
 Eindhoven University of Technology

MASTER

Tikhonov replacement functionals for iteratively solving nonlinear sampling problems

Wu, Z.

Award date:
2009

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/55fe50de-9817-48a2-8d39-c8c75a3545f2


J O HA N N ES K E P LE R
U N IV E R S I T Ä T L I N Z
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Abstract

We consider the problem of reconstructing a continuous-time signal from its gener-
alized samples which are obtained by a nonlinear sampling setup. In principle, this
nonlinear sampling reconstruction problem belongs to a problem of solving a nonlin-
ear ill posed operator equation. Then we shall be concerned with the construction of
Tikhonov-based iteration schemes for solving nonlinear sampling operator equation.
In particular we are interested in algorithms for the computation of a minimizer of the
Tikhonov functional.

To this end we introduce Tikhonov replacement functional method [1] for deriving a
minimizer of the Tikhonov functional. The advantage of Tikhonov replacement func-
tional method is that the replacement functional has much better properties than the
classical Tikhonov functional. Namely, the replacement functional is globally con-
vex and can effectively be minimized by a fixed point iteration. On the basis of the
minimizers of the replacement functional, we introduce an iterative algorithm that
converges towards a critical point of the Tikhonov functional, and under additional
assumptions for the nonlinear operator, to a global minimizer. We implement this algo-
rithm to a practical nonlinear sampling problem to show the applicability of Tikhonov
replacement functional method.
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Chapter 1

Introduction

Digital signal processing applications have developed rapidly for the recent few decades.
They are often considered with the ability to store and process discrete sets of numbers,
which are related to continuous-time signals through an acquisition process. One of the
major applications is the ability to reconstruct continuous-time functionals, by prop-
erly processing their available samples. Here, consider the problem of reconstructing a
continuous-time signal from its generalized samples (i.e., the samples are modeled by
a set of inner products between the continuous-time signal and the sampling functions
[13], [14], [15]). Those generalized samples are obtained from a nonlinear sampling
setup, where a continuous-time signal is mapped by a memoryless, invertible and non-
linear transformation, and then sampled in a non-ideal (generalized) manner. Such
scenarios appear, for example, in acquisition systems where a sensor introduces static
nonlinearity, before the signal is sampled by a practical analog-to-digital converter
(ADC), see figure at below. Nonlinear distortions appear in many setups and digital
signal processing applications. For example, such nonlinear distortions are introduced
in charge-coupled device (CCD) image sensors when excessive light intensity causes
saturation [27], [28]. Memoryless nonlinear distortions also appear in the fields of
power electronics [29] and radiometric photography [30].

�
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samples
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The problem of reconstructing continuous-time signals from its generalized samples
has been considered in [12] under this kind of nonlinear sampling setup. The authors
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2 CHAPTER 1. INTRODUCTION

of [12] assumed that the nonlinear and non-ideal acquisition device was known in ad-
vance, and that the samples were noise free, then developed a theory to ensure the
reconstruction, and an iterative algorithm, which was proved to recover the input sig-
nal from its nonlinear and generalized samples. Besides, three alternative formulations
of this algorithm have been involved there: A series of oblique projections [16], [17],
an approximated projections onto convex sets (POCS) method [18], and quasi-Newton
iterations [19], [20]. Those alternative formulations provided different insights into the
structure of the solution. Under some conditions, it can be showed that all three view-
points were equivalent, and from each formulation interesting insights were extracted
in the problem. The method in [12] relied on linearization, where at each iteration a
linear approximation of the original nonlinear sampling problem has been solved. To
prove convergence of this algorithm it needed to extend some recent results concerning
frame perturbation theory [21]. Also there gave the application of classical analysis
techniques which were used to prove convergence of descent-based methods.

In this thesis, we are going to consider the same nonlinear sampling problem, i.e.,
reconstructing the input signal from its generalized samples which are obtained after
the signal was distorted by a memoryless, invertible and nonlinear transformation,
and then sampled in a non-ideal (generalized) manner. We will apply the regulariza-
tion methods to solve it, and another point is that we will consider the samples with
noise level δ. The reason of applying regularization methods is that this nonlinear
sampling reconstruction problem in principle belongs to a problem of solving a nonlin-
ear ill-posed operator equation. Recently, many of the well-known methods for linear
ill-posed problems have been generalized to nonlinear operator equations. Unfortu-
nately, it turns out that convergence and convergence rates can be shown only under
severe restrictions to the operator for most methods, such as Landweber method [2],
Gauss-Newton [22], [23], Levenberg-Marquardt [4], conjugate gradient [24]. An alter-
native to the above-mentioned iterative methods is Tikhonov regularization: Consider
a nonlinear operator equation

F (x) = y,

where F : X → Y is an ill-posed operator between Hilbert spaces X, Y . If the noise
data yδ ∈ Y with ‖yδ−y‖ ≤ δ. We choose the concept of an x̄-minimum-norm solution
x†, i.e.: F (x†) = y and ‖x† − x̄‖ = min{‖x− x̄‖ | F (x) = y}. Then an approximation
to the solution of this nonlinear equation is obtained by minimizing the Tikhonov
functional Jα(x),

Jα(x) = ‖yδ − F (x)‖2 + α‖x− x̄‖2,

xδα = arg min
x
Jα(x).

where α > 0, yδ ∈ Y is an approximation of the exact right-hand side y of the nonlinear
operator equation and x̄ ∈ X. Hence the problem of solving the nonlinear sampling
operator equation can be replaced by deriving the minimizer of Tikhonov functional
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with the nonlinear sampling operator.

The advantage of Tikhonov regularization is that convergence of this method, i.e.,
xδα → x† for δ → 0 and an appropriate parameter choice α = α(δ), holds under
weak assumptions to the operator, see, e.g., [5], and convergence rates are obtained
for Fréchet differentiable operators with Lipschitz continuous derivative. However, the
difficulties for Tikhonov regularization are a proper choice of the regularization pa-
rameter [25], [26] and the computation of the minimizer of the Tikhonov functional.
As the Tikhonov functional is no longer convex for nonlinear operators F , Jα can even
have local minimizers, and classical optimization routines might fail.

Thus, we will introduce a method for deriving a minimizer of Tikhonov functional
which can always find a critical point of the Tikhonov functional and under addi-
tional assumptions on the operator and a smoothness condition on the solution we
can then assure that this critical point is a global minimizer of Tikhonov functional.
This method was discussed in [1]. The basic idea of this new iteration scheme goes
as follows: consider the Tikhonov variational formulation of the inverse problem. Due
to the nonlinearity, a direct reconstruction of the global minimizer is not possible.
That is why we want to solve a sequence of replacement functionals instead of the
pure Tikhonov functional. The advantage of using replacement functionals is that
each of the functionals is under certain conditions globally convex, and that can be
minimized by fixed point iteration. Hence an iteration process by iteratively minimiz-
ing a sequence of replacement functionals can be defined, also it can be showed that
the sequence of minimizing elements of each individual fixed-point iteration converges
in norm towards a critical point of the Tikhonov functional of the nonlinear inverse
problem. With additional assumptions, the reconstructed critical point is a global
minimizer. Thus by a sequence of Tikhonov replacement functionals, we can derive
a global minimizer of Tikhonov functional which means that the nonlinear sampling
problem can be solved.

In proceeding chapters we will look at the Tikhonov replacement functional method
itself, its application for the nonlinear sampling reconstruction problem and the nu-
merical implementation for a practical nonlinear sampling operator equation. In more
details, this thesis is organized as follows. In Chapter 2, we will elaborate the details
of how Tikhonov replacement functional works for iteratively solving a general non-
linear operator equation [1]. For this, We will introduce the construction of Tikhonov
replacement functional and its better properties, i.e., it is global convex and can be
minimized by a fixed point iteration. On the basis of the minimizers of the replacement
functional, we will introduce an iterative algorithm converges towards a critical point of
the Tikhonov functional, and under additional assumptions for the nonlinear operator
F , to a global minimizer. Then combining this iterative strategy with an appropriate
parameter selection rule, we obtain the convergence and the converges rate, also, we
will give the algorithm to depict the exact way to compute the global minimizer of
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Tikhonov functional. We will continue Chapter 3 by applying this Tikhonov replace-
ment functional method to the nonlinear sampling problem. First we will describe
this nonlinear sampling problem, derive the nonlinear sampling operator and replace
the problem of solving this nonlinear sampling operator equation by minimizing the
Tikhonov functional with nonlinear sampling operator. Afterwards, we will apply the
Tikhonov replacement functional method to get the global minimizer of Tikhonov
functional. The numerical results will be showed in Chapter 4, there we will give
one practical nonlinear sampling problem and implement the algorithm with different
parameter rules. Besides, we also extend the application of this method to Tikhonov
functional with sparsity constraints and compare the results by using both penalty
terms with Tikhonov replacement functional method. The thesis will be concluded
with a short summary in Chapter 5.



Chapter 2

Tikhonov Replacement Functional
for Iteratively Solving Nonlinear
Operator Equations

In this chapter, we will study a method for iteratively solving nonlinear operator
equations based on Tikhonov replacement functionals (TIREFU). This method was
discussed in [1]. The basic idea for this new iteration scheme goes as follows. Consider
the Tikhonov variational formulation of the inverse problem, due to the nonlinearity,
a direct reconstruction for the global minimizer of Tikhonov functional is not possible.
That is why we aim to solve a sequence of so-called surrogate or replacement functionals
instead of the pure Tikhonov functional. This idea is borrowed form linear regulariza-
tion methods with general and mixed smoothness constraints, see [8], [9]. Tikhonov
replacement functional has much better properties than the classical Tikhonov func-
tional with nonlinear operator. Namely, the replacement functional is globally convex
and can be minimized by a fixed point iteration. Hence an iteration process can be
defined by iteratively minimizing a sequence of replacement functionals, then it can
be showed that the sequence of minimizing elements of each individual fixed-point
iteration converges in norm towards a critical point of the Tikhonov functional of the
nonlinear inverse problem. Imposing additional assumptions the uniqueness result can
be obtained. Here, we mainly give the results from [1]. First we will state how the
replacement functionals are constructed and some advanced properties of Tikhonov
replacement functionals. Then we will elaborate how to derive a global minimizer
of Tikhonov functional by using Tikhonov replacement functional, i.e., an iterative
algorithm converges towards a critical point of the Tikhonov functional, and under
additional assumptions for the nonlinear operator F , to a global minimizer. At the
end of this chapter, convergence and convergence rates will be discussed by combining
the iterative strategy with an appropriate parameter selection rule. Also, we will give
the algorithm to depict the exact way to compute the global minimizer of Tikhonov
functional.

5



6CHAPTER 2. TIREFU FOR SOLVING NONLINEAR OPERATOR EQUATIONS

2.1 Tikhonov Functional for Nonlinear Operator

Equation

We consider a nonlinear continuous operator equation

F (x) = y (2.1)

where F : X → Y is an ill-posed operator between Hilbert spaces X, Y . Under ill-
posedness of the nonlinear problem we will always mean that the solutions do not
depend continuously on the data [5]. If the noise data yδ ∈ Y with

‖yδ − y‖ ≤ δ (2.2)

are available, problem (2.1) can be stabilized by regularization methods. Here we use
Tikhonov regularization method, where we look for the minimum-norm solution. For
the nonlinear problem (2.1), we choose the concept of an x̄-minimum-norm solution
x†, i.e.: F (x†) = y and ‖x†− x̄‖ = min{‖x− x̄‖ | F (x) = y}. Hence an approximation
to the solution of (2.1) is obtained by minimizing the Tikhonov functional Jα(x),

Jα(x) = ‖yδ − F (x)‖2 + α‖x− x̄‖2, (2.3a)

xδα = arg min
x
Jα(x). (2.3b)

where α > 0, yδ ∈ Y is an approximation of the exact right-hand side y of problem
(2.1) and x̄ ∈ X.

2.2 Tikhonov Replacement Functional

Now consider the problem of deriving a minimizer of the Tikhonov functional

Jα(x) = ‖yδ − F (x)‖2 + α‖x− x̄‖2. (2.4)

Since the operator F is nonlinear, the minimizer of the functional is not unique or
local minimizers exist, in general. This leads to a standard minimizing algorithm can
fail in reconstructing a global minimizer. To obtain an easier problem which hopefully
has a unique solution, we introduce Tikhonov replacement functional J̃α(x, a). Thus,
the functional Jα is replaced by

J̃α(x, a) := ‖yδ − F (x)‖2 + α‖x− x̄‖2 + C‖x− a‖2 − ‖F (x)− F (a)‖2 (2.5)

and proceeded as follows:

1 Pick x0 and some proper constant C > 0 and α > 0.

2 Derive a sequence {xk}k=0,1,... by the iteration:

xk+1 = arg min
x
J̃α(x, xk) k = 0, 1, 2, . . . .

Hence the problem of deriving a minimizer of the Tikhonov functional (2.4) becomes
to show that the sequence {xk}k=0,1,... converges in norm topology towards a global
minimizer of the Tikhonov functional (2.4).
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2.3 Preliminary Conditions on Operator F

To show the sequence {xk}k=0,1,... converges in norm topology towards a global min-
imizer of the Tikhonov functional (2.4), we need to assume that the nonlinear con-
tinuous operator F is a Fréchet differentiable operator with D(F ) = X and Lipschitz
continuous derivative, fulfilling the following conditions:

xk ⇀ x⇒ F (xk)→ F (x) and F ′(xk)
∗z → F ′(x)∗z for all z, (2.6)

and
‖F ′(x)− F ′(x̃)‖ ≤ L‖x− x̃‖,where L ≥ 0 is a constant. (2.7)

There is the possibility that F already meets these conditions as an operator from
X → Y . Furthermore, [1] also give the discussion when it does not satisfy those
conditions. This can be achieved by assuming more regularity of the solution, i.e.
the domain of F can be changed a little. To this end, assume that there exists a
function space XS, and a compact embedding operator iS : XS → X. Then consider
F̃ = F ◦ iS : XS → Y and obtain

‖F̃ ′(x)− F̃ ′(x̃)‖ ≤ L‖x− x̃‖X ≤ L‖x− x̃‖XS . (2.8)

If now xk ⇀ x in XS, then xk → x in X, moreover, (2.8) yields F̃ ′(xk) → F̃ ′(x) and
F̃ ′(xk)

∗ → F̃ ′(x)∗ in the operator norm. This argument applies to arbitrary nonlinear
continuous and Fréchet differentiable operators F : X → Y with continuous Lipschitz
derivative as long as a function space XS with compact embedding iS to X is available.

Hence Fréchet differentiability and conditions (2.6), (2.7) are available, it is sufficient
to show norm convergence of the iterates xk towards a critical point of the Tikhonov
functional. But in order to show that the reconstructed critical point is equal to a
global minimizer of the Tikhonov functional, still need to assume that F is twice
differentiable, fulfils a nonlinearity condition and that the solution x† of the equation
F (x) = y fulfils a smoothness condition:

‖F (x)− F (x̃)− F ′(x̃)(x− x̃)‖ ≤ ‖F (x)− F (x̃)‖,

there exsits ω ∈ Y, x† − x̄ = F ′(x†)∗ω.
(2.9)

In the theory of Tikhonov regularization, sometimes it is only required that D(F ) is
a convex subset of X. Here, we assume D(F ) = X, which can easily be weakened
to Kr(x̄) ⊂ D(F ) ⊂ X, where Kr denotes a ball around the a priori guess x̄ with
sufficiently big radius r.

2.4 TIREFU for Deriving a Global Minimizer of

Tikhonov Functional

Here, we will elaborate how to derive a global minimizer of Tikhonov functional by
using Tikhonov replacement functional which is the main result of [1]. This section is
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organized as follows. We start from introducing the properties of Tikhonov replace-
ment functional, then we will prove that the sequence {xk}k=0,1,2,... converges towards
a function x∗α and that x∗α satisfies the necessary condition for a minimizer of the
Tikhonov functional, finally we will show that x∗α is a global minimizer of Tikhonov
functional under additional assumption.

2.4.1 Properties of the Replacement Functional

We state that the replacement functional J̃α has the following properties: positive
definite and bounded from below. Those properties are provided by the constant C is
chosen properly.

For given α > 0 and x0, define a ball Kr(x̄) with radius r around x̄, where the radius
is given by

r2 :=

{ ‖yδ − F (x0)‖2 + α‖x0 − x̄‖2

α
for α < 1

‖yδ − F (x0)‖2 + α‖x0 − x̄‖2 for α ≥ 1.

(2.10)

Obviously, x0 ∈ Kr(x̄).

Furthermore, constant C is defined by

C := max

{
4, 2

(
sup

x∈Kr(x̄)

‖F ′(x)‖

)2

, 2L
√
‖yδ − F (x0)‖2 + α‖x0 − x̄‖2

}
, (2.11)

where L is the Lipschitz constant of the Fréchet derivative of F . Assume that x0 is
chosen such that r <∞ and C <∞.

By using Taylor’s expansion F (x + h) = F (x) +
∫ 1

0
F ′(x + τh)hdτ we can prove the

following lemma is true:

Lemma 2.1. let r and C be chosen by (2.10) and (2.11). Then

C‖x− x0‖2 − ‖F (x)− F (x0)‖2 ≥ 0 (2.12)

for all x ∈ Kr(x̄), and, thus, Jα(x) ≤ J̃α(x, x0).

Lemma 2.1 shows that for x0, C‖x − x0‖2 − ‖F (x) − F (x0)‖2 is nonnegative which
implies that the functional J̃α(x, x0) is positive definite for all x ∈ Kr(x̄), Then the
next proposition gives that this is also true for all of the iterates and the replacement
functionals are bounded from below:

Proposition 2.2. let x0, α be given and r, C be defined by (2.10) and (2.11). Then the
functionals J̃α(x, xk) are bounded from below for all k ∈ N and thus have minimizers.
For the minimizer xk+1 of J̃α(x, xk) holds xk+1 ∈ Kr(x̄).
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The proof of Proposition 2.2 is done by induction, for the details see [1]. In the proof,
we see that for all iterates, they satisfy the following properties:

xk ∈ Kr(x̄) (2.13)

C‖xk − xk−1‖2 − ‖F (xk)− F (xk−1)‖2 ≥ 0 (2.14)

2L‖yδ − F (xk)‖ ≤ C (2.15)

Hence Jα(xk) ≤ J̃α(xk, xk−1) ≤ J̃α(xk−1, xk−1) = Jα(xk−1) ≤ J̃α(xk−1, xk−2), then we
have the following corollary:

Corollary 2.3. The sequences of functionals {Jα(xk)}k=0,1,2... and {J̃α(xk+1, xk)}k=0,1,2...

are non-increasing.

By Proposition 2.2, we know that J̃(x, a) has a minimizer, next we derive the necessary
conditions for a minimizer of the functional J̃(x, a). To get the necessary condition
for a minimizer of J̃(x, a), we need to deduce the derivative J̃ ′α(x, a)h of J̃α(x, a):

Lemma 2.4. The derivative J̃ ′α(x, a)h of J̃α(x, a) is given by

J̃ ′α(x, a)h = −2〈F ′(x)∗(yδ − F (a)) + (Ca+ αx̄)− (C + α)x, h〉 (2.16)

Thus, the necessary condition for a minimum of (2.5) reads:

x =
1

C + α
(F ′(x)∗(yδ − F (a)) + αx̄+ Ca)︸ ︷︷ ︸

:=Φα(x,a)

(2.17)

To minimize (2.5), fixed point iteration is chosen for Φα(x, a). As J̃α(x, a) has a
minimizer by Proposition 2.2, (2.17) has at least one fixed point. According to Banach
fixed point theorem, it remains to show that Φα(x, a) is a contraction operator. Since
we have

Φα(x, a)− Φα(x̃, a) =
1

C + α
(F ′(x)− F ′(x̃))∗(yδ − F (a))

by using the Lipschitz-continuity F ′, we get ‖Φα(x, a)−Φα(x̃, a)‖ ≤ L
C+α

√
Jα(a)‖x−x̃‖

Thus we have the following lemma:

Lemma 2.5. The operator Φα(x, a) is a contraction, i.e. ‖Φα(x, a) − Φα(x̃, a)‖ ≤
q‖x− x̃‖, if

q :=
L

C + α

√
Jα(a) < 1.

With the help of Corollary 2.3, we can get this proposition:

Proposition 2.6. In our algorithm, the operator Φα(x, xk) is a contraction for all
k = 0, 1, 2, . . . and all α ≥ 0.

By the Banach fixed point theorem, we have the following result:
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Proposition 2.7. The necessary equation (2.17) for a minimum of the functional
J̃α(x, xk) has a unique fixed point, and the fixed point iteration converges to the mini-
mizer.

Proposition 2.7 implies that the functional J̃α(x, xk) has only one global minimizer.
And by assuming more regularity on F it is possible to sharpen the above given
statement:

Proposition 2.8. Let F be a twice continuously differentiable operator. Then the
functional J̃a(x, xk) is strictly convex.

For details of the proof, see [1]. Hence we conclude that every critical point is a global
minimizer of J̃α(x, xk), and, there exists only one global minimizer.

2.4.2 Convergence of the Proposed Iteration

Here, we will show the convergence of the proposed iteration. First let us sum up some
results from the previous proposition and corollary, and put them in the following
lemmas.

Lemma 2.9. The sequence of iterates {xk}k=0,1,2,... has a weakly convergent subse-
quence.

Lemma 2.10. The sequence {‖xk+1 − xk‖}k=0,1,2,... converges to zero.

Proposition 2.11. Every subsequence of xk has a convergent subsequence xk,l that
strongly converges towards a function x?α, and x?α satisfies the necessary condition for
a minimizer of Tikhonov functional:

α(x?α − x̄) = F ′(x?α)∗(yδ − F (x?α)). (2.18)

In principle, the limits of different convergent subsequences of xk can be different. Let
xk,l → x?α be a subsequence of xk, and denote by x̃k,l the predecessor of xk,l in xk, i.e.
xk,l = xi and x̃k,l = xi−1. Then observe that

J̃α(xk,l, x̃k,l)→ Jα(x?α).

Moreover, as J̃(xk+1, xk) ≤ J̃(xk, xk−1) for all k, it turns out that the value of the
Tikhonov functional for every limit x?α of a convergent subsequence stays the same:

Jα(x∗α) = const. (2.19)

The coming theorem gives a simple criterion that ensures convergence of the whole
sequence xk:

Theorem 2.12. Assume that there exists at least one isolated limit x?α of a subsequence
xk,l of xk. Then xk → x?α holds.
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Proof of Theorem 2.12 can be found in [1].

The following proposition show that x?α is also a minimizer of the functional J̃α(x, x?α).

Proposition 2.13. The accumulation point x?α is a minimizer for J̃α(x, x?α).

Equation (2.18) states that this algorithm reconstructs at least a critical point of the
Tikhonov functional. In general, a critical point will not always be a minimizer of the
Tikhonov functional. However, [1] also gives a condition that ensures this property.
Namely, if impose conditions (2.9) and assume that the solution x† fulfills a smoothness
condition, then it is can be showed that every critical point of the Tikhonov functional
is a global minimizer. Remark that (2.9) is a rather strong condition. However,
conditions of this type have been used earlier, e.g. for Landweber iteration [2],[3] and
for Levenberg-Marquardt iteration [4].

Theorem 2.14. Let F be a twice Fréchet differentiable operator with (2.9). If a
smoothness condition

x† − x̄ = F ′(x†)∗ω, L‖ω‖ < 1/3 (2.20)

holds, and the regularization parameter is chosen with

α = δ/η and η ≤ ‖ω‖ (2.21)

then (2.18) has a unique solution. Thus the minimizer of the Tikhonov functional is
unique, too.

Proof of Theorem 2.14 was given in [1]. This theorem finally shows that the sequence
of iterates xk converges strongly towards a global minimizer of the Tikhonov functional
(2.4). Hence we finish deriving the minimizer of the Tikhonov functional which also
means we get the approximation to the solution of the nonlinear operator equation
(2.1).

2.5 Parameter Selection Rules

Conditions (2.9)and (2.20) ensure the convergence of this algorithm towards the unique
minimizer of the Tikhonov functional. Using a proper parameter choice rule for the
regularization parameter gives convergence/convergence rates for Tikhonov regular-
ization. Let us recall a few well-known parameter rules.

(I) Let F be a weakly sequentially closed operator, and the regularization parameter
α chosen such that α(δ)→ 0 and δ2/α→ 0 as δ → 0. Then every sequence xδkαk
with δk has a convergent subsequence that converges towards and x̄-minimum
norm solution x†. In particular, if a smoothness condition (2.20) holds, and
the regularization parameter is chosen by α = δ/η, η ≤ ‖ω‖, then obtain a
convergence rate of O(

√
δ) [5].
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(II) Let F be a Fréchet differentiable operator with (2.7). Moreover, assume that
x† fulfils a smoothness condition x† − x̄ = (F ′(x†)∗F ′(x†))νω for ν ∈ [1/2, 1]
with L‖ω‖ < 1/3. If the parameter is chosen by α ∼ δ2/(2ν+1), then obtain a
convergence rate of O(δ2ν/(2ν+1)) [5].

(III) (Morozov’s discrepancy principle) Let F be a twice continuous differentiable
operator with (2.7), and assume x† − x̄ = F ′(x†)∗ω with L‖ω‖ ≤ 0.241. Then
there exists a regularization parameter α with

δ ≤ ‖yδ − F (xδα)‖ ≤ cδ, (2.22)

and for a belonging minimizer ‖xδα − x†‖ = O(
√
δ) holds. A regularization

parameter fulfilling (2.22) can be found by testing ‖yδ − F (xδαk)‖ for a sequence
αk = α0q

k with appropriately chosen a0 and q < 1; see[6].

Now, if (2.9) holds, rules I-III conform with the requirements of the minimization
algorithm. Combining all ingredients and picking a proper parameter rule, there may
provide the following algorithm which uses the iteration routine TIREFU (TIkhonov
REplacement FUnctional) for solving the nonlinear problem F (x) = y with ‖y−yδ‖ ≤
δ. The exact way to compute a solution x?α goes as follows (applying III):

• Define a sequence {αn} with αn
n→∞−→ 0, pick some r and set x0 = x̄ (initial value

x0 for the outer iteration)

• while ‖F (x?α)− yδ‖ > r · δ do
-α = αn
-pick an admissible C
-[x?α] = TIREFU(F, yδ, C, α, x0):

xk+1 = arg minx J̃α(x, xk) (solved by Fixed Point Iteration)
x?α = limk→∞ xk

-x0 = x?α
end while

Since in any numerical realization, infinite series can not be treated (computing limits),
additionally have to incorporate a stopping rule. If Φα(x, a) denotes the operator
defined in (2.17), then the algorithm reads as follows:

• Define a sequence {αn} with αn
n→∞−→ 0, pick some r, tolerances τ1 and τ2, set

x0 = x̄.

• while ‖F (x?α)− yδ‖ > r · δ do
-α = αn
-pick an admissible C
-[x?α] = TIREFU(F, yδ, C, α, x0, τ1, τ2):

k = 0
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while ‖xk+1 − xk‖ > τ1 do
l = 0, xk,0 = xk

repeat
l = l + 1
xk,l = Φα(xk,l−1, xk)

until ‖xk,l − xk,l−1‖ ≤ τ2

xk+1 = xk,l
k = k + 1

end while
x?α = xk

-x0 = x?α
end while

As it is pointed out before, the condition (2.9) is rather strong. However, it was only
used once at the very end of the analysis. For the landweber iteration and Levenberg-
Marquardt iteration, they work under a similar condition, thus, it is possible to com-
pare TIREFU with these methods. We know that Landweber iteration is a slow
method, and as fixed point iteration methods are used in TIREFU, we expect it is a
faster method. Furthermore, using this optimization routine with rule II, an optimal
method for ν ∈ [1/2, 1] can be obtained. In contrast, to obtain convergence rates,
Landweber needs an additional condition F ′(x) = RxF

′(x†), where Rx is a family of
bounded operators with ‖I−Rx‖ ≤ K‖x−x†‖. This condition is even more restrictive
than (2.9). In addition, convergence rates are only available for 0 < ν ≤ 1/2. For
Levenberg-Marquardt, we know that the iteration is a regularization method under a
condition slightly more restrictive as (2.9), and so far, nothing is known about conver-
gence rates. Thus it might be concluded that TIREFU works under less restrictive
conditions.
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Chapter 3

Tikhonov Replacement Functional
Applied to Nonlinear Sampling
Problem

In the previous chapter, we studied Tikhonov replacement functionals method for
iteratively solving nonlinear operator equations. In this chapter, we will apply this
method to the nonlinear sampling reconstruction problem.

3.1 Spaces

3.1.1 Sampling Space

Assume that the sampling functions {sn} form a frame [10] for the closure of their span,
which we denote by the sampling space S ⊆ L2. We may associate two mappings with
{sn}, a set transformation S : S → l2(N) if c = Sx, then c[n] = 〈sn, x〉. From the
definition of the adjoint, S∗ : l2(N)→ S corresponding to frame vectors {sn} is defined
by

S∗c =
∑
n∈N

c[n]sn for all c ∈ l2(N) (3.1)

Thus, there are constants 0 < LS ≤ US <∞ such that

LS‖f‖L2 ≤ ‖Sf‖l2 ≤ US‖f‖L2 (3.2)

for all f ∈ S.

3.1.2 Reconstruction Space

Assume we are given a reconstruction space A ⊂ L2 which is spanned by {ψλ : λ ∈ Λ}
where Λ is a countable index set. The family Ψ = {ψλ : λ ∈ Λ} is supposed to be a

15
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frame for A (including also the basis case), i.e. there exist constants 0 < A1 ≤ A2 <∞
such that for all f ∈ A,

A1‖f‖2
A ≤

∑
λ∈Λ

|〈f, ψλ〉|2 ≤ A2‖f‖2
A (3.3)

We may associate two mappings with Ψ,

A : A 3 f 7→ {〈f, ψλ〉}λ∈Λ ∈ l2(Λ) (3.4)

and its adjoint

A∗ : l2(Λ) 3 a 7→
∑
λ∈Λ

aλψλ (3.5)

3.2 Nonlinear Sampling Problem

Our problem is to reconstruct a continuous-time signal y ∈ A from samples of x ∈ S,
which is obtained by a nonlinear, continuous, memoryless (i.e., static) mapping M :
A → S, i.e.,

x = M(y), (3.6)

moreover, M is a twice Fréchet differentiable operator with Lipschitz continuous
derivative M ′, i.e., ‖M ′(y) − M ′(ỹ)‖ ≤ L′‖y − ỹ‖, where L′ is a nonnegative con-
stant. Being static, there is a functional m : R → R describing the input-output
relation at each time instance t, such that x(t) = M(y)(t) = m(y(t)), the derivative
of m(t) is denoted by m′(t).

Our measurements are modeled as the generalized samples of x = M(y), with the nth
sample given by

c[n] = 〈sn, x〉L2 =

∫ ∞
−∞

sn(t)x(t)dt. (3.7)

Here, sn is the nth sampling function. We defined S ⊆ L2 to be the sampling space,
which is the closure of span {sn} and S : S → l2(N) to be the set transformation
corresponding to {sn}. With this notation, the generalized samples (3.7) can be written
as

c = Sx. (3.8)

Combine (3.6) with (3.8), we obtain the modified sampling model SM : A → l2(N),
i.e.,

c = SM(y). (3.9)

Since y ∈ A, there is a sequence a ∈ l2(Λ) such that

y = A∗a =
∑
λ∈Λ

aλψλ. (3.10)
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Substitute (3.10) into (3.9), we get a nonlinear operator SMA∗ : l2(Λ)→ l2(N), i.e.,

c = SM(A∗a). (3.11)

Hence in order to recover the signal y, we need to consider the computation of an
approximation to a solution of a nonlinear sampling operator equation (3.11). If the
noisy data cδ with

‖cδ − c‖ ≤ δ, (3.12)

then, by Tikhonov regularization, an approximation to the solution of (3.11) is ob-
tained by minimizing the Tikhonov functional Jα(a) (if we choose the concept of an
ā-minimum-norm solution),

Jα(a) = ‖cδ − SM(A∗a)‖2 + α‖a− ā‖2,

aδα = arg min
a
Jα(a).

(3.13)

3.3 Preliminary Conditions

In order to derive the minimizer of (3.13), we would like to use TIREFU, however,
before we apply this method, we need to check whether the operator SMA∗ : l2(Λ)→
l2(N) satisfies the preliminary conditions mentioned in section 2.3.

Obviously, SMA∗ is twice Fréchet differentiable since M is twice Fréchet differentiable.
According to the definitions of operator S and A∗, we know they are linear continuous
operator, so their Fréchet derivatives are themselves. Next we derive the Fréchet
derivative of SMA∗ at point a:

SM(A∗(a+ h)) = SM(A∗a+ A∗h)

= S(M(A∗a) +M ′(A∗a)A∗h+O(‖h‖2))

= SM(A∗a) + SM ′(A∗a)A∗h+O(‖h‖2)

hence, we get the Fréchet derivative of SMA∗ at point a is SM ′(A∗a)A∗, and the
adjoint operator of the Fréchet derivative SM ′(A∗a)A∗ is:

(SM ′(A∗a)A∗)∗ = A(SM ′(A∗a))∗

= AM ′(A∗a)∗S∗

Proposition 3.1. Let the nonlinear operator M : A → S be defined as before, assume
that there exists a function space AS ⊂ A with a compact embedding operator iS :
AS → A. Consider the operator M̃ = M ◦ iS : AS → S, then the nonlinear operator
SM̃A∗ : l2(Λ)→ l2(N) fulfills the following conditions:

(1) If ak ⇀ a, then SM̃(A∗ak)→ SM̃(A∗a) and AM̃ ′(A∗ak)
∗S∗z → AM̃ ′(A∗a)∗S∗z,

for all z ∈ l2(N);



18 CHAPTER 3. TIREFU APPLIED TO NONLINEAR SAMPLING PROBLEM

(2) ‖SM̃ ′(A∗a)A∗ − SM̃ ′(A∗ã)A∗‖ ≤ B‖a− ã‖, where B ≥ 0 is a constant.

Proof. We obtain

‖M̃ ′(A∗a)− M̃ ′(A∗ã)‖ ≤ L′‖A∗a− A∗ã‖A ≤ L′‖A∗a− A∗ã‖AS (3.14)

For ak ⇀ a, we have

〈A∗ak, f〉 = 〈ak, Af〉 → 〈a,Af〉 = 〈A∗a, f〉, for any f ∈ AS

Thus, A∗ak ⇀ A∗a in AS. Besides there exists a function space AS ⊂ A with a
compact embedding operator iS : AS → A, so A∗ak → A∗a in A. Hence (3.14) yields
M̃ ′(A∗ak) → M̃ ′(A∗a) and M̃ ′(A∗ak)

∗µ → M̃ ′(A∗a)∗µ for all µ ∈ S. Thus we can
derive

‖SM̃(A∗ak)− SM̃(A∗a)‖ ≤ ‖S‖‖M̃(A∗ak)− M̃(A∗a)‖ → 0

‖AM̃ ′(A∗ak)
∗S∗z − AM̃ ′(A∗a)∗S∗z‖ ≤ ‖A‖‖M̃ ′(A∗ak)

∗(S∗z)− M̃ ′(A∗a)∗(S∗z)‖ → 0

so condition (1) is satisfied.

‖SM̃ ′(A∗a)A∗ − SM̃ ′(A∗ã)A∗‖ ≤ ‖S‖‖M̃ ′(A∗a)− M̃ ′(A∗ã)‖‖A∗‖
≤ ‖S‖‖A∗‖L′‖A∗a− A∗ã‖
≤ ‖S‖‖A∗‖2L′‖a− ã‖
= B‖a− ã‖

whereB = ‖S‖‖A∗‖2L′ is a constant. Condition (2) is satisfied. �

Proposition 3.2. Assume that the functional m defined as before fulfills

|m(y)−m(ỹ)−m′(ỹ)(y − ỹ)| ≤ κ|m(y)−m(ỹ)|, κ is a positive constant,
(3.15)

then the operator SMA∗, defined as before, fulfils the following inequality:

‖SM(A∗a)− SM(A∗ã)− SM ′(A∗ã)A∗(a− ã)‖ ≤ L∗‖SM(A∗a)− SM(A∗ã)‖ (3.16)

where L∗ = κUS/LS.

Proof. From the definition of sampling space, we have the inequality (3.2), since S is
linear operator and inequality (3.15), we have

‖SM(y)− SM(ỹ)‖ = ‖S(M(y)−M(ỹ))‖
≥ Ls‖M(y)−M(ỹ)‖

= Ls(

∫
|m(y)−m(ỹ)|2dt)

1
2

≥ Ls
κ

(

∫
|m(y)−m(ỹ)−m′(ỹ)(y − ỹ)|2dt)

1
2

=
Ls
κ
‖M(y)−M(ỹ)−M ′(ỹ)(y − ỹ)‖

≥ Ls
κUS
‖SM(y)− SM(ỹ)− SM ′(ỹ)(y − ỹ)‖
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Thus, we obtain that

‖SM(y)− SM(ỹ)− SM ′(ỹ)(y − ỹ)‖ ≤ κUs
Ls
‖SM(y)− SM(ỹ)‖ (3.17)

Since y ∈ A, there is a sequence a ∈ l2(Λ) such that y = A∗a, substitute y = A∗a into

(3.17), we finally get the inequality (3.16), where L∗ =
κUs
Ls

. �

Remark that (3.15) is a very strong limitation for functional m. In the later imple-
mentation, we take m(t) = |t| which even does not satisfy this condition. Because if
we take y = ỹ, then |m(y) −m(ỹ)| = 0, (3.15) can not be satisfied. However we can
still find a functional m which can satisfy (3.15), for example m(t) = et.

Fréchet differentiability of the operator SMA∗ and conditions in Proposition 3.1 will
be sufficient to give norm convergence of the iteraties ak towards a critical point of the
Tikhonov functional. In order to ensure that the reconstructed critical point is equal
to a global minimizer of the Tikhonov functional, besides Proposition 3.2 and twice
differentiability of SMA∗, we still need to assume that the solution a† of the equation
SM(A∗a) = c fulfils a smoothness condition:

a† − ā = AM ′(A∗a†)∗S∗ω. (3.18)

Under those conditions, we can now apply TIREFU to derive the minimizer of (3.13).

3.4 Application

Now we focus on the problem of deriving a minimizer of the Tikhonov functional

Jα(a) = ‖cδ − SM(A∗a)‖2 + α‖a− ā‖2, (3.19)

so the replacement functional is

J̃α(a, b) = ‖cδ−SM(A∗a)‖2+α‖a−ā‖2+C‖a−b‖2−‖SM(A∗a)−SM(A∗b)‖2. (3.20)

To derive a minimum of Jα(a), by picking a0 and proper constant C, we define a
sequence {ak}k=0,1,... by the iteration:

ak+1 = arg min
a
J̃α(a, ak) k = 0, 1, 2, . . . (3.21)

Lemma 3.3. The derivative of J̃ ′α(a, b)h of J̃α(a, b) is given by

J̃ ′α(a, b)h = −2〈AM ′(A∗a)∗S∗(cδ − SM(A∗b))− (C + α)a+ Cb+ αā, h〉. (3.22)
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Proof.

J̃α(a+h, b) = ‖cδ−SM(A∗(a+h))‖2+α‖a−ā+h‖2+C‖a−b+h‖2−‖SM(A∗(a+h))−SM(A∗b)‖2.

By Taylor’s expansion, SMA∗(a+ h) = SM(A∗a) + SM ′(A∗a)A∗h+O(‖h‖2), we get

J̃α(a+ h, b) =‖cδ − SM(A∗a)− SM ′(A∗a)A∗h+O(‖h‖2)‖2 + α‖a− ā+ h‖2

C‖a− b+ h‖2 − ‖SM(A∗a)− SM(A∗b) + SM ′(A∗a)A∗h+O(‖h‖2)‖2

=‖cδ − SM(A∗a)‖2 + ‖SM ′(A∗a)A∗h‖2 − 2〈cδ − SM(A∗a), SM ′(A∗a)A∗h〉
+ α(‖a− ā‖2 + ‖h‖2 + 2〈a− ā, h〉) + C(‖a− b‖2 + ‖h‖2 + a〈a− b, h〉)
− (‖SM(A∗a)− SM(A∗b)‖2 + ‖SM ′(A∗a)A∗h‖2

+ 2〈SM(A∗a)− SM(A∗b), SM ′(A∗a)A∗h〉) +O(‖h‖2).

It follows

J̃(a+ h, b)− J̃(a, b)

2
=− 〈AM ′(A∗a)∗S∗(cδ − SM(A∗a)), h〉+ α〈a− ā, h〉+ C〈a− b, h〉

− 〈AM ′(A∗a)∗S∗(SM(A∗a)− SM(A∗b)), h〉+O(‖h‖2)

=− 〈AM ′(A∗a)∗S∗(cδ − SM(A∗b))− α(a− ā)− C(a− b), h〉+O(‖h‖2)

=− 〈AM ′(A∗a)∗S∗(cδ − SM(A∗b))− (C + α)a+ Cb+ αā, h〉+O(‖h‖2)

and thus the derivative is given by (3.22). �

Hence the necessary condition for a minimum J̃α(a, b) reads as

AM ′(A∗a)∗S∗(cδ − SM(A∗b))− (C + α)a+ (Cb+ αā) = 0 (3.23)

implying that

a =
1

C + α
(AM ′(A∗a)∗S∗(cδ − SM(A∗b)) + αā+ Cb) (3.24)

With (3.24), our fixed point iteration equation for the nonlinear sampling operator,
we can use the TIREFU algorithm which is given at the last in section 2.5. After
this we get the minimizer of the Tikhonov functional with nonlinear operator SMA∗,
hence we get an approximation to the solution of SM(A∗a) = c. Remember that our
original problem is to reconstruct a continuous time signal, so we need to transfer the
approximation solution of SM(A∗a) = c to the reconstructed signal by A∗.



Chapter 4

Numerical Example

The purpose of this chapter is to implement algorithm TIREFU to solve one practical
nonlinear sampling problem in Matlab. First, we will specify this problem. Afterwards,
we will apply TIREFU into this problem with choosing different regularization pa-
rameter α and noise data δ. In this one example, we choose our nonlinear, continuous,
memoryless mapping M : A → S of the continuous-time input signal y is point-wise
given by the regularized modulus function:

M : y 7→M(y) = |y|ε :=
√
y2 + ε2.

This nonlinearly transformed y is then sampled in a possibly non-ideal fashion by some
sampling functions:

sn(t− nTs) =

√
2π

Ts
sinc(

π

Ts
(t− nTs)), where Ts = 1.

The goal is to recover y from its samples c = SM(y). Since y ∈ A, the reconstruc-
tion of y is equivalent with finding a sequence a such that c = SM(A∗a), where A is

spanned by

√
2π

Ta
sinc(

π

Ta
(t−nTa)) with Ta = 2. In order to compare the reconstruction

of y with the true input signal, we give the true signal y(t) = 2g(t+ 2.1) + 6g(t− 4.5),

where g(t) =

√
2π

2
sinc(

π

2
(t)).

4.1 Implementation for the Quadratic Penalty Term

In order to show the competence of the adaptive parameter selection, we choose four
different situations about the regularization parameter α and noise level δ to imple-
ment TIREFU algorithm and in each situation, we made a comparison with several
experiments by using various parameters chosen by hand.

1. δ = 0, choose a sequence αn with αn
n→∞−→ 0;

21
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2. Choose a sequence of δ, α = 0;

3. Choose α = δ;

4. Use Morozov’s discrepancy principle. Take a fixed δ, choose a sequence αk = α0q
k

with appropriately chosen α0 and q < 1.

In the follwing implementations, the relative error between true signal and recon-
structed signal is defined as ‖ytrue − yreconstructed‖/‖ytrue‖. The relative noise level δrel
is defined as ‖cδ− c‖/‖c‖. The inner iteration is terminated if the distance of two con-
secutive iterates is less than 10−6, and the outer iteration is terminated if the distance
between two consecutive outer iterates is less than 10−4. The convergence speed of
the iteration depends heavily on the choice of the constant C in the replacement func-
tional. According to our convergence analysis, it has to be chosen reasonably large.
However, a large C speeds up the convergence of the inner iteration, but decreases
the speed of convergence of the outeriteration. Remark that the figures about relative
error ‖ytrue − yreconstructed‖/‖ytrue‖ is made by ploting data as logarithmic scales for
the x-axis.

4.1.1 Case 1

In the first case, we take a sequence of α and αn
n→∞−→ 0, we could choose αn = 50∗(1

3
)n,

n = 1, . . . , 15. And here we ignore the noise level δ, i.e., δ = 0.

From Figure 4.2, we can see for α = 16.6667, 1.8519, the reconstruction is not very
good, but we can achieve a better reconstruction with a smaller regularization param-
eter, see Figure 4.3 and Figure 4.4. This is in agreement with Figure 4.1 and Table
4.1, where a smaller regularization parameter leads to a smaller relative error between
true input signal and reconstructed signal.

Table 4.1: Relative errors for different regularization parameter α and δ = 0

α 16.6667 5.5556 1.8519 0.6173 0.2058
relative error 1.034889 0.776194 0.297013 0.144268 0.020906

α 0.0686 0.0229 0.0076 0.0025 8.4675 ∗ 10−4

relative error 0.007292 0.002688 0.001693 0.001591 0.001594

α 2.8225 ∗ 10−4 9.4083 ∗ 10−5 3.1361 ∗ 10−5 1.0454 ∗ 10−5 3.4846 ∗ 10−6

relative error 0.001600 0.001603 0.001604 0.001604 0.001604
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Figure 4.1: X-axis is the value of α, Y-axis is the relative error between true input
signal and reconstructed signal.

(a)

(b)

Figure 4.2: α = 16.6667(a), α = 1.8519(b).
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(a)

(b)

(c)

Figure 4.3: α = 0.6173(a), α = 0.0686(b), α = 0.0076(c).
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(a)

(b)

(c)

Figure 4.4: α = 0.0025(a), α = 2.8225 ∗ 10−4 (b), α = 3.4846 ∗ 10−6(c).
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4.1.2 Case 2

In this case, we want to choose regularization parameter α = 0 and the noise level δ
is chosen from the sequence

δ = {3.2, 1.6, 0.8, 0.1, 0.05, 0.01, 0.005, 0.0001, 0.00005},

Figure 4.6, Figure 4.7 and Figure 4.8 show the reconstruction results. The smaller δ
is, the better reconstruction we can get. As the value of δ is decreasing, the relative
error between true input signal and reconstructed signal is also decreasing, see Table
4.2 and Figure 4.5. In this case, regularization parameter α = 0, then we can still
get the good reconstruction. Thus it might be concluded that this practical sampling
problem is not severe ill-posed.

Figure 4.5: X-axis is the value of δ, Y-axis is the relative error between true input
signal and reconstructed signal.

Table 4.2: Relative errors for different noise level δ and α = 0

δ 3.2 1.6 0.8 0.1 0.05
δrel 0.201285 0.100643 0.050321 0.006290 0.003145

relative error 0.118331 0.065858 0.022161 0.003754 0.002162

δ 0.01 0.005 0.0001 0.00005
δrel 0.000629 0.000315 6.2902 ∗ 10−6 3.1451 ∗ 10−6

relative error 0.001614 0.001742 0.001725 0.001724
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(a)

(b)

(c)

Figure 4.6: δ = 3.2(a), δ = 1.6(b), δ = 0.8(c).
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(a)

(b)

(c)

Figure 4.7: δ = 0.1(a), δ = 0.05(b), δ = 0.01(c).
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(a)

(b)

(c)

Figure 4.8: δ = 0.005(a), δ = 0.0001(b), δ = 0.00005(c).
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4.1.3 Case 3

In this case, we take the same noise level sequence with case 2, i.e.,

δ = {3.2, 1.6, 0.8, 0.1, 0.05, 0.01, 0.005, 0.0001, 0.00005},

And we choose regularization parameter α is equal to noise level δ. As we see from
Figure 4.10 to Figure 4.12, the reconstruction results are getting better when δ and α
are decreasing. Table 4.3 and Figure 4.9 also show that the relative errors for different
α and δ.

Figure 4.9: X-axis is the value of δ, Y-axis is the relative error between true input
signal and reconstructed signal.

Table 4.3: Relative errors for parameter α is equal to noise level δ

δ = α 3.2 1.6 0.8 0.1 0.05
δrel 0.201285 0.100643 0.050321 0.006290 0.003145

relative error 0.121811 0.065880 0.033260 0.005406 0.002842

δ = α 0.01 0.005 0.0001 0.00005
δrel 0.000629 0.000315 6.2902 ∗ 10−6 3.1451 ∗ 10−6

relative error 0.001831 0.001768 0.001725 0.001725
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(a)

(b)

(c)

Figure 4.10: δ = α = 3.2(a), δ = α = 1.6(b), δ = α = 0.8(c).
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(a)

(b)

(c)

Figure 4.11: δ = α = 0.1(a), δ = α = 0.05(b), δ = α = 0.01(c).
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(a)

(b)

(c)

Figure 4.12: δ = α = 0.005(a), δ = α = 0.0001(b), δ = α = 0.00005(c).
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4.1.4 Case 4

In the last case, we use Morozov’s discrepancy principle. Here we take δ = 3.2, 1.6, 0.8, 0.1
and for each δ, we choose sequence αn = α0q

n with α0 = 150 and q = 2
3
, n =

1, 2, . . .. After implement the algorithm TIREFU, we see that for each certain
noise level, there exists a parameter α such that the belonging minimizer aδα satis-
fies δ ≤ ‖cδ − SM(A∗aδα)‖ ≤ 1.1δ .

For Noise Level δ = 3.2, δrel = 0.20129

In this noise level, when α = 150 ∗ (2/3)9 = 3.9018, ‖cδ − SM(A∗aδα)‖ = 3.284484
which satisfies the condition δ ≤ ‖cδ −SM(A∗aδα)‖ ≤ 1.1δ = 3.52. The reconstruction
results are shown in Figure 4.13 - Figure 4.15.

Table 4.4: for δ = 3.2, δrel = 0.20129 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531
relative error 0.720068 0.654960 0.536578 0.494793 0.481054

‖cδ − SM(A∗aδα)‖ 11.742476 10.503105 8.896746 7.704917 6.827781

α 13.1687 8.7791 5.8528 3.9018
relative error 0.373212 0.212707 0.168706 0.141967

‖cδ − SM(A∗aδα)‖ 5.519515 4.133566 3.591998 3.284484



4.1. IMPLEMENTATION FOR THE QUADRATIC PENALTY TERM 35

(a)

(b)

(c)

Figure 4.13: α = 100(a), α = 66.6667(b), α = 44.4444(c).



36 CHAPTER 4. NUMERICAL EXAMPLE

(a)

(b)

(c)

Figure 4.14: α = 29.6296(a), α = 19.7531(b), α = 13.1687(c).



4.1. IMPLEMENTATION FOR THE QUADRATIC PENALTY TERM 37

(a)

(b)

(c)

Figure 4.15: α = 8.7791(a), α = 5.8528(b), α = 3.9018(c).
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For Noise Level δ = 1.6, δrel = 0.100643

For δ = 1.6, when α = 150 ∗ (2/3)12 = 1.1561, ‖cδ − SM(A∗aδα)‖ = 1.608771 which
satisfies the condition δ ≤ ‖cδ − SM(A∗aδα)‖ ≤ 1.1δ = 1.76. Figure 4.16 - Figure 4.19
show the reconstruction results.

Table 4.5: for δ = 1.6, δrel = 0.100643 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531 13.1687
relative error 0.732428 0.651801 0.529352 0.429791 0.336179 0.252444

‖cδ − SM(A∗aδα)‖ 11.633063 10.258043 8.588935 7.014719 5.548423 4.295284

α 8.7791 5.8528 3.9018 2.6012 1.7342 1.1561
relative error 0.211246 0.169558 0.143268 0.095459 0.083533 0.044037

‖cδ − SM(A∗aδα)‖ 3.462096 2.792996 2.364989 1.972679 1.824363 1.608771
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(a)

(b)

(c)

Figure 4.16: α = 100(a), α = 66.6667(b), α = 44.4444(b).
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(a)

(b)

(c)

Figure 4.17: α = 29.6296(a), α = 19.7531(b), α = 13.1687(c).
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(a)

(b)

(c)

Figure 4.18: α = 8.7791(a), α = 5.8528(b), α = 3.9018(c).
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(a)

(b)

(c)

Figure 4.19: α = 2.6012(a), α = 1.7342(b), α = 1.1561(c).
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For Noise Level δ = 0.8, δrel = 0.05031

For δ = 0.8, when α = 150 ∗ (2/3)13 = 0.7707, ‖cδ − SM(A∗aδα)‖ = 0.822158 which
satisfies the condition δ ≤ ‖cδ − SM(A∗aδα)‖ ≤ 1.1δ = 0.88. Figure 4.20 - Figure 4.24
show the reconstruction results.

Table 4.6: for δ = 0.8, δrel = 0.05031 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531
relative error 0.734098 0.653182 0.531380 0.431718 0.337262

‖cδ − SM(A∗aδα)‖ 11.492642 10.124478 8.433749 6.847224 5.354101

α 13.1687 8.7791 5.8528 3.9018 2.6012
relative error 0.255171 0.211746 0.141621 0.098142 0.087683

‖cδ − SM(A∗aδα)‖ 4.057066 3.181961 2.243811 1.640943 1.327625
α 1.7342 1.1561 0.7707

relative error 0.079195 0.056687 0.039017
‖cδ − SM(A∗aδα)‖ 1.072604 1.039956 0.822158

Figure 4.20: α = 100.
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(a)

(b)

(c)

Figure 4.21: α = 66.6667(a), α = 44.4444(b), α = 29.6296(c).
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(a)

(b)

(c)

Figure 4.22: α = 19.7531(a) α = 13.1687(b), α = 8.7791(c).
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(a)

(b)

(c)

Figure 4.23: α = 5.8528(a), α = 3.9018(b), α = 2.6012(c).
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(a)

(b)

(c)

Figure 4.24: α = 1.7342(a), α = 1.1561(b), α = 0.7707(c).
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For Noise Level δ = 0.1, δrel = 0.006290

For δ = 0.1, when α = 150 ∗ (2/3)19 = 0.0677, ‖cδ − SM(A∗aδα)‖ = 0.102576 which
satisfies the condition δ ≤ ‖cδ − SM(A∗aδα)‖ ≤ 1.1δ = 0.11. Figure 4.25 - Figure 4.31
show the reconstruction results.

Table 4.7: for δ = 0.1, δrel = 0.006290 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531
relative error 0.718046 0.653154 0.533005 0.431868 0.337281

‖cδ − SM(A∗aδα)‖ 11.366781 10.098377 8.394367 6.805556 5.302392

α 13.1687 8.7791 5.8528 3.9018 2.6012
relative error 0.254798 0.211576 0.167081 0.096551 0.078633

‖cδ − SM(A∗aδα)‖ 3.988938 3.094568 2.329243 1.470828 1.029332

α 1.7342 1.1561 0.7707 0.5138 0.3425
relative error 0.070011 0.068231 0.057493 0.028839 0.014728

‖cδ − SM(A∗aδα)‖ 0.749488 0.618810 0.500471 0.374260 0.202876

α 0.2284 0.1522 0.1015 0.0677
relative error 0.009041 0.006206 0.005180 0.004281

‖cδ − SM(A∗aδα)‖ 0.147488 0.120064 0.109304 0.102576

Figure 4.25: α = 100.
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(a)

(b)

(c)

Figure 4.26: α = 66.6667(a), α = 44.4444(b), α = 29.6296(c).
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(a)

(b)

(c)

Figure 4.27: α = 19.7531(a) α = 13.1687(b), α = 8.7791(c).
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(a)

(b)

(c)

Figure 4.28: α = 5.8528(a), α = 3.9018(b), α = 2.6012(c).
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(a)

(b)

(c)

Figure 4.29: α = 1.7342(a), α = 1.1561(b), α = 0.7707(c).
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(a)

(b)

(c)

Figure 4.30: α = 0.5138(a), α = 0.3425(b), α = 0.2284(c).
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(a)

(b)

(c)

Figure 4.31: α = 0.1522(a), α = 0.1015(b), α = 0.0677(c).
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4.2 TIREFU Applied to Tikhonov Functional with

Sparsity Constraints

The strategies TIREFU for nonlinear cases where quadratic penalties are well suited
[1], introduced in Chapter 2, are also adequate when dealing with sparsity, or more
general, with one-homogeneous constraints. This has been proved in [11]. In this sec-
tion, we would like to extend the application of TIREFU to a Tikhonov functional
with sparsity constraints for the nonlinear Ill-posed problem. Here we will specify this
nonlinear Ill-posed problem by the nonlinear sampling problem which we described in
Chapter 3.

4.2.1 Minimize Tikhonov Functional with Sparsity Constraints

The Tikhonov variational formulation of the nonlinear sampling problem with sparsity,
or more general, one-homogeneous constraints can be casted as follows:
find a sequence of coefficients a ∈ l2 such that

Jα(a) = ‖cδ − SM(A∗a)‖2
l2

+ 2αΨ(a) (4.1)

is minimized. Here Ψ stands for some positive, one-homogeneous (i.e., Ψ(λa) = λΨ(a)
), lower semi-continuous and convex penalty (which is usually some weighted lp norm
of the frame coefficients). In particular, we also need to require,

‖a‖l2 ≤ Ψ(a). (4.2)

Now, we focus on the problem of deriving a minimizer of the Tikhonov functional
(4.1) and apply the strategies of Tikhonov replacement functional. For b ∈ l2(Λ) we
consider the family of functionals

JSα (a, b) := ‖cδ−SM(A∗a)‖2
l2

+2αΨ(a)+C‖a−b‖2
l2
−‖SM(A∗a)−SM(A∗b)‖2

l2
, (4.3)

thus to derive a minimum of Jα(a) in (4.1), we pick a0 and some proper constant C > 0
and derive the sequence {ak}k=0,1,... by the iteration:

ak+1 = arg min
a
JSα (a, ak), k = 0, 1, 2, . . . (4.4)

Lemma 4.1. The necessary condition for a minimum of JSα (a, b) is given by

0 ∈ −AM∗(A∗a)∗S∗(cδ − SM(A∗b)) + Ca− Cb+ α∂Ψ(a). (4.5)

Lemma 4.2. Let M(a, b) := AM ′(A∗a)∗S∗(cδ − SM(A∗b))/C + b. The necessary
condition (4.5) can be casted as

a =
α

C
(I − PC)

(C
α
M(a, b)

)
, (4.6)

where PC is an orthogonal projection onto a convex set C.
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The proofs of Lemma 4.1 and Lemma 4.2 follow the same idea in [11].

Now we restrict the analysis to the very prominent l1 case, i.e.,

Ψ(a) = ‖a‖l1 =
∑
λ∈Λ

|(a)λ|.

The related convex set is then:

C = {a ∈ l2 : sup
λ∈Λ
|(a)λ| ≤ 1}.

This yields the componentwise acting projection PC(a) = {PC((a)λ)}λ∈Λ with

PC((a)λ) =
{ (a)λ if |(a)λ| ≤ 1,
sgn(a)λ if |(a)λ| > 1,

and consequently,

(I − PC)((a)λ) =
{ 0 if |(a)λ| ≤ 1,
sgn(a)λ(|(a)λ| − 1) if |(a)λ| > 1.

This is the well-known softshrinkage operation with threshold 1, which we denote here
by S1. The necessary condition (4.6) thus reads as

a =
α

C
S1

(C
α
M(a, b)

)
= Sα/C(M(a, b)). (4.7)

With (4.7), our fixed point iteration equation, now we can apply the TIREFU algo-
rithm.

4.2.2 Implementation for l1 Penalty Term

Next we use the same practical sampling problem and give the numerical results of
using Tikhonov replacement functional with l1 penalty term. For the implementation,
the algorithm requires to pick values τ1, τ2 for the termination of the inner and outer
iteration. In our implementation, the inner iteration is stopped if the error is smaller
than 10−6. For the outer iteration, 10−4 is used. Here we choose Morozov’s discrep-
ancy principle, the same value of α and δ with case 4, hence αn = α0q

n, n = 1, 2, . . . .
with α0 = 150 and q = 2

3
. and δ = 3.2, 1.6, 0.8, 0.1 respectively. For each certain

noise level, we can find a parameter α such that the belonging minimizer aδα satisfies
δ ≤ ‖cδ − SM(A∗aδα)‖ ≤ 1.1δ.
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For Noise Level δ = 3.2, δrel = 0.20129:

We see that when α = 150 ∗ (2
3
)11 = 1.7342, the condition δ ≤ ‖cδ − SM(A∗aδα)‖ =

3.417507 ≤ 1.1δ = 3.52 is satisfied. Figure 4.32 - Figure 4.35 show the reconstruction
results.

Table 4.8: for δ = 3.2, δrel = 0.20129 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531 13.1687
relative error 1 1 1 0.809025 0.587661 0.453216

‖cδ − SM(A∗aδα)‖ 16.321987 16.321987 16.321987 13.310910 9.833610 7.749228

α 8.7791 5.8528 3.9018 2.6012 1.7342
relative error 0.329751 0.227548 0.157669 0.116808 0.085425

‖cδ − SM(A∗aδα)‖ 6.042927 4.777472 4.038301 3.675104 3.417507
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(a)

(b)

Figure 4.32: α = 100(a), α = 66.6667(b).



4.2. TIREFU APPLIED TO TIKHONOV FUNCTIONAL WITH SPARSITY CONSTRAINTS59

(a)

(b)

(c)

Figure 4.33: α = 44.4444(a) α = 29.6296(b), α = 19.7531(c).
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(a)

(b)

(c)

Figure 4.34: α = 13.1687(a), α = 8.7791(b), α = 5.8528(c).
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(a)

(b)

(c)

Figure 4.35: α = 3.9018(a), α = 2.6012(b), α = 1.7342(c).
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For Noise Level δ = 1.6, δrel = 0.100643:

We see that when α = 150 ∗ (2
3
)14 = 0.5138, the condition δ ≤ ‖cδ − SM(A∗aδα)‖ =

1.650638 ≤ 1.1δ = 1.76 is satisfied. Figure 4.36 - Figure 4.40 show the reconstruction
results.

Table 4.9: for δ = 1.6, δrel = 0.100643 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531
relative error 1 1 1 0.830691 0.607086

‖cδ − SM(A∗aδα)‖ 15.810235 15.810235 15.810235 13.117870 9.560293

α 13.1687 8.7791 5.8528 3.9018 2.6012
relative error 0.469788 0.332856 0.231369 0.161762 0.119382

‖cδ − SM(A∗aδα)‖ 7.394988 5.362343 3.866470 2.901770 2.371057

α 1.7342 1.1561 0.7707 0.5138
relative error 0.092976 0.073095 0.058833 0.048370

‖cδ − SM(A∗aδα)‖ 2.083598 1.883247 1.760706 1.650638
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(a)

(b)

(c)

Figure 4.36: α = 100(a), α = 66.6667(b), α = 44.4444(c).
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(a)

(b)

(c)

Figure 4.37: α = 29.6296(a) α = 19.7531(b), α = 13.1687(c).
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(a)

(b)

(c)

Figure 4.38: α = 8.7791(a), α = 5.8528(b), α = 3.9018(c).
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(a)

(b)

(c)

Figure 4.39: α = 2.6012(a), α = 1.7342(b), α = 1.1561(c).
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(a)

(b)

Figure 4.40: α = 0.7707(a), α = 0.5138(b).
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For Noise Level δ = 0.8, δrel = 0.05031:

We see that when α = 150 ∗ (2/3)17 = 0.1522, the condition δ ≤ ‖cδ − SM(A∗aδα)‖ =
0.803819 ≤ 1.1δ = 0.88 is satisfied. Figure 4.41 - Figure 4.46 show the reconstruction
results.

Table 4.10: for δ = 0.8, δrel = 0.05031 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531
relative error 1 1 1 0.819946 0.597319

‖cδ − SM(A∗aδα)‖ 15.890499 15.890499 15.890499 13.002067 9.402981

α 13.1687 8.7791 5.8528 3.9018 2.6012
relative error 0.461459 0.332669 0.227583 0.157831 0.114376

‖cδ − SM(A∗aδα)‖ 7.191490 5.226545 3.602135 2.524036 1.869372

α 1.7342 1.1561 0.7707 0.5138 0.3425
relative error 0.089950 0.074264 0.061147 0.049718 0.042502

‖cδ − SM(A∗aδα)‖ 1.498638 1.286471 1.125829 0.995459 0.904254

α 0.2284 0.1522
relative error 0.038482 0.033290

‖cδ − SM(A∗aδα)‖ 0.854169 0.803819
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(a)

(b)

(c)

Figure 4.41: α = 100(a), α = 66.6667(b), α = 44.4444(c).
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(a)

(b)

(c)

Figure 4.42: α = 29.6296(a) α = 19.7531(b), α = 13.1687(c).
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(a)

(b)

(c)

Figure 4.43: α = 8.7791(a), α = 5.8528(b), α = 3.9018(c).
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(a)

(b)

(c)

Figure 4.44: α = 2.6012(a), α = 1.7342(b), α = 1.1561(c).
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(a)

(b)

(c)

Figure 4.45: α = 0.7707(a), α = 0.5138(b), α = 0.3425(c).
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(a)

(b)

Figure 4.46: α = 0.2284(a), α = 0.1522(b).



4.2. TIREFU APPLIED TO TIKHONOV FUNCTIONAL WITH SPARSITY CONSTRAINTS75

For Noise Level δ = 0.1, δrel = 0.006290:

We see that when α = 150 ∗ (2/3)21 = 0.0301, the condition δ ≤ ‖cδ − SM(A∗aδα)‖ =
0.108716 ≤ 1.1δ = 0.11 is satisfied. Figure 4.47 - Figure 4.53 show the reconstruction
results.

Table 4.11: for δ = 0.1, δrel = 0.006290 with αn = α0q
n, α0 = 150, q = 2

3

α 100 66.6667 44.4444 29.6296 19.7531
relative error 1 1 1 0.820377 0.597679

‖cδ − SM(A∗aδα)‖ 15.896830 15.896830 15.896830 13.018239 9.424376

α 13.1687 8.7791 5.8528 3.9018 2.6012
relative error 0.461537 0.364916 0.223291 0.153782 0.112604

‖cδ − SM(A∗aδα)‖ 7.218025 5.516010 3.516312 2.399746 1.728802

α 1.7342 1.1561 0.7707 0.5138 0.3425
relative error 0.086400 0.069460 0.057665 0.048353 0.041105

‖cδ − SM(A∗aδα)‖ 1.291615 1.014128 0.813025 0.660009 0.547949

α 0.2284 0.1522 0.1015 0.0677 0.0451
relative error 0.033673 0.024708 0.018073 0.013936 0.008475

‖cδ − SM(A∗aδα)‖ 0.440793 0.322412 0.235673 0.185556 0.126518

α 0.0301
relative error 0.004287

‖cδ − SM(A∗aδα)‖ 0.108716



76 CHAPTER 4. NUMERICAL EXAMPLE

(a)

(b)

(c)

Figure 4.47: α = 100(a), α = 66.6667(b), α = 44.4444(c).
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(a)

(b)

(c)

Figure 4.48: α = 29.6296(a) α = 19.7531(b), α = 13.1687(c).
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(a)

(b)

(c)

Figure 4.49: α = 8.7791(a), α = 5.8528(b), α = 3.9018(c).
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(a)

(b)

(c)

Figure 4.50: α = 2.6012(a), α = 1.7342(b), α = 1.1561(c).
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(a)

(b)

(c)

Figure 4.51: α = 0.7707(a), α = 0.5138(b), α = 0.3425(c).
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(a)

(b)

(c)

Figure 4.52: α = 0.2284(a), α = 0.1522(b), α = 0.1015(c).
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(a)

(b)

(c)

Figure 4.53: α = 0.0677(a), α = 0.0451(b), α = 0.0301(c).
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Next we would like to compare those Tikhonov functionals with l2 penalty term and l1
penalty term. We plot the histogram of the reconstruction coefficients for both penalty
terms. This histogram shows that the reconstruction with l1 penalty term has much
more small coefficients, it is, as we did expect, a sparse reconstruction, see Figure 4.54
and Table 4.12.

(a) (b)

Figure 4.54: Histogram plot of the coefficient of the reconstructions. (a) l1 penalty
term, (b) l2 penalty term. Clearly, most coefficients of the l1 penalty term have a value
of zero or close to zero.

Table 4.12: reconstruction coefficients

absolute value of coefficients (1, 1.5] (0.1, 1] (0.01, 0.1] (0.001, 0.01] [0, 0.001]
number (l1 penalty term) 3 13 7 4 174
number (l2 penalty term) 0 34 141 26 0

4.3 Summary

The numerical results show that Tikhonov replacement function method is stable for
different noise level δ, even when the relative noise level δrel is 20%. For the relative
error between true signal and reconstructed signal, we see that they are all decreasing
and finally come to a small constant, that is what we expected. Because this method
has the error itself and also the computer’s accuracy can not achieve very good, this
make that the relative error can not go to zero. In case 2, we take α = 0 to recover
the signal for different noise levels, the numerical figures show that even when α = 0,
the reconstruction results are still good. From this we might get the conclusion that
this practical sampling example is not severe ill-posed. Besides, all reconstructions
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of signal for different parameters and noise levels are achieved as in the figures after
only a few iterations. At the last, we use this TIREFU strategies to deal with the
Tikhonov functional with sparsity constraints. For the implementation, we especially
choose l1 penalty term. The numerical results show that this method is applicable for
the sparsity constraints penalty as well.

The following Table 4.13 sums up that the relative error ‖ytrue− yreconstructed‖/‖ytrue‖
for noise level δ = {1.6, 0.8, 0.1} by choosing the different regularization parameter
rules.

Table 4.13: Relative error in L2 space

α = 0 α = δ discrepancy principle for discrepancy principle for
l2 penalty term l1 penalty term

δ = 1.6 0.065858 0.065880 0.044037 0.048370
δ = 0.8 0.022161 0.033260 0.039017 0.033290
δ = 0.1 0.003754 0.005406 0.004281 0.004287

In the previous implementation, we compute the relative error in L2 space. Clearly
from Table 4.13, the relative error is small, we might conclude that this problem is not
severe ill-posed in L2 space. Next we would like to calculate them in HS space, here
we choose H1 and H2 spaces to compute the relative error again, see Table 4.14. Then
we see that when we compute the relative error in HS, ill-posedness of this problem
is increased.

Table 4.14:
Relative error in H1 space

α = 0 α = δ discrepancy principle for discrepancy principle for
l2 penalty term l1 penalty term

δ = 1.6 0.836807 0.843460 0.838357 0.845524
δ = 0.8 0.837713 0.840526 0.840769 0.841119
δ = 0.1 0.837180 0.837736 0.837539 0.838103

Relative error in H2 space
α = 0 α = δ discrepancy principle for discrepancy principle for

l2 penalty term l1 penalty term
δ = 1.6 0.827961 0.846015 0.834099 0.852665
δ = 0.8 0.822826 0.837637 0.838675 0.829910
δ = 0.1 0.830775 0.831858 0.831475 0.823740
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Conclusion

In this thesis, we started from studying a method for iteratively solving nonlinear
operator equations based on Tikhonov replacement functionals [1]. In particular, we
were interested in algorithms for the computation of a minimizer of the Tikhonov
functional. To this end, we introduced a replacement functional which has much better
properties than the classical Tikhonov functional with nonlinear operator. Namely,
the replacement functional is globally convex and can effectively be minimized by a
fixed point iteration. On the basis of the minimizers of the replacement functional,
we introduced an iterative algorithm that converges towards a critical point of the
Tikhonov functional, and under additional assumptions for the nonlinear operator, to
a global minimizer. Combining our iterative strategy with an appropriate parameter
selection rule, we could obtain convergence and convergence rates. Afterwards, we
studied a nonlinear sampling setup where a continuous-time signal is mapped by a
memoryless, invertible and nonlinear transformation, and then sampled in a non-ideal
manner. Such scenarios appear, for example, in acquisition systems where a sensor
introduces static nonlinearity, before the signal is sampled by a practical analog-to-
digital converter (ADC). We considered the problem of reconstructing a continuous-
time signal from its generalized samples which is obtained by this nonlinear sampling
setup. This problem can be solved by deriving a minimizer of Tikhonov functional
with nonlinear sampling operator. Hence we applied Tikhonov replacement functional
to get the minimizer. At the last main part of this thesis, we did the experiments
to implement this algorithm to reconstruct the signal. From the results we could see
that this algorithm can reconstruct the signal very well even when noise level was big.
Besides, we mentioned that this method can be applied to a Tikhonov functional with
sparsity constraints [11]. Also we did the experiment for l1 penalty term and compared
the results by using both penalty terms with Tikhonov replacement functional method.

85



86 CHAPTER 5. CONCLUSION



Bibliography

[1] Ramlau, R., Teschke, G., Tikhonov replacement functionals for iteratively solving
nonlinear operator equations, Inverse Problems. 21, 1571-1592(2005).

[2] Hanke, M., Neubauer,A., Scherzer, O., A convergence analysis of the Landweber
iteration for nonlinear ill-posed problems, Numer. Math. 72, 21-37(1995).

[3] Ramlau, R., A modified Landweber-method for inverse problems, Numer. Funct.
Anal. Optim. 20, 79-98(1999).

[4] Hanke, M., A regularizing levenberg-Marquardt scheme, with applications to
inverse groundwater filtration problems, Inverse Problems. 13, 79-95(1997).

[5] Engl, H.W., Hanke, M., Neubauer, A., Regularization of Inverse Problems (1996).

[6] Ramlau, R., TIGRA–and iterative algorithm for regularizing nonlinear ill-posed
problems, Inverse Problems. 19, 433-67(2003).

[7] Hofmann, B., Scherzer, O., Factors influencing the ill-posedness of nonlinear
problems, Inverse Problems. 10, 1277-97(1994).

[8] Daubechies, I., Defrise, M., De Mol, C., An iterative thresholding algorithm for
linear inverse problems with a sparsity constraint, Conmmun. Pure Appl. Math.
57, 1413-541(2004).

[9] Daubechies, I., Teschke, G., Variational image restoration by means of wavelets:
simiultaneous decomposition, deblurring and denoising, Appl. Conput. Har-
mon.Anal. at press, (2005).

[10] Christensen, O., An Introduction to Frames and Riesz Bases, Boston, MA:
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