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The head of a sunflower has a very 
interesting arrangement. When 
looked closely, many spirals in both 
directions can be distinguished. 
These spirals show up in many 
other flowers and plants as well. 
The structural properties of these 
so called Phyllotactic spirals are 
studied in this research, by using 
them as a basis for the creation 
of domes. These so called Phyl-
lotactic domes are calculated and 
optimized. By quantifying their 
structural properties, it is possible 
to compare them with Geodesic 
domes.. 

The creation of Phyllotactic domes 
originates from the research 
conducted by Dr. ir. Frank M.J. 
van der Linden. He studied the 
formation of phyllotactic patterns, 
and created a computer program; 
named Apex. This program simu-
lates the stacking and growing of 
units: without making use of any 
mathematical rules, the program 
creates the same phyllotactic 

Summary
patterns as are found in nature. 
By adjusting the parameters, like 
the sensitivity and canalization,  
various patterns can be made. 
Four of these patterns are used 
for the creation of Phyllotactic 
domes. A design procedure is set 
up to convert each stacking of 
units in Apex to a calculable struc-
ture. Furthermore, the procedure 
ensures that all boundary condi-
tions are equal for the different 
domes. Therefore, all calculated 
differences are completely due 
to pattern differences, which are 
unique for every dome. A chal-
lenging dome shape with a span of 
100 meter and a height of only 13.5 
meters is applied to each domes. 

The created domes are calculated 
non-linear static in GSA. The final 
domes that are calculated and 
compared, are completely hinged, 
except for four nodes in the middle. 
Moment fixed beam connections 
are not desired as they are harder 
to build in practise and, in addition, 

more expensive. Furthermore, the 
Geodesic domes perform very well 
when completely hinged as well. 
The few fixed nodes in the middle 
are are caused by the possibility of 
snap through buckling. The Phyl-
lotactic domes have a number of 
short beams in the middle, caused 
by some not fully grown units in the 
stacking. Short beams are more 
sensitive to snap through; making 
a few connections fixed, solves this 
problem.

The domes are calculated in two 
steps. First, the calculations are 
done with oversized beams. The 
resulting force and moment distri-
bution is used for the optimiza-
tion process. The optimization is 
performed using formulas based 
on the Unity Checks. Each beam is 
checked on various Cross Section 
Optimization Checks, resulting in 
one overall minimum cross section 
for each individual beam. The 
resulting cross section redistribu-
tion is calculated again. The main 





problem of Phyllotactic domes that 
became clear during these calcula-
tions, is snap through buckling. To 
deal with this problem, it is made 
possible to change the Optimization 
Safety Factors from 1.0 to a lower, 
stricter, number. Various Factors 
provided different cross section 
distributions. Using trial and error, 
the optimal one is determined. The 
instability problem of snap through 
buckling is prevented by using 
larger cross sections. When more 
beams are applied in a structure, 
the overall beam length decreases. 
Shorter beams are more likely to 
snap through. Therefore, a dome 
with more beams needs larger 
cross sections, resulting in a higher 
total weight of the structure. This 
relation is exponential.

The results are based on four total 
different phyllotactic patterns made 
in Apex. The patterns are based 
on two main variables, canaliza-
tion and sensibility. Each pattern is 
calculated with various number of 
beams as well. 
It turned out that the patterns that 
are created with more regularity 

perform better than the freely 
formed patterns, although in 
different areas. Patterns with a high 
canalization factor result in smaller 
deformations, while patterns with a 
high sensitivity factor have a lower 
total weight.

Comparing the results of both 
types of domes showed that Phyl-
lotactic domes do not perform as 
well as Geodesic domes. More 
steel is required (Geodesic domes 
use 25% less steel) and the defor-
mations are larger (2-3 times as 
large). 
However, a deformation of 200 
mm on a span of 100 meters is still 
acceptable. Furthermore, the Phyl-
lotactic domes are more intriguing 
due to the spirals that can be 
followed throughout the structure. 

This study has been carried out in a 
complete new research field. Much 
has been explored, though there 
are still questions unanswered. 
The first results are promising, 
however additional research needs 
to be done. Further research can 
continue from the created basis; 

the easy to use design procedure 
and the useful Cross Section Opti-
mization method. 
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During millions of years nature 
has found many ways to create a 
wild variety of shapes. Nature is 
always looking for the forms that 
cost the least amount of energy 
and material. Some of these 
forms are very suitable to be used 
within the construction industry. 
An example is the treelike struc-
ture with very slim columns of the 
Sagrada Familia (fig 1.1), designed 
by Antoni Gaudi. 

1.1 Design with nature
In this research are the different 
possibilities examined of designing 
a dome with phyllotactic spirals. 
The interest in this study is from 
a very aesthetic origin. Nature 
provides us with numerous exam-
ples of beautiful shapes, while 
humankind still uses unattrac-
tive forms based on mathematical 
shapes. An example of this is 
the Geodesic dome (fig 1.2): this 

1. Research

Sagrada FamiliaFig. 1.1 Geodesic domeFig. 1.2 

nowadays so often applied dome 
is very strong and stiff, but it is far 
from elegant with the specific posi-
tioning of the beams. The desire to 
design a dome with the beauty of 
nature led to the question whether 
it is possible to achieve this goal by 
using the head of a sunflower as a 
starting point. 
The head of a sunflower has a very 
interesting arrangement. When 
looked closely, many spirals in both 
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Research setup in blocks with corresponding chaptersFig. 1.3 
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directions can be obeserved. The 
structural properties of these so 
called phyllotactic spirals are inves-
tigated in this research. Phyllotactic 
spirals do not only exist in the head 
of sunflowers, but appear in many 
other flowers and plants as well. How 
they are formed and how they can be 
translated to a structural application 
has been studied. 
The structural properties of the Phyl-
lotactic structures are compared with 
the properties of Geodesic domes. In 
order to make a fair comparison, the 
Phyllotactic structure is also designed 
as a dome. 

1.2 Research question
The previously described research 
motive is used to formulate the 
research question: 

Can a phyllotactic pattern be 
used to create a strong and 
stable dome structure?

The main goal of this research is 
to study the possibility of designing 
a dome structure by making use 
of phyllotactic patterns. The struc-
tural properties of such a dome, for 

example strength and stiffness, are 
very important to be able to judge the 
usability of the created dome. The 
main research question is examined 
using five sub-questions.:
 

How is a phyllotactic pattern built  -
up?
How can a phyllotactic pattern  -
be translated to a dome structure 
that can be calculated?
How can a Phyllotactic dome be  -
optimized?
What are the structural proper- -
ties of a Phyllotactic dome?
How well do the created domes  -
perform, in comparison to the 
Geodesic dome?

1.3 Research applicability
This research is unique; it is the 
first study on the structural proper-
ties of phyllotactic patterns applied 
to domes. 
Although Frank van der Linden 
started a similar research in the 
nineties, he changed his study 
to a thorough investigation of the 
phyllotactic patterns. His research 
resulted in a computer program, 
Apex, to simulate these patterns. 

The study by Van der Linden forms 
the foundation of this research. 
Because of the innovative aspect 
of this research, the applicability of 
the research completely depends 
on the results. Therefore, the 
comparison with the Geodesic 
domes will give a good impression 
of the usefulness of the Phyllotactic 
domes.

1.4 Research setup
The structure of the research is 
divided in four main parts (fig 1.3). 
First, a literature study is carried 
out on phyllotaxis, the program 
Apex and Geodesic domes to 
obtain the necessary background 
knowledge. The Apex program, 
written by Frank van der Linden, 
is used as basis for all the created 
Phyllotactic domes, therefore it is 
one of the main building blocks in 
this study. Thereafter, the creation 
and calculation method of a phyl-
lotactic pattern to a Phyllotactic 
dome is explained. Then the final 
calculations are shown. Finally the 
conclusions and discussion are 
presented. 
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This thesis aims to investi-
gate whether nature can help in 
designing an elegant dome, which 
is strong and stiff as well. To do 
so, phyllotactic patterns, e.g. of a 
sunflower head, are given a closer 
look. 

2.1 Leaf arrangement
Phyllotaxis is the arrangement of 
leaves on a plant stem. It comes 
from the Greek phýllon “leaf” and 
taxis ”arrangement”. Phyllotactic 
spirals are a special form of patterns 
in nature. The two basic phyllotactic 
patterns are opposite and alternate 
(fig 2.2). The alternate pattern leads 

to the spirals. Leaves may also be 
whorled: several leaves arise from 
the same level on a stem, but this is 
a fairly unusual pattern. 
In a spiralling leaf arrangement, all 
the leaves are at different points on 
the stem, e.g. figure 2.1. An oppo-
site leaf arrangement is nothing 
more than a whorled arrangement 
with only two leaves, but can be 
found in nature much more often. 

A well-studied phenomenon [1,2] in 
phyllotaxis is the presence of spirals 
of which the number is always 
equal to a number of the Fibonacci 
sequence. In 1867 the botanist 

Wilhelm Hofmeister published his 
microscopic study of meristems 
[3]. He proposed that in spiral phyl-
lotaxis, botanical units form one by 
one with the newest in the least 
crowded spot. From there on, 
these units are radially displaced 
away from the center as they grow 
[9,15]. This  process is explained later 
in more detail, but first the Golden 
Ratio and the Fibonacci/Lucas 
sequences are explained to prop-
erly understand phyllotaxis and the 
resulting spirals.

2. Phyllotaxis

Plant with phyllotaxisFig. 2.1 

Plant patternsFig. 2.2 

       Opposite                   Alternate                                           Whorled
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 Spiral formed from the Fibonacci sequenceFig. 2.3 
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On the previous pages are some 
examples of phyllotactic patterns.

2.2 The Golden Ratio
The Golden Ratio is the partition 
of a shape, for example a line or 
surface, in two unequal parts, such 
that the smallest part relates to the 
largest part, as the largest part to 
the whole. This ratio is approxi-
mately equal to: 0.328 : 0. 618  ->  
0.618 : 1  ->  1 : 1.618

2.3 The Fibonacci sequence
The Fibonacci sequence is very 
closely related to the Golden Ratio. 
It is a row of integers, where each 
number in the sequence is the sum 
of the previous two. This last part 
also applies to the numbers which 
determine the Golden Ratio:
0.328 + 0.618 = 1 

The Fibonacci sequence begins 
with the values 0 and 1, and with 
them, the remaining numbers follow 
automatically: 
0 , 1 , 1 , 2 , 3 , 5 , 8 , 13 , 21 , 34 , 
55 , 89 , 144 , …

A special feature of this sequence 
is that, when the numbers increase, 
the consecutive numbers increas-
ingly relate to each other according 
to the Golden Ratio: 
3/2 = 1.5
5/3 = 1.666
13/8 = 1.625
21/13 = 1.615
55/34 = 1.618
144/89 = 1.618

2.4 The Lucas sequence
Apart from the Fibonacci sequence, 
the Lucas sequence also conforms 
to the property that each number in 
the sequence always is the sum of 
the two previous values. Although 
the Lucas sequence does not begin 
with the values 0 and 1, but with the 
values 2 and 1. Therefore it follows 
for the Lucas sequence: 
2 , 1 , 3 , 4 , 7 , 11 , 18 , 29 , 47 , 76 , 
123 , 199 , 322 , ...

Both the ‘Golden Ratio’  and the 
‘Fibonacci sequence’ and occa-
sionally the ‘Lucas sequence’ can 
be seen in many forms in nature. 
This is the direct result of how cells 
divide and grow while pushing 
each other to the periphery. This is 
done in such a way, that the cells 
together take up as little space as 
possible. 
It is important to understand that 
the final form of the spirals is not 
defined in the DNA of a plant, but it 
is the result of an ongoing process 
of constantly rearranging the cells in 
relation to each other. The interplay 
of forces between cells determines 
how that happens and to what form 

(a+b) / a = φ = 1.6180339887…

The Golden Ratio is shown in 
various structures and was already 
known in ancient times. Mathemati-
cally it is a concept with very distinc-
tive and special features. To be able 
to better understand the Golden 
Ratio, the Fibonacci sequence is 
now explained. 
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it finally results. Each cell follows 
the path with the least resistance. 
This means that this entire process 
of constantly rearranging causes a 
minimum loss of energy. 

2.5 137.5 degrees
The head of a sunflower and a pine 
cone (fig 2.4) are excellent exam-
ples because they units that arise 
do not overlap each other much, so 
the spirals can be observed well. 
The seeds of the sunflower are 
neatly arranged in spirals, and so 

are the scales of a pine cone. Also 
certain species of cactus are made 
up of segments, in which the same 
patterns are clearly visible. 
Consecutive elements of these 
plants, whether they are leaves, 
seeds or scales, are always rotated 
at the same angle in relation to 
each other. This angle of about 
137.5 degrees obeys exactly the 
Golden Ratio:
137.5 x 1.618 = 222.5 
222.5 x 1.618 = 360
137.5 + 222.5 = 360 

At a mutual angle of 137.5 degrees 
between consecutive cells meas-
ured from the core, cells are almost 
perfectly aligned. Or slightly different 
rephrased: Each cell always occu-
pies exactly that empty spot, which 
is closest to the center. 
Furthermore, it can be noted that 
consecutive leaves on a stem, 
which are rotated 137.5 degrees 
relative to each other (fig 2.5), 
make maximum use the incoming 
light from above. Each leaf arises in 
such a way that, as seen from the 
core, it occupies most of the open 
space, so it also gathers the most 
light. However, with new leaves 
arising, the old leaves are covered 
more and more by them. 

137,5 °

137,5 °

137,5 °

137,5 °

1

4

2

5

3

Pine cone scalesFig. 2.4 

Leaf rotations cactusFig. 2.5 
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2.6 Counting scales
While looking closely to the spirals 
another interesting phenomenon 
can be seen. In this example the 
pine cone is used. When counting 
scales (fig 2.9) from a certain 
starting point in two directions 
while following the spirals until the 
intersection of those spirals, the 
counted scales are two consecu-
tive numbers from the Fibon-

acci sequence. There are in this 
example 5 scales over the counter 
clockwise red spiral and 8 over the 
clockwise blue spiral, going from 
the one green point to the other.
This pattern can be seen a lot 
(fig 2.6, 2.7 and 2.8). It is very 
interesting to understand how this 
occurs. Therefore it is important to 
know that new cells arise from the 
center; the growing point. From 

there they grow and push older 
cell away to the periphery, while 
they are pushed away by new cells 
themselves as well. Very charac-
teristic in all the forms which are 
based on the Fibonacci sequence, 
is that the youngest of the three 
cells in the core, grows in such a 
way, that the two other cells are 
pushed apart. During this ongoing 
process the cells (or seeds/scales/
leaves) arrange and organize 
spirally. Because of the growing of 
new cells from the growing point, 
it is possible to number the cells 
(fig 2.10). The numbers mark the 
age of the cells. Every spiral, clock-
wise and counterclockwise is then 
characterized by a number from 
the Fibonacci sequence, which 
determines the number distance of 

 Pine cone arrangementFig. 2.6  Cactus arrangementFig. 2.7 Flower arrangementFig. 2.8 

Numbering scalesFig. 2.10 Counting scalesFig. 2.9 



Spirals to foregroundFig. 2.11 
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consecutive cells, which together 
form such a spiral. For example, a 
spiral (fig 2.12) can consist of the 
following numbers: 
7, 15, 23, 31, 39, 47, 55, 63, ... (+8)
or 6, 19, 32, 45, 58, 71, ... (+13)

2.7 Spirals
When a larger cell distribution 
is studied, it is remarkable that 
constantly other spirals come to 
the foreground as they are followed 
from the centre to the periphery 
(fig 2.11 and 2.13). This is because 
the original spirals towards the 
periphery flatten so much, that the 
contact between the cells which 
initially formed this chain or spiral 
is broken.
The number of spirals is always 

equal to the difference in cell 
numbers. This means: 5 counter-
clockwise spirals with a step size 
of 5 in consecutive cell numbers, 
8 clockwise spirals with a step size 
of 8 in consecutive cell numbers, 
13 counterclockwise spirals with a 
step size of 13 in consecutive cell 
numbers, and so on.
In the case of a form based on 

the Lucas sequence, these are 
of course other numbers corre-
sponding with that sequence.
When the number of spirals of 
the arrangement in figure 2.13 is 
counted in the two directions of rota-
tion of a cell distribution according 
to the Fibonacci sequence along 
the periphery, one finds in this case 
55 blue spirals counterclockwise 

Spiral numbersFig. 2.12 

Spirals with Fibonacci numbers; 34 clockwise spirals (red) Fig. 2.13 
 and 55 counterclockwise spirals (blue) at the periphery

+13

+8
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and 34 red spirals clockwise. In 
total, therefore, 89.

Fibonacci numbers can also be 
seen in the number of leaves in 
certain flowers like the lily (3), the 
buttercup (5), the larkspur (8), the 
marigold (13), the aster (21) and 
daisies (34, 55 or even 89).

2.8 Stacking diagram
With what has been described 
about numbering of the cells, a 
stacking diagram can be made for 
cells in a grid [10]. The principle is 
very simple: let each cell adjacent 
to two younger cells, such that the 
number difference to each of these 
two cell numbers are two consecu-
tive numbers from the Fibonacci 

sequence.
This is explained by using cell as 
an example. This cell needs to be 
placed on its correct position as 
would occur in nature. The two 
largest numbers in the Fibonacci 
sequence smaller than or as big 
as 42 are 34 & 21. This means that 
cell 42 in principle could lay next to 
cell 8 & 21 (because 42-34=8 and 
42-21=21). This place is already 
occupied by cell 29 (fig 2.14). 
Therefore, the next numbers in 
the Fibonacci series are taken: 21 
& 13. This means that cell 42 may 
be adjacent to the cells 21 and 29 
(42-21 & 42-13). This place is still 
free (fig 2.15). This way, each cell in 
increasing numbering is assigned 
a position. The stacking has also 

been done (fig 2.16) for cell 43 (on 
22 & 30), 44 (on 23 & 31), 45 (on 
24 & 32), 46 (on 25 & 32) and 47 
(on 26 & 33). It is no coincidence 
that the underlying cells are also 
increasing by 1 each time.  

It may occur that this diagram is 
incorrect because the numbers are 
added on the periphery instead of 
in the centre, but it is certainly right. 
New cells push the other cells away 
and rearrange them in that way, 
and cells therefore become part of 
other spirals constantly. 
Characteristic is that numbers of 
consecutive cells, that together 
form a spiral, always increase 
with the same number: a number 
from the Fibonacci sequence. The 

Stacking diagram until cell 41Fig. 2.14 Stacking cell 42Fig. 2.15 Stacking cell 43-47Fig. 2.16 



Spiral transitionsFig. 2.17 

5 spirals

8 spirals

13 spirals

21 spirals

34 spirals
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spirals proceed thereby alternately 
clockwise and counterclockwise.

2.9 Flattening of the spirals
The spirals which are going 
outwards flatten continually. This 
causes the cells of these spirals 
to arrange constantly along other 
spirals with a larger number 
distance between the cells. In a 
transition from one spiral to another 
the flattest spiral ends and the 
spiral turns into a new spiral type. 
This all happens at the time that 
two spirals, here shown as the 
sides of a diamond (fig 2.18), make 
an angle of 120 degrees with each 
other. Cells of one of the diagonals 

then also make contact. It is imme-
diately clear that it is not possible 
to flatten the diamond more without 
destroying the connection. When 
the angle becomes greater than 
those 120 degrees, two new spirals 
arise and divide the angle in two 
equal parts. The new spirals make 
an angle of 60 degree in respect to 
each other.  
At each transition, the flattest spiral 
turns automatically into a new and 
steeper spiral. Thereby it is char-
acteristic that all the spirals are 
always in the opposite direction of 
rotation.
This whole process is shown in 
figure 2.17. The various spiral 
parts are the result of the flattening 
of these spirals. The spirals can 
still be distinguished in the overall 
pattern.

Maximum diamondFig. 2.18 
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2.10 One new cell
A totally different and equally inter-
esting thought is the following [11]: 
Suppose one has a pattern, 
consisting of precisely ten cells 
(T1). Now, if the youngest cell in 
the middle divides in a direction in 
which it has the least resistance, 
and this new cell then grows as 
large as the original cell in the initial 
situation (T2-T6), and the oldest 
cell is removed, then one has again 
a pattern consisting of exactly ten 
cells (fig 2.19).
This new form of ten cells (T6) is 
exactly the same as the initial form 

(T1) when the new grown (red) cell 
reaches the size of the initial (blue) 
cell in the middle. This is the case 
because every cell constantly takes 
the path of the least resistance. 
The only difference is that the new 
form is rotated in comparison to the 
initial form. The angle of the rota-
tion is again the Golden Angle and 
therefore 137.5 degrees. At this 
angle there apparently occurs such 
an effective settlement and organi-
zation of cells that they together 
use a minimum surface with the 
smallest possible perimeter and 
the least amount of energy.

T1 + T6 (rotated 137.5 degree)
Growing steps one new cellFig. 2.19 

T1 T2 T3 T4 T5 T6
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2.11 Conclusion
It may be clear that the way in 
which cells divide and grow, other 
than due to environmental factors, 
in general is determined by the 
genetic material. The spiral form, 
which finally is reached, is directly 
related to the way in which cell 
division happens and to the rate 
at which cells grow. However, it is 
not defined in the DNA because it 
is the result of the cells following 
the path of least resistance. The 
play of forces determines thereby 
how the cells are arranged to each 
other, mostly resulting in patterns 
that follow the rules according to 
the Fibonacci sequence and the 
Golden Ratio: the phyllotactic 
spirals.
It is very interesting to investigate 
if the natural process of arranging 
units leads to a structure with good 
structural properties when applied 
in a dome.
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Very interested by the phenomenon 
of these phyllotactic patterns, Dr. ir. 
Frank M.J. van der Linden started 
his doctoral study on this subject 
in 1992 after having worked on it 
since 1977. His goal was to obtain 
some design principles for dome 
constructions according to phyllo-
tactic patterns. 

3.1 Computer program
His PhD resulted in the publi-
cation of his book “Phyllotactic 
patterns for domes” [4], in which 
he explained how he got to write a 
computer program to simulate the 
patterns and which results he got 
from it. Van der Linden has kept 
working on improving the program 
since. This program, called Apex, 
uses some principles, which are 
explained in this chapter. To prop-
erly understand the terminology 
that has been used, a short list is 
explained first:

3. Apex
 Pattern:   repeated regularity within a structure
 Structure:  coherent whole
 Close-packing:  maximum dense stacking
 Dome:   hemispherical to parabolic shaped cell
 Phyllotaxis:  pattern in plant part positioning
 Morphogenesis:  arising of shapes, development of shapes
 Primordium:  miniscule appendage in the genesis of a  
    plant
 Apex:   growth top of a plant stem
 Fractal structure:  structure with self-similarity
 Self-similarity:  repeated form similarity in different size  
    scales of a structure
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3.2 Input
With the program he wrote [24], Frank 
van der Linden could generate a 
virtually unlimited series of new 
shapes [14], which are based on the 
principles of natural growth proc-
esses. Therefore, a designer, who 
wants to use specific shapes, has 
to make some important choices. 
With some simple manipulations 
it is possible to adapt the shape 
to the designer’s preferences. 
Insight in biological and architec-
tonic principles is indispensable in 
understanding the influence of a 
structure’s enlargement on pattern 
genesis. The interpretation of the 
phyllotactic patterns leads to new 
design opportunities for building 
elements, such as some principles 
for position, shape, and dimension 
of close-packed units.
The program is based on what 
nature does. In dynamical, living 
structures, patterns are created 
with genetic and environmental 
information. With this information, 
nature continually redefines and 
narrows the limiting conditions for 
further growth. Van der Linden 
adapts this principle by disregarding 

the biochemical and genetic details 
and replacing them by simple math-
ematical instructions. The viability 
of the phyllotaxis generator Apex is 
ensured by the following qualities:

The model uses an absolute  -
minimum of the hereditary infor-
mation in plants. Except for 
geometrical basics, only assump-
tions reflecting true biological 
growth are used as input.
The model re-establishes the  -
L-systems through a structural 
use of the 3rd dimension. 
The model generates fractal  -
structures with Euclidic building 
blocks.

3.3 Euclid
Euclidic building blocks were 
discovered by the Greek math-
ematician Euclid (300 BC). He 
noticed the following [17]: There 
are two kinds of numbers: primes 
(unbreakable) and composites 
(breakable). When any composite 
number is picked (e.g. 15), and 
broken into the smallest equal 
pieces possible (3-3-3-3-3), these 
‘building blocks’ are always prime 
numbers. Although adding prime 

building blocks together can be 
difficult for large numbers,  Euclid 
realized it is possible to multiply 
them instead. For example, pick the 
number 30 and find all the prime 
factors of 30: they are 2, 3 and 5. 
When multiplied, one gets 21*31*51 
= 30. Or with 20: the primes are 2 
and 5. Multiplied: 22*51=20. With 
this in mind, it is possible to make 
gnomonic structures (structures 
which grow with maintenance of 
form). 

3.4 L-systems
The L-systems [16] are algorithms 
that generate geometric branching 
structures as they occur in plants. 
They were introduced and devel-
oped in 1968 by Aristid Linden-
mayer. An L-system consists of: 

An alphabet of symbols that can  -
be used to make strings.
A collection of production rules  -
which expand each symbol into 
some larger strings of symbols.
An initial “axiom” string from  -
which the construction begins.
A mechanism for translating the  -
generated strings into geometric 
structures.



Axiom 1st recursion 2nd recursion

3rd recursion 4th recursion 7th recursion, scaled down

Recursions of an example of a L-systemFig. 3.1 
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An example of a L-system could be:
Variables: 0, 1
Constants: [, ]
Axiom:   0
Rules:   (1→11), (0→1[0]0)

The shape is built by recursively feeding the axiom through the production rules. Each character of the input string 
is checked against the rule list to determine the output strings. In this example, a ‘1’ in the input string, becomes 
a ‘11’ in the output string, while ‘[‘ remains the same. 

Applying this to the axiom of ‘0’ we get:
Axiom:    0
1st recursion:  1[0]0
2nd recursion:  11[1[0]0]1[0]0
3rd recursion:  1111[11[1[0]0] 1[0]0]11[1[0]0]1[0]0 
Etc…

This string is obviously growing quickly in size and complexity. Every recursion can be drawn as an image, when 
each symbol is assigned a graphical operation. 

For example:
0:  draw a line segment ending in a leaf
1:  draw a line segment
[:  push position and angle, turn left 45 degrees
]:  push position and angle, turn right 45 degrees

Applying the graphical rules to the earlier recursions, results in the images in figure 3.1. L-systems are essentially 
lodged in a plane. It requires additional tricks to make them three-dimensional.



Size snail house T=0 Size snail house T=1

Size snail house T=0 and T=1 
Growth is visible 

Possible growth mechanism 1
Expanding in every direction

Possible growth mechanism 2
Stacking at the end

Growth of a snail house. If the size of the snail house is only know at T=0 and  T=1,  Fig. 3.2 
then is not clear how the snail has grown. It could be by both expanding as stacking at the end
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3.5 Priordium
Plants form new parts (roots/
branches/leaves/flowers) from cells 
on their tops. From the dividing, 
embryonic tissue, the apex, arise 
cells in construction. These so 
called primordial cells are capable 
of triggering growth of the would-
to-be organ and the initial founda-
tion from which an organ is able to 
grow. In the vegetative stage of a 
plant these primordia are formed 
one by one. At the location of a 
formed primordium, no second 
one can arise. The placement of 
primordial is therefore a problem of 
stacking. 
As said before, the model assumes 
that plants patterns have a gnomon-
ical shape. This means that a new 
element is created on the place 
that follows from the regularity of 
the existing structure. The growth 
structure is the stem with on top of 
it the ordered primordia.
Most of the plants have an under-
lying ‘ordered structure’ that runs 
on through the entire individual. 
This structure can be considered 
the bearer of all forms of append-
ages that the plant can produce. 

A flower or fruit enables the plant 
to reproduce. It is important for the 
plant to produce large numbers 
of offspring, because a lot of the 
reproductive material will be lost. 
Reproductive units are small in size 
and large in number. The under-
lying structure of a plant becomes 
clearly visible where these units 
are arranged closely together. For 
example in the flower head.

3.6 Genetic rules
Because Van der Linden was able 
to create a structure with only 
mathematical rules, without using 
the Fibonacci sequence nor any 
other numerical ratio of angular 
deflection, while the very distinc-
tive pattern stays intact, we can 
conclude that it is indeed false to 
assume that the complete building 
model of a plant is stored in detail in 
the genetic material. 

3.7 Snail house
Van der Linden has made two 
versions of his program: ApexD 
and ApexS. To properly understand 
the basic difference between these 
two versions, the growth of a snail 

house is used. 
If a picture (fig 3.2) is taken of a 
snail house at time T=0 and T=1, 
the growth of the house during that 
time can be seen. When a person 
is unfamiliar with the fact that a 
snail house grows by adding mate-
rial at the open outside of its house, 
it would be impossible to say if it 
grows by expanding (mechanism 1) 
or by stacking (mechanism 2).
Because there is only a picture of 
the start and the end situation, it is 
not possible to know which process 
has been going on. With this it is 
proven that is does not matter how 
a goal is obtained, as long as it fits.  
The version ApexD, or Dislodge-
ment model, stacks the elements, 
while ApexS, or Stack-and-drag 
model, first stacks a basic form 
and expands it afterwards. The 
dislodgement model is sufficient 
for simulations with recognizable 
positioning of individual primordial 
on early flower heads. The Stack-
and-drag model is able to produce 
very different phyllotactic patterns 
along the vegetative axis as well as 
in flowers and in flower heads.



A

B

C

D

E

D1

D2

D3

 T1          T2                   T3                   T4

Growth of a unit over timeFig. 4.1 

Stacking optionsFig. 4.2 

    T3                     T4
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The dislodgement model makes 
use of the stacking principle as 
is explained with the snail house 
growth. The stacking is done without 
a goal where is aimed for, but only 
with mathematical rules. How this 
results in the phyllotactic patterns 
is explained in small steps.

4.1 ApexD
The simplest form to be chosen for 
a unit in a two-dimensional model 
is the circle. A single unit develops 
as a growing circle during time, 
as can be seen in figure 4.1. The 
time between the inceptions of two 
consecutive units in the growing 
point, is presumed to be constant: 
ΔT. So at T

2
 there are two units, 

which differ in size, and a third one 
emerging. The smallest (youngest) 
of the first two units is lying against 
the growing point. 
For the place of the origin of the 
third unit, there are two principal 
possibilities: it develops either in a 
peripheral position or between the 
two existing units. For all variants 

(fig 4.2), except for D, the continua-
tion of the growth process is evident. 
In A,C and E, the growing point 
remains and the structure grows 
respectively linear, alternately and 
spiral. In B, the previous two units 
are pushed apart. In the remaining 
case D, the growing point is situ-
ated centrally in an asymmetrical 
structure. Only D is therefore inter-
esting for further examination. 
At T

3
, a new unit emerges. The place 

of the origin stays central between 
the existing units. As it is growing, 
the youngest unit has to obtain a 
place. After it has touched all three 
previous units, and there is no free 
room to grow left, two of these 
units have to part. This parting can 
happen in three different ways, but 
in nature only two of them occur: 
D
1
 and D

3
. This is because D

2
 is not 

consistent with the earlier arrange-
ment. Case D

3
 leads to a simple 

spiral. Case D
1
 is very common 

and leads to phyllotaxis according 
tot Fibonacci numbers. This is the 
variant that is examined first. 

The reason that case D
1
 occurs a lot 

in nature, is because of the aiming 
of the overall system at a minimum 
average surface per unit. In a 
growing system, the place of units, 
in relation to each other, changes 
in such a way that each unit stays 
as close as possible to the growing 
point. The older, peripheral unit 
therefore always lies against the 
two youngest free neighbouring 
units available as is explained in 
paragraph 2.8.
The comparison of the model D 
at T

3
 with D

1
 at T

4
 shows that the 

structure of D
1
 fits perfectly into 

that of D, although it needs to be 
turned into a certain angle (137.5 
degrees). No matter how complex 
the model may become, a struc-
ture always fits onto every previous 
structure. This is called ‘gnomonic 
growth’. 

4. Dislodgement Model



Determination of next growth step by looking Fig. 4.3 
for the closest free space to the origin

S-curve of the unit growth over time.  Fig. 4.4 
Slow at start, fast later and slow in the end

Placement of UFig. 4.5 n on Up & Uq. Intersection with Uz 
on the left, therefore another Up & Uq
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4.2 Model setup
The growth model is constructed in 
relation to a rectangular coordinate 
system with an X- and Y-axis and O 
for the growing point (fig 4.3). Every 
unit U

t is a circle with radius R
t
 and 

center C
t
 (X

t
,Y

t
). The growth of a 

unit is usually slow at first, fast later 
and slow again in the end. This 
results in the S-curve (fig 4.4). This 
can also be written as an equation

R
t
 = R

l
 / (1 + e c*(t’-t) )

with R
l
 the limit radius of a full 

grown unit, e the Euler number, 
c the growth constant and t’ the 
time a unit takes to reach a radius 
½ R

l
. 

From now on, ‘t’ is replaced by 
‘n’. This has been done because 
primordial units arise one by one 
with a nearly constant time interval 
and it is easier to number them this 
way. When n>2, a unit U

n
 always 

touches two (or more) younger 
units, which are both situated 
closer to the growing point. These 
two units (U

p
 & U

q
) are the ‘support 

units’ of U
n
. When n>5, both support 

units, U
p
 & U

q
, also have two support 

circles each. These four support 
units are called ‘secondary support 
units’ of U

n
. Mostly, two of the four 

units are the same, this results in 
the ‘mutual secondary support unit 
U
z
’. The only times this is not the 

case, is after very irregular growth 
or growth distortions.

If the two support units (U
p
 & U

q
) 

of unit Un are known, it is possible 
to localize unit U

n+1
 on the basis 

of the algorithm described in the 
growth model. This means that 
for new units: n=n+1, p=p+1 and 
q=q+1 (fig 4.6). With the known 

centers of U
p
 & U

q 
and the radius 

of U
n
, it is possible to calculate the 

center of unit U
n
. 

But this way of calculation could 
lead to an error (fig 4.5 left), because 
unit U

n
 could intersect with his 

mutual secondary support unit U
z
. 

When placing a new unit U
n
 in the 

model, it is therefore very important 
to check that, when placed on U

p
 

and U
q
, it does not intersect with U

z
. 

This can be done by checking the 
radii of the units. If R

n
+R

z
 is smaller 

than R
n
+R

p
 or R

n
+R

q
, an intersec-

tion occurs and the unit U
n
 has to 

be placed on Uz and the youngest 

Constistent growthFig. 4.6 

Structure at time t Structure at time t+1



Numbered stackingFig. 4.7 
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the Lucas sequence: 2, 1, 3, 4, 7, 
11, 18, etc. 
This happens because U

4
 is placed 

against U
1
 & U

3
 (With option D

1
, U

4
 

is placed against U
1
 & U

2
).

of U
p
 and U

q 
(fig 4.5 right). This way 

U
n
 is placed as close to the growing 

point as possible. 

4.3 Results
The route that a unit travels, from 
the growing point to the periphery, 
turns out to mainly run in radial 
direction. But in tangential direction, 
the unit also experiences forces. 
They push it alternately to the left 
and to the right. As a result, the unit 
takes a zigzag path. 
From n=4, consecutive units do not 
touch each other. Except for the 
middle of the structure, spirals of 
contacting units develop.  
The model leads to numbers of 
spirals according to the Fibonacci 
sequence: 
1, 1, 2, 3, 5, 8, 13, 21, ...
First 2 of those spirals, turning in 
the same direction, as well as 3, 
turning in the opposite direction. 
These spirals disappear and they 
make place for respectively 5 and 
8 spirals. 

When the stacking option D
3
 was 

used, instead of option D
1
, this 

would lead to spirals according to 
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5. Stack-and-Drag Model
Where the Dislodgement Model is 
a very simple stacking of units with 
only one variable (the S-curve of 
the growth), makes the Stack-and-
Drag Model use of six variables . 

5.1 ApexS
At first are the units stacked, just as 
in the Dislodgement model. There-
after are the units expanded in all 
directions to simulate growth and 
make it more biological by trans-
forming units in all kinds of plant 
parts, each with their own proper-
ties. Therefore, six variables are 
used. There are three S-curves 
(fig 5.1) to determine growth of 
the primordia; one curve for the 
unit growth and two for trans-
lating, which simulates the axial 
and radial stem growth. The other 
three variables (fig 5.2) steer the 
age-decreasing compressibility 
of a primordium, the “inertia” of 
the system and the canalisation 
factor.  They simulate different 
levels of interaction between units. 
The canalisation factor influences 

the width and sharpness of the 
layer in which a primordium can 
occur. Furthermore, the circles in 
the simple model, are replaced by 
spheres.

The six variables and the use of 
spheres make the Stack-and-Drag 
Model a more biological justifica-
tion than the Dislodgement Model 

because:
It shows a complete stacking  -
from base to top.
It has an actual predefined tran- -
sition from the vegetative stage 
to the generative stage.
It has a restricting settling of  -
primordial in a zone.

The three S-curvesFig. 5.1 

Three pattern defining parametersFig. 5.2 



Vegetative stage, with elongating stem Generative stage, with expanding apex

Two stages of plant growthFig. 5.3 

Central initiation zone
mother cells

Primordium

Leaf

Epidem

Core
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5.2 Two stages
The growth of a plant can be split in 
two stages: the vegetative stage, in 
which the stem grows and leaves 
arise along the stem, and the gener-
ative stage, in which the flower or 
fruit of the plant develops (fig 5.3). 
The vegetative stem works as an 
infinite cylinder, which only stops 
growing when the vegetative stage 
is ended. A hemisphere, which 
is part of the top, becomes the 
bearer of spheres with a constant 
radius at that point. In contrast to 
the number of vegetative units, the 
exact number of units that fit on the 
apical hemisphere is not predict-
able. The generative stage starts 
instantly after the placement of all 
vegetative units.

5.3 Shaping structures
As said before, this model first stacks 
all units, and deforms it thereafter 
to a structure with recognizable 
dimensions. At the location of the 
stem, the spheres are stretched in 
the length of the cylinder. The flower 
on top is shaped by increasing the 
hemisphere in width. Translation 
depends on unit ordinal or age n, 

but also on d, the distance to the 
Z axis, and on z, the height from 
the XY plane. Stem growth causes 
shifting in the phyllotactic pattern. 
Translations follow the S curve 
(fig 5.1), being a function of n but 
also of z or d, respectively.

Axial translations are expressed 
as:

  Ax
n
 = (1-S

n
) * z

n
LinkZ

in which z
n
 is relative height (0 ≤ z

n
 

≤ 1) and LinkZ causes displace-
ments to depend on n to z

n
 (0 ≤ 

LinkZ ≤ 10). Parameter LinkZ 
leaves the dependence open, for 
there is no evidence to exclude 
either n or z. Note that axial trans-
lations and unit sizes use similar 
graphs when LinkZ = 0.

Radial translations are expressed 
as:

Rad
n
 = S

n
 * d

n
LinkD

in which dn is relative distance (0 
≤ dn ≤ 1) and LinkD causes 
displacements to depend on n to 
d
n
 (0 ≤ LinkD ≤ 10). Notice that 

radial translations and unit sizes 

use horizontally mirrored graphs 
when LinkD = 0.
To simulate flowering in a correct 
way, the three curves for unit growth, 
axial translations, and radial trans-
lations must work closely together. 
The distance ratio r

(unit)
/r

(stem)
 is 

of decisive importance here. At the 
time of inflorescence, high values 
result in flowers and low values 
result in flower heads.
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5.4 Results
The earlier explained Dislodgement 
Model was sufficient for simula-
tions with recognizable positioning 
of individual primordia on early 
flower heads. This was all been 
done by simply stacking units. But 
the computer program ApexS, the 
Stack-and-Drag Model, is able to 
produce very different phyllotactic 
patterns along the vegetative axis 
as well as in flowers and flower 
heads by stacking the units and 
translating them afterwards. 
Helices appear almost exclu-
sively in Fibonacci numbers (1, 1, 
2, 3, 5, 8, 13, ...), and successive 
units make XY-projected angles 
of ~137.5°. Canalisation results in 
rings of units in fixed numbers like 
Fibonacci terms. 

The differences between the 
Dislodgement model and the Stack-
and-Drag model are outlined in the 
table left.  

Dislodgement Model
The centric dislodgement process 
is reversed to a stacking in a static 
structure. After the construc-
tion of unit(n), structure(n) must 
be rotated around the z-axis to 
simulate growth. 

Planar -> covering (‘folding’). -
Top -> down. -
Predefined number of units for  -
whole structure.
Moment of transition depends  -
on S-curves.
Increasing relation R(u) - R(s)  -
towards base.
No canalization, no regular  -
flowers.
Result of construction in a  -
dense close-packing.
Top configuration of units is  -
very regular.
Top configuration of units is  -
problematical.

Stack-and-Drag Model
Annular stacking; structure(n) 
and structure(n-1) have the same 
positions.

 
3-Dimensional. -
Bottom -> up. -
Only number of vegetative  -
units is preset.
Moment of transition depends  -
on event.
Full relation R(u) - R(s).   -

Canalization, Regular flowers.  -

Result of construction may be  -
more loose.
Top configuration is not predict- -
able.
Base configuration of units is  -
predefined. 



Calculation steps Dislodgement ModelFig. 5.4 
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Calculation steps Stack-and-Drag ModelFig. 5.5 



Patent Geodesic dome by Buckminster FullerFig. 6.1 
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6 Geodesic domes
A sphere is a mathematical  object 
that contains the maximum volume 
compared to its surface area. 
Because it is impossible, however, 
to obtain a sphere with the straight 
parts that we like to use, there is 
often been searched for an approx-
imation in the past. 

6.1 Buckminster Fuller 
In 1954 the architect-engineer 
Buckminster Fuller (fig 6.2)
submitted  the patent (fig 6.1) on 
his design of the Geodesic dome 
[8,18,21,22]. Hereby flat triangles are 
created with straight bars, which 
together form a spherical surface. 
All triangles have roughly the same 
size (paragraph 6.4). This limits 
large force differences in the bars 

and therefore only a small amount 
of material is wasted. 
20 years prior to Buckminster 
Fulles, however, Walther Bauens-
feld already designed a perfect 
geodesic dome, which was, just as 
in the patent of Buckminster Fuller, 
based on an icosahedron.

6.2 Platonic solids
To create a geodesic dome one 
starts with a mathematical shape 
with equal triangles as faces. 
There exist only three of these 

shapes and they are all part of the 
so-called Platonic solids (fig 6.3). 
These are figures with only equal 
planes in order to create a surface, 
and where the number of faces 
adjacent to each vertex is equal as 
well. They are named after Plato, 
who describes them in one of his 
books. It was Euclid who proved 
that there exist only five of these 
figures, three with triangles, one 
with squares and one with penta-
gons.The figures with only triangles 
as  faces are: the 4-plane (tetrahe-
dron), the 8-plane (octahedron) and 
the 20-plane (icosahedron). The 
icosahedron is the best approxima-
tion of a sphere and therefore the 
most suitable figure to use building 
a geodesic dome.
In figure 6.4 is an unfolded icosahe-
dron shown. It is clear that all trian-
gles have the same dimensions.

6.3 Building steps
On the next pages is explained how 
to create a refined geodesic dome, 
starting from a icosahedron [20]. 

Buckminster Fuller in front of one of  Fig. 6.2 
 the geodesic domes he designed

Platonic solidsFig. 6.3 

Unfolded icosahedronFig. 6.4 



20-plane
An icosahedron has 20 triangular 
planes, 30 edges and 12 vertices. 
At each vertex are 5 planes located. 
When the icosahedron is placed 
in a sphere, all vertices touch this 
sphere.

1 plane extracted
Of these 20 plane one is extracted 
and the center of the sphere is 
taken as well. 

Divided in triangles
The extracted triangle is divided 
into multiple triangles, which are all 
of equal dimensions. Because of 
this, a number of 4, 9, 16, 25 or x2 

triangles per plane is created.
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Placed in sphere
The plane is placed back into a 
sphere (the center of the icosahe-
dron is of course the same as the 
center of the sphere). The vertices 
of the plane are situated exactly 
on the surface of the sphere. Now, 
straight lines are drawn from the 
center to the surface of the sphere 
through the vertices of the triangles 
on the plane.

Interim result
This gives as an interim result a 
plane with extended lines. 

Connected ends
The ends of the extended lines 
are connected. This creates new, 
smaller triangular planes. These 
are not all the same in size.



New surface
The new, smaller triangular faces 
form in this way a new surface, 
which approximates the shape of a 
sphere better than the initial icosa-
hedron. The more triangles a plane 
of the icosahedron is divided in, 
the more accurately the new form 
describes the surface of a sphere. 

1/20th of a icosahedron  
This way has 1/20th of a icoshe-
dron been reshaped into a better 
approximation of a sphere.

A sphere again
If the reshaped plane takes the 
place of every plane of a icosehe-
dron, the figure above is created. 
This shape consists of 180 (20x9) 
planes.  
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5 and 6 adjacent planes
The new sphere exists of vertices 
with 6 adjacent planes, except for 
the initial vertices of the icoshedron, 
there still only 5 planes meet.

10-V
In the sphere above is every plane 
of the initial icosahedron divided 
in a lot of triangles: every side 10. 
This is called a 10-V. 
The sphere described before is 
therefore called a 3-V

Dome
When a part of the geodesic 
sphere is cut off, a dome shape is 
created. This form is suitable for 
large spans.
The original triangles of the icosa-
hedron are still visible is this shape. 
Only the vertices where 5 planes 
meet, need to be found.
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6.4 Beam length
In the icosahedron all the beams 
have the same length. After the 
process of creating a geodesic 
dome, this is not the case 
anymore. 
The length, the placement of the 
different beams and the number 
of connections are made visible 
for the 1-V, 2-V, 3-V, 4-V and 5-V 
sphere with a radius of 10m [19]. 

At the 5-V sphere, the shortest 
beam is about 75% of the length 
of the longest beam. This 25% is 
a relatively small difference and 
therefore the beams can all be 
constructed with the same dimen-
sions, regarding the potential buck-
ling issues. 

For a more detailed and math-
ematical solution for finding the 
length and number of the beams, 
please have a look at Appendix 2, 
Geodesic Domes by Tom Davis.

1-V (icosahedron)

Beam Length Number
       A 10.51 30

5-way connectors: 12

2-V

Beam Length Number
       A 6.180 60
       B 5.465 60

5-way connectors: 12
6-way connectors: 20

A        

A                      A       

A                             A        

B        

A           A       

A           B               B           A      
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3-V

Beam Length Number
       A 3.486 60
       B 4.035 90
       C 4.124 120

5-way connectors: 12
6-way connectors: 80

4-V

Beam Length Number
       A 2.531 60
       B 2.952 60
       C 2.945 120
       D 3.128 120
       E 3.249 60
       F 2.985 60

5-way connectors: 12
6-way connectors: 150

5-V

Beam Length Number
       A 1.981 60
       B 2.317 60
       C 2.256 120
       D 2.472 120
       E 2.551 120
       F 2.450 120
       G 2.615 60
       H 2.315 60
       I 2.453 30

5-way connectors: 12
6-way connectors: 240

A   B        C    D       D    C       B    A

A              F              F             A

F    D       E    E        D   F

F   C        C   D        

C             E             C            

D             D                      

A    A       
B        

A           H          I            H          A    
A  B      C  D      F   F      D  C      B   A     

  C          E           E          C       
H  D      E  G      G  E      D  H      

F          G          F       

  D          D  

I   F       E  E       F  I        

H C       C H   

    B    
 A  A       

 A      B          A 

A      B           C     C           B     A  

      C                  C       

B     C            C     B        

B       

A      A        
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6.5 strengths and weaknesses
The geodesic domes has a lot 
of strengths which makes it very 
interesting to use for all kind of 
buildings, however it has also it 
weaknesses as summarized by 
Marek Kubik [5]. A Geodesic dome 
is a typical example of a synclastic 
surface. Synclastic surfaces are 
not developable; this means that 
they can not be flattened into a 
plane without some shrinking or 
stretching of the elements. This 
is why in practice domes can not 
be built from one uniform member 
size. However, Makowski (1965) 
points out that geodesic domes are 
exceptionally good in this respect; 
even for  large spans only a small 
number of different beam sizes are 
required. This makes the structure 
ideal for optimizing the manufacture 
of components and prefabrication. 
The Kaiser Aluminium Company 
(USA) was one of the first compa-
nies to take out a full license under 
Buckminster Fuller’s patent for a 
concert hall in Honolulu, Hawaii. 
The 44.2m dome was erected 
within 22 hours of the components 
arriving.

The structural advantages of a 
geodesic dome are explained by 
its resistance against earthquakes. 
In high risk earthquake areas such 
as Japan, quake resistant designs 
have evolved through trial and 
error exercises over the centuries. 
Modern design guidelines have 
emerged from such empirical data:

The degree of compactness in a  -
building correlates with its resist-
ance against seismic shocks. 
A hemispherical structure is the 
most geometrically possible 
compact form of construction, 
enclosing maximum volume with 
minimum surface area.
Reinforcing elements should be  -
rigid and symmetrically organ-
ised, located close to the building 
boundary and distributed evenly 
throughout the structure; the 
geodesic skeleton does exactly 
this.
The centre of gravity should be  -
as low as possible. A dome has a 
lower mass point than any cuboid 
structure of similar proportions.
The construction should be  -
elastic and deformable to a 
certain extent, especially through 

the core grid. The geodesic 
dome exhibits this behaviour, 
with its beam structure. Further-
more, it is empirically proven that 
Geodesic domes survive even 
severe earthquakes with only 
minor cracking in the cladding.

Geodesic domes exist of extremely 
light skeleton structures that are 
very stiff and rigid, enclosing a large 
area without the need for internal 
supports. Due to the light weight, 
the round shape of the dome perim-
eter, and the generally uniform 
load distribution of geodesic dome 
structures, deep foundations are 
normally not required. Construc-
tion of shallow foundations allow 
a considerable saving in time and 
money over deep foundations.
However, the geodesic dome is 
not without disadvantages. One 
complaint is that the perimeter 
chords following the shape of an 
icosahedron produce an irregular or 
ragged line that may be objection-
able on architectural grounds; the 
aesthetic appearance of the dome 
is largely dependent on how these 
closures are treated. The most 
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common objections are functional; 
due to the hemispherical shape of 
the structure, effective sound isola-
tion is difficult to achieve through 
partitioning of rooms, leading to a 
perceived loss of privacy. Furniture, 
unless custom made, also presents 
a problem due to the curved walls 
of the structure which can result in 
some loss of space.
However, when using a Geodesic 
dome as a big roof, for example a 
stadium or market, the disadvan-
tages do not apply anymore and 
a very stiff and strong structure 
remains. 

6.6 Conclusion
The Geodesic dome are an excel-
lent construction shape for the 
comparison with the Phyllotactic 
domes which are developed in this 
research. The big structural advan-
tages are a great goal to aim for, 
when constructing domes based on 
phyllotactic patterns. The structural 
properties depend on the shape 
and structure of the built Geodesic 
dome. Therefore, the same starting 
points are used as for the Phyllo-
tactic domes. 



100 m

  13.5 m
30°

Dome dimensionsFig. 7.1 

Properties of the used cross sectionsFig. 7.2 

 Tube  A       W  I        Fx;max  Mmax        Weight
# dimensions mm2       *103 mm3 *106 mm4          kN  kNm        kg/m

1 200x10  5969       270.1 27.0       2119.0 128.3        47
2 230x12  8218       425.8 49.0       2917.5 202.7        65
3 260x14  10820       631.6 82.1       3841.0 301.1        85
4 290x16  13773       894.4 129.7       4889.3 426.9        108
5 310x17  15648       1087.0 168.5       5555.1 518.7        123
6 340x18  18209       1392.5 236.7       6464.1 663.2        143
7 370x20  21991       1826.2 337.9       7806.9 870.7        173
8 400x22  26125       2341.0 468.2       9274.5 1117.1        205 
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7. Starting points
To be able to make a comparison 
between the geodesic dome and 
the different phyllotactic domes, 
equal starting points have to be 
obtained. This includes the dimen-
sions and the properties of the 
material that is used for the beams, 
the applied roof, snow and wind 
load and the global dimensions 
of the domes. By using the same 
preconditions for every dome, 
the calculated differences are 
completely due to the pattern differ-
ences which are unique for every 
Phyllotactic dome. 

7.1 Dimensions of the dome
To be able to really test the Phyl-
lotactic domes, a challenging dome 
shape with a sharp span in combi-
nation with a low height is taken. 
The domes have a circular floor 
plan. First some assumptions need 
to be made. 
Despite the fact that it is not entirely 
correct, the dome is considered as 
an arc shape in one direction. For 
an arc shape in steel, the design 

guidelines advise a span/height 
ratio from S/H = 5 to S/H = 15. 
With such an arc shape is it possible 
to realise an estimated span of 60 
to 150 meters. When designing 
domes, often a larger span/height 
ratio is chosen, but it is interesting 
to use a challenging form. 

When a desired span of 100 meter 
is taken, it leads with design esti-
mate of the S/H ratio to a height 
of 6.7 to 20 meters. When taking 
the average of this, one gets 13.3 
meters. Starting from this value, a 
simple form is chosen.
A circle is made with a diameter 
of 200 meters. The center line of 
this circle is divided into four equal 
pieces of 50 meters. Next, the two 
middle pieces are considered. 
When the part of the circle is taken 
perpendicular to these two pieces, 
then there remains an arch with a 
span of 100 meters and a height of 
13.5 meter (fig 7.1). These dimen-
sions are used for creating the Phyl-
lotactic and the Geodesic domes.

7.2 Beams
When building a Geodesic dome, 
often only round tubes are used 
for the construction bars. This is 
done because in such a structure 
the main forces are axial forces. A 
tube is able to resist forces in every 
direction equally and are therefore 
very useful when resisting the axial 
forces. To adjust the needed beam 
dimensions to the forces that occur, 
a range of tubes dimensions is 
given in figure 7.2.  
With these eight possible tube 
dimensions, the various domes 
are made. Each beam is checked 
for the needed dimensions and 
the corresponding cross section is 
applied. The differences between 
the eight options are rather large, 
so some excessive dimensioning 
may occur, nevertheless it provides 
a better insight in the way the forces 
are distributed over the construc-
tion.
As the dimensions of the tubes 
imply, steel is used as structural 
construction material. The large 
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span and the high axial forces 
that are caused therefore, make 
steel a logical choice. Tubes are 
mostly made from structural steel 
S355, with a yielding stress of 355             
N/mm2 and a tensile strength of 
510 N/mm2

7.3 Connections
In geodesic domes all the bars are 
connected with hinges. Therefore 
each bar is a pendulum beam. This 
way, no moments occur in a beam 
caused by another beam. The only 
moments in a beam are caused by 
the direct forces of the own weight, 
the roof weight, the snow load or 
the wind load on that beam. 

For the supports, the same prin-
ciple is applied. Hinged bearings 
(pins) are used, so that the dome 
structure is complete free to rotate 
there as well. 
When designing the Phyllotactic 
domes, the same connections are 
tried to be used. But if the construc-
tion is not stable, some adjustments 
need to be made. A solution could 
be to make (some of) the connec-
tions fixed. 

7.4 Load: Own Weight
The first load case is the own 
weight of the construction. This is 
off course depending on the tube 
dimensions that are applied. The 
weight per meter can be read in 
figure 7.1 with the properties of the 
various cross sections. This load 
case has only a small influence 
on the resulting forces compared 
to the other cases, nevertheless is 
the own weight taken into account 
to get the best representation 
possible.

7.5 Load: Glass Roof
The second load case is the perma-
nent load on the structure. For the 
domes it only contains the weight of 
the roof. There are various options 
available for the roofing, e.g. light-
weight acrylic panels, authentic 
copper plating, Teflon coated fibre-
glass panels, steel frame panels, 
(combinations) of fibreglass and 
polyester, PVC, PU, PTFE, ETFE, 
or metals such as AISI 304, 316 
and galvanized iron [23]. Most of 
these options are lightweight mate-
rials to cover the roof. To really test 
the Phyllotactic domes, a glass 

roofing is applied. Glass is a heavy 
material, certainly when used for 
larger areas. For the calculation a 
value of 0.8 kN/m2 is used, which 
is equivalent to glass plates with a 
thickness of 32 mm. 

7.6 Load: Snow
The third load case is the variable 
snow load. To add the proper snow 
loads, the Eurocode 1 part 1-3 on 
snow loading is used [6]. The dome 
is regarded as a cylinder roof in two 
directions. The resulting snow load 
is calculated with the formula: 

s = μ
i
 C

e
 C

t
 s

k
, 

with: 
C -
e
: the exposure ratio. It is 1.0 

for normal areas where the snow 
on structures is only removed 
in small extent by the wind due 
to the surrounding terrain, other 
structures or trees.
C -
t
: the thermal coefficient. It 

takes into account the reduction 
of the snow load caused by the 
melting of the snow on roofs with 
a high thermal transmission (> 1 
W/m2K). 1.0 is used if < 1W/m2K, 
which is also applied to the Phyl-



Determination of Fig. 7.3 μ1 and μ3 of the snow load according to the Eurocode

Case I

Case II

μ1 = 0.8

0.5 μ3 μ3

60°

b

ls

h

ls/4 ls/4 ls/4 ls/4

β
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lotactic domes.
s -
k
: is the characteristic value of 

snow load on the ground. In the 
Netherlands, a maximum of 0.7 
kN/m2 can occur according to the 
Eurocode (fig 7.4). This is equiv-
alent to a snow pack of 35 cm.
μ -
i
: the snow load shape coef-

ficient. Its value depends on 
the shape of the structure. For 
domes with a circular floor plan 
two snow load cases (fig 7.3) 
need to be taken into account 
and that leads to two snow load 
shape coefficients; μ

1
 and μ

3
.

The maximum slope of the chosen 
shape in paragraph 7.1 is 30 
degrees. This means that this is 
well below the limit of 60 degrees. 
This makes for case I, the distrib-
uted snow load, μ

1
 = 0.8 on the 

whole structure. 

The redistributed snow load, case 
II, is calculated with the formula:

μ
3
 = 0.2 + 10*H/S 

if β ≤ 60°
For the chosen shape, β = 
15 degrees, so μ

3
 = 0.2 + 

10*13.5/100 = 0.335 and 
0.3*μ

3
 =0.101. 

However, in practice, when snow 
case II is applied to a dome, it turns 
out that that case is not decisive for 
the maximum stresses when it is 
compared with snow case I. This is 
because all the weight on the dome 
finally results in axial forces, the 
second load case has a substantial 
lower weight and causes smaller 
forces therefore. 

7.7 Load: Wind
The fourth load case is the vari-
able wind load. It is calculated in a 
similar way as the snow load, but 
now the Eurocode 1 part 1-4 on 
wind loading is used [7]. 

The wind pressure and wind suction 
can be calculated with the following 
expression: 

w
e
 = q

p
(z

e
) × c

pe
 

with: 
z -
e
: the reference height for the 

external pressure. z
e
 = 13,5 

meter.
q -
p
(z

e
): the extreme pressure 

value. The dome is assumed to 
be built in the Netherlands in wind 
area I (fig 7.6). With a height of 

Snow load areas in the Netherlands according to the EurocodeFig. 7.4 



Wind load determination according to the EurocodeFig. 7.5 
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13.5 meter follows q
p
(13.5) = 

0.92 kN/m2

c -
pe
: is the pressure coefficient for 

the external pressure depending 
on the size of the loaded area 
A (= c

pe;10
 because the loaded 

area A for the structure is larger 
than 10 m). 

When figure 7.5 is used, the values 
for A, B and C can be determined. 
With f/d = 13.5/100 = 0.135 

at lines A(h/d=0), B(h/d=0) and 
C(h/d=0) in the graph gives: 
C
pe;10;A

 = + 0.2525
C
pe;10;B

 = - 0.4459 
C
pe;10;C

 = 0

A = +0.2525

B = +0.4459

C = 0

Because wind can blow from 
every direction on the structure 
and because the dome structures 
are not symmetrical, three direc-
tions are taken into account, each 
rotated 120 degrees in relation to 
the other. 

As can be seen, the maximum 
wind suction value (-0.3689 kN/
m2) is smaller than the weight of 
the glass roof (0.8 kN/m2). There-
fore, it is very unlikely that the 
structure will be lifted or that the 
wind loads will be decisive when 
the maximum compression forces 
are determined.  Nevertheless, the 
wind loads with the wind from three 
directions are regarded because it 
could lead to higher tensile forces. 

Wind areas in the Netherlands  Fig. 7.6 
 according to the Eurocode

The Eurocode states that the  dome 
may be divided in parallel strips 
to simplify the wind load on the 
structure. Therefore, the wind load 
is  distributed over 10 strips of 10 
meter wide and the following wind 
pressure (+) or suction (-) values 
are applied to the structure:
w
e;0-10

 = +0.1684 kN/m2

w
e;10-20

  = +0.0515 kN/m2

w
e;20-30

 = -0.0892 kN/m2

w
e;30-40 

 = -0.2171 kN/m2

w
e;40-50

  = -0.3459 kN/m2

w
e;50-60

  = -0.3689 kN/m2

w
e;60-70

 = -0.2870 kN/m2

w
e;70-80

 = -0.2052 kN/m2

w
e;80-90

 = -0.1233 kN/m2

w
e;90-100

 = -0.0414 kN/m2
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7.8 Load combinations
To make the correct calculations 
with the different loads on the struc-
ture, four different load combina-
tions are used. The safety factors 
for permanent loads (1.2) and for 
variable (1.5) are applied. With the 
own weight (OW), the glass roof 
(GR), the snow load and the wind 
from three directions, the following 
combinations are entered for the 
calculations:
LC1: 1.2*OW + 1.2*GR +  -
1.5*Snow
LC2: 1.2*OW + 1.2*GR +  -
1.5*Wind1
LC3: 1.2*OW + 1.2*GR +  -
1.5*Wind2
LC4: 1.2*OW + 1.2*GR +  -
1.5*Wind3

The overall decisive beam forces 
of these four load combinations are 
used for the optimization process. 

Please keep in mind that extreme 
loads like fire, earthquakes, floods, 
tornados, impact load or explosions 
are not taken into account with the 
performed calculations. 
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8. Dome design procedure
One of the goals of this research 
is to create a Phyllotactic dome. 
Because there is an infinite number 
of different possible domes based 
on the rather irregular phyllotactic 
patters, an easy procedure with 
small steps to create them is set up. 
This procedure should be handled 
with care, since an unexpected 
error can always occur. Further-
more, although most steps are 
straight forward and could be done 
by anyone without any experience 
in design or structural analysis, 
some steps require some knowl-
edge on those fields. Therefore, it 
is advised to get help of a profes-
sional during the process. 

8.1 Used programs
To be able to completely follow this 
procedure, a few specific programs 
need to be available. But if the ideas 
behind all the steps are understood, 
other programs could be sufficient 
as well. The steps in paragraph 
8.2, 8.3, 8.4 and 8.5 help to convert 
the Apex model to a useful struc-

tural model. From there on, loads 
are applied and the calculations 
(chapter 10) can be made.

The programs which are used for 
the dome design procedure are: 

ApexS 2013  - [24], the program 
written by Frank van der Linden. 
It is the Stack-and-Drag model 
of Apex with which the phyllo-
tactic patterns are created. An 
adjusted version is used that 
forms a better application for this 
research.
Microsoft Excel 2003  - [25]: this 
program is used during the 
whole process to rewrite some 
expressions and make some 
steps easier. Futhermore, the 
optimization process is mostly 
done with Excel. 
Autodesk AutoCAD 2012  - [26]: this 
program translates the coordi-
nates to a three-dimensional 
model and scales the model to 
the right dimensions. 
Nemetschek Scia Engineer 2012  -
[27]: this program checks for errors 

in the model, such as duplicate 
beams, and cuts of the bottom 
part of the model so a planer 
base is formed. 
General Structural Analysis 8.6  -
[28]: GSA is, together with ApexS,  
the most important program 
used. This program is capable 
to convert surface loads in beam 
loads, make static and non-linear 
static calculations including buck-
ling effects and can visualise the 
results in a very insightful way. It 
also works well with Excel, there-
fore the output of the calculations 
can be easily used for further  
steps. 



Interface ApexS with the modifiable parametersFig. 8.1 
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8.2 Steps ApexS
To start creating a phyllotactic 
dome, the Stack-and-Drag model 
of Apex is used. To be able to use 
the program correctly, Frank van 
der Linden has been contacted. He 
explained the use of the different 
parameters, how they can be 
adjusted and what a useful input 
could be (1.1). 

There are several adjustable 
parameters, which are explained in 
blocks, just as they are arranged in 
the program (fig 8.1). Between the 
brackets the range of the param-
eter can be read.

CREATE phyllotactic patterns:
exp (0.5 - 1.5) - : this makes the 
units compressible or repulsive. 
For the regarded domes the 
value ‘1’ is used. In that way the 
units are arranged neatly against 
each other. 

  1.1: Enter the desired parameters 
  1.2: Let Apex calculate the stacking
  1.3: Check the number of units on top
  1.4: Save the coordinates in a .txt file

sens (0.5 – 1): -  this parameter 
determines the amount of effect 
of the already existing structure 
on the unit that has to be placed 
next. Anything between 0.5 and 
1 can be used. 
canal (0 - 1): -  this makes the 
units subject to free placing on 
its neighbours to being placed 
strictly in rings. Both happen in 
nature and both can be useful in 
the construction design of domes. 

So every value can be used, from 
‘0’ with no canalisation to ‘1’ with 
maximum canalisation. With a 
high level of canalisation, a plant 
makes sure that the same kind of 
plant parts are on the same level. 
See for an example the leaves of 
the plant in figure 8.2. 

S-CURVE unit size:
base (0 - 1): -  Starting growth 
minimum. This influences the 
number of units that fit on the top 
of the structure. For the calcu-
lated domes, the taken numbers 
vary from 0.020 to 0.050
hlife (1 - …): -  The growth factor 
over time. Any number between 

Plant with a high canalization. The same kind of leaves are placed in a ringFig. 8.2 



Stacked unitsFig. 8.3 Stacked units transformed into a plantFig. 8.4 

Side view stacked units on top with slope < 30°Fig. 8.5 Top view stacked units on top with slope < 30°Fig. 8.6 
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15 and 100 is a normal factor in 
nature. Around 60 gives the best 
results. 
const (0 - 1): -  Growth function 
steepness. Any number from 
0.03 to 0.17 is a normal factor in 
nature and can be used.

After the desired parameters are 
entered, ApexS calculates the 
resulting stacking of the units 
(fig 8.3) and the transformation of 
those units into plant parts. The 
created pattern can be viewed 
in different ways, but the normal 
stacking of all the units is the most 
useful.  

Frank van der Linden has also 
made it possible to easily check 
the number of units on top 
(fig 8.5 and 8.6). He has made an 
adjustment to his program which 
enables the viewer to only see the 
units on the desired part of the top 
(where the slope is 30 degrees) so a 
visual monitoring is made possible. 
Furthermore, this adjustment to the 
program also tells us how many of 
those units are stacked on the top 
so a minimum of scaling is needed 

in a later stage because only the 
units on that top part, are used in 
the rest of the process.

In order to be able to use the 
calculated stacked units, a useful 
output file has been set up. It is a 
simple .txt file with the coordinates 
of every unit (n) with its two under-
lying units (p&q), all separated with 
a comma to be able to import it in 
Excel. It is also possible to export 
the coordinates of the nodes which 
are placed on the top only, instead 
of the coordinates of the whole 
plant including the stem and other 
unimportant parts. 

It can be concluded that the 
desired stacking can be obtained 
by adjusting the parameters. But 
to do it properly, a range has to be 
taken into account for each param-
eter. That range is based on what 
can be found in nature. Within the 
ranges can be played until the 
desired number of units on the top 
is reached and a visual sufficient 
arrangement is obtained.
The variables of the ‘S-CURVE unit 
size’ have a large influence on the 

number of units that fit on the top. 
But that is not as important as the 
way the units are stacked in relation 
to each other with the parameters 
of ‘CREATE phyllotactic patterns’.
There are four different stackings 
calculated for this research in total, 
each with different amount of units 
as well. The different parameters of 
the stackings are:

Domes A: exp: 1
   sens: 1
   canal: 0

Domes B: exp: 1
   sens: 1
   canal: 1

Domes C: exp: 1
   sens: 1
   canal: 0.5

Domes D: exp: 1
   sens: .5
   canal: 0

The influence of the values of the 
different parameters is given in 
chapter 11 Conclusions.



Output of ApexFig. 8.7 

Import in ExcelFig. 8.8 

Output n-p line expression for AutoCADFig. 8.9 
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  2.1: Import the .txt file in Excel
  2.2: Use the desired number of nodes
  2.3: Create expressions for conversion to AutoCAD

8.3 Steps Excel
As said in the previous paragraph, 
the .txt output file (fig 8.7) is set up 
in such a way, that all the coordi-
nates are separated with a comma. 
Excel has an easy option to use 
these delimiters to separate each 
field. 

For example:
n, x(n), y(n), z(n)
1,7.474,1.734,3.698
2,7.103,-1.737,3.699

Becomes that way:
n x(n) y(n) z(n)
1 7.474 1.734 3.698
2 7.103 -1.737 3.699

After the import (2.1), a sheet with 
all the x,y and z coordinates of n, 
p and q is created (fig 8.8). If the 
output in ApexS was done right, 
only the nodes on the desired top 
part of the created phyllotactic 
pattern are now imported. Other-

wise, the unnecessary nodes need 
to be deleted (2.2). 
The correct coordinates need to 
be connected to create a spatial 
structure. The most simple option 
is chosen here. Because unit n is 
always placed on unit p and on unit 
q, are n-p and n-q the most logical 
connections for the Phyllotactic 
dome structure. The most rigid 
structure is a triangle, therefore the 
nodes p-q are connected as well. 

To be able to make a beam struc-
ture with the coordinates of the 
nodes, AutoCAD is used. It is 
possible in that program to draw a 

line between two points by using 
the command line. 

The commands that are used to 
draw the n-p line are: 
line 
x(n),y(n),z(n)
x(p),y(p),z(p)
close

This can be done in Excel (2.3) with 
the expressions in figure 8.10. 

The three output expressions 
(fig 8.9) can be copied for each 
beam in the command line in 
AutoCAD at once (3.1). 

  Expression n-p line:
 =”line”&” “&A1&”,”&B1&”,”&C1&” “ &D1&”,”&E1&”,”&F1&” “&”close”

 with A1= x(n), B1= y(n), C1= z(n), D1= x(p), etc
  Expression n-q line:
 =”line”&” “&A1&”,”&B1&”,”&C1&” “ &G1&”,”&H1&”,”&I1&” “&”close”

  Expression p-q line:
 =”line”&” “&D1&”,”&E1&”,”&F1&” “ &G1&”,”&H1&”,”&I1&” “&”close”

Expressions n-p-q connectionsFig. 8.10 



n-p connectionsFig. 8.11 n-q connectionsFig. 8.12 p-q connectionsFig. 8.13 

All n-p-q connections and a circle that fits within the structureFig. 8.14 
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  3.1: Copy the three expressions for all nodes in the command line
  3.2: Draw a circle from the midpoint that fits within the structure
  3.3: Scale the whole structure
  3.4. Save the file

8.4 Steps AutoCAD
The conversion from a pattern of 
nodes to a structure with beams 
is made in AutoCAD. When the 
three  expressions to connect the 
nodes n-p, n-q and p-q  (fig 8.11, 
8.12 and 8.13) are entered in the 
command line in AutoCAD (3.1), 
a complete structure is created 
instantly (fig  8.14). 
From the top view, a circle is drawn 
from the midpoint to the point where 
it exactly falls within the limits of the 
structure (3.2). This circle marks 
the parts that are used and the 
parts that are cut of later. With 
in mind that the final dome has a 
diameter of 100 meter, the whole 
structure is scaled in such a way 
that the drawn circle has a radius of 
50 meter (3.3). 
After the scaling, the circle can be 
deleted and the file needs to be 
saved (3.4), so it can be imported in 
the program Scia Engineer (4.1).



Completed trianglesFig. 8.15 
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dome (4.2). 
The next step is needed for the 
stability of the structure. To create 
a stable structure of moment free 
connections, the whole structure 
needs to consist of triangles. This 
is done by creating the n-p-q trian-

  4.1: Import AutoCAD file
  4.2: Move midpoint to 0;0;13,5
  4.3: Create beams to complete triangles (optional)
  4.4: Check construction for duplicates or other problems
  4.5: Correct z-coordinates with z = (1002 – x2 – y2)1/2 – 86,5
  4.6: Create a plane on height z=0
  4.7: Create nodes on intersections of beams with plane
  4.8: Cut beams at the created intersection points
  4.9: Remove everything below z=0

8.5 Steps Scia Engineer
The steps that are taken in Scia 
Engineer ensure that the phyl-
lotactic dome exactly meets the 
criteria of the dome dimensions. 
Although, the number of nodes 
on top of the created pattern are 
already checked in ApexS, this 
only gives  an approximation of the 
desired measurements. 
Therefore, the AutoCAD file is 
imported in Scia Engineer (4.1). 
There is no scaling needed 
anymore. The entities  are all 
imported as beams. When the 
whole structure is placed in the 
program, the modifying can begin. 
First, the midpoint of the struc-
ture is moved to the coordinates 
(0;0;13,5), the top of the desired 

13

4

gles. But as a result of the way the 
patterns are created, sometimes a 
quadrangle turns up. How this can 
happen can be seen in figure 8.16. 
The dark blue units are the basis 
units and the others are placed 
in order against them. The n-p 
and n-q connections are dashed 
black and the p-q connections are 
dashed in red. Because unit 5 is 
placed on 1 and 4, instead of 1 and 
3, there is no connection between 
units 1 and unit 3.
To make a stable structure, the 
missing connections (fig 8.15) are 
created (4.3). It is always clear how 
the quadrangles should be divided 
into two triangles. In the given 

Origin of a quadrangleFig. 8.16 

2

5
6



Final structureFig. 8.17 
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example can be seen that there 
is only one logical connection to 
be made. It is always the shortest 
distance that is bridged. 

This step of adding beams is 
optional. Because a phyllotactic 
structure with fixed connections is 
also stable. It is nevertheless not 
recommended, as is concluded in 
paragraph 10.4.

After the creation of the missing 
beams, the whole structure is 
checked for duplicate beams, 
duplicate nodes and other errors 
(4.4). As the example of the cause 
of quadrangles shows (fig 8.16), 
sometimes two connections 
overlap because the n-p connec-
tion of unit 4 can be the same as 
the p-q connection of unit 5. With 
the ‘structural data check’, all those 
duplicates are removed. 

To make sure the whole structure 
lays exactly on the surface of a 
sphere with a radius of 100 meter, 
all the z-coordinates of the nodes 
are adjusted (4.5). The changes 
are marginal due to the pre-check 

in ApexS, however, they have to be 
done nevertheless. The following 
expression is used for the z-coordi-
nates of the nodes:
z
correct

 = (1002 - x2 - y2)1/2 - 86.5

This expression is derived of the 
formula to describe a sphere: 
r2 = x2 + y2 + z2 

With ‘r’ as the radius of the sphere. 
The part of the expression ‘-86.5’ 
is used because the top of the 
sphere is (0;0;100). Because 
the sphere is cut off at a height of 
86.5 meter, the whole structure is 
moved down, so the ground level 
of the dome is at z=o. 

At the height of z=0, the radius of 
the dome is exactly 50 meter. But 
there is still a part of the structure 
which is located below z=0. That 
part is not a part of the final dome. 
Therefore, it needs to be cut off 
To do so, a plane at z=0 is created 
(4.6). This plane intersects with 
some of the beams of the structure. 
The intersections can be made on 
the beams with the function in Scia 
Engineer ‘connect nodes/edges to 

members’ (4.7). 
After this, the beams which inter-
sect with the plane are splitted in 
two parts (4.8). This can be done 
with the function ‘break in intersec-
tions’, which breaks beams/lines/
curves in their mutual intersec-
tions. 

When these actions are performed, 
the unnecessary part of the struc-
ture (below z=0) can be removed 
(4.9). Therefore, a three-dimen-
sional structure based on a phyl-
lotactic pattern, consisting of only 
triangles, with the exact desired 
dimensions  remains (fig 8.17). 



Beam end rotational releasesFig. 8.18 

Support releasesFig. 8.19 
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  5.1: Convert the nodes and elements from Scia Engineer to GSA
  5.2: Assign cross section property ‘9’ (Ø 1000-10) to all beams
  5.3: Release the rotations of the beams at both ends
  5.4: Create supports for the nodes on ground level
  5.5: Make all the z-coordinates equal to 0 (save old values)
  5.6: Create the load case with the own weight
  5.7: Create grid area loads for the glass roof, snow and wind (3x)
  5.8: Expand grid area loads to beam loads
  5.9: Change all the z-coordinates to the old values
  5.10: Create the desired load combinations

8.6 Steps preparation GSA 
The structure that has been 
created with the previous steps is 
almost ready to be calculated. The 
calculations are made with GSA. 
Therefore, first the supports, beam 
releases, beam dimensions and 
the loads need to be applied.

To get started, the whole struc-
ture in Scia Engineer needs to be 
converted to GSA (5.1). This can be 
done easily because both programs 
work with an Excel-based setup. 
The nodes and elements can be 
exchanged by simply copying and 
pasting the lists, with only minor 
changes made in Excel as step 
between. During this process all 

the beams need to be assigned 
with cross section property ‘9’; 
Ø 1000-10 (5.2). This is done 
because it gives the best results 
during the calculations. If all the 
beams are very strong and stiff, it is 
ensured that they are not the cause 
of any problems that occur after the 
calculations have been made. All 
the problems are due to the proper-
ties of the structure as a whole. The 
Ø 1000-10 tube is taken because 
of the relative low weight and high 
moment of inertia. 

The dome where is strived for, 
does not have any fixed connec-
tions. All the beams are in an 
optimal structure fastened together 

in a way that allows them to rotate 
freely in any direction. All the 
beams become pendulum beams 
that way. No moments can occur 
in the connections and the beams 
are only subject to axial forces and 
to moments due to loads on the 
beam itself. To obtain a structure 
with only pendulum beams, both of 
the beam ends need to be released 
in all directions, except for one xx 
direction (5.3). One of the ends 
needs to be fixed in the xx direction 
because otherwise a rotation insta-
bility around its own axis occurs. 
Concluding: release the rotations of 
end 1 in the xx, yy and zz direction 
and release the rotations of end 2 
in the yy and zz direction (fig 8.18). 

The supports of the dome are 
created with simple pins (5.4). They 
cannot move, but the connected 
beams can rotate in all direc-
tions. Because all the beams are 
released in one of the xx directions, 
the pins need to be restrained in the 
xx direction as well, because other-
wise a rotation instability around its 
own axis can occur. All the nodes 
which are placed on z=0, are made 
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pin supports with restraint rotation 
in xx-direction (fig 8.19). 

The structure of the Phyllotactic 
dome is now completed. So its struc-
tural properties can be tested and 
an optimal cross section for each 
beam can be calculated. Therefore, 
the loads need to be applied to the 
structure. Because the loads are 
made as area loads, the structure is 
flatten first and after the placement 
of the loads, re-erected again. To 
flatten the structure, the z-coordi-
nates of the all nodes are made ‘0’ 
(5.5). It is important to save the old 
values, because they are needed 
to re-erect the whole dome to the 
correct shape later on. 

Now the loads can be applied to 
the structure. First, the own weight 
is entered with a function in GSA 
(5.6). When the  cross sections of 
the beams are changed, the values 
of this load case change as well. 
The loads of the glass roof, snow 
and wind are applied with the use of 
grid area loads. The dome structure 
needs to be flat to use this method, 
therefore step 5.5 is needed. The 

use of grid area loads means that 
for the different load cases, circles 
are drawn with a radius of 50 meter 
and that the correct load is set to 
work on those circles/circle parts 
(5.7). The grid area loads of the 
glass roof and the snow consist of 
full circles. The grid area load of 
the three wind cases is divided in 
10 strips with a width of 10 meter. 
Every circle part has a different 
load value (fig 8.20). 
After all the grid area loads are 
created, they can be expanded 
with the “expand area loads” func-
tion in GSA (5.8). The program 
then redistributes the area loads in 
beam loads (fig 8.21). 
To finish the preparation of the 
model for calculations, the z-coor-
dinates need to be changed back 
to the old values (5.9). The loads 
automatically change along. 

Four load combinations are made 
with the six load cases (5.10), as 
described in paragraph 7.8:

The Phyllotactic dome structure is 
now completed and can be tested 
for its structural properties. 

Own weight

Glass roof

Snow load

Wind load

Beam loads of the various load casesFig. 8.21 
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9. Optimization process
The main goal of this study is to 
research the structural properties 
of Phyllotactic domes. In addition, 
the optimization of these structural 
properties is an important aspect of 
this study as well. The domes, which 
are created in the previous chapter, 
can be calculated easily with GSA. 
Applying the correct cross sections 
to every beam, however, is far more 
difficult. Therefore a Cross Section 
Optimization sheet is created to 
ease this process. 

9.1 Cross Section Optimization 
In a normal calculation, various 
Unity Checks are performed after 
the cross sections are chosen in 
order to check the resistance of 
the beams to the acting forces. 
However, in this research process, 
formulas based on these Unity 
Checks are used to calculate the 
optimal cross sections.
First, a safe calculation is performed 
with a rather large cross section for 
the beams: #9 Tube Ø1000-10. 

This cross section has a relatively 
low weight with a very high moment 
of inertia. Unwanted side effects 
like buckling or snap through, do 
not occur this way and therefore do 
not influence the results. This initial 
calculation provides a pure distribu-
tion of the forces and is therefore 
usable for the optimization step, by 
using the formulas based on the 
Unity Checks. 
This way of using the pure force 
distribution is valid, since the force 

Axial force distribution before optimizationFig. 9.1 Axial force distribution after optimizationFig. 9.2 
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distribution (what is in compression 
and what in tension) of the recal-
culated structure does not change 
when changing the cross sections 
of the beams. See for example the 
axial force distribution of a model 
before and after optimization 
(fig 9.1 and 9.2).  
The magnitude of the forces 
changes a little bit. Due to the lower 
weight of the used cross sections 
after optimization, the magnitude 
of the forces changes; however, 
the paths of the compression and 
tensile forces remain the same. 
The change of forces is about 
10-15%. For the beams with very 
low forces in the initial situation, the 

proportional changes are some-
times larger, but their effect on the 
calculations is limited.
The length, the axial forces, and the 
moments of the beams are inserted 
in one Excel sheet. With these 
three values for every beam and a 
number of possible cross sections, 
the Cross Section Optimization 
calculations can be performed. 
In this research the initial cross 
sections that are used are shown in 
figure 9.3. The first eight tubes are 
used for optimization, while cross 
section 9 is used to obtain the initial 
force distribution, as described at 
the beginning of this section. 
The whole calculation can be done 

with other cross sections as well. 
The Excel sheet is built up in such 
a way that when the blue numbers 
are changed, all the other values 
change as well. Note that only tube 
dimensions can be entered. Adding 
more possible cross sections would 
result in a far more complex sheet.
The cross sections used in the 
Excel sheet are also implemented 
in the GSA file; in order to keep 
consistency, changes should be 
done in both places. 
Changing cross sections could 
result in a better optimization of the 
domes. During the calculation only 
the given cross sections are used, 
in order to be able to compare the 
results of the various optimized 
domes better. 

Using formulas based on the Unity 
Checks to optimize the structure 
is a great way to check the struc-
ture for its strength, even before 
the cross sections are known. With 
this method the cross sections are 
already checked on strength before 
they are applied. The only prob-
lems that could occur after applying 
the new cross sections, are some 

Properties of the used cross sectionsFig. 9.3 
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stability problems. Note that buck-
ling issues are already considered 
in the calculations, and therefore 
are avoided. 

9.2 Seven Cross Section Checks
There are seven different Cross 
section Optimization Checks  
(CSOC) performed on every beam.  
Each SCOC is performed with the 
eight different cross sections. The 
smallest cross section that results 
in a Cross Section Optimization 
value, which is lower than the 
desired Optimization Safety Factor 
(OSF#i) is selected. Each Unity 
Check is performed with the eight 
different cross sectional areas. 
Normally a Optimization Safety 
Factor of 1.0 is used, but if it turns 
out that the structure has stability 
problems, a lower (stricter) value 
can be used. Even a different 
OSF for each cross section can 
be applied. This helps to achieve 
a higher safety level. The OSF#i is 
explained in more detail in para-
graph 9.5.

The seven Cross Section Opti-
mization Checks based on the 

unity Checks result in seven cross 
sections. The overall minimum 
cross section for each beam is 
applied to the structure. 
For the whole structure the steel 
grade S355 is used. This steel 
grade has yielding stress (f

yd
) of 

355 N/mm2, a tensile stress (f
td
) 

of 510 N/mm2 and a slenderness 
factor (λ

1
) of 76.41. These values 

are used in the seven Cross Section 
Optimization Checks described 
below:

CSOC-1: Axial tensile strength 
The first Cross Section Optimi-
zation Check is rather simple. It 
checks which cross sectional area 
(A

i
) is required to resist the axial 

tensile force (N
t;Ed

) in the beam. 
This CSOC uses the following 
expression:

N
t;Ed
 / N

t;Rd;i 
≤ OSF

#i

          
With: 
N -
t;Rd;i

 = f
td
 * A

i

CSOC-2: Axial compression strength
The second Cross Section Optimi-
zation Check is similar to the first, 
although in this case the yielding 

stress is used. This CSOC uses the 
following expression:

N
c;Ed
 / N

c;Rd;i 
≤ OSF

#i

With: 
N -
c;Rd;i

 = f
yd
 * A

i

CSOC-3: Bending strength
The next Cross Section Optimiza-
tion Check checks what section 
modulus (W

i
) is required to resist 

the bending moment (M
Ed

) on 
the beam. This CSOC uses the 
following expression:

M
Ed
 / M

c;Rd 
≤ OSF

#i

With: 
M -
c;Rd;i

 = f
yd
 * W

i

CSOC-4: Axial tensile force + 
bending
The fourth Cross Section Optimi-
zation Checks combines the axial 
tensile forces with the bending 
moments. This CSOC is more 
complicated than the previous 
checks, since it depends on  more 
variables. Though the calcula-
tions are more complex, this Cross 
Section Optimization Checks 
provides a minimum cross section 





       
105

as well. It uses the following expres-
sion:

(M
Ed
 / M

c;Rd;i 
)α ≤ OSF

#i

With: 
α  =2 -
M -
c;Rd;i

 is the smallest of  
 M

c;Rd;i 
and M

n;Rd;i 

M -
c;Rd;i

 = f
yd
 * W

i

M -
n;Rd;i

 = M
c;Rd;i

 * (1-n
i
) /  

 (1-0.5*a
w;def;i

)
n -
i
  = N

t;Ed
 / N

t;Rd;i

a -
w;def;i

 is the smallest of  
 a

w;i
 and 0.5

a -
w;i
  = (A

i 
- 2*b

i
*t

f;i
) / A

i

CSOC-5: Axial compression force 
+ bending
The fifth Cross Section Optimiza-
tion Checks is the similar to the 
fourth, only using the compression 
forces instead of  tensile forces. 
Therefore, the following expression 
is used:

(M
Ed
 / M

c;Rd;i 
)α ≤ OSF

#i

With: 
α  =2 -
M -
c;Rd;i

 is the smallest of  
 M

c;Rd;i 
and M

n;Rd;i 

M -
c;Rd;i

 = f
yd
 * W

i

M -
n;Rd;i

 = M
c;Rd;i

 * (1-n
i
) /  

 (1-0.5*a
w;def;i

)
n -
i
  = N

c;Ed
 / N

c;Rd;i

a -
w;def;i

 is the smallest of  
 a

w;i
 and 0.5

a -
w;i
  = (A

i
 - 2*b

i
*t

f;i
) / A

i

CSOC-6: Buckling due to compres-
sion
The Cross Section Optimization 
Checks 6 and 7 check for buck-
ling. CSOC-6 only takes the axial 
compression force into account. 
For this Cross Section Optimization 
Checks, the following expression is 
used:

N
c;Ed
 / N

b;Rd;i
 ≤ OSF

#i

With: 
N -
b;Rd;i

 = N
c;Rd;i

 * χ
def;i

χ -
def;i

 is the smallest of  
 χ

i
 and 1  

χ -
i
  = 1 / (φ

i
 + √(φ

i
2 -  

 λ
rel;i

2))
φ -
i
  = 0.5 * (1 + α

i  

 
*(λ

rel;i 
- 0.2) +  

 λ
rel;i

2)
α -
i
  = 0.21

λ -
rel;i

 = L / (i
i
 * λ

1
) 

λ -
1
  = 76.41

In which L is the effective buckling 
length of the beam. Because all the 
beams are hinged, this length is 
equal to the length of the beam.

CSOC-7: Buckling due to compres-
sion and bending moments
The seventh and last Cross 
Section Optimization Checks takes 
the compression and the bending 
moments into account, which could 
cause buckling. The following 
expression is used for this CSOC:

N
c;Ed 

/ N
b;Rd;i 

+  
(M

Ed 
* k

i 
) / M

c;Rd;i
 

≤ OSF
#i

With:
k
i
 is the minimum of:

1 + (λ
rel;i

 - 0.2) * (N
c;Ed
 / 

N
b;Rd;i

)
or 
1 + 0.8 * (N

c;Ed
 / N

b;Rd;i
)

The other values are the same as 
calculated with the expressions 
used  with CSOC-6. 



Example of the Cross Section Optimization Checks applied to a beam with a length of Fig. 9.4 
7 meter, an axial compression force of 2500 kN and a bending moment of 300 kNm. 

The highlighted boxes mark the minimal required cross section for that check.
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9.3 Optimization example
An example of a beam with a length 
of 7 meter, an axial compression 
force of 2500 kN and a bending 
moment of 300 kNm is performed 
with the Cross Section Optimiza-
tion sheet. The results are shown 
in figure 9.4. The beam is checked 
with all of the seven Cross Section 
Optimization Checks for each of 
the eight possible cross sections. 
The Optimization Safety Factor = 
1.0. The resulting required cross 
sections are:
CSOC-1: #1
CSOC-2: #2
CSOC-3: #3
CSOC-4: #3
CSOC-5: #5
CSOC-6: #4
CSOC-7: #6
Therefore, the overall minimum 
cross sections for this beam is #6; 
Tube Ø 340-18.

This calculation in this example is 
done for only one beam. However, 
it can easily be done for each 
beam of the dome structure. With 
the ability to change the Optimiza-
tion Safety Factors (for each cross 

section), the cross sections, and 
every other parameter in an easy 
way, this Cross Section Optimiza-
tion sheet is a great tool for the opti-
mization part of this research. 

9.4 Snap through buckling
During the optimized calculations of 
Phyllotactic domes, one important 
problem occurred; ‘snap through 
buckling’. This stability problem has 
the biggest influence on the design 
of the domes, after the strength 
and Euler buckling problems. While 
the last two are prevented by using 
the seven Cross Section Optimiza-
tion Checks, snap through buck-
ling appeared to be a more difficult 
problem. 

Snap through buckling is a structural 
instability that is caused by a load 
on a structure that consists of more 
than one beam [12]. The problem 
that occurs is best explained with 
an example. 
For this example six beams are 
taken which come together in one 
point in the middle (0;0;200). All 
the beams Ø100-10 are connected 
with free rotations at both ends. 
The supporting nodes of the beams 
have the coordinates as is shown 
in figure 9.5.
When a point load in vertical direc-
tion is applied to the middle node, 
it depends on the size of that 
load, what happens. With 800 kN 
a normal deformation (46 mm) 

Basic structureFig. 9.5 

(-1500;-865;0)

(-1500;865;0)

(0;1732;0) (1500;865;0)

(1500;-865;0)

(0;1732;0)

(0;0;200)

With a force of 800 kN -> small deformationFig. 9.6 

With a force of 1000 kN -> snap through Fig. 9.7 
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Deformations of various combinations of applied loads and height of the middle node Fig. 9.8 
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occurs, but with an applied load 
of 1000 kN, the structure snaps 
through and becomes a hanging 
structure with a deformation of 432 
mm (fig 9.6 and 9.7). 
This extreme difference in deforma-
tion is due to an unstable deforma-
tion area as is shown in figure 9.9. 
Each structure has its own specific 
critical load. When a load is applied, 
that is only slightly larger than the 
critical limit load, the deformation 
goes from point 1 to point 2 at 
once. When point 2 is reached, the 
whole structure that has snapped is 

in tension, while it was in compres-
sion before. 

Whether and when snap through 
buckling occurs, depends on four 
variables: the magnitude of the 
forces, the length of the beams, the 
cross sections of the beams and 
the angle that the beams make in 
relation to each other. 

The effect of two of the vari-
ables is show in figure 9.8. Six 
different forces are applied to five 
different structures. The differences 

between the structures are made 
by changing the z-coordinates of 
the middle nodes and therefore 
changing the mutual angle of the 
beams. The resulting deformation 
depends of the starting height of the 
middle node; if the structure snaps 
through, the resulting deforma-
tion is twice the size of the starting 
height of the middle node plus a 
little more as result of lengthening 
of the beams due to the tensile 
forces. 

Load -Displacement graph of snap through bucklingFig. 9.9 
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Snap through of a dome with Optimization Safety Factors which are just insufficientFig. 9.10 
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9.5 OSF#i

In Phyllotactic domes, snap 
through buckling can occur as 
well. However, it is not possible to 
prevent this the same way as the 
Cross Section Optimization Checks 
are used to prevent strength failure 
and Euler buckling.  Although the 
forces, the cross sections, and 
the beam lengths are known, the 
angles of the connected beams 
are not. Due to the more organic 
structure of Phyllotactic domes, 
many different relations between 
the beams exist. It is therefore diffi-
cult to calculate the minimal cross 
sections of the beams to prevent 
snap through. This means that this 
problem needs to be tackled with 
trial and error. 

It would be a time consuming task 
to check each node and its adja-
cent beams manually; fortunately, it 

is possible to use the Cross Section 
Optimization sheet for this problem 
as well.

Because every node lies exactly on 
the surface of a sphere, the angle 
two beams make to each other can 
directly be derived from the length 
of the beams. This is shown in the 
figures above. Larger beam lengths 
result in larger mutual angles, and 
therefore a decreased possibility of 
snap through buckling. However, 
larger beam lengths result in larger 
direct forces on those beams as 
well. But as turned out, the influ-
ence of a smaller angle has more 
effect than the influence of the 
larger forces. Because the smaller 
angle and the smaller forces do not 
cancel each other out, the beam 
length is a good indicator to deter-
mine where snap through buck-
ling probably occurs. The nodes 

with the shortest beams have an 
increased risk to snap through. 

Because the forces, the angle 
and the beam lengths are fixed 
numbers, the only possible solution 
to prevent snap through buckling, is 
to increase the cross sections of the 
beams. Because of the higher risk 
of the shorter beams, their cross 
sections need to be enlarged most. 
This can be realized with the use 
of the Cross Section Optimization 
sheet by adjusting the Optimization 
Safety Factor. A lower Optimiza-
tion Safety Factor means a higher 
level of security, and therefore a 
larger cross section. The Optimi-
zation Safety Factor can be set 
differently for each cross section. 
This is done since a short beam 
most likely needs a smaller cross 
section. By decreasing the OSF’s 
of the smaller cross sections most, 
a higher advised cross section for 
the short beams is obtained, while 
the large beams, which already 
have a large cross section, change 
less. 

Shorter beams have smaller mutual angles and are more sensitive to snap through bucklingFig. 9.11 



Determination of the minimal required cross section with the Cross Section Optimization sheet for one beam with a length of 6 meter, a Fig. 9.12 
 axial compression force of 1600 kN and a bending moment of 250 kNm. The Optimization Safety Factor = 1.0 for all cross sections

Determination of the minimal required cross section with the Cross Section Optimization sheet for one beam with a length of 6 meter, a Fig. 9.13 
 axial compression force of 1600 kN and a bending moment of 250 kNm. The Optimization Safety Factor is different for all cross sections
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The way to prevent snap through 
buckling is still a trial and error 
process. However, when more 
Phyllotactic domes are studied, 
the Optimization Safety Factors 
become easier to estimate and the 
trial and error phase can be based 
on previous findings.
The length of the beams is roughly 
depending on the number of beams 
used for the dome structure. 
Two examples are provided to illus-
trate the required levels of Optimi-
zation Safety Factors to prevent 
snap through buckling:

581 beams: 
OSF#1=0.19
OSF#2=0.19
OSF#3=0.19
OSF#4=0.19
OSF#5=0.23
OSF#6=0.28
OSF#7=0.30
OSF#8=1.0

295 beams: 
OSF#1=0.75
OSF#2=0.75
OSF#3=0.75
OSF#4=0.85
OSF#5=0.85
OSF#6=0.85
OSF#7=0.85
OSF#8=1.0

As can be seen, the Optimization 
Safety Factors are stricter when 
the dome consist of more, and thus 
shorter, beams. 

9.6 Two examples with OSF’s
To clarify the use and result of 
working with the Optimization 
Safety Factors, two examples are 
given. 

First example; Long beam
In figure 9.12 and 9.13 is the differ-
ence shown between the determi-
nation of the overall minimum cross 
section of a beam with all Optimiza-
tion Safety Factors = 1.0 (fig 9.12) 
and the determination of the overall 
minimum cross section of that 
same beam with different Optimiza-
tion Safety Factors (fig 9.13):
OSF#1=0.20
OSF#2=0.30
OSF#3=0.40
OSF#4=0.50
OSF#5=0.60
OSF#6=0.70
OSF#7=0.80
OSF#8=1.0

The tested beam has a length of 6 
meters, an axial compression force 
of 1600 kN and a bending moment 
of 250 kNm.

The Cross Section Optimization 
Checks with an Optimization Safety 
Factor of 1.0 result in the minimal 
cross section #5 Tube Ø 310-17.

The Cross Section Optimization 
Checks with a different Optimiza-
tion Safety Factor for each cross 
section result in the minimal cross 
section #6 Tube Ø 340-18.



Determination of the minimal required cross section with the Cross Section Optimization sheet for one beam with a length of 3 meter, a Fig. 9.14 
 axial compression force of 1000 kN and a bending moment of 100 kNm. The Optimization Safety Factor = 1.0 for all cross sections

Determination of the minimal required cross section with the Cross Section Optimization sheet for one beam with a length of 3 meter, a Fig. 9.15 
 axial compression force of 1000 kN and a bending moment of 100 kNm. The Optimization Safety Factor is different for all cross sections
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Second example; Short beam
In figure 9.14 and 9.15 is the differ-
ence shown between the determi-
nation of the overall minimum cross 
section of a beam with all Optimiza-
tion Safety Factors = 1.0 (fig 9.14) 
and the determination of the overall 
minimum cross section of that 
same beam with the same Optimi-
zation Safety Factors that are used 
in the first example (fig 9.15):
OSF#1=0.20
OSF#2=0.30
OSF#3=0.40
OSF#4=0.50
OSF#5=0.60
OSF#6=0.70
OSF#7=0.80
OSF#8=1.0

The tested beam has a length of 3 
meters, an axial compression force 
of 1000 kN and a bending moment 
of 100 kNm.

The Cross Section Optimization 
Checks with an Optimization Safety 
Factor of 1.0 result in the minimal 
cross section #2 Tube Ø 230-12.

The Cross Section Optimization 
Checks with a different Optimiza-
tion Safety Factor for each cross 
section result in the minimal cross 
section #4 Tube Ø 290-16.

Note that the whole optimization 
process with the use of the Cross 
Section Optimization Sheet in 
which the Cross Section Optimiza-
tion Checks (based on the formulas 
of the Unity Checks) are performed 
with the use of Optimization Safety 
Factors, only helps to find the 
lowest weight of the structure. 
Deformation is not an issue during 
this optimization process.
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Various domes with different 
starting points are studied in this 
research. The results are shown in 
the next paragraphs. The different 
domes are the result of an exten-
sive process of classifying various 
options. In this chapter is explained 
in steps how one option led to the 
other. The differences between the 
models originates from two key 
principles; how the global struc-
ture of the Phyllotactic domes is 
created and the way the beams are 
connected to each other. 

10.1 Calculations
All the load combinations are 
calculated with the non-linear 
static analysis in GSA. During the 
calculations, the slenderness of 
each element is included, which 
reduces the element stiffness when 
in compression. 
Unfortunately, GSA does not simu-
late buckling very well. In order to 
acquire the correct deformations of 
the beams, adjustments need to be 
made to the structure. By dividing 

each beam in four equal parts, 
GSA is able to simulates buckling 
correctly. This has the consequence 
that each dome is calculated in two 
steps. The first calculation is done 
with normal beams. If the structure 
fails with this calculation, directly 
another cross section distribution 
is chosen. When the outcome is 
sufficient, a second calculation is 
made in which all the beams are 
divided in four. Although it might 
appear illogical to divide the calcu-
lations in two steps, it actually is the 
fastest way to obtain the desired 
results; while a calculation with the 
beams divided in four takes over 10 
minutes, a calculation with normal 
beams can be executed in less 
than a minute.

After each calculation the structure 
is checked for instability problems. 
Whenever problems occur, the 
cross sections are adjusted. Often 
it already becomes clear during the 
calculations whether or not a cross 
section distribution is sufficient. For 

example, when the first calculation 
takes more than one minute, the 
structure is likely to be instable. 

The various domes which are 
calculated are:

Basic dome, completely fixed. -
Basic dome, completely hinged. -
Basic dome, various options of  -
partly fixed, partly hinged beam 
connections.
Full dome, completely fixed. -
Full dome, completely hinged. -
Full dome, completely hinged  -
except for fixed middle.  

These variations are carefully 
selected. In the next paragraph, the 
selection process and the calcula-
tions are explained more exten-
sively. 

An overview of the optimization 
method is shown with figure 10.1.

An overview of the calculated  Phyl-
lotactic domes is shown in figure 
10.2

10. Calculation process
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Increase 
OSF’s

Optimization process: Failure occurs  Fig. 10.1 
 due to snap through buckling.

Dome structure

All beams cross section #9
Ø1000-10 to obtain pure forces

Calculate structure 
+  

Export axial forces, moments 
and beam lengths to the 

Cross Section Optimization sheet

Set Optimization Safety Factors
OSF#1 - OSF#2 - OSF#2 - etc

+ 
Change cross sections in GSA

Calculate with the 
new cross sections 

Calculate with beams divided 
in four equal parts

Optimization completed

Decrease 
OSF’s

OK

OK

Failure

Ok, but 
margin 

for more 
optimization

Failure



A
Sens: 1 
Canal: 0

100
130

160

200

100
150
200

100
150
200

100
150
200

B
Sens: 1 
Canal: 1

C
Sens: 1 

Canal: 0.5

D
Sens: 0.5 
Canal: 0

Structure
  Basic = The n-p-q connections of Apex units
  Full = Basic with completed triangles

Full
Full

Full

Full
Full

Full

Full
Full
Full

Full
Full
Full

Full

Full

Basic

340

Number of nodes
  # = Number of nodes on the top of the  
  pattern created in Apex

Pattern
  X = Pattern created in apex with the  
  use of two main parameters:
  - Sens: Sensabiltiy of the pattern
  - Canal: Canalization of the pattern

Overview basic principles of the various calculated and optimized domes Fig. 10.2 
 The boxes of the initial calculated domes are filled in green. 
 The colours of the boxes depend on the stacking pattern made in ApexS 

260

Full
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Beam connections
  Hinged = all connections completely hinged 
  Fixed = All connections moment fixed
  Partly released = Each connection rotation 
  is party released and partly fixed

Hinged
Hinged

Hinged
Hinged

Hinged

Hinged
Hinged
Hinged

Hinged
Hinged
Hinged

Hinged
Hinged
Hinged

Hinged

Fixed

Hinged
Fixed

Partly released

Middle nodes fixed
  Middle Fixed (MF) = The beam to the four     
  middle nodes are moment fixed connected
  None = No extra beam connection fixations

Middle Fixed
Middle Fixed

Middle Fixed

Middle Fixed
Middle Fixed

Middle Fixed

Middle Fixed
Middle Fixed
Middle Fixed

Middle Fixed
Middle Fixed
Middle Fixed

Middle Fixed
Middle Fixed
Middle Fixed

None
None

None
None
None

Used name
  All the names that have been used for the 
  various domes which are calculated.

Full A-100 - Hinged-MF
Full A-130 - Hinged-MF

Full A-160 - Hinged-MF
Full A-160 - Hinged
Full A-160 - Fixed

Basic A-160 - Hinged
Basic A-160 - Fixed

Basic A-160 - Partly released

Full A-200 - Hinged-MF
Full A-260 - Hinged-MF

Full A-340 - Hinged-MF

Full B-100 - Hinged-MF
Full B-150 - Hinged-MF
Full B-200 - Hinged-MF

Full C-100 - Hinged-MF
Full C-150 - Hinged-MF
Full C-200 - Hinged-MF

Full D-100 - Hinged-MF
Full D-150 - Hinged-MF
Full D-200 - Hinged-MF

§ 10.7

Fixed None Basic A-340 - Fixed

§ 10.7

§ 10.7

§ 10.7

§ 10.7

§ 10.7

§ 10.6

§ 10.5

§ 10.2

§ 10.2
 +10.4

§ 10.2

§ 10.5

§ 10.8

§ 10.8

§ 10.8

§ 10.8

§ 10.8

§ 10.8

§ 10.8

§ 10.8

§ 10.8
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10.2 Basic dome
The first model that is created is 
the Basic Phyllotactic dome. This 
dome is the unprocessed model 
that is created by connecting the 
n-p, n-q & p-q units of the pattern 
created in Apex according to the 

following settings:
In ApexS, 160 units fit on the top, 
therefore, this structure is named 
‘A-160’.
This model (fig 10.3) consists to 
great extent of triangles. Where 
beams are ‘missing’, quadrangular 
or even pentagonal shapes arise. 
This is explained more extensively 
in paragraph 8.5. 
All the initial calculations are 
performed with the large cross 
section of Ø1000-10, to be sure 
that the effects that occur are as 
pure as possible. 
This Basic Phyllotactic dome is 
tested with various conditions for 
the beam end rotations. The condi-
tions can differ from both beam 
ends completely fixed to both ends 

completely released, as shown in 
figure 10.2. The results are shown 
with the deformations of the whole 
structure. It is important to mention 
that the calculations where the 
structure collapses (partly or the 
whole structure) are sometimes 
interrupted, since in those cases an 
equilibrium took too long to reach. 
It is immediately clear that those 
options are not stable and there-

fore useless. 
All of the calculations and results 
are made with load combination 
1: own weight + glass roof + snow. 
This is done because this load 
combination is always decisive. 
This is of course due to the fact 
that the chosen dome is rather flat, 
which makes it less subjected to 
wind and maximal to snow. 
Note that the legends differ for each 

Basic dome A-160 Fig. 10.3 

 Domes A: sens: 1
   canal: 0



figure.
End Axis Rotation
1 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where all rotations 
of the beam ends are completely 
fixed, is the resulting deformation 
small. This situation is stable and 
useful.

Deformation Basic A-160 - Fixed - Max. 30 mmFig. 10.4 

Basic A-160 - Fixed
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End Axis Rotation
1 xx:  Released
 yy:  Released
 zz:  Released

2 xx:  Released
 yy:  Released
 zz:  Released

In this model, where all rotations 
of the beam ends are released, is 
the resulting deformation maximal. 
Although the end situation is stable, 
it has now become a hanged struc-
ture with no supporting strengths 
and is useless. 

Deformation Basic A-160 - Hinged - Max. 26780 mmFig. 10.5 

Deformation side view Basic A-160 - Hinged - not scaled Fig. 10.6 
 Grey: initial structure. Pink: deformed structure 

Basic A-160 - Hinged



End Axis Rotation
1 xx:  Released
 yy:  Fixed
 zz:  Fixed

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where all rotations of 
the beam ends except for one rota-
tion around their own axis are fixed, 
is the resulting deformation small. 
This structure is stable and useful.

Deformation Basic A-160 - Partly released - Max. 32 mmFig. 10.7 

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Fixed
 yy:  Released
 zz:  Fixed

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where all rotations of 
the beam ends except for one rota-
tion around their yy-axis are fixed, 
is the resulting deformation small. 
This structure is stable and useful.

Deformation Basic A-160 - Partly released - Max. 29 mmFig. 10.8 

Basic A-160 - Partly released



End Axis Rotation
1 xx:  Fixed
 yy:  Fixed
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where all rotations of 
the beam ends except for one rota-
tion around their zz-axis are fixed, 
is the resulting deformation small. 
This structure is stable and useful.

Deformation Basic A-160 - Partly released - Max. 28 mmFig. 10.9 

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Released
 yy:  Released
 zz:  Fixed

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where the rotations of 
one beam end around the xx- and 
yy-axis are released, is the resulting 
deformation small. This structure is 
stable and useful.

Deformation Basic A-160 - Partly released - Max. 33 mmFig. 10.10 

Basic A-160 - Partly released



End Axis Rotation
1 xx:  Released
 yy:  Fixed
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where the rotations of 
one beam end around the xx- and 
zz-axis are released, is the resulting 
deformation unknown. The calcula-
tions were terminated after several 
hours. It turned out that the defor-
mation kept increasing during the 
calculations. Therefore, this struc-
ture is unstable and useless.

Deformation Basic A-160 - Partly released - UnstableFig. 10.11 

Deformation side view Basic A-160 - Partly released - 100x scaled up Fig. 10.12 
 Grey: initial structure. Pink: deformed structure

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Fixed
 yy:  Released
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where the rotations of 
one beam end around the yy- and 
zz-axis are released, is the resulting 
deformation small. This structure is 
stable and useful.

Deformation Basic A-160 - Partly released - Max. 34 mmFig. 10.13 

Basic A-160 - Partly released



End Axis Rotation
1 xx:  Fixed
 yy:  Released
 zz:  Fixed

2 xx:  Fixed
 yy:  Released
 zz:  Fixed

In this model, where the rotations of 
both beam ends around the yy-axis 
are released, is the resulting defor-
mation small. This structure is 
stable and useful.

Deformation Basic A-160 - Partly released- Max. 37 mmFig. 10.14 

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Fixed
 yy:  Fixed
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Released

In this model, where the rotations of 
both beam ends around the zz-axis 
are released, is the resulting defor-
mation small. This structure is 
stable and useful.

Deformation Basic A-160 - Partly released - Max. 28 mmFig. 10.15 

Basic A-160 - Partly released



End Axis Rotation
1 xx:  Released
 yy:  Released
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Fixed

In this model, where the rotations 
of one beam end around each 
axis are released, is the resulting 
deformation unknown. The calcula-
tions were terminated after several 
hours. Although the deformation 
did not change much during all 
these hours, a stable situation is 
not reached. Therefore, this struc-
ture is unstable and useless.

Deformation Basic A-160 - Partly released - UnstableFig. 10.16 

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Fixed
 yy:  Released
 zz:  Released

2 xx:  Fixed
 yy:  Released
 zz:  Fixed

In this model, where at both beam 
ends several rotations are released, 
is the resulting deformation very 
large, but only in the middle of 
the whole structure. Although the 
end situation is stable, it has now 
become a hanged structure in the 
middle region with no supporting 
strengths and is useless. 

Deformation Basic A-160 - Partly released - Max. 5006 mmFig. 10.17 

Deformation side view Fig. 10.18 Basic A-160 - Partly released - not scaled 
 Grey: initial structure. Pink: deformed structure 

Basic A-160 - Partly released



End Axis Rotation
1 xx:  Fixed
 yy:  Released
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Released

In this model, where at both beam 
ends several rotations are released, 
is the resulting deformation small. 
This structure is stable and useful.

Deformation Basic A-160 - Partly released - Max. 37 mmFig. 10.19 

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Released
 yy:  Released
 zz:  Fixed

2 xx:  Fixed
 yy:  Released
 zz:  Fixed

In this model, where at both beam 
ends several rotations are released, 
is the resulting deformation very 
large for only one beam. The calcu-
lation has been terminated. There-
fore this structure is unstable and 
useless. 

Deformation Basic A-160 - Partly released - Euler buckling due to snap throughFig. 10.20 

Basic A-160 - Partly released



End Axis Rotation
1 xx:  Released
 yy:  Fixed
 zz:  Released

2 xx:  Fixed
 yy:  Fixed
 zz:  Released

In this model, where at both beam 
ends several rotations are released, 
is the resulting deformation large 
and will only increase. Figure 10.19 
is the result of the calculation that is 
terminated. Therefore this structure 
is unstable and useless. 

Deformation Basic A-160 - Partly released - UnstableFig. 10.21 

Basic A-160 - Partly released
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End Axis Rotation
1 xx:  Fixed
 yy:  Released
 zz:  Released

2 xx:  Fixed
 yy:  Released
 zz:  Released

In this model, where at both beam 
ends both the rotations around the 
yy- and zz-axis are released, is the 
resulting deformation maximal. This 
results in a hanged structure. This 
structure is stable but useless. 

Deformation Basic A-160 - Partly released- Max. 26260 mmFig. 10.22 

Deformation side view Basic A-160 - Partly hinged - not scaledFig. 10.23 

Basic A-160 - Partly released
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Beam end 1  Beam end 2
xx yy zz xx yy zz 
F F F F F F 
R R R F R R 
R F F F F F 
F R F F F F 
F F R F F F 
R R F F F F 
R F R F F F 
F R R F F F 
F R F F R F 
F F R F F R 
R R R F F F 
F R R F R F 
F R R F F R 
R R F F R F 
R F R F F R 
F R R F R R 

Deformation
30 mm
26260 mm
32 mm
29 mm
28 mm
33 mm
117 + mm
34 mm
39 mm
28 mm
64 + mm
5006 mm
37 mm
5331 + mm
799 + mm
26260 mm

10.3 Results Basic dome A-160
Figure 10.24 summarizes the find-
ings on the different beam releases 
of Basic A-160 dome. 
A ‘+’ in the deformation means 
that the calculation is terminated 
and larger deformations can 
be expected. From the result it 
becomes clear that the structure 
becomes more unstable when 
additional rotations are released.

This is rather inconvenient; a dome 
structure is best built with the 
least fixed connections possible. 
The geodesic dome for example, 
consists of fully released beam 
ends. 

The problem with this Basic Phyl-
lotactic dome model is that the 
structure does not consist of only 
triangles, but includes quadrangles 
and pentagons as well. Triangles 
are rigid, while quadrangles are 
not. Therefore, the Basic Phyllo-
tactic dome needs to be upgraded 
to a structure with only triangles 
(step 4.3 in paragraph 8.5); the Full 
dome.

Results of the calculations of Phyllotactic dome Basic A-160 Fig. 10.24 
 F = This rotation is fixed 
 R = This rotation is released 
 + = This calculation is terminated, larger deformations are expected

Before the Full Phyllotactic dome 
is tested, a completely fixed Basic 
Phyllotactic dome structure is opti-
mized with the use of the Cross 
Section Optimization sheet. This 
is done because the used cross 
section of  Ø1000-10 is unrealistic.



Distribution of Axial forces of the initial  Fig. 10.25 
Basic A-160 - Fixed dome

Distribution of Axial forces of the optimized  Fig. 10.26 
Basic A-160 - Fixed dome
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10.4 Optimization Basic A-160  - 
Fixed
To optimize the Phyllotactic dome 
Basic A-160 - Fixed, first the distri-
bution of the forces is determined. 
The results of the axial forces are 
shown in figure 10.25. 
These axial forces, the moments 
and the lengths of the beams are 
entered in the Optimization sheet. 

Then the Optimization Safety 
Factors need to be defined. They 
are set for each cross section to 
1.0 (the normal starting value). The 
results of the force distribution of 
the new calculations are shown  in 
figure 10.26. As can be seen by 
comparing figure 10.25 and 10,26, 
the force distribution does not 
change much. 
However, the deformations of the 
recalculated dome are rather big. 
This is due to the fact that some 
beams are only restraint by the 
moment fixed connections; the 
structure does not help, as can 
be seen with the calculations of 
the Basic A-160 - Released dome 
(fig 10.5). Again, the uncompleted 
triangles in the Basic dome show 

Deformations of the optimized Basic A-160 - Fixed dome - Max. 445 mmFig. 10.27 

some big disadvantages when 
calculated. 
In an optimized structure of a Basic 
dome with moment fixed connec-
tions (in this example A-160) occur 
large deformations. Furthermore, 
fixed connections are expensive to 
make. 



Deformations of the optimized dome Basic A-160 - Full - OSF for CSOC 6+7 = 1.2Fig. 10.28 



       
145

For the moment fixed domes it is 
even possible to take a Optimiza-
tion Safety Factor which is larger 
than 1.0 for the Cross Section Opti-
mization Checks 6 and 7 (to prevent 
buckling). This is due to the fact that 
these formulas based on the Unity 
Checks for this optimization are set 
up with an effective buckling length 
equal to the length of the beam; in 
a moment fixed structure where 
the nodes can move, the effective 
length is somewhere between 0.5L 
and 1.0L (fig 10.29, grey boxes). 
This results in a maximal buckling 
load between 1 and 4 (= 1 / 0.52) 
times as large as the maximal 
buckling of a hinged structure.

With trial and error calculations is 
was found that, for the Phyllotactic 
dome Basic A-160 - Fixed, a Opti-
mization Safety Factor of 1.2 for the 
Cross Section Optimization Checks 
6 and 7 still results in a stable struc-
ture without buckling. The deforma-
tions are even larger (fig 2.28), this 
is due to the fact that the overall 
used cross sections are smaller.   

Buckling curves. The grey boxes mark the minimal and  Fig. 10.29 
 maximal curve that can occur in the Fixed domes

Buckling load

Effective length

This optimized structure of Basic 
A-160 - Fixed consists of the 
following number of beams for the 
different cross sections:
#1 - Ø 200-10 169
#2 - Ø 230-12 113
#3 - Ø 260-14 76
#4 - Ø 290-16 9

With a total of:
No. of beams: 367
Weight:   197.359 kg
Deformation: 597 mm
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10.5 Full - Fixed domes
In the previous paragraph are the 
disadvantages explained from 
Basic moment fixed domes. One 
of them is that the deformations 
become rather large when the 
domes are optimized. 
However, this is caused by incom-
plete triangles of the structure. 
A structure that consists of only  
triangles should perform much 
better, resulting in smaller deforma-
tions.  Therefore, the triangles are 
completed as described in para-
graph 8.5. 

Two fixed Full domes (Full A-160 - 
Fixed and Full A-340 - Fixed) with 
only triangles are calculated. For 
these domes also applies that the 
Optimization Safety Factor can 
be larger than 1.0 for the Cross 
Section Optimization Checks 6 and 
7, which cover buckling.
Although only the final results are 
shown in the next section, one 
should keep in mind that they are 
the results of several tries to find 
the minimum weight of a dome that 
is still stable. Furthermore, each 
calculation has been performed 

twice; once with normal beams 
and once with all beams divided 
in 4 equal parts, in order to check 
whether of not buckling occurs. 



Deformations of the optimized Full dome A-160 - Fixed Fig. 10.30 
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This is the same dome as used for 
the previous calculations (Basic 
A-160), except that now the whole 
structure consist of only triangles. 
The figures 10.30 and 10 .31 show 
the resulting optimized dome. 

This optimized dome is obtained by 
following the steps in figure 10.1. 
With an oversized cross section of  
Ø 1000-10 for all beams is the distri-
bution of the forces determined.
The axial forces, the moments 
and the lengths of the beams are 
entered in the Cross Section Opti-
mization sheet. 
Then the Optimization Safety 
Factors are defined. Trial and 
error calculations showed that the 
maximum Optimization Safety 
Factor that can be used for the 
Cross Section Optimization 
Checks 6 and 7 is equal to 3.2. A 
larger OSF would lead to buckling. 
A lower OSF would not lead to an 
optimal result.

The resulting deformation is more 
evenly distributed than the incom-

Axial force distribution of the optimized Full dome A-160 - FixedFig. 10.31 

Full A-160 - Fixed
plete Basic dome structure. The 
deformations are larger in this 
dome, but that probably is due to 
the weight reduction. 

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 377
#2 - Ø 230-12 36
#3 - Ø 260-14 2

With a total of:
No. of beams: 415
Weight:   175286 kg
Deformation: 525 mm

Although the optimized Full A-160 - 
Fixed dome has more beams than 
the optimized Basic A-160 - Fixed 
dome (414 > 369), it has a lower 
total weight (175286 kg < 197.359 
kg).



Deformations of the optimized dome Full A-340 - Fixed Fig. 10.32 
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This dome is based on pattern A 
in Apex as well, except it has 340 
units stacked on top instead of 160. 
Therefore, this dome has much 
more beams, resulting in a larger 
total mass, but a smaller deforma-
tion. 
The maximum Optimization Safety 
Factor that can be used for the 
Cross Section Optimization Checks 
6 and 7 is equal to 3.6.

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 377
#2 - Ø 230-12 36
#3 - Ø 260-14 2

With a total of:
No. of beams 1027
Weight:   354500 kg
Deformation: 241 mm

Axial force distribution of the optimized dome Full A-340 - FixedFig. 10.33 

Full A-340 - Fixed
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10.6 Completely hinged domes
Moment fixed connections have 
two major disadvantages: they are 
more expensive and more difficult 
to make. Furthermore, as in this 
study the Phyllotactic domes are 
compared with Geodesic domes, 
which are always completely 
hinged, a complete hinged struc-
ture is the next target. 
With the Basic Phyllotactic dome it 
was impossible to create a complete 
hinged structure, as the existence 
of quadrangles and pentagons 
caused stability problems. 
Since the Full Dome only includes 
triangles, these causes of stability 
problems were eliminated. There-
fore, the completely hinged struc-
ture can be tested and optimized.

With the Cross Section Optimi-
zation sheet, that is used to opti-
mize the cross sections of each 
beam of the structure, buckling is 
prevented. However, these recal-
culated hinged domes need to be 
checked for snap through buckling. 
Identical to the tests performed 
before, this is first done with normal 
beams and finally with all the beams 

divided in four equal parts. This is 
a time consuming process, but it 
results in a drastic decrease in the 
resulting weight of the structure. 
The steps taken during the process 
of finding the maximal optimization 
is documented and shown in the 
top right corner of each page. 



Deformations of the optimized dome Full A-160 - Hinged - Max. 237 mm Fig. 10.34 



       
155

After the input of 12 steps (fig 10.36)
with different Optimization Safety 
Factors for each cross section, the 
final factors found are: 
OSF#1 = 0.05
OSF#2 = 0.15
OSF#3 = 0.25
OSF#4 = 0.45
OSF#5 = 0.8
OSF#6 = 1.0
OSF#7 = 1.0
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 1
#2 - Ø 230-12 8
#3 - Ø 260-14 45
#4 - Ø 290-16 221
#5 - Ø 320-17 140
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
No. of beams: 415
Weight:   405526 kg
Deformation: 237 mm

Axial force distribution of the optimized Full dome A-160 - HingedFig. 10.35 

Optimization Safety Factor per cross section
Full A-160 - Hinged

Taken steps to find the final Optimization Safety FactorsFig. 10.36 



Buckling occurs due to snap through buckling (calculation is terminated) Fig. 10.37 
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10.7 Adjusted middle
During the optimization process, 
one occurrence really stands out. 
The biggest problem is always in 
the middle of the structure. Snap 
through buckling always occurs 
around the middle nodes, because 
the beams in the middle are very 
short. This is the result of young 
units in Apex which have not reach 
their final size yet.

An example is provided in figure 
10.37. As can be seen, the defor-
mation is very large at one beam, 
because that beam buckles. 
However, this buckling only occurs 
due to the node next to it, which 
snaps through (fig 10.38); this 
causes a higher axial force in the 
beam that is positioned close to it. 
That beam cannot take that addi-
tional force and buckles, as it was 
designed for a much smaller axial 
force, and in this case, even a 
tensile force. 

The solution could be to simple use 
more steel to prevent snap through 
buckling. This has been already 
been done during the optimiza-

tion process in paragraph 10.6 by 
adjusting the Optimization Safety 
Factors. 
Another solution could be to only 
adjust the middle nodes of the 
structure. If they are made moment 
fixed, snap through cannot occur 
there. Although this solution might 
seem strange, other dome struc-
ture have troubles coping with 

Node displacement in a dome with snap through buckling (calculation is terminated)Fig. 10.38 

the middle part as well (e.g. the 
Pantheon). Various solutions have 
been made to solve them; one 
could imagine a hat-like structure 
placed on top of the dome. 
The domes are now calculated 
with the four nodes in the middle 
fixed (MF). This solution proved to 
be sufficient to prevent early snap 
through buckling.



Deformations of the optimized Full dome A-160 - Hinged-MF - Max. 370 mm Fig. 10.39 
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The Full A-160 dome structure with 
only triangles is addressed here 
again. In this situation, everything 
is everything hinged, except for the 
four middle nodes, which are fixed. 

After a process of 9 steps, a final 
optimization was found. The used 
Optimization Safety Factors are:
OSF#1 = 0.3
OSF#2 = 0.6
OSF#3 = 0.9
OSF#4 = 1.0
OSF#5 = 1.0
OSF#6 = 1.0
OSF#7 = 1.0
OSF#8 = 1.0415

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 18
#2 - Ø 230-12 91
#3 - Ø 260-14 282
#4 - Ø 290-16 24
#5 - Ø 320-17 0
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
No. of beams: 415
Weight:   295099 kg
Deformation: 370 mm

The maximum displacement of the 
nodes is 274 mm. However, due to 
line loads, the beams themselves 
deform a lot as well. Especially 
beams with only tensile forces 
deform a lot; most often they have 
a large length and have only a small 
cross section applied, since there is 
no risk of buckling. 

When this dome structure is 
compared with the dome without 
the middle nodes fixed, one 
remarkable conclusion can be 
drawn. The dome with the unfixed 
middle has a maximum displace-
ment of the nodes of 205 mm and 

a maximal beam deformation of 
237 mm. Although this is a large 
difference (+56%), it is completely 
due to the enormous weight reduc-
tion; 405,526 kg versus 295,099 kg 
(-27%). 

Because the weight reduction is 
regarded more important than 
small deformations, all the domes 
are calculated with the four nodes 
in the middle fixed. 
  

Optimization Safety Factor per cross section
Full A-160 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.40 



The after 8 steps found final Opti-
mization Safety Factors are:
OSF#1 = 0.75
OSF#2 = 0.75
OSF#3 = 0.75
OSF#4 = 0.85
OSF#5 = 0.85
OSF#6 = 0.85
OSF#7 = 0.85
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 44
#2 - Ø 230-12 17
#3 - Ø 260-14 52
#4 - Ø 290-16 152
#5 - Ø 320-17 26
#6 - Ø 340-18 4
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 295
- Weight:  300700 kg
- Deformation: 414 mm
- Maximum node 
  displacement: 208 mm

Deformations of the optimized dome Full A-100 - Hinged-MF Fig. 10.41 

Optimization Safety Factor per cross section
Full A-100 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.42 
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The after 9 steps found final Opti-
mization Safety Factors are:
OSF#1 = 0.6
OSF#2 = 0.6
OSF#3 = 0.7
OSF#4 = 0.8
OSF#5 = 1.0
OSF#6 = 1.0
OSF#7 = 1.0
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 61
#2 - Ø 230-12 27
#3 - Ø 260-14 131
#4 - Ø 290-16 150
#5 - Ø 320-17 10
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 379
- Weight:  314910 kg
- Deformation: 345 mm
- Maximum node 
  displacement: 259 mm

Deformations of the optimized dome Full A-130 - Hinged-MF Fig. 10.43 

Optimization Safety Factor per cross section
Full A-130 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.44 



The after 13 steps found final Opti-
mization Safety Factors are:
OSF#1 = 0.19
OSF#2 = 0.19
OSF#3 = 0.19
OSF#4 = 0.19
OSF#5 = 0.23
OSF#6 = 0.28
OSF#7 = 0.34
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 17
#2 - Ø 230-12 8
#3 - Ø 260-14 20
#4 - Ø 290-16 76
#5 - Ø 320-17 119
#6 - Ø 340-18 263
#7 - Ø 370-20 78
#8 - Ø 400-22 0

With a total of:
- No. of beams: 581
- Weight:  574559 kg
- Deformation: 183 mm
- Maximum node 
  displacement: 166 mm

Deformations of the optimized dome Full A-200 - Hinged-MF Fig. 10.45 

Optimization Safety Factor per cross section
Full A-200 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.46 
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The after 3 steps found final Opti-
mization Safety Factors are:
OSF#1 = 0.05
OSF#2 = 0.1
OSF#3 = 0.15
OSF#4 = 0.18
OSF#5 = 0.21
OSF#6 = 0.25
OSF#7 = 0.3
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 3
#2 - Ø 230-12 14
#3 - Ø 260-14 48
#4 - Ø 290-16 157
#5 - Ø 320-17 118
#6 - Ø 340-18 253
#7 - Ø 370-20 143
#8 - Ø 400-22 8

With a total of:
- No. of beams: 744
- Weight:  647540 kg
- Deformation: 158 mm
- Maximum node 
  displacement: 146 mm

Deformations of the optimized dome Full A-260 - Hinged-MF Fig. 10.47 

Optimization Safety Factor per cross section
Full A-260 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.48 



The after 3 steps found final Opti-
mization Safety Factors are:
OSF#1 = 0.01+1
OSF#2 = 0.02+1
OSF#3 = 0.03+1
OSF#4 = 0.04+1
OSF#5 = 0.05+1
OSF#6 = 0.10+1
OSF#7 = 0.30+1
OSF#8 = 0.30+1

This ‘optimized’ structure consists 
of the following number of beams 
for the different cross sections:
#1 - Ø 200-10 0
#2 - Ø 230-12 0
#3 - Ø 260-14 0
#4 - Ø 290-16 0
#5 - Ø 320-17 2
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 7
#9 - Ø 1000-50 1018 !!

With a total of:
- No. of beams: 1027
- Weight:  6719251 kg !!
- Deformation: 73 mm
- Maximum node 
  displacement: 73 mm

Deformations of the ‘optimized’ dome Full A-340 - Hinged-MF Fig. 10.49 

Optimization Safety Factor per cross section
Full A-340 - Hinged-MF

The optimization of this dome is 
stopped rather quick, due to the 
unsatisfying results. It weights 20+ 

times as much as the Full A-160 - 
Hinged-MF dome. 

Taken steps to find the final Optimization Safety FactorsFig. 10.50 
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10.8 Other patterns
The made variants of stacking A 
have now been calculated. First 
the Basic A-160 dome in various 
settings and thereafter the Full 
A-160 domes in various settings. 
This resulted in the Full A-160 - 
Hinged-MF dome. This setting was 
then applied to the other domes 
with stacking A (A-100, A-130, 
A-200, A-260 and A-340). 

The other stackings (B, C and D) 
are calculated and optimized as well 
with the final settings (completed 
triangles and completely hinged, 
except for the four fixed middle 
nodes). Each of them with in ApexS 
100, 150 and 200 units on top. This 
results in a nice range of used 
beams for each dome type (300-
700 beams). A selection of these 
stackings are shown in figures 
10.51-10.54.

Furthermore, three geodesic 
domes are included in the optimi-
zation calculations: A V12, V18 a 
V22 dome, all with the same basic 
dimensions as the Phyllotactic 
domes.

Stacking A-160:     exp: 1 Fig. 10.51 

          sens: 1 

              canal: 0

Stacking B-150:     exp: 1 Fig. 10.52 

          sens: 1 

          canal: 1

Stacking C-150:     exp: 1 Fig. 10.53 

           sens: 1 

          canal: 0.5

Stacking D-150:     exp: 1 Fig. 10.54 

          sens: 0.5 

          canal: 0



The final used Optimization Safety 
Factors are:
OSF#1 = 0.59
OSF#2 = 0.59
OSF#3 = 0.59
OSF#4 = 0.65
OSF#5 = 0.65
OSF#6 = 0.65
OSF#7 = 0.65
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 3
#2 - Ø 230-12 17
#3 - Ø 260-14 67
#4 - Ø 290-16 112
#5 - Ø 320-17 39
#6 - Ø 340-18 38
#7 - Ø 370-20 12
#8 - Ø 400-22 3

With a total of:
- No. of beams: 291
- Weight:  352900 kg
- Deformation: 392 mm
- Maximum node 
  displacement: 205 mm

Deformations of the optimized dome Full B-100 - Hinged-MF Fig. 10.55 

Full B-100 - Hinged-MF
Optimization Safety Factor per cross section

Taken steps to find the final Optimization Safety FactorsFig. 10.56 
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The final used Optimization Safety 
Factors are:
OSF#1 = 0.19
OSF#2 = 0.21
OSF#3 = 0.23
OSF#4 = 0.25
OSF#5 = 0.27
OSF#6 = 0.29
OSF#7 = 0.31
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 0
#2 - Ø 230-12 14
#3 - Ø 260-14 65
#4 - Ø 290-16 114
#5 - Ø 320-17 158
#6 - Ø 340-18 62
#7 - Ø 370-20 5
#8 - Ø 400-22 0

With a total of:
- No. of beams: 547
- Weight:  529300 kg
- Deformation: 143 mm
- Maximum node 
  displacement: 135 mm

Deformations of the optimized dome Full B-150 - Hinged-MF Fig. 10.57 

Full B-150 - Hinged-MF
Optimization Safety Factor per cross section

Taken steps to find the final Optimization Safety FactorsFig. 10.58 



The final used Optimization Safety 
Factors are:
OSF#1 = 0.10
OSF#2 = 0.10
OSF#3 = 0.10
OSF#4 = 0.10
OSF#5 = 0.10
OSF#6 = 0.05
OSF#7 = 0.05
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 0
#2 - Ø 230-12 0
#3 - Ø 260-14 0
#4 - Ø 290-16 14
#5 - Ø 320-17 26
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 630

With a total of:
- No. of beams: 670
- Weight:  912600 kg
- Deformation: 87 mm
- Maximum node 
  displacement: 87 mm

Deformations of the optimized dome Full B-200 - Hinged-MF Fig. 10.59 

Optimization Safety Factor per cross section
Full B-200 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.60 
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The final used Optimization Safety 
Factors are:
OSF#1 = 0.70
OSF#2 = 0.70
OSF#3 = 0.70
OSF#4 = 0.75
OSF#5 = 0.75
OSF#6 = 0.80
OSF#7 = 0.85
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 42
#2 - Ø 230-12 26
#3 - Ø 260-14 70
#4 - Ø 290-16 116
#5 - Ø 320-17 52
#6 - Ø 340-18 5
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 311
- Weight:  303600 kg
- Deformation: 417 mm
- Maximum node 
  displacement: 202 mm

Deformations of the optimized dome Full C-100 - Hinged-MF Fig. 10.61 

Optimization Safety Factor per cross section
Full C-100 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.62 



The final used Optimization Safety 
Factors are:
OSF#1 = 0.16
OSF#2 = 0.18
OSF#3 = 0.20
OSF#4 = 0.22
OSF#5 = 0.26
OSF#6 = 0.30
OSF#7 = 0.40
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 0
#2 - Ø 230-12 12
#3 - Ø 260-14 13
#4 - Ø 290-16 62
#5 - Ø 320-17 78
#6 - Ø 340-18 240
#7 - Ø 370-20 100
#8 - Ø 400-22 0

With a total of:
- No. of beams: 505
- Weight:  561000 kg
- Deformation: 146 mm
- Maximum node 
  displacement: 127 mm

Deformations of the optimized dome Full C-150 - Hinged-MF Fig. 10.63 

Optimization Safety Factor per cross section
Full C-150 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.64 
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The final used Optimization Safety 
Factors are:
OSF#1 = 0.22
OSF#2 = 0.22
OSF#3 = 0.22
OSF#4 = 0.22
OSF#5 = 0.22
OSF#6 = 0.22
OSF#7 = 0.22
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 38
#2 - Ø 230-12 16
#3 - Ø 260-14 74
#4 - Ø 290-16 117
#5 - Ø 320-17 79
#6 - Ø 340-18 126
#7 - Ø 370-20 145
#8 - Ø 400-22 85

With a total of:
- No. of beams: 680
- Weight:  627000 kg
- Deformation: 132 mm
- Maximum node 
  displacement: 119 mm

Deformations of the optimized dome Full C-200 - Hinged-MF Fig. 10.65 

Optimization Safety Factor per cross section
Full C-200 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.66 



The final used Optimization Safety 
Factors are:
OSF#1 = 0.74
OSF#2 = 0.74
OSF#3 = 0.74
OSF#4 = 0.79
OSF#5 = 0.79
OSF#6 = 0.79
OSF#7 = 0.79
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 47
#2 - Ø 230-12 30
#3 - Ø 260-14 104
#4 - Ø 290-16 115
#5 - Ø 320-17 46
#6 - Ø 340-18 4
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 346
- Weight:  322700 kg
- Deformation: 356 mm
- Maximum node 
  displacement: 280 mm

Deformations of the optimized dome Full D-100 - Hinged-MF Fig. 10.67 

Optimization Safety Factor per cross section
Full D-100 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.68 
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The final used Optimization Safety 
Factors are:
OSF#1 = 0.29
OSF#2 = 0.29
OSF#3 = 0.34
OSF#4 = 0.34
OSF#5 = 0.39
OSF#6 = 0.39
OSF#7 = 0.44
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 6
#2 - Ø 230-12 8
#3 - Ø 260-14 81
#4 - Ø 290-16 123
#5 - Ø 320-17 182
#6 - Ø 340-18 77
#7 - Ø 370-20 25
#8 - Ø 400-22 0

With a total of:
- No. of beams: 502
- Weight:  474900 kg
- Deformation: 239 mm
- Maximum node 
  displacement: 224 mm

Deformations of the optimized dome Full D-150 - Hinged-MF Fig. 10.69 

Optimization Safety Factor per cross section
Full D-150 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.70 



The final used Optimization Safety 
Factors are:
OSF#1 = 0.05
OSF#2 = 0.06
OSF#3 = 0.07
OSF#4 = 0.08
OSF#5 = 0.09
OSF#6 = 0.16
OSF#7 = 0.50
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 0
#2 - Ø 230-12 0
#3 - Ø 260-14 3
#4 - Ø 290-16 5
#5 - Ø 320-17 7
#6 - Ø 340-18 158
#7 - Ø 370-20 436
#8 - Ø 400-22 0

With a total of:
- No. of beams: 609
- Weight:  743000 kg
- Deformation: 166 mm
- Maximum node 
  displacement: 160 mm

Deformations of the optimized dome Full D-200 - Hinged-MF Fig. 10.71 

Optimization Safety Factor per cross section
Full D-200 - Hinged-MF

Taken steps to find the final Optimization Safety FactorsFig. 10.72 
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The final used Optimization Safety 
Factors are:
OSF#1 = 0.8
OSF#2 = 0.8
OSF#3 = 0.8
OSF#4 = 0.8
OSF#5 = 0.8
OSF#6 = 0.8
OSF#7 = 0.8
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 80
#2 - Ø 230-12 30
#3 - Ø 260-14 205
#4 - Ø 290-16 20
#5 - Ø 320-17 0
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 335
- Weight:  230860 kg
- Deformation: 163 mm
- Maximum node 
  displacement: 77 mm

Deformations of the optimized dome Geodetic V12 - HingedFig. 10.73 

Optimization Safety Factor per cross section
Geodesic V12 - Hinged

Taken steps to find the final Optimization Safety FactorsFig. 10.74 



The final used Optimization Safety 
Factors are:
OSF#1 = 0.4
OSF#2 = 0.6
OSF#3 = 0.8
OSF#4 = 1.0
OSF#5 = 1.0
OSF#6 = 1.0
OSF#7 = 1.0
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 85
#2 - Ø 230-12 455
#3 - Ø 260-14 65
#4 - Ø 290-16 0
#5 - Ø 320-17 0
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 605
- Weight:  264020 kg
- Deformation: 77 mm
- Maximum node 
  displacement: 72 mm

Deformations of the optimized dome Geodetic V18 - HingedFig. 10.75 

Optimization Safety Factor per cross section
Geodesic V18 - Hinged

Taken steps to find the final Optimization Safety FactorsFig. 10.76 
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The final used Optimization Safety 
Factors are:
OSF#1 = 0.01
OSF#2 = 0.02
OSF#3 = 0.15
OSF#4 = 0.3
OSF#5 = 0.4
OSF#6 = 0.5
OSF#7 = 0.6
OSF#8 = 1.0

This optimized structure consists of 
the following number of beams for 
the different cross sections:
#1 - Ø 200-10 0
#2 - Ø 230-12 0
#3 - Ø 260-14 130
#4 - Ø 290-16 925
#5 - Ø 320-17 0
#6 - Ø 340-18 0
#7 - Ø 370-20 0
#8 - Ø 400-22 0

With a total of:
- No. of beams: 1055
- Weight:  575440 kg
- Deformation: 37mm
- Maximum node 
  displacement: 37 mm

Deformations of the optimized dome Geodetic V22 - HingedFig. 10.77 

Optimization Safety Factor per cross section
Geodesic V22 - Hinged

Taken steps to find the final Optimization Safety FactorsFig. 10.78 



Unity Checks for the applied cross sections of all beams in the optimized dome Full A-160 - Hinged-MF Fig. 10.79 
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10.9 Final Unity Checks
The beams of the resulting opti-
mized domes are checked with 
the Unity Checks according to the 
Eurocodes: NEN-EN 1993-1-1 [13]. 
To ease this process, the Cross 
Section Optimization sheet is used. 
This is valid because it uses the 
formulas of the Unity Checks. 

The resulting forces and moments 
of the final domes are entered. The 
Unity Check value is set to 1.0. 
For each beam is once again the 
overall minimum cross section 
calculated. The found cross section 
is then compared with the applied 
cross section in the optimized 
dome. The Unity Checks result in 
the same possible cross sections 
as are used during the calcula-
tions.

Figure 10.79 shows the minimal 
cross section according to the Unity 
Checks in the yellow columns and 
the applied cross section in the final 
dome in the light blue columns. 
In the third column is checked 
whether the applied cross section 
are sufficient or not. Green means 

that the applied cross section is 
equal or smaller than the minimal 
cross section. Red means that the 
applied cross section is insufficient. 
Figure 10.79 shows the cross 
section check of the optimized 
dome Full A-160 - Hinged-MF.

The applied cross section of all 
beams are sufficient. Therefore, the 
found distribution of cross sections 
is correct. This check is performed 
on the other final domes as well. 
Each beam was sufficient. 

Furthermore, this means that the 
applied method of optimization is 
valid. 
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The research question, “Can a 
phyllotactic pattern be used to 
create a strong and stable dome 
structure?”, can be answered 
positive. It is possible to use 
patterns created with ApexS for 
the design of a structural strong 
and stable dome by connecting 
the n-p-q units. The best options 
are regarded in this chapter, begin-
ning with the various settings of the 
A-160 stacking.
 
11.1 Results dome A-160
Figure 11.2 summarizes the find-
ings on the A-160 dome in various 
settings. All the shown domes are 
optimized structures. The deforma-
tions are split in two characteristics; 
the deformation of the beams and 
the deformation of the nodes. The 
deformation of the beams is built up 
from the deformation of the whole 
structure, plus the deformation of 
the beam itself. This shows the 
highest deformation in the struc-
ture. The maximum deformation 
of the nodes illustrates the overall 

deformation, without taking the 
deformation of the beams them-
selves into account. 
Large differences exist in the total 
weight of the different structures. 
This has an immediate result on 
the deformations of the structure.  

The relation between the weight 
of the various optimized domes 
of A-160 and their maximal node 
deformation is shown in figure 11.1. 
Although the settings of the shown 
domes are completely different, it 
is clear that a higher weight of the 
structure results in lower deforma-
tions of the beams and nodes. 
The fixed Basic dome without 
completed triangles performs 

Summary of the results of the A-160 dome in various settingsFig. 11.2 

11. Conclusions

worse than the various Full domes, 
as can be understood from figure 
11.1. The green squares show the 
node deformations of the Full A-160 
domes in various settings. The red 
square the deformation of the Basic 
A-160 dome with fixed connections. 
The red square falls outside the 
imaginary line that can be drawn 
between the green squares. The 
red squares is located above this 
imaginary line, meaning that for the 
amount of steel used, the deforma-
tion is higher compared to the Full 
domes.
Although the Full A-160 Fixed 
dome has a lower weight than the 
Hinged variant, it results in larger 
deformations.



Graph of the relation between the number of beams in a dome and the total weight of the structure  Fig. 11.3 
of Phyllotactic Full domes - Hinged-MF and the Geodesic domes - Hinged
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11.2 #Beams-Weight relation
Even more interesting insights can 
be obtained when all the triangular 
Phyllotactic domes  with complete 
hinged connections, except for 
the middle nodes, are taken and 
compared with the Geodesic 
domes (fig 11.4). 
The relation of the number of beams 
of the structure and the minimal 
weight of all optimized Phyllotactic 
domes (dots) and Geodesic domes 
(squares) is shown in figure 11.3. 
Furthermore, the various A-160 
domes (triangles) are shown as 
well.
It turns outs that there is a rela-
tion between the number of beams 
used and the weight of the struc-
tures. Figure 11.3 shows that after 
a certain number of beams the 
required amount of steel increases 
drastically This is the case for both 
the Phyllotactic domes and the 
Geodesic domes. 
This relation has everything to do 
with the probability of snap through 
buckling. When the structure exist 
of more beam, the overall length 
of the beams become shorter. As 
shorter beams have smaller mutual 

angles, they are more likely to snap 
through. 
This can be prevented to a certain 
extent by adding steel. As the 
calculations showed, the difference 
between the A-260 dome (744 
beams, 647,540 kg) and the A-340 
dome (1027 beams, > 6,000,000 
kg) is enormous. 

Based on the relation between 
number of beams and their 

Results of the optimized domes with hinged connections and four fixed middle nodesFig. 11.4 

corresponding weight, it can be 
concluded that the applied stacking 
(A, B, C or D) from ApexS, influ-
ences the total weight of the struc-
ture to a small extent. Only stacking 
A performs a little better than the 
others. The other three stackings 
(B, C and D) intersect each other 
constantly (fig 11.3) and therefore 
perform alike.
Stacking A has a sensitivity factor 
equal to 1 and a canalization factor 
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equal to 0 (fig 11.5). The sensi-
tivity factor makes sure that new 
units are placed in a similar way as 
previous placed units. This provides 
a consistent pattern. In stacking A 
is this consistency maximal. 
The canalization factor forces units 
to be placed in rings. In stacking A 
the factor is set to 0. Therefore the 
units are placed freely, yet consist-
ently, due to the sensitivity factor. 
It is not very surprising that these 
settings result in the best alterna-
tive. The stacking of the units costs 
almost the least energy possible; 
the units are very closely packed. 
A consistent close packing of units 
causes small differences of unit 
distances and therefore, small 
differences of beams lengths. 

The units of stacking D (fig 11.8) are 
even more free in placing. However, 
as it turns out, the low sensitivity 
factor (0.5 is the minimum), causes 
a more irregular pattern. This results 
in slightly worse dome structures. 

It was expected that a high canali-
sation would ensure that tensile 
rings were created in the structure 

and that they would cause some 
advantages for the structural prop-
erties. Although the tensile rings are 
indeed created with a high canali-
zation factor, they do not positively 
affect the structures. The reason 
could be that the high canalization 

Stacking A-160:     sens: 1 Fig. 11.5 
              canal: 0

Stacking B-150:     sens: 1 Fig. 11.6 
          canal: 1

Stacking C-150:     sens: 1 Fig. 11.7 
          canal: 0.5

Stacking D-150:     sens: 0.5 Fig. 11.8 
          canal: 0

influences the placing of units too 
much. The canalization results in a 
number of large unit distances.
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The graph in figure 11.9 shows the 
overall trend line of all the calcu-
lated Phyllotactic domes. This trend 
is exponential. 
For geodesic domes, additional 
steel is required as well to prevent 
snap through buckling when more 
beams are used. However, more 
beams can be used in a Geodesic 
dome before the need of steel 
increases drastically in relation to 
the Phyllotactic domes. This is due 
to the fact that in Phyllotactic domes 
there is a large difference in beam 
lengths, while in Geodesic domes 
the lengths are all within a small 
range. When 600 beams are used 
in a Phyllotactic dome, there are 
some short beams present. These 
short beams are more sensitive to 
snap through. However, also some 
rather large beams are present, 
which are not likely to snap through. 
In a Geodesic dome all the beams 
have nearly the same length and 
therefore a similar sensitivity to 
snap through. 

The graph indicates that less 
beams constantly leads to a lower 
weight. This is not the case in prac-

tice. Less beams results in longer 
beams. Longer beams mean larger 
surface areas to be filled in with 
some kind of cladding; resulting 
in the need of a large and heavy 
secondary structure. 
The optimum between the main 
structure with as few beams 
as possible and an as small as 
possible secondary structure is 
difficult to point, because a lot of 
factors influence this. 



Graph of the relation between the node deformation of a dome and the total weight of the structure of Full domes - Hinged-MFFig. 11.10 
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Deformation-Weight Relation

0

100

200

300

400

0 100 200 300 400 500 600 700 800 900 1000
Weight in kilogram x1000

N
od

e 
de

fo
rm

at
io

n 
in

 m
m

Phyllotactic domes Full - Hinged-MF

Geodesic domes - Hinged

11.3 Deformation-Weight relation
Another way to judge the struc-
tural properties, is by considering 
the resulting deformation. The 
maximal node deformation, which 
always occurs in the center of the 
dome, is used. The deformation is 
linked to the weight of the structure 
(fig 11.10).
The results are remarkable. 
Although the domes of stacking A 
resulted in a relatively good 
#beams/weight ratio, they do not 
perform well on the node displace-
ment. 
The graph of figure 11.10 shows that 
the stackings without any canali-
sation (A and D) perform worst. 
Stacking D is the least influenced 
stacking, with no canalisation and 
a low sensitivity for unit-placing in 
accordance to the other units. The 
resulting domes deform the most in 
relation to their weight. 
The domes based on a more canal-
ized stacking (B and C), deform 
less. Therefore, they are more inter-
esting for applications in which only 
small deformations are allowed. 
When the different Phyllotactic 
domes are compared with the 

Trend line of the relation between the node deformation and the required amount of steel  Fig. 11.11 
 of Full domes - Hinged-MF

Geodesic domes, it can be 
concluded that the domes based 
on natural growth patterns perform 
worse than the domes based on 
mathematical shapes. The differ-
ences are rather big, up to factor 2 
to 3. 
However, the Phyllotactic domes 
should not be put aside because 
of this large difference. One should 

remember that Geodesic domes 
are extremely stiff and comparing 
with them gives a distorted view. 
When a structure with a span of 
100 meter, deforms 200 mm in 
the middle with maximal loading, 
then is the deformation 1/500 of 
the span. This actually is a good 
performance, although not as good 
as Geodesic domes.



Graph of the relation between the node deformation of a dome and the number of beams used of Full domes - Hinged-MFFig. 11.12 
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#Beams-Deformation Relation
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11.4 #Beams-Deformation relation
A third way to judge the structural 
properties, is by considering the 
resulting deformation in relation to 
the number of beams (fig 11.12). 
The figure shows the effect of 
number of beams in the creation of 
a stiff structure.  

Again, the Phyllotactic domes 
based on canalized patterns (B and 
C) outperform the domes without 
canalization (A and D). They even 
get close to the deformations of 
the Geodesic domes. However, as 
shown in figures 11.9 and 11.12, the 
Phyllotactic domes use much more 
steel than the Geodesic domes. 

Overall can be stated that the Phyl-
lotactic domes do not perform as 
well as the Geodesic domes: 

With +/- 350 beams, the Geodesic  -
domes uses about 75% of the 
steel of a Phyllotactic dome; this 
difference increases when more 
beams are applied. 
The deformation difference is  -
rather high (75 mm to 200 mm) 
when using a low number of 
beams, but it decreases when a 

Trend line of the relation between the node deformation and the number of beams of  Fig. 11.13 
 Full domes - Hinged-MF

larger number of beams (72 to 
125) is used. However, the Phyl-
lotactic domes use much more 
steel to accomplish this. 

comparing the results of the 
different stacking methods of the 
Phyllotactic domes, the following 
conclusions can be drawn:

Stacking A is useful for creating  -

domes with a relative low weight.
Stacking B and C are useful for  -
creating domes where a low 
deformation is required. 
Stacking D is not recommended  -
to use for the creation of Phyl-
lotactic domes. Although it is the 
most natural stacking method, it 
has the worst performance. 
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12. Discussion
This research is the first study in 
the field of research to the struc-
tural properties of Phyllotactic 
patterns, applied to domes. There-
fore there was a lot to explore. 
The first results are promising; the 
Phyllotactic domes are stable and 
stiff. Further research can continue 
from the created basis; an easy 
to follow design procedure and an 
useful Cross Section Optimization 
method. 

11.1 Process and results
A great part of the research covered 
the creation of the procedure to 
convert phyllotactic patterns to 
calculable dome structures. This 
basis is easy to use and can be 
applied in further research. The 
procedure results in a dome with 
correct dimensions, supports, 
connections and loads. Only a 
small inaccuracy occurs during the 
conversion of the roof load from an 
area load to beam loads, caused 
by placing a flat load on a curved 
structure (step 5.8). 

The second part of the research 
addresses the calculation and opti-
mization of the different domes. 
During the calculation process 
some choices were made on 
the final researched domes. The 
made choices are due to a limited 
amount of time.  Therefore, not 
all dome variants are explored in 
depth equally. For example, the 
aim of building a Phyllotactic dome 
with hinges, like a Geodesic dome, 
has caused that the moment fixed 
domes are not investigated in more 
detail. Although their weight was 
substantial lower, hinged domes 
were preferred. Further research 
could further investigate the prop-
erties of these moment fixed Phyl-
lotactic domes. 

The optimization process that 
used the Cross Section Optimiza-
tion sheet led to problem of snap 
through buckling. This problem has 
been solved by adjusting the Opti-
mization Safety Factors to stricter 
values and recalculate the new 

cross section distribution. There is 
made use of one inaccurate step. 
The calculations are made with 
load combinations which make use 
of safety factors (1.2 for permanent 
load and 1.5 for variable loads). 
These safety factors result in higher 
deformations and therefore, a 
higher probability of snap through. 
This means that the beams of the 
domes are a little overdimensioned. 
However, as this was done for all 
domes, it is still allowed to compare 
them.

Furthermore, the optimization 
process is not optimal. The calcu-
lation are made with only eight 
different tube cross sections. 
Although this provided better possi-
bilities to compare the domes, it 
caused overdimensioning as well. 
The Cross Section Optimization 
sheet is prepared for the usage 
of other cross sections. In further 
research or for a real dome design 
it can be applied easily.



Phyllotactic dome D-200Fig. 12.1 
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11.2 Conclusions
The aim of this study was to create 
a more elegant dome, that then is 
compared on structural properties 
to the more conventional Geodesic 
dome. 
Geodesic domes outperform Phyl-
lotactic domes. Nonetheless, the 
created Phyllotactic domes are still 
very usable. With a weight of 38 
kg per m2 floor space (300000 kg 
/ 7854m2), they have a very neat 
weight - floor space ratio. Further-
more, the resulting deformation of 
200 mm on a span of 100 meters, 
is also very usable and conforms to 
the maximal deformation.
The Geodesic dome is based 
on mathematical shapes, which 
results in a less elegant positioning 
of beams.  Phyllotactic domes are 
more intriguing, with spirals that 
can be followed all over the struc-
ture. Although Phyllotactic domes 
require more steel than Geodetic 
domes, they provide an elegant 
and promising alternative for future 
constructions.
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Open vegetative cylinder, being stacked with pri-

mordial units

Cylinder closed by apical hemisphere, being 

filled in with primordial units

Transition from vegetative to reproductive stage, interpreting Buvat’s concept. 

Left: A new unit may arise in the initiation zone (shaded area) when there is no room left between the neigh-

boring units just below it. A unit may not arise at a position significantly lower than a preceding unit. The 

initiation zone has a width that relates closely to the upper unit sizes. In vegetative structures, represented 

in the cylinder stage of the model, the initiation zone is relatively wide. 

Right: Determinate growth. The cylinder is closed by an apical hemisphere, being filled in with primordial 

units that meet at a point not necessarily lying exactly on the Z axis. Unit radii are related to the cylinder 

radius.
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Separation of pattern formation and 
structural growth in ApexS
During formation of phyllotactic 
patterns, the plant is growing. In 
the model, pattern generation is 
separated from structural expan-
sion. The geometric relationships 
between neighbouring units and 
stem radius just at the inception of 
a new unit form the basis for the 
consequently arising patterns in 
which the stem width is measured 
by the distance ratio r(unit)/r(stem). Thus, 
instead of increasing the cylindrical 
radius while adding primordial units 
with increasing radii, the cylin-
drical radius may be frozen while 
the size of the units is decreased. 
The maximum distance ratio is 
presumed to be 1, defining the 
initial cotyledons, and it diminishes 
during the stacking of new spheres. 
(Just below the apical tip lies a 
central cell region with relatively low 
mitotic activity: the “mother cells”. 
This region is accompanied by 
another hypodermal one with high 
mitotic activity in which primordia 
are initiated (Buvat’s anneau initial).  

Its annular shape causes canaliza-
tion. In flowers such as Ranunculus 
acris, stamen and carpel primordia 
are initiated in a spiral sequence). 
The stem’s absolute thickening 
has no topological significance. 
The settling height for new spheres 
depends on the configuration of the 
upper units.
The place of a new spherical unit 
is calculated as if it were the last 
(top) one to be constructed. At the 
very moment of placing the unit, 
the growth process is simulated 
topologically. Thus, the results of 
arising, developing, and positioning 
are copied while at the same time 
the possibility of stacking more 
units on the structure is main-
tained by its cylindrical shape. This 
is achieved by positioning units 
locally in the correct manner, with 
their size related not to each other 
but to their receptacle. Because in 
the model the stem is cylindrical 
with radius 1, it is easy to calculate 
correct unit sizes. When these are 

known for initiating primordia of 
any ordinal number, a construction 
or even a growth simulation for a 
certain point in time of development 
can be executed. (The stack-and-
drag computer program is not only 
capable of producing images of the 
stacking iterations during calcula-
tion and the calculation results, but 
also shows the growth process from 
cotyledons to flowering adults.) To 
understand the relative sizing in 
the model, we should imagine the 
development on the apical dome 
as can be seen in figure on the left 
page. The extreme top of the apical 
dome, being a point, is not the 
growth center; the perimeter of the 
cluster of mother cells determines 
a ring of development. In fact, 
there can never be a growth center 
without dimensions. One should 
speak rather of an expanded point.

Appendix 1
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1 What Is a Geodesic Dome?

Figure 1: 6V Geodesic Dome and Buckminster Fuller Stamp

The geodesic dome was invented by R. Buckminster (Bucky) Fuller (1895-1983) in 1954. Fuller was an inventor,
architect, engineer, designer, geometrician, cartographer and philosopher. In Figure 1 is illustrated a fairly complex
version of a dome that’s composed of small triangles that are approximately equal, and such that the vertices of the
triangles all lie on the surface of a sphere. On the right of the figure is a recently-released postage stamp honoring
Fuller.

In this article, we’ll look at the mathematics that lies behind geodesic domes, but we’ll also talk a little about why
they make good engineering sense and how they might be constructed from real materials.

There are plenty of resources on the web on geodesic domes, but one that’s particularly helpful, especially if you
have any desire to build one of your own, is here: www.desertdomes.com, which includes a dome calculator that
does many of the calculations for you.

2 Engineering Considerations
A sphere is the mathematical object that contains the maximum volume compared to its surface area, so if a structure
of large volume is to be constructed for minimum cost, it makes sense to look at structures whose shape approaches a
sphere. But most construction materials come as flat or straight pieces, so forming the curves that would be necessary
to make a perfect sphere might increase the expense considerably.

But structures like the one illustrated in Figure 1 closely approximate spheres, but are composed of straight struts
or of flat triangles, depending on the construction method.

If the structure is composed of struts, there is another consideration; namely, that it should be composed completely
of triangles. If it consists of any quadrilaterals or more complex polygons, they can flex if the connections at the ends
are not completely rigid. If the pieces, for example, are just connected with a bolt through a number of struts, it is
almost impossible to make the joints rigid. But if the structure is completely composed of triangles, it can be made
completely rigid, even if the individual joints are not.

1
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Geodesic Domes
Appendix 2

By Tom Davis

1 What Is a Geodesic Dome?
The geodesic dome was invented 
by R. Buckminster (Bucky) Fuller 
(1895-1983) in 1954. Fuller was 
an inventor, architect, engineer, 
designer, geometrician, cartogra-
pher and philosopher. In Figure 1 is 
illustrated a fairly complex version 
of a dome that’s composed of small 
triangles that are approximately 
equal, and such that the vertices of 
the triangles all lie on the surface of 
a sphere. On the right of the figure 
is a recently-released postage 
stamp honoring Fuller.
In this article, we’ll look at the math-
ematics that lies behind geodesic 
domes, but we’ll also talk a little 
about why they make good engi-
neering sense and how they might 
be constructed from real materials.
There are plenty of resources on 
the web on geodesic domes, but 
one that’s particularly helpful, espe-
cially if you have any desire to build 
one of your own, is here: www.
desertdomes.com, which includes 

a dome calculator that does many 
of the calculations for you.

2 Engineering Considerations
A sphere is the mathematical object 
that contains the maximum volume 
compared to its surface area, so 
if a structure of large volume is to 
be constructed for minimum cost, 
it makes sense to look at struc-
tures whose shape approaches 
a sphere. But most construction 
materials come as flat or straight 
pieces, so forming the curves that 
would be necessary to make a 
perfect sphere might increase the 
expense considerably.
But structures like the one illus-
trated in Figure 1 closely approxi-
mate spheres, but are composed 
of straight struts or of flat triangles, 
depending on the construction 
method.
If the structure is composed of 
struts, there is another consid-
eration; namely, that it should be 
composed completely of triangles. 
If it consists of any quadrilaterals 
or more complex polygons, they 

can flex if the connections at the 
ends are not completely rigid. If 
the pieces, for example, are just 
connected with a bolt through 
a number of struts, it is almost 
impossible to make the joints rigid. 
But if the structure is completely 
composed of triangles, it can be 
made completely rigid, even if the 
individual joints are not.
One final engineering considera-
tion is that if the triangles of which 
the structure is composed are all 
as close to equilateral triangles 
as possible, then the stresses are 
approximately the same on all the 
struts, so there is very little wasted 
strength. Note that in the model at 
the beginning of this article, all of 
the triangles appear to be approxi-
mately equilateral.
Finally, in very large structures, 
it is a bad idea to have very long 
unsupported struts. The longer the 
struts, the easier they are to bend if 
shear forces are applied.
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One final engineering consideration is that if the triangles of which the structure is composed are all as close to
equilateral triangles as possible, then the stresses will be approximately the same on all the struts, so there is very little
wasted strength. Note that in the model at the beginning of this article, all of the triangles appear to be approximately
equilateral.

Finally, in very large structures, it is a bad idea to have very long unsupported struts. The longer the struts, the easier
they are to bend if shear forces are applied.

3 Perfect and Imperfect Solutions

Figure 2: Platonic Solids

A perfect solution will be composed of triangles that are all equilateral, all the same size, and all making equal
angles with each other. Unfortunately, this can only be achieved with three mathematical forms: the tetrahedron, the
octahedron and the icosahedron. Figure 2 illustrates all three.

These so-called platonic solids are approximations to the sphere, but only the icosahedron is very close, and to make
a large structure from it would require very long struts.

Figure 3: Uniform Triangle Subdivision

One way to proceed is simply to subdivide the triangles in one of the regular platonic solids, and this is how a
geodesic dome is constructed. Any of the three solids could be used, but as we shall see, there are some serious
problems if this is done beginning with a tetrahedron, and less-serious problems (but problems, nonetheless) if we
begin with an octahedron.

We’ll begin by describing the standard construction of domes of various complexity beginning with an icosahedron.
It is easy to subdivide an equilateral triangle into 4, 9, 16, or any perfect square number of sub-triangles, as is

illustrated in Figure 3.
But if we simply subdivide the triangles of an icosahedron, although the vertices of the original icosahedron will

lie on the surface of a sphere, the vertices that we need to add to subdivide the triangles will lie in the planes of those
triangles and will be physically inside the sphere. This sort of subdivision will also tend to be a lot weaker structurally,
since to maintain perfectly flat surfaces, the strengths of the joints would have to be infinite (see the “found” poetry
from a physics text, below).
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Hence no force, however great,
can stretch a cord, however fine,
into a horizontal line
which is accurately straight...
—William Whewell, Elementary Treatise on Mechanics (1819)

Figure 4: 3V, 4V and 5V Domes

Our solution will be simply to “push” those points out to the surface of the sphere from the center, but to do that we’ll
need to be able to work with three-dimensional vectors and coordinate systems. First, we’ll look at some of the tools
that are needed to work with three-dimensional vectors and then we’ll begin by looking closely at the icosahedron.

Figure 5: 3V and 5V Domes: Small Versions

The names, “3V”, “4V” and “5V” refer to the number of subdivisions that are made to the original triangles in the
icosahedron before they are pushed out to the surface of the sphere. In Figure 1 you can also see a 6V dome. Notice
that the domes of odd degree, the 3V and the 5V domes are slightly larger than a half sphere. That’s because when
there are an odd number of triangles in the subdivision, there is no center line or “equator” at which to divide it, so we
have to pick a version that is a little larger or a little smaller than a half sphere. In the examples in Figure 4, the larger
versions were displayed. In Figure 5 appear the smaller versions of the 3V and 5V domes.

Figure 6: Dome Spheres: 3V, 4V, 5V and 6V
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Our solution will be simply to “push” those points out to the surface of the sphere from the center, but to do that we’ll
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3 Perfect and imperfect solutions
A perfect solution will be composed 
of triangles that are all equilateral, 
all the same size, and all making 
equal angles with each other. 
Unfortunately, this can only be 
achieved with three mathematical 
forms: the tetrahedron, the octahe-
dron and the icosahedron. Figure 2 
illustrates all three. These so-called 
platonic solids are approximations 
to the sphere, but only the icosahe-
dron is very close, and to make a 
large structure from it would require 
very long struts.
One way to proceed is simply to 
subdivide the triangles in one of 
the regular platonic solids, and 
this is how a geodesic dome is 
constructed. Any of the three solids 
could be used, but as we shall see, 
there are some serious problems if 
this is done beginning with a tetra-
hedron, and less-serious problems 
(but problems, nonetheless) if we 
begin with an octahedron. 
We’ll begin by describing the 
standard construction of domes of 
various complexity beginning with 
an icosahedron.
It is easy to subdivide an equilateral 

triangle into 4, 9, 16, or any perfect 
square number of sub-triangles, as 
is illustrated in Figure 3.
But if we simply subdivide the trian-
gles of an icosahedron, although 
the vertices of the original icosa-
hedron will lie on the surface of a 
sphere, the vertices that we need 
to add to subdivide the triangles will 
lie in the planes of those triangles 
and will be physically inside the 
sphere. This sort of subdivision will 
also tend to be a lot weaker struc-
turally, since to maintain perfectly 
flat surfaces, the strengths of the 
joints would have to be infinite.
Our solution will be simply to “push” 
those points out to the surface of 
the sphere from the center, but to 
do that we’ll need to be able to work 
with three-dimensional vectors and 
coordinate systems. First, we’ll 
look at some of the tools that are 
needed to work with three-dimen-
sional vectors and then we’ll begin 
by looking closely at the icosahe-
dron. 
The names, “3V”, “4V” and “5V” 
refer to the number of subdivi-
sions that are made to the original 
triangles in the icosahedron before 

they are pushed out to the surface 
of the sphere. In Figure 1 you can 
also see a 6V dome. Notice that the 
domes of odd degree, the 3V and 
the 5V domes are slightly larger 
than a half sphere. That’s because 
when there are an odd number of 
triangles in the subdivision, there is 
no center line or “equator” at which 
to divide it, so we have to pick a 
version that is a little larger or a 
little smaller than a half sphere. In 
the examples in Figure 4, the larger 
versions were displayed. In Figure 
5 appear the smaller versions of 
the 3V and 5V domes.
You may find it useful to see images 
of the original spheres from which 
all of the dome models above were 
cut. Those appear in Figure 6. It’s 
clear from these images that the 4V 
and 6V spheres have an equator 
and the others do not. If every 
vertex of the 3V sphere represents 
a carbon atom, then the sphere 
represents the molecule called 
“Buckminsterfullerine” which really 
exists, and has some very useful 
chemical and physical properties.
All the domes displayed in Figures 
5 and 4 are fairly complicated to 
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All the domes displayed in Figures 5 and 4 are fairly complicated to build; the easiest that can reasonably be called
a geodesic dome is the 2V version. Figure 7 displays the 2V dome (a half-sphere) and the corresponding 2V sphere.

It’s obvious if you think about it, but if you look closely at the spheres in Figure 6, you can see that almost all the
vertices on larger domes have six struts that meet at each. In every case, there are exactly 12 of the 5-strut vertices (on
the entire sphere). This is, of course, the number of 5-strut vertices there are in the original icosahedron.

4 Vector Tools
We are going to do all of our work in a three-dimensional coordinate system. This is very similar to the two-
dimensional systems that are introduced in every high-school algebra course with an x and a y axis, but we will
add a third, the z axis, which is perpendicular to the other two. If we start at the origin of such a system, we can give
directions to every point in space by giving three numbers: the distance to travel parallel to each of the axes (with
negative distances meaning to move in the opposite direction).
One tool we will need is a method to find the distance between two points, but this can be obtained as a simple

extension of the Pythagorean theorem. If the two points have coordinates P0 = (x0, y0, z0) and P1 = (x1, y1, z1),
then the distance D between them is given by the formula:

D(P0, P1) =
�

(x0 − x1)2 + (y0 − y1)2 + (z0 − z1)2.

Of course if one of the points is the origin O, this reduces to:

D(O,P0) =
�

x2

0
+ y2

0
+ z2

0
.

Notice also that if you have the coordinates that describe an object then you can uniformly scale the object by
multiplying all the coordinates by a constant. So if you have the coordinates for a geodesic dome with diameter 1 foot
and you want to build a dome with diameter 20 feet, you can just take all the coordinates for your 1 foot dome and
multiply them by 20 to obtain coordinates for the new one. Similarly, all the strut lengths will be 20 times as long, et
cetera.

For this reason, we will work in coordinates that are easy to use, and if we ever desire to build a real dome, all we
need to do is find the appropriate factor once and multiply all of the numbers by that.
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5 The Icosahedron
An icosahedron is a regular polyhedron with 20 sides, each of which is an equilateral triangle, and at each vertex, 5
triangles meet (see Figure 8). If you view an icosahedron with one vertex on top and another at the bottom, you can
see that there are two rings of five vertices each, making a total of 12. There are 20 triangles, since 5 touch the top
vertex, 5 touch the bottom and there are 10 in the band around the center.

It’s also easy to count edges: there are 30. This is because if you cut the entire figure into triangles, each of the 20
triangles would have 3 edges making 60 (after cutting), but when assembled, every pair of adjacent triangles shares an
edge so the uncut version would contain half that many, or 30.

Figure 8: Icosahedron

Let φ = (1 +
√

5)/2 ≈ 1.61803398875 be the golden ratio. Then the following 12 points A,B, . . . , L are the
three-dimensional coordinates of a regular icosahedron centered at the origin:

A = (0, 1, φ) B = (0,−1, φ) C = (0,−1,−φ) D = (0, 1,−φ)
E = (φ, 0, 1) F = (−φ, 0, 1) G = (−φ, 0,−1) H = (φ, 0,−1)
I = (1, φ, 0) J = (−1, φ, 0) K = (−1,−φ, 0) L = (1,−φ, 0)

Here are the 20 triangles connecting the vertices above that make up the surface of the icosahedron:
AIJ AJF AFB ABE AEI
BFK BKL BLE CDH CHL
CLK CKG CGD DGJ DJI
DIH ELH EHI FJG FGK

Finally, here are the 30 edges of those triangles:
AB AE AF AI AJ BE BF BK BL CD
CG CH CK CL DG DH DI DJ EH EI
EL FG FJ FK GJ GK HI HL IJ KL

It is a bit tedious to check, but the length of all 30 of the segments in the list above is 2. For example, the length of
AB is given by:

|AB| =
�

(0 − 0)2 + (1 − (−1))2 + (φ− φ)2 =
√

4 = 2.

Another typical calculation yields the length of the segment AE:

|AE| =
�

(0 − φ)2 + (1 − 0)2 + (φ− 1)2

=

�

1 + 2
√

5 + 5

4
+ 1 +

1 − 2
√

5 + 5

4

=
�

12/4 + 1 =
√

4 = 2.

Notice that all the vertices of our icosahedron lie on the surface of a sphere centered at the origin. That’s obvious
because in every case, the coordinates, in some order, have a 0, a 1 and a φ, the last two possibly preceded by a negative
sign. But to calculate the distance from the origin to that point, we just square all three numbers (which will eliminate

5



       
209

build; the easiest that can reason-
ably be called a geodesic dome is 
the 2V version. Figure 7 displays 
the 2V dome (a half-sphere) and 
the corresponding 2V sphere. It’s 
obvious if you think about it, but if 
you look closely at the spheres in 
Figure 6, you can see that almost 
all the vertices on larger domes 
have six struts that meet at each. 
In every case, there are exactly 12 
of the 5-strut vertices (on the entire 
sphere). This is, of course, the 
number of 5-strut vertices there are 
in the original icosahedron.

4 Vector Tools
We are going to do all of our work 
in a three-dimensional coordinate 
system. This is very similar to the 
two-dimensional systems that are 
introduced in every high-school 
algebra course with an x and a y 
axis, but we will add a third, the z 
axis, which is perpendicular to the 
other two. If we start at the origin of 
such a system, we can give direc-
tions to every point in space by 
giving three numbers: the distance 
to travel parallel to each of the axes 
(with negative distances meaning 

to move in the opposite direction).
One tool we will need is a method 
to find the distance between two 
points, but this can be obtained as 
a simple extension of the Pythago-
rean theorem. If the two points have 
coordinates P0 = (x0, y0, z0) and 
P1 = (x1, y1, z1), then the distance 
D between them is given by the 
formula:

Of course if one of the points is the 
origin O, this reduces to:

Notice also that if you have the 
coordinates that describe an object 
then you can uniformly scale the 
object by multiplying all the coordi-
nates by a constant. So if you have 
the coordinates for a geodesic 
dome with diameter 1 foot and you 
want to build a dome with diameter 
20 feet, you can just take all the 
coordinates for your 1 foot dome 
and
multiply them by 20 to obtain coor-
dinates for the new one. Similarly, 
all the strut lengths will be 20 times 
as long, etcetera.
For this reason, we will work in coor-
dinates that are easy to use, and if 

we ever desire to build a real dome, 
all we need to do is find the appro-
priate factor once and multiply all of 
the numbers by that.

5 The Icosahedron
An icosahedron is a regular polyhe-
dron with 20 sides, each of which is 
an equilateral triangle, and at each 
vertex, 5 triangles meet (see Figure 
8). If you view an icosahedron with 
one vertex on top and another 
at the bottom, you can see that 
there are two rings of five vertices 
each, making a total of 12. There 
are 20 triangles, since 5 touch the 
top vertex, 5 touch the bottom and 
there are 10 in the band around the 
center.
It’s also easy to count edges: there 
are 30. This is because if you cut 
the entire figure into triangles, each 
of the 20 triangles would have 3 
edges making 60 (after cutting), 
but when assembled, every pair of 
adjacent triangles shares an edge 
so the uncut version would contain 
half that many, or 30.
Let Φ = (1 + √5)/2 ≈ 1.61803398875 
be the golden ratio. Then the 
following 12 points A,B, . . . ,L are 



Figure 9: The Golden Ratio

any influence from any negative numbers) add the three together (yielding the same sum in every case) and take the
square root of the result.

For the particular coordinates that we’ve chosen, the radius of the sphere in which the icosahedron is inscribed turns
out to be about 1.90211303 units. This isn’t a particularly nice number, but it’s worth it to have particularly nice and
relatively uniform coordinates for all the vertices.
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Figure 9: The Golden Ratio

A nice way to visualize the vertices of an icosahedron is that they lie on the corners of three rectangles that are
centerd at the origin, have aspect ratios of 1 : φ, and are all perpendicular to each other. To see that the aspect ratio is
1 : φ, see Figure 9.
In that figure, all the angles of the regular pentagon ABCDE are 108◦. The line AB forms an isosceles triangle,

△ABC, whose base angles must be 36◦. If we then bisect � ACD with CF , it’s easy to calculate the other angles in
the figure are as marked.

But now △ACD ∼ △CDF , so AC/CD = CD/DF . If the side length of the regular pentagon is 1 and the length
of the unknown diagonal isL, we obtain: L/1 = 1/(L−1), which is easily solved forL yieldingL = φ = (1+

√
5)/2.

6 Strut Lengths
If we consider the 2V dome, each of the equivalent equilateral triangles from the icosahedron is subdivided into 4
triangles and then the inner three vertices are pushed out to the surface of the inscribing sphere. Each of the original
sides of each triangle will become two equal pieces on the surface of the 2V dome, and three additional pieces are
added to form the inner triangle. The three struts that make up the inner triangle are of equal length, as are the six
struts that were made by subdivision and pushing out of the original edges of the icosahedron. It’s easy to verify by
calculation that the two lengths are different, but that all of the struts in the final dome or sphere are one of those two
lengths.

A similar, but slightly more complex analysis shows us that in the 3V dome, exactly three different strut lengths are
required.

Thus if you’re making a 2V dome, there are only two different strut lengths required—for the dome, not the sphere,
exactly 30 of the shorter length and 35 of the longer length are required. Since the dome can be arbitrarily scaled, it’s
possible to find the optimal lengths for the two struts, given that you can purchase the raw material in fixed lengths.

A standard construction material for domes is steel electrical conduit that comes in 10-foot lengths in the United
States. If you’d like to purchase the minimum number of these and yet make a dome of maximal size, you simply need
to cut each length into two pieces that are in the proper ratio. With 35 10-foot pieces, you can make the 35 long and
30 short struts and have 5 extra short struts at the end. (It’s probably a good idea to get a few more than 35, in case
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the three-dimensional coordinates 
of a regular icosahedron centered 
at the origin:
A = (0, 1, Φ)  B = (0,−1, Φ)  
C = (0,−1,− Φ)  D = (0, 1,− Φ)
E = (Φ, 0, 1)  F = (− Φ, 0, 1)  
G = (− Φ, 0,−1)  H = (Φ, 0,−1)
I = (1, Φ, 0)  J = (−1, Φ, 0)  
K = (−1,− Φ, 0)  L = (1,− Φ, 0)
Here are the 20 triangles connecting 
the vertices above that make up the 
surface of the icosahedron:
AIJ  AJF  AFB  ABE 
AEI BFK  BKL  BLE 
CDH  CHL CLK  CKG  
CGD  DGJ  DJI DIH  
ELH  EHI  FJG  FGK
Finally, here are the 30 edges of 
those triangles:
AB  AE  AF  AI  
AJ  BE  BF  BK  
BL  CD CG  CH  
CK  CL  DG  DH  
DI  DJ  EH  EI
EL  FG  FJ  FK  
GJ  GK  HI  HL  
IJ  KL
It is a bit tedious to check, but the 
length of all 30 of the segments in 
the list above is 2. For example, the 
length of AB is given by:

Another typical calculation yields 
the length of the segment AE:

Notice that all the vertices of our 
icosahedron lie on the surface of a 
sphere centered at the origin. That’s 
obvious because in every case, the 
coordinates, in some order, have a 
0, a 1 and a Φ, the last two possibly 
preceded by a negative sign. But 
to calculate the distance from the 
origin to that point, we just square 
all three numbers (which will 
eliminate any influence from any 
negative numbers) add the three 
together (yielding the same sum 
in every case) and take the square 
root of the result.
For the particular coordinates that 
we’ve chosen, the radius of the 
sphere in which the icosahedron 
is inscribed turns out to be about 
1.90211303 units. This is not a 
particularly nice number, but it’s 
worth it to have particularly nice 
and relatively uniform coordinates 
for all the vertices.
A nice way to visualize the vertices 

of an icosahedron is that they lie 
on the corners of three rectangles 
that are centerd at the origin, have 
aspect ratios of 1 : Φ, and are all 
perpendicular to each other. To see 
that the aspect ratio is 1 : Φ, see 
Figure 9.
In that figure, all the angles of the 
regular pentagon ABCDE are 108°. 
The line AB forms an isosceles 
triangle, ΔABC, whose base angles 
must be 36°. If we then bisect 
<ACD with CF, it’s easy to calculate 
the other angles in the figure are as 
marked.
But now ΔACD ~ ΔCDF, so AC/
CD = CD/DF. If the side length of 
the regular pentagon is 1 and the 
lengthof the unknown diagonal is L, 
we obtain: L/1 = 1/(L−1), which is 
easily solved for L yielding L = Φ = 
(1+√5)/2.

6 Strut Lengths
If we consider the 2V dome, each 
of the equivalent equilateral trian-
gles from the icosahedron is subdi-
vided into 4 triangles and then the 
inner three vertices are pushed 
out to the surface of the inscribing 
sphere. Each of the original sides 
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of each triangle will become two 
equal pieces on the surface of 
the 2V dome, and three additional 
pieces are added to form the inner 
triangle. The three struts that make 
up the inner triangle are of equal 
length, as are the six struts that 
were made by subdivision and 
pushing out of the original edges of 
the icosahedron. It’s easy to verify 
by calculation that the two lengths 
are different, but that all of the struts 
in the final dome or sphere are one 
of those two lengths.
A similar, but slightly more complex 
analysis shows us that in the 
3V dome, exactly three different 
strut lengths are required. Thus if 
you’re making a 2V dome, there 
are only two different strut lengths 
required - for the dome, not the 
sphere, exactly 30 of the shorter 
length and 35 of the longer length 
are required. Since the dome can 
be arbitrarily scaled, it’s possible to 
find the optimal lengths for the two 
struts, given that you can purchase 
the raw material in fixed lengths.
A standard construction material 
for domes is steel electrical conduit 
that comes in 10-foot lengths in 

the United States. If you’d like to 
purchase the minimum number 
of these and yet make a dome of 
maximal size, you simply need to 
cut each length into two pieces 
that are in the proper ratio. With 
35 10-foot pieces, you can make 
the 35 long and 30 short struts and 
have 5 extra short struts at the end. 
(It’s probably a good idea to get a 
few more than 35, in case there’s 
a manufacturing error, and so that 
you will have at least a couple of 
spares of the longer length.) If holes 
are drilled in the ends of the struts, 
the problem of optimization is only 
a tiny bit more complicated.
So let’s see how to calculate the 
strut lengths, beginning with the 
2V dome. We’ll consider the orig-
inal triangle AIJ of the icosahedron 
listed in the previous section. The 
approximate coordinates of A, I and 
J are (0, 1, 1.618), (1, 1.618, 0) and 
(−1, 1.618, 0), respectively.
There are many ways to proceed, 
but one approach is this. We 
noted earlier that the radius of the 
sphere in which the icosahedron 
is centered is √(1 + Φ2) = 1.902. 
Thus if we divide all the coordi-

nates by 1.902 we will have all the 
vertices on the surface of a sphere 
of radius 1. Using the same names 
for the vertices, this will give us the 
following sets of coordinates: A = 
(0, .5257, .8507), I = (.5257, .8507, 
0) and J = (−.5257, .8507, 0).
The lengths of segments AI, IJ and 
JA are all equal to:
√(.52572+(.8507−.5257)2+.85072) 
≈ 1.0515.
To find the midpoint of segment AI, 
we need to find the average coordi-
nates of vertices A and I: (.5257/2, 
(.5257+.8507)/2, .8507/2) = (.2628, 
.6882, .4254). A similar computa-
tion gives the midpoint of I and J as 
(0, .8507, 0).
Both of these vectors have the 
same length, namely .8507, so to 
push them to the surface of the 
sphere, we need to divide all the 
coordinates by .8507, yielding M 
= (.3089, .8090, .5) and N = (0, 1, 
0), respectively, where M and N 
are the locations of the midpoints 
of the segments after they have 
been pushed out to the surface of 
the sphere.
The two strut lengths required to 
make a dome or sphere of radius 1 
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are thus equal to the lengths of AM 
and MN, which we calculate to be: 
|AM| = .5465 and |MN| = .6180.
Suppose we wish to construct an 
optimal 2V dome, using 10-foot 
pieces of electrical conduit, where 
we plan to flatten the ends and to 
drill holes one inch in from each 
end to attach the struts together. 
Basically, there are 4 “wasted” 
inches because we will need four 
holes after cutting the struts. Thus 
the original piece of conduit is 
effectively only 9 feet 8 inches, or 
9.6666 inches long. This has to be 
divided in a ratio of |AM|/|MN|, so 
the pieces will have lengths 4.536 
feet and 5.130 feet.

7 Triangle Coordinates
If you know the 3D coordinates of 
the three vertices of a triangle in 
space and you wish to subdivide 
that triangle into n2 smaller trian-
gles and to determine the coordi-
nates of the points of subdivision, 
the process is fairly simple.
Let’s use the example where n = 6 
so the triangle is subdivided into 62 
= 36 smaller triangles as in the illus-
tration on the left page. 

If the 3D coordinates of the points 
at the top, bottom left and bottom 
right are A, B and C, respectively, 
then the coordinates of the inte-
rior points are given by the labels 
in the figure above, divided by 6. 
Thus the point labelled 2A + 3B + 
1C will have coordinates A/3 + B/2 
+ C/6, etcetera. The coordinates 
are easily generated. Start from 
any vertex (say A, in which case 
the coordinates will be 6A + 0B 
+ 0C – in other words, all A) and 
step along the lines to the desired 
vertex. Each time you step along a 
line in the direction from vertex Q 
toward vertex R, subtract 1 from 
the Q values and add 1 to the R 
value.

8 How many struts are required?
Let’s consider first the problem of 
determining the number of struts 
required to make a sphere for each 
different size.
The initial icosahedron is made 
up of 20 triangular faces and 30 
edges. When a single one of the 
triangles is subdivided into 1, 4, 9, 
16, ... smaller triangles, the number 
of internal edges can be seen to be 

from the figures: 0, 3, 9, 18, 30, 45. 
This seems to satisfy the formula 
3(n2 − n)/2, where n is the number 
of subdivisions of each side. The 
number of edge struts will obvi-
ously be 3n.
We can see that the formulas above 
are true, since if we were to cut up 
the original triangle into n2 smaller 
triangles, there would be 3n2 edges, 
but each is double-counted except 
for the 3n outer edges. This makes 
a total of (3n2−3n)/2 inner edges, 
matching the formula we obtained 
from a direct count of the 6 smallest 
examples.
For the sphere, there are 20 faces 
and 30 edges of the original icosa-
hedron. Each face will generate 3(n2 
− n)/2 internal struts and each of the 
30 edges will add 30n more struts, 
for a total of 30n2 struts. For the 
even-V domes, we cannot simply 
cut this number in half, since there 
is the line of struts that lie along the 
ground. If we cut the number in half, 
we will only include half of the struts 
lying along the ground, so we need 
to adjust for that. If n is even, then 
an n-V dome will have 5n struts on 
the ground. Thus the total number 
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of struts required for an n-V dome, 
where n is even, is given by the 
formula: 30n2/2 + 5n/2. 
For the odd-V domes the calcula-
tion is not too hard. We make an 
upper (smaller) odd-V dome by 
slicing an odd-V sphere in half, but 
not on a rank.
In fact the cut will slice 10n struts, 
so the total number of struts in the 
smaller odd-V dome is given by 
(30n2 − 10n)/2.
Finally, for the larger odd-V dome, 
we need to add to that value the 
struts we sliced: 10n of them, plus 
the new bottom struts: 5n of them, 
for a total of 15n2 + 10n.

10 (Partially) Open Problem
If you build an icosahedron-based 
dome, how many different strut 
lengths will be required? This 
seems to be a difficult question, 
and I have not been able to find 
a nice solution. Using a computer 
program, I was able to work out 
the following data for the first few 
subdivision sizes:
1V: 1   2V: 2     3V: 3  
4V: 6   5V: 9     6V: 9  
7V: 16   8V: 20     9V: 18  

10V: 30   11V: 36     12V: 30 
13V: 49   14V: 56     15V: 45 
16V: 72   17V: 81     18V: 63

I do not have a proof for the 
following formulas, but they seem 
to fit the data perfectly, and they all 
have a similar form. If the sequence 
above is divided into six streams 
as follows: a0, b0, c0, d0, e0, f0, a1, 
b1, c1, d1, e1, f1, a2, b2, ... then each 
subsequence (a0, a1, a2, ... or b0, b1, 
b2, ... etcetera), has a nice form, as 
follows:
an = (3n + 1)2

bn = (3n + 1)(3n + 2)
cn = 3(2n + 1)(n + 1)
dn = 3(3n + 2)(n + 1)
en = 9(n + 1)2

fn = 3(2n + 3)(n + 1)

11 Tetrahedron and Octahedron-
Based Domes
There is no reason that you cannot 
begin with a tetrahedron or octa-
hedron, subdivide the triangles 
and push the vertices out to the 
inscribing sphere, and make 
successively better approximations 
to a sphere.
With a tetrahedron, a major problem 

will arise if you wish to have a dome 
rather than a complete sphere, 
since the tetrahedron has no natural 
“equator” as does the icosahedron 
when its triangles are divided into 
an even number of sub-triangles or 
as does the octahedron with any 
type of triangle subdivision.
In a sense, then the octahedron 
might seem to be a better candi-
date for geodesic domes than the 
icosahedron, since the 1V, 2V, 3V, 
... domes based upon it will all have 
a flat base. The problem arises from 
the fact that more subdivisions are 
required, and thus more different 
lengths are required. For the icosa-
hedron-based domes, the 1V, 2V 
and 3V domes require 1, 2 and 3 
different strut lengths, respectively. 
It’s nice to have lots of struts of the 
same length, since then it’s easy 
to have a small number of spares, 
in case there is damage, and the 
manufacturing process would 
require a smaller number of jigs.
Finally, although you almost never 
see them in the real world, Figure 
10 shows what 1V through 6V octa-
hedral domes would look like.
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Geschikt voor accommodaties met 
grote overspanningen

Geodetische koepels? De term 
klinkt menigeen onbekend in de 
oren, maar als je het Aviodome op 
Schiphol of de Puy de Dome als 
referenties noemt, gaat er een bel 
rinkelen. Een geodetische koepel 
is niets anders dan een bolvormige 
constructie van staal of hout. Een 
fascinerend concept dat bespaart 
op materiaalgebruik en veel 
ruimte laat door de stijfheid van 
de constructie. ARC2 Architectuur-
studio in Utrecht en adviesbureau 
Lüning te Doetinchem ontwikkelen 
geodetische koepels in onder meer 
hout.

Wie ooit eens de Zuid-Engelse 
badplaats Ardell in Cornwall heeft 
bezocht, kan één van de indruk-
wekkendste geodetische koepels 
bewonderen. Eén van de grootste 
botanische tuinen van Europa is 
overkapt met een staalconstructie 

waarvan de vlakken zijn ingevuld 
met teflon ‘kussens’. Men kijkt als 
het ware naar enorme transparante 
voetballen die in een vallei liggen. 
Architect ir. Gert-Jan de Jong van 
ARC2 kent uiteraard deze verschij-
ning. “Een prachtige constructie,” 
zo vindt hij. “Mijn natuurlijke voor-
keur gaat echter uit naar het gebruik 
van hout. Dat is zeer geschikt voor 
deze koepelopbouw, omdat hout 
een licht eigen gewicht heeft en 
over meer volume beschikt dan 
staal.” 

Grote overspanningen 
Al snel tijdens het gesprek pakt 
De Jong een stuk papier om de 
constructie te tekenen. “We hoeven 
relatief weinig materiaal toe te 
passen om grote overspanningen te 
creëren. De dikte van de constructie 
is minder dan een honderdste van 
de overspanning. De geodetische 
koepel heeft daarbij als voordeel 
dat er nergens in dit bouwsel een 
buigmoment voorkomt. Het mate-

riaal voert alleen drukkrachten af.” 
De constructie is verdeeld in drie-
hoekige vlakken die via staven met 
elkaar zijn verbonden. Vanwege 
de gelijkmatige verdeling van het 
bouwmateriaal kunnen er grote 
overspanningen mee worden gere-
aliseerd. Dat maakt deze samen 
stelling geschikt voor het over-
kappen van bijvoorbeeld (sport)
accommodaties met aanzienlijke 
hoogte. Volgens De Jong kunnen 
geodetische koepels een vrije 
ruimte van maximaal 350 meter (!!) 
overspannen. Overigens bestaan 
deze koepels niet in de wereld, 
zover hij weet. “De grootste geode-
tische koepel staat in de Verenigde 
Staten. Deze overbrugt een vrije 
ruimte van 260 meter.” 

Plannen 
De VS telt vele geodetische 
koepels. Neem de sportstadions, de 
beroemde domes. In Nederland zijn 
ook al enkele koepels gerealiseerd. 
De Jong toont enkele voorbeelden 

Geodetische koepel blijkt fascinerend 
concept

Appendix 3
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in prachtige artist impressions en 
foto’s. Zoals de waterzuiverings-
installaties in Goes en Bargeres 
en het planetarium in Artis, waar 
de koepelconstructie bestaat uit 
gebogen gelamineerde spanten, 
en speelverblijven in dierentuinen 
en recreatieparken. Vele plannen 
voor geodetische koepels verkeren 
in Nederland nog in de ontwik-
kelingsfase. GeoDomeDesign 
-het samenwerkingsverband van 
ARC2, adviesbureau Lüning en 
projectmanager Oranjewoud- is nu 
bezig met de overkoepeling van 
een buitenverblijf voor chimpan-
sees in het dierenpark in Amers-
foort en met een Afrikaans cultureel 
en handelscentrum in Rotterdam. 
Aansprekend project is de ontwik-
keling van een geodetische koepel 
voor schaatsbaan SkateDome in 
Haarlem. In een late fase werd 
GeoDomeDesign bij dit project 
betrokken. “Voor dezelfde bouw-
kosten als een traditionele dakcon-
structie met kolommen konden 
we een koepel realiseren,” doet 
Gert-Jan de Jong uit de doeken. 
“Aannemer HBG stond perplex. Ze 
hadden verwacht dat onze oplos-

sing duurder zou uitvallen, maar 
dat hoeft helemaal niet. Vergeet 
niet dat we de bouw van tussenko-
lommen uitsparen en relatief weinig 
materiaal toepassen. 

Efficiënt 
De Jong kwam in aanraking met 
het fenomeen via zijn huidige 
samenwerkingspartner adviesbu-
reau Lüning in Doetinchem. Hij was 
onder de indruk van de vormgeving 
en de constructie. “Ik heb in Eind-
hoven een opleiding genoten als 
architect en constructief ontwerper. 
Ik zie de constructie als integraal 
onderdeel van een ontwerp. Daar-
naast laat ik me graag inspireren 
door de natuur en natuurlijke 
vormen. Ronde vormen komen 
altijd in de natuur voor.”
De Jong’s ontwerpen van 
gebouwen hebben een organi-
sche inslag. De organische lijnen 
komen terug in de geodetische 
koepels. Een dergelijke opbouw 
hoeft namelijk niet volmaakt rond te 
zijn; er kunnen allerlei varianten op 
worden bedacht, zoals een ellips-
vorm. “Een verwrongen ronde vorm 
biedt voor mij weer een nieuwe 

uitdaging,” zo vervolgt De Jong. 
“In Nederland worden architecten 
vaak veroordeeld tot het ontwerpen 
van rechthoekige gebouwen met 
het oog op een efficiënte indeling 
en productie. In een geodetische 
koepel kan een gebruiker ook 
zeer efficiënt gebruik maken van 
de ruimte. Hij kan de ruimte maxi-
maal flexibel indelen, omdat de 
kolommen ontbreken.” Het wordt 
anders als er tussenwanden en 
verdiepingsvloeren in de koepel 
worden gemaakt. Dan verliest de 
bolle vorm haar kwaliteit. Voor een 
kantoorgebouw is een geodetische 
koepel dan ook niet geschikt. Voor 
een woning evenmin, omdat bewo-
ners toch geneigd zijn om binnen-
wanden te plaatsen. “We hebben 
de kubuswoningen en bolvormige 
woonhuizen in polyester gehad, 
maar die ontwikkeling zal niet door-
zetten. Maar voor andere accom-
modaties met een grote overspan-
ning zijn geodetische koepels zeer 
geschikt,” stelt De Jong. “Overi-
gens kunnen er wel kleine vloerele-
menten aan de koepelconstructie 
worden opgehangen. Dat zie je 
wel terug in bijvoorbeeld speelver-
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blijven voor mensen en dieren.” 

Krimp- en zwelgedrag 
De Amerikaanse ingenieur Buck-
minster Fuller vond in de jaren 
veertig het concept van de geode-
tische koepel uit. Hij maakte bouw-
werken van lichte materialen die 
dusdanig geconstrueerd waren dat 
ze geen massieve steunen nodig 
hadden. De totale constructie 
bestaat uit een combinatie van 
vijf- en zeshoeken. Het geheel 
is niet op een standaard raster 
gemaakt, zoals op het eerste oog 
lijkt. De verbindingsstaven hebben 
verschillende afmetingen. Dat 
maakt het voor de ontwerper van 
in het bijzonder een houten geode-
tische koepel best lastig. De Jong 
legt de situatie uit aan de hand van 
een schaalmodelletje. “Het krimp-
en zwelgedrag van hout is moeilijk 
te berekenen. Het materiaal werkt 
in de lengte en breedte. Met staal 
valt veel makkelijker te calculeren, 
vandaar dat veel constructies in 
staal worden uitgevoerd. Niet veel 
constructeurs kunnen de krachten 
van hout berekenen. En nog minder 
van hen zijn in staat dat te doen bij 

geodetische koepels. Daarvoor 
moet je een specialist zijn.
Adviesbureau Lüning heeft die 
expertise wel in huis en kan de 
opdrachtgever overtuigen van de 
efficiëntie van het gebruik van hout 
in een geodetische koepel.” 

Gering materiaalverbruik 
De koepel wordt zonder steiger 
opgezet. Op die manier kan 
de opdrachtgever forse kosten 
besparen. Voor de aannemer is het 
handig, omdat hij zodoende natuur-
lijke elementen als bomen makke-
lijk kan omzeilen. Met behulp van 
een bouwkraan worden de staven 
op de plek gebracht en vervolgens 
monteert de bouwvakker in een 
hoogwerker deze elementen. De 
staven worden steeds als twee 
driehoeken tegen elkaar gezet. 
Vanuit dit principe krijgt de koepel 
gestalte. De aanvoer van de staven 
geschiedt in een container. “Ze 
hebben vrij geringe afmetingen. In 
feite verbruiken we relatief weinig 
materiaal, dat is ook een groot 
voordeel van deze constructie. De 
dikte van het materiaal is overal 
hetzelfde. Ik zie wel eens houten 

dakconstructies waar zo’n afschu-
welijk grote knoop is gefabriceerd 
om de belasting op te vangen,” 
gruwelt De Jong. “Dat hoeft niet 
in een geodetische koepel.” De 
staven worden gemonteerd via een 
stalen cilinder, die dwars door het 
knooppunt steekt, en vervolgens 
met bouten vastgezet. De open 
vlakken zijn naar believen in te 
vullen. Toegepast worden bijvoor-
beeld tentdoek, rvs-gaas (voor 
speel- en dierenverblijven), teflon 
kussens (botanische tuinen) en 
houten dakbeschot (voor dichte 
accommodaties). Ook kunnen de 
vlakken in de constructie worden 
opengelaten, zoals in veel speel-
koepels het geval is. 

Onbekendheid 
Wanneer een houten koepel wordt 
gebouwd, betrekt GeoDomeDe-
sign gecertificeerd hout. In buiten-
toepassingen worden allerlei hout-
soorten verwerkt, maar azobé is 
een veel gebruikte. Binnen kunnen 
diverse naaldhoutsoorten worden 
toegepast, zoals lariks en vuren. 
De verkrijgbaarheid van het hout 
is volgens Gert-Jan de Jong geen 
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probleem omdat er geen uitzon-
derlijke lengten worden verlangd. 
GeoDomeDesign werkt nu samen 
met GLC Houtconstructies te 
Arnhem die het gelamineerde hout 
voor de constructie levert. Steeds 
meer partijen raken geïnteres-
seerd in het concept van geodeti-
sche koepels dat in Nederland nog 
geen vaste voet aan de grond heeft 
gekregen
Niettemin waren de reacties op de 
afgelopen Internationale Bouw-
beurs in Utrecht enthousiast, zo 
vertelt De Jong. “We hebben ons 
daar duidelijk geprofileerd. Onze 
grootste handicap is inderdaad de 
onbekendheid met het bouwcon-
cept en daarmee ontstaan er voor-
oordelen. Leken denken vaak dat 
ronde bouwvormen duurder zijn 
dan vierkante. Dat hoeft helemaal 
niet zo te zijn. Ook wordt gedacht 
dat bouwen in staal goedkoper 
is dan in hout. Ook dat is in vele 
gevallen niet waar. Het hangt hele-
maal af van het soort project, de 
soort constructie en het materiaal-
gebruik.” ARC2 Architectuurstudio 
wordt steeds vaker benaderd voor 
het ontwerpen van geodetische 

koepels in Nederland. Er staat 
volgens De Jong een groot project 
op stapel, maar hij houdt zich wat 
dat betreft liever nog even op de 
vlakte. “Laat ik opmerken dat het 
concept steeds meer bekendheid 
en waardering krijgt in de markt,” 
besluit hij.


