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Summary 

Comfortable behaviour exists in almost every car nowadays. However, car manufacturers 
want to distinguish themselves by minimizing the vibrations in a vehicle. Although one 
would think that every car has a comfortable behaviour on a smooth road nowadays, it turns 
out that some vehicles have relatively high vibration levels on a smooth road compared to 
the vibration levels on a rough road when accounting for the difference in excitation level at 
the wheel. 
A possible cause for the difference in behaviour of the vehicle on a smooth road and on 
a rough road is the nonlinear behaviour of the shock-absorbers of the vehicle. A shock
absorber on a smooth road, with low excitation levels at the wheel, may remain in the stick
phase, i.e. the components of the shock-absorber do not move with respect to each other 
due to the presence of Coulomb friction. This is in contrast with the situation on a rough 
road, where the excitation level is high enough, such that the shock-absorber of a vehicle 
will generally reside in the desired sliding-phase. 
In this master's thesis, it is investigated what the influence of Coulomb friction in a shock
absorber is on the vehicle's dynamics, using a quarter-car model. It turns out that for low 
levels of the input at the wheel, the stick-phase of the damper leads to (relatively) higher 
accelerations in the vehicle. It was also shown fu.at the transitions between the stick-phase 
and the slip-phase influences the movement of wheel, but this movement does not, or to a 
small extent, influence the movement of the body. 
Next, a nonlinear complete-car model is built, containing a flexible trimmed body based on 
measurement data and the engine and the suspension are modelled as rigid bodies. The 
model contains Coulomb friction in the damper and an engine mount with frequency de
pendent properties. The parameters of the model are partly based on measurement data and 
partly based on estimates. The parameters are tuned on measurements in the frequency
and the time-domain, where the front right wheel is actuated with respectively a standard 
road input and a bump input. 
The validation of the model is performed using measurements in the frequency domain. It 
shows that this single nonlinear model is able to predict the vehicle's dynamic behaviour for 
different excitation levels at the wheel, regardless whether the damper is in the slip-phase or 
in the stick-phase. The results indicate that the amplification of the vibration at the wheel 
(road excitation) to seat vibration is higher on a smooth road, where the damper resides 
in the stick-phase for most of the time due to the presence of Coulomb friction, than on a 
rough road, where the damper resides in the slip-phase for most of the time. 
Due to the known correlation between the actual vibration at the seatrail and a subjective 
perception of the driver's comfort, this model tan be used to predict comfort changes due to 
parameter changes in the model. A parameter sensitivity study shows that several changes 
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in the model can increase the comfort and it shows that the model proposed in this work 
can readily be used to support design decisions aiming at improved passenger comfort on 
both smooth and rough roads. 
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Samenvatting 

Vandaag de dag heeft bijna elke auto een hoog comfort niveau. Toch willen autofabrikanten 
zichzelf onderscheiden door trilling en in een wagen te minimaliseren. Men zou verwachten 
dat elke wagen comfortabel gedrag vertoont op een, op het oog, glad wegdek. Maar het bli
jkt dat bij sommige voertuigen een relatief hoog trillingsniveau aanwezig is op een glad 
wegdek, als het trillingsniveau vergeleken wordt met die op een row wegdek, rekening 
houdend met het verschil in aanstotingsniveau bij het wiel. 
Een mogelijke oorzaak voor het verschil in voertuig gedrag op een glad wegdek en op een 
row wegdek is het niet-lineaire gedrag van de schokdemper in een voertuig. Een schokdem
per op een glad wegdek, met een laag aanstotingsniveau bij het wiel, kan in de stick-fase 
blijven zitten; dat wil zeggen dat de componenten van de schokdemper niet ten opzichte 
van elkaar bewegen door de aanwezigheid van Coulombse wrijving. Aan de ander kant is 
het aanstotingsniveau bij een row wegdek hoog genoeg om te garanderen dat de schokdem
per zich in de gewenste glijdende conditie, de slip-fase, bevindt. 
In dit afstudeerverslag wordt onderzocht wat de invloed van Coulombse wrijving in een 
schokdemper is op de voertuigdynamica, met behulp van een kwartvoertuig model. Het 
blijkt dat, voor lage aanstotingsniveaus bij het wiel, de stick-fase van de demper voor (re
latief) hogere versnellingen in het voertuig zorgt. Daarnaast is het gebleken dat de overgan
gen tussen de stick-fase en de slip-fase invloed hebben op de beweging van het wiel, maar 
dat deze beweging van het wiel geen, of nauwelijks, invloed heeft op de beweging van de 
carrosserie van het voertuig. 
Een niet-lineair model voor het totale voertuig is gebouwd dat bestaat uit een modaal model 
voor de carrosserie van het voertuig, dat gebaseerd is op meetdata, en de motor en de 
ophanging, die gemodelleerd zijn als starre lichamen. Het model bevat Coulombse wrijv
ing in de demper en een frequentie afhankelijke motor-ophanging karakteristiek. De model 
parameters zijn gedeeltelijk gebaseerd op metingen en de overige parameters zijn initieel 
geschat. De parameters zijn afgesteld in het frequentie- en het tijds-domein, waarbij het 
wiel rechtsvoor aangestoten is met respectievelijk een standaard wegdek ingangssignaal en 
een drempel ingangssignaal. 
De validatie van het model is uitgevoerd door middel van metingen in het frequentie domein. 
We laten zien dat dit niet-lineaire model het dynamisch gedrag van het voertuig kan voor
spellen voor verschillende aanstotingsniveaus bij het wiel, ongeacht of de demper in de 
slip-fase of de stick-fase is. De resultaten duiden aan dat de versterking van de trillingen 
aan het wiel (wegdek aanstoting) tot de trilling en van de stoel groter is op een glad wegdek, 
waar de demper voor het grootste gedeelte van de tijd zich in de stick-fase bevindt door de 
aanwezigheid van Coulombse wrijving, dan op een row wegdek, waar de damper voor het 
grootste gedeelte van de tijd zich in de slip-fase bevindt. 
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Doordat de correlatie tussen de daadwerkelijk trillingen van de geleider van de stoe! en de 
subjectieve waameming van het comfort van de bestuurder bekend is, kan dit model ge
bruikt worden om comfort veranderingen te voorspellen als parameters in het model wor
den veranderd. Uit een parameter-gevoeligheids onderzoek blijkt dat enkele veranderingen 
in het model het comfort verhogen en dat het geconstrueerde model gebruikt kan worden 
ter ondersteuning van ontwerpbeslissingen gericht op de verhoging van het comfort van de 
passagier op beide types, glad en ruw, wegdek. 

v 



Acknowledgement 

I want to thank my coaches, Nathan van de Wouw and Peter van der Linden, and my su
pervisor, Henk Nijmeijer, for their guidance throughout my master's thesis research. Their 
support with advice and comments during this master's project was very valuable. In ad
dition, I like to thank Chris Verheul for passing his ADAMS-experience to me and for the 
many times he helped me with model problems. Also I would like to thank everyone at the 
LMS Engineering Department for their guidance, hospitality and the weekly squash- and 
soccer-breaks during the period I stayed there. 
My parents made it possible for me to study at the Technical University of Eindhoven. I 
want to thank them, as well as my girlfriend Miriam Tissen and the rest of my family, for 
their unconditional support during my study and especially during this final project. Their 
thorough questioning improved my "helicopter-view" during this research. 
A special word of thanks goes to Theo Geluk, for all his help and cooperation during this 
research in Leuven and in Eindhoven. Not only during this research, but through the whole 
study he was a great compagnon to me. 
Last but not least I like to thank all the people in the "-1.113" office: Paul, Michiel, Douwe, 
Bas, Ruud, Ilona and Ester for the nice atmosphere and enjoyable coffee breaks. 

VI 



Conte11ts 

Summary 

Samenvatting 

Acknowledgement 

1 Introduction 
1.1 Problem statement . 
1.2 Problem approach 
L3 Outline ... 

2 Quarter-car model 
2.1 Experimental study on different roads 
2.2 Linear quarter-car models . . . . . . . 

2.2.1 Suspension of a vehicle . . . . 
2.2.2 Linear model with damper in the slip-phase. 
2.2.3 Linear model with damper in the stick-phase 
2.2.4 Dynamic analysis of the linear models 

2.3 Nonlinear quarter-car models 
2.3.1 Model input ............. . 
2.3.2 Friction ................ . 

2.3.2.1 Discontinuous set-valued friction model 
2.3.2.2 Smooth model for friction ....... . 
2.3.2.3 Mass-damper simulation ........ . 
2.3.2.4 Nonlinear model with friction in the damper. 

2.3.3 Engine mass ....................... . 
2.3.3-1 Nonlinear model with a linear engine mount. 
2.3.3.2 Nonlinear model with an elastomer compound 
2.3.3.3 Comparison of the two engine-mounts 

2.3.4 Nonlinear model with a degressive damper 
2.4 Nonlinear 2D quarter-car model 
2.5 Summary ............ . 

3 Complete-car model 
3.1 Model components ...... . 

3.1.1 Suspension and engine 
3.1.I.1 Geometry .. 

ii 

iv 

vi 

1 

2 
2 
4 

5 
5 
6 
6 
8 
9 

10 
12 
12 
13 
15 
15 
16 
18 
23 
23 
26 
28 
29 
30 
30 

33 
33 
34 
34 

VII 



3·1.1.2 Mass and center of gravity 

3-1.1.3 Inertia properties 
3·I.2 Body ... " " ..... " " 

3-1·3 Connections " . , , " ..... 
3-1.3.1 Ideal connections 
3-1.3.2 Bushings ..... 

3.2 Tuning of the parameters .. a ..... 

3.2.1 Frequency-domain tuning. 
3·2.I.l Rigid body modes . 
3.2.1.2 Wheel-mode. . . . 
3-2 .. 1.3 Engine-modes . . . 

3·2·I.4 Frequency-domain tuning results 
3.2 .2 Time-domain tuning .. . ~ . . . ~ .. .. 

3.2 .2.1 Time-domain tuning results 

3·3 Validation of the complete-car model . 

3·3-1 Validation results ... 
3·4 Model improvement . . . . . . 

3·5 Discussion complete-car Model 

4 Parameter-sensitivity study for vibration comfort 
4.1 Varying Coulomb friction . . . . . . . . . . 
4.2 Adding damping to the suspension-mount. 
4.3 Varying suspension-mount stiffness .. 
4.4 Discussion parameter-sensitivity study . 

5 Conclusions and Recommendations 
5.1 Conclusions ... 
5.2 Recommendations 

Bibliography 

A Switch model 

B Smooth friction parameter € 

C Nonlinear model with a degressive damper 
C.l Simulation . . . . . . . . . . . . . . . 

D Nonlinear 2D quarter-car model 
D.I Simulation ........ . 

E Properties of the complete-car model 

F Final parameter-set of the complete-car model 

VIII 

35 
35 
35 
37 
37 
38 
40 
40 
41 
42 
42 
42 
45 
46 
49 
50 
55 
57 

59 
60 
61 
63 
64 

82-
88 



Chapter 1 

Introduction 

Comfortable behaviour exists in almost every car nowadays. But car manufacturers want 
to distinguish themselves by minimizing the vibrations in a vehicle. Especially the high
end brands want their cars to be as comfortable as possible, within other design and cost 
constraints, because those car brands rely on the image that their car is very comfortable, 
besides other components like e.g. luxury, design and safety. 

The effect on humans of the exposure to vibrations may at best be discomfort; at worst 
it may result in injury. The magnitude of the effect of vibration depends on the severity and 
the length of the exposure. This means that even the smallest vibrations can harm a human 
when he/she is exposed to it long enough [I]. However, such health issues are more impor
tant for the transport-industry, where e.g. a truck-driver is exposed to (small) vibrations for 
a long time, compared to a passenger car that is discussed in this report. 

Although one would think that every car has a comfortable behaviour on a smooth road 
nowadays, it turns out that some vehicles have relatively high vibration levels on a smooth 
road compared to the vibration levels on a rough road when accounting for the difference in 
excitation, level at the wheel. Research on the behaviour of a vehicle for different excitation 
levels (a smooth road, a rough road) is performed in [2]. Here in, it is only shown that the 
frequency of the vertical eigenmode of the wheel shifts to a lower or higher frequency for 
varying excitation inputs at the tire of a vehicle. However, the reason of the frequency shift 
or a relation to vibration comfort is not discussed in this paper. 

A possible cause for the difference in behaviour of the vehicle on a smooth road and on 
a rough road is the nonlinear behaviour of the shock-absorbers of the vehicle. When driving 
a road, the roughness of the road will determine the level of vibrations present at the wheel. 
On a rough road the vibrations at the wheel will have an excitation level that is high enough, 
such that the shock-absorber of a vehicle will generally reside in the desired sliding-phase, 
i.e. the components of the shock-absorber move with respect to each other. On the contrary, 
a shock-absorber on a smooth road, with low excitation levels at the wheel, may remain in 
stick, i.e. the components of the shock-absorber do not move with respect to each other. 
This difference between the stick- and sliding-phases of the shock-absorber is due to the 
presence of Coulomb friction. In [3], it is shown that the stick-phase of the shock-absorber 
is mainly caused by the friction between the strut and the strut bearing. Moreover, in [4J 
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1. INTRODUCTION 

it is shown that shock-absorbers with less friction between the strut and the strut bearing 
reduce the vibration levels at the driver'S seat for a certain input. However, no attention has 
been paid on how friction in the shock-absorber affects the dynamic behaviour of a vehicle 
and the related vibration comfort. 

The development of (semi-)active suspensions is receiving more attention. In the case 
of an active suspension, the conventional spring and damper in the suspension are substi
tuted by a force generating device that is controlled in an active way to improve passenger 
comfort and automobile handling, e.g. see [5], [6]. By eliminating the damper from the sus
pension, an active suspensiop may be a solution for the higher vibration levels on a smooth 
road. However, due to the high costs for such an active suspension car-manufacturers pre
fer other solutions. In the case of a semi-active suspension, either the conventional spring 
or damper of the suspension is still used passively, but the other is controlled or replaced 
by a force generating device, e.g. see [7], [8], [9], [10], [II], [12] and [13]. However, in this lit
erature no attention is paid to the performance of the semi-active suspension on a smooth 
road or under the condition that the shock-absorber is in stick. Moreover, in some of this 
literature friction in the controlled or non-controlled damper is ignored, see [7], [10] and [13], 

. or even giving vibration problems in the controlled suspension, see [8], [9] and [II]. Besides 
the relatively high costs, the semi-active suspension also has the disadvantage that fric
tion may still be present in the suspension, due to the presence of a conventional damper. 
Clearly, research on frictional effects in the suspension and their influence on the vehicles 
dynamic behaviour and the related vibration comfort is needed. The knowledge gained by 
this research can then be used in the future developments of both passive and semi-active 
suspensions. 

I_I Problem statement 

The problem statement in this report as follows: 

• What is the influence of Coulomb friction in the shock-absorber on the vehicle's dy
namic behaviour at simulation level? 

• Can we predict the vehicle's dynamic behaviour using a three-dimensional (3D) full 
vehicle model for a vehicle with friction present in the shock-absorber? 

• How can such a 3D full vehicle model be used for a vehicle's comfort analysis and 
possibly support future designs? 

1.2 Problem approach 

In this thesis, a nonlinear complete car vehicle will be constructed and it is investigated 
whether it is able to predict the vehicle behaviour for different excitation levels at the wheel, 
regardless whether the shock-absorber is in the sliding- or stick-phase. With this single 
model. one can investigate the influence of friction in the shock-absorber on the vehicles 
dynamic behaviour and the vibration comfort for different excitation levels at the wheel, e.g. 
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1.2 Problem approach 

a smooth road or a rough road. 

First, a simple model, the quarter-car model, will be used to increase the insight in the 
dynamic behaviour of a vehicle and the relative importance of its components being in
cluded in the modeL In the most simple case, two linear quarter-car models are used to 
describe the vehicle's behaviour with a shock-absorber fully in sliding-phase and the vehi
cle's behaviour with a shock-absorber in stick, respectively. 
Next, a nonlinear quarter-car model with friction in the shock-absorber is built to describe 
the behaviour of the vehicle in a single model for the two phases (stick and slip) and the 
transitions between those two phases of the shock-absorber. The influence of Coulomb fric
tion in the shock-absorber on the vehicle's dynamic behaviour will be investigated using 
this quarter-car modeL This nonlinear quarter-car model is extended with other compo
nents to investigate the influence of these components on the vehicle's dynamic behaviour. 
Besides friction in the shock-absorber, the model is extended with a motor-mass and its con
nection with the body. The motor-mass may have a significant influence on the vehicle's 
dynamic behaviour due to the heavy weight of the motor-mass. Then, the influence of a 
degressive shock-absorber on the vehicle's dynamic behaviour is investigated. A degressive 
shock-absorber has a higher damping coefficient for lower relative velocities than for higher 
relative velocities. Thus, for a smooth road, with a low excitation level which coincides with 
relative low velocities at the shock-absorber, this could lead to a difference in the vehicle's 
dynamic behaviour compared to that for a rough road. Next, the quarter-car model is ex
tended with a degree-of-freedom in the longitudinal direction; that is, the direction from 
the front of the vehicle to the rear-end of the vehicle. Namely, in reality the suspension is 
connected to the body under a small angle. This may cause some horizontal vibrations of 
the wheel to influence the vertical vibrations of the body. Here, the influence of this small 
angle on motion in the vertical direction of the body of the quarter-car model is investigated 
and compared with the quarter-car model with only one degree-oE-freedom. 
At the end of the investigation of this quarter-car model one will be able to decide which 
components of the quarter-car model should be considered to be important when creating 
the complete car model. 

The next step is to predict the vehicle's dynamic behaviour by building a complete 3D 
car model in ADAMS/View. Using measured and known parameters, simulations will be 
performed. In these simulations, the vehicle will be actuated at the front-right wheel with 
a low excitation level road input in order to tune the parameters using a comparison with 
FRF-measurements with the same input under the same conditions. A low excitation level 
road input will be used because in that case the damper is in stick an acts almost like a rigid 
connection, which makes the behaviour of the vehicle more linear and the parameters eas
ier to tune. Other simulations will be performed in which the front-right wheel is actuated 
with different heights of a bump to tune the parameters using a comparison with time
measurements with the same input under the same conditions. These simulations will be 
needed to tune the parameters that are influencing the dynamic behaviour of the vehicle 
when the damper is in the slip-phase and can not be tuned when the damper is in stick. 
After tuning the complete 3D car model, it will be validated using FRF-measurements with 
high excitation levels of the road-input to investigate whether the model is reliable for other 
inputs, where the damper resides in the slip-phase, as well as in the stick-phase, a certain 
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1. INTRODUCTION 

amount of time. 

Using this model, some parameters will be varied to see what their influence is on the 
comfort for different types of road. Two types of road will be important: the smooth road 
and the rough road. For the smooth road the damper will be in the stick-phase most of the 
time and for a rough road the damper will be in the slip-phase most of the time. This study 
indicates the usefulness of such a complete 3D car for comfort analysis and design support. 

This thesis has been performed in cooperation with LMS International. Another project 
in parallel to this project is performed by Theo Geluk (see [14]). That research focusses on 
the two extreme phases (stick or slip) of the shock-absorber by means of two linear complete 
car models. It also investigates whether the stick-slip-phenomenon causes discomfort on 
a smooth road by means of a subjective evaluation. The measurements used to tune and 
validate the model in this project are performed in that project. 

1.3 Outline 

In Chapter 2, a simple model is used to increase the insight in the dynamic behaviour of a 
vehicle and its components. Also the influence of Coulomb friction in the shock-absorber 
on the vehicle's dynamic behaviour is investigated. Moreover, it is discussed which com
ponents of this quarter-car model should be considered to be important when creating the 
complete-car model. In Chapter 3, a 3D-model is created, consisting of a flexible-body, an 
engine and a front- and rear-suspension. This model is created, unknown parameters are 
tuned and the model is validated using data obtained from measurements. Furthermore, 
recommendations for further improvement of the model are given. In Chapter 4, some 
parameters of the 3D-model are varied to indicate the usefulness of such a complete car 
model for comfort analysis and design support. Finally, conclusions and recommendations 
for future work will be given in Chapter 5. 
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Chapter 2 

Quarter-car model 

In this chapter, the influence of friction on the dynamic behaviour of the vehicle will be 
investigated. By investigating a simple vehicle model, the insight in a passenger car and its 
components will be increased. This model focusses on only one quarter of a vehicle. with 
only one tire and its suspension. LMS poses the hypothesis that unexpected high vibrations 
on a smooth road are caused by the nonlinear frictional behaviour of the shock-absorber. 
A linear quarter-car model is constructed that can describe the main vehicle behaviour 
with the shock-absorber in the slip-phase and a linear quarter-car model is constructed with 
the shock-absorber in stick. To investigate also the transient behaviour between these two 
phases, a nonlinear friction element is incorporated in the shock-absorber of the quarter-car 
model. Next, this model is extended with extra components that are important to describe 
the dynamic behaviour of the vehicle and to gain more insight in the influence of these 
components on the vehicle's dynamical behaviour. For these models. only the vertical di
rection is taken into account. Another model is constructed that also takes the longitudinal 
direction into account; that is. the direction from the front of the vehicle to the rear-end of 
the vehicle. Such extension is pursued to investigate whether vibrations of the tire and sus
pension in the longitudinal direction influence the vibrations in vertical direction. Finally. 
it will be discussed which of the components of this simple model are important to use in 
the complete-car model. 

2.1 Experimental study on different roads 

In [I4]. measurements were performed with a passenger car driving on a smooth road (as
phalt) and on a rough road (cobblestone). Here one could see that there is a difference in 
dynamical behaviour of the vehicle for those two roads. In Figure 2.1, the powerspectrum of 
the wheel's vertical acceleration is depicted for measurements on these two different types 
of road. One can see that the peak in the powerspectrum for rough road lies at 13 Hz and 
shows .a higher damping level than the peak in the powerspectrum for the smooth road, 
which is located at 20 Hz. 

Frictional behaviour in the main damper of the suspension may cause this difference in 
behaviour of the wheel. In this chapter. a model is built to investigate whether this frictional 
behaviour in the damper is causing the same difference in the dynamical behaviour of the 
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2. QUARTER-CAR MODEL 

1ifr-----~--~----------~~----r====7.==~~ 
1

- smooth: asphalt I 
- rough: cobblestone 

1if1~----~--~--~~~~~~10------~--~--~~ 

frequency[HzJ 

Figure 2.1: Power spectral density of the wheel's vertical acceleration for different road 
types. 

quarter-car model for different road-types as observed in the measurement. However, first 
two linear models are built which are able to describe each type of behavior separately. 

2.2 Linear quarter-car models 

In Sections 2.2.2 and 2.2.3, two linear quarter-ear-models are investigated to describe the 
two phases of the damper: slip and stick. Hereto, in Section 2.2.1 the vehicle and its 
suspension-components are clarified. 

2.2.1 Suspension of a vehicle 

Vibrations at the wheels of a vehicle, due to the roughness of a road, are undesirable at 
the drivers seat. Amongst others, the suspension in a vehicle will reduce these vibrations. 
Moreover, the entire dynamical behaviour of a vehicle is influenced by the suspension of a 
vehicle. 'Therefore, the suspension of a vehicle is important concerning the vibration com
fort a human encounters in a vehicle. 

Figure 2.2 shows a typical front suspension of a vehicle. An important part of the sus
pension is the knuckle. 'This part is connected to almost every part of the suspension. It's 
located at the wheels center. Two parts are rigidly connected to the knuckle: the bottom 
of the damper and the caliper. 'The knuckle is connected to the subframe with the A-arm. 
The connection between the A-arm and the knuckle is a balljoint. That means that the ro
tation is free in all three directions, but no relative translation at the connection is possible. 
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2.2 Linear quarter-car models 

1) • brake disc 4 
2) • connection point steering rod 
3) • stabilizer bar connection rod 5 
4) • main spring 
5) ·tlre 6 
6) .damper 
7) • caliper 7 
8) -knuckle 1 
9) ·A·arm 8 
10) • stabilizer bar 2 
11} -stabilizer bar bushing 

9 

10 

11------" 

Figure 2.2: The suspension of a vehicle. 

The connections between the A-arm and the subframe are bushings acting like a balljoint. 
Furthermore, the knuckle is connected to the tire via a revolute joint and the brake disc is 
rigidly connected to the tire. 

Two important parts of the suspension are the damper and the main spring; the latter 
is connected to the damper bottom and to the body directly. However, the damper is not 
directly connected to the body, but through a suspension-mount. The suspension-mount is 
not shown in Figure 2.2. Another part that is not shown in this figure is the steering rod, 
although the connection for the steering rod with the knuckle can be seen in this figure. 
The connection of the steering rod with the knuckle and with the steering rack are both 
balljoints. 

The stabilizer bar connects the left and right suspension with each other through a small 
stabilizer bar connection rod at both sides. This enables the left and right wheel to move 
in phase, e.g. when driving with two wheels over a bump, but the stabilizer bar acts like a 
spring if the wheels move out of phase, e.g. while cornering. The stabilizer bar is connected 
to the subframe with one bushing at each side of the vehicle. This bushing acts as a revo
lute joint such that the stabilizer bar can rotate freely about an axis in the lateral direction of 
the vehicle. The stabilizer bar connection rod is connected to the housing of the bottom of 
the damper via a balljoint, which is also the connection between the stabilizer bar and the 
stabilizer bar connection rod. 

So the suspension is connected to the body and the subframe with the suspension
mount, the bushings of the A-arm, the steering rod and the stabilizer bar. 
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2. QUARTER-CAR MODEL 

2.2.2 Linear model with damper in the slip-phase 

In this section, the linear quarter-car model with the damper in the slip-phase, or so-called 
sliding-phase, is investigated. This phase of the damper corresponds to the vehicle's be
haviour for inputs at the wheel that have an excitation level that is high enough to guaran
tee that the shock-absorber generally resides in the slip-phase. This model is common and 
known in literature. In literature, several models are available for a simplified representa
tion of a vehicle, see for example [151, [16], [17] and [18]. The quarter-car models shown in 
this literature contain the most important components and their related parameters of one 
quarter of a vehicle. These models only use the body, the suspension spring, the suspen
sion damper, the tire and the unsprung mass (wheel, knuckle and axle) as components. The 
direction described in these models is the vertical direction, which is the most important 
direction for comfort analysis, according to [19), [20), [21), [22J, [23], [241 and [25]. 

From the description of a vehicles suspension in Section 2.2.1, one can see that the con
nections to the subframe allow rotations and the steering rod and the stabilisator bar are 
connected to the suspension with balljoints. Due to these facts the vertical motion of the 
suspension mass is mainly determined by the stiffness of the tire in the vertical direction, 
the stiffuess of the main spring, the damping constant of the damper and finally the vertical 
stiffness of the suspension-mount. However, this last component, the suspension-mount, 
is neglected in literature cited above. However, in [26) and [27] the suspension-mount is 
not neglected in the quarter car model. Such a model is used here, since the stiffness of 
the suspension-mount will probably also influence the vehicle's dynamic behaviour in the 
vertical direction. A quarter-car model which includes the suspension mount stiffuess can 
be seen in Figure 2.3-

body mass (Afb) 

spring (Km) 

unsprung mass (Mt ) 

suspension mount (Kd) 

dam per-constant( D) 

,t ;DI; 

Figure 2.3: Linear quarter-car model with damper in the slip-phase. 

It is clear that for this model the shock-absorber is modelled as a viscous damper in 
the slip-phase, which means that the force generated by the damper is proportional to the 
velocity. The model consist of mass Mb and an unsprung mass Mt , which corresponds 
to respectively the mass of the quarter of a vehicles body and the combined mass of the 
knuckle, axle and wheel. The stiffnesses in the model are K m , K t and Kd, which corre
sponds to the stiffness of respectively the main spring, the tire and the suspension-mount. 
The damper-constant D corresponds to the viscous damping constant of the damper in the 
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slip-phase. 

The fact that the damper D and the spring Kd are connected in series results in a dif
ferential equation for the force of this damper-spring combination acting on the body mass 
and the unsprung mass. The equations of motion of the quarter-car model then become: 

MbXb = -Fd Km(Xb - xt} 

MtXt = -Kt(xt xr(t)) + Km(Xb - Xt) + Fd (2.1) 

with Xb the translation of the body mass (with Xb and Xb respectively the velocity and the 
acceleration of the body mass), Xt the translation of the unsprung mass (with Xt and Xt 
respectively the velocity and the acceleration of the unsprung mass) and input xr(t) the 
time-varying road-displacement. 

2.2.3 Linear model with damper in the stick-phase 

In this section, the quarter-car model with the damper in the stick-phase is investigated. 
It is assumed that for a low excitation level at the wheel the shock-absorber will be in the 
stick-phase and thus the shock-absorber can be modelled as a rigid connection. The model 
is depicted in Figure 2.4. This model is derived from the model with the damper in slip but 
now the damper (grey in Figure 2.4) is substituted with a rigid connection. 

body mass (Mb) 

suspension mount (kd) 

spring (km ) 

unsprung mass (Mt) 

tire spring (kt ) 

Figure 2.4: Linear quarter-car model with damper in stick-phase. 

The equations of motion of the quarter-car model then become: 

MbXb = -(Km + Kd)(Xb - Xt) 

MtXt = -Kt(Xt Xr(t)) + (Km + Kd)(Xb - Xt), 
(2.2) 

with the definition of the parameters the same as in (2.1). It should be noted that actu
ally the two springs Kd and Km could be replaced by one spring with equivalent stiffness 
Kd+Km, but for the sake of clarity these springs are denoted separately. 
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2.2.4 Dynamic analysis of the linear models 

In this section, the dynamical behaviour of the quarter-car model with the damper in the 
slip-phase, as in Section 2.2.2, and the quarter-car model with the damper in the stick· phase, 
as in Section 2.2.3, are compared. The parameters and their values which are used can be 
found in Table 2.I. These values are based on LMS-experience and comparable values are 
found in literature for an average passenger car, see [18] and [28]. 

mass [kg] stiffness [N/m] damping [Ns/m] I 
Mb 180 Km 30000 D 1500 
M t 45 K t 250000 

j 
Kd 700000 

Table 2.1: Parameters of the linear quarter-car modeL 

From the equations of motion of each linear model, see (2.1) and (2.2). two frequency 
response functions can be determined from the input xr(t) to the two outputs Xb and Xt, 

respectively H br (jw) and Htr (jw ). These two frequency response functions are compared 
for two phases of the damper (stick and slip) in Figure 2.5. 

104 104 

102 102 

~ 10° ~ 10° 

10-2 

- HbrVw): slip - Htr(jw): slip 
- HbrVW): stic 

10-4 
- Htr(jw): stick 

10 50 1 10 50 
frequency [Hz) frequency [Hz] 

200 200 

100 100 

II> Q) 

!(l 0 
III 
co 0 ..c: ..c: 

Cl.. Cl.. 

-100 -100 

-200 -200 
1 10 50 1 10 50 

frequency [Hz] frequency [Hz) 

Figure 2.5: Frequency response functions compared for two phases of the damper. 
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2.2 Linear quarter-car models 

One can distinguish two eigenmodes for the model with the damper in the slip-phase. 
see Figure 2.5. The first eigenmode is at about 2 Hz. where the movement of the body mass 
is larger than the movement of the unsprung mass. Moreover. from the phase-plot one 
can see that at 2 Hz the unsprung mass is moving in phase and the body mass is moving 
about 500 out of phase with the input. So, due to the fact that the body mass is moving out 
of phase, the stiffness of the main-spring Km is important for the movement of the body
and the unsprung mass for lower frequencies. The second eigenmode is at about 12.5 Hz. 
where the movement of the unsprung mass is significantly larger than the movement of 
the body mass. One can also see at 12.5 Hz that the unsprung mass is moving out of phase 
with the input and the body mass, although the movement of the body mass is very small 
compared to the movement of the unsprung mass. So for higher frequencies the stiffness 
of the tire Kt and the relatively low stiffness of the main spring Km are important for the 
movement of the body- and unsprung mass. 

The quarter-car model with the damper in the stick-phase also has two eigenmodes, 
these eigenmodes can be derived from the eigenvalue-problem, but can also be observed in 
Figure 2.5. The first eigenmode is at 4.8 Hz, where the amplitude of the movement and the 
phase of the movement are equal for the body mass and the unsprung mass. So. the stiff
ness of the tire K t is important for the movement of the body- and unsprung mass at lower 
frequencies, due to the fact that for the eigenmode at 4.8 Hz the unsprung mass moves 1800 

out of phase with the input. The second eigenmode is at 25 Hz, where the amplitude of the 
unsprung mass is significantly larger than the movement of the body mass. Moreover, from 
the phase-plot one can see that at 25 Hz the body mass is moving 1800 out of phase with 
the input and the body mass. So. the stiffnesses of the tire Kt , the main spring Km and the 
suspension-mount Kd are important for the movement of the body- and unsprung mass at 
higher frequencies. 

Two differences in behaviour can be noted between the two linear models; (1) The 
peaks in the magnitude of the transfer function of the linear model with the damper in 
the stick-phase are much higher than the model with the damper in the slip-phase, and (2) 
the eigenmodes for the linear model shift to higher frequencies when the damper is in the 
stick-phase, compared to when the damper is in the slip-phase. The less-damped behaviour 
(1) is due to the fact that there is a lack of damping in the linear model with the damper in 
the stick-phase. Due the lack of a damper D between the spring Kd and mass Mt • the stiffer 
spring Kd has a lot more influence on the location of the eigenfrequencies for the model 
with the damper in stick-phase compared to the model with the damper in the slip-phase. 
This gain in influence of the stiffer spring is also the reason that (2) the eigenmodes shift 
to a higher frequency when the damper is in the stick-phase. The less-damped behaviour 
shown by the linear model when the damper is in the stick-phase could be a reason for the 
higher vibrations at the drivers seat when driving a smooth road. 

At this point, it is shown that the different behaviour of the vehicle due to the two phases 
of the damper can be described by two linear models. This difference in behaviour could 
also be seen in measurements on a vehicle on two different road-types. see Figure 2.1. But 
in reality. when driving a road, the shock-absorber of a vehicle will never be exclusively in 
the slip-phase or exclusively in the stick-phase for a long time interval. Due to the roughness 
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2. QUARTER-CAR MODEL 

of a road, a shock-absorber will be sWitching between the two phases. In the next section 
a nonlinear quarter-car model is built to describe the behaviour of the vehicle when these 
transitions between the two phases occur. 

2.3 Nonlinear quarter-car models 

In the previous section, the behaviour of the vehicle for the two phases of the damper is 
described by means of two linear quarter-car models. The level of roughness of a road will 
cause the damper to be in the slip-phase for a certain part of a time interval and in the 
stick-phase for the rest of the time interval. For example, when driving a rough road the 
shock-absorber will be generally in the slip-phase, but the complete dynamics of the vehicle 
in combination with the input at the wheel can cause the shock-absorber to be in the stick
phase for a short time interval. To describe the behaviour of the vehicle when transitions 
between the two phases occur, a nonlinear quarter-ear-model is built. 

First the input on the models is discussed. Frictional behaviour of the shock-absorber 
will cause the shock-absorber to be in the stick-phase. Two friction models are compared 
and a choice is made which friction-model is used in the quarter-car model. Then, several 
simulations are performed to compare the behaviour of the vehicle for different levels of 
excitation at the wheel. Next, an extra component is added to the quarter-car model: the 
motor mass and its suspension. Due to the heavy weight of the motor, the movement of 
the motor mass may have a significant influence on the vibrations which are transmitted to 
the driver. Simulations will be performed to investigate this influence of the motor mass. 
Finally, a degressive damper and its influence on the behaviour of the vehicle is investigated. 

2.3.1 Model input 

To investigate the behaviour of the shock-absorber when switching between the phases (and 
its influence on the vehicle's behaviour) in the time-domain a sinusoidal input is used: 
A sin(21r Ft), with A the amplitude in meters and F the frequency in Hz. Information 
of the steady-state behaviour of the vehicle in the frequency-domain is needed to obtain 
resonance-frequencies of the model. Steady-state behaviour is needed to obtain the general 
behaviour of a vehicle on any type of road (smooth road, rough road, etc.). If this general 
behaviour of a vehicle is known for a specific road, one can obtain information about the 
level of comfort of a vehicle on that specific road. The resonance- frequencies are impor
tant to analyse the vehicle's behaviour, because these frequencies present (1) information 
for which input frequencies the model exhibits large vibrations and (2) information about 
the level of damping for a certain resonance. To obtain valid information of the steady
state behaviour in a certain frequency-range. the model should be actuated with an input 
which contains energy for all the frequencies in that range. To investigate the steady-state 
behaviour of the model in the frequency-domain for an input at the wheel, a simulated road 
input is used. The vertical road-displacement of a simulated road input has a constant ve
locity power spectral density (PSD). This results in a -2 -slope in the power spectral density 
plot of the vertical displacement. and this is a fair approximation for road surfaces in gen
eral, see [29]. [30] and [3I]. The roughness of the simulated road- input, and thereby the 
height of the power spectral density, depends on a constant. which is multiplied with the 
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Figure 2.6: Vertical displacement xr(t) and PSD's of the vertical displacement Xr(t) and 
velocity Xr(t) of an example of a simulated rough road input. 

signal. To approximate a smooth road the signal will be multiplied with a small constant and 
with a relatively higher constant to approximate a rough road. An example of the vertical 
displacement xr(t) of a simulated rough road input can be seen in the left plot of Figure 2.6. 
The PSD of the vertical displacement and its constant velocity spectrum is depicted in the 
right plot of Figure 2.6. 

2.3.2 Friction 

Shock-absorbers are subject to friction. An example of a twin-tube strut, present in a shock
absorber, is depicted in Figure 2.7. The motion of the piston can be resisted in several 
ways (see [32)). Firstly, due to the stiffness of the spring that keeps the valves closed, the 
valves can remain closed if the force acting on them by the oil is not high enough. This will 
result in a zero flow rate of the oil and thus a piston which is not able to move. Secondly, 
the friction between the moving piston in the working cylinder and the piston guides can 
also resist the motion of the piston. This friction can even be worsened by lateral forces 
acting on the shock-absorber and such lateral forces are unavoidable for a vehicle driving 
on a road. 
In the stick-phase, the force on the damper does not exceed the total friction force, such 
that the piston will not move relative to the working cylinder and thus the relative velocity 
between top and bottom of the damper is zero. Low forces on the damper will occur when 
low-excitation levels are present at the ground-contact of the wheel, i.e. when driving on a 
smooth road. 
When the piston rod moves through the working cylinder, the suspension is said to be in 
the slip-phase. The slip-phase in general occurs when the force on the damper exceeds the 
total static friction force. The piston rod is then forced to move through the working cylin
der. However, the slip-phase also occurs when the force on the damper does not exceed 
the total friction force and the piston moves through the working cylinder. This is the case 
when the piston is decelerating through the working cylinder. In the slip-phase, the damper 
is working and the reaction force generated by the damper is proportional with the relative 
velocity, due to the oil being pressed through the piston-valves. High forces on the damper 
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Piston rod seal 

Piston rod guide 

Piston rod 

'--___ Oil reservoir 

-----Worklng cylinder 

--- Piston velve 

___ Base Valve 

Figure 2.7: An example of a twin-tube strut. 

will occur when high excitation levels are present at the ground-contact of the wheel, i.e. 
driving on a normal or rough road. 

The friction component is an important part in the quarter-car model (and also in the 
complete-car model). To investigate the behaviour of the vehicle when the shock-absorber 
is in the stick-phase, it is important that the shock-absorber in the model is able to describe 
stick. Therefore, the friction in the shock-absorber should be modelled such that in the 
stick-phase of the shock-absorber the top and bottom have zero relative velocity. A char
acteristic behaviour of Coulomb friction is depicted in Figure 2.8-a. For zero velocity this 

F/riction [Nli F!riction [N] 

+Fd ,..1------

{(l,O) V [ I] relative m s 

a) b) 

Figure 2.8: Characteristics for friction force Ffriction against relative velocity Vrelative: 

a) Coulomb friction, b) Smooth friction characteristic as in (2.4) . 
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friction-model allows a certain external force between the boundaries +Fd and -Fd, while 
the relative velocity remains zero. This is the case when the stick-phase occurs for this fric
tion model. For this zero-velocity the friction force adjusts itself to make an equilibrium 
with the external forces. As long as the equilibrium is ensured the relative velocity remains 
zero. During the non-zero velocities the friction-force is a constant; this is the case when 
the slip-phase occurs for this friction model. This friction model should be implemented 
in the quarter-car model, because it enables the shock-absorber in the model to be in the 
stick-phase (with zero relative velocity) and the slip-phase. 

Therefore it is important to investigate how this friction model is going to be imple
mented in the quarter- and complete-ear-model. Two models are investigated, a discon
tinuous set-valued friction with Coulomb friction and a smoothed version of this model. 
By performing simulations with both versions of the model a choice can be made for the 
friction-model to be used in the remainder of this report. 

2.3.2.1 Discontinuous set-valued friction model 

In [33] and [34] a method, called the switch model, is described to perform numerical simu
lations with discontinuous systems. A Coulomb friction model as depicted in Figure 2.8-a 
in combination with the quarter-car model is an example of a discontinuous system. Con· 
sider a system with mass m actuated by a force F and supported by three parallel elements: 
a spring with stiffness K, a damper with damping-constant D and a friction element with 
a friction-model as schematically depicted in Figure 2.8-a. In Appendix A, it is explained 
how the switch-model can be applied on this system when numerically simulating such 
discontinuous systems. In short, the equation of motion for this system can be regarded as 
a differential inclusion of the form 

(2.3) 

with x the displacement of the mass m and Fext = - D± - K x + F the external forces 
working on the mass m. The discontinuous set-valued friction law describes the stick phase 
correctly as it allows a body to have a zero relative velocity under the action of an external 
force. From this point. this discontinuous set-valued friction model is referred to as the 
switch model for friction. 

2.3.2.2 Smooth model for friction 

The smooth model describes the Coulomb friction force as a smooth single-valued function 
of the relative velocity between two bodies to which the friction force applies. For a smooth 
model for Coulomb friction the following equation is a suitable choice for the friction force 
Fjr(±) (from [33]): 

2 . 
Fjr = Fd -atan (€ x), 

11' 
(2.4) 

with € » 1 and schematically depicted in Figure 2.8-b. The slope of the function is very 
steep for small I±!- The steepness of the function for small relative velocities is dependent 
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on the parameter E. The larger the value of E, the steeper the function and the closer the 
function approaches Fd for small, non-zero values of Ixl. The equation of motion for a 
system as described in Section 2.3.2.1, but then with a smooth model for friction becomes 

(2.5) 

with Ffr as described in (2.4). The steep slope of the friction force for lower velocities will 
cause the differential equation (2.5) to be very stiff. From now on, this single-valued friction 
model is referred to as the smooth model for friction. 

2.3.2.3 Mass-damper simulation 

A simulation is performed to compare both friction models described above. Using these 
results a choice can be made which friction model should be used in further research. A 
simulation is performed with a mass m of 1 kg supported by a damper with damping con
stant D = 15000 Ns/m and friction Fd = 50 N. To solve the stiff equations of motion 
a solver for stiff differential equations is used (ODE15s, see [35]). For the system with the 
switch model for friction, the switch-parameter (or thickness-parameter) 77 is chosen to be 
1 . 10-6 • For the system with the smooth model for friction, the parameter E is chosen to be 
1.106 . The force input F(t) exerted on the mass is taken to be F(t) = Asin(27rft), with 
A = 110 Nand f = 2 Hz. 

In Figure 2.9, one can see that the behaviour of the mass for the smooth model closely 
resembles the behaviour of the mass for the switch model. The velocity (denoted as x) of 
the mass appears to be zero for several time-intervals for both the friction-models. Here 
the stick-phase of this system occurs, i.e. the mass does not move although external forces 
are acting on it, due to the friction in the system. This stick-phase occurs when the total of 
external forces (this is the total of force generated by the damper, the spring, the force input 
and the mass-inertia) do not exceed the Coulomb friction force Fd and the velocity is zero. 
On the right side of Figures 2.9 and 2.10 one can see that there is a difference between the 
two friction models. In fact the smooth model will not describe the stick-phase in the sense 
of having a velocity exactly zero. The friction force for the smooth model is zero for zero 
velocity and, therefore, the mass will always accelerate or decelerate if an external force is 
present. But, due to the steep slope of the friction force for small velocities in the smooth 
model, the stick-phase of the system is approximated for the velocities which are interesting 
for this simulation. In this case either one of the two models are a good representation of 
friction. 

The very small velocities ( Ixl < 5.10-5 m/s) for which the smooth model significantly 
differs from the switch model are assumed to be a lot lower than the velocities which occur 
when driving for example a smooth road. The parameter for the smooth model of friction, 
E, will influence the difference between the smooth model and the switch model. For a 
higher E, the slope of the smooth model of friction will be steeper and thus the band of 
smail velocities for which the smooth model significantly differs from the switch model will 
become smaller. But the disadvantage of a very steep slope is that the equations of motion 
become very stiff which is inconvenient in a numerical point of view. However, by using a 
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Figure 2.9: Simulations with the smooth model for friction and the switch model for 
friction (right-side: zoomed in). 
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Figure 2.10: Friction force VB. velocity for the smooth model for friction and the switch 
model for friction (right-side: zoomed in). 

special solver, e.g. ODE15s in matlab [35] , one can deal with the stiff equations of motion. 
The main disadvantage of the switch model is that the complexity of the simulation model 
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rapidly increases with increasing number of discontinuity surfaces. For example, there are 
more discontinuity surfaces when friction is incorporated in a model on more than one 
place, e.g. when more than one suspension of a four wheel car model is subject to friction. 
And since the complete-car model does contain more discontinuous surfaces, the smooth 
model is used for the numerical simulation. Because the quarter-car model is mainly used 
to gain understanding of the system of the complete car model, the smooth model will also 
be used in the quarter-car model for further research in this thesis. 

In Appendix B, an investigation of the influence of this smooth parameter f is per
formed. It turned out that using f = 1 . 105 results in an acceptable simulation time on 
the one hand while still acquiring the desired accuracy on the other hand, compared to a 
simulation with f = 1 . 106 . Therefore, from this point in this thesis f = 1 . 105 is used in 
simulations. 

2.3.2.4 Nonlinear model with friction in the damper 

The model described in Section 2.2.2 is now extended with a friction element parallel to the 
damper-element, see Figure 2.II, to investigate the influence of friction in the damper on 
the quarter-car model. One can see that an extra mass Md is added to the model. This is 
done to accommodate the modelling of the friction parallel to the damper and this mass 
will correspond with the mass of the damper-piston and the mass the suspension-mount in 
reality. As explained in Section 2.3.2.3, the smooth model for friction will be implemented. 
The equations of motion then become, 

MbXb = -Km(Xb - Xt) - Kd(Xb - Xd) 

MdXd = Kd(Xb - Xd) - D(Xd - xt} - Ffr 

MtXt = Km(Xb - Xt) + D(Xd - Xt) + Ffr - Kt(Xt - xr ), 

(2.6) 

with Ffr the friction force as described in (2.4), with x =Xd-Xt. The model parameters are 
given in Table 2.2 and the value for Fd is based on LMS-experience with friction of dampers 
in an average passenger car, which is considered to approach reality and thus reliable to use 
in this research. 
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Figure 2.11: The quarter-car model extended with friction in the damper. 
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• mass [kg] stiffness [N/m] Other I 
: Mb 180 Km 30000 D 1500 [Ns/m] I 

M t 45 K t 250000 Fd 75 [N] ! 

Md 1 Kd 700000 € le5 [-] 

Table 2.2: Parameter values. 

Two simulations are performed with different types and levels of input. First, some 
simulations are performed to investigate the behaviour of the quarter-car when the damper 
switches between the two phases of the damper. The presence of external forces on the 
damper in the stick-phase may cause an abrupt movement of the damper when the damper 
switches to the slip-phase. This abrupt movement can cause undesired vibrations at the 
drivers seat. Second, a set of simulations are performed to investigate the steady-state be
haviour of the quarter-car for different levels of input. Besides the influence of the damper 
completely in the stick-phase or the slip-phase, which are already investigated using the two 
linear models in Section 2.2, one is also able to investigate the influence of a damper, that 
is switching between the two phases, on the steady-state behaviour of the vehicle. 

First, two simulations are performed for different input levels of the road input. First, 
a road input is given as xr(t) = ASin(211"/t}, with frequency f = 1 Hz and amplitude 
A = 0.001 m, which corresponds to a low level input. Next, a simulation is performed with 
the amplitude A 0.05 m, which corresponds to a high level input. Both simulations are 
compared with a quarter-car model without friction, which is the same as the quarter-car 
model with the damper in slip as described in Section 2.2.2. The results can be seen in 
Figures 2.12 and 2.13. 

In Figure 2.12 one can see the accelerations of the body mass Mb and the unsprung 
mass Mt for a quarter-car model with and without friction. For a low input (A 0.001 
m). a difference in behaviour of the two models can be observed. The accelerations of body 
mass Mb are much higher (about 10 times) for the quarter-car model with friction than for 
the quarter-car without friction. Also the acceleration of mass Mb has a higher frequency for 
the model with friction than for the model without friction. The acceleration signal of the 
body mass Mb is a sinusoidal signal with about 5 periods per second. This coincides with 
the first eigenmode frequency. at 4.8 Hz, of the linear quarter-car model with the damper 
in the stick-phase, as discussed in Section 2.2.4. So, the fact that the damper is in the stick
phase may cause higher accelerations of the body mass Mb. 
This difference in magnitude and frequency of the acceleration also applies for the un
sprung mass Mt. in the case of a low input. However, it is not a nice sinusoidal signal. 
For a high input (A = 0.05 m), there is almost no difference in the magnitude of the ac
celerations of mass Mb and Mt for both models. However, one can see that right after a 
peak in the acceleration (maximum or minimum) a movement of masses M t and Mb for 
the model with friction occurs, that is different from the movement of masses M t and Mb 
for the model without friction. This extra movement of mass Mt can also be seen for the 
lOW-input, where the acceleration signal of the unsprung mass is not a nice sinusoidal sig
nal as for the acceleration of the body mass Mb. 
The relative velocity (Xd-Xt) of the damper for a low input is very small compared to that 
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Figure 2.12: Acceleration Xb and Xt for a low and high input level. 
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Figure 2.13: Relative velocity of the damper for a low and high input level. 

for the high input level, see Figure 2.13. Clearly, for the low input the damper will be in 
the stick-phase for most of the time. Moreover, for a high input the damper is in the slip
phase most of the time; only around zero-velocities the damper will remain in stick for a 
short time interval, until the external forces on the damper are causing the damper to go 
back in the slip-phase. These transitions, between the stick-phase and the slip-phase, of the 
damper coincides with the difference between both models in movement of the masses M t 
as noticed above. This means that the mass M t shakes every time the damper transitions 
between the stick-phase and the slip-phase. 
The influence of a shaking mass Mt. due to the phase-transition of the damper, on the 
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2.3 Nonlinear quarter-car models 

acceleration of body mass Mb for a high input can be noticed in the top-right plot of Fig
ure 2.I2 and can be concluded to be minimal. However, no such movement can be observed 
in the low input plot of the accelerations of the body mass M b. From this observation and 
the fact that for a low input the body mass Mb is moving with a frequency that coincides 
with the linear model with the damper in the stick-phase, the conclusion is drawn that the 
stick-phase itself (and not so much the transitions between stick and slip) will lead to higher 
accelerations for mass Mb, due to the change in behaviour of the quarter-car model, which 
already was described by the linear models in Section 2.2. 

Second, several simulations are performed with a simulated road input, as the example 
seen in Figure 2.6. Here, the height of the road input level is varied from a low input level 
to a high input level, to investigate the steady-state behaviour of the quarter-car for different 
levels of input. The lowest level road input has a RMS-value of 0.0005 m and the highest 
level road input has a RM S-value of 0.05 m. The result can be seen in Figure 2.I4. 

One can see in Figure 2.14 that there is a frequency-shift of the resonances due to the 
friction in the damper. The same frequency shift of the linear eigenmodes which was seen 
in the two linear models (see section Section 2.2) is now present in a single nonlinear 
model. The peaks in the spectrum due to the resonances of the system for the low input 

10' 

10' 

0.05 

10 50 

Frequency [Hz) 

Figure 2.14: Power-spectra of Xb, for the quarter-car model with friction in the damper, 
for varying level of the road input . 
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X 10' 3 Low input (rms= 0,0005 m) 
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Figure 2.15: Different behaviour of the body for two different inputs: low level road input 
and high level road input corresponds to respectively undamped and damped behaviour 
of the body mass Mb . 

are less damped compared to the peaks in the spectrum for high input. This is due the fact 
that the damper will be in the stick-phase (for most of the time) for low input levels, such 
that there is almost no damping in the system. This can also be seen in Figure 2.15, where 
the displacement of the body mass is depicted for two different road inputs. For the lower 
input the system will behave in a undamped fashion (i.e. the body will keep on shaking) 
compared to the damped behaviour which can be observed for the high input. 

If the level of the road input is increased starting from the lowest input, the amount 
of damping of the peaks of the resonance frequencies also increases, see Figure 2.14- This 
is due the fact that the time that the damper is in the stick-phase decreases and thus the 
time that the system behaves in a undamped fashion decreases. Moreover, when the level 
of input is coming closer to the highest input, the influence of the damping on the system 
increases . Due to this fact, the influence of the stiffer spring Kd on the system decreases, 
which decreases the stiffness in the suspension and this results in a decrease in the reso
nance frequencies. 

In this section, one could see that friction modelling has a lot of influence on the be
haviour of the vehicle for low levels of the input at the wheel. For high levels of the input, 
Coulomb friction effects will have less influence on the system due to the fact that for those 
inputs the damper will be mostly reside in the slip-phase and the forces generated by the 
viscous behaviour of the damper will be much higher than the Coulomb friction force. It 
was shown that, for low levels of the input at the wheel, the stick -phase of the damper leads 
to high accelerations at the body mass. It was also shown that the transitions between the 
stick-phase and the slip-phase influences the movement of the unsprung mass, but this 
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2.3 Nonlinear quarter-car models 

movement does not, or to a small extent, influence the movement of the body mass. So, the 
stick-phase of the damper leads to higher accelerations at the body mass due to the lack of 
damping in the system when the damper is in the stick-phase. Finally, it was shown that, 
due to Coulomb friction in the damper, the resonance frequencies of the system increase 
when the level of input decreases. This frequency-shift is caused by the increased influence 
of the suspension-mount stiffness, when the damper is in the stick-phase. Friction should 
thus be taken into account for the complete-car model, if the characteristic or the friction 
parameter Fd is known. 

2.3.3 Engine mass 

An important part of the vehicle is the engine mass. Since the mass of the engine is about 
the quarter of the total mass of a vehicle, it will have a large influence on the dynamic 
behavior of the vehicle. Of course, the first task of the engine mounts is to reduce the trans
mission of vibrations, initiated by the engine, to the body. Another task is related to the fact 
that the engine acts as a vibration absorber. This means that the eigenmodes of the engine 
are tuned such that they coincide with the frequency of the eigenmodes of the wheels. When 
these eigenmodes of the engine differ in phase with the eigenmodes of the wheels they will 
damp the transmission of vibrations, that are initiated by the wheels, to the body. Usually 
the engine is mounted in the vehicle with more than one engine mount. The mounts can 
be linear rubber mounts or elastomer compounds or a combination of those mounts (e.g. 
two linear mounts and one elastomer compound). Such an elastomer compound has a 
frequency dependent stiffness, see [37]. In the Sections 2.3.3-1 and 2.3-3.2 respectively the 
linear mount and the elastomer compound are discussed and in Section 2.3-3.3 the influ
ence on the vibrations of the body of the two engine mounts is compared. 

2.3.3.1 Nonlinear model with a linear engine mount 

In this section, a linear spring and damper is implemented in the quarter-car model rep
resenting a linear mount of an engine. The model described in Section 2.3.2.4 is now 
extended with an engine mass supported by a linear spring and damper with stiffness Ke 
and damping De corresponding to respectively the stiffness and damping of the linear en
gine mount, see Figure 2.16. 
The equations of motion of the quarter-car model with the engine mass are, 

Mexe -Ke(xe - XI» De(xe XI» 

MbXb = -Km(Xb - Xt) - Kd(Xb Xd) + Ke(xe - Xb) + De(xe - Xb) 

Mdxd Kd(Xb - Xd) - D(Xd Xt) - Ffr 
(2.7) 

MtXt Km(Xb - Xt) + D(Xd Xt) + Ffr - Kt(Xt xr ), 

with Ffr as the friction force as described in (2.4), with x =xd-xtand Xe the translation of 
the engine mass (with xe and xe respectively the velocity and the acceleration). The model 
parameters used in the following simulations can be seen in Table 2.3. Here, for the mass 
Me a value is chosen that is half the weight of an engine mass in reality, because a quarter
car model is taken into account and it is assumed that the engine mass is divided equally 
over the left and right side of a front-suspension. Consider the uncoupled system with en· 
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2. QUARTER-CAR MODEL 

engine mass (Me) 

engine mount stiffness (Ke) 

body mass (Mb) 
.--'-----''--, 

spring (Km) 

unsprung mass (Mt ) 

suspension mount (Kd) 
P',L damper-mass (Md) 

friction (Ffr) 
..,......+'--- damper-constant (D) 

Figure 2.16: The quarter-car model extended with an engine mass. 

mass [kg] stiffness [N/m] Other 
Mb 180 Km 30000 D 1500 [Ns/m] 
Mt 45 Kt 250000 Fd 75 [N] 
Md 1 Kd 700000 E 1e5 [-J 
Me 125 Ke 800000 De 3000 [Ns/m] 

Table 2.3: Parameters values. 

gine mass Me supported by spring Ke and damper De. This uncoupled system will have an 
eigenfrequency of 12.7 Hz and 15% damping (using ( = 2~ 0.15). Notice that the 

eigenfrequency of this uncoupled system coincides with the eigenfrequency of the wheels 
when the damper is in the slip-phase, which is 12.5 Hz, see Section 2.2.2. The values in 
Table 2.3 are obtained by LMS-experience with engines and its mounts, the values are con
sidered to approach reality and thus these values are reliable to use in this research. 

Two simulations are performed for different levels of the road input xr(t) to investigate 
the influence of the linear engine mass on the behaviour of the quarter-car model when 
the damper switches between the two phases of the damper. First, a road input is given as 
xr(t) = Asin(27T it), with frequency 1 Hz and amplitude A 0.001 m, which corresponds 
to a low level input. Next, a simulation is performed with the amplitude A = 0.05 m, which 
corresponds to a high level input. Both simulations are compared with a quarter-car model 
without an engine mass, described in Section 2.3.2+ 

In Figure 2.17 the accelerations of the body mass Mb and the unsprung mass Mt are 
depicted for the quarter-car model with and without engine mass supported by a linear 
mount. For the low-input level (A = 0.001 m), the accelerations of the mass Mb are much 
higher for the quarter-car model without engine mass than for the quarter-car model with 
engine mass. This can indicate that an added engine mass will damp the acceleration of 
the quarter-car. In Figure 2.18, the acceleration of the engine mass and the unsprung mass 
relative to the acceleration of the body mass is depicted. One can see that the engine mass 
differs in phase with the unsprung mass. This will cause the engine mass and mount to 
damp out the undamped behaviour of the quarter-car model. However for the high-input 
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Figure 2.17: Influence of added engine mass on the accelerations Xb and Xt for a low and 
high input level. 
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Figure 2.18: Relative acceleration of the engine mass (Xe-Xb) and unsprung mass (Xt-Xb) 
for a low and high input level. 

level (A = 0.05 m), one can see in Figure 2.17 that the acceleration of the body mass Mb 
for the model with engine mass is higher than the acceleration of the body mass Mb for 
the model without an engine mass. It turns out in Section 2.3-3-3, that the first resonance 
frequency of the quarter-car model with engine mass is close to the excitation frequency (1 
Hz) used in this section. Moreover, for this excitation frequency the acceleration of the body 
mass Mb for the model with engine mass is higher than the acceleration of the body mass 
Mb for the model without an engine mass. 

25 



2. MODEL 

One can see in the top-right plot of Figure 2.17 that the influence of the transitions of the 
damper, between the stick-phase and the slip-phase, on the accelerations of the body mass 
Mb is decreased. The extra movement of the body mass Mb, due to these transitions, has 
a smaller amplitude for the quarter-car model with an added engine mass Me compared to 
that for the quarter-car model without engine mass. In Section 2.3.2, it was already shown 
that the influence of the transition was minimal; with an added engine mass this influence 
is decreased even further. 

2.3.3.2 Nonlinear model with an elastomer compound 

In most common passenger cars one of the engine mounts is an elastomer compound with 
frequency dependent stiffness. An elastomer compound has a higher stiffness for higher 
frequencies than for lower frequencies, see [37] and [38]. To investigate this frequency de
pendent stiffness, the quarter-car model in the previous section is adjusted. Using this 
adjusted model, simulations are performed to investigate the influence of this elastomer 
compound on the behaviour of the body. 

Using dynamical stiffness between the engine mass and the body mass will introduce 
this frequency dependent stiffness. The dynamical stiffness results in a stiffness Kel voor 
lower frequencies and a higher stiffness (Kel + K e2 ) for higher frequencies. Dynamical 
stiffness can be presented as a spring Kel in parallel with a combination of damper De and 
a spring Ke2 in series, see Figure 2.19 [39]. 
The force Fl produced by the spring Kel is (with the relative position Xeb = Xe - Xb) 

(2.8) 

The force F2 produced by the spring Ke2 and the damper De in series is described by the 
following differential equation: 

. . Ke2 
F2 = Ke2 X eb - De F2· 

Taking the Laplace transform of (2.9) yields: 

Ke2 
SF2 = Ke2X ebS - De SEC, 

(2.9) 

(2.10) 

Figure 2.19: Dynamical stiffness: a combination of two springs and one damper. 
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Figure 2.20: Frequency response function Kdyn(jW) for dynamical stiffness. 

such that the force F2 produced by the spring Ke2 and the damper De in series is described 
in the Laplace domain by 

(2.11) 

The transfer function Kdyn(S) from the force Fdyn(= FI + F2), produced by the dynamical 
stiffness component, to the relative position Xeb is given by 

(2.12) 

Clearly for s --+ O. Kdyn ~> Kel and for s --+ 00 , Kdyn --+ Kel + K e2. The behaviour 
of the frequency response function Kdyn(jW) is depicted in Figure 2.20. The following 
parameters were used: Kel 8 . 105 N/m, Ke2 = 3.4 . 105 N/m and De 6057 Ns/m. 
The lossfactor is then 10° at a frequency of9 Hz ( Kd!ln(joo)-Kdy,,(jO) = ~), which corre-

2rr:De 2rr:De 
sponds to statistics based on LMS-experience with elastomer compounds. 

This dynamical stiffness is implemented in the quarter-car model between the engine 
mass and the body mass, by replacing the spring Ke and damper De in Figure 2.16 with 
the combination of damper De and springs Kel and Ke2 is depicted in Figure 2.19. The 
equations of motion for the nonlinear quarter-car model with an elastomer compound as 
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an engine-mount are: 

Mexm -Kel(Xm Xb) - Fe2 

MbXb Kel(Xm - Xb) - Kd(Xb - Xd) - Km(Xb - Xt) + Fe2 

MdXd = Kd(Xb - Xd) - D(Xd Xt) - Ffr 

MtXt = Km(Xb Xt) + D(Xd - Xt) + Ffr - Kt(Xt x r ) 
(2.13) 

with Ffr as the friction force as described in (2.4), with x =Xd-Xt. 

2.3.3.3 Comparison of the two engine-mounts 

To investigate the influence of the linear mount and the elastomer compound as engine 
mount on the behaviour of the quarter-car model and compare these with each other, simu
lations are performed with a simulated road input, as the example seen in Figure 2.6. First, 
a simulated road input with a rms-value of 0.001 m is used, corresponding to a low level 
road input with the damper residing in the stick-phase most of the time. Second, a simu
lated road input with arms-value of 0.05 m is used, corresponding to a high level road input 
with the damper residing in the slip-phase most of the time. The model parameters used 
in the simulations can be seen in Table 2.30 These simulations are compared with the sim
ulations of the quarter-car model without an engine mass as discussed in Section 2.3.2.4. 
The results, the PSD of Xb for a low and high level road input for the different systems, are 
depicted in Figure 2.21. 

One can see in Figure 2.21 that for certain frequencies the PSD of the quarter-car model 
with engine mass (supported by either the linear mount or the elastomer compound) lies 
under the PSD of the quarter-car model without an engine mass for the low and high level 
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Figure 2.21: PSD's of Xb, for low and high level road input, compared for a quarter-car 
model with a elastomer compound, a linear mount and no added engine mass. 
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road input; this coincides with the notion that the added engine mass and its mount will 
damp the acceleration of the body mass for both low- and high-level road input for certain 
frequencies. 
One can also see that for both inputs the first resonance moves to a lower frequency when 
the engine mass Me is added. The first resonance for a low level road input moves from 4.5 
Hz for the quarter-car model without an engine mass to 3.5 Hz for the quarter-car model 
with engine mass. This is due to the fact that the extra weight in the system due to the en
gine mass especially influences the first mode. For this first resonance the movement of the 
system approaches a situation where the body Mb the engine mass Me and the unsprung 
mass M t are shaking on the tire-stiffness K t , and thus it will matter for the frequency of the 
first mode whether or not the mass Me is added. This also applies for the high-level road 
input where the first resonance of the quarter- car model moves from about 2 Hz to 1.5 Hz 
when the engine mass is added. 

A difference between the influence of the two types of engine mounts on the PS D of the 
body mass Mb can be observed for frequencies between about 12.5 Hz and about 30 Hz for 
a low and high road input. One can see that the elastomer compound causes the accelera
tion of the body mass Mb to be more damped for frequencies between about 12.5 and 16 Hz 
compared to that when a linear mount supports the engine mass M t • Moreover, between 
16 Hz and 30 Hz the elastomer compound causes the body mass Mb to be less damped 
compared to the linear mount. These differences in behaviour of the body mass Mb for 
the two mounts are due to the fact that stiffness of the elastomer compound increases for 
higher frequencies, as depicted in Figure 2.20. 

In this section, it is shown that the engine mass, supported by either the linear mount 
or the elastomer compound, has a significant influence on the behaviour of the body mass. 
It is shown that the engine mass Me damps the acceleration of the body mass Mb for cer
tain frequencies. The first resonance frequency decreases, due to the added mass of engine 
mass M t . Furthermore, the elastomer compound as an engine mount causes the accelera
tions the body mass Mb to be more damped for frequencies between 12.5 and 16 Hz and 
less damped for frequencies between 16 and 30 Hz compared to the accelerations when a 
linear mount supports the engine mass. The latter is due to the increased stiffness of the 
elastomer compound for higher frequencies. For the complete-car model, the engine mass 
and its corresponding mounts should be taken into account. Depending on what types of 
engine mounts are present in the vehicle that is used in the measurements, a set of lin
ear mounts or a set of the elastomer compounds or a combination of both engine mounts 
should be taken into account if the characteristics of the mounts or the parameters, Ke 
and De corresponding to the linear engine mount and the parameters Kel, Ke2 and De 
corresponding to the elastomer compound, are known. 

2.3.4 Nonlinear model with a degressive damper 

Besides the fact that dampers in vehicles are subject to friction, their force against velocity 
characteristic can be degressive of nature. A degressive damper has a higher damping
coefficient at lower relative velocities than at higher relative velocities. Due to the fact that 
for a smooth road the forces on the suspension are small, the damper is subject to low 

29 



2. MODEL 

relative velocities compared to a rough road. For a rough road the damper is subject to 
higher relative velocities. Although the damping-coefficient is equal for higher velocities 
for both types of damper, the force generated by a degressive damper is higher than that of 
a damper with a constant damping-coefficient. So the degressive damper may have an influ
ence on the behaviour of the vehicle for both road inputs, this is investigated in Appendix C: 

In Appendix C, it is shown that a degressive damper influences the behaviour of the 
body mass Mb. The influence of the degressive damper for a low level road input is smaller 
than that for a high level road input. For a high level road input the frequency of the first 
resonance will increase, due to the increased damping for the complete velocity range. 
Moreover, this increased damping in the complete velocity range will cause the PSD of 
the acceleration of the body mass to be less damped for higher frequencies, compared to 
that of a damper with a constant damping-coefficient. For a low level road input, the higher 
damping coefficient Ddeg will damp the relative movement of the damper such that the 
relative velocities are smaller for the quarter-car model with a degressive damper than that 
for the quarter-car model without a degressive damper. This causes the damper to be in 
the stick-phase for a larger portion of time such that the resonance at 25 Hz will be less 
damped. Resuming, one can say that the degressive damper has significant influence on 
the behaviour of the body mass. Therefore, if the nonlinear characteristic of the damper or 
the parameters Vdeg and Ddeg are known, a degressive damper should be taken into account 
for the complete-car model. However, as will be noted in Section 3.1, a degressive damper 
is not taken into account in the complete-car model, because the parameters Vdeg and Ddeg 

could not be obtained from the damper-measurement. 

2.4 Nonlinear 2D quarter-car model 

In reality, the front suspension is connected to the body under a slight angle. A vertical 
input at the wheel may, due to this angle, result in a movement of the suspension in the 
longitudinal direction. And this movement in the longitudinal direction of the suspension 
may influence the movement of the body in the vertical direction. This is investigated in 
Appendix D by constructing a nonlinear quarter-car model, in which the longitudinal direc
tion is incorporated. 

In Appendix D, one can see that the influence of the longitudinal movement of the 
unsprung mass, due to the angle between the suspension and the body, on the vertical 
acceleration of the body mass Mb can be neglected. It was shown that the PSD of the 
acceleration of the body mass Mb does not significantly change, when the suspension is 
connected to the body under an angle. 

2.5 Summary 

Here a summary is given of the results of the quarter-car models that were used in this 
chapter. First, the two linear models are able to describe the 2 phases of the damper. The 
same difference in behaviour, observed during measurements on a smooth and rough road 
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in [I4], could be seen in the two linear models. A shift in eigenfrequencies occurs due to the 
increased influence of the suspension-mount stiffness Kd when the damper is in the stick
phase. Moreover, less damped behaviour of the system could be seen when the damper is 
in the stick-phase, due to the lack of damper D in the system. 

Second, the nonlinear quarter-car model with friction implemented in the damper is 
able to describe the behaviour of the body mass for both phases of the damper. The same 
difference in behaviour between the linear models can be described by a single nonlinear 
quarter-car model for different levels of the input at the wheel. It was shown that, for low 
levels of the input at the wheel, the stick-phase of the damper leads to high accelerations at 
the body mass. It was also shown that the transitions between the stick-phase and the slip
phase influences the movement of the unsprung mass, but this movement does not, or to a 
small extent, influence the movement of the body mass. So, the stick-phase of the damper 
leads to higher accelerations at the body mass due to the lack of damping in the system 
when the damper is in the stick-phase. Furthermore, it is shown that, due to the Coulomb 
friction in the damper, the resonance frequencies of the system increase when the level of 
input at the wheel decreases. This frequency-shift is caused by the increased influence of 
the stiff spring Kd , which corresponds to the suspension-mount, when the damper is in the 
stick-phase. Friction should thus be taken into account for the complete-car model, if the 
friction characteristic or the friction parameter Fd is known. 

Third, the engine mass, supported by either the linear or the elastomer compound, has 
a significant influence on the behaviour of the body mass. It is shown that the engine mass 
Me damps the acceleration of the body mass Mb for certain frequencies. The first reso
nance frequency decreases, due to the added mass of engine mass Me. Furthermore, the 
elastomer compound as an engine mount causes the accelerations the body mass Mb to be 
more damped for frequencies between 12.5 and 16 Hz and less damped for frequencies 
between 16 and 30 Hz compared to the accelerations when a linear mount supports the en
gine mass. The latter is due to the increased stiffness of the elastomer compound for higher 
frequencies. For the complete-car model, the engine mass and its corresponding mounts 
should be taken into account. Depending on what types of engine mounts are present in 
the vehicle, that is used in the measurements, a set of linear mounts or a set of the elas
tomer compounds or a combination of both engine mounts should be taken into account if 
the characteristics of the mounts or the parameters, Ke and De corresponding to the linear 
engine mount and the parameters Kel> Ke2 and De corresponding to the elastomer com
pound, are known. 

Fourth, a degressive damper influences the behaviour of the body mass Mb. It is shown 
that the influence of the degressive damper for a low level road input is smaller than that 
for a high level road input. For a high level road input the first resonance frequency will 
increase and will be more damped, due to the increased damping for the complete velocity 
range. Moreover, this increased damping in the complete velocity range will cause the PSD 
of the acceleration of the body mass to be less damped for higher frequencies, compared 
to that of a damper with a constant damping-coefficient. For a low level road input, the 
higher damping coefficient Ddeg will damp the relative movement of the damper such that 
the relative velocities are smaller for the quarter-car model with a degressive damper than 
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that for the quarter-car model without a degressive damper. This causes the damper to be 
in the stick-phase for a larger portion of time such that the resonance at 25 Hz will be less 
damped. Resuming, one can say that the degressive damper significantly influences the 
behaviour of the body mass. Therefore, if the nonlinear characteristic of the damper or the 
parameters Vdeg and Ddeg are known, a degressive damper should be taken into account for 
the complete-car model. However, as will be noted in Section 3-1, a degressive damper is not 
taken into account in the complete-car model, because the parameters Vdeg and Ddeg could 
not be obtained from the damper-measurement. 

Finally, the influence of the longitudinal movement of the unsprung mass, due to the 
angle between the suspension and the body, on the vertical acceleration of the body mass 
Mb can be neglected. It was shown that the PSD of the acceleration of the body mass Mb 
does not significantly change, when the suspension is connected to the body under an angle. 

One can conclude that friction in the damper, an engine mass supported by a linear or 
a nonlinear mount and a degressive damper should be taken into account when building 
the complete-car model. However, as discussed before, a degressive damper will not be 
incorporated in the complete-car model. 
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Chapter 3 

Complete-car model 

In the previous chapter, we showed what the influence of friction in the suspension and 
other components is on the behaviour of a quarter-car model. Only the vertical direction 
was taken into account for the body of a vehicle. One can imagine that in reality the driver 
also experiences vibrations in the other two directions: the longitudinal and the lateral direc
tion, where the lateral direction is the direction from the right of the vehicle to the left of the 
vehicle. Also vibrations due to a rotational movement of the body in the roll, yaw or pitch di
rection may influence the dynamical behaviour of the vehicle in the vertical, longitudinal or 
lateral direction. To take these effects into account, a three-dimensional (3D) complete-car 
model with a front and rear suspension has to be built. This complete-car model should in
clude all the important components of a vehicle that are influencing the vibrations in three 
dimensional space. To compare the dynamical behaviour of the complete-car model with 
the dynamical behaviour of a vehicle in reality, some of the parameters should be tuned and 
the complete-car model should be validated using measurements. 

In this chapter, a nonlinear complete-car model is built in ADAMS/View [40]. First it 
is explained what kind of components are incorporated in the model and how they are con
nected to each other. This complete-car model is tuned with several measurements. First 
this model is tuned on FRF-measurements which are performed on the vehicle with a low 
level input at the right wheeL This is performed to investigate the behaviour of the vehicle 
when the damper is in the stick-phase most of the time. Also time-domain measurements 
are used to tune the damping and friction parameters of the model. Finally, the model is 
validated on FRF-measurements where the damper resides in the slip-phase, as well as in 
the stick-phase, a certain amount of time. The measurements which are used are performed 
in [14l. These measurements were performed on a Ford Focus Clipper. 

3.1 Model components 

The complete-car model can be divided in three components: the suspension, which con
sists of the front- and the rear-suspension, the engine and the body of the vehicle. 
For this complete-car model several parameters are measured (e.g. masses, some stiffnesses 
and the flexible model of the body). This means that the value of those measured param
eters used in the complete-car model are most certainly dose to reality. However, some 
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parameters used in the model (e.g. inertia, some other stiffnesses and damping values) are 
not measured. This means that the value of those parameters are rather uncertain. In this 
section, the suspension components and the engine are discussed first. Second, the model 
for the body is discussed. Finally, all the connections used in the model are discussed. 

3.1.1 Suspension and engine 

The suspension and the engine will be represented as a rigid multi-body model. No modal 
test or other measurements have been performed on the suspension or the engine. Due to 
this fact all masses, inertias and geometric data of the parts should be known. The following 
parts have been modelled for one side of the front suspension: the A-arm, the knuckle, the 
tire, the brake disc, the caliper, the steering rod, the stabilizer bar, the stabilizer bar rod, the 
damper and the main spring (see Figure p). The rear suspension does not contain any 
parts, due to the fact that in the measurement the rear-axle was disassembled and the rear 
of the vehicle was supported by rubber mounts. The engine is considered to be rigid. 

3.1.1.1 Geometry 

The geometrical location of the points where parts of the suspension and engine are con
nected to each other or the body are measured with respect to the global origin. The global 
origin of the coordinate system that will be used in this research is located in the middle 

tire----.. ·.· 

caliper ----T-:----+-~ ..... 

knuckle --~---"
brakedisc ---'---"---< 

8t---- suspension mount 

i:.ot----spri ng 

~---damper 

~----- stabilizer bar rod 

Figure 3.1: One side of the front suspension as it is modelled in the complete-car model. 
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3.1 Model components 

of the front of the vehicle at the ground level. If someone is standing in front of the ve
hicle and faces the vehicle, the +x-direction is from the front of the vehicle to the back. 
The +y-direction is from the origin of the coordinate system to the left of the vehicle. The 
+z-direction is from the ground level to the top of the vehicle. 

3.1.1.2 Mass and center of gravity 

The masses of all the suspension-parts (A·arm, knuckle, etc.) and the engine are deter
mined by weighing them. The center of gravity of some components have been determined 
by performing the following simple experiment. The three local axes through the center 
of gravity of a component have been determined by positioning it on a long pipe with a 
small radius and searching for equilibrium positions. The cross point of the resulting three 
"equilibrium lines" will be the center of gravity. All the masses are given in Appendix E. 

3.1.1.3 Inertia properties 

For each component the inertia properties have been estimated using inertia formulas for 
simple structures such as a solid cilinder or a solid sphere. The damper and suspension
mount are regarded as solid cilinders. The brake disc. the main spring, the A-arm and 
the tire are regarded as hollow dlinders. The steering rod, the stabilizer bar rod and the 
stabilizer bar are regarded as rods. Moreover, the knuckle and the caliper are regarded as 
solid spheres. Also the engine is regarded as a solid cylinder. Every necessary dimension, 
needed to calculate an inertia property as well as the mass of a component, is measured 
(e.g. the length and the radius of a cylindrical shaped component). The inertia properties 
of all parts of the suspension and engine are given in Appendix E. 

3.1.2 Body 

The body in the model represents the trimmed body of the vehicle, i.e. the vehicle without 
the engine, front- and rear-suspension. A trimmed body means that all internal compo
nents of the vehicles body (seats, steering wheel etc.) are still present; a body with these 
parts removed is called a body-in-white. In [14], it is concluded that for a low input full ve
hicle modal test the vertical wheel mode (front and rear) couples with a torsion mode of the 
body, which can lead to increased vibrations at the drivers seat. Due to this fact, the trimmed 
body in the model will be represented as a modal model containing the rigid body modes 
and the first flexible modes of the trimmed body. A modal model is obtained from [14]. The 
modal model of the body is based on the information that has been gathered during three 
measurements that are performed in that research. The 9 flexible body modes that are in 
the frequency range of interest (0 - 50 Hz), have been included in the modal model. 

First, the rigid body modes and the rigid body properties are determined with frequency 
response functions (frfs) between the input (force) and the responses (accelerations) that 
are measured during a hammer test. This "part" of the model concerns the low- frequent 
(0 - 12 Hz) information of the model. During the hammer test the body has been actuated 
with a large hammer on different nodes, in different directions_ Responses have been mea
sured on several nodes. Using the actuation (force) and response (acceleration) signals it is 
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possible to determine the rigid body properties. 

Second, the flexible modes of the body have been determined with frfs that have been 
measured during a modal test. This part of the model concerns the mid-frequent (12 - 45 
Hz) information of the model. During the modal test, the trimmed body has been actuated 
symmetrically by two shakers at the front of the vehicle. Frfs have been measured between 
the input (force) at the front of the vehicle and the acceleration of different points on the 
trimmed body as well as on all connections with the suspension and engine. All the loca
tions of these points and connections are measured to make a wire frame model of the body, 
that is needed to visualize the flexible body. 

Third, the local stiffnesses of the connection points have been determined with frfs that 
have been measured during a driving point measurement. This part of the model concerns 
the high-frequent (45 Hz and up) information. During the driving point measurement the 
frfs have been determined by hitting each DOF with a hammer that measures the force 
signal and measuring the accelerations in all DOFs. The results of this measurement have 
been accounted for in the model by calculating the local stiffness of each connection in each 
direction using the driving point measurements. 

The modal neutral which is needed for ADAMS/view, contains the geometry (loca-
tion of nodes and how the nodes are connected to each other), nodal masses and inertias, 
mode shapes and generalized mass and stiffness for each mode shapes of the body, where 

l 

~L .. 

Figure 3.2: The complete-car model: including the flexible model of the trimmed body 
and the rigid bodies for the suspension (left and right) and the engine. 
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3.1 Model components 

a node is a point in the wireframe of the modal model that corresponds to a response mea
surement point on the vehicle during the three measurements. These nodes in the modal 
model are the attachment points for the interaction with rigid bodies of the suspension or 
the engine. The ability to capture structural interactions at the nodes is accomplished by 
applying a component mode synthesis method similar to that of the Craig-Bampton method 
[4I ]. 

The final flexible model contains 43 nodes and 9 flexibel modes between 19 (mode 1) 
and 43 Hz (mode 9). The mass of the trimmed flexible body is 813 kg, the center of grav
ity is located at (x, y, z) = (2.157,0.0, LOll) in [m] and the inertia tensor (relative to the 
reference) has the following components: Ixx = 1000, Iyy 5268, Izz 4600, Ixy = 82.03, 
Izx = 1800, Iyz = -50.04 in [m2kg]. The flexible model of the trimmed body can be seen in 
Figure 3.2. 

3.1.3 Connections 

Between the different bodies (rigid-rigid and rigid-flexible) connections have to be defined. 
The connections are modelled as ideal connections or as bushings. These type of connec
tions, and the places in which these are used in the model, are explained next. 

3.1.3.1 Ideal connections 

Certain connections in the model are assumed to be ideal kinematic constraints, such as 
translational joints, cylindrical joints, fixed joints, spherical joints (also called ball joints) and 
Cardan-joints. These joints restrict one or more degrees-of-freedom between two bodies. 

Fixed joint This joint restricts all the six degrees-of-freedom between two bodies. The 
first body can not move or rotate in any degree-of-freedom with respect to the second 
body. This kind of joint is used for the connection between: The knuckle and the 
calliper, the knuckle and the damper, the spring and the flexible body, the brakedisc 
and the tire and between the knuckle and the tire. The last one is assumed to be fixed 
due to the fact that the measurement was in a stationary situation (the tires were not 
rolling). 

Translational joint This joint allows a body to translate in one di
rection with respect to another body, but restricts the two other 
translational and three rotational degrees-of-freedom. This kind Axis 0' ... Firslport 

of joint is used parallel to the damper, such that the bottom of .-... 
the damper can move freely in the direction of the top of the 
damper, but can not translate in other directions with respect to 
the top of the damper. The damper-component itself is discussed later in this section. 

Spherical joint This joint allows a body to rotate in three direc
tions with respect to another body, but restricts the three trans
lational degrees-of-freedom. A spherical joint is used at the 
connection ofthe A-arm with the body at the front; this is due 
to the fact that the front bushing of the A-arm is a lot stiffer 
than the rear bushing of the A-arm. This assumption is based on stiffness values that 
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are used in vehicles that are comparable with the Ford Focus used here (the rear bush
ing of the A-arm is discussed later in this section). The spherical joint is also used at 
the connection between: the knuckle and the A-arm, the stabilizer bar and the body, 
the stabilizer bar rod and the damper and between the steering rod and the body. 

Cylindrical joint This joint allows a body to rotate around and trans_@. 
late along one axis with respect to another body, but restricts the .. ,..., 
rotation and translation in the directions of the other two axes.::;;:' ~ .. loor1 

This cylindrical joint is used to connect the left half of the stabi- -oor1 

lizer bar to its right half. In this way, the left and the right part . 
of the stabilizer bar can move out of phase; the torsional stiffness of the bar itself can 
then be approached by adding a torsion spring between the two parts. 

Cardan joint This joint allows a body to rotate in two di
rections with respect to another body, but restricts one 
rotational and three translational degrees-of-freedom. 
This Cardan joint is used between the knuckle and the 
steering rod and between the stabilizer bar and the stabilizer bar rod. The rotational 
degree-of-freedom along the longitudinal axis of respectively the steering-rod and the 
stabilizer bar rod should be restricted, since these bodies are also connected with an
other body trough a spherical joint. If this degree-of- freedom is not restricted then 
these bodies could rotate freely around their axial direction and that is unwanted. 

3.1.3.2 Bushings 

Bushing-type connections are used where stiffness and damping properties in the connec
tions are important. Bushings are connections between two bodies where the translational 
and rotational stiffness and damping can be given for each direction (x, y and z). 

In the suspension of the vehicle, a bushing is used at the rear connection of the A
arm and the body. Stiffness values of this bushing are based on values that are used in 
vehicles comparable with the Ford Focus. The stiffness of the tire is also represented as 
a bushing between the tire and the ground. Moreover at the rear suspension, the rubber 
blocks, that supported the vehicle during the measurements in [14J. are represented by a 
bushing between the body and the ground. Estimates are used for the stiffness and damping 
in each direction of the connections with the ground and will be regarded as starting values 
for the tuning of the vehicle parameters. The suspension-mount has been regarded to be 
the most influential since it concerns wheel or suspension vibrations that are transferred 
to the body. Therefore, in [14] a driving point measurement is performed to determine the 
stiffness ofthe suspension-mount in x, y and z-direction: (Kx • Ky. K z ) = (3.0.106, 3.0.106, 

8.2 . 105) [Njm]. 
Another type of bushing is used for the main spring, the damper and the stabilizer bar in the 
suspension: a single-foree-component. This component can be set between two points on 
different bodies. The force on both bodies can then be defined as a function of a measure 
between the two points, e.g. the relative displacement, the relative velocity or a relative 
angle around an axis in the x, y or z-direction. To define the force of the main spring, a 
constant Kz is multiplied with the relative displacement between the bottom and the top of 
the spring. A rough estimate of the stiffness K z is determined in [14]. Different loads (F) 

38 



3.1 Model C01TtvO'j'LenLS 

are applied to the spring and the displacement (x) is measured. The spring stiffness K z is 
then calculated by averaging Kz = F / x for all the different loads, resulting in Kz=2.5 . 104 

N/m. To define the force of the damper, an equation for the damper force F as a function 
of the relative velocity v between the damper-bottom and the damper-top is used. This 
function is given as: 

2 
F = Dv + Fd-atan(fV), 

1f 
(3,1) 

with D the viscous damping-coefficient and Fd the Coulomb friction force of the damper. 
No damper parameter could be estimated based on measurements in [14J. due to integra
tion problems with the acceleration signals. Since no reliable data has been available that 
enables the estimation of the damping and friction parameter a priori, these values (D and 
Fd ) will be determined during the tuning of the parameters. As starting values for the 
tuning of the parameters, the values from the quarter-car model in Chapter 2. are used. 
A degressive damper is not implemented in the model, although it was recommended in 
Chapter 2. The parameters Ddeg and Vdeg could not be estimated due to the fact that a 
change in damping-coefficient at a certain velocity Vdeg is not apparent in the measurement 
data from [14]. 

To define the force of the stabilizer bar, a constant Tz is multiplied with the relative angle 
between the left side and the right side of the stabilizer bar. These two sides of the stabilizer 
bar are connected with each other through a cylindrical joint. A rough estimate of the tor
sional stiffness Tz of the stabilizer bar is determined in [14], by assuming that the stabilizer 
bar can be represented as a hollow shaft made of steel. Using the shear modulus of steel, 
the length of the bar and the inner and outer diameter of the hollow shaft, the torsional 
stiffness can be determined using the equation for the polar moment of area. This results 
in a torsional stiffness of3 .103 Nm/rad. 

The engine is connected with the body by three mounts: A bottom mount, a linear 
mount and a hydro mount. The bottom mount is a small arm that contains two rubber parts, 
one to connect to the body and one to connect to the engine. The engine bottom mount is 
constructed such that translation in the y- or z- direction is almost unrestricted, due to the 
low rotational stiffnesses of both mount parts. Only the translation in the x-direction is 
restricted by this mount, which is the reason that only Kx has been determined in [14]: K x"" 
6.5 . 105 N/m. A bushing is used for the connections of the small arm with the body and 
the engine, where the unmeasured stiffnesses in the y- and z- direction are estimated using 
values of a comparable vehicle based on LMS-experience. The linear mount is represented 
as a bushing between the engine and the body. The vertical stiffness of the linear mount 
is determined in [141 with a driving point measurement: K z "" 6 . 105 N/m. A hydromount 
is in fact a mount that has frequency- and input-dependant behaviour, see [36]. For lower 
inputs the hydromount acts as a linear mount and for higher inputs the hydromount has 
frequency dependant behaviour. This frequency dependant behaviour for high inputs ap
proaches the kind of behaviour that an elastomer compound shows. In this research it is 
assumed that the behaviour of the hydromount in the vehicle can be approached by a elas
tomer compound and the input-dependant behaviour of the hydromount is neglected. In 
[I4], a driving point measurement with a big, heavy hammer is performed to determine 
the vertical stiffness of the hydro mount, resulting in a stiffness of Kz= 4 . 105 N/m. For 
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the frequency dependant stiffness in the model it is assumed that the measured stiffness 
with a big. heavy hammer represents the stiffness at lower frequencies. The stiffness of the 
elastomer compound at higher frequencies and the loss-factor can not be estimated from 
these measurements; these values will be determined during the tuning of the parame
ters. The frequency dependant stiffness in the vertical direction of the elastomer compound 
is modelled in the complete-car model as it was modelled in the quarter-car model (see 
Section 2.3-3.2). The unmeasured stiffnesses of the linear mount and the hydromount in 
the x- and y- direction are estimated using values of a comparable vehicle based on LMS
experience. 

No estimates or measurements for the damping values of the connections described 
above were made in [14J. The values for damping will be determined during the tuning of 
the vehicle parameters. 

3.2 Tuning of the parameters 

A lot of parameters in the model have been roughly estimated and the conditions of some 
of the stiffness-measurements of the connections (see Section 3-1-3-2) are not the same as 
when these connections are mounted in the vehicle. Therefore, tuning of the parameters is 
needed to obtain good fits of the model-data on the measurement-data. The measurement
data is obtained from [14]. Two types of measurements have been performed: frf-measure
ments and time domain measurements. For the frf-measurements, the tire patch has been 
actuated with a low random input signal with a constant velocity spectrum. An input signal 
with a constant velocity power spectrum density is comparable with a standard road input, 
which is already discussed in Section 2.3.1. The rms-value of the low input (displacement) 
signal is 1.06 .1Q-4m. The frfs have been measured from the input displacement of the tire 
patch to the accelerations of the connection and output points on the vehicle. The connec
tion points are the points where parts of the suspension and engine are connected to each 
other or the body. The output points are the points that provide extra information about 
the vehicle's behavior, e.g. the vibrations on the seat or the seat rail. For the time domain 
measurement the acceleration time signals have been measured for the connection and out
put points of the vehicle. For both type of measurements the displacement time signal has 
been measured for the tire patch. This time-signal is used as input on the front right wheel 
of the complete-car model in the simulation in ADAMS/View corresponding to the type of 
measurement. 

First, the parameters in the model, such as stiffness and damping of the bushings, 
are tuned using a low-input frf measurement in Section 3.2.1. Next in Section 3.2.2, the 
parameters for the damper in the slip-phase, Fd and D, are tuned using the time-domain 
measurements. 

3.2.1 Frequency-domain tuning 

In this section, parameters of the model are tuned by comparing the frfs of the model with 
the measured frfs when the vehicle is actuated with a low random input. The frfs involve the 
displacement at the right wheel as input and the accelerations at different points on the car 
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as outputs. For this input the two dampers (on the left- and right-side of the suspension) are 
in the stick-phase. This can be stated due to the fact that the fn with an acceleration output 
on the damper top almost perfectly matches the one with the acceleration on the damper 
house as output both in amplitude and phase, implying that the motion of the damper top 
is approximately equal to the motion of the damper house. This input, with both dampers 
in the stick-phase, is used to tune the fns of the complete-car model, because in this case 
the behaviour of the vehicle is less influenced by the nonlinear behaviour of the damper. 

The choice has been made to focus on the fns in the vertical direction. The reason for 
this choice is the fact that the vehicle is actuated in this direction and thus the highest vibra
tions occur in this direction. During the tuning process most attention was paid to fitting 
the frfs at four output locations of the model with the fns of the measurement, because it 
would take too much time to tune the parameters such that all the fns of the model match 
all the frfs that are measured. The knuckle output and an engine point output are used be
cause these locations presents us with information about respectively the wheel-modes and 
the engine-modes. The location on the body where the suspension-mount is attached and 
the seatrail are used, because these points presents us with information about the body
modes. First, the location and the height of the resonances in the fns due to rigid body 
modes are tuned using several stiffness and damping parameters. Next, the wheel mode is 
tuned and, finally, the engine-modes. 

3.2.1.1 Rigid body modes 

From the measurement, 6 rigid body modes can be determined using a summation of 
a set of frfs. These rigid body modes are important for the behaviour of the vehicle for 
frequencies below 10 Hz. A summation of fns is calculated by determining the amplitude 
and phase using the average value of all real parts and the average value of all imaginary 
parts of the fns. By carefully choosing a set of fns in the x, y, or z-direction and comparing 
the amplitude and the phase with other sets of frfs in the x, y or z-direction, the frequency of 
each rigid body mode can be determined. For example, if one compares a summation of frfs 
in the vertical direction of output points on the left-side of the vehicle with that of points in 
the middle and with that of points on the right-side of the vehicle, the frequency of the Rx
mode, where the vehicles rotates around the x-axis, can be determined. The following rigid 
body frequencies are determined from the measurement: The damping and the stiffness 

rigid body mode: 
measurement f [Hz]: 

Table 3.1: Rigid body modes. 

of the tires, rear suspension, the torsional stiffness of the stabilizer bar are tuned, such 
that the calculated rigid body modes in ADAMS/View coincide with the measured rigid 
body mode frequencies, shown in Table 3.1. Almost every rigid body frequency of the model 
could be tuned at the frequency which was measured, except the Rx-mode. That is the mode 
where the body of the vehicle rotates around the x-axis. In the measurement the Rx-mode is 
located at 5.8Hz and in the model the Rx-mode is located at 6.5 Hz. Despite this difference 
in rigid body modes, good fits were obtained for the fns of the four selected locations for the 
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frequencies under the 10Hz in the z-direction. Due to the fact that for this part of the tuning 
the focus was on all six rigid body modes, including the translational mode in the x- and y
direction, also good fits are obtained for the x- and y-direction below 10Hz. The estimated 
value of the torsional stiffness of the stabilizer bar (3 . 103 Ns/rad) is increased to 5 . 103 

N s /rad. The resulting values of the parameters that are tuned can be seen in Appendix F. 

3.2.1.2 Wheel-mode 

The wheel-mode is the mode where the behaviour of the vehicle is mainly caused by the 
movement of the unsprung mass. The wheel-mode is depending on several parameters. 
The suspension-mount stiffness is an important parameter for the wheel-mode when the 
damper is in the stick-phase. Also, but in a lesser degree, the mainspring stiffness is im
portant for the wheel-mode. In the measurement when the damper is in the stick-phase the 
wheel-mode is located at 28 Hz. By tuning the stiffness and damping of the suspension
mount and the stiffness of the mainspring the frfs of the model are tuned on the frfs of 
the measurement. The stiffness of the suspension-mount in vertical direction is lowered, 
compared to the measured stiffness (8.2.105 N/m) in this direction, to K z=7 .105 N/m. The 
resulting values of the parameters that are tuned can be seen in Appendix F. 

3.2.1.3 Engine-modes 

The engine-modes are the modes where the behaviour of the vehicle is mainly caused by the 
movement of the engine mass. By changing the stiffness and damping of the three mounts 
of the engine, the engine-modes can be tuned. These modes lie in the region of 10 - 20 Hz, 
so for the tuning of the engine-modes the focus was on the frfs in this frequency-region. 
A change was made opposed to the measured values for the vertical stiffness of the linear 
mount (6.105 N/m) and the stiffness of the bottom mount in the x-direction (6.5.105 N/m), 
this resulted in a lower stiffness of Kz= 5· 105 N/m and Kx=5 . 105 N/m for respectively 
the vertical linear mount stiffness and the bottom mount stiffness in x-direction. For the 
hydromount, modelled as an elastomer compound, the best results were obtained for a 
stiffness ofthe mount at high frequencies to be K z=5 . 105 N/m and a loss-factor of6.5° at 
7 Hz. The resulting values of the parameters that are tuned can be seen in Appendix F. 

3.2.1.4 Frequency-domain tuning results 

The results of the tuning process in the frequency domain can be seen in Figure 3.3 to Fig
ure 3.II. Clearly, the frfs of the model nicely match the frfs of the low-input measurement. 
However, the peak due to the Rx rigid body mode (at 6.5 Hz) in the frfs of the model, where 
this rigid body mode is present, does not match the peak due to the Rx rigid body (at 5.8 Hz) 
in the corresponding frfs of the measurement. This may be an indication that the tuning 
of the rigid body modes needs more attention or the measurement which determined the 
rigid body properties of the trimmed body was not accurate enough. 

The fit of the frf of the seatrail (Figure n) is better than the fit of the frf of the seat 
(Figure 3.4). Large differences between the frf ofthe seat in the model and that of the mea
surement can be seen from frequencies above 22 Hz, see Figure 3+ A possible cause for 
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Figure 3.3: Seatrail, z-direction. Figure 3.4: Seat, z-direction. 

this is that the seat itself is included in the modal model and apparently this modal repre
sentation of the seat can not represent the seat-dynamics above 22 Hz very well. 
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Figure 3.5: Knuckle, z-direction. Figure 3.6: Dampertop and Knuckle. 

The frf of the knuckle in the model nicely fits that of the measurement, see Figure 3.5. 
Figure 3.6 shows that the frfs of the knuckle, to which the bottom-part of the damper is 
attached, and the damper top do not show any significant difference in the model and in 
the measurement. Moreover, the acceleration at the knuckle is the same as the acceleration 
at the damper top, for both the model and the measurement. This implies that the damper 
is indeed in the stick-phase for the low input for both the model and the measurement. The 
frfs shown in Figure 3.5 and Figure 3.6 are taken from the right side of the vehicle, which is 
the actuated side. For the unactuated left side, it also holds that the frfs of the damper top 
and the knuckle are equal; so the damper at the left-side is also in the stick-phase for the 
low-input for both the model and the measurement. 
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Figure 3.7: Engine, z-direction. 

In Figure 3.7 one can see that the frfs at the engine in the model nicely approximates 
the frfs measured at the engine. 

FRF roof 

F [H.] 

Figure 3.8: Roof left rear, z-direction. Figure 3.9: Body front, z-direction. 

To show that frfs of other points in the model also fit the frfs of the measurement, the 
results are shown of a point on the roof at the left rear-side and a point at the front of the 
body in respectively Figure 3.8 and Figure 3.9. Note that for the point on the roof the result 
for lower frequencies does not fit as well as results for other output points for these lower 
frequencies. This fact indicates that the rigid body modes differ somewhat from those that 
are measured. 

Although the focus was on the vertical direction, also satisfactory fits are obtained for 
the frfs in the x· and y- direction, see Figure 3-10 and Figure 3-11. The quality of these 
fits. especially under 10 Hz, is probably due to the tuning of all six rigid body modes, as 
described in Section 3.2.1.1. 
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Figure 3.10: Seatrail, y-direction. 
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Figure 3.11: Seatrail, x-direction. 

In this section, damping and friction parameters of the suspension are tuned by comparing 
the acceleration signals of the model with the measured acceleration signals when the vehi
cle is actuated with several heights of a bump input on the right wheel. Since no reliable data 
has been available that enables the estimation of the damping and friction parameter of the 
suspension, the values for D and Fd will be determined using this time-domain measure
ment. Measurements are performed, where one period of the input x(t) = A(1-cos(61Tt)), 
with A the amplitude, has been used as a simplified representation of a bump input. Since 
the electric dynamic shaker that is used is not able to apply a static load, before and after this 
bump input the signal consists of random noise (with a rms-value of 0.05 mm). This ran
dom noise will be low enough for the damper to be in the stick-phase and when the bump 
occurs the damper will switch to the slip-phase, but only if the bump is high enough such 
that the external forces on the damper exceed the Coulomb friction force of the damper. 
The point in time that the switch of the phase occurs, gives us information about the height 
of the Coulomb friction level FD. For a lower friction force level FD the switch to the slip
phase of the damper will occur earlier than for a higher FD. due to the fact that the external 
forces are increasing in time due to the bump-input. 
First, a single bump-input with A 7.5 mm is used to tune the friction-parameter FD. 
In Figure 3.12, the measured relative acceleration between the damper top and the knuckle 
is compared with the relative acceleration between the damper top and the knuckle of the 
model for different values of the Coulomb friction level FD. In the stick-phase, the knuckle 
will not move relative to the damper top. resulting in a zero relative acceleration, in contrast 
with the slip-phase where the knuckle can move relative to the damper top, resulting in 
a non-zero relative acceleration (except for the moment that the relative velocity reaches a 
non-zero maximum, which also corresponds to a zero relative acceleration). 

One can see in Figure 3.12 that for 125 N the damper in the model switches at the 
same point in time as observed in the experiment from the stick-phase to the slip-phase, 
at t = 5.035 sec. Moreover, one can see that for a higher FD the damper switches later 
to the slip-phase than for a relatively lower FD. Note the peaks in the measured relative 
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Figure 3.12: Relative acceleration between damper top and knuckle of the model for 
different FD compared with the measured relative acceleration. 

acceleration between the damper top and the knuckle after the damper switches from the 
stick-phase to the slip-phase. These peaks are not present in the model, which indicates that 
the friction model that is used can not describe the real friction in the damper very well. In 
Section 3.4, this fact is further investigated, by including a Stribeck-effect in the friction 
model. The value for the damping D is tuned by comparing the acceleration of the knuckle 
of the model with that of the measurement in a least-square sense for the bump input with 
A 7.5 mm, resulting in D=2250 Ns/m. 

3.2.2.1 Time-domain tuning results 

The results of the tuning process in the time-domain can be seen in Figure 3-13 to Fig
ure 3-20. A comparison between the model and the measurement has been made for a 
bump input with A = 1.5 mm, corresponding to a low input, and with A 7.5 mm, 
corresponding to a high input. For the low-input measurement the damper stays in the 
stick-phase and for the high-input measurement the damper will go in the slip-phase dur
ing the bump-input. The results of the model nicely fit the results of the time-domain 
measurement. 

Good fits are obtained for the seatrail, the seat and the knuckle in the vertical direction, 
see respectively Figures 3-13, 3-14 and 3-15· 

In Figure pG, the relative acceleration of the damper top and the knuckle is compared 
for the high bump input. Although the relative acceleration of the model approximately fits 
that of the measurement, one can see peaks in the relative acceleration of the measurement 
that are not present in that of the model. These peaks occur after the damper switches from 
the stick-phase to the slip-phase (as also observed in Figure 3-12). These peaks can be an in
dication that the Coulomb friction model does not approach the real friction in the damper, 
as discussed before, and this phenomenon will be investigated later in Section 3+ 
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Figure 3.13: Seatrail, z-direction. 
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Figure 3.14: Seat, z-direction. 
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Figure 3.15: Knuckle, z-direction. 
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Figure 3.16: Relative acceleration between damper top and knuckle for the model and 
the measurement. 

A 1.5mm A = 7.5mm 
0.6 

0.4 0.5 

c:;- c:;- O 
~ '" ---..§. ..§. 

-0.5 

-1 

-1.5 
5 6 7 8 5 6 7 

t [sec] t [sec] 

Figure 3.17: Engine, z-direction. 

The model results of the engine nicely fit the measurement, see Figure 3-17. In this 
figure. one can observe a different type of behaviour of the vehicle when the damper is in 
the stick-phase compared to when the damper is in the slip-phase. In the left figure, the 
behaviour when the damper is continuously in the stick-phase is depicted. The stick-phase 
of the damper causes the vehicle to take much more time to damp out the movement, due 
to a low bump input, than it takes when the damper is in the slip-phase for some time after 
a high bump input (see right figure of Figure P7). 

Figure 3.18 shows that the time-domain results for the point on the roof on the rear left 
side of the model does not fit the time-domain results for the measurement as well as for 
the other output points. This can also be seen in the frequency-domain results of this point 
in Figure 3.8, where for the lower frequencies the fit is not as good as for higher frequencies. 
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Figure 3.18: Roof left rear, z-direction. 

A = 1.5 mm A 7.5mm 

0.15 0.6 
i- moda I 

0.1 0.4 ; - measured. 

0.05 0.2 

N 
'" 

0 0 
....... 
Jl.. -0.05 -0.2 

-0.1 -0.4 

-0.15 -0.6 

-0.2 -0.8 
5 6 7 8 5 6 7 8 

t [sec] t [sec) 

Figure 3.19: Seatrail, x-direction. Figure 3.20: Seatrail, y-direction. 

For the x- and y-direction of the seatrail, the results of the comparison between model 
and measurement can be observed in respectively Figure 3-19 and Figure 3.20. These fits 
are not that good as those in the vertical direction. However, these figures show that the am
plitude of the movement and the time to damp out the movement are about the same for the 
model and the measurement. Since we know that for lower frequencies the behaviour of the 
vehicle is mainly determined by the rigid body modes, one can further improve the results 
of the left rear roof point and the results in x- an y- direction by adjusting the parameters 
that determine the rigid body modes. 

3.3 Validation of the complete-car model 

The complete-car model that is constructed in the previous section, is tuned on frf measure
ments that are performed with the damper in the stick-phase the whole time. When driving 
on a road the damper will probably switch to the slip-phase for a certain amount of the time. 
Therefore, the model will be validated by using measurement results of a test in which the 

49 



3. COMPLETE-CAR MODEL 

damper will switch a number of times during the measurement. Two measurements are 
used to validate the model. The inputs are the same as used in Section 3.2.1, but with an
other level of height. First, an input is used with an rms-value for the input (displacement) 
signal of 3.17 . 10-4 m, which from now on is called the mid-input. Second, an input is 
used with an rms-value for the input of 5.25 . 10-4 m, which from now on is called the 
high-input. Due to the fact that the second input has a higher level the damper will reside 
in the slip-phase for longer time intervals compared to the first input. This difference in 
amount of time that the damper is in the slip-phase may influence the vehicle's dynamic 
behaviour. 
Despite the fact that switching of the damper, between the two phases, is nonlinear be
haviour, the results shown are frfs which are used to characterize linear behaviour. A co
herence test between the input signal and the response signal can indicate how much the 
nonlinearities disturb the results. A bad coherence can also indicate a low signal-to-noise 
ratio, which occurs for example in an anti-resonance frequency. In [14], satisfactory co
herences are obtained during the measurements using the low-, mid- and high-input. For 
these inputs, also satisfactory coherences are obtained for the model in the frequency range 
of interest (up to 50Hz). 

3.3.1 Validation results 

The results of the mid- and the high-input are depicted in Figure 3.21 to Figure 3.32. For 
both the mid- and -high-input, the frfs of the model fit the frfs of the mid- and high-input 
measurement welL However, the resonance due to the Rx rigid body mode in the frfs of 
the model, where this rigid body mode is present, does not match with that of the mea
surement. This difference of the frequency of the Rx rigid body mode for the model and 
the measurement could also be observed when the parameters were tuned on the low-input 
measurement, see Section 3-2.1. 
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Figure 3.21: Seatrail, z-direction. Figure 3.22: Seatrail, z-direction. 

Another resemblance with the low-input measurement is that the frf of the seatrail (Fig
ures 3.21 and 3.22) fits better than the frf of the seat (Figures 3.23 and 3.24). As mentioned 
,before, this is probably due to the fact that the seat part of the modal model can not describe 
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Figure 3.23: Seat, z-direction. 
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the dynamic behaviour of the seat above 22 Hz. 
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Figure 3.25: Knuckle, z-direction. 
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3.3 Validation model 

FRF high-input 

Figure 3.24: Seat, z-direction. 

FRF Wgh-input 

Figure 3.26: Knuckle, z-direction. 

The frf of the knuckle in the model fits that of the measurement very well, see Figures 
3.25 and 3.26. One can see that the fit of the knuckle for the low-input, see Figure 3.5, 
is better than that for the mid- and high-input. This is probably due to the fact that the 
most parameters are tuned on the low-input measurement. For this low level of input, the 
stiffness and the damping of the suspension component may differ from that of the mid
and high-input. This could also be seen in [14]. where some stiffness parameters for the 
linear model with the damper in the stick-phase differ from that of the linear model with 
the damper in the slip-phase to obtain good results for both linear models. 

The frfs of the knuckle and the damper top for both the model and the measurement 
show a difference for respectively the mid- and the high-input, see Figures 3.27 and 3.28, 
opposed to that for the low-input in Figure 3.6. Clearly, the frf of the damper top lies under 
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Figure 3.27: Dampertop and knuckle, 
mid-input. 
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Figure 3.28: Dampertop and knuckle, 
high-input. 

the frf of the knuckle, which is due to the viscous damping in the damper which is active 
when the damper is in the slip-phase. This implies that the damper is in the slip-phase a 
number of times for both the model and the measurement. One can see that the difference 
between the knuckle and the damper top increases when the level of the input is increased 
for both the model and the measurement. This implies that for a high-input the damper 
resides in the slip-phase fora larger part of the time than for the mid-input. From the sim
u1ation with the model, one can determine the amount of time that the damper is in the 
slip-phase compared to the total simulation time, see Table 3.2- This was not possible for 

I Input RMS input [m] slip-phase [%] I 

• Low 1.06.10-4 0 i 

I Mid 3.17.10-4 3.9 

I High 5.25.10-4 21.8 

Table 3.2: Input levels and the corresponding part of the total time the damper is in the 
slip-phase. 

the measurement due to the fact that no information was available about the damper force 
or the relative velocity of the damper during the measurement. From this table, one can 
conclude that the damper in the model resides in the slip-phase longer for the high-input; 
21.8% compared to 3.9% for the mid-input. Although the damper on the actuated right side 
resides in the slip-phase for the mid-input and high-input, the damper on the unactuated 
left side is always in the stick-phase for these inputs. 

In Figures 3.29 and 3.30. the difference in behaviour of the knuckle when (1) a damper 
is fu1ly in the stick-phase (for the low-input), (2) a damper being a number of times in 
the slip-phase (mid-input) and (3) a damper resides longer in the slip-phase compared to 
the mid-input (high-input) for both the model and the measurement is depicted. For the 
low-input. the rigid body modes (under 10 Hz) have more influence on the response of 
the knuckle than for the mid- and high-input. Moreover, the vertical wheel mode has a 
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Figure 3.29: Knuckle, z-direction. Figure 3.30: Knuckle, z-direction. 

higher frequency (28 Hz) for the lOW-input and is less damped compared to the mid- and 
high-input. For the high-input, the rigid body modes and the vertical wheel mode are more 
damped, compared to the mid· input. 
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Figure 3.32: Engine, z-direction. 

50 

50 

The frfs of the engine in the model approximates the measured engine frfs well, see 
Figures 3.3I and 3.32. 

For the point on the roof at the rear left side, the fit of the results of the model is not 
that good as that for other points, especially for lower frequencies, see Figures 3.33 and 3-34. 
This was also seen for the low input in Figure 3.8. 

Another resemblance with the low-input results is that the results in x- and y-direction 
approximately fit the results of the measurement for the lower frequency range, see Figures 
3.35 and 3-36. 
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Figure 3.35: Seatrail, x-direction. 
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Figure 3.36: Seatrail, y-direction. 

The complete-car model, constructed in this chapter, provides results that are compara
ble with the frf-measurements and the bump input measurements in the time-domain. The 
frequency-domain results clearly show that the complete-car model can describe the vehicle 
dynamics when the damper is in the stick-phase and when the damper switches from the 
stick-phase to the slip-phase a number of times. The results clearly show that due to the 
stick-phase of the damper the vertical wheel mode shifts to a higher frequency and is less 
damped compared with the case when the damper is in the slip-phase for some portion of 
time. Another effect is the increased influence of the rigid body modes when the damper 
is in the stick-phase. Besides this fact, it can be concluded that if the amount of time that 
the damper is in the slip-phase increases, the damping of the vertical wheel mode and the 
rigid body modes also increases. The time-domain results clearly show that the complete
car model can describe the difference in behaviour of the vehicle when the damper resides 
in the slip-phase for some portion of time, and when the damper is in the stick-phase for all 
time during a bump-input. 
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3.4 Model improvement 

Although the model accurately matches the measurement, also some differences between 
the model and the measurement are present. In the next section, this will be further in
vestigated by suggesting and testing some modifications in the model that can improve the 
model. 

3.4 Model improvement 

As discussed before, the Rx rigid body mode could not be tuned at the right frequency. This 
may be an indication that the tuning of the rigid body modes needs more attention or that 
the measurement which determined the rigid body properties of the trimmed body is not 
accurate enough. If the parameters are tuned such that the Rx rigid body mode is at the 
correct frequency, then three other rigid body modes are badly tuned. Consequently, if one 
assumes that the tuning process is correct, then the frequency of the peak of the Rx rigid 
body mode can also be altered in another way. By changing Ixx of the inertia tensor, the 
frequency of the Rx rigid body mode can be altered without a change of the other rigid body 
modes. To show that a change of the Ixx will improve the fit of the results of the model on 
the measurement, a simulation is performed on a low-input with an increased Ixx. The Ixx 
is increased with 20% (which is a factor 1.2). from 1000 [m2kg] to 1200 [m2kg], due to the 
fact that we desire to lower the frequency of the Rx rigid body mode with IO% (which is a 

factor 0.9 = .f1.;). from 6.5 Hz to 5.8 Hz. 

Figure 3.37 shows that the increased Ixx leads to a shift of the Rx rigid body-mode, that 
could not be tuned at the right frequency in Section 3.2.LI. Although the decrease of the 
frequency is more than the expected 10%, this indicates that an increase of the Ixx will im
prove the fit of the model results on the measurement results and thus will it improve the 
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Figure 3.37: Seatrail, z-direction, for Ixx = 1000 m2kg (original) and for Ixx = 1200 
m2kg (improved). 
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model. This may as well be an indication that the measurement that determined the body
properties of the trimmed body may not be accurate enough in this respect. 

Besides the improvement of the model by increasing the inertia parameter lxx, another 
model-improvement is suggested and tested next. From the time-domain tuning process in 
Section 3.2.2, one could see peaks in the relative acceleration of the measurement between 
the damper top and the knuckle after the damper switches from the stick-phase to the slip
phase, see Figures 3.12 and 3-16. These peaks are not present in the model, which indicates 
that the friction model that is used can not describe the real friction in the damper. The 
fact that the peak occurs shortly after the damper switches to the slip-phase may imply 
that the friction contains a Stribeck-effect, which is a nonlinear low-velocity friction effect 
that contributes to the stick-slip phenomenon. Equation (3.1) for the damper force in the 
complete-car model is adjusted, such that it includes the Stribeck-effect (from [42]): 

F = Dv + (Fd + (Fs - Fd)e-(~)o) ~atan(EV) (3.2) 

where Fs is the Stribeck-force, Vs the critical velocity of the Stribeck-effect and 8 determines 
the steepness of the transition between the Stribeck-effect and the Coulomb friction. To 
show that the extension of the friction-model with the Stribeck-effect is an improvement of 
the model, a simulation is performed with the complete-car model where the bump-input 
with A= 7.5 mm is used as an input. The following parameters, which are obtained after a 
tuning-process to obtain comparable results with the measurement, are used: Fd = 65 N, 
Fs 125 N, VS 0.03 mls and 8 = 3.5. 
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Figure 3.38: Relative acceleration be
tween damper top and knuckle of the 
model for the original and improved fric
tion model, compared with the measured 
relative acceleration. 
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Figure 3.39: Damperforce F vs velocity 
v diagram for the original and improved 
friction model. 

Figure 3.38 shows the relative acceleration between the damper top and the knuckle for 
the original (only Coulomb friction), the improved (Coulomb friction + Stribeck-effect) fric
tion model and the measurement. One can see that a peak is now present for the improved 
friction model, which indicates that the extension of the friction model with the Stribeck
effect will improve the fit of the model results on the measurement results. The difference 
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between both friction-models is shown in Figure 3.39, where it should be noted that the de
picted damperforce F includes the force due to viscous damping as well as the force due to 
the friction model. Although the result of the improved friction model in Figure 3-38 does 
not perfectly fit the measurement, this bump-input simulation indicates that adjusting the 
friction-model can improve the result. 

3.5 Discussion complete-car Model 

The complete-car model, constructed in this chapter, provides results that are comparable 
with the frf-measurements and the bump input measurements in the time-domain. The 
frequency-domain results clearly show that the complete-car model can describe the vehicle 
dynamics when the damper is in the stick-phase and when the damper switches between 
the stick-phase and the slip-phase. The results clearly show that due to the stick-phase of 
the damper the vertical wheel mode shifts to a higher frequency and is less damped com
pared with the case when the damper is in the slip-phase for some portion of time. Another 
effect is the increased influence of the rigid body modes when the damper is in the stick
phase. Besides this fact, one could see that if the amount of time that the damper is in 
the slip-phase increases, the damping of the vertical wheel mode and the rigid body modes 
also increases. The time-domain results clearly show that the complete-car model can de
scribe the difference in behaviour of the vehicle when the damper resides in the slip-phase 
for some portion of time, and when the damper is in the stick-phase for all time during a 
bump-input. 

To discuss the usefulness of the nonlinearity in the complete-car model, the nonlin
ear complete-car model is compared with the two linear complete-car models that are con
structed in [14]. Different results for the high-input comparison may be observed, due to the 
fact that the linear model for the damper in the slip-phase contains another set of param
eters than that for the damper in the stick-phase. In the linear models, especially the stiff
nesses of the tire, rear-suspension and the engine-mounts are different for the two phases 
of the damper. The nonlinear model, proposed here. uses only one parameter-set for the 
low- and high-input, but includes the friction in the damper and the frequency-dependent 
stiffness in one of the engine-mounts. The linear model for the damper in the slip-phase is 
only valid for that certain high-input. This is due to the fact that a different high-input will 
result in a different suspension characteristic, due to an uncertain number of times that the 
damper will be in the stick-phase. A different set of suspension parameters will be needed 
for the linear model with the damper in the slip-phase for each experiment with a differ
ent input level. However, the damper of the nonlinear model can be a different number of 
times in the slip-phase for different levels of the high-input. Therefore, the changing sus
pension characteristic for different levels of input can be predicted by the nonlinear model. 
due to the friction that is incorporated in the damper model. This conclusion can also be 
drawn from the time-domain results presented in Section 3.2.2. In [141. it is shown that 
the stick-model can not be used for a bump-input measurement where the damper is in 
the slip-phase and the slip-model can not be used for a bump-input measurement where 
the damper is in the stick-phase. In this report, it is shown that the nonlinear model yields 
good fits for both bump-inputs and it can describe the different behaviour of the vehicle 
(see Figure 3-17 for example) when the damper is continuously in the stick-phase and when 
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the damper is in the slip-phase for several time intervals after the bump-input. 

The frequency-domain results show that the Rx rigid body mode is not represented by 
the model at the right frequency. This indicates that the tuning of the rigid body modes 
needs more attention or that the rigid body properties of the trimmed body, which are de
termined in a measurement, are not accurate enough. For example, if the Ixx of the inertia 
tensor of the trimmed body is increased, then the frequency of the Rx rigid body mode 
will decrease. Moreover, the frfs of the seat in vertical direction show that there are large 
differences between the model and the measurement for frequencies above 22 Hz. This 
indicates that the seat part in the modal model can not describe the seat-dynamics above 
this frequency. An additional seat model would improve this result. 
The time-domain results indicate that the measurement show large peaks in the relative 
acceleration of the damper top and the knuckle when the damper switches from the stick
phase into the slip-phase. These peaks are not present in the results of the model. A 
reason for this is that a simple Coulomb friction model is used. Further investigation of 
the damper's transition from the stick-phase into the slip-phase will improve the results. 
For example, the fit of the model results on the measurement results will improve if the 
Stribeck-effect is included in the friction model. Furthermore, the damping coefficient and 
the height of the Coulomb friction is determined by tuning. This implies that the values 
for these parameters will not be very accurate, which may result in differences between the 
results of the model and the measurement. 
Another reason for differences between the model results and the measured results is that 
the model is a very simple representation of the vehicle. The model will never be able 
to show all effects or modes that are present in the real vehicle. For example, the input
dependency of the hydromount is neglected in this model. If a model for this mount is used 
that better approximates the behaviour of the hydromount, then this would most probably 
improve the results. 
A last reason for model mismatch is that just a few parameters, that have been used in the 
model, actually have been measured directly. All other parameters have been estimated or 
tuned. Moreover, most parameters, that are tuned, are tuned on the measurement for the 
lOW-input, where the damper is continuously in the stick-phase. For this low level of input 
the stiffness and damping of the components of the vehicle might be different compared 
to that for higher levels of input, which may result in differences between the results of the 
model and the measurement for higher levels of input, i.e. some stiffnesses or damping 
behaviour may exhibit nonlinearities. This could also be seen in [14], where some stiffness 
parameters for the linear model with the damper in the stick-phase differ from that of the 
linear model with the damper in the slip-phase to obtain good results for both linear mod
els. 
An increase in the number of measured parameters would speed up the tuning process 
and could also result in better model results. Although some improvement of the model 
can be suggested, this nonlinear complete-car model will increase the insight of the influ
ence of friction in the suspension in both the frequency- and time-domain behaviors and 
can support the design aiming at improved passenger comfort on both rough and smooth 
roads. 
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Chapter 4 

Parameter-sensitivity study for 
vibration comfort 

In the previous chapter, a complete-car model is constructed that can predict the vehicle's 
behaviour for different kinds of inputs. Using this model, some parameters will be varied 
to study their influence on the comfort level for different types of road. 

To compare the comfort of a vehicle for different parameter-sets, one should be able 
to determine a value for the level of comfort a passenger experiences during a ride on a 
specific road for a certain set of parameters. In [14], correlations have been determined 
between subjective test data and measurement data. It turned out that using an overall 
rms-value of filtered data, according to [22], does not result in satisfactory correlations. It 
is shown that especially the vibrations outside the frequency range of interest (4-8 and 4-
20 Hz; indicated by [22.]), contribute to the correlation between the subjective rating and 
the measured vibrations. The best correlation was found for the overall rms-value of the 
unfiltered data at the seatrail in the range 2 50 Hz. The overall rms-value is determined 
as follows: 

RM Squerall J RM S~ + RM S~ + RM S;, (4.1) 

where RMSx,RMSy and RMSz corresponds to the rms-value of the unfiltered PSD of 
the acceleration signal at the seatrail in the range 2 50 Hz for respectively the X-, y- and 
z-direction. This will lead to a vibration comfort value that will decrease if the vibration 
comfort becomes better and increase if the vibration comfort becomes worse. Note that this 
comfort value is a value for comfort with respect to vibrations and neglects the drivers per
ception of comfort with respect to e.g. noise, luxury and image of car. It is most probable 
that these effects will also influence the drivers perception of comfort of a vehicle. Besides 
that, results shown and conclusions drawn in this chapter are related to this value for vibra
tion comfort. 

A simple parameter-sensitivity study with respect to comfort is performed. It is shown 
in previous chapters that due to friction in the damper, amongst other differences, the be
haviour of the vehicle is less damped if the damper is in the stick-phase. The amplification 
from road-input to seat-rail accelerations is higher for a low-input level than for a high-input 
level. Two types of road are used here: a smooth road and a rough road. On a smooth road, 
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the damper will reside in the stick-phase most of the time and on a rough road the damper 
will reside in the slip-phase most of the time. From [14], we obtained data from the knuckle 
of a vehicle on a smooth and rough road. No information is known about the precise road 
input. A simulated road input is used here, which is already discussed in Section 2.3-1. 
The height of input that corresponds to a smooth or rough road used in the simulation is 
determined by comparing the rms-value of the knuckle on that corresponding road during 
the measurement with that of the simulation. The rms-value of the input that corresponds 
to the smooth road is 0.0075 m and that of the rough road is 0.043 m. For the parameter-set 
from Appendix F, which is used as a reference parameter-set to compare the results of the 
parameter-variations with, it turned out that for a smooth road input the damper is in the 
slip-phase for 31.3% of the time and for a rough road the damper is in the slip-phase for 
79.4% of the time. 
First, it is investigated how the comfort of a vehicle is influenced when the amount of 
Coulomb friction is increased or decreased. Secondly, note that being in the stick-phase, the 
damping behaviour of the damper will not apply. An idea studied here is to add damping to 
the suspension-mount such that the undamped behaviour that occurs for the low-input is 
more damped. Finally, the influence of the stiffness of this mount is investigated. 

4.1 Varying Coulomb friction 

The amount of Coulomb friction in the damper is varied for a simulation with a smooth 
road input and a rough road input. The reference value for the Coulomb friction force FD 
is 125 N. The parameter FD is varied as follows: 62.5,93.75, 125, 187.5 and 250 N, where 
the first and the last variation is the reference value respectively divided by two and doubled. 
The difference in acceleration at the seatrail for a time-interval for the different values of FD 
is shown in Figures 4.1 and 4.2 for respectively the smooth road input and the rough road 
input. Clearly, for a smooth road the accelerations of the seatrail are lower for a decreased 
value of the Coulomb friction force FD. For a rough road the difference in accelerations 
can not be observed that well. To compare the vibration comfort values for the smooth road 
and the rough road, a relative vibration comfort value is determined. The vibration comfort 
value for the reference simulation is set to 100% and the vibration comfort values for the 
different variations are determined relative to the reference vibration comfort value. The 
resulting relative vibration comfort values are shown in Figures 4.3 and 4.4 for respectively 
the smooth road input and the rough road input. 

Figures 4.3 and 4.4 show that a decrease of the Coulomb friction force in the damper 
will decrease the relative vibration comfort value and thus increase the comfort in a vehicle. 
This is due to the fact that the damper will reside in the slip-phase for a larger portion of 
time, such that the influence of the less damped behaviour of the vehicle, when the damper 
is in the stick-phase, decreases; this results in lower accelerations at the seatrail and thus 
in a lower vibration comfort value. Moreover, Figures 4.3 and 4.4 show that the variation 
in the Coulo:mb friction force has more influence on the comfort value for the smooth road 
than on the rough road. This is due to the fact that a smooth road input causes the external 
forces on the damper to be in the same order of magnitude as the Coulomb friction force. 
However, on a rough road the Coulomb friction force is relatively small compared to the 
external forces on the damper. Consequently, a change in the Coulomb friction force will 

60 



SlIlooth road 
U; 

OJ; 

A 
" -g 
il 

1 
i 
8l 
'" 

27.1 27.2 27.3 27.4 27.5 
t [sec] 

Figure 4.1: Seatrail acceleration, z
direction, for varying Coulomb friction 
FD, on a smooth road. 
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Figure 4.3: Relative vibration comfort 
value for varying Coulomb friction FD, on 
a smooth road. 

4.2 Adding damping to the suspension-mount 
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Figure 4.2: Seatrail acceleration, z
direction, for varying Coulomb friction 
FD, on a rough road. 
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Figure 4.4: Relative vibration comfort 
value for varying Coulomb friction FD, on 
a rough road. 

have more influence on the vehicle's behaviour on a smooth road than on a rough road. 

4.2 Adding damping to the suspension-mount· 

When the damper is in stick-phase, the vibrations are less damped compared to the situ
ation in which the damper is in the slip-phase. By adding damping, in the z-direction, to 
the suspension-mount, vibrations at the seatrail may be reduced in the stick-phase. The 
reference value for the suspension-mount damping in the vertical direction is zero, see Ap
pendix F. The damping is varied as follows: 0,500,1000 and 2000 Nm/s, where 1000 Nm/s 
is a comparable damping value used in other connections of the complete-car model, which 
is divided by two and doubled for respectively the second and the last variation. This varia-

61 



4. PARAMETER-SENSITIVITY STUDY FOR VIBRATION COMFORT 

tion is performed on a smooth road and on a rough road. The difference in acceleration at 
the seatrail for a time-interval for the different values of the suspension-mount damping is 
shown in Figures 4.5 and 4.6, where one can see that the difference in acceleration is very 
small. The resulting relative vibration comfort values are shown in Figures 4.7 and 4.8 for 
respectively the smooth road input and the rough road input. 
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Figure 4.5: Seatrail acceleration, z
direction, for varying suspension-mo1lllt 
damping, on a smooth road. 
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Figure 4.6: Seatrail acceleration, z
direction, for varying suspension-mount 
damping, on a rough road. 
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Figure 4.7: Relative vibration comfort 
value for varying suspension-mount damp
ing, on a smooth road. 

Figure 4.8: Relative vibration comfort 
value for varying suspension-mount damp
ing, on a rough road. 

Figures 4.7 and 4.8 show that by adding damping to the suspension-mount the comfort 
of the vehicle increases on both type of roads. Again, the influence of the added damping 
on the smooth road is greater than that on a rough road; this is due to the fact that on 
a rough road the damping of the damper itself is dominant with respect to the damping 
of the suspension-mount (due to the higher input). However, on a smooth road, where 
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4.9 Varying suspension-mount stiffness 

the damper resides in the stick-phase most of the time there is a lack of damping and the 
suspension-mount damper adds significant damping. 

4.3 Varying suspension-mount stiffness 

The suspension-mount stiffness plays an important role in the vehicle's behaviour when 
the damper is in the stick-phase. For the stick-phase of the damper, this stiffness mainly 
determines the frequency of the vertical wheel mode. The reference value of the suspension
mount stiffness is 7.105 N/m. To study the influence of the suspension-mount stiffness on 
the vehicle's comfort, the stiffness of this mount is varied in the following range: 3.5.105, 

5.25· 105 , 7· 105, 10.5· 105, 14 . 105 Njm, where the first and the last variation is the 
reference value respectively divided by two and doubled. This variation is performed on 
a smooth road and on a rough road. The difference in acceleration at the seatrail for a 
time-interval for the different values of the suspension-mount stiffness is shown in Figures 
4.9 and 4.10. Clearly, for a smooth road the accelerations at the seatrail are lower for an 
increased stiffness of the suspension-mount. For a rough road these differences can not be 
observed that well. The resulting relative vibration comfort values are shown in Figures 4.II 
and 4.12 for respectively the smooth road input and the rough road input. 

0.8 

~ 0.6 

Ji 0.4 

.~ 
~ 0.2 

1 0 

27.1 

Smooth road 

27.2 27.3 27.4 
t [sec] 

Figure 4.9: Seatrail acceleration, z
direction, for varying suspension-mount 
stiffness, on a smooth road. 
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Figure 4.10: Seatrail acceleration, z
direction, for varying suspension-mount 
stiffness, on a rough road. 

Figures 4.II and 4.I2 show that an increase of the stiffness of the suspension-mount, 
will increase the comfort of the vehicle. If the suspension-mount stiffness is increased, 
then the frequency of the vertical wheel mode will also increase. The road-input has an 
higher amplitude for the lower frequencies than for the higher frequencies. This leads to 
a decrease in the amplitude of the accelerations caused by the vertical wheel mode, if this 
vertical wheel mode shifts to a higher frequency. The influence of this stiffness variation on 
both type of roads is about the same. 
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Figure 4.11: Relative vibration comfort 
value for varying suspension-mount stiff
ness, on a smooth road. 
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Figure 4.12: Relative vibration comfort 
value for varying suspension-mount stiff
ness, on a rough road. 

4.4 Discussion parameter-sensitivity study 

The model that is constructed enables one to perform a parameter-sensitivity study with 
respect to vibration comfort of a vehicle. The vibration comfort value is used to predict the 
level of comfort a passenger encounters during a ride on a specific road for a certain set of 
parameters. 
Clearly, lowering the Coulomb-friction force, the increase of the damping of the suspension
mount and the increase of the stiffness of the suspension-mount will improve the vibration 
comfort value for a smooth road input and a rough road input for this vehicle. Lowering 
the Coulomb friction will lead to a decreased number of times that the damper is in the 
stick-phase, which results in an increasingly damped behaviour, and thus an increased level 
of comfort. When the damper is in the stick-phase, the total damping of the accelerations 
at the seatrail can be increased by adding damping to the suspension-mount. Moreover, 
by increasing the stiffness of the suspension-mount the vertical wheel mode will shift to a 
higher frequency, which results in a decrease of the amplitude of the accelerations, that is a 
result of the road-input spectrum. It should be noted that these conclusions are related to 
the chosen value to predict the driver's perception of comfort. 
In practice, however, reducing friction in the damper is not easily applicable, due to either 
limitations in the design of the damper for handling of the vehicle or to limitations in the 
sealing and guidance in the damper. It is therefore more interesting that, by varying other 
parameters of the suspension, an increase of comfort can be achieved. Finally, it should be 
noted that this parameter sensitivity study shows that the model proposed in this work can 
readily be used to support design decisions aiming at improved passenger comfort on both 
smooth and rough roads. 
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Chapter 5 

Conclusions and Recommendations 

The first goal in this master's thesis research is to investigate what the influence of Coulomb 
friction is in a shock-absorber on the vehicle's dynamic behaviour. This is done by perform
ing simulations with a quarter-car model and a complete-car model. Another goal is to 
investigate whether the dynamic behaviour of a vehicle, with friction present in the shock
absorber, can be predicted using 3D full vehicle model. Finally, the last goal is to show how 
such a 3D full vehicle model can be used for a vehicle's comfort analysis and to support 
future design decisions aiming at increased passenger comfort. 

5.1 Conclusions 

Using several quarter-car models, it is shown that a single nonlinear quarter-car model 
with Coulomb friction modelled in the damper can integrally describe the behaviour of a 
linear quarter-car model with the damper in the stick-phase and one with a damper in the 
slip-phase. The two linear models and the single nonlinear model shows the influence of 
friction in a damper on the vehicle's dynamic behaviour. It is shown that, for low levels 
of the input at the wheel, the stick-phase of the damper leads to high accelerations at the 
body mass. It is also shown that the transitions between the stick-phase and the slip-phase 
influences the movement of the unsprung mass, but this movement does not, or to a small 
extent, influence the movement of the body mass. So, the stick-phase of the damper leads 
to higher accelerations at the body mass due to the lack of damping in the system when 
the damper is in the stick-phase. Moreover it is shown that, due to the Coulomb friction 
in the damper, the resonance frequencies of the system increase when the level of input 
at the wheel decreases. This frequency-shift is caused by the increased influence of the 
suspension-mount stiffness, when the damper is in the stick-phase. 

The complete-car model, constructed in this work, is tuned using an frf-measurement 
with the damper continuously in the stick-phase and using a time-domain measurement 
where several heights of a bump input are used as input. During these measurements the 
vehicle is actuated at the right front wheel. The results in the frequency- and time-domain 
show that the results of the model fit the results of the measurement well when the damper 
is continuously in the stick-phase. The time-domain results clearly show that the complete
car model can describe the difference in behaviour of the vehicle when the damper is in the 
slip-phase for some time intervals (and in the stick-phase for others) and when the damper 
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is in the stick-phase at all times during a bump-input. The stick-phase of the damper causes 
the vehicle to take much more time to damp out the movement, due to a low bump input, 
than it takes when the damper is in the slip-phase for several time intervals after a high 
bump input. 

The complete-car model is also compared with two frf-measurements to validate the 
model for other levels of input. Both measurements involve a higher level of input than the 
one used for the tuning of the model. The results clearly show that the complete-car model 
can describe the vehicle dynamics well. When the frf results of all inputs, including those 
used for the tuning, are compared, it can be concluded that, due to the stick-phase of the 
damper, the vertical wheel mode shifts to a higher frequency and is less damped compared 
to the damper that resides in the slip-phase for some portion of time. Another observed 
effect is that the rigid body modes are less damped when the damper is in the stick-phase. 
compared to when the damper is in the slip-phase for some portion of time. Besides these 
observations. one could see that if the amount of time the damper is in the slip-phase in
creases, the damping of the vertical wheel mode and the rigid body modes also increases. 

Although the model accurately matches the measurement, also some differences be
tween the model and the measurement are present. First, in the frequency-domain results, 
the Rx rigid body mode is not represented by the model at the right frequency. The Rx rigid 
body mode is the mode were the body of the vehicle rotates around the x-axis, which is the 
axis from the front of the vehicle to the back. We conclude that the tuning of the rigid body 
modes needs more attention or that the rigid body properties of the trimmed body, which 
are determined in a measurement, are not accurate enough in this respect. For example, 
if lxx. the moment of inertia around the x-axis, of the trimmed body is increased, then 
the frequency of the Rx rigid body mode will decrease yielding a better match with the frf
measurements. Secondly, the frf-measurements (of all levels of input) show that the fit of 
the seat response was not as good as the fit of the seatrail response. This indicates that the 
seat part of the modal model can not describe the seat-dynamics accurately enough. A more 
detailed seat model could improve this result. Finally, for the bump-input measurements, a 
difference between the relative acceleration of the damper top and the knuckle of the model 
and the measurement is observed. It is shown that an extension of the friction model with 
the Stribeck-effect results in an improved fit of the model on the measurement. 

In general, it can be concluded that the nonlinear vehicle model can predict the be
haviour of a vehicle and the amount of time that the damper is in the stick-phase. This 
amount of time determines the influence of the stick-phase on the results in the frequency
domain. Although some improvement of the model can be suggested, this nonlinear 
complete-car model will increase the insight in the influence of friction in the suspension, 
in both the frequency- and time-domain, on the overall vehicle vibrations. 

The proposed model enables us to perform a parameter-study with respect to comfort 
of a vehicle. A vibration comfort value, see [14], is used to predict the level of comfort a 
passenger encounters during a ride on a specific road for a certain set of model parameters. 
It is shown that a decrease of the Coulomb friction, an increase of the damping in the 
suspension-mount and the increase of the suspension-mount stiffness will improve the 
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vibration comfort value for a smooth and rough road for this vehicle. In practice, however, 
reducing friction in the damper is not easily applicable due to limitations of the design of 
a damper. It is therefore interesting to note that an increase of comfort can be achieved 
by varying other components of the suspension. Finally, this parameter sensitivity study 
shows that the model proposed in this work can readily be used to support design decisions 
aiming at improved passenger comfort on both smooth and rough roads. 

5.2 Recommendations 

To increase the reliability of the damper-parameters used in the complete car model, one 
should perform a dedicated damper-measurement. In this measurement, the displacement 
should be measured, such that by differentiation of the displacement signal the velocity is 
known. This desired velocity data is needed to estimate the characteristic of the damper 
(including damping, friction and possibly its degressive characteristic). Besides a measure
ment, further investigation of the current friction model could improve the results of the 
model. 

In the proposed vehicle model, a very simple engine model has been used that is based 
on a roughly estimated location of the center of gravity and inertia values that are also es
timated. By performing a rigid body measurement on the engine, the reliability of these 
values can be increased. Furthermore, the hydromount in the vehicle is modelled as a elas
tomer compound, with a frequency-independent stiffness. If a model is used that better 
approximates the behaviour of the hydromount, and which also has an input-dependent 
stiffness characteristic, then this would most probably improve the results. This improve
ment of the hydromount model can obviously only be used if this nonlinear characteristic 
of the hydromount is known. 

In the frf comparisons for the low-, mid· and high-input between the model and mea
surement, it can be recognized that the behaviour at the seat in the model does not closely 
resemble the measurement at the seat. A detailed seat model could improve the prediction 
of the seat behaviour. Another flaw of the current model, visible in all frf-comparisons, is 
the incorrect frequency of the Rx rigid body mode in the model. Further investigation of 
the rigid body properties of the modal model of the trimmed body, by means of a new mea· 
surement or by means of a simulation with a different inertia tensor, is needed to improve 
the results of the model. 

A large part of the parameters that have been used in the model have been estimated 
and have not been measured directly. If all parameters would be determined based on mea· 
surement information, the reliability of the starting values for the parameter will increase. 
This may result in a shorter duration of the tuning process. 

Besides the three parameters that are used in the parameter-sensitivity study, one could 
investigate the influence of other parameters of the complete-car model on the vibration 
comfort value. It is known that for the low-input level, the torsion mode of the trimmed 
body couples with the vertical wheel mode. Therefore, the influence of the properties of the 
flexible body could be investigated by looking at the comfort value resulting from a flexible 
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body with a different global stiffness. Moreover it was shown, using the quarter-car model, 
that a degressive damper has a significant influence on the behaviour of the body. So the 
influence of a degressive damper on the vibration comfort value should be investigated 
using the complete-car modeL 
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Appendix A 

Switch model 

In [331 and l341 the switch-model is described. The switch-model is used to perform nu
merical simulations with discontinuous systems. A Coulomb friction-model as depicted in 
Figure 2.8-a in combination with a mass-spring damper system is an example of a discon
tinuous system. In order to numerically integrate the differential inclusion (2.3), the switch 
model introduces a boundary layer with thickness 2'f1 around the switch plane to allow for 
an efficient numerical approximation. The switch plane is the band with zero relative veloc
ity (x = 0), i.e. where stick occurs, of the system described in Section 2.3.2.I. The switch 
model treats the system as different sets of ordinary differential equations. Hereto, the state 
space is divided in a number of subspaces, each subspace has its own smooth ordinary dif
ferential equation. At each timestep the state vector is inspected to determine whether the 
system is in one of the subspaces. The corresponding time derivative of the state vector is 
then chosen. 

The boundary layer of small velocities around the switch plane (i.e. x = h = 0, with h 
the smallest distance to the switch plane) is defined as Ihl < 'fl. The system is considered to 
be in one of the slip modes if the relative velocity lies outside this narrow band. Inside this 
narrow band, the system can be in a stick mode or in a transition mode. The finite region 
is necessary for digital computation since an exact value of zero will rarely be computed. 
If the velocity x lies within the narrow band and if the friction force, needed to make an 
equilibrium with the external forces on the mass, exceeds the Coulomb friction force Pd, 
the system is considered to be in transition from stick to slip. If the velocity x lies within 
the narrow band and the external forces on the mass do not exceed the Coulomb friction 
force Pd, the system is considered to be in the attractive (or repulsive) sliding mode. In the 
attractive sliding mode the state of the system is pushed to the middle of the boundary layer, 
the switch plane (or x 0), and will stay there as long as the condition for the attractive 
sliding mode holds, which means that the system remains in stick if the external forces on 
the system do not exceed the Coulomb friction Pd. Convergence to the middle of the band 
within the attractive sliding mode is established by setting 

(A.I) 

which will force h -+ 0 exponentially with time constant r, which determines how 'fast' 
the solution will be pushed towards the switching boundary h = O. With n the vector 
perpendicular to the switch plane and the vector field in the sliding mode (close band around 
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the switch plane) is x(t) = af+ + (1 - a)f- such that the following can be obtained: 

Substitution of (A.2) in (A.l) gives the value of the a for the attractive sliding mode: 

nTf_ + r-1h 
nT(J_ - 1+)' 

(A.2) 

(A.3) 

The thickness parameter 17 should be chosen sufficiently small to have no qualitative influ
ence on the numerical solution of the system of equations. This switch model maintains 
the continuity of the state vector and yields a set of non-stiff ordinary differential equations. 
A disadvantage of the switch model is the rapidly increasing complexity of the logical struc
ture with an increasing number of switching boundaries. The pseudo-code for the system 
described in Section 2.3.2.1 is given on the next page. 
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A. SWITCH MODEL 

function 

% calculate 

n=[O l]T 

hex) = x 

f+ ~ [-=-=x~· 1 

~ [ 
iflhl > 1] 

else 

end 

x = odefunction(t,x) 

n, hex), f+(t, x), f _(t, x) 

% normal vector to switch plane 

% smallest distance to switch plane 

slip-phase 

ifh> 1] 

x(t) = 1+ 
else 

x(t) = 
end 

ifnT 1+ > 01\ nT f- > 0 transition 

x(t) 1+ 
end 

if n T 1+ < 0 1\ n T f _ < 0 transition 

x(t)=f-
end 

ifnTf+ <Ol\nTf_ > 0 attractive sliding mode 

a= 
nT f- + r-1h 
nT(f_ 1+) 

x(t) = 0:1+ + (1- o:)f-
end 

ifnTf+ > Ol\nTf_ < 0 repulsive sliding mode 

xCt) f+ 
end 

where F is the force acting on the mass and x is the displacement of the mass. Note that for 
this simulation (mass with stiffness, damper and friction) the repulsive sliding mode does 
not occur. This is due to the fact that 
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- Dx K x - Fd + F > 0 
m 

(AA) 



and 

-Dx Kx+Fa+ F < 0 
m 

can never apply at the same time. 

(A.5) 

75 



Appendix B 

Smooth friction parameter E 

The smooth model for friction uses the parameter € to define the steepness of the friction
model. In this appendix, a value for € is found to be used in this thesis, starting from the 
simulations in Section 2.3.2+ For a very high €, the ~atan(Ei;)-part of the smooth friction 
model will have a very steep transition from -1 for negative Xd to +1 for positive Xd. But 
this steepness of the function will decrease the timestep, needed to solve the equations, 
which results in a longer simulation run time. It is preferable to have the simulation time 
as low as possible (in other words, the timestep as high as possible), such that it has no 
significant effect 011 the results of the simulation. For the complete-car model simulation 
in ADAMS/View it is needed to have a friction model that is not discontinuous. Moreover, 
the value of € of the smooth friction model should be chosen such that dynamics of the 
complete-car model, due to the highest flexible mode of the body which is close to 50 Hz, 
are described correctly. 

To check whether lowering of € has an effect on the results, a small mass (m€ = 1 kg) 
and a spring with stiffness ke is mounted on top of the body Mb such that the eigenfre-

quency (w = /Ii; ~) of this mass is around 50 Hz, which corresponds to the highest 

flexible mode of the body in the complete-car model. If € is chosen too low the timestep 
chosen by the solver will be too high to describe the behaviour of this little mass properly. 
The simulation in Section 2.3.2.3 is performed using € = 1.106. The simulation with this 
value for € is chosen to be the reference simulation, which is assumed to be correct 

If the acceleration of the added mass, denoted as £e, differs too much (> 5%) from 
the acceleration of the reference-simulation then € is chosen too low. To determine how 
much the acceleration differs, the RMS-values of the accelerations of the small mass for 
simulations with different values of € are compared. As one can see in Table B.I that if € is 
decreased with a factor 10, the simulation time decreases with about 10% and the accelera
tion x'€ does not differ too much « 5%) from £€ of the reference simulation. In Figure B.I 
the influence of € on the friction-behaviour is depicted. 

Starting from Section 2.3.2.4, € = 1.105 will be used in the following simulations, in 
order to have a value for € which results in an acceptable simulation time on the one hand 
while still acquiring the desired accuracy on the other hand. 
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RMS of Xc [m/ s:t] 
RMS error [mj s2] 

• relative RMS error[%] 
simulation time [%] 

reference simulation 
(10=1.106 ) 

0.0175 
o 

0% 
100 % 

Simulation 1 \ Simulation 2 
(10 1.105 ) . (10=1.104) 

0.0169 \ 0.0165 
-5.2770. 10-4 • -9.8455· 10-4 

3.0 % 5.6 % 
89,95% 87,82% 

Table B.1: Comparison of simulations with different values of c. 

Mir===~~~---.------.------'----~r-~~ 
II ~ ~ e: = 1 . +~ • 11- € = 1 . lOS I 

M " .• ,-1.]04 
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-20 

-40 

~:~.. __ ~ __ ~ __ ,,··_"_·~;~ __ ~ ____ ~ __ ~l 
-il:~ 10 -0.01 -0.005 0 0.005 0.01 0.015 

relative velocity damper [mloJ 

Figure B.1: Friction Force vs. velocity for different 10 
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Appendix C 

Nonlinear model with a degressive 
damper 

In this appendix. it is investigated what the influence of a degressive damper is on the be
haviour of the nonlinear quarter-car model. A degressive damper has a damping coefficient 
Ddeg for low velocities and a damping coefficient D for high velocities. The velocity for 
which this change in damping coefficient occurs is Vdeg. The force PD. due to the viscous 
damping of the damper. yields: 

IXd Xt I < Vdeg 

D) . Vdeg IXd - Xtl ;:: Vdeg 
(C.l) 

This degressive behaviour of the damper is depicted in Figure C.1. Note that until now. in 
this section. only the viscous damping characteristic of the damper is mentioned and not 
the total force generated by the damper in the model (otherwise the Coulomb friction force 
should also be taken into account). 

Figure C.I: Degressive damping characteristic. 
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C.l Simulation 

To investigate the influence of a degressive damper on the quarter-car model, two simula
tions are performed and compared with a quarter-car model without a degressive damper, 
as in Section 2.3-3.2. The equations of motion are the same as in (2.13), but with D(Xd-Xt) 
replaced by FD as described in (C.1): 

Mexm = -Kel(Xm - XI;) - Fe2 

MbXb = Ke1(xm - Xb) - Kd(Xb Xd) Km(Xb - Xt) + Fe2 

MdXd = Kd(Xb Xd) - FD - Fir 

MtXt = Km(Xb - Xt) + FD + Fir Kt(Xt - Xr) 
(C.2) 

with Fir as the friction force as described in (2.4), with x =Xd-Xt. 

mass [kg] stiffness [N/m] Other 

i Mb 180 Km 30000 D 1500 [Ns/m] 
Mt 45 Kt 250000 Fd 75 [N) 
Md 1 Kd 700000 € 1e6 [-] 
Me 125 Kel 800000 De 6057 [Ns/m] 

Ke2 340000 Ddeg 15000 [Ns/m] 
i 

Vdeg 0.02 [m/s] 

Table C.l: Parameter values. 

Here two assumptions were made, that correspond with statistics based on LMS-experi
ence with dampers. First, it is assumed that the velocity Vdeg is greater than the maximum 
relative velocity of a damper on a low level road input. Secondly, the damping coefficient 
Ddeg of the damper for low relative velocities is 10 times the damping coefficient D of the 
damper for high relative velocities. The results, the PSD of Xb for a low and high level road 
input for the quarter-car model with and without a degressive damper, are depicted in Fig
ure C.2. 

In Figure C.2 one can see that there is a difference in behaviour for the low level road 
input. For this input, the resonance peak at 25 Hz will be less damped, due to the higher 
damping coefficient Ddeg. The higher damping coefficient Ddeg will damp the relative 
movement of the damper such that the relative velocities are smaller for the quarter-car 
model with a degressive damper than that for the quarter-car model without a degressive 
damper. This can be seen in Figure C.3, where the relative velocity of the damper (Xd - xt) 
is depicted for the quarter-car model with and without a degressive damper. Due to the 
smaller relative velocities the damper will be in the stick-phase for a larger portion of time. 
Due to the lack of damping when the damper is in the stick-phase the resonance at 25 Hz 
will be less damped. The first resonance will still be damped by the engine mass and its 
damping in the mount. 
For a high level road input, one can see that the frequency of the first resonance increases. 
Although the damping-coefficients for velocities larger than Vdeg are equal for both types of 
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C. NONLINEAR MODEL WITH A DEGRESSIVE DAMPER 

10 
F [Hz] 

50 10 
F [Hz] 

50 

Figure C.2: PSD's of Xb, for low and high level road input, compared for a quarter-car 
model with and without a degressive damper . 
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Figure C.3: Relative velocity of the damper for a low and high input level. 

a dampers, the viscous damping force FD is higher in the case of a degressive damper than 
that of a damper with a constant damping-coefficient and thus the damping in the complete 
velocity range is increased. For a high level input the damper is in the slip-phase for most 
of the time and the increased damping in the complete velocity range will then increase the 
frequency of the first resonance. This increased damping in the complete velocity range 
will cause the PSD of the acceleration of the body mass to be less damped for higher fre
quencies, compared to that of a damper with a constant damping-coefficient. 

This change in behaviour. due to the degressive damper. is depending on the value of 
Vdeg and Ddeg' An increase of the value of Vdeg' will mean an increase of the influence of the 
higher damping Ddeg on the behaviour of the body mass on a low and high level road input. 
But if Vdeg is in reality smaller than the value used in this simulation, then the behaviour of 
the quarter-car model with degressive damper will approach the behaviour of the quarter
car model without a degressive damper. such that the influence of the degressive damper 
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can be neglected. And if Ddeg does not differ from D as much as used in this simulation, 
then also the change in behaviour of the quarter-car model will be less. 

In this appendix, one could see that a degressive damper influences the behaviour of the 
body mass Mb. The influence of the degressive damper for a low level road input is smaller 
than that for a high level road input. For a high level road input the frequency of the first 
resonance will increase, due to the increased damping for the complete velocity range. Also. 
due to the increased damping, the PS D of the acceleration of the body mass Mb will be less 
damped for higher frequencies. For a low level road input the resonance at 25 Hz will be 
less damped due to the fact that the damper will be in the stick-phase for a larger portion 
of time for this input. Resuming. one can say that the degressive damper has significant 
influence on the behaviour of the body mass. Therefore. if the nonlinear characteristic of 
the damper or the parameters Vdeg and Ddeg are known. a degressive damper should be 
taken into account for the complete-car model. However. as noted in Section 3.1. a degres
sive damper is not taken into account in the complete-car model, because the parameters 
Vdeg and Ddeg could not be obtained from the damper-measurement. 

81 



Appendix D 

Nonlinear 2D quarter-car model 

In this appendix, a nonlinear model is constructed which incorporates the longitudinal 
direction of the unsprung mass. Therefor the quarter-car model from Section 2.3.3.2 is 
adjusted such that the suspension is attached under an angle to the body mass and the un
sprung mass is able to move in vertical and longitudinal direction. Using this model the 
influence of the suspension connected to the body under an angle on the vertical direction 
of the body is investigated. 

The quarter-car model from Section 2.3.4 is adjusted to add an extra degree of freedom 
to the unsprung mass and the main-spring, the damper, the friction and the suspension
mount are connected to the body mass under an angle. The quarter-car model with the 
longitudinal direction is depicted in Figure D.l. 

The equations of motion are calculated using lagrange. The generalized coordinates are: 

(D.l) 

where coordinates u and Ye are relative coordinates. The coordinate u is the translation of 
mass Md regarding to mass Mb in the ej-direction, or how much the spring Kd is pressed 
in. And Ye is the translation of mass Me regarding to mass Mb in the eg-direction, or how 
much the spring Kel is pressed in. Note that Xt and Yt are respectively the horizontal and 
the vertical displacement of the unsprung mass. Kh and Dh are corresponding to the re
spectively the total stiffness and the total damping of the mounts in longitudinal direction 
between the suspension and the body. It is assumed that the angle a constant. 

The coordinate systems are defined as: 

~ = [~ egf 
= let e~f, 

and the transformation: 

-1 [cos /3 sin /3 ] ,,0 e = /3 e . - sin cos/3-
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Figure D.1: Quarter-car model with the longitudinal direction, 

The position-vectors are defined in the gO-coordinate system as follows: 

Ytlf"° 
Yb + bko 

- -+,,0 1'C = Tb ce2 

= [a-d 
- - l -1 -1 
Tu rc - Ode1 + uel 

= [a d+ (-lOd+U)Cos,B 

i'e = i'c + Yeeg + lOmeg 

Yb+b+c+ (-lOd+u)sin,B]~ 

= [a d Yb+b+C+Ye+lOm]f"° 

The kinetic energy equation then becomes: 

T 1M (.2 2" '2) 1M ·2 1M (.2 .2) +rr> = '2 e Ye + YeYb + Yb + '2 bYb + '2 t X t + Yt .[ til 

(DA) 

(D.5) 
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D. NONLINEAR 2D QUARrER-CAR MODEL 

with Tu (with Tu = [ucos,B Yb + u sin ,BJ~ ) 

1 . . 
-Md'fu'Tu 2 . 
1 = 2 Md (uZ 

COS
Z ,B + uZ sinZ ,B + 2UYb sin ,B + y~) 

= ~ Md (uZ + 2UYb sin ,B + y~) 
The potential energy equation becomes: 

1 Z 1 2 1 Z 
V = 2Kt(Yt - Yr(t») + 2KelYe + 2KhXt + VKb + VKd1 

with VKb and VKd: 

and 

VKb = ~Kb [(fe - Tw) . lOb]Z 

1 [ ,,0 1 ]Z 2Kb [a - d - Xt Yb + b + c - YtJ~ . el -lOb 

= ~Kb [(a - d - Xt) cos,B + (Yb + b + c - Yt) sin,B -lObJz 

~Kd [(fe - Tu)' et lOd]z 

1 
2Kd [[-(-lOd + u)cos,B 

1 [ Z = 2Kd -( -lOd + u) cos ,B 

1 Z 1 2 
2Kd( -u) = 2KdU 

(0.6) 

(0.7) 

(0.8) 

(0.9) 

There are five non-conservative forces present in this model. First the non-conservative 
forces between the engine mass Me and body mass Mb are defined as (see Figure D.2) 
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- ,,0 Fncl = -Fez ez 

Fnc2 FeZ eg 

Figure 0.2: Non-conservative forces Fel and Fe2 

(D.10) 



with Fe2 the force from the spring Ke2 and damper De in serie acting on the body mass 
and the motor-mass. The derivative of this force is: 

which is going to be an extra equation of motion. Such that (with Tnc1 = Tm) 

Qnc = (OTne1 )T . f: 
-1 oq nel 

(5 0 
(5 

(5 . FnCl = 
~ 
~ 

and (with Tne2 = TC) 

(5 
(5 

= (5 
(5 

eO 2 

. Fnc2 = 

o 
o 

-Fe2 

-Fe2 

0 
0 
0 
0 

Fe2 

(D.ll) 

(D.12) 

(D.13) 

Next, the non-conservative forces between damper mass Md and unsprung mass Mt are 
defined as (see Figure D.3): 

Figure D.3: Non-conservative forces Fnc3l Fnc4 and Fnc5 • 

(D.14) 

where the force Fdamp• generated by the damper. is the sum of the degressive viscous damp
ing force FD (defined in (C.l)) and the Coulomb friction force Ffr {defined in (2.4)). The 
forces are a function of the relative velocity in the ei-direction between the damper mass 
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D. NONLINEAR 2D QUARTER-CAR MODEL 

Md and unsprung mass Mt • This relative velocity, denoted as Vdamp, for the 2D quarter-car 
model is defined as: 

with 

fu· = [it cos 13 Yb + it sin t31f . ei 
it + Ybsint3 

if w . ei Xt cos 13 + Yt sin 13 
Such that the relative velocity in terms of the generalized coordinates is: 

Vdamp = it + (Yb - Yt) sin 13 Xt cos 13. 

The non-conservative force g;c becomes (with fnc3 = fu): 

Qnc = (Ofnc3 )T. ff: .:::.a oq ncg 

o 
o 

o 
o 

cos t3ti + sin peg . Fnc3 = F damp cos2 P + F damp sin2 p = 
o o 

eg 

eO 1 
eO 2 

= 0 
0 
0 

. Fnc.t 

- F damp COS 13 
- F damp sin p 

o 
o 
o 

Fdamp sin t3 

(D.15) 

(D.16) 

(D.17) 

o 
o 

Fdamp 

o 
Fdamp sin t3 

(D.18) 

(D.19) 

Finally, the non-conservative force on the unsprung mass in the longitudinal direction is 
defined as (see Figure D.3): 

VB' :::0 I'nC5 - hXtel' 

Such that, with fnc5 = ft, 
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= 

ti eg 
o 
o 
o 

(D.20) 
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The complete non-conservative force matrix Qnc( = Q~ + Q~ + q;c + ~ne + Q;C) then 
becomes: 

- BhXt - F damp cos /3 
- F damp sin /3 

·Qnc = Fdamp 

-Fe2 
Fdamp sin/3 

Now all the components are known to compute the lagrange-equation 

d
d (T,q) - T,q +V,q = Qne. t ~ 

(D.22) 

(D.23) 

And this results in the equations of motion for the 2D quarter-car model, if all the compo
nents (it (T,q), T,q, V,q and Qnc) are substituted in the lagrange-equation. The components 
are given here: 

• 
MtXt 
Mtilt 

T,q = MdU + MdYb sin /3 
MeYe + MeYb 
MbYb + MeYb + MeYe + MdYb + MdU sin /3 

and the time-derivative is: 

d 
dt (T,q) = 

Mtxw 

Mtiiw 
Md(U + Ybsin/3) 
Me(iim + Yb) 
MbYb + Me (fib + Ym) + Md(Yb + usin/3) 

• It is obvious that T,q = O. 

• 
KhXt - Kb cos /3[( a d Xt) cos /3 + (Yb + b + c - Yt) sin /3 - lOb] 

(D.24) 

(D.25) 

KtlYt Yr(t)]- Kb sin /3[(a - d - Xt) cos/3 + (Yb + b+ c Yt)sin/3 lOb] 

• 

V,q= KdU 

KelYe 
Kbsin/3[(a d - Xt) cos/3 + (Yb + b + c Yt) sin/3 lOb] 

- BhXt - Fdamp cos /3 
- F damp sin /3 

Qnc = Fdamp 
-Fe2 
Fdamp sin/3 

(D.26) 

(D.27) 
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D. NONLINEAR 2D ",n-'",}u\. MODEL 

The equations of motion can then be described as: 

(D.28) 

with the mass-matrix M, 

Mt 0 0 0 0 

0 M t 0 0 0 

M= 0 0 Md 0 Md sineS) (D.29) 

0 0 0 Me Me 

0 0 Md sin(f3) Me Mb+Me+Md 

the matrix H, 

KhXt - cos(f3)Kml* + DhXw Fdamp cos(f3) 
KtYt sin(f3)Kml* F damp sin(f3) 

H = KdU + Fdamp (D.30) 
Ke1Ye +Fe2 
sin(f3)Kml* + Fdamp sin(f3) 

with 

l* =(a d - Xt) COS(f3) + (Yb + b + c - Yt) sin(f3) - LOb , (D.3l) 

and the force F damp, generated by the damper, is the sum of the degressive viscous damping 
force FD(defined in (C.l)) and the Coulomb friction force Fjr(defined in (2.4)). These 
forces are a function of Vdamp' which is defined as: 

Vdamp = U - Xt cos(f3) + (Yb Yt) sin(f3), 

and the input-matrix S is 

S 

o 
K t 
o 
o 
o 

The extra equation for derivative of the force Fm2 is, 

D.1 Simulation 

(D.32) 

(D.33) 

(D.34) 

To investigate the influence of the suspension connected under an angle to the body some 
simulations are performed. Two simulations are performed for different levels of a simu
lated road input First, a simulated road input with rms-value of 0.001 m is used, corre
sponding to a low level road input with the damper the most of the time in the stick-phase. 
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Second, a simulated road input with rms-value of 0.05 m is used, corresponding to a high 
level road input with the damper the most of the time in the slip-phase. These simulations 
are performed to investigate the steady-state behaviour of the quarter-car model where the 
suspension is connected to the body under an angle. Three different angles for a are used: 
0.,4.20 and 8.4°. a o· corresponds to the suspension which is perpendicular connected 
to the body, 4.20 corresponds to the measured angle of the suspension of the vehicle which 
was used in [14] and the simulation with 8.4" is used to investigate the behaviour when a 
is doubled. The parameters used are shown in Table C.l. For the horizontal stiffness and 
damping of the unsprung mass Mt the following parameters are used: Kh= 7 . 105 N/m 
and Dh= 550 Ns/m. Such that for a virtual system with only the mass Mt supported by the 
spring Kd and damper Dh yields that the eigenfrequency is 20Hz and the damping-ratio is 
5%. These values for the eigenfrequency and damping are based on LMS-experience. 

The results, the PSD of Yo, are shown in Figure D+ 
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Figure D.4: PSD of yofor different values of the angle a, for low and high level road input 
(bottom: zoomed in on region around 20 Hz). 

At first sight, connecting the suspension under angle to the body will not increase the 
acceleration of the body mass Mo around 20 Hz for both the low level and high level road 
input. But if the region around 20 Hz is enlarged (see at the bottom of Figure D.4) one can 
see that there is a slight decrease of the PSD of Yb for both the inputs when a is increased. 
The damping Dh in the horizontal direction contributes to the damping of the body in the 
vertical direction. When when a is increased, this contribution increases. 
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D. NONLINEAR 2D "'A""v./'\.A MODEL 

Another set of simulations is performed to investigate the influence of the amount of 
damping Dh in the suspension on the behaviour of the body mass Mb. The value of Dh is 
0,550 or 1100 [Ns/m]. The value for a is taken constant at 4.2°. The results, the PSD of iib. 
are shown in Figure D.S. 

low input (rms 0.001 m) 
102 ,--______ ----. 

10 
F [Hz) 

50 

low input (zoomed in) 
100 ,.---~--~-------, 

18 20 
F [Hz) 

22 

high input (rms = 0.05 m) 
103 ,---~--:-'-~-----. 

10-1 '--•... ~~.~.---~-----' 
1 10 50 

F [Hz) 

high input (zoomed in) 

18 20 
F [Hz) 

22 

Figure D.5: PSD of Yb for different values of Dh , for low and high level road input 
(bottom: zoomed in on region around 20 Hz) 

One can see in Figure D. 5 that even for zero damping of the longitudinal direction, that 
the frequency at 20 Hz is not significant present. Again. when the 20 Hz region is enlarged, 
one can see there is a slight difference in behaviour. 

In this appendix. one could see that the influence of the longitudinal movement of the 
unsprung mass, due to the angle between the suspension and the body. on the vertical 
acceleration of the body mass Mb can be neglected. 
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Appendix E 

Properties of the complete-car 
model 

II Part 
A-arm 4.05 5.10-2 2.10-2 5.10-2 

Knuckle 7.05 1.10-2 2.10-2 3.10-2 

Tire 15.9 0.54 1.01 0.54 
Brakedisc 4.95 3.10-2 5.10-2 3.10-2 

Caliper 3.55 1.10-2 0 1.10-2 

S teeringrod 1.00 1.10-3 0 1.10-3 

Stabilizer bar 2.20 0.37 0 0.37 
Stabilizer bar rod 0.20 0 0 0 
Damper 3.20 0.04 0.04 0 
Mainspring 2.40 0.04 0.04 0.05 
Suspension mount . 0.95 0 0 0.95 
Engine 220 15.17 6.88 15.17 
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Appendix F 

Final parameter-set of the 
complete-car model 

Stiffness x[N/m] y[N/m] z[N/m] 
Tire 1.5·10" 1.5. lOt! 2.5 . lOt! 
Suspension mount 3.0.106 3.0.106 7.0.106 

A-arm rear 2.5.105 8.0.105 8.0.105 

Rear-suspension 1.5.105 4.0.104 1.3.105 

Engine linear mount 6.0.105 3.0.105 5.0.105 

Engine bottom arm 4.0.105 4.0.105 1.2.106 

Engine bottom 5.0.105 1.3.106 6.5.105 

Hydromount 4.0.10° 8.0· 10° • Kzl =4.0.10° 
I 5 K z2=1.0 ·10 

Damping x[Ns/m] y[Ns/m] • z[Ns/m] 
Tire 0 0 400 
Suspension mount 4000 8000 0 
A-arm rear 0 8000 0 
Rear-suspension 100 500 1000 
Engine linear mount 1000 100 1000 
Engine bottom arm 2000 1000 2000 
Engine bottom 2000 1000 0 
Hydromount 

I 
1000 100 Dzl 0 

Dz2 2000 

Other 
Main spring 2.5 . 104 [N/m] 
Stabilizer bar 5 . 103 [Nm/rad] 
Main damper 2250 [Ns/m] 
Coulomb friction 125 [N] 

I € 1 . 105 [-] 
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Rxyz [Nm/rad] 
100 
100 
100 
100 
100 
100 
100 
100 

• .. .. 

Rxyz [Nms/rad] 
0 
0 
0 
0 
0 
0 
0 

I 0 
0 
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