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ABSTRACT

In this thesis the dynamic behaviour of adaptive structures under resonance conditions and the 

effect of the weight reduction is studied. Multiple methods to control the dynamic excitation of 

adaptive structures using dynamic active adaptability are developed. The aim of this thesis is to 

minimise the weight of structures and to determine if adaptability cannot only be used to meet 

strength and deformation requirements but also to meet dynamic performance criteria. This 

way the limit on weight reduction is lowered and adaptability is extended to structures that are 

susceptible to resonance.

Adaptive structures can be defined as structures that have the ability to alter their configuration, 

form or properties in response to changes in the environment. This adaptation is realised by 

replacing passive structural elements with actuators to modify the pattern of the internal forces or 

form of the structure. The adaptive structures are designed according to the load path management 

procedure, which reduces the total energy consumption of structures. This is achieved by 

minimising the weight and thus the embodied energy while simultaneously minimising the 

operational energy consumption by selection the most efficient actuator locations.

First the effect of the weight reduction on resonance effects is studied. Three adaptive trussed 

structures and their passive counterparts are subjected to multiple harmonic resonance loadings 

and the deformations and stresses are measured. 

Second, multiple methods employing adaptability in a dynamic way to reduce resonance effects 

are developed. The first method uses the actuators to resist changes in their axial deformations by 

generating opposing axial forces. The relative nodal velocity, which is the difference between the 

velocities of both nodes in the axial direction, is used to determine the opposing forces. Another 

method superimposes internal damping forces. To do this, the external damping forces based on 

the absolute nodal velocities of all nodes are calculated first. Since the actuators are only capable 

of generating internal forces, the actuators are used to superimpose the internal force distribution 

that would be caused by the external damping forces. Finally, a displacement-based method that 

requires additional actuators is developed. This method controls the dynamic displacement by 

controlling the displacements in a few degrees of freedom, which have been selected carefully. 

Dynamic changes in the displacements of these degrees of freedom due to vibrational forces are 
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reduced by superimposing additional dynamic length changes. 

Finally, dynamic active adaptability is tested in the second case study. The different methods of 

dynamic active adaptability are applied to the adaptive structures from Case study A. In this case 

study the dynamic active adaptive structures are subjected to the same resonance loadings and 

the displacements and stresses are measured. The performance of these methods is measured by 

comparing the results of the adaptive and the dynamic active adaptive structures. 
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LIST OF IMPORTANT TERMS

Conventional structure

A structure designed according to the structural codes taking into account stability, 

strength and deformation requirements mostly resulting in heavy and bulky designs.

Passive structure

A structure optimised for minimal material use. The optimisation is limited by strength 

requirements only. Stability and usability requirements are not considered.

Adaptive structure

A structure capable of altering the distribution of internal forces actively in a static way 

by implementing active elements and monitoring changes in the loading condition and 

the environment. Designed according to the Load Path Management procedures which 

minimises the internal forces to reduce the material use. In this thesis, only strength 

requirements are taken into account. Additionally, adaptability can be used to control 

displacements.

Dynamic active adaptive structure

An adaptive structure which is capable of changing the distribution of internal forces and 

controlling the displacements in a static way, but which also employs adaptability in a 

dynamic way to control the dynamic excitation under resonance conditions. 

Load path management

Manipulating the internal forces using active elements to minimise stresses and material 

use. The total energy consumption is minimised by reducing the material use and thus 

the embodied energy and by selection the most efficient actuator locations to reduce the 

operational energy consumption. For statically indeterminate structures only.

Displacement control

Manipulating the deformation shape of an adaptive structure to control displacements. Can 

be applied separately for statically determinate structures or, for statically indeterminate 

structures, in combination with load path management.
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Passive state

An adaptive structure subjected to an external loading which is capable of changing the 

pattern of internal forces, but in a state where the internal forces are not manipulated by 

means of adaptability.

Active state

An adaptive structure subjected to an external loading which is capable of changing the 

internal load path and in a state where adaptability is used to manipulate the internal 

forces.

Actuation

The forces and length changes generated by the active elements to manipulate the internal 

load path.

Actuator

A device capable of changing the properties of the adaptive structure as a response to 

changes in its environment. By extending or contracting the actuator can change the length 

of the active element and therefore can influence the internal load path and displacements.

Active element

A selected structural member which has been combined with an actuator so that it can be 

used to manipulate the internal forces.

Active vibration control

Controlling the dynamic excitation of dynamic active adaptive structures by superimposing 

internal damping forces based on nodal velocity feedback. Force-based methods.

Dynamic displacement control

Controlling the dynamic excitation of dynamic active adaptive structures by superimposing 

dynamic length changes to control the deformation shape. Displacement-based method.
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Vector of external forces for the k-th load case
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1. INTRODUCTION

In a society growing evermore conscious about the environment sustainability is becoming an 

important aspect in the building industry. Conventional structures are overdesigned for most 

of their service life, because in most cases the design is governed by rare and heavy loadings. 

However, Adaptive structures can utilise the material more efficiently reducing the impact on 

the environment (Teuffel, P. [2004] & Senatore, G., Duffour, P., Hanna, S., Labbé, F., Winslow, 

P. [2011]). Adaptive structures, opposed to conventional or passive structures, have the ability 

to alter their configuration, form or properties in response to changes in the environment. This 

adaptation can be realised by replacing passive structural elements with actuators to modify the 

pattern of the internal forces or form of the structure. Thus, by imposing length changes on the 

active elements. a more homogenous stress distribution is obtained so that the weight can be 

minimised. Additionally, adaptability can be used to control displacements allowing for even 

larger material savings. The total energy consumption of an adaptive structures is reduced by 

minimising the cross sectional areas and by selecting the optimal number and locations of the 

active elements (Teuffel, P. [2004]).

However, minimising the cross sectional areas also reduces the mass and stiffness of the adaptive 

structure which makes it more susceptible to resonance. Resonance is a structure’s tendency 

to oscillate with greater amplitude at some frequencies than at others. At these frequencies the 

structure stores vibrational energy so that even small periodic forces can lead to large oscillations. 

Amplitudes increase when the stiffness is reduced or when less energy is dissipated due to a 

reduction in mass. This means that resonance effects can limit the material savings as the integrity 

and usability of the structure must also be ensured under resonance conditions. Therefore, this 

thesis focuses on the dynamic behaviour of adaptive structures and resonance related problems. 

The purpose of this thesis is to study and quantify the effect of weight reduction on resonance 

effects and to examine the possibilities of using adaptability to reduce resonance effects to allow 

for maximal material savings. To do this, two case studies are performed. The first case study 

examines the effect of weight reduction under resonance conditions by comparing three adaptive 

trussed structures to their fully optimised passive counterparts. The trussed structures are subjected 

to both static loadings and dynamic resonance loadings and the stresses and displacements are 

measured. By comparing the results the effect of weight reduction on resonance effects can be 
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quantified. In the second case study the possibilities of using adaptability to reduce resonance 

effects are examined. Again, the adaptive trussed structures are subjected to dynamic resonance 

loadings, but this time adaptability will also be used to control the dynamic excitation. The 

performance is measured by comparing the dynamically controlled adaptive structures, or 

dynamic active adaptive structures, with the uncontrolled adaptive structures.

To summarise, this thesis focuses on the dynamic behaviour of adaptive trussed structures under 

resonance conditions to study the effect of weight reduction on resonance effects. Subsequently, 

the possibilities of using adaptability to reduce resonance effects in adaptive trussed structures 

are explored. The aim is to minimise the weight as much as possible while also meeting dynamic 

performance criteria.

Figure 1.1:  Example of an adaptive structure developed at the University of Stuttgart in conjunction with 

Bosch Rexroth. (Photo: Bosch Rexroth [2012]. Retrieved from: http://www.detail-online.com)
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1.1 Outline of this thesis

Chapter 1:  

Chapter 2:  

Chapter 3: 

Chapter 4: 

Chapter 5: 

Chapter 6: 

Chapter 7: 

Chapter 8: 

Chapter 9: 

Introductory chapter which discusses the relevance of the research, the problem 

statement and the aim of this thesis.

Different theoretical aspects of structural dynamics are presented in this  

chapter briefly

Elaborates on the design and optimisation procedures for passive structures. 

The procedure is also extended to passive tensegrity structures.

Elaborates on the Load Path Management procedure for adaptive structures 

and is extended to adaptive tensegrity structures.

This case study examines three structures and compares the adaptive structures 

to their passive counterparts to quantify the differences in deformations and 

stresses under resonance conditions.

In this chapter multiple possibilities of using adaptability to reduce resonance 

effects are explored.

In this case study dynamic active adaptive structures under resonance conditions 

are examined and compared to their adaptive counterparts.

Discussion of the results, final conclusions and some recommendations.

List of references.
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2. STRUCTURAL ANALYSIS USING FINITE ELEMENTS

In this chapter the theoretical aspects necessary for this thesis will be presented briefly. The 

finite element method was used to describe the static and dynamic behaviour of the structures 

studied in this thesis. Also the theoretical aspects that have been applied to determine the natural 

frequencies as well as the frequency response of the structures will be presented.

2.1 Static equilibrium equation for single degree of freedom system

Figure 2.1 illustrates a rigid block with mass m attached to a linear spring with stiffness k. Static 

equilibrium only exists when the resultant force on the mass is zero. For the resultant force to be 

zero the direction of the internal force in the spring must be opposite to the external force with 

an equal magnitude. Thus, for a single degree of freedom system static equilibrium is defined as 

(Cook, R.D. [1995]):

2.01

Equation 2.01 can be used to calculate the deformation of a linear single degree of freedom 

system if the stiffness of the system and the external loading acting on it are known.

Figure 2.1:  A single degree of freedom system

2.2 Dynamic equilibrium equation for single degree of freedom systems

Figure 2.2 illustrates a rigid block with mass m attached to a linear spring with stiffness k and 

a single viscous damper which can be used to model energy dissipating mechanisms such as 

friction. The force in the viscous damper is a resisting force proportional to the velocity of the 

mass. For a dynamic equilibrium to exist all internal forces, that is the inertia force, the damping 

force and the spring force, must equilibrate the external loading. The motion of the mass is 

described by a single degree of freedom, u(t), and is governed by Newton’s second law. Thus from 

Figure 2.2 (Cook, R.D. [1995]):

2.02

k u F⋅ =

m u c u k u F⋅ + ⋅ + ⋅ = 
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Where F(t) is a known external loading that varies with time. In most cases the external loading 

is so complex that there is no analytical solution available for the differential equation. In this 

case a numerical procedure must be applied (see Paragraph 2.4).

Figure 2.2: A single degree of freedom system with viscous damping

2.3 Equilibrium equations for multi degree of freedom systems

The basic form of the equilibrium equations for multidimensional systems are similar to the  

form of the equilibrium equations for single degree of freedom systems. For static equilibrium 

the basic form of the system of equations is as follows (Lakshmi Narasaiah, G. [2009] & Cook, 

R.D. [1995]): 

2.03

Where K is the stiffness matrix, F is the force vector and u is the displacement vector. The stiffness 

matrix can be obtained by discretising the structural model in finite elements (see Paragraph 

2.7).

For dynamic equilibrium the inertia, damping and internal forces must equilibrate the external 

forces. The basic form of the system of equations is given by (Lakshmi Narasaiah, G. [2009] & 

Cook, R.D. [1995]):

2.04

Where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, F is the force 

vector and u, ú and ü denote the displacement, velocity and acceleration vector, respectively. 

Also the mass matrix can be obtained by discretising the structural model using finite elements. 

However, the damping matrix cannot be obtained by using finite elements (see Paragraphs 2.8 

& 2.9). Furthermore, it must be noted that solving the system of equations using finite elements 

results in an approximate numerical solution to the differential equation. In some cases it results 

in the exact solution, for example when using truss or beam elements (Cook, R.D. [1995]).

K u F⋅ =

M u C u K u F⋅ + ⋅ + ⋅ = 
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2.4 Numerical time integration

Most dynamic structural problems cannot be solved analytically and therefore, to solve such  

problems, a numerical time stepping method for the integration of differential equations is 

required. The equations of motion (see Equation 2.04) which describe the behaviour of a 

structure subjected to a dynamic loading must be solved for every time step using a  numerical 

time integration scheme.

In this thesis the explicit Euler scheme is applied to solve the differential equations numerically 

(Heath, M.T. [2002]). The results obtained in a time step using an explicit method only depend 

on the results acquired in the previous time step. Implicit methods, however, use information 

from the previous and successive step to obtain the results for the current time step. In many 

cases explicit methods are less time consuming and easier to program and for this reason an 

explicit method was applied for this thesis.

2.4.1 Explicit Euler scheme

To solve the differential equations numerically using the explicit Euler scheme the initial 

conditions  are required because the solution of each time step depends on the results of the 

previous step (Heath, M.T. [2002]). In this case the displacement, velocity and acceleration at 

t=0 are required. Each iteration starts with calculating the acceleration vector as follows (De 

Kraker, A.D. [2009]):

2.05

Subsequently, using the acceleration vector, the velocity vector is given by:

2.06

And finally the displacement vector can be calculated using the velocity vector as follows:

2.07

Repeating this process for every time step will result in a discrete solution which approximates 

the exact solution as long as the time steps are sufficiently small (Heath, M.T. [2002]).

1t t t tu M F C u K u+∆ −  = − ⋅ − ⋅  

t t t t tu u u t+∆ +∆= + ⋅∆  

t t t t tu u u t+∆ +∆= + ⋅∆
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2.5 Eigenmodes

An eigenmode of an oscillating structure  is a pattern of motion in which all parts of the 

structure move harmonically at the same frequency. These frequencies are known as its natural 

frequencies. The eigenmodes of each structure have been determined by solving the eigenvalue 

problem (see Equation 2.08) for the non-trivial solution. Equation 2.08 is valid for undamped 

and proportionally damped structures only, though it can be used as an approximation for 

weakly-damped structures (De Kraker, A.D. [2009]). 

2.08

Where M is the mass matrix, K is the stiffness matrix and l is a vector containing the eigenvalues.  

The eigenvalues can be calculated by solving the determinant using Equation 2.09 (De Kraker, 

A.D. [2009]).

2.09

Once the eigenvalues are known the natural frequencies of the structure can be determined 

according to:

2.10

The pattern of motion, or modeshape, of every eigenmode is described by its eigenvector. The 

corresponding eigenvectors are found by solving Equation 2.11.

2.11

Where li is the eigenvalue of the considered eigenmode and ui is its eigenvector describing the 

pattern of motion for that specific eigenmode.

[ ] 0K M uλ− ⋅ =

2
nω λ=

[ ]det 0K Mλ− ⋅ =

[ ] 0iiK M uλ− ⋅ =
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2.6 Frequency Response

The frequency response of a harmonically driven structure can be visualised by plotting the 

amplitudes of the steady state response for the investigated range of excitation frequencies (De 

Kraker, A.D. [2009]). The amplitude of the steady state response can be measured as a function 

of the excitation frequency using the transfer function. The transfer function describes the 

relation between the input and output of a linear time-invariant system. In this case the input 

and output are the external harmonic loading and the steady state response, respectively. A time-

invariant system is a system whose output does not depend on time explicitly. For this reason the 

transfer function can only be used to determine the amplitude of the steady state response but 

not the transient response. Thus, a time consuming time-dependent analysis is not required as 

the transfer function can be used instead. The transfer function can be obtained using the mass, 

damping and stiffness matrices of the structure and is given by Equation 2.12 (De Kraker, A.D. 

[2009]).

2.12

Where H is the transfer function, W is the investigated excitation frequency, K is the stiffness 

matrix, C is the damping matrix and M is the mass matrix. The transfer function can be used 

to determine the complex amplitudes of the steady state response as follows (De Kraker, A.D. 

[2009]):

2.13

Where q is a vector containing the complex amplitudes of the steady state response and Q is a 

column containing the complex amplitudes of the excitation forces Mathematically, a complex 

notation is more convenient here due to the presence of damping. Although the frequency of the 

input signal - in this case the excitation forces - will not change, its amplitude and, if damping 

is present, also its phase angle will change. Therefore, to represent both amplitudes and phases a 

complex notation is more convenient.

The frequency response of a system is visualised by plotting the sum of the moduli, or magnitudes, 

of the complex amplitudes as a function of the excitation frequency. This is done by calculating 

the complex amplitudes of the steady state response for a large number of excitation frequencies 

over the investigated range of frequencies.

12H K i C M
−

 = + Ω⋅ −Ω ⋅ 

12 ˆq̂ K i C M Q
−

 = + Ω⋅ −Ω ⋅ ⋅ 

^ ^
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2.7 Stiffness matrix

In Paragraph 2.3 both the static and dynamic equilibrium equations for multi degree of freedom 

system were given. The behaviour of a structure subjected to either a static or dynamic load can 

be determined by solving the system of equations using a stiffness matrix. The system stiffness 

matrix characterises the structure’s resistance against deformations and can be obtained by 

discretising the structure using finite elements (Cook, R.D. [1995]). Thus, first the structure must 

be discretised by choosing elements. For a trussed structure this is very straight forward as each 

member should be one element. Splitting members into multiple elements would accomplish 

nothing since each member can only support axial loads. Subsequently, the element stiffness 

matrices which describes a member’s resistance against deformations in its local coordinate 

system must obtained. The element stiffness matrices can be assembled into the global system 

stiffness matrix.

Figure 2.3:  Single two-dimensional truss member connecting two nodes with a unit vector along the bar. 

(Reproduced from: [6] Guest, S. [2004])

In Figure 2.3 a single truss member is illustrated with nodes located at both ends and a unit 

vector parallel to the bar. The unit vector can be used to obtain the local element stiffness matrix. 

For two-dimensional problems each node has two degree of freedom, that is ui and vi, and thus 

the unit vector n is given by Equation 2.14 (Guest, S. [2004]):

2.14

The element stiffness matrix can be obtained by :

2.15

Where k is the element stiffness matrix, a is the equilibrium matrix for a single member given by 

Equation 2.16 and g is simply its axial stiffness found by Equation 2.17.

Tk a g a= ⋅ ⋅

( )

( )

1 2

1 2

u u
Ln

v v
L

− 
 
 =

− 
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2.16

2.17

The system stiffness matrix for a complete structure is found by simply adding together the 

element stiffness matrices. However, the element matrices cannot be added together directly 

because first the local element matrices must be converted to the global coordinate system. 

For a trussed structure consisting of n nodes and nel bars the local equilibrium matrices can be 

converted to the global coordinate system using Equation 2.18 (Guest, S. [2004]):

2.18

Where ap is the member’s equilibrium matrix in the global coordinate system and n is its unit 

vector. The global element equilibrium matrix has all components zero except those corresponding 

to the nodes located at both ends of the bar, i and j. The global element equilibrium matrices 

are assembled into the global system equilibrium matrix according to Equation 2.19 (Guest, S. 

[2004]):

2.19

The system stiffness matrix K is defined by using Equation 2.20:

2.20

Where G is a diagonal matrix of axial stiffnesses:

2.21

Boundary conditions are applied by deleting the rows and columns corresponding to the 

restrained degrees of freedom from both the system stiffness matrix and loading vector. Too few 

boundary conditions allow for rigid body movements and will result in a singular stiffness matrix 

making it impossible to solve the system of equations.

n
a

n
 

=  − 

AEg
L

=

[ ]1 2 nelA a a a= 

TK A G A= ⋅ ⋅

1

2

nel

g
g

G

g

 
 
 =
 
 
 



1

2     ;         ;         ;     0    

p

p
p pi ij pj ji ij pk

pn

a
a

a a n a n n a if k i and k j

a

 
 
 = = = = − = ≠ ≠
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2.8 Mass matrix

To investigate the dynamic behaviour of a structure the mass matrix is needed. The mass matrix 

represents the system of linear equations that must be solved to obtain a numerical solution to the 

partial differential equation corresponding to the inertia forces (Lakshmi Narasaiah, G. [2009]). 

The system mass matrix can also be obtained by adding together the element mass matrices. The 

element mass matrices do not have to be converted to the global coordinate system since mass is 

a scalar quantity. This means that mass is not influenced by the local or global coordinate system. 

In this thesis two element mass matrices for truss members are given. However, their derivations 

are rather complex and will not be presented in this thesis but can be found in many textbooks.

First the consistent mass matrix is given here. A consistent mass matrix assumes a distributed 

mass along the length of a bar and conserves the translational and angular momentum of the bar 

(Lakshmi Narasaiah, G. [2009]):

2.22

Where r is the mass density of the bar, A is its cross sectional area and L its length. Second the 

lumped mass matrix of a truss element is given here (Lakshmi Narasaiah, G. [2009]): 

2.23

The lumped mass matrix assumes the mass is equally divided and assigned to the nodes located at 

both ends and only conserves the translational momentum of the bar. In most cases the consistent 

mass matrix will result in a better numerical solution but also increases the computational effort.

The system mass matrix can be found by adding together the element mass matrices. Each 

component of every element mass matrix is added to the corresponding component of the 

system mass matrix. Again boundary conditions are applied by deleting the corresponding rows 

and columns from the system mass matrix.

2 0 1 0
0 2 0 1
1 0 2 06
0 1 0 2

c
ALm ρ

 
 
 =
 
 
 

1 0 0 0
0 1 0 0
0 0 1 02
0 0 0 1

l
ALm ρ

 
 
 =
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2.9 Damping matrix

Damping dissipates energy. Energy dissipation causes the amplitude of free vibration to decay with 

time and limits the amplitude of vibration of a system driven at one of its resonant frequencies. 

In practical structural applications energy dissipation is always present and primarily caused 

by friction in joints and micro cracks in the material. The energy dissipative mechanism are 

represented by the damping matrix so that damping can be applied during a dynamic analysis. 

However, mechanism such as friction and material damping are difficult to measure and even 

more difficult to model realistically. Though, there exist multiple methods to obtain a damping 

matrix based on damping models that might not be very realistic, but that seem to work well for 

weakly damped structures (De Kraker, A.D. [2009]).

In this thesis the damping matrices were obtained by performing a modal analysis (De Kraker, 

A.D. [2009]). Modal analysis is a method to rewrite the mass and stiffness matrix in a new 

modal basis by using the orthogonality conditions. The system of equations are decoupled using 

a transformation matrix so that the real modes of the system are transformed into a set of 

independent modal modes. The transformation matrix is found by assembling the eigenvectors 

into a matrix: 

2.24

Where U is the transformation matrix and ui is an eigenvector obtained using Equation 2.11. 

Subsequently, the modal mass and stiffness matrix can be obtained following :

2.25

Where Mr and Kr are diagonal matrices containing the modal mass and stiffness parameters, 

respectively. The modal mass and stiffness parameters can be used to determine the modal 

damping parameters based on the desired damping ratio: 

2.26

Where mj is the modal mass parameter, wj is the corresponding natural frequency and zj is the 

desired damping ratio for the j-th mode. Converting the modal damping matrix to the real basis 

using the transformation matrix, the matrix becomes full:

[ ]1 2 mU u u u= 

,      T T
r rM U M U K U K U= ⋅ ⋅ = ⋅ ⋅

2j j j jc m ω ζ= ⋅ ⋅ ⋅
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2.27

Where C is the damping matrix in the real basis that represents various energy dissipative 

mechanisms based on a desired damping ratio. For steel structures a damping ratio of 2% is 

used and therefore steel structures can be considered weakly damped and suited for the method 

presented in this paragraph.

Boundary conditions can be applied by deleting the rows and columns corresponding to the 

restrained degrees of freedom.

1 1T

rC U C U− − = ⋅ ⋅ 
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2.10 Example: The four-bar structure

In this paragraph a trussed four-bar structure is used as an example. Its stiffness, mass and 

damping matrix are assembled manually. Finally a dynamic analysis is performed using the 

explicit Euler scheme and MatLab. The four bars are hinged at the base resulting in a two degrees 

of freedom structure. 

2.10.1 Assembling the stiffness matrix

The stiffness matrix is assembled using the method described by S. Guest (2004) which has been 

discussed in Paragraph 2.7. This methods starts with determining the unit vector n for each 

element.

2.28

So, for the four-bar structure the unit vectors are as follows:

2.29

2.30

Where n1, n2, n3 and n4 are the unit vectors corresponding to element 1, 2, 3 and 4, respectively.

Figure 2.4: The trussed four-bar structure

Figure 2.5: Single two-dimensional truss member connecting two nodes with a unit vector along the bar. 

( )

( )

1 2

1 2

u u
Ln

v v
L

− 
 
 =

− 
  

1 2

3000 0 1000 0
0,7071 0,31624243 3162
0,7071 0,94870 3000 0 3000

4243 3162

,     n n
− − − −

− −
− −− −

   
      = = = =         

3 4

1000 0 3000 0
0,3162 0,70713162 4243
0,9487 0,70710 3000 0 3000

3162 4243

,     n n
− −

− −− −

   
      = = = =        
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Subsequently, the element equilibrium matrices are obtained using Equation 2.16. For the first 

element the local equilibrium matrix is given by:

2.31

Where a1 is the element equilibrium matrix of the first element in its local coordinate system and 

n is its unit vector. However, to obtain the system stiffness matrix the equilibrium matrices must 

be converted to the global coordinate system. The local equilibrium matrix can be converted 

to the global coordinate system using Equation 2.18 which is repeated here for conveniency as 

Equation 2.32:

2.32

For the first element this results in the following matrix:

2.33

Where ap,1 is the element’s equilibrium matrix in the global coordinate system. For the first 

element the local coordinates u1,v1 and u2,v2 correspond to the global coordinates x1,y1 and x2,y2, 

respectively. By repeating these steps for the other elements the system equilibrium matrix in the 

global coordinate system is obtained:

2.34

1

0,7071
0,7071

0,7071
0,7071

n
a

n

−
−
    = =   −   

1

2     ;         ;         ;     0    

p

p
p pi ij pj ji ij pk

pn

a
a

a a n a n n a if k i and k j

a

 
 
 = = = = − = ≠ ≠
 
 
  



,1

0,7071
0,7071

0,7071
0,7071

0
0
0
0
0
0

pa

−
−
 
 
 
 

=  
 
 
 
  

,1 ,2 ,3 ,4

0,7071 0 0 0
0,7071 0 0 0

0,7071 0.3162 0.3162 0,7071
0,7071 0.9487 0.9487 0,7071

0 0.3162 0 0
0 0.9487 0 0
0 0 0.3162 0
0 0 0.9487 0
0 0 0 0,7071
0 0 0 0,7071

p p p pA a a a a

−
−

− −

−
−

−

−

 
 
 
 

 = =   
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Next, the diagonal matrix G of the axial stiffnesses is assembled:

2.35

Where A=250 mm2, E=210 000 Nmm-2, L1=L4=4243 mm and L2=L3=3162 mm. The global 

system matrix can now be obtained using the system equilibrium matrix and the diagonal matrix 

of axial stiffnesses (see Equation 2.36).

2.36

Where K is a symmetric matrix in the global coordinate system. Finally, the boundary conditions 

are applied by deleting the columns and rows corresponding to the restrained degrees of freedom 

from the system stiffness matrix. This results in a symmetric 2x2 matrix where the number of 

columns and rows correspond to the number of degrees of freedom of the structure.

2.37

2.10.2 Assembling the mass matrix

Before the system mass matrix can be assembled the element mass matrices must be obtained 

first. In this thesis the consistent mass matrix is used for all truss elements conserving both 

translational and angular momentum. Using Equation 2.22 the consistent element mass matrices 

for the four elements are obtained very easily:

Where m1, m2, m3 and m4 are the element mass matrices corresponding to element 1, 2, 3 and 

1

2

3

4

0 0 0

12374 0 0 00 0 0
0 16602 0 0
0 0 16602 00 0 0
0 0 0 12374

0 0 0

AE
L

AE
L

AE
L

AE
L

G

 
 

  
  = =
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6187 6187 6187 0 0 0 0 0 0

15965 0 1660 4981 1660 4981 6187 6187
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14942 0 0 0 0

1660 4981 0 0
14942 0 0
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T
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0 42258

K  
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1
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4, respectively, and r is the mass density of steel in kg/mm3. Since mass is a scalar quantity the 

element mass matrices do not have to be converted to a global coordinate system. Thus, the 

system mass matrix can now be obtained by simply adding together the element mass matrices. 

Starting with a square rxr null matrix, where r is the number of global degrees of freedom, all 

components of the element mass matrices are added to the corresponding component of the 

system mass matrix. So, after adding the first element mass matrix to the null matrix:

2.38

Adding the second element mass matrix to 2.38 gives:

2.39

And after adding the third and fourth element mass matrix:

2.40

Where M is the symmetric system mass matrix. Finally, the boundary conditions are applied by 

deleting the columns and rows corresponding to the restrained degrees of freedom. This results 

in a symmetric 2x2 system mass matrix:

2.41

2,7754 0 1,3877 0
0 2,7754 0 1,3877

1,3877 0 2,7754 0
0 1,3877 0 2,7754

M

 
 
 
 

=  
 
 
 
  

2,7754 0 1,3877 0
0 2,7754 0 1,3877

1,3877 0 4,8441 0 1,0343 0
0 1,3877 0 4,8441 0 1,0343

1,0343 0 2,0687 0
0 1,0343 0 2,0687

M

 
 
 
 

=  
 
 
 
  

2,7754 0 1,3877 0 0 0 0 0 0 0
2,7754 0 1,3877 0 0 0 0 0 0

9,6881 0 1,0343 0 1,0343 0 1,3877 0
9,6881 0 1,0343 0 1,0343 0 1,3877

2,0687 0 0 0 0 0
2,0687 0 0 0 0

2,0687 0 0 0
2,0687 0 0

2,7754 0
2,7754

sym

M

 
 
 
 

=  
 
 
 
  

9,6881 0
0 9,6881

M  =  



18

  example: the four-bar Structure

W. SLEDDENS

2.10.3 Assembling the damping matrix

The damping matrix is obtained by performing a modal analysis. To rewrite the stiffness and 

mass matrix in the modal basis the eigenvectors are required. First, the eigenvalue problem must 

be solved for the non-trivial solution to obtain the eigenvectors.

2.42

Where M is the mass matrix, K is the stiffness matrix and l is a vector containing the eigenvalues.  

The eigenvalues can be calculated by solving the following equation:

2.43

For a 2x2 matrix the determinant is given by:

2.44

Applying Equation 2.44 to 2.43 gives:

2.45

Which can be rewritten to:

2.46

Equation 2.46 is known as the characteristic polynomial. Solving the characteristic polynomial 

yields the eigenvalues of the system, as well as the natural frequencies:

2.47

Where l is a vector containing the eigenvalues and w is a vector containing the natural 

frequencies of the structure in rad/s. Finally, the eigenvectors are determined by substituting the 

eigenvalues of 2.47 in Equation 2.42 separately. This yields two sets of equations, Equation 2.48 

and Equation 2.49, which must be solved to obtain the eigenvectors.

[ ] 0K M uλ− =

[ ] 0det K Mλ− =

det
a b

a d b c
c d
 

= ⋅ − ⋅ 
 

( ) ( )
15965 9,6881 0

15965 9,6881 42258 9,6881
0 42258 9,6881

det
λ

λ λ
λ

− ⋅
= − ⋅ ⋅ − ⋅

− ⋅
 
 
 

293,86 56407,25 674648970 0λ λ⋅ − ⋅ + =

,
1620,0 40,25

   
4361,8 66,04

λ ω λ
   

= = =   
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2.48

2.49

Where l1 and l2 are the first and second eigenvalue, respectively, and u1 and u2 are the 

corresponding eigenvectors. Solving the system of equations of 2.48 and 2.49 gives:

Where c is a non-zero scalar. This means that any vector that is a non-zero multiple of u1 or u2 is 

an eigenvector. Finally, the transformation matrix required to obtain the modal system matrices 

can be assembled.

2.50

Where U is the transformation matrix obtained by merging the eigenvectors into a new matrix. 

Now the modal mass and stiffness matrices can be calculated using the transformation matrix:

2.51

2.52

Where Mr is the modal mass matrix and Kr is the modal stiffness matrix. In this case, due to the 

transformation matrix being equal to the 2x2 identity matrix, the modal system matrices are 

equal to the system matrices in the real basis. Finally, the modal damping matrix corresponding 

to the desired damping ratio can be obtained:

2.53

Where mi are the modal mass parameters, wi are the natural frequencies and zi is the desired 

damping ratio for the i-th eigenmode. For the four-bar structure a damping ratio of 2% is used 

for both eigenmodes. 

1 2,
1 0

   
0 1

u c u c   
= ⋅ = ⋅   

   

1 1[ ] 0K M uλ− =

2 2[ ] 0K M uλ− =
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Obviously, converting the modal damping matrix to the real basis yields the same matrix in this 

case:

2.54

Where C is the damping matrix in the real basis for a damping ratio of 2%.

2.10.4 Numerical time integration

The differential equations are solved numerically using the explicit Euler integration scheme. 

This means that the initial velocity and displacement vectors are required.

2.55

Where q is the iteration number vq=0 and dq=0 are the initial velocity and displacement vector, 

respectively. The external loading consists of a horizontal nodal force which is constant in time 

and is described by the vector F. The first iteration starts with calculating the acceleration vector 

according to:

2.56

Where t is the iteration number and ü, ú and u are the acceleration, the velocity and the 

displacement vector, respectively. Thus, the acceleration vector for the first iteration (q=1) is 

given by:

2.57

Subsequently, the velocity vector is calculated according to:

2.58

Thus, for Dt=1e-4 the velocity vector for the first iteration is given by:

2.59

Finally, the displacement vector can be calculated according to:

1 1 15,598 0
0 25,594

T

rC U C U− −     = ⋅ ⋅ =       

t t t t tu u u t+∆ +∆= + ⋅∆  

1t t t tu M F C u K u+∆ −  = − ⋅ − ⋅  

0 0 0, , ,
0 0 0 10000

         
0 0 0 0

q q qa v d F= = =       
= = = =       
       

1 40 1032 0,1032
1

0 0 0
qv e= −     

= + ⋅ =     
     

1 1 0 0 1032
0

q q qa M F C v K d= − = =   = − ⋅ − ⋅ =     
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2.60

For Dt=1e-4 the displacement vector for the first iteration is given by:

2.61

Repeating this process will yield a discrete solution which approximates the exact solution. In 

this thesis MatLab is used to calculate the system matrices and to solve the differential equations 

numerically following the same steps as described in this paragraph. The solution to this example 

is given in Figure 2.6.

t t t t tu u u t+∆ +∆= + ⋅∆

5
1 40 0,1032 1,032 1

1
0 0 0

q e
d e

−
= −  ⋅   
= + ⋅ =     
     

Figure 2.6: Dynamic analysis of the four-bar structure performed by MatLab
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3. OPTIMISING PASSIVE STRUCTURES

The basic approach to optimising passive structures is to find the optimal distribution of section 

areas that minimises the total weight or volume of the structure. In this thesis the weight of passive 

structures is minimised while taking stress constraints into account. Stability and deformation 

requirements, however, are not considered.

3.1 Sequential Linear Programming

The passive structures are optimised for minimal weight using Sequential Linear Programming. 

The weight of the structure is optimised by reducing the section areas as much as possible while 

ensuring that the stresses stay within limits. The weight of the structure is defined as the sum of 

the cross sectional areas Ai of each element multiplied by its length Li and mass density ri (see 

Equation 3.01).

3.01

The optimisation is started using an initial vector consisting of the initial values for the cross 

sectional areas. Successively, a static linear analysis is performed for all load cases so that the 

initial design vector can be improved based on the results of the analysis. The cross sectional 

area of every element is updated by dividing its governing axial force by the allowable stress (see 

Equation 3.02). A different allowable stress can be accepted for tensile and compressive forces 

respectively.

3.02

Where q is the iteration number, Ai denotes the cross sectional area of element i and Ni contains 

the axial forces of element i for all load cases. Each iteration the solution is updated linearly 

while the optimization problem is actually nonlinear. Eventually, repeating this process the 

solution will converge towards the optimal solution. Furthermore, the process can be aborted if 

the estimated error is smaller than the desired error. 

However, for passive tensegrity structures the optimisation process is a little different. For passive 

tensegrity structures the basic approach to minimise the weight of the structure is to find the 
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optimal distribution of section areas and the optimal prestress force distribution simultaneously. 

Using Sequential Linear Programming the weight of the passive tensegrity structure is optimised 

by reducing the cross sectional areas and prestress forces as much as possible while ensuring that 

stresses stay within limits and that tensile elements always remain in tension. The optimisation 

is started using an initial vector consisting of the initial values for the cross sectional areas and 

bar lengths of the tensile elements. Starting without any prestress forces using the initial bar 

lengths of the tensile elements a static linear analysis is performed. The cross sectional area of 

every tensile element is updated by dividing its largest axial tensile force by the allowable tensile 

stress for tension elements (see Equation 3.03).

3.03

Where Ni contains the axial forces of element i for all load cases including a prestress-only load 

case and a load case including the dead load and prestress. For compressive elements the section 

areas are updated by dividing the governing tensile and compressive axial forces by the allowable 

tensile and compressive stress, respectively (see Equation 3.04).

3.04

The bar lengths of tensile elements are updated to ensure that they always remain in tension (see 

Equation 3.05).  The shortening of the bar is equal to the length change required to induce a 

tensile force that is just large enough to compensate for the governing compressive force.

3.05

Repeating this process the solution will eventually converge. Before, the weight was only 

bounded by stress constraints, but now it is also depending on the distribution of prestress 

forces. Therefore, there exist many local optima close to the global optimum and the solution 

will most likely converge to one of those local optima instead of to the global optimum. This 

means that not updating the prestress force distribution every iteration but, for example, every 

two or three iterations might yield a better solution. The solution might also be improved by 

elongating a tensile element once the smallest occurring tensile stress is larger than a certain 

threshold and no compression occurs under any circumstances.
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3.2 Example: The passive four-bar structure

As an example, the passive four-bar structure has been optimised using Sequential Linear 

Programming (see Figure 3.1). Two load cases are considered, the first load case consisting of 

a horizontal nodal force and the second consisting of a vertical nodal force. The stresses in the 

passive four-bar structure will be limited to 300 N/mm2 for both tension and compression.

To start the Sequential Linear Programming procedure the initial design vector describing the 

distribution of section areas is required. In this thesis the initial cross sectional area is set to 1 

mm2 for all elements. Subsequently, a static linear analysis is performed for all load cases using 

the initial design vector. The results of the first iteration are shown in Figure 3.2.

The second iteration starts with improving the design vector based on the results of the first 

iteration. This is done by dividing the governing tensile and compressive force in each element 

by the allowable stress for tension and compression, respectively. The improved design vector 

is obtained by selecting the largest cross sectional area for each element (see Equation 3.06). 

Subsequently, the improved design vector is used for the second static linear analysis. The results 

of the second static analysis are shown in Figure 3.3.

Figure 3.1: The passive four-bar structure

Figure 3.2: Sequential Linear Programming: The first iteration
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3.06

After two iteration the stress constraints are still violated in the second and third element when 

the structure is subjected to a vertical nodal force. Though, the outer elements are slightly 

overdesigned and can be reduced. The design vector is improved by performing three more 

iterations (see Figure 3.4). After 5 iterations the stresses in the inner elements are almost within 

limits and the overcapacity in the outer elements has been reduced significantly.

Finally, the process is repeated until the estimated error is smaller than the desired error and the 

solution has converged. The convergence criteria used in this thesis is given by:

3.07

The convergence of the optimisation process and the optimised passive four-bar structure are 

shown in Figure 3.5.

Figure 3.3: Sequential Linear Programming: The second iteration

Figure 3.4: Sequential Linear Programming: The fifth iteration
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To verify that stresses stay within limits a static analysis is performed on the optimised passive 

four-bar structure. In Figure 3.6 one can see that there is no more overcapacity in the outer 

elements and that stresses stay within limits at all times.

Figure 3.5: Sequential Linear Programming: The final solution

Figure 3.6: Static analysis of the optimised passive four-bar structure
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4. DESIGNING ADAPTIVE STRUCTURES

In this thesis adaptive structures are designed according to the Load Path Management procedure 

which has been developed by P. Teuffel (2004) The Load Path Management procedure starts 

with finding the optimal distribution of section areas and the optimal distribution of axial forces 

for each load case that minimise the weight of the structure. Then the optimal combination 

of actuator locations that minimises the total energy consumption is determined. Finally, the 

required length changes of the actuators are calculated. Furthermore, the load path management 

procedure only considers strength requirements.

4.1 Load path management

The design process of adaptive structures starts with optimising the load path while ignoring the 

geometrical compatibility equations. During this step the axial forces in the elements as well as 

their cross sectional areas are optimised while only considering the equilibrium equations, so 

that the weight of the structure is minimised (see Equation 4.01). The weight of the structure is 

defined as the sum of the cross sectional areas Ai of each element multiplied by its length Li and 

mass density ri. 

4.01

Ignoring the compatibility equations means that for each load case only nodal equilibrium is 

considered and that the constraint forces are ignored. In case of the four-bar structure that means 

that if the optimal load path is induced the bar ends would not fit together. This is because the 

constraint forces that arise in the structure as a result of constraining the bars together in the 

upper node are not considered. 

1
 

nel

i i ii
min W A L ρ

=
= ⋅ ⋅Σ

Figure 4.1:  Incompatible optimal load path: bar ends are not lining up
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The process of finding the optimal distribution of section areas and axial forces is subject to 

equality constraints to ensure nodal equilibrium (see Equation 4.02).

4.02

Where A is the system equilibrium matrix (see Equation 2.19) consisting of the direction cosines 

of the elements, Nk is the vector of axial forces and support reactions for the load case k and Pk is 

the vector of external loadings for load case k. Furthermore, the optimisation process is subject 

to inequality constraints to ensure that stresses stay within limits (see Equation 4.03).

4.03

Where Nik is the axial force in element i for load case k. Different stress limits for compression 

and tension can be applied.

However, the optimal load path is incompatible with the structure due to neglecting the 

geometrical compatibility equations. The constraint forces that arise in the adaptive structure 

can be compensated by the actuators. These constraint forces can be determined by performing 

a static analysis on the adaptive structure using the optimised cross sectional areas. The difference 

in axial forces, denoted as ΔN, between the optimised force distribution in the elements Nopt and 

the constraint forces in the elements Nlc must be accounted for by the actuators (see Equation 

4.04 and Figure 4.2).

4.04opt lcN N N∆ = −

;     ik c ik t

i c i t

N N
A A

σ σ
γ γ

− ≤ ≤

Figure 4.2: Optimal load path and constraint forces for the first load case
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The next step is to determine the optimal number and combination of actuator locations. In 

general, the required number of actuators needed to fully control the internal force distribution 

of the structure is equal to the degree of indeterminacy. When less actuators are used the load 

path cannot be fully controlled and the optimal force distribution can only be approximated. 

Following Teuffel (2004), this selection is based on the efficiency of each element to reduce 

the computational effort rather than considering all possible combinations (Teuffel, P. [2004]). 

This means that the final combination of actuator locations might not be the most optimal 

combination. This step starts with calculating the sensitivity matrix Sn for the axial forces. Each 

element is subjected to a unity length change and the internal forces that arise in the elements 

are calculated. The results are stored in a matrix describing the sensitivity for the axial forces for 

all elements (see Equation 4.05).

4.05

The vector eik describes the efficiency of the i-th element for the k-th load case and follows from 

Equation 4.06:

4.06

And the efficiency of element i considering all load cases is given by Equation 4.07:

4.07

Initially, the column of the matrix Sn corresponding to the most efficient element is selected and 

stored in a new matrix Sn,red. Successively, the column corresponding to the next most efficient 

element is added to this matrix. Each time, after selecting another element, the rank of the 

matrix Sn,red must be verified to ensure that the force distribution in the structure can be fully 

controlled. If the rank of this matrix does not match the number of currently selected elements, 

then the last element is replaced with the next most efficient element. This process is repeated 

until the required number of actuator locations has been selected.
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Finally, during the adaptation process, the length changes of the actuators are determined while 

taking the compatibility equations into account. The length changes required to induce the 

optimal load path in the structure follow from Equation 4.08:

4.08

Where ΔLact is a vector containing the required length changes. The Load Path Management 

procedure is also applicable to adaptive tensegrity structures simply by defining a lower bound of 

zero for the axial forces in the tensile elements. However, the Load Path Management procedure 

only considers the fully loaded adaptive tensegrity structure which means that there is no prestress 

state defined for the tensegrity structure in the passive state. Trussed adaptive structures are 

capable of resisting loadings up to a certain threshold before actuation is required, but adaptive 

tensegrity structure are unstable and unable to withstand any loadings without prestress. 

Therefore, after performing the Load Path Management procedure, the design procedure of 

adaptive tensegrity structures proceeds with finding the optimal prestress force distribution for 

the adaptive tensegrity in the passive state that minimises the weight. The prestress forces stabilise 

the structure and ensure that it is able to withstand loadings up to a desired threshold before 

actuation is required. Also the distribution of section areas must be updated again to ensure that 

stresses stay within limits at all times.

The optimisation starts with performing a static linear analysis using the cross sectional areas 

resulting from the Load Path Management procedure and the initial bar lengths of the tensile 

elements. After the static analysis the cross sectional areas are updated. For tensile elements the 

updated cross sectional area is found by dividing the governing tensile force by the allowable 

tensile stress (see Equation 4.09). The updated section areas must be bounded to ensure that 

stresses stay within limits once actuation comes into play. Therefore, the section areas resulting 

from the Load Path Management procedure are set as a lower bound.

4.09

Where q is the iteration number and Ni contains the axial forces of element i for all loadings or load 

cases that the structure should be able to withstand without actuation. All load cases including a 

load case consisting of the prestress and dead load as well as one consisting of the prestress only 
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should be considered. The magnitude of the external loadings is defined by the desired threshold 

for actuation. For compressive elements the section areas are updated by dividing the governing 

tensile and compressive axial forces by the allowable tensile and compressive stress, respectively 

(see Equation 4.10). Also the cross sectional areas of the compressive members are bounded to 

ensure that stresses stay within limits at all times.

4.10

The bar lengths of the tensile elements are updated to ensure that they always remain in tension 

when no actuation is required (see Equation 4.11).  The shortening of the bar is equal to the 

axial deformation required to generate a tensile force that is just large enough to compensate for 

the governing compressive force.

4.11

Where Li is the bar length, Ni is a vector containing the axial forces of element i for all load cases 

considered, Ei is the young’s modulus of the bar and Ai is the cross sectional area of the bar. Again 

the optimisation problem is nonlinear and the process must be repeated so that the solution will 

converge towards an optimum.

For adaptive tensegrity structures, when actuation is required, the actuators must account for the 

constraint forces as well as the axial prestress forces (see Equation 4.12).

4.12

Where Npre is a vector containing the axial prestress forces, Nlc contains the constraint forces and 

Nopt contains the optimal axial forces. Npre can be determined by performing a static analysis on 

the idle adaptive tensegrity structure in the passive state using the final bar lengths of the tensile 

elements and forcing them to fit together. 
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4.2 Example: The adaptive four-bar structure

In this example the adaptive four-bar structure is designed using the Load Path Management 

procedure (see Figure 3.1). Both load cases are considered, the first load case consisting of 

a horizontal nodal force and the second consisting of a vertical nodal force. The structure is 

designed allowing stresses of 300 N/mm2 for both tension and compression. 

The design procedure starts with finding the optimal distribution of axial forces which minimises 

the weight of the structure while ignoring compatibility. In Figure 4.3 the optimal axial forces 

are shown for both load cases. In both cases only nodal equilibrium is ensured.

Subsequently, the distribution of section areas is be obtained by dividing the governing tensile 

and compressive axial force of each element by the allowable tensile and compressive stress, 

respectively: 

4.13

Once the distribution of section areas is known the constraint forces can be calculated. This is 

done by performing a static analysis using the optimised distribution of section areas.

Figure 4.3: Optimal axial forces that minimise the weight of the adaptive four-bar structure (incompatible)
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The difference between the compatible constraint forces and the incompatible optimal load 

path, which must be accounted for by the active elements, is given by:

4.14

The next step is to determine the optimal number and combination of actuator locations. For 

the adaptive four-bar structure two actuators are required to fully control the internal load path. 

The selection of actuator locations will be based on the efficiency of each location and therefore 

a sensitivity analysis is performed.

During the sensitivity analysis the sensitivity matrix Sn for the axial forces is obtained by 

subjecting each element to a unity length change. The sensitivity matrix for the axial forces is 

used to calculate the efficiency of each element for each load case according to Equation 4.06. 

Figure 4.4: The constraint forces in the adaptive four-bar structure (compatible)
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Figure 4.5: Sensitivity analysis
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4.15

From Equation 4.15 it seems that the inner two elements are the most efficient actuator locations 

for the first load case. For the second load case the outer elements are more efficient actuator 

locations. However, when selecting the actuator locations all load cases should be considered. 

This is done by summing the absolute efficiencies of all load cases for each element according to 

Equation 4.07: 

4.16

Considering Equation 4.16 the inner elements are selected to incorporate actuators. The 

columns of the sensitivity matrix corresponding to the actuator locations are assembled into a 

new reduced sensitivity matrix. Finally, after checking the rank of the reduced sensitivity matrix 

Sn,red, the required length changes are calculated:

4.17

To verify that the stresses stay within limits a static analysis is performed on the adaptive four-bar 

structure. During the analysis the required length changes are imposed on the active elements. 

In Figure 4.7 the deformations and stresses as a result of the external loading and internal 

actuation are shown as well as the final optimal force distribution. In the passive state, thus 
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Figure 4.6: The adaptive four-bar  vs. the passive four-bar structure (actuators marked red)
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without actuation, the stresses in the outer elements are higher than the allowable stress of 300

N/mm2 when subjected to the first load case. However, by imposing small length changes on the 

actuators the load path is altered. This results in the optimal force distribution where all elements 

are fully utilized. When subjected to the second load case the stresses in the inner elements 

are higher than the allowable stress without actuation. Again the optimal force distribution is 

achieved by using the active elements.

Figure 4.7: Static analysis of the adaptive-four bar structure
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5. CASE STUDY A: PASSIVE AND ADAPTIVE STRUCTURES SUBJECTED 
TO HARMONIC RESONANCE LOADINGS

In this case study the passive and adaptive versions of three structures are subjected to harmonic 

resonance loadings, that is: the trussed arch structure, the trussed bridge and the tensegrity 

bridge. In all cases the excitation frequency of the harmonic loading is equal to one of the 

structure’s resonant frequencies to artificially induce resonance. The harmonic resonance loadings 

are equal to the static load cases, except their magnitudes vary in time between 90% and 100%. 

Furthermore, in all cases, 2% material damping is applied.

The results of the passive and adaptive variants will be compared to verify that adaptive structures 

are indeed more susceptible to resonance and, more importantly, if so, to quantify the differences 

in deformations and stresses under resonance conditions. 

5.1 The trussed arch structure

The trussed arch, taken from Teuffel’s PhD research (Teuffel, P. [2004]), has a height of 8 meters 

and spans 40 meters with a structural height of 1 meter. Following Teuffel (2004), the first 

load case consists of the dead load and a symmetric snow load. The second and third load cases 

include  the dead load and asymmetric snow loads. The fourth and fifth load cases are wind 

loads combined with the dead load. Additionally, the sixth and seventh load cases consist of the 

dead load combined with a single nodal loading on the eighth and sixteenth degrees of freedom, 

respectively.

5.1.1 Designing the passive and adaptive trussed arch structure

The passive arch structure is designed using Sequential Linear Programming to minimise the 

weight of the structure. The optimised passive trussed arch allowing stresses of 300 N/mm2 for 

both tension and compression is shown in Figure 5.2. During the optimization the cross sectional 

Figure 5.1: The trussed arch structure
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areas were bounded at a minimum of 100 mm2. Furthermore, during the optimisation stability 

and deformation requirements wre not taken into account and for this reason the passive arch 

structure spanning 40 meters weighs only 861,6 kg. 

The adaptive trussed arch structure is designed according to the Load Path Management 

procedure. Again the section areas are bounded at a minimum of 100 mm2 and stability and 

deformations are not considered. In this case 13 actuators are required to fully control the load 

path. The selected actuator locations based on the efficiency of every location are shown in 

Figure 5.2. As expected, the adaptive structure weighs even less than the passive structure with a 

total weight of 731,2 kg excluding the weight of the actuators.

5.1.2 Static analysis of the passive and adaptive trussed arch structure

A static analysis is performed on both the passive and adaptive trussed arch structure subjected 

to the fifth load case to verify that the stresses stay within limits. For the adaptive structure 

the required length changes of the actuators are imposed. In Figure 5.3 the deformations and 

stresses resulting from the static analysis are shown. From Figure 5.3 it can be concluded that the 

adaptive arch structure, unlike the adaptive four-bar structure, is not capable of fully utilizing all 

its section areas. This is the case for all adaptive structure not satisfying Equation 5.01 (Teuffel, 

P. [2004]):

5.01

Figure 5.2:  Design of the passive and adaptive trussed arch structures (actuators marked red)

( ) 0el lc DOF bcn n n n− ⋅ − ≥
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Where nel is the number of elements, nlc is the number of load cases, ndof is the number of degrees 

of freedom and nbc is the number of constraints.

5.1.3 Dynamic properties of the passive and adaptive trussed arch structure

Following the procedure discussed in Chapter 2, the natural frequencies of the trussed arch 

structures are found by solving the eigenvalue problem for both the passive and adaptive arch 

structure (see Equation 2.08). For the arch structure there are 36 eigenmodes since it has 36 

unconstrained degrees of freedom. In Figure 5.4 the two lowest eigenmodes of the passive 

and adaptive trussed arch structure are given. Resonating in its lowest eigenmode, the passive 

structure is swaying horizontally. When resonating in its second lowest eigenmode, the top of 

the arch is moving up and down.

The distribution of the section areas of both structures are much alike and for that reason the 

eigenmodes of the structures are only a little bit different. Also the adaptive structure sways 

horizontally in its lowest eigenmode, though oscillating at a slightly lower frequency. When 

resonating in the second lowest eigenmode the top of the adaptive structure is also moving up 

and down, but this time at a slightly higher frequency than the passive structure.

Figure 5.3: Static analysis of the trussed arch structure (load case 5: wind + dead load)
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Figure 5.4: Eigenmodes of the passive and adaptive trussed arch structure
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5.1.4 Dynamic analysis of the passive and adaptive trussed arch structure

A dynamic analysis is performed while applying 2% damping for both the passive and adaptive 

trussed arch structure. The arch structures are loaded with a harmonic resonance wind loading 

corresponding to the fifth static load case. The excitation frequency of the harmonic wind loading 

is equal to the first resonant frequency of the considered structure where the arch structure is 

swaying horizontally. The magnitude of the harmonic loading ranges between 90% and 100% 

of the static wind loading (load case 5). For the adaptive arch structure also the required length 

changes for the static load case are imposed during the dynamic analysis and are kept constant 

in time.

In Figure 5.5 the horizontal displacements of the unconstrained nodes and the stresses in the 

elements are plotted against time for both structures. The amplitudes of the displacements and 

stresses increase very fast as the structures are indeed resonating. The applied material damping 

limits the amplitudes under resonance conditions and therefore, after a while, a dynamic 

Figure 5.5:  Dynamic analysis of the passive and adaptive trussed arch structures
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equilibrium establishes. For the passive structure the largest absolute stress found is 596 N/mm2 

and 723 N/mm2 for the adaptive structure. 

Subsequently, the arch structures are subjected to another resonance loading. This time the 

harmonic resonance loading is based on the sixth static load case which includes the dead load 

and a vertical force on the eight degree of freedom. The excitation frequency is equal to the 

second resonant frequency of the structure. Furthermore, the analysis is performed under the 

same conditions, so 2% damping is applied and the harmonic loading ranges between 90% and 

100%.

In Figure 5.6 the vertical displacements and the stresses are plotted against time for both structures. 

Again, the applied material damping limits the amplitudes under resonance conditions and a 

dynamic equilibrium establishes. In the passive structure the stresses go up to 311 N/mm2 and 

in the adaptive structure they go up to 345 N/mm2. 

Figure 5.6:  Dynamic analysis of the passive and adaptive trussed arch structures
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5.2 The trussed bridge

The trussed bridge illustrated in Figure 5.7 spans 40 meters with a maximum structural height of 

4,625 meters. The first load case consists of the dead load combined with an equally distributed 

traffic load. The second and third load cases include the dead load and asymmetric traffic loads. 

The fifth load cases consists of the dead load only. Furthermore, the sixth and seventh load cases 

consist of the dead load and small asymmetric horizontal loadings.

5.2.1 Designing the passive and adaptive trussed bridge

The passive trussed bridge is optimised for minimal weight while ignoring stability and 

deformation requirements and allowing stresses of 300 N/mm2 for both tension and compression. 

The section areas are bounded at a minimum of 100 mm2. The optimised passive trussed bridge 

structure is illustrated in Figure 5.8 and weighs 697,9 kg. 

The adaptive bridge is designed according to the Load Path Management procedure. For the 

adaptive bridge also 13 actuators are required to fully control the load path. The selected actuator 

locations are shown in Figure 5.8 and marked red. This time, the adaptive structure weighs only 

slightly less than the passive structure with a total weight of 682,4 kg excluding the actuators.

Figure 5.7:  The trussed bridge

Figure 5.8:  Design of the passive and adaptive trussed bridge (actuators marked red)
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5.2.2 Static analysis of the passive and adaptive trussed bridge

A static analysis is performed on both the passive and adaptive trussed bridge. The bridges 

are subjected to the first and to the second load case successively to verify that the stresses 

stay within limits. For the adaptive structure the required length changes of the actuators are 

imposed. In Figure 5.9 the deformations and stresses resulting from the static analysis are shown. 

Considering the results of the adaptive bridge in Figure 5.9, it can be concluded that the design 

is governed by the first load case. Many members are fully utilised when subjected to the first 

load cases while only a couple members are fully utilised when subjected to the second load case. 

As a consequence, the material savings of the adaptive structure are minimal (see Figure 5.8).

Figure 5.9:  Static analysis of the passive and adaptive trussed bridge
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5.2.3 Dynamic properties of the passive and adaptive trussed bridge

The trussed bridge with 36 unconstrained degrees of freedom has 36 eigenmodes. In Figure 

5.10 the two lowest eigenmodes of the passive and adaptive bridge are given. The modeshapes 

of passive bridge are nearly identical to the modeshapes of the adaptive bridge because the 

geometries are identical and the distribution of the section areas differs only a little. For this 

reason also the natural frequencies differ only a little. Resonating in the lowest eigenmode, both 

structures are moving up and down. When resonating in the second eigenmode, both structures 

oscillate in a wavelike motion.

Figure 5.10:  Eigenmodes of the passive and adaptive trussed bridge



  the trussed bridge

45W. SLEDDENS

5.2.4 Dynamic analysis of the passive and adaptive trussed bridge

During the first dynamic analysis the structures are loaded with a harmonic resonance traffic 

loading corresponding to the first static load case. The excitation frequency is equal to the 

first eigenmode where the bridge is moving up and down. Furthermore, the magnitude of the 

harmonic loading ranges between 90% and 100% and 2% damping is applied. For the adaptive 

structure the required actuation is imposed and kept constant in time.

In Figure 5.11 the vertical displacements and stresses of are plotted for both structures. The 

structures are resonating heavily, but, since a small amount of damping is applied, the amplitudes 

are limited. In the passive bridge stresses of 663 N/mm2 occur and in the adaptive bridge stresses 

of 692 N/mm2 occur, which in both cases is a drastic increase over the allowed 300 N/mm2.

Figure 5.11:  Dynamic analysis of the passive and adaptive trussed bridge
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During the second dynamic analysis the structures are subjected to an asymmetric harmonic 

traffic load based on the second static load case. The excitation frequency is equal to the 

structure’s second resonant frequency. Also this time the magnitude of the harmonic loading 

ranges between 90% and 100% and 2% material damping is applied.

In Figure 5.12 the results of the second analysis are given. Again the passive and adaptive 

structure are resonating and the amplitudes are limited due to a small amount of 

damping being present. The largest absolute stress occurring in the passive structure is 

657 N/mm2 and 585 N/mm2 in the adaptive structure. 

Figure 5.12:  Dynamic analysis of the passive and adaptive trussed bridge
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5.3 The tensegrity bridge

The tensegrity bridge spans 40 meters with a maximum structural height of 4,625 meters. Its 

geometry is identical to that of the trussed bridge. The structure is illustrated in Figure 5.13 

where continuous and dashed lines represent compressive and tension elements, respectively. 

The first load case considered is the dead load combined with an equally distributed traffic load. 

The second and third load cases consist of the dead load combined with asymmetric traffic loads. 

The fifth load cases only includes the dead load. Furthermore, the sixth and seventh load cases 

consist of the dead load and small asymmetric horizontal loadings.

5.3.1 Designing the passive and adaptive tensegrity bridge

The passive tensegrity bridge is designed using Sequential Linear Programming to minimise the 

weight of the structure while simultaneously optimising the prestress forces for minimal weight. 

The optimised passive tensegrity bridge allowing stresses of 300 N/mm2 for both tension and 

compression is shown in Figure 5.14. Again, the section areas are bounded at a minimum of 100 

mm2 and stability and deformation requirements are not taken into account. As a consequence, 

the passive structure weighs only 921,9 kg. 

Again allowing stresses of 300 N/mm2 for both tension and compression and ignoring stability 

and deformation requirements, the adaptive tensegrity bridge is designed. This is done by 

performing the Load Path Management procedure followed by a Sequential Linear Programming 

procedure to optimise the prestress forces for minimal weight. These prestress forces stabilise 

the tensegrity structure when no actuation is required. For the adaptive tensegrity bridge 13 

actuators are required to fully control the load path. The selected actuator locations based on the 

efficiency of every location are shown in Figure 5.14. Once more the adaptive structure weighs 

less than the passive structure with a total weight of 809,0 kg excluding the actuators.

Figure 5.13:  The tensegrity bridge
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5.3.2 Static analysis of the passive and adaptive tensegrity bridge

A static analysis is performed on both the passive and adaptive tensegrity bridge subjected to 

the first load case to verify that the stresses stay within limits. The structures are fully loaded and 

therefore actuation is required for the adaptive structure to be able to withstand the external 

loading. So, the required length changes of the actuators are imposed. In Figure 5.15 the 

deformations and stresses resulting from the static analysis are shown. 

Figure 5.14: Design of the passive and adaptive tensegrity bridge (actuators marked red)

Figure 5.15:  Static analysis of the tensegrity bridge (load case 1: symmetric traffic load + dead load)
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Considering Figure 5.15, one can see that in this case the passive structure has a higher average 

stress compared to the adaptive tensegrity structure. The adaptive structure subjected to the 

first load case has many tensile elements with very little tension which means that it is actually 

utilising its section areas better, though resulting in a lower average stress.

In Figure 5.16 the element stresses in both tensegrity structures due to the prestress forces and 

dead load combined are given to verify that the stresses stay within limits at all times. For 

the adaptive tensegrity bridge the prestress forces stabilise the structure when no actuation is 

required.

Figure 5.16:  Prestress-only and prestress forces combined with the dead load
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5.3.3 Dynamic properties of the passive and adaptive tensegrity bridge

Also the tensegrity bridge has 36 eigenmodes since there are 36 unconstrained degrees of 

freedom. In Figure 5.17 the two lowest eigenmodes of both the passive and adaptive tensegrity 

structure are given. The modeshapes of the structures are nearly identical because the geometries 

of the structures are identical and only the distribution of section areas is a little different. Also 

the natural frequencies of both structures differ only slightly. Both structures are moving up and 

down when resonating in their lowest eigenmode. Resonating in the second eigenmode, the 

structures oscillate in a wavelike motion.

Figure 5.17: Eigenmodes of the passive and adaptive tensegrity bridge
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5.3.4 Dynamic analysis of the passive and adaptive tensegrity bridge

Likewise, the dynamic analysis is performed with 2% material damping for the tensegrities. 

First, the structures are subjected to a harmonic resonance traffic loading corresponding to the 

first static load case. The excitation frequency of the harmonic traffic loading is equal to the first 

resonant frequency of the considered structure where the tensegrity structure is moving up and 

down. Also this time the magnitude of the harmonic loading ranges between 90% and 100%. 

For the adaptive tensegrity the required length changes are imposed and kept constant in time.

In Figure 5.18 the vertical displacements of the unconstrained nodes and the stresses in 

the elements are plotted against time for both tensegrities. Again resonance is induced 

successfully. The amplitudes are limited due to the presence of damping and thus dynamic 

equilibrium establishes. For the passive structure the largest absolute stress occurring is 

649 N/mm2 and for the adaptive structure 672 N/mm2. 

Figure 5.18:  Dynamic analysis of the passive and adaptive tensegrity bridge
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Subsequently, the tensegrity structures are subjected to an asymmetric harmonic traffic load 

based on the second static load case. The excitation frequency is equal to the structure’s second 

resonant frequency. The analysis is performed under the same conditions as before, so 2% 

damping is applied and the harmonic loading ranges between 90% and 100%.

In Figure 5.19 the vertical displacements and the stresses are plotted against time for both 

tensegrities. Again the structures are resonating. The amplitudes are limited due to damping and  

equilibrium establishes. In the passive tensegrity structure stresses are limited to 450 N/mm2 

while in the adaptive tensegrity stresses of 514 N/mm2 are found. 

Figure 5.19:  Dynamic analysis of the passive and adaptive tensegrity bridge
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5.4 Conclusions

In most cases the stress increase under resonance conditions is larger for adaptive structures than 

for their passive counterparts. Except for the trussed bridge where in one case the passive structure 

was actually more vulnerable to resonance. However, the adaptive trussed bridge requires almost 

the same amount of material as the passive trussed bridge. This causes the passive trussed bridge 

to be more susceptible to resonance in some cases because only the distribution of section areas 

is different. 

In general, adaptive structures seem to be more vulnerable to resonance effects due to their 

reduced stiffness and mass. The lower stiffness leads to larger deformations and the mass reduction 

results in smaller damping capacity of the structure. This can be explained using Equation 2.26, 

which is repeated here as Equation 5.02 for conveniency, by rewriting it to Equation 5.03.

5.02

5.03

Where kj and mj are the modal stiffness and modal mass parameter, respectively, and zj is 

the desired damping ratio. In both cases the applied damping ratio is the same because both 

structure are made out of steel. Of course, the modal stiffness and modal mass parameters of 

the adaptive structures are smaller than those of the passive structure due to the reduced weight. 

As a consequence, the modal damping parameters are smaller and, also considering the reduced 

stiffness, this allows for larger amplitudes under resonance conditions.

Also plotting the frequency response of the passive and adaptive tensegrity structures 

simultaneously shows that the adaptive structure is more vulnerable to resonance. In Figure 5.20

the blue and red line represent the adaptive and passive structure, respectively. The upper graph 

shows the frequency response of both structures on a semi-logarithmic scale. From the upper 

graph it can be concluded that for the higher eigenmodes the deformations of the adaptive 

structure will be larger under resonance conditions. The lower graph shows the frequency 

response of both structures on a linear scale using a smaller range of excitation frequencies. From 

the lower graph it can be concluded that also for the lower eigenmodes the adaptive structure is 

more vulnerable to resonance effects.

2j j j jc m ω ζ= ⋅ ⋅ ⋅

2j j j jc k m ζ= ⋅ ⋅ ⋅
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Case study A has shown that adaptive structures are indeed more susceptible to resonance effects 

than their passive counterparts and that small weight reductions can lead to larger deformations 

and higher stresses under resonance conditions. Though, for a realistic comparison it is 

recommended to repeat this case study taking buckling stability and deformation requirements 

into account because the resulting weight reductions might have exaggerated the results. Also, 

for a better comparison, more realistic resonance loadings should be used.

Figure 5.20: Comparison of the frequency response of the passive and adaptive tensegrity bridge
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6. EXPLORING POSSIBILITIES TO REDUCE RESONANCE EFFECTS USING 
ADAPTABILITY

Case Study A has shown that adaptive structures can be much more vulnerable to resonance 

effects due to their reduced weight and stiffness. This can limit the material savings of the 

adaptive structure increasing the environmental impact. For this reason, multiple possibilities to 

reduce resonance effects using adaptability are explored in this chapter so that material savings 

can be maximised. In Case study B these possibilities to reduce resonance effects will be applied 

to the adaptive structures studied in Case study A and their performance will be measured.

6.1 Varying the prestress

One possibility to reduce resonance effects is to alter the internal actuation or prestress. Prestressing 

deforms the structure and changes its geometry which, consequently, also changes its dynamic 

properties. The bar lengths, and thus the axial stiffness’ of the members, change slightly which 

result in a different stiffness distribution and different resonant frequencies. So, for example, 

when the adaptive structure is resonating the internal actuation can be increased or decreased a 

little. This changes the resonant frequencies so that large resonance effects are avoided. Though, 

to do this the adaptive structure must be overdesigned a bit since small changes of the internal 

actuation will lead to slightly higher stresses.

The effect of prestressing on the natural frequencies of a 3-strut tensegrity structure is shown in 

Figure 6.1 (B. Moussa, N. Ben Kahla and J. C. Pons. [2000]). If the cable shortening is less than 

3,7% a natural frequency of zero is reported which simply means that the structure is unstable. 

Figure 6.1: The effect of prestress on the natural frequencies of a 3-strut tensegrity     

    (Reproduced from: [11] B. Moussa, N. Ben Kahla and J. C. Pons. [2000])
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Once the tensegrity structure is stable increasing the cable shortening alters the resonant 

frequencies of the structure significantly. The first natural frequency increases almost tenfold by 

increasing the cable shortening from 3,7 to 4%.

6.2 Active vibration control

Another possibility to reduce resonance effects is to change the internal actuation dynamically 

instead of changing it in a static way like the method presented in Paragraph 6.1. The dynamic 

changes of the internal actuation can be determined by using velocity feedback. This can be 

explained using the example shown in Figure 6.2. The semi-active base isolator is used to provide 

damping to the building during an earthquake when vibrational forces on the foundation cause 

the building to vibrate. These vibrations are reduced by the active controller and the base isolator. 

The base isolator provides passive damping due to frictional forces that arise in the isolator. The 

active controller, on the other hand, provides active damping. Based on the velocity of the base 

small opposing forces are generated that reduce vibrations.

For adaptive structures the same principle can be applied. By superimposing additional length 

changes internal opposing forces are generated that reduce vibrations. Consequently, this requires 

the actuators to be designed in such a way that they can sustain high static loadings to control 

the static load path while at the same time producing small but highly dynamic loadings to 

reduce vibrations (Preumont, A., Bossens, F.). In this paragraph two methods, each using different 

velocity feedback, will be presented to control the dynamic excitation of the dynamic active 

adaptive structure. 

6.2.1 Active vibration control based on the relative nodal velocities of the active 
elements

This method determines the internal opposing forces using the relative velocity of the nodes 

Figure 6.2: Active control device (active base isolator for seismic control)
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located at both ends of each active element. Thus, for example, an active element that is 

compressed due to external vibration forces is extended causing opposing forces on the nodes. 

These additional dynamic length changes are superimposed on the static length changes that are 

required to control the static load path. The approach here is basically the same as the passive 

approach shown in Figure 6.3 but instead actuators are used to generate the internal opposing 

forces. 

For this method the opposing force is always directed along the axial direction of the active 

element. Its magnitude is determined assuming a linear relation between damping force and 

velocity according to:

6.01

Where Nd,i is the opposing axial force in the i-th element, vrel,i is the relative velocity of the 

nodes located at both ends and c is the desired damping parameter. This means that Nd,i has all 

components zero apart from those corresponding to the active elements. In this thesis the critical 

damping parameter corresponding to the excitation frequency is used. The critical damping 

parameter was determined by performing a modal analysis (see Paragraph 2.9). Finally, the 

required dynamic actuation can be calculated using Equation 6.02:

6.02

Where Sn,red is the reduced sensitivity matrix, ΔLact,dynamic are the dynamic length changes and 

Nd is a vector containing the opposing axial forces. The main advantages of this method are 

that the control system requires little feedback reducing the computational effort and that the 

actuators work independently. Thus, when an actuator fails the others are still able to provide 

active damping to the structure.

, ,d i rel iN c v= ⋅

Figure 6.3: Adding damping using passive devices (dashpots)

,
,

n red
act dynamic dS L N⋅∆ =
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6.2.2 Active vibration control based on the absolute nodal velocities

This method provides active damping to the complete structure using the absolute nodal 

velocities. This method is essentially the same as the passive approach shown in Figure 6.3 but 

again the actuators are used instead of the passive devices. 

For every unconstrained degree of freedom an external opposing force is determined each time 

step. Based on the absolute nodal velocity the direction is always opposite to the movement of 

the node. Its magnitude will depend on the current velocity of the node and the damping ratio 

defined by the control system. In this thesis the external opposing nodal forces are calculated 

assuming a linear relation between the external damping force and the absolute nodal velocity. 

The external damping forces are expressed in the system’s global degrees of freedom and can be 

found using the damping matrix. 

6.03

Where Fd is a vector containing the opposing forces, C is the damping matrix corresponding to 

a damping ratio of 100% and v is the velocity vector.

However, the actuators are unable to generate external opposing forces. Instead the internal 

force distribution caused by the external opposing forces is superimposed. To do this, a matrix 

describing the internal axial forces caused by a unity load in each degree of freedom is assembled. 

A unity force is imposed on each degree of freedom and the internal forces that arise in the 

structure are calculated. The results are stored in a matrix, denoted as NDOF, which can be used 

to determine the internal force distribution caused by the external opposing forces.

6.04

Figure 6.4: Passive devices (dashpots) used to control the unconstrained nodes

[ ]1 2DOF nN N N N= 

dF C v= ⋅
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Where Ni is a vector containing the axial forces caused by a unity load in the i-th degree of 

freedom and NDOF is a matrix containing the internal forces caused by unity loadings for all n 

degrees of freedom.

Without performing a static analysis each time, the internal force distribution that would be 

caused by the external damping forces can be calculated as follows:

6.05

Where Ndynamic is a vector containing the internal axial forces caused by the external opposing 

forces. Finally, the dynamic length changes required to control the vibrations of the structure 

can be found using Equation 6.06.

6.06

Where Sn,red is the reduced sensitivity matrix, ΔLact,dynamic are the superimposed dynamic length 

changes and Ndynamic is a vector containing the internal force distribution caused by the external 

opposing nodal forces. 

The main advantage of this method is that all degrees of freedom are controlled so it should 

provide damping to the complete structure. However, there is a drawback to this since the 

dynamic active adaptive structure must be able to fully control the internal load path to properly 

control the vibrations of the structure. When an actuator fails the control system is unable to 

fully control the dynamic excitation and might amplify the vibrations accidentally instead of 

reducing it.

Figure 6.5:  Unity loads on every unconstrained degree of freedom

dynamic DOF dN N F= ⋅

,
,

n red
act dynamic dynamicS L N⋅∆ =
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6.3 Dynamic displacement control

This method, unlike the other methods, controls the displacements dynamically and is very 

similar to static displacement control discussed in the PhD. research of Teuffel (2004). By using 

n additional actuators n degrees of freedom can be controlled dynamically. This is done by 

superimposing dynamic length changes each time step based on the current displacements. 

Although this method does require additional actuators to control the displacements and the 

internal load path simultaneously, it is also able to maintain the optimal load path while at the 

same time controlling the displacements. For the force-based methods internal forces arise due 

to the dynamic actuation and, unlike dynamic displacement control, the optimal static load 

path cannot be maintained.

In this thesis the selection of the controlled nodes is based on the eigenvectors. The eigenvectors 

describe the modeshapes of the adaptive structure and can be used to determine the most efficient 

nodes or degrees of freedom to control. All parts of an oscillating structure move harmonically 

at the same frequency with a fixed phase relation. This means that nodes with large amplitude 

motions move at higher velocities compared to other nodes making them the most efficient 

nodes to control dynamically. The efficiency of a two-dimensional node is defined as:

6.07

Where ek is the efficiency of the k-th node, sdof is the number of global degrees of freedom, nbc 

is the number of constraints and i and j correspond to the node’s global degrees of freedoms. In 

most cases the lowest eigenmodes are governing since they cause the largest amplitudes. For this 

reason the selection can be improved by only taking into account the eigenvectors corresponding 

to the lowest eigenmodes. As an example, the adaptive trussed arch structure is used (see Figure 

6.6). The selection of the controlled nodes is based on the three lowest eigenmodes. The two 

nodes, and their corresponding degrees of freedom, with the largest average amplitudes have 

been selected.

To determine the static length changes a sensitivity matrix Su for the deformations is assembled. 

Each element is subjected to a unity length change and the displacements of all nodes are 

calculated. The results are stored in a matrix describing the sensitivity for the nodal displacements 

for each element (see Equation 6.08).

( )2 2

1

sdof nbc

k ni nj
n

e u u
−

=

= +∑



  dynamic displacEmEnt control

61W. SLEDDENS

6.08

Figure 6.6:  Selection of controlled nodes for the trussed arch structure based on the three lowest eigenmodes
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Likewise, the selection of the actuator locations is based on the efficiency of each location. First 

the minimum number of actuator locations required to fully control the load path are selected 

based on the efficiency of each location to change the pattern of internal forces. Subsequently, 

the required number of actuator locations required to control the displacements are selected, but 

this time the selection is based on the efficiency of each location to influence the displacements 

of the controlled degrees of freedoms

The static length changes required to control the load path and the displacements can be 

determined using Equation 6.09:

6.09

Where ΔLact are the static length changes, ΔN are the differences in the internal force distribution 

and Δu are the differences in nodal displacements that must be accounted for by the actuators. 

For each load case Δu are the differences in displacements between the allowed or desired 

displacements and the displacement of the adaptive structure in passive state subjected to 

the corresponding static load case. Sn,red is the reduced sensitivity matrix for the axial forces, 

which can be found by assembling the columns of the sensitivity matrix for the axial forces 

corresponding to actuator locations into a new matrix. Su,red is the reduced sensitivity matrix 

for the displacements, which can be found by assembling the columns and rows corresponding 

to the selected actuator locations and the controlled degrees of freedom, respectively, of the 

sensitivity matrix for the nodal displacements into a new matrix. 

Each time step, the dynamic length changes required to control the displacements dynamically 

can be determined according to:

6.10

Where ΔLact,dynamic are the dynamic length changes and Δudynamic are the current differences in nodal 

displacements due to vibrational forces. Since the dynamic actuation is superimposed on top 

of the static actuation, the dynamic length changes do not alter the internal force distribution.

The main advantage of dynamic displacement control is that the dynamic actuation does not 

cause internal forces and therefore the load path can be fully controlled, even under resonance 
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conditions. On the downside, dynamic displacement control also requires additional actuators 

and doesn’t work properly if one or more actuators are failing.
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6.4 Example: The dynamic active adaptive four-bar structure

In this example the procedures to reduce resonance effects discussed in the previous paragraphs 

are applied to the four-bar structure (see Figure 6.7). The dynamic active adaptive four-bar 

structure is subjected to the horizontal nodal force while imposing the required length changes. 

The static length changes and the static external loading are applied immediately at the start 

of the dynamic analysis. The initial displacement is set equal to the static deformation and the 

initial velocity is set to zero so that no transient response occurs. After 1 second equilibrium 

is disturbed by an additional horizontal force of 25 kN which is applied for a duration of 0,1 

seconds. This sudden increase of the external loading will cause the structure to vibrate activating 

the active control system.

]

For the assembly of the system matrices of the adaptive four-bar structure and for the dynamic 

analysis MatLab is used. The stiffness matrix is obtained by using the procedure described by S. 

Guest (2004):

6.11

Figure 6.7:  The adaptive four-bar structure (actuators marked red)

Figure 6.8:  Horizontal force applied to the four-bar structure
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The consistent mass matrix of the adaptive four-bar structure conserving both translational and 

angular momentum is given by

6.12

The damping matrix corresponding to a damping ratio of 2% for both eigenmodes has been 

obtained by using a modal analysis:

6.13

The response of the adaptive four-bar structure, without dynamic active adaptability, is shown 

in Figure 6.9. For comparison with the displacement controlled four-bar structure the difference 

between the dynamic displacement and the static displacement is plotted rather than the dynamic 

displacement. Considering the results in Figure 6.9 one can see that due to a sudden change in 

its state a transient response occurs which slowly decays in time due to damping being present.

Figure 6.9:  Response of the adaptive four-bar structure
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6.4.1 Active vibration control based on the relative nodal velocities of the active 
elements

The response of the dynamic active adaptive four-bar structure based on the relative 

nodal velocities can be determined by calculating and superimposing the dynamic length 

changes each time step using MatLab. After 1 second, at t=1, the structure starts vibrating 

due to a sudden change in its state. During this time interval the state of the structure is:

6.14

Where a is the acceleration vector in mm/s2, v is the velocity vector in mm/s and d is the 

displacement vector in mm. First, the control system must calculate the relative nodal velocities 

for each element according to:

6.15

Thus, for each element the relative nodal velocity vrel is defined as the rate of change of the 

deformed length. This means that each time step the deformed length of the active elements, 

while ignoring the length changes of the actuators, must be determined. Using Equations 6.16 

and 6.17 the relative nodal velocities of the active elements can be obtained.

6.16

6.17

Where d is the displacement vector in mm and Lt is the deformed bar length in mm at time step 

t. Now, the relative velocity is given by:

6.18

Where vrel is the relative velocity vector in mm/s and the stepsize Dt=1e-4 seconds. Subsequently, 

the internal damping forces can be calculated using Equation 6.01. However, to do this, a 

damping parameter is required. In this example the damping parameter is based on the critical 

damping parameter which are obtained during the modal analysis. Here, a damping ratio of 

50% is used (see Equation 6.19).
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6.19

So,

6.20

Where Nd are the internal damping forces in the active elements in Newtons based on the 

relative velocity. Finally, the dynamic length changes are obtained using Equation 6.02:

6.21

Where DLact,dynamic are the dynamic length changes in mm which are superimposed on the static 

length changes in the next time step. The response of the dynamic active adaptive four-bar 

structure can be determined by repeating these step.
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Figure 6.10:  Response of the dynamic active adaptive four-bar structure
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6.4.2 Active vibration control based on the absolute nodal velocities

The response of the dynamic active adaptive four-bar structure based on the absolute nodal velocities 

can also be determined with MatLab. After 1 second, at t=1, the structure starts vibrating due to 

a sudden change in its state. During this time interval the state of the structure is again given by:

6.22

Where a is the acceleration vector in mm/s2, v is the velocity vector in mm/s and d is the 

displacement vector in mm. For this method the virtual external damping forces are calculated 

first using Equation 6.03. To do this, a new damping matrix is required. In this case a damping 

matrix corresponding to a damping ratio of 50% is used to calculated the external damping 

forces.

6.23

Where Cact is the damping matrix used by the control system. The external damping forces 

simply follow from:

6.24

Where Fd are the virtual external damping forces in Newtons and v is the velocity vector. 

Subsequently, the internal damping forces are calculated by performing a static analysis or simply 

by using Equation 6.05:

6.25

Where Ndynamic are the internal damping forces in Newtons caused by the virtual external damping 

forces Fd. Finally, the dynamic length changes for the next time step are obtained:

6.26

By repeating these steps the response of the dynamic active adaptive four-bar structure has been 

determined (see Figure 6.11).
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6.4.3 Static displacement control

For the adaptive structure using static displacement control the design procedure is slightly more 

complex. In this example the adaptive four-bar structure using static displacement control is 

designed. In this case, the horizontal displacement of the unconstrained node will be controlled 

by incorporating an additional actuator. First, the optimal load path which minimises the axial 

forces for each load case is determined while ignoring compatibility. This step is exactly the same 

as for the adaptive four-bar structure not using displacement control.

Figure 6.11:  Response of the dynamic active adaptive four-bar structure

Figure 6.12:  Optimal force distribution for each load case (incompatible)
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This means that also the section areas are the same as the adaptive four-bar structure.

6.27

The next step is to determine the compatible constraint forces by performing a static analysis 

using the optimised section areas. However, this time also the horizontal displacements are 

measured.

The difference between the compatible constraint forces and the incompatible optimal load 

path, denoted as DN, must be accounted for by the actuators:

6.28

Additionally, for the displacement controlled adaptive four-bar structure the actuators should 

also compensate for the difference between the desired deformation and the compatible 

displacements (see Figure 6.13):

6.29

Where Du is the difference between the desired displacements and the compatible displacements 

for all load cases.
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Figure 6.13:  Constraint forces and displacements (compatible)
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Subsequently, the optimal number and combination of actuator locations must be determined. 

For the displacement controlled adaptive four-bar structure three actuators are required to fully 

control the internal load path and horizontal displacement simultaneously. The selection of 

actuator locations is based on the efficiency of each location and therefore a sensitivity analysis 

is performed.

During the sensitivity analysis the sensitivity matrices Sn for the axial forces and Su for the nodal 

displacements is obtained by subjecting each element to a unity length change. The sensitivity 

matrices are used to calculate the efficiency of each location. Identical to the adaptive four-

bar structure the first two actuator locations are selected based on force-efficiency while the 

additional third location is selected based on displacement-efficiency. This means that the first 

two locations are the same as the adaptive four-bar structure, namely the second and third 

element. The third location is selected based on displacement-efficiency which is trivial in this 

case due to symmetry.

After checking the rank, the columns of the sensitivity matrices corresponding to the active 

elements are assembled into a new reduced matrix, so that the required length changes can be 

calculated according to Equation 6.09:

Figure 6.14:  Sensitivity analysis

Figure 6.15:  Actuator selection for the displacement controlled adaptive four-bar structure
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6.30

To verify that the stresses and displacements stay within limits a static analysis is performed 

on the displacement controlled adaptive four-bar structure. During the analysis the required 

length changes are imposed on the active elements. In Figure 6.16 the deformations and stresses 

as a result of the external loading and internal actuation are shown as well as the final optimal 

force distribution. For the first load case the length changes counteract the deformations caused 

by the external loading while simultaneously inducing the optimal load path. Unintentionally, 

the internal actuation also results in a vertical displacement since this degree of freedom is not 

controlled. When the structure is subjected to the second load case the additional actuator is 

not activated because the external loading does not cause a horizontal deformation. Hence, the 

results are the same as the adaptive four-bar structure subjected to the second load case.

6.4.4 Dynamic displacement control

The response of the dynamic active adaptive four-bar structure based on dynamic displacement 

control can be determined using MatLab. After 1 second, at t=1, the structure starts vibrating 

due to a sudden change in its state. During this time interval the state of the structure is given by:

6.31

Figure 6.16: Static analysis of the displacement controlled adaptive four-bar structure
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Where a is the acceleration vector in mm/s2, v is the velocity vector in mm/s and d is the 

displacement vector in mm. Once the structure starts vibrating the first step is to calculate 

the difference between the desired, or controlled, displacements and the current dynamic 

displacements:

6.32

No more information is required and the dynamic length changes are obtained using Equation 

6.10:

6.33

Where DLact,dynamic are the dynamic length changes in mm. The dynamic actuation is superimposed 

on top of the static actuation and does not alter the internal force distribution. The response can 

be determined by repeating these steps (see Figure 6.17)

Figure 6.17:  Response of the dynamic active adaptive four-bar structure
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7. CASE STUDY B: DYNAMIC ACTIVE ADAPTIVE STRUCTURES 
SUBJECTED TO HARMONIC RESONANCE LOADINGS

In this case study the possibility of using adaptability to control the dynamic excitation of 

adaptive structures is examined. All four methods presented in Chapter 6 will be applied and 

their performance will be measured. To do this, the dynamic active adaptive structures are 

subjected to the same harmonic resonance loadings under the same conditions as the adaptive 

structures in Case study A. Thus, the excitation frequency of the harmonic resonance loading 

is equal to one of the structure’s resonant frequencies and its magnitude varies in time between 

90% and 100%. Furthermore, 2% material damping is applied in all cases.

The results of the adaptive and dynamic active adaptive variants using different methods of 

vibration control under the same conditions will be compared. The deformations and stresses 

will be measured and the results will be used to measure the performance of different methods 

of dynamic active adaptability.

7.1 The trussed arch structure

The first structure to be examined is the trussed arch structure from Case study A. To recapitulate, 

the arch has a height of 8 meters and spans 40 meters with a structural height of 1 meter. The 

first load case includes the dead load and a symmetric snow load. The second and third load 

cases consist of the dead load combined with asymmetric snow loads. The fourth and fifth load 

cases are wind loads combined with the dead load. Additionally, the sixth and seventh load cases 

consist of the dead load combined with a single nodal loading on the eighth and sixteenth degree 

of freedom, respectively.

Figure 7.1: The adaptive trussed arch structure (actuators marked red)
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7.1.1 Dynamic properties of the adaptive trussed arch structure

For conveniency, Figure 7.2 shows that the adaptive trussed arch structure resonating in its 

lowest eigenmode is swaying horizontally. When resonating in its second lowest eigenmode, the 

top of the arch is moving up and down.

7.1.2 Varying the prestress to avoid resonance effects

First the prestress, or internal actuation, will be increased to alter the resonant frequencies of 

the adaptive arch structure to reduce vibrations. Increasing or decreasing the internal actuation 

will cause slightly higher stresses in the adaptive structure, because the optimal load path is not 

maintained. For this reason, the actuation should not be increased or decreased too much. In 

this case, the static actuation imposed on the dynamic active adaptive arch structure will be 

increased by 10%. The increased prestress will be kept constant during the analysis, though.

However, to perform the dynamic analyses the geometrically nonlinear stiffness matrix is 

required. The geometrical nonlinear stiffness matrix takes the effect of deformations on the 

structure’s stiffness into account. The nonlinear stiffness matrix is obtained using the method 

described by S. Guest (2004). This approach uses the equilibrium matrices and stress matrices 

of the elements to obtain the geometrically nonlinear stiffness matrix of the complete structure. 

It is assumed that bars can only deform axially and that the cross sectional areas do not change 

when the structure deforms.

Figure 7.2: Eigenmodes of the adaptive trussed arch structure
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The first dynamic analysis is performed on the dynamic active adaptive arch structure subjected 

to a harmonic wind loading, which corresponds to the fifth static load case. The excitation 

frequency is equal to first resonant frequency. The resonant frequencies are based on the 

nonlinear stiffness matrix of the structure subjected to the static actuation before increasing it. 

So, the excitation frequency is based on the nonlinear structure subjected to 100% actuation, 

but during the analysis the nonlinear stiffness matrix corresponding to 110% actuation is used. 

Furthermore, the magnitude of the harmonic loading will vary in time between 90% and 100% 

and 2% percent material damping is applied.

In Figure 7.3 the results of the dynamic analysis performed on the dynamic active adaptive 

structure subjected to a harmonic wind loading are compared to the adaptive structure. 

Considering the deformations and stresses, the structures seem to be equally vulnerable to 

resonance. In the adaptive structure stresses are limited to 723 N/mm2 while in the dynamic 

active adaptive structure stresses are limited to 724 N/mm2.

Figure 7.3:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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Successively, the dynamic active adaptive arch structure is subjected to a nodal resonance loading 

under the same conditions as the adaptive structure. The harmonic resonance loading is based 

on the sixth static load case which includes the dead load and a vertical force on the eight degree 

of freedom. The excitation frequency is equal to the second resonant frequency of the deformed 

structure subject to 100% actuation. However, the nonlinear stiffness matrix corresponding to 

110% actuation is used during the analysis.

Considering the deformations and stresses in Figure 7.4, it seems that again the structures are 

equally susceptible to resonance. In the adaptive arch stresses of 345 N/mm2 can be found and 

in the dynamic active adaptive arch stresses of 354 N/mm2 occur. The slightly larger stresses in 

the dynamic active adaptive arch are primarily caused by the increase in actuation and not so 

much by resonance, because increasing the internal actuation by 10% under static conditions 

will yield stresses of 321 N/mm2.

Figure 7.4:  Dynamic analysis of the dynamic active adaptive trussed arch structure



78

  the trussed arCh struCture

W. SLEDDENS

7.1.3 Conclusions

The results in the previous paragraph indicate that varying the prestress to reduce resonance 

effects is very inefficient. In both cases comparable deformations and stresses were measured 

for the adaptive and dynamic active adaptive arch indicating that they are equally vulnerable to 

resonance.

The effect of prestressing on the resonant frequencies of a trussed structure can also be observed 

by plotting the frequency response of the undeformed adaptive arch and the prestressed adaptive 

arch simultaneously. The structure is prestressed by imposing the required actuation for the fifth 

static load case, which includes a wind load and the dead load.

Also Figure 7.5 indicates that the effect of deformations caused by prestress forces on the 

resonant frequencies is very small. The frequency response of the undeformed adaptive structure 

is almost identical to the frequency response of the prestressed adaptive structure. Obviously, 

this is because the geometry of the undeformed structure is nearly identical to the geometry of 

the deformed structure since the elements can only deform axially. 

Based on these results it can be concluded that the effect of prestress on the resonant frequencies 

of trussed structures is very small and that resonance effects cannot be reduced effectively by 

slightly varying the prestress. Although resonance effects might be reduced by increasing the 

prestress further, this would negate the weight reduction achieved by employing adaptability.

Figure 7.5: Frequency response of the adaptive arch vs. the prestressed adaptive arch 
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7.1.4 Active vibration control based on the relative nodal velocities of the active 
elements

Altering the internal actuation statically did not reduce resonance effects significantly, but 

changing the internal actuation dynamically using nodal velocity feedback may yield better 

results. Starting here with active vibration control based on the relative nodal velocities of the 

active elements, small dynamic length changes are superimposed on top of the static actuation 

each time step. Figure 7.6 illustrates a schematic model of the dynamic active adaptive arch 

structure using this principle. This figure should make clear that the actuators are also used to 

control changes in axial deformations of the active elements due to vibrational forces.

First, the dynamic active adaptive arch structure is subjected to a harmonic wind loading. The 

excitation frequency is equal to the first resonant frequency and its magnitude ranges between 

90% and 100% of the static loading. The dynamic actuation, which now varies in time, is 

superimposed on top of the static actuation to control the dynamic excitation of the structure.

Figure 7.7 shows the results of the dynamic active adaptive and adaptive arch structure. In 

both cases the amplitudes of the displacements and stresses increase very fast due to resonance. 

However, for the dynamic active adaptive structure active damping is limiting the amplitudes 

further. In the adaptive structure stresses are limited to 723 N/mm2 while in the dynamic active 

adaptive structure stresses are limited to 692 N/mm2. Notable is that the required dynamic 

length changes are highly dynamic but very small compared to the static actuation.

Subsequently, the dynamic active adaptive arch structure is subjected to a harmonic nodal 

loading. The harmonic loading is based on the sixth static load case, which consists of the dead 

load and a vertical force on the eight degree of freedom. The excitation frequency is equal to the 

second resonant frequency of the structure. 

Figure 7.6: The dynamic active adaptive arch with active vibration control based on the relative nodal 

velocities of the active elements
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In Figure 7.8 the vertical displacements and the stresses are plotted against time. Also in this case 

both structure are resonating. Although, in the dynamic active adaptive structure stresses are 

limited to 337 N/mm2 while in the adaptive structure stresses of 345 N/mm2 occur. Likewise, 

the required dynamic length changes are highly dynamic and very small compared to the static 

actuation.

Figure 7.7:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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Figure 7.8:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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7.1.5 Active vibration control based on the absolute nodal velocities

Second, active vibration control based on the absolute nodal velocities is examined. A schematic 

model of the dynamic active adaptive arch structure using this principle is illustrated in Figure 

7.9. From Figure 7.9 it should be clear that it are the actuators that are used to control all 

unconstrained nodes and not the (virtual) external dampers. This is achieved by superimposing 

the internal force distribution that would be caused by the external nodal damping forces.

During the first dynamic analysis the dynamic active adaptive structure is subjected to the 

harmonic wind loading with an excitation frequency equal to the lowest resonant frequency. From 

the results in Figure 7.10 it appears that the structures are resonating. However, the dynamic 

active adaptive structure seems to be less vulnerable to resonance effects as quickly equilibrium 

establishes. Active vibration control is limiting stresses to 436 N/mm2 in the dynamic active 

adaptive structure while in the adaptive structure stresses of 723 N/mm2 occur. Remarkable is 

that using the absolute velocities as feedback results in larger dynamic length changes, though 

they are still small compared to the static actuation.

The second dynamic load case includes a harmonic vertical loading and the dead load. The 

excitation frequency is equal to the second lowest resonant frequency. Figure 7.11 shows the 

results of the second dynamic analysis. This time, however, active vibration control is amplifying 

the vibrations. Although in the adaptive structure stresses are limited to 345 N/mm2, in the 

dynamic active adaptive structure the stresses are increasing infinitely.

Figure 7.9: The dynamic active adaptive trussed arch structure with active vibration control based on the 

absolute nodal velocities
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Figure 7.10:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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Figure 7.11:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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7.1.6 Dynamic displacement control

Finally, the arch structure with dynamic displacement control is examined. The dynamic active 

adaptive arch structure and its controlled degrees of freedom are illustrated in Figure 7.12. The 

selection of the two controlled nodes is based on the three lowest eigenmodes of the structure. 

Vibrations are controlled by using the actuators to control the displacements of the selected 

nodes dynamically, while at the same time inducing the static load path for the corresponding 

static load case.

As before, the first dynamic load case includes a harmonic wind loading and the dead load. The 

excitation frequency is equal to the first resonant frequency and its magnitude ranges between 

90% and 100%. Figure 7.13 shows that both structures are resonating. However, for the dynamic 

active adaptive structure equilibrium establishes quickly limiting resonance effects. This leads to 

stresses of 357 N/mm2 in the dynamic active adaptive structure while in the adaptive structure 

stresses of 723 N/mm2 occur. Notable is that this method requires relatively large dynamic 

length changes.

During the second analysis the structures are subjected to the harmonic nodal loading on the 

eighth degree of freedom. The excitation frequency is equal to the second resonant frequency. 

From Figure 7.13 it seems that again the dynamic active adaptive structure is less vulnerable to 

resonance. In the adaptive structure stresses go up to 345 N/mm2 while in the dynamic active 

adaptive structure stresses are limited to 322 N/mm2. Also in this case the dynamic actuation is 

highly dynamic but rather large.

Figure 7.12: The dynamic active adaptive trussed arch structure with dynamic displacement control based on 

the displacements of two selected nodes
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Figure 7.13:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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Figure 7.14:  Dynamic analysis of the dynamic active adaptive trussed arch structure
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7.1.7 Conclusions

By comparing the dynamic active adaptive arch to the adaptive arch structure under resonance 

conditions it seems that active vibration control based on the relative nodal velocities of the 

active elements is not very effective, though it only requires very small dynamic length changes. 

Active vibration control based on the absolute nodal velocities yielded better results in case 

of a harmonic wind loading but also required larger dynamic length changes. Large dynamic 

length changes cause large internal damping forces resulting in higher stresses. Therefore, 

when the absolute nodal velocities were used as feedback a damping factor of 0,2 was used 

instead of 1,0 since using a higher damping ratio will only yield higher stresses. Furthermore, 

dynamic displacement control seems to be very effective. Resonance effects have been reduced 

significantly in both cases. However, this method requires additional actuators and results in 

relatively large dynamic length changes. Note that when using dynamic displacement control 

large dynamic length changes do not cause large internal forces because the internal load path 

and the displacements of the selected degrees of freedom are controlled simultaneously. This 

means that the dynamic actuation changes the deformation shape of the structure without 

effecting the internal load path. 

Remarkable was that for the trussed arch subjected to a harmonic nodal loading with active 

vibration control based on the absolute nodal velocities amplified vibrations of the structure. 

Figure 7.15 shows the movement of the dynamic active adaptive arch at two different time 

steps as well as the deformations due to the internal dynamic actuation. The movement, which 

is visualised by plotting the difference in deformations between two consecutive time steps, is 

equal to the modeshape of the structure. Although the dynamic actuation reduces resonance 

effect by generating internal damping forces, the problem in this case is that the deformations 

caused by the dynamic actuation actually amplify the vibrations. 

Based on the results of the trussed arch, it seems that changing the internal actuation in a dynamic 

way can reduce resonance effects and vibrations significantly. Though, further research is needed 

to improve the selection of actuator locations because in some cases the dynamic actuation can 

also amplify vibrations. The selection might be improved by changing the actuator locations in 

such a way that the deformations caused by the dynamic actuation do not amplify vibrations. 

This requires that the selection of actuator locations is not only based on the individual static 

efficiency but also on the combined dynamic efficiency. For example, this can be done by taking 
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into account the deformations caused by the dynamic actuation for the governing eigenmodes 

considering multiple actuator combinations.

Figure 7.15:  Deformations caused by the internal dynamic actuation
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7.2 The trussed bridge

In this paragraph the adaptive trussed bridge from Case study A will be examined. The structure 

spans 40 meters with a maximum structural height of 4,625 meters and is illustrated in Figure 

7.16. Repeated here for conveniency, the first load case includes the dead load and an equally 

distributed traffic load. The second and third load cases consist of the dead load combined with 

asymmetric traffic loads. The fifth load cases only includes the dead load. Furthermore, the sixth 

and seventh load cases consist of the dead load and small asymmetric horizontal loadings.

7.2.1 Dynamic properties of the adaptive trussed bridge

The two lowest eigenmodes of the adaptive tensegrity bridge are shown in Figure 7.17. When 

resonating in its lowest eigenmode, the adaptive tensegrity bridge oscillates vertically. Resonating 

in its second lowest eigenmode the adaptive tensegrity bridge oscillates in a wavelike motion.

Figure 7.16: The adaptive trussed bridge (actuators marked red)

Figure 7.17: Eigenmodes of the adaptive trussed bridge
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7.2.2 Active vibration control based on the relative nodal velocities of the active 
elements

Starting here with active vibration control based on the relative nodal velocities of the active 

elements directly since the effect of prestressing on the resonant frequencies is negligible. Figure 

7.18 illustrates the basic principle of this dynamic active adaptive tensegrity bridge. So, from 

Figure 7.18, the actuators control the changes in axial deformations of the active elements caused 

by vibrational forces.

During the fist analysis the trussed bridges are subjected to a distributed harmonic traffic loading 

under the same conditions as before. The excitation frequency is equal to the lowest resonant 

frequency and its magnitude ranges between 90% and 100% while applying 2% material 

damping. From the results in Figure 7.19 it can be concluded that both structures are resonating 

with slightly smaller amplitudes for the dynamic active adaptive structure. In the adaptive 

structure large stresses of 692 N/mm2 occur while in the dynamic active adaptive structure 

stresses are limited to 637 N/mm2. Also in this case the dynamic actuation changes rapidly in 

time and its amplitudes are small compared to the static actuation.

Successively, the trussed bridges are subjected to an asymmetric harmonic traffic loading with an 

excitation frequency equal to the second resonant frequency. Based on the results in Figure 7.20, 

both structures seem to be resonating. Also in this case the amplitudes of the dynamic active 

adaptive bridge are slightly smaller. In the adaptive bridge stresses of 585 N/mm2 occur while in 

the dynamic active adaptive bridge stresses are limited to 545 N/mm2. Once more the dynamic 

length changes are small and highly dynamic.

Figure 7.18: The dynamic active adaptive bridge with active control based on the relative nodal velocities of 

the active elements
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Figure 7.19:  Dynamic analysis of the dynamic active adaptive trussed bridge
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Figure 7.20:  Dynamic analysis of the dynamic active adaptive trussed bridge
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7.2.3 Active vibration control based on the absolute nodal velocities

Subsequently, the dynamic active adaptive trussed bridge with active vibration control based on 

the absolute nodal velocities is examined. The principle of this dynamic active adaptive trussed 

bridge is illustrated in Figure 7.21 which shows that the actuators control all unconstrained 

nodes. This is achieved by superimposing the internal force distribution that would be caused by 

the external nodal damping forces.

First, the structures are subjected to an equally distributed harmonic traffic loading including 

the dead load. The excitation frequency is equal to the first resonant frequency. Figure 7.22 

shows that the adaptive structure is resonating heavily but that in case of the dynamic active 

adaptive tensegrity bridge only small resonance effects occur. In the adaptive bridge stresses go 

up to 692 N/mm2 but are limited to 353 N/mm2 in the dynamic active adaptive bridge. Also 

in this case the dynamic length changes are highly dynamic and small compared to the static 

actuation. Though, again using the absolute nodal velocities as feedback causes larger dynamic 

length changes than using the relative nodal velocities as feedback.

During the second analysis the structures are subjected to an asymmetric harmonic traffic 

loading. The excitation frequency is equal to the structure’s second lowest resonant frequency. 

From the results in Figure 7.22 it seems that the dynamic active adaptive bridge is less vulnerable 

to resonance. Yielding stresses of 585 N/mm2 in the adaptive structure and, staying within 

limits, stresses of 299 N/mm2 in the dynamic active adaptive structure. However, it should be 

noted that during a static analysis the stresses are limited to only 274 N/mm2 because the design 

of the adaptive trussed bridge is governed by the first load case. Thus, still a small increase in 

stresses and displacements is caused by resonance effects.

Figure 7.21: The dynamic active adaptive trussed bridge with active vibration control based on the absolute 

nodal velocities
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Figure 7.22:  Dynamic analysis of the dynamic active adaptive trussed bridge
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Figure 7.23:  Dynamic analysis of the dynamic active adaptive trussed bridge
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7.2.4 Dynamic displacement controls

Here dynamic displacement control is examined. The dynamic active adaptive trussed bridge 

and its dynamically controlled degrees of freedom are illustrated in Figure 7.24. Also for the 

trussed bridge the selection of the two controlled degrees of freedom is based on its three lowest 

eigenmodes. Vibrations of the two nodes are controlled by using the actuators to control the 

displacements of these nodes dynamically. At the same time the actuators are used to induce the 

static load path for the corresponding static load case.

Again, the first dynamic load case includes a distributed harmonic traffic loading and the dead 

load and the excitation frequency is equal to the lowest resonant frequency. From the results in 

Figure 7.25 it is clear that the adaptive structure is resonating resulting in stresses of 692 N/mm2. 

For the dynamic active adaptive structure equilibrium establishes quickly limiting stresses to 331 

N/mm2  . Once again, this method requires relatively large dynamic length changes.

During the second analysis the structures are subjected to an asymmetric harmonic traffic loading 

with an excitation frequency equal to the second lowest resonant frequency. In Figure 7.25 the 

results of the second dynamic analysis are given. In the adaptive structure stresses of 585 N/mm2 

occur while in the dynamic active adaptive structure stresses are limited to 295 N/mm2. Also in 

this case relatively large dynamic length changes are required.

Figure 7.24: The dynamic active adaptive trussed bridge with dynamic displacement control based on the 

displacements of two degrees of freedom
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Figure 7.25:  Dynamic analysis of the dynamic active adaptive trussed bridge
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Figure 7.26:  Dynamic analysis of the dynamic active adaptive trussed bridge
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7.2.5 Conclusions

Also from the results of the dynamic active adaptive trussed bridge under resonance conditions 

it seems that the altering the internal actuation dynamically can reduce resonance effects. 

Remarkable is that using the relative nodal velocities of the active elements again performs worse 

compared to using the absolute velocity feedback. However, because using a damping factor of 

1,0 still results in very small dynamic length changes for this method, using a higher damping 

ratio might reduce resonance effects even further. Therefore, the analysis is repeated using a 

damping factor of 10,0. Figure 7.27 compares the dynamic active adaptive trussed bridge with 

active control based on the relative nodal velocities of the active elements using a damping 

factor of 1,0 and 10,0, respectively. Clearly, resonance effects have been reduced further by 

increasing the damping ratio. Although the stresses have reduced from 692 N/mm2 to 465 N/

mm2, it still performs worse than the other methods. Using an even higher damping factor will 

only increase stresses because the dynamic length changes have increased causing large internal 

damping forces. The reason this method is outperformed by the other methods using either 

absolute velocity feedback or displacement control is, obviously, that it is only resisting changes 

in axial deformations of the active elements instead of providing additional damping to the 

complete structure.

This is confirmed by another example, that is the four-bar structure. The dynamic active four-

bar structure, due to its many supports, indirectly provides damping to the unconstrained node 

when the dynamic actuation is based on the relative nodal velocities of the active elements. Figure 

7.28 confirms that indeed this method performs very well in case of the four-bar structure. In the 

adaptive four-bar structure stresses have increased to 749 N/mm2 under resonance conditions 

while in the dynamic active adaptive four-bar structure stresses are limited to 324 N/mm2 using 

only a damping factor of 1,0.

Overall, it seems that using absolute nodal velocity feedback is more effective than using relative 

nodal velocity feedback to reduce resonance effects because it provides additional damping to 

the complete structure. Although in some cases, under more realistic conditions, the additional 

damping provided by active vibration control based on the relative nodal velocities might just 

be sufficient. Moreover, also dynamic displacement control seems to be very effective, but it 

requires additional actuators.
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Figure 7.27:  Comparing the dynamic active adaptive trussed bridge using different damping factors
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Figure 7.28:  Dynamic analysis of the dynamic active four-bar structure
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7.3 The tensegrity bridge

The adaptive tensegrity bridge from Case study A spanning 40 meters with a maximum structural 

height of 4,625 meters is examined. The structure is illustrated in Figure 7.29 where continuous 

and dashed lines represent compressive and tension elements, respectively. The first load case 

considered is the dead load combined with an equally distributed traffic load. The second and 

third load cases consist of the dead load combined with asymmetric traffic loads. The fifth load 

cases consists of the dead load only. Additionally, the sixth and seventh load cases include the 

dead load and small asymmetric horizontal loadings.

7.3.1 Dynamic properties of the adaptive tensegrity bridge

In Figure 7.30, repeated for conveniency, the two lowest eigenmodes of the adaptive tensegrity 

bridge are given. When resonating in its lowest eigenmode, the adaptive tensegrity bridge is 

moving up and down. Resonating in its second lowest eigenmode, the adaptive tensegrity bridge 

oscillates in a wavelike motion.

Figure 7.29:  The adaptive tensegrity bridge (actuators marked red)

Figure 7.30: Eigenmodes of the adaptive tensegrity bridges
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7.3.2 Active vibration control based on the relative nodal velocities of the active 
elements

Again starting with active vibration control based on the relative nodal velocities of the active 

elements. In Figure 7.31 a schematic model of the dynamic active adaptive tensegrity bridge 

using this method is illustrated. Figure 7.31 should make clear that the actuators dynamically 

control the changes in axial deformations of the active elements due to vibrational forces.

During the first dynamic analysis the tensegrity structures are subjected to a distributed harmonic 

traffic loading. The excitation frequency is equal to the lowest resonant frequency, its magnitude 

ranges between 90% and 100% and 2% material damping is applied. From Figure 7.32 it 

seems that both tensegrity structures are resonating. However, for the dynamic active adaptive 

structure resonance effects have reduced slightly due to the additional active damping. In the 

adaptive structure stresses of 672 N/mm2 occur while in the dynamic active adaptive structure 

stresses are limited to 621 N/mm2. Also in this case the dynamic length changes are highly 

dynamic and small relative to the static actuation.

Subsequently, the tensegrity bridges are subjected to an asymmetric traffic loading combined 

with the dead load. The excitation frequency is equal to the second lowest resonant frequency. 

The results in Figure 7.33 show that both structures are resonating. Again, when using this 

method, the amplitudes of the dynamic active adaptive tensegrity are slightly smaller. In the 

adaptive tensegrity stresses of 514 N/mm2 can be found while in the dynamic active adaptive 

tensegrity stresses are limited to 440 N/mm2. 

Figure 7.31: The dynamic active adaptive tensegrity bridge with active vibration control based on the relative 

nodal velocities of the active elements
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Figure 7.32:  Dynamic analysis of the dynamic active adaptive tensegrity bridge
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Figure 7.33:  Dynamic analysis of the dynamic active adaptive tensegrity bridge
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7.3.3 Active vibration control based on the absolute nodal velocities

The second method examined is active vibration control based on the absolute nodal velocities. 

A schematic model of the active adaptive tensegrity bridge using this principle is illustrated in 

Figure 7.34. 

The first dynamic load case that is considered includes a distributed harmonic traffic loading 

and the dead load. The excitation frequency of the harmonic loading is equal to the lowest 

resonant frequency. Figure 7.35 shows that the dynamic active adaptive tensegrity bridge is 

less susceptible to resonance. Stresses have been reduced from 672 N/mm2 for the adaptive 

tensegrity to 426 N/mm2 for the dynamic active adaptive structure. Notable is that this time the 

dynamic length changes required for this method are rather larger, especially when compared to 

the trussed bridge.

The second dynamic load case includes an asymmetric traffic loading and the dead load. The  

excitation frequency is equal to the second lowest resonant frequency. From Figure 7.36 it can be 

concluded that both tensegrities are resonating, but that the dynamic active adaptive tensegrity 

is less vulnerable to resonance. Resulting in stresses of 514 N/mm2 in the adaptive structure and 

389 N/mm2 in the dynamic active adaptive structure. Again this method results in relatively 

large dynamic length changes.

Figure 7.34: The adaptive tensegrity bridge with active control based on the absolute nodal velocities
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Figure 7.35:  Dynamic analysis of the dynamic active adaptive tensegrity bridge
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Figure 7.36:  Dynamic analysis of the dynamic active adaptive tensegrity bridge
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7.3.4 Dynamic displacement control

Finally, dynamic displacement control is examined. The dynamic active adaptive tensegrity 

structure with its two controlled degrees of freedom is illustrated in Figure 7.37. The selection of 

the two controlled degrees of freedom is based on the three lowest eigenmodes of the structure. 

As before, the first dynamic load case includes a distributed harmonic traffic loading and the 

dead load. The excitation frequency is equal to the lowest resonant frequency. In Figure 7.38 the 

results of the first dynamic analysis are given. This time dynamic displacement control doesn’t 

work properly. Immediately after the first time step, very small deformations lead to very large 

dynamic length changes being applied which cause the structure to move very fast. Consequently, 

this causes very high stresses. After just one second the stresses have increased drastically and the 

analysis is aborted.

During the second analysis the tensegrity structures are subjected to an asymmetric harmonic 

traffic loading. Its excitation frequency is equal to the second lowest resonant frequency. 

The results of the second dynamic analysis are given in Figure 7.39. Though, again dynamic 

displacement control doesn’t work for the tensegrity structure. The results of the second dynamic 

analysis are similar to the results of the first analysis. Immediately very large dynamic length 

changes are applied which cause very high stresses.

Figure 7.37: The dynamic active adaptive tensegrity bridge with dynamic displacement control based on the 

displacements of two degrees of freedom
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Figure 7.38:  Dynamic analysis of the dynamic active adaptive tensegrity bridge
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Figure 7.39:  Dynamic analysis of the dynamic active adaptive tensegrity bridge
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7.3.5 Conclusions

Also the results of the dynamic active adaptive tensegrity bridge confirm that active control 

based on the relative nodal velocities of the active elements is less effective. Again this method is 

outperformed by active control based on the absolute nodal velocities. Though, it appears that in 

case of the tensegrity bridge using the absolute nodal velocities as feedback performs worse and 

requires relatively large dynamic length changes, especially when compared to the very similar 

trussed bridge.

Overall, performance of active vibration control seems to worsen when the dynamic length 

changes become large causing higher stresses. Therefore, performance can be improved by 

reducing the dynamic length changes. This can be achieved by increasing the lower bound on the 

cross sectional areas during the design process. The reason for this is that very large length changes 

are required for active elements with small cross sectional areas to generate forces large enough 

to alter the load path significantly. Thus, setting a small lower bound on the section areas may 

reduce the weight of the dynamic active adaptive structure but may also decrease performance of 

the vibration control system. The results of the dynamic active adaptive tensegrity bridge using 

a lower bound for the section areas of 75 mm2 instead of 100 mm2 in Figure 7.40 confirm this. 

Considering the displacements, it seems that the dynamic active adaptive structure is still able to 

reduce resonance effects, but, to do so, even larger dynamic length changes are required.

Although the weight reduction is very small, 5 kg on a total weight of 809 kg, the stresses in the 

active elements have increased from 426 N/mm2 to 458 N/mm2 due to the increased dynamic 

length changes (see Figure 7.41). The stresses in the passive elements, however, are still limited 

Figure 7.40:  Dynamic analysis of the adaptive tensegrity using a lower bound of 75 mm2 on the section areas
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to 327 N/mm2 which can be considered low under these resonance conditions.

Most remarkable was that dynamic displacement control did not work for the tensegrity bridge. 

Very small displacements during the dynamic analysis caused very large dynamic length changes. 

This resulted in high stresses and very fast movements of the structure. The problem seems to be 

related to the actuator selection. It also occurred for the trussed arch structure with a less optimal 

combination of actuator locations and for the trussed bridge where some actuator locations 

seemed to cancel each other out. For the trussed arch the problem was solved by using the most 

optimal actuator combinations based on the virtual work. For the trussed bridge the solution 

was to manually exclude those locations that caused very large static length changes. Though, for 

the tensegrity bridge none of this worked.

In conclusion, the performance of active vibration control using absolute nodal velocity feedback 

can be improved by reducing the dynamic length changes so that the internal damping forces 

are minimised. Considering the results of the trussed arch and the tensegrity bridge, it appears 

that the performance of the active control based on the absolute nodal velocities and dynamic 

displacement control are very sensitive to the selection of actuator locations. In most cases both 

methods perform very well but certain combinations of actuator locations can lead to very 

large deformations and high stresses. Further research is needed to identify the different aspects 

of actuator combinations that cause problems with dynamic displacement control so that the 

selection of actuator locations can be improved.

Figure 7.41:  Stresses in the passive and active elements using a lower bound of 75 mm2
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7.4 Active vibration control and delay times

In the previous studies a delay time of the control system has not been taken into account. 

However, because the control system needs time to collect and process the feedback, to determine 

the response and to activate the actuators, a delay in response will occur. A quick study has been 

performed to examine the effect of delay times on the internal stresses and performance of the 

active control system. To do this, the dynamic active adaptive trussed arch using the absolute 

nodal velocities as feedback has been subjected to the harmonic wind loading, but each time a 

different delay time is used. 

From the results presented in Figure 7.42 it can be concluded that the performance of the active 

control system worsens when delay times are longer. Although performance does not degrade  

fast for increased delay times, for optimal performance a highly-responsive and fast control 

system is required.

Figure 7.42:  The effect of delay times on the internal stresses under resonance conditions
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8. DISCUSSION & CONCLUSIONS

The aim of this thesis was to study the dynamic behaviour of adaptive structures under resonance 

conditions and to explore possibilities to reduce resonance effects using adaptability. Therefore, 

two case studies were performed on three different structures: the trussed arch, the trussed bridge 

and the tensegrity bridge. 

In Case study A the effect of weight reduction on resonance effects and the dynamic behaviour 

of adaptive structures under resonance conditions was examined. This case study is important 

because most research on adaptive structures focused on the static behaviour and not on the 

dynamic behaviour. Then multiple methods of dynamic active adaptability to reduce resonance 

effects were developed. These methods were tested in Case study B which exposed multiple 

issues such as the actuator selection.

8.1 Discussion

There are, however, multiple factors that might have affected the results. First of all, the structures 

were subjected to unrealistic dynamic loadings. Using a pure sinusoidal loading to artificially 

induce resonance may have increased the difference in resonance effects between the passive and 

adaptive structures. In addition, buckling stability and deformation requirements have been 

neglected during the design process resulting in ultra-lightweight structures. As a consequence, 

the structures examined in this thesis do not represent realistic adaptive or fully optimised passive 

structures very well. Nevertheless, even a slightly increased susceptibility to resonance effects 

might limit the weight minimization and increase the environmental impact.

Moreover, real-time performance of dynamic active adaptability might be worse since in this 

thesis accurate velocity and displacement feedback were available. A quick study already showed 

that performance degrades when delay times become longer, but also measurement errors of 

sensors and precision errors of actuators will decrease performance. So, for optimal performance 

a highly responsive and high-precision control system is required. However, performance was 

measured under unrealistic resonance conditions using artificial harmonic loadings. Therefore, 

under more realistic resonance conditions the requirements for the control system might be 

different.
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8.2 Conclusions

This research has shown that a small weight reduction can drastically increase a structure’s 

susceptibility to resonance. For this reason adaptive structures are more vulnerable to resonance 

effects. Furthermore, this exploratory research has shown that resonance effects in adaptive 

structures can be reduced by changing the internal load path dynamically or by controlling the 

displacements dynamically.

 

In conclusion, adaptability can be used to minimise the weight of structures while meeting 

strength, deformation and dynamic performance criteria. Dynamic active adaptability can be 

used to control the dynamic excitation of adaptive structures further extending the limits on 

material savings

8.3 Suggestions for future research

In the previous chapter some recommendations for future research have already been made. Case 

study B has exposed issues regarding the actuator selection and the degradation of performance 

due to delay times. Also, it has been discussed that this research should be repeated while taking 

into account buckling stability and deformation requirements and using more realistic resonance 

loadings. 

However, future research should also focus on the practical implementations of dynamic active 

adaptability. For example, for steel bridges dynamic active adaptability might be employed to 

reduce accelerations and resonance effects of traffic-induced vibrations. For high-rise structures 

dynamic active adaptability might replace passive harmonic absorbers, such as tuned mas dampers, 

to increase comfort by reducing accelerations caused by earth quakes, vortex shedding or wind 

gusts. In high-rise structures dynamic active adaptability combined with load path management 

and static displacement control can be used to maximise material savings. Moreover, dynamic 

active adaptability might also be able to reduce the environmental impact by increasing the 

service life of structures susceptible to fatigue. The fatigue life of structures can be increased by 

reducing stress fluctuations using dynamic active adaptability.

Though, further research is required to determine if the weight reduction, or increased service 

life, outweighs the additional operational energy consumption. Also safety, reliability, costs 

and the redundancy of the control system should be considered. Furthermore, research should 
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also focus on the technological limitations. For large-scale implementations actuators that can 

sustain high static loadings while at the same time producing small but highly dynamic loadings 

should be developed.
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