at the transitions z = z' and
z = z' + d, respectively.

represents a wave travelling in the +z-direction, if we assume an ejwt time dependence.
The second term represents a wave travelling in the - z-direction.
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2.1.3 Spectral dyadic Green's functions for the transmission-line
equations

In Section 2.1.2, we have obtained a solution for the homogenous transmission-line equa
tions in the source-free regions. To obtain a solution for Equation (2.21), we require a
way to describe the source regions in the transmission line [15J. This description is sim
plified if we first consider point-source excitations and then obtain the total response by
superposition.

In linear media, the fields due to the unit-current densities J and 1\1 may be expressed in
their spectral domain representations as [6J

E = (Ce,j. J) + (Ce,m. 1\1)
=' ="

if = (Ch,j. J) + (Ch,m. 1\1)
=' =' ,

(2.28)

(2.29)

where cp,q (kp , z, z/) is the spectral dyadic Green's function relating p-type fields at a height

z and q-type sources at z/. The notation (, ) is used for integrals of products of two functions
separated by the comma over the source region. The dot over the comma indicates the dot
product.

In view of the linearity of the transmission-line equations of Equation (2.21), one can
obtain the solutions for the functions Vp and Ip at any point z by superposing separate
contributions from suitable point voltage- and current-generators at the point z/. In analogy
with Equation (2.28), one finds [15J

~ = (V;, ip) + (Vp
V

, vp),

Ip = (I~, ip) + (1;, vp),

where p is either T M or TE. The functions Vi(kp , z, z/) and V;(kp , z, z/) are so-called
Transmission-Line Green's Functions (TLGF's), which are the voltage responses at z to
a unit-strength current or voltage source at z/, respectively. The TLGF's I;(kp , z, z/) and
I;(kp , z, z/) are the corresponding current responses to the same excitations.

Next, let us substitute Equatjon (2.29) in Equation (2.23) and use Equation (2.22). If we
decompose the point source J p in x- and y-unit vectors, i.e.,

(2.30)

and use the decomposed transverse wavenumber k p of Equation (2.5), then the spectral

d d· G 'f . G-e,j(k /) G-h,j(k /) G-e,m(k /) d G-h,m(k /)ya IC reen s unctIOns = p' z, z '= p, z, z '= p, z, z ,an = p' z, z
are, respectively, given in the Tables 2.1, 2.2, 2.3, and 2.4,
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Jx Jy Jz
2' 2'

kxky[ - V,j,M + V,j,EJ
Ex -

kxVTM + kyVTE
kz(~') ZTM(Z')VTMk2 k2

p p

kxky[ - V,j,M + V,j,EJ 2' 2'

kz~~')ZTM(Z')VTMEy -
kxVTE + kyVTM

k2 k2
p p

Ez k':tz) ZTM(z)I~M ~ (). Xl [See Equation (2.31)Jkz(z) ZTM z DrM

Table 2.1: spectral dyadic Green's functions {;.e,j (kp , z, z').

Jx Jy Jz

kxky[I~M - I~EJ
2 . 2 .

- kz~~') ZTM(z')ITMHx
kyITM + kxITE

k2 k2
p p

2 . 2 .
kxky[I~M - I~EJfly -

kxITM + kyITE - kz(~') ZTM(z')ITMk2 k2
p p

Hz ~ (). - k~*z) YTE(Z)V,j,E akz(z) YTE z VTE

Table 2.2: spectral dyadic Green's functions {;.h,j (kp , Z, z').

with

and
_ k; , i 1 ')

X2 - - k ( )k ( ') YTE(Z)YTE(Z )VTE - -.-£5(z - z ,
z Z z Z JWJ-L

where £5 is the Dirac delta distribution.

(2.31)

(2.32)

The elements of these spectral dyadic Green's functions will be denoted as G~',~(kp, z, z'),
where the subscripts u, v represent the orientation of the source and observer, respectively.

Observe that the Dirac delta distribution in the Equations (2.31) and (2.32) is independent
of kp . This makes it possible to transform these equations back to the spatial domain, as
we will see in Section 2.2. In the spatial domain, this contribution should be added if the
fields at the height of the source point z = z' have to be computed.

Further, we notice that if the source is directed along the z-direction, a different unit
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Mx My Mz

Ex
kxky[V;M - V;E]

-
k;V;M + k:V;E ~y (')V;i

k2 k2 kz(z') TE z TE
p p

By
k~V;M + k;V;E

-
kxky[V;M - V;E]

- kz(~') YTE(Z')VfEk2 k2
p p

Ez - kz~~) ZTM(Z)DfM k:("z) ZTM(Z )ITM °
Table 2.3: spectral dyadic Green's functions Ce,m(kp , z, z').

Mx My Mz

Hx -
k;I~E + k~ITM kxky[ - ITE + ITM] kx y (')Ii

k2 k2 kz(z') TE z TE
p p

Hy
kxky[ - I~E + ITM ]

-
k;DfM + k:ITE ky y (')Ii

k2 k2 kz{z') TE z TE
p p

Hz k:tz) YTE(Z)VTE k:(z) YTE(Z)VTE X2 [See Equation (2.32)]

Table 2.4: spectral dyadic Green's functions Ch,m(kp , Z, z').

source than the one which is oriented along the x- or y-direction, should be included in the
transmission line.

2.1.4 Network representation of point sources

In Section 2.1.3, we have observed that 'ITansmission-Line Green's Functions (TLGF's)
are obtained if we excite the transmission line by a unit-strength voltage or current point
source. However, the location of these sources in the transmission line has not yet been
specified. Therefore, we rewrite the transmission-line equations of Equation (2.21), with
their point source excitations in z = z' as [6]

ozv;, = -jkz,iZp,iIp + vpo(z - z'),

ozIp = -jkz,iYp,iVp + ipo(z - z'),
(2.33)

where 0 is the Dirac delta and i is the layer number. If we integrate Equation (2.33) over
z between the limits z' - a and z' + a, where a --+ 0, we obtain the following discontinuity
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relations for V; and I p at z = z',

[ ]
z'+o' ,

V; z'-o' = vp(z ), [1 ]Z' +0' . ( ')
p z'-o' = '/,p z . (2.34)

These discontinuity relations can be represented by a network representation as shown in
Figure 2.3, with a voltage and current point source. The voltage generator has a strength

z'

+

z

Figure 2.3: network representation for point source excitation to determine the TLGF's
Ii,v and Vi,v

p p

of vp (z')j2 on both sides of the current generator.

2.1.5 Determination of the Transmission-Line Green's Functions
(TLGF's) for a transmission-line network

As mentioned in Section 2.1, we consider a multi-layered medium with piecewise constant
parameters, i.e. the permittivity and permeability remain constant in each layer. These
layers can be represented by transmission lines, where we have to make sure that the
boundary conditions at the junction between two of these transmission lines are satisfied.
These state that V; and I p across a direct junction should be continuous. This property
follows directly from the continuity of the transverse electric and magnetic fields at such a
transition (d. Equation (2.10)). Then, the Transmission-Line Green's FUnctions (TLGF's)
V;'v and I;'v in a point z outside the source region can be obtained with Equation (2.27).
To obtain the TLGF's inside the source region, the boundary conditions at the point source
should be used. As soon as the TLGF's are known, the spectral dyadic Green's functions
can be calculated to obtain the electromagnetic field.

Let us illustrate this with an example where we consider a case in which an array of
waveguides is placed under a dielectric slab on a ground plane. According to the equivalence
theory [2], the apertures of the waveguides are equivalent to magnetic dipoles placed on
a perfect electric conductor. This is shown in Figure 2.4(a) for one aperture, represented
by one magnetic point source. By superposing the contributions of several point sources
with suitable amplitudes, we are able to model to total aperture of the waveguide. The
equivalent transmission-line network is shown in Figure 2.4(b).
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: ;

; :
.: ;;

: :

Region 2

d1IRegion 1

(b)

Ig
VgZ=0=Z' __.L.- ----J'-__

(0)
Figure 2.4: 2D-geometry with a magnetic dipole on a ground plane and a dielectric slab
on top (a); equivalent transmission-line network with a voltage source (Vg) in series (b)

Let us assume that we wish to calculate the magnetic field spectra in the x-direction in an
observation point z. The magnetic source is located at z = z' = 0 and is oriented along
the x-direction as well. This means that the spectral domain Green's function G~:': in
Table 2.4 should be calculated. More specifically, the TLGF's 1rM and IrE are needed.
This means that we have to include a unit-strength voltage source in our transmission line,
as shown in Figure 2.4(b).

Outside the source region, the solution of the source-free transmission-line equations are
given by Equation (2.27). Since we have two regions with constant parameters, we obtain
the following expressions

vte-jkz,l(Z - z') + Vtejkz,dz - (z' + d1)1,

~+ e-jkz,l(Z - z') _ ~- ejkz.dz - (z' + dd1
Zp.1 Zp.1 '

V;te-jkz,2[Z - (z' + dd1,

v;+ e-jkz.2[z - (z' + dd1
Zp,2 '

(2.35a)

(2.35b)

(2.35c)

(2.35d)

(2.36)

where the wavenumbers are, with the aid of Equation (2.26), given by

kz(z) = k;,l = W
2/-Lc1 - k~ if z is in region 1,

kz(z) = k;,2 = W
2/-Lc2 - k~ if z is in region 2.

Observe that there is no wave travelling in the -z-direction in region 2, which implies
that we only have an e-jkzz behavior. To obtain the TLGF's 1;,1 and 1;,2' we need the
amplitudes of the incident and reflected voltage waves, Le. ~+, V1-, and V2+. This is
achieved by using the boundary conditions at every transition between two layers and at
the point source.
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At the source, the current I g is given by

~
I g = Z-:-,

p,tn

where Zp,in is the input impedance of the transmission line [19], Le.,

z . = Z [ZP,2 + jZp,1 tan(kz,ld1)]
p,tn p,l Z +·Z t (k d) ,

p,l J p,2 an z,1 1

in which the characteristic impedances Zp,l and Zp,2 follow from Equation (2.19):

(2.37)

(2.38)

ZTM,I(Z) = :i~

ZTM,2(Z) = :i~

if Z is in region 1, }
for TM-modes,

if Z is in region 2,
(2.39)

(2.40)
ZTE,I(Z) = r

1
if Z is in region 1, }

for TE-modes.
ZTE2(Z) = '!:!.J!:.k if Z is in region 2., 2

The boundary conditions at the source state that the current should be continuous there.
Therefore, we obtain with the aid of the Equations (2.35b) and (2.37) the following ex
pression:

Ig=Ip,I(Z=Z')=} (V;+-V1-),
p,1

v 1 (+ _)
~,2 = Z VI - VI ,

p,l

which gives us a relationship between V1+ and v;.-, Le.,

(2.41)

(2.42)

At the transition between region 1 and 2, at Z = z' +d1 , the following boundary conditions
hold

~,I(Z = z' + dl )

Ip ,I(Z = z' + dl )

~,2(Z = z' + d1 ),

Ip ,2(z = z' + d1),

(2.43a)

(2.43b)

owing to the continuity of the transverse electric and magnetic fields, and thus

(2.44a)

(2.44b)
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When subtracting Equation (2.44b) from Equation (2.44a), we get a second relationship
between Vi+ and Vl-, i.e.,

1T- __ (ZP,l - ZP,2) -2jkz IdllT+
VI - Z + Z e ' vI'

p,l p,2

Substitution of Equation (2.45) in Equation (2.42) gives an expression for Vl+

(2.45)

(2.46)

To get an expression for Vi-, we can substitute Equation (2.46) in Equation (2.45). With
the aid of Equation (2.35), it is now possible to calculate the TLGF's v;,~l and 1;,1 in any
observation point z along the transmission line in region 1.

To calculate the TLGF's Vp~2 and 1;,2 in region 2, we need V2+· Since vt and Vi- are
known, we can use Equation (2.44a) to obtain an expression for V2+, i.e.,

(2.47)

Now the amplitudes Vl-, Vl+and 112+ are known, the spectral domain Green's function G~;r:

in Table 2.4 can be calculated, since the unknown TLGF's DfM and IrE can be solved with
the aid of Equation (2.35) in any point z along the transmission line.

2.2 Spatial domain Green's functions

In Section 2.1.3, the spectral-domain Green's functions for electric and magnetic sources
and observers in terms of the TLGF's are derived. The final step in the procedure is to
carry out the inverse Fourier transformations to go back to the spatial domain. These
spatial Green's functions are calculated as follows

2 00 00

gP,q(x-x' Y-Y' z z') = (~) JJGp,q(k k z z')e-jkx(x - x')e-jky(Y - y')dk dk
'U,v , " 27f 'U,v x, y, , x y,

-00 -00

(2.48)
where the spectral Green's functions are denoted by G~',~. The superscript q is either m
or j, indicating a magnetic- or electric-source, where p is either h or e, representing a
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field component which is magnetic or electric, respectively. The subscripts u, v denote
the orientation of source and observer, respectively. The coordinate (x', y', z') gives the
location of the source and the coordinate (x, y, z) gives the one of the observer. If we
assume that the source is located on the z-axis, we can rewrite Equation (2.48) as follows

p,q (x ') -9u,v ,y,z,z -

2 00 00

(~) JJCp,q(k k z z')e-j(kxx + kYY)dk dk21T" u,v x, y, , x y'

-00 -00

(2.49)

Since the spatial domain expressions are simpler to obtain III a cylindrical coordinate
system, we introduce the following transformations

x

Y
dxdy

pcos ¢,
- psin¢,

pdpd¢,

- kpcos(a + ¢),
kpsin(a + ¢),
kpdkpda.

(2.50)

The decomposition of the vectors k p and p are, with the aid of Equation (2.5), plotted in
Figure 2.5, as well as the surface elements pdpd¢ and kpdkpda. Owing to this transforma-

x

z z

Figure 2.5: transformation to cylindrical coordinates in the spatial and spectral domain

tion, the spatial Green's functions of Equation (2.49) can be rewritten as

p,q( A. ') -9u,v p, 'f', Z, Z -

2 00 2rr-,p

(~) JJ Cp,q (k a z z')e- j kpp cos a k dadk21T" U,v p, , , p p'
o o:=-,p

22
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2.2.1 Removal of the inner integral

If we have a closer look at the spectral Green's functions G~','t(kp, z, z') in the Tables 2.1-2.4,
we observe that we can generalize them into five different representations, Le.,

(2.52a)

(2.52b)

(2.52c)

(2.52d)

(2.52e)

If we substitute the relationships kx = kpcos(a + ¢) and ky = kpsin(a + ¢), given by
Equation (2.50) in Equation (2.52), we get

G1(kp,a, z, z') = cos2(a + ¢)C1 + sin2(a + ¢)C2 (2.53a)

G2 (kp,a, z, z') = cos(a + ¢) sin(a + ¢)(C3 + C4 ), (2.53b)

G3(kp,a, z, z')
_ kpcos(a + ¢) G

(2.53c)- kz(Z') 5,

G4(kp,a, z, z')
_ kpcos(a + ¢) G

(2.53d)- kz(z) 6,

k2

G5(kp,a, z, z') kz(z)~z(z') C7
.

(2.53e)

The spectral domain Green's functions G~,q(kp, a, z, z') and G~,q(kp, a, z, z') have a kx/kz
dependence. However, if we have a look at, for example, the last column in Table 2.1,
it is also possible to have a ky/kz dependence. This derivation is performed in a simi
lar way, except for the fact that we should replace the cosine by a sine function in the
Equations (2.53c) and (2.53d).
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With the aid of the following identities [8]
27r-q,J cos[v(a + 1»]e-jkppcosada = j-1I21fcos(v1»JII(kpp),

cx=-q,
27r-q,J sin[v(a + 1»]e-jkppcosada = j-1I21fsin(v1»JII (kpp),

cx=-q,

where JII(kpp) is the Bessel function of the first kind of order v, we introduce
2rr-q,

CC = J cos2 (a + 1»e-jkppcosada

cx=-q,
27r-q,

= ~ J {I + cos[2(a + 1»] }e-jkppcos ada

cx=-q,

= 1f [Jo(kpp) - cos(21))J2(kpp)] ,
27r-q,

55 = J sin2 (a + 1»e-jkppcosada

cx=-q,

= 1f[Jo(kpp) + cos(21)) J2(kpp)] ,

2rr-q,

C5= J cos(a+1»sin(a+1»e-jkppcosada

cx=-q,

(2.54a)

(2.54b)

(2.55)

(2.56)

(2.57)

(2.58)

= -1fsin(21))J2 (kpp),

where the angles a and 1> are shown in Figure 2.5. The TLGF's C(kp , z, z') are independent
of a, because the wavenumber kz,i, the only parameter dependent on kx and ky, is in cylinder
coordinates, with the aid of Equation (2.16), given by

k~,i = k; - k; - k~

= k; - k;[cos2(a + 1» + sin2 (a + 1»]
= k; - k;,

where k; = W2J1cio This yields the following expressions for the five spectral Green's
functions of Equation (2.53) in the spatial domain

2 00

91(P, 1>, z) = (2~) J{1f[ Jo(kpp) - cos(21))J2 (kpP)}C1
o

+ 1f [Jo(kpp) + cos (21)) J2(kpp)] C2 }kpdkp,
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and

2 00

92(P, ¢, Z) = (2~) 1{-71" [sin(2¢)J2(kpp)] C3

o

- 71" [sin(2¢ )J2(kpp)] C4 }kpdkp,

2 00

( A,) = (~) 1271"cos¢J1(kpp) C k2dk
93 P, '{-', Z 271" jkz(z') 5 p p,

o

(2.59)

(2.60)

(2.61)

(2.62)(
1)21

00

271"Jo(kpp) 3
95(P, ¢, z) = 271" - kAz)kz(z') C7 kpdkp.

o

For subsequent application, it will be useful to extend the range of integration in kp from
-00 to 00. Since the TLGF's C are even functions, owing to their k~ dependence, as can
be seen in Equation (2.57), and by using the fact that [8]

(2.63)

where H~l) and H~2) are the Hankel functions of the first and second kind of order 1/,

respectively, we obtain, with the aid of the reflection formula

the following spatial domain Green's functions:

00

91(P, ¢, z) = (8~) 1{[H6
2
)(kpp) - cos(2¢)HY) (kpp)] C1

-00

(2.64)

(2.65)

00

92(P,¢,Z) = (8~) 1{-[sin(2¢)H~2)(kpP)]C3)
-00 (2.66)

- [sin(2¢)H~2)(kpP)]C4 }kpdkp,

00 (2)

( A,) = (~) 1cos ¢H1 (kpp) C k2dk (2.67)
93 P, '{-', Z 471" jkz(z') 5 p p,

-00
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(2.68)

and

If we now introduce the integrals

(2.69)

00JAl (kp, Z, z')H62)(kpp)kpdkp,
-00

00JA2(kp,z, Z')HJ2) (kpp)kpdkp,

-00

(2.70a)

(2.70b)

00

h(kp,p,z,z') - JA3 (kp, z, z')Hi2)(kpp)k;dkp,
-00

(2.70c)

Is(kp , p, z, z')

00

JA4 (kp,z, z')Hi2)(kpp)k;dkp,
-00

00JAs(kp,z, z')H62)(kpp)k~dkp,
-00

(2.70d)

(2.70e)

we can write all spatial Green's functions in terms of these integrals In(kp , p, z, z'), with
n = 1,2,3,4,5, where An(kp , z, z') are functions containing the TLGF's, and consequently
depend on the geometry of the dielectric stratification. The results of the four cases for
various types of source and observer oriented along the x-, y-, or z-direction are stated in
Appendix C.

2.3 Possible configurations of layered structures

Since we have chosen for an approach in which we have to solve the transmission-line
equations of Equation (2.21) for each possible layer configuration for various excitations
by hand, this method is very time-consuming. Therefore, we have made a selection of the
most frequently used layered structures in practice. In Figure 2.6, these configurations are
shown, and are denoted by 'Sel', which stands for selection.
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The selections with a number less than 10, are terminated on both sides by half spaces.
In practice, only horizontally or vertically placed electric dipoles can exist here, because of
the absence of a ground plane.

The selections of values between 10 and 20 contain one perfectly conducting ground plane
at hI. The distances dI , d2 and d3 are all positive or negative, implying that the ground
plane is on top of or at the bottom of the total layered structure. The position of the
horizontal electric dipole is arbitrary as long as it is not located on the ground plane,
where it is short-circuited. The horizontal magnetic dipole, on the other hand, should
be located on the ground plane. In practice, these configurations are used to simulate a
waveguide array with several dielectric layers on top, in which patches can be included.

For the selections above 20, the layered media are terminated by two perfectly conducting
ground planes located at hI and h2 . For practical purposes, one can think of a parallel-plate
waveguide.

Sel=l
Electric Dipole

Sel=2 Sel=3 Sel=4

• _',I
hI

Electric Dipole Magnetic Dipole

~
Sel=ll

~
d1t. Sel=13 dlt.

hI hi

Sel=14 :i
EN EN

i Sel=15

~dl
hI hi

h2 dlI h2
Sel=23

hi
h2

~
h2

Sel=24

Figure 2.6: some practical configurations, which are analyzed by solving the transmission
line equations for various source and observation points.
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Chapter 3

Topology of the kp-plane

In Equation (2.70), we distinguished between five types of infinite integrals. Since these
integrals cannot be evaluated in closed form, we have to perform a numerical integration.
Therefore, a study of the complex kp-plane, in which the integrals have to be computed, is
necessary. The presence of the Hankel function and, in case of a half space, the wavenumber
kz in the integrals introduces so-called branch points and branch cuts in the kp-plane. Their
locations are discussed in the Sections 3.1 and 3.2, respectively. In Appendix B, a basic
introduction of these subjects is presented.

Due to the branch cuts, the integration path, now located along the real kp-axis, has
to be deformed to the so-called Sommerfeld Integration Path. This path is introduced
in Section 3.3. In Section 3.4, we will discuss the presence of surface- and leaky-wave
singularities in the kp-plane, which correspond to the poles of the functions An(kp , z, z') in
Equation (2.70). Although their exact location depends on the geometry of the stratified
structures, they can only occur in certain regions of the kp-plane. In Section 3.5, a final
composition of the kp-plane is made.

3.1 Location of the branch points

A point kp = Q is called a branch point of f(kp ) if there is some small enough circle
surrounding Q such that when kp continuously traverses the circle once, then f(k p )

• changes continuously with kp ,

• but does not return to its original value.
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As discussed in Appendix B, the complex logarithm function In(kp ) and the complex square
root function ..;JC; have branch points, located at the origin. The complex logarithm
function is present in the Hankel function, and the complex square root function is present
in the wavenumber k z , as we will discuss in the Sections 3.1.1 and 3.1.2, respectively.

3.1.1 Branch point of H~2)(kpp)

The Hankel function of the second kind H~2)(kpp), with order v = 0, 1,2 for the integrals
of Equation (2.70), has the following form in terms of Bessel functions of the first and
second kind [10]:

These Bessel functions can be written as ascending series, i.e.,

_(1 )1' 00 (_~z2)k

Jv(z) - 2z {; k!(v + k)!'

1': ( ) = _ (~z)-m ~ (m - k - I)! (~ 2) k

m Z 1r LJ k! 4Z
k=O2 (1) (~z)-v 00 (~Z2)k

+ -In -z Jm(z) - L ['1J(k + 1) + '1J(m + k + l)J k l ( k)I'
1r 2 1r .m+ .

k=O

Yo(z) =~ [In (~z) +,] Jo(z)

2[~Z2 (~Z2)2 (~Z2)3 ]
+;: (1!)2 - (1 + 1/2) (2!)2 + (1 + 1/2 + 1/3) (3!)2 - ... ,

where

'1J(1) = Euler's constant = , = 0.5772156649,
v-I

'1J(v) = -,L k-1
,

k=1

(3.1)

(3.2)

(3.3)

and m = 1,2, .... In the ascending series of Yv(z), where v = 0,1,2... , we encounter the
complex logarithm function. Therefore, the Hankel function has one branch point located
at the origin of the complex kp-plane, as shown in Appendix B. Hence, we do not return
to our original value if we encircle the origin once.
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3.1.2 Branch points of kz

The functions An(kp , z, z') in Equation (2.70) contain the Transmission-Line Green's Func
tions (TLGF's), and therefore depend on the wavenumber kz,i' Although the square of this
wavenumber is well-defined, i.e.,

(3.4)

where we used a general notation of Equation (2.36), with i the layer in which the observer
z is located, we have a double-valued function for kz,i itself. If we take k;,i = (, where
( E C, then the principal square root is defined as [18]

kz,i = J(:= Mej [arg(()]/2 -7r < arg(() ::; 7r. (3.5)

A possible square root solution for Equation (3.4) is given by

To locate the branch points of Equation (3.6), we rewrite it as follows

kz,i = - j J-(ki + kp)(ki - kp)

= - j exp { [In Iki + kpllki - kpl + jarg(ki - kp) + jarg(ki + kp) + j7r] /2 } ,

where we used the fact that

f(z) = zO: = eO: In(z) = eo:[ln Izi + jarg(z)].

(3.6)

(3.7)

(3.8)

If kp encircles either the point kp = -ki or kp = ki once, then the corresponding value of
arg(kp + ki) or arg(kp - ki ) changes by 27r, so that kz,i changes sign. This implies that we
ha~e two branch points, i.e.,

(3.9)

The wavenumbers ki are real, since we assumed that the materials of the layers are lossless,
as mentioned in Section 2.1. Hence, the branch points are located on the real kp-axis.

3.1.3 Absence of branch points

Since we have an attenuation factor kz,i for every layer, one might think that each layer
has branch points. However, this is not true. Therefore, let us recall the geometry used in
Section 2.1.5. We assume that the observation point z is located in region 2 and that we
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wish to calculate the function Al (kp , z, z') of the integral h for the spatial Green's function
g~';'(p, ¢y, z). Then we obtain, with the aid of Equation (2.35),,

AI(kp , z, z') = -I~E - I~M

= _ "'2+ e-jkz,2z _ "'2+ e-jkz,2z
ZTE2 ZTM2 '

(3.10)

where "'2+ is given by Equation (2.47). Substitution of "'2+ in Equation (3.10) gives for I;
the following expression:

(3.11)

where the subscript p is either T M or T E. The characteristic impedances Zp are given by
Equation (2.39).

If we have a closer look at this expression, we see that if we take kz,1 = -kz,1 the same
expression is obtained. This implies that it does not matter which definition for the square
root of Equation (3.4) we take, since all give identical results. Therefore, we can state that
for wavenumbers kz,i that correspond to a layer, no branch points exist. However, if we re
place the wavenumber kz ,2 by -kz ,2, we obtain different results out of Equation (3.11). This
implies that we have two branch points for this geometry at kp = ±k2 , which correspond
to the half space region.

Hence, the branch points are always associated with the half spaces. Since we can have at
most two half spaces, as can be seen in Figure 2.6, the maximum number of branch points
is four. If our structure is terminated by two perfectly conducting ground planes, we do
not have any branch points. This can be verified with Equation (2.21) combined with the
radiation conditions of Equation (2.17).

3.2 Location of the branch cuts and Riemann sheets

To locate the branch cuts of the integrals In, given by Equation (2.70), the branch points
are of help, since they denote the endpoints of the branch cuts [6, 7].

As discussed in Section 3.1.1, the Hankel function H~2) (kpp) contains a branch point at the
origin due to the complex logarithm function. In Figure 3.1, a plot ofthe Hankel function,
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defined by Equation (3.1), in the complex kp-plane is made. Since the results of the Hankel
function are complex as well, we have only plotted the real part of the results and denoted
the imaginary part by colors, as proposed in Appendix B. As long as there is no abrupt
color change, the imaginary part of the result is continuous. The branch cut is clearly
visible on the negative real kp-axis and has indeed its endpoint at the origin.

4

2
Re(H,i")

o

-2

-4

2

-10 Re(kp)

10

Figure 3.1: the complex Hankel function H~2)(kpp) in the complex kp-plane for p 1,
where the imaginary part of the Hankel function is denoted by colors.

To locate the branch cuts of the complex square root function kz,i, we recall Equation (3.7).

If we replace (ki + kp) by rej() and (ki - kp) by pej1 , we obtain

kz,i = - jV-rpe
j(() + 1)

= _ jyrpej (() + 1+ 1f)/2

[
. (()+1+ 1f ) . (()+1+ 1f )]= yrp sm 2 - J cos 2 .

(3.12)

The angles () and 1, together with the distances p and r are plotted in Figure 3.2. The
requirements for the wavenumber kz,i, which follow from the radiation conditions, are given
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Figure 3.2: kp-plane with Im(kz,i) < 0 on the entire upper Riemann sheet, Re(kz,i) > 0 in
the unshaded region, Re(kz,i) < 0 in the shaded region.

by Equation (2.17). The first requirement, i.e. Im(kz,i) ~ 0, implies that

(
e+<p+ lr )- cos 2 ~ 0,

and consequently

(3.13)

(3.14)

This is the same domain as the one of the principal square root of Equation (3.5), which
is the reason why we have chosen for this square root definition. This means that the
Im(kz,i) < 0 on the entire upper Riemann sheet. To go from this upper Riemann sheet to
the lower one, where Im(kz,i) > 0, we have to cross the branch cuts at Im(kz,i) = O. From
Equation (3.12) it follows that the branch cuts are located at those points in the kp-plane
where

e+ <p = 0, ±21r,±41r, ... (3.15)

These branch cuts are shown in Figure 3.2 as well. If we now look at the real part of kz,i,
which is the sine part of Equation (3.12), we see that the unshaded region in Figure 3.2
corresponds to Re(kz,d > 0 and the shaded one to Re(kz,i) < O. Also, note that the branch
cuts do not cross in the origin.

In Figure 3.3, we plotted the complex square root definition of Equation (3.6) again by
using colors to denote the imaginary part of kz,i, as proposed in Appendix B. We can
distinguish between the two branch cuts in this figure as well, i.e.,

branch cut 1:
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Figure 3.3: the complex square root

kz,i = -jV-(k; - k~) with ki = 209.5.

Figure 3.4: the complex square root

kz,i = j V-(k; - k~) with ki = 209.5.

(3.19)

b h t 2· {-ki ~ Re(kp ) ~ 0 d {O ~ Im(kp ) ~ 00 (3.17)
ranc cu . Im(k

p
) = 0 an Re(k

p
) = 0 .

Again, the branch points at kp = ±ki = ±209.5, which corresponds to a wavelength of
0.03>'0, denote the endpoints of the branch cuts.

Let us assume that we wish to pass through a branch cut to go from the upper Riemann
sheet to the lower one. To guarantee continuity of the complex square root function when
passing through this branch cut, we have to use a square root definition that meets the
requirement that Im(kz,i) > 0 for the lower Riemann sheet. This square root definition is
given by

(3.18)

and plotted in Figure 3.4.

Now, we can combine Figure 3.3 and 3.4, to obtain a unique two-sheeted Riemann surface
for the double-valued function kz,i' This Riemann surface is shown in Figure 3.5, where the
branch cuts provide the means of passing from one Riemann sheet to another. Hence, we
have defined the upper and lower Riemann sheet by the following square root definitions

- j V-(k; - k~) upper Riemann sheet,

j V-(k; - k~) lower Riemann sheet.

In Section 3.1.3, we showed that only half spaces give rise to branch points in the kp-plane.
This implies also that only those branch cuts that correspond to these branch points
are present in the kp-plane. According to [3], these branch cuts represent the radiation
modes, Le. a continuum of modes present in the half space carrying energy to infinity.
This will be shown in Section 3.4, where we will discuss the surface-wave modes.
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Figure 3.5: a unique two-sheeted Riemann surface obtained by combining two definitions
of the complex square root of kz,i, with ki = 209.5.

3.3 Sommerfeld Integration Path (SIP)

The integration paths of the integrals In of Equation (2.70) are all defined on the real kp

axis. As discussed in the Sections 3.1 and 3.2, branch points and branch cuts are located
on this axis as well. To compute the contribution of the branch cuts, we need to know
on which side of the cut the integration path passes. Therefore, let us omit the branch
point and branch cut, introduced by the Hankel function, for the moment and assume
that there are some small losses in the transmission line [6]. This means that for an ejwt

time dependence, ki = WVf-L(cR - jcr) has a small negative imaginary part -cr. Then the
branch points are slightly displaced from the real kp-axis, as shown in Figure 3.6. Since

SIP

Im(kp)

Re(kp)

Figure 3.6: integration path in the complex kp-plane with branch points displaced from
the real axis due to a slight dissipation.

the endpoints of the branch cuts are the branch points, the integration path moves around
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these branch cuts in a similar way as it moves around the branch points. So, if we let
C] 10, we obtain the required movement of the integration path around the branch points
and branch cuts.

However, in our analysis we left the branch point and branch cut of the Hankel function
out. Since its branch cut is located on the negative real kp-axis, our integration path cannot
be situated on the axis itself. This results in the integration path, called the Sommerfeld
Integration Path (SIP), of Figure 3.7.

SIP Re(kp)

Figure 3.7: Sommerfeld Integration Path in the complex kp-plane avoiding the branch cuts
and branch point singularities.

Observe that the SIP does not cross the origin, due to the branch-point singularity of the
Hankel function. Because of the manner in which we have selected the reflection formula
for Hankel functions of Equation (2.64), the path of integration is below the branch-point
singularity at the origin.

Note also that the SIP does not pass through any branch cuts. This means that the total
integration path is located on the upper Riemann and consequently the Im(kz,i) < 0, as
discussed in Section be.

3.4 Surface- and leaky-wave poles

The functions An(kp , z, Zl) in the integrals In of Equation (2.70) can have singularities
as well. These singularities are the so-called surface- and leaky-wave singularities/poles,
located at kp = ksw and kp = k1w , respectively. For lossless media, surface-wave singularities
are only observed on a finite interval on the real kp-axis. This interval is constrained by
the requirement that ksw may not be chosen on a branch cut [3]. Taking this condition
into account, the surface-wave singularities are located on the upper Riemann sheet in a
range given by

max(khalj spaces) < Re(kp) :S max(klayers) ,
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If we have a structure, terminated by two perfectly conducting ground planes, there is
no lower boundary, since there are no half spaces. The corresponding range for these
structures will be discussed in Section 3.4.1.

Leaky-wave poles, on the other hand, are located on the lower Riemann sheet, as we will
discuss in Section 3.4.2.

The occurrence of the surface- and leaky-wave poles depends on the geometry of the struc
ture. Therefore, we will discuss some configurations where these singularities occur.

3.4.1 Surface waves along a dielectric slab

Surface waves of both the T M and T E type may be guided along a dielectric slab. There
fore, let us consider the geometry of Figure 3.8(a), where a slab, with a thickness d = 0.15>'0
and Cr,l = 9, is positioned between two half spaces. We consider >'0 to be the wavelength
of free space. The relative permittivities for both half spaces are assumed to be one, i.e.

z=d

Z=O=z' ~--~ r----~

(0) (b)

Figure 3.8: (a): a slab between two dielectric media with a horizontal electric dipole at
z = z'; (b): equivalent transmission-line network.

cr,2 = cr,3 = 1. The source, a horizontally placed electric dipole, is considered to be on the
lower transition at z = z' = 0 and the observer is located somewhere above the slab in the
half space region 2.

To solve the homogeneous transmission-line equations of Equation (2.25), we require the
equivalent transmission-line network, which is shown in Figure 3.8(b). According to
Table 2.1, we have to include a unit-strength current source at z = z'. If we solve the
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transmission-line equations of Equation (2.21) for this network, the following denominator
for the functions An(kp , z, z') is obtained

In Figure 3.9, this denominator is plotted for p is T M or T E. The surface-wave pole
locations are the zeros in this plot.

32.82.62.4

1 : 1
1 . 1

.... I· . . ..:. ·1

1 1
1 1

.........:. ·1· ..... f·

: 1 1

: 1 1
. . . .: 1 . .... i· .

:, 1

:. 1...... :, . i .
., 1. ,

. , ,, ,,: ,.

................ , ..:. ··············f

I ~
I .\

............ ,.. . ... \ .., '
: I "

..................... ...... J.,:,:..

1.6

----- -.-

0.2

0.18

0.16

0.14 .. ... ..

~
0.12

i~
0.1c . . . . . . . .. . .

~
l:
GI

"C 0.08

0.06

0.04
1
1 ..

1

0.02
,..,

1.2 1.4

Figure 3.9: location of a TM surface-wave pole at kp ~ 1.36k2 and a TE surface-wave pole
at kp ~ 2.37k2 , with k1 = 3k2 = 3k3 and d = 0.15>'0'

In [6, p. 292], another graphical way to find these surface-wave poles is discussed. Not only
the surface-wave poles on the upper Riemann sheet, as in Figure 3.9, but also the ones on
the lower sheet are visualized there. This is achieved by introducing the following variables
for the wavenumbers

kz,l = h = -jV-(ki - k~),

kz,2 = kz,3 = -jp = -jV-(k~ - k~),
(3.22)

which gives us the following equations
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Figure 3.10: graphical solution of the
T M roots of den [An(kp,z)], where the
dashed line corresponds to d = 0.15>'0
and the solid one to d = 0.3>'0.

Figure 3.11: graphical solution of the
TE roots of den[An(kp,z)] , where the
dashed line corresponds to d = 0.15>'0
and the solid one to d = 0.3>'0.

pd = ~ [ - hdcot(hd) ± J(hd)2[cot2(hd) + 1] }
2 ] TM modes, (3.23)

(hd)2+(pd)2 =(k2d)2[(~) -1]

pd = -hdcot(hd) ± J(hd)2[cot2(hd) + 1] }
(hd)2 + (pd)2 = (k2d)2 [(~r_1] TE modes. (3.24)

Both equations of Equation (3.23) are plotted in Figure 3.10. The asterisk (*) and circle
(0) lines represent the first equation. The circle line corresponds to the definition of pd with
a plus sign, where the asterisk line denotes the minus sign. The dashed line represents the
second equation with d = 0.15>'0, which is a circle. For the T E modes of Equation (3.24), a
similar plot is made in Figure 3.11. The poles, which are located at the intersections of these
lines, can then be retrieved with the aid of Equation (3.22). However, not all intersections
represent surface-wave poles. From Equation (3.22), it follows that if p < 0, the poles are
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located on the lower Riemann sheet and thus do not contribute to the integral. These
poles are the so-called improper modes. Hence, the only surface-wave modes are located in
the region where p > O. These modes correspond to the poles in Figure 3.9.

Note that the first mode is always aTE mode if the slab (s) is terminated by two half-spaces.
This can be verified if we insert the numerator in Equation (3.21), Le.,

(3.25)

If we let the slab thickness d 10 and take Zp,2 = Zp,3, we obtain the following expression:

( ') Z3 )An kp , Z, Z = 2' (3.26

With the aid of Equation (2.19) and (2.20), we see that the first pole at k p = k3 corresponds
to aTE mode, which has no low-frequency cut-off.

Now, let us increase the slab thickness to d = 0.3Ao. Then we obtain, with the aid of the
Equations (3.23) and (3.24), the solid circles in Figure 3.10 and 3.11. We see that there are
now in total four intersections between these solid lines and the asterisk-circle lines, and
thus four proper poles. Observe that the asterisk-circle lines are independent of the slab
thickness d. The TM surface-wave poles are now given by kp :::::: 1.13k2 and kp :::::: 2.54k2 ,

and the TE surface-wave poles are given by kp :::::: 1.91k2 and kp :::::: 2.75k2 .

Hence, if we increase the thickness of the slab, the circles in Figure 3.10 and 3.11 get a
larger radius and thus more surface-wave modes will exist inside the slab. Consequently,
if we increase the frequency, so Ao decreases, we obtain more surface-wave modes as well.

In the configuration of Figure 3.8, a dielectric layer was terminated by two half spaces.
If we replace one half space by a perfectly conducting ground plane, these surface-wave
singularities also occur. For these geometries, the first mode is always TM, since it has no
low-frequency cut-off, as can be verified with Equation (3.11) by letting the slab thickness
d 1 O. Other configurations, like surface waves along a plane impedance surface or along a
corrugated plane, are beyond the scope of this report. Details about these configurations
can be found in [5].

In Section 3.2, we have mentioned that the branch cuts represent the radiation modes, Le.
the modes present in the half space. This can be verified with the aid of surface-wave modes
[3, p. 330-333]. Therefore, let us assume that we have a dielectric stratified structure, which
is terminated on both sides by a perfectly conducting ground plane. The upper ground
plane is located at a height zupper and the lower one at a height Zlawer' This means that
we only have surface-wave modes and no branch cuts, as discussed in Section 3.1.3. If we
increase the distance zupper to simulate a half space, the modes present in the region below
zupper increase as well and are distributed exactly on the branch cuts, as encountered in
Section 3.2. This implies indeed that the branch cuts correspond to the radiation modes.
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3.4.2 Leaky waves along a dielectric slab

All surface-wave poles of the functions An(kp, z, z') are located on the real kp-axis in the
range of Equation (3.20) for lossless media, if we have at least one half space, as we
have discussed in Section 3.4.1. We have discovered that the number of these surface
wave poles inside a dielectric slab depends on the thickness of the slab, and consequently
the frequency. The thicker the slab or the higher the frequency, the more poles are found.
Therefore, as the frequency gradually lowers, some of the poles must get a value lower than
klow = max(khalf spaces). However, these poles cannot pass the branch point at klow and
continue on the real axis, due to the presence of the branch cut. But, since the real part of
the term under the square root of kz,low becomes negative now, zeros of Equation (3.21) can
only be found, if kp has an imaginary part. This means that we have to pass through the
branch cut and go to the lower Riemann sheet. This negative imaginary part indicates that
these pole corresponds to modes that 'leak' energy into the half space with wavenumber
klow ' Therefore, they are called leaky-wave modes. Physically, this can be interpreted as
shown in Figure 3.12, where 'rays' are radiating in the less dense medium and become
weaker as p increases.

z

Lp
intensi1y

Figure 3.12: intensity pattern of the leaky waves. Closer lines correspond to a higher
intensity. The field intensity increases with z and decreases along the propagation direction
p.

Note, that if we fix p to observe the field behavior along the transmission line, an expo
nential growth is seen in this direction. This implies that these poles are indeed located
on the lower Riemann sheet, where Im(kz,low) > O.

The location of a leaky-wave pole, is graphically much harder to obtain than the one of a
surface-wave pole, due to the inclusion of an imaginary part. In Section 4.1.1, a procedure
is presented, which computes the locations of the surface- and leaky-wave poles numerically.
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3.5 Final composition of the kp-plane

In the previous sections of this chapter, we have encountered several properties of the
kp-plane. Now, let us combine all these properties to obtain a final composition of the
kp-plane. Therefore, let us consider a structure with two different half spaces, and thus
two radiation modes k1 and k2 separated by a dielectric layer with wavenumber k3 , where
k3 > k1 > k2 . A possible composition of the kp-plane is shown in Figure 3.13.

k2 kl ksw k3 Re(kp)

Figure 3.13: topology op the kp-plane with branch points, branch cuts, surface- and leaky
wave poles and the SIP.

The leaky-wave poles are dashed to indicate that they are located on the lower Riemann
sheet. The surface-wave poles as well as the Sommerfeld Integration Path (SIP) are solid
to denote that they are located on the upper Riemann sheet. Since integration in the
vicinity of a singularity takes longer, as we will discuss in Section 4.1, the integration path
is slightly deformed in Figure 3.13 to avoid the influence of these singularities.

Since we have two half spaces containing different media, four branch cuts are located in
the kp-plane. The branch cuts with branch points at kp = ±k1 are due to the square root
of kz,l and the branch cuts with branch points at k p = ±k2 are due to the wavenumber k z,2'

Their upper and lower Riemann sheets are distinguished by Equation (3.19) with i = 1
and i = 2, respectively. More branch cuts can never occur in the kp-plane, since we cannot
have more than two half spaces, as we have seen in Figure 2.6.
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Chapter 4

Asymptotic evaluation of the
integrals In

In Section 3.3, we already encountered the Sommerfeld Integration Path (SIP) as a re
placement of the integration path along the real kp-axis, due to the presence of branch
cuts and surface-wave singularities there. The computation of these integrals along this
path is a difficult task because of the in general oscillatory and slowly convergent behavior
of the integrands and the occurrence of singularities near the path, as we will discuss in
Section 4.1. However, it is of great importance that their computation is performed effi
ciently, since in order to compute the fields these integrals should be repeatedly evaluated.
To speed up the convergency, we will use the Method of Steepest Descent.

The procedure for the Method of Steepest Descent requires that the SIP is deformed
to the so-called Path of Steepest Descent. We will see in Section 4.2, that this is the
"fastest" path through the kp-plane, since it passes through the saddle point and the
integrand decays exponentially at a maximum rate away from this saddle point. However,
the location of this integration path differs for every angle 'l/J, where 'l/J is given by Figure 2.1.
Therefore, we first need a better understanding of the possibilities of deforming the SIP
to other integration paths in the complex kp-plane, since branch cuts, branch points and
singularities are present in this plane as well. This will be discussed in Section 4.1. Finally,
the far-field approximations of the integrals In, which are the leading-order approximations
of the Method of Steepest Descent, will be presented in Section 4.3.
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(4.1)

4.1 Possible contour deformations of the SIP

In Section 3.3, we have presented the Sommerfeld Integration Path (SIP). We have seen
that this integration path is located on the upper Riemann sheet and therefore meets the
radiation condition, since Im(kz,i) :::; O. This means that exponential decay is ensured on

this sheet as long as Iz - z'l > 0, since then the exponential e-jkz,il z - z'l, present in the
Transmission-Line Green's functions (TLGF's), decays exponentially.

The Hankel function, on the other hand, can be approximated for large arguments by [6,
p.467]

H(21(k p) _ V2 e-j(kpp -,,,,/2 - ,,/4),
J1, p 7fk

p
p

For this function, exponential decay is ensured in the lower kp-plane if P > 0, owing to the

exponential C(kpp)e-jkpp. Then, Jordan's lemma [5], allows us to close the SIP in the
lower kp-plane, which is shown in Figure 4.1, since there the integrand decays to zero. Note,
that if we had not replaced the Bessel function by the Hankel function in Section 2.2.1,
the integration path could not have been closed, since it had to start at the origin and
consequently Jordan's lemma could not have been applied. The surface- and leaky-wave

-k,

SIP I
\ I
\ I
\ I

\ I

" Cb 1 1 //
'..... 1 1 ~

..... "' ...... I L__ - ,," Cs

Figure 4.1: closed integration path, SIP and C, over infinity.

Re(kp)

poles are excluded for the moment, and two branch points located at kp = ±k1 are assumed.
This is for example the case if we have a half space with wavenumber k1 terminated by a
ground plane, which corresponds to selection 11 of Figure 2.6. Since the integration path
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at infinity cannot cross the branch cut, the contour must return from infinity, encircle the
branch point at k1 and recede out to infinity again along the other side of the branch cut.
This contour is shown in Figure 4.1 where Cs denotes the semicircle over infinity and Cb

the branch-cut integral.

Now, let us apply Cauchy's integral theorem, i.e., [11]

f f(z)dz = 0, (4.2)

where f(z) is an analytic function on a simply connected region. We speak of a simply
connected region if any simple closed curve can be shrunk to a point continuously in the
set. This means that as long as there are no 'holes' in a region, i.e. no singularities, the
closed integral equals zero. Since we assumed that there are no surface- and leaky-wave
singularities inside the contour, we can state that

f f(z )dz = J+J+J= 0,
SIP Cs Cb

which means that the original integration path along the SIP can be replaced by

J=-J-J.
SIP Cs Cb

(4.3)

(4.4)

The integral along the contour Cs vanishes too, owing to Jordan's lemma. This implies
that the integral along the SIP is solved for structures of selection 11, if we know the
branch-cut contribution.

Now, let us introduce a surface- and leaky-wave singularity located at kp = ksw and kp =
k1w ' This means that we have added a slab to the structure, for example like the structure
of selection 13 in Figure 2.6. The wavenumber of the slab is k1 and the one of the half
space is k2 , where k1 > k2 . According to Cauchy's integral theorem of Equation (4.2), no
singularities may be encountered in the closed contour and therefore the integration path
needs to go around them as well. A possible contour deformation is shown in Figure 4.2,
which we will call the First-Contour Deformation (FCD).

Observe that it does not matter where the surface-wave singularities are located between
k1 and k2 , since this path does not recede to -joo till after k2 . Also the locations of
the leaky-wave singularities on the lower Riemann sheet are unimportant, since the total
integration path is located on the upper Riemann sheet. Hence, no information regarding
the locations of the singularities is needed if we integrate along this path.

In Equation (4.1), we have seen that the Hankel function has an e- j kpp behavior for large
arguments. This implies that if IRe(kp ) I -+ 00, errors can occur in the numerical result, due
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Figure 4.2: a contour deformation of the SIP to the FCD by using Cauchy's integral
theorem.

to the rapid oscillations of this function, as we will see in Section 5.1.1. In Figure 4.2, we
notice that these oscillating tails of the SIP do not have to be computed for this integration
path. However, since also the distance P is present in the argument of the Hankel function,
errors can still occur if P gets large. For small P, on the other hand, the Hankel function in
the integrand decays more slowly along the integration paths that come and go to -joo.

Since we are allowed to deform the integration path as long as no singularities are encoun
tered, we can also deform the integration path into the first quadrant to avoid the influence

of the surface-wave poles on the real kp-axis. However, the exponential e-jkpp , present
in the Hankel function, diverges in the first quadrant, as can be seen in Figure 3.1. This
implies that more integration points are needed, the further we get into this quadrant.
Consequently, the total computation time of the integrand increases. This implies that
there is an optimal distance Im(kp)p for our integration path, which avoids most of the
influence of the singularities, but on the other hand is not located unnecessarily far into
the first quadrant.

To visualize the influence of the surface-wave singularities on the integrand, let us assume
that we have a configuration like selection 13 of Figure 2.6. The slab has a thickness of
d1 = 0.74>'0, a relative permittivity of cr,l = 9 and a wavenumber k10 The half space above
is filled with air, i.e. cr,2 = 1, and corresponds to the branch points at kp = ±k2 . The real
part of the integrand of h along the FCD path is shown in Figure 4.3 for Im(kp)p = 0.5>'0,
which is the experimentally obtained optimal distance. In the range of Equation (3.20),
we find one surface-wave pole at kp ~ 1.33k2 , which causes amplitude variations in the
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Figure 4.3: influence of a surface-wave pole located at kp ~ 1.33k1 on the real part of the
integrand of h for Im(kp)p = O.5AQ.

real part of the integrand. So, if the amount of surface-wave poles located in the region
k2 - k1 increases, and we use the same integration path, the variations in the integrand will
become more intense as well and, consequently, the computation of the integrand will take
longer. Beyond wavenumber k1 = ~k2 = 3k2, the integration path returns to 3k2- joo
and decays exponentially with exp (Im(kp)p).

Now, let us have a look at the contour deformation of Figure 4.4. Also this closed integra
tion path has no singularities inside its contour, since it travels around the surface-wave
singularity at kp = ksw , and is still analytic since it does not cross the branch cut. There
fore, we can still use Cauchy's integral theorem. Since the contribution of the path towards
this singularity is the same as the one returning from it, they cancel each other. The con
tribution of a singularity is called a residue. Hence, the integration along the SIP is equal
to J= - J-27fj L Residues from surface-wave singularities. (4.5)

SIP Cd

which follows directly from Cauchy's residue theorem [4].

Theorem. Let C be a negatively oriented simple closed contour within and
on which a function f is analytic except for a finite number of singular points
Zl,Z2,· .. ,Zn interior to C. If B 1,B2 , ... ,Bn denote the residues of f at those
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Figure 4.4: a contour deformation of the SIP to the integration path Cd and a path which
encircles the surface-wave singularity at kp = ksw .

points then

f f(z)dz = -21T j ( B 1 + B 2 + ... + B n ).

c

(4.6)

We observe that the integration path in Figure 4.4 avoids the influence of the surface-wave
poles in the first quadrant, as long as they are not too close to the branch point, where
the path recedes to k2 - joo. However, to compute the residues of these surface-wave
singularities accurately, their locations on the kp-axis have to be determined accurately as
well, as we will see in Section 4.1.2. A numerical routine that locates the poles will be
discussed in Section 4.1.1.

As we introduced the branch cuts in Section 3.2, we discussed the fact that continuity of
the complex square root function is guaranteed when passing through a branch cut if we
move onto another Riemann sheet. This is shown in the deformation of Figure 4.5, where
part of the integration path Cbp has passed through the branch cut and therefore is located
on the lower Riemann sheet. This part is denoted by the dashed line. We also see that the
residues of the encountered leaky-wave poles, located on the lower Riemann sheet, have
to be computed as well. Also here the numerical search process of Section 4.1.1 will be
used to locate the position of the poles. Note that this integration path starts on the lower
Riemann sheet at k1 - joo where Im(kz,i) > O. However, since the distance Iz - z'l = 0, the

exponential e- j kz,i Iz - z'l equals one and the integrand still becomes exponentially small,
owing to the exponential decay of the Hankel function in the lower kp-plane.
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Figure 4.5: deformation of the SIP to the integration path Cbp and paths that encircle all
encountered surface- and leaky-wave poles.

Hence, we have seen several deformations of the SIP in the complex kp-plane, and are
able to deform the integration path to any contour we like, as long as we add the residues
of the encountered surface- and leaky-wave singularities and move onto another Riemann
sheet if we pass through a branch cut. To meet the radiation condition the start and end
points of the integration path at infinity should be located on the upper Riemann sheet if
Iz - z'l > O.

4.1.1 Numerical calculation of the pole locations

In Section 3.4.1 and 3.4.2, we have discussed the locations of the surface- and leaky-wave
singularities in the complex kp-plane. We have seen that the surface-wave pole locations
can be obtained graphically. The locations of the leaky-wave poles, on the other hand, are
much harder to obtain this way.

In [20, p. 77], a general numerical method to locate all poles in the kp-plane is discussed.
This is achieved by placing a grid over those parts of the first and fourth quadrant where we
wish to search for poles, as shown in Figure 4.6. The dashed grid indicates that it is located
on the lower Riemann sheet. This is where we will search for leaky-wave poles. The solid
grid, on the other hand, is placed on the upper Riemann sheet, where the surface-wave
poles are located. It is possible to locate surface- and leaky-wave poles using the argument
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(4.7)

principle [4]
1 f f'(z) fj.cN - P = -. -dz = - [argf(z)] ,

21f] f(z) 21f
c

where N is the number of complex roots of f(z) in a closed contour C and P the number
of poles in C. The term fj.cargf(z) represents the change in the argument of f(z) as Cis
traversed counterclockwise a single time. The function f(z) is given by the denominator
of the functions An(kp , z, z') and thus the zeros of these functions have to be found. By

Im(kp)
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Figure 4.6: grids to find the surface- and leaky-wave poles in the kp-plane.

taking points on every rectangle in the grid, this closed contour C for each rectangle is
created. For every pole that is present in such a closed contour, we get a phase difference
of -21f, and for every zero, a phase difference of +21f. This way, we are able to obtain the
amount of zeros minus poles in a certain rectangle. However, if there is an equal amount
of poles and zeros inside a certain contour, Equation (2.70) always gives zero. To overcome
this problem, we determine the zeros by

(4.8)

where n = 0,1,2, .... The position of the pole is denoted by kp,p, and the one of the zero by
kp,N. For n = 0, we obtain Equation (4.7), and thus zero in case of a similar amount of poles
and zeros. However, for n = 1, the right hand side of Equation (4.8), does not equal zero
anymore, since the locations of the poles and zeros in the complex kp-plane differ. So, with
this search routine it is possible to find all zeros of the function f(kp ) = den[An(kp , z, z')]
in a given search area. However, if we want to determine their location accurately, a
considerable amount of computation time is consumed, due to the large number of function
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values needed in the evaluation of the contour integral C. Therefore, we only estimate the
location of the poles and use Muller's method [11], to obtain more accurate pole locations.

The time needed to find the zeros of the denominator of the functions An(kp, z, z') is much
less than the time needed to find its poles, as will be shown in Section 5.1.3. This is the
reason why we have solved the transmission-line equations for each possible configuration
by hand (d. Section 2.3), and not a general procedure is applied as, for example, the one
suggested by [3], since now this denominator follows explicitly. In Appendix A, another
way to determine the zeros of the functions An(kp, z, z') for arbitrary structures is shown.

4.1.2 The residue of a surface- and leaky-wave singularity

Cauchy's residue theorem of Equation (4.6) makes it possible to add the residues B k of the
singular points Zk, for k = 1,2, ... , n. According to [4, p. 176], the residue of a simple pole
is given by

B k = Resf(z) = lim [(z - a)f(z)],
z--+a

where f(z) is a function, which has a simple pole in z = a.

(4.9)

(4.10)

Now, let us recall the integral h of Equation (2.70a). The poles of the function Al (kp , Z, z')
are assumed to be known and defined as kp= ksw and kp = k1w for surface-- and leaky-wave
poles, respectively. If we assume for the moment that there is only one simple (surface
wave) pole, then the residue of this pole follows from Equation (4.6) and (4.9) as

f f(z')dz' = -27rj lim [(kp - ksw)AI(kp, z, z')H62
) (kpp)kp] ,

kp--+ksw

c.w

where the minus sign indicates that the surface-wave pole is encircled in a negative sense
over a contour Csw , as can be seen in Figure 4.4. Note that the accuracy of the residue
strongly depends on the accuracy of the pole location. To achieve a high accuracy, we used
Muller's method in Section 4.1.1. Similar expressions are obtained for the residues of a
simple pole for the other integrals of Equation (2.70).

4.2 Steepest-Descent Path (SDP)

The Method of Steepest Descent consist of deforming the integration path along the Som
merfeld Integration Path (SIP) to the Steepest-Descent Path (SDP), along which we have
maximum exponential decrease of the integrand [6, p. 370-382]. This implies that the
computation of the integrals is performed in a very efficient way along this path. Since
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the SDP changes for different angles 'l/J (d. Section 4.2.1), where 'l/J is, with the aid of
Figure 2.1, given by

p p
cos 'l/J = - = ---,.::::::;=:=:::;:==:;:::;;:

r J p2 + (z - z'P'
(4.11 )

to ensure that we indeed have this maximum exponential decay, the presented contour
deformations in Section 4.1 are of great use.

To obtain this path, we recall the integral h of Equation (2.70), i.e.,

00

h(kp,p, z, z') = JA 1(kp, z, z')H62\kpp)kpdkp.
-00

(4.12)

If we substitute the approximation of the Hankel function for large arguments of Equa

tion (4.1) in (4.12) and extract the oscillating exponential e- jkz ,2!Z - z'l out ofthe function
A1(kp , z, z'), we obtain

11 = JB 1(k z Z')V 2 e-j(kpp -1r/4)e- jk",lz - z'lk dkp, , k p p,
1r pP

SIP

in which we have assumed that k2 is the wavenumber of a half space, and where

B (k ') - A (k ') jkz ,2l z - z'l1 p,z,Z - 1 p,z,Z e ,

(4.13)

(4.14)

is a smoothly varying function. Further, we have replaced the integration limits of Equa
tion (4.12) by the Sommerfeld Integration Path of Figure 3.13. Then the exponential of
the integrand of Equation (4.13) is explicitly given by

q(k p z z') -j(kpp-jJ-k~+kp2Iz-z'l)e p", = e , (4.15)

where we used Equation (3.6), with i = 2. Now, let us assume that at a certain point k p sp

on the integration path, Re[q(kp, p, z, z')] has a maximum value so that Re[q(kp, p, z, z')] <
Re[q(kp sp, p, z, z')] on the remainder of the path. This means that also the exponential of
Equation (4.15) has it maximum value at kp sp and decreases exponentially away from this
point. The maximum contribution to the integral 11 is therefore located in the vicinity of
the point kp sp, which is called a stationary phase point or saddle point. Hence, we have
to find this point and make sure that the rate of change along the remainder of the path
is maximal, to obtain maximal exponential decay. Since it is hard to distinguish between
the real and imaginary part of q(kp , p, z, z'), which is necessary if we want to calculate the
rate of change, we will apply a transformation from the kp-domain to the a-domain.
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(4.17)

(4.18)

4.2.1 Transformation to the a-domain

Let us assume that we are dealing with a configuration of selection 13 in Figure 2.6. Then
we have branch points at kp = ±k2, corresponding to the half space. Further, we assume
that k2 < k1 , where k1 is the wavenumber of the slab. Then, let us introduce the following
transformation [6, p. 370-382J:

kp = k2 cosa, (4.16)

where a is a complex number. Owing to this transformation, the wavenumber kz ,2, given
by Equation (2.57) with i = 2, becomes

kz ,2 = Jk~ - k~
= Jrk-~---(-k-

2
-co-s-a-)-2

* kz ,2 = +k2 sin a.

With kz ,2(kp = 0) = k2, the plus sign is chosen to make the point kp = 0 correspond to
a = 7f/2. This implies that the wavenumber kz ,2 introduces no branch cuts in the a-plane.
Also the wavenumber kz,l introduces no branch cuts, as explained in Section 3.1.3, and
therefore the only branch cut in the a-plane corresponds to the one of the Hankel function.

Note, that when applying the transformation to the a-domain, we have to use the arccos
function, since from Equation (4.16) follows that

a = arccos (~:).

This function has branch points in kp = ±k2. Its branch cuts are located on the real kp-axis
from -00 to -k2 and from k2 to 00, the same as for the arcsin function, which is discussed
in Appendix B.

In Figure 4.7, we plotted the a-plane. Since the cosine is a periodic function, also the
a-plane is periodic, as can be seen from the quadrant transformation. To transform the
upper and lower Riemann sheet as well, we have to determine the Im(kz ) first, i.e.,

Im(kz ,2) = Im(k2sin a)

= k2 cos a r sinh ai,

where we have used Equation (4.17) and

(4.19)

(4.20)

Then the upper Riemann sheet, where Im(kz ) < 0, is indicated by the horizontal lines in
Figure 4.7, and the lower Riemann sheet, where Im(kz ) > 0, by the vertical lines. We

55



0)

---=i' I
I

~I I I ~I I
!

III r II
I I

-- ,II, I
I

I
I

I

.I'C:W

I~,Ii ij~~J ilI

~~~m ./ I I
I
u
~

I
m

I i i I(
_L.I I I ,~I I ; , ./ II,,, 'I ' I

II I ' , I
III! Iii: -I- I I i, .'-'- i 'I ' I
1I
I
I1II

I ,. '-'- , I II ,

I
..

I \I I I I K "',

I
,, ii' i f ,

Iii I
i i

II
' I

II
I II

l! I II I I !, HilL ,.. ,,.. , I I.... " .... " ! I i

Figure 4.7: the a-plane with SIP, surface- and leaky-wave poles. The four quadrants of the
kp-plane are after transformation denoted by I, II, III, IV, respectively. The transformed
upper and lower Riemann sheet are indicated by horizontal and vertical lines, respectively.

observe that the Riemann sheets in the kp-plane appear as adjacent regions in the a-plane.
The transformed locations of the SIP, and the surface- and leaky-wave singularities are
added as well.

Now, let us apply the transformation to the a-plane, given by Equation (4.16), to the
integral h of Equation (4.13), i.e.,

h ~ eJ,,/4 JB,(kp, z, z'lV,,~p/ -j(kpp + kdz - 211) kpdkp

SIP

= _ej7f / 4 JB
1
(a,z,z') I 2 e-jk2 (p cos a + Iz-z'lsina)k~cosasinada.

V7fk2pcosa
SIP

(4.21)

According to the configuration of Figure 2.1, we can introduce

p = rcos 7/;,

Iz - z'l = r sin 7/;.

If we substitute Equation (4.22) in Equation (4.21), we obtain

II = J!(a)e-jk2rcos(a -7/;)da,

SIP

(4.22a)

(4.22b)

(4.23)
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with
2k2 cos a

k
.

.1, 2 sma.7rr cos If'
(4.24)

Let us have a closer look at the exponential of Equation (4.23). Since a is complex, the
cosine term of the exponential is given by

ej(a - 7/;) + e-j(a - 7/;)
cos(a -7/;) = 2

ej(ar -7/; + jai) + e-j(ar - 7/; + jai)

2
= cos(a r - 7/;) cosh (ai) - j sin(a r - 7/;) sinh (ai) ,

(4.25)

where we have used Equation (4.20). Then the exponential of Equation (4.23) is rewritten
as

exp [q(a, 7/;)] = exp [- j k2r cos(a - 7/;)]

= exp { -jk2r [cos(ar -7/;) cosh (ai) - j sin(ar - 7/;) sinh (ai) ] }

= exp {-jk2r cos(a r - 7/;) cosh (ai) - k2r sin(a r - 7/;) sinh (ai)} .

(4.26)

In this exponential, the real and imaginary part of the phase function q(a,7/;) are separated
explicitly, which was not the case in Equation (4.15). Hence, the transformation to the
a-domain has proven successful and the SDP can be determined. First, we will locate the
saddle point, where the exponential of Equation (4.26) has its maximum value, as discussed
in Section 4.2. The saddle point is located at those points where

8q(a,7/;) = 8q(a,7/;) = 0

8ar 8ai '

which gives

8q~a, 7/;) = j k2r sin(a r - 7/;) cosh (ai) - k2r cos(a r - 7/;) sinh (ai) = 0,
a r

8q~a, 7/;) = _ j k2r cos(a r - 7/;) sinh (ai) - k2r sin(ar - 7/;) cosh (ai) = 0,
ai

and consequently
a r = 7/;; ai = O.

This means that the saddle point is located on the real a-axis in the range

(4.27)

(4.28)

(4.29)

(4.30)

Now that we have obtained the location of the saddle point, we wish that the integrand
decays exponentially at a maximum rate away from this point. Hence, we have to find a
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(4.31)

Figure 4.8: possible steepest-Descent Path P in the a-plane.

path P along which the Re [q(a,1/;)] decays most rapidly and passes through the saddle
point at a = 1/;, as shown in Figure 4.8. If da denotes an element of length along the path
P, the rate of change of u(a,1/;) = Re [q(a,1/;)] along this path is given by

du(a,1/;) = Bu dar + Bu dai = Bu cos,8+ Bu sin,8,
da Bar da Bai da Bar Bai

where ,8 is the angle between the element da and the ar-axis. Then du/ds has a maximum
for

B2u Bu Bu
B,8Ba = 0 = - Bar sin,8 + Bai cos,8.

With the aid of the Cauchy-Riemann Equations [4, p. 41], i.e.,

Bu Bv Bu Bv
Bar - Bai' Bai Bar'

where v(a,1/;) = 1m [q(a, 1/;)] , we get for Equation (4.32)

Bu dai Bu dar dv
0=------=--

Bai da Bar da ds .

(4.32)

(4.33)

(4.34)

Hence, v(a,1/;) = 1m [q(a,1/;)] = constant, and thus not oscillatory along the path P on
which u(a,1/;) = Re [q( a,1/;)] changes most rapidly. Since the saddle point, defined by
Equation (4.29), is located on this path, v(a,1/;) is in this point, with the aid of Equa
tion (4.26), given by

v(a, 1/;)la=1/J = -jk2rcos(ar -1/;) cosh (ai) la=1/J
= -jk2r.

From Equation (4.35), it follows that the locus of points in the a-plane that verify

cos(ar -1/;) cosh (ai) = 1,
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(4.37)

is the Steepest-Descent Path (SDP), and the integral II of Equation (4.23) is along this
path given by

II = J!(a)e-jk2T - k2Tsin(ar - 'l/J) sinh (ai)da.

3D?

In Figure 4.9 and 4.10, the SDP's for the angles 'l/J = 0 and 'l/J = 1r/2 are plotted, respectively.
In Figure 4.7, we have chosen for the SDP that starts in the upper left and ends in the

1 .

S :r 0 , ..
.E .

·1 ;...

·1 ~.I 0 0.1
Roal(a)

Figure 4.9: possible SDP's for 'l/J = 0 in
the a-plane.

Figure 4.10: possible SDP's for 'l/J = 1r/2
in the a-plane.

lower right, since that is the one that corresponds to the SIP. We observe that if the angle
'l/J in Figure 2.1 increases, the SDP for 'l/J = 0 moves towards the SDP for 'l/J = 1r/2. This
means that the integration path can cross a surface- or leaky-wave singularity for a certain
value of 'l/J. So, we need to determine the angle 'l/J at which the integration path crosses
a singularity, since then we know which residues have to be added to the integral. The
residue of a surface-wave pole should be added if [14]

ksw = k2 cos'l/J

=? 'l/J < arccos [~:],
(4.38)

where we have used the transformation of Equation (4.16), the fact that k sw is real, and
the saddle-point location of Equation (4.29). The contribution of a leaky-wave pole should
be added if

cos(ar,lw - 'l/J) cosh (ai,lw) = 1

=} 'l/J < ar,lw ± arccos [ ht )] + 2m1r,
cos ai,lw

where we used the locus of points of Equation (4.36), and where m is an integer.
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In case the structure is terminated by two different half spaces with wavenumbers k1 and k2

where k1 > k2 , there is always a pair of branch cuts present in the a-plane. The contribution
of these branch cuts should then be added too if encountered by the deformed integration
path. This is shown in Figure 4.11, where we have performed the transformation to the
a-domain on the half space with wavenumber k2 . The SDP crosses the saddle-point in a.
The branch cut of the Hankel function, with branch point at kp = 7r/2 is plotted as well.

-n12

Im(u)

a
a

a...
o a...
en en

t
J

TC Re(u)

Figure 4.11: the a-plane for a structure terminated by two different half spaces and with
inclusion of the branch cut of the Hankel function.

4.2.2 Change of variable to 7

Since the integration limits of the SDP in the a-domain are hard to define exactly, as can
be seen in Figure 4.9, we introduce the following change of variable [3, p. 82]

1 - cos(a - 'l/J)
72 = - sin(ar - 'l/J) sinh (ad = . ,

J
(4.40)

which maps the saddle point to the point 7 = O. If we recall the exponential of Equa
tion (4.23) and transform this equation to the 7-domain with the aid of Equation (4.40)
and (4.25), we obtain

(4.41)
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For the SDP, defined by Equation (4.36), this change of variable leads to

Re[ cos(a - 'l/J)] = Re[l - jT
2

]

1 = 1 + 2TiTr

::::::} Ti = 0 or Tr = 0,

(4.42)

where T = Tr + jTi' With the aid of Equation (4.42), the SDP in the T-domain is plotted in
Figure 4.12. Notice that the integration paths for all angles 'l/J are similar in this domain.

3· ., ......., .

1

2
II' 0
.Ii

·1 .. -.

0,2

-3

.... -3 0,2 -I 0
R••lft)

Figure 4.12: the SDP's in the T-plane are located on the real or imaginary axis, the saddle
point is always located ID..'J"-=-O-..- n _

The SDP with its starting point in the upper right corner and end point in the lower left
of Figure 4.9 or 4.10, corresponds to the integration path on the real axis in the T-plane.
When this path is chosen, the integral II of Equation (4.37) becomes

(4.43)

-00

The differential da/dT, which appeared due to the transformation, is calculated by taking
the square root of Equation (4.40), Le.,

which gives for the derivative

(4.44)

da

dT

±eJ'rr/4y12 ±ej7r/ 4y12
-

cos (~) V1 - sin2 (~)
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If we substitute Equation (4.45) in Equation (4.43), we obtain

(4.46)

However, the integral is still undefined due to the ±-sign. This problem is solved if we
have a closer look at the derivative do./dr. Therefore, let us take an arbitrary point on the
integration path, for instance the saddle point at 0.= 'l/J. There, the derivative is given by

The '+'-sign implies that

where the '-'-sign implies that

arg(eilr/ 4J2) = 1f/4,

arg(_ej1f/ 4J2) = 51f/ 4.

(4.47)

(4.48)

(4.49)

Since the SDP moves from the upper right to the lower left corner in Figure 4.7, similar as
the SIP, the argument is 51f/ 4 and thus the minus sign in Equation 4.46 should be used.

4.2.3 The SDP in the kp-domain

Let us return to the kp-domain to obtain some insight in the Steepest-Descent Paths
(SDP's) there. The obtained SDP in the r-domain is transformed back into the kp-domain
by taking the inverse of Equation (4.44) and using Equation (4.16). Again we should
be cautious, since the inverse of Equation (4.44) has branch cuts originating from the
arcsin function, as discussed in Appendix B. Then the integral of Equation (4.13), with
the inclusion of the exact Hankel function, is rewritten along this path as

with the following derivative

dk do. dk J2e
j1f / 4

-p - --p = k2 sino.
dr dr do. 1 _ jr2

'

2

where a is known, owing to the back transformation.
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If we take 'l/J = 0, we obtain the integration path of Figure 4.5. This path passes through
the saddle point at kz, and is partly located on the lower Riemann sheet. To observe how
the integrand of h behaves on this lower Riemann sheet, we plotted it in Figure 4.13 for
different distances p, i.e. p = O.OlAo and p = 0.02Ao. To perform this numerical integration
a Gauss-Kronrod (30-61 points) quadrature rule has been applied. We have considered a
structure of selection 13 in Figure 2.6, with dl = O.lA, cr,l = 9, and cr,Z = 1.
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Figure 4.13: values for the real part of the integrand of h along the SDP on the lower
Riemann sheet in the kp-plane for 'l/J = 0 and for the distances p = O.OlAo and p = 0.02Ao.

We observe that the integrand decays much faster, as p increases, and therefore we can
shorten the length of the tail. This length will be measured by the Im(kp ), which is for the
one in Figure 4.13 equal to 144ko. The distance p, which is also present in the argument
of the Hankel function, gives rise to another problem, i.e., the influence of the leaky-wave
residues. Therefore, let us recall Equation (4.9), which gives us the residue of a leaky-wave
pole, i.e.,

(4.52)

If the distance p decreases, the value of the Hankel function H~Z\kpp) does not decay
rapidly for increasing kp . And since we have to multiply with kp , whose imaginary part
can be very large, the residue can be large as well and must therefore be taken into account.
This implies that if p decreases, the residues of more leaky-wave poles have to be added to
the integral, since their contributions cannot be neglected. To locate these singularities,
we have to increase the search area in Figure 4.6. More explicitly, this implies that we
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have to increase the length L. However, if we do not change the density of the grid, the
total computation time increases, since more closed contours have to be computed, as will
be shown in Section 5.1.2.

We have seen in Section 4.2.1, that if we change the angle 'l/J, the SDP changes too. To
observe what happens to the SDP in the kp-plane, let us increase the height Iz - z'l in such
a way that Iz - z'l/p = 0.33, and thus 'l/J = 18.26°. If we take p = O.OlAo again, the SDP for
this angle is shown in Figure 4.14. A branch point is located in kp = ko. Its corresponding
branch cut has been included as well, to distinguish between those parts of the integration
path that are located on the lower and upper Riemann sheet. We see that the tails of the

011.5 .
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Figure 4.14: the SDP in the kp-plane for
a typical case in which Iz - z'l/p = 0.33
and the branch point is located at kp =

ko.
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Figure 4.15: values for the real part of
the integrand of h along the SDP in
the kp-plane p = O.OlAoand Iz - z'l =
0.0033Ao·

integration path also widen by the angle 'l/J and thus always end on the upper Riemann
sheet to meet the radiation condition. Owing to this widening, the most lower leaky-wave
residues are already 'inside' the integration path, which decreases the search area length L
and consequently the computation time and the error in the final result. In Figure 4.15, we
plotted the real part of the integrand of II again, but now for the total integration path.

We see that most of the oscillations have disappeared, since the exponent e-jkz,2Iz - z'l
ensures that we have exponential decay on the upper Riemann sheet.

Next, let us increase the distance Iz - z'l to Iz - z'l/p = 3. For this configuration, the
integration path in the kp-plane is shown in Figure 4.16 and the real part of the integrand
of h in Figure 4.17. We observe that the integrand decays faster, owing to the exponential

e-jkz ,2I z - z'l, and that it is possible to shorten the tail length. Hence, we have the worst
case scenario if the angle 'l/J = 0 and p gets small, since then the tail length and the search
area L have to be large.
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Figure 4.16: the SDP in the kp-plane for
a typical case in which Iz - z'llp = 3 and
the branch point is in k p = ko.

Figure 4.17: values for the real part of
the integrand of It along the SDP in the
kp-plane p = O.Ol'xo and Iz-z'l = 0.03'xo.

Changing the SDP near surface-wave singularities

In Figure 4.14 we have shown that the tail of the SDP widens with the angle 'l/J. This
means that the integration path may come close to a surface-wave pole for certain angles
'l/J and consequently integration may take longer than usual, due to the high amplitude
variations in the vicinity of this pole. These angles 'l/J are given by the Equations (4.38)
and (4.39). If this happens, the integration path will be divided into four intervals. This
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Figure 4.18: changing the SDP to avoid the surface-wave singularities at k p ~ 1.12ko and
k p ::::::: 1.97ko.
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is shown in Figure 4.18, where we increased the distance Iz - z'l for a constant p for a
structure which has two surface-wave poles located at kp ::::::: 1.12ko and kp ::::::: 1.97ko. We
see that the integration path now avoids the surface-wave singularities. However, note that
this method can only be applied if the surface-wave singularities are not located too close
to each other or too close to a branch point. A similar approach can be applied to avoid
the leaky-wave singularities.

4.3 Far-field asymptotic approximation

In the far field, we can approximate the solution of the integrals In analytically by applying
the so-called stationary-phase or saddle-point method [3]. This method gives us the leading
order approximation, where the Method of Steepest Descent provides us also with all
higher-order approximations, in closed form. To apply this saddle-point method, we need
the location of the saddle point. As already discussed in Section 4.2.1, this saddle point is
in the a-domain located at a = 'ljJ and, with the aid of Equation (4.16), in the kp-domain
at kp sp = k2 cos 'ljJ, where the wavenumber k2 corresponds again to a half space region.

Since the phase function of Equation (4.15) varies rapidly for large p or/and Iz - z'l, the
contribution to the integral is small because of the cancellation of the positive and negative
parts of the integrand, as can be seen in Figure 4.19. However, in the vicinity of the saddle

Re(q)

Figure 4.19: a saddle point occurs there where q'(kp , p, z, z') = 0, and thus the exponential
varies slowly.

point, where q'(kp , p, z, z') = 0, the exponential term does not vary rapidly. Hence, most of
the contribution to the integration will come from the neighbourhood of the saddle point.
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Let us recall Equation (4.13), i.e.,

with
B1(kp, z, z') = A 1(kp, z, z')ejkz,2I z - z'l. (4.54)

The function B 1(kp , z, z') is slowly varying, since we extracted the exponential, and can
be approximated in the vicinity of the stationary phase point by B 1(kp sp, z, z'). Since
this function does not depend on the integration variable k p , it can be extracted from the
integral of Equation (4.13), i.e.,

-00

Indefinite integration to z gives

According to [6, p. 481], the following identity holds

e- jkor = _1_ JOO H62
)(kpp)kpe-jVkg - k~lz - z'l

dk
4?Tr 8?Tj . h2 _ k2 p,

-00 V 0 p

where r is in polar coordinates given by

r = J p2 - 2pp' cos(¢ - ¢') + p'2 + (z - z')2.

Substitution of Equation (4.57) in Equation (4.56) gives

J
e-jkor

hdz = -2 r B1(kpsp, z, z').

(4.57)

(4.58)

(4.59)

If we take to derivative of Equation (4.59) with respect to z, the integral II becomes

with

a [ -jkoJlz - z'I 2 + P2]
h = -2B1(kp sp, z, z')-a e ,z viz - Z'I2 + p2

e-
jkor

( 1)F(r)=2 r jko+-;.'
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Since H62\x) = -H~2\X) for large arguments, as can be verified with Equation (4.1), the
following asymptotic expression for 12 is obtained

h = -B2 (kp sp, z, z') sin 'lj;F(r) , (4.62)

where F(r) is given by Equation (4.61). For the integrals 13 and 14 , we have to integrate
with respect to p instead of z, to be able to use the identity of Equation (4.57). By using
the relationship H62)(x) = j Hi2)(x) for large arguments, we get

j B 3 (kp sp, z, z') (::g,~) Is
p

cos 'lj;F(r) ,

jB4 (kp sp, z, z') cos 'lj;F(r) ,

where F(r) is again given by Equation (4.61).

(4.63)

(4.64)

The far field expression for the integral Is is obtained if we integrate twice with respect to
p, and is given by

(4.65)

with
-jkor ( 2 'k 2 )

G(r) = 2e k 2 - ~ - - .
r 0 r r 2

(4.66)

Observe that if we take p = 0, we can still obtain correct results, although the Hankel
function only exists in the limit lim H(kpp) and not in p = 0 exactly. However, owing to

p--+o

the identity of Equation (4.57), this singularity has been replaced by r = Iz - z'l.
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Chapter 5

Numerical results

In this chapter, we will discuss the numerical results of the integrals In obtained with
the theory in the previous chapters. We will perform the integration along the First
Contour Deformation (FCD) of Figure 4.2 and the Steepest-Descent Path (SDP), discussed
in Section 4.2 and compare both numerical results in Section 5.1. First, we will discuss the
relative error and the difference in computation time between the two integration paths
for the worst-case scenario, i.e. 'l/J = 0, in the Sections 5.1.1 and 5.1.2. These computations
will be performed on a structure with one layer located on top of a perfectly conducting
ground plane.

Since we solved the transmission-line equations for several practical configurations (cf.
Section 2.3) instead of using a general procedure like the one suggested by [3], we will show
the gain in computation time of this time-consuming job when searching for surface- and
leaky-wave singularities in Section 5.1.3. The average computation time per integral for
each selection is computed in Section 5.1.4. In Section 5.2, we will compare the results of the
integral II integrated along the FCD and SDP with the far field asymptotic approximations,
which are derived in Section 4.3.

5.1 Comparison of the results obtained with the FCD
or the SDP as integration path

In Section 4.2.3, we have seen that it takes the most effort to obtain accurate results
at the angle 'l/J = 0 for small p when integrating along the SDP. This is due to the tail
length, which has to be increased for small p, and the amount of added leaky-wave residues,
whose contribution cannot be neglected since the Hankel function does not decay rapidly
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anymore. For large p on the other hand, integration along the FCD causes errors, due
to rapid phase oscillations, as discussed in Section 4.1. The comparison of the relative
error in and computation time of the results obtained via the two integration paths,
gives us a good insight in the efficiency of the SDP-method. For the numerical integration,
a Gauss-Kronrod (30-61 points) quadrature rule is used. For practical purposes, we will
only consider the range:

O.OUO < p(AO) < lOAo.

5.1.1 Relative error for a structure with one layer

(5.1)

First, let us demonstrate the influence of adding more leaky-wave residues to the integral
along the SDP for'lj; = O. Therefore, we consider the configuration of Figure 2.4(a), where
the slab has a permittivity of nine, and the region above is filled with air, i.e. Cr,1 = 9;
cr,2 = 1. We assume that the thickness of the slab d1 = O.lAo.

For this configuration, we obtain, with the search routine presented in Section 4.1.1, two
surface-wave poles at kp >::::: 1.12ko and kp >::::: 1.97ko. The three leaky-wave singularities
closest to the real axis are given by kp >::::: (0.20 - 6.87j)ko, kp >::::: (0.19 - 12.13j)ko, and
kp >::::: (0.18 - 17.2j)ko. In Figure 5.1, we plotted the relative error in II between the FCD
and the SDP as a function of the distance p, where we have kept the range of Equation (5.1)
in mind. Since the relative error is the highest for small p, the influence of the leaky-wave
residues is plotted especially for that area. The tail length of the SDP is assumed to be
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Figure 5.1: influence of the leaky-wave residues on the relative error in II, when integrating
along the FCD or the SDP for a slab thickness of d1 = O.lAo.

36ko, and the tail lengths of the FCD that come and go to - j 00 are chosen in such way that
the integrand has decayed to zero. Their exact lengths will be discussed in Section 5.1.2.
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In Figure 5.1, we see that if we add the residues of more leaky-wave singularities to the
integral h along the SDP, the relative error decreases at a certain distance p.

Now, let us change the tail length and keep the amount of added leaky-wave residues
constant at three. In Figure 5.2, the influence of the tail length on the relative error
in h is plotted as a function of p. We observe that also by changing the length of the
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Figure 5.2: influence of the tail length on the relative error in h when integrating along
the FeD or the SDP for a constant amount of three added leaky-wave poles.

tail, we can decrease the relative error at a certain distance p. This can also be seen in
Figure 4.15, where the integrand has become exponentially small for a tail length of about
144ko for p = 0.01,),0' This means that with a tail length of 225ko, as shown in Figure 5.2,
the integrand has definitely decayed to zero. Any further extension of the tail beyond
225ko does not decrease the error at p = O.OlAo anymore. However, we still observe that
there is a relative error in h of about 0.55%, which can only be decreased if we add more
contributions of leaky-wave residues.

Changing the thickness of the slab

Next, let us increase the slab thickness to d1 = 0.6,),0. If we consider a maximum tolerable
relative error of 2% for all p in the range of equation (5.1), the tail length should be at least
112ko for a thickness of d1 = O.lAo, according to Figure 5.2, and three leaky-wave residues
have to be added to the integral. If we use the same search areas for this slab thickness
as we did to find the 1, 2 and 3 leaky-wave poles in Figure 5.1, we now find 17, 23, and
32 leaky-wave poles, respectively. Hence, more leaky-wave singularities are present in the
same search area if we increase the slab thickness. This means that we also have more
contributions of leaky-wave poles just outside the search area, and therefore the relative
error for a certain distance p will be larger. This is shown in Figure 5.3. There where
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Figure 5.3: influence of the leaky-wave residues on the relative error in h when integrating
along the FCD or the SDP for a slab thickness of d l = O.6Ao.

the relative error for a slab thickness of dl = O.lA remained below the maximum tolerable
error of 2% for all p in the range of Equation (5.1) if we added three leaky-wave poles, we
observe in Figure 5.3 that the distance p > O.046Ao, if we use the same search area. So,
if we want to lower this distance, we have to increase the search area for leaky-wave poles
again. Increasing the tail length does not decrease the relative error anymore, since it is
already large enough. In Figure 5.3, we see that we need at least 223 leaky-wave poles to
reach an accuracy of 2% at p = O.OlAo. To find these leaky-wave poles, the imaginary part
of the search area, denoted by L in Figure 4.6, reaches from 0 - l80ko. One can imagine
that it takes a lot of time to find all these poles in such a large search area, as we will show
in Section 5.1.2.

However, computation time can be reduced, owing to the pattern in the location of the
leaky-wave poles in Figure 4.6. If the location of the most upper leaky-wave poles is known,
the other locations can be obtained from this pattern. This reduces the size of the search
area and consequently the computation time. However, this acceleration process has not
been applied in this report.

Changing the dielectric material in the slab

Next, let us demonstrate the influence on the relative error in h, if we change the permit
tivity of the medium in the slab. Therefore, we assume that cr,l = 2 and that dl = O.lAo

again. In Figure 5.4, we plotted the influence of the tail length on the relative error in
h for this dielectric material. If we compare this figure with Figure 5.2, we notice that a
lower permittivity decreases the relative error in II at a certain distance p. This means
that the relative error in h between integration along the SDP and FCD depends not only
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Figure 5.4: influence of the tail length on the relative error in II when integrating along
the FCD or the SDP with er 1 = 2 and d1 = 0.1>'0',

on the tail length and the amount of added leaky-wave poles, but also on the thickness and
dielectric of the slab. Therefore, it is very hard to obtain a distance p beyond which the
relative error remains below 2% for all p in the range of Equation (5.1), since this distance
changes for each different configuration of the stratified structure.

Error in FeD for large p

In Section 4.2.3, we already mentioned that for large p, the integrals computed along the
FCD lose accuracy. This loss is due to the highly oscillatory behavior of the Hankel function
for large arguments kpp. This implies that the result of the integral h with the SDP as
integration path is more accurate than the one with the FCD for large p. To demonstrate
this, let us recall the geometry of Figure 2.4(a) again, with a slab thickness of d1 = 0.1>'0
and dielectric permittivities of er,1 = 9 and er,2 = 1. Then Figure 5.5 shows us the relative
error in II between the FCD and the SDP for large distances p.

5.1.2 Computation times for a structure with one layer

We will compare the computation times needed to compute the integral II between the
two integration paths, i.e. the FCD or the SDP, for structures with one layer.
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Figure 5.5: relative error in 11, due to the oscillatory behavior of the Hankel function for
large arguments if we integrate along the FCD.

Tail lengths of the SDP and FeD

The tail length does not only influence the relative error, but also the computation time.
Since, the longer the tail, the slower the integral is computed. In Figure 4.13, we have
already seen that the tail ofthe SDP can be shortened if the distance p increases. However,
we have to keep in mind that we do not lose the accuracy in the final result by shortening
the tail too much. Therefore, we divide the range of Equation (5.1) in the experimentally
obtained intervals given in Table 5.1, for various tail lengths. For the same reason, the tail

interval tail length

O.01Ao - 0.04Ao 144ko

0.04Ao - O. lAo 40ko

O.lAo - 0.3Ao 16ko

0.3Ao - lOAo 4ko

Table 5.1: the tail length of the SDP is adapted to the distance p between source and
observer to perform the integration as fast as possible, but keep its accuracy.

lengths of the FCD that come and go to -joo have to be adapted as p becomes small, as
mentioned in Section 4.1. However, to make the program more general, we also want to be
able to use this path below the distance p = O.01Ao. Experimentally, we have obtained tail
lengths for the FCD, given in Table 5.2, for which we are certain that the integrand has
decayed to zero, Le., These tail lengths are used to perform all following computations.

To decrease computation time, we could also use a Laguerre-Gauss quadrature for the non-
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interval in p tail length

below 1>'0 3ko>'0/p(>'o)

1>'0 - 10>'0 3ko

Table 5.2: the tail length of the FeD is adapted to the distance p between source and
observer in such a way that this distance can be smaller than p = 0.01>'0'

oscillating exponentially decaying end of the tail, for example in Figure 4.13, instead of
the Gauss-Kronrod quadrature. This Laguerre-Gauss quadrature has weighting functions
W (x) = e-x

, and therefore suits better for these tail end, since less points are needed.
However, this quadrature has not been applied in this report, so all integrals are computed
with the Gauss-Kronrod quadrature.

Changing the length L of the search area

In Figure 5.1, we have adjusted the length L of the search area in such a way that we
found 1, 2, and 3 leaky-wave poles. Since the amount of poles is small compared with
the amount found in Figure 5.3 for the same search areas, a less dense grid can be used
here. Theoretically, we should be able to find all singularities inside a search area, when
applying Equation (4.8), however, in practice we have noticed that sometimes a singularity
is missing. Since this cannot be allowed, we have searched for a grid in which always all
leaky-wave singularities are found. This turned out to be a 20 x 20 grid with a length of
L = 20ko, under the condition that the thickness of all slabs is less than dtot = 0.4>'0. For
a stratification that is thicker than dtot = 0.4>'0, a 40 x 40 grid with a length of L = 20ko
is used. If we have to search for poles below L = 20ko, we keep the density of the grid
constant. This has consequences for the total computation time. Therefore, we plotted
in Figure 5.6, the amount of time needed to find the leaky-wave poles by a dashed line,
versus the length L, computed on a pentium 4 computer of 2.6GHz.

We see that for lengths larger than L = 20ko, the computation time increases drastically.
This means that if we have a stratification which is thicker than dtot = 0.4>'0, and thus
a grid of 40 x 40 for a length L = 20ko is used, the time to find the leaky-wave poles is
already 7.5 seconds. If we also add the time needed to locate the surface-wave poles, we
obtain the solid line in Figure 5.6. This loss in time should be compensated by the fast
computation of the integral along the SDP. This implies that the amount of integrals to
be computed should be larger than a certain break-even point if we want to make use of
the integration along the SDP.
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Break-even points

We wish to find the break-even points for all structures discussed in Section 5.1.1. First, we
will discuss the structure with a slab thickness of d l = 0.1>'0 and a permittivity of Cr,I = 9,
where the magnetic dipole is located on the ground plane. Because the thickness of the
slab is less than dtot = 0.4>'0, we will use a grid size of 20 x 20 with a length L = 20ko.
Since, the third leaky-wave singularity is located at kp ~ (0.18 - 17.2j)ko, and the fourth
one at kp ~ (0.18 - 22.3j)ko, we have to add the residues of the first three leaky-wave
poles to the integral II, when integrating along the SDP. In Table 5.3, we have tabulated
the average computation times of the integral II at a distance p = 0.01>.0 from the source,
where we have used Table 5.2 to obtain the tail lengths of the FCD and SDP. We also

pole search average compo time
(msecond.) per integral (msecond.)

SDP(144ko) 2100 41

SDP(225ko) 2100 48

FCD(300ko) 0 210

Table 5.3: computation times of II by integration along the SDP and the FCD for a
distance p = 0.01>.0 and tail lengths of 144ko and 225ko for the SDP.

included the computation time for integration along the SDP with a tail length of 225ko,
corresponding to a relative error of 0.55% at p = 0.01>.0, as shown in Figure 5.2. If we
compare the average computation time per integral of this path with the one which has a
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tail length of 144ko, the difference is only 7 msecond. However, if we calculate for example
1000 integrals, this corresponds to 7 seconds, which is quite a lot as we will see later on in
this section.

From Table 5.3, the break-even point between the SDP with tail length 144ko and the
FCD can be calculated, and is given by 13 integrals. However, this is not a practical
situation since all integrals are taken at a distance p = 0.01>.0 from the source. Therefore,
we will divide the range of Equation 5.1 into 5000 equal pieces, which gives us a break-even
point of 79 integrals. The average time per integral is, for integration along the SDP, 9.58
msecond. and for integration along the FCD 36.4 msecond. The same break-even point is
obtained if we change the relative permittivity of the slab into cT,l = 2.

Let us increase the slab thickness to d l = 0.6,),0 and assume that the relative permittivity
of the slab is CT,l = 9. Since c40t > 0.4,),0, we now use a grid size of 40 x 40 and a
length L = 20ko. According to Figure 5.6, the pole search takes about 10.2 seconds now.
However, only 40 leaky-wave poles are found in the search area which means that, according
to Figure 5.3, integration along the SDP is only possible if p > 0.046,),0, due to the 2%
boundary. If we divide the range of Equation 5.1 into 5000 equal pieces, but now with a
lower boundary at p = 0.046,),0, we obtain a break-even point at 392 integrals. The average
time per integral is for integration along the SDP 11.16 msecond. and for integration along
the FCD 37.2 msecond. If we compare these computation times with the ones obtained
for the structure with slab thickness d l = 0.1,),0, e.g. 9.58 msecond. and 36.4 msecond.,
we notice that the average time per integral does not differ very much. Therefore, the
break-even point strongly depends on the amount of time needed to find the poles in the
kp-plane.

In Table 5.4, we showed the starting values of p, the grid size, and the break-even points
for several values of the thickness of the slab for L = 20ko. We see that as soon as the
thickness of the slab passes d1 = 0.42,),0, the starting value of p starts to change. To
decrease this value of p, we should increase L to find more leaky-wave poles, with the
consequence that the break-even point increases. For example, to remain below the 2%
boundary at p = 0.01,),0 with a slab thickness of d l = 0.6,),0, we have to find at least 223
leaky-wave poles, according to Figure 5.3, which corresponds to a break-even point of 2160
integrals, instead of the 392 integrals shown in Table 5.4.

Changing the SDP near surface-wave singularities

Finally, we will discuss the advantage of an integration path that avoids the surface-wave
singularities as the angle 'l/J increases, as suggested in Section 4.2.3. Again, we will use
a structure with a single slab of thickness dl = 0.1>.0 and relative permittivity cT,l = 9.
The region above the slab is filled with air, i.e. cT,2 = 1. In Figure 4.18, the SDP's for
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thickness [d1 (>'0)] grid size break-even points(int.) start. p(>'0)

0.1 20 x 20 79 0.010

0.2 20 x 20 98 0.010

0.4 40 x 40 414 0.010

0.42 40 x 40 403 0.010

0.43 40 x 40 438 0.022

0.45 40 x 40 476 0.040

0.5 40 x 40 431 0.046

0.6 40 x 40 392 0.046

Table 5.4: the starting values of p, the grid size, and the break-even points for various
thicknesses of the slab with permittivity E"r,l = 9 for L = 20ko.

different heights at a constant distance p are shown. The surface-wave poles are located at
k p ~ 1.12ko and k p ~ 1.97ko, which corresponds to Iz - z'l ~ 0.5>'0 and Iz - z'l ~ 1.33>'0,
respectively, for a distance p = 1>'0. If we compute the average time per integral at a
height Iz - z'l ~ 0.5>'0, we obtain Table 5.5. We see that if the 'usual' SDP passes near
a surface-wave singularity it is essential to use the 'changed' SDP path, since the average
computation time differs almost by a factor of five.

average compo time
per integral (msecond.)

SDP (usual) 58.9

SDP (changed) 11.9

Table 5.5: computation times of h by integration along the 'usual' SDP and the 'changed'
SDP for a path that is in the vicinity of a surface-wave pole.

5.1.3 Comparison between the pole and zero location methods

As discussed in Section 4.1.1, we search for the locations of the singularities in the kp-plane
with the aid of the analytically retrieved denominator of the functions An(kp , z, z'). In this
section, we compare the amount of time needed to compute the zeros of this denomina
tor, with the amount of time needed to compute the poles of the functions An(kp , z, z').
Therefore, we consider all relevant selections of Figure 2.6, which are the ones with layers,
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and keep the total thickness of all layers below dtot = O.4Ao for L = 20ko. In Table 5.6,
the computation times for these selections are shown. The kind of dielectric in the slab(s)
does not alter these times.

Selection Compo time of Compo time of
poles of An (sec) zeros of An (sec)

3 143 2.4

4 192 3.2

13 91 2.1

14 141 2.6

15 204 4.1

23 106 1.8

24 120 2.2

Table 5.6: time needed to locate the singularities in the kp-plane between the methods
where the poles of the functions An(kp , Z, z') or the zeros of its denominator are calculated.

We observe that the computation times to locate the zeros of the denominator are always
much lower than the ones in which we find the poles ofthe functions An(kp , Z, z'). Therefore,
we have chosen for the former approach to locate the singularities in the kp-plane, with
the disadvantage that the amount of structures that can be computed is limited, since
the transmission-line equations should be solved by hand for each structure. Therefore,
we have discussed an alternative method in Appendix A to find the poles of a general
stratified structure by determining the determinant of a matrix.

5.1.4 Average computation time per integral for all selections

For completeness, we will compute the average computation time per integral for all selec
tions of Figure 2.6 for the angle 'l/J = 0, by dividing the interval of Equation (5.1) in 5000
subintervals of equal length. The thickness and the relative permittivities of the layers
barely change the average computation time needed to compute one integral, as we have
seen in Section 5.1.2. The results are written in Table 5.7 for integration along the FCD
and SDP. For the selections 23 and 24, we do not have to compute the integral along the
SDP, since the residues of the surface-wave poles represent all modes present between the
two ground planes. However, these poles can occur on the total imaginary kp-axis and on
the real kp-axis, up to the highest wavenumber, due to the absence of the ,branch cuts, as
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Selection FCD (msecond.) SDP (msecond.)

1 11.2 4.1

2 23.2 16.5

3 31.4 24.0

4 41.1 27.8

11 10.6 4.3

13 36.4 9.6

14 40.2 12.6

15 58.8 23.6

23 18.6 0.4

24 31.2 0.7

Table 5.7: average computation time per integral for all selections.

discussed in Section 3.4. Therefore, their computation times can be very low if we adapt
the search area to both axes.

In Table 5.7, we have seen that the integral is computed more efficiently if we integrate
along the SDP instead of along the FCD. Now, let us have a look at the average computation
times per integral for selection 13, if we divide the range of Equation (2.23) in the intervals,
as introduced in Table 5.1, and divide these intervals again in 5000 subintervals with equal
length. Then we obtain the average computation times shown in Table 5.8. We observe that

interval in p FCD (msecond.) SDP (msecond.)

O.OlAo - 0.04Ao 59 16

0.04Ao - O.lAo 33 10

O.lAo - 0.3Ao 24 8

0.3Ao - 10Ao 20 7

Table 5.8: average computation times per integral computed along the FCD and SDP for
a selection 13.

the average computation times in the first interval are the worst, since there convergence
takes longer, as we have seen in Figure 4.13.
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5.2 Evaluation of the far-field expressions.

In Section 4.3, we retrieved asymptotic far-field expressions for the integrals In. Since these
are analytical expressions, their computation time is very small. For example, for selection
11, we obtain an average computation time of 0.2 msecond. per integral. This implies that
as soon as we reach the far field, we should use these asymptotic evaluations.

To obtain some insight in the results for II obtained with these asymptotic expressions,
we will compare them with the results of this integral computed along the FCD to obtain
the relative error. First, we consider a structure like selection 11 of Figure 2.6, where the
half space is filled with air, i.e. f r ,1 = 1, and a magnetic dipole is located on the ground
plane. Since there is no slab, we only have to compute the branch cut contribution. In
Figure 5.7, the relative error between the two methods is shown, where IZI = Iz - z'l is
the distance between source and observer along the z-direction.

10.00%

8.00% -·-IZI=lAo

~ 6.00% -IZI=2AO
~
~ -\ZI=3AOCD 4.00%
CD -IZI=4AO
~

2.00% -IZI=5Ao

0.00%

0 2 4 6 8 10
p/AO

Figure 5.7: relative error in the integral h between the far field asymptotic expression and
the FCD for various distances IZI = Iz - z'l for a structure of selection 11.

Notice that as soon as Iz - z'l ~ 5>'0, the relative error remains less than 2%, which we
consider again as the maximum tolerable error, for all p in the range of Equation (5.1).
Since a higher relative permittivity of the half space decreases the relative error, as we have
discovered experimentally, Iz - z'l ~ 5>'0 is our reference beyond which we may use the
far-field asymptotic-expressions for this structure. Also observe that the errors occurring
in the integral computed along the FCD for large p are clearly visible. Therefore, the
following computations will be performed along the SDP.
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Further, we notice that the relative error is the worst at angles near 'ljJ ~ 45°. This can be
explained if we look at the phase function q(k p , p, z, z') of Equation (4.15). This function
is plotted for 'ljJ = 88° and 'ljJ = 45°, where Iz - z'! = 3>'0 in Figure 5.8 and 5.9, respectively.
The saddle points are given by kp sp ~ 0.03 and k p sp ~ 0.71, respectively. We see that the
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ANl(kp)lk.

Figure 5.8: the phase function
q(kp,p,z,z') for p 1/301z - z'l
and Iz - z'l = 3>'0 with saddle point at
kp sp ~ 0.03.

Figure 5.9:
q(kp , p, z, z')
Iz - z'l =
kp sp ~ 0.71.

the phase function
for p Iz - z'l and

3>'0 with saddle point at

major contribution to the integral is indeed located in the vicinity of the saddle point. If
we compare Figure 5.8 with Figure 5.9, we notice that the cancellation of the oscillations is
worse in the latter. This means that if the smoothly varying function B l (kp , z, z') changes
near the saddle point, these variations cause an error in the final result. Therefore, we
plotted the function B l (kp , z, z') in Figure 5.10. We observe that this function varies in the
vicinity of the saddle point k p sp ~ 0.71 and is nearly constant near k p sp ~ 0.03. Therefore,
the error in the latter will be less, as we have observed in Figure 5.7.

Next, let us demonstrate what happens to the relative error if we add one layer with a
thickness of dl = 0.1>'0 to the structure. This is shown for several values of the relative
permittivity ofthe layer for a height Iz - z'l = 5>'0 in Figure 5.11 and for a height Iz - z'l =

6>'0 in Figure 5.12. If we compare both plots, we see that we have to increase the distance
Iz - z'l to remain below the 2% boundary. However, therefore the distance between source
and observer should be about Iz - z'l = 6>'0. This implies that we cannot simply add the
thickness of the layer d = 0.1>' to the distance Iz - z'l = 5>'0 of Figure 5.7 as might seem
obvious. This is due the fact that the relative error increases for increasing p. We also
observe that for a relative permittivity of about Cr,l = 2, the relative error increases the
most in both figures. The relative error for higher permittivities always remains below this
one.

Now, let us increase the slab thickness to dl = 0.3>'0 and make a similar plot like the one
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Figure 5.10: the smoothly varying function B1(kp , z, z') for a structure with ground plane
and a half space above with Cr = 1.

in Figure 5.12. Then, we obtain Figure 5.13 for a height of Iz - z'l = 6Ao. We see that
we have problems to reach our accuracy especially for small p. Also for large p and high
relative permittivities, we lose accuracy. This means that we have to increase the distance
Iz - z'l even more. Experimentally, we obtained that with a distance of Iz - z'l = 9Ao, all
lines in Figure 5.13 remain below the 2% boundary.

Hence, it is difficult to observe a pattern in the relative error, and therefore, we are unable
to give an exact distance Iz - z'l beyond which we can use these far-field expressions
for structures with slabs, since they strongly depend on the thickness and the relative
permittivities of the layers.
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Figure 5.11: relative error in the integral II between the far-field asymptotic-expression
and the SDP for various relative permittivities at a height IZI = 5..\0 and a slab thickness
of d1 = 0.1..\0'
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Figure 5.12: relative error in the integral h between the far-field asymptotic-expression
and the SDP for various relative permittivities at a height !ZI = 6..\0 and a slab thickness
of d1 = 0.1..\0'

84



10

..... --_.-

_...._.... -

8

---_.--..-.-

---

6plAo
42

epsr=1
+--\-----1 epsr=1.1 f------------+-------1

---- epsr=1.5
-h--\-----1 1----------;r-------1

--epsr=2

+--'M-----1 -. - - . epsr=3

--epsr=5
~---'*"",---1_ epsr=9

4.00%

3.50%

3.00%

... 2.50%
e...

2.00%41

e
1.50%

1.00%

0.50%

0.00%

0

Figure 5.13: relative error in the integral h between the far-field asymptotic-expression
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of d1 = 0.3..\0.
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Chapter 6

Conclusions and recommendations

To obtain a higher efficiency when solving Sommerfeld Integrals, we have deformed the
Sommerfeld Integration Path (SIP) to the faster converging Steepest-Descent Path (SDP).
This contour deformation is allowed as long as all encountered singularities, due to surface
and leaky-waves inside the slab(s), are taken into account as well. Therefore, the exact
location of these singularities is necessary, since their residues have to be computed. The
search process to find these singularities takes some extra effort. However, the compu
tation time of this search routine is considerably reduced if we calculate the zeros of the
denominator instead of the poles of the Transmission-Line Green's Functions (TLGF's).
This is the reason why we have chosen for an approach in which we have to calculate these
TLGF's for each stratified structure by hand, since this way the denominator of the TLGF
is obtained explicitly. Since this calculation is a very time-consuming job, we only have
considered those structures which are mostly used in practice.

To evaluate the numerical results obtained via the Method of Steepest Descent, we have
compared it with a slightly deformed SIP, called the First-Contour Deformation (FCD).
This path avoids all singularities in the plane of integration, and therefore no information
regarding their location is needed. For this evaluation, we have considered a structure with
a single slab excited by a magnetic dipole located on the ground plane below the slab. We
have observed that the relative error in the results between integration along the SDP and
the FCD, becomes the highest for small p if source and observer are located at the same
height. First of all, this is due to the leaky-wave singularities that are located far away
from the real kp-axis, i.e. Im(kp) ~ 0, but their residues are still significant for small p and
thus have to be added to the integral. However, since the search area is limited, the most
lower singularities will not be found, which introduces an error in the final result. We also
discovered that the relative error increases if we increase the slab thickness, since then the
amount of leaky-wave singularities in a similar area increases. Secondly, the tail lengths of
the SDP and FCD in the imaginary kp-plane are of great importance. Their lengths have
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to be increased as p decreases to obtain accurate results, since the Hankel function does
not decay rapidly for small p and consequently convergency of the integrand takes longer.
Also a large thickness and high relative permittivity of the slab have a negative effect on
the relative error between the numerical results.

The efficiency of the Method of Steepest Descent has been measured by the average com
putation time per integral. These computation times depend mostly on the tail length and
the length L of the search area to find leaky-wave poles. To obtain better performances,
we divided part of the p(>'o)-axis into four intervals with various tail lengths and avoided
the influence of surface- and leaky-wave poles by changing the SDP in their vicinity. For
structures with two half spaces, the SDP is about 1.5 times faster than integration along
the FCD, and for structures with one half space about 3 to 4 times. If the structure is ter
minated by two perfectly conducting ground planes, only the residues of the surface-wave
poles have to be computed, and therefore the SDP is about 45 times faster than the FCD.
Since the search process to find these surface-wave poles is absent if we integrate along the
FCD, we have obtained break-even points. These denote the amount of integrals beyond
which integration along the SDP is faster than integration along the FCD.

If the angle 'l/J increases, where 'l/J is the angle between the source and observation point,
the most lower leaky-wave poles in the kp-plane are already accounted for by the integral
along the SDP and consequently the relative error in the results between the two paths

decreases. Also the integrand decays faster to zero, owing the exponential e-jkzlz - z'l,
which decays exponentially if the path is located on the upper Riemann sheet.

For a grounded structure with a single slab on top, we have obtained some minimum
distances p beyond which we can apply the integration along the SDP if the amount of in
tegrals is higher than the break-even point. We have observed that for a minimum distance
of p = 0.01>', the relative error remains below the assumed maximum tolerable error of 2%
for a total slab thickness which is less than d = 0.4>'0 and relative permittivities Cr ::; 9,
otherwise, the minimum distance p increases. If we wish to decrease the computation time
for these cases, larger search areas should be used or other acceleration methods, as for
example the one of [17].

Further, we have seen that it is very difficult to obtain a distance beyond which we can use
the far-field asymptotic expressions. For a structure with one ground plane, but without
slabs, it is still possible to determine this distance, however, as soon as slabs are involved,
this distance varies rapidly. Therefore, these expressions should be used carefully.

Computation time can be further reduced if we use a Laguerre-Gauss quadrature to com
pute the integral for the non-oscillating exponentially decaying end of the tail, instead of
the Gauss-Kronrod quadrature. Also the time needed to perform the search process can
be reduced, owing to the pattern in the location of the leaky-wave poles.
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Appendix A

Pole locations for general structures

A way to locate the poles of the functions An(kp , z, z') for an arbitrary structure will be
discussed in this appendix. Again, we use the numerical search routine of Section 4.1.1,
to obtain the pole locations in the kp-plane. However, the denominator of the functions
An(kp , z, z') is not derived analytically this time, as we did for the practical cases of Sec
tion 2.3. Now, we fill a matrix containing the transmission-line equations at each transition
between two different layers. Since the voltage and current at these transitions should be
continuous, owing to the fact that the tangential components of the electric and magnetic
field are continuous there, we obtain two equations at every transition. Together with the
transmission-line equation at the source point, a square matrix is made. A 7 x 7 matrix,
for a magnetic source located on a ground plane is, for example, given by

all a12 a a a a a v;+ 11

a21 a22 a23 a24 a a a v;- a1

a31 a32 a33 a34 a a a v,:+ a2

a a a43 a44 a45 a46 a V;- a
a a a53 a54 a55 a56 a v;+ a
a a a a a65 a66 a67 v- a3

a a a a a75 a76 an v/ a

for a structure with three transitions. Hence, the amount of layers determines the size of the
square matrix. The determinant of this matrix gives an expression for the denominator
of the functions An(kp , z, z'). We will calculate it with a LV factorization. It is obvious
that the computation time increases as the amount of layers increase. For those selections
in Table 5.6, which have a ground plane, the computation times are given in Table A.!.
We observe that these times are still much faster than the ones where we have determined
the poles of the functions An(kp , z, z'). Since the analytical derivation of the denominator
for each selection is very time-consuming, especially as the amount of layers increases, this
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Selection Time for
poles of GF(sec)

13 16

14 21

15 26

Table A.l: time needed to calculate of the determinant of a general matrix containing the
poles a stratified structure.

gives us a general way to determine the pole locations for arbitrary structures.

92



Appendix B

Multiple-valued functions

A multiple-valued function is a function for which several distinct values correspond to
one and the same point. While trigonometric, hyperbolic, exponential and integer power
functions are all single-valued functions, since they only have one solution to each complex
number z, their inverses are multiple-valued functions. In this appendix, we will show
that the logarithm function, the inverse of the exponential function, is such a multiple
valued function. Next, the complex square root function will be discussed, which is a
double-valued function, since every complex number we obtain two solutions. Finally, a
combination of the two, the complex arcsin function, will be presented.

B.l Complex logarithm function

The exponential function eZ maps every complex number z to a well-defined number eZ

[18]. However, its inverse function, the logarithm In(z), maps an infinite number of values.
If we transform the complex number z from cartesian coordinates to polar coordinates, the
complex logarithm function is given by

In(z) = In(x + jy) = In(rei6
) = In(r) + je,

where the angle e is shown in Figure B.2. Remembering the fact that

where n is an integer value, gives for the same complex number more solutions, i.e.,

In(z) = In(r) + j(e + 2mr).
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Riemann solved this problem by stating that complex numbers with more than 21fj differ
ence are not the same number, at least as far as the logarithm function is concerned. This
means that if the domain is defined correctly, the logarithm function will be single-valued.

For the logarithm the starting point in the complex kp-plane is arbitrary. Let us choose
it along the negative real kp-axis. Then, this axis is called a branch cut. As soon as we
pass through such a branch cut, we encounter a phase difference of 21fj and go to another
Riemann sheet.

The endpoint of the branch cut is called a branch point. If we encircle this point, f(k p )

does not return to its original value anymore. For the logarithm function the branch point
is located at the origin. A possible way to plot this function is shown in Figure 8.l.
Here, two of the infinite number of Riemann sheets of the complex logarithm function are

Riemann surface of the complex logaritm function
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Figure B.1: the complex logarithm function In(kp ) in the complex kp-plane.

plotted. Since kp is complex and therefore In(kp ) as well, we actually need four dimensions
to plot the Riemann sheets. This fourth dimension is achieved by introducing colors. The
imaginary part of In(kp ) is represented this way. As long as we do not encounter an abrupt
color change, the imaginary part is continuous.

Since these plots are hard to work with, we can make the plot two dimensional as shown
in Figure 8.2, where the kp-plane, with its branch cut and branch point, is plotted. Hence,

94



Branch cut

/
Branch point

Im(z)

r
...........•z

~ ..........

............. e
Re(z)

Figure B.2: branch point and branch cut of the complex logarithm function in the z-plane.

passing through a branch cut means that we go to a higher or lower Riemann sheet.

B.2 Complex square root function

Now, let us consider the square root of a complex number z. Since the square root is the
inverse of an integer power function, it is a multiple-valued function. Transformation to
polar coordinates gives

(B.4)

However, this function does not have an infinite number of Riemann sheets as we encoun
tered with the complex logarithm function. Since after a phase difference of 4nj, we obtain
an identical solution, i.e.,

(B.5)

Though, after a phase difference of 2nj, the complex square root becomes

(B.6)

implying that this function has two Riemann sheets. In Figure B.3 the Riemann surface
of the complex square root function ..j'k; is plotted. Again the colors represent the fourth
dimension. Notice that indeed a passage twice around the origin gets us to the original
sheet again. So, the branch point is located at the origin and the branch cut is chosen
along the negative real kp-axis. The two dimensional plot of the kp-plane is therefore the
same as the one for the logarithm function of Figure B.2.
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Riemann surface of the square root
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Figure B.3: the complex square root function ..jk" in the complex kp-plane.

Complex arcsin function

Since the complex arcsin function is the inverse of the sine function, we can write is as
follows:

Then 0'. becomes

ejO'. _ e-jO'.
z = sin 0'. = -----

2j

In(jz ± V-z2 + 1)
0'. = ----:~--.------'-.

J

(B.7)

(B.8)

This function has branch points in z = ± 1. The branch cuts are located on the real z-axis
from -00 to -1 and from 1 to 00, as shown in Figure B.4.

Figure B.5 shows the location of the branch points and branch cuts as well. To guarantee
continuity of the function when we pass through a branch cut, the '±'-sign of Equa
tion (B.8) changes sign.
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Figure B.4: branch point and branch cut of the complex arcsin function in the z-plane.
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Figure B.5: the complex arcsin function in the complex z-plane.
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Appendix C

Further evaluation of spatial Green's
function

The inner integral of the spatial Green's function of Equation (2.49) is calculated analyt
ically in Section 2.2.1. The spatial dyadic Green's functions of the four cases for various
types of source and observer will be stated in the next sections.
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C.1 Magnetic fields from magnetic sources

The integrals In are defined as

00

11 = J[-IrE - IrMJ H62)(kpp)kpdkp,
-00

00J[IrE - IrMJH~2)(kpp)kpdkp,
-00

00

Jkz~z') YTE(z')I~EHi2)(kpp)k~dkp,
-00

00

Jkz~z) YTE(Z)VTEH?)(kpp)k~dkp,
-00

00

Is = Jkz(z)~z(z') YTE(Z)YTE(Z')V~EH62)(kpp)k;dkp,
-00

(C.la)

(C.lb)

(C. Ie)

(C.ld)

(C. Ie)

which results into the following table for the spatial dyadic Green's functions of flh,m:

Mx My Mz

Hx -JrrI1 + -Jrr cos(24))12 -Jrr sin(24) )12 1
41rJ cos 4>h

Hy -Jrr sin(24))I2 -Jrr11 - -Jrr cos(24) )12 4;j sin4>h

Hz 4;j cos 4>14 "4h sin 4>14 --kIs1rJ

Table C.l: spatial dyadic Green's functions flh,m(x, y, Z, z') in terms of the integrals In.

100



Co2 Electric fields from magnetic sources

We define the following integrals

00

h = J[VTM + VTE]H62)(kpp)kpdkp,
-00

00J[VTM - VTE]H~2)(kpp)kpdkp,
-00

00JkztZI)YTE(ZI)V;EHi2)(kpp)k~dkp,
-00

00

14 - Jkz~z) ZTM(z)ITMHi2)(kpp)k~dkp,
-00

Is - 0,

which gives the spatial dyadic Green's function e:.e,m in Table C.2.

Mx My Mz

Ex -Jrrsin(2¢)h -JrrI1 + Jrr cos(2¢)I2 4;'j sin ¢I3

Ey JrrI1 + Jrr cos(2¢)I2 Jrr sin(2¢ )12 -4;'j cos¢I3

Ez -47k- sin ¢I4
1 07fJ 47fj cos ¢I4

(C.2a)

(C.2b)

(C.2c)

(C.2d)

(C.2e)

Table C.2: spatial dyadic Green's functions fle,m(x, y, Z, Zl) in terms of the integrals In.
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C.3 Electric fields from electric sources

The different integrals are

-00

-00

00

Jk)Z') ZTM(Z')VTM Hi
2
)(kpp)k;dkp,

-00

00

Jkz~z) ZTM(z)I~MHi2)(kpp)k;dkp,
-00

00

Jkz(z)~z(z') ZTM(z)ZTM(z')ITMH~2)(kpp)k;dkp.
-00

For the spatial dyadic Green's function ge,j, this results in Table C.3

Jx Jy Jz

Ex JrrIl + Jrr cos(2¢»h Jrr sin(2¢»h 141rj cos ¢>h

Ey Jrr sin(2¢»h Jrrh - Jrrcos(2¢»h 4;J sin ¢>h

Ez 1 4;J sin ¢>I4 --}:;rh41rJ cos ¢>I4

(C.3a)

(C.3b)

(C.3c)

(C.3d)

(C.3e)

Table C.3: spatial dyadic Green's functions ge,j(x, y, Z, z') in terms of the integrals In.
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C.4 Magnetic fields from electric sources

The following integrals are defined for this case

-00

-00

00

Jkz~z') ZTM(Z')DfMHi2)(kpp)k~dkp,
-00

00

14 - Jkz~z) YTE(Z)V,j,EHi2)(kpp)k~dkp,
-00

Is - 0,

which results in Table CA for the spatial dyadic Green's function gh,j.

Jx Jy Jz

Hx -in sin(2¢)h inh + in cos(2¢)h -4;) sin ¢I3

Hy -inI}+ in cos(2¢)h in sin(2¢)h 1
411"j cos ¢h

Hz LIh sin¢I4 -4;) cos¢I4 0
11")

(CAa)

(CAb)

(CAc)

(CAd)

(CAe)

Table CA: spatial dyadic Green's functions gh,j(X,y,z,z/) in terms of the integrals In.
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