
 Eindhoven University of Technology

MASTER

Analysis of infinite arrays of Vivaldi-like antennas

Hulshof, S.

Award date:
1996

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/6154db12-a02c-423a-a597-e8eb41edd21a


TECHNISCHE UNIVERSITEIT EINDHOVEN
142~

FACULTEIT ELEKTROTECHNIEK L14)
VAKGROEP TTE

LEERSTOELGEBIED Elektromagnetisme

Analysis of Infinite Arrays
of Vivaldi-like Antennas

door

S. Hulshof.

EM-13-96

Verslag van een afstudeeronderzoek,
verricht in de vakgroep TTE,
onder leiding van
dr.ir. A.B. Smolders (HSA) en
dr. M.E.J.Jeuken,
in de periode april 1996 - december 1996.

Eindhoven, 29 november 1996.



Abstract

In this report, a model is presented for analysing and designing large arrays of tapered slot
antennas above a ground plane. Tapered slot antennas are known for their wide-band behav
iour in combination with a large scan range, which makes them interesting candidates for vari
ous array-antenna applications. The analysis is based on a rigorous method of moments that
includes the exact Green’s function of the periodic structure. Due to the periodic nature of the
array, the analysis is restricted to one unit cell only. Mutual coupling and other array effects,
like blind scan angles, are automatically included in the analysis. The analysis is further sim
plified by using the equivalence theorem, which divides the original problem into two more
simple problems. The model has been implemented in software (Matlab format) and is vali
dated by considering various test cases like monopole and dipole arrays, of which results are
known in the literature. Arrays of such elements can also be analysed due to the generality of
the model. The agreement of the test cases with the results from the literature is very good. In
this report, most attention has been devoted to the investigation of so-called bunny-ear anten
nas. Some bunny-ear arrays are analysed and it is shown that a relative bandwidth of 50% can
be obtained, where scan angles of +1- 45° are possible for all frequencies in the required fre
quency band. At broadside, a relative bandwidth of more than 100% can be achieved. The
model is also used to investigate the SMART-L radar antenna (HSA), which consists of a very
large array of folded dipoles. The results show some characteristic properties of the antenna
which agree with experimental data.
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Chapter 1

Introduction

1.1 General introduction

Phased-array antennas and radar

Conventional radar systems often use a reflector antenna for transmitting and receiving radio
signals. Reflector antennas usually have a high gain and narrow beamwidth which is necessary
for an accurate determination of the angular direction of the target. A narrow beamwidth is
also needed to achieve a high resolution in order to resolve targets close to one another. The
disadvantage of these antennas is the fact that the main lobe of the antenna has to be steered in
the desired direction by means of a highly accurate mechanical steering mechanism. This
makes the simultaneous tracking of multiple targets impossible. Phased-array antennas offer
the possibility to switch beams accurately and rapidly because the beam steering is accom
plished electronically by controlling the phase of each individual element. This makes the
phased-array radar a multi-function radar. With a large antenna-array, a high gain and narrow
beamwidth can be obtained as well.

Bandwidth and scan range ofphased arrays

In the design of phased arrays the main goal usually is to achieve a large scan range in combi
nation with a wide-band operation of the antenna. Although the bandwidth of a single antenna
element may be quite large, in an array environment it decreases significantly due to mutual
coupling between the elements. For microstrip antennas, a relative bandwidth of 50% can be
obtained for a single element [1]. However, in an array environment this bandwidth is reduced
to approximately 20% at broadside (no-scan case) and is reduced even more when the main
beam of the antenna is scanned to a certain angle.

Antennas which are known to have a larger bandwidth are the so-called tapered slot antennas.
These antennas consist of two tapered metallic fins and are placed in the endfire direction (i.e.
perpendicular to a ground plane). The elements are usually printed on a thin dielectric sub
strate. Some tapered elements are shown in figure 1.1. When the tapering is exponential, the
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Introduction

antenna is called a Vivaldi antenna (figure 1. ib) and when the concept of exponential tapering
is applied to a simple dipole antenna, the so-called bunny-ear antenna is obtained (figure 1. ic).
This report will focus on this last type of antenna.

A possible physical explanation for the wide-band behaviour of the bunny-ear element is the
idea that the element consists of a set of dipoles of different lengths with different resonant fre
quencies. This makes the total structure a non-resonant antenna which can operate over a large
bandwidth. Another point of view is to see the antenna as a tapered transmission line which
matches the impedance of the transmitter (or receiver) to the free-space wave impedance
which is given as Z0 = l2Oit Q. This wide-band operation was first shown in Ref. [2], where a
single element was optimised to have an impedance match from 0.5 GHz to 18 GHz. It was
shown that the voltage standing wave ratio (VSWR) does not exceed the value 2 for practically
all frequencies which corresponds to a maximum reflection-coefficient magnitude of 0.3. In an
array environment the relative bandwidth at broadside reduces to approximately 70% which is
still very good. The shape of the element in the array environment was tuned to obtain an opti
mum performance.

1.2 Modelling approach

The method of analysis which is presented here has been developed by Cooley [3] and has
been applied to tapered slot antennas as in figure 1.1 a and 1. lb. Actually, protruding antennas
(in an infinite array) of arbitrary shape can be analysed with the method. In Ref. [4] a start was
made to apply this method to bunny-ear antennas. The continuation of that work is performed
in this report, where the basic analysis has been included. However, the derivation of the the
ory in this report differs considerably from the derivation in Ref. [4], where the analysis was
based on a spectral-domain approach. In this report the analysis is performed directly in the
space domain which gives more physical insight in the behaviour of infinite antenna arrays.
Since some steps in the analysis are identical to the analysis in Ref. [4], these are not treated in
detail if it is not needed for following the analysis.

a) linear tapering b) exponential tapering c) tapered dipole wings
(bunny ears)

Figure 1.1: Tapered-slot antennas.
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Infinite-array approach

When the assumption is made that the considered antenna array is very large, it can be approx
imated by an infinite array since it may be expected that adding elements at the edge of a very
large array has negligible influence on the elements near the centre. When all elements are
excited uniformly, the advantage of the infinite-array approach is the fact that the fields, gener
ated by the infinite array become periodic in two dimensions due to the fact that each element
has the same environment. Therefore, each element radiates the same way, so when the proper
ties of one element are known, the behaviour of the entire array is known. If the periodicity is
accounted for, the analysis can thus be restricted to one unit cell.

Use of equivalence

Instead of analysing an array of protruding antennas above a ground plane directly, the original
configuration is transformed to an equivalent configuration which divides the original problem
into two more simple problems. This is especially convenient when the analysis is extended to
antennas on a dielectric substrate.

Green ~functions method of moments

In the analysis, the electromagnetic field is written in terms of the dyadic Green’s function. In
this report, the Green’s function is defined as the electromagnetic field due to an infinite array
of point current sources in a specific configuration (i.e. with specific boundary conditions
applied). The electromagnetic field due to a certain current distribution, associated with each
element in the array is then obtained by dividing this current distribution into an infinite
number of elementary unit sources and integrating the contributions of these elementary
sources.

The current distribution (which in the equivalent situation consists of both an electric and a
magnetic part as will be seen) is obtained by solving the integral equations for the electric and
magnetic currents with the method of moments [5]. The method of moments reduces an inte
gral equation into a matrix equation by expanding the unknown current distributions into sets
of basis functions and weighing the equations with sets of testing functions. The resulting
matrix equation is then solved numerically. Once the current distributions are known, radiation
characteristics like input impedance and reflection coefficient can be obtained.

1.3 Organisation of the report

In chapter 2, the original antenna configuration in its most general form is transformed to an
equivalent configuration. Consequently, magnetic and electric vector potentials due to infinite
arrays of point sources in the equivalent situation are derived. The vector potentials are then
used to obtain expressions for the Green’s functions. In chapter 3 two integral equations for the
electric and magnetic currents are derived which are transformed to a matrix equation with the
method of moments. Special attention is devoted to the computation of the associated matrix
elements in order to reduce computation time. In chapter 4, various antenna configurations like
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monopole and dipole arrays are investigated using the theory of chapter 2 and 3 which serves
as a validation of this theory and the implementation of the theory in software. A design for a
prototype bunny-ear array is given in chapter 5, as well as some practical results for a single
bunny-ear element. Finally, a folded-dipole array which is related to the SMART-L antenna
(HSA) is considered to study the effects of certain design parameters.

~ SIGNAAL• -4-



Chapter 2

Green’s functions for an infinite periodic
structure

2.1 Introduction

This chapter will start with the definition of the configuration that will be analysed in this
report. Consequently, expressions for the electromagnetic fields in terms of magnetic and elec
tric vector potentials are derived from Maxwell’s equations which are then used in the deriva
tion of the Green’s functions for these fields.

2.2 Formulation of the problem

2.2.1 Configuration

Since an infinite-array approach is used here, the analysis can be restricted to the case of one
element in an infinite array, because all elements in the array have an identical environment.
When all elements in the array are excited uniformly in amplitude, but with a linear varying
phase, the field expressions will have a periodic structure (Floquet’s theorem [6)). So when the
fields, generated by one element are known, the fields due to the entire array can be obtained.

In figure 2.1, the unit-cell geometry is shown with a bunny-ear element. Although the antenna
is a bunny-ear in this figure, a structure of arbitrary shape may be considered in the analysis.
The distances between the elements in the x- and y-direction are a and b, respectively, which
also determine the dimensions of the unit cell. The ground plane is set to z -d for reasons
which become clear in the next paragraph. The height of the antenna is h.

2.2.2 Equivalent structure

A method to analyse an array with protruding structures with a ground plane involves the cal
culation of the Green’s functions of y- and z-directed electric dipoles above a ground plane, as
was done by Lee and Chu [7]. However, when the antennas are attached to a substrate, the der
ivation of the Green’s functions becomes more complicated because of the inhomogeneous
character of the unit cell. Therefore, the original structure is transformed to an equivalent
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Green’s functions for an infinite periodic structure

structure which yields two more simple problems. This structure is shown in figure 2.2. In this
figure, the antenna structure has been replaced by electric currents in both the y- and z-direc
tion to stress the fact that the analysis is valid for an array of protruding antennas with an arbi
trary shape.

In the equivalent structure, an extra conducting plane has been placed at z 0, where magnetic
surface currents exist on both sides. It will now be shown that the equivalent structure pro
duces the same fields as the original structure under certain conditions.

The original structure produces electric and magnetic fields at the aperture plane (z = 0) due to
the electric currents on the antenna. These aperture fields are in turn sources for electromag
netic fields in both the unit cell and the region outside the unit cell (z > 0). The fields in the unit
cell (z < 0) are defined as ~ and 11rn (interior region), while the fields outside the unit cell (z>
0) are defined as ~ and jf~ (exterior region). This is has been visualized in figure 2.3a.

Ground

z

Figure 2.1: Unit cell of an infinite array of bunny-ear elements.

Next, a conducting sheet with magnetic currents on both sides is placed above the antenna. The
sheet extends to infinity (as well as the ground plane). According to the uniqueness theorem
and the equivalence theorem [8, p.101-108], the external magnetic surface currents Me~c can be
chosen to produce the fields ~ and Hex outside the unit cell, while the interior magnetic sur
face currents, together with the interior electric currents can be chosen to produce the fields ~
and 1L~’~. This is shown in figure 2.3b. It is obvious that the equivalent magnetic currents must
be related to each other because the tangential fields must be continuous at the aperture plane
(as in the original structure):

EiIz x h = ñ , (2.1 a)
— z=O z=O

f~ x H~ = Ii x J~ . (2.1 b)
z=O z=O
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/

Figure 2.2: Transformation to an equivalent unit cell.

/
/
/
I
/
/
/

a) Original situation

b) Equivalent situation

Figure 2.3: Application of equivalence.

Equivalence plane

a) Original unit cell b) Equivalent unit cell
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Green’s functions for an infinite periodic structure

The first condition will appear sufficient to find the relation between the interior and exterior
magnetic currents.

The tangential field, produced by a magnetic current at the aperture satisfies the relation

Ma EaXh, (2.2)

where the superscript a stands for aperture and the normal !2, points into the region where the
current exists (when a conducting plane is present). Since the tangential field due to the electric
currents is zero, the interior tangential field at the aperture is produced by the magnetic cur
rents alone. Thus

= x h ~ x hj ~ , (2.3)

where the minus sign appears in the expression because the normal is pointing into the exterior
region. Since in the exterior region only magnetic currents exist, the tangential fields at the
aperture are only produced by these currents. It simply follows that

ex — ~a, ex x h — E~ x h~ . (2.4)
z=O

To satisfy condition (2.la), it is then seen that the relation between the interior and exterior
magnetic currents becomes

cx = ~~ (2.5)

This relation will be used in the method-of-moments procedure which is described in the next
chapter. The condition of a continuous tangential magnetic field at the aperture (Eq. (2. ib))
will be used as boundary condition in this procedure.

It is thus seen that the original problem can be divided into two more simple problems. The
first problem involves a homogeneous parallel-plate region with electric and magnetic currents
on boundaries of a homogeneous unit cell only, while the second problem involves a homoge
neous half-space which is bounded by ~a conducting ground plane with magnetic currents on it.
When a dielectric substrate is present, the original structure can be divided in three regions,
where one of these regions is an homogeneous dielectric region, as was done in Ref. [9].
Another approach in dealing with a dielectric substrate involves the derivation of Green’s
functions for a partially-filled parallel-plate waveguide, as was done in Ref. [10]. Both
approaches can be employed by using an analysis similar to that of structures without a dielec
tric substrate.

2.3 Electromagnetic fields in terms of vector potentials

The main goal of the analysis is finding the electric and magnetic currents in the unit cell. To
accomplish this, the Green’s functions for the electromagnetic fields have to be derived. This is
done with help of the Green’s functions for the electric and magnetic vector potentials. The
relation between the vector potentials and the electromagnetic fields is therefore derived first.

~ SIGNAAL• -8-



Green’s functions for an infinite periodic structure

Consequently, the Green’s functions for the vector potentials are derived which will then be
used to obtain the Green’s functions for the electromagnetic fields.

The coordinate system that is used is shown in figure 2.4. The electric field ~Q~) and magnetic
field ~(~) in free space due to an electric current distribution J(r) and a magnetic current distri
bution M(L) satisfy Maxwell’s equations:

VXE(r) = —jo4t0H(r) —M(E), (2.6a)

VxN(~) = jw~0E’(L) +J(r), (2.6b)

where an e10)t dependence of the fields is assumed (time-harmonic solution). The constants ~
and jt~ are the free space permittivity and permeability, respectively. The electric and magnetic
fields can be seen as the superposition of fields due to electric currents and fields due to mag
netic currents:

~ +Ern(r), (2.7a)

= ~i~(ñ +Hrn(t•)~ (2.7b)

where Ee(r) and HeQC) satisfy

V XE (r) = -JCO~t0H (r), (2.8a)

VXH(r) = jcoEo~’e(~) +J(r), (2.8b)

z

yp

/

x

Figure 2.4: Coordinate system.
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Green’s functions for an infinite periodic structure

while ~~(i) and _H,~(_r) satisfy

VXE(r) = —JOJi0H (r) —M(r), (2.9a)

V x H (r) = jO~0E (r). (2.9b)

Equations (2.8) and (2.9) can now be solved in terms of magnetic and electric vector poten
tials, respectively. First, consider Eq. (2.8a). It is seen that the divergence of the magnetic field
equals zero:

V•He(r) = 0, (2.10)

which implies that the magnetic field can be written as the curl of some other vector:

= VxA(r) , (2.11)

where A is called the magnetic vector potential. Substituting Eq. (2.11) into Eq. (2.8a) then
yields

Vx (E(r) +jo~t0A(r)) = 0. (2.12)

Since a curl-free vector is the gradient of some scalar, an electric scalar potential c1 can be
defined which satisfies

~e (r) +jONI0A (r) = —V~ (r) . (2.13)

Only the curl of 4 was specified by Eq. (2.11), so the divergence of 4. may be defined as

V 4 (~) = -jo~0~ (r) , (2.14)

which is known as the Lorentz gauge. Substituting Eq. (2.14) into Eq. (2.13) yields the follow
ing expression for the electric field:

~e (ñ = -j~4 (~) + ~V (V ~4 (c)). (2.15)J WE0

It is seen that the electric and magnetic fields can both be written in terms of the magnetic vec
tor potential A, caused by the electric current J. The relation between the electric current J and
the magnetic vector potential A is found by substituting Eqs. (2.11) and (2.15) into Eq. (2. 8b):

V24 (~) + k~4 (~) = -J (c), (2.16)

where k0 w/~ji~ denotes the free-space wave number. Eq. (2.16) is known as the (inho
mogeneous) Helmholtz equation. It will be shown later that when J is a unit dipole, only one

~ SIGNAAL• -10-



Green’s functions for an infinite periodic structure

component of the vector potential (in the direction of the dipole) is needed to satisfy the
boundary conditions in the equivalent structure (figure 2.2b).

In the same way, the fields _E,~ and _H,~ (Eqs. (2.9)), due to a magnetic current distribution M
can be expressed in terms of an electric vector potential E Using duality ([8], p. 98), Eqs.
(2.11), (2.15) and (2.16) pass into

E,~(r) = —VxE(ñ , (2.17)

H,~ (~) = -Jws0E (ñ +.~V (V E (c)), (2.18)

V2F(i’) +k~F(r) = —M(r), (2.19)

where Ee has been replaced by H,~, He by ~Ern, A by ~ J by M, 2~ by I’o and ~ by ~ If A and

F are written in rectangular components, the expressions for the fields become

a A-a~.A
y y

~e (x, y, z) = ~A — ~A , (2.20)

a~A~ —

(k~ + ~) A~ + aX~YAY + aXaZA,

~(x,y,z) = A +a a~ +a a.~ , (2.21)
C y xyx Y4 Z

(k~ + ~) A~. + a~aZAX + aYaZAY

a~F—a~F~
E,~ (x, y, z) = — — a~F~ , (2.22)

a~F~ — a~F~

(k~ + ~ F~ + a~a~F~ + a~a~F~
H,~ (x, y, z) = ~ (k~ + ~ F~ + a~a~F~ + a~a~F . (2.23)

(k~ + ~ F. + a~a~F~ + a~a~F~

The Green’s function is now defined as the field created by an infinite array of unit current
sources in a specific configuration. Since there are two types of fields (electric and magnetic),
two types of currents (electric and magnetic) and two different regions (interior and exterior),
there are several Green’s function involved in the analysis. In order to find these Green’s func
tions, the magnetic vector potential due to an infinite array of unit electric sources and the elec

-j~
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Green’s functions for an infinite periodic structure

tric vector potential due to an infinite array of unit magnetic sources have to be derived first.
Electric sources only exist in the interior region, while magnetic currents exist in both regions.
With help of Eqs. (2.20) through (2.23) the Green’s functions can be obtained. Although the
sought vector potentials are in fact Green’s functions too, they will not be called this way to
avoid confusion. Therefore, these functions will just be called vector potentials throughout this
report. These vector potentials will be derived next.

2.4 Vector potentials in the equivalent structure

2.4.1 Periodicity in the equivalent structure

Each element in the infinite array is assumed to be excited uniformly in amplitude but with a
linearly varying phase, so the (electric) current in the original structure must obey the relation

J(x+a,y+b,z) = J(x,y,z)e3~$WY)

k0asini~cosp

= k0bsin1~sin(p,

with

(2.24)

(2.25 a)

(2.25b)

where i~ and p are the scan angles as defined in figure 2.4. This is shown in figure 2.5 (only a
few unit cells have been drawn here). In the equivalent structure, this periodicity condition is
also satisfied by the magnetic currents. Consequently, the relevant vector potentials must also
obey the periodicity condition as was stated in Ref. [61 and will be shown in section 2.4.4.

J(x,y,z)

Ground plane

J(x+a,y+b,z)

~1

z

y
/

——~1

/
/

/ I

/

/

x=a x=2a
x

Figure 2.5: Electric currents in the original structure.
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Green’s functions for an infinite periodic structure

In the following paragraphs, vector potentials will be derived with the homogeneous Helm
holtz equation and the periodicity condition as starting points. By imposing boundary condi
tions in one unit cell, the vector potentials due to the entire array are then obtained.

2.4.2 Electric vector potentials due to magnetic sources in the exterior
region (z > 0)

The exterior region is considered first. It consists of an homogeneous half-space with a con
ducting plane and magnetic currents (with an x- and y-component) at z = 0. The electric vector
potential in this region is defined as ~ and satisfies the homogenous Helmholtz equation:

V2F~ (r) +~ (~) = 0 (z > 0). (2.26)

Now assume that the vector potential due to an infinite array of infinitesimal magnetic dipoles
in the x- or y-direction can be described by one component, i.e. ~ for x-directed dipoles and

for y-directed dipoles, where

F~?X = F~~ce~ (i= x,y) , (2.27)

with ~ the unit vector in the x- or y-direction. The Helmholtz equation then reduces to

V2F~X (x, y, z) + k~F~X (x, y, z) = 0 (z > 0), (2.28)

with the periodic boundary condition

F~(x+a,y+b,z) = F~(x, y,z) e~ . (2.29)

A general solution of Eq. (2.28) can be found by applying the technique of separation of varia
bles. This means that the solution is sought in the form

F~X (x, y, z) = ~ (x) ~ (y) ~ (z), (2.30)

where the index i is omitted for convenience. Substituting Eq. (2.30) into Eq. (2.28) and sepa
rating the three-dimensional differential equation into three one-dimensional differential equa
tions then yields

(~+k~)~(x) 0, (2.31a)

(~ + k~) ~u (y) = 0, (2.31b)

(~+k(z) =0, (2.31c)

~ISIGNML• -13-



Green’s functions for an infinite periodic structure

where k~, k~ and k~ are separation constants such that

+ k~ + k~ = k~. (2.32)

In Appendix A, the derivation of Eqs. (2.31) and (2.32) is performed in more detail. The peri
odic boundary conditions are now given by

~ (x + a) = ~ (x) e~’x, (2.33a)

~(y+b) —~(y)e~~’, (2.33b)

with x~i~ and as defined in Eq. (2.25).

In Appendix A it is shown that due to their periodicity, ~(x) and 1(y) can be represented by the
following Fourier series:

—j( (2m,n—~J.)/a)x
~ (x) = ~ A,~e , (2.34a)

in = —~

-j( (2mn-~J)/b)x
u(y) = ~ B,~e , (2.34b)

ii = —00

which satisfy the partial differential equations (2.31 a) and (2.3 ib) with the phase-tapered peri
odic boundary conditions (2.33). Since each respective term of the series (2.34) also satisfies
the respective differential equation of (2.31), discrete-valued separation constants are deter
mined as

2ltm—W
Jin = X (2.35a)

a

27tn—W
k~ = b (2.35b)

General solutions of Eqs. (2.3 la) and (2.3 ib) due to the periodic boundary conditions (2.33)
are thus given by Eqs. (2.34). What remains is the partial differential equation (2.3 ic) for the z
dependence. A general solution is given by

+ —ik~z - jk,z
~ (z) = C e + C e . (2.36)

Since only outgoing waves (i.e. propagation in the positive z-direction) can exist, the constant
C is chosen zero. The separation constant k~ (which is a propagation constant) also becomes
discrete-valued due to its dependence of the other separation constants and will be denoted by
k,111~ which thus satisfies the relation

k~ = k~ — (k~) 2_ (kg) 2 (Tm ~ ≤ 0) . (2.37)
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The total solution of the original boundary-value problem (Eqs. (2.28) and (2.29)) then
becomes

—jk~~x —jk’~y —jk z
F~X (x, y, z) = ~ e e , (2.38)

Ifl = —00fl —00

where the coefficients A,11~ still have to be determined. This is done by applying the active

boundary condition, i.e. the presence of a magnetic dipole at z = 0+ (the plus-sign denotes the
exterior region).

Since the treatment of y-directed magnetic dipoles is analogous to the treatment of x-directed
magnetic dipoles, only the derivation of the electric vector potential due to x-directed magnetic
dipoles is given. The current of an infinitesimal x-directed magnetic dipole at z = 0~ is given by

Mex(x,y) = ~(x—x’)ö(y—y’)e~, (2.39)

where (x’,y’,Oj denotes the source point. The active boundary condition at the equivalence
plane then yields

Eex x Ii + = ö (x — x’) ~ (Y — “) ~ (2.40)
z=O

with F the electric field due to magnetic sources (the only sources in the exterior region).
With ~j = ~, as shown in figure 2.3b, this condition simplifies to

E~(x,y,0j = ö(x—x’)ö(y—y’) . (2.41)

With help of Eq. (2.22) and the assumption that the x-directed magnetic dipoles create an x
directed electric vector potential, the active boundary condition becomes

÷ = ö(x—x’)ö(y—y’) . (2.42)
z=O

Substituting Eq. (2.38) into Eq. (2.42) and changing the order of summation and differentiation
yields

— —

~ jk,~,~Ae ~ X e ~ = ö (x — x’) ö (y — y’) . (2.43)
!fl —OOfl —00

the x- and y-dependent exponential terms form an orthogonal set of scalar Floquet modes over
the area of a single unit cell [6, p. 40], which means that
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ab
—jk’~’x —jk’?y jk’~x jk’~y

ffe e e e dydx = ab5,71171~,2 , (2.44)

where 6iflm’ is the Kronecker delta function, defined by

= { 1 (m = in’) , (2.45)0 (m≠m’)

where the indices m’ and n’ can adopt the same values as m and n. Multiplying both sides of
Eq. (2.43) with the conjugates of the Floquet modes (with index in ‘n’) and integrating over the
unit cell area then yields an expression for the constant~

1 jk”x jk’~y

= e e (2.46)

Since this last expression is valid for all combinations of m’ and n’, these indices may be
replaced by in and n. The final expression for the electric vector potential created by an infinite
array of x-directed magnetic dipoles with a ground plane is thus given by Eq. (2.27) with i = x
and

F~X (x, y, z) = ~ ~e~’ (x-x) ~ ~)~ (2.47)
In = —~c,z = —~

while for a y-directed magnetic dipole the same expression is obtained with i = y. It is seen that
indeed only one component of the electric vector potential is needed to satisfy the boundary
conditions.

2.4.3 Electric vector potentials due to magnetic currents in the interior
region(-d<z <0)

The interior region consists of a parallel-plate region with conducting planes at z = -d and z
0, as was shown in figure 2.2b. Since this region is homogeneous with magnetic currents at the
boundary z = 0 only, the x- and y-dependence of the electric vector potential E’~ can be
described with Floquet modes as was done in the previous paragraph. In the z-direction how
ever, an extra conducting plane is present and therefore the solution of the differential equation
for the z-dependence is written as a linear combination of sine and cosine terms. Thus the
expression for the electric vector potential due to internal magnetic dipoles is now sought in
the form

F~’~ (x, y, z) = ~ Bin,~eJkxXeJk)~)~ (z) , (i = x, y) (2.48)

ill = —c’ojj —~
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where

~ (z) = [C,,mcOs (k,711~ (z + d) ) +~(k,~71~ (z + d) ) 1 (2.49)

satisfies Eq. (2.3 ic) and with k1~~ as defined in Eq. (2.37). The shift d in the arguments of the
sine and cosine terms is included to facilitate satisfying the boundary condition at z = -d as will
be seen next. This boundary condition yields

E~’~xui = 0 (250)—in z = —d

where the normal is pointed into the positive z-direction (which is quite arbitrary in this case).
The index m has been included to stress the fact that the fields due to magnetic dipoles are con
sidered here. For x-directed dipoles it follows from Eq. (2.22) that the electric vector potential
must satisfy

= 0. (2.51)

Applying this boundary condition then yields D,11~ 0, 50

—jk”x —jk’y
F~ (x, y, z) ~ ~ B,~e x e cos ~ (z + d)) , (2.52)

fl~ = _~Jj = —.00

where the constants ~ have to be determined by applying the remaining active boundary
condition

= ö(x—x’)~(y—y’)e~, (2.53)
z =

where the minus sign is included since the normal at the equivalence plane was pointed into
the positive z-direction. Following the same procedure as was done in the previous paragraph
the constants ~ can be obtained. These coefficients are then given by

—l jk~x jk~y
B = . e e (2.54)

abk,1~,1 sin (k,,~,2d)

which finally determine the electric vector potential due to an infinite array of infinitesimal
magnetic dipoles in the interior region:

F~ (x, y, z) = ~ e~~X)~cos(kmij(z+d)) . (2.55)
flj —OOfl —00
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For y-directed magnetic dipoles in the interior region exactly the same formula is obtained for
the electric vector potential.

2.4.4 Magnetic vector potentials due to electric currents in the interior
region (-d <z < 0)

In the interior region of the equivalent structure, also electric currents exist as can be seen in
figure 2.2b. These currents have a y- and z-component. Thus the magnetic vector potential ~
has also two components (A~ and A~, respectively) which are associated with these currents
(with the assumption that the vector potential only has a component in the direction of the
respective current). Since the interior region is not homogeneous due to the electric currents,
only the centre row (0 <x < a) of unit cells in the y-direction is considered first instead of the
whole array. A part of this row of unit cells is shown in figure 2.6 (merely two unit cells have
been drawn here). The considered region is homogeneous with electric currents only at the
boundaries in the yz-plane at x 0 and x = a. In this region the vector potential then satisfies
the homogeneous Helmholtz equation (equation (2.16) with J(r)=Q) with a periodicity condi
tion in the y-direction while the conducting planes at z = -d and z = 0 will cause parallel-plate
modes in the z-direction. The y-dependence can thus be described by a set of Floquet modes
while the z-dependence is described by parallel-plate modes.

, ,

/ /
/ /

/ I / I

)s. Ground planes

i J(a,y,z)

(x’,y)=(O,O) ‘

Figure 2.6: Centre row of unit cells in y-direction.
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Magnetic vector potential A~ due to an infinite array ofz-directed infinitesimal electric dipoles
in a parallel-plate region

The magnetic vector potential A~ is of the form

A (x, y, z) = ~ f~ (x) e Jk~Ycos~P~Z) (O<x <a) , (2.56)
fl _c~p = 0

which satisfies the homogeneous Helmholtz equation and the periodicity condition (2.33b) for
the y-dependence. The condition of zero tangential electric fields at z = -d and z = 0 is also sat
isfied by this solution as can easily be verified by using Eq. (2.21). It is now seen that this solu
tion can be extended to each row of unit cells in the y-direction where only f,~,(x) has to be
derived for each row separately (due to the sources in the x-direction) The solution for f~~(x)
will be considered next.

The magnetic vector potential must also satisfy the periodic boundary conditions in the x
direction. Then the further analysis can be restricted to one unit cell, i.e. only the vector poten
tial in the centre unit cell (0<x<a, 0<y<b) has to be considered. Instead of deriving an expres
sion for A~ which is periodic for all values of x, a solution for f~~(x) is now constructed which
is the same as the periodic solution in the centre unit cell. This means that the constructed solu
tion for is only valid in the centre unit cell (actually the centre row).The solution for A~ in
other rows then can then be found by using a shifted form off~~(x). In this way the periodicity
condition will also be satisfied as will be shown next.

To satisfy the periodicity condition in the x-direction, the vector potential as given by Eq.
(2.56) must also satisfy the following inhomogeneous Helmholtz equation:

V2AZ + k~A~ = —~ (y — y’) 6 (z — z’) ~ 6 (x — ma) e11~, (2.57)
In =

with x~ as defined in Eq. (2.25a). Note that the y-periodicity has already been accounted for in
the solution as given by Eq. (2.56). Eq. (2.57) follows directly from Eq. (2.16) where J(~) now
consists of an infinite row of progressively phased (infinitesimal) electric dipoles at (ma, y’,
z’). Substituting Eq. (2.56) into Eq. (2.57) yields

~~[~fnp (x) +(k~_ (k~) 2~2)f~~ (x)]e3~cos(~~

—ö(y—y’)6(z—z’) ~ 6(x—ma)e~’~. (2.58)
in =

As before, orthogonality can be used to reduce this equation. For the y-dependence, the Flo
quet modes form an orthogonal set for 0 <y < b, while for the z-dependence the parallel-plate
modes are orthogonal on the interval 0 <z < d. Thus, both sides of Eq. (2.58) are first multi
plied with the conjugates of the Floquet modes (with index n’) after which the obtained expres
sion is integrated over the interval [0,b] (y-dependence), as was done in section 2.4.2. As was
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already mentioned, the parallel-plate modes form an orthogonal set as well, which means that

fcos(~~cos(~Z)dz =

with the Kronecker delta function as defined in Eq. (2.45). Furthermore, ~, = 2 for p = 0 and
= 1 for p = 1,2 Using this orthogonality in a similar way as was done with the Floquet
modes then yields the following reduced differential equation:

~[~fnp(x) +(k~2_ (kt)2_(~)2)fflp(x)1

= _ei~cos(~~± ~ 6(x_ma)e~’~’x. (2.59)

P/fl —00

This equation can be written in a more convenient form as

2’J~J’ (x) + ~%, (x) = —F,,~ ~ 6 (x — ma) e_jm~Vx, (2.60a)

= k~ - (k)2 - (~)2 <0), (2.60b)

jk~y

F,11, = ~ cos(~?~). (2.60c)

To show thatf~~(x) has to satisfy the periodicity condition (2.33a), Eq. (2.60a) is written as

(x + a) + ~ (x + a) = —F,,~ ~ 6 (x — (m — 1) a) eJ”~’x

Jfl = —00

= _F,,1,eJ~l’x~6 (x— (rn—i) a) eJ(”’)’l’x

6 (x — ma)~ (2.61)
Jfl —00

which implies that

f,,,, (x + a) = eJ~I’xf,,1, (x) (2.62a)

(x + a) =~(x) . (2.62b)

It is thus sufficient to find a solution for 0 <x < a. If the solution for other values of x are
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desired, Eq. (2.62a) can be used to continue the function outside the centre unit cell. This is
visualised in figure 2.7. So by describing the x-dependence in one unit cell only is sufficient to
know the behaviour of the entire array, as long as the periodic boundary conditions (2.62) are
satisfied.

It appears to be convenient to find a solution for f~~(x) for -a/2 <x < a12, since only one source
has to be considered in this way and the boundaries do not coincide with the source. When the
solution for this interval is found, a transformation can be made to obtain the solution for 0 <x
<a.

z=O~‘~‘-“

)~irected dipole

f~1,(x) f~~(x~a)eJN’x

///Z////// •////////// •//////////, /////

x=-a x0 x~a x=2a

Figure 2.7: Construction of a periodic solution for the x-dependence ofA~.

For -a/2 <x < a12, the functionf~~(x) should satisfy the differential equation

(x) + ~ (x) = _F,2~6 (x) . (2.63)

The solution is a combination of a particular solution and a homogeneous solution, where the
particular solution is given by

I G+e~~i~X (x>0)
fpar(x) . (2.64)

1. Ge~i,X (x<0)

Two conditions are needed to determine G~ and G. The first condition is continuity off~~(x) at
the source (x = 0) which is satisfied if

G~ = G. (2.65)

The second condition involves integration of the differential equation (2.63) which yields

urn (x) + lim $f~’ (x) dx = —F~ . (2.66)
1\—~odx ~ p p

-A
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By substituting expression (2.64) and using relation (2.65) the constants are then given by

F
G~ = G = . . (2.67)2jI3~~

The homogeneous solution is of the form

jm (x) = K~~e_i~~PX + K~12eJ~PX, (2.68)

where the constants Ku,, + and ~ are determined by applying the periodicity conditions
(2.62) at x = -a/2 and x = a12, which implies:

~ e3p(_~)~ (2.69a)

(2.69b)

where f,112(x) is the total solution which is given by

f,~1, (x) = f~ (x) +f~~1 (x). (2.70)

The constants ~ and K,1~ are then determined as

K~ = (2.71a)
11/? 2j~ [e~ (I3~1,a — —

F
= lip , (2.71b)

~i~) 2j 13,~ [e’ (13,1,a + ‘i~~) —

and the total solution is given by

f,~, (x) = 2~ ~+ K~, e_J~,hi,X + K;~1, ~nP~ (2.72)
lip

which is valid for Ix~ <a12. This solution can also be written as

1J~~~1’(x) (x>0)
~ (x) — Jp (x) (x <0) (2.73)
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where

f~” (x) = 2~ e_j~n,,X + K± +~ (2.74a)
J flp

f~” (x) = 2~ ~ + K~, e_j~,I,X + K;~,, ej~pX (2.74b)
.1 ~

To obtain a solution for 0 <x < a the solution for -a12 <x < 0 (Eq. (2.74b)) is transformed to
the interval {a12, a], where a phase shift is included as was discussed before. This is visualised
in figure 2.8. The solution in the interval [a/2, a] is then given by

= J~P (x — a)~ (2.75)

Substituting Eq. (2.74b) into Eq. (2.75) gives

f~P (x) = 2 ej~npX + K± e_~pX + K;2~~1zPX, (2.76)
J flp

which is identical to the solution for the interval [0, a12], as given by Eq. (2.74a). The solution
for the x-dependence in the centre unit cell (0 <x < a) is thus given by

f,~, (x) ~ + K, e_3~,I,X + K;~1,~;1PX . (2.77)

J~P = J~P (x — a) eJ’I’x

J~P(x) f~P(x)

‘:777~////////4//////// ///

x=-a x=-a12 x=a/2 x=a

Figure 2.8: Construction of the solution for f~~(x) in the centre unit cell.

Substituting expression (2.77) into (2.56) and using expressions (2.60c) and (2.71) finally
gives the solution for the magnetic vector potential in the centre (y-directed) row of unit cells
due to an infinite array of z-directed infinitesimal dipoles as

= ~ + Q~p ~~)eJY(YY) cos~~)cos~)±, (2.78)

g~ SIGNAAL• -23-



Green’s functions for an infinite periodic structure

where

jbd~1, (1 _~x~ni/’)) ‘ (2.79a)

= jbd~ (1 _ Wx~npa)) (2.79b)flp

Expression (2.78) is identical to the expression for A~ as obtained in Ref. [4].

Magnetic vector potential A~ due to an infinite array ofy-directed infinitesimal electric dipoles

in a parallel-plate region

The derivation of the magnetic vector potential A), can be performed completely analogously to
the derivation of the magnetic vector potential A~. The only difference in the solution is the fact
that the parallel-plate modes in the z-direction are now described by sine functions instead of
cosine functions. This is due the fact that a zero tangential electric field at z -d and z = 0
implies that A~ = 0, while in the case of z-directed dipoles the derivative of A7 must be zero to
satisfy the condition of a zero tangential electric field at the conducting planes. It then follows
that A~ is given by

A), = ~ e_~~1~pX + ~ uuix)e~ ~~ sin(~~ sin~), (2.80)

where the term for p = 0 is zero due to the sine functions. This completes the derivation of the
vector potentials.

2.5 Green’s functions

Since the various electric and magnetic vector potentials are now known, the Green’s functions
for the electromagnetic fields can be derived. This is done with help of Eqs. (2.20) through
(2.23). For example, the interior electric field due to an infinite array of infinitesimal electric
dipoles is given by

~X~A (x,y,z)
JWJ.Lo ~‘ )‘

E~’1 (x, y, z) — k2 (k~ + ~) A~ (x, y, z) , (2.81)
0 aY~ZAY (x, y, z)

since A~ is associated with y-directed dipoles. A more detailed derivation of the Green’s func
tions is given in Ref. [4]. Therefore, only the results are presented in this report which can be
found in appendix B.The use of the Green’s functions will become clear in the next chapter.
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Chapter 3

Method-of-moments formulation

3.1 Introduction

In the previous chapter, the Green’s functions for the tangential electric and magnetic fields
were derived. These Green’s functions will now be used to describe the tangential fields at the
antenna surface and the tangential fields at the (equivalent) aperture plane in the centre unit
cell (i.e. 0 <x < a and 0 <y < b). The field expressions in combination with the remaining
boundary conditions yield two integral equations which have to be solved to obtain the electric
and magnetic current distribution on the antenna surface and the aperture plane, respectively.
These integral equations are solved with the method of moments, which reduces an integral
equation into a matrix equation by expanding the unknown current distribution into a set of
basis functions and weighing the equation with a set of testing functions. The resulting matrix
equation is solved numerically.

3.2 Integral equations

To set up the integral equations for the unknown currents, the two remaining boundary condi—
tions have to be applied in the centre unit cell:

Eih1xn~1 = 0, (3.la)

X ~ = “2 x H’~ , (3.lb)
z=O z~O

where n~ = ~ and ~ ~• Eqs. (4.1) can then be written in tangential components as

(El’ ‘~‘~ + ~ in) = , (3 2a)
—t —t —tx~O

(il_c, ‘~‘~ — j~a~ cx) = 0
z=O

where the indices f and a refer to the fin and aperture, respectively, which denote the concern
ing source plane. The indices in and ex refer to the fields in the interior and exterior region,
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respectively. For example,~ is the interior tangential electric field due to the magnetic cur

rents at the aperture plane. Furthermore, ~ = (E~, E~) and H~ = (Hz, H~). The field Ej~ is the
excited field (due to an impressed source) in the transmitting case which will be considered
later. The right-hand side of Eq. (3.2b) is zero because only the radiating case is considered so
there are no incident fields present at the aperture plane. When the scattering case is considered
(measurement of RCS), an incident tangential magnetic field can be included as shown in Ref.
[3].

The tangential fields can now be written in terms of the derived Green’s functions and the elec
tric and magnetic current distributions:

= IS’~ “~ J (y’, z) dS~, (3.3a)

= ~ ~ M~ (x’, Y’) dS , (3.3b)

= Ui ~ (y, z’) dSf, (3.3c)

= Ha ~ Miii (x’, yD dS’ , (3.3d)

ex = f ~a, ex Mex (x’, y’) dS’a~ (3.3e)

where Sf and Sa are the fin surface and aperture surface of a unit cell, respectively and the
primed coordinates denote source points, the dyadic Green’s functions are defined by

— Ef~ ~ Ef~ in
= ~ , (3.4a)

Ef~”~ Ef,uhizy zz

— ~‘a, in ~ in
~ ~ , (3.4b)

j~’ a, in ~a, inzx zy

~ ~ Hf~ “~ Hf~ inH ‘ X)) XZ , (3.4c)
H~1Z H~Z’~~
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— jja, in f]a, in7~-a,in = XX X)~ , (3.4d)
in ~ja, in

YX yy

— H~’~ ~ H~’~ ex
Ra,ex = XX X~ (3.4e)

~a, ex H~’~ ex
YX yy

with the dyad components as derived in appendix B. Note that only the tangential components
of the Green’s functions are required to describe the tangential fields in Eqs. (3.3). Substituting
Eqs. (3.3) in (3.2) and using relation (2.5) for the magnetic currents then yields the following
integral equations:

J (y’~ z’) dS~+ ISa Mi~~ (x’, y’) dS = ~g’ (3.5a)

~ J(y’, z) dSf+ 1~a~ ~~ CX) . Miii (x’, y) dS’a = 0, (3.5b)

where the first superscript refers to the location of the tangential field components (fin or aper
ture) while the second index indicates the location of the source currents which cause the field
components (electric fin currents or magnetic aperture currents). The dyadic Green’s functions
in Eqs. (3.5) can be derived from the original Green’s functions by substituting x = 0 for the
electric field components and z = 0 for the magnetic field components.

From these integral equations the electric and magnetic current distributions can be obtained.
When these current distributions are known, the radiation characteristics like active input
impedance and active reflection coefficient can be determined.

3.3 Matrix equation

The integral equations (3.5) can be solved numerically with the method of moments. The first
step in this method is the expansion of the unknown electric and magnetic currents into a set of
basis functions:

N

1 (y’, z’) = ~ Jyqfyq (y’, z) ~ ~ ~zq”zq (Y’ z’) ~ (3.6a)
q~1 q=1

Nap

Mi1z (x’, y’) s~1~ (x, Y) ~ +~(x’, y’) ~ (3.6b)

with N~ and N~ the number of electric expansion modes in the y- and z-direction, respectively
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and Nap the number of magnetic expansion modes in both the x- and y-direction (the reason for
the equal number of basis functions in both the x- and y-direction will become clear when the
basis functions are defined). The unknown mode coefficients Jyq’ Jzq’ mxs and in~. must then be
determined. The electric currents are defined on the fin surface Sf whereas the magnetic cur
rents are defined on the aperture surface Sa of the unit cell. Combining (3.6) with (3.5) gives

~yqJyq~ydS~+ ~ fr” ~ Jzq~zq~z~’~

q=IS1 q=1S~1-

—

+ ~ “i. + mysMys~y~dS’a (3.7a)
s = I S~,

~ ç~af ~ ~yqJyq~ydS~+ ~ j~af~ ~ Jzq~zq~z~’~

q=1S~ q=IS~

+ ~‘ J (~aa~ ~~ex) . ( + mysMys~y)dS’a = 0 . (3.7b)
S = I S’~

These boundary conditions have to be satisfied at all points of the fin and aperture. This condi
tion will be relaxed somewhat by weighing Eqs. (3.7) with respect to some weighting functions
(also called testing functions). This means that the inner product is taken of the equations and
each testing function, which has the effect of satisfying the boundary conditions over the fin
and aperture surface in an average way. The inner product of two functions f and g can be
defined as

Qg) = ff.gdS, (3.8)

where the function g is defined on the surface S. The set of testing functions has the same form
as the set of expansion functions. This particular choice is known as Galerkin’s method [5].
The testing functions are denoted by the superscript w in the expressions for J and M:

Jw (y, z) = J~ (y, z) ~ J~7~ (Y’ z) ~ ~ ~ z) ~~•• ~ (~‘ z) ~ (3.9a)

MW (x, y) M~ (x, Y) ~ M~ (x, Y) ~ M~ (x, y) ~ , M~ (x, y) e (3.9b)

where unprimed coordinates are used to distinguish the testing functions from the expansion
functions. Now the inner product of Eq. (3.7a) and each testing function of (3.9a) is taken,
while Eq. (3.7b) is weighed with each testing function of (3.9b). This gives the following set of
Ny + N~ + 2Nap equations:
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N N,

~, ~yqIIE~ JWdS}~dSf+ ~i jzqj~ jEffi’~J J~d~dSfyz zqyy yqyr
q=1 S1S~ q=1 SfSf

Na,,

+ ~ [m~j $ Efa, ~ J~ dS’ dS + m $1 Efa, 1~M J~ dS’ dS~yr a f ys yy ysyr a fyx ~s
= i L S~S,, SfSa

_JW e dSf~ (3.lOa)
yrj —g —y

Sf

for 1, 2,..., N~,

N,, N,

~ .j $f~f’~’v JWdSdS+ ~j~q$JEff~I1~J J14~d~dSfzz zq zyq zy yqzr
q = 1 SfSf q = 1 SfSf

Na,,

+ ~ ~ I I ~ “M ~ dS~+ in $1 Efa, ~~~MysJ~dSadSf1xs zx xszr a j ys zy
s = i L S~S,, S~S’a

= _JW 1E edSf~ (3.lOb)
zrJ —g —

Sf

forr=1,2,...,N~,

N, N,

~ jyqI JHd’f’ ~‘~J MWdS?jdSa + ~ JzqI $H~’ “V MWdSIidSaxz zq xtxy yq xt
q=1 SaS’f q=1 SaSf

Na,,

+ in I I (H~’ ~“ + Haa, ex) MM~dS’dSxxXSJ J
s=1 ~a5’a

Na,,

+ ~ rn)~ I I i~”~ + Haa, ~‘3X) MxsM~dS’adSa = — (3.lOc)xy xy
S = I ~aS’a

for t = 1, 2,..., Nap,

I, N

~ jyqfJHC1f’~1V MWyy yq ytdj~Sa ~ ~ ~zqf fH~’ “zqM~jdSa
q=1 5a5f q=1 5a5f

Na,,

+ in $1 (H”~ “ + H~j~ cx) MM~dS’dSxs yx yx
s=1 ~a~a

Na,,

+ m I~ (HaCl~lli+HC~a~ex)MxsM~dSadSa ¶~ ‘ (3.lOd)ysjj yy yy
S 1 SaS~a

for t 1, 2,..., Nap. In matrix notation these equations become
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rq rq T~ rs T~ rs ~yq1 VrYY -

rq rq T~ rs T~ rs VrZZ , (3.11)

~ T~I tq1 ~ ts ts ~~xs

T~ lq T~ ~ ~ ts ts V~Y

where ~ is the self-impedance submatrix, Tfa the aperture-fin submatrix, T af the fin-aperture
submatrix and Y aa the self-admittance submatrix. The right-hand side of equation (3.11) is the
source vector. The remaining vector contains the mode coefficients of the basis functions. The
various matrix elements will be considered in the following section.

3.4 Matrix elements

Expressions for the impedance-matrix elements can be derived by substituting the concerning
Green’s functions from appendix B into Eqs. (3.10) (with x = 0 for the electric field compo
nents and z = 0 for the magnetic field components) and separate the integrations according to
the primed and unprimed coordinates. These expressions are then obtained in a general way,
i.e. for an arbitrary set of basis functions.

3.4.1 Self-impedance submatrix

As can be seen in equation (3.11), the self-impedance submatrix consists of four submatrices
itself, whose elements are given by

= jCoE0bd ~ (k~ — (kg) 2) C,~

• f~Y~ sin~ )dytdz’J~ J~e sin (3.12)

with~q=l,...,N~

~° injj~fl
1 ~ ~JI~ ~

yz,rq jwE0bd ~ ‘-~ d ~

f~zq cos ~)dydzf~ ~ sin(~ ~dydz, (3.13)

~
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S jk~y ~P7tz’) _jkhly (‘pjtzNJ e sin -~ dytdzt$ j~ e cosyq ~r

dydzfJ~e
—jk~y

cos E~ )dydz, (3.15)

with r~ q ~1,..., N~. The constant C,1~, is given by

— sin (13~1,a)

E3,~, (cos (13,~1,a) — cos

= - (k)2 - (~ )2 (Im(J3,~~) ≤O),

and is defined by

8 = (p=O)
1 (p>O)

3.4.2 Aperture-fin coupling submatrix

The aperture-fin coupling submatrix also consists of four submatrices, whose elements are
given by

T~ rs = sin (k,111~d)

.fM~~e1~e1~dx’dyf JW~~ (z + d) ) dydz,
Sf yr

with r= 1,..., and s= 1,..., Nap.

(3.16)

rq = jO)E0bd
fl = —~j, = 1

JP7tk;~
d ~P

withr=1,...,N~andq= 1,...,N~and

1

(3.14)

r jkçy ,1p’jtz’
e cosi

‘~ d

cap
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Tfa = 0, (3.17)
yy, rs

with r= 1,..., N~ and 1,..., Nap,

1 00 jk~Tfa
zx, rs ab k sin (k,~,2d)

rnnin = —oon = —~

.J M e xi dxdyfJwe_J’~cos (k,~,2 (z + d) ) dydz, (3.18)S0 XS

with r= 1,..., N~ and s= 1,..., Nap,

1 jk~Tfazy,rs a!, k s in (kd)
Jfl = —00fl = —00

M ei Xei dx’dylf5J~e-i’~’cos (k,n,j (z + d) ) dydz, (3.19)
S0 )~S

with r= 1,..., Nz and s 1,..., Nap and

k = - (k~)2 - (kg)2 (Tm (k ) ≤ 0).inn‘liii

3.4.3 Fin-aperture coupling submatrix

The elements of the fin-aperture submatrix are given by

1 pit 1 1 N ~. eJk~y 1p7tZ”~
T’~fxy,tq bd

~ ~,~d~CoS (~npa) — COS (wy) JiSf yq sin~~Jdy’dz’

.fM~[e~x(sin13,1~x) — sin (f3,,~ (x—a) )1e~”~dxdy, (3.20)
~0

with q= 1,..., N,, and t 1,..., Nap,

Jy ______________1 00 00 1k’1 1 j e1~’ ~TLifxz,tq bd ~ (~~a) — cos (wy) 5~ q cos~~~dy’dz’
a = —°°p = 0

.fM~[eJ’h1xsin (f3 x) — sin~ (3.21)
lip

SO

with q= 1,..., N~ and t= 1,..., Nap,
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Taf’ = 0 (3.22’)
yy,tq

with q= 1,..., N~ and t= 1,..., Nap,

~ =—~ ~ ~ 1 $ Jzq~cos~~~Jdy’dizyz, tq
= = ~ os (~3,1,~a) — cos Ov~) s’~

.5 M~[e~cos (I3~~x) — cos ~ (x—a) )]e~~dxdy, (3.23)
Sn

with q= 1,..., N~ and t= 1,..., Nap.

3.4.4 Self-admittance submatrix

Finally, the elements of the self-admittance submatrix are given by

1 on on k~—(k~’)2yaa
XX, tS = jwp,0ab k (cot (k,~,~d) +J)

inn!fl = —OOfl = —00

$ ~eik~’x eik~Ydxdy 5MW e~j’~e~j~dxdy, (3 .24)xt
So

1 °° 00 kmkliyaa =
XY~ ts jwji0ab ~ -~—~ (cot (knind) +f)

innin = —non = —~

S M eik~xe~~~dxdy1 $ Me_J’Xe_Ydxdy, (3.25)ys

~0

00 00 k/ilk/i
1yaa = ~ -~-—2~.(cot(k,n,,d) +i)~ jo~i0ab

innJfl = —OOfl = —00

5 M~~6~;’k e~~’dxdy 5~ (3.26)
~0 Sn

1 °° °° k~—(k)2
YCICI (cot(k d) +j)

YY’ ts j,op,0ab k,,~
/fl —non —no

5~$M~e3eJ~’dxdy, (3.27)
So ~0

with S, t= 1,... , Nap.
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3.4.5 Source vector

Due to its simplicity, a delta-gap voltage generator is used to model the element feed. This
source cannot be realized physically but is very convenient for antenna calculations. The delta-
gap generator imposes a voltage Vg at the feed points which causes the electric field among
these points to approach infinity because the gap between the feed points is considered to be
infinitely narrow. The electric field ~g’ generated by a y-directed source with x-coordinate Xg =

0 is then given by

E —v ~(Y~Yg)~y (Zg~ W~/2≤Z≤Zg+ W~/2),
—g g

(3.28)

with Vg the generator voltage and Yg and Zg the y- and z-coordinate of the generator, respec
tively. W~ is the width of a subdomain as will be defined later. The use of a delta gap generator
in combination with a bunny ear antenna is shown in figure 3.1.

-0~
Figure 3.1: Bunny-ear antenna fed by a delta gap voltage generator.

For the elements
obtained

V~Y = VgfJ~.
Sf

v~z = 0,

v~cx 0,

V?)Y = 0,

of the source vector (see Eq. (3.11)) the following expressions are then

(~, ~~)~(y—yg)dS1~ (3.29a)

(3 .29b)

(3 .29c)

(3 .29d)

z
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where rr indicates the mode centre of the r-th basis function which will be defined later. If a z
directed source is used, the y-coordinate in expressions (3.28) and (3.29a) must be replaced by
a z, while in expression (3.29b) the index z must be replaced by a y. The use of a z-directed
source is necessary when analysing a monopole array.

3.5 Basis functions

3.5.1 Electric currents

As said before, the main goal of the analysis is finding the electric current distribution on a pro
truding antenna with arbitrary shape in an infinite array. As an example, the configuration of an
array of bunny-ear elements is shown in figure 3.2. As shown in chapter 2, only one element in
this array has to be considered due to periodicity. The geometry of an element is approximated
by an arrangement of rectangular subdomains on which subsectional basis functions are
defined. Figure 3.3 shows a grid with the bunny-ear antenna from the array of figure 3.2. In fig
ure 3.4 the definition of the geometry of a general grid is shown.

Before proceeding, a remark must be made first. In Ref. [4], two separate grids are used for y
directed and z-directed basis functions, while only one grid is used in this report, as can be seen
in figure 3.3. It may be evident that this modification facilitates the indexing a lot. The width
and height of a subdomain are denoted by W1 and W~, respectively. The shape of the antenna
determines whether a subdomain of the general grid contains an expansion mode or not. So in
figure 3.3, only on the filled subdomains basis functions are defined. The unknown electric cur
rents on the subdomains are expanded in terms of overlapping piecewise sinusoidal (PWS)
basis functions in the direction of the current and in constant functions in the direction orthog
onal to the current. There are N~ y-directed and N~ z-directed basis functions. These basis func
tions are easily integrated in closed form with the associated Green’s function kernels as will
be seen later. Furthermore, since these are subdomain modes, their lengths and widths can be
adjusted which provides a great flexibility in modelling antenna structures.

Figure 3.2: Array of bunny-ear antennas.
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The q-th y-directed basis function, with q = 1, 2,... , N~, is given by

I Issink (W —iy ~Yk1)e y I qI p

W~sin (keWy)

with kq = 2,... ,S~ and = 2,... ,S~+ 1, where and S~ are the numbers of subdomains on the
grid in the y- and z-direction, respectively.

YSy+1 YSy YSy-1 Y3 Y2

Figure 3.4: Geometry of a general grid.

Figure 3.3: Arrangement of subdomains for the bunny-ear antenna.

~yq (Y” Yk) = J~ I (y” Ykq) =qq

Ykq_WY≤Y’≤Ykq+ WY

ZIq — WZ ≤ z’ ≤ Zig

(3.30)

-zsz+1

-ZSz

L

Sz-1

-_-~

y
_Z3

yl
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The factor ke can be chosen arbitrarily, but it has been shown in Ref. [11] that when the antenna

is printed on a substrate, (ke)2 = ((k0)2 + (kd)2)!2 is a good choice, where kd is the wave number
in the dielectric and ke is the effective wave number. Since no substrate is considered in this
report, ke is simply set to k0. The q ‘-th z-directed basis function, with q’ = 1 ,... , N~ is given by

z —W ≤z’≤z +W~
1q~ ~ 4

— WY ≤ ~ ≤ Y~,

with kq’ = 2,... ,S)) + 1 and 1q’ 1,2,... ,S~ + 1. The use of these functions is visualised in figure
3.5. The primed index is used to distinguish the q-th y-directed mode from the q’-th z-directed
mode (in general, the indices of the specific modes in figure 3.5 are not the same).

As mentioned before, the testing functions are of the same form as the basis functions. These
functions are thus given by (3.30) and (3.31) with the addition of a superscript w and the
replacement of the subscript q by the subscript r in the left-hand side of the expressions.

Yk+2 Yk+1 Yk Yk-1 Yk-2

Z/~2

z1+1

zi

zl-1

Z12

Figure 3.5: Use ofpiecewise sinusoidal basis functions on the fin surfttce.

‘zq (z’, Ziq~) = (z’, z1) =

sinke(Wz ‘ / I’
—Iz —Z11)

I q~I p
W~sin (k~W~)

(3.31)

J~1

W~

J~1~ ~

~
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3.5.2 Magnetic currents

The aperture magnetic currents are expanded in Floquet modes which are of the form

-j {k~’x + k~y}
M =e e (3.32)—xs —x

—j fk’~~x + k’~’y}
M = e e (3.33)—ys -y

O≤x’≤a,

O≤y’ ≤h,

with m~ = 1,..., map and n~ = ~ ~ This means that map * 1~ap = Nap x-directed and Nap Y

directed Floquet modes are defined on the aperture (so actually the single summations in Eq.
(3.9b) are double summations over m~ and na). Note that these modes are entire domain basis
functions because they are defined on the entire unit-cell aperture plane, as shown in figure 3.6.
Floquet expansion modes are a natural choice since these are the characteristic modes of the
periodic structure. The magnetic current testing functions are the conjugates of expressions
(3.32) and (3.33) (Galerkin testing). This choice causes orthogonality in a large number of
matrix elements which leads to considerable sparsity in certain submatrices as will be seen
later. The testing functions are again denoted by a superscript w in the left-hand side of expres
sions (3.32) and (3.33). The index s must be replaced by the index t.

y
y=b

M—y

M

______________ —x

xy=o- $1’.

x=O x=a

Figure 3.6: Entire-domain basis functions at the aperture plane.

3.6 Calculation of the matrix elements

3.6.1 Impedance-matrix elements

The impedance-matrix elements, as given by expressions (3.12) through (3.27) can be evalu
ated by substituting the expressions for the basis functions and testing functions (expressions
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(3.30) through (3.33)). Since this is a rather laborious task and it has already been performed in
Ref. [4], the complete derivation is omitted here and only the results are presented. The final
expressions can be found in appendix C. However, a few remarks have to be made yet.

First of all, different subdomains are used in this analysis as mentioned before, which changes
the integration limits and the notations for the subdomain sizes in the expressions for the
matrix elements. In Ref. [4], the q-th y-directed basis function is integrated from Yq~h to Yq+h

in the direction of the current, where Yq is the y-coordinate of the q-th mode centre, while in
this analysis h is replaced by W~. In the z-direction, the integration is performed from Zq~WI2 to
Zq+ WI2 in Ref. [4], where Zq is the y-coordinate of the q-th mode centre, while in this analysis
the integration is taken from Zq~Wz to Zq. This is equivalent to replacing zq+ WI2 by Zq and W by
W~ in the expression for the relevant integral. Similar considerations can be made for the z
directed currents. Note that in the expressions for the y-directed currents, h must be replaced
by W~ and W by W~. For z-directed currents, h is then replaced by W~ while W is replaced by
WJ Expressions for the evaluated integrals can be found in appendix D. The difference in sub—
domain definition is shown in figure 3.7.

Zq+W12 _Zq
Jyq

_ZqWI2 _ZqWz

yq+h yqh

Zq+ W~

Zq

Zqh ZqWz

Yq~71~2 Yq YqT4~~”2 Yq Yq~4”y

a) Definition from Ref [4] b) Definition used here

Figure 3.7: Comparison of subdomain definitions.

A second point of discussion is the use of so-called half-modes. In certain cases, for example
the monopole array, it is necessary to place a z-directed expansion mode with the z-coordinate
of the mode centre at Zq = -d. This means that the integration must be performed from z = -d to

Jyq

y~1

Zq+h

Yq~

- - Zq
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z -d + W~ in that case. The relevant integrals are 14 (Zk) and 19 (Zk) (see App. D), with k the
index of the z-coordinates of the general grid. For Zk = -d, the original integrals become (see
Ref. [4], p. 80):

—d + W~

I4(zk=—d)= I JZ(z,zk)cos~d~dz, (3.34)
-d- W.

—d + W.

19 (zk = —d) = f ~ (z, zk) cos (k~~1~ (z + d) ) dz. (3.35)
-d- W~

Both integrands are symmetric with respect to the point -d, which will now be shown. It is
obvious that J~ is symmetric with respect to -d. The cosine term in integral (3.34) has a period
of 2dIp (with p = 1,2,...) which means that it is symmetric with respect to -d for all values of p.
The cosine term in integral (3.35) has its maximum at z = -d thus is also symmetric with
respect to -d. It can then be concluded that the half-mode integrals are simply the original inte
grals, divided by a factor 2. These half-mode integrals are denoted with a superscript h.

Another issue is the use of a feed strip between the two fins. A feed strip is necessary when the
distance between the two bunny ears (a specific fin shape) is not infinitesimal. Due to the use of
a delta-gap generator, the distance between the feed points must remain small enough. There
fore, when necessary two extra subdomains are placed between the fins. This is shown in fig
ure 3.8. It is obvious that the width of these subdomains is usually not equal to I4’~,. This means
that some integrals have to be adjusted for the feed strip subdomains. The associated integrals
are 16(yk) and J~ b(yk) since these integrals involve integrations over y.

Part of fin

-~

wz

Source

~ w ~: ~ ~~(~~—1)
~ ~ + ~) _,.~___~— ~,7cç~k~ ~ Zi

yc+1 yc ye-i

figure 3.8: Use offeed strip subdornains.
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From figure 3.8 it is seen that three different modes are needed to cover the feed strip sub-
domains. Thus, the integral ‘6 must be calculated for three extra mode centres. If the width of a
feed strip domain is and the centre y-coordinate is y~, it follows that the integrals are given
by

+ W~.f

‘6(~~1)= f ~ (3.36a)
-

+ W~,

‘6(~~)= I J),(y,yc)~dy, (3.36b)
~— W~

yc+ I +

‘6 (~+ ) = f J(~ )~ (3.36c)
Yc+ — W~f

where

sink (W +y—y ~)
(~ —W<\)<~)W sin (k W ) -‘c—I y-’ -‘c—l

Z e ~‘ , (3.37a)
sinke(Wyf—y+ycl)

Wsifl(kWf) (y~_1≤y≤y~_1 +W~f)

sink (W ~
Wsifl(kWf) (3.37b)

Yc~yf≤ y ≤ Yc + Wyf

sinke(Wf+y—yc+l)
(~‘ —w <v<v )Wsin(k W ) c+1 yf-’-’c+lz e , (3.37c)

sinke(W —Y~YC+1)
(~ <~<~ +W)Wsin(k W) c+1-’ -‘c+l yz e y

for z1 -W~ <z <z1. The evaluated integrals can be found in Appendix D. The integral Ilb(yk)
normally does not have to be adjusted because it is only needed in modelling the feed strip sub-
domains when there are two or more rows of feed strips. This is due to the fact that the integral
is associated with z-directed basis functions which only exist when there are two or more adja
cent subdomains in the z-direction. If that is the case, in the expression for I~~’ the width
must be replaced by 14’~~1for the grid coordinates Yc and Yc+1 (see App. D).

The last issue concerns the evaluation of the submatrices Taf and ~ In Ref. [4, p. 77], use has
been made of two additional integrals (rio and ~ and an additional constant (C,~,2). The solu
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tions to the integrals were given by [4, p. 81]

110 (x) =

(—[3 cos ([31~~a) +jkmsin (13 a)) + [3 1
up X np npJ

(f3 )2_ (km)2
lip x

13 [cos (i3~~a) — eik~] +jk~sin ([3,~~a)liP

([3 )2_ (k~)2
lip

(3.38)

([3~~a))—jk~e~i”~0”~~’ [eJk~’a ([3 sin ([31~~a) +jkmcos
lip

([3 )2—(k’~)2
lip x

I~ (x)=

cos ([3~~a)1 + [31~~sin ([3~~a) (339)

— ([3,~~,)2_ (km)2

and the constant C1~,2 was defined as

C = 1 (3.40)lip2 cos (I31~~a) — cos (N~~)

It now appears that the two integrals can be simplified significantly. To achieve this, one has to
investigate the parameter k~m, which was defined in Eq. (2.35a) as

27tm—NJ~
k”1

X a

where m is an integer. With this expression the following equality is obtained:

ejk~ = 2jitun = e~’l’x[cos (27tm) +jsin (2~tm)] =

By substituting this result in expressions (2.36) and (2.37), the integrals simplify to

— 213,,,, [cos (iji,~) — cos ([3,,~a) 1 341
10 - ([3 )2 (km)2 (.

li~ X

—2jk~’ [cos (q’,~) — cos (l3,,~a)] (3.42)
11 ([3 )2_ (k’~)2

hI) X

In Ref. [4], the integrals 110 and ~ have both been multiplied by the constant C,11,2 in the rele
vant matrix elements, where the original integrals were used. Using the simpler versions in
(3.41) and (3.42) it is seen that the cosine terms disappear, which makes the matrix elements
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easier to implement in the software. Since cos(I3~~a) can become very large (due to the com
plex argument), also the numerical stability is strongly improved. The elements which origi
nally contained 110 lose a term f3~, in the same way. The modified matrix elements and the
corresponding integrals can be found in appendix A and B, respectively.

3.6.2 Computational and numerical details

There are some issues which need some attention in order to avoid numerical instabilities.
These issues involve asymptotic expressions and singular points. Furthermore, a certain sym
metry in the self-impedance matrix can be recognized, which accelerates the computations sig
nificantly. Finally, when the integral computations are performed efficiently, computation time
can also be reduced considerably.

Asymptotic expressions for ~ and C,~

The constant ~ is given by

= sin (f3,~~a) , (3.43)
flP ~ (cos (13,~,,a) — cos (k0u0a) )

~= ~k~- (kç)2_(~)2 (Im(~,~,,) ≤O). (3.44)

It is obvious that is either real (n and p small enough) or pure imaginary (n and p large
enough). So for large n and p expression (3.44) can be written as

= —j13,
with f3 = —Im(I3,~~)~ ~3 >0.

With this result, the following approximations can be made:

cos (f3,~~a) = cos (—jI3a)

1 ,f3a>>1.
sin (13,~,,a) = sin (—J13a)

For large values of 13a, both the numerator and denominator in the expression for C,1~,, become
very large which can cause numerical instabilities in the computations. By using the approxi
mations as given above, expression (3.43) simply becomes

Ca,, = (na>> 1). (3.45)

Note that C,~,, is always a real number. In figure 3.9 the exact expression for C,~, (expression
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(3.43)) and the approximation (expression (3.45)) have been plotted against 13a. In fact, both
expressions have been multiplied by a factor 1/a to be able to use f3a as a parameter. It is
assumed that is imaginary, which is a necessary condition for the approximation to be
valid. As can be seen, the approximation approaches the exact formula already very well for
f3a = 6. For 13a = 10, the relative error is below i0~.

ci

Singular points

In the matrix elements several singularities exist. Some of these singularities are removable.
The ones that are not removable, can appear at i~= 90° and d = n2~J2, where n is an integer.

When i3= 90°, f3~ and ~ become zero for specific combinations of m, n and p. This causes

infinities in certain matrix elements (for example, some elements of T~ become infinite), so
this scan angle must be avoided in the simulations. Other singularities that occur for i3= 900 are
created by the terms ~ - k~”~), ~ and (ke - ~ of which the last two cases only appear in

expressions in which they are removable. Since a few non-removable cases exist for i~= 90°,
the removable singularities need no attention and thus don’t have to be removed (i~ 90° is
avoided anyway).

Another non-removable singularity occurs for specific values for the distance between the
ground plane and the equivalence plane d. These values are given by d = n2J2. For these val
ues, the expressions for the self-admittance matrix Y aa become infinite (see appendix A).
Physically this means that the parallel-plate region operates at resonance for the relevant fre
quency (cavity). In the software, the distance d is adjusted automatically in this case, which
means that it is enlarged somewhat. This does not affect the convergence noticeably. A singu
larity also occurs in the integral 14(z1) for d = n2LJ2, which is removable (but not necessary
because this situation is avoided).

There are a few singularities left now, which are removable and can occur when i~= 0° or p=O.

13a (rad)

Figure 3.9: Asymptotic approximation for the constant C,~,.
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When i~= 0° and n = 0, the factor kr” becomes zero which affects the integral Ilb(yk) (see
appendix D). Simply taking the limit gives

lim I~’ (Yk) W~. (3.46)
k~ —*0

The integral 13b has a removable singularity for p = 0:

lim 4’ (z1) 0. (3.47)
p ~*O

Finally, when i~= 0° and m = n = 0, the propagation constant k,,~ equals the effective wave
number ke (= k0) which causes a singularity in 19(z1). Taking the limit gives

W
lim 19 (z1) = —~cos (ke (z1 + d)). (3.48)

~ ~ WY

Symmetry in the self-impedance matrix Z~

Since the computation of the self-impedance matrix involves double summations, it is desired
to reduce the computation time. The difference between the elements in each self-impedance
submatrix is only caused by the different mode-centre coordinates which appear in the inte
grals. When considering the relevant integrals in each submatrix, a certain symmetry can be
seen. First of all, consider the matrices Z),~ and Z~ (the superscript if is omitted for conven
ience), as given in appendix C. The elements in these matrices can be written as

Z,. q = JWE bd~~Zr, q (Yk~’ Z1~ Ykq’ Z1q~ n, p) , (3.49)
* 0 ,, p

where the first index in the subscript indicates the row number and the second one indicates the
column number. The factor Z,q then possesses the following symmetry:

ZYY Z~~*

which is caused by the definition of the fin subdomains. This means that only one half of each
matrix has to be computed which reduces the computation time considerably.

A similar form of symmetry is observed in the matrices Z~, and Z57~. However, in this case the
symmetry is not found within the matrices but between the two matrices (see appendix C).
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If the matrices are written like in relation (3.49), it is seen that

7yz = 7zy *
r,q q,r

which means that only one of the two matrices has to be computed, which in turn accelerates
the computation of the self-impedance matrix.

Symmetry in the fin-aperture submatrix

Partial symmetry in the fin-aperture submatrix Taf can also be recognized. The computation of
this matrix is less time consuming than the computation of the self-impedance submatrix, due
to the single summation, however every possible simplification should be exploited. Observing
the submatrices ~ and ~ (appendix C), it follows that

k’~
T~tq = (3.50)

which is caused by the identical form of the x-directed and y-directed aperture modes.

Integral storage

The integrals, appearing in the matrix elements, have to be calculated for a range of values for
n or p and y~ or z1. If these calculations are performed for each submatrix element, it is clear
that enormous calculation time is involved. To avoid this, each integral is computed for each
relevant grid-coordinate (either y or z) and n or p, after which the integrals are stored in matri
ces. When the matrix elements are computed, the relevant integrals can be chosen from the
complete set of integrals instead of computing them over and over again. This technique makes
the computation a lot more efficient.

3.6.3 Source vector

In paragraph 3.4.5, a general expression was given for the source vector (expression (3.28)).
Since the choice of basis functions is now known, this expression can be evaluated as follows:
In this derivation it is assumed that the source is placed in such a way that the centre of the
source coincides with the mode centre of the r-th testing function. This yields a very simple
expression for the source vector, as can be seen. Usually the coordinate yg is the centre coordi
nate in the grid (due to the symmetry of the antenna structure). Note that the same expression is
obtained when using a feed strip as discussed in paragraph 3.6.1.
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S1flke(Wy_~Y_Yk~)
V~Y = Vgj WS~fl(keWy) r 6(Y_Yg)dSf

Sf Z

Z1 Yk + W~
S1flke(WY_~Y~Yk~)

— Vg J J WzSifl(keWy) (Y_Ykr)dYdZ

Z1 — W~ Ykr — W~

= Vg (Zi,_Wz≤Zg≤Zi,)• (3.51)
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3.7 Infinite-array performance parameters

In order to measure the characteristics of an infinite array, only one element in the array is con
sidered. Typical infinite-array parameters are the active input impedance, the active reflection
coefficient and the active element pattern, which will be considered next. The parameters are
called active due to the presence of an array environment.

3.7.1 Active input impedance

Due to the use of a delta-gap voltage generator, the active input impedance is simply obtained
as the generator voltage, divided by the total current that crosses the gap at y y~. (the centre y
coordinate of the structure). This current can be found by integrating the source mode (the
basis function with mode centre y~, see figure 3.8) over the height W~ of the subdomains at the
feed:

JJyc~y (Y = Ye’ ~ dz = (3.52)

with I)) as given by expression (3.37b) and~ the mode-coefficient of the feed mode. It is thus
seen that the total (y-directed) current at the feed points is simply the concerning mode coeffi
cient. The input impedance is then given by

Z~ = 4-v . (3.53)
lye g

This is the impedance of one (arbitrary) element in a fully excited array. The behaviour of the
input impedance with respect to the frequency and scan angle determines the bandwidth and
scan range as will be seen later.

3.7.2 Active reflection coefficient

Consider the linear array in figure 3.10. In this array, a wave with complex voltage amplitude
V~ is excited by the generator. At the antenna terminals, a part of this wave with amplitude V
is reflected due to a possible impedance mismatch. The active reflection coefficient is then
defined by

R = -~- (3.54)v+
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ZiIZ — ZL
R = ~, ~

in L

xix ix

G = (1 — 1R12) cosi~,

Figure 3.10: Linear antenna array.

Since the complex voltage amplitudes are not known in the analysis, another expression for the
reflection coefficient is used here. If the input impedance of the antenna is Z,,~ and the imped
ance of the feed network is ZL, the reflection coefficient is given by the well-known relation

(3.55)

This is again the reflection of an arbitrary element in a fully excited antenna array and is in
general a function of the scan angle and frequency. The (normalised) active element pattern is
given by [12]

(3.56)

which is the gain of one element when all other elements are terminated in matched loads. The
active element pattern is a valuable parameter because the gain of the fully excited array is pro
portional to the active element pattern as shown in Ref. [12]. In addition, this parameter can
easily be measured.
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Chapter 4

Test cases

4.1 Introduction

In order to validate the analysis and the software, some simple test cases will be analysed and
the results will be compared with other published works. These test cases require only a few
expansion functions and have a more simple structure than the problem of actual interest: the
bunny-ear array. These test cases are also used to investigate the convergence of the computa
tions.

As a first test case, the monopole array will be considered. Only a part of the general imped
ance matrix is needed to compute the input impedance of a monopole in an array environment
since only z-directed currents are used which reduces the computation time significantly. Sec
ondly, a dipole array will be considered which also uses only a part of the impedance matrix
since only y-directed currents are used in the computations. The third test case involves the use
of currents in both directions which increases the complexity of the computations. A y-directed
dipole with z-directed feed lines will be analysed in this case. Finally, a bunny-ear array which
has been investigated in the literature will be analysed and is compared with known~resu1ts.
This completes the validation of the software.

4.2 Monopole arrays

4.2.1 Configuration

First of all, an array of monopoles has been analysed and compared to the work of Fenn [13]
and Tangdiongga [14]. Fenn uses electrically thin filaments (r O.OOLk0) while narrow strip
monopoles (W << L) are used here. The equivalent radius re for a strip of width W is re W14
[15, p. 338], which means that the electrically thin filament can be replaced by a strip of width
W O.OO42~o. The length of the monopoles is L ~ The unit cell geometry is shown in fig
ure 4.1. Two monopoles are displayed here for clarity.
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Ground
plane

Figure 4.1: Unit cell of an infinite array of monopoles.

4.2.2 Convergence tests

In the software, the summations over n and p have to be truncated at some point. Also the
number of expansion modes is limited. Therefore the necessary values for the various parame
ters have to be determined to achieve a good convergence in the computations. The placement
of the equivalence plane may also have a certain influence on the convergence.

In the following simulations, the spacing between the monopoles is chosen as a = b = 0.62~o to
create some grating lobe effects. This is done in order to be able to test the convergence in
anomalous points. Spacings of O.52~o are used when the results are compared with the work of
Fenn.In figure 4.2, the convergence of the input impedance as a function of scan angle is
shown with parameters PP (the upper limit in the p summations) and d (the distance between
the ground plane and the equivalence plane). The simulations have been performed with NN =

70 (the upper limit in the n summations), N~ = 8 (number of expansion modes on the fin) and
EMAX = 25 (number of aperture expansion modes). It appears that the fastest convergence is
achieved for small values of d. When d = 0.30X0, only 10 terms in the p summations are
needed for good convergence, while 20 to 30 terms are needed when d = 0.40?~o (Using only
10 terms gives no meaningful result). In figure 4.3, the same is done for the n summations.
However, since the placement of the equivalence plane has no significant influence here, only
the convergence for d = 0.30?~o is shown. It is seen that 50 to, 70 terms yield good convergence
(PP = 30). Finally, the convergence with parameters N~ and EMAX are shown in figure 4.4 and
4.5, respectively. The placement of the equivalence plane has no influence on the speed of con
vergence here too. It is seen that 5 fin expansion modes and 9 aperture expansion modes are
sufficient for good convergence (NN = 50).

L

z = -d z=0
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a) d O.402~~

Figure 4.2: Convergence of the p summations (continued).
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b) d = O.35~~

Figure 4.2: Convergence of the p summations (continued).
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Figure 4.2: Convergence of the p summations.
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Figure 4.3: Convergence of the n summations.
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Figure 4.4: Convergence of the fin expansion modes.
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Figure 4.5: Convergence of the aperture expansion modes
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4.2.3 Simulations with the monopole array

Some simulations have been performed for an infinite monopole array. First, the software has
been tested by comparison with the work of Fenn [13], as mentioned before. Fenn uses an ele
ment distance of 0.52~o in both directions and investigated the reflection coefficient with

respect to the scan angle in the principal plane (p = 00 or p 90°) and the diagonal plane
Qp=45°).

The following simulations have been performed with d = 0.302~o, PP = 20, NN = 50, N~ = 5 and
EMAX = 9. Figure 4.6 shows the reflection coefficient in both planes. In these simulations the
same parameters have been used as in Ref. [13], except for the fact that a narrow strip has been
used instead of a thin wire and more basis functions have been used. For the principal plane,
only q = 0° is shown because for p = 90° the same results were obtained which is a conse
quence of the use of very narrow strips. Comparing the results, it can be stated that the agree
ment is very good. These results also agree with the simulations in Ref. [14].

Also a frequency scan has been performed on the array. The design frequency isf0 = 1.3 GHz
while the distance between the elements is a = b = 0.52~o, where 2~j is the wavelength at the

design frequency, p = 0° and i~ = 60° (lowest reflection coefficient). The results are shown in
figure 4.7. Scan blindness is observed for f = 1.4 GHz (approximately). It must be remarked
that this simulation has not been performed in Ref. [13].
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Figure 4.6: Reflection coefficientfor an infinite array of monopoles.
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4.3 Dipole arrays

4.3.1 Configuration

The second test case involves a dipole array. The configuration that is used here has been ana
lysed by Schuman [15]. Schuman has used wire dipoles with a diameter of 0.025 2w~, which
means that a strip width of 0.05 2~ must be used here. The length of the dipoles is 0.375 ~o and
the centre of the dipole is placed 0.25 ~ above the ground plane. The configuration is shown
in figure 4.8. A unit cell is displayed in this figure, where the (1,0) element is also displayed for
clarity.

/
f dij~oles

z=-d z=-d+~0/4 z=0 z

Figure 4.8: Unit cell of an infinite array of dipoles.

4.3.2 Convergence tests

When the monopole array was analysed, it appeared that for relatively small values of d the
fastest convergence was achieved. Similar analyses for the dipole case have shown that this
also applies to the dipole array. This means that the equivalence plane is placed closely above
the dipole to achieve the fastest convergence.

Some convergence tests, concerning the parameters NN, PP, N~ (number of y-directed basis
functions) and EMAX have been performed for d 0.3 2~j and grid parameters a 0.6 ~ b=
0.4 ~. In these tests, the impedance has been computed with respect to the scan angle ‘&, where

0° (H-plane scan). In figure 4.9, the convergence of the p summation is shown, where NN
70, EMAX 25 and N~ = 7. Relatively high values are chosen to ensure convergence in these

parameters. It is seen that for PP = 30 good convergence is already achieved. The same has

Ground
plane
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been done to investigate the convergence of the n summation. The value of PP has been set to
30. The results are shown in figure 4.10. It can be seen that a very good convergence is now
achieved for NN = 30.

0

x

b) Reactance

Figure 4.9: Convergence of the p summations.
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b) Reactance

Figure 4.10: Convergence of the n summations.

The next convergence test concerns the number of y-directed basis functions. An odd number
of basis functions is chosen due to the fact that it facilitates the computation of the input
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impedance. Only one mode coefficient is needed in this case. Furthermore, when a bunny-ear
antenna is analysed, use is made of a general grid, as was seen in chapter 2, which usually has
an even number of subdomains to design a symmetric bunny-ear element. This also implies the
presence of only one mode at the source. In figure 4. lithe convergence of N~ is shown.

-c
0
c

><
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Figure 4.11: Convergence of the number of basis functions N)).
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The parameter NN has now been set to 30. As can be seen, for large scan angles the computa
tion of the input impedance converges very slowly with respect to the number of basis func
tions. It appears that this slow convergence is caused by the relatively large width of the dipole,
which was set to 0.05 2~. The assumption that the current on the dipole is a y-directed current
is valid when W << L, as mentioned before (this was true for the monopole case). Hence, for
larger widths, a z-directed component must be considered too. Since Schuman only uses y
directed basis functions on a relatively thick wire, it can be stated that his results may be inac
curate for large scan angles. As the primary goal of the dipole simulations is the validation of
the software, the same number of basis functions are used in this report as in Ref. [15) to obtain
a reliable comparison. The number of basis functions is therefore set to 5.

Finally, the convergence of the parameter EMAX, the number of aperture modes, is considered.
The simulations have been performed with the other parameters set to their minimum values as
determined before. The results are shown in figure 4.12. It is seen that a good convergence is
readily achieved for EMAX = 9.

4.3.3 Simulations with the dipole array

With the settings of the various parameters, as determined above, some simulations have been
performed with the configuration in Ref. [15], which already has been used in the convergence
tests. First, the impedance in both the E-plane and H-plane are considered. The results are
shown in figure 4.13 and show a very good agreement with the results of Schuman.
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Figure 4.12: Convergence of the aperture modes.
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4.4 Arrays of dipoles with feed lines

4.4.1 Configuration

In order to test the software with more complex structures, an array of coaxially-fed dipoles
with balancing stubs has been analysed. In this case both y- and z-directed currents exist. This
array has also been analysed by Schuman [15] to demonstrate the effect of feed lines on the
performance of a dipole array. The unit cell that has been used for this analysis is shown in fig
ure 4.14. This analytical model for the dipole represents the physical model for the coaxially
fed dipole as was shown by Schuman.

4.4.2 Simulations

Convergence tests as performed before have shown a very good convergence for NN = 30, PP
30 and EMAX 25. The number of basis functions is taken the same as in Ref. [15] to obtain

a reasonable comparison. This means that N~ 5 and N~ 8 (four on the feed line and four on
the balancing stub). Two lattices have been used in the simulations. For lattice A the dimen
sions are a 0.52~ and b = 0.42~o, while for lattice B the dimensions are given by a = 0.6~o and
b 0.42~o. The results for the impedances in the H-plane and the E-plane are shown in figure
4.15 and 4.16. The agreement with the results in Ref. [15] is again very good.
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C
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b) E-plane

Figure 4.13: Active impedance scans of a dipole array.
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Figure 4.14: Unit cell of an array ofdipoles with feed lines.
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Figure 4.15: H-plane impedance for a dipole with feed lines.
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Figure 4.16: E-plane impedance for a dipole with feed lines.

4.5 Arrays of bunny-ear elements

4.5.1 Configuration

As a final test case, an array of bunny-ear elements is considered. Chu [17] already analysed a
bunny-ear array in a similar way as is done in this report. The only difference in the analysis is
the use of equivalence in this report, while Chu used the Green’s functions for horizontal and
vertical elemental dipoles over a ground plane in a periodic unit cell. The configuration is
shown in figure 4.17. Note that only the dipole wings are considered. The influence of the
tapered coplanar strip line on the radiation characteristics is neglected in the simulations. The
coplanar strip line is used to transform the bunny-ear impedance to the impedance of the feed
ing network.

The dimensions of the unit cell are, according to Ref. [17], a = 109.2 mm and b = 111.8 mm,
while the other dimensions are h1 =22.9 mm (offset from the ground plane) and h2 = 114.3
mm. The width of the antenna is 109.2 mm, while the height is defined as h2-h1. The element
was designed for a centre frequency of 1.125 GHz. Note that the width of the antenna is some
what less than a half wavelength at the centre frequency. Convergence tests as performed
before have shown that a very good convergence is obtained for NN = 160, PP =160 and
EMAX = 49. The number of basis functions is taken the same as in Ref. [17] to obtain a good
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comparison. This means that N~ 39 and N~ = 44. Actually, the number of basis functions is
not chosen directly. This number is related to the number of subdomains, used for modelling
the antenna structure. So when the domains which compose the structure are known, the
amount of required basis functions are derived.

A last remark has to be made yet, concerning the parameters NN, PP and EMAX. To obtain
accurate results, it is necessary to determine the minimum values for these parameters for each
antenna structure that is considered by doing some convergence tests. It has already been seen
that for more complex structures, the parameters NN (number of Floquet modes) and PP
(number of parallel-plate modes) must be chosen quite large for convergence. The value of the
parameter EMAX (number of aperture modes) must be chosen higher when the aperture of the
unit cell becomes larger, which is the case when the elements are spaced further apart. Lower
values for EMAX may be taken when the distance between the parallel plates is enlarged, due
to the weaker interaction between the equivalence plane and the antenna. However, more par
allel-plate modes are needed then. Dependent on the configuration, the appropriate choice for
the convergence parameters must be considered. For the values of the parameters Nb (number
of basis functions on the fins), NN and PP a first indication can be given if it is assumed that
the parallel-plate distance d is minimised. This indication is based on the previous convergence
tests and is shown in table 4.1. It can be seen that more parallel-plate modes and Floquet
modes are required for a larger number of basis functions.

4.5.2 Simulations

In order to compare the simulations with the work of Chu, the scan performance was investi
gated at the frequencies 0.8, 1.125 and 1.4 GHz with a load impedance of 175 ≤2 The results

Ground
plane

z = -d

Figure 4.17: Unit cell of a bunny-ear array.
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are shown in figure 4.18 and are in good agreement with the results of Chu. It is seen that the
performance in the H-plane is better than the performance in the E-plane. However, improve
ment by optimising the configuration may be possible. Finally, the reflection coefficient with
respect to the frequency is shown in figure 4.19 (no-scan case). The match is indeed best at a
frequency of approximately 1.1 GHz. Note that the performance in the lower frequency band If
< 1.125) GHz is relatively better than the performance in the higher frequency band If> 1.125
GHz), which means that the actual centre frequency is located at approximately 1.0 GHz.
When a reflection coefficient of 0.4 (magnitude) is accepted as a criterion for good perform
ance, the bandwidth is 85%. The criterion IRI = 0.3 yields a bandwidth of 75%. Note that this
bandwidth is obtained in the no-scan case. When a certain scan angle is desired for all frequen
cies, the bandwidth will be smaller. Therefore, the definition of bandwidth depends on the
design criteria for the antenna.

Nb PP NN

5-15 50 50

15-30 80 80

30-55 100 100

55-80 150 150

80-100 200 200

Table 4.1: Convergence parameters.
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Figure 4.18: Scan performance bunny-ear array.
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Figure 4.19: Frequency performance (no-scan case) bunny-ear array.
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Chapter 5

Array design

5.1 Introduction

In the previous chapter it was shown that the developed model can be used to perform reliable
analyses of infinite arrays of protruding (planar) antennas with an arbitrary shape. In this chap
ter, some other geometries will be studied, where special attention is devoted to arrays of
bunny-ear elements. Also an array of folded dipoles, which is related to the SMART-L antenna
(HSA) will be considered.

5.2 Bunny-ear array

In Ref. [17] a bunny-ear array was analysed, based on an experimental design [2]. The ele
ments in that design were optimised for performance in an array environment and therefore the
elements from Ref. [2], [17] are used as a starting point for the analysis in this report. Also the
same design frequency is used here. When another design frequency is required, all dimen
sions can simply be scaled with respect to the specific frequency (for example, if the required
design frequency is twice the original frequency, all dimensions have to be multiplied with a
factor 0.5).

5.2.1 Configuration

The arrangement of subdomains is shown in figure 5.1. The shaded domains in the grid form
the actual element structure as was mentioned before. The vertical (infinitesimal) white line in
figure 5.1 indicates a separation of the subdomains in the y-direction, which implies that no y
directed current can cross this line.The number of subdomains in the y-direction is given by S~

10, while the number of subdomains in the z-direction is given by S~ 8. All dimensions are
the same as in Ref. [17], except for the element spacing in the x-direction, which is reduced to
half the original value. This is done to study the effect of the element spacing and is also an
attempt to obtain an improved scan performance. The various parameters are thus given as a
54.6 mm, b = 111.8 mm, offset = 22.9 mm, height = 91.4 mm and width = 109.2 mm. The
number of basis functions in the y-direction and z-direction, resulting from the structure in fig
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ure 5.1, are N~ = 39 and N~ = 44, respectively. Note that at the centre y-coordinate, the only
mode is the source mode, which is placed on the first row from the ground plane. The values of
the convergence parameters are given as NN = 120, PP=160 and EMAX 49.

5.2.2 Results

In figure 5.2, the frequency performance of the bunny-ear array is shown forf= 0.4 GHz tof=
1.6 GHz (no-scan case). The reflection-coefficient amplitude has been plotted on the y-axis. If
a value of 0.4 is taken as criterion and the elements are terminated with a load impedance of Z1
= 200 ~2, the useful frequency band is given by 0.45 Ghz <f< 1.56 GHz, which implies a cen
tre frequency off~ = 1.0 GHz.

0.9

0.8

0.7

0.6

a 0.5

0.4

0.3

0.2

0.1

0.4 0.6 0.8 1 1.2 1.4 1.6
Operating frequency (0Hz)

Figure 5.2: Frequency performance of the bunny-ear array.

So~rce

Figure 5.1: Arrangement of subdomains for the bunny-ear antenna.

— Zl=200 Ohm
— — ZI=150 Ohm
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The relative bandwidth is then 110% which is extremely high. The bandwidth will of course
reduce when the array is scanned to a certain angle. If a relative bandwidth of 50% is required,
the frequency band is given by 0.75 GHz <f < 1.25 GHz. This condition for the bandwidth
thus determines the scan range in this case. To investigate the scan performance of the array,
simulations with respect to the scan angle have been performed at the frequencies f = 0.75
GHz,f= 1.0 GHz andf= 1.25 GHz. Both the H-plane (q = 00) and the E-plane (q) = 90°) have
been considered. The results are shown in figure 5.3 and it is seen that for all frequencies in the
required frequency band the array can be scanned to +1- 45° if a criterion of 0.4 is taken for the
maximum reflection-coefficient amplitude. It is clear that a larger bandwidth implies a reduced
scan range and vice versa.

~0~30~4070 0 10203040006070
SoOn anglo Thoto (dogoooo) Soon anglo Tholo (dogrooo)

a) H-plane scan b) E-plane scan

Figure 5.3: Scan peiformance of the bunny-ear array.

5.3 Array of folded dipoles

At HSA, a radar antenna (SMART-L) has been developed in the past five years. The antenna
roughly consists of an array of folded dipoles above a ground plane, which scans electronically
in the E-plane. The scanning in the H-plane is accomplished mechanically by rotating the
entire array. This is visualised schematically in figure 5.4. The folded dipoles have not yet been
analysed in a (large) array. A related antenna array can be analysed with the model from this
report. This analysis is presented next.

5.3.1 Configuration

The arrangement of the subdomains is shown in figure 5.5. Note that a feed strip has been
included because of the distance between the original feed points (the effect of the original
feed lines is neglected in the simulations). The width of the antenna is approximately a half
wavelength (2~o/2) at the centre frequencyf0. The E-plane spacing b is also approximately 2~oI2
(approximately) while a larger H-plane spacing a is chosen in the design. The offset of the
dipoles from the ground plane is approximately 2~/4. The horizontal (infinitesimal) white line
in figure 5.5 indicates a separation of the subdomains in the z-direction, which implies that no
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z-directed current can cross this line, this is accomplished by placing no z-directed modes on
the associated subdomains in the software.

Folded
dipole

Figure 5.4: SMART-L antenna.

width

t j A

_l_~_L_i_Lj~_L_1_~_~_I_
11111111 IL I_

I I 1 I ~fj I I I I I height

Source

Figure 5.5: Arrangement of subdomains for the folded-dipole array.

5.3.2 Feeding network

Before discussing the results, the feeding network of the SMART-L antenna has to be consid
ered because the characteristic impedance of the feed lines determines the load impedance for
the folded dipoles. Another reason for treating this network is the fact that it can also be used
for feeding prototype bunny-ear antennas instead of having to design a tapered coplanar trans
mission line first, as was done in Ref. [2]. The used feeding network is shown in figure 5.6. It
consists of a Schiffman phase shifter [18], [19] , a coupled strip line and a twin-lead transmis
sion line (coplanar strip line). First, the signal from a coaxial line (75 Q)is coupled to a single
strip line. This strip line is then splitted, which yields two strip lines with a characteristic
impedance of 150 ≤2 each. The phase shifter, which is connected to the two strip lines, accom
plishes a phase shift of 180 degrees which is necessary to feed the folded dipole (odd mode
excitation). The strip lines beyond the phase shifter then become an odd-mode coupled strip
line which also raises the characteristic impedance of the transmission line. Finally, the cou

~ y
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pled strip line is transformed to a coplanar transmission line (no ground planes) with the same
impedance. This line is directly connected to the dipole antenna and has a characteristic imped
ance of 217 ≤2. This impedance is used in the SMART-L simulations.

Coplanar transmission line

~Strip line

~ Coaxially fed

Figure 5.6: Feeding networkfor the folded-dipole element.

5.3.3 Results

In figure 5.8a, the impedance with respect to the scan angle is shown forf=f0. It is seen that

the course of the impedance is flat up to a scan angle of i~ = 400, which implies that the imped
ance can be matched very well for this scan range (at the centre frequency). In figure 5.8b, the
same simulation for f = f~ is shown, where f~ is approximately 1. ifo. It is seen that a good

impedance match is still possible for scan angles up to approximately 35°. This behaviour of
the array was expected due to the measured performance of the SMART-L antenna. Also the
element gain, as defined in chapter 3, has been computed for both frequencies. The (normal
ised) results are shown in figure 5.9. The load impedance is given by z1 = 217 12. It is seen that

beyond i~ = 500 the gain strongly diminishes for both frequencies, where a small dip is
observed forf=f1 at i3 = 60°. For the SMART-L antenna a related effect has been observed.
Finally, a frequency scan has been performed of which the results are shown in figure 5.10.
The studied parameter is the amplitude of the active reflection coefficient. The most striking
aspect in this figure is the fact that with the given load impedance, the best impedance match is
obtained atf= 1.2fo instead off =fo. This is due to the low reactance at this frequency. How
ever, the course of the reflection coefficient at f = l.2fo is not flat and therefore a relatively
small bandwidth is obtained if this frequency is defined as the centre frequency.

Attempts of improving the scan performance of the array by changing the grid spacings a and
b have not succeeded for the considered folded dipole and the given feeding network. This is
primarily due to the large reactance of the folded dipole in an array environment. When the
elements are loaded with a complex load impedance, the performance of the antenna may
improve. Therefore, further research is necessary in order to optimise the SMART-L antenna.
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This can (partly) be done with the developed model from this report.

20)

150

100

00

a;

N

—50

—100

C
(0
07)

C
5)
S
0)
0)

0)
C/)
(0
2
0z

—f=fo
— — f=f 1

cc

N

200

150

100

50

0

—50

—100

—ISO

_pnn
0 10 20 30 40 50 60 70 80 00 0 10 20 30 40 50 60 70 50 50

Scan angle Theta (degrees) Scan angle Theta (degrees)

a)f=f~ b)f=f1

Figure 5.8: Input impedance ofa folded-dipole array.
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Figure 5.9: Element gain patterns of the folded-dipole array.
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Figure 5.10: Frequency performance of the folded-dipole array.

5.4 Prototype bunny-ear array

A possible prototype bunny-ear array has been designed in section 5.1. However, a feeding
network has to be designed also for that array. For a first test of a bunny-ear element, a simple
design has been made which can be used with the existing feeding network (see section 5.2.2).
At the moment of designing this array, the impedance of the feeding network was not known
exactly yet and it was assumed that the impedance was given by Zfeed = 300 ≤~ Therefore, an
element was designed which has an active impedance of 300 ~2 at the centre frequency fo at
broadside. The slot width (distance between the fins) has been taken the same as the slot width
of the coplanar transmission line of the feeding network. The width of the antenna has been
taken the same as the width of the folded dipole while the height and offset of the antenna have
been scaled (with respect to the dimensions of the prototype bunny-ear element) to the centre
frequency fo of the folded dipole, as well as the element distances a and b. Furthermore, the
distance in the x-direction (a) was multiplied with a factor 0.8 to enlarge the bandwidth. The
shape of the fins has been tuned to obtain the required impedance (300 ≤2). The resulting sub-
domain structure is shown in figure 5.11. The frequency performance of an array of these
structures is shown in figure 5.12. It is seen that a very wide bandwidth ( > 60%) is obtained
with this element. From the structure in figure 5.11, the required bunny-ear shape has been
estimated (which is also drawn in the figure). The obtained bunny-ear element has been cut
from a thin sheet of copper and was placed on a foam substrate with a very low relative dielec
tric constant (approximately 1.1). Consequently, the bunny-ear elements were connected to the
feeding network.

Finally, the reflection of the constructed single element has been measured (network analyser)
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with respect to the frequency (1.0 GHz <f< 2.0 GHz). If one element proves to work well, an
entire array can be produced. The results are shown in figure 5.13. In this figure, it is seen that
the impedance match of the antenna with the feeding network is not very good. The main rea
son is the fact that the impedance of an isolated element is considerably different from the
active impedance due to mutual coupling. Furthermore, the assumption of a load impedance
was not correct, because it was shown in section 5.2.2 that the impedance of the feeding net
work is approximately 220 Q However, the fiat course of the reflection coefficient forf> 1.3
GHz gives a first indication of the wide bandwidth of a bunny-ear element.

To simulate a single element, the element distance has to be taken very large. Only then, the
effect of neighbouring elements can be neglected. This means that a large number of aperture
modes is required in the computations. Since a large number of aperture modes implies large
amounts of computation time and especially large amounts of memory, it is very impractical to
simulate a single element with the model. Therefore, another approach should be followed in
order to investigate a single element efficiently. The obtained experimental results have not yet
been validated with simulations.

Figure 5.11: Subdomain structure and estimated bunny-ear shape.
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Figure 5.12: Frequency performance of the prototype bunny-ear array (Z1 = 300 Q).

Figure 5.13: Experimental results for a single element (Z1 = 217 12).
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Chapter 6

Conclusions and continuation

In this report, a model to analyse infinite arrays of protruding planar antenna elements with
arbitrary shape has been developed, implemented in software (Matlab) and tested. Due to the
use of the equivalence principle, the analysis can easily be extended to the treatment of antenna
elements on a dielectric substrate. It has been shown that the model works well for various ele
ments like monopoles, dipoles and bunny-ear elements. Furthermore, the analyses concerning
bunny-ear elements have shown that a very wide bandwidth can be obtained in combination
with a large scan angle.

A bunny-ear array has been designed which has a relative bandwidth of approximately 100%
at broadside. If a relative bandwidth of 50% is required, scan angles of +1- 45° are possible for
all frequencies in the frequency band. The presented bunny-ear array serves as a first step in
designing a wide-band wide-scan bunny-ear array, which means that further optimisation is
certainly possible.

The analysis in this report serves as a basis for furrther research. First of all, the effects of the
use of metallic walls between the elements should be investigated. The implementation of
metallic walls in the model has been realized in Ref. [20], where it is shown that the inclusion
of these walls can relatively easy be accomplished in the model. Another aspect that can be
investigated is the realization of dual and/or circular polarization. This is shown in figure 6.1,
where two elements are placed perpendicular to each other. The question may raise what the
effects of mutual coupling will be with this arrangement of the elements. Furthermore, a trian
gular arrangement of the elements in the array should be considered, since this reduces the
required number of elements in an array, as was shown in Ref. [21]. A triangular element grid
is shown in figure 6.2. The implementation of a triangular grid can easily be performed, as
shown in Ref. [22]. Finally, the investigation of (bunny-ear) antennas on a dielectric substrate
is of interest, since in practice, the substrate is naturally present and may have a significant
influence on the performance of the antenna-array. This analysis is outlined in Ref. [9], [10].
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• b) Top viewa) Front view

Figure 6.1: element arrangementfor dual and circular polarization.

Figure 6.2: Use of a triangular grid.
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Appendix A

Mathematical considerations

A.1 Separation of variables

The three-dimensional homogeneous Helmholtz equation is given by

V2F(x,y,z) +k~F(x,y,z) = 0, (A.l)

with k0 the free-space wavenumber. Now the solution is sought in the form

F (x, y, z) = ~ (x) ~ (y) ~ (z). (A.2)

Substituting Eq. (A.2) into Eq. (A. 1) and rearranging terms then yields

~~(x) ~1(y) ~~(z)
+ + +k~=0. (A.3)

~(x) ~(y) ~(z)

The first term in Eq. (A.3) only has an x-dependence, while the second and third term only
have a y-dependence and a z-dependence, respectively. Therefore, each of these three terms
must equal a constant in order to satisfy Eq. (A.3):

—kg, (A.4a)
~(x)
~ (~)

(A.4b)
‘0(y) Y

~J?~(z)
—k2 (A.4c)

~(z) Z

where k~, k~ and are so-called separation constants which obviously must satisfy the relation
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k~ + k~ + = k~. (A.5)

The original three-dimensional differential equation (A.1) can thus be reduced into three one-
dimensional differential equations:

(~+k~)~(x) =0, (A.6a)

(~+k~)v(y) =0, (A.6b)

(~+k~(z) =0, (A.6c)

which can be solved separately, according to specific boundary conditions.

A.2 Expansion of ~(x) and ~(y) in Fourier series

As was stated in chapter 2, the functions ~(x) and i(y) can be represented by Fourier series due
to the periodic boundary conditions

~(x+a) =~(x)e~’x, (A.7a)

~(y+b) =~(y)e’~’, (A.7b)

where ~ and indicate a phase shift in the x-direction and y-direction, respectively, as
defined in Eq. (2.25). This will now be shown. Considering Eqs. (A.7) it can be seen that

~(x) =

and

~ (~) = ~ ~

are periodic functions since

E(x+a) = ~(x+a)e~~ ~(x)eJO~Ix/a)x = ~(x)

and

T(y+b) = ~(y+b)~(W/Y)(Y~) = ~(~)~(NJ~/b)Y T(y)
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Hence ~(x) and Y(y) can be represented by the Fourier series

E (x) ~ (A.8a)
In = —~

Y (y) = ~, B,~e_i(2Thhi~~~)Y (A.8b)
Ii = —~

so ~(x) and 1~(y) can be written as

-j((2~m-~)/a)x
~(x) = ~ A,~e (A.9a)

In =

—j((2icn-W,)/b)x
~u (y) = ~ B,1e (A.9b)

Ii =

which are Fourier series too.
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Appendix B

Green’s functions

In this appendix, the Green’s functions are derived as was indicated in chapter 2. Only the nec
essary components are adopted, i.e. the tangential components with respect to the concerning
unit-cell boundaries. Only these components are required in setting up the integral equations as
is shown in chapter 3. The electric and magnetic vector potentials, as derived in chapter 2 are
summarized first since these expressions are the basis for the Green’s functions.

B.1 Summary of the electric and magnetic vector potentials

Electric vector potentials in the interior region due to magnetic currents

—l _jk~(x_x) -jk~(y-y) cos (k,~,2 (z + d))
F~’~ (x, y, z) = b~ ~e e k,~~sin (k,~,2d) (B.l)

due to an infinite array of i-directed infinitesimal magnetic dipoles in a parallel-plate region,
where i = x, y.

Electric vector potentials in the exterior region due to magnetic currents

F~(x,y, z) = ~ ~e_J~)e_J~e_Jk~;Z, (B.2)
in —~°n = —~

due to an infinite array of i-directed infinitesimal magnetic dipoles above a ground plane,
where i = x, y.
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Magnetic vector potentials in the interior region due to electric currents

= ~ (Q~,e’~*~ + -jk~(y-y) (~~uz) . Ip7tz~e sin — s1n~__a_J, (B.3)
Ii = —~°p =

due to an infinite array of y-directed infinitesimal electric dipoles in a parallel-plate region.

= ~ (,e~~x + -jk~(y-y) ~p~tz~ 4p7tZ’~ 1e cos cosi — —, (B.4)
‘~. d

due to an infinite array of y-directed infinitesimal electric dipoles in a parallel-plate region.
Note that these expressions are only valid for 0 <x < a (which is sufficient as was discussed in
chapter 2). The np-dependent constants and were defined as

1
0~ = (B5a)

‘i” jbd~3,~ (1 e’ ~ -

1
= — (B.5b)

jbd~,~1, (1 — e~ (~‘~ +

B.2 Components of the dyadic Green’s functions

The dyadic Green’s functions have been defined in chapter 3 (Eqs. (3.4)). The dyad compo
nents can be derived by using Eqs. (2.20) through (2.23) as was discussed in chapter 2. The
results are given below.

The components in Eq. (3.4a) are given by

°° (k21 _______________________
=

YY jcoE0bd — (kg) 2)~ sin(~Jsin(~)Ti (x), (B.6)
Ii = —~j, = 1

1 ‘~° jp7tk’~ p~z”~ ~
Ef~ ~ = ~ ~sin~—~--Jcos1\--~j—JTl (x), (B.7)yz jo~0bd ~

~ ~ jp7~k’2 IP~tz~” IP7tZ)T (x), (B.8)
1 __________E~u12 jwE0bd ~ 1

,~ ,, ,~,d cos —i- ~
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Ef~~”= 1
ZZ jwa0bd

where T1 (x) is defined as

I7pltzI ~y’~ cos~~)cos~~JTi (x), (B.9)

(z + d)1 ________________________
ab ~ (x-x) e~ ~ sink

Ea’ in = ——

sin(k d”
innin = —ooij = —.00

-jk~(y-y) cosk ~z+d)inn
e

k sin (k d~inn

inn~ jk~1e_i cosk (z +d)
ksin(k d”inn

The components in Eq. (3.4c) are given by

Hf~~ = __L ‘cc ‘cc
bd’—’ ~-~13 d

n=—oop=1 ~P

cos ~ —a—) sin (B.15)

00 00

= _± ‘cc ~c’ ~ ~
bd’—~ ~‘~~E13

n=—oop=O P fl/?

(pltz”i (pitz”~~(x), (B.16)

= 0, (B.17)

T1 (x) =

eJhh’xsin(13 x) —sinf3,~~(x—a)np

cos (13 a) — cosxjJ~~np

The components in Eq. (3.4b) are given by

E~’2 = 0,

in = in =—00 ij = —00

(B.1O)

(B.11)

(B.12)

(B.13)

(B.14)E~ ~ = ~ —00iZ —00
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-y) (‘p~tz~ Iprcz~T2 (x)
~ —~ ~ ~ ~ cos~_~_Jcos~—~-_1 , (B.18)

n——~’op=O 1~

where T2(x) is defined as

eJ’I’xcos (131~~x) — cos f3,~, (x — a)
T2(x) =

cos (~ a) — cosx]J (B.19)lip

The elements in Eq. (3.4d) are given by

1
Ha, in — —

— jo~ab ~ (k~— (k~)2)eJeJ~~’)
m = —~~n =

cosk (z+d)
Inn

lflfl (k,~1~d) ‘ (B.20)k sin

1 cosk (z+d)

_________ (y y) Inn (B.21)

Ha, in — _______
X)) j~0ab ~ kmkflei~~ ~ - k sin (k d

In —~li = lflfl lflfl

in Hcl~ ~ (B.22)
xy

— ___H~~i — jwj.i0ab ~ (ks— (k~)2)~

In = —~li = —~

cosk (z+d)
mn

k sin (k,n,id) (B.23)
‘nfl

Finally, the elements in Eq. (3.4e) are given by

1 __________ (B.24)Ha, ex — __________

— jw~ab ~ (k~ — (k~1) 2) ~ (x-x) ~ (y-y) ____jk
In II 11111
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1 __________

Ha, ex =
jw~t0ab ~ k”~k’~e~~~ (y~y’) _____

(B.25)
X Y jk,7~

In = _oofl =

cx — ~ ex (B.26)
yx xy

Ha,ex = jo~t0ab ~ (kg— (kg) 2) (B.27)
yy

innin = —eon = —~

which completes the derivation of the required Green’s functions, which are identical to the
Green’s functions in Ref. [4].
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Appendix C

Expressions for the matrix elements

With help of the general expressions for the matrix elements and the expressions for the elec
tric and magnetic currents, as given in chapter 3, the following expressions for the matrix ele
ments can be obtained (completely analogously to Ref. [4, p. 75j). Closed form solutions for
the integrals, appearing in the matrix elements, can be found in appendix D.

C.1 Self-impedance submatrix

The elements of the self-impedance submatrix as given by Eqs. (3.12) through (3.15) are eval
uated as

rq = jw~0bd ~ (k~ — (k) 2) C,~,I6 (Yk) I~ (Zlq) ‘6 (Yk,.) I~ (z,), (C.l)

with r, q = 1,..., N~; kq, kr= 2,..., S~, and 1q’ 1r 2,..., S~+l.

i ~° jp7ck”4~. rq jO)~0bd d C~~I4 (Zlq) I~ (Ykq) ‘6 (Yk,.) I~ (z1), (C.2)
n=—oop=1

withr= l,...,N),;q= l,...,Nzkr2,...,Sy,kq2,...,Sy+llr2,...,Sz+l and 1q 1,...,S~+1.

i °~ jpiuk”
rq jo~0bd d “ c1~~4 (Zir) jb* (Yk) ‘6 (Ykq) I~ (Zlq) (C.3)

withr= l,...,N~;q= l,...,N~ k, 2,...,Sy+l,kq2,...,Sy1r l,...,S~-f-1 and lq2,...,Sz+l.
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—
1 ~ ~ 2)1 (Zlq) I~ (Yk) 14(z1) ‘r (Yk)’ (C.4)

a,rq j(X~E0bd ~ ~dJ
a = —°~p = 0

with r, q = 1,..., N~; kq, kr 2,..., S~,+l and 1q’ 1r = ~ S~+l.

C.2 Aperture-fin coupling submatrix

The elements of the aperture-fin coupling submatrix as given by Eqs. (3.16) through (3.19) are
evaluated as

Tf~ = 1 1*yx, rs sin (k d~ 6 (Ykr) I~ (Zlr)~ (C.5)
Inns I

with r = 1,..., N~; kr = 2,..., S~; 1r = 2,..., S~-l-l; ms = 1,.~, map; ~ ~ 1’1ap and
S l,...,Nap.

TIC! = 0, (C.6)
yy, l’s

with r = 1,..., N~; kr = 2,..., S),; 1r = 2,..., S~+1; m5 = 1,..., map; 1’~s 1”.., ~ap and

Sl,...,Nap.

jk”
Tfr’ = Y jzx, rs k sin (k d) 9 (ZIr) ~ (Yk)’ (C.7)

lnnc Inn

with r = 1,..., N~; kr = 2,..., S~+1 1r = 1,..., S~-f-l; m5 = 1,..., map; lZs 1,~., 11ap and
Stl,...,Nap.

Tf~ = 19 (Zlr) ‘r (Yk)’ (C.8)zy, rs sin (k,~,~d)

withr=l,...,Nz;kr=2,...,Sy+l;lr=l,...,Sz+l;ms= map1’1sl,,12ap~t1~1d,~.,1’1ap.
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C.3 Fin-aperture coupling submatrix

The elements of the fin-aperture coupling submatrix as given by Eqs. (3.20) through (3.23) are
evaluated as

1 pit 2Tafxy,tq ( ~2I6(Yk)I3(Z1), (C.9)
P 1 _Ik’~~i q q~i ~x}

~

tl,...,Nap.

Taf = 0, (C.10)
yy, tq

withr=l,..., N~; kr=2,..., Sy; 1r=2’~~~’ S~+l;mt=l,..., map; flt=1’~~~’ n~, and
tl,...,Nap.

Taf 1 jk~t 2
xz, tq = d / 2’4 ~l) I~ (Ykq)’ (C.11)

p —~ k”~t~
nip ~ x )

with q = 1,..., N~; kq 2,..., S),+ 1; 1q = 1,..., S~+ 1; m~ = 1,..., map; ~ 1,..., nap and

tl,...,Nap.

Taf 1 jk~~’ 2
yz, tq = d 2 — (knji’u12 (z19) I~ (Ykq) (C.12)

i~=O ~ 13n,p ~ x

withq= l,...,Nzkq2,...,Sy+llq l,...,S~+l;m~= l,...,map;nt= l,...,flapand

tl,...,Nap.

C.4 Self-admittance submatrix

Finally, the elements of the self-admittance submatrix as given by Eqs. (3.24) through (3.27)
are evaluated as

yaa — ab — ~~~ (cot (k,1~,~d) +j), (C.13)
xx,tt — jQ)~ k

‘flint

with m~ = 1,..., map; n~= 1,..., Ttap and t 1,..., Nap.
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Expressions for the matrix elements

ab k’Tttk’~t~ t (k d) +j) (C.14)yaa = k (co ~
xy, U m~n1

with ii’~ = 1,..., m~1,; “~~= ~ and t = 1,..., ‘~1ap~

yaa yaa (C.15)
yx, tI xy, tt

ab k~k~2) (cot (k,~,~d) +j), (C. 16)yaa
yy, tt j~~i0 ~

with m~ = ~ map; 1’1t 1,..., 1’tap and t = 1,..., Ncq,. It can easily be seen that the self-admittance
submatrices are diagonal matrices.
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Appendix D

Closed-form expressions for the integrals

Since the integrals depend on either the y-coordinates or the z-coordinates of the grid points,
they are evaluated for all possible values of Yk and z1, where k= 1,2,..., S~,+1 and 1= 1,2,..., S~+1,
to form a set of integrals. When a specific matrix element (which refers to a subdomain) is
computed, the appropriate integrals can then be chosen from the complete set. Note that for ‘6

a few additional expressions are given due to the possible presence of a feed strip, as discussed
in chapter 3. The closed-form expressions for the integrals yield

I~ (y~) = ~~k~(ykW~/2) (k~W~) (D.1)

2d ~ ~t1 W~ Ip’itWN
I~(z1) = —sin~ z1-~JJsin~ 2dZJ~ (D.2)

(p~tz1~ r (ptW “~

2kcos—~_JLcosL~~ d ZJcOs(kW)
14(z1) = W~sin (kW) k~ — (D.3)

2k e1~k [cos (k’~W) — cos (k W)]
16(Yk) Wz5~fl(keWy) k~ (k;)2 (D.4)
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Closed-form expressions for the integrals

___________ like [eJ~’.v_ cos (keWv)] +jksin (keWy)

‘6(~~_1) [k~— (k;)2] W~ sin (keWy)

k [e~f— cos (k W ) ] —jk sin (kWf~

+ (~w) (Di)

2ke~k;Y~k [cos(kW),f) _COS(keWyf)]

(D.6)‘6 (~~) W~sin (kWf) k2 — (k)2
e

eik~ Si ke [e~~ ~‘f — cos (ke W~f~] + jk sin (k W~f)

‘6(~~÷1) = [k2— (k~)2]W U~ S1fl(keWyf~
e y z

+ [ke~ — cos (keWy) i _ik; sin (keWy) ~ (D.7)sin (keWy)

2 ______W~ ~\N (k1~~W~) (D.8)
J~(z1) =~5in(kmn(Zi_~+dJJSin~ 2

mn

2kCOS ~ (z1 + d)) [cos (kW) — cos (keWz)]
19 (z1) = WY sin (kW) k~ — k2 (D.9)

mn
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