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Abstract

Direct numerical simulations (DNS) in combination with an immersed bound-
ary (IB) method have been used for the study of a pipe flow through different
orifice plates. Test simulations have been performed for the validation of a
plain turbulent pipe flow at a Reynolds number of Re = 5300. The addition
of an orifice plate causes the flow structure to change, depending on the type
of flow that is used. Simulations have been performed with five different ori-
fice geometries for a laminar flow, Re = 1, and a turbulent flow, Re = 4300.
The orifices have a porosity of 0.4 and exhibit the shape of a circle, a square
and the first three generations of the Koch snowflake. In the case of a lam-
inar flow, the viscous forces are significant in a relative large area close to
the walls, causing the largest axial velocities at the center of the pipe. The
geometries with the largest perimeter exhibit the largest centerline velocity
and the largest pressure drop. Turbulent flow simulations show high veloc-
ities close to the wall slightly before and inside the orifice plate. Behind
the orifice plate, the amount of backflow and forward traveling flow is the
largest for the circular orifice which probably causes the highest turbulent
kinetic energy and the largest pressure drop. Besides the flow structure, the
mixing properties are studied by inserting circular contours of passive parti-
cles. The evolution of the contour generates information about the stretch-
and fold mechanism around the different orifice plates.



Chapter 1

Introduction

Fluid dynamics is one of the most fundamental phenomena that plays a
role in everyone’s daily life. The domains that contain a fluid can be very
large (e.g. the atmosphere) and very small (e.g. thin arteries). Also the
research area of fluid dynamics and its applications is very broad. In this
thesis we restrict ourselves to a pipe flow. A pipe geometry can be found
in many industrial applications, so knowledge about this type of flow is
worth obtaining, considering the financial aspect and the production of high-
quality products.

In the past, several researchers have studied pipe flow under different condi-
tions. Early experimental studies were performed (by Reynolds) and much
later numerical simulations have been performed. One of the first and the
most inspiring article about a turbulent channel flow was the article of Kim,
Moin and Moser [1]. The first direct numerical simulations (DNS) on turbu-
lent pipe flow were done by Unger and Eggels [2]. Later, in 2002 and 2003,
Kasagi et al. performed a DNS simulation with sophisticated methods. The
results published by these researchers are used as a reference case for this
study [3]. In this study we will use DNS and an immersed boundary (IB)
method for the implementation of the boundaries, i.e. the pipe wall in this
case. As far as we know, there is no information available about a turbulent
pipe flow generated with the use of DNS and the IB method, although the
inclusion of a turbulent boundary layer in an IB method by using large eddy
simulations was considered previously by Roman et al. [4].

Besides the study of a simple pipe flow, it is very interesting to look at the
flow characteristics when an orifice plate is inserted inside the pipe. The
orifice plate is quite thin in the streamwise direction and it has a different
cross-sectional area w.r.t. the cross-sectional area of the pipe. This orifice
plate can be mounted between a pair of flanges (in Dutch ‘flenzen‘) and is
used to control the mixing and the pressure drop, which is of relevance to a
variety of industrial applications and flow metering. The orifice in the plate
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can have countless shapes. Most common is a simple circular orifice. Our in-
terest in this study is in the application of orifices with a complex perimeter,
motivated by the question whether this complex perimeter can give more
detailed control over flow properties. Suppose the orifice plate exhibits a
fractal geometry, then it would be interesting to investigate a possible cou-
pling between the imposed fractal geometry and the characteristics of the
flow. Therefore, we chose to use a fractal orifice and took the Koch snowflake
as the geometry of the orifice. The Koch snowflake is a relatively easy ge-
ometry and a recent paper was published about an experimental study with
this fractal orifice [5].

Using a fractal orifice in a pipe sounds interesting, but can it be of any use?
Yes, take a look at the pressure drop and the mixing for example. Abou El-
Azm Aly et al. [5] measured that the pressure drop across the fractal orifice is
smaller than the pressure drop across the circular orifice with the same area.
A smaller pressure drop results in less pumping power when a constant mass
flow is considered, so this would reduce pumping costs. Besides the pressure
drop, the fractal orifice can improve the mixing properties in present indus-
try. Nowadays, mixing is most often achieved by using free turbulence, but
the behaviour of these turbulent mixing systems is difficult to predict. This
is where the fractal orifice can make a difference. One advantage of using
fractals with respect to free turbulence is that free turbulence entails very
little control of scaling properties, while fractals provide precise control of
scaling properties. Ultimately using fractal orifice plates hopefully results
in energy savings, reaction homogeneity and smaller equipment. A process
research and development company named Amalgamated Research Inc. [6]
actually produces fractal distributors and fractal distribution technology for
efficiently controlling the flow structures and flow distribution. According
to a paper published by this company, the process size, energy use and oper-
ating pressure can be reduced by one order of magnitude in some cases [6].
Amalgamated Research Inc. sees applications in single- and multi-phase flow
in distillation, extraction, chromatography, aeration, ion exchange, mixing
and reaction. So the applications of these fractal distributors is very broad.

In this study, our main goal was to study the flow characteristics around
a fractal orifice plate. Since a fractal geometry mainly consists of simple
geometries at different scales, it is wise to study the flow structures around
orifice plates with simple geometries first. Therefore, we consider the fol-
lowing geometries for the orifice; circular, square-shaped, triangle-shaped,
star-shaped. As an additional geometry, we took the second-order Koch
snowflake (K2), so that we cover the zeroth, first and second generation of
the Koch snowflake. All the orifices have approximately the same porosity of
0.4 and are positioned at the center of a pipe element that is five diameters
long. The flow characteristics have been studied for a Reynolds number of
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CHAPTER 1. INTRODUCTION

Re = 1 and Re = 4300 at a resolution of 128(axial)×64×64. The results are
based on time-averaged quantities after a specific warm-up time. The first
result that will be shown is the pressure drop. In order to understand the
observations of the pressure drop and to get an understanding of the flow
structures around the orifice plate, additional quantities have been studied.
These quantities are e.g. the mean axial velocity, mean radial velocity, ki-
netic energy, turbulent kinetic energy, enstrophy and stresses. Besides the
study of basic flow characteristics, we made a start on the measure of the
mixing properties. In particular, we considered contour dynamics and fo-
cussed on the stretching properties of the flow under laminar and turbulent
conditions for a range of orifice plates.

This thesis consists of eight chapters and is organized as follows. First, the
governing equations and the principle of the immersed boundary method are
briefly discussed in chapter 2. In chapter 3, the most important features of
the numerical model will be described and an analysis of the stability of the
time integration method will be presented. Subsequently, the geometrical
setup will be elucidated in chapter 4. In chapter 5, the results of a turbulent
pipe flow are compared with literature. In chapter 6, an orifice plate is
introduced and the flow characteristics of a laminar flow at Re = 1 and a
turbulent flow at Re = 4300 around different orifice plates are presented.
In chapter 7, we give a description for the mixing properties and show the
results for different shapes of the orifice. We will end this thesis with a
conclusion, discussion and outlook in chapter 8.
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Chapter 2

Governing equations

The governing equations for the fluid dynamics are given by the dimension-
less Navier-Stokes equations. By constricting ourselves to an incompressible
flow, we simplify the Navier-Stokes equations. The solution of these Navier-
Stokes equations is dependent on the presence of periodicity conditions and
boundaries within the flow domain. The number of configurations for the
boundaries in the domain of interest is countless, so a convenient approach
for the implementation of the boundaries is desirable. In this study, the
boundaries are treated by the use of the immersed boundary method.

2.1 Dimensionless Navier-Stokes equations

The Navier-Stokes (NS) equations describe the momentum transport in a
fluid. In dimensionless form these equations are given by

∂tu + (u · ∇)u− 1
Re
∇ · ∇u +∇p = 0, (2.1)

where u denotes the velocity vector, p the pressure, ∂t the partial derivative
with respect to time, ∇ the del operator and Re the Reynolds number which
describes the ratio between inertial forces and viscous forces. In this study,
we consider the fluid to be incompressible. The incompressibility condition
is denoted as

∇ · u = 0. (2.2)

This set of governing equations will be solved numerically via direct nu-
merical simulation (DNS). Performing direct numerical simulations on the
discrete NS equations seems to be a useful tool for approaching the exact so-
lution. Since the NS equations are conservation equations, it is desirable to
conserve important quantities numerically. In 2003, Verstappen and Veld-
man [7] published a method that is unconditionally stable for any grid and
it maintains the conservation of mass, momentum and kinetic energy [7].
They achieved this by preserving the symmetry properties of the underlying
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CHAPTER 2. GOVERNING EQUATIONS

differential operators in equation 2.1, which is called symmetry-preserving
discretization. This means that the convective operator is represented by
a skew-symmetric (antisymmetric) coefficient matrix and the diffusive op-
erator is approximated by a symmetric, positive-definite matrix according
to [7].

2.2 Immersed boundary method

The immersed boundary (IB) method is a method that simulates viscous
flows with immersed (or embedded) boundaries on grids that do not conform
to the shape of these boundaries. The primary advantage of the IB method
is that the grid can be generated very easily. The IB method can be applied
in several ways. One can apply the IB method via a continuous forcing
approach and via a discrete forcing approach. For the former, one can apply
the IB method on flows with elastic and rigid boundaries. For the latter, one
is able to use a sharp representation of the IB method, which is desirable
for high Reynolds numbers [8]. It is also possible to apply the IB method
on flows with moving boundaries. For the applications and more in-depth
information about the IB method, see the articles of Mittal and Iaccarino [8]
and Iaccarino and Verzicco [9]. In this research, a Cartesian grid is used and
the flow domain consists of a fluid and a solid part. In figure 2.1, a two-
dimensional fluid domain is sketched in which a solid part is present.

W f

Wb

Wb∂

Figure 2.1: A schematic representation of a solid part (volume Ωb and surface
∂Ωb) embedded in a fluid domain (Ωf ).
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2.2. IMMERSED BOUNDARY METHOD

The solid part is enclosed by the contour ∂Ωb and it occupies the volume Ωb.
The volume occupied by the fluid is denoted by Ωf . Ideally, this separation
between solid and fluid is perfect due to the definition of ∂Ωb. By using the
IB method, one has to make a choice in which way one determines which
property (solid or fluid) a cell has. In this study, we say that a cell belongs to
a solid when the center of the cell lies inside Ωb or on the line ∂Ωb. If this is
not the case, then the cell obtains the fluid property. This phase separation
between solid and fluid is characterized by the so-called ’masking function’.
The masking function H is a function of the flow domain, in which the value
’1’ represents a solid part and the value ’0’ a fluid part.

H(x) = 0 if x is positioned inside the fluid domain
H(x) = 1 if x is positioned inside the solid domain (2.3)

The implementation of the immersed boundary in the NS equations is ac-
complished via the introduction of a forcing function f . The forcing term
is added to the momentum equation (2.1), so

∂tu + (u · ∇)u− 1
Re
∇ · ∇u +∇p = f . (2.4)

The forcing term is represented by

f = −1
ε
H(x)u(x, t), (2.5)

where ε is the control/sensitivity parameter and H(x) denotes the masking
function. Inside the fluid, the forcing term is equal to 0 and the momentum
equation is unchanged w.r.t. equation (2.1). In the solid part, the forcing
term has a nonzero value that is high w.r.t. the other terms in equation
(2.4), which drives the velocity to zero. It must be noted, that this is only
the case when the velocity is large compared to ε. As ε can be chosen
a very small positive number this implies that the forcing in equation 2.5
attains very large values already in situations in which the velocity is still
quite negligible. The sensitivity parameter is set to ε = 10−10. A previous
study showed that for even smaller values of ε, the variation in the result
of a numerical test was significantly small, so they used the same value of
ε = 10−10 for further studies [10].
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Chapter 3

Numerical methods

This chapter contains a description of the most important numerical meth-
ods that are used in the flow solver. The chapter is split in three sections.
The first section gives an overview of the existing model and the used meth-
ods. The second section provides convergence tests for the existing model.
Finally, a more in-depth analysis of the stability of the time integration
method will be discussed in the third section.

3.1 Overview of the existing model

In this section, a brief and global description of the numerical model is pre-
sented. In general, a numerical model consists of several components. First
it needs some input parameters, then the majority of the calculations are
performed and in the end one obtains output data. In this thesis, an in-
compressible flow solver was used, which originated from Verstappen and
Veldman. The basic discretization method used in this solver was also de-
veloped by Verstappen and Veldman [7].

The first step requires initializing the user-defined grid, the user-defined
masking function and the user-defined parameters. After the generation
of the grid, masking function and parameters, the flow solver is generated,
compiled and started for the first time. The flow solver continues its work till
a specific user-defined moment. The results are then stored in output data.
The work that is done by the flow solver during the just discussed part, is
called the initial segment. So a segment is a specific amount of work, done
by the flow solver. After the initial segment, more segments are simulated
in which each segment uses the output data of the preliminary segment as
input. One exception is the initial segment, for this segment user-defined
initial conditions are used. After each segment, the output is stored in data
files. In the end, the relevant data files are used for the post-processing.
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3.1. OVERVIEW OF THE EXISTING MODEL

The majority of the calculations take place in the flow solver. In order to
understand what this flow solver does, the most important features are ex-
plained in more detail. Since we cannot solve the NS equations analytically,
we solve them numerically. This numerical model makes use of the finite
volume method. This finite volume method is based on the integral form of
the conservation equations. The physical domain of interest is discretized
in so-called control volumes and the conservation equations are applied to
each control volume. This means that also the NS equations need to be
discretized, which is expounded in subsection 3.1.3.

3.1.1 Control volumes

The numerical flow domain consists of small cells (control volumes). A cell
can be defined in several ways. Following Verstappen and Veldman [7], we
make use of a staggered grid, which means that variables like the pressure
are stored in the center of the cell and the velocities, momentum etc. are
located at the cell faces. Suppose we take a cell defined by (i, j, k). The
center of this cell is represented by the point (xi−1/2, yj−1/2, zk−1/2) and the
cell is bounded by the surfaces x = xi−1, x = xi, y = yj−1, y = yj , z = zk−1,
z = zk, which is visualized in figure 3.1.

i-1

j-1

k-1 i

j

k

u i,j,k

v
i,j,k

p i,j,k

w
i,j,k

Figure 3.1: A visual representation of the pressure cell (i,j,k).

The pressure is calculated at the center of the cell, i.e. the point (xi−1/2,
yj−1/2, zk−1/2), and the horizontal velocity ui,j,k is calculated at the point
(xi, yj−1/2, zk−1/2). The velocity vi,j,k and wi,j,k are calculated at the points
(xi−1/2, yj , zk−1/2) and (xi−1/2, yj−1/2, zk) respectively. This control volume
is visualized in figure 3.1. This cell is called the control volume Ω1

i,j,k for
the pressure cells. The ’1’ in the superscript denotes the size of the control
volume. For higher-order methods, additional larger control volumes are
needed and are represented by a higher number in the superscript. Besides
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CHAPTER 3. NUMERICAL METHODS

pressure cells, we also have u-,v- and w-cells, where the location of u,v,w are
positioned at the center of each cell. These cells are denoted by Ω1

i+1/2,j,k,
Ω1

i,j+1/2,k and Ω1
i,j,k+1/2 respectively.

3.1.2 Finite volume method

The finite volume method applies the integral form of a conservation equa-
tion on each control volume. The integral form of the conservation equation
is also known as the transport theorem, which generally states that for any
function f of x and t,

d

dt

∫

Ω
fdV =

∫

Ω

∂f

∂t
dV +

∫

∂Ω
fu · ndS, (3.1)

where the dimensions of the control volume Ω and its enclosing surface ∂Ω
are time-independent. This means that the rate of change of the integral of
a function f over a volume Ω is equal to the rate of change of f integrated
over the volume Ω plus the function f times the outward velocity integrated
over the surface of Ω. When we take f equal to the mass density and apply
this theorem on the control volume Ω1

i,j,k, then we can approximate the
mass conservation, equation (2.2), via

(ui,j,k − ui−1,j,k)dyjdzk+(vi,j,k − vi,j−1,k)dxidzk

+(wi,j,k − wi,j,k−1)dxidyj = 0, (3.2)

where

dxi = xi − xi−1

dyj = yj − yj−1

dzk = zk − zk−1. (3.3)

When the function f is replaced by the velocity, one obtains an equation for
the transport of momentum in a region Ω1. This region is represented by a
positive-definite diagonal matrix, where Ω1

i+1/2,j,k, Ω1
i,j+1/2,k and Ω1

i,j,k+1/2
represent the sizes of the control volumes u-cell, v-cell and w-cell respec-
tively. For the u-cell we can write

Ω1
i+1/2,j,k

dui,j,k

dt
+ (ui+1/2,j,kdyjdzk)ui+1/2,j,k

+(vi+1/2,j,kdxi+1/2dzk)ui,j+1/2,k + (wi+1/2,j,kdxi+1/2dyj)ui,j,k+1/2

−(ui−1/2,j,kdyjdzk)ui−1/2,j,k − (vi+1/2,j−1,kdxi+1/2dzk)ui,j−1/2,k

−(wi+1/2,j,k−1dxi+1/2dyj)ui,j,k−1/2 = 0, (3.4)

where

dxi+1/2 =
dxi + dxi+1

2
(3.5)
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3.1. OVERVIEW OF THE EXISTING MODEL

The terms between brackets represent the flux through a face of the control
volume. The equation above can also be derived for the other two directions.
The sum of these three equations is put to zero to represent the discrete
momentum conservation. Mathematically we can write this down as

Ω1
duh

dt
+ C1(F )uh = 0, (3.6)

where uh represents the discrete velocity vector corresponding to the con-
trol volume Ω1 and C1 denotes the convective operator. This convective
operator is a coefficient matrix built from the fluxes F through the control
faces.

3.1.3 Discrete Navier-Stokes equations

The finite volume method was sketched in the previous subsection, and it
was shown how to discretize the continuity equation and the convective
term in the momentum equation. In order to obtain a numerical solution
for the dimensionless Navier-Stokes equation (2.1), this equation has to be
discretized. Verstappen and Veldman [7] derived the discretized NS equa-
tions, where equation (3.7) represents the discrete dimensionless momentum
equation and equation (3.8) represents the discrete dimensionless continuity
equation:

Ω
duh

dt
+ C(uh)uh + Duh −M∗ph = 0, (3.7)

Muh = 0 (3.8)

The matrix Ω represents the sizes of the control volumes, the matrix M
represents the discretization of the divergence operator and the matrix M∗,
the transposed of M , denotes the discrete gradient. The vectors uh and
ph represent the discrete velocities and the discrete pressure respectively.
Convection is approximated by an antisymmetric discrete operator C and
diffusion is discretized by a symmetric positive-definite operator D. Irre-
spective of the presence of a boundary, the discretization is not constructed
to minimize the local truncation error, but to preserve the antisymmetry of
the coefficient matrix C and the symmetric positive-definite properties of
the coefficient matrix D.

3.1.4 Solving the discrete NS equations

Solving the discrete NS equations is not an easy task. In this subsection,
we briefly try to explain the steps that are used for solving these discrete
NS equations. Initially, we start with a user-defined velocity- and pressure
field and the flow solver starts to ’warm up’. When we want to solve the
discrete NS equations at a specific time level, first the u-,v- and w-velocities
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CHAPTER 3. NUMERICAL METHODS

are extrapolated in time. The extrapolated velocities are dependent on the
velocities at the two previous time steps and the value of the parameter
β, which is related to the time integration method described in subsection
3.1.7. Then the boundary conditions are applied at the edges of the flow
domain, i.e. periodicity or not. Subsequently, the convective- and diffusive
fluxes through the different u-,v- and w-cells are calculated. After that, the
presence of immersed boundaries is accounted for and the velocities are up-
dated. Then again, the boundary conditions are applied. The velocity field
that has been computed up till now does not satisfy the incompressibility
constraint ∇ · u = 0. In order to satisfy this constraint, the gradient of the
pressure is added to the velocity. So

un+1 = u− dt∇pn+1 with
∇ · u− dt∇2pn+1 = 0. (3.9)

The pressure p is solved from the latter equation by means of solving p from
the Poisson equation

∇2pn+1 =
∇ · u

dt
. (3.10)

In the flow solver, the divergence operator and the Laplacian operator ∇2

also have to be discretized. The pressure is solved by Fast Fourier Trans-
forms (FFT’s) in the directions of periodicity and by Choleski decomposition
in the directions without periodicity.

3.1.5 Pressure, pressure drop and permeability

With the computed velocities and pressure, the mass flow, pressure drop
and permeability can be calculated. If we consider the total pressure P at
a specific location, we can write it as

Pi,j,k = 〈p〉i,j,k + p′i,j,k, (3.11)

where 〈p〉 represents the mean pressure and p′ represents the fluctuating
pressure term. Suppose we are dealing with a flow in the +x-direction, then
the pressure at the entrance of the flow domain needs to be higher than the
pressure at the end of the flow domain. For a laminar flow, we know that
the pressure decreases linearly. So if we consider the pressure as a function
of the x-direction, we can write

Pi = p0 − a(t)xi + p′i, (3.12)

where p0 represents the initial pressure at the inlet and a(t) is a positive
time-dependent constant that describes the rate at which the mean pressure
decreases. Taking the gradient of equation (3.12) results in,

∇Pi =



−a(t)

0
0


 +∇p′i. (3.13)

12



3.1. OVERVIEW OF THE EXISTING MODEL

For a Poiseuille flow, the fluctuating pressure term is approximately zero
everywhere, so the last term on the RHS of equation (3.12) and (3.13) can
be neglected, and the pressure profile as a function of x will look like figure
3.2(a). For a turbulent pipe flow, there are significant fluctuations added to
the mean pressure, so p′i can not be neglected and the pressure profile can
be sketched as in figure 3.2(b). When there is a pressure drop in a certain

P

xL
x

(a)

P

xL
x

(b)

Figure 3.2: Hand drawn pressure profiles as a function of the streamwise coordi-
nate. Figure (a) represents the profile for a laminar flow, figure (b)
represents the profile for a turbulent flow.

direction, one can define the length of the computational domain over which
the pressure drop is present. This length is called Lpdrop. If we compute the
pressure drop ∆P over the horizontal length of the computational domain,
Lpdrop = Lx = x(nx)− x(0), then

∆P = | − a(t)(xnx − x0) + (p′nx
− p′0)|. (3.14)

The surface area of the computational domain perpendicular to the direction
of the pressure drop is called A. A part of the total surface area A is the
wetted surface area Apdrop. This wetted area is dependent on the local
definition of the masking function. The global pressure gradient can easily
be calculated. Suppose the pressure drop is directed in the +x-direction,
then the global pressure gradient is equal to

∇Pglobal =
1

Lpdrop

nz∑

k=1

ny∑

j=1

(P (nx, j, k)− P (0, j, k)). (3.15)

The permeability over this computational domain is dependent on this global
pressure gradient. Namely, the permeability κ is defined as

κ = − Q

ApdropRe∇Pglobal
, (3.16)

where Q denotes the flow rate and Re denotes the Reynolds number of the
flow. The definition of the Reynolds number is discussed in chapter 5.
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CHAPTER 3. NUMERICAL METHODS

3.1.6 Spatial discretization

Second-order method

In order to solve the discrete momentum and mass equations (3.7) and
(3.8), one needs a clear definition of the control volumes. First, the mo-
mentum equation will be solved for a control volume defined by Ω1, where
Ω1 is a diagonal matrix which represents the sizes of the control volumes
Ω(1)

i+1/2,j,k, Ω(1)
i,j+1/2,k and Ω(1)

i,j,k+1/2. The control volume Ω(1)
i+1/2,j,k is enclosed

by x = xi−1/2, x = xi+1/2, y = yj−1, y = yj , z = zk−1, z = zk. The other
control volumes are defined in a similar way. The NS equations for the
control volume Ω1 are given by equation (3.17) and (3.18).

Ω1
duh

dt
+ C1(uh)uh + D1uh −M∗

1ph = 0, (3.17)

M1uh = 0 (3.18)

The discretization of these equations goes in a similar way as shown in equa-
tion (3.2) and (3.4). The local truncation errors (LTEs) of the continuity
equation (3.18) and momentum equation (3.17) for the cell Ω1 are of the
order 2 + d, where d represents the dimension [7]. In this case (d = 3), the
LTEs are of the order dx5, dy5, dz5.

Fourth-order method

In this study, we will only use the second-order discretization method. In
order to decrease the LTE, it is possible to use a fourth-order method. A
fourth-order method can be used by defining additional control volumes that
have three times larger dimensions and by using Richardson extrapolation.
For more information about this fourth-order method we would like to refer
to Verstappen and Veldman [7].

3.1.7 Time integration

In the numerical model, a second-order, explicit one-leg method is used
which is given by

Ω
u

n+β+1/2
h − u

n+β−1/2
h

dt
+ C(un+β

h )un+β
h + Dun+β

h −M∗pn+β
h = 0.

(3.19)

In this equation un
h and pn

h represent the discretized velocities and pressure
at time t = ndt. The velocities u

n+β+1/2
h and u

n+β−1/2
h are so-called off-

step velocities which are described in more detail in subsection 3.3.4. The
one-leg method is parameterized by β, which has influence on the stability
of the integration. In order to make an appropriate choice for the value
of β, one should study the stability regions for different β’s. Verstappen

14



3.1. OVERVIEW OF THE EXISTING MODEL

and Veldman [7] showed that β = 0.05 results in a stability region which
is pressed more against the imaginary axis when compared to the stability
region of the second-order Adams-Bashford method (β = 0.5). This is also
visualized in figure 3.6 in section 3.3. In this section, a stability analysis is
made for the one-leg method which helps the next steps to become clear.
Since we want to study mainly a turbulent flow, we need a large imaginary
part of the Fourier symbol as explained in Appendix A. In order to make
sure that the Fourier symbol lies within the stability region of the time
integration method, it is wiser to take a small value for β, e.g. β = 0.05.
On top of that, Verstappen and Veldman showed that the one-leg method
with β = 0.05 requires about two times less computational effort, whereas
the accuracy is as good or better w.r.t. the second-order Adams-Bashford
method. Therefore the results of the numerical simulations in this thesis are
achieved by taking β = 0.05. Another important parameter is the time step
dt. The time step dt of this explicit time integration method is restricted
by a convective stability condition and a diffusive stability. These stability
conditions are elaborated in subsection 3.3.3.

3.1.8 Input parameters

Special attention has to be given to the input parameters ‘characteristic
length scale‘, ‘Reynolds number‘ and the ‘mass flow‘. These parameters can
be implemented independently by the user, but one ought to be aware of
the relation between the parameters. Suppose one is dealing with a pipe
flow and chooses the characteristic length scale to be equal to the radius R
and sets the mass flow equal to Q. These inputs imply a mean velocity of
Ub = Q

πR2 in the direction of the flow. Subsequently setting the Reynolds
number equal to Re, results in a kinematic viscosity of ν = 2RUb

Re .
Another parameter that is defined by the user is the time step dt. It is
important to note that the characteristic time scale τ = R

Ub
changes when

the characteristic length scale and/or the mass flow is changed. So if one
desires to compare different simulations it is wise to scale the time step with
the characteristic time scale τ .
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CHAPTER 3. NUMERICAL METHODS

3.2 Testing the existing model

In the previous section, the foundations of the numerical code were discussed.
For specific simulations, it is desirable to obtain a high accuracy w.r.t. ex-
perimental results or theoretical derivations. So it is desirable to test the
numerical code for a well-known flow. A well known flow in a cylindrical
tube is the Poiseuille flow. In order to validate the volume-penalization IB
method, the error between the analytical solution (Poiseuille) and the nu-
merical solution has been investigated. The so-called L∞-norm (max-norm)
and L2-norm have been calculated for different numbers of grid cells in the
y, z-plane. The max-norm is calculated via equation 3.20 and the L2-norm
via equation 3.21.

εL∞ = max|(unum(i0, j, k)− upois(i0, j, k))| j = 1, ..., ny k = 1, ..., nz

(3.20)

εL2 =

√√√√ 1
nynz

ny∑

j=1

nz∑

k=1

(unum(i0, j, k)− upois(i0, j, k))2 (3.21)

These norms have been calculated for different transverse grid resolutions
of ny = nz = 8, 16, 32, 64. This has been done for two different Reynolds
numbers Re = 1 and Re = 5. The result for the first and latter are shown
in figure 3.3 and 3.4 respectively. The simulations start with a user-defined
velocity and pressure field and converge towards a steady solution which
corresponds to the collapse of the curves for subsequent time levels.
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Figure 3.3: L∞-norm (max-norm)(a) and L2-norm (b) for Re = 1.
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Figure 3.4: L∞-norm (max-norm)(a) and L2-norm (b) for Re = 5.

In case of Re = 1, both the max-norm and the L2-norm do not change
significantly after t = 0.3. However, for Re = 5 one observes a slower
convergence in time. For t > 1.0, the error will not change significantly. So
a higher Reynolds numbers requires a longer time span in order to reach an
equilibrium state for the max-norm and the L2-norm. Another observation
is that the slope of the max-norm and the L2-norm for large integration
times seems to be the same for Re = 1 and Re = 5.

The results above have been calculated with time steps of dt = 10−5. Chang-
ing the time step will definitely change the error between the numerical solu-
tion and the theoretical solution. Therefore, the max-norm and the L2-norm
at t = 1.0 have been calculated for different time steps dt. Subsequently, the
norms are divided by their ’reference’ norm at t = 1.0 for dt = 10−5. The
results for Re = 1 and Re = 5 are shown in figure 3.5(a) and 3.5(b) respec-
tively. From figure 3.5 it is visible that the errors increase rapidly when the
time step is increased. An important feature which is not directly visible
from figures 3.5 is that the numerical output explodes when dt & 1.2 ∗ 10−4

for Re = 1. For Re = 5 this happens around dt & 6.0 ∗ 10−4. The time step
at which the solution explodes is dependent on the used time integration
method and its related parameters. In section 3.3 we will take a closer look
at the stability regions of the used time integration method.
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Figure 3.5: Max-norm and L2-norm for different time steps dt scaled with their
’reference’ norm at dt = 10−5. All the norms are calculated at t = 1.0.
Figure (a) is for Re = 1, figure (b) for Re = 5.
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3.3. STABILITY OF THE TIME INTEGRATION METHOD

3.3 Stability of the time integration method

The numerical code has a time integration implemented as discussed in
section 3.1.7. Initially, the time step has a fixed value. For large simulations
it is desirable to reach a certain time level of the simulation as fast as
possible. Taking a time step that is one order of magnitude smaller than the
possible maximum time step results in a simulation time that is roughly 10
times longer. So if we can set the time step to a maximum value, this would
save simulation time. However, the size of the time step is restricted by the
stability of the time integration method. The time integration that is used in
the numerical code is a so-called one-leg method. Examples of determining
the stability of a time integration method are given in Appendix A.

3.3.1 One-leg method

The one-leg method is parameterized by β and for the simplified one-dimensional
test problem ∂u

∂t = f(u) [7] it reads
(

β +
1
2

)
un+1− 2βun +

(
β − 1

2

)
un−1 = ∆tf((1 + β)un− βun−1). (3.22)

This equation is derived in equation (3.32). When this one-leg method is
applied on equation (3.23), which originates from equation (A.5),

dbk

dt
= f(bk) = zkbk, (3.23)

we end up with
(

β +
1
2

)
u2 − (2β + ∆t(1 + β)zk)u +

(
β − 1

2
+ ∆tβzk

)
= 0. (3.24)

The solution of u is dependent on the Fourier symbol zk and β. The absolute
value of the roots of u in the equation above can be determined. When the
absolute value of the roots is greater than one, then the solution will grow
exponentially. When the absolute value of the roots is smaller or equal to
one, then the solution is bounded and the solution lies within the stability
region. This stability region is plotted for different values of the parameter
β. Note that the one-leg method for β = 0.5 corresponds with the AB2
method (see Appendix A). As one can see from figure 3.6, when the value of
the parameter β is decreased, the stability region is compressed in the real
direction and elongated in the imaginary direction. Since we want to study
both a laminar flow and a turbulent flow, we need a stability region that
has a good balance between convective stability and viscous stability. In
Appendix A we show that the imaginary part is related to viscous stability
and the real part is related to convective stability. We chose β = 0.05, since
this value is tested, results in a high accuracy and represents a good balance
between convective stability and viscous stability [7].
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Figure 3.6: Stability region of the one-leg method for β = 0.05, 0.10, 0.15, ..., 0.5.

3.3.2 Stability of the time step

In order to pick an appropriate time step in the course of a simulation, we
should take a closer look at the Fourier footprint and the stability region for
a specific integration method. The time step ∆t determines the size of the
stability region. For example, if we look at the one-leg method for β = 0.05
and plot the stability region for different time steps (∆t1, ∆t2 and ∆t3),
it looks like figure 3.7. In order to make sure that the time integration is
stable, each mode of the Fourier symbol zk (k = −N/2, . . . , N/2) needs to be
enclosed by the stability region of the time integration method. Recall from
equation (A.4) that the imaginary part of the Fourier symbol represents the
convection/advection and the negative real part represents dissipation.

Suppose we look at a certain time level and want to determine the size
of the time step. In order to simplify the approach, we will look at the
one-dimensional case. At this time level, each control volume has a certain
amount of convection a

h and dissipation 2µ
h2 . Here we can substitute a with

the horizontal velocity ux from the previous time level and h with the grid
spacing in horizontal direction dx. The Fourier footprint is an ellipse with
an imaginary axis and a real axis. The size of the imaginary axis represents
the amount of convection and the size of the real axis represents the amount
of dissipation. So for turbulent flows, the flow is convection dominated and
the imaginary axis of the ellipse will be large compared to the real axis of
the ellipse. If we plot the Fourier footprint for the values ux = 1, dx = 0.1,
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µ = 0.0005, we obtain the red squares in figure 3.7. If one initially takes a
time step of ∆t3, most of the points (Fourier modes) lie outside the stability
region. Choosing a time step that is twice as small results in the stability
region for ∆t2. The size of the time step is still not sufficiently small, since
two points of the Fourier footprint lie outside the stability region. Choosing
a lower time step, say ∆t1, shows that all the points are enclosed by the
stability region. So this time step seems to be sufficient and can be used for
the time integration.
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Figure 3.7: Stability regions of the one-leg method (β = 0.05) for ∆t1 = 0.06,
∆t2 = 0.08, ∆t3 = 0.16. The red squares represent the Fourier foot-
print for ux = 1, dx = 0.1, µ = 0.0005.

Until now, we looked at one control volume and only in one dimension.
The approach described above can be used for all control volumes in three
dimensions.

3.3.3 Parameter dependence for a stable time step

In the section above, it was mentioned that the time step ∆t needs to be
lower than a certain value such that the Fourier footprint lies inside the
stability region of the time integration method. This sounds rather easy,
but it is more complicated. The vertical size of the footprint is defined by
the parameter

p1 =
a

h
(3.25)

and the horizontal size of the ellipse is defined by the parameter

p2 =
2µ

h2
. (3.26)
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So p1 and p2 can be interpreted as the convective parameter and the viscous
parameter respectively. For a specific simulation, the viscosity µ and the
spacing between the grid points h is fixed, but the value of the local velocity
a varies per grid point and per time level. So for certain values of the
parameter p2, we made a plot of the parameter p1 versus the time step ∆t.
This is done for p2 = 0.1, 1, 10, 100, 1000, 10000 and the result is shown in
figure 3.8. For small values of p1, the maximum time step is higher for
smaller values of p2. However, for larger values of p1, a smaller time step is
required for smaller values of p2. In terms of convection and diffusion, we
can say that for a small convective term, the size of the time step decreases
by increasing the effect of diffusion. For a large convective term, the size of
the time step increases by increasing the effect of diffusion.
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Figure 3.8: Maximum size of the time step plotted as a function of the parameter
p1 = a/h. This is done for several values of the parameter p2 =
2µ/h2.

For each p2, the stability time step ∆t is constant until a certain value of p1.
For higher values of p1, the required time step decreases with increasing p1.
In the log-log graph 3.8, the latter relation looks linear and one can measure
the slope. For all values of p2, this slope seems to be equal to

d (log ∆t)
d (log p1)

≈ −1.325± 0.01. (3.27)

In order to make sure that an appropriate time step is chosen in the flow
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solver, one can do this in several ways. We will describe 2 cases. One case
deals with making curve-fits for the data points for each value of p2. The
other concerns presenting the data points in an alternative way, so that one
is left over with a rectangle in the p2∆t vs. p1∆t(p1 = 0.01) plane.

Case 1: Simplifying the function ∆t(p1, p2)

In figure 3.8 we showed that the time step is a function of the parameters
p1 and p2. In order to simplify this result, we multiply the horizontal axis of
figure 3.8 by ∆t at p1 = 0.01 for each value of p2. For later convenience, we
denote the value ∆t(p1 = 0.01) as ∆tconv. The result is shown in figure 3.9
and we can see that until a certain point on the horizontal axis, Cconv, the
time step is approximately constant for all values of p2. Further increasing
p1∆tconv results in a decrease of the time step. Since the curves look equally
spaced on the logarithmic scale, we multiply the vertical axis (∆t) with the
parameter p2. This results in figure 3.10 where all the curves (for every
value of p2) bunch more or less together on the same curve.
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Figure 3.9: Maximum size of the time step plotted as a function of p1∆t(p1 =
0.01). This is done for several values of the parameter p2.
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The idea is that we truncate this set of data points above p1∆tconv = Cconv.
This means that we end up with one rectangle, which has a specific height
Cvisc and a specific width Cconv. This is also visualized in figure 3.10. It
should be mentioned that the position of truncation (i.e. the choice of Cconv)
determines the height of the block Cvisc. Implementing this rectangle implies
that we have to satisfy the following two relations. The first one represents
the convective restriction, which reads

p1∆tconv ≤ Cconv, (3.28)

where we call ∆tconv the convective time step. The second equation is related
to the viscous time step, namely

p2∆tvisc ≤ Cvisc, (3.29)

where Cvisc is dependent on the choice of Cconv. For the example in figure
3.10 we took Cconv = 0.3 and find that Cvisc ≈ 0.08.
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Figure 3.10: The vertical axis in figure 3.9 is multiplied by p2. The curves for
several values of the parameter p2 bunch together on one line.

So for each control volume we can calculate ∆tvisc and ∆tconv in the x, y
and z-direction. In the end we take the minimum value of these time steps
over all control volumes, multiply it with a correction factor Ccor and ulti-
mately use it as ∆t for the integration. The correction factor is used, since
the footprint is derived from the simple convection-diffusion equation. In
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the flow solver, the dimensionless NS equations are used with the addition
of a pressure term and the IB forcing. The meaning of the correction factor
is that the time step is reduced somewhat to provide a level of guaran-
tee that the stability analysis based upon the advection-diffusion equation
also provides suitable time-steps for the complete, non-linear Navier-Stokes
equations. The implementation of the correction factor results in a linear
decrease of the dimensions of the rectangle. The idea of this new rectangle
is also visualized in figure 3.10.

Case 2: Using curve-fits

Besides the approach described in case 1, it is also possible to use curve-fits
directly for the curves in figure 3.8. This method is only briefly discussed,
since most of the attention has been given to the previous case. Besides,
this method is more difficult to implement and the computational costs are
higher, since more intricate calculations need to be executed.
For each value of p2, a curve-fit has been made (using Origin 8.5 (Academic
version)), and the equation for this curve-fit is implemented in the numerical
code. The best curve-fits were obtained via the Harris function g(x) =
(a + bxc)−1, where a, b and c are the parameters for a specific curve fit.
For a certain simulation, the parameter p2 is calculated for the x, y and
z-direction. At every time level, the maximum value of p1 over all the grid
cells is calculated for the x, y and z-direction. In general, the value of p2

is in between the discrete values for which the curve-fits have been made,
so the time step is interpolated from these curve-fits. This is done for all
three directions and the smallest value of these time steps is multiplied by
a correction factor. This value for the time step is subsequently used in the
integration.
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3.3.4 Implementation of a variable time step

In the subsections above, we showed that the size of the time step is depen-
dent on the stability of the time integration method. The time step should
be chosen such that the time integration is numerically stable. Due to a
combination of the parameters p1 and p2, the time step is bounded by a
specific maximum value. This maximum allowed time step can vary with
time, since the velocity, thus p1, is time-dependent. In order to avoid un-
necessary simulation time, we would like to take a time step that is close
to the maximal allowed time step. The flow solver written by Verstappen
and Veldman uses a constant time step. In order to use a varying time step,
the integration scheme has to be modified. In section 3.1.7, we showed that
equation (3.19) was used for the time integration. We can further simplify
this equation by merging the last three terms on the left-hand side (LHS)
to one function f(un+β

h ). Then

Ω
u

n+β+1/2
h − u

n+β−1/2
h

dt
− f

(
un+β

h

)
= 0, (3.30)

where the off-step velocities were given by Verstappen and Veldman as

un+β
h = (1 + β)un

h − βun−1
h

u
n+β+1/2
h = (β + 1/2)un+1

h − (β − 1/2)un
h

u
n+β−1/2
h = (β + 1/2)un

h − (β − 1/2)un−1
h . (3.31)

With these relations, we can elaborate the term u
n+β+1/2
h − u

n+β−1/2
h in

equation (3.30). This results in
(

1
2

+ β

)
un+1 − 2βun +

(
β − 1

2

)
un−1 =

dt

Ω
f

(
un+β

h

)
. (3.32)

Furthermore, we can obtain an interpretation of the term u
n+β+1/2
h +u

n+β−1/2
h

via

1
2

(
u

n+β+1/2
h + u

n+β−1/2
h

)
=

1
2

(
1
2

(
un+1

h + un
h

)
+

1
2

(
un

h + un−1
h

)
+

β
(
un+1

h − un−1
h

))

=
1
2

(
u

n+1/2
h + u

n−1/2
h + β

(
un+1

h − un−1
h

))

≈ un
h +

1
2
β

(
un+1

h − un−1
h

)

≈ un
h + β

(
un

h − un−1
h

)

= un+β
h . (3.33)

For the time integration in the flow solver, we first need to extrapolate the
velocity at the new time level, i.e. un+1

h . Since the time step is now variable,
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3.3. STABILITY OF THE TIME INTEGRATION METHOD

the time scheme and the extrapolation are different. The time scheme is
clarified in figure 3.11. Notice that the time step can be different at all time
levels and the time step between u

n+β−1/2
h and u

n+β+1/2
h is a function of β,

the previous time step ∆told and the new time step ∆tnew. So the time step
dt in equation (3.30) is equal to

dt = (β + 1/2)∆tnew + (1/2− β)∆told. (3.34)

u
n-1

u
n

u
n+1u

n-½

u
n+½

u
n- +b½

u
n+ +b½

Dt old Dt new

( -b)D½ t old (b+ )Dt½ new

Figure 3.11: The time scheme for a variable time step.

So we want to know the solution un+1
h at time t + ∆tnew. We know the

solution un
h at time t and the solution un−1

h at time t − ∆told. With this
information, we can extrapolate un+1

h at time t + ∆tnew. By doing linear
extrapolation, we suppose that the three solutions (un−1

h , un
h and un+1

h ) lie
on a straight line defined by

uh = At + B. (3.35)

Elaborating this results in

un
h − un−1

h = At + B − (A(t−∆told) + B)
= A∆told. (3.36)

So

A =
un

h − un−1
h

∆told
(3.37)

and

B = un
h −At = un

h −
un

h − un−1
h

∆told
t. (3.38)

Finally, the linear extrapolated value un+1
h becomes

un+1
h = A(t + ∆tnew) + B = un

h

(
1 +

∆tnew

∆told

)
− un−1

h

∆tnew

∆told
. (3.39)

If the new time step is equal to the previous time step, e.g. ∆tnew = ∆told,
then the velocity extrapolation is the same as the one that is currently used
for a fixed time step.
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Chapter 4

Geometrical setup and
masking functions

4.1 Geometrical setup

We are dealing with a pipe flow, in which the x-direction is chosen to be the
direction in which the flow is advected, i.e. the axial direction for a cylindri-
cal pipe. The grid needs to enclose the pipe in the y- and z-direction. The
pipe has a radius R and thickness δn. The dimensions of the computational
domain in the x, y, z-direction are Lx, Ly and Lz respectively, where Lx is
chosen to be 10R and

Ly = Lz = 2R + 2δn. (4.1)

Around the center of the pipe, x = 5R, an orifice plate is positioned. A
visualization of the computational domain is given in figure 4.1.

x

y

zL
x

L
y

L
z

R

Figure 4.1: The numerical domain in which the cylindrical tube is set.

Numerically, the geometry of the domain is represented by the so-called
masking function, see section 2.2. The masking function distinguishes a
solid element (H(i, j, k) = 1) from a fluid element (H(i, j, k) = 0). In order
to get an idea of what the masking function looks like, the masking function
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4.1. GEOMETRICAL SETUP

for the geometrical domain is plotted in figure 4.2. Figure 4.2(a) represents
the masking function at the middle of the y-domain, i.e. j = ny/2. The
object that is centered in the middle of the pipe is the orifice plate. Note
that the edge of the orifice plate in the constriction lies parallel to the axial
flow direction, so the shape of the orifice does not depends on the axial
coordinate. The masking functions for the different orifice plates are shown
in section 4.2.
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Figure 4.2: The masking function at j = ny/2 (a) and the masking function at
the cross-section of the pipe (b) at a resolution of 128×64×64.

4.1.1 Position of the orifice plate

The precise definition of the position of the orifice plate is very important.
The number of cells in the x-, y- and z-direction is denoted by nx, ny and
nz respectively. However, there are (nx + 1)(ny + 1)(nz + 1) grid points
needed to create these cells. An element of the masking function H(i, j, k)
is defined at the center of a cell, so at x = x(i)− 1

2dx(i), y = y(j)− 1
2dy(j),

z = z(k)− 1
2dz(k). Since the flow is directed in the x-direction, the thickness

of the orifice plate is a fraction of the total length in the x-direction. We
chose the thickness of the orifice plate to be Lx

16 . For high resolutions, say
128(x)×64(y)×64(z), the orifice plate is already 8 cells thick. This is done,
such that the flow near the orifice plate can be studied more accurately.
In figure 4.3, the position of the orifice plate is visualized for 32 cells in
the x-direction. The plane x(16) is exactly at the half of the pipe, but the
masking function at H(16, j, k) is located at the point x(16) − 1

2dx(16).
Implementing the thickness of the orifice plate results in the expression
nx
2 + 1

2 − nx
32 ≤ i ≤ nx

2 + 1
2 + nx

32 , which represents the range in which the
orifice plate is present. For a resolution of 128×64×64, the orifice plate is
positioned within the range 4.7266R ≤ x ≤ 5.2734R.
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x(0) x(1) x(16) x(31) x(32)
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H(16,j,k) H(17,j,k)H(15,j,k) H(18,j,k)H(1,j,k) H(32,j,k)

Figure 4.3: The position of the orifice plate is exactly at the middle of the pipe
element. The filled squares correspond to a value of ’1’ for the masking
function at the specific position.

4.2 Orifice plates

The orifice plate, is numerically generated via the user-defined masking func-
tion. Different shapes are possible. In the following subsections we will show
examples of simple geometries and fractal geometries. A fractal geometry
mainly consists of simple geometries at different scales. Therefore, it is de-
sirable to understand the physics around such a simple geometry before we
continue with the fractals.

4.2.1 Simple geometries

In this subsection, we will show four masking functions of simple geometries,
namely a circle, square, triangle and star. Besides the geometry, the size
of the orifice is of major importance. We link the size of the orifice to
the porosity φ. Here we define the porosity as the ratio between the area
occupied by the fluid at a cross-section inside the orifice (Ao) and the area
occupied by the fluid at a cross-section inside the plain pipe (Ap), so

φ =
Ao

Ap
. (4.2)

In this thesis, we want to compare these different geometries at the same
porosity. Note that we are dealing with a pipe flow and that not all porosities
are allowed, since a particular geometry may not fit within the cross-section
of the pipe. It seems that the triangle gives us a maximal restriction for
the porosity, namely φ = 3

√
3

4π . Since we have only a limited number of grid
points, we want the number of grid points inside the orifice to be as large
as possible. Therefore we chose a fixed porosity of φ = 0.4. The masking
functions for the four simple geometries are shown in figure 4.4.
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Figure 4.4: Masking functions of an orifice with a circle, square, triangle and star
geometry. For the generation of these masking functions, 64×64 grid
points were used in the y- and z-direction.

4.2.2 Fractal geometries

Fractals are shapes that contain pieces of smaller duplications of the whole
object and the amount of smaller duplications goes to infinity. The construc-
tion of a fractal can be decomposed in several stages, called generations. At
each subsequent generation, smaller duplications of the whole object are
added. In this study, we will use the Koch snowflake as the fractal geome-
try for the orifice. Besides the Koch snowflake, masking functions of other
fractal geometries have been generated, which are presented in Appendix B.

31
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Generating the masking function for fractals

Most non-infinite generations of a fractal geometry consist of a finite number
of points in which subsequent points are connected through a line. So these
fractals are actually polygons. Determining whether a grid point lies inside
the volume enclosed by the polygon is not straightforward. A method for
determining whether a point is inside a polygon has been developed and is
called the ’Point in Polygon’ technique. Two different approaches can be
used, namely the ray casting technique and the winding number technique.
The former can be interpreted as the following. Suppose one wants to know
whether a grid point lies inside the polygon, then one draws a line that starts
in the grid point and ends somewhere at the boundary of the computational
domain. This method determines how many times the line intersects an
edge of the polygon. These edges are created by connecting two subsequent
points of the polygon. When the number of intersections is even, then the
point lies outside the polygon, and when the number of intersections is odd,
it lies inside the polygon.
The winding number technique determines the winding number at the spe-
cific grid point with respect to the polygon. This can be interpreted as
follows. Draw a line from the grid point to the first point of the polygon,
then draw a line from the grid point towards the second point of the poly-
gon. These two lines intersect at a certain angle. Then one draws a line
from the grid point to the third point of the polygon and one determines
the angle between the second line and this third line. This angle is added to
the previous angle. This can be repeated for all the polygon points (the first
point has to be done twice) and the resulting angle is a summation from
all the individual angles. When the grid point lies within the polygon, then
the resulting angle is 2π. When the grid point lies outside the polygon, the
resulting angle is equal to zero.
In this study, we used the ray casting technique for generating fractal mask-
ing functions and made use of the subroutine written by W. Randolph
Franklin [11].

The Koch Snowflake

The fractal object that has been chosen is the so-called Koch Snowflake.
This fractal object is constructed by applying the Koch curve on each side
of an equilateral triangle. The definition of the Koch curve is given below.
The reference pattern consists of an edge which is defined by connecting
a line between two points. At a new generation, an equilateral triangle is
placed on top of the edge. This equilateral triangle is centered at the edge
with one side of the triangle tangent to the edge and has a length 1

3 times the
edge length. The first generation consists now of 5 points and these points
are connected to each other such that 4 new edges appear. This means
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that the second generation is created by placing equilateral triangles with a
length of 1

3 times the edge length of the first generation on the 4 edges of the
first generation. This process can be continued until a desired generation is
reached. A visualization of the process is shown in figure 4.5.

Figure 4.5: The Koch curve for the reference pattern and the
first three generations. This image is reproduced from
http://www.nd.edu/ jcaine1/mathematics/limits chaos.html

The Koch snowflake is constructed by applying the Koch curve on each side
of an equilateral triangle. The zeroth generation of the Koch snowflake is
an equilateral triangle as in figure 4.4(c). The first generation is the ’star’
shape in figure 4.4(d). The second generation of the Koch snowflake (K2) is
shown in figure 4.6(a). All these masking functions have been generated at a
transverse grid resolution of ny = nz = 64. In figure 4.6(a), we observe that
the smallest triangles do not have the same shape. The steps in the masking
function become almost unacceptable at this resolution. This indicates that
we can simulate until the second generation of the Koch snowflake. For
future work, it would be interesting to simulate at higher resolutions. Then
it would be possible to simulate higher generations of the Koch snowflake.
As an example, the masking function of the Koch snowflake for the third
generation is shown in figure 4.6(b). Note that the porosity is larger than
0.4 and a transverse grid resolution of ny = nz = 256 is used.

33



CHAPTER 4. GEOMETRICAL SETUP AND MASKING FUNCTIONS

0 10 20 30 40 50 60

0

10

20

30

40

50

60

y

z

(a)

0 50 100 150 200 250

0

50

100

150

200

250

y

z
(b)

Figure 4.6: The masking function of the Koch snowflake for the second (a) and
third (b) generation.

Fractal dimension

In a mathematical point of view, fractals are characterized by a so-called
fractal dimension. The fractal dimension is a measure for the space filled by
a fractal object. Suppose a two-dimensional object with linear size L1 has
N smaller self similar objects with linear lengths L2 = L1

l , with l > 1 the
linear scaling. The number of self-similar smaller copies is equal to

N =
(

L1

L2

)Df

= lDf , (4.3)

where Df represents the fractal dimension. This equation can be rewritten
in the form

Df =
log N

log l
(4.4)

If we want to determine the fractal dimension of the Koch snowflake, we
need to determine the amount of smaller self similar objects N and the
linear scaling l. From figure 4.6, we see that from the first generation, four
new triangles appear with a linear dimension 1/3 times the edge length at
each subsequent generation. So N = 4 and l = 3, which results in a fractal
dimension of approximately Df ≈ 1.26.
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4.2.3 Unwanted issues with a discrete masking function

In this thesis, we want to compare different geometries of the orifice. We set
the porosity of the orifice w.r.t. pipe cross-section equal to φ = 0.4. Using
this information for the generation of the masking functions gives us the
desired masking function for each geometry. However, since we are dealing
with a discrete masking function, the numerical porosity probably deviates
from the theoretical imposed porosity. The number of control volumes with
the property ’fluid’ in an y,z-plane of an orifice corresponds with the nu-
merical surface of the opening of the orifice. In table 4.1 the number of
fluid cells in an y,z-plane of the specific orifice is shown for a resolution of
128×64×64.

Table 4.1: Numerical porosity for the different geometries at a resolution of
128×64×64. Column 2 represents the number of fluid cells in the y,z-
plane of the orifice.

Geometry Number of fluid cells Numerical porosity φTheory

φNumerical

No flange 2828 1.0 1.0
Circle 1124 0.397454 0.9936
Square 1156 0.408769 1.0219
Triangle 1144 0.404526 1.0113

Star 1144 0.404526 1.0113
Koch2 1124 0.397454 0.9936

From the numbers in table 4.1 we can conclude that the ratio between the
theoretical and numerical porosity differs 3% at maximum. This ratio can
be decreased by using higher resolutions.

Besides the slight difference in porosity, the discrete masking function gen-
erates a numerical geometry which can deviate from the imposed geometry.
In figure 4.4, the circle, triangle, star and K2-geometry exhibit steps in
their perimeter while they should not be there theoretically. This so called
’stairstepping’ is clearly visible on coarse resolutions. On higher resolutions,
the size of these ’stairs’ will be smaller and the stairstepping will be less
visible. However, for a fractal geometry, there are also smaller scales. So
the size of the stairs w.r.t. the smallest length scale of a finite generation of
a fractal need to be small. This gives us a restriction for the generation of
a fractal at a specific resolution in order to correctly display the geometry
with a discrete masking function.
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Chapter 5

Turbulent pipe flow

In the past, much work has been devoted to the study of turbulent pipe
flow. Both experiments and numerical simulations have been performed on
this branch of fluid dynamics. In this chapter, a brief overview is made
of previous studies reported in literature. These data provide a point of
reference for a comparison with our turbulent pipe flow simulations. First,
some useful statistical tools are elaborated in the next section, before we
compare IB findings with existing literature.

5.1 Statistical tools

In this section we list a number of post-processing methods to extract sta-
tistical data from numerical simulations. Turbulence is characterized by
fluctuating velocities and pressure. By averaging the velocities and pressure
over a large time span T , we obtain the mean velocities and mean pressure
over this time span. We can write the time-averaged mean axial velocity as

ūi,j,k =
1
T

∫ T

0
ui,j,k(t)dt. (5.1)

Besides the mean axial velocity, it is also interesting to look a the root-mean-
squared (RMS) of the axial velocity, i.e. the average fluctuation in the axial
velocity. The time-averaged RMS of the axial velocity can be written as

uRMS
i,j,k =

√
1
T

∫ T

0
(ui,j,k(t)− ūi,j,k)2dt. (5.2)

Higher-order moments are also calculated by other researchers. The time-
averaged third moment of the axial velocity is called the skewness:

Skewnessi,j,k =
1(

uRMS
i,j,k

)3
T

∫ T

0
(ui,j,k(t)− ūi,j,k)3dt. (5.3)
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The time-averaged fourth moment of the axial velocity is called the kurtosis
or flatness:

Flatnessi,j,k =
1(

uRMS
i,j,k

)4
T

∫ T

0
(ui,j,k(t)− ūi,j,k)4dt. (5.4)

5.2 Physical experiments

Several decades ago, researchers observed various effects in turbulent chan-
nel flow and turbulent pipe flow. One observation was that the rate of
spreading of a round jet was smaller than the rate of spreading of a plane
jet. Patel and Head [12] performed some experiments on a turbulent channel
flow and a turbulent pipe flow and found deviations in the mean velocity
profiles. They showed that for Reynolds numbers larger than 3000, the flow
in the pipe failed to conform to the ’law of the wall’. This law states that the
average velocity of a turbulent flow at a specific point is proportional to the
logarithm of the distance from the point to the wall y+. However, this law
was valid for a fully developed channel flows. They concluded that some of
the differences could be explained by the differences between axisymmetric
and plane flow. Huffman and Bradshaw [13] analyzed existing experimental
data and found differences in the logarithmic form of the velocity distribu-
tion obtained from pipe and channel flow measurements. They concluded
that von Karman’s constant κ in low-Reynolds-number turbulent flows has
a fixed value of 0.41. They also found that there was an additive constant C
that depends on external influences, e.g. curvature effects. Laufer [14] and
Lawn [15] performed several experiments for Re ≈ 40000 and found that the
velocity profiles matched the logarithmic distribution only up to y+ = 300.
Beyond y+ = 300 it exceeded the logarithmic distribution, indicating the
presence of a wake region near the centerline of the pipe.

5.3 Numerical simulations

Eggels et al. [16] carried out a direct numerical simulation (DNS) of a turbu-
lent pipe flow at a Reynolds number of 7000 (based on centerline velocity and
pipe diameter). They used a computational domain which consisted of a pipe
with diameter D and length L = 5D. They used a finite volume technique
and a cylindrical coordinate system. The grid consisted of 96×128×256
gridpoints (r, θ, z-direction). Periodic boundary conditions were applied in
the streamwise and circumferential direction, whereas at the pipe wall no-
slip boundary conditions were imposed. They initiated the simulation by
generating a random velocity field according to preliminary experimental
data. In order to avoid laminarization, they found it was necessary to de-
crease the fluid viscosity initially. Therefore, a preceding simulation was
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performed (lasting only one dimensionless time-scale t∗(= D/uτ ), where uτ

is the friction velocity) before the actual DNS was started. The flow statis-
tics were generated using the data from t = 10∗ to t = 14∗. The time-step
was equal to 0.0002t∗.

Nieuwstadt et al. [17] performed a DNS on a pipe with a diameter D and
length L = D. The Reynolds number used in the simulation is Reτ = 36.
Here the Reynolds number is defined as Re l = ul

ν = l2/ν
l/u = Tν

Tt
, where l and

u represent the length scale and the velocity scale of the eddies inside the
fluid respectively and Tt denotes the time scale of transport by the macro
scale eddies and Tν the time scale of molecular diffusion over a length l.
Re l = 1 represents the transition from a laminar flow to a turbulent flow.
For a medium such as air and a pipe diameter of 0.1 m this would lead
to a mean velocity Ub in the pipe of approximately 0.75 m/s where they
used l = 0.1D and u ≈ 0.07Ub. According to the regular definition of the
Reynolds number (based on the mean velocity and pipe diameter) this would
be equal to Re = 5000. They also used a finite volume method to discretize
the equations of motion in a cylindrical coordinate system. The number of
grid points were 96×128×256 in the r, θ and z-direction respectively.

Statistical results of DNS of low-Reynolds-number turbulent pipe flow, at
a Reynolds number of Re ≈ 7000 based on centerline velocity and pipe di-
ameter, are reported in the paper of Eggels, Unger et al. [2]. The results
of two DNS computations are compared to corresponding experimental re-
sults to verify the numerical data. The experimental results are obtained
using three different measurement techniques, namely hot-wire anemometry
(HWA), laser Doppler anemometry (LDA) and particle image velocimetry
(PIV). They elucidate the similarities and differences between axisymmetric
and plane flow for various flow statistics. For example, they found differences
in the ratios Ub

uτ
and Uc

Ub
, where Uc denotes the centerline velocity, between

pipe flow and channel flow and concluded that the changes are caused by the
additional friction at the ’side’-walls of the pipe which is absent in the plane
channel. The statistics on fluctuating velocities appear to be less affected
by the cylindrical cross-section of the pipe geometry. Larger deviations are
observed for the higher-order statistics of the fluctuating velocities. In par-
ticular, the skewness factor of the normal-to-the-wall velocity fluctuations
differs from the results obtained in the channel. A physical explanation for
the observed differences was linked to the impingement mechanism at the
wall which is altered by curvature effects.

The data from the numerical simulations of Unger and Eggels are found
in a DNS database of turbulence and heat transfer from the University
of Tokyo [3]. In this database, additional data from Kasagi(2002) and
Kasagi(2003) is present about a turbulent pipe flow. Kasagi(2002) used
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a highly energy-conservative second-order finite difference method with a
staggered grid system. They used a cylindrical coordinate system and a res-
olution of 96×128×256. The length of the pipe was five times the diameter.
Kasagi(2003) used approximately the same code as Kasagi(2002), but took
a pipe length of L = 10D and a resolution of 96×128×512.

5.4 Comparison

5.4.1 Initial fields

In literature, very little information can be found concerning the initial
conditions of the flow field. In order to make my simulations clear and
reproducible, we present the initial fields used in our simulations:

u(i, j, k) = 1.0

v(i, j, k) = 20.0 sin
(

x(i)
Lx

2π

)

w(i, j, k) = 20.0 sin
(

z(k)
Lz

2π

)

p(i, j, k) = 0.0. (5.5)

The choice of these initial conditions is more or less a well-minded guess.
No study has been performed on the dependence of the initial conditions
on the evolution of the flow. It is believed that for large integration times
(say t ≈ 10t∗, with t∗ = D/uτ ), the flow field is independent of the initial
conditions [2].

5.4.2 Mean and RMS of the axial velocity

The pipe used by Eggels, Unger and Kasagi (2002) is a pipe with diam-
eter D and an axial length of Lx = 5D. In contrast to my coordinate
system, they used a cylindrical coordinate system with a grid resolution of
256(z)×128(φ)×96(r). Kasagi (2003) used a pipe length of Lx = 10D and
a grid resolution of 512(z)×128(φ)×96(r). The Reynolds numbers in these
numerical experiments were defined in several ways, see equation 5.6.

Reτ =
uτD

µ
= 360

Reb =
UbD

µ
= 5300

Rec =
UcD

µ
= 7000 (5.6)

The Reynolds numbers shown above belong to the same simulation. The
Reynolds numbers are based on the pipe diameter D and the friction velocity
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for the Reynolds number Reτ , on the mean velocity (Ub) for Reb and on the
centerline velocity (Uc) for Rec. Here they approximated the eddy length
scale by l ' 0.1D and used Ub ≈ 14.73uτ [17] , [3]. Taking a pipe diameter
of D = 0.1 meter and the kinematic viscosity for air (µ ' 1.5 ∗ 10−5 m2/s)
results in a friction velocity of uτ ≈ 0.054 m/s and a mean velocity of
Ub = 0.795 m/s. In our simulations, we also used a Reynolds number of
5300. With this information, we were able to generate a turbulent pipe flow
for a resolution of 64(x)×32(y)×32(z) or lower. But for higher resolutions,
such as 128(x)×64(y)×64(z), the flow remained laminar. In order to make
the flow turbulent for these resolutions, we also had to temporarily increase
the Reynolds number. This is also done by Eggels, Unger and Kasagi [2], [3].
Eggels et al. used a reduced viscosity of (Reτ ≈ 6000) until t = 1.0t∗

(t∗ = D/uτ ). The resulting flow was then used as the initial field for the real
simulation at Reτ = 360. Unger et al. used a somewhat different approach,
they started with Reτ = 3000 and gradually reduced the Reynolds number
to Reτ = 500 at t = 1.0t∗ and subsequently used this field for the real
simulation of Reτ = 360. For our simulations we also kept the mass flow
constant and started with a Reynolds number of Re = 70000 and gradually
decreased it to Re = 5300 at t = t∗. For t > t∗, the Reynolds number
remains fixed at 5300. Apart from the procedure described above, one might
also consider increasing both the mass flow and the Reynolds number and
keeping the viscosity fixed, which corresponds to increasing the flow rate in
practice.

In the figures below, the mean axial velocity profiles and the RMS axial
velocity is plotted as a function of the radius. It should be noted that these
quantities are averaged over the axial direction. The data points in the
figures below are obtained from a straight line that crosses the center of
the pipe. An attentive reader notes that an increase in the resolution does
not directly result in a smaller diameter of the pipe. This is caused by the
way the grid is generated. Only for a resolution of 128×64×64, the wall has
shifted towards r/D = 0.5.
In these figures, the mean and RMS velocities are divided by the friction
velocity uτ . According to [17], the friction velocity is linear dependent on
the bulk velocity Ub. The bulk velocity is equal to Q

πR2 , where Q is the flow
rate or mass flow.

From figure 5.1 we can see that for all resolutions, the mean axial velocity has
a maximum at the center of the pipe and goes to zero when it approaches
the wall. For a more in-depth comparison with literature it is clear that
a resolution of 16×8×8 does not provide sufficient grid points within the
flow domain. Increasing the resolution to 32×16×16 gives us a profile that
is generally lower in the center of the pipe w.r.t. the results of Eggels,
Unger and Kasagi. However, the mean axial velocity close to the wall is
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Figure 5.1: Mean axial velocity versus the radius of a turbulent pipe flow with
Re = 5300. The averaging took place from 10.84t∗ < t < 39.36t∗.
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Figure 5.2: RMS of the axial velocity versus the radius of a turbulent pipe flow
with Re = 5300. The averaging took place from 10.84t∗ < t < 39.36t∗.

higher, since the mass flow has to be conserved. Further increasing the
resolution, gradually decreases this effect. For a resolution of 128×64×64,
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the line approaches the data from Eggels, Unger and Kasagi. We have to
make a note that at first sight it seems that the mass flow is not conserved
for the resolutions 16×8×8, 32×16×16 and 64×32×32. Further inspection
showed that the mass flow is constant everywhere along the axial direction.
For the aforementioned resolutions, the mean velocity at the center is lower
than the reference case, but the mean velocity near the wall is higher than
the reference case due to larger control volumes. One has to take into
account that the cross-sectional area of the pipe is not linear with r/D.
Approximately 50% of the area lies within the range 0 ≤ r/D / 0.35 and
the other 50% lies in the remaining range of 0.35 < r/D ≤ 0.5. So the largest
part of the cross-sectional area lies within the outer area of the circle.

The second-order statistics in figure 5.2, the RMS, show that the qualitative
differences become bigger between the different resolutions. For the time-
averaged RMS profile of the axial velocity, we can discard the result of
16×8×8, since it is qualitatively different from literature. Increasing the
resolution gives an radial outward shift of the maximum RMS axial velocity.
Besides the shift of the peak, it also shows a growth in the size in the
peak. The peak in the RMS profile of the axial velocity lies close to the
walls, since the largest fluctuations in the axial velocity are found close
to the wall. But still for a resolution of 128×64×64, the profile does not
perfectly fit on the data from literature. The differences are the highest
close to the wall. It should be noted that the results in figure 5.1 and
5.2 are obtained by using the data points on a straight line. Using all the
data points shows that the RMS profile lies very close to the RMS profiles
of the literature. Higher-order statistics, such as third-order (skewness)
and fourth-order (flatness/kurtosis), produce larger deviations with respect
to the results of Eggels, Unger and Kasagi. However, for a resolution of
128×64×64, the qualitative features are comparable with literature.

It should be stressed that our results are produced with the use of a uniform
grid, while the studies in literature use non-uniform grids that are sophisti-
cated near the wall. In the case of a pipe flow, the use of an uniform grid has
disadvantages with respect to achieving a high accuracy. Close to the wall,
let’s say the region between the peak in the RMS profile of the literature and
the pipe wall, we only have two data points. Eggels has eight data points
in this region and Kasagi has twenty-three data points within this region.
So especially in this region we lack important data. Alternatives, such as
a higher-order spatial discretization and a higher resolution, will probably
solve this problem.
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Chapter 6

Flow through pipes with
mounted orifice plates

The addition of an orifice plate inside a pipe causes a significant pressure
drop. For industrial applications, it is desirable to minimize the pressure
drop since it is related to energy losses. In order to understand the pressure
profiles, related physical quantities have also been studied. However, the
addition of an orifice plate brings some difficulties with the presentation of
data. Since we are not allowed to calculate the means over the axial direc-
tion, higher-dimensional representations have to be made compared to the
plain pipe flow in chapter 5. In this chapter, we first give an introduction to
orifice plates. Subsequently, we show the results of the pressure drop across
the computational domain. Then we give an overview of the other physi-
cal quantities that are studied and briefly discuss resolution considerations.
After that, we show results of time-averaged quantities such as the axial
velocity, radial velocity, kinetic energy, enstrophy and stresses. These quan-
tities help us to understand the main features of the pressure profiles and the
flow around the orifice plate. We do this by showing three-, two-, one- and
zero-dimensional results. The simulations were performed for two different
flows, namely for Reynolds numbers equal to Re = 1 and Re = 4300.

6.1 Introduction to orifice plates

In industry, the most common flow meter is the differential pressure flow
meter. There exist different types of differential flow meters, but the orifice
plate flow meter is the most widely used. The reason for the popularity
of this differential flow meter is that it is easy to construct, it has low
maintenance costs and it has a wide applicability to different fluids including
both liquids and gases [18].
In the simple case, the orifice plate has a circular opening with diameter Do

and a thickness in the streamwise direction that is small compared to the
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diameter of the orifice. The streamlines that approach the orifice, start to
converge and form a narrow jet. The area of the jet depends on the minimal
velocity that needs to be present inside the jet. The cross-section of the
jet decreases when it travels through the orifice. This decrease continues
behind the orifice plate until the pressure is equalized over the cross-section
of the jet and the axial velocity profile is nearly flat. After that, the stream
lines start to diverge slowly and the cross-section of the jet increases. The
point at which the area of the jet with the highest velocity is minimal is
called the vena contracta. A sketch of the vena contracta is shown in figure
6.1. The slow divergence after the vena contracta is caused by friction with

Vena contracta

Figure 6.1: The vena contracta is the position at which the area of the jet is
minimal.

the fluid outside the jet (shear stress) that slows down the jet and causes
the cross-section to increase. As already explained, the area of the vena
contracta Aven is smaller than the area of the orifice Ao. The ratio between
those areas can be written as

Aven

Ao
= CA, (6.1)

which is called the coefficient of contraction. At the vena contracta, the
streamwise velocity component is approximately equal over the area of the
jet and has an averaged value of Vven. However, there is still a maximum
of the axial velocity at the center of the pipe at the vena contracta, which
is denoted by Vmax. The averaged velocity Vven at the vena contracta can
be written as a constant times the maximum velocity Vmax at the vena
contracta, so

Vven = CvVmax. (6.2)

Here, Cv is called the coefficient of velocity and is usually quite high, between
0.95 and 0.99. Suppose we have a mass flow/discharge of Q = VvenAven,
then we can rewrite it to Q = CvVmaxCAAo = CdAoVmax where

Cd = CvCA (6.3)

is called the discharge coefficient. So the discharge coefficient is a measure
for the combination of the velocity profile at the vena contracta, i.e. Cv, and
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the ratio between the area of the orifice and vena contracta, i.e. CA. The
value of the discharge coefficient is used for calculating the mass flow through
an orifice plate. The Reynolds number and the size of the orifice w.r.t. to the
pipe diameter have influence on the discharge coefficient, which is described
by Rahman et.al. [19]. For circular orifice plates, the ratio between the
orifice diameter and the pipe diameter is denoted as the β-ratio.

Due to the presence of an orifice plate, a pressure drop is created. In practice,
one can measure the pressure drop around the orifice plate. The location of
the pressure taps can be different in each situation. In industry, one speaks
of so-called corner taps, flange taps, vena contracta taps etc. [20]. With the
information of the pressure drop, orifice size and discharge coefficient, one
is able to calculate the mass flow by using the Bernoulli equation [20], [21].
Numerically, we can get a complete overview of the flow- and pressure field,
such that we can measure the pressure at e.g. the vena contracta taps.
Differences in the geometry can have influence on the pressure field and
the position of the vena contracta, which can lead to a different pressure
drop. Via the use of Bernoulli, this can lead to a calculated mass flow that
deviates from reality. So information of the flow- and pressure field around
the different orifice plates is desirable.

In our simulations we impose a fixed mass flow and we measure the pressure
drop around the orifice plate. For a traditional unbeveled circular orifice
plate, the size of the pressure drop is inter alia dependent on the discharge
coefficient, the β-ratio, the Reynolds number, the width of the orifice and the
imposed mass flow. For orifices with non-circular geometries it is imaginable
that the definition of the β-ratio cannot be used anymore and the geometry
effect on the discharge coefficient is unknown. For industrial applications
it is desirable that the pressure drop is low, such that the corresponding
energy losses are low. The amount of power that is needed to maintain the
flow is defined as

Power = Q∆P, (6.4)

where Q denotes the mass flow and ∆P the pressure drop. It would be
interesting to look whether there is a relation between the geometry of the
orifice and the size of the pressure drop.
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6.2 Pressure drop

The pressure drop over the pipe element 10R as a function of time has been
calculated for two different flows. One flow is laminar and is characterized
by Re = 1, while the other is turbulent and is characterized by Re = 4300.
The pressure drop has been plotted in figure 6.2, where the horizontal axis
is scaled by the time unit Tpipe = Lx

Ub
≈ 2.95t∗. At Re = 1, the flow is

steady after a few time units. At Re = 4300, the results can be considered
independent of the initial conditions after t = 13t∗ ≈ 38.3Tpipe. For the
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Figure 6.2: Pressure drop for Re = 1 (a) and Re = 4300 (b).

laminar case, i.e. Re = 1, we immediately see a pressure drop that is
approximately constant over time. We also observe that an increase in the
Koch generation results in a larger pressure drop. This is probably related
to the larger number of (sharp) corners. The orifice with the K2-geometry
results in a pressure drop that is 30% larger than the pressure drop in
the case of a circular orifice. For the turbulent flow of Re = 4300, we
observe a profile of the pressure drop that is fluctuating around an average
value. The fluctuations are characteristic for turbulence. The difference
in the pressure drop for the different orifice geometries does not give us
a clear understanding. Namely, we observe that the square, triangle and
star exhibit approximately the same amount of pressure drop, while the K2-
geometry leads to a pressure drop that is approximately 5% larger. The
largest pressure drop is observed in the case of a circular orifice, which is
approximately 15% larger than the pressure drop for a square, triangle or
star geometry. In order to understand the observed features above, we will
study the flow around the orifice plate in more detail. The remainder of this
chapter will be split into four sections. The next section gives an overview
of the physical quantities that have been studied. The two latter sections
deal with describing the laminar flow and the turbulent flow.
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6.3 Overview of measured quantities

Several physical quantities have been studied for a better understanding of
the flow mechanism and the pressure drop around the orifice plates. The
different physical quantities and their definitions are listed below:

• Mean axial velocity: ūi,j,k

• Mean radial velocity: ūri,j,k = yi,j,k

ri,j,k
v̄i,j,k + zi,j,k

ri,j,k
w̄i,j,k

• Mean kinetic energy: KEi,j,k = ū2
i,j,k + v̄2

i,j,k + w̄2
i,j,k

• Mean enstrophy: ξi,j,k = ω2
x|i,j,k + ω2

y |i,j,k + ω2
z |i,j,k

• Mean pressure: p̄i,j,k

• Normal stress and shear stress
• Vena contracta measurements

For the turbulent flow, we also studied the turbulent kinetic energy (TKE):
• Mean turbulent kinetic energy:

TKEi,j,k =
(
uRMS

i,j,k

)2
+

(
vRMS
i,j,k

)2
+

(
wRMS

i,j,k

)2

The quantities above are scaled by one or more related parameters, such
that different simulations are comparable. A common parameter is the bulk
velocity Ub, which is equal to the mass flow Q divided by the cross-sectional
area of the pipe πD2

4 .
The results in the upcoming sections originate from time-averaged data. For
the laminar flow at Re = 1, we use time-averaged data from the steady
state. For the turbulent flow at Re = 4300 we used time-averaged data of
the timespan 9.32t∗ < t < 26.09t∗. It should be stressed that we refer to
time-averaged quantities, although it is not always mentioned. The results
for the enstrophy, KE, TKE, normal stress and shear stress are presented as
averages per cross-section. Here, we only count the ’fluid’ cells for averaging,
so that we refer to the average quantity per fluid cell. In the remainder of
this section, we would like to discuss the stress quantities and the method
that is used for vena contracta measurements.

Stresses
The dominant stresses in a turbulent flow are different from the dominant
stresses in a laminar flow. For a laminar flow, the stress depends almost only
on the viscosity and is independent of the density. However, for a turbulent
flow the stress is a function of the density. The dominant stress for turbulent
flows is called the Reynolds stress. The Reynolds stress is an average over
the product of velocity fluctuations in two specific directions [22], [23]. In
this study, we only calculated the viscous stresses.

The total stress is a measure for the amount of stress on a surface of a
volume element. Usually, the term shear stress is used, but this definition is
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somewhat confusing. Namely, the stress on a surface is composed of a stress
normal to the surface, called the normal stress, and the stress tangential to
the surface, called the shear stress. The total shear stress τtot can be written
as

τtot =
√

τ2
n + τ2

sh

τn =
1
Re

√
2

(
(a11)

2 + (a22)
2 + (a33)

2
)

τsh =
1
Re

√
2

(
(a12)

2 + (a13)
2 + (a21)

2 + (a23)
2 + (a31)

2 + (a32)
2
)

(6.5)

where the terms τn and τsh denote the normal and shear stress respectively.
The terms aij are the elements of the tensor A which is defined as

A =




a11 a12 a13

a21 a22 a23

a31 a32 a33




=




∂u
∂x 0.5

(
∂u
∂y + ∂v

∂x

)
0.5

(
∂u
∂z + ∂w

∂x

)

0.5
(

∂v
∂x + ∂u

∂y

)
∂v
∂y 0.5

(
∂v
∂z + ∂w

∂y

)

0.5
(

∂w
∂x + ∂u

∂z

)
0.5

(
∂w
∂y + ∂v

∂z

)
∂w
∂z


 .

The stresses are divided by Ub
D in order to obtain dimensionless comparable

results.

Vena contracta measurements
The axial coordinate at which the area of the jet behind the orifice plate
is minimal is called the vena contracta. Since the velocity profile of the jet
is not perfectly flat, the area of the jet is dependent on the minimal axial
velocity inside the jet. We will determine the area of the jet w.r.t. the orifice
area Ao at different axial positions for different threshold velocities U .

U =
(
0.9 +

ε

100

)
Umax for ε = 0, 1...9, 10. (6.6)

Here, Umax is the maximum axial velocity in the whole flow domain. This
method is applicable to a steady flow or a time-averaged velocity field in our
case.
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6.4 Resolution considerations

In an ideal world, we would like to perform simulations on an infinitely large
resolution. Due to the limited amount of computer power and the limited
amount of time, we are restricted to use a certain amount of resolutions. In
principle, we want to study at the highest resolution that is possible, but this
resolution does not guarantee acceptable results. Therefore, a small resolu-
tion study is performed for the comparison of quantitative and qualitative
results.

A laminar flow of Re = 1 shows approximately the same qualitative results
at different resolutions. For a turbulent flow of Re = 4300, this is not the
case. First we will show slices of the kinetic energy profile at the entrance of
the orifice, i.e. x = 4.6875R, and at the center of the orifice, i.e. x = 5R, at
Re = 4300. These slices are shown in figure 6.3. From this figure we observe
that the kinetic energy profiles exhibit qualitative differences between the
resolutions. At x = 4.6875R, we observe a band of high kinetic energy
close to the wall at resolutions of 64×32×32 and 128×64×64. This band
is not visible at a resolution of 32×16×16. At the center of the orifice, i.e.
x = 5R, the highest kinetic energy is found near the center of the pipe at
the two lowest resolutions. However, at the highest resolution, we observe
that the highest kinetic energy is still present in a narrow band close to the
wall. From the three resolutions, the simulations at 32×16×16 result in the
largest qualitative differences w.r.t. the simulations at 128×64×64. From
the observations above, it is clear that the higher resolutions are able to
display smaller structures in the flow, while lower resolutions can not. This
can lead to different interpretations of the flow. Therefore, we still need to
be careful with the interpretation of some results.

An appropriate quantitative description of the flow is even more difficult.
By increasing the resolution, quantitative results should converge towards
an asymptotic value when the flow is qualitatively the same. The averaged
kinetic energy per fluid cell per cross-section and the averaged enstrophy
per fluid cell per cross-section are shown in figure 6.4(a) and figure 6.4(b)
respectively. From figure 6.4(a) and 6.4(b), we clearly see that the resolution
of 32×16×16 produces the largest qualitative differences. For example, there
is no peak in the average enstrophy at the entrance of the orifice. When
we compare the two highest resolutions, we observe significant quantitative
differences. For example, the average enstrophy at the entrance of the orifice
is approximately three times larger at a resolution of 128×64×64.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.3: Kinetic energy profiles for the square-shaped orifice at x = 4.6875R
and x = 5R for three different resolutions at Re = 4300. Resolutions:
32×16×16 (a,b), 64×32×32 (c,d), 128×64×64 (e,f).

Since we want to study the flow structures around the orifice plate in the
highest detail possible, we will simulate at a resolution of 128×64×64. But
the small resolution study above shows that we need to be careful with the
interpretation of some results, especially the quantitative results.
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Figure 6.4: Averaged kinetic energy (a) and enstrophy (b) per fluid cell per cross
section for the square-shaped orifice at different resolutions.
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6.5 Laminar flow

In this section, we will show results for a laminar flow with a Reynolds
number equal to Re = 1. The quantities that are studied were discussed in
section 6.3. For a first impression of the flow field in the geometrical domain,
we made a three-dimensional isosurface plot of the mean axial velocity with
the presence of a star-shaped orifice in figure 6.5. From this figure we can
immediately see that high axial velocities are present around the center of the
pipe behind the orifice plate. Behind the orifice plate and close to the wall,
the mean axial velocity is negative, so there is a region of backflow. These
qualitative observations are also present in the case of the other orifice plates,
therefore we only showed one isosurface plot of the mean axial velocity.
Quantitative differences between the different orifice plates can be found in
subsection 6.5.2, where the mean velocity profiles are discussed.

Figure 6.5: Time-averaged axial velocity for Re = 1 with the presence of a star-
shaped orifice plate.
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6.5.1 Vortices near orifice plate

The presence of an orifice plate generates vortices for Reynolds numbers
Re ' 1. The existence of these vortices can not be calculated directly via
the vorticity, since the vorticity at a specific point represents more or less the
curvature of a stream line through that point. At least in the case of a steady
velocity field, which the averaged fields are. However, when the vorticity is
integrated over a certain area, we can calculate the circulation. The same
circulation can also be calculated by integrating the velocity vector over the
contour that encloses the previously chosen area. However, the problems
of these approaches is that you have to determine an area or contour in
which the vortex is present. Initially, we do not know these regions where
these vortices are present, so this would take a lot of trial and error. A less
demanding method, is to plot the streamtubes at different positions behind
the orifice plate. The closed streamtubes represent vortices as shown in
figure 6.6 for a square-shaped orifice. So behind the orifice, there is a region
in the shape of the imposed geometry, where vortices are present. These
geometry-related vortices have also been observed for the other geometries
of the orifice plate. The colors do not contain additional information.

Figure 6.6: Streamtubes of the time-averaged flow field for Re = 1 with the pres-
ence of a square-shaped orifice plate.

A velocity plot slightly behind the orifice plate can give us a better view
on the local vortex. In figure 6.7, only a small part of a two-dimensional
slice is plotted at y/R = −0.0167, so that the vortex is visible. Otherwise
the vortex is not clearly visible due to the difference in magnitude of the
velocity vectors. The existence of such a vortex is due to a low pressure
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behind the orifice plate wall. In the jet behind the orifice plate, there exists
a region with a relative high pressure. Due to the pressure difference and
the smooth profile of the streamlines, a vortex is generated. From this
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Figure 6.7: Quiver plot of the time-averaged flow field for Re = 1 slightly behind
the square-shaped orifice plate. The slice is taken at y/R = −0.0167.

velocity plot, we can see that the center of the vortex is approximately 0.5R
downstream the trailing edge of the orifice plate. The velocity component
in the z-direction increases when moving from the vortex core straight to
the trailing edge of the orifice plate. Very close to the orifice plate wall, the
velocity is approximately equal to 0.05Ub and since the velocity is close to
zero inside the orifice plate, the velocity gradient is relatively large slightly
behind the orifice plate.
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6.5.2 Mean velocity profiles

A three-dimensional representation, such as the mean axial velocity profile
in figure 6.5, gives a first qualitative impression, but it is not sufficient for
a clear comparison between the different orifice geometries. Therefore we
shift to lower-dimensional representations of the mean velocity profiles.

Mean axial velocity
Two-dimensional plots of the mean axial velocity at different axial coor-
dinates have been made for the different orifice plates in figure 6.8-6.12.
The slices at x = 4.6875R are slightly before the orifice plate, the slices at
x = 5R are exactly at the center of the orifice and the slices at x = 5.3125R
are slightly behind the orifice plate. The other axial coordinates are further
upstream/downstream of the orifice plate.

For every orifice plate, we observe the highest axial velocity in the center
of the pipe. Slightly before the circular orifice plate, figure 6.8(c), the ∂u

∂r
gradient is large close to the y- and z-positions of the orifice which causes
a non-parabolic axial velocity profile that is rather flat and has a maximum
at the center. Downstream of the orifice plate, the boundary layer grows
and the axial velocity profile relaxes towards a parabolic Poiseuille profile.
The four remaining orifice plates exhibit (sharp) corners in their geometry.
Looking at a cross section precisely in the middle of the orifice plates, fig-
ures 6.9(d), 6.10(d), 6.11(d) and 6.12(d), shows that the axial velocities are
the lowest close to the wall. When two boundaries are approaching each
other, there is a relatively large region with low axial velocities. The low
velocities in the corners of the orifice plates confirm this. Another feature
that can be extracted from the slice plots is that the axial velocity contours
resemble the shape of the geometry of the orifice plates close to the bound-
aries. Approaching the center of the pipe/orifice plate results in a contour
with a circular shape. The shape of the axial velocity contours is different
approximately 2R to 3R behind the orifice plate. Here the axial velocity
contours seem to be out of phase w.r.t. the imposed geometry of the orifice
plate. This feature is visible in figure 6.9(g), 6.10(g) and 6.11(g). This out
of phase profile is related to the higher and lower radial velocities behind
the orifice plate which is discussed later on.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.8: Mean axial velocity profiles for Re = 1 with the presence of a circular
orifice plate at different axial positions. The mean axial velocity is
scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.9: Mean axial velocity profiles for Re = 1 with the presence of a square-
shaped orifice plate at different axial positions. The mean axial veloc-
ity is scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.10: Mean axial velocity profiles for Re = 1 with the presence of a triangu-
lar orifice plate at different axial positions. The mean axial velocity
is scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.11: Mean axial velocity profiles for Re = 1 with the presence of a star-
shaped orifice plate at different axial positions. The mean axial ve-
locity is scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.12: Mean axial velocity profiles for Re = 1 with the presence of an orifice
plate that has the geometry of a second generation Koch snowflake
at different axial positions. The mean axial velocity is scaled by the
bulk velocity Ub.
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Axial velocity and pressure at the centerline
The axial velocity is maximal at the center of the pipe cross-section, i.e. the
centerline. In order to compare different simulations with different Reynolds
numbers and mass flows, the axial centerline velocity is scaled with the bulk
velocity Ub. The axial centerline velocity as a function of the axial coordinate
is shown in figure 6.13(a) for the different geometries. The profile of the
axial centerline is correlated with the pressure at the centerline which is
given by figure 6.13(b). In the case that there is no orifice plate present,
we see that the axial velocity is constant and therefore independent of the
x-position. Averaging the axial velocity over a cross-section results in a
constant value for every cross-section, which corresponds to the bulk velocity
that is connected to the imposed mass flow that has to be satisfied. The
fulfilment of a constant mass flow in a plain pipe corresponds with a linear
pressure drop as shown in figure 6.13(b).
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Figure 6.13: Axial velocity and pressure profiles for different geometries of the
orifice plates. The Reynolds number was Re = 1. The size of the
pressures should be neglected, since only the pressure drop matters.

With the addition of an orifice plate, the mass flow changes locally. From
figure 6.13(a), we can see that for all the orifice plates the lowest axial
velocity occurs approximately one radius before the center of the orifice.
The maximum axial velocity occurs slightly after the orifice plate. So in the
intermediary domain the velocity field is accelerated, which corresponds to
the pressure drop in figure 6.13(b). After the maximal axial velocity has
been achieved, the axial velocity slowly decreases, which corresponds to a
rise in the pressure profile.

The effect of the geometry on the axial velocity and pressure at the centerline
is more difficult to interpret. However, from figure 6.13(a), we can see
that the axial centerline velocity is the highest for the second-order Koch
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snowflake(K2)-geometry. Since we are dealing with a Reynolds number of
Re = 1, the viscous forces play a significant role. This means that the
velocities close to the wall are low compared to the bulk velocity. In the
case of a K2-geometry, a large part of the cross-sectional area lies close to
the wall. Only a small part of the cross-sectional area is less influenced by
the wall. In order to compensate the imposed mass flow, the axial velocity
is higher close to the center of the pipe. The larger axial velocity at the
centerline also corresponds to a higher pressure drop, which agrees with
figure 6.13(b).

So for Re = 1, the pressure drop is dependent on the size of the area where
viscous forces play a significant role. The geometry of the orifice and the
length of its perimeter determine the size of this area. We observed that an
increase in the perimeter causes a larger pressure drop.

Mean radial velocity
In the figures for the radial velocity ur, figure 6.14-6.18, a positive radial
velocity (ur > 0) corresponds with an outward radial velocity and a nega-
tive radial velocity (ur < 0) corresponds with an inward radial velocity. For
every geometry we observe a region of high inward velocity slightly before
the orifice plate with an amplitude of approximately Ub. For every orifice
shape, this region of high inward velocity conforms to the geometry of the
orifice plate. This region of high inward radial velocity is physically imagin-
able since the flow needs to go through the orifice. The convergence of the
streamlines is relatively high since most of the streamlines move towards the
center of the pipe. A fluid element further away from the center of the pipe
needs a high inward radial velocity to reach the entrance of the orifice plate.
However, the radial velocity needs to go to zero because of the boundary at
the wall. This causes the observed ’band’ of high inward radial velocity in
figure 6.14(c) 6.15(c) 6.17(c) 6.18(c).

Behind the orifice plate, we observe alternating regions of relative high and
relative low radial velocities. This can be seen in e.g. figure 6.15(e), 6.15(f),
6.16(e), 6.16(f), 6.17(e) and 6.17(f). When the flow enters the orifice, the
flow is pinched in a way that is dependent on the geometry of the orifice
plate. The ’pinching’ is the largest where the wall of the orifice plate is closest
to the center of the pipe. Behind the orifice plate, we see that at these y-
and z-coordinates, the flow has a higher radial velocity. At the exit of the
orifice, the radial velocity is still negative. But further downstream, after
the vena contracta, the radial velocity becomes positive and the flow starts
to diverge. The alternating regions of high and low radial velocities cause
the effect of the imposed geometry on the flow to disappear and eventually
result in mean axial velocity profiles that exhibit a shape that is out of phase
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w.r.t. the imposed geometry. From approximately x = 9R, the mean axial
velocity resembles a parabolic profile.

An attentive reader will spot the four islands of high and low radial velocities
for the circular orifice in figure 6.14. Theoretically, we only expect circular
contours, but due to the discrete masking function, the circular orifice isn’t
perfectly round. In the north, east, south and west side of the circle, the
phase separation of the masking function is locally a straight line, while it
exhibits a stairstepping profile in the regions in between. This shows that
one should treat the results produced with the IB method very carefully. A
higher resolution would decrease this effect.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.14: Mean radial velocity profiles for Re = 1 with the presence of a circu-
lar orifice plate at different axial positions. The mean radial velocity
is scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.15: Mean radial velocity profiles for Re = 1 with the presence of a square-
shaped orifice plate at different axial positions. The mean radial
velocity is scaled by the bulk velocity Ub.

65



CHAPTER 6. FLOW THROUGH PIPES WITH MOUNTED ORIFICE
PLATES

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.16: Mean radial velocity profiles for Re = 1 with the presence of a tri-
angular orifice plate at different axial positions. The mean radial
velocity is scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.17: Mean radial velocity profiles for Re = 1 with the presence of a star-
shaped orifice plate at different axial positions. The mean radial
velocity is scaled by the bulk velocity Ub.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.18: Mean radial velocity profiles for Re = 1 with the presence of an
orifice plate that has the geometry of a second generation Koch
snowflake at different axial positions. The mean radial velocity is
scaled by the bulk velocity Ub.
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6.5.3 Kinetic energy and enstrophy

The kinetic energy (KE) profiles resemble the mean axial velocity profiles,
except slightly before the orifice plate where the transverse velocities are of
the same order as the axial velocities. Therefore, the two-dimensional slices
of the kinetic energy do not give important additional information and are
not shown. Other quantities that can help us to understand the observations
in the subsections above are the vorticity and/or enstrophy. The enstrophy
profiles give a more compact and less intricate understanding for the regions
of high vorticity/enstrophy. In order to reduce the number of figures, the
enstrophy profiles slightly behind the orifice plates are shown in figure 6.19.
From these figures we can see that the highest enstrophy is found close to
the wall, especially at the points where the flow is pinched most by corners
in the perimeter close to the center of the pipe. Considering the whole flow
domain, we found that the maximum values of the enstrophy occur slightly
before the orifice plate where the flow is pinched at most. This means that
the curvature of the streamlines going through this pinching area is the
highest.

Besides the two-dimensional plots of the enstrophy and the kinetic energy, we
can calculate the average enstrophy and kinetic energy at every cross-section
of the pipe. By doing this we can easily compare the different geometries at
different axial coordinates. It should be noted that only the values where
the masking function is equal to ’0’ (fluid) are used for the averaging. So the
number of datapoints is less within the orifice plate. The averaging implies
that we calculate the average kinetic energy/enstrophy per control volume
within the fluid domain.

The averaged kinetic energy as a function of the axial coordinate is plotted
in figure 6.20. For all the geometries we can see that the highest KE per
fluid cell can be found at the end of the orifice plate. This is most probably
caused by the increasing axial velocity. From figure 6.20 we observe that
the highest kinetic energy per fluid cell is present in an orifice plate with a
K2-shaped geometry. Since the KE is a summation of the squared velocities
in each direction, the high values of the axial velocity cause the K2-geometry
to have the highest kinetic energy per cross-section.

If we look at the averaged enstrophy as a function of the axial coordi-
nate, figure 6.21, we observe an interesting relation for the zeroth(triangle),
first(star) and second(Koch2) order of the Koch snowflake. Namely, the
enstrophy seems to increase by increasing the order of the Koch snowflake.
The increase of the order of the Koch snowflake implies the addition of
extra sharp corners in the geometry. Due to the extra sharp corners, the
difference between the magnitudes and directions of the transverse veloci-
ties become larger and therefore the vorticity components become larger. So
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this finally contributes to the higher enstrophy value. Probably, these larger
transverse velocities additionally contribute to the large kinetic energy for
the K2-geometry. The highest enstrophy has been observed at the entrance
of the orifice pipe.

(a) (b)

(c) (d)

(e) (f)

Figure 6.19: Mean enstrophy profiles at x = 5.3125R for Re = 1 for differ-
ent orifice plates. 6.19(a) Without orifice plate, 6.19(b) circular,
6.19(c) square, 6.19(d) triangle, 6.19(e) star, 6.19(f) second gener-
ation Koch snowflake. The enstrophy has been scaled by (Ub/D)2.
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Figure 6.20: Kinetic energy (KE) averaged per cross-section for Re = 1.
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Figure 6.21: Enstrophy averaged per cross-section for Re = 1.
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6.5.4 Stresses

Both the normal stress and shear stress are plotted in figure 6.22 for the
different geometries. When we compare the amplitudes of the normal stress
and shear stress, then we observe that the shear stress is the dominant stress
term, except at the entrance of the orifice plate. From the shear stress
profile, we observe that the K2-geometry exhibits the largest shear stress
on average, while the circle exhibits the smallest shear stress on average.
The arrangement of geometries in the amount of stress is similar to the
arrangement in the observed pressure drop. So probably, the amount of
stress is related to the size of the pressure drop. In that case, the pressure
drop is connected to the amount of energy that is dissipated, i.e. stresses.
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Figure 6.22: Normal stress (a) and shear stress (b) averaged per cross-section for
Re = 1.

Slightly before the orifice, the normal stress is very high due to radial and
axial accelerations. These radial gradients in velocity relax inside the orifice
plate, which causes the normal stress to drop. Slightly behind the orifice,
there is again a higher shear stress that is mainly caused by radial accel-
erations. The triangle, star and K2-geometry exhibit the largest normal
stresses close to the orifice. This is a combination of the increased pinching,
which causes higher radial velocities, and the large part of the orifice area
that lies close to the wall, which causes the highest axial velocities, thus
larger axial accelerations.

Considering the shear stress, we also observe the highest shear stresses in
the region 4.5 ≤ x/R < 6 for the triangle, star and K2-geometry. A large
perimeter with a constant orifice area, causes that a large part of the fluid is
close to the wall. So the region where a boundary layer is present is relatively
large. This means that there is also a large region where significant shear
stresses are present. Also the large pinching/enstrophy are related to the
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high shear stresses. Inside the orifice we observe a maximal shear stress
per control volume. This is probably due to the increasing boundary layer.
Near the center of the pipe, the velocity differences are small, which results
in a low shear stress. So the peaks inside the orifice plate are most probably
connected to the presence of a boundary layer.

6.5.5 Vena contracta

In figure 6.23(a), the size of the jet for different threshold velocities is plotted
for a star-shaped orifice. We observe that the highest area of the jet for all
the different threshold velocities U , is positioned between x = 5.4R and
x = 5.6R. In order to check whether this peak corresponds to the vena
contracta, we determine the average radial velocity for each jet. The average
radial velocity for all the ’different’ jets is plotted in figure 6.23(b).
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Figure 6.23: The area of the jet for different threshold velocities 6.23(a) and the
averaged radial velocity in the corresponding jet 6.23(b). The results
are obtained with a star-shaped orifice at Re = 1.

We clearly see that the average radial velocity becomes equal to zero between
x = 5.5R and x = 5.6R. This means that the converging jets become
divergent within this region. So the vena contracta is positioned 0.5R to
0.6R downstream of the center of the orifice plate. From figure 6.23(b), we
observe an upstream shift of the minimum in the averaged radial velocity
for a decreasing minimal velocity. We also observe a downstream shift of the
maximum in the averaged radial velocity for a decreasing minimal velocity.
This is due the fact that the convergence starts from the pipe wall and moves
to the center of the pipe, while the divergence starts from the center of the
pipe and moves outwards. These phenomena are also observed for the other
geometries of the orifice plate. The position of the vena contracta behind
the other orifice plates is also around x = (5.55± 0.05)R. In literature, the
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position of the vena contracta has also been observed 0.5R to 0.6R behind
a circular orifice plate [24], [25].

So for a laminar flow of Re = 1, the position of the vena contracta is more
or less independent of the orifice geometry. It should be noted, that the
area of the jets is the highest for the circular-shaped orifice. The area of
the jets is the lowest for the K2-geometry. This means that the jet from the
circular-shaped orifice has the flattest velocity profile.
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6.6 Turbulent flow

In this section, we will show results for a turbulent flow with a Reynolds
number equal to Re = 4300. It should be stressed again, that the results in
this section result from a time-averaged velocity field which was mentioned
in section 6.3.

6.6.1 Vortices near orifice plate

For a turbulent flow, the influence of inertial forces on the flow is larger com-
pared to a laminar flow. This effect leads to different flow structures and
may have influence on the generation of vortices around an orifice plate.
Therefore two-dimensional velocity plots are shown in figure 6.24. Figure
6.24(a) shows a small vortex in front of the square-shaped orifice plate and
figure 6.24(b) shows 2 vortices behind the orifice plate. The larger vortex
is probably the same vortex as the vortex visible in figure 6.7 for Re = 1.
However, the large vortex here is more elongated in the axial direction and
the center of the vortex is positioned more downstream. This downstream
tilting of the large vortex can be explained by the decreased effect of viscous
forces on the flow and causes a smaller deflection of the streamlines. The
small vortices slightly in front and slightly behind the orifice plate are local-
ized in the corners defined by the gathering of the pipe wall and the orifice
wall. These small vortices are called Moffatt eddies in literature [26]. The
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Figure 6.24: Quiver plot of the time-averaged flow field for Re = 4300 slightly
before 6.24(a) and slightly behind 6.24(b) the square-shaped orifice
plate. The slice is taken at y/R = −0.0167. The velocity vectors are
not drawn on scale.

observed vortices have also been observed for the other orifice plates, but
the shape, location and size are slightly different. The velocities in the large
vortex are of the same order as in the case of the laminar flow. The veloci-
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ties in the smaller vortex are approximately a factor 3 lower. The observed
vortices in figure 6.24 bring along two ’stagnation’ points at the orifice wall.
At these points, the vertical velocity w changes sign and the axial velocity
is almost zero.

6.6.2 Mean velocity profiles

The mean velocity profiles in the case of a laminar flow at Re = 1 were
extensively discussed. Also for the case of Re = 4300, the axial veloci-
ties are higher than the radial velocities and the kinetic energy profiles are
mainly determined by the mean axial velocity profiles. In order to reduce
the amount of figures, we only show the two-dimensional kinetic energy plots
in Appendix C. By doing this, we do not lose important information about
the flow structure.

When we compare the laminar and turbulent velocity profiles, we observe
that the axial velocity profiles are qualitatively different. It has been ob-
served that far downstream/upstream the orifice, the transverse velocities
exhibit non-uniform and non-symmetric profiles, which is related to turbu-
lence. Close to the orifice, the qualitative features of the radial velocity are
globally the same as the laminar case. However, if we look at the mean axial
velocity, then we observe that slightly before the orifice plate, the mean axial
velocity is the highest near the orifice wall. Further moving downstream, the
region of highest axial velocity moves towards the center of the pipe. This
observation can be explained by the ratio between the inertial and viscous
forces. Since we are now looking at a Reynolds number of Re = 4300, the
viscous forces have less influence compared to the laminar case of Re = 1.
This means that near the entrance of the orifice plate, the convergence of the
time-averaged streamlines is less than the convergence in the laminar case.
This lower convergence of the streamlines causes a high axial velocity close
to the wall and a lower axial velocity in the center compared to the laminar
flow. Once we are inside the orifice plate, the turbulence itself causes the
axial velocity profile to flatten. This causes a flattened profile at the end of
the orifice plate. This flattened profile is also visible in the kinetic energy
plots in Appendix C.

Axial velocity and pressure at the centerline
The axial velocity and pressure at the centerline for Re = 4300 are presented
in figure 6.25. In contrast to a laminar flow, the viscous forces are of less
importance. This means that the velocities close to the wall are relatively
high and the velocity profiles are flattened. The viscous forces only play
a significant role very close to the walls and corners. Due to the flattened
velocity profile, the region where high velocities can occur is larger. In figure
6.25, we observe that the centerline pressure and centerline velocity profiles
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are more or less the same for the different geometries, except for the circular
orifice. The circular orifice exhibits a significantly higher maximum and a
significantly lower minimum in the centerline pressure and axial velocity.
This result is somewhat surprising, but a more in-depth look at the axial
velocity profiles supports this observation. Namely, when we take a look
at the mean axial velocity profile behind the orifice plate, we observe that
the region and the amount of backflow differs per orifice geometry. In the
laminar case, the regions of backflow have the shape of a circular ring close
to the wall for all orifice geometries. Now, the region of backflow is divided
in islands, except for the circular orifice. For a circular geometry the dis-
tance between the edge of the orifice and the pipe wall is constant. For the
other geometries, the orifice exhibits bulges that approach the pipe wall. In
between the pipe wall and the bulges, the amount of backflow is significantly
lowered. This effect is visible in the turbulent case where the effect of vis-
cosity is relatively low and the flattened velocity profiles are present, so not
in the laminar case.
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Figure 6.25: Time-averaged axial velocity and pressure profiles for different ge-
ometries of the orifice plates. The Reynolds number was Re = 4300.
The size of the pressures should be neglected, since only the pressure
drop matters.

If we plot the amount of backflow and flow traveling forward per cross-
section for each orifice, we observe that the circular orifice exhibits the
largest amount of backflow and forward traveling flow. Adding both the
forward traveling flow and backflow results in the constant mass flow that
is the same for every geometry. So a larger amount of backflow implies a
larger amount of forward traveling flow in the center, due to the constant
mass flow. This explains the high axial velocity and the low pressure at
the centerline behind the circular orifice. This observation and interpreta-
tion has not been described by Nicolleau et al. [5]. They observed that the
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fractal orifices generated a broader range of velocity scales and interpreted
this with the lower pressure drop compared to a circular orifice with the
same area. Since the amount of backflow and forward traveling flow is sig-
nificantly larger for the circular orifice compared to the other orifices, this
is an important observation that can be the dominating effect for the high
pressure drop.

6.6.3 Kinetic energy and enstrophy

The kinetic energy is composed of the axial velocity and the transverse
velocities which are described in the previous subsection. The kinetic energy
profiles at specific axial coordinates are plotted for all orifice geometries in
Appendix C. The two-dimensional slices in Appendix C give some detailed
information at a specific axial position, but a quantitative comparison is
rather difficult. Therefore, we average the KE at every cross-section, such
that we can plot it versus the axial coordinate. This is done in figure 6.26.
From the KE plot, we immediately observe some differences with respect to
the KE results of Re = 1. Inside the orifice plate, the KE remains more or
less constant, where in the case of Re = 1 the KE increases inside the orifice
plate. The explanation for this is that the size of the evolving boundary
layer is very small, so that the velocity profiles within the orifice stay more
or less the same. One remarkable feature is that the circular orifice plate
exhibits the largest KE, largest axial velocity and the largest pressure drop.
This is related to the larger amount of backflow and forward traveling flow
behind the circular orifice, which is described in the previous subsection.

A closer look at the two-dimensional slices of the kinetic energy in Ap-
pendix C tells us that slightly before and at the entrance of the orifice plate,
the highest kinetic energy is found close to the wall. Moving downstream
through the orifice plate causes this region of highest kinetic energy to move
towards the center of the pipe. Slightly behind the orifice plate, the highest
KE and axial velocity are found in the center of the pipe. This effect is
totally different from the case Re = 1, where the highest axial velocity and
kinetic energy is always at the center of the pipe.
Behind the orifice, we observe a region of approximately length R that has
an almost constant KE in figure 6.26. The contribution of the KE behind
the pipe is mainly due to the kinetic energy of the jet. Due the inferior effect
of viscosity in this turbulent flow, the energy stays longer in the jet.

The averaged enstrophy per cross-section is shown in figure 6.27. The aver-
aged enstrophy profile does not deviate much from the case Re = 1, except
that the amount of enstrophy behind the orifice does not decrease as fast as
the enstrophy profile in the laminar case. Still the enstrophy at the entrance
and exit of the orifice plate is the highest for the K2-geometry.
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Figure 6.26: Averaged kinetic energy per cross-section for Re = 4300.
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Figure 6.27: Averaged enstrophy averaged per cross-section for Re = 4300.
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6.6.4 Turbulent kinetic energy

Since we are dealing with a turbulent flow, it would be interesting to look
at the turbulent kinetic energy (TKE). The turbulent kinetic energy is a
measure for the energy of the velocity fluctuations. Without an orifice plate,
the highest TKE is found near the wall. In case that an orifice plate is
present, the TKE profiles are shown in figure 6.28 and 6.29 slightly before
and at the center of the orifice plate. From figure 6.28 and 6.29 we can
see that slightly before the orifice plates a high TKE has been found in the
corners. Moving towards the center of the orifice plate shows that high TKE
values are everywhere close to the wall.

(a) (b)

(c) (d)

Figure 6.28: Mean turbulent kinetic energy (TKE) profiles at x = 4.6875R and
x = 5R for Re = 4300 for different orifice plates.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.29: Mean turbulent kinetic energy (TKE) profiles at x = 4.6875R and
x = 5R for Re = 4300 for different orifice plates.
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In order to make a quantitative comparison, we averaged the TKE at every
cross section, such that we can plot it versus the axial coordinate. This is
done in figure 6.30. From the TKE plot we immediately see that the highest
averaged TKE is found 1.5R to 2.5R behind the center of the orifice plate.
This maximum is related to a high turbulence intensity.

1 2 3 4 5 6 7 8 9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

x/R

A
ve

ra
ge

d 
T

K
E

 p
er

 c
ro

ss
−

se
ct

io
n 

di
vi

de
d 

by
 U

b 
2

Circle
Square
Triangle
Star
No flange
Koch2

Figure 6.30: Averaged turbulent kinetic energy for Re = 4300.

6.6.5 Stresses

It should be stressed that the stresses shown here are predominantly viscous
stresses. Since the Reynolds stress is the dominant stress term in turbulent
flows, the viscous stress is of minor influence. So the stresses shown is this
section, are not directly related to the size of the pressure drop.

The normal stress τn and the shear stress τsh are plotted in figure 6.31
for Re = 4300. The size of these viscous stresses is three orders lower
compared to the viscous stresses in a laminar flow at Re = 1. For the
triangle, star and K2-geometry, both the normal stress and shear stress are
relatively high slightly before, inside and slightly behind the orifice plate.
So the geometries with sharp corners, exhibit relatively high stresses near
the orifice plate. Just as in the laminar case, this is probably related to
the high enstrophy/pinching close to the orifice plate. Behind the orifice
plate, we observe peaks around 6 < x/R < 7. In this range the velocity
gradients are high. The peak is the highest for the circular orifice, which is
probably related to the large amount of backflow and forward traveling flow.
If we look at the fluctuations of the normal- and shear stress, we observe a
maximum in the same axial region. This implies that the fluctuations of the
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6.6. TURBULENT FLOW

velocity gradients are high. Also the peaks in the TKE plot (figure 6.30)
are in the same region. These fluctuations in the velocities and the velocity
gradients are probably related to the existence of a large variety of eddies
behind the different orifice plates and the dissipation at the smaller scales
within this region. For the triangle, star and K2-geometry, the peaks are the
lowest. For the triangle and K2-geometry the peaks are somewhat shifted
upstream. This probably means that a large amount of the dissipation takes
place closer behind the orifice plate. This hints at a relation that dissipation
takes place closer behind the orifice when the geometry of the orifice exhibits
(more) sharp corners.
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Figure 6.31: Normal stress (a) and shear stress (b) averaged per cross-section for
Re = 4300.

6.6.6 Vena contracta

In the case of Re = 4300, the area of the jet is determined for different
threshold velocities inside the jet, see figure 6.32(a) for the star-shaped ori-
fice. We immediately observe the factor 2 to 3 difference in the area of the
jets w.r.t. the laminar case, meaning flatter velocity profiles. Also the ve-
locities inside the orifice are relatively high w.r.t. to the maximum velocity
in the flow field. In the laminar case, we saw that the axial positions of the
peaks were the same. Now, the peaks show a downstream shift by increas-
ing the minimal velocity inside the jet. This implies that a certain velocity
between 0.9Umax ≤ U ≤ Umax has the highest contribution in the jet at
a specific axial position. Increasing the magnitude of this specific velocity
causes a downstream shift of this axial position. It is interesting to note that
the highest axial velocity in the flow domain has not always been observed
behind the orifice plate. For the circular and triangular orifice plate, the
highest velocity has been observed inside the orifice plate. For the square,
star and K2-geometry, the highest velocity has been been observed between
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5.9 < x/R < 6.0, which is approximately 0.4R further downstream with
respect to the laminar case.
The averaged radial velocity is plotted in figure 6.32(b) for the star-shaped
orifice. From this figure, we observe that the radial velocity becomes zero
around approximately x = 5.8R. The difference between the axial position
at the maximum axial velocity and the axial position at the zero radial
velocity is approximately 0.15R. For the other orifice plates, we also observe
a difference in axial positions between the maximum axial velocity and the
zero radial velocity. This difference is typical several tenths times the radius.
So in the case of Re = 4300, we do not observe a clear one-to-one relation
between the maximum axial velocity and the averaged radial velocity of the
jet. The axial shift of the peaks for different threshold velocities makes it
more difficult to determine the position of the vena contracta, but the radial
velocity of the jet determines whether the jet converges or diverges. So we
stick to the point, that the position at which the average radial velocity
is zero corresponds to the vena contracta. The position of the zero radial
velocity for all the different orifice plates lies within the region 5.6 < x/R <
6.1. The position of the zero radial velocity per orifice shape, does not give
us valuable information. But with the information so far, we can conclude
that the vena contracta lies more downstream in the case of Re = 4300. The
domain in which the vena contracta has been observed is approximately a
factor five larger than in the laminar case.
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Figure 6.32: The area of the jet for different threshold velocities 6.32(a) and the
averaged radial velocity in the corresponding jet 6.32(b). The results
are obtained with a star-shaped orifice at Re = 4300.

So for Re = 4300, the position of the vena contracta was more difficult to
determine. By comparing the different orifices, we found a larger spread in
the position of the vena contracta. This information is important when one
wants to measure the pressure at the vena contracta taps.
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Chapter 7

Mixing properties

Mixing is a well-known phenomenon that takes places everywhere around
you, for example in the atmosphere and in industrial applications. Mixing
occurs as a result of flow advection and molecular diffusion. However a
measure for the amount of mixing or the mixing rate is rather difficult.
In this chapter we insert circular contours of particles inside the flow and
follow the evolution of the contour. The particles are passive, since they
have no inertia and move with the local velocity field. In order to calculate
the velocity at the specific position of a particle, we need to interpolate the
velocity at that position. This is done via trilinear interpolation.

7.1 Trilinear interpolation

Trilinear interpolation interpolates a scalar at a specific position from the
surrounding lattice points. Since we want to interpolate the velocities we
have to take into account the properties of the staggered grid. In figure
7.1. a schematic representation is made of eight unit cells. The positions at
which the velocities ui,j,k are stored are denoted by the circular black dots
(•). The position of the particle is denoted by xp = ~xp. For the u-velocity,
the eight closest neighbors are shown in figure 7.1. It is important to note
that the neighbors for the v- and w-velocities can be different, since their
locations are stored at different locations. Suppose we know the position of
a particle at time t = tn, i.e. xn

p . Then the position of the particle at a
subsequent time level t = tn+1 can be calculated via

xn+1
p = xn

p + uinterpolateddt, (7.1)

where uinterpolated is the interpolated velocity at the time level t = tn.
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Figure 7.1: The trilinear interpolation method. The u-velocity at ~xp is calculated
from the eight closest neighbors.

7.1.1 Testing a linear velocity field

Suppose we set a velocity field equal to

u(x, y, z) = 1 + y

v(x, y, z) = 0
w(x, y, z) = 0 (7.2)

and insert a particle at a specific time level called tin at ~x0 = (x0, y0, z0),
then the horizontal position of the particle after one time step is equal to

xp(t) = x0 + u(x, y0, z0)dt. (7.3)

Implementing this velocity field in the numerical code is slightly different
since u(i, j, k) is stored on a staggered grid. So numerically, we implement

u(i, j, k) = 1 + (y(j)− 0.5dy(j))
v(i, j, k) = 0
w(i, j, k) = 0. (7.4)

The horizontal position of a particle, inserted at ~x0 = (x0, y0, z0) can be
calculated via the Euler forward method

xp(t) = x0 + uinterpolated (t− tin) for t ≥ tin, (7.5)
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where uinterpolated is the interpolated velocity and is constant in time. The
horizontal position in equation (7.5) has been calculated by using a constant
time step. At several time levels, we can subtract equation 7.3 from 7.5 and
look at the difference (error). The errors are given in table 7.1.

Table 7.1: The number of time steps and the corresponding order of the error
w.r.t. theoretical solution.

number of time steps Error
10 O (

10−16
)

100 O (
10−15

)
1000 O (

10−14
)

10000 O (
10−13

)

Theoretically the error should be zero for this linear velocity field, but the
error is present due to truncation of double and real numbers. The error
increases approximately one order of magnitude when the number of time
steps is multiplied by ten, so we observe a linear relation. Since the number
of time steps will not go beyond a billion, the error will remain small enough.

7.1.2 Dispersion of particles in a Poiseuille flow

In the previous subsection, a linear flow field was used and the error remains
sufficiently small after thousands of time steps. However, when we impose
a nonlinear flow field, the nonlinear relation between the grid points is ap-
proximated by a linear interpolation and causes a larger error. In this case,
the error made by linear interpolation is dependent on the resolution. The
distance between the interpolation points is larger on a low resolution and
therefore the linear approximation of a nonlinear function is worse. This
means that the linear interpolation is less accurate on a coarser resolution.
When two particles are inserted at two different positions in an arbitrary
nonlinear velocity field, they are initially separated by a distance s0. When
the linear interpolated velocities at their positions are not exactly the same,
the distance between the particles will change over time. Suppose the par-
ticles are inserted at the positions p1(0) = (x1(0), y1(0), z1(0)) and p2(0) =
(x2(0), y2(0), z2(0)). Then, the positions p1(t), p2(t) of the particles and
their mutual distance s(n∆t) are given by

p1(t) = (x1(t), y1(t), z1(t))
p2(t) = (x2(t), y2(t), z2(t))
s(t) =

√
(x2(t)− x1(t))2 + (y2(t)− y1(t))2 + (z2(t)− z1(t))2. (7.6)

This is a universal equation that is valid for all kind of flows. Now we will
restrict ourselves to steady flows and consider a simple pipe flow with passive
particles. If we impose a Poiseuille flow in the x-direction (v, w = 0), then
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the y- and z-positions of the particles are fixed and their mutual distance
can be further simplified to

s(n∆t) =
√

((x2(0)− x1(0)) + (∆u)n∆t)2 + (y2 − y1)2 + (z2 − z1)2

=
√

(c1 + c2n∆t)2 + c3 (7.7)

So, the mutual distance at a specific time is dependent on the initial distance
s0, which is related to the constants c1 and c3, and the difference in velocity,
which is denoted by the constant c2 = ∆u = u(x2, y2, z2) − u(x1, y1, z1).
The function s(t) is visualized in figure 7.2. For large integration times,
i.e. c2n∆t >> c1 and c2n∆t >> c3, the distance between the particles is
s(t) = c2n∆t. The profile in figure 7.2 is also observed in section 7.3 in the
absence of an orifice plate.
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Figure 7.2: The distance between two particles, s(t), in a Poiseuille flow.
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7.2 Contour lengths

A universal definition of a mixing rate or mixing efficiency is not present
in literature. However, researchers have been searching for an adequate de-
scription of the mixing rate. The methods that have been used by scientists
can crudely be classified in two categories.
The first category deals with the measurement of the bounding surface area
of a scalar quantity (e.g. concentration, temperature etc.). In a mixing
process, the bounding surface is stretched by advection and the area of the
surface increases. The stretching is usually accompanied by folding of the
surface. This stretching and folding is often referred to as the stretch-and-
fold mechanism [27].
The second category includes the measurement of pair separation, i.e. the
dispersion of particles. In this approach, the separation of two particles is
measured and the mixing rate is related to the separation rate. The faster
they separate, the better they mix. For a three-dimensional flow, one is
able to measure the local separation s(x, t) by placing a pair very close to
each other centered around the measurement point. Doing this for multiple
positions gives us a spatial view of the separation rates. The locally fastest
growing separation is usually denoted by s(x, t)max. For a steady Poiseuille
flow, the separation grows linearly with t (see section 7.1.2). In unsteady
flows the separation can generally be described by s(x, t) = Ceλ(x)t. For
chaotic flows there have to be some points where λ > 0, otherwise interfaces
would not grow exponentially. The exponents λ(x) are called the finite-time
Lyapunov exponents. For large values of t, the Lyapunov exponents incline
towards a time-independent value of λ.
In this study, we use an approach that is more or less based on the two meth-
ods above. We will insert circular contours of particles that have different
radii and different orientations.

7.2.1 Initial circular contours

We insert circular contours of particles with a normal in each of the three
coordinate directions. Five contours with a different radius in each direction.
The contours have radii equal to

ri =
i

16
Ly for i = 1, 2, 3, 4, 5. (7.8)

Each contour consists of N = 1000 particles, and the initial length of a
contour is denoted by L0. After the contours have been inserted inside the
flow, the length of the contour will change. The length of a contour at
a specific time is denoted by L(t). A visualization of the initial circular
contours is shown in figure 7.3. As the contours travel through the pipe,
they will reach the end of the flow domain. Since the flow is periodic in
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Figure 7.3: The initial positions of the particle contours. All the contours have
a common origin. In this study we took 1000 particles per contour.
Note that not all particles are plotted.

the axial direction, we can place a copy of the flow domain at the end of
the pipe element. By doing this, the contours are able to travel through a
second orifice. We can copy the flow domain several times, such that the
contours travel through subsequent orifices.
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7.3 Contour lengths for laminar flows

Each contour starts with its own contour length L0. In order to investigate
the evolution of the lengths of the different contours, we divide the contour
length by its initial length, i.e. L(t)/L0. For laminar flows, we wait until the
flow is steady, i.e. the changes in the time-averaged means are approximately
zero. After the steady state has been reached, particles were inserted in
contours as shown in figure 7.3. Since the flow is in a steady state, the data
from one particle tracking measurement is sufficient. For the individual
contours we observe a rapid increase in the contour length while it travels
through an orifice. Slightly behind the orifices, we observe a decrease in the
contour length for the contours with the smallest radii. For the contours
with a larger radius, we observe that the contour length slowly increases.
This slow increase or decrease of the contour length behind the orifice is
denoted as the relaxing phase of a contour.

In order to reduce the amount of figures, we calculate the average contour
growth per orifice. This means that the contour lengths L(t)/L0 are aver-
aged over all fifteen contours. The evolution of the averaged contour length
for the different geometries is shown in figure 7.4. This averaging is not
straightforward, since the different contours have different averaged axial
velocities. The contours which have initially the smallest radii, travel the
fastest in the axial direction. So at a certain time level, the contour with
the smallest radius has already traveled through an orifice, while the other
contours have not. This causes the effect of going through an orifice to be
damped in figure 7.4. In this figure, the horizontal axis is scaled by Tpipe,
which is defined as the time that is needed to travel through one pipe el-
ement in which an orifice plate is present. However, for each contour this
time is different. We chose Tpipe = Lx

αUb
, where α is a constant, such that the

average contour would pass an orifice in one time unit on average.

From figure 7.4 we observe that the geometries with the most sharp corners
exhibit the largest contour growth. This result is not surprising since the
presence of sharp corners causes large differences in the transverse velocities,
which causes the contour to deform. In the case when no orifice plate is
present, we observe the same profile as derived in figure 7.2. In the case
of a circular orifice, we would theoretically expect that the contours with a
normal in the x-direction will not deform in the axial direction. However a
movie of the evolution of the contours shows that these contours deform in
the axial direction. After each subsequent orifice, the deformation in axial
direction becomes larger. For the contours with small radii, this effect is
small, but for the contours with large radii close to the wall, this effect is
larger. This observed flaw hints that the ’stairstepping’ masking function
causes the velocity profiles near the wall not to be axisymmetric anymore.
So increasing the resolution would reduce the effect of axial deformation.

91



CHAPTER 7. MIXING PROPERTIES

0 1 2 3 4 5 6

5

10

15

20

25

30

35

40

(time−t
in

)/T
pipe

A
ve

ra
ge

d 
L(

t)
/L

0 fo
r 

al
l 1

5 
co

nt
ou

rs

Circle
Square
Triangle
Star
No flange
Koch2

Figure 7.4: The averaged contour length L(t)/L0 plotted for different orifice
plates. The horizontal scale is divided by Tpipe.

Besides the average contour length, a comparison per specific contour has
been performed. There seems to be no universal conclusion from these re-
sults. However for the contours with a normal in the axial direction, we
observe that in the case of no orifice and a circular orifice, the contour
lengths are significantly smaller than the contour lengths for the other ori-
fice geometries. For the case without orifice plate this is obvious. For the
circular orifice, this is caused due to the ’nearly’ axisymmetric distribution
of the radial velocity. For all the other cases we observe an increase in the
contour lengths when it enters the orifice. Subsequently the contour length
relaxes and remains more or less constant as if there was no orifice present.
This period of relaxing decreases every time a subsequent orifice is encoun-
tered, since the contour gets elongated in axial direction. This mechanism
of increasing and relaxing is clearly visible for the contours with small radii.
For the contours with large radii, the contour is stretched more rapidly in
axial direction such that a part of the contour is already at the next orifice.
This causes the visible effect of growing and relaxing to be damped out.
Also the smallest contour growth has been observed for the smallest radii,
since it stays more or less in the jet and is less effected by large differences
in the radial velocity.

7.3.1 Mean x-,y- and z-position of the contours

Besides the evolution of the contour length, it is interesting to look at the
mean position of the contour, i.e. averaging the positions over all particles
per contour. When we average the mean positions of the contours for every
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geometry of the orifice plate, we end up with three figures. In figure 7.5,
the mean x- and mean z-position of the contours are plotted as a function
of time. The mean y-position as a function of time is not plotted since the
mean y-position is in the order of 10−13R. However for the mean x-position,
we observe a linear profile. From figure 7.5(a) we see that the K2- and star-
geometry exhibit the fastest traveling mean x-position of the contours. In
figure 7.5(b) we see the mean z-position of the contours. Here we observe a
remarkable result, namely in the case of a triangular orifice shape, the mean
z-position decreases as time evolves. The other geometries have a mean
z-position of the order 10−15R. By looking at the triangular geometry, we
can immediately see that an equilateral triangle has only three symmetry
planes. One of the symmetry planes is at y = 0, which implies that the
geometry is symmetric in the y-direction. But if we calculate the area of the
triangle that lies above and below z = 0, see Appendix D, we find that the
largest part of the area lies below z = 0. This implies that the mass flow
is higher below z = 0, and thus the majority of the streamlines go through
the area below z = 0. This causes the majority of the particles to travel
through the area below z = 0 and thus causing the mean z-position of the
contour to decrease. For larger simulation times, this mean z-position will
reach an asymptotic value.
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Figure 7.5: Mean x- (a) and z-position (b) of the contours per geometry. The
mean positions are averaged over all 15 contours.

7.3.2 Stretching and folding of contours

With the information of the mean x-,y- and z-position of the contours, we
can determine the mutual distance between a particle and the mean position
of the contour at every time level. Doing this for all the particles in a contour,
results in the mean distance from the particles to the center of the contour
which is denoted by D. Subsequently, we can average this mean distance D
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CHAPTER 7. MIXING PROPERTIES

over all contours for a specific geometry of the orifice. With the information
of D and the information of the contour lengths, we can crudely compare
the ratio of stretching and folding of a contour. Suppose we consider two
contours, C1 and C2, which have both the same lengths at every time step.
When the distance D of C1 is large w.r.t. the distance D of C2, then there
has to be more stretching. Because stretching, causes the distance D to
increase, while folding causes the distance D to decrease. So, when the
distance D is small w.r.t. to another observation, then there has to be more
folding. The averaged distance D is plotted in figure 7.6(a).
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Figure 7.6: The mean distance between the particles in a contour and its center
averaged over all 15 contours (a). The quantity in (a) is divided by
the mean contour length L(t)/L0 in (b). This represents the amount
of stretching w.r.t. the mean contour length.

If we look at figure 7.4 and 7.6(a), we observe that the triangle exhibits a
larger distance D than the K2-geometry, while its contour length is smaller
than the K2-geometry. This implies that more stretching occurs in the case
of a triangular geometry w.r.t. the K2-geometry. The same analysis can be
done for the square geometry, which exhibits e.g. more stretching than the
star-geometry. These results can be generalized by saying that increasing
the numbers of sharp corners in the orifice geometry causes more folding of
the contours, while decreasing the numbers of (sharp) corners increases the
amount of stretching.

Instead of comparing both figures, we can calculate the ratio between D and
the mean contour length L(t)/L0 at every time level. The result is shown in
figure 7.6(b). The curves in this profile represent the amount of stretching
w.r.t. the mean contour length. So a curve that lies above another curve in
figure 7.6(b), does not directly imply that the absolute amount of stretching
is higher. The profile in the absence of an orifice plate, represents purely

94



7.4. CONTOUR LENGTHS FOR TURBULENT FLOWS

stretching, since the transverse velocities are negligible small in the flow
domain. The profile is not a straight line, since all contours are accounted
for. If one would only calculate the ratio between D and L(t)/L0 for the
contours with a normal in the x-direction then this ratio would be a constant
value, neglecting the stairstepping in the masking function and assuming an
axisymmetric velocity profile. The curves that lie beneath the curve of ’no
flange’, exhibit more folding w.r.t. the mean contour length. As we can
see from figure 7.6(b), an increase in the number of sharp corners causes an
increase in the amount of folding w.r.t. the mean contour length.

7.4 Contour lengths for turbulent flows

For turbulent flows, the particle tracking measurements give different re-
sults at different positions and different times. Therefore we need to execute
multiple particle tracking measurements in which all measurements are in-
dependently of each other, i.e. they are not correlated in some way. Since a
turbulent flow is characterized by large and local fluctuations, the paths of
particles that have almost the same initial position can be completely differ-
ent. In order to make sure that the contour of particles is a smooth curve, we
need enough particles for a specific simulation time. Approximately ten par-
ticle tracking runs are performed for each geometry. The resulting contour
lengths are then averaged and used for further post-processing.
The results of the performed simulations have a positive side and a negative
side. The positive side is that we were able to compute the contour lengths
properly in the absence of an orifice plate, which is shown in figure 7.7. The
negative side is that the simulations with the presence of orifice plates shows
flaws in the evolution of the contour lengths. Namely, some particles seem to
get stuck in the wall or in local vortices. This means that the contour length
increases very rapidly when some particles stay behind. This trapping of
particles is probably related to the high velocities and the relatively large
time step. Also the rate of growth of the contour length seems to decrease
in time, which is probably related to a deficiency of particles.

Without an orifice plate
The contour length as a function of time is plotted in the absence of an
orifice plate in figure 7.7. The black curves correspond to the fifteen averaged
contour lengths. From these curves, we immediately see that the length of
the contours grow much faster compared to a laminar flow at Re = 1. From
this semi-logarithmic plot, a linear profile can be observed. This means that
the evolution of the contour can be formulated as

L(t)
L0

= bt, (7.9)
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where b represents the growth rate of the contour. For every curve a linear
fit has been made and the slopes of the curves are averaged. The averaged
slope c is related to the growth rate b via

log10

(
L(t)
L0

)
= ct

10log10

(
L(t)
L0

)
= 10ct

L(t)
L0

= (10c)t . (7.10)

By using fits for the black curves in figure 7.7, i.e. the straight red lines, we
were able to calculate an average value for the slope c. The averaged slope
seems to be c = 0.56± 0.04 and the averaged growth rate of the contours is
then b = 3.63 ± 0.35. The relation that has been found in equation 7.9 is
connected to the theory of Lyaponov exponents. According to this theory,
the distance between particles grows exponentially and is characterized by
the Lyapunov exponent λ. Then the average Lyapunov exponent is equal to
λ = 1.29± 0.09. When we plot the Lyapunov exponent versus the time, we
observe a Lyaponuv exponent that is initially larger and converges towards
a constant value. In table 7.2, the averaged slope, the growth rate and
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Figure 7.7: The contour length plotted on a semi-logarithmic scale. This is with-
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Lyapunov exponent are presented in the absence of an orifice plate. This
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table can be updated in the future for the presence of different orifice plates.

Table 7.2: Averaged slope c, averaged growth rate b and the averaged Lyapunov
exponent λ in the absence of an orifice plate at a resolution of
128×64×64.
Geometry c b λ

No orifice plate 0.56± 0.04 3.63± 0.35 1.29± 0.09

The addition of an orifice plate
The addition of an orifice plate resulted in problems with the paths of the
particles. Due to the combination of high normal-to-the-wall velocities close
to the wall and a relatively large time step, the particles end up in the wall
at the next time level. Once they are in the solid wall, they stay there for a
relatively long time and may eventually be released. This causes the length
of the contour to grow very rapidly and results in a contour that is not
smooth anymore. It is obvious that passive particles can not flow through
a wall and the observed contour growth does not reflect a situation in the
real world.
Several approaches have been tried to solve this ’trapping’ problem. First,
we tried to decrease the time step by a factor 10, which resulted in less
trapped particles, but the effect on the contour length was still sufficient.
Another approach dealt with a sophisticated velocity interpolation near the
wall, which has the advantage that the velocity is calculated more accurately
near the wall [28]. However, some of the particles still ended in the wall.
Afterwards, we found that the velocity at the side of the wall need to be
exactly zero, so the trapping was probably caused by numerical leakage at
the wall. The third and last approach dealt with adjusting the position of
the particle when it ends up inside the wall. The idea is sketched in figure
7.8.

x n

x n+1

x n+1

x n+1

1

2

3

Figure 7.8: A schematic representation of the method described in equation (7.11).

In this figure, we consider a particle at position xn at time t = tn. The
velocity of this particle is calculated via the trilinear velocity interpolation.
The new position of the particle is then xn+1 at time t = tn+1. Now we

97



CHAPTER 7. MIXING PROPERTIES

check whether the particle is positioned inside a fluid cell or a solid cell.
When the new position is inside a fluid cell, there is no problem and the
new position is stored. When the new position is inside a solid cell, then
the new position is the averaged position between xn+1 and xn. When this
new position is still inside a solid cell, this procedure is repeated until the
new position is inside a fluid cell. So, the calculation of the new position is
located within a ’do-loop’. When the new position xn+1 is still in the wall at
the end of the do-loop, then the new position is set to the previous position
xn. This method is very easy to implement, without determining the phase,
i.e. solid or fluid, of the surrounding pressure cells. The FORTRAN code
looks like

if(H(xn+1) == 1) then
do i = 1, 10000

xn+1 =
xn+1 + xn

2
if(H(xn+1) == 1) then

EXIT
end if

end do
end if. (7.11)

The simulations showed that particles keep going into the wall for a sig-
nificant amount of time. This is imaginable since the structure of the flow
will not change significantly in a few time steps. So when there is a large
normal-to-the-wall velocity, then there is a chance that a particle will end
up inside the wall. When the particle ends up inside a solid cell, then the
position of the particle is placed back inside the fluid domain via the routine
described in (7.11). At the next time level, there is again a high normal-to-
the-wall velocity and it is most probable that the particle will end up in the
wall again. This process continues for a significant amount of time, causing
the particle to remain trapped in a special way.

So the three methods that were discussed did not solve the problem of
’trapped’ particles. For future work, it would be interesting and challenging
to find an appropriate solution for this problem.
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Chapter 8

Conclusion and discussion

In this study, we used direct numerical simulations (DNS) in combination
with an immersed boundary (IB) method for the generation of a pipe flow
with an orifice plate.

By using DNS and the IB method we can generate a turbulent pipe flow at
Re = 5300 that agrees with the results of Eggels, Unger and Kasagi which
were produced by DNS with a finite volume method and a cylindrical coor-
dinate system [2], [16], [3]. In addition, we were able to generate pipe flows
at Re = 1 and Re = 4300 through different orifice plates at a maximal res-
olution of 128(x)×64(y)×64(z). The IB method assigns the property ’fluid’
or ’solid’ to each control volume in the geometrical domain. The advan-
tage of the IB method is that immersed boundaries are relatively easy to
implement. The disadvantage of the IB method is that for every immersed
boundary, that does not conform to the shape of the grid, the position of
the transition surface from ’liquid’ to ’solid’, or from ’solid’ to ’liquid’, is
only approximate to grid spacing. When the surface contour of the imposed
immersed boundary does not lie parallel to one of the three primary direc-
tions of the underlying grid, it is very likely that the numerical immersed
boundary exhibits steps in the surface contour, i.e. stairstepping. Increasing
the resolution decreases the effect of stairstepping.

The results of a turbulent pipe flow showed good agreements with Eggels,
Unger and Kasagi [2], [16], [3]. Especially for a resolution of 128×64×64,
the time-averaged mean axial velocity approaches the just mentioned refer-
ences. The higher-order statistics, such as the RMS, skewness and flatness,
deviate more from literature. Also, for these higher-order statistics, the
lower resolutions provide sometimes qualitative different results. For higher
resolutions, these higher-order statistics will approach the results in litera-
ture. In order to simulate at higher resolutions, we made a first start with
the parallelization of the code via OpenMP, although it did not result in a
significant speed up for our simulations.
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The study considering the pipe flow through an orifice plate, was split into a
laminar case, i.e. Re = 1, and a turbulent case, i.e. Re = 4300. The orifices
that have been studied, exhibit different geometries. The geometries are a
circle, square, triangle, star and the second generation of the Koch snowflake
(K2). The triangle and star represent the zeroth and first generation of the
Koch snowflake respectively. The area of the opening is kept fixed, such
that all orifices had a theoretical porosity of 0.4. For the laminar case, we
observed an increase in the pressure drop by increasing the number of sharp
corners. For the studied geometries, a large amount of sharp corners was
also related to a large perimeter. The simulations show that a large number
of sharp corners results in a large enstrophy and a large kinetic energy per
fluid cell. A large perimeter implies that a large part of the orifice area
lies close to the wall. This means that the domain at which viscous effects
have significant influence becomes larger and ultimately results in a larger
shear stress and a larger pressure drop. The highest mean axial velocity has
always been observed at the center of the pipe and the vena contracta has
been observed (0.55± 0.05)R downstream the center of the orifice.

For the turbulent case of Re = 4300, we observed that the highest axial
velocities do not always occur at the center of the pipe. The viscous effects
have less influence and the velocities are higher close to the wall. The
turbulence causes the velocity profiles to flatten and two additional vortices
have been observed. Due to the flattened profiles, the high velocities lie
closer to the pipe wall. This causes the amount of backflow near the pipe
wall to decrease for geometries that exhibit bulges towards the pipe wall.
The circular geometry has a fixed and relatively large distance towards the
pipe wall, causing the largest amount of backflow. Since the mass flow
has to be conserved, the amount of forward traveling flow is also larger,
which causes the largest viscous stresses and probably the largest turbulent
kinetic energy 1.5R to 2.5R behind the center of the orifice. This peak in the
turbulent kinetic energy and the peak in the RMS profile of the viscous stress
are also visible for the other geometries, but the circular geometry exhibits
the highest peaks. The combination of these peaks in the same region is an
indication that the eddies are dissipated within this region, which probably
determines the size of the pressure drop. Slightly before the orifice, the
turbulent kinetic energy is high in the corners of the geometry of the orifice.
Inside the orifice plate, the turbulent kinetic energy is large everywhere close
to the wall. The vena contracta measurement shows that the axial velocity
profiles are flattened. The position of the vena contracta for the different
orifice geometries have been observed in the range (0.85±0.25)R downstream
the center of the orifice.

The mixing rate has been determined by using circular contours of passive
particles. The length of these contours grows in time. Every time a contour
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travels through an orifice, the growth rate of the contour is temporarily
large. For the laminar case of Re = 1, we saw that the geometries that
exhibit sharp corners result in the largest contours at a specific time. The
K2-geometry has the largest number of sharp corners and thus the largest
contour. Increasing the number of sharp corners increases the amount of
folding w.r.t. the mean contour length, while decreasing the amount of
(sharp) corners increases the amount of stretching w.r.t. the mean contour
length. For the turbulent case, we were not able to create reliable data
for the contour growth in the presence of an orifice. In the absence of an
orifice, we found that the contour growth can be described by L(t) = eλtL0

at Re = 4300, where λ = 1.29± 0.09.

Concluding remarks
This study gave us a better understanding of the flow structures around
a ’fractal’ orifice plate. The question that remains is whether the fractal
orifice can be useful for the industry. There is no uniform answer to this
question, since it depends on the flow that will be used. For a laminar
flow, we found that the pressure drop is larger for a ’fractal’ geometry of
the orifice compared to the pressure drop across a circular orifice. So when
one wants to achieve a constant mass flow in the laminar regime, than the
’fractal’ orifice will cost more energy than the traditional circular orifice.
However, when the focus of the process lies on mixing of laminar flows, then
the ’fractal’ orifice is more favorable than the circular orifice. An increase in
the generation of the fractal will result in a higher pressure drop and higher
mixing rates.

For a turbulent flow, we found that the ’fractal’ geometry exhibits a smaller
pressure drop than the traditional circular orifice. Unfortunately, we were
not able to measure the mixing properties with the presence of an orifice
plate. So in order to obtain information about the mixing properties for
different orifice plates, more research is needed. Also, the effect of increasing
the generation in a fractal geometry of the orifice is not clearly understood.
However, the smaller pressure drop for a fractal orifice in a turbulent flow
is interesting for industrial applications since it will reduce the costs in
pumping power. For flow metering, it is of major importance that the
position of the vena contracta and the coefficients of discharge are well-
known and well-defined. Because when a measured pressure drop leads to
a too low mass flow, then one misses millions of euros. As we saw from
the vena contracta measurements, there is a relative large spread in the
position of the vena contracta. So in order to measure a pressure drop that
is consistent with the mass flow in reality, more research is needed for the
precise determination of the discharge coefficients and the position of the
vena contracta.
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After reading these conclusions, one might question whether the geometry
of the orifice needs to be fractal or not. Maybe there are other non-fractal
geometries that causes smaller pressure drops and better mixing properties.
To be honest, this is an open question and more research is needed on this
topic. For example, it would be interesting to compare the present results
with simulations or experiments of ’analogous’ geometries that have many
corners but are not fractal.

8.1 Outlook

In this study, we were able to perform simulations with a maximum reso-
lution of 128×64×64. For future work, it would be interesting to perform
simulations at even higher resolutions. These simulations including simula-
tions on lower resolutions can be used for a resolution study of the present
work. With the increase in resolution, it will be possible to insert orifice
plates which have a more complex geometry. Geometries with a broader
range of scales can be simulated, and in the end one could insert orifice
plates with higher generations of a fractal geometry and extract informa-
tion on the coupling between the subsequent generations of the fractal orifice
and the flow characteristics. Higher resolutions make it also possible to deal
with higher Reynolds numbers. It would be interesting to perform a pa-
rameter study of the Reynolds number and look for example at the pressure
drop.

Simulating with higher resolutions implies an increase of 8 to 16 in computa-
tional costs, depending on the time step. A first attempt on parallelization
of the numerical code did not result in a significant speed up for my sim-
ulations. So giving more attention to parallelization of the code hopefully
gives a significant speed up. Also, the realization of the implementation of a
variable time step is still a subject for future work, because this would save
simulation time.

Other points of work, where some major advances can be made, are the de-
velopment of a more sophisticated three-dimensional interpolation scheme
for the particle tracking, such as cubic interpolation. With a sophisticated
interpolation scheme, the velocity at every position in the flow domain can
be calculated more accurately. Also, an intelligent solution for the trapped
particles is a very interesting and a challenging point of work. The combina-
tion of a sophisticated interpolation scheme and a solution for the trapped
particles will make it possible to determine the evolution of the contours in
a turbulent flow with the presence of an orifice plate.
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Appendix A

Stability of time integration
methods

Besides the accuracy, the stability is an important aspect when dealing with
numerical methods for partial differential equations. For a general system
of nonlinear equations with boundary conditions it is hard to determine the
stability exactly. Therefore we consider an approximated linearized scalar
equation and apply the so-called Von Neumann analysis on it. This analysis
consists of a Fourier analysis of the spatial discretization and subsequently
the determination of the stability region of the time integration method.
The following approach was also used by [29] and [30].
We consider the convection-diffusion equation

∂u

∂t
+ a

∂u

∂x
= µ

∂2u

∂x2
, (A.1)

with positive constants a and µ. We also consider periodic boundary con-
ditions u(x + 1, t) = u(x, t) and use a uniform grid xj = jh for j = 0, ..., N
with grid spacing h = 1/N . Using second-order accurate central differences
results in

duj

dt
+

a

2h
(uj+1 − uj−1) =

µ

h2
(uj+1 − 2uj + uj−1) for j = 1, . . . , N. (A.2)

The periodic boundary conditions can be applied as u0 = uN and uN+1 = u1,
which results in a closed system of equations. Suppose the system has a
steady state solution uj , then the difference between the numerical solution
at a certain time level and the steady state solution is expressed as the error
vj(t) = uj(t) − uj . The error satisfies the same discrete equations as (A.2)
and is periodic. Due to the periodicity, the error can be written as a sum of
Fourier modes

vj(t) =
N/2∑

k=−N/2

bk(t) exp(2πijk/N), (A.3)
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where bk represents the amplitude of the kth Fourier mode. Substituting this
relation for vj(t) in the discrete system of equations results in a differential
equation for bk(t)

dbk

dt
+

ia

h
sin(2πk/N)bk =

2µ

h2
(cos(2πk/N)− 1)bk for k = −N/2, . . . , N/2.

(A.4)
This equation can be rewritten as

dbk

dt
= zkbk, (A.5)

where zk is called the Fourier symbol and represents a complex number.
The set of complex numbers zk is called the Fourier footprint. As you
can see, the Fourier symbol zk consists of two parts. The imaginary part
corresponds to the convective term and the negative real part corresponds
to the dissipative term. The analytical solution of equation (A.5) is equal
to exp(zkt). The boundedness of the solution results in some restrictions for
zk. For example, taking a positive real part in zk results in an unlimited
growth of the corresponding Fourier mode. So the stability of the solution
is restricted by a set of values of zk.

Classical Runge-Kutta method

Suppose we have an initial value problem of the following form:

y′ = f(t, y), y(t0) = y0 (A.6)

This classical fourth-order Runge-Kutta method (RK4) is defined by the
following equations:

yn+1 = yn +
1
6
(k1 + 2k2 + 2k3 + k4)f(t, y)

tn+1 = tn + ∆t, (A.7)

where yn+1 is the RK4 approximation of y(tn+1) and

k1 = f(tn, yn)

k2 = f(tn +
1
2
∆t, yn +

1
2
∆tk1)

k3 = f(tn +
1
2
∆t, yn +

1
2
∆tk2)

k4 = f(tn + ∆t, yn + ∆tk3)

This method can be used to approximate the solution in equation (A.5) and
one can determine the stability region. For the RK4 method, one can work
this out and it will results in a final equation of the form

bn+1
k = g(zk, ∆t)bn

k . (A.8)
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APPENDIX A. STABILITY OF TIME INTEGRATION METHODS

In order to make sure that the method is stable, the amplification factor
|g(zk, ∆t)| needs to be smaller or equal to one. In other words

∣∣∣∣∣
bn+1
k

bn
k

∣∣∣∣∣ = |g(zk,∆t)| ≤ 1. (A.9)

Here, the fraction r =
∣∣∣∣
bn+1
k
bn
k

∣∣∣∣ is called the growth rate and can have a value

0 < r ≤ 1. This means that equation (A.9) for a certain growth rate becomes

|g(zk,∆t)| = r. (A.10)

We can make a plot of the RK4 method for the growth rates r = 0.1, 0.2, ..., 1.0,
which is visualized in figure A.1. The contours in figure A.1 are the same
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Figure A.1: Stability region of the RK4 method for different growth rates r =
0.1, 0.2, ..., 1.0.

as the contours shown by [29]. The stability region for r = 1 is bounded by
x = −2.7852, x = 0.2374, y ≈ 2.9375 and y ≈ −2.9375.

Adams-Bashforth methods

Adams-Bashforth (AB) methods are explicit and linear multistep methods,
i.e. the current value at a certain time level is determined by several previous
points and its derivatives. A linear multistep-method can be expressed as

yn+s + as−1yn+s−1 + as−2yn+s−2 + ... + a0yn =
∆t(bsf(tn+s, yn + s) + bs−1f(tn+s−1, yn + s− 1) + ...b0f(tn, yn))

(A.11)
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Here, s represent the number of previous points that are used and ∆t denotes
the size of the time step. For the AB methods, the coefficients are as−1 = −1
and as−2 = ... = a0 = 0, while the bj coefficients are chosen such that
the methods have order s. For the orders s = 1, 2, 3, the equation of the
corresponding AB method reads

yn+1 = yn + ∆tf(tn, yn)

yn+2 = yn+1 + ∆t

(
3
2
f(tn+1, yn+1)− 1

2
f(tn, yn)

)

yn+3 = yn+2 + ∆t

(
23
12

f(tn+2, yn+2)− 4
3
f(tn+1, yn+1) +

5
12

f(tn, yn)
)

(A.12)

These AB methods have been applied on equation (A.5). The stability
region for each AB method has been determined by substituting a poly-
nomial function wn for the term yn. So for AB2 (s = 2), this results in
w2 − w

(
1 + 3

2∆tzk

)
+ 1

2zk = 0. Subsequently, the corresponding roots w1

and w2 are determined for each zk and the absolute value is calculated.
Note that the roots are complex numbers. Finally, the roots with an abso-
lute value of 1 are plotted for each Fourier symbol zk in the complex plane.
The results for s = 1, 2, 3 are shown in figure A.2. Note that the solution
of the AB method of order s contains s roots. The stability regions for
s = 4, 5, 6, 7, 8 are more complicated and are not shown here.
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Figure A.2: Stability region of the Adams-Bashforth methods of order s = 1, 2, 3.
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Appendix B

Different fractal masking
functions

Besides the Koch snowflake, different fractal masking functions have been
generated. In this Appendix, we will briefly show the results of these mask-
ing functions. Up till now, we could not find all the names for these fractal
objects in literature, so we try to give an appropriate name to them. In the
results below, a resolution of 128×128 was used in the y- and z-direction.

Cross-section of the Menger sponge

This fractal is derived from the three-dimensional fractal called the Menger
sponge, which is based on square shapes. The two-dimensional fractal can
be imagined as the cross-section near a side area of the Menger sponge. The
reference pattern (generation 0) of this two-dimensional Menger sponge is
the big white square in figure B.1(a) and B.1(b). The first generation is
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Figure B.1: Masking function of the second- (a) and third (b) generation of the
two-dimensional Menger sponge.
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the big white square with its eight smaller squares around it. In the second
generation, each of the eight smaller squares is surrounded by eight even
smaller squares. The masking function of the second generation is shown
in figure B.1(a). This process continues for subsequent generations. The
masking function of the third generation is presented in figure B.1(b).

Quadratic von Koch island

When one takes a look at the fractals presented in figure B.2(a) and B.2(b),
one would not immediately link this with the von Koch curve. However, the
generation of this fractal is based on the generation of the von Koch curve.
The reference pattern of the quadratic von Koch curve is also a straight
line. In contrast to the ’normal’ von Koch curve described in subsection
4.2.2, one square of 1/4 times the reference length is placed on top of the
zeroth generation and the same square is directly placed next to it, but it
is positioned below the line of the zeroth generation. In principle, this is
the same as one period of a square sine wave which has a width of 1/2
times the reference length placed at the center of the line of the zeroth
generation. In subsequent generations, this square sine wave is scaled down
with a factor 4 and it is placed at each center of the sides of the smallest
squares of the previous generation. This process can be repeated until the
desired generation. In the end, this quadratic von Koch curve is placed on
each side of a square such that we end up with a closed curve. The curve
is then called the quadratic von Koch island. The masking function of the
quadratic von Koch island for the second- and third generation are shown
in figure B.2(a) and B.2(b) respectively.
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Figure B.2: Masking function of the second- (a) and third (b) generation of the
quadratic von Koch island.
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APPENDIX B. DIFFERENT FRACTAL MASKING FUNCTIONS

Fractal X-cross

This fractal is relatively easy to generate. Here, the reference pattern is
a square. In the first generation, this square is divided into nine smaller
squares of equal size and the four squares on the sides are removed. In the
second generation, this process is repeated for all five squares and the result
is shown in figure B.3(a). This process continues until one reaches his or her
desired generation. The masking function of the third generation is shown in
figure B.3(b). Taking a closer look at both figures shows that not all squares
are of equal size, which is due to the discrete grid points. The easiest and
best way to solve this problem is to slightly change the origin of the fractal.
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Figure B.3: Masking function of the second- (a) and third (b) generation of the
fractal X-cross.
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Appendix C

Kinetic energy profiles at
Re = 4300
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APPENDIX C. KINETIC ENERGY PROFILES AT RE = 4300

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure C.1: Mean kinetic energy profiles for Re = 4300 with the presence of a
circular orifice plate at different axial positions. The mean kinetic
energy is scaled by U2

b .
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure C.2: Mean kinetic energy profiles for Re = 4300 with the presence of a
square-shaped orifice plate at different axial positions. The mean ki-
netic energy is scaled by U2

b .
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APPENDIX C. KINETIC ENERGY PROFILES AT RE = 4300

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure C.3: Mean kinetic energy profiles for Re = 4300 with the presence of a
triangular orifice plate at different axial positions. The mean kinetic
energy is scaled by U2

b .

116



(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure C.4: Mean kinetic energy profiles for Re = 4300 with the presence of a
star-shaped orifice plate at different axial positions. The mean kinetic
energy is scaled by U2

b .
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APPENDIX C. KINETIC ENERGY PROFILES AT RE = 4300

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure C.5: Mean kinetic energy profiles for Re = 4300 with the presence of a K2-
geometry of the orifice at different axial positions. The mean kinetic
energy is scaled by U2

b .
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Appendix D

Area ratio in the triangular
orifice

The triangular orifice inside the pipe is sketched in figure D.1. The medians

z=0
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Figure D.1: The equilateral triangle inside the pipe is sketched. A median divides
the area of the triangle in two equal parts.

of an equilateral triangle cross each other at the centroid. For our simu-
lations, the centroid is positioned at y = 0, z = 0, such that the triangle
with porosity φ = 0.4 fits within the pipe. For an equilateral triangle, the
centroid splits the median in two parts with a ratio of 2:1. The smallest
part of the median is denoted by a in figure D.1. The half of a side of an
equilateral triangle is called b. The relation between a and b denoted by

a =
1√
3
b. (D.1)

The total area enclosed by the triangle is denoted by

A = 6A1, (D.2)
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APPENDIX D. AREA RATIO IN THE TRIANGULAR ORIFICE

where A1 is the area of one of the six triangles that are created by drawing
the medians. In order to divide the area A in two equal parts, we need
to split the triangle enclosed by the bold line equally. The same holds for
the triangle mirrored in y = 0. By drawing the median of this triangle, the
median hits the equilateral triangle at (y2, z2). We immediately see that this
point has a z-coordinate lower than z = 0. Mathematically, we can derive
z2, namely

y1 =
z0 + z3

2

y2 = y3 +
z0 − z3

4

y2 = −a +
2a + a

4
= −1

4
a. (D.3)

This result implies that a larger part of the total area lies below z = 0.

120


	Title_Page.pdf
	PAJ_van_Melick Pipe flow through a fractal orifice.pdf

