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I. Abstract 
This master thesis develops two mathematical models for optimizing the maintenance policy when 

systems are used under different loads and/or maintained at different working locations. One of the two 

mathematical models is based on a failure based policy and the other model is based on a block 

replacement policy. The mathematical models calculate the total expected replacement cost and total 

expected downtime. The models can be used to determine if components should be replaced before a 

system will be used under a different load and/or maintained at a different working location and to 

determine the optimal replacement interval during such periods. Currently, so far no such model is 

available in literature. Furthermore, this master thesis provides a case study for the optimization of the 

maintenance policy of a component.  
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III. Management summary 
This master thesis project has been executed at the Netherlands Ministry of Defence. The Netherlands 

Ministry of Defence is a governmental institution that comprises the Central Staff, the Armed Forces, the 

Defence Material Organization and a Support Command. 

Introduction 
To be able to perform the core task of the Defence organization, numerous capital assets, or weapon 

systems, are used. In order to assure high availability levels of these weapons systems, the Defence 

organization applies several maintenance policies.  Many of these maintenance policies have fixed 

preventive maintenance intervals. For systems that are used under fixed conditions, such policies seem 

to be suitable. However, in case of the Defence organization, the conditions frequently change as the 

weapon systems are used in many different ways and are deployed to working locations with different 

environmental conditions. Due to this distinctive manner of use, the load that is exerted to the system, 

varies over time. This has the consequence that in some periods more maintenance is needed than in 

others. Furthermore, weapon systems are frequently maintained at locations where resources are 

scarce. Hence, it may be profitable to apply extra preventive maintenance preceding to a deployment to 

such working locations. Based on these motives, it has been concluded that the currently used 

maintenance policies by the Defence organization may not be optimal. This conclusion has led to the 

following research question: 

What is the optimal maintenance policy for a weapon system when it will be used under a different 

load and/or maintained at a different working location? 

Due to time restrictions, not all maintenance policies could be analyzed for optimization. Therefore, a 

selection had to be made. Because the failure based replacement policy and the block replacement 

policy are frequently used by the Defence organization, these policies have been selected. Based on 

these policies, two mathematical models have been developed that can be used for optimization. Since 

replacement cost and downtime are considered to be important aspects by the Defence organization,  

the mathematical models can be used to evaluate the total expected replacement cost and total 

expected downtime. 

Research framework 
As a framework for the development of the mathematical models, the research model of Mitroff et al. 

(1974) has been used. This research model contains four phases: conceptualization, modeling, model 

solving and implementation. During the conceptualization, the parameters and decision variables that 

are included in the model, have been identified. In the modeling phase the mathematical models have 

been developed and validated. In the modeling solving phase the models have been applied in a case 

study. The results of this case study have been evaluated in terms of operational validity. The last part of 

the research framework is the implementation phase. In this phase the tools and processes that are 

delivered to the organization in order to use the mathematical models are described. 

Results 
During the research period, the existing failure based replacement policy and the block replacement 

policy were adapted by adding an extra decision variable to examine whether replacing a critical 
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component of a weapon system, should be executed before it will be used under a different load and/or 

maintained at a different working location. In order to use the mathematical models in a case study, a 

critical component of a weapon system has been selected. The weapon system selection was based on 

the availability of data because data is one of the most important requisite for accurate results. The 

selected weapon system is system A. For the selection of the critical component, the Degrader Analysis 

of Banks et al. (2008) has been used. The Degrader Analysis concentrates on those components that 

contribute most to the downtime and maintenance cost. The selected component is component D, 

which in a desert environment is replaced more frequently causing longer downtimes and costly 

replacements. Therefore, the usage of the component in desert environment has been classified as a 

high load and the usage in non-desert environments as a normal load. After the critical component 

selection, the values of the parameters that need to be included into the mathematical model have 

been estimated. The data used for the estimation has been evaluated in terms of validity. 

In the context of the case study, several scenarios, derived from current practice, were analyzed.  In 

order to use the mathematical models for optimization, a computer model has been developed. Based 

on the scenario analysis it has been concluded that with respect to the currently used policy, which is a 

standard failure based replacement policy, in some situations the replacement cost and downtime can 

be reduced. These reductions can be established by replacing the component before a weapon system 

will be deployed under high load and to a working location outside the Netherlands, and when in 

addition a failure based replacement policy is applied. However, the reductions decrease when the 

duration of the deployment decreases. When the component is shortly used under a different load 

and/or at a different working location, the currently used policy is optimal in terms of replacement costs 

and downtime. In addition to the scenario analysis, a sensitivity analysis has been performed.  

Conclusion and recommendations 
The scenario analysis showed that the developed mathematical models can be valuable for the Defence 

organization. It is recommended to the organization to implement the models and to use them also for 

the maintenance optimization of other components. This project demonstrated an approach that could 

be used for that purpose.  

Academic relevance 
The models developed in this project are designed for systems that are used under different loads 

and/or maintained at different working locations. As far as to the knowledge of the author, the 

developed models have not been previously presented in literature. Furthermore, when using the 

mathematical models, a failure based replacement policy can be alternated with a block replacement 

policy when the load or maintenance location changes. In most mathematical models that exist in 

literature, only one maintenance policy is considered for optimization. Finally, in literature it often 

remains unclear how the models should be applied in practice. In this project the models are applied in 

the field.   
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Definitions 
Term Definition 

Availability is the probability that a system or component will be in a condition to 
perform its intended function when required 

Cumulative density function is the probability that a system or component fails at or before a 
specified moment in time 

Downtime is determined by the time that a system or a component is not available  
Erosion is a wear mechanism, which takes place when a fluid or gas is flowing 

along a system’s or component’s surface 
Failure is the state that the intended function of the system or component can 

no longer be fulfilled 
Failure mechanism is the physical mechanism yielding degradation of the system or 

component and ultimately leading to the physical failure 
Failure mode is the manner in which a component fails 
Maintenance is the combination of all technical and associated administrative actions 

intended to retain a system or component in, or restore it to, a state in 
which it can perform its required function 

Maintenance policy describes what event (e.g., failure, passing of time) trigger which type 
of maintenance (e.g. repair or replacement) 

Mission oriented system is a system that at various times during its life time performs a mission 
of a fixed duration 

Load is the extent to which the system or component is exposed to external 
influences 

Operational period is defined as the period that a system or component is required to 
perform its intended function 

Particle erosion  is a wear mechanism, which takes place when a medium that contains 
solid particles, is flowing along a system’s of component’s surface 

Probability density function is the probability that a system or component fails at a specified 
moment in time 

Reliability is the probability that a system or component does not fail before a 
specified moment in time 

Replacement cost is determined by the cost that are associated with corrective and 
preventive replacements during a specified period, including labor, 
material, and transportation cost 

Replacement time is determined by the time that is needed to restore the system or 
component in a condition able to perform its intended function 

Selective maintenance 
problem 

is a problem of finding the best choice of maintenance actions to be 
performed on a multicomponent system within a fixed time window 

Time-to-failure is the time that the system or component has been operating until the 
moment of failure 
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1 Introduction 

The master thesis project has been executed at the Netherlands Ministry of Defence. This chapter 

provides a description of the research environment, the research topic, the research design, and finally, 

the report outline. 

1.1 Research environment 

1.1.1 Company profile 

The Netherlands Ministry of Defence is a governmental institution that comprises the Ministry itself (the 

Central Staff), the Royal Netherlands Navy, the Royal Netherlands Army, the Royal Netherlands Air 

Force, the Royal Military and Border Police, a Support Command and the Defence Material Organization.  

With around 68.000 employees the Defence organization is one of the larger employers in the 

Netherlands. The Defence organization contributes to the stability and freedom in the world and has 

three core tasks; perform a protection task, provide support for civil authorities in upholding the law, 

and provide disaster relief and humanitarian aid, both nationally and internationally. 

1.1.2 Company assets 

To be able to perform the core task of the Defence organization, numerous capital assets, or weapon 

systems, are used. These weapon systems can be categorized into air, land and sea systems.  As an 

illustration, one could think of systems such as transport helicopters,  armoured vehicles, and 

submarines. The systems are most often technologically complex, capital-intensive, and have long 

lifecycles.   

The usage, as well as the environment in which the Dutch weapon systems operate, can vary 

considerably (Ministerie van Defensie, 2010). This means that the load on a weapon system, which is the 

extent to which the system is exposed to external influences (Tinga, 2013), may vary form one period to 

another. This variation in load can be considered as a distinctive characteristic of the usage of the Dutch 

weapon systems.  

As a consequence of the international deployments of the Defence organization weapon systems are 

maintained at various locations. When a weapon systems is located at a location outside the 

Netherlands for a longer period of time, on-site maintenance is inevitable. In order to apply 

maintenance on these locations, maintenance resources (e.g. spare parts, support equipment and 

personnel) are shipped to the location of deployment. Because it can be very expensive to transport the 

resources to these often far-away locations, frequently only a limited amount of maintenance resources 

are available at the location of deployment. Compared  to the maintenance at full facilitated home 

bases in the Netherlands, on-site maintenance can be very costly and/or can result in long downtimes 

when resources are not available. 

1.1.3 Company maintenance policies  

According to Dekker (1996) a maintenance policy describes what event (e.g., failure, passing of time, 

deployment) trigger which type of maintenance (e.g. repair or replacement). Maintenance policies can 

be classified into two basic classes: failure based policies and preventive maintenance policies (Wang, 
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2002). In a failure based policy a component is maintained after a failure occurred, while in a preventive 

maintenance policy, maintenance is applied to reduce the probability of a failure.  

The Defence organization uses failure based policies as well as preventive maintenance policies. In most 

preventive maintenance policies applied by the Defence organization, maintenance is applied at fixed 

maintenance intervals. The trigger for this preventive maintenance is often calendar time or operating 

hours, but it can also be triggered by an event such as an deployment.  

For the Defence organization availability plays an important role. This especially holds when weapon 

systems are used at international deployments. Higher availability levels may be required during such 

deployments compared with the availability levels that are required during training exercises in the 

Netherlands. To keep the availability of the weapon systems at an acceptable level, maintenance is vital. 

Due to strong shrinking budgets the need for efficient maintenance is more than ever. 

1.2 Research topic 
After having examined literature and having interviewed company stakeholders it has been concluded 

that the currently used maintenance policies may not be optimal. This is based on the following: 

1) Many weapon systems of the Defence organization are maintained at fixed preventive 

maintenance intervals. Such maintenance policies, where fixed intervals are applied during the 

complete service life of the system, are called static (Tinga, 2013). When the conditions remain 

the same, a static policy seems to be reasonable. Yet, when conditions change in time, because 

a  weapon system will be used under a different load and/or used at different working location, 

a more dynamic maintenance policy seems to be appropriate. The use of such a maintenance 

policy could imply that the optimal preventive maintenance interval changes when a weapon 

system will be used under a different load and/or at a different working location. In most 

currently used maintenance policies of the Defence organization, changes in load and/or 

working location are not considered. Therefore, the current preventive maintenance intervals 

may not be optimal. 

 

2) As described in the previous section, resources at far away maintenance locations are often 

scarce. Hence, it may be sensible to do extra preventive maintenance at a full facilitated Dutch 

home base, before deploying a weapon system to a less facilitated working location. Additional 

maintenance may prevent expensive maintenance during the deployment and/or long 

downtimes. This means that when a deployment is imminent, an assessment should be made 

whether to do or not to do extra preventive maintenance before deploying a weapon system. 

Currently, there is no model available in the Defence organization to support such a decision. 

The currently used decision policy to do extra preventive maintenance, therefore, may not lead 

to an optimal maintenance policy.   
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1.3 Research design 

1.3.1 Research goal 

Based on the aspects described in the previous section it is concluded that the currently used 

maintenance policies of the Defence organization may not be optimal for the Dutch weapon systems, 

considering that they are used under different loads and/or maintained at different working locations. 

This research has the aim to determine the optimal maintenance policy in case a weapon system will be 

used under different loads and/or at different working locations.   

1.3.2 Research questions 

With the above research goal, the main research question is formulated: 

What is the optimal maintenance policy for a weapon system when it will be used under a different 

load and/or maintained at a different working location? 

In order to answer the main research question three sub questions are formulated. 

 

Sub question 1 

In order to determine the optimal maintenance policy,  mathematical models are developed that can be 

used for maintenance optimization.  Maintenance optimization is finding the optimal balance between 

cost and benefits of maintenance (Dekker, 1996). In order to create the mathematical models it should 

be clear which decision variables and parameters should be included in these models. 

- What are the decision variables and parameters that should be modeled? (Chapter 2) 

Sub question 2  
Once it is known which decision variables and parameters should be modeled, the optimal values of the 
decision variables must be determined.  
 

- How can the optimal values of the decision variables be determined? (Chapter 3) 

Sub question 3 

In order to apply the mathematical models for maintenance optimization, a weapon system is selected. 

The selection of the weapon system is described in more detail in Chapter 4. As it is unfeasible to 

analyze all components of the weapon system, a selection of the most critical components has to be 

made.  

 

-  How can the critical components of a weapon system be identified? (Chapter 4) 

1.3.3 Research demarcation 

This research will determine the optimal maintenance policy when a weapon system will be used under 

different loads and/or at different working locations. Because ‘optimization’ is a broad concept it has 

been decided that the output of the mathematical models must be able to be evaluated in maintenance 

cost and availability (or downtime). These parameters, maintenance cost and availability, are currently 

the most important parameters for the Defence organization. 



  

4 
 

Due to the time limits of this project it was impossible to examine all maintenance policies. Based on 

interviews with stakeholders the failure based replacement policy and the block replacement policy 

have been selected for improvement, since these policies are frequently used by the Defence 

organization. This means that a mathematical model of a failure based replacement policy has been 

developed, and a mathematical model of a block replacement policy. These policies are both principal 

policies discussed in literature (Berg & Epstein, 1978) and are discussed in more detail in section 2.3. 

1.3.4 Research deliverables 

The deliverable of this research is a mathematical model of a failure based replacement policy and a 

mathematical model of block based replacement policy that can be used for optimization. The models 

should: 

1) help the maintenance manager to decide if components should be replaced before a system will 

be used under a different load and/or at a different maintenance location 

2) help the maintenance manager to determine the optimal preventive replacements interval 

when a system will be used under a different load and/or at a different maintenance location 

In order to use the mathematical model in a user-friendly way, a tool (i.e. computer model)  has been 

created.   

1.3.5 Research framework 

Because the mathematical models that have been developed can be used for the optimization of the 

maintenance policy, this research can be qualified as a normative empirical quantitative research. The 

research can be described as normative since the aim of this study is to improve the existing 

maintenance policies. The research is quantitative because mathematical models are built, capturing a 

part of the maintenance process. The research is empirical because the concern of this research is to 

ensure that there is a fit between observations or actions in the process and the model of the process. 

Bertrand and Fransoo (2002) mention a research model developed by Mitroff, Betz, Fondy & Sagasti 

(1974), which can be used for normative empirical quantitative research (Figure 1.1).  The model 

identifies four research phases. These four phases are executed during this research and are described 

below. 

1) In the conceptualization phase the scope of the model and the problem are assessed, and  

decisions are made about parameters and decision variables that need to be included in the 

model. The basis of the conceptual model description is an extended literature study, and an 

analysis of the current problem and situation. The conceptualization phase is described in 

Chapter 2. 

2) In the modeling phase, the mathematical models are developed, and the causal relationships 

between the included variables are defined. The modeling phases is described in Chapter 3. 

3) In the third phase, the model solving phase, the model will be applied and tested on different 

scenario’s. In those scenarios the optimal maintenance policy is compared with the currently 

used policy. The model solving phase is described in Chapter 4-6. 
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4) The implementation phase is the final phase. This phase describes which tools and processes are 

delivered in order to use the optimization model. The implementation phase is described in 

Chapter 7. 

 

The model is validated during the modeling phase and during the model solving phase.  

 
Figure 1.1. Mitroff et al. (1974). Operation research model 

  

1.4 Report outline 
This first chapter provided the description of the research environment, the research topic and the 

research design. In Chapter 2, the conceptualization phase is described which comprises the 

identification of the parameters and decision variables that should be included into the mathematical 

models. Subsequently, in Chapter 3, the mathematical models are presented. Then, in order to apply the 

mathematical models, a critical component of a weapon system is selected . The selection process is 

described in Chapter 4. Next, in Chapter 5, the values of the parameters that are included in the 

mathematical models are estimated. In Chapter 6, the models are applied. In Chapter 7, the 

implementation of the models is described. Finally, in Chapter 8,  the research questions are answered 

and a conclusion is given. Furthermore, recommendations for further research are given as well. The 

report outline is shown in Figure 1.2. 
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Figure 1.2 Report outline 
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Implementation phase 



  

7 
 

2 Conceptualization 
In this chapter the conceptualization phase of the research model of Mitroff et al. (1974) is described.  

The conceptualization phase started with an extensive literature study. In section 2.1, a short note on 

the literature study is given. In section 2.2, the concepts corrective maintenance and preventive 

maintenance are discussed since the developed mathematical models are derived from a corrective 

maintenance policy and a preventive maintenance policy. In section 2.3, the relations between the 

parameters and decision variables that need to be incorporated in the mathematical models are 

described. These parameters and decision variables are discussed in more detail in sections 2.4 -2.8. 

2.1 Literature review  
Literature study showed that many maintenance models exist. Therefore, the search for relevant 

literature had to be demarcated. It was found that two fields of study show similarities with the problem 

examined in this project. 

The first field of study is the so called ”selective maintenance problem”. In a selective maintenance 

problem, the problems consist of finding the best choice of maintenance actions to be performed on a 

multicomponent system within a fixed time window (Lust, Roux, & Riane, 2009). The second field of 

study is the study to “mission-oriented systems”. A mission oriented system is a system that at various 

times during its life time performs a mission of a fixed duration (Guo, Wang, Guo, & Si, 2013). The 

mission that is executed by the system is composed into different phases, which are performed 

consecutively. During each phase a different load may be experienced. In mission-oriented problems, no 

maintenance can be applied until all phases are completed. In this project parts of these fields of study 

are combined. 

1. The problem that is examined in this project shows correspondence with a selective 

maintenance problem because a choice has to be made whether or not to do an additional 

maintenance action before a system is used under a different load and/or maintenance location. 

Yet, no time restrictions are considered in this project. 

2. The problem that is examined in this project shows correspondence with the study to mission-

oriented systems because the load of the weapon systems changes in time.  However, between 

each change in load, maintenance can be applied. 

Although in literature many forms of failure based policies and block policies are published, as far as to 

the knowledge of the author, no mathematical models are present in literature which can be used for 

the problem studied in this project. The conceptualization, which is the basis for the development of the 

mathematical models, is described in the following sections. 

2.2  Corrective maintenance versus preventive maintenance 
Maintenance can be defined as the combination of all technical and associated administrative actions 

intended to retain a system or a component in, or restore it to, a state in which it can perform its 

required function (Dekker, 1996). As already described in Chapter 1, maintenance can be divided in 

corrective maintenance and preventive maintenance. When the probability of a failure increases for a 
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future time interval, it can be advantageous to apply a preventive maintenance policy. The use of a 

preventive maintenance policy can lead to an increased availability and/or to lower maintenance costs. 

This is for the following reasons.  

1) Failures occur unexpectedly, and often leads to unavailability. Preventive maintenance is often 

planned during a period that the system or component does not need to be available.  

2) Failures often lead to high cost (e.g. sequential loss, penalty cost). In such cases, preventive 

maintenance may be applied to reduce the probability of a failure and its related cost.   

When it is chosen to apply preventive maintenance, the preventive maintenance frequency must be 

determined, as too many preventive maintenance actions can lead to a low availability and high 

maintenance cost as well. When the probability of a failure is constant or decreases in a future time 

interval, it is best to apply only corrective maintenance.  

2.3 The parameters and decision variables of the maintenance policies 
In this project two maintenance policies have been modeled; a corrective maintenance policy and a 

preventive maintenance policy.  The corrective maintenance policy that has been modeled, is the failure 

based replacement policy. In a failure based replacement policy, the component is replaced after a 

failure occurs.  This means that in a failure based policy only corrective maintenance is applied. The 

preventive  maintenance policy that has been modeled, is the block replacement policy. In a block 

replacement policy a component is replaced at fixed times and after a failure. The policy derives its 

name from the commonly employed practice of replacing a block or group of components in a system at 

fixed intervals (Wang & Pham, 2006).  When components are replaced as a group, coordination of 

preventive maintenance actions of other components may reduce costs. A major drawback of this policy 

is that practically new components may be replaced.  Currently, the failure based replacement policy 

and block replacement policy are frequently used by the Defence organization. 

In this project, the failure based replacement policy and the block replacement policy have been 

adapted. In both policies, a preventive replacement may be applied before a component is going to be 

used under a different load and/or at a different maintenance location. This replacement is denoted as 

an ‘extra preventive replacement’ since it is a single preventive replacement complementary to the 

original policy. 

Figure 2.1 shows the interactions between the parameters and decision variables of both policies. The 

failure based replacement policy has one decision variable, which is the decision whether to or not to do 

an extra preventive replacement. The block replacement policy has one additional decision variable. In 

the block replacement policy, the preventive replacement interval must also be determined. The values 

of the decision variables should be chosen in such a way that it results in an optimal output; i.e. minimal 

replacements cost or availability.  

The decision to do an extra preventive replacement has a relation with the number of preventive 

replacements. When it is decided to do an extra preventive replacement, the number of preventive 

replacements increases with one. Hence, this decision results in an increase of the replacement cost and 

a decrease of the availability.  The level of the increase and decrease is determined by two parameters; 
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the cost and time of a preventive replacement. Furthermore, when it is decided to do an extra 

preventive replacement,  the expected number of replacements (or failures) will decrease, which in turn 

results in a reduction of the total expected replacement cost and an increase of the total expected 

availability. The level of increase/decrease of the total expected replacement cost and total expected 

availability is determined by the cost and time of a corrective replacement. A similar relation is present 

in the second decision variable of the block replacement policy. When the preventive replacement 

interval is shortened, the number of preventive replacement increases, which in turn results in an 

increase of the replacement cost and a decrease of the availability. Furthermore, the number of 

expected failures decreases, which in turn results in a decrease of the replacement cost and an increase 

of the availability. Of course, an opposite effect of the described relation is present when no extra 

replacement is applied or when the preventive replacement interval is increased.  On the left side of 

Figure 2.1, two more parameters are shown; the load and  the component time-to-failure distribution. 

The load, exerted to the component, affects the time-to-failure distribution, which in turn affects the 

expected number of failures.   

All the parameters and the decision variables are discussed in more detail in the next sections, starting 

with the load and the component time-to-failure distribution in section 2.4. After having discussed these 

two parameters, the mathematical relation between the preventive replacement interval and the 

expected number of corrective replacements is discussed in section 2.5, and subsequently, the relation 

between an ‘extra preventive replacement’ and the expected number of corrective replacements in 

section 2.6. In the final section of this chapter, section 2.7, the parameters costs and replacement time 

are defined,  as well as the total expected replacement cost and total expected availability. 

 

 

 

Figure 2.1 – Interactions between the parameters and decision variables of the modeled failure based replacement policy and the 

block based replacement policy 
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2.4 The component time-to-failure distribution and the load 
The component time-to-failure has been defined as the time that the component has been operating 

until the moment of failure. The time-to-failure is a random variable, that follows a probability 

distribution. The time-to-failure can be modeled using a probability density function (pdf) and a 

cumulative distribution function (cdf). The probability density function is defined as the probability that a 

component fails at a specified moment in time, say time  . The cumulative density function is defined as 

the probability that a component fails at or before a specified moment in time, say time  . For a new 

component, the mathematical relation between the pdf and the cdf is as follows. 

  ( )   (                              )   (      )  ∫  ( )  
 

 

 Eq. 2.1 

where  ( ) is the cumulative density function and  ( ) the probability function. The reliability, which is 

the probability that a component does not fail before a specified moment in time is given by,  

  ( )     ( )   Eq. 2.2 

where  ( ) is the reliability function. The relation between the probability density function and the 

reliability function is given by,  

  ( )   
  ( )

  
 Eq. 2.3 

Figure 2.2 shows an example of the cumulative distribution function, the reliability function, and the 

probability density function of the time-to-failure.  

 

Figure 2.2 Example of the probability density function (left,) cumulative distribution function (middle), and the reliability function (right)  

Several distributions can be used to model the time-to-failure. Such distributions are the Exponential, 

Weibull and Normal distribution. Examples of these three distribution functions are shown in Figure 2.3.  

Of all distribution, the Weibull distribution is one of the most used in reliability studies (Zhang, Xie, & 

Tang, 2007). The Weibull is very flexible due to its scale parameter   and shape parameter  . Depending 
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on the parameters, the Weibull distribution can approximate the Normal distribution and can be equal 

to the exponential distribution. In practice, it has been found that most failure distributions can be 

reasonably represented by the Weibull distribution due to its flexibility (Hall & Strutt, 2003).  

 
Figure 2.3 Examples of the probability density function (left) and cumulative distribution function (right), for some distributions 

The load to a component affect the time-to-failure distribution. If the load to a component increases, 

failures occur at earlier times. If the load to a component decreases, failures occur at later times. Thus, it 

can be concluded that when a component is used under two different loads, the time-to-failure has to 

be modeled with two time-to-failure distributions. 

2.5 The relation between the preventive replacement interval and the 

expected number of corrective replacements 
In a block replacement policy, the number of corrective replacements is influenced by the preventive 

replacement interval. Between two preventive replacements a component may fail. The shorter the 

interval, the probability of a failure will decrease. In order to determine the expected number of 

corrective replacements between two preventive replacements, say interval  , the following equation 

can be used 

    ( )   ∑    ( )

 

   

 Eq. 2.4 

where   ( ) is the probability of exactly   failures during the interval      . The following must hold 

 ∑   ( )

 

   

   Eq. 2.5 

The probability of exactly 0 failures during the interval       is equal to the probability that the 

component survives the complete interval      . Thus, 

   ( )   ( ) Eq. 2.6 
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The probability of exactly 1 failure during the interval       is equal to the probability of one failure 

during the interval       at time   , multiplied by the probability of 0 failures during the remainder of 

the interval, which has a length of     . Thus, 

   ( )  ∫  ( )
 

 

 (    )    Eq. 2.7 

The probability of exactly 2 failures during the interval        is equal to the probability of a failure 

during the interval       at time   ,  multiplied by the probability of a second failure during the interval 

         at time   , multiplied by the probability of 0 failures during the remaining interval      

(     ) . Thus,  

   ( )  ∫  (  )
 

 

(∫  (  ) (  (     )) 
    

 

   )    Eq. 2.8 

The probability of exactly 3 failures during the interval       is equal to 

   ( )  ∫   (  )
 

 

(∫  (  )
    

 

(∫  (  ) (  (        ))
  (     )

 

     )   )    Eq. 2.9 

etc.   

2.6 The relation between an extra preventive replacement and the expected 

number of corrective replacements 
In the failure based replacement policy and in the block replacement policy the expected number of 

corrective replacements is affected by the decision to do an extra preventive replacement. When it is 

decided to do an extra preventive replacement, a new component will be installed. The reliability of a 

new component is higher than a used component. Hence, the expected number of failures during a 

replacement interval will decrease when the interval is started with a new component. When the 

interval between two preventive replacements is started with a used component, the reliability of this 

component can be described as follows. Suppose a component has been operating for time   , the 

probability that the component survives for an additional time   is:  

  ( |  )   {        |      }  
 {       }

 {     }
 Eq. 2.10 

2.7 The total expected replacement cost 
For each replacement, maintenance personnel and materials (e.g. tools, parts) are needed. When the 

replacement is done at a working location abroad, transport is needed because the component has to 

be transported to this location. The cost of a corrective replacement and a preventive replacement does 

not have to be the same. The total replacement cost has been defined as the sum of all the cost that are 

associated with corrective and preventive replacements during a specified period, including labor, 

material, and transportation cost.  
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2.8 The total expected availability 
The availability has been defined as the probability that a system is in a condition to perform its 

intended function when required. As stated before, preventive maintenance is mostly planned during a 

period that the component does not need to be available. This means that the downtime caused by 

preventive maintenance not necessarily reduces the availability. For example, when a component is only 

required during daytime, the maintenance could be planned during nighttime. Therefore, the availability 

is not influenced. However, when the preventive maintenance cannot be finished during night time, the 

availability decreases. Corrective maintenance often affects the availability since failures are often 

detected while the component is operating, An example of each situation is demonstrated in the figures 

below. 

 

The availability can be determined with the following equation  

                                     

                                                                             
      

In this equation, the operational period is defined as the period that a system or a component is 

required to perform its intended function. The equation shows that the downtime in the operational 

period total is relevant for the availability, and not the total downtime. Because the availability is 

directly influenced by the downtime in the operational period, the downtime in the operational period is 

included as a parameter in the mathematical models, and not the availability parameter itself. When in 

the coming chapters is referred to the downtime, the downtime during the operational period is meant.  

  

Figure 2.4 Preventive maintenance is performed during night time 

Figure 2.5 Preventive maintenance is partly performed during night time and partly during the operational period (day time) 
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3 The mathematical models 
In this chapter the mathematical models of the block replacement policy and the failure based 

replacement policy are presented. First, in section 3.1, the mathematical model of the block 

replacement policy is given. Then, in section 3.2, the mathematical model of the failure based 

replacement policy is given. This chapter only provides a short description of the models. The derivation 

of both models can be found in Appendix A.  An overview of the relevant parameters, variables and 

notations used for this purpose is provided below. 

Notation Explanation 
                                                                  

                                                                  

     ( )                                                                  (             ) 

                                                                    
                                     (             ) 

                                                                        
                                          (             )  

    ( )                                                                    
            

      ( )                                                
                            

                                                                              
                                      

                                                                                  
                                          

  ( )                                                                  
                                                             

  ( )                                                                        
                                                                             

                
                          
  ( )                                                                     

                                                   
                                                    (             ) 

            
                                                                     (             ) 
                                                                     (             ) 
                                (             ) 

   

                                            (             ) 

                                                               (             ) 

   
                                                                         

            (             ) 
   

                                                                            
                                                                        
(             ) 
                                                                             time 
units 

   

                                                                                 
                                                    (             ) 

Table 3.1 Overview of the used notations 

Mathematical notations: 

⌊ ⌋                                                                                                ⌊     ⌋    
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3.1 The block replacement policy 
In order to create the model the following assumptions are made: 

I. A new period is started when the component is going to be used at a different maintenance 

location and/or under a different load. This new period is denoted as period  , while the current 

period is denoted as period    .  

II. When a maintenance location changes, one of the parameters                 changes as well. 

III. Period   has a length   , starting with    . 

IV. The preventive replacement interval in period   is denoted as    

V. In this block replacement policy a component is replaced at fixed times    

      (  

        
     

 

  
) and immediately after a failure.  

VI. When a component is replaced, it is replaced by a new component. 

VII. Before the start of a new period, it can be decided to do an extra preventive replacement. 

VIII. When it is decided to do an extra preventive replacement, the preventive replacement is started 

at time       . Consequently, the replacement is finished exactly at the start of period  . 

IX. The expected number of failures during the interval            is negligible. 

X. At the start of period   the component has been functioning for      
time units. 

XI. It is assumed that all resources such as supporting equipment, spare parts and personnel are 

immediately available. Therefore, a replacement can always start directly. 

XII. It is assumed that         

XIII. It is assumed that         .  

 

To distinct the block replacement policy (BRP) when it is decided to do an extra preventive replacement 

and decided not to do an extra preventive replacement, the policy is denoted as follows. 

 

Policy 1A: Block replacement policy ‘with extra preventive replacement’ 

Policy 1B: Block replacement policy ‘without extra preventive replacement’ 

 

First the mathematical model of policy 1A is presented. Subsequently, the mathematical model of policy 

1B. 

3.1.1 Policy 1A: Block replacement policy ‘with extra preventive replacement’ 

The model in this section is part of the block replacement policy, which describes the relations between 

the parameters and variables when it has been decided to do an extra preventive replacement before 

the start of period  . Figure 3.1 shows a schematic representation of this block replacement policy.  

Because it is decided to do an extra preventive replacement, the period starts with a new component. 

As a result    
   . Furthermore, the last preventive replacement in period     is completed at    . 

Hence,     

   . The example in Figure 3.1 shows that the first preventive replacement in period   

occurs at time   . A corrective replacement is applied at time   .  
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The total expected replacement cost and the total expected downtime is given by 

 

                          

       ⌊
  

  
⌋  (     [  (  )]     )       [  (   ⌊

  

  
⌋    )] 

Eq. 3.1 

and 

 

                         

       ⌊
  

  
⌋  (     [  (  )]     )       [  (   ⌊

  

  
⌋    )]  

Eq. 3.2 

where the replacement interval    can take a value between 0 and   .  

3.1.2 Policy 1B: Block replacement policy ‘without extra preventive replacement’  

The model in this section is part of the block replacement policy, which describes the relations between 

the parameters and variables when it has been decided not to do an extra preventive replacement 

before the start of the new period. Figure 3.2 shows a schematic representation of this block 

replacement policy. Period   is started with an used component, which means that    
    (see also 

Appendix A.4.1).  According to this policy, the first preventive replacement in period   is started at time 

   

 . The succeeding preventive replacements occur at times     

    and    

    . The example in Figure 

3.2 shows that a corrective replacement is done at     

Figure 3.1 Schematic representation of the block replacement policy ‘with extra preventive replacement’ 
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The total expected replacement cost and the total expected downtime is given by 
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)]      ⌊
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Eq. 3.3 

and  

 

                            

         (   
 |   

 
)      ⌊

      
 

  
⌋  (        (   )      )

       [  (      
 

 ⌊
      

 

  
⌋    )]  

Eq. 3.4 

where the replacement interval    can take a value between       

  and      

    . The ‘equivalent age’ 

of the component in period  , which is denoted with    
 , is given by 

    
    

  (    (     
)) Eq. 3.5 

and the length of the first inspection interval in period  , which is denoted with    

 , is given by 

    

          

  Eq. 3.6 

Figure 3.2 Schematic representation of the block replacement policy ‘without  extra preventive replacement’ 
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where      

 , the equivalent time is of      
, is given by 

      

    
  (    (     

)) Eq. 3.7 

3.2 Failure based replacement policy 
In order to create the model for the failure based replacement policy the following assumptions are 

made: 

I. A new period starts when the component is going to be used at a different maintenance 

location and/or under a different load. This new period is denoted as period  , while the current 

period is denoted as period    .  

II. When a maintenance location changes, one of the parameters         changes as well. 

III. Period   has a length   , starting with    . 

IV. In this failure based replacement policy a component is replaced immediately after a failure.  

V. When a component is replaced, it is replaced by a new component. 

VI. Before the start of a new period, it can be decided to do an extra preventive replacement. 

VII. When it is decided to do an extra preventive replacement, the preventive replacement starts at 

time       . Consequently, the replacement is finished exactly at the start of period  . 

VIII. The expected number of failures during the interval            is negligible. 

IX. At the start of period   the component has been functioning for      
time units. 

X. It is assumed that all resources such as supporting equipment, spare parts and personnel are 

immediately available. Therefore, a replacement can always start directly. 

 

To distinct the failure based replacement policy (FBRP) when it is decided to do an extra preventive 

replacement and not the do an extra preventive replacement the policy, is denoted as follows. 

 

Policy 2A: Failure based replacement policy ‘with extra preventive replacement’ 

Policy 2B: Failure based replacement policy ‘without extra preventive replacement’ 

 

First the mathematical model of policy 2A is present. Subsequently, the mathematical model of policy 

2B. 

3.2.1 Policy 2A: Failure based replacement policy ‘with extra preventive replacement’ 

The model in this section is part of the failure based replacement policy, which describes the relations 

between the parameters and variables when it has been decided to do an extra preventive replacement 

before the start of the new period. Figure 3.3 shows a schematic representation of this failure based 

replacement policy. Period   is starts with a new component, which means that    
   . In the example 

the component is replaced at time    due to a failure. 
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Figure 3.4 Schematic representation of the failure based replacement policy ‘without extra replacement’ 
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The total expected replacement cost and the total expected downtime is given by 

                                       [  (  )] Eq. 3.8 

                                       [  (  )] Eq. 3.9 

3.2.2 Policy 2B: Failure based replacement policy ‘without extra preventive replacement’ 

The model in this section is part of the failure based replacement policy, which describes the relations 

between the parameters and variables when it has been decided not to do an extra preventive 

replacement before the start of the new period. Figure 3.4 shows a schematic representation of this 

failure based replacement policy.  

  

Figure 3.3 Schematic representation of the failure based replacement policy ‘with extra preventive replacement’ 
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Period   is started with an used component, which means that    
   . In the example the component is 

replaced at time    and    due to a failure. 

The total expected replacement cost and the total expected downtime is given by 

                                     [  (  |   
 )] Eq. 3.10 

                                   [  (  |   
 )] Eq. 3.11 

3.3 Determining the optimal values of the decision variables 
The mathematical models given in section 3.2 can be used to determine the optimal values of the 

decision variables. Because the determination of the values of the decision variables can be very 

complex to do by hand, the mathematical models are implemented into a computer model. Basically, 

the computer model determines the optimal values of the two decision variables of the block 

replacement policy as follows: 

Step 1) The computers model determines the outcome of the total expected replacement cost 

for all possible values of   , assuming that it is decided not to do an extra preventive 

replacement. Subsequently, the value of    that corresponds with the minimal total 

expected replacement cost is selected. Then, the optimal value of    and the 

corresponding replacement cost are stored as an optimal solution. 

Step 2) The computers model determines the outcome of the total expected replacement cost 

for all possible values of   , assuming that it is decided to do an extra preventive 

replacement. Subsequently, the value of    that corresponds with minimal total 

expected replacement cost is selected. Then, the optimal value of    and the  

corresponding replacement cost are stored as an optimal solution. 

Step 3)  Now the optimal solutions of step 1 and step 2 can be compared, and the solution with 

the lowest replacement cost can be selected. The value of the decision variables that 

correspond with this solution are the optimal values of the block replacement policy. 

In the failure based replacement policy the value of one decision variable has to be determined. 

Basically, the computer model determines this value as follows: 

Step 1) The computers model determines the outcome of the total expected replacement cost 

for the situation that it is decided not to do an extra preventive replacement. 

Step 2)  The computers model determines the outcome of the total expected replacement cost 

for the situation that it is decided to do an extra preventive replacement. 

Step 3) Now the outcomes of step 1 and step 2 can be compared,  and the solution with the 

lowest replacement cost can be selected.  The value of the decision variable that 

correspond with this solution are the optimal values of the block replacement policy. 
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For the determination of the optimal decision variables with respect to the total expected downtime the 

same steps are followed.  

In this project, the optimality of the maintenance policy can be evaluated from two perspectives;  i.e. 

cost and downtime. When the policy is evaluated is in terms of cost, a different policy could be optimal 

than when the optimality is evaluated in terms of downtime. When the optimization leads to this kind of 

conflicting situations, a multi-criteria analysis could be performed.  The purpose of a multi-criteria 

analysis is to select the best of a set of alternatives (e.g. policy A, policy B) considering multiple criteria 

(e.g. cost and downtime) . Triantaphyllou (2000) describes several methods of multiple-criteria decision 

making. Due to time restrictions, a multi-criteria analysis was not part of this project. 

3.4 Verification and validation of the mathematical models 
To ensure that the mathematical models generate correct and valid results, a model verification and 

validation has been performed. However, before using the mathematical models, the models were first 

implemented into a computer model. The verification and validation has been performed as follows. 

First, it has been checked if the mathematical models were correctly implemented in the computer 

model. Then, it has been checked if the model generates plausible results as well. The model verification 

and validation is described in section 3.3.1 and 3.3.2.   

3.4.1 Verification 

After having implemented the mathematical models into the computer model it turned out that the 

computation of the number of expected failures was very time consuming. After examining literature, it 

has been found that this is a well-known problem in maintenance modeling (Brezavscek, 2013). In order 

to reduce the computation time to acceptable limits, the expected number of failures is, therefore, 

often approximated. This means that a trade-off has to be made between the accuracy of the expected 

number of failures and a ‘reasonable’ computation time. In this project, the expected number of failures 

is approximated as follows.  

Section 2.5 showed that the expected number of failures can be determined with 

    ( )   ∑    ( )

 

   

 Eq. 3.12 

where   ( ) is the probability of exactly   failures during the interval      . The accuracy of the 

expected number of failures, as well as the computation time, increases with  .  Hence, in order to 

reduce to computation time of the computer model, the expected number of failures is approximated 

by cutting off the summation in Equation 3.12 at a certain  . This is possible, because when   goes to 

infinity, the probability of   failures will become close to zero. Since the sum of the probabilities of    

should be equal to one, 

  ∑   ( )   

 

   

 Eq. 3.13 
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the expected number of failures in the computer model is determined with the following equation.  

    ( )   
∑    ( ) 

   

∑   ( ) 
   

 Eq. 3.14 

The summation in the computerized model is stopped at a certain  , which in the chosen scenarios 

results in a computation error that is less than 1%.  In addition, the computation time was further 

reduced by assuming that the optimal replacement interval   can only take round values (i.e. 1, 2, 3, 

4…).  

After having adapted the computer model, the model verification was executed by computing three 

numerical test cases. The numerical test cases are given in Appendix B.1. In the first numerical test case 

the output of the computer model was compared with the output of the calculations that were 

performed by hand. The results in Appendix B.1 show that the manual calculations gave the same result 

as the computer model. For this numerical test case, the exponential distribution was chosen for the 

computations of the expected number of failures, because this distribution can be easily analytically 

solved. To ensure that the computation of the expected number of failures is also correct for other 

distributions than the exponential distribution (e.g. the Weibull and Normal distribution), two additional 

numerical examples were calculated. The examples origin from the article of Brezasveck (2013). Because 

the article gives exact solutions for the numerical examples, the output of the computer model could be 

verified. Because no errors were found in the output of the computer model,  the computer model 

verification is satisfied.  

3.4.2 Validation 

Validation can be described as the conformation that the model is applicable or useful by demonstrating 

an acceptable correspondence between the model’s output and reality (Jagdev, Browne, & Jordan, 

1995). A technique that can be used for the validation of the model is degenerate testing (Sargent, 

2010). In degenerate testing, the models behavior is tested by selecting appropriate values of the model 

parameters. For example, when the values of all cost parameters are set to zero, the expected 

replacement cost should also be zero. To validate the model, several scenarios with different parameter 

values were chosen and the outputs were checked with the expected output. These scenarios and their 

outputs are given in Appendix B.2. It has been found that in all scenarios the model behavior was as 

expected.  
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4 Weapon system and component selection 
In order to apply the mathematical models to a component, first a weapon system is selected and, 

subsequently, a critical component. The weapon system selection is described in section 4.1.  The 

component selection is described in section 4.2. At the start of this project it was planned to select two 

critical components.  Yet,  during the project the data collection turned out to be time consuming. 

Therefore, it has been decided to select one critical component instead of two. 

4.1 Weapon system selection 
Before starting an analysis, it should be clear whether it is worthwhile spending effort to a weapon 

system. Therefore, a random selection does not seem to be wise. In order to select a weapon system, 

multiple criteria can be used. Yet, in the development of a maintenance policy, data is one of the most 

important requirements, and is often difficult to collect (Waeyenbergh & Pintelon, 2002) . Due to the 

time limitations of this project, the selection of the weapon system was based on the availability and 

accessibility of data, instead of other criteria.   

As described in the introduction, weapon systems can be classified into air, land, and sea systems. In the 

pre-selection it was decided to select an air system because the maintenance records of air systems 

generally contain a considerable amount of data, which is relatively easy to retrieve from the 

maintenance system. The air system that has been selected is system A. This selection was done after 

consultation with the stakeholders within the company.  Some criteria were considered are: 

- The number of systems in the fleet 
- The availability and accessibility of collection of maintenance data 
- The availability and accessibility of collection of flight data 

4.2 Component selection 
Since system A is composed of many components, a complete analysis of the system is not feasible.  

Hence, for identifying the most critical components, Banks, Reichard, Hines and Brought (2008) propose 

a  Degrader Analysis.  The identification process concentrates on those components that contribute 

most to the loss of availability and to the maintenance cost, which means that adjustment of the 

maintenance policy of such components could provide a great return. Since mathematical models 

should generate an output of the maintenance cost and availability, the use of this identification process 

is justified for this project.  

The degrader analysis contain 4 steps which are shown in Figure 4.1. In step 1 and step 2, the 

components with greatest impact on availability and maintenance cost are identified. In step 3, a critical 

component is selected to which the mathematical models are applied. In step 4, the failure modes of the 

component are identified. 
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Step 1. Identify the critical components with greatest impact on availability 
The identification of the components that contribute most to the loss of the availability of system A is 

based on a research of Lathouwers (2012). Lathouwers (2012) identified a list of components which had 

the greatest impact on the availability of system A in 2010 and 2011. In the research of Lathouwers 

(2012), the impact on the availability has been determined by examining the total time that the system 

was unavailable due to corrective maintenance. Downtime caused by preventive maintenance was 

disregarded.  This means that components that are ‘over maintained’ will not be exposed, because ‘over 

maintenance’ probably will result in very little corrective maintenance. Because sufficient failure data is 

needed for this research, there is a need to identify components that fail with some regularity. Hence, 

the component list of Lathouwers (2012) was used.  The top 3 components with the biggest impact on 

the availability are listed in Table 4.1. It should be noted component A  is a group of many 

interconnected components, and, therefore, it may be seen as a large subsystem. Component A was not 

further analyzed as individual components in the research of Lathouwers (2012). Since the list was 

composed in 2012, it has been checked whether the list is still current. 

 

 

 

 

 

 

 

Top 3 components with greatest impact on 
availability 

Nr. Component 

1 Component A 

2 Component B 

3 Component C 

Table 4.1 Components with greatest impact on availability 

Figure  4.1  General outline Degrader Analysis  (Banks,  2008) 

Step 1. Identify critical 

components with greatest 

impact on availability 

Step 2. Identify critical 

components with greatest 

impact on maintenance 

costs 

Step. 3 Critical component 

Selection 

Step 4. Identify failure 

modes of critical 

components 
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Step 2. Identify the critical components with greatest impact on the maintenance cost. 
During this research it has been found that it is labor-intensive to create a list with components that 

have greatest impact on the maintenance cost.  These components could, therefore, not be identified 

within acceptable time limits.  Consequently, the final component selection is based on the components 

shown in Table 4.1. 

Step 3. Critical component selection  
The critical component was selected after the consultation of stakeholders within the company. For the 

same reason as with the weapon system selection, the availability of maintenance data has been 

important criteria for this selection. The selection has therefore been based on this criteria. When it is 

preferred to use several criteria’s for selection of the critical component a multi-criteria analysis could 

be performed.  Due to an ongoing project, relatively much maintenance data was available of 

component D, which is a part of component C. Therefore, the component D has been selected for this 

project.  

Step 4. Identify the failure mode of the critical component 
Before discussing the failure causes, the definitions are given of a failure, a failure mode and a failure 

mechanism. All definitions are derived from Tinga (2013). In this project, a failure is defined as a 

reaching state that the intended function of the component can no longer be fulfilled. The failure mode 

is defined as the manner in which a component fails. It describes to what extent a certain function 

cannot be fulfilled any more.  A failure mode can have different causes, i.e. non-physical failures and 

physical failures. The failure mechanism is the physical mechanism leading to the degradation of the 

component and ultimately leading to the physical failure.  

To determine the failure causes of component D all available maintenance data was collected and 

discussed with a specialized maintenance engineer in the company. The failure mechanism of the 

component D is particle erosion (wear).  
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5 Parameter value estimation 
In this chapter the parameters values are estimated. First, in section 5.1, the load is classified into two 

classes. Then, in section 5.2, the time-to-failures distribution is estimated for both loads. In section 5.3, 

the values of the parameters of the cost and replacement time are estimated. Finally, in section 5.4, the 

data that was used for the estimation of the parameters is discussed in terms of validity. 

5.1 Classification of the load 
In the failure mode analysis it was found that erosion is the failure cause of the component. Experts 

within the Defence organization indicated that the erosion damage is especially evident in desert 

environments. In these extreme environmental conditions component D is being replaced more 

frequently, resulting in costly replacements and lower availability. In non-desert environments much 

less erosion damage is experienced. Based on these experiences,  the load spectrum is classified as 

follows. 

1) Normal load. The load to the component when it is used in non-desert environments. 

2) High load. The load to the component when it is used desert environments. 

As we have seen in Chapter 2, the probability density function  ( ), the cumulative distribution function 

 ( ) and the reliability function   ( ) play an important role in optimizing maintenance policies.  These 

functions are not equal when the component is subjected to different loads. In the next section, the 

components time-to-failure distributions is determined for both loads.    

5.2 The components time-to-failure distribution 
In order to determine the time-to-failure distribution, first, a suitable failure parameter is (pre-) 

selected. This is done in section 5.2.1.  Subsequently, in section 5. 2.2, a statistical test is performed to 

check if the (pre-) selected failure parameter is appropriate to use and if it may be assumed that the 

time-to-failure distributions differs for the two loads. In section 5.2.3, the probability density function 

 ( ), the cumulative distribution function  ( ) and the reliability function   ( ) are determined for a 

normal load. In section 5.2.4, these functions are determined for a high load. 

5.2.1 Failure parameter 

The failure distribution is plotted in terms of time-to-failure. When several time-to-failures of a set of 

components is known, the mean time-to-failure (MTTF) can be estimated by calculating the average of 

all the time-to-failures. When a dataset consist of   failure times                  the mean time-to-

failure is given by 

      ∑
  
 

 

   

 Eq. 5.1 

where the failure time    is the number of time units time between the installation of the component 

and failure.  The time-to-failure can be measured in units such as the calendar time or the operating 

time. When the usage and environmental conditions in which the component operates varies in time, 
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the calendar time may not be an appropriate parameter to estimate the time-to-failure distribution. For 

the selected component, the number of operating hours seems to be a suitable failure parameter. Most 

erosion damage will occur when component D is used. The time-to-failure is, therefore, measured in 

operating hours. To test whether operating hours is indeed a suitable parameter a Mann-Whitney Test 

has been done. This is described in the next section. 

An attempt has been made to select a possibly even more appropriate parameter. As particle erosion 

especially takes place when component D comes in contact with particles (i.e. sand/dust) at high speeds, 

particle erosion is mostly present system A is used at very low altitudes, which is the case at take-off and 

landing. Therefore, the number of take-offs/ landings could be a more appropriate failure parameter 

than the number of operating hours. Unfortunately the take-off and landing data of system A was not 

complete. Hence, a full assessment could not be done.  

5.2.2 Mann-Whitney Test 

In section 5.1 the load was classified into a normal load and a high load. The mean time-to-failure of the 

component under a normal load and under a high load are assumed not to be equal.  However, when a 

significant difference between the mean time-to-failures is not present, particle erosion may not be 

strongly influenced by the selected loads, or the mean time-to-failure is strongly influenced by other 

factors.  The differences in the mean time-to-failures may also be insignificant when the selected failure 

parameter (operating hours)  is not an appropriate parameter to use.   

In order to check if the mean time-to-failures significantly differ for components that are used under 

normal loads and components that used under high loads, a Mann-Whitney Test is performed. The 

Mann-Whitney Test is a non-parametric test that can be used to compare two different groups that 

have been subjected to two different conditions (Field, 2009). In this test the time-to-failure data is 

ranked from lowest to highest (i.e. the lowest time-to-failure get a score of 1, the next lowest time-to-

failure gets a score of 2, etc.), ignoring the group to which the failure data belongs. The test is based on 

the principle that if there would be no difference between the groups, a similar number of low and high 

ranks in each group would be expected. More specifically, when the groups would be equal, then the 

summed total of ranks would be the same.  When the groups are not equal, the sum of the ranks will be 

higher in one group compared to the other. The Mann-Whitney Test is non-parametric test because it 

does not require the specifications of a particular distribution and the estimation of the distribution 

parameters. However, it is assumed that the two distributions in the conditions are similar. Because the 

failure mode analysis showed that there is only one failure cause, it assumed that the distributions are 

equal in normal and high loads. The two samples do not have to be equal in size in the Mann-Whitney 

Test.  

When examining the time-to-failure data of the components (Appendix C), it can be concluded that a 

considerable number of components have been used in normal loads.  Unfortunately, the dataset does 

not include components that are solely used under high loads. Because none of the components were 

solely used in high loads, the following two groups are compared in the Mann-Whitney Test: 

 Group 1, which is a group of components that were only used in normal loads. 
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 Group 2, which is a group of components that were used for more than 300 operating hours 

under high loads.  

 

The Mann-Whitney test showed that the MTTF (1937 operating hours)  of group 1 was significantly 

higher than the MTTF (1180 operating hours) of group 2.  Therefore, it was assumed that the number of 

operating hours is an appropriate parameter to use in the context of this project, and that the selected 

load classes have effect on the time-to-failure. The detailed results of the Mann-Whitney Test are shown 

in Appendix D. 

5.2.3 Determination of the time-to-failure distribution for normal loads  

In this section the components time-to-failure distribution is determined for a normal load. In order to 

determine the failure distribution, a dataset is used that contains only time-to-failure data of 

components used under normal loads. Therefore,  dataset is a subset of the complete dataset (Appendix 

C) and contains 30 observations.  

As was explained in Chapter 2, several theoretical distributions exist to model the time-to-failure.  The 

modeling of a theoretical distribution to a sample of failure data is also called ‘fitting’.  By ‘fitting’ is 

meant that a statistical test is performed in order to accept or reject the hypothesis that the observed 

times come from a specified distribution (Ebeling, 2009). There are occasions that no theoretical 

distribution adequately fit the time-to-failure data and in such occasions a ‘distribution free’ estimation, 

or empirical estimation, of the failure distribution may be more appropriate. Generally, fitting a 

theoretical distribution is preferred over an empirical estimation when developing a time-to-failure 

model. This has several reasons. First, theoretical distributions are often more easy to manage for 

automatic systems, such as the developed computer model used in this project. Second, theoretical 

models are more suitable for performing complex analysis of the failure process, such as changes to the 

mean time-to-failure under different loads. Third, if the sample size is small, the sample provides little 

information concerning the failure process. However, if the sample is consistent with a theoretical 

distribution, then much stronger results are possible as they are based on the properties of the 

theoretical distribution. Due to these reasons, it have been tried to find a theoretical distribution that 

gives a good representation of the field data. For this purpose a technique called least squares fitting is 

used. The technique estimates for a particular distribution, the distribution parameters and provides a 

quantitative estimate (  ) of how well the distribution fits the time-to-failure data. The technique is 

applied to four well-known distributions, i.e. Exponential, Lognormal, Normal, and Weibull distribution. 

It should be noted that the lognormal and normal distributions allow to have negative time-to-failures, 

while in reality time-to-failures smaller zero do not exist. Yet, when the probability of negative values in 

these distributions are negligible, the may be appropriate to use.  

The general idea of the least squares fitting method is to fit a linear regression in the form of     

   to a set of processed data, which depend on the chosen theoretical distribution (Manzini, Regattieri, 

Pham, & Ferrari, 2010). When the plotted failure data-points all fall on the line       , the 

goodness-of-fit index    will be 1. In least squares fitting, the parameter values    and   are to be found 

that gives the highest fit (  ).  
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When the dataset consist of a series   ordered failure times                 , with        , the values 

  and   can be determined with the equations presented in Table 5.1. The goodness-of-fit index    is 

given by 

     
∑ (        )

    
   

∑ (    ̅)    
   

 

The empirical estimate of the cumulative distribution function  ̂(  )  is used to fit into a theoretical 

distribution. The empirical estimate is obtained using the improved direct method (Manzini et al., 2010). 

The improved direct method is a method, which can be used when a non-censored data set is present, 

i.e. when all time-to-failures are known.  Data sets are often censored, for example, when components 

are preventively replaced. In such circumstances the component is replaced before the actual failure has 

taken place. Incorporating such data provides valuable information, i.e. the information that a 

component has survived a certain time. Since the sample of the components did not contain any 

preventive replacements, the Improved Direct Method is used. This empirical method has been proven 

to behave very well in real-world applications (Manzini et al., 2010). The results of the improved direct 

method are shown in Appendix E.  
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Table 5.1 Least square fitting method (Manzini et al., 2010) 

Table 5.2 Results of least squares fitting method  

Distribution Parameters MTTF goodness-of-fit index (  ) 

Exponential            1818 0.438 
Lognormal                  1875 0.938 
Normal               1937 0.973 
Weibull                   1937 0.981 
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Subsequently, the empirical estimates are used for the fitting process of the four distributions. The 

results of the fitting process are presented in Table 5.2. It can be concluded that the time-to-failure data 

is best represented by the Weibull distribution. The goodness-of-fit index of the Weibull distribution has 

a value 0,981 which is close to 1.  

Additionally a Mann’s test is performed, which statistically showed that the time-to-failure estimates are 

distributed according to a Weibull distribution. Therefore, it is decided to use the Weibull distribution.  

The probability density function  ( ), the cumulative distribution function  ( ) and the reliability 

function   ( ) of the Weibull distribution is given by 
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Eq. 5.2 
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Eq. 5.4 

where   is referred to as the scale parameter, and   as the shape parameter. The scale parameter   

influences both the mean and the spread, while the shape parameters   influences the shape.  For 

    the distribution is equal to the exponential distribution, while for     the distribution is 

comparable with the normal distribution. For        the distribution is skewed.  

Using the found parameters, the probability density function  ( ), the cumulative distribution function 

 ( ) and the reliability function   ( ) for a normal load is given by 
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 Eq. 5.7 

 

The mean ( ) and standard deviation ( ) of the Weibull distribution can be determined as follows 
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) Eq. 5.8 



  

31 
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 Eq. 5.9 

where  ( ) is the gamma function. Using the gamma table of Ebeling (2009, pp. 531) the following 

values are found 

                       

      

As already mentioned before, no failure data was available of components that were solely used under 

high loads. The consequence was that this technique could not be executed for components used under 

high loads. The failure distribution for a high load is determined in the next section. 

5.2.4 Determination of the failure distribution for high loads 

If the load to a component is increased, failures should occur at earlier times. When       is the mean 

time-to-failure under normal load and       is the mean time to failure under high load, the      of 

the Weibull distribution in normal and high load can be given by  

               Eq. 5.10 

where     is denoted as the acceleration factor (Ebeling, 2009). 

If the shape parameter and scale parameter for normal loads are denoted with respectively        and 

for high load with         the parameters of the Weibull distribution are equal to  

 
      

 
       

 

(Ebeling, 2009). As can be seen, the load does not change the shape (factor) of the distribution. Only the 

mean and the spread is influenced by  . 

Equation 5.10 shows that the acceleration factor describes a relation between       and      . 

      is known since it was already determined in the previous section (1937 operating hours). Yet, 

      is not yet known. To determine the mean time-to-failure for a component only used under high 

load, a relation between the number of operating hours in high load and the      is defined.   

It can be seen in Appendix C, that 14 samples were subjected to high load. Because the erosion process 

may be seen as a linear process in time (Pepi, Squillacioti, Pfledderer, & Phelps, 2012), it is assumed that 

the following relationship exists, 

                 Eq. 5.11 
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where the       is the mean time-to-failure of the component when it has been used for   operating 

hours under high load,       is the mean time-to-failure for normal load, and   is the slope. In this 

relation        . Using least square regression, it was found that the slope   is equal to     . A plot 

of the relation between       and operating hours under high load is shown in Figure 5.1.  The figures 

shows that the plotted failure data-points do not fall on the regression line. This means that other 

factors play a role in the degradation process. After having consulted a specialized engineer at the 

weapon system related engineering department, it has been concluded that the amount of sand 

particles and type of sand particles that is flowing along the components surface during an operating 

hour in a desert-environment, can differ considerably. As a result, the erosion process can vary per 

operating hour. Because lack of data,  these influencing factors could not be considered in this project.  

  

Figure 5.1 MTTF* as a function of the operating hours under high loads 

     , which is the time-to-failure when a component is fully used under high loads, is determined 

using equation 5.12.   

              
             

Eq. 5.12 

Because       and       are now known, the acceleration factor is determined with equation 5.10, 

resulting in       . Since    
  

 
 

    

    
      the components time-to-failure distribution under 

high load can be described with 
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Eq. 5.14 
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 Eq. 5.15 

 

Using equation 5.8 and 5.9 it can be found that the mean and standard deviation are: 

                      

      

The plot of the probability density function  ( ), the cumulative distribution function  ( ) and the 

reliability function   ( ) are given in Figure 5.2.  

 

 

Figure 5.2  The probability density function (left,) cumulative distribution function (middle), and the reliability function (right), for a normal load  

and a high load 

5.3 The time unit of the mathematical model 
The time unit ( ) of the mathematical models that are given in Chapter 3 is undefined. Therefore, a 

proper time unit should be selected. Because ‘operating hours’ is chosen as the time unit for the time-

to-failure, this time unit is also selected as the time unit for the mathematical models. This means that 

parameters of the models that are denoted in time units, such as the length of a period and the duration 

of a replacement, is denoted in operating hours. 

5.4 The cost and replacement time 
In this project the replacement cost of a component is determined by the costs that are associated with 

corrective and preventive replacements during a specified period, including labor, material, and 

transportation cost. The replacement time is determined by the time that is needed to restore the 

component in a condition able to perform its intended function. The estimation of these parameters are 

described in Appendix F. 
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It should be noted that the replacement cost are a rough estimate because the included transportation 

cost can differ for each working location. 

5.5 Data validity 
Data validity refers to the sufficiency, accuracy, appropriateness, and availability of the data (O'Keefe & 

O'Leary, 1993). The data validity has effect on the values of the parameters in the mathematical model, 

such as the time-to-failure distribution, the replacement cost, and the replacement time. Inaccurate 

parameter values will result in an inaccurate output of the model.  

In this project the time-to-failure data played an important role. Therefore, a considerable amount of 

time was spend on the collection and analysis of the time-to-failure data.  The time-to-failure data was 

first retrieved from the Integrated Maintenance Data System (IMDS) and verified with a second already 

available data source. Subsequently, the data was interpreted and analyzed with an specialized engineer 

of the weapon system related engineering department, and checked on outliers. Then,  flight data was 

retrieved from the Operations Management & Information System (OMIS), as well as from the National 

Airspace Laboratory (NLR). After having examined both data sources, no important inconsistencies were 

detected.  Using the maintenance data and flight data, the reliability functions could be estimated for a 

normal and a high load. The estimation of the reliability functions were interpreted with an specialized 

engineer of the weapon system related engineering department. Taking into account that functions are 

estimations, it was concluded that reliability functions are consistent with the expectations.  

Regarding to the cost data it should be noted that not all cost data was present and that some estimates 

had to made. Therefore, the cost related output of the models has to be interpreted with some 

precaution. 

  



  

35 
 

6 Applying the mathematical models 
In this chapter the developed models are used for finding the optimal maintenance policy of the 

component for different scenarios. This is part of the model solving phase of the research model of 

Mitroff et al. (1974). The scenario analysis is discussed in section 6.1. In section 6.2, a sensitivity analysis 

is performed. In section 6.3, the results are discussed in terms of operational validity.  

6.1 Scenario analysis 
Since many different scenarios can be selected for analysis, some choices had to be made. The 

mathematical models are specifically developed for determining the optimal maintenance policy for the 

component when it will used under a different load and/or at a different maintenance location. 

Therefore, the models are to be applied in three situations. These situations are shown in Table 6.1.  

 Maintenance location Load 

Situation 1 Different maintenance location Same load 
Situation 2 Same maintenance location Different load 
Situation 3 Different maintenance location Different load 

Table 6.1 Three situation when the mathematical models are to be applied  

Due to an ongoing project in the Defence organization, there is a need within the company to examine 

the effect to the maintenance policy when the load is changed, and especially when the load is changed 

from a normal load to a high load. For this reason situation 2 and situation 3 are chosen for the scenario 

analysis.  In all scenarios, the optimal maintenance policy is determined for one period. The current 

practice at the Defence organization is that a planning is made for the deployment of each weapon 

system, but due to many unexpected events that occur in time, the planning usually does not go further 

than the forthcoming deployment.  An overview of the scenarios is given in Table 6.2.  

1 2 3 4 5 6 

Scenario 
number 

Maintenance location 
Period 1 -> 

Period 2 

Load 
Period 1 -> 

Period 2 

Time horizon of 
period 2 

(  )  

Used policy in 
period 1 

 (   
) 

Failure between the last 
preventive replacement 
of period 1 and the start 

of period 2 
 (   

    
) 

Scenario 1-3: 
home base -> 

home base 
normal load -> 

high load 
50 

block 
replacement 

      

no 
         

Scenario 4-6: 
home base -> 
other location 

normal load -> 
high load  

350 

block 
replacement 

      

no 
         

Scenario 7-9: 
home base -> 
other location 

normal load -> 
high load  

700 

block 
replacement 

   
   

no 
         

Scenario 10-12: 
other location -> 

home base 
high load -> 
normal load 

700 

block 
replacement 

      

no 
    

    
 

Scenario 13-15: 
home base -> 
other location 

normal load -> 
high load 

350 

block 
replacement 

      

yes 
         

Scenario 16-18: 
home base -> 
other location 

normal load -> 
high load 

350 

Failure based 
replacement 

      

n/a 
    

    
 

Table 6.2 Overview of the analyzed scenarios 
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In the first column of Table 6.2 the scenario numbers are given. The second column of Table 6.2 shows 

at which location the component is currently maintained and at which location the component will be 

maintained in the coming period.  The current period is denoted as period 1, and the coming period is 

denoted as period 2. This means that in scenario 1-3, the maintenance is performed at a (full facilitated) 

home base in period 1 and period 2. In the third column of Table 6.2, the load of each period is given. 

For example, in scenario 1-3, the load is changed for a normal load to a high load. The fourth column 

shows the time horizon of the coming period. In scenario 1-3, the component will used for 50 hours in 

period 2. The fifth column shows which maintenance policy is used in period 1. In scenario 1-3 this is a 

block replacement policy. In case a block replacement policy is used in period 1, the last column shows if 

the component has failed between the last preventive replacement in period 1 and the end start of 

period 2.   

The values of column 4 correspond with the value of the parameter   , which is denoted as the time 

horizon of period 2 (in operating hours). 

The values of column 5 corresponds with the value of the parameter    . The parameter     is defined 

as the time between the completion of the last preventive replacement in period   and the start of 

period 2, in case a block policy is used in period  . This parameter value has effect on the first preventive 

replacement in period 2, when in period 2 the block replacement policy is continued (see eq 3.6 and 

3.7). When the block replacement policy is continued,     will have a value greater than zero.  When a 

failure based replacement policy is used in period 1, the value of      is set to zero since no preventive 

replacement is applied in period 1.  

The values of column 6 relate to the values of the parameters      and    . The parameter     is 

denoted as the time that a component has been functioning in period  . This means that when a block 

replacement policy is used in period 1 and      is equal to    , the component has not failed since the 

last preventive replacement. When a block replacement policy is used in period 1 and     is smaller than 

   , the component has failed after the last preventive replacement in period. The value of     cannot 

be larger than the value of      unless a failure based replacement policy is applied in period 1. As just 

explained, the value of     is set to zero when a failure based replacement policy is applied in period 1. 

The difference between scenario 1, scenario 2 and scenario 3 is that three different values for the age of 

the component is chosen (   ). This also holds for scenario 4-6, scenario 7-9, scenario 10-12, scenario 

13-15 and scenario 16-18. The values of the age of the component are a ratio of the      of the 

component, which under high loads is 1937 operating hours. The chosen ratio’s are 1.5, 1.0 and 0.5. This 

means that the corresponding values of     for each scenario are respectively 2905, 1937 and 969 

operating hours.  The upper boundary of 2905 operating hours is chosen because historical failure data 

showed that this upper boundary approximates the boundary of reality since none of the components 

had a failure time greater than 2858 operating hours.  Data also showed that only a small number of the 

currently in-use components of the Defence organization have an age that is lower than 969 operating 

hours. Therefore,  the lower boundary is set to 969 operating hours.  Because in scenario 1-12 no 

failures occur between the last preventive replacement of period 1 and the start of period 2, the value 
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Scenario 1  
 

𝑇     
𝑇 𝑙

  𝑇 𝑒
      

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 26/26 26 1.20 1.20 2.40 8766 

1B. BRP  ‘without extra replacement’ 926/926 1 0 1.24 1.24 4454 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 0 1.20 4383 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 1.41 1.41 2583 

 
Scenario 2      
   

𝑇       
𝑇 𝑙  𝑇 𝑒       

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 26/26 26 1.20 1.20 2.40 8766 

1B. BRP  ‘without extra replacement’ 618/618 1 0 1.21 1.21 4402 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 0 1.20 4383 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 0.54 0.54 994 

 
Scenario 3      
     

𝑇     
𝑇 𝑙  𝑇 𝑒      

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 26/26 26 1.20 3.00 4.20 8766 

1B. BRP  ‘without extra replacement’ 310/310 1 0 1.20 1.20 4385 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 0 1.20 4383 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 0.19 0.08 140 

 
Table 6.4  Output scenario 1- 3  

of     is equal to 2905, 1937 and 969 operating hours in these scenarios. For each scenario the following 

maintenance policies are considered: 

Policy 1A: Block replacement policy “with extra replacement” 
Policy 1B: Block replacement policy  “without extra replacement” 
Policy 2A: Failure based policy “with extra replacement” 
Policy 2B: Failure based policy “without extra replacement”  
 
For all scenarios the output is compared with the currently used policy, which is equal to policy 2B. 
 
Scenario 1-3  
In scenario 1-3 the maintenance location does not change. The load is changed from a normal load to a 

high load.  In all three scenarios, the time horizon of period 2 is 50 hours operating hours. The values of 

the parameters in each scenario are given in Table 6.3.  

The output for each scenario is shown in Table 6.4. The optimal values are displayed in bold. For 

scenario 1, the output is discussed in more detail, while for the remaining scenarios only the most 

relevant findings are discussed.   

 

 

 

 

 

 

 

 

 

 

 

 

Parameters scenario 1-3 

                                                                   

                    
                                       (               ) 

                    
                                                                  

                   (             ) 

Table 6.3 Parameters scenario 1-3 
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Scenario 1 
In scenario 1, the parameters     and     are equal to 2905 operating hours. Because the component is 

used under a low load in period 1 and a high load in period 2, the equivalent values     

  and    

  are 

equal to 925 operating hours (see explanation Appendix A.4.1).   

 Policy 1A 
The table shows that the optimal replacement interval     is equal to 26. The value of this 

replacement interval was found when minimizing the total expected downtime       and 

when minimizing the total expected replacement cost       .  This means that from the 

perspective of downtime and replacement cost it is optimal to replace the component every 26 

operating hours. Because the period contains 50 operating hours, one replacement is applied 

during period 2. Due to the extra replacement in period 1, the downtime in period 1        is 

equal to 1.2 operating hours. The total expected downtime in period 2         is also 1.20 

operating hours. Because a preventive replacement in period 2 results in a downtime of 1.2 

operating hours, it can be concluded that the expected number of failures in period 2 is 

negligible when a preventive replacement is applied at     .  Because, the total expected 

downtime is a summation of the downtime in period 1 and period 2, the total expected 

downtime is equal to 2.40 operating hours. The total expected replacement cost are 8766 euro. 

When analyzing the value of the optimal replacement interval   , the following can be 

concluded. The replacement interval    can take a value between 1 and 50 operating hours.  A 

value of      results in 50 replacements,  a  value of       results in 2 replacements and 

when    has a value of 26, 27, 28 … till 50 operating hours, 1 replacement is applied. This means  

that when it is optimal to do one replacement    can take a value of 26, 27, 28 … till 50 

operating hours. This scenario showed, that it is optimal to apply the replacement ‘as soon as 

possible’, i.e.  at        operating hours.  

 Policy 1B 

In scenario 1, a block replacement policy has been used in period 1. The last preventive 

replacement was applied at    = 2905, which has an equivalent value of     

      . Therefore, 

replacement interval   , can only take a value between 926 and 975 operating hours (see eq. 

3.4).  Table 6.4 shows that the optimal replacement interval is 926 operating hours. This means 

that the first replacement is applied at    . The following replacement would occur at 926 

operating later, thus at            , which is after the ending of period 2. Hence, one 

preventive replacement is applied in period 2. The total expected downtime in period 2 is 1.24 

operating hours. Because in this policy no extra preventive replacement is applied in period 1, 

the downtime in period 1 is not increased. The total expected downtime is 1.24 operating hours. 

The total expected replacement cost are 4454 euro. 

 Policy 2A 
Because policy 2A is a failure based policy, there is no value indicated for the optimal 

replacement interval in Table 6.4.  The total expected downtime is equal to 1.20 operating 

hours. Due to the extra preventive replacement at the end of period 1, the total expected 
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downtime in period 2 is approximately zero. The total expected replacement cost in this policy 

are 4383 euro.  

 Policy 2B 

The total expected downtime is 1.41 operating hours and the total expected replacement cost 

are 2583 euro. Since no extra replacement is done at the end of period 1, no extra downtime is 

caused in that period.  

When comparing the policy with the currently used policy, that is policy 2B, it can be concluded that the 

current used policy is the optimal policy in terms of replacement cost. Yet, when a lower downtime is 

required than 1.41, policy 2A should be chosen. When an extra replacement is applied in period 1, the 

total expected downtime in period 2 can be reduced to approximately zero. However, when this policy is 

chosen, the extra cost that have to be made for the reduction in expected downtime is            

     euro.  Furthermore, such a choice would lead to an increased downtime of 1.2 operating hours in 

period 1. 

Scenario 2 
In scenario 2, the values of the parameters     and      are 1937 operating hours. The equivalent values 

   

  and     

   are equal to 617 operating hours. In both block replacement policies it is optimal to apply 

one replacement during period 2. The values of    in policy 1A and 1B are respectively 26 and 618 

operating hours. Table 6.4 shows that the currently used policy is the optimal policy in terms of 

expected replacement cost and expected downtime. The total replacement cost and the total expected 

downtime are respectively 994 euro and 0.54 operating hours.  When the total expected downtime in 

period 2 is restricted to a downtime lower than 0.54 operating hours, policy 2A should be chosen. The 

extra downtime in period is then reduced to zero. The extra cost of the policy are                

operating hours. As a consequence, the downtime in period 1 is increased with 1.2 operating hours.  

Scenario 3 
In scenario 3, the values of the parameters     and     are 969 operating hours. The equivalent values 

of    

  and     

  are equal to 309 operating hours. The minimal total expected downtime and total 

expected replacement cost can be achieved when the currently used policy is applied. The total 

expected downtime and total expected replacement cost in this policy are respectively 0.19 operating 

hours and 140 euro. An extra replacement in period 1 can reduce the downtime in period 2. Yet, the 

expected cost will then increase. Another consequence of choosing policy 2A is that the downtime in 

period 1 is increased with 1.2  operating hours.  

Conclusion scenario 1- 3 
In the scenarios 1, 2 and 3 the time horizon of period 2 remained equal while the value of the 

parameters of     and     changed. The change of these parameters did not affect the output of policy 

1A and policy 2A because in these policies the component is replaced before period 2 is started.  For 

policy 1B and policy 2B, it was shown that the output decreases as the      decreases. With respect to 

the total expected replacement cost the currently used policy is the optimal policy for all three 

scenarios. With respect to the total expected downtime  it may be advantageous to choose another 
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policy than the currently used policy, yet, the total expected replacements will then increase.  When 

aiming for the lowest expected cost, the failure based policy outperforms the block replacement policy 

when the time horizon of the period is 50 operating hours.  Due to the relatively high MTTF in relation to 

the short time horizon, this outcome does not come unexpected. 

Scenario 4-6  
In scenario 4-6 the maintenance location is changed to an location other than a home base. The load is 

changed from a normal load to a high load. For all three scenarios, the time horizon of period 2 is 350 

hours operating hours. The values of the parameters for each scenario are given in Table 6.5.  

The output for each scenario is shown in Table 6.6.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Scenario 4 
In policy 1A and policy 1B the optimal replacement intervals are respectively 176  and 925 operating 

hours. These are the optimal intervals with respect to the total expected downtime and total expected 

replacement cost. Policy 1B results in lower expected replacement cost than policy 1A, which means 

that from a cost perspective it is optimal not to do an extra replacement before the start of period 2. 

Parameters scenario 4-6 

                                                                    

                     
                                       (               ) 

                     
                                                                  

                   (             ) 

Table 6.5 Parameters scenario 4-6 

Scenario 4 
 

𝑇      
𝑇 𝑙

  𝑇 𝑒
      

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 176/176 176 1.20 3.04 4.24 14648 

1B. BRP  ‘without extra replacement’ 926/926 1 0 3.46 3.46 10976 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 0.36 1.56 5007 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 6.21 6.21 10558 

 
Scenario 5      
   

𝑇        
𝑇 𝑙  𝑇 𝑒       

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 176/176 176 1.20 3.04 4.24 14648 

1B. BRP  ‘without extra replacement’ 618/618 1 0 3.39 3.39 10857 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 0.36 1.56 5007 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 5.96 5.96 10128 

 
Scenario 6      
     

𝑇      
𝑇 𝑙

  𝑇 𝑒
     

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 176/176 176 1.20 3.04 4.24 14648 

1B. BRP  ‘without extra replacement’ 330/330 21 0 3.36 3.36 10799 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 0.36 1.56 5007 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 3.44 3.44 5843 

 
Table 6.6 Output scenario 4- 6  
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The currently used policy results in an expected downtime of 6.21. Because a corrective replacement in 

period 2 takes 6.0 operating hours, approximately 1 failure can be expected to occur in period 2. When 

in the failure based replacement policy the component is preventively replaced in period 1, the total 

expected downtime in period 1 is reduced to 0.36 operating hours. This is a reduction of 5.85 operating 

hours compared with the currently used policy.  This policy also results in minimal expected 

replacement cost (5007 euro).  

Scenario 5 
In this scenario, policy 2A outperforms the currently used policy in terms of expected replacement cost 

and expected downtime. The savings are 5551 euro, and the total downtime can be reduced with 4.4 

operating hours. 

Scenario 6 
Also when     is further decreased to 969 operating hours, policy 2A still outperforms the currently 

used policy. Furthermore, it should be noted that in policy 1B the replacement is not performed at   

 , but at     . A replacement at       would result in two replacements, while an replacement at 

     result in one replacement (            ) 

Conclusion scenario 4 - 6 
When the component is going to be used under a high load for 350 operating hours and is maintained at 

a maintenance location other than a home base, the currently used policy can be improved. This 

conclusion holds for scenario 4 where period 2 is started with an old component, and also for scenario 6 

where period 2 is started with a young component. In all the scenarios policy 2A leads to an optimal 

result in terms of expected replacement cost and expected downtime .  

Scenario 7-9  
Scenarios 7-9 are equal to scenarios 4-6, with the exception that the time horizon of period 2 is now 700 

hours.  Deployments with this time horizon are not current practice at the Defence organization, yet, 

future deployments may be extended. The values of the parameters for each scenario are given in Table 

6.7.  

The output for each scenario is shown in Table 6.8. 

 

Parameters scenario 7-9 

                                                                    

                     
                                       (               ) 

                     
                                                                  

                   (             ) 

Table 6.7 Parameters scenario 7-9 
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Scenario 7 
From a cost perspective the optimal policy in this scenario is policy 2A. The total expected replacement 

cost are 11432 euro. This is a reduction of 4393 euro, compared with the currently used policy. The 

lowest total downtime can be achieved with policy 1A. Compared with the currently used policy, the use 

of policy 1A could reduce the expected downtime with 4.41 operating hours, while the cost remain 

approximately the same. The optimal replacement interval in policy 1A is 351 operating hours. 

Scenario 8 
Just as in scenario 7, policy 2A is the optimal policy from a cost perspective, and policy 1A is the optimal 

policy when minimizing the downtime. Compared with the currently used policy, the saving that can be 

achieved with policy 1A is equal to 2821 euro. When using policy 1A, the total expected downtime can 

be reduced to 3.45 operating hours. This comes with an extra cost of 1527 euro.  

Scenario 9 
Also in this scenario, the currently used policy can be improved. Policy 2A reduces the cost with 213 

euro, while the total expected downtime will be reduced with 1.5 operating hours. The lowest 

downtime is achieved with policy 1A. 

Conclusion scenario 7- 9 
When the component is going to be used for 700 operating hours under high loads and is maintained at 

a location other than a home base, the currently used policy can be improved. Even when     reaches 

the lower bound of 969 operating hours, policy 2A still performs better. Policy 1 A is optimal when 

minimizing the downtime. 

Scenario 7  
 

𝑇      
𝑇 𝑙  𝑇 𝑒       

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 351/351 351 1.20 3.74 4.94 15825 

1B. BRP  ‘without extra replacement’ 926/926 0 0 7.27 7.27 17439 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 4.15 5.35 11432 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 9.35 9.35 15878 

 
Scenario 8      
   

𝑇        
𝑇 𝑙  𝑇 𝑒       

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 351/351 351 1.20 3.74 4.94 15825 

1B. BRP  ‘without extra replacement’ 659 42 0 7.71 7.71 18188 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 4.15 5.35 11432 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 8.39 8.39 14253 

 
Scenario 9      
     

    
𝑇 𝑙  𝑇 𝑒      

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 351/351 351 1.20 3.74 4.94 15825 

1B. BRP  ‘without extra replacement’ 505/505 196 0 5.85 5.85 15038 

2A. FBRP  ‘with extra replacement’  n/a n/a 1.20 4.15 5.35 11432 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 6.85 6.85 11645 

 
Table 6.8 Output scenario 7- 9  
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Scenario 10-12  
The scenarios 10-12 are equal to scenarios 7-9, with three exceptions. Firstly, the load in this scenario is 

changed from a high load to a normal load. Secondly,  the values of    
 and    

 are now 925, 617 and 

309 because the load is changed from a high load to a low load. This means that the equivalent values 

are respectively 2905, 1937 and 969 operating hours. Thirdly, the maintenance location is changed to a 

maintenance location other than a home base.  The values of the parameters for each scenario are given 

in Table 6.9.  

The output for each scenario is shown in Table 6.10. 

 

 

Scenario 10 
From a cost perspective the currently used policy is the optimal policy. The total expected replacement 

cost are 4380 euro. The minimal total expected downtime can be achieved with policy 1B. Compared 

with the currently used policy, the use of policy 1B could reduce the expected downtime with 1.15 

operating hours. The extra expected cost are then 90 euro.  

 

Parameters scenario 10-12 

                                                                     

                    
                                      (              ) 

                    
                                                                  

                    (              ) 
Table 6.9 Parameters scenario 10-12 

Scenario 10 
 

𝑇      
𝑇 𝑙

  𝑇 𝑒
     

𝑇 𝑙
  𝑇 𝑒

       
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 351/351 351 3.00 1.20 4.20 14580 

1B. BRP  ‘without extra replacement’ 2906/2906 1 0 1.25 1.25 4470 

2A. FBRP  ‘with extra replacement’  n/a n/a 3.00 0.02 3.02 10235 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 2.40 2.40 4380 

 
Scenario 11      
   

𝑇       
    
𝑇 𝑙

  𝑇 𝑒
       

Optimal 𝜏  
E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 176/176 176 3.00 1.20 4.20 14580 

1B. BRP  ‘without extra replacement’ 1938/1938 1 0 1.23 1.23 4431 

2A. FBRP  ‘with extra replacement’  n/a n/a 3.00 0.02 3.02 10235 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 1.98 1.98 3363 

 
Scenario 12      
     

𝑇      
𝑇 𝑙

  𝑇 𝑒
     

𝑇 𝑙
  𝑇 𝑒

      
Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

1A. BRP   ‘with extra replacement’ 176/176 176 3.00 1.20 4.20 14580 

1B. BRP  ‘without extra replacement’ 970/970 21 0 1.22 1.22 4424 

2A. FBRP  ‘with extra replacement’  n/a n/a 3.00 0.02 3.02 10235 

2B. FBRP  ‘without extra replacement’ n/a n/a 0 0.66 0.66 1214 

 
Table 6.10 Output scenario 10- 12  
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Scenario 11 
In this scenario the currently used policy is optimal in terms of expected replacement cost. Policy 1B is 

optimal in terms of expected downtime.  

Scenario 12 
In this scenario, the currently used policy is the optimal. The expected replacement cost are 1214 euro 

and the total expected downtime is 0.66 operating hours.  

Conclusion scenario 10- 12 
When the component is used under high loads and maintained at the home base, the currently used 

policy is optimal in terms of expected replacement cost. Only when     reaches the upper boundary of 

969 operating hours (in high loads), policy 1B may be chosen since the use of this policy can reduce the 

downtime. Furthermore, it can be concluded that it is not optimal to do an extra replacement before the 

return from a deployment, which is plausible because the cost of such an replacement are higher than 

the cost of this replacement at a home base.  

Scenario 13-18  
In scenario 1-12, the parameter values of     and     were equal. Earlier has been mentioned, that  

when these values are equal and larger than zero, this represents the situation that a block policy is 

applied to the component in a previous policy and that the component did not fail after the last 

preventive replacement in period 1. In scenario 13-15, the value of    
 is increased in relation to    

, 

which represent the situation that the component has failed after the last preventive replacement in 

period 1. The values of     in scenario 13-15 are respectively 3205, 2237 and 1269 operating hours.  

In scenarios 16-18 the value of    
 is changed. The value is set to zero, which represent the situation that 

no preventive replacements are applied in period 1, which correspond with usage of a failure based 

policy in period 1.  

In order to compare the results of scenario 13-18 the remaining  parameters are the same as in scenario 

4-6.  Since the effect of a changed value of     only effects policy 1B, the output is only generated for 

this policy. The output for the scenarios are given in Table 6.11. The output for scenario 4-6 are also 

given in Table 6.11 for comparison.  

Comparison of  scenario 4-6 and scenario 13-15 
When comparing the output of scenario 4-6 and scenario 13-15 it can be concluded that the change in 

value of      has little effect to the total expected replacement cost and total expected downtime. The 

total expected replacement cost and total expected downtime do not deviate. Only one small change 

can be noticed when comparing the values of the optimal replacement intervals. For scenario 4, it is 

optimal to do a preventive replacement at      , while in scenario 13 it is optimal to do a preventive 

replacement at     . Yet, the effect to the total expected replacement cost and total expected 

downtime is negligible. 
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Comparison of  scenario 4-6 and scenario 16-18 
When the value of      is set to zero, it can be seen that there is a considerable effect to the total 

expected replacement cost and the total expected downtime. The total expected cost and the total 

expected downtime are almost doubled in scenario 16. This is caused by the fact that in scenario 16, the 

component is replaced at       . Because in this scenario period 2 is started with a very old 

component, there is a high probability that the component fails before      . Using equation 2.10, it 

can be shown that the probability of a failure before or at        is equal to 0,98. This means that 

with a probability of 0.98, one corrective replacement will take place in the interval        . In scenario 

4, the component is direct replaced at    . The probability that the component fails after this 

replacement is equal to 0.06. Scenario 16, therefore, results in much higher expected cost and expected 

downtime. A similar effect can be seen in scenario 17 and 18, however, due to the lower values of     , 

the effect decreases. When considering the results of the previous scenarios  (1-12),  it can be concluded 

that when in these scenarios a failure based replacement policy would have been applied in period 1, 

the total expected replacement cost and total expected downtime for policy 1B would have been higher. 

This only effects scenario 10 and scenario 11, where policy 1B resulted in the minimal downtime. 

Therefore, it is concluded that results of the scenarios 1-12 virtually are unchanged when a failure based 

replacement policy is used in period 1. 

6.2 Sensitivity analysis 
This section covers a sensitivity analysis that investigates the impact of changing input parameters on 

the outcomes of the mathematical models. In section 5.2 is was indicated that the values of the cost 

parameters for a replacement on a location outside the Netherlands is a rough estimate.  Also the 

replacement time of a corrective and preventive replacement can fluctuate because in reality these 

times are not deterministic. To examine the effect of an increase or decrease of the parameter values of 

the cost and replacement time, the parameters are changed.  In the sensitivity analysis the upper 

boundary of the parameter values are set to 200% of the original. The lower boundary is set to 50% of 

the original. This means that the values of the upper boundary and lower boundary of     and     are 

set to respectively 20386 euro and 5096 euro.  The values of the upper boundary and lower boundary of 

Comparison policy 
1B scenario 4-6 vs. 

scenario 13-18.      

𝑇      
 Optimal 𝜏  

E[DT]/E[TRC] 

Preventive  
replacement 
period 2 at t 𝐸 𝐷𝑇   𝐸 𝐷𝑇   𝐸 𝐷𝑇  𝐸 𝑇𝑅𝐶  

Scenario 4:  𝑇  
      𝑇 𝑒

      926 1 0 3.46 3.46 10976 

Scenario 13: 𝑇 𝑙       𝑇 𝑒       1022 1 0 3.46 3.46 10976 

Scenario 16:  𝑇     𝑇 𝑒       176 176 0 8.90 8.90 20223 

       

Scenario 6: 𝑇 𝑙       𝑇 𝑒       618 1 0 3.39 3.39 10857 

Scenario 14: 𝑇 𝑙        𝑇 𝑒       713 1 0 3.39 3.39 10857 

Scenario 17:  𝑇  
   𝑇 𝑒

      176 176 0 7.28 7.28 17470 

       

Scenario 7: 𝑇 𝑏      𝑇 𝑒      330 21 0 3.36 3.36 10799 

Scenario 15: 𝑇 𝑏        𝑇 𝑒      423 19 0 3.36 3.36 10799 

Scenario 18:  𝑇     𝑇 𝑒      176 176 0 4.15 4.15 12142 

 
Table 6.11 Output scenario 4-6 and scenario 13-18  
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    are set to respectively 1.5 operating hours and 6.0 operating hours. The values of the upper 

boundary and lower boundary of     are set to respectively 3.0 operating hours and 12.0 operating 

hours. The scenario that is chosen for the sensitivity analysis is scenario 6, because this scenario is a 

likely scenario to occur in the near future. This means that all parameters values are equal to the 

parameters used in scenario 6, with the exception of    ,    ,     and    .  

The outcome of the mathematical models are given in Table 6.12 and Table 6.13. It should be noted that 

the value of the optimal replacement interval did not change when adjusting the parameters values 

   ,    ,     and    .  

 

 

 

 

 

Table 6.13 Output sensitivity analysis when changing replacement time parameter (based on scenario 6) 

The results show that a value increase of the selected parameters especially affect the outcomes of 

policy 1B and 2B. In these two policies no preventive replacement is applied at the end of period 1, 

which means that the probability of a failure in period 2 is higher than in the other two policies. The 

total expected replacement cost total expected downtime using policy 2A  is less sensitive for the 

adjustments in the parameter values.  

In the previous scenarios, policy 2A and the currently used policy, policy 2B, were the two policies that 

performed best with respect to the replacement cost. In some scenarios policy 2A performed better, 

and in other scenarios the currently used policy performed better. When taking into account the results 

of this sensitivity analysis, it can be concluded that when the value of the cost parameters     and 

    in reality are higher than estimated in this project, the expected cost will increase using the 

currently used policy. The expected cost using policy 2A will also increase, but less than using policy 2B. 

When the value of the cost parameters      and     in reality are lower than estimated in this project, 

the currently used policy will result in lower expected cost. As concerned to the total expected 

downtime a similar conclusion can be drawn.    

Sensitivity analysis 
(replacement cost) 

 

𝑇      
𝑇 𝑙

  𝑇 𝑒
     

 

𝐶𝐶  𝐶𝑃       
(50%) 

𝐶𝐶  𝐶𝑃         
(100%) 

𝐶𝐶  𝐶𝑃        

(200%) 

𝐸 𝑇𝑅𝐶  𝐸 𝑇𝑅𝐶  𝐸 𝑇𝑅𝐶  
1A. BRP   ‘with extra replacement’ 9550 (- 34%) 14648 24912    (+70%) 

1B. BRP  ‘without extra replacement’ 5398 (- 50%) 10799 21597 (+ 100%) 

2A. FBRP  ‘with extra replacement’  4695   (- 6%) 5007 5632     (+12%) 

2B. FBRP  ‘without extra replacement’ 2921 (- 50%) 5843 11687 (+100%) 

 
Table 6.12 Output sensitivity analysis when changing replacement cost parameter (based on scenario 6) 

Sensitivity analysis 
(replacement time) 

 

       
   

     
     

 

         
          

(50%) 

         
          
 (100%) 

         
           

 (200%) 

                  
1A. BRP   ‘with extra replacement’ 2.72 (- 36%) 4.24 7.28    (+72%) 

1B. BRP  ‘without extra replacement’ 1.67 (- 50%) 3.36 6.71 (+ 100%) 

2A. FBRP  ‘with extra replacement’  1.38 (- 12%) 1.56 1.93     (+24%) 

2B. FBRP  ‘without extra replacement’ 1.71 (- 50%) 3.44 6.87 (+100%) 
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6.3 Operational validation 
The operational validity provides assurance that the output of the model is sufficiently accurate 

according to the purpose of the model (Garrido, 2009). With regard to the operational model validity, it 

should be noted, two assumptions in the model do not comply with reality. 

1. It was assumed that a component can fail during a replacement. Because in reality this is not 

true, the expected number of failures will in reality be lower and causing less downtime. 

However, in case of the selected component, the mean time-to-failure is relatively high in 

relation to the chosen time horizon in the scenarios. Therefore, the expected number of failures 

turned out to be low in all scenarios. Because the low number of expected failures and the short 

replacement times, the effect of this assumption is negligible for the total expected replacement 

cost and total expected downtime in the scenarios. 

2. The replacement time was assumed to be deterministic. In reality the usage of a component can 

occur randomly, for example, when the component (or weapon system) is unexpectedly needed 

for performing a task. Because the replacement time is measured in operating time, such usage 

can affect the replacement time. Nevertheless, this random usage comprises only a small part of 

the total usage of the component. 

In this project it is difficult to validate the model with real data. Therefore, a subjective approach is 

chosen to evaluate the validity of the model by examining the model behavior. This chapter showed the 

various outputs under the chosen scenarios and were examined by weapon system related engineering 

department. It has been concluded that the outputs confirm with the expectations and, therefore, they 

enhance the validity of the model. 
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7 Implementing the models 
This chapter describes the tool and processes that are delivered to the Defence organization in order to 

use the mathematical models. The tool, the most important processes and the considerations that need 

to be taken into account by the Defence organization when implementing the models, are described on 

the basis of three general processes. These three processes need to be executed in order to analyze a 

component as described in the case study. The processes are: 

1. Data collection and data analysis 

2. Parameter value estimation 

3. Applying the computer model  

7.1 Data collection and data analysis 
The analysis of a component starts with the selection of a weapon system. To identify the critical 

components of the weapon system, the Degrader Analysis of Banks et al. (2008) has been proposed. 

During this research it has been concluded that the needed data for this identification process is 

available within the Defence organization. Therefore, the Degrader Analysis can used by the Defence 

organization. However, for the selected weapon system this process turned out to be time consuming 

which means that the Defence organization should take into account that the identification process can 

take some time. The identification process for other weapon systems may go faster.  

Once the component is selected, data is needed for the estimation of the component time-to-failure 

distribution. In order to estimate the time-to-failure distribution, maintenance data has been retrieved 

from the Integrated Maintenance Data System (IMDS).  The flight data has been retrieved from the 

Operations Management & Information System (OMIS) and the National Airspace Laboratory (NLR). The 

maintenance data has been used create a sample of time-to-failures. The flight data has been used to 

determine the number of operating hours each of these components have been used in (non-)desert 

environments. During the project it has been found that the data is relatively easy to retrieve from the 

mentioned systems. However, because the data systems are separate (not integrated) system some 

difficulties can arise when linking data of IMDS, OMIS and the data of the NLR. In addition, it has been 

found that some difficulties can arise when classifying the load subjected to a component.  Not all 

available historical data is as detailed as needed. Nevertheless, in the last few years, the Defence 

organization is becoming more aware of the need for load dependent maintenance programs. 

Therefore, an increasingly amount of data is registered such as the manner of usage of the components 

and the environment in which the components are used. Consequently, the needed data analysis for 

determining the time-to-failure distribution for different loads will become easier in the future.  

The values of the cost parameters were retrieved from the weapon related logistic management 

department and the Defence Movement and Transport Organization. The data that was used for the 

estimation of the values of the replacement time parameters can be retrieved by interviewing 

maintenance specialist and consulting IMDS.  
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In this case study one component has been analyzed. Therefore, the data has been collected of one 

component only. When analyzing components of other weapon systems, the Defence organization 

should take into account that other information systems are used. 

7.2 Parameter value estimation 
During the case study several processes for the estimation of the time-to-failure distribution has been 

used. As part of the estimation process a Mann-Whitney test has been performed along with a Mann’s 

test. Subsequently, empirical data has been fitted into several distributions.  

The procedure for running the Mann-Whitney test in SPSS is described in Field (2009, pp. 546). The 

Mann’s test has been performed with Microsoft Excel according to Ebeling (2009, pp. 444). The least 

squares fitting method can be easily performed with Microsoft Excel. More detailed information about 

this method and other examples can be found in Manzini et al. (2010, pp. 145). 

7.3 Applying the computer model 
The computer model has been created with the software package Wolfram Mathematica. This software 

package was selected due to the user-friendly interface which increases the ease of use. During the case 

study it has been concluded that the computations using the computer model  can be very time 

consuming. When the time horizon of the selected period increases, the computation time also 

increases. For example, for scenario 10,  a time horizon of 700 operating hours is used. The experienced 

computation time for this scenario is approximately 4 hours.  

As was explained in section 3.4.1, the expected number of failures is approximated with equation 3.14. 

In the computer model the summation of this equation is stopped at    , which in the chosen 

scenarios results in a computation error less than 1%.  For longer time horizons, or for components with 

a lower mean time-to-failure, the computer model will give a computation error greater than 1%. The 

computer model easily be adapted to solve this issue, however,  the computation time will then increase 

considerably (> 24 hours). The computer model may also be implemented in other software that has 

opportunities for more efficient calculations, or simulation could be used. The computer code of the 

model is given in Appendix G.   
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8 Conclusions & recommendations 
This chapter answers the research questions that were formulated in the introduction. This chapter also 

presents recommendations to the organization, further research opportunities and the academic 

relevance.   

8.1 Conclusions 
In this research project two mathematical models have been developed to determine the optimal 

maintenance policy for weapon systems used under different loads and/or maintained at different 

working locations. The developed models are based on a failure based replacement policy and a block 

based replacement policy.  The maintenance policies can be evaluated in terms of the total expected 

replacement cost and total expected downtime. In the developed failure based replacement policy one 

decision variable influences the outcome of the model. This decision variable is the option to do an extra 

preventive replacement before a component will be used under a different load and/or maintained at a 

different working location. In the block replacement policy also a second decision variable influences the 

outcome of the model, namely the preventive replacement interval. The parameters that have been 

modeled and have been included in the mathematical models are: the time-to-failure distribution for 

different loads, the expected number of failures, and the replacement cost and replacement time 

parameters. This answers the first sub question: 

- What are the decision variables and parameters that should be modeled? 

In order to develop the mathematical models some assumptions had to be made. The assumption 

resulted in a simplification of reality, yet, they seem to be reasonable for this project. In order to use the 

mathematical models, a computer model has been created. The computer model can determine the 

optimal values of the decision variables, i.e. the values that results in minimal expected replacements 

cost or minimal expected downtime. In the computer model the optimal values are determined by 

comparing the outputs of all possible values of the decision variables. The values of the decision 

variables that result in minimal expected replacement cost and minimal expected downtime are 

selected. A confliction situation may occur when the optimal values of the decision variables from both 

perspectives (cost and downtime) are not equal. In such occasions a multi-criteria analysis could be 

performed. However, a multi-criteria analysis was not part of this project. This answers the second sub 

question: 

- How can the optimal values of the decision variables be determined? 

This research presented a method for identifying the most critical components. This method is the 

Degrader Analysis of Banks et al. (2008). The method concentrates on those components that contribute 

most towards the loss of availability and towards the maintenance cost.  Although it was not needed in 

this case study, a multi-criteria analysis could be performed to make final selection of the critical 

components.  This answers the third sub question: 

-  How can the critical components of a weapon system be identified?  



  

51 
 

In this project one critical component has been selected for the optimization of the maintenance policy. 

The selected component is component D of system A. Based on the analysis of the scenarios in Chapter 

6, it can be concluded that savings can be made on the total replacement cost. The scenario analysis 

demonstrated that for some situation it can be beneficial to use a failure based replacement policy, 

when in addition an extra replacement is applied before the component will be used under a high load 

and will be maintained at a working location outside the Netherlands. The possible savings increase 

when the time horizon of the deployment increases and/or when the to be replaced component has 

been long in use at the start of the deployment.  When the component is shortly used under a high load, 

the currently used policy is optimal in terms of expected replacement cost.  When using this policy also 

reductions in downtime can be achieved. Just as with the replacement cost, the possible reductions 

increase when the time horizon of the deployment increases and when the to be replaced component 

has been long in use at the start of the deployment. Furthermore, the analysis showed that the block 

replacement policy does not improve the currently used policy in terms of replacement cost. However, 

when having long time horizons, the block replacement policy can be used to reduce the downtime. 

Such time horizons are not current practice at the Defence organization. This answers the main research 

question: 

- What is the optimal maintenance policy for a weapon system when it will be used under a 

different load and/or maintained at a different working location? 

In each scenario of the scenario analysis one period has been evaluated. Because the maintenance 

policies are evaluated in terms of expected replacement cost and expected downtime, it does not mean 

that the savings in cost and reduction in downtime in each period will be achieved.  In reality, the 

savings in cost and reduction in downtime in each period can be lower or higher. The output should 

therefore be considered as an expected result. Furthermore, sub optimization may occur when each 

period is evaluated separately.  

8.2 Recommendations to the organization 
The deliverable of this research project is two mathematical models that help the Defence organization 

to determine the optimal preventive replacement interval when a system will be used under a different 

load and/or maintained at a different working location, and help to decide if components should be 

replaced prior to such changing conditions. The case study showed that possible savings can be achieved 

using the models. Therefore, it can be concluded the mathematical models are valuable for the Defence 

organization. It is recommended to the organization to implement the models and to use them also for 

the maintenance optimization of other components. This project demonstrated an approach for this 

purpose. However, in this project the approach is applied to one component (of one weapon system) 

and therefore, the organization should take into account that adjustments to this approach may be 

needed when analyzing other components. Furthermore, due to uncertainties in the deployments of the 

Defence organization, the organization uses a short planning horizon for the deployments of their 

weapon systems. When using the model for the evaluation of a coming deployment without considering 

any succeeding deployments, the organization should be aware that sub optimization may occur.  
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To use the models for other components, accurate and complete data should be available. Having 

accurate and complete data is an important condition for gaining valuable results, but also for the 

employees trust and motivation for using the models. Therefore, it is recommended to the organization 

to continue the development of the last few years of registering a larger amount of data that can be 

used for maintenance optimization.    

Due to incomplete it could not be determined if the number of landings is a more appropriate unit for 

measuring the time-to-failure compared to the number of operating hours. A more precise failure 

parameter could lead to more accurate results. Since many other components experience heavy 

degradation due to particle erosion as well, it may be interesting to examine if the maintenance of such 

components can be based on the number of landings. 

8.3 Academic relevance and recommendations for further research 
In literature many mathematical models are presented. However, many of these models are not suitable 

for the maintenance optimization of components that are used under different loads and/or maintained 

at different working locations. Literature showed that especially the last decade there is a growing 

number of mathematical models that consider load variations. Despite the growing number of such 

models, this project contributes to literature because of the following:  

1) Beside the consideration that loads to a component may vary in time, the mathematical models  

have been extended with the problem of deciding whether or not to do a maintenance action 

prior to a change in load and/or maintenance location.  As far as to the knowledge of the 

author, such models have not yet been developed in literature. 

2) In the load dependent mathematical models that exist in literature, it often remains unclear 

how these models should be applied to real field data. This project contributes to academic 

literature since an approach has been presented to apply the model in the field.  

3) Many mathematical models that are used for maintenance optimization do not consider the 

possibility to change in maintenance policy. In this project this possibility is considered. With the 

mathematical models a failure based replacement policy can be alternated with a block 

replacement policy when a new period is started.  

In this project the mathematical models have been applied for optimization in one case study. In order 

to enhance the validity of the models, it is recommended to apply the models in other case studies as 

well.

In this research project, several scenarios have been analyzed in the case study.  In all scenario one 

period has been evaluated. The effect of the maintenance optimization for a multi-period scenario 

remained unclear. Further research could examine this effect. 

During the modeling process several assumptions have been made. Although the current models were 

suitable for this case study, the mathematical models may be extended by relaxing two assumptions; 

the assumption that failure can occur during maintenance and the assumption of deterministic 

downtimes. By relaxing these assumptions the models will be more usable for different situations.  
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Appendix A. Derivation of the 

mathematical models  
 

In this appendix the derivations of the mathematical models are given. The development of the models 

is described in section A.1- A.5. The final models of the bock replacement policy and failure based 

replacement policy are given in section A.6 and A.7. These final models can be applied if a component is 

going to be used at a different maintenance location and/or under different loads. The three conditions 

that may occur are displayed in Table A.1 

Period 1 -> 2 Maintenance location Load 

Condition 1 Different maintenance location Same load 

Condition 2 Same maintenance location Different load 

Condition 3 Different maintenance location Different load 

Table A.1 Three possible conditions for starting a new period  

The development of the models is done in the following steps. In section A.1, a standard block 

replacement policy is presented. In this standard model it is assumed that the replacement times are 

negligible. In section A.2, the standard model is adapted by eliminating this assumption.  In section A.3, 

the model is further extended to a block replacement policy that can be applied when a component is 

used at a different maintenance location and under the same load (condition 1). Subsequently, in 

section A.4, a mathematical model is given that can be used when only the load changes (condition 2). In 

Section A.5 it is explained how the model should be adapted when the maintenance location and loads 

change (condition 3). In section A.6, the model is extended with the option to decide to do an extra 

preventive replacement before the start of a new period. The model that is created in this section, is the 

final block replacement model, this model can be used for all three conditions. Finally, in section A.7, the 

mathematical model of the failure based replacement is given. 

The notations used in appendix A are given in Table A.2. 
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Notation Explanation 
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Table A.2 Overview used notations 
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A.1 The standard block replacement policy.  

Assumptions: 

I. Period   has a length   , starting with    . 

II. The preventive replacement interval is denoted as   .  

III. In this block replacement policy a component is replaced at fixed times     (       ) and 

immediately after a failure.  

IV. When a component is replaced, it is replaced by a new component. 

V. The replacements times are negligible. 

VI. It is assumed that        .  

VII. The period starts with a new component. The cost of this component is neglected. 

VIII. It is assumed that all resources such as supporting equipment, spare parts and personnel are 

immediately available. Therefore, a replacement can always start directly. 

 

Figure A.1 shows a schematic example of the standard block replacement policy. The example shows 

that preventive replacements occur at fixed times           . At time    the component fails and is 

immediately replaced.   

 

A.1.1 Calculating the total expected replacement cost for a period 
Figure A.1 shows that one period consists of several cycles. A new cycle is started at the beginning of a 

new period and after each preventive replacement. Consequently, Figure A.1 shows four cycles. Cycle 1, 

2, 3 all have an equal length of   , and the last cycle, cycle 4, has a length of       . 

To determine the total expected replacement cost in the period, the total expected replacement cost of 

all different cycles are determined since the total expected replacement cost of a period is equal to the 

summation of the total expected replacement cost of all cycles. Cycles that have a length of    are 

denoted as ‘standard’  cycles.  Thus, in the example in Figure A.1, cycle 1, 2 and 3 are all indicated as 

standard cycles. The last cycle, cycle 4, has a length smaller than   , and is denoted as the ‘last’ cycle.  

𝑇  

𝑇  

𝒕 

𝑭𝟏(𝒕) 

 𝜏  𝑡  

 
 

𝜏  

Figure A.1 Schematic representation of the standard block replacement policy 

0 

Cycle 1  

Standard cycle  
 

Cycle 2 

Standard cycle 

Cycle 3 

Standard cycle 

Cycle 4 

Last cycle 

 𝜏  

1 

𝑆𝑡𝑎𝑟𝑡 𝑃𝑒𝑟𝑖𝑜𝑑    
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The total expected replacement cost of a cycle is determined by the expected number of corrective and 

preventive replacements and the cost of a replacement. 

 

                                                      

                                                                                                        

                                                         

                                      

  

                                                           

                                      

Eq. A.1 

The expected number of corrective replacements are determined by the number of expected failures 

during a cycle. 

A.1.2 The standard cycle 
As explained in section A.1.1, the total expected replacement cost in a cycle is determined by the 

number of preventive replacements, the number of corrective replacements, the cost of a preventive 

replacement (   ), and the cost of a corrective replacement (   ). A standard cycle has a length   , 

which means that the number of corrective and preventive replacements are determined for the 

interval       .  

The number of corrective replacements are determined by the expected number of failures during the 

interval       .  Because each cycle is ended with a one preventive replacement, the expected 

replacement cost of a standard cycle is equal to 

               
(  )          (  )      Eq. A.2 

where,     (  )  is the expected number of failures that occur during the interval       .  

      (  )   ∑    (  )

 

   

 Eq. A.3 

More detailed information of the calculation of the expected number of corrective replacements can be 

found in section 2.4. 

A.1.3 The last cycle 

When 
  

  
 ⌊

  

  
⌋ there will be a last cycle that has a length smaller than    (see Figure A.1). Since 

preventive replacements are only performed at times     (        
 

  
), the last cycle will not be 

finished with a preventive replacement, and, therefore, the replacement cost are only driven by the 

potential failures in the last cycle. Hence, the expected replacement cost of the last cycle is equal to 

the expected number of failures during the interval [     ⌊
  

  
⌋     ], multiplied by the replacement 
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cost of a corrective replacement.  So, the total expected replacement cost of the last cycle are given 

by 

 
          (   ⌊

  

  
⌋    )       [  (   ⌊

  

  
⌋    )] 

Eq. A.4 

where 

   [  (   ⌊
  

  
⌋    )]   ∑    (   ⌊

  

  
⌋    )

 

   

 Eq. A.5 

 
A.1.4       The complete period 
The total expected replacement cost of the complete period is the summation of the expected 

replacement cost of all cycles. Since there are  ⌊
  

  
⌋ standard cycles in one period, and one last cycle, the 

expected total replacement cost per period is given by  

        (  )   ⌊
  

  
⌋                

(  )            (   ⌊
  

  
⌋    )  Eq. A.6 

 

A.2 The block replacement policy when replacement times are not negligible 

Assumptions: 

I. All assumptions made in section A.1 hold, except that the replacement time is not negligible. 

The assumption of negligible replacement times is eliminated in order to determine the 

downtime during a period.  

II. A preventive replacement in period   takes     units of time and a corrective replacement takes 

    units of time. 

A.2.1 Calculating  the total expected downtime for a period 
The expected downtime is calculated in a similar way as the total expected replacement cost in section 

A.1, i.e. the downtime is determined for each cycle. The summation of the  expected downtime of all 

cycles is equal to the total expected downtime during a period. The expected downtime during a cycle is 

given by 
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Eq. A.7 

The expected number of corrective replacements in the mathematical model is determined with 

equation A.3. It should be noted that the replacement time in these equations has been neglected, 

which has the consequence that the number of corrective replacements is overestimated as failures 

may occur during maintenance. If the probability of failure during a replacement is very small, using the 

equation will have a negligible effect on the total expected downtime and total expected replacement 

cost. 

Because equation A.3 is used for the expected number of corrective replacements, the total expected 

replacement cost are given by equation A.6. The total expected downtime is determined below.  

A.2.2 The  standard cycle 
A standard cycle is ended with one preventive replacement, which takes     units of time.  Since the 

expected number of failures is determined with     (  ) , the expected downtime during a standard 

cycle with an interval       , is given by  

  [           
(   )]          (  )       Eq. A.8 

 

A.2.3 The  last cycle 

When 
  

  
 ⌊

  

  
⌋  the period is ended with a last cycle, which has an interval [     ⌊

  

  
⌋     ]. The last 

cycle is not ended with a preventive replacement. Therefore, the downtime in the last cycle is 

determined by the expected number of corrective replacements. Each take     units of time. Since the 

expected number of corrective replacements is determined with  [  (   ⌊
  

  
⌋    )], the total expected 

downtime in the last cycle is 

          (   ⌊
  

  
⌋    )       [  (   ⌊

  

  
⌋    )] Eq. A.9 
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A.2.4 The complete period 

The total expected downtime is the summation of the downtimes of all cycles. A period consist of ⌊
  

  
⌋ 

‘standard cycles’, and one ‘last’ cycle. Therefore, the total expected downtime during period 1 is given 

by 

       (  )  ⌊
  

  
⌋               

(  )           (   ⌊
  

  
⌋    )  Eq. A.10 

 

A.3 Condition 1. The component will be used at a different maintenance 

location, under the same load 

Assumptions: 
 

I. The component will be used at a different maintenance location. This means that a new period 

is started. The period to be evaluated is denoted as period  2. The former period is denoted as 

period 1. It is assumed that in the new period different preventive and/or corrective 

replacement times apply or that different preventive  and/or corrective replacement cost apply. 

The load does not change, i.e.   ( )    ( ),   ( )    ( ), and   ( )    ( ). 

II. The last preventive replacement in the block policy of period 1 has been performed at time 

       (Figure A.2). As a result of this block replacement policy, the first preventive 

replacement in period 2 will not be performed at time   , but    after the last preventive 

maintenance replacement in period 1. Consequently, the first preventive replacement occurs at 

        , which means that the first cycle in period 2, which is denoted as the ‘first’ cycle, 

has a length (   

 ) equal to       . The preventive replacements will, therefore, be at fixed 

times    

      (          
     

 

  
). 

III. During the interval [        the component may fail. This situation is shown in Figure A.2. It is 

assumed that at the start of period 2, the component has been functioning for      units of 

time.  
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The total expected replacement cost and the total expected downtime are determined with the same 

approach as in section A.1 and A.2. This is first done for the ‘first’ cycle, and then for the ‘standard’ 

cycles and the ‘last’ cycle. 

A.3.1 The first cycle 
Figure A.2 shows that the first cycle is related to interval           , which also can be denoted as  

      

   , because    

        . The expected number of failures during this interval is determined in 

the same manner as in the previous section, except, that the probability of the first failure in the interval 

      

   is given by  ∫   ( |   )
   

 

 
   since it is known that the component has survived    . After the 

first replacement, the component is new and      . The probability of the first failure, second failure, 

third failure and so on, is determined with the condition that       . 

Given that component has survived    ,  the number of expected failures in the first cycle       

    

     (   

 |   )  ∑    (   

 |   )

 

   

 Eq. A.11 

The probability of exactly 0 failures during the first block interval       

   is equal to: 

   (   

 |   )    (   

 |   ) Eq. A.12 

The probability of exactly 1 failure during       

   is equal to the probability of a failure at    , multiplied 

by the probability of 0 failures during the interval       

  . Thus, 

   (   

 |   )  ∫   (  |   )
   

 

 

  (   

    )    Eq. A.13 

 (𝜏 
 𝑇 𝑙) 

Figure A.2 Schematic representation of the block replacement policy condition 1 
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Repeating the same reasoning, the probability of exactly 2 failures is, 

   (   

 |   )  ∫   (  |   )
   

 

 

(∫   (  )  (   

  (     ))
   

    

 

    )       Eq. A.14 

etc. 

When    

   , the total expected replacement cost of the first cycle is equal to the expected number of 

corrective replacement multiplied by the replacement cost, plus the cost of one preventive replacement.  

The expected replacement cost of the first cycle with interval       

   is equal to 

  [         (   

 |   )]       [  (   

 |   )]      Eq. A.15 

The total expected downtime in the first cycle is equal to the expected number of corrective 

replacement multiplied by the duration of a corrective replacement, plus the duration of one preventive 

replacement.  The expected downtime in the first cycle with interval       

   is equal to 

  [        (   

 |   )]       [  (   

 |   )]      Eq. A.16 

 

A.3.2 The standard cycle 
For the standard cycle, the total expected replacement cost and total expected downtime have already 

been derived in section A.1 and A.2. They are given by  

  [            
(  )]          (  )      Eq. A.17 

  [           
(  )]          (  )      Eq. A.18 

 

A.3.3 The last cycle 

When  
      

 

  
 ⌊

      
 

  
⌋ there will be a last cycle that has an interval [        

  ⌊
      

 

  
⌋    ]. The cost 

of the last cycle is only driven by the number of failures. The number of failure in the last can be 

determined as follows 

  [  (      

  ⌊
      

 

  
⌋    )]   ∑    (      

  ⌊
      

 

  
⌋    )

 

   

 Eq. A.19 
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So,  

           (      

  ⌊
      

 

  
⌋    )       [  (      

  ⌊
      

 

  
⌋    )] Eq. A.20 

and 

          (      

  ⌊
      

 

  
⌋    )       [  (      

  ⌊
      

 

  
⌋    )] Eq. A.21 

 

A.3.4 The mathematical model for condition 1 
The total expected replacement cost of the period is the summation of the expected replacement cost 

of all cycles. The total expected downtime in the period is the summation of the expected total 

downtime in all cycles. Since period 2 consist of one first cycle,  ⌊
      

 

  
⌋ standard cycles, and one last 

cycle, the expected total replacement cost of period 2 is given by 

 

      (  |   ) 

            (   

 |   )   ⌊
      

 

  
⌋                

(  ) 

           (      

  ⌊
      

 

  
⌋    )  

Eq. A.22 

The total expected downtime in period 2 is given by 

 

     (  |   ) 

           (   

 |   )   ⌊
      

 

  
⌋               

(  ) 

          (      

  ⌊
      

 

  
⌋    )  

Eq. A.23 

 

A.4 Condition 2. The component will be used at the same 

maintenance location, and under a different load 

Assumptions: 

I. All assumptions are equal to the assumptions in section A.3, except that the component will be 

used under a different load in period 2, which means that   ( )    ( ). Furthermore, as the 

component is used at the same location                                    . 
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A.4.1 Equivalent age 
In section A.3 the period started with a component that has been used previously under the same load. 

It was assumed that the component has been functioning     time units. Therefore, the reliability of the 

component at the start of the new period was equal to    ( |   ).  In situations where the component 

has been used under the same load, this assumption is valid. However, when the component has been 

used under different loads this assumption does not hold. In order to determine the conditional 

reliability of the component, then Huairui, Mettas, & Monteforte (2008) introduce the concept of 

“equivalent age”.   

At the end of period 1 the reliability of the component is equal to   (   ), which reflects the 

accumulated damage at the end of period 1. The accumulated damage at the beginning of period 2 

should be equal to accumulated damage at the end of period 1. Therefore, Huairui et al. (2008) state 

that, 

   (   )    (   

 ) Eq. A.24 

where    

  is the equivalent age. This means that,  

    

    
  (  (   )) Eq. A.25 

This concept has been applied to the length of the first preventive replacement interval    

  as well. In 

the previous section it was shown that the length of the first preventive replacement interval in period 2 

depend on the length of the last preventive maintenance action in period 1. The time between the last 

preventive replacement in period 1 and the start of period 2     , has an equivalent length.  

where    

 , the equivalent time is of    
. Considering the load difference between period 1 and 2, the 

first inspection takes place at 

    

        

  Eq. A.27 

 

A.4.2 The mathematical model for condition 2 
In order to determine the total expected replacement cost and total expected downtime when the 

component has been used under a changed load, the model of the previous (eq. A.22 and A.23) can be 

used when     is replaced by    

 . Furthermore, equations A.26 and A.27 are used for determining    

 . 

This leads to the following  

    

    
  (  (   )) Eq. A.26 
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      (  |   

 ) 

            (   

 |   

 )   ⌊
      

 

  
⌋                

(  ) 

           (      

  ⌊
      

 

  
⌋    )  

Eq. A.28 

The total expected downtime in period 2 is given by 

 

     (  |   

 )            (   

 |   

 )   ⌊
      

 

  
⌋               

(  ) 

          (      

  ⌊
      

 

  
⌋    )  

Eq. A.29 

 

A.5 Condition 3. The component will be used at the different maintenance 

location, and under a different load  

Assumptions: 

All assumptions are equal to the assumptions in section A.4, except that the component will be used at a 

different maintenance location which means that it is assumed that in the new period different 

preventive and/or corrective replacement times apply or that different preventive  and/or corrective 

replacement cost apply.  

A.5.1 The mathematical model for condition 3 
The models of the previous section can be applied with the exception that different parameters are used 

for the preventive and corrective replacement times and preventive and corrective replacement cost. 

The total expected replacement cost is, therefore, given by 

 

      (  |   
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            (   

 |   

 )   ⌊
      

 

  
⌋                

(  ) 

           (      

  ⌊
      

 

  
⌋    )  

Eq. A.30 

The total expected downtime in period 2 is given by 

 

     (  |   

 )            (   

 |   

 )   ⌊
      

 

  
⌋               

(  ) 

          (      

  ⌊
      

 

  
⌋    )  

Eq. A.31 
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A.6 Extension of the mathematical model: extra preventive replacement 

Assumptions: 

I. When due to the change in maintenance location and/or in load a new period is started, it can 

be decided to do an extra preventive replacement before the start of the new period. It can also 

be decided to “do nothing”, i.e. when no extra preventive replacement is done. Figure A.3 and 

A.4 show both situations. 

II. When it is decided to do an extra preventive replacement in period 1, the replacement starts at 

      . This means that the replacement is finished at     

III. When it is decided not to do an extra preventive replacement at        , it is assumed that 

during the interval          no failures occur since the probability of a failure during this 

interval is very small. 

 

 

Figure A.3 Schematic representation of the block replacement policy ‘without extra preventive replacement’ 
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Figure A.4 Schematic representation of the block replacement policy ‘with extra preventive replacement’ 
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A.6.1 Trade off 
There is a trade off when deciding to do an extra preventive replacement before the start of period 2. 

This is explained below. 

When it is decided to do an extra preventive replacement, the replacement cost and the downtime in 

period 1 will be increased respectively with     and     . Consequently, period 2 is started with a new 

component, which means that    

   . As a result the number of replacements are reduced in period 2. 

When it is decided to “do nothing”, the replacement cost and downtime in period 1 is not increased 

with     and     , nevertheless, more replacements are expected in period 2 since the period is started 

with an used component (   

   ). 

Figure A.3 and Figure A.4 demonstrate the above two decisions. The figures show that for both decisions 

two preventive replacements are done. In Figure A.3, all preventive replacements have been done in 

period 2, while in Figure A.4, one preventive replacement has been done in period 2, and one in period 

1. Depending on the parameters such as the replacement cost, the replacement times, and the required 

availability, the situation presented in Figure A.4 may result in lower replacement cost compared with 

the situation presented in Figure A.3.  Therefore, is has to be evaluated which decision results in the 

lowest replacement cost and downtime. In the following sections, the total expected replacement cost 

and total expected downtime are examined for both decisions.  

A.6.2 Block replacement policy ‘without extra preventive replacement’ 
The decision not to do an extra replacement has the following consequences. 

1. The total expected replacement cost during the interval           is equal to zero, because the 

expected number of failures in the interval          is neglected. 

2. The downtime in the interval          is, therefore, also zero.  

3. Since the component is not replaced,     

   , and therefore it is assumed that    

   . 

In order to derive the expressions for the total expected replacement cost  and the total expected 

downtime the equations A.30 and A.31 in section A.5.1 are used. Consequently the total expected 

replacement cost and the expected downtime, when it is decided not to do an extra preventive 

replacement, is expressed by 
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⌋    )  

Eq. A.32 
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and 
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 |   )   ⌊
      

 

  
⌋               

(  ) 

          (      

  ⌊
      

 

  
⌋    )  

Eq. A.33 

When equation A.32 and A.33 are fully written down the following mathematical model is obtained 
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Eq. A.34 

and 
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⌋  (         (   )     )
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⌋    )]  

Eq. A.35 

It assumed that    can only take a value between    

  and    

    .  An replacement interval smaller  

than    

 would result in a negative length of the first cycle since    

        

 . When the replacement 

interval is larger than    

     , the policy would no longer be a preventive replacement policy as zero 

preventive replacement would be applied during the period.  

A.6.3 Block replacement policy ‘with extra preventive replacement’ 
The decision to do an extra preventive replacement  has the following consequences.  

1. The replacement cost in the interval           is equal to    . 

2. The downtime in the interval          is equal to    .  

3. Since the component is replaced, the equivalent age of the component is    

    and    

   . 

The total expected replacement cost and the expected downtime can easily be derived with equation 

A.34 and A.35 when adding respectively     and    , and filling in    

    and    

   .  
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Eq. A.36 
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and 

                                ⌊
  

  
⌋              (  )          (   ⌊

  

  
⌋    )  Eq. A.37 

When equation A.36 and A.37 are fully written down the following is obtained 
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Eq. A.38 

and 
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⌋  (        (  )      )       [  (   ⌊

  

  
⌋    )]  

Eq. A.39 

It assumed that    can only take a value between 0 and   .  A replacement interval of 0 would result in 

an infinite number of preventive replacements. When the replacement interval is larger than   , the 

policy would no longer be a preventive replacement policy as zero preventive replacement would be 

applied during the period.  

A.7 The failure based replacement policy 

In order to create the model the following assumptions are made: 

I. A new period is started when the component is going to be used at a different maintenance 

location and/or under a different load. This new period is denoted as period  , while the current 

period is denoted as period  .  

II. When a maintenance location changes, one of the parameters         changes as well. 

III. Period   has a length   , starting with    . 

IV. In this failure based replacement policy a component is replaced immediately after a failure.  

V. When a component is replaced, it is replaced by a new component. 

VI. Before the start of a new period, it can be decided to do an extra preventive replacement. 

VII. When it is decided to do an extra preventive replacement, the preventive replacement is started 

at time     . Consequently, the replacement is finished exactly at the start of period  . 

VIII. The expected number of failures during the interval          is negligible. 

IX. At the start of period   the component has been functioning for    time units. 

X. It is assumed that all resources such as supporting equipment, spare parts and personnel are 

immediately available. Therefore, a replacement can always start directly. 

A.7.1 Failure based replacement policy ‘without extra preventive replacement’ 
Figure A.5 shows a schematic representation of this failure based replacement policy when it is 

decided not to do an extra preventive replacement. Period   is started with a used component. 

In the example the component is replaced at time    and    due to a failure.  
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Since no preventive maintenance is applied during period 2,  the total expected replacement cost is 

determined by the expected number of corrective replacements and the cost of a corrective 

replacement. The total expected downtime is determined by the expected number of corrective 

replacements and the duration of a corrective replacement.  Therefore, the total expected replacement 

cost and the total expected downtime is given by 

                                     [  (  |   
 )] Eq. A.40 

                                   [  (  |   
 )] Eq. A.41 

 
A.7.2 Failure based replacement policy ‘with extra preventive replacement’  
Figure A.6 shows a schematic representation of the failure based replacement policy when it is decided 

to do an extra preventive replacement. Period   is starts with a new component, which means that 

   

   . In the example the component is replaced at time    due to a failure. 

Figure A.5 Schematic representation of the failure based replacement policy ‘without extra preventive replacement’ 
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The total expected replacement cost is determined by the expected number of corrective replacements, 

the cost of a replacement, and the cost the extra preventive replacement at the end of period 1.  The 

total expected downtime is determined by the expected number of corrective replacements, the 

duration of a replacement, and the duration of the extra preventive replacement at the end of period 1. 

The total expected replacement cost and the total expected downtime is given by 

                                       [  (  )] Eq. A.42 

                                       [  (  )] Eq. A.43 

 

 
  

Figure A.6 Schematic representation of the failure based replacement policy ‘with extra preventive replacement’ 
𝒕 

𝑭𝟏(𝒕) 

𝑡  

 
 

𝑃𝑒𝑟𝑖𝑜𝑑   𝑃𝑒𝑟𝑖𝑜𝑑   

𝑇  

1 

0  𝑡𝑝  

𝑇 𝑒
    

with extra 

replacement 

𝑭𝟐(𝒕) 



  

74 
 

Appendix B.  Verification & validation of 

the mathematical models 
 

In this appendix the numerical test cases are described used for the model verification and validation.  

B.1 Verification 
To check the correctness of the output of the mathematical models, a numerical example was calculated 

by hand. Subsequently, the output was compared with the output of the computer model.  In order to 

avoid complex manual calculations, it was chosen to use an exponential distribution. The value of the 

parameters that were used in the scenario are given in Table B.1 

Parameters manual calculations 

             
             ( )       

         
        

       ( )       

                 

      ( )      

         ( )      

Table B.1 Parameters manual calculations  

In order to verify that computations of the expected number of failures are also correct for other 

distributions, two additional numerical examples were computed. These numerical example origin from 

the article of Breszasveck (2013).  In the article, exact numerical solutions of the expected number of 

failures are given for different distributions. The exact solutions are compared with the output of the 

computer model. 

Comparison of the output of the manual calculations and the output of the computer model 
The expected number of failures is approximated with equation B.1.  In this scenario, the summation of 

this equation is stopped at     as this gives a computation error smaller than 1%.  
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Without giving the full derivation, it can be shown that   ( )   ( )   ( ) are equal to 
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The manual calculations for each policy are given below. Since the designated values of the parameters 

of the cost and the replacement time are equal, only the calculations of the expected replacement cost 

are demonstrated. The calculations of the total expected downtime are similar to the calculations below 

and results in the same output. 

Policy 1A. Block replacement policy ‘with extra preventive replacement’ 
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Policy 1B. Block policy ‘without extra preventive replacement’ 
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Policy 2A. Failure based policy ‘with extra preventive replacement’ 
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Policy 2B. Failure based policy “with extra preventive replacement” 
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The expected replacement cost        and expected downtime       that were generated by the 

computer model are given in Table B.2. As can be seen, the output of the manual calculations is equal to 

the output of the computer model. 

Output of the computer model E[TRC] E[DT] 

Policy 1A. Block replacement policy ‘extra replacement’ 13.39 13.39 

Policy 1B. Block replacement policy ‘no extra replacement’ 16.61 16.61 

Policy 2A. Failure based replacement policy ‘extra replacement’ 6.60 6.60 

Policy 2B. Failure based replacement policy ‘no extra replacement’ 5.60 5.60 

Table B.2 Output of the computer model 

Comparison of exacts solutions of the expected number of failures and the output of the computer 
model 
Two numerical test cases are calculated and compared with exact solutions. For the numerical test 

cases, the expected number of failures are approximated by cutting of the summation at    . It can 

be seen in Table B.3 that the approximated results of the computer are close to the exact solutions.  

       

Normal distribution 
     
     

Exact solution of    ( )  according to the 
article of Breszasveck (2013) 

0.5172 

Solution    ( )] according to computer 
model with      

0.5144 

Gamma distribution 
      
     

(     ,     ) 

Exact solution of    ( )  according to the 
article of Breszasveck (2013) 

0.6709 

Solution    ( )    according to computer 
model with     

0.6706 

Table B.3 Comparison between exact numerical results and the approximated results 
                  of the computer model 
 

B.2 Validation 
To test whether the models give valid results, six different scenarios are examined. In each scenario one 

or more parameter are changed. The changed output is then compared with a basic scenario. The 

behavior of the model should be in line with the expectations. An overview of parameters of the basic 

scenario is given in Table B.4. An overview of the tested scenarios and expected behaviors is given in 
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Table B.5. The output that is observed, is the total expected replacement cost. The total expected 

downtime is not separately observed because the total expected downtime is calculated in the same 

way as the total expected replacement cost. Due to its flexibility it was chosen to use a Weibull 

distribution. 

Parameters scenario 1.  Basic scenario 

                                                        

         
                    (               ) 

          
                                               

                          (                ) 

Table B.4  Parameters, basic scenario 

Scenario Parameter value  Expected behavior 

1 Basic scenario, the period is started with a 
new component 
 

   
    The difference in total expected replacement 

cost between policy 1A and policy 1B, and 
policy 2A and policy 2B is equal to      .  

2 The period is started with a component that is 
used 
 

   
   

 

 The total expected replacement cost of 
policy 1B and policy 2B increases 

3 The cost of a corrective replacement  is 
increased  
 

         The preventive replacement frequency 
increases  

4 The replacement cost are zero       
      
       

 The total expected replacement cost are 
equal to zero 

5 All replacement cost are equal       
      
       

 The optimal policy is policy 2B 

6 The failure rate of the component is constant 
 
 

        The optimal policy is policy 2B 

Table B.5 Overview of the tested scenarios and expected behavior 

Scenario 1.  Basic scenario, the period is started with a new component 
In the basic scenario, period   starts with a new component. An extra preventive replacement before 

the start of period   (which is done in policy 1A and  2A) would, therefore, be useless. Policy 1B should 

result in lower replacement cost than policy 1A, and policy 2B should result in lower replacement cost 

than policy 2A. Moreover, the difference in replacement cost between the policy 1A and policy 1B, and 

policy 2A and 2B should be equal to     since an extra preventive replacement is applied in policy 1A 

and policy 2A, while this is not the case in policy 1B and policy 2B. The output of the policies are given in 

Table B.6-B.8.  When examining the tables it can be concluded that the total expected replacement cost 

of policy 1B and 2B are indeed lower than the total expected replacement cost of policy 1A and 2A. The 

difference is equal to    . 
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Policy 1A 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 101.85 11 1 30.45 

2 10 53.40 12 1 31.24 

3 6 35.20 13 1 32.53 

4 5 32.73 14 1 34.28 

5 4 30.38 15 1 36.46 

6 3 27.15 16 1 39.01 

7 2 25.19 17 1 41.86 

8 2 26.82 18 1 44.95 

9 2 30.28 19 1 48.20 

10 2 35.19 20 1 51.53 
Table B.6 Output policy 1A,  scenario 1 

Policy 1B 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 100.85 11 1 29.45 

2 10 52.40 12 1 30.24 

3 6 34.20 13 1 31.53 

4 5 31.73 14 1 33.28 

5 4 29.38 15 1 35.46 

6 3 26.15 16 1 38.01 

7 2 24.19 17 1 40.86 

8 2 25.82 18 1 43.95 

9 2 29.28 19 1 47.20 

10 2 34.19 20 1 50.53 
Table B.7 Output policy 1B, scenario 1 

Policy 2A Policy 2B 

E[TRC] E[TRC] 

46.52 45.52 
Table B.8 Output policy 2A and 2B, scenario 1 

Scenario 2. The period is started with a component that has been used 
In the basic scenario, period 2 was started with a new component. In this scenario, period   is started 

with a used component. Hence, the expected replacement cost should increase in policy 1B and in policy 

2B. The total expected replacement cost should not change in policy 1A and 2A, as in these policies the 

period is also started with a new component, just as in the basic scenario. The output of the policies is 

given in Table B.10-B.12. 

When comparing the output of the policies with the output of the basic scenario, it can be concluded 

that in the current scenario the total expected replacement cost are higher in policy 1B and 2B. The 

replacement cost remained the same in policy 1A and 2A, which is in line with the expectations. 

 

 

 

 

Parameters scenario 2 

                                                       

         
                    (               ) 

          
                                               

                          (                ) 

Table B.9 Parameters, scenario 2 
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Policy 1A 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 101.85 11 1 30.45 

2 10 53.40 12 1 31.24 

3 6 35.20 13 1 32.53 

4 5 32.73 14 1 34.28 

5 4 30.38 15 1 36.46 

6 3 27.15 16 1 39.01 

7 2 25.19 17 1 41.86 

8 2 26.82 18 1 44.95 

9 2 30.28 19 1 48.20 

10 2 35.19 20 1 51.53 
Table B.10  Output of policy 1A, scenario 2 

Policy 1B 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 101.00 11 1 32.48 

2 10 52.78 12 1 33.45 

3 6 34.84 13 1 34.88 

4 5 32.67 14 1 36.73 

5 4 30.59 15 1 38.96 

6 3 27.75 16 1 41.51 

7 2 26.11 17 1 44.33 

8 2 28.06 18 1 47.36 

9 2 31.81 19 1 50.53 

10 2 36.99 20 1  53.75 
Table B.11. Output of policy 1B, scenario 2 

Policy 2A Policy 2B 

E[TRC] E[TRC] 

46.52 48.75 
Table B.12 Output of policy 2A and B, scenario 2 

Scenario 3. The cost of a corrective replacement  is increased  
From a cost perspective, a preventive maintenance can be advantageous when the cost of a corrective 

replacement is higher than the cost of a preventive replacement. The higher the corrective replacement 

cost, the more preventive replacement may be applied. In this scenario the cost of a corrective 

replacement is multiplied with a factor 10 compared with the basic scenario. An overview of the 

parameters that are used in this scenario are given in Table B.13. The output of the policies is given in 

Table B.14-B.16. 

The output shows that the optimal number of replacements in both scenario’s is equal to 6, while the 

optimal number of replacement in the basic scenario is equal to 2. The change in the models output is, 

therefore, consistent with the expectations. 
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 Policy 1A 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 109.50 11 1 250.53 

2 10 75.01 12 1 258.39 

3 6 72.96 13 1 271.27 

4 5 93.30 14 1 288.83 

5 4 114.28 15 1 310.61 

6 3 127.55 16 1 336.07 

7 2 152.86 17 1 364.60 

8 2 169.22 18 1 395.49 

9 2 203.78 19 1 427.99 

10 2 252.90 20 1 461.18 
Table B.14  Output of policy 1A, scenario  3. 

Policy 1B 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 108.50 11 1 249.53 

2 10 74.01 12 1 257.39 

3 6 72.96 13 1 270.27 

4 5 92.30 14 1 287.83 

5 4 113.28 15 1 309.61 

6 3 126.55 16 1 335.07 

7 2 151.86 17 1 363.60 

8 2 168.22 18 1 367.49 

9 2 202.78 19 1 426.99 

10 2 251.90 20 1 460.18 
Table B.15 Output of policy 1B, scenario 3 

Scenario 4. All replacement cost are zero 
In this scenario all replacement cost are equal to zero. This means that the total expected replacement 

cost should be zero. The parameters that are used in this scenario are given in Table B.20. The output of 

each policy is given in Table B.21-B.23.  

The output shows the total expected replacement cost are equal to zero. 

Parameters scenario 4 
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Table B.16 Parameters, scenario 4 

 

 

Parameters scenario 3 
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Table B.13 Parameters, scenario 3.  
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Policy 1A 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 0 11 1 0 

2 10 0 12 1 0 

3 6 0 13 1 0 

4 5 0 14 1 0 

5 4 0 15 1 0 

6 3 0 16 1 0 

7 2 0 17 1 0 

8 2 0 18 1 0 

9 2 0 19 1 0 

10 2 0 20 1 0 
Table B.17  Output of policy 1A, scenario 4 

Policy 1B 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 0 11 1 0 

2 10 0 12 1 0 

3 6 0 13 1 0 

4 5 0 14 1 0 

5 4 0 15 1 0 

6 3 0 16 1 0 

7 2 0 17 1 0 

8 2 0 18 1 0 

9 2 0 19 1 0 

10 2 0 20 1 0 
Table B.18 Output of policy 1B, scenario 4 

Policy 2A Policy 2B 

E[TRC] E[TRC] 

0 0 
Table B.19 Output of policy 2A and 2B, scenario 4 

Scenario 5. All replacement cost are equal 
In this scenario all replacement cost are equal. This means that from a cost perspective, preventive 

maintenance is not useful to apply. Hence, policy 2B should be the optimal policy because in this policy 

no preventive maintenance is applied.  The parameters that are used in this scenario are given in Table 

B.20. The output of each policy is given in Table B.21-B.23.  

The output shows that policy 2B indeed results in the lowest replacement cost. 

Parameters scenario 5 
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Table B.20 Parameters, scenario 5 
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Policy 1A 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 105.10 11 1 12.45 

2 10 55.24 12 1 12.52 

3 6 35.42 13 1 12.65 

4 5 30.67 14 1 12.83 

5 4 25.93 15 1 13.04 

6 3 21.12 16 1 13.30 

7 2 16.42 17 1 13.59 

8 2 16.58 18 1 13.89 

9 2 16.93 19 1 14.22 

10 2 17.42 20 1 14.55 
Table B.21  Output of policy 1A, scenario 5 

Policy 1B 

   # replacements E[TRC]    # replacements E[TRC] 

1 20 100.10 11 1 7.45 

2 10 50.24 12 1 7.52 

3 6 30.42 13 1 7.65 

4 5 25.67 14 1 7.83 

5 4 20.93 15 1 8.04 

6 3 16.12 16 1 8.30 

7 2 11.42 17 1 8.59 

8 2 11.58 18 1 8.89 

9 2 11.93 19 1 9.22 

10 2 12.42 20 1 9.55 
Table B.22 Output of policy 1B, scenario 5 

Policy 2A Policy 2B 

E[TRC] E[TRC] 

9.55 4.55 
Table B.23 Output of policy 2A and 2B, scenario 5 

Scenario 6. The failure rate of the component is constant 
A preventive replacement policy is only attractive when the failure rate of the component is increasing. 

Therefore, when the failure rate is constant (or decreasing), policy 2B should be the optimal policy. To 

test whether the model is consistent with the expectations, the shape parameter of the Weibull 

distribution of period   is changed to 1.0. The parameters that are used in this scenario are given in 

Table B.24. To get accurate results (the expected number of failures is estimated with    ), the length 

of the period is shortened to     . The output of each policy is given in Table B.25-B.27. 

 As expected, policy 2B is the optimal policy.  

Parameters scenario 6 
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Table B.24 Parameters, scenario 6 
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 Policy  1 

   # replacements E[TRC] 

1 7 56.6649 

2 3 36.5839 

3 2 31.4601 

4 1 26.3203 

5 1 26.1797 

6 1 25.9063 

7 1 25.5163 
Table B.25 Output of policy 1A, scenario 6 

Policy 1B 

   # replacements E[TRC] 
1 7 55.67 
2 3 35.58 
3 2 30.46 
4 1 25.32 
5 1 25.18 
6 1 24.91 
7 1 23.52 

Table B.26 Output of policy 1B, scenario 6 

Policy 2A Policy 2B 

E[TRC] E[TRC] 

20.25 19.25 
Table B.27 Output of policy 2A and 2B, scenario 6 
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Appendix C. Time-to-failure dataset 
The complete dataset consist of    failure times                  , and is shown in table C.1. Some of 

the time-to-failures belong to components that have been used under high loads. Yet, most of the 

components have been solely used under high loads. Components that are solely used under high loads 

are represented in Table C.1 by a zero in the last column. Table C.1 is ranked to the time used under high 

loads.  

   
Time-to-failure 

(in operating hours) 
Time used under high loads  

(in operating hours) 

1 910 450 
2 689 383 
3 763 383 
4 833 383 
5 1862 334 
6 2020 334 
7 1976 237 
8 1807 211 
9 1787 161 

10 737 110 
11 202 60 
12 555 60 
13 1861 26 
14 2104 26 
15 901 0 
16 1185 0 
17 1206 0 
18 1421 0 
19 1445 0 
20 1488 0 
21 1525 0 
22 1556 0 
23 1627 0 
24 1634 0 
25 1774 0 
26 1774 0 
27 1774 0 
28 1896 0 
29 1896 0 
30 1906 0 
31 1945 0 
32 2209 0 
33 2253 0 
34 2281 0 
35 2294 0 
36 2309 0 
37 2332 0 
38 2332 0 
39 2332 0 
40 2415 0 
41 2485 0 
42 2485 0 
43 2585 0 
44 2858 0 

Table C.1 – Overview of the time-to-failure data 
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Appendix D. Mann-Whitney test 
Appendix D shows the results of the Mann-Whitney test that is executed with IBM SPSS Statistics 21. 

The Mann-Whitney test is a non-parametric test that can be used to compare two different samples 

used in two different  conditions. Group 1 is a sample of components that have been solely used under 

high loads. Group 2 is a sample of components that have been used over 300 hours under high loads. 

The TTF’s of the two groups are displayed in Table D.1.  As can be seen in Table D.1 the sample size of 

group 2 is very small, which means is it important to determine the exact significance in the Mann-

Whitney test (Field, 2009).  The Mann-Whitney test showed that the MTTF  (1937 operating hours) of 

group 1 is significantly higher than the MTTF (1180 operating hours) of group 2,         , 

         ,                . The SPSS output is displayed below. The procedure for running 

the analysis in SPSS are described in Field (2009, pp. 546). 

 
TTF - Group 1  TTF- Group 2 

operating hours in low load  over 300 operating hours in high load 

                                 

1 901 7 1525 13 1774 19 2253 25 2332  1 910 
2 1185 8 1556 14 1896 20 2281 26 2415  2 689 
3 1206 9 1627 15 1896 21 2294 27 2485  3 763 
4 1421 10 1634 16 1906 22 2309 28 2485  4 833 
5 1445 11 1774 17 1945 23 2332 29 2585  5 1862 
6 1488 12 1774 18 2209 24 2332 30 2858  6 2020 

Table D.1 - Overview of the time-to-failures of group 1 and group 2. 

 
Output IBM SPSS Statistics 21: 

 

Descriptive Statistics 

 N Mean Std. 

Deviation 

Minimu

m 

Maximu

m 

TTF 36 1811,1111 566,81117 689,00 2858,00 

GROUP 36 1,8333 ,37796 2,00 1,00 

 

Ranks 

 GROUP N Mean Rank Sum of Ranks 

TTF 

1 30 20,47 614,00 

2 6 8,67 52,00 

Total 36   

 

 

 

 

 

 

Test Statistics
a
 

 TTF 

Mann-Whitney U 31,000 

Wilcoxon W 52,000 

Z -2,506 

Asymp. Sig. (2-tailed) ,012 

Exact Sig. [2*(1-

tailed Sig.)] 

,010
b
 

Exact Sig. (2-tailed) ,010 

Exact Sig. (1-tailed) ,005 

Point Probability ,001 

a. Grouping Variable: GROUP 

b. Not corrected for ties. 
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Appendix E. Improved direct method 
When the data consist of a series   ordered failure times                 , with        , the 

cumulative distribution function of the time-to-failure can be estimated with the Improved Direct 

Method. The Improved Direct Method is a non-parametric estimation which can only be used when a 

non-censored dataset is present. The estimate of the cumulative time-to-failure distribution  ̂( ) using 

the Improved Direct Method is given by  

 ̂( )  
 

   
 

More information about the improved direct method can be found in Manzini et al. (2010, pp. 136). The 

estimates  ̂( ) for a normal load are presented in Table E.1.  

    
 

   
 

 ̂( ) 
 

  
 

   
 

0  0,000 
1 901 0,032 
2 1185 0,065 
3 1206 0,097 
4 1421 0,129 
5 1445 0,161 
6 1488 0,194 
7 1525 0,226 
8 1556 0,258 
9 1627 0,290 
10 1634 0,323 
11 1774 0,355 
12 1774 0,387 
13 1774 0,419 
14 1896 0,452 
15 1896 0,484 
16 1906 0,516 
17 1945 0,548 
18 2209 0,581 
19 2253 0,613 
20 2281 0,645 
21 2294 0,677 
22 2309 0,710 
23 2332 0,742 
24 2332 0,774 
25 2332 0,806 
26 2415 0,839 
27 2485 0,871 
28 2485 0,903 
29 2585 0,935 
30 2858 0,968 

Table E.1 – Improved Direct Method 
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Appendix F. Estimation of the values of 

the cost and replacement time 

parameters 
 

This appendix provides an estimation of the parameters cost and replacement time. First, the estimation 

of the cost parameters is discussed. Then, the parameters of the replacement time.  

F.1 Estimation of the cost parameters 
In this project the cost of a replacement is determined by the cost of labor, cost of material and cost of 

transportation. The replacement cost is estimated for a situation when a replacement is performed at 

the home base, and an estimation is given for the cost of a replacement when it is performed at a 

maintenance location outside the Netherlands.  

The replacement of the component comprises a number of subtasks. For each subtask, the  required 

number of workers are given in Table F.1, as well as an estimation of the duration, and an estimation of 

the required man-hours.  

Subtask 
Required number of 

workers  
Duration in hours Man-hours 

Removal and Installation of component C    
1. Subtask A                           1 0,5 0.5 
2. Subtask B 
3. 

3 
 

1,5 
 

4.5 

4. Subtask D 3 1,5 4.5 
5. Subtask E 3 20 60 
6. Subtask F 1 0,5 0.5 
 Subtotal 24 70 
    
Removal and Installation of component D    
3a. Subtask C.1 2 4 8 
3b. Subtask C.2 2 4 8 
3c. Subtask C.3 1 1 1 
 Subtotal 9 17 
    
 Total 36 87 

Table F.1 Overview of the subtasks when the component is replaced. 

Maintenance location in the Netherlands (Home base) 

The cost of a preventive (  ) and a corrective replacement (  ) at the home base given by  
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Maintenance location outside the Netherlands 

The cost of a preventive (  ) and a corrective replacement (  ) at  a maintenance location outside the 
Netherlands is given by  
 
                                                                                    
 
                                                                                    
 
           
 
           
 
* It should be noted that the transportation cost is a rough estimate, and may fluctuate strongly for 
different working locations. 
 

F.2 Estimation of the replacement time parameters 
In this project the replacement time is determined by the time that is needed to restore the component 

in a state that is able to perform its intended function. Component C (with a newly installed component 

D) is directly available, independent of the working location. This means that downtime due to a failure 

of component D is equal to the removal and installation of component C.  

Because a corrective replacement occurs unexpectedly, a corrective replacement takes more time than 

a preventive replacement. This is due to extra coordination. The coordination takes 4 hours. 

Consequently, a preventive replacement takes 24 hours (Table F.1) and a corrective replacement 28 

hours. However, this does not mean that when a preventive replacement or a corrective replacement is 

performed, the availability is reduced with respectively 24 hours and 28 hours. The component only has 

to be available for a small period of time per day. It is assumed that due to smart maintenance planning, 

a preventive replacement results in a downtime of 2 operational periods, and corrective replacement in 

a downtime of 4 operational periods. An example is shown in Figure F.1 and Figure F.2. In the both 

examples, the operational period during the working day is 1.5 hours. In the example that is displayed 

Figure F.1, a failure is detected at the beginning of the operational period. Due to the corrective 

replacement, the component is down for 4 operational periods. In the example that is displayed in 

Figure F.2, a preventive replacement is planned just after the operational period. Due to the preventive 

replacement, the downtime is equal to 2 operational periods. 
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Figure F.1  Example of a corrective replacement 

 

Figure F.2 Example of a preventive replacement 

Maintenance location in the Netherlands (Home base) 

For the purpose of this research, the operational period is set to 0.6 hours per day for a component that 

is used at a location in the Netherlands. This means that a corrective replacement results in a downtime 

of 2.4 hours. A preventive replacement results in a downtime of 1.2 hours. 

Maintenance location outside the Netherlands  

For the purpose of this research, the operational period is set to 1.5  hours per day for component that 

is used at a location outside the Netherlands. This means that a corrective replacement results in 

downtime of 6.0 hours. A preventive replacement reduces the availability with 3.0 hours. 
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Appendix G. The code of the computer 

model 
 
Used parameters and notations 
 
T = the time horizon of  period 2 (in operating hours) 
tp1 = duration of one preventive replacement per component in period 1 (in operating hours) 
tc1 = duration of one corrective replacement per component in period 1 (in operating hours) 
tp2 = duration of one preventive replacement per component in period 2 (in operating hours) 
tc2 =  duration of one corrective replacement per component in period 2 (in operating hours) 
cc1 = cost of one corrective replacement per component in period 1 
cp1 = cost of one preventive replacement per component in period 1 
cc2 = cost of one corrective replacement per component in period 2 
cp2 = cost of one corrective replacement per component in period 2 
tl1 = time between the last preventive replacement in period 1 and beginning of period 2 (in operating hours) 
tl2 = equivalent time of tl1 (in operating hours)  
tb2 = the length of the first cycle in period 2 (in operating hours) 
te1 = time that the component has been functioning in period  (in operating hours) 
te2 = equivalent age of te1 (in operating hours)  
tau = the preventive replacement time interval (in operating hours)  
 
f1[t] = probability density function of the time-to-failure in period 1 
r1[t] = reliability function in period 1 
 
f2[t] = probability density function of the time-to-failure in period 2 
r2[t] = reliability function of the time-to-failure in period 2 
 
f2c[t] = probability density function of the time-to-failure, given that the component has survived te1, period 2 
r2c[t] = reliability function of the time-to-failure, given that the component has survived te1, period 2 
 
DistributionType1 = the distribution of the time-to-failure in period 1 
[b1, a1] = the parameters of the distribution of the time-to-failure in period 1 
DistributionType2 = the distribution of the time-to-failure in period 2 
[b2, a2] = the parameters of the distribution of the time-to-failure in period  

  

Enter the following parameters:  

T = 50;  
tp1 = 1.2;  
tc1 = 2.4;  
tp2 = 3;  
tc2 = 6;  
cp1 = 4383;  
cc1 = 4383;  
cp2 = 10193;  
cc2 = 10193;  
tl1 = 2905;  
te1 = 2905;  
MaxDownTime = 9999;  
 
DistributionType1 = WeibullDistribution;  
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b1 = 4.167;  
a1 = 2132;  
 
DistributionType2 = WeibullDistribution;  
b2 = 4.167;  
a2 = 679;  

 

f1[x_] := PDF[DistributionType1[b1, a1], x];  
r1[x_] := 1 - CDF[DistributionType1[b1, a1], x];  
 
f2[x_] := PDF[DistributionType2[b2, a2], x];  
r2[x_] := 1 - CDF[DistributionType2[b2, a2], x];  
 
te2 = InverseCDF[DistributionType2[b2, a2], F1[te1]];  
tl2 = InverseCDF[DistributionType2[b2, a2], F1[tl1]];  
tb2 = tau - Round[InverseCDF[DistributionType2[b2, a2], F1[tl1]]];  
 
f2c[x_] := -Derivative[1][r2c][x];  
r2c[x_] := (1 - CDF[DistributionType2[b2, a2], x + te2])/(1 - CDF[DistributionType2[b2, a2], te2]);  
 
Off[NIntegrate::nlim] 
SomVanDeKansen1 = Quiet[r2[tau] + NIntegrate[f2[t1]*r2[tau - t1], {t1, 0, tau}] + NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[tau - 
(t1 + t2)], {t2, 0, tau - t1}], {t1, 0, tau}]];  
SomVanDeKansen2 = Quiet[r2[T - Floor[T/tau]*tau] + NIntegrate[f2[t1]*r2[T - Floor[T/tau]*tau - t1], {t1, 0, T - 
Floor[T/tau]*tau}] +  
         NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[T - Floor[T/tau]*tau - (t1 + t2)], {t2, 0, T - Floor[T/tau]*tau - t1}], {t1, 0, T - 
Floor[T/tau]*tau}]];  
SomVanDeKansen3 = Quiet[r2c[tb2] + NIntegrate[f2c[t1]*r2[tb2 - t1], {t1, 0, tb2}] + NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[tb2 
- (t1 + t2)], {t2, 0, tb2 - t1}], {t1, 0, tb2}]];  
SomVanDeKansen4 = Quiet[r2c[tau] + NIntegrate[f2c[t1]*r2[tau - t1], {t1, 0, tau}] + NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[tau 
- (t1 + t2)], {t2, 0, tau - t1}], {t1, 0, tau}]];  
SomVanDeKansen5 = Quiet[r2c[T - tb2 - Floor[(T - tb2)/tau]*tau] + NIntegrate[f2c[t1]*r2[T - tb2 - Floor[(T - tb2)/tau]*tau - t1], 
{t1, 0, T - tb2 - Floor[(T - tb2)/tau]*tau}] +  
         NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[T - tb2 - Floor[(T - tb2)/tau]*tau - (t1 + t2)], {t2, 0, T - tb2 - Floor[(T - tb2)/tau]*tau 
- t1}], {t1, 0, T - tb2 - Floor[(T - tb2)/tau]*tau}]];  
SomVanDeKansen6 = Quiet[r2[T] + NIntegrate[f2[t1]*r2[T - t1], {t1, 0, T}] + NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[T - (t1 + t2)], 
{t2, 0, T - t1}], {t1, 0, T}]];  
SomVanDeKansen7 = Quiet[r2c[T] + NIntegrate[f2c[t1]*r2[T - t1], {t1, 0, T}] + NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[T - (t1 + 
t2)], {t2, 0, T - t1}], {t1, 0, T}]]; 

 

Block replacement policy 'with extra preventive replacement'  

Table1=Table[i,(Blanchard, 1991)]; 
DownTime1=Quiet[Table[tp1+Floor[T/tau]*(tc2*(1/SomVanDeKansen1)*(NIntegrate[f2[t1]*r2[tau - t1], {t1, 0, 
tau}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[tau-(t1+t2)],{t2,0,tau-
t1}],{t1,0,tau}])+tp2)+tc2*(1/SomVanDeKansen2)*(NIntegrate[f2[t1]*r2[(T-Floor[T/tau]*tau) - t1], {t1, 0, (T-
Floor[T/tau]*tau)}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[(T-Floor[T/tau]*tau)-(t1+t2)],{t2,0,(T-Floor[T/tau]*tau)-
t1}],{t1,0,(T-Floor[T/tau]*tau)}]), {tau,Table1}]]; 
Values1=Select[DownTime1, #<=MaxDownTime&]; 
TableTau1=Table1; 
Quiet[TableOptimalTau1=TableTau1[[Sort[Ordering[DownTime1, Count[Values1,Except[p]]]]]]]; 
Quiet[MaintenanceCost1=Table[cp1+Floor[T/tau]*(cc2*(1/SomVanDeKansen1)*(NIntegrate[f2[t1]*r2[tau - t1], {t1, 0, 

tau}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[tau-(t1+t2)],{t2,0,tau-

t1}],{t1,0,tau}])+cp2)+cc2*(1/SomVanDeKansen2)*(NIntegrate[f2[t1]*r2[(T-Floor[T/tau]*tau) - t1], {t1, 0, (T-
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Floor[T/tau]*tau)}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[(T-Floor[T/tau]*tau)-(t1+t2)],{t2,0,(T-Floor[T/tau]*tau)-

t1}],{t1,0,(T-Floor[T/tau]*tau)}]), {tau,TableOptimalTau1}]];  

The total expected maintenance cost, the total expected down time and the optimal replacement interval are 

respectively: 

MinimalMaintenanceCost1=Min[MaintenanceCost1] 
MinimalDownTime1=Values1[[Extract[Position[MaintenanceCost1, Min[MaintenanceCost1]]]]] 
OptimalTau1=TableTau1[[Extract[Position[DownTime1, Extract[MinimalDownTime1]]] 

                   

{                 } 

 

Block replacement policy ‘without extra preventive replacement'  

Table2=Table[i,{i,1, T+Round[(InverseCDF[DistributionType2[b2, a2],F1[tl1]])], 1}]; 
TableRestrictedTau=Select[Table2, #>=(InverseCDF[DistributionType2[b2, a2],F1[tl1]])&]; 
DownTime2=Quiet[Table[tc2*(1/SomVanDeKansen3)*(NIntegrate[f2c[t1]*r2[(tb2) - t1], {t1, 0, 
(tb2)}]+2*NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[(tb2)-(t1+t2)],{t2,0,(tb2)-t1}],{t1,0,(tb2)}])+tp2+Floor[(T-
tb2)/tau]*(tc2*(1/SomVanDeKansen4)*(NIntegrate[f2[t1]*r2[tau - t1], {t1, 0, 
tau}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[tau-(t1+t2)],{t2,0,tau-
t1}],{t1,0,tau}])+tp2)+tc2*(1/SomVanDeKansen5)*(NIntegrate[f2[t1]*r2[(T-tb2-Floor[(T-tb2)/tau]*tau) - t1], {t1, 0, (T-tb2-
Floor[(T-tb2)/tau]*tau)}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[(T-tb2-Floor[(T-tb2)/tau]*tau)-(t1+t2)],{t2,0,(T-tb2-Floor[(T-
tb2)/tau]*tau)-t1}],{t1,0,(T-tb2-Floor[(T-tb2)/tau]*tau)}]), {tau,TableRestrictedTau}]]; 
Values2=Select[DownTime2, #<MaxDownTime&]; 
TableTau2=TableRestrictedTau; 
Quiet[TableOptimalTau2=TableTau2[[Sort[Ordering[DownTime2, Count[Values2,Except[p]]]]]]]; 
MaintenanceCost2a=Quiet[Table[cc2*(1/SomVanDeKansen3)*(NIntegrate[f2c[t1]*r2[(tb2) - t1], {t1, 0, 

(tb2)}]+2*NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[(tb2)-(t1+t2)],{t2,0,(tb2)-t1}],{t1,0,(tb2)}])+cp2+Floor[(T-

tb2)/tau]*(cc2*(1/SomVanDeKansen4)*(NIntegrate[f2[t1]*r2[tau - t1], {t1, 0, 

tau}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[tau-(t1+t2)],{t2,0,tau-

t1}],{t1,0,tau}])+cp2)+cc2*(1/SomVanDeKansen5)*(NIntegrate[f2[t1]*r2[(T-tb2-Floor[(T-tb2)/tau]*tau) - t1], {t1, 0, (T-tb2-

Floor[(T-tb2)/tau]*tau)}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[(T-tb2-Floor[(T-tb2)/tau]*tau)-(t1+t2)],{t2,0,(T-tb2-Floor[(T-

tb2)/tau]*tau)-t1}],{t1,0,(T-tb2-Floor[(T-tb2)/tau]*tau)}]), {tau,TableOptimalTau2}]]; 

The total expected maintenance cost, the total expected down time and the optimal replacement interval are 

respectively: 

MinimalMaintenanceCost2=Min[MaintenanceCost2a] 
CorrespondingDownTime2=Values2[[Extract[Position[MaintenanceCost2a, Min[MaintenanceCost2a]],(Blanchard, 1991)]]] 
OptimalTau2=TableTau2[[Extract[Position[DownTime2, Extract[CorrespondingDownTime2,(Blanchard, 1991)]],(Blanchard, 

1991)]]] 

         

{    } 

{   } 

 



  

94 
 

Failure based replacement policy 'with extra preventive replacement'  

The total expected maintenance cost, the total expected down time are respectively: 

MaintenanceCost3=Quiet[Table[cp1+cc2*(1/SomVanDeKansen6)*(NIntegrate[f2[t1]*r2[(T) - t1], {t1, 0, 
(T)}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[(T)-(t1+t2)],{t2,0,(T)-t1}],{t1,0,(T)}]), {tau,T,T,1}]] 
DownTime3=Quiet[Table[tp1+tc2*(1/SomVanDeKansen6)*(NIntegrate[f2[t1]*r2[(T) - t1], {t1, 0, 

(T)}]+2*NIntegrate[f2[t1]*NIntegrate[f2[t2]*r2[(T)-(t1+t2)],{t2,0,(T)-t1}],{t1,0,(T)}]), {tau,T,T,1}]] 

{       } 

{    } 

 

Failure based replacement policy 'without extra preventive replacement'  

The total expected maintenance cost, the total expected down time are respectively: 

MaintenanceCost4=Quiet[Table[cc2*(1/SomVanDeKansen7)*(NIntegrate[f2c[t1]*r2[(T) - t1], {t1, 0, 
(T)}]+2*NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[(T)-(t1+t2)],{t2,0,(T)-t1}],{t1,0,(T)}]), {tau,T,T,1}]] 
DownTime4=Quiet[Table[tc2*(1/SomVanDeKansen7)*(NIntegrate[f2c[t1]*r2[(T) - t1], {t1, 0, 

(T)}]+2*NIntegrate[f2c[t1]*NIntegrate[f2[t2]*r2[(T)-(t1+t2)],{t2,0,(T)-t1}],{t1,0,(T)}]), {tau,T,T,1}]] 

{       } 

{    } 

 

 


