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Chapter 1

Introduction

1.1 The world of Spintronics

In figure 1.1, we see an electron that is characterized by its mass, charge and spin. The
movement of charge carriers is represented by the charge current and the movement
of the spin will be represented by a spin current. Where electronic devices operate by
taking advantage of the charge, future spintronics devices will utilize both electron’s
charge and spin.

Figure 1.1: An electron is characterized by both spin and charge. The charge generates
the known charge current and the spin a so-called spin current. The combination of
spin and charge current gives rise to spin-electronics, known as Spintronics.

In spintronics, understanding and controlling the movement of the spin of the elec-
tron is thus essential. However, detailed experimental research on this was not possible
until recently. The reason behind this is that in order to have both spin and charge
current at the same time in a non-magnetic material we need to have devices of very
small dimensions. In figure 1.2 we see a ferromagnet material (FM) , in which the
spins are aligned in a specific direction in space, corresponding to the magnetization
direction, in contact with a non-magnetic material (NM), having spins randomized in
space. As the charge current conserves its characteristics over the whole structure,
spin currents decays over a defined distance, called spin diffusion length, as is shown in
figure 1.2 . This spin diffusion length is material dependent and is in the order of 10 nm
to 1 µm. For our example, thus we need a NM layer with dimensions less or equal to
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1.1. THE WORLD OF SPINTRONICS 3

the spin diffusion length in order to have both spin and charge current. It is thanks
to the advances in nanofabrication and material characterization techniques of the last
decades that research could be done in this field. In this thesis we study a relatively new
type of fabrication technique for spintronic devices called the nano-stencil fabrication
method and was introduced in 2002 by Sun et al. [1].

Figure 1.2: Schematic illustration of a spin current passing through a system composed
of a ferromagnet in contact with a non-magnetic layer. The spin current vanishes over
a distance λN , called spin diffusion length.

In the following we will introduce some basic concepts related to spin transport in
nanostructures and afterwards use them to explain effects like giant magnetoresistance
(GMR), tunneling magnetoresistance (TMR) and the new revolution in spintronics,
the spin transfer torque (STT). We finish this chapter by giving some examples of
applications that make use of STT and that stimulate new research on this topic.

1.1.1 Spin transport

We need to understand how the spin current interacts with different materials to under-
stand the physics behind spintronics. Therefore let’s focus on what happens with spins
that are transported when a current is applied to a FM layer. In figure 1.3 we illustrate
this situation, the electron flow comes from left to right as indicated by the arrow. The
incoming electron flow has an even amount of spin up and downs, which correspond to
the two fundamental quantum states, interacting with a FM where spins are aligned
in such a way that transport occurs with a higher probability for only one type of spin
state. This polarizes the electron flow and the corresponding current is called spin
polarized current. In the example illustrated in 1.3, the current is spin polarized by
P = 5

6 · 100%. The FM layer where spin filtering takes places is called polarizer. The
polarization of the spin current by such a polarizer is called spin filtering.

1.1.2 Examples of spintronic effects: GMR and TMR

In figure 1.4 we see a so-called giant magnetoresistance (GMR) spin valve (SV) struc-
ture where a spin-polarized current is actively used. This structure is composed of a
NM metallic layer sandwiched between two FM layers. One of the FM layers has its
magnetic moment pinned while the other is free to rotate. A large resistance change,
called GMR, is observed when the magnetic configuration changes from parallel to anti-
parallel by applying an external magnetic field. This remarkable feature was observed
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Figure 1.3: Schematic illustration of a spin current passing through a ferromagnet layer
and having its spin polarized, effect called spin filtering. P indicates the degree of spin
polarization.
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Figure 1.4: GMR SV structure for both the anti-parallel and parallel magnetization
configuration. In the thick FM layer the spins are pinned and is called the fixed layer.
The magnetization of the thin FM layer is left to rotate freely when a magnetic field
is applied so switching of the magnetic configuration can be done. Due to the spin
filtering effect, the measured resistance over the GMR SV structure depends on the
magnetic configuration. This change in resistance is called GMR.

by both Peter Grünberg and Albert Fert in 1988 and with this insight they won the
Nobel prize in 2007 [2].

In a FM/NM/FM structure, the resistance depends on the relative orientation of the
two FM layers. To visualize this, consider the parallel configuration (P) in figure 1.4.
Most of the electrons having spins in the same direction as the layer go through both
layers, while those having spins in the opposite direction are scattered since there are
less states available. However, if the FM layers are in the anti-parallel (AP) configu-
ration, electrons with their spin direction aligned with the first FM layer pass through
the first layer and are scattered by the second FM layer and vice versa for the carriers
having the spin in the opposite direction. As a result, the resistance in the AP state is
higher compared to the P state.

GMR is widely used in the hard disk industry in so-called read heads, elements that
read out the information in terms of bits from the hard disk. Bits have a specific
magnetic orientation and the orientation can be detected by means of GMR. Attempts
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on improving the change in resistance to increase the storage capacity has led to a
new type of SV structure called magnetic tunnel junction (MTJ). In figure 1.5 we see
such an MTJ. In these structures the NM layer from the GMR structure is replaced
by an insulating layer. The resistance change when switching from a P to AP is called
tunneling magnetoresistance (TMR).

In a MTJ the electron is more likely to tunnel through the insulating layer when
the FM are aligned P then when the two are aligned AP. Just as in the SV structure
where the GMR effect occurs, we can switch between two states of electrical resistance,
one with low and one with very high resistance. The difference with GMR is that
TMR can be relatively much higher, making it more interesting for information storage
applications.

The physics behind TMR is different from GMR and is of quantum mechanical
nature. In figure 1.5 we illustrate what occurs in each magnetic configuration. When
the FM layers are aligned in the P case the electron having spin in the direction of
the FM layers mostly tunnel through the insulating layer and pass through both FM
layers. Both FM have a so-called density of states (DOS) that have states available
for the incoming electrons to jump to. The DOS is different for each spin state in an
FM. In the P case shown in figure 1.5 the incoming electrons with spin pointing in the
magnetization direction of the FM layer have more states available for them to be at
and the electrons having spin in the opposite direction have less states and therefor
less are tunneled through. In the AP state the DOS are swapped and the available
states are less for electrons having spins pointing in the direction of the magnetization
having less probability to tunnel through the insulator, as for the electrons having
spins in the opposite direction there are not significantly more states available. As a
result, the resistance with the FM layers in the AP state is higher than that under a P
state. So, the origin of GMR it is the spin dependent scattering and of TMR it is the
quantum-mechanical tunneling from one FM to another that generates the resistance
change.

1.2 The new revolution: Spin transfer torque (STT)

Both GMR and TMR have led to a large amount of new possibilities for digital storage
applications. In both cases the switching between magnetization states is realized by
external magnetic fields. A new type of switching was discovered recently were a spin
polarized current is used instead of a magnetic field. This mechanism allows for a new
way of controlling the magnetization in SV structures. The mechanism behind this is
called spin torque transfer (STT).

1.2.1 Discovery of STT

Slonczewski and Berger predicted independently in 1995 that the spins of the applied
current should be able to transfer their angular momentum to the local moment of one
of the ferromagnetic layers in a SV structure [3, 4]. Depending on the strength of the
angular moment transfer the magnetic moment of the free layer can be brought to a
steady-state precession or it can even switch the magnetization completely.



1.2. THE NEW REVOLUTION: SPIN TRANSFER TORQUE (STT) 7

Figure 1.5: TMR, MTJ structure for both the P and AP magnetization configuration.
In the bottom FM layer the spins are pinned and is called the fixed layer. The magne-
tization of the thin FM layer can rotate freely when a magnetic field is applied. The
insulating layer acts as an energy barrier for the electrons. Hence, depending on the
orientation of the FM layers and spin-state of the electron the measured resistance of
the MTJ depends on the magnetic configuration. This change in resistance is called
TMR.
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Figure 1.6: Illustration of the STT effect in a SV structure . The bottom FM layer
corresponds to the fixed layer and the top FM layer is the free layer. The NM layer acts
as an polarizer. The electrons flowing from the fixed layer become polarized and exert
a torque on the free layer, and at a high enough current this leads to a magnetization
reversal of the free layer or steady state magnetization precession.

In figure 1.6 we see the STT effect illustrated in a SV structure. Here the bottom
FM layer is the fixed layer and the top FM is the free layer. The fixed layer acts as the
polarizer. If the magnetization of the free layer is at an angle with respect to the fixed
FM layer we can decompose this magnetization in components for the two spin states
i.e., a linear combination of both states. The free layer absorbs the component of the
incoming spin polarized current transverse to its magnetic moment, and, as a result,
the free layer will feel a torque tending to rotate its magnetization in the orientation
of the incoming spins. Depending on the strength of this torque the magnetic moment
of the free layer can be brought out of equilibrium and even total switching or steady
state precession can be achieved. Note that no external magnetic fields are needed for
this to occur.

In short, the electrons flowing from the fixed layer become polarized and exert a
torque on the free layer, at a high enough current this leads to a magnetization reversal
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of the free layer or steady state magnetization precession. The current density needed
to experimentally observe this STT effect is around the 106 to 107 A

cm2 which restricts
the dimensions of the SV structures that can be used to the nano-scale. This, because
the total current needed is too high for larger systems and issues as Joule heating affect
the device performance. First experimental observation were obtained in 1998 by Tsoi
et al. [5] and since then scientists efforts focused on fully understanding the physics
behind STT.

1.2.2 Applications of STT

To show how promising the results on controlling STT can be, two applications, spin
torque magnetic random access memory (ST-MRAM) and a possible new wireless com-
munication application, will be discussed.

ST-MRAM

ST-MRAM combines all the positive features of existing RAM devices. Fast read
and write performance, relatively low cost, non-volatility and low power consumption.
To see the difference with conventional techniques we will compare MRAM and ST-
MRAM.

In figure 1.7 a schematic representation of a MRAM array is shown together with
its writing process. In the earliest form of MRAM the bits state is programmed to a
”1” or ”0” by aligning the magnetization of the free layer in an SV structure either
parallel or anti-parallel to a top magnetic layer, used as reference. The writing is done
by passing a current down a bit line that generates a magnetic field nearly switching
the free-layer. A second current is sent over the write line which is orthogonal to the
bit line. Where the bit and write line cross, there is sufficient field to write the bit,
a situation shown in figure 1.7. In here the white dots in the grid show the nearly
switching of the bit and the black dot indicates the switched bit where both bit and
write lines cross. The limiting factors for this writing process is that the generated field
only has to affect a single bit, which becomes more and more difficult when the size
of the MRAM decreases. In addition, thermal stability becomes difficult to achieve at
smaller scales.

In ST-MRAM there is no need for an external write line. The current density de-
termines the writing threshold and not the current as in MRAM. This implies that
ST-RAM does not have the problems in scalability present in MRAM. The elimination
of the write line also lowers the power consumption. Despite of these advantages there
still are some drawbacks. An issue is achieving an as high as possible memory density,
one would like the bit to switch with the current that can be provided by a single tran-
sistor whose channel width is equal to the width of the bit, this is not so easily achieved.
Current investigations in this field are centered on solving these issues, lowering the
current density needed to obtain STT and how to generate the current in ST-RAM
in a more efficient way. The nano-stencil fabrication process we are presenting in this
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(a) (b)

Figure 1.7: In a) schematic representation of a MRAM array. It composes of a crossbar
array of current lines with magneto resistive elements at each intersection. The GMR
effect is used to store a one or zero. Taken from [6]. In b) the writing is shown
schematically, the white dots in the array indicate that the bits that are nearly switched
and the black dot shows the switched bit at the cross point of the bit and write word
line. Taken from [7].

thesis allows the fabrication of devices offering excellent conditions to study these issues.

Wireless telecommunication

Wireless information transmitters function at very specific frequency ranges in the so-
called microwave range. Spin torque oscillators (STNO’s) are devices in which the
magnetization of the free layer in a SV oscillates at high frequencies. These frequencies
are found to be with tunable microwave frequencies in the 1-65 GHz range making these
STNO’s interesting for the wireless and radar telecommunication industry. Despite of
being very promising for future telecommunication, it has two major shortcomings. It
has a low power output and in practice it needs an external magnetic field to operate.
Many studies have been undertaken to overcome these shortcomings and promising
results are obtained to accelerate practical use as radio-frequency devices in the near
future.

1.2.3 The nano-stencil technique

In figure 1.8, the cross section of a nano-stencil together with the resulting spintronic
device is illustrated. The nano-stencil consists of an opening made in a trilayer system
of two metallic layers isolated from each other with an insulator. In this insulator an
undercut is made in which the spintronic device can be located. In figure 1.8 the two
metallic layers are shown as the electrodes contacting the spintronic device. The di-
mension for the opening is typically around 200 nm and the thickness of the insulator
is around 50 nm. Making an undercut in an insulator with such a small dimension in
a controllable manner is a challenging task. Also, electrical contacting the STT device
with the two electrodes is not as straightforward as it seems. The multi-step process
brings along a lot of challenging issues to overcome as we will explore in the present
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Figure 1.8: The nano-stencil consist of two electrodes separated by an insulating layer,
where an undercut area has been prepared. The STT device, consisting of two magnetic
layers separated by a spacer layer is fabricated inside this pre-defined stencil. The
typical lateral dimension of the stencil is on the order of 200 nm, whereas the STT
structure is typically a few nanometers high.Taken from [8].

thesis.

Why this technique?

In comparison to other techniques, as direct milling a STT device from a multilayer,
the advantages of this fabrication technique is that it is versatile. Different multilayers
can be used in different nano-stencils. The dimension of the nano-stencil restricts the
dimension of the STT device and is therefore easily scalable. The technique allows
batch fabrication, i.e. a large number of STT devices can be made at the same time.
Also, the same stencil can be used to electrically contact the STT structure as illus-
trated in 1.8.

In the present thesis we investigate this fabrication technique by adjusting the
process to our available experimental toolbox. In this context we present a method to
make the desired opening and undercut in our nano-stencil in a controllable manner.
We also explore the possibility of changing the shape of the opening being made, which
affects the magnetic properties of the STT device directly as we will discuss. We analyse
the critical points on the growth and electrical contacting of the magnetic stack and
give some ideas on how to overcome these.

1.3 Outline

In chapter 2 we give a theoretical background on STT to understand and see how
we can improve the device performance. We will focuss on the spin dynamics, how
it varies in time and which interactions are responsible for these variations. With a
short literature overview, promising results for new fabrication processes, switching
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mechanism and STNO’s are highlighted. The second part of the theory studies the
STT in diffusive systems by means of the so-called ZLF theory. In chapter 3 we present
the experimental toolbox we have available to work with. In here, we discuss a dual
beam system, which we will use to both fabricate and characterize our nano-stencil
in detail and attention will be given to the Magneto-Optical Kerr effect (MOKE) .
In chapter 4 we focuss on how we can use the experimental toolbox to realize the
fabrication process in the best possible way. For this we summarize the critical points
for STT device fabrication. Here, we indicate step-by-step the optimization we want
to apply to each critical point. In chapter 5 we show some preliminary results on the
optimization of the critical points pointed out previously. In chapter 6 we state our
conclusions and give an outlook for future investigation.



Chapter 2

Theory

2.1 Magnetization Dynamics

Several semiclassical and quantum based theories have been developed to show the
existence of spin transfer torque (STT), introduced previously in section 1.1.2 . In this
chapter we will discuss one of these theories developed by Zhang, Levy and Fert, so-
called ZLF theory. But we will start analyzing the magnetization dynamics by means
of a simple macrospin model.

In figure 2.1 a) such a macrospin model is illustrated; the magnetization is repre-
sented as a vector m (average of all spins) of the system being analyzed. All interactions
on the magnetization are summed in an effective field. The dynamics of m describes
the magnetization dynamics. Without STT the magnetization has a damped rotating
movement around the effective field. After some relaxation time it aligns itself with
the effective field. This is illustrated in figure 2.1 b), where mi displays the initial state
of the magnetization and mf the final state; the red line indicates the trajectory the
magnetization takes between the two states.

Landau, Lifschitz and Gilbert formulated an equation describing the movement of
m. The Landau-Lifschitz-Gilbert (LLG) equation reads:

dm
dt

= −γm×Heff + αm× dm
dt

= −γm×Heff + PD (2.1)

Here m represents the magnetization vector, γ is the electron gyromagnetic ratio Heff

is the effective field, and α is the Gilbert damping constant. From here we define PD
as the damping term. For the interested reader, a quantum mechanical description is
given in appendix A.

With the discovery of the STT a new correction to the LLG equation is needed,
taking into account the angular momentum transfer between applied spin-polarized
current and the local moments of the system. How this is included will be discussed in
detail in the following section where we take a closer look at the ZLF theory. For now
we will focus on understanding the basic effect on the magnetization dynamics.

Slonczewski added the STT phenomena to the LLG equation. For this he considered
the local moments of the system Md to interact with the magnetization current jm,

13
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Figure 2.1: a) Illustration of the macrospin model. In b), c) and d) the magnetiza-
tion dynamics is illustrated for the different regimes of the Landau-Lifshitz-Gilbert-
Slonczewski (LLGS) equation. In b) we show the magnetization dynamics for when
the damping is much greater then the torque, equivalent to the LLG dynamics. The
initial magnetization state is indicated as mi and the final magnetization state as mf .
The red line represents the trajectory the magnetization takes to go from mi to mf .
In c) the magnetization dynamics is shown when both damping and torque are similar
in strength and in d) we show the case for which the torque is much greater then the
damping leading to total magnetic switching.

the applied spin-polarized current ,and producing a torque τ that will influence the
magnetiziation dynamics by opposing the damping. The new equation is called the
Landau-Lifshitz-Gilbert-Slonczewski (LLGS):

dm
dt

= −γm×Heff + PD +
γ

µ0Ms
τ (2.2)

In figure 2.1 b),c) and d) the three regimes for the magnetization dynamics are
indicated; here the magnetization in its initial state is represented by the vector mi,
and the final magnetization state as mf . The trajectory the magnetization takes from
mi towards mf is represented by the red line.

In the case that the damping term is much bigger than the torque τ (shown in
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figure 2.1 b) ) opposing it, the spin will follow the dynamics described by the LLG
equation as explained before. The magnetization will rotate around the effective field
and after some relaxation time align itself towards it. If the two terms are equal,
the case shown in figure 2.1 c), the spin will follow the LLG equation and oscillate
continuously around the effective field. When the torque τ is much larger then the
damping, shown in figure 2.1 d), there will be switching, i.e. the magnetic confugration
changes for example form being parallel to the effective field to antiparallel. This means
that by changing the torque strength we can change the magnetization dynamics and
even induce magnetization reversal, which is very interesting for application purposes.

To have a better feeling of these new magnetization dynamics we will discuss an
experiment where the switching by an applied current was observed. A. Deac et al.
reported current-induced magnetization switching in exchange biased spin valves [9].
In figure 2.2 some of their results are illustrated.

The left figure is a schematic representation of the stack they used comprising a
CoFeCu(polarizing)/ Cu(spacer)/CoFeCu(switchable) trilayer. The central figure illus-
trates magnetization switching when an external magnetic field is applied (GMR see
section 1.1.1) in the direction parallel to the magnetization of the pinned polarizing
layer. The change in resistance takes place when the magnetization of the free layer
switches. The low resistance state corresponds to a parallel orientation of the mag-
netization in the pinned and free layer. The high resistance state corresponds to the
anti-parallel alignment.

Figure 2.2: Illustration of the spin-transfer magnetic switching. The SV used is illus-
trated and the FM layers consist of a CoFeCu layer and the NM layer is made of Cu.
The graphs show the magnetic switching of the SV with external field (left graph) and
with an applied current (right(graph).[9].

The right graph in figure 2.2 shows the resistance change obtained when the cur-
rent flowing through the structure is varied. Apart from a semi-parabolic background
increase of the resistance due to e.g. Joule heating, a similar switching as for GMR is
observed. The magnetic switching of the free layer is not caused by an external magnetic
field but by the torque exerted on the free layer magnetization by the magnetization
current coming from the pinned layer. From the graph for the current switching we can
see that a current of ∼ 2 mA is needed for the switching to take place. If we consider
the dimensions of the sample, having a square section of 130 nm we can estimate the
typical critical current density for magnetization switching which is roughly equal to
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jc ∼ 107 A/cm2. This observation clearly illustrates how spin-transfer offers a new way
to manipulate the magnetization of magnetic nanostructures.

2.2 Spin-transfer torque theory

STT is a phenomenon that appears when we apply a current to a system and the mag-
netization of this incoming current interacts with the local moments of the system. In
this process we can distinguish two different ways at which the magnetization interacts
with the local moments, viz. ballistic and diffusive. In figure 2.3 we see an illustration
of how incoming carriers interact with the local magnetic moments when being trans-
ported through a non-magnetic layer (the sum of the magnetic moments is zero). If the
particle passes through the layer without any type of bulk interaction the transport is
considered to be ballistic (trajectory shown in gray), the only interaction will be at the
interface. If the carrier scatters inside the metal layer the transport is called diffusive.
Different STT theories exist for both transport regimes. As the original work by Berger
and Slonczewski [3, 4, 10] was realized considering the balistic regime (which is not so
realistic) we will present a theory for the diffusive regime as presented by Zhang, Levy
and Fert [11], the so-called ZLF theory.

Before we go into detail with respect to the ZLF theory we discuss the different
interaction distances between carriers and local moments during the tranport process.
In figure 2.3 we see the different interaction distances illustrated. The distance over
which the incoming carrier interacts with the local moments randomizing the carriers
moment is known as the mean free path of the carrier (λmfp). The time it takes the
carrier to cover this distance is called momentum relaxation time. The distance the
carrier travels before its spin is flipped is called spin diffusion length (λsf ). The time it
takes to cover this distance is called spin flip time or spin life time. Another interaction
length (not included in figure 2.3 but relevant for the ZLF theory) arises from the
exchange energy, this is the energy wich takes into acount the spin-spin interaction.
This characteristic exchange length λJ for the material corresponds to the distance
over which it is energetically favourable for all of the magnetic moments to be aligned.
In the case of exchange coupling between incoming magnetization current and the local
moments this corresponds to the distance over which both the magnetization and local
moments are aligned.

2.2.1 Zhang-Levy-Fert model

We start describing the ZLF theory by assuming a s-d interaction, the s electrons are
considered to move freely and the d electrons are bound. The interaction between the
magnetization m of the conduction electrons and the local moments Md of the mag-
netic layer will be considered. A spin-transfer torque and consequently a rotation of
Md will occur as a consequence of this interaction, this is the general idea. Notice that
this theory is general in the sense that we do not need a specific geometry to show the
general result. In the next paragraph we will give a simplified example for a realistic
system of 2 magnetic layers separated by a non-magnetic spacer, a so-called spin valve
(SV).
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Figure 2.3: In the ballistic regime the particle does not suffer any magnetic changes
when passing through a layer. In the diffusive regime the particle interacts with its
surrounding changing its magnetization. The typical length scales are also defined, spin
diffusion length (λsf ) and the mean free path of the carrier (λJ).

In the following we introduce the steps we use to build up the theory. These steps
read as:

� The applied current (̂) is usually considered as a charge current however, we need
to include the magnetization associated with the current to analyze the interaction
with the local moments of the system. Therefore, first we need to obtain the total
current with both contributions; charge current and spin current. To do this we
analyze the response of the current when an electric field is applied.

� The applied current gives rise to spin accumulation in our system. To calculate
the torque exerted on the local moments by the electric current we need to obtain
the equation of motion for the magnetization of this spin accumulation. This will
tell us how the spin build up interacts with the local moments.

� The reaction to the torque will be described by the LLG equation for the local
moments.

� To show the validity of our findings we consider a simplified case of a SV in which
no spin dependent scattering occurs and where the spins of one of the FM layers
has a fixed orientation.
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The relation between both magnetization (jm) and charge (je) currents is obtained
by analyzing the response of the current when an electric field is applied. How this will
work out in practice is shown in appendix B we only show the result. The equation
relating jm, to je is:

jm = βMdje − 2D0

[
∂m
∂x
− ββ′Md

(
Md ·

∂m
∂x

)]
(2.3)

Here Md corresponds to the unitary vector of the local moments, D0 is the diffusion
constant, β and β′ are constants that indicate the differences in conductivity and diffu-
sivity experienced by majority and minority spins respectively. In terms of these spin
polarization constants the expressions for the conductivity and diffusion are :

C = βC0Md (2.4)

D = β′D0Md (2.5)

C0 is the conductivity constant. Before we go further we analyze equation 2.3. The
first term on the right indicates the part of the charge current that contributes to the
magnetization current. The second term is related to the diffusion of the magnetiza-
tion, if the magnetization is constant in space this term vanishes. This part has two
contributions one coming from the magnetization gradient and the other from the po-
larized magnetization gradient in the direction of the local moments. Now that we have
the jm we can analyze the magnetization dynamics for the case when jm interacts with
the local moments.

When the current is applied to the system it is not immediately constant, there
will be a time in which the charge and spin of the current build up before the current
becomes constant. The time at which this occurs is different for both charge and spin.
The magnetization m represents the spins that builds up in the system (spin acumula-
tion). This spin accumulation is responsible for the torque that will be exerted on the
local moments. The dynamics of the magnetization occur on a much faster timescale
then the local moments (Md) and therefore we can consider the dynamics of both to
occur independently.

We want to see how the spin accumulation takes place in space and in time. There-
fore we need an equation relating the time variation of m with the flux density of jm
and how it relaxes in the system. This relation is found by the continuity equation for
the spin accumulation which is described in detail in appendix C. Here we show the
result:

1
2D0

∂m
∂t

=
∂2m
∂x2

− ββ′Md

(
Md ·

∂2m
∂x2

)
− m
λ2
sf

− m×Md

λ2
J

(2.6)

With this equation the spin accumulation dynamics can be obtained for a specific
region. The first two terms on the right of equation 2.6 describes the spatial variation
of the spin accumulation in a specific region of our system; the last two term indicate
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the magnetization relaxation and the precessional motion of the spins due to the s-d
interaction, respectively. Now that we know how the spin accumulation looks we need
to follow the movement of the local moments so we can determine how these local
moments react to the torque that is exerted on them. These local moments obey the
LLG equation and therefore their equation of motion is:

dMd

dt
= −γ0Md × (Heff + Jm) + αMd ×

dMd

dt
(2.7)

where γ0 is the gyromagnetic ratio, Heff is the effective field including the con-
tributions from the external field, anisotropy and magnetostatic field. The additional
effective field Jm is due to the coupling between the local moments and the spin ac-
cumulation where J corresponds to the exchange constant, and the last term is the
Gilbert relaxation term.

We can look at the spin accumulation and local moments dynamics as two sepa-
rated movements because both ocurr at different time scales. In this way we can use
the result of m from the spin accumulation dynamics to solve the equation of motion
of the local magnetization.

Up to here the theory is very general; we can calculate m from the spin accumu-
lation dynamics for a specific region in a system and use this result to calculate the
movement for the local moments. In this way we observe the reaction of the local mo-
ments to the action of the spin accumulation taking place in the system being analyzed.
We can extract even more information by dividing m into components, both parallel
to Md, called the longitudinal component m//, and perpendicular to Md, called the
transverse component m⊥.

For the spin accumulation we will have two separated equations one for each com-
ponent. For the longitudinal component equation 2.6 becomes:

∂2m//

∂x2
−

m//

λ2
sdl

= 0 (2.8)

where we defined λsdl =
√

1− ββ′λsf as the spin-diffusion length. Recall that the
spin-flip length is the mean distance between spin-flipping collisions. The spin-diffusion
length corresponds to the mean distance that electrons diffuse between spin-flipping
collisions. It is interesting to notice that the higher the difference in conduction (β)
and diffusion (β′) between majority and minority carriers the shorter the spin-diffusion
length becomes. For the transverse component equation 2.6 becomes:

∂2m⊥
∂x2

− m⊥
λ2
sf

− m⊥ ×Md

λ2
J

= 0 (2.9)

In equation 2.7 both terms on the rigth are perpendicular to the local moment1

(Md), and therefore only the transverse component gives a non-stationary solution.
1Recall, that the vector of the type C = Md ×D is always perpendicular to Md.
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This already tells us that it is the tranverse component of the spin accumulation that
will exert a torque on the local moments. The new equation of motion for the local
moments then reads:

dMd

dt
= −γ0Md × (Heff + Jm⊥) + αMd ×

dMd

dt
(2.10)

With these three equations 2.8, 2.9 and 2.10 we are able to find an expression for
STT in any geometry, for example a SV structure. By introducing an expresion for the
transverse component in the dynamics of the local moments we should see how STT
arises as an correction to the LLG equation. In order to obtain these new correction
terms we will give an ansatz for the transverse component and calculate the new equa-
tion of motion for the local moments in the case of a SV.

By introducing a vector A such that Jm⊥ = A ×Md, assuring the transverse
component to be perpendicular with the local magnetization, we can explore the action
of the transverse component of the spin accumulation on the local magnetization. If we
consider a SV structure such as the one illustrated in figure 2.4, the spin accumulation
at one layer will depend on the orientation of the other, due to their non-collinearity.
Let’s denote the local magnetization of layer FM1 as M1

d and FM2 as M2
d. Now

using the definition of the transverse component in terms of the vector A the equation
takes new form. Without loss of generality, the vector A can be written as a linear
combination of the vector M2

d and the vector perpendicular to M2
d and M1

d, for example
A = aM2

d−bM2
d×M1

d, so that the transverse components of the magnetization arising
from the accumulation in the plane perpendicular to M1

d becomes:

jm⊥ = A×M1
d

=
[
aM2

d +−(bM2
d ×M1

d)
]
×M1

d

= aM2
d ×M1

d + bM1
d × (M2

d ×M1
d) (2.11)

where we used the fact that A×B = −B×A.
The next step is to introduce this transverse magnetization component in the equa-

tion of motion of Md which gives:

dM1
d

dt
= −γ0M

1
d ×

(
Heff + bM2

d

)
− γ0aM

1
d × (M2

d ×M1
d)

+αM1
d ×

dM1
d

dt
(2.12)

where we used the following properties A × (B × C) = B(A · C) − C(A · B) and
(tA)×B = t(A×B).

Comparing equation 2.12 with equation 2.10 we see two corrections; one is the
presence of an addditional effective field (bM2

d) which depends directly on the magnetic
moment of FM2 and the other is an additional term aM1

d× (M2
d×M1

d) which is called
spin torque term. We also see that the new effective field is perpendicular to M1

d and
the spin torque term is perpendicular to the plane containing M1

d and M2
d. As M1

d and
M2

d are unitary vectors the strength of this new effective field and spin torque term will
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Figure 2.4: The model for the spin valve is illustrated, it consists of two ferromagnetic
layers FM1 and FM2 separated by a non magnetic layer NM. The reference axis used in
the calculation is also given. The local magnetization are for FM2 M2

d = cos θêz−sin θêy
and for FM1 M1

d = êz.

be given by the constants a and b which due to their associated vectors orientation we
will denote as in-plane and out-of-plane torque constants, respectively. In the folowing
section we will obtain the values for a and b in the case of a simplified SV structure.
To do this we will use our ansatz given in equation 2.11. In this way we will see that
using this ansatz we have a solution in the form of equation 2.12 from which we can
identify a and b.

2.3 Spin-transfer torque theory for spin-valves

In the following we apply this method to a SV structure as shown in figure 2.4 where
we consider that the magnetic moment of FM2 is pinned in an arbitrary direction in
the y-z plane having M2

d = cos θêz − sin θêy and for FM1 the local moment is con-
sidered to be aligned with the z axis M1

d = êz. We will simplify the calculation by
introducing the following assumptions; firstly, the NM metallic layer will be considered
ultra thin and no spin dependent reflections will be taken into account. Secondly, we
consider that FM2 polarizes the current in such a way that only one carrier is left, such
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a polarizer is called half-metallic. In this system we will calculate both out-of-plane
and in-plane torque constants. We will describe how it can be obtained showing only
the main results. The reader can refer to appendix D for the detailed calculations.

The steps we have to follow are to obtain the magnetization from the spin accu-
mulation in the different regions. As we have considered FM2 to be a half-metallic
and thick layer we can neglect the spin accumulation in this region and focus on the
spin accumulation in FM1. As the local moment is aligned with the z direction, the
transverse component that will exert the torque will have components in the x-y plane.
For the magnetization we can use our ansatz given in equation 2.11 to obtain both
torque constants, a and b. The transverse component of the accumulation takes the
following form:

m⊥ = − je
2D0

[
Im(l+e

− x
l+ )M2

d + Re(l+e
− x
l+ )×

(
M2
d ×M1

d

)]
×M1

d (2.13)

where 1
l+

=
√

1
λ2
sf
− i

λ2
J

is the inverse decay length for the transverse accumulation.

Comparing this equation (2.13) with equation (2.11) the constants a and b can
be determined. We want to consider the accumulation over the sample, therefore an
average needs to be taken over 0 ≤ x ≤ tf , where tf is the thickness of FM1 one finds:

a = −J je
2D0tf

[
Im(l2+

(
1− e−

tf
l+

)
)
]

(2.14)

and

b = J
je

2D0tf

[
Re(l2+

(
1− e−

tf
l+

)
)
]

(2.15)

By using this simplified example we see that our ansatz, equation 2.11, has come
up naturally as a solution showing that it is a valid choice.

As Zhang, Levy and Fert did in their paper we take the limit λsf >> λJ in which
case the decay length for the transverse component will be reduced to l+ = (1+i)λJ/

√
2.

By inserting these into equations 2.14 and 2.15 we obtain the following expressions for
a and b:

a = − hjea
3
0√

2λJeµb

[
1− e−ξ cos ξ

]
ξ

(2.16)

and

b =
hjea

3
0√

2λJeµb

[
e−ξ sin ξ

]
ξ

(2.17)

Here ξ = tf√
2λJ

, a0 is the lattice constant, and we have reinserted the electric charge
and Bohr magneton so that a and b have units of a magnetic field. The variable ξ
compares the layer thickness tf to the exchange length λJ .
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2.3.1 Analysis of results

We have obtained the strength of the in-plane torque (constant a) and out-of-plane
torque (constant b) in function of the variable ξ. To see how ξ influences the magne-
tization dynamics we will discuss it in detail. The exchange length is the length over
which neighbouring spins maintain their direction parallel. When the exchange length
is much longer than the thickness of the layer (corresponding to a very small value
of ξ), the spins over whole the layer thickness are parallel to each other. This means
that the magnetization dynamics will be the same for all spins in the layer and the
dynamics will be coherent . In contrast, when the layer thickness is much larger in
length than the exchange length, the neighbouring spin will no longer be parallel in the
entire layer causing the magnetization dynamics to be non-coherent and be dominated
by nucleation. We will analyse equation 2.16 and equation 2.17 by plotting them. For
this, we will consider different values for the angle θ defined in figure 2.4 and typical
values as used in experiments. In the following we will give extra remarks on both
torques before we go back to the analysis our example of the SV structure.

We will label the two torques, the in-plane torque (constant a) and out-of-plane
torque (constant b), as P ′τ and Pτ respectively. In figure 2.5 we see both in context of
the macrospin model introduced in section 2.1. It has been proposed theoretically [12]
and confirmed experimentally [13, 14] that the role of the out-of-plane component of
STT is negligible in fully metallic nanopillars, while it is important in magnetic tunnel
junction (MTJ) [15] because we have ballistic transport in MTJ. Therefore the magne-
tization dynamics can be considered as we introduced in section 2.1.

Figure 2.5: Macrospin model with both out-of- and in-plane torque. The damping
(PD) and the two torque components in-plane torque (Pτ ) and out-of-plane torque
(P ′τ ) acting on the magnetization term m are represented as vectors.

For the SV example we assumed high polarization as we took the thick layer to be
half-metallic and therefore the out-of-plane torque is not neglibe for all thicknesses. In
figure 2.6 a) and b) we have plotted both torque constants a and b in terms of ξ. For
this we used typical values as given by Zhang, Levy and Fert [11]: λJ = 20 Å, a0 = 2
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Å, je = 1011 A/m2. From here we are able to extract the values for the two constants
for a specific thickness tf 2. It is interesting to see that the out-of-plane torque, the
b constant, vanishes at approx. ξ = 3 this corresponds to a thickness of tf ∼ 85 Å.
Vanishing faster compared to the in-plane torque. We also see that for thicker layers
the magnitude of the out-of-plane torque is much smaller compared to the in-plane
torque. However, it is worth noting that the maximum of the field b is at least as large
as a, indicating that it also can play a fundamental role in the magnetization dynamics.

We can understand the fact that the out-of-plane torque vanishes faster than the
in-plane torque by taking into consideration how the spin accumulation acts as the
layer thickness tf increases. As tf increases the spin accumulation in the thin magnetic
layer rotates away from M2

d and develops a transverse component M2
d ×M1

d , i.e., a spin
torque develops. When ξ is large ( tf � λJ), the spin accumulation is rotated in the
thin layer, the magnetization dynamics becomes non-coherent. Therefore, the compo-
nent of the spin accumulation in the plane of the magnetizations decreases rapidly, i.e.,
the out-of-plane torque vanishes faster than the in-plane torque.

The two components are an indication of the torque strengths. However, as we saw
in the corrections to the local moments magnetization dynamics in equation 2.12, both
depend on the angle θ between M1

d and M2
d. In figure 2.6 c) and d) we plotted the

two torque components for different angles (θ = π
2 ,

π
3
π
4
π
6 ). We see that the maximum

values obtained are for θ = π/2 and that for small angles the in-plane torque varies
slowly.

In figure 2.6 e) we plotted the total torque for different angles (θ = π
2 ,

π
3
π
4
π
6 ).The

total torque rapidly increases for small but finite ξ ∼ 0.7 ( tf ∼ λJ) and then gradually
levels off. This is due to the vanishing of the out-of plane torque. It is interesting to
see that the total torque changes sign for θ = π/3 for small thicknesses, meaning that
at this angle the in-plane torque has a stronger influence.

We do not have an estimated value for the damping and therefore can not conclude
over the magnetization dynamics without realizing numerical simulations. Notice that
due to the asumptions we made we cannot substitute values for Co for example to
calculate the torque as it is not half metallic. In that case polarization and spin accu-
mulation in the thick layer should be considered. This will influence both strength and
direction of the total torque.

2 We verified the results given in the paper for tf = 25Åwhich are a = −1056 Oe and b = 457 Oe
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(a) (b)

(c) (d)

(e)

Figure 2.6: In (a) constant a, the out-of-plane torque strength and in (b) constant b, the
in-plane torque strength are plotted in function of ξ = tf√

2λJ
where tf is the thickness

of the layer FM1 and λJ is the exchange length. In (c) the out-of-plane torque strength
and in (d) the in-plane torque strength are plotted as function of ξ for different angles
(θ = π

2 ,
π
3
π
4
π
6 ). In e) the total torque (constants a+b) is plotted for the same angles.

With this simple example we have shown that the in- and out-of-plane torque com-
ponents can be calculated by considering the reaction of the local moments to the
magnetization of the spin accumulation. Both depend on the FM thickness. We saw
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that the out-of-plane torque vanishes faster then the in-plane torque as the layer thick-
ness increases. But the maximum values of both are comparable. This maximum value
is found at very low layer thicknesses values, indicating that for systems with only inter-
face effects (such as in MTJ) it can be important for the magnetization dynamics. We
also observed the angle dependence where the maximum value is reached at θ = π/2.
Therefore, we can obtain stronger torque in systems where the magnetization of the
free and fixed layer are perpendicular to each other.

With the presented ZLF theory usefull information can be obtained on the physics
behind the STT switching mechanism and by using the simple model we can get a
better idea of the important parameters involved in the STT switching experiments.



Chapter 3

Experimental toolbox

Spin transfer torque (STT) devices have restricted dimensions in the order of ten to
hundreds of nanometers (10−9). Hence, we need tools that allows us to create and
characterize structures with these dimensions. In the following chapter we present and
discuss the experimental tools we will use to produce our nano-stencil-based STT de-
vices. The actual fabrication of the nano-stencil is presented in the next chapter.

Before going into the description of the experimental tools we first point out the general
steps involved in most fabrication process. We can divide the fabrication process in 3
general steps (not necessaraly in this oreden):

� Material deposition

� Pattern generation

� Material removal

In our case, for the material deposition we will be using the sputtering technique.
For pattern generation we use electron beam lithography (EBL) and focused ion beam
(FIB) were the last is used for material removal. For the characterization of the samples
we will use different techniques as the four-point-probe measurements for the electrical
characterization and scanning electron microscopy (SEM) to visualize our structures in
detail. Energy dispersive x-ray spectroscopy (EDS) is used to analyze the composition
of our structure and will have an important role in the optimization of the fabrication
process. In the following we will give a short description of the beforehand mentioned
tools and techniques.

3.1 Sputtering

The sputter deposition system is used for the deposition of material. Compared to
other traditional deposition techniques it has the advantage of high deposition rate and
high uniformity.

27
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In general, the material deposition is done by knocking out the atoms or molecules
from the surface of a solid material by bombarding it with energetic ions. These atoms
or ions are then directed to a substrate were they are deposited. How it goes in detail
we will explain in the following.

The energetic plasma ions are created inside a vacuum chamber. This plasma is
created by introducing a noble gas, such as Ar, inside the chamber and applying a
voltage to the target, which contains the solid material. In figure 3.1, the inside of a
sputter gun is illustrated. When a DC voltage is applied, the generated electric field
accelerates the free electrons in the chamber. In this process they inelastically collide
with Ar atoms (dark green circles) giving rise to two combined effects; one is exciting
the Ar atoms producing the gas to glow and the other is ionization at which the Ar atom
losses electrons. This cascade mechanism triggers the plasma ignition. To enhance the
ionization process a magnetic field is added which increases the path length of the
electrons. The magnetic field traps the electrons created close to the target, resulting
in more ionizing collision with the neutral atoms from the gas, and therefore favoring
plasma ignition even with lower concentration of atoms. This sputtering process is
called magnetron sputtering.
It can not be used for dielectric materials directly, because in this case there will be
a charge build up. To avoid this, an RF voltage is used and in this way in a half
a period, ions are accelerated to the target and sputter material. And in the other
half, the electrons neutralize the positive charge buildup on both electrodes. For more
information on the sputtering technique i recommend reading the book of Cui [16].

Figure 3.1: Here we see the process occurring inside a sputter gun. A sputter gun is
used to knock out atoms like Cu of a target with accelerated ions; some of these atoms
adhere to the substrate. To generate the plasma a noble gas as Ar is used.

3.2 The dual beam system : overview of components and
capabilities

In figure 3.2, the inside of the dual beam system is illustrated. It has both electron
as ion column and hence the term dual beam. The dual beam system can be used
for imaging (SEM), milling (FIB), for characterization (EDS) and even for material
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Figure 3.2: Schematical view of the Nanolab6000i main components; Focused
ion beam, Electron optical column and Gas injection system.

deposition by means of the gas injection system. For our work we use the gas injection
system to deposit material local, in small areas, to enhance the image contrast. In the
following, we will describe these experimental tools individually.

3.2.1 Imaging: scanning electron microscopy (SEM)

In scanning electron microscopy (SEM) experiments, a beam of electrons (the electron
optical column shown in figure 3.2) with an energy in the range of [1-30] keV is focused
on a sample. This beam is scanned across the sample while a detector counts (primarily)
the number of low energy generated secondary electrons.

This SEM image allows us to analyze the sample and explore in detail all its fea-
tures. The detected secondary electrons are seen as a gray distribution going from black
(low amount of secondary electrons) to white (high amount of secondary electrons) in
the image. As an example we show a SEM image in figure 3.3 which shows elliptical
openings made in a trilayer stack of Pt−SiO2−Pt. SiO2 is an insulator and therefore
generates less secondary electrons 1 and corresponds to the black zone inside the ellipti-
cal opening made on the top Pt layer. On the borders of the elliptical opening we see a

1Very few conduction electrons are present in an insulator, and therefore secondary electrons lose
energy primarily through the excitation of valence electrons into the conduction band. The secondary
emission from insulators depends strongly on the surface barrier, unlike the case of secondary emision
from metals. Also, it can be affected by charging problems. Unlike metals, insulators do not have
sufficient electrical conductivity to replenish the emitted electrons.
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Figure 3.3: Example of a SEM image for elliptical openings in a trilayer stack of
Pt|SiO2|Pt. By means of this SEM image the dimensions of the elliptical openings can
be determined.

brighter zone with higher intensity indicating that more secondary electrons are being
detected. These are due the Pt that is accumulated at the border during the creation
of the elliptical opening. By means of this SEM image the dimensions of the elliptical
openings can be determined as shown in figure 3.3 by the indicated dimesnions.

3.2.2 Milling: focused ion beam (FIB)

In the case of the Focused ion beam, shown at the left in figure 3.2, the electron gun
is replaced by liquid-metal ion sources (LMISs), in our case a Ga ion source Now ions
are focussed on the sample and secondary ions are generated together with secondary
electrons; both signals are collected to form an image. In this way material can be
milled away by the ion bombardment taken place at the sample and at the same time
the process can be imaged. The focussed area is determined by the beam diameter
(∼ 10 nm).

The milling can be used to determine the lateral dimension of the structure by
directly milling the sample or making openings as shown in figure 3.3 to make the
template used in the nano-stencil fabrication process. A nice review on the capabililties
and recent developements in nanofabrication using FIB is the one presented by Tseng
[17].
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The gas injection system

The gas injection system is used to inject a precursor gas into the vaccuum chamber.
This gas, when being exposed by the e-beam or ion beam can dissociate into atoms
that can stick on the substrate surface. In this way material can be deposited on the
substrate. This is very useful to deposit materials which are able to generate a large
amount of secondary electrons hence, used to enhance the SEM contrast. Recently, it
was shown that with this gas injection system one could deposit even 3-D structures
with magnetic properties [18].

3.2.3 Characterization: energy dispersive spectroscopy (EDS)

Energy dispersive spectroscopy (EDS) is used to identify materials in a sample. We
will use this method not only to identify material but also see where we are during the
milling. In the following we will describe the physics behind EDS namely the energy
dispersive x-rays (EDX) process and how we will make use of this technique.

In figure 3.4 a schematic illustration of the mechanisms involved in the EDX process
is shown. An atomic nucleus is shown with its different inner energy shells M, L, K in
increasing energy order. An external stimulation, such as the primary electrons from a
SEM can kick out an electron located in one of the shells. This will leave a hole where
electrons from higher shells can decay to, emitting rays with energy proportional to
the energy difference of the two shells. A decay from the L shell towards the K shell is
called Kα (indicated in figure 3.4) for example and will be specific for each material.
The emitted x-ray will have energy proportional to the energy difference of its K and
the L shell. Each shell having a specific energy for a determined material, this gives a
fingerprint of the elements present in the irradiated layers. Allowing the identification
of the materials.

To probe a certain element shell we need to apply a specific energy to our incoming
charged particles. This energy is taken at least twice the binding energy of the shell
we want to probe and less then 10 times this energy.
After calculating the energy needed, a scan is made up to this value. Creating an energy
window over which the x-ray intensities are counted. In figure 3.5 we see a typical EDX
spectrum, here the amount of generated x-rays counted are shown for each channel
which are translated to energies. The higher the energy peak for a specific element, the
more concentrated the element is found in the sample. To identify the elements the
different peak energies are compared to the well known x-ray energies for the unique
atomic structure of the different elements stored in the database of the x-ray microanal-
ysis software EDAX. There are different ways to obtain information from this method,
and we will discuss only the one of our interest which is the line scan profile. A line of x
amount of points is selected on the surface sample over which at each point the counts
are collected. In this way the x-rays energy spectrum at each position provides plots of
the relative concentration for each element versus position along the preselected line.
From this information we obtain the relative amount of each detected material along
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Figure 3.4: Processes taking place during EDX. Here the external stimulation is the
incoming primary electrons mentioned in the text. The labeled K, L, M rings correspond
to the different energy shells. Here Kα corresponds to a decay from the L shell towards
the K shell, Kβ corresponds to a decay from the M shell towards the K shell and Lα
indicates the decay from the M to the L shell.

the preselected line.

3.2.4 Lithography and resists

There are two types of lithographical techniques used in this thesis, optical and electron
beam (e-beam) lithography. The optical lithography is restricted to the wavelength of
the light being used and is therefore limited for fabrication down to the scale of the
micrometers, whereas (in our case) the e-beam can go down to the nanoscale. Both
processes are similar; they start for example with a semiconductor substrate as Si or
GaAs. Afterwards the substrate is coated with a substance, sensible to the exposure,
known as resist. The resist is then exposed to define the desired structure with UV
light or e-beam. The differences in both process lies in the fact that larger areas can
be exposed in a single shot by UV compared to e-beam litography.

3.2.5 Material removal

The removal of material can be characterized by two features, namely isotropy and se-
lectivity, which will be explained using figure 3.6. In this figure a part of the substrate
is protected by a masking layer. If the material is removed isotropically, as shown in
figure 3.6 a), the local removal rate is equal in all directions. In the case of anisotropic
removal, there is a preferential direction, as shown in figure 3.6 b). There are several
methods possible to remove material. However, we will put our attention to wet etch-
ing which is the method we used in this thesis, together with the FIB discussed in
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Figure 3.5: Typical EDX spectrum is shown. The different elements in the spectrum
are identified by means of the microanalysis software EDAX.

subsection 3.2.1.

Figure 3.6: Two approaches for the removal of material. In general we can distinguish
between a) isotropic and (b) anisotropic removal of material, where the resulting etched
layer is shown in the figure. Taken from [8].

Wet etching

In a wet etching process, the substrate is usually inmersed in a bath of the etchant, or
the etchant is directly applied to the surface. In this thesis we use it for the so-called
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lift-off process and in the fabrication process of the nano-stencil where an insulator
layer (SiO2) is selectively etched to create an undercut.

Lift-off

When we deposit material it covers the entire sample including the resist. The addi-
tional material has to be removed in such a way that it does not affect the patterned
structure. The wet etching (removal) of the resist is done by dipping the sample in
acetone for a few minutes.

Creating undercut in insulating layer

For the creation of an undercut in an insulating layer, a wet etch with high selectivity
for the insulating material needs to be realized. In our case the insulating layer is SiO2

and the corresponding etchant with high selctivity is Hydrofluoric acid (HF ). The etch
rate depends on the etching time, the concentration and also the replenishment of the
etchant.

3.3 Magneto-Optic Kerr Effect (MOKE)

The Magneto-Optic Kerr Effect (MOKE) is the study of the reflection of polarized
light by a material sample subjected to a magnetic field. The reflection can present
several effects as a rotation of the direction of polarization of the light (Kerr rotation),
introduction of ellipticity in the reflected beam and a change in the intensity of the
reflected beam.

MOKE experiments can be performed in three different geometries, the polar, longi-
tudinal and transverse geometries, shown in figure 3.7 a), b) and c) respectively. These
geometries arise from the direction of the magnetic field with respect to the plane of
incidence and the sample surface. In our case we will use MOKE experiments to de-
termine if the magnetization of our sample is out-of-plane or not. For this we will use
the polar MOKE this is also the only geometry where we can observe MOKE at a
normal incidence. If the magnetization is out-of-plane we should be able to measure
the corresponding hysteresis curve. For more detailed information on MOKE, refer to
the master thesis presented by Kuiper [19].
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(a) (b)

(c)

Figure 3.7: MOKE can be categorized by the direction of the magnetization vector
with respect to the reflecting surface and the plane of incidence.



Chapter 4

Critical points for spin-transfer
torque (STT) device fabrication.

In the following section we will point out the difficulties behind STT device fabrication.
As the STT devices are of limited size, in the order of tens of nanometers, a lot of
problems are related to this scale. New, exciting features are seen at this scale which
requires new adjustments for the STT device to work. These new conditions will have
consequences to the fabrication process. In the following we will discuss the critical
steps encountered during the fabrication process.

4.1 STT device challenges

To understand the difficulties we may encounter during the nano-stencil fabrication
process we will introduce the process step-by-step. The idea is to make a nanometric
template which we will use to determine the lateral dimensions of the STT device by
depositing material through the template. We split the process in two: the fabrication
of the stencil and the actual deposition of the material creating the STT device.

4.1.1 Fabrication of the stencil

The stencil is made by creating an undercut in a trilayer consisting of two leads sepa-
rated by an insulating layer. In figure 4.0 the critical steps in defining the nano-stencil
are shown. The steps we need to take are:

1. The deposition of the trilayer, shown in figure 4.0 (a).

2. Milling an opening in the trilayer, shown in figure 4.0 (b).

3. Selectively etching of the sandwiched layer, shown in figure 4.0 (c).

36
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(a)

(b) (c)

Figure 4.0: Schematical representation of the critical steps in defining the nano-stencil.
(a) The first step in the process is defining the bottom and top electrode, separated
by an insulating layer. (b) Then, the opening of the nano-stencil is created by locally
removing the top electrode. (c) Hereafter an undercut is created in the insulating layer
to clear the bottom contact under the opening. Adapted from [8].

We will describe in detail the critical points encountered in these steps:

� The growth of the electrodes and the insulating layer

To enhance the electrical contacting, smooth and well defined layers are desired.
This makes the actual growth of the electrodes a critical step. We need to have a
good conducting top and bottom electrode isolated from each other. This is done
by separating both electrodes with a good insulating layer. There are different
possibilties for a good conducting electrode. However in our case we also want
the electrode to withstand the selectively wet etching of the insulating layer. This
condition makes Pt the most suitable for the electrodes. As said, the insulating
layer will be selectively etched and the insulating material we can use for this is
silicon oxide (SiO2) that by means of Hydrofluoric acid (HF) can be etched. SiO2

is an excellent insulator and therefore can properly isolate both electrodes.

The electrodes are designed by a lithographic process, the design for an inidvual
electrode is shown in figure 4.1 (a). The electrode has two pads connected with
a lead as indicated in the figure. The pads need to be large enough for the use
of contact probes or for wire bonding and the leads small enough to minimize
the probability for shunting between electrodes to ocur. The resistance measure-
ments should be from the STT device grown inside the nano-stencil, therefore
the best configuration should allow four points measurements. This measurement
technique eliminates the contribution from the contact resistances and effectively
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(a) (b)

Figure 4.1: Design of the electrodes. (a) Here we see an inidividual the design of the
bottom electrode with large pads and smaller leads. The pads will be used for resistance
measurements. The square in the middle indicates the area where the SiO2 will be
grown. The three crosses are mark points used for alignment during the lithographic
process. (b) The top electrode is located perpendicular to the bottom electrode and
overlapping at the center on top of the SiO2 layer. The overlapping area is the defined
working area.

measures the resistance fo the STT device. In order to allow four points mea-
surement we design the electrodes to be perpendicular to each other as shown in
figure 4.1 (b).

The area of the intersection of both electrodes will be our working area and it
will be this area that needs to be small enough to minimize the probability for an
electrical shortcut to occur. We need to isolate both electrodes around this area.
For this reason the insulating layer is located between the two electrodes .

� Creating the nano-stencil opening

The opening created in the nano-stencil will determine the lateral dimensions of
the nanopillar grown inside the nano-stencil. This opening needs to penetrate
the top electrode but leave the bottom electrode intact as shown in figure 4.0
(b). The critical point here is to control the dimension and shape of the opening,
since the shape will directly influence the magnetic properties of the nanopillar in
terms of its shape anisotropy. The shape anisotropy is mediated by the dipolar
interaction. This interaction is long range and its contribution depends upon the
shape of the sample. We can use this to control the magnetic configuration of
our nanopillar by creating the opening with a shape that induces a preferential
magnetic configuration on the nanopillar grown inside the nano-stencil. We will
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discuss this in depth when we explain the procedure for milling the opening.

� Making an undercut in the insulating layer

The next step of the nano-stencil fabrication process is creating the undercut in
the insulating layer as shown in figure 4.0(c). The purpose of this is to create an
opening between top and bottom electrode where the desired STT nanopillar can
be grown into. The undercut needs to be big enough to locally clear the electrodes
and small enough to assure structural integrity for the electrodes. The critical
factor here is to control the wet etching in such a way that we can control the
width of the undercut by relating it to the wet etch parameters. As a result we
need a systematic study to obtain the exact relationship between both. Detailed
results for this step will be presented in the next chapter.

Growth of the desired STT device

The schematic representation for the growth and electrical contacting of the STT de-
vice in the nano-stencil is shown in figure 4.2 (a) and (b), respectively. The critical
point is controlling the growth inside the nano-stencil, and therefore the relation be-
tween incoming material and the actual dimensions of the STT device needs to be
known. Contacting the STT device to the top electrode is essential to perform the
measurements. We discuss both point in the following.

(a) (b)

Figure 4.2: Schematical representation of the critical steps in the growth and contacting
of the STT device inside the nano-stencil. (a) After the nano-stencil is fabricated, the
desired STT device is grown inside the the nano-stencil. (b) The deposited nanopillar
is contacted to the top electrode. Adapted from [8].

� Growth of the nanopillar inside of the nano-stencil

Once the opening on the top electrode is defined and the undercut is created,
the STT nanopillar can be deposited inside the nano-stencil. This is the process
shown in figure 4.2 (a). The critical point here is knowing the exact structure
grown inside for a certain amount of material deposited onto the stencil. For
this Janssen in chapter 6 of his thesis [8] simulated the growth inside the stencil
and obtained the actual amount of deposited material for each layer considering
a certain incoming material flux. We will use these results for our first tests.
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� Contacting the nanopillar device

The last step of our fabrication process is contacting the STT nanopillar grown
inside the nano-stencil to the top electrode as shown in figure 4.2(b). The critical
point here is to only contact the STT nanopillar and avoid electrical shortcut
between electrodes. The only contact between electrodes needs to be through the
nanopillar.

In the following chapter we will show the results we obtained in our attempts to
adress these critical points. We will use the the same order to explain the critical
points as presented in this chapter.



Chapter 5

Results

In this chapter we present the results for our nano-stencil fabrication. In figure 5.1 a
schematic view of the cross-section of the nano-stencil is shown. The opening is milled
with the FIB. The depth is indicated by d, w indicates the width of the selectively etched
undercut and x indicates the distance from the dahsed black line, located perpendicular
beneath the Pt top electrode, towards the etched side. In this chapter we show results
for the electrode definition, we discuss the milling of the opening including results
controlling the depth d. The selective etch is systematic studied, showing control in
creating the width w of the undercut. The growth of the STT device as well as a
method to optimize the STT device is discussed.

Figure 5.1: Here a schematic view of the cross-section of the nano-stencil is shown. The
opening at the top electrode is made with the FIB and the SiO2 is selectively etched.
Here d stands for the milled depth and w indicates the undercut width.
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5.1 Electrode definition

We need to define the electrodes carefully as discussed in the previous chapter. For the
lithographic step we used EBL, see section 3.2.3. We decided for EBL because it allows
us to modify each sample for testing samples with different parameters (dimensions,
shape, etc) on the same substrate.

Figure 5.2: SEM image of the structure. The two electrodes are perpendicular two
each other enabling resistance measurements on the pads. The working area is the
overlapping area of the two electrodes. The two electrodes are isolated from each other
by the SiO2 layer sandwiched between them.

In figure 5.2 we show a SEM image of the complete structure with the trilayer in
the working area, defined in the previous chapter, together with the dimensions of the
starting structure. As we showed in the design of the electrodes presented in figure
4.1, the pads are big enough for resistance measurements by contact probes or by
wire bonding and the leads small enough to minimize the probability for an electrical
shortcut to ocur. The materials used for the electrode was Pt due to its ability to
withstand the wet etching and its conducting properties. In this example, figure 5.2,
the SiO2 is not centered as in figure 4.1 due to a small misalignment with the EBL.
Despite this small missalignment it still effectively isolates both electrodes around the
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working area. The resistance for each contacts were found to be around ∼ 8Ω as
expected from the bulk resistivity of Pt and geometry.

5.1.1 Milling the opening

(a) (b)

Figure 5.3: If the distance x is too large the growth will be as in a) and if it is too short
the profile of the material grown is expected to be as in b)

If we go back to figure 5.1, where a schematic view of the cross-section of the nano-
stencil is shown, and instead of the FIB we consider an incoming material flux entering
the nano-stencil, then the dashed red line indicates the maximum distance at which the
fluxed material can enter the nano-stencil depending on the incoming flux angle. So,
depending on the length of x, fixed by the incoming flux angle, we will have different
growth profiles. The undercut determines the growth of the nanopilar inside the sample
as can be seen from the figure 5.3. However, the shape of the nanopillar will depend
on the shape of the opening. This fact can be used for our convenience as the shape of
the nanopillar is capable of influencing its magnetic properties. Although our sample
is not perfect, in the sense that the magnetization is not distributed homogenously
over the sample, we can understand how shape can influence the magnetic properties
by looking at homogeneous magnetized samples. Ellipsoidal magnetized materials are
such materials and have been studied extensively over the years as they have been
shown to have a preferential magnetization direction induced by its ellipsoidal shape.

Figure 5.4: a) Internal magnetizations within a ferromagnet. b) Generation of an iden-
tical external field from a series of surface monopoles. c) The internal demagnetizing
field resulting from the surface monopoles. Adapted from [20].

Consider an ellitpical feromagnet (FM) as shown in figure 5.4 a). The arrows
indicate the magnetization direction. These vectors produce a magnetic field external
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to the FM that is proportional to its magnetic moments. This external field is identical
to the magnetic field that are produced by magnetic poles distribuited over the FM
surface; these surface poles are shown in figure 5.4 b). The surface poles not only
create an external magnetic field but also an internal field, shown in figure 5.4 c) by the
vectors inside the FM. This internal field, oposing the direction of the magnetic vectors
from 5.4 a) is called demagnetization field Hd. It is this field that will determine the
preferential direction.

The demagnetization is seen to be proportional to the applied external field:

Hd = NdM (5.1)

were Nd is the demagnetization factor and depends only on the shape of the sample.
In fact, the demagnetizing factor depends on the orientation of M within the crystal
and therefore is a 3× 3 tensor.

By knowing the shape of the sample and the applied magnetic field the demag-
netization field can be determined. The demagnetization factors for different limiting
cases of the general ellipsoid and other geometries have been calculated previously by
various researches [21, 22, 23, 24, 25]. The demagnetization factors for a general ellip-
soid obeys N11 + N22 + N33 = Nx + Ny + Nz = 1. Where Ni is the demagnetization
factor in the direction i. This tells us, that for the case of the nano-stencil opening, the
demagnetization factors are fixed to the minor and major axis of the elliptical opening
and can therefore be tuned easily. This allows control of the magnetic properties of the
nanopillar induced by sputtering through this elliptical opening.

With the FIB we created several elliptical openings at the working area. These
ellliptical openings have an aspect ratio of approx. 3:1 for the major and minor axis
as can be seen in the SEM image of figure 3.3 where we added the dimensions of the
ellipses. We choose this aspect ratio for the initial test, and, as stated before, can be
adjusted if needed to adjust the magnetic configuration of the STT nanopillar. The
insulating SiO2 layer can be identified at the middle of the elliptical opening. As less
secondary eletrons are detected, this part is shown darker than the rest of the image.

To create these openings we need to have full control of the FIB, see section 3.2.1,
indicating the trajectory the beam has to follow and the time it has to spend at each
point. To do this we used so-called streamfiles where each of these points can be ad-
dresed and the dual beam system follows the given data. In these streamfiles we also
can specify the total milling time. This total milling time will determine the total depth
for the elliptical opening.

To control the total depth of the nano-stencil opening during milling we use energy
dispersive x-ray (EDX), see section 3.2.2. The followig steps are taken:

1. We mill the opening for a certain amount of time and make a line scan over the
elliptical opening.

2. In order to have a systematic study of the optimum milling time we analyze the
corresponding EDX spectrum. This will tell us the materials still present after
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each milling step. By looking specifically at the amount of Pt in our sample, we
have a time-resolved picture of the milling process.

(a) (b)

Figure 5.5: In a) we see a SEM image of the ellitpical opening together with a schemat-
ical cross-sectional view of the nano-stencil; the vertical dashed lines indicate the cor-
responding location of the SEM image. In b) the EDX signal of SiK, coming from the
SiO2 layer and substrate, is shown at the top graph; the EDX signal of PtM, coming
from the electrodes, is shown at the bottom graph.

In figure 5.5 a) we see a SEM image of the ellitpical opening together with a
schematical cross-sectional view of the nano-stencil; the vertical dashed lines indicate
the corresponding location of the SEM image. The horizontal dahsed line indicates
the line scan. In figure 5.5 b) the EDX signal of SiK, coming from the SiO2 layer and
substrate, is shown at the top graph and the EDX signal of PtM coming from the elec-
trodes, is shown at the bottom graph. As we mill the nano-stencil, the amount of PtM
signal detected lowers as a consequence of milling the electrodes. At the same time
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the amount of SiK signal increases as we are getting closer to the SiO2 and substrate.
The average EDX signal at the plateau will indicate the average amount of EDX signal
obtained for this specific total milling time.

In order to obtain the desired milling time, the one at which we reach the SiO2

layer, we made several elliptical openings with total milling time ranging from 0.1 to
1.7s with steps of 0.1s. and plotted the average Pt signal in figure 5.6 a). As reference
we added in figure 5.6 b) the depth in the nano-stencil for each time region. In region
I the Pt signal decreases until it reaches the insulating layer; at this layer the Pt signal
maintains constant as the bottom electrode is not being milled, no Pt is milled. This
corresponds to the plateau seen in region II. After penetrating the insulating layer the
second electrode is reached and starts to be milled, therefore the amount of Pt signal
decreases again corresponding to region III. Beyond region III, only Si is present as the
second Pt layer is completely milled we only have the Si substrate generating signal.
From these results we can consider the desired total milling time to be around the 0.4
seconds. We will use this milling time to optimize the undercut in the next section.

Figure 5.6: a)The EDX signal for Pt is shown as function of the total milling time.
Total milling times ranging from [0.1-1.7] seconds in steps of 0.1 seconds. Three different
regions I, II and III can be distinguished. b) Here the corresponding location of the
beam in the naostencil is shown for each time region.
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5.2 Creating the undercut

We showed to have full control over creating the elliptical opening. The next step
is to make the undercut and control its width in terms of the wet-etch parameters.
We define the width of the undercut as the distance from the center of the elliptical
opening towards the etched side of the minor axis as shown in figure 5.7. We use 1%
hydrofluoric acid (HF) to selectively wet etch the SiO2 layer.

Figure 5.7: Definition for the width of the undercut, we defined this as the distance
from the center of the elliptical opening towards the etched side of the minor axis.

We proceed by making several samples where we made elliptical openings with 0.4
seconds of total milling time. Each of these samples was dipped in 1% HF for different
times which we will call etching time. During this time the SiO2 will be selectively
etched away. For each sample we determine the undercut width by making cross sec-
tions and directly measuring the width. Realizing a systematic study of the width
growth for increasing etching time is thus time consuming.

In figure 5.8 we show a SEM image with a series of elliptical openings where we
selectively etched away the insulating layer. The surrounding dark area corresponds to
less secondary electrons coming from the sample due to the etched away SiO2 inside
the nano-stencil. The SEM image was taken at an 520 angle where the ion beam is
perpendicular to the sample. On the sides of the nearest opening we see that rectan-
gles have been milled away. The reason to create these opening is to define the lateral
dimension of the cross section. Between these two rectangles we will be creating the
cross section. At the edges of these rectangles we see how the ion beam can affect the
Pt, by implanting Ga+ ions , and re-deposition on top of the sample when high current
is used. The rectangles are made at a distance far enough to not affect the elliptical
opening. The cross section is made by slicing from the front horizontal opening towards
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the elliptical opening (the nano-stencil). A high FIB current is used at first to fasten
the process and when approaching the nano-stencil the lowest FIB current is used to
avoid affecting surrounding areas.

Figure 5.8: SEM image of FIB milled ellipses with a milling time of 0.4 seconds. At
both side of the nearest ellipse a small area is milled away. Starting from the front of
the ellipse by slowly slicing small areas away one obtains a cross sectional view of the
ellipse.

In figure 5.9 we see a sequence of 6 images corresponding to different stages con-
cerning the slicing of the nano-stencil where we selectively etched for 4 minutes. In
this example the FIB current used to get to the elliptical opening was too high, notice
the area around the elliptical opening where no milling should have ocured has been
damaged. We will call this area the affected zone. Notice the different magnification
factors and scales between the images.

In image 1 from figure 5.9, we observe the elliptical opening with its undercut and
the affected zone by the beam. The two Pt layers, Pt1 top electrode and Pt2 bottom
electrode, can be distinguished from the insulating layer in between and the substrate
(we denoted the area with the corresponding element). This is exciting on itself as we
are talking about a nano-stencil of not more than 90 nm in total height. In the middle
of the nano-stencil we observe a small crater formed as a consequence of milling the
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Figure 5.9: Serie of SEM images showing the slicing of the ellipse at different stages.
Notice the different magnification factors and scale between the images. The undercut
was created by HF etching during 4 min.

second Pt layer. This indicates the chosen milling time to be too high. However, from
EDX analysis, we see that despite of reaching the second Pt layer we it does not go
into the SiO2 substrate.

In image 2 we have zoomed out and by using a small current (low speed) we con-
tinued milling towards the opening. We see that we advanced further to the midpoint
of the elliptical opening by looking at the second Pt layer (Pt2 indicated in image 1).

In image 3 we see, due to the rectangular profile of the undercut, that we have
advanced further towards the midpoint.

In image 4 we notice, looking at the oposite side from where we are milling, that
despite of milling with the low (not the lowest) speed the affected zones changes.

In image 5 we zoomed in again and advanced further towards the center of the
elliptical opening. We notice that the top Pt layer breaks at the midpoint. This is due
to the stress that is build up during milling. The crater in the middle of the second Pt
layer is now completely exposed.

In image 6 we zoomed in even further and already reached the mid point of the
elliptical opening. The part that was lifted up still maintains in that way. The affected
zone has become more damaged compared to the previous image but the width of the
nano-stencil itself maintains well defined.
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From these series of images we can conclude that cross sectioning gives useful in-
formation on the structure of the nano-stencil. Also the different layers can be dis-
tinguished. The undercut does not suffer any changes during the process allowing a
precise measurement of the width.

In figure 5.10 we see a SEM image of the cross section for our nano-stencil where we
used a HF ething time of 5 minutes. Notice that in contrast to the previous sequence
of images here the surrounding area is unaffected by the ion beam indicating that the
lowest FIB current is used during the cross sectioning. Still the same 0.4 s milling time
was used, so again we see the crater at the middle of our nano-stencil.

Figure 5.10: a) SEM image with the cross sectional view of a FIB milled ellipse with
a milling time of 0.4 seconds and 5 min selective wet etching. The different material
seen are indicated. The width is defined from the center towards the longest distance
to the side, as indicated by the red arrow. In the red square we added an inset of the
structure in a prior state.

For a systematic study, we vary the selective etching time and measure the corre-
sponding width. In this way we can estimate the time needed to selectively etch our
sample to obtain a certain width. The results are shown in figure 5.11. If the etching
occurs isotropically we expect that by increasing etching time the width will also in-
crease, thus a linear relation between both. A linear tendency is added to the results
shown in figure 5.11to emphasize this behavior.

From figure 5.11 we see that indeed the relation between HF dip time and nano-
stencil undercut width tends to be linear. In our case we want the nano-stencil to be
structural stable and its undercut needs to have a width for growing nanopillars with
lateral dimensions of typically less than 250 nm. Therefore we choose a HF dip time
of 2 min, where we know the selectively etched undercut is structural stable, from the
cross-sections, and having ± 300 nm width. This should give enough space for the
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nanopillar growth as we will discuss in the next section.

Figure 5.11: Results for the nano-stencil undercut widths obtained by using different
etching times.
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5.3 Growth inside the nano-stencil and contacting the
nanopillar to the top electrode.

The growth inside the nano-stencil was modeled in the thesis presented by Janssen[8].
In figure 5.12 we see at the top, the EDX results for a sample with two non-structured
electrodes consisting of 20 nm Pt layers separated by an 50 nm SiO2. Inside the 300
nm (diameter of the circular opening) nano-stencil, Co60Fe20B20 was sputtered with
calibrated thicknessses varied from 10 to 70 nm. The bottom graph in figure 5.12 are
results from the simulation, based on the model proposed by Janssen. This model uses
an elliptical cone based geometry for the nano-stencil and for the incoming flux the
sputtering technique considers a sine law for the polar angle. From theses two graphs
we see that the lateral dimensions of the grown Co60Fe20B20 nanopillar is around the
200 nm. Janssen, obtained a 550 nm undercut for the 300 nm nano-stencil. This
indicates that the width of the undercut, previously defined in figure 5.10, was thus of
275 nm. The 2 minutes wet etching we have chosen, will give an undercut of ± 300 nm
giving enough space for the growth of such nanopillar.

Figure 5.12: In the graph at the top, the EDX results for a sample with two non-
structured electrodes consisting of 20 nm Pt layers separated by an 50 nm SiO2 is
shown. Inside the 300 nm (diameter of the circular opening) nano-stencil Co60Fe20B20

was sputtered, with calibrated thicknessses varied from 10 to 70 nm. The bottom graph
shows results from the simulation, based on the model proposed by Janssen [8].

For our first test to make the full STT device in the nano-stencil we used the re-
sults obtained in the previous sections. We used the 0.4 seconds of milling time for the
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elliptical opening and with 2 min of selectively etching the insulating layer with 1% HF
solution. Instead of depositing a multilayered sample we start simpler by depositing a
single material. To fill the nano-stencil we have initially chosen cobalt (Co) for its con-
ducting and magnetic properties. For this process, we need to introduce an additional
EBL step and subsequent lift-off after sputtering to eliminate the material grown on
top of the samples surface.

Each fabrication steps has been verified and controlled successfully to the point of
electrical contacting. We lacked the amount of samples to follow a systematic study on
the contacting. We were able to test one sample where we started making 18 elliptical
openings in a single sample in which we sputtered Co. Unfortunately; this sample did
not show the expected results. The resistance measurements indicated that no con-
tact was realized between the sputtered Co and electrodes. Tests on more samples
are required. Nevertheless, the presented fabrication method shows promising results
for STT device fabrication as we can have full control on most of the fabrication process.

5.4 Optimization of the Nanopillar

For the first contacting tests we deposited Co in the nano-stencil. However, we also
realized a study on the feasibility of obtaining out-of-plane magnetized layers by sput-
tering. In chapter 2 we saw that the spin-torque is maximized when the magnetization
of the fixed and free layer are perpendicular to each other. If we can make the fixed
layer an out-of-plane magnetized layer, then additional to having stronger magnetic
anisotropy we can obtain a stronger spin-torque effect. The most common material
choice to obtain out-of plane magnetized layers is Co/Pt. In these layers the perpen-
dicular anisotropy is sufficient to overcome the shape anisotropy at small dimensions.
The problem lies that the incorporation of Pt at the interface leads to high spin scat-
tering (Potential) reducing the spin-torque efficiencies.

One way to overcome these problems is to add an additional magnetic layer hav-
ing a magnetization in the opposite direction (coupled synthetic antiferromagnet) and
reducing the high spin scattering. In order to increase the spin torque effect in our
future spin torque devices we analyzed the effect of adding such a layer by means of
MOKE measurements, see section 3.2.5. The additional magnetic layer will be Ni and
because we only want to know if it is possible to obtain out-of-plane magnetized layers
we present the result for one sample in which it is achieved.

G.H.O. Daalderop et al. [26] realized a study on how to obtain perpendicularly
magnetized Co/Ni layers by sputtering. In their investigation they used thicknesses of
3Å for Co and 6Å for Ni. We will use the same thickness for these magnetic layers and
sandwich them between two Pt layers; the grown sample is Pt|40Co|3Ni|6Pt|20 with
the layer thickness indicated in Å. Although we used a Pt capping layer we can make
this layer very thin maintaining the strong out-of-plane anisotropy and having less spin
scattering compared to Co/Pt.
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The results for the polar MOKE measurements of the Kerr rotation is shown in
figure 5.13 with the external field applied perpendicularly to the plane. Here we observe
the corresponding hysteresis curve indicating that the sample effectively has an out-
of-plane magnetization. The studied layer could be used for future STT nanopillars
grown in the nano-stencil.

Figure 5.13: Results for the polar MOKE measurements for sample Pt|40Co|3Ni|6Pt|20.
The signal for the Kerr rotation represents the hysteresis curve of the sample showing
a coercive field of 10 mT .



Chapter 6

Conclusions and outlook

6.1 Conclusions

In this thesis we studied the feasibility of making spin-torque devices by a modified
nano-stencil fabrication process. In the introduction, chapter 1, we introduced the con-
cept of spin transfer torque (STT) and the nano-stencil fabrication process.
In chapter 2 we presented the theory for STT. We described the role of STT in the
magnetization dynamics. Here we saw that STT can induce a constant processional
motion as well as magnetic switching. Then we presented a theory describing STT
in diffusive systems the so-called Zang, Levy and Fert (ZLF) theory. By means of an
example, where we applied the theory to a simplified SV structure, we extracted in-
formation on how to enhance the STT effect. We saw that we can maximize the STT
effect if the angle between the fixed and free angle is 90 degrees. From the ZLF theory
two torque components were derived; an in-plane and an out-of-plane torque. Both
components can be of similar strength, however the out-of-plane torque vanishes faster
than the in-plane torque and can have important contributions in ballistic systems.
In chapter 3 we presented the experimental toolbox with all the fabrication and char-
acterization tools used in this thesis. In here we described the sputtering deposition
technique used for the deposition of the multilayer, the dual beam system from which
we use the focused ion beam (FIB) as a milling and imaging tool, the electron beam
(EB) for lithography and as scanning electron microscopy (SEM) to make SEM images.
The gas injection system of the dual beam system is only used to deposit material on
top of the sample for contrast enhancement. We are also able to perform energy dis-
persive spectroscopy (EDS), which we use to identify materials in our sample and also
allow control over the milling depth in our nano-stencil. Material removal was shortly
discussed presenting the wet etching and lift-off techniques. Finally a short introduc-
tion to the Magneto-Optic Kerr Effect was given, a technique we used to verify if our
sample has an out-of-plane magnetization.

In chapter 4 we present the critical points for our nano-stencil fabrication process.
In this sense we discussed the following points individually:

� The growth of the electrodes and insulating layer.
Here, we presented the design for the electrodes and insulating layer and a moti-
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vation for the materials used. We argued that Pt would be a good choice for the
electrodes as it can withstand the etchant used for the insulating layer which was
chosen to be SiO2.

� Creating the nano-stencil opening.
Here we discussed the need to have a good control over the depth and shape of the
opening to be created in the nano-stencil. We concluded that we need to find a
shape that can induce a tunable preferential magnetic direction in the nanopillar.

� Making an undercut in the insulating layer.
We discussed here the need to control the width of the undercut in terms of
the wet etch parameters. We concluded that a systematic study to obtain this
relationship is requiered.

� Growth of the nanopillar inside the nano-stencil.
Here the critical point is knowing the exact growth of the nanopillar inside the
nanopillar. We concluded to use the results from the simulations presented by
Janssen [8] for the growth in the nano-stencil.

� Contacting the nanopillar device.
We concluded that at the nanoscale we have higher probability for electrical shorts
to occur between electrodes of the nano-stencil. The critical steps is to avoid these
electrical shorts.

In chapter 5 we present the results for the critical points for our nano-stencil fabri-
cation process. In this sense we discuss the following points individually:

� The growth of the electrodes and insulating layer.
Here we presented our initial trilayer strucure with the previously defined shape
for the leads and pads of the electrodes. The electrodes were shown to be good
conductors having a resistance of ∼ 8Ω.

� Creating the nano-stencil opening.
We concluded that the best geometry for the opening would be an ellipse since
it has a strong shape anisotropy that is well studied and can easily be controlled
by changing the ratio between major and minor axis. Experimental results in
creating an elliptical nano-stencil opening were presented.
The total milling time was obtained by performing a systematic study on how
the Pt EDX signal varied at each total milling time. From here we concluded
that a total milling time of 0.4 seconds is enough to penetrate through the top
electrode and leave the bottom electrode intact.

� Making an undercut in the insulating layer.
The systematic study to obtain the relationship between etching parameters and
undercut width is presented. The undercut width was measured by making cross
sections of the undercuts and directly measuring the width for each etching time.
Considering the structural integrity for the nanopillar to be grown inside the
nanopillar we concluded that a 2 minute hydrofluoric acid etching time is sufficient
to obtain the desired undercut.
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� Growth of the nanopillar inside the nano-stencil and contacting the
nanopillar device.
By considering the results from the simulations performed on the growth inside
the nano-stencil [8] we estimated the amount of Co to be deposited to make
contact from bottom to top electrode. In our first attempt we did not obtain
satisfactory results and concluded that we need to make a more systematic study
on the last step prior to the deposition of Co. We also added the results on ob-
taining an out-of-plane magnetized layer from Co/Ni that is a possible candidate
to be the fixed layer for future nanopillars to be grown inside the nanopstencil.
With MOKE measurement we showed that we are able to obtain this out-of-plane
magentized layer by sputtering.

6.2 Outlook

The contacting is still an issue; we tried to fill the nano-stencil with Co, however,
without proper results. Unfilled nano-stencil on the same sample showed values close
to the electrode resistance meaning that something went wrong during the fabrication
process. Most probably the last material removing steps is more critical than expected
and would require a systematic study in order to confirm this hypothesis. After con-
tacting we propose the growth of a GMR structure. With the GMR structure in our
nano-stencil we could investigate the different features concerning STT switching. In
the following an overview of steps to be undertaken is given.

� A systematic analysis of the contacting is needed, we realized only 1 measurement.

� After contacting the Co, a GMR stack as for example Co/Cu/Co, could be grown
inside the nano-stencil; the contacting should be verified again as well as the
magnetization variation upon applied DC current (STT switching).

� Once STT switching is obtained the shape anisotropy could be varied to find the
optimum ratio between the major and minor axis for which the threshold current
is minimum. Also the thermal stability can be studied as function of this ratio.

� The inclusion of a perpendicular polarizer is seen to reduce the switching speed
and field in ST-RAM [27]. Therefore with the Pt/Co/Ni/Pt we analysed we could
explore this effect and see how it affects the oscillating regime.

� If contacting of the GMR stack with the electrodes cannot be achieved, a point
contact configuration could be tried, see figure 6.1, in which instead of contacting
the whole sample to the top electrode only a tip of a small diameter typically
in the order of 10 − 100 nm, is contacting the GMR stack. We will discuss the
fabrication process for this configuration. In figure 6.2 we show the fabrication
process for these type of devices. The starting structure is similar as for the nano-
stencil method previously described in this thesis. On top of the bottom electrode
we will grow our GMR stack. This can be done by spin coating PMMA on top
and define the area where we want to deposit our GMR stack by doing a EBL
step. Afterwards the stack is sputtered and with a lift-off we have the bottom
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electrode with the GMR stack. On the whole sample SiO2 can be sputtered to
isolate the electrodes which is shown in step 1) of figure 6.2. The actual point
contacting is defined by the aperture of the SiO2 that need to be in the range
of 10− 100 nm depending on the application one wants to use. This of course is
the challenging part. For a more controlled etching buffered HF (BHF) etching
can be realized. A layer of PMMA has to be added before BHF etching, where
the size of the point contact with EBL can be defined, shown in step 2) of figure
6.2. The BHF etching will etch away the SiO2 and make a path to contact the
Pt electrode with the GMR stack, see step 3) of figure 6.2. After these steps we
can sputter the top electrode also orthogonal to the bottom electrode as in the
nano-stencil method as in step 4) of figure 6.2.

Figure 6.1: Schematical illustration of a point contact configuration.

We presented a number of investigation possibilities and an alternative contacting
method for our nano-stencil which could be realized in our investigation group. We
strongly believe that this fabrication process can be optimized even further with which
we will be able to fabricate STT devices allowing us to explore all spin-transfer torque
features in detail.
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Figure 6.2: Fabrication method for the point contact configuration. Starting structure
is the same bottom electrode as in the nano-stencil fabrication process. Step 1) involves
the sputtering of the SiO2. In step 2) the PMMA and subsequent EBL defining the
point contact are shown. Steps 3) to 5) show the sample with BHF etching, deposition
of the Pt and subsequent lift-off. Step 6 corresponds defining the top electrode, process
similar to the one realized in our nano-stencil fabrication process.
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Appendix A

Quantum origin of the LLG
equation

The Landau-Lifschitz-Gilbert (LLG) equation comes up naturally when considering the
time evolution of the expectation value for a spin in a quantum mechanical approach.
Let’s start analyzing the time evolution in the interaction picture proposed by Dirac:

i~
d 〈s〉
dt

= [〈s〉 ,ℵ] (A.1)

where 〈s〉 is the expectation value of the spin and ℵ is the interacting hamiltonian.
Let’s assume that the hamiltonian causing the time evolution of the spin operator is

due only to an interaction with an effective field to obtain firstly the Landau-Lifschitz
(LL) equation:

ℵ = −
gµB
~

s ·Heff (A.2)

This effective field contains the magnetic anisotropies and external fields. If we
assume it interacts in the whole space it will have 3 components:

Heff = Hxêx +Hy êy +Hz êz (A.3)

The spin operator also contains 3 components:

s = sxêx + sy êy + sz êz (A.4)

In this way the commutation relation in equation (A.1) can be decomposed in each
direction:

[s,ℵ] = [sx,ℵ] êx + [sx,ℵ] êy + [sx,ℵ] êz (A.5)

and,
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[sx,ℵ] = −
gµB
~

[sx, sxHx + syHy + szHz]

[sy,ℵ] = −
gµB
~

[sy, sxHx + syHy + szHz]

[sy,ℵ] = −
gµB
~

[sz, sxHx + syHy + szHz]

(A.6)

the spin operator is determined by the pauli matrices for spin 1
2 particles as:

s =
~
2
σ (A.7)

and holds their same properties:

[σi, σi] = 0→ [si, si] = 0 (A.8)
[σx, σy] = 2iεxyzσz

here εabc is the levi-civita symbol:

εxyz =


+1 if (x, y, z) is (1, 2, 3), (3, 1, 2) or (2, 3, 1)
−1 if (x, y, z) is (3, 2, 1), (1, 3, 2) or (2, 1, 3)

0 if x = y, y = z or z = x
(A.9)

With these properties the commutation relation becomes:

[sx,ℵ] = −
gµB
~

([sx, sy]Hy + [sx,sz]Hz) = −
gµB
~

(szHy − syHz)

[sy,ℵ] = −
gµB
~

([sy, sx]Hx + [sy, sz]Hz) = −
gµB
~

(sxHz − szHx)

[sy,ℵ] = −
gµB
~

([sz, sx]Hx + [sz, sy]Hy) = −
gµB
~

(syHx − sxHy)

(A.10)

and identifying the components as a cross product between s and the effective field
Heff :

ds
dt

= [s,ℵ] = −
gµB
~

s×Heff (A.11)

the magnetization (m) is related to the spin (s) through the following equation:

m = γs (A.12)

where γ = gqe
2me

=
gµ
B

~ < 0 is the gyromagnetic ratio.
Now the time evolution for the magnetization can be written as:

dm
dt

= − |γ|m×Heff (A.13)
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meaning that the magnetization will rotate around the effective field. This is the
so-called Landau-Lifschitz (LL) equation.

Gilbert added phenomenalogically an additional term αm× dm
dt to include the damp-

ing of the localized spin in the Hamiltonian to account for the energy dissipation in
nature which leads to the LLG equation:

dm
dt

= − |γ|m×Heff + αm× dm
dt

(A.14)



Appendix B

Charge current and spin current

To relate both charge and magnetization currents we start by considering the linear
response of the current to an electrical field. This can be described as the sum of Ohm’s
and Ficks’s law. We consider the current density to consist of the contribution of both
electric field acting on the accumulating spins and that the spins diffuses from regions
of high spin density to regions containing lower spin density. The equation representing
this linear response for the spin accumulation is:

̂(x) = ĈE(x)− D̂
∂n̂

∂x
(B.1)

where E(x) is the electric field ̂, Ĉ, D̂ and n̂ are the current, the conductivity, the
diffusion constant, and the accumulation at a given position, respectively.

The spinor form of these matrices are expressed as:

Ĉ = C0Î + σ ·C (B.2)

D̂ = DoÎ + σ ·D (B.3)

and

n̂ = n0Î + σ ·m (B.4)

where Î is the identity matrix, σ are the pauli matrices, 2n0 corresponding to the
trace of the first term, representing the charge accumulation and m corresponds to the
magnetization of the spin accumulation. By substituting equations (B.2), (B.3) and
(B.4) into equation (B.1) we’ll find the following expression :

̂(x) =
[
C0Î + σ ·C

]
E(x)−

[
DoÎ + σ ·D

] ∂ (n0Î + σ ·m
)

∂x
(B.5)

Now recalling the property of the pauli matrices that σ2 = Î we can separate the
current in two.; one originated from the charge contribution je = j↑+j↓, corresponding
to the trace of equation (B.1) and the other corresponds to the spin contribution js =
j↑ − j↓, which is obtained by taking the spinor projection of equation (B.1). The
resulting currents are:
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je = ReTr [̂(x)] = 2C0 − 2D0
∂n0

∂x
− 2D

∂m
∂x

(B.6)

jm = ReTr [σ̂(x)] = 2CE(x)− 2D
∂n0

∂x
− 2D0

∂m
∂x

(B.7)

For convenience the unit of e = µb = 1 is chosen, in this way both the electrical
and spin current have the same unit. In the case of transition metals one can define
the conductivity and diffusion in terms of the spin polarization represented by β and
β′, respectively (see section 2.2), not necessary equal. Specifically when the density
of states, the amount of spins in each spin channel for spin up and down electrons
are different, then β 6= β′. In terms of this spin polarization the expressions for the
conductivity and diffusion are :

C = βC0Md (B.8)

D = β′D0Md (B.9)

Here Md corresponds to the unitary vector of the local magnetization. Substituting
equations (B.8) and (B.9) into equations (B.6) and (B.7) gives :

je = 2C0 − 2D0
∂n0

∂x
− 2β′D0Md

∂m
∂x

(B.10a)

jm = 2βC0Md − 2β′D0Md
∂n0

∂x
− 2D0

∂m
∂x

(B.10b)

By multiplying equation (B.10a) by βMd and equation (B.10b) by −1 we can find
the expression for the magnetization current:

jm = βMdje − 2D0Md

[
β′ − β

] ∂n0

∂x
− 2D0

[
∂m
∂x
− ββ′Md

(
Md ·

∂m
∂x

)]
The first term on the right indicates the part of the charge current that contributes

to the magnetization current. The second term is related to the diffusion of the local
magnetization due to the charge accumulation. The third part has two contributions
one coming from the magnetization gradient and the other from the polarized magne-
tization gradient in the direction of the local moments.

However, we have no interest in the charge accumulation, because it will not con-
tribute to the torque on the local magnetization. Therefore, we neglect the term pro-
portional to ∂n0

∂x and consider only the parts containing spin accumulation, and define
the magnetization current due to spin accumulation as:

jm = βMdje − 2D0

[
∂m
∂x
− ββ′Md

(
Md ·

∂m
∂x

)]
(B.11)

This equation B.11 relates both magnetization and charge current as we wanted
and can be used to obtain the magnetization current in different regions of the system
being analyzed.



Appendix C

Spin accumulation dynamics

To obtain the spin accumulation dynamics we need to calculate the equation of motion
for the magnetization of the spin accumulation taking into account the interaction with
the local magnetic moments. This interaction is described by the following term:

Hint = −Jm ·Md (C.1)

where J is the interaction (or exchange) constant. With this interaction we can write
down the continuity equation for the spin accumulation. This equation tells us that
the sum of the rate at which the spins accumulate plus the spatial variation of spin
current flux stays in equilibrium with the perturbation of the spin accumulation due
to its interaction with the background magnetization and the posterior relaxation. It
reads:

∂m
∂t

+ O · jm =
1
i~

[m,Hin]− Γre(m) = −(
J

h
)m×Md −

m
τ sf

(C.2)

Here Γre(m) = m
τsf

is the magnetization relaxation with τ sf being the spin life time.
The cross product in equation (C.2) represents the precessional motion of the spins
around the effective magnetic field due to the s-d interaction. The accompanying con-
stant is a measure of the characteristic time for the precessional motion. The electronic
transport in a FM layer is diffusive as normally considered in GMR calculations. In or-
der for the spin accumulation to diffuse, the momentum relaxation τ should be shorter
than the characteristic time for the motion of the transverse component of the accu-
mulation ∼ h/J .

Using the expression obtained in equation (B.11) for the magnetization current we
can introduce two length scales. The spin flip length scale defined as λsf =

√
2D0τ sf

and the exchange length scale as λJ =
√

2hD0/J . The spin flip length which we
introduced previously in figure 2.3, is a very important length scale for applications
handling information as spins, because it indicates the length scale over which the spin
can ”store” information. With these two quantities the equation of motion for the spin
accumulation takes the following form:

1
2D0

∂m
∂t

=
∂2m
∂x2

− ββ′Md

(
Md ·

∂2m
∂x2

)
− m
λ2
sf

− m×Md

λ2
J

(C.3)
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This equation C.3 tells us how the magnetization of the spin accumulation that will
exert the torque on local moments moves in time and in space.



Appendix D

Simplified example: SV structure

To verify that the solution for the transverse mode is indeed the correct one we will
calculate the values for a and b explicitly. The simplest case is considered, where FM2
a thick half metallic FM layer with its spins pinned in a certain direction. The local
magnetization is denoted by M2

d = cos θêz − sin θêy and for FM1 M1
d = êz. The non-

magnetic (NM) spacer is considered ultra thin, see figure 2.4. In this example, if there
is no spin flip scattering, the spin current is conserved across this layer. Additionally,
we neglect spin-dependent reflection at the interfaces in order to simplify the boundary
conditions. In such a system we search for the solution of the spin accumulation in
the thin FM1 layer. Comments on how to approach a more realistic system will be
presented at the end of these calculations.

From equations (2.8) and (2.9) and assuming similar diffusion lengths λsdl for FM1
and NM we can obtain a general solution for the spin accumulation. In our model
the longitudinal component will be m// = mz(x)êz and the transverse component
m⊥ = mx(x)êx +my(x)êy. In this way the solution for the longitudinal component is
simply

m
′′
z (x)−mz(x) = 0→ mz(x) = G1e

−x
λsdl (D.1)

with G1 constant. For the transverse case we have that m⊥ ×M1
d = −mx(x)êy +

my(x)êx and therefore we obtain two coupled differential equations for the transverse
components in the x and y direction:

êx : m
′′
x(x)− mx(x)

λ2
sf

− my(x)
λ2
J

= 0 (D.2)

êy : m
′′
x(x)− my(x)

λ2
sf

− mx(x)
λ2
J

= 0 (D.3)

The explicit calculations to decouple these equations and solve them are shown in
appendix E here we only present the results:

mx(x) = G2e
− x
l+ +G3e

− x
l− (D.4)

my(x) = iG2e
− x
l+ − iG3e

− x
l− (D.5)
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we have defined 1
l−

=
√
α1 =

√
1
λ2
sf

+ i
λ2
J

and 1
l+

=
√
α2 =

√
1
λ2
sf
− i

λ2
J

. G2 and G3 are

both constants.

With these results and taking the appopriate boundary conditions (BC) into con-
sideration we are able to calculate the constants (G1, G2, G3). In our case without spin-
dependent reflections, we want the spin current to be continuous across FM2/NM/FM1,
which is considered in equation (B.11).

We will look at the spin current in each direction separately. In the êz direction
at FM1 ∂mz(0)

∂x = − G1
λsdl

and at FM2 ∂mz(x)
∂x = 0. The latter is an approximation from

FM2 being half metallic, hence, FM2 is fully spin polarized implying that in FM2 the
spin current is unchanged. Keeping the direction of the local magnetization in mind
M1
d = êz and M2

d = cos θêz we can write down the equation for the magnetization
current (equation B.11) valid in the area covering FM1 and FM2 in each direction
separately. By doing so we can divide the spin current in jm = jmx êx + jmy êy + jmz êz
and assure the continuity of the magnetization current in the whole sample. We will
show the results stepwise for the z direction and the remaining ones will be given
directly. The magnetization current in the region FM1 becomes :

j1mz = βje − 2D0

(
ββ
′ G1

λsdl
− G1

λsdl

)
(D.6)

In FM2 the resulting equation is:

j2mz = je cos θ (D.7)

The continuity can be assured by demanding that:

j1mz = j2mz (D.8)

βje − 2D0

(
ββ
′ G1

λsdl
− G1

λsdl

)
= je cos θ (D.9)

In the êy direction we have in FM1 that ∂my(0)
∂x = iG2

l+
− iG3

l−
and in FM2 ∂my(x)

∂x = 0.
The direction of the local magnetization is M1

d = 0 and M2
d = − sin θêy. In this way

we get:

2D0i

[
G3

l−
− G2

l+

]
= je sin θ (D.10)

In the êx direction we have in FM1 that ∂mx(0)
∂x = −G2

l+
− G3

l−
and again in FM2

∂my(x)
∂x = 0 . The direction of the local magnetization is M1

d = 0 and M2
d = 0. Thus:

− 2D0

[
G2

l+
+
G3

l−

]
= 0 (D.11)

From these three equations (D.9),(D.10),(D.11) we obtain the constants G1,G2 and
G3 :
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G1 =
je (cos θ − β)λsdl

2D0

(
1− ββ′

) (D.12)

G2 = −ije sin θ
4D0

l+ (D.13)

G3 = i
je sin θ

4D0
l− (D.14)

Now we can rewrite the spin accumulation as:

mx(x) = i
je

4D0

[
l+e
− x
l+ − l−e

− x
l−
]

(− sin θêx) (D.15)

my(x) =
je

4D0

[
l+e
− x
l+ − l−e

− x
l−
]

(sin θêy) (D.16)

Using the fact that M2
d ×M1

d = − sin θêx and that
(
M2

d ×M1
d

)
×M1

d = sin θêy,
the transverse component of the accumulation takes the following form:

m⊥ = − je
2D0

[
Im(l+e

− x
l+ )M2

d + Re(l+e
− x
l+ )×

(
M2

d ×M1
d

)]
×M1

d (D.17)

By comparing this equation (D.17) with equation (2.11) the constants a and b can
be determined. We want to consider the accumulation over the sample. Therefore an
average needs to be taken over 0 ≤ x ≤ tf , where tf is the thickness of the FM1 layer.
One finds:

a = − je
2D0tf

[
Im(l2+

(
1− e−

tf
l+

)
)
]

(D.18)

and

b =
je

2D0tf

[
Re(l2+

(
1− e−

tf
l+

)
)
]

(D.19)

We see that the two depend on the geometry of the sample, specifically on the thickness.



Appendix E

Transverse spin accumulation

In chapter 3 we presented the ZLF theory in which we calculated the equation of
motion for both the magnetization accumulation and local magnetization. Different
characteristic timescale for both dynamics allowed us to solve them separately. In order
to simplify our analysis we separate the accumulation in two components; a longitudinal
and transverse one. The solution for the longitudinal is straightforward, however we
obtained two coupled differential equations for the transverse component for which
the solutions are non trivial. In the following we solve these equations by utilizing
eigenvalues and eigenvectors. To see how, suppose we have the system X

′′
= AX and

let’s define:

X =
[
mx(x)
my(x)

]
→ X

′′
=
[
m
′′
x(x)

m
′′
y(x)

]
(E.1)

and,

Y =
[
r(x)
s(x)

]
(E.2)

then if P is the modal matrix of A, meaning it consist of constants then:

X = PY → X
′′

= PY
′′

(E.3)

substituting the original relation X
′′
= AX we have:

AX =PY
′′ → APY =PY

′′ → Y
′′

=
(
P−1AP

)
Y (E.4)

and from the properties of the modal matrix, the matrix
(
P−1AP

)
is a diagonal

matrix, thus if α1 and α2 are different eigenvalues of A then:

(
P−1AP

)
=
[
α1 0
0 α2

]
(E.5)

hence Y
′′

=
(
P−1AP

)
Y becomes:[
r
′′
(x)

s
′′
(x)

]
=
[
α1 0
0 α2

] [
r(x)
s(x)

]
(E.6)
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and decouples the equations:

r
′′
(x)− α1r(x) = 0→ r(x) = G2e

−√α1x (E.7)
s
′′
(x)− α2s(x) = 0→ s(x) = G3e

−√α2x (E.8)

the complete solution is X = PY.

Now let’s return to our model and rewrite the coupled equations in their matrix
forms

d2

dx2

[
mx(x)
my(x)

]
=

[ 1
λ2
sf

1
λ2
J

− 1
λ2
J

1
λ2
sf

] [
mx(x)
my(x)

]
(E.9)

the first step is to obtain the eigenvalues:∣∣∣∣∣
1
λ2
sf
− α 1

λ2
J

− 1
λ2
J

1
λ2
sf
− α

∣∣∣∣∣ = 0→

(
1
λ2
sf

− α

)2

+
1
λ4
J

= 0 (E.10)

α2 − 2α
λ2
sf

+
1
λ4
sf

+
1
λ4
J

= 0 (E.11)

and the solution is:

α1,2 =
1
λ2
sf

± i

λ2
J

(E.12)

for the eigenvectors we need to replace the eigenvalues and find the vectors for which
the product is zero: ( 1

λ2
sf
− α1,2

1
λ2
J

− 1
λ2
J

1
λ2
sf
− α1,2

)[
la,b1

la,b2

]
= 0 (E.13)

where the eigenvectors are:

→
La =

[
la1
la2

]
=
[

1
i

]
(E.14)

for eigenvalue α1 and:

→
Lb =

[
1
−1

]
(E.15)

for eigenvalue α2.

In this way the modal matrix is:

P =
[
→
La,

→
Lb

]
=
[

1 1
i −1

]
(E.16)

thus

X =
[
mx(x)
my(x)

]
= PY =

[
1 1
i −1

] [
r(x)
s(x)

]
(E.17)
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With this we can finally write the solution for the transverse component in the x
and y directions as:

mx(x) = r + s = G2e
− x
l+ +G3e

− x
l− (E.18)

my(x) = ir − is = iG2e
− x
l+ − iG3e

− x
l− (E.19)

where we have defined 1
l−

=
√
α1 =

√
1
λ2
sf

+ i
λ2
J

and 1
l+

=
√
α2 =

√
1
λ2
sf
− i

λ2
J

.
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