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Abstract

The Efimov effect describes that in a three-body system of identical bosons, an accumulation of
bound states occurs in the limit of zero energy and diverging scattering length of the two-particle
interaction. Recent experimental successes have shown signatures of those bound states, called
Efimov trimers. The experiments provide evidence of the existence of Efimov trimers only in an
indirect way. The short life-time of the trimers is prohibiting a direct study. One idea of stabilizing
the Efimov trimers is to put them into an optical lattice.

As an approximation of three particles on a single lattice site, we study a three-particle system
in a harmonic potential. We present a natural extension of the Efimov effect in free space, that
unifies the results that were known so far. An accumulation of bound states appears in the limit
of zero energy, diverging scattering length and vanishing harmonic oscillator strength. For a fixed
strength of the harmonic oscillator, there is no accumulation of bound state energies.



Preface

The present report serves as a Master Thesis for both the masters Industrial and Applied Mathe-
matics and Applied Physics from the Eindhoven University of Technology. As a consequence, it is
intended for both mathematicians and physicists to read. This has created some challenges, since
there are some differences in style between mathematics and physics literature.

I have tried to make the report as hybrid as possible. Whenever I have used jargon from
physics, I have tried to explain what was meant also in different terms. At places where I used
mathematical constructions that were not very standard, I have tried to explain them as well.
Nonetheless, there will be parts of the report that are of more mathematical nature, while others
have typically more in common with physics.

Some sections of the report have a Theorem-Proof structure. I have chosen for this style in
order to keep the structure of those parts of the work as clear as possible. The important messages
are stated in the theorems, while the details follow in the proofs. In order to make the work still
readable, I have given motivations for the various steps I take. I also have tried to indicate intuitive
ways of obtaining answers.

I have chosen to include a chapter on quantum mechanics and scattering theory. Originally,
this was intended to be an introduction to quantum mechanics for mathematicians. In writing it,
I have made use of the book by Berezin on the Schrödinger equation [10] and the book by Reed
and Simon on scattering theory [59]. The chapter has finally evolved to a presentation of results
that one can obtain within a rigorous framework. To readers who prefer a more intuitive approach
to quantum mechanics, I would like to recommend the book by Griffiths [37].

J.W. Portegies
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Chapter 1

Introduction

1.1 Ultracold gases

Quantum Physics is counterintuitive. Within a quantum-physical description, particles quite often
fail to have well-defined positions. Rather there is a certain probability of measuring a particle
somewhere in space. The resulting probability distributions are wave-like, with corresponding
interference effects. The two-slit experiment is classic in showing the quantum-mechanical behavior
of the particles. In daily life, however, effects of quantum physics are hardly observable, mainly
because the objects around us are compound, and the temperatures are too high to observe
coherent effects. By going to lower temperatures, the quantum-mechanical behavior might be
observed at a macroscopic level.

Fundamental particles can be divided in two groups, namely those that obey Bose statistics,
bosons, opposed to those that obey Fermi-Dirac statistics, fermions. With the help of Quantum
Field Theory, it can be shown that bosons exactly correspond to particles with integer spin, while
fermions have half-integer spin. The spin is an intrinsic property of particles.

It has been predicted by Einstein in 1924 [22] that if the temperature becomes sufficiently low,
the quantum-mechanical properties manifest themselves at a macroscopic level. If the temperature
of a gas of bosons is lowered, the bosons will start to collectively occupy the ground state of the
system. It is said that they form a Bose-Einstein condensate (BEC). The quest for experimentally
achieving a Bose-Einstein condensate was partly a quest for lower and lower temperatures. Ef-
fective cooling techniques have been devised that make use of lasers and external magnetic fields.
The great experimental success came in 1995, when Bose-Einstein condensation was achieved in
rubidium, sodium and lithium [5, 13, 15].

For fermions, the situation is different. When a gas of fermions consists of two different
components, with mutually repulsive interactions, the gas can effectively be seen as a gas of
pairs of fermions which form a bound state, that is, molecules, that in turn obey Bose statistics.
Lowering the temperature turns the gas into a BEC. If the particles from the different components
of the gas have attractive interactions, lowering the temperature will bring the gas in a superfluid
phase. Again, the fermions will start to form pairs, that effectively obey Bose statistics. However,
because the interaction is attractive, the pairs will typically consist of fermions from opposite sides
of the Fermi sea. The theoretical description of this mechanism was given by Bardeen, Cooper
and Schrieffer [6], and the condensates described by their theory are called BCS-condensates.

There is also a regime in between the BEC and BCS interaction regimes, that can be described
by neither BEC theory nor BCS-theory. This regime is called the BCS-BEC crossover. Results
for this regime cannot be obtained by mere interpolation, and more advanced theories are needed
to understand the properties of the many-body system.

Ultracold dilute gases are very versatile systems. They show complex behavior, but their
properties can be well understood and controlled, at least up to a certain level. In this respect,
they form a playground to test models and study phenomena of for instance condensed matter
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Figure 1.1: Transition of a superfluid to a Mott insulator in an optical lattice. In part (a) of the
figure, an illustration is made of the superfluid phase of a BEC in an optical lattice. The number
of atoms per lattice site is uncorrelated. If the atoms are released from the periodic potential,
the momenta of the atoms will be close to typical values that depend on the geometry of the
lattice. In part (b) of the figure, the depth of the lattice is decreased. Each site is now filled with
a fixed number of atoms. If the atoms are released from the periodic potential, the momenta of
the particles are uncorrelated. Figure taken from Reference [11].

physics.
A very nice example is provided by the loading of a BEC in a so-called optical lattice. An

optical lattice is a periodic effective potential for the particles, that has been created by using
standing waves of laser light [11]. It is possible to describe the ground state of interacting bosons
in an optical lattice by the Bose-Hubbard model [41], a famous model from condensed matter
physics [32].

Depending on the strength of the interaction, the BEC can be in two different phases. For a
small ratio of interaction strength to the typical kinetic energy, the BEC ground state is a giant
matter wave through the lattice and we say that the gas is in the superfluid state. The particles
do not have well defined positions, but their momenta are quantized. If one were to release the
particles from the trap, one would see that the observed momenta of the particles are close to
well-defined values that depend on the geometry of the trap.

By increasing the strength of the interaction, the gas will undergo a phase transition from
the superfluid state to a Mott-insulator state. The number of particles per lattice site becomes
fixed, but the momentum becomes undetermined. This is illustrated in Figure 1.1. The phase
transition from superfluid to Mott-insulator phase has been observed experimentally as described
in Ref. [36]. This experiment is therefore an experimental realization of a phase transition in the
Bose-Hubbard model.

Summarizing, ultracold gases provide a macroscopic window for observing quantum-mechanical
effects. They are controllable to a very high extent, and therefore ideally suited for studying
phenomena also from other branches of physics.

Ultracold gases are many-body systems and their study can be approached from at least two
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different ways. One can setup theories that describe the macroscopic behavior of a large number
of particles. Alternatively, one can try to gain understanding of few-particle processes, in the
hope that eventually one can increase the number of particles to arrive at many-body behavior.
Studying few-particle systems also helps in understanding the underlying microscopic behavior of
the system, which can be of crucial importance in understanding the BCS-BEC crossover. In this
report, we will study three-body systems.

1.2 The scattering length

If a gas is sufficiently dilute, the probability that three particles approach each other very closely is
negligible compared to the probability of two particles being close to each other. If the interaction
between particles is short-range (that means, particles do not ”feel” each other when they are
sufficiently far away), the main type of interactions that occurs is of two-particle nature. If,
additionally, the gas is at low temperature (the particles move slowly with respect to each other),
the nature of the gas will be largely determined by the low energy collision properties of two
particles.

In turn, the most important parameter in two-particle scattering at low energies is the so-called
scattering length. It is typically denoted by the symbol a. In theory, the scattering length and
other scattering properties can be calculated for neutral atoms, which have potentials of the Van-
der-Waals type. Alternatively, the scattering length can be determined from experiments. The
scattering length can best be thought of as a function from the space of possible central, short-
range interactions to R̄ = R∪{∞}, the one-point compactification of R. The manifold structure of
this space is important when questions of continuity and differentiability in the scattering length
are addressed.

In theoretical models, the scattering length often appears as a parameter of the model. It is
a concept of utmost importance in ultracold gases and few-body problems, and therefore also in
this report. We will discuss it extensively in section 2.3.2.

1.3 Feshbach resonances

Not only is the scattering length the most important property of short-range, low-energy scattering
processes, it can also be tuned experimentally to very large positive and negative values. Using
an external magnetic field, one can modify the low-energy scattering properties. The external
magnetic field acts on the spins of the particles via their intrinsic magnetic moments. A model of
this mechanism is due to Feshbach [30, 31]. It can be shown that the scattering length depends
on the magnetic field as follows:

a(B) = abg

(
1− ∆B

B −B0

)
. (1.1)

In this relation, B is the magnetic field, B0 is the magnetic field for which the scattering length
diverges, ∆B is called the width of the resonance, and abg is the background scattering length.
Traditionally, a discussion about Feshbach resonances contains the plot of B 7→ a(B), see Figure
1.2. The figure illustrates that by applying a suitable external magnetic field, one can bring the
scattering length to very large positive or negative values. This is very important. Most of the
results in this report will be on the regime of large scattering length. The relevance of this regime
is supported by its experimental accessibility.

1.4 Efimov effect in free space

In 1970, Efimov [17] described a phenomenon occurring in three-particle systems in free space. It
can be summarized as follows. In a three-particle system, if the interaction between the particles
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B0

abg

0
B

a

Figure 1.2: Plot of the relation between the scattering length a and the external magnetic field B
(1.1). The scattering length diverges for B = B0.

is via weak, central, short-range pair potentials, an accumulation of three-particle bound states
occurs near the point of zero energy and diverging scattering length.

Given a short-range (attractive) potential V , one can multiply it by a constant λ > 0. The
scattering length of λV depends on λ. We denote by λ∞ the constant

λ∞ := min{λ > 0 | λV admits a bound state }.

It can be shown that the inverse scattering length 1/a of λ∞V equals 0, and on an interval I
around λ = λ∞, we can define a function b : I → R such that

b(λ) =
1

a(λV )
,

where the function b is strictly increasing. We can therefore locally define the inverse b← of b.
For a given λ one can calculate the bound states of the three-body system, however by using

b← one can calculate the bound states of the three-body system given a certain value of 1/a. The
Efimov effect was originally a statement about the bound states depending in this way on 1/a.

A visualization is given in Figure 1.3. The curved, solid lines in the figure indicate how the wave
numbers K := sgnE

√
m|E|/~ of the three-particle bound states depend on the inverse scattering

length a−1 of the potential. In the definition of K, m is the mass of the particles, E is the energy
of the bound state, and ~ is the reduced Planck’s constant.

In continuing our description of the Efimov effect, we adapt the presentation of Ref. [12]: one
can introduce a radius H and a polar angle ξ in the a−1 −K plane, according to

H2 = a−2 +K2, (1.2a)

a−1 = H cos ξ, (1.2b)
K = H sin ξ. (1.2c)

There exists a constant κ∗ > 0, such that the bound state curves are described approximately by

H = κ∗e−∆(ξ)/2e−
nπ
s0 , n ∈ N,

with the function ∆ : [−π,−π/4] → R defined as in [12], and s0 ≈ 1.00624 a constant. The
approximation gets better as n increases, but we have not found in the literature in which sense
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Figure 1.3: The three-body problem can for large scattering length be described by this plot in
the a−1 −K plane. The solid lines with a T denote trimer states: bound states of three particles.
The axes are scaled by a power four, in order to show more trimer states in one figure. The figure
is taken from [12].

this is meant. Therefore, we have interpreted it in the following way: there exist functions Hn :
[−π,−π/4]→ R and a constant κ∗ > 0 such that for n→∞,

Hn(ξ)
κ∗e−∆(ξ)/2e−nπ/s0

→ 1, ξ ∈ [−π,−π/4],

and for K and 1/a sufficiently close to 0, K is a bound state wavenumber for the potential
b←(1/a)V if and only if ξ ∈ [−π,−π/4] and H = Hn(ξ), with H and ξ related to K and 1/a via
(1.2).

Now, we will shift our attention from the three-particle bound states, the Efimov trimers, to the
continuum states. Only if 1/a > 0, a weakly bound two-particle, a dimer, exists. Configurations
of a dimer and a separate atom are possible in the (continuum) regions of Figure 1.3 containing
the letters AD (where ξ ∈ (−π/4, π/2)). Finally, there are configurations (scattering states) of
three separate atoms, which are possible for K > 0 (where ξ ∈ (0, π)). In Figure 1.3, they are
denoted by AAA.

Soon after Efimov’s publication, Amado and Noble have studied the Efimov effect as well,
motivated by disbelief. Their article [3] is commonly seen as a rigorous proof of the Efimov effect.
However, the presented proof assumes a non-local potential (the potential operator in the the
Schrödinger equation is then not a multiplication operator). This assumption is unphysical. Their
claim is that a local, physical, potential would merely introduce irrelevant complications.

In subsequent years, the Efimov effect has been studied by both Amado and Noble, and
Efimov, and it has been extended to potential interactions that also support deeply bound states,
and systems of particles of different mass [4, 19, 20].

1.5 Experimental signature of the Efimov effect

In 2006, the research activity around Efimov trimers regained a lot of momentum by an experiment
that provided experimental evidence for the existence of these trimers [46]. Within the LevT
experiment in Innsbruck, a gas of Cesium atoms is trapped. With the help of an external magnetic
field the scattering length is tuned to different values. In the gas, various processes will occur,
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Figure 1.4: Observation of the Efimov resonance in measurements of three-body recombination,
as published in Ref. [46]. The nice agreement between measured recombination rates and the
theoretical predictions from Efimov theory has generally been accepted as proof for the existence
of Efimov trimers.

and some of them will result in a loss of atoms from the trap. For instance, when three particles
approach each other, two of them might recombine into a bound state of two particles, a dimer.
The binding energy of the dimer is set free in the form of kinetic energy. That means, the atom
and the dimer will move away from each other, typically fast enough to leave the trap. Such a
loss from the trap can be measured, see Figure 1.4.

The process just described is called three-particle recombination, and it is closely related to
the bound state energies of the Efimov trimers. More specifically, for a scattering length where
the trimer bound state energy crosses the three-atom scattering threshold (a < 0, E = 0), the
recombination rate will be enhanced. With the help of the Efimov-theory, the loss rate can
be predicted and the prediction can be fitted to the measured loss rates from the trap. The
correspondence of the measurement and the models is such that this has been seen as an affirmation
of the presence of Efimov trimers. However, the exact interpretation of the results is still subject
of discussion [49, 43].

Some important features related to the Efimov effect are not reflected in the results of Ref. [46].
Since the influence of only one Efimov trimer has been observed, there has been no verification of
the discrete scaling symmetry of the spectrum predicted by Efimov. In a recent article, describing
an experiment in LENS, Italy, it is claimed that the scaling properties of the Efimov spectrum are
observed [69]. In particular, two consecutive minima in the recombination loss are found at values
of the scattering length that have a ratio of approximately 22.7, see Figure 1.5.

1.6 Some important approaches to few-body physics

The Efimov effect is a collection of statements about a three-particle system. Such systems can
be approached theoretically in many different ways. A few of them have been very fruitful in
connection with the Efimov effect. Here we would like to give a short overview of the methods
currently used. We realize that we might not be extensive.

One of the most insightful derivations of the Efimov effect is by Fedorov and Jensen in coor-
dinate space [27]. Their framework has two main ingredients: the differential form of the Faddeev
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Figure 1.5: Taken from [69]. The measured recombination coefficient is compared to a theoretical
prediction in part (c) of the figure. In part (a), the bound state curves associated with the Efimov
trimers are shown in red. The energy of the weakly bound dimer is shown in blue. The black
curve in part (b) represents the theoretical recombination rate.

equations and the adiabatic hyperspherical approximation.
The Faddeev equations are three integral equations that provide a sound setting for solving a

three-particle problem [25]. They have been generalized to equations for systems of N -particles
by Yakubovsky [68]. The adiabatic hyperspherical approximation was first introduced by Macek
[51].

The framework nicely isolates the asymptotic two-particle process, that is important when
the third particle is far away and its influence can be neglected. This two-particle process is
characterized by the low-energy scattering properties of two particles, and hence the dependence
on the scattering length comes in. The three-particle dynamics is then described by an ordinary
differential equation with an effective potential depending on the two-particle process. A review
of the three-body problem with short-range interactions is given by Nielsen, Fedorov, Jensen, and
Garrido in [54]. The hyperspherical method is explained in more detail, and generalizations to for
instance different dimensions are discussed.

The hyperspherical setting is suitable for describing various phenomena related to the Efimov
effect, such as three-particle recombination from three slowly-moving atoms to one atom and a
weakly bound dimer [24, 55]. It has also been applied succesfully in numerical simulations [54].

In some sense, the hyperspherical model perhaps fails to describe the complete underlying
physical picture. That is, the influence of a magnetic field is not modeled directly. Rather it is
incorporated via an effective two-particle potential, or on the level of an effective scattering length
and effective range. Because of the intuition that goes with it and its power of describing various
phenomena, we will use the hyperspherical framework in this report as well.

One of the alternative lines of approach is followed by Köhler et al. [49, 61]. In describing three-
particle physics, they typically make use of the AGS-equations, named after Alt, Grassberger and
Sandhas [1, 35]. Similar to the Faddeev equations, these provide a sound framework for describing
three-particle scattering phenomena. The potential that Köhler et al. use is separable, which is
unphysical. Nevertheless, one might still expect that the properties derived by using this potential
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are the same as when other physical potentials had been used.
A very nice aspect of the approach of Köhler et al. is the modeling of the underlying physics,

see also Ref. [34]. In their model, they can change the magnetic field to change the coupling
between an open and a closed channel, thereby tuning the scattering length. From a certain
point, the calculation becomes numerical, and useful properties are derived by inspection of the
numerical results.

Another way of interpreting limits of small energy and large scattering length, would be to
say that the range of interaction of the particles becomes small. Basically, the physics is then
described by point-like interactions, that only play a role when the particles are at the same
point in space. This line of thinking is very present in the work of Petrov. He considers the
coordinate-space Schrödinger equation with zero-range interaction potentials. Because of the
zero-range nature of the interaction, the Schrödinger equation coincides with the free Schrödinger
equation (without interaction) as long as the particles have finite separation. The influence of
the zero-range interaction can be taken into account as a boundary condition on short distances.
Using Green’s functions for the free Schrödinger equations under consideration, Petrov arrives
at insightful, analytic results. He has derived a remarkable analytic expression for three-particle
recombination to an atom and a weakly bound dimer [56].

Finally, we would like to mention the use of Effective Field Theory in few-body problems.
Effective Theory is a general approach to understanding the low-energy behavior of a physical
system, while Effective Field Theory is the application of this approach to field theories. In for
instance Quantum Electrodynamics, problems are solved perturbatively, yet in intermediate steps
(ultraviolet) divergences occur. One can deal with these divergences and arrive at very accurate
answers by renormalization techniques. One is left with a theory that depends on two parameters,
the fine structure constant α and the electron mass me. Electrons, positrons and photons can be
described very accurately this way.

However, if one desires to include heavier particles in the theory as well, the divergences cannot
be dealt with anymore. In other words, their influence cannot be included in α and me. One option
is to resort to a more extensive quantum field theory, that for instance also describes muon fields.
If one is only interested in the effect of the heavier charged particles on photons, electrons and
positrons, one could construct an effective field theory that contains only electron and photon
fields, but contains an additional parameter mµ, representing the muon mass.

Effective theories are equally suitable to apply to quantum mechanics. For instance in the
case of two-particle scattering, the details of the two-particle potential at short-distances is not
known. One could, however, replace the exact potential by a potential that coincides with the
exact potential at large distances r > R0, and is different yet known at short-distances r < R0.
The potential at short distances can best be chosen to be a simple model potential with a tunable
parameter, which plays the role of a coupling constant. This parameter can be tuned such that the
most important low-energy scattering property, the scattering length, is reproduced. Introducing
more and more parameters that can be tuned opens up the possibility to reproduce the low-energy
scattering properties with higher and higher accuracy. In a way, R0 can be seen as a cut-off at
short distances. In the end, one would like to take the limit R0 → 0, but here renormalization
techniques are needed as well.

Similarly, one can apply Effective Field Theory to a second-quantization description of a many-
body gas. The zero-range limit would correspond to actually choosing a local quantum field theory.
With this approach many interesting results can be obtained. The STM-equation is a simple
integral equation for the three-body problem in the zero-range limit [60]. The first derivation
of the Skorniakov-Ter-Martirosian (STM) equation using Feynmann diagrams was given in Ref.
[45]. Bedaque, Hammer and Van Kolck have developed an Effective Field Theory, in which this
derivation becomes particularly simple [8, 9]. Using this effective field theory, the recombination
rate from three atoms to a single atom and a weakly bound dimer has been calculated accurately
[7].
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1.7 Universality

One of the main motivations for studying the Efimov effect is its universal aspect. A bit vague
description of universality is that properties of a certain model depend on less parameters than
that one would actually think it depends. In the context of this report, it means that some
properties depend on the interaction potential only via a few number of parameters, such as the
scattering length, the three-particle parameter κ∗, and the effective range. Other details of the
interaction potential, such as its exact functional form, are irrelevant. This means that the results
of the report apply to a large variety of systems.

In the literature on Bose-Einstein condensates, a property is called universal if it only depends
on the scattering length of the two-particle interactions. In a somewhat broader sense, universality
in physics usually means that systems that have very different short-range behavior still have
identical long-range properties. In few-body systems, properties are called universal if they depend
on the interaction only through the scattering length if the scattering length is large. A typical
example is the energy ED of a two-particle bound state if the scattering length is large and positive,

ED = − ~2

ma2
.

There are many universal aspects to the Efimov effect as well. The appearance of a accumulation
of trimer energies for |a| = ∞ appears irrespective of the details of the potential. Furthermore,
the ratio of the trimer energies En+1 and En approaches a constant that is independent of the
details of the potential as well.

To predict the trimer energies themselves, and not merely the ratio of two consecutive energies,
knowledge of the scattering length is not enough, and one will need the three-particle parameter
κ∗. It summarizes the short-distance behavior of three-particles being closely together. Together,
κ∗ and a determine the trimer energies, provided a is large.

Very recently, Thøgersen et al. have studied the influence of the effective range rs [63]. They
have suggested that predictions on for instance trimer energies greatly improve by including also
effective range effects. In articles by Petrov [56] and Gogolin et al. [33], it has been argued that
there is a linear relation between κ∗ and the effective range rs. In this sense, properties of the
system could be expressed in the scattering length and the effective range alone.

It has been argued by Platter et al. [48] that for describing the four-body system, no additional
parameter needs to be introduced. Consequently, knowledge of just a and κ∗ or alternatively a
and rs, would completely determine the properties of a four-body system. The hope is that if one
makes the transition to systems consisting of N bodies with N > 4, the system is still determined
by two-particle/three-particle properties alone. This would be a strong reflection of universality.

The motivating factor behind universality is actually, that it does not matter which kind of
particles one is considering, but that some properties of the system can be very satisfactorily
described by functions of only a few parameters. The parameters that are chosen, should be well
motivated, for instance by experimental measurability, or tunability. These properties hold for
the effective range, and the scattering length (via Feshbach resonances). So the beauty is really,
that irrespective of whether you describe for instance Cesium, Helium, or perhaps even neutrons
in a neutron star, if you have access to some parameters, such as the scattering length, one can
make very accurate predictions about those systems. Universality in few-body systems reflects a
branch of modeling, in which the model is applicable to a wide range of particles.

1.8 The Efimov effect in an optical lattice

The experiments in Refs. [46] and [69] are indirect, in that the signature of the existence of Efimov
states comes from a well-fitted maxima and minima in the recombination loss rate from a trap,
that can be predicted with Efimov theory and the position of the Efimov states.

The short life-time of the Efimov states makes it hard to study them directly. Hence, there
have been made considerations on how to stabilize the Efimov trimers. One of the options would
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be to suppress loss processes in a gas, by separating particles with the help of an optical lattice.
The question is then: what is the equivalent of the Efimov effect in an optical lattice?

When three particles have relatively low energy, and are confined to a bottom of one of the
wells induced by the optical lattice, a good approximation would be to replace the oscillating
potential by a harmonic one, that is by the second order approximation of the potential at the
bottom of the lattice. Hence, a first natural question to ask is: what is the equivalent of the
Efimov effect in a harmonic potential? This is the central topic in the present report.

We are not the first to address this question. Jonsell, Heiselberg and Pethick have adapted
the approach of Ref. [27] to also include a harmonic oscillator term [42]. They have concentrated
primarily on the states that correspond to three atoms in absence of a harmonic trap. The energies
of these states depend only on the scattering length and the strength of the harmonic oscillator,
and do not depend on the three-particle parameter.

Stoll and Köhler have used their approach with a separable potential to find the bound states
of three particles in a trap numerically [61]. Werner has investigated exact solutions for diverging
scattering length, and first-order corrections from those [66]. Finally, there have been numerical
simulations that incorporate both finite-range effects and the influence of a trapping potential [63].

Our research has the largest similarities with the work of Fedorov and Jensen [27] and Jonsell,
Heiselberg and Pethick [42]. It contributes by giving a more qualitative description than the full
numerical simulations currently available [63], while providing a more global picture than that
offered by the perturbations from the exact solutions in [66].

The main idea of the report is to turn Figure 1.3 in a three-dimensional figure, with 1/aho on
the new axis. The constant 1/aho has unit of inverse length, and is a measure for the strength
of the harmonic oscillator. In this newly obtained space, we introduce spherical coordinates
in Definition 5.2.2. Instead of polar curves in the (a−1,K)-plane, we find surfaces described
by spherical coordinates in (a−1,K, a−1

ho )-space. Our main Theorem 5.2.11 provides a natural
extension of our description of the Efimov effect in free space in Section 1.4.

1.9 Content of the report

In the next chapter, we will review basic concepts of quantum mechanics. This chapter is primarily
written for readers with a Mathematics background, that are not familiar with quantum mechanics.
In addition, we will give an introduction on (low-energy) scattering, and discuss the scattering
length and the effective range in detail. We will present examples for the square-well potential
and a Gaussian potential, which will become useful later.

After this introductory chapter, which might be skipped by readers acquainted with quantum
mechanics, we will specify the model we are using in Chapter 3. We will explain the formulation
in hyperspherical coordinates, and introduce the so-called low-energy Faddeev equation. This
chapter has many similarities with the derivations in Refs. [27, 54, 12]. Where possible, we try to
shed light on the underlying mathematical structure.

The framework as derived in Chapter 3 will be the starting point of our further calculations.
Initially, we will consider the simplest case possible in this context, by applying the adiabatic
hyperspherical approximation, ignoring the effect of deeply bound states, and incorporating the
effect of the scattering length only instead of using more low-energy properties of the potential.
In this case, we will reformulate the Efimov effect in a harmonic potential (Chapter 5). Next, we
will lift some of our assumptions, and include the coupling between different parts of the process
(Chapter 6), the effect of the effective range (Chapter 7), and we will allow for deeply bound
states via a parameter that represents the total influence of recombination in deeply bound states
(Chapter 8). If the scattering length diverges, it is possible to obtain exact results. We will show
how this works in Chapter 9. We will carefully compare our results with literature in Chapter 10.
We believe, that there are still a lot of interesting open questions. Therefore, besides concluding,
we will also describe directions for further research in Chapter 11.
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Chapter 2

Some Concepts in Quantum
Mechanics

This report is intended to be accessible to both readers with a Physics and readers with a Mathe-
matics background. Our wish is that it can be understood without reading extensive background
materials. It is likely that some of the readers from mathematics are not that familiar with quan-
tum mechanics. This is one of the reasons for us to review some of its concepts. A second reason is
that some introductory texts written on quantum mechanics are more suitable for physicists than
for mathematicians. Our introduction will be inspired on the book ”The Schrödinger Equation”
written by Berezin and Shubin [10]. This book is intended for mathematicians, and we believe
that its presentation is very understandable.

For the reader with a background in physics, this chapter is likely to be superfluous, and it
might be advisable to just have a look at the examples of the calculations of the scattering length
and the effective range in section 2.3.2, as they will be used later in the report.

We will start off by formulating four postulates of quantum mechanics, as they were origi-
nally posed by Von Neumann. Subsequently, we will consider the time-independent Schrödinger
equation in more detail. Finally, we will give a basic introduction of low-energy scattering.

2.1 Quantum Mechanics

2.1.1 Four postulates of Quantum Mechanics

In this section, we will discuss four postulates of quantum mechanics, that were introduced by
Von Neumann [64]. The postulates tell how the physical world is translated into a mathematical
framework. Within the mathematical framework, one can do the calculations. The postulates
express the relation with the world around us.

One of the most important characteristics of quantum mechanics is that results of measure-
ments are random variables, and quantum mechanics deals with the probability distributions of
those variables. So, if a measurement is to determine the position of the particle, the outcome
of the experiment is a random variable. Within quantum mechanics, one can calculate how the
probability distribution evolves in time. Another possible measurement would be to determine the
momentum of the particle. Quantities that can be determined experimentally, at least in theory,
are called observables. The first postulate says

Postulate 2.1.1. The states of a quantum mechanical system are described by non-zero vectors
in a complex Hilbert space, which we denote by L. Vectors that are scalar multiples of each other
are equivalent, in that they represent the same state. Moreover, every observable corresponds to a
certain linear, self-adjoint operator on L.
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So, quantum mechanics takes place in a Hilbert space. The states are the vectors, and the
observables are the linear self-adjoint operators. The next postulate describes the probability
measures of outcomes of experiments.

Postulate 2.1.2. Observables are simultaneously measurable if and only if the corresponding
operators commute. Suppose that the observables O1, . . . , On are simultaneously measurable. Then,
the corresponding operators Ô1, . . . , Ôn commute, and for a given ψ with ‖ψ‖ = 1, the joint
distribution function of the observables is of the form

Pψ(λ1, . . . , λn) = ‖E(1)
λ1
E

(2)
λ2
· · ·E(n)

λn
ψ‖2, (2.1)

with E(i)
λi

the projection operators of the spectral families corresponding to the operators Ôi.

The postulate says that if the system is in the state corresponding to the vector ψ, the proba-
bility of finding an outcome of a measurement such that Oi < λi for each i ∈ {1, . . . , n} is equal to
the right hand side of (2.1). We will not give a definition of the projection operators Eλ, but refer
to [10]. However, we will reformulate the postulate for the case in which the considered Hilbert
space is finite dimensional, n-dimensional say, and we consider only one observable O. Because O
is self-adjoint, there exists a orthonormal basis of eigenfunctions φn. Let us for simplicity assume
that the eigenvalues λ1 < · · · < λn are all distinct. The postulate then says that if the system is
in state ψ (ψ having unit length), the probability of measuring O ≤ λj , j ∈ {1, . . . , n} equals

P [O ≤ λj ] =
j∑
i=1

|(ψ, φi)|2.

So on the one hand, the postulate is stated in more difficult form because the spectrum of operators
in the infinite-dimensional case might consist of more than just eigenvalues. On the other hand, it
also tells something about probability distributions of measuring two or more observables at the
same time.

Now that we know what possible states of the systems are, and how the probability measures
of outcomes of experiments look like, the next thing to do would be to consider how the system
evolves in time. This is described by the time-dependent Schrödinger equation, as the following
postulate introduces.

Postulate 2.1.3. For every t, there exists an operator Ut, called the evolution operator, such that
the following holds. Suppose that at time t = 0 the state of the quantum-mechanical system is
described by the vector ψ0. Then, for every t the state of the system is represented by the vector
ψ(t) = Utψ0. The vector function t 7→ ψ(t) is differentiable if ψ(t) is contained in the domain DH

of H, and in this case, t 7→ ψ(t) satisfies the time-dependent Schrödinger equation

i~
dψ(t)

dt
= Hψ(t). (2.2)

The evolution of the system is thus governed by the Schrödinger equation (2.2). If the Hamilto-
nian H is time-independent, the postulate implies that the evolution operators Ut form a strongly
continuous one-parameter group that is generated by the operator − i

~H. In symbols,

ψ(t) = Utψ0 = e− itH/~ψ0.

The final postulate implies the superposition principle. It states

Postulate 2.1.4. Every non-zero vector of the Hilbert space L corresponds to a state of the system,
and every self-adjoint operator corresponds to an observable.
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2.1.2 Schrödinger equation for an N-particle system

Let us now concentrate on the usual setting for an N -particle system in three dimensions. The
choice of a suitable Hilbert space and the physical meaning of the operators in the Hilbert space
is a matter of physics. In case of an N -particle system in three dimensions, a suitable Hilbert
space turns out to be L = L2(R3N ). The operators x̂i and p̂i that measure the position and the
momentum of particle i get the form

(x̂iψ)(r1, . . . , rN ) = riψ(r1, . . . , rN ), (2.3)

(p̂iψ)(r1, . . . , rN ) =
~
i
(∇riψ)(r1, . . . , rN ), (2.4)

with ~ denoting the reduced Planck’s constant. The functions ψ are called wave functions. They
determine the probability distribution of the positions of the particles as follows. If A is some
(Lebesgue-measurable) subset of R3N , the configuration space, we can ask for the probability that
if we perform a measurement, we find that (r1, . . . , rN ) ∈ A. If the system has wave function ψ,
this probability equals ∫

A

|ψ(r1, . . . , rN )|2dr1 · · · drN .

The Hamiltonian H gets the representation as an unbounded operator on L2(R3N ), given by

(Hψ)(r, t) = −~2

2

N∑
j=1

1
mj

∆rjψ(r, t) + V (r1, . . . , rN )ψ(r, t).

Hence, the evolution of the wavefunctions is given by the time-dependent Schrödinger equation
(2.2), that specified to the case at hand reads

i~
∂ψ

∂t
(r, t) = −~2

2

N∑
j=1

1
mj

∆rjψ(r, t) + V (r1, . . . , rN )ψ(r, t).

2.1.3 Stationary solutions and the time-independent Schrödinger equa-
tion

Suppose that H admits a complete, orthonormal set of eigenfunctions (φn)n, with associated
eigenvalues En. Then, the map .̃ : L → `2 given by

(f̃)n = (f, φn)

is unitary. That means that it is linear and it preserves the norm of the vector. Suppose the state
of the quantum mechanical system at t = 0 is represented by ψ. Then, the state of the system at
time t is

e− itH/~ψ = e− itH/~

[ ∞∑
n=0

(ψ̃)nφn

]

=
∞∑
n=0

(ψ̃)ne− itEn/~φn.

Consequently, the eigenfunctions and eigenvalues of the Hamiltonian completely determine the
evolution of the system. The eigenvalue equation

Hφ = Eφ,

is called the time-independent Schrödinger equation. If the system is in state φm at t = 0 (ψ(0) =
φm), then it is in the state φm for any t as

ψ(t) = e− itH/~φm = e− itEm/~φm ∼ φm.

Additionally, the probability density |(ψ(t))(r1, . . . , rN )|2 is constant in time. Therefore, the states
are called stationary states. We will alternatively call them bound states.
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2.1.4 Identical particles

We have indicated in section 2.1.2 how the Hilbert space, the position and momentum operators,
and the Hamiltonian, get form in an N -particle system. However, the quantum-mechanical de-
scription is more subtle when the particles are identical, that is, if they cannot be distinguished
from each other by a physical property (mass, charge, spin or other internal degrees of freedom). In
such a situation, the particle identity principle (which is another postulate) says that the state of
the system is not changed if the positions of the particles are interchanged. For the wave function
of a system of two identical particles this means that

ψ(r1, r2) = cψ(r2, r1),

for some c 6= 0. Interchanging the positions again, we find

ψ(r1, r2) = c2ψ(r1, r2),

hence c = ±1. For a general system of N identical particles, the situation is similar. Depending on
the particles, the wave function ψ(r1, . . . , rN ) is either symmetric or anti-symmetric with respect
to interchange of the particles. In the first case, the particles are said to obey Bose-Einstein
statistics and are called bosons, while in the latter they are said to satisfy Fermi-Dirac statistics
and are called fermions. Within Quantum Field Theory one can prove that particles with integer
spin are bosons, and particles with half-integer spin are fermions.

In this report, we will consider a three-particle system of identical bosons mainly. This means,
that our three-particle wave function should always be invariant under exchange of the particle
positions.

2.2 Quantum Scattering

In this section, we will introduce some of the concepts in basic scattering theory. We will base
our description on the book on scattering theory by Reed and Simon [59], which presents a
mathematically very precise treatment. We will state the most important results, without proving
them. Another reference we would like to recommend is the book by Taylor [62]. Although its
presentation is still rather mathematical compared to other books on scattering theory, it is a bit
more intuitive than the book by Reed and Simon.

Quantum scattering is the quantum-mechanical description of collisions of particles. We imag-
ine the initial situation in such a collision as a particle flying towards another particle. Initially,
the particles do not feel each other, and they move in a straight line. When the particles approach
each other, they start to interact. Consequently, their paths are bent. After the collision, the
particles fly away from each other in a certain direction. When they are far away again, their
interaction is negligible, and the paths are again approximately straight.

Descriptions of such a process in terms of asymptotics are essential. Usually, the scattering
process is imagined to occur at t = 0. For t → −∞ the particles will barely interact, and move
in a straight line. This situation is interpreted as the initial state of the system. The final state
makes sense for t→∞, as the particles have moved so far from each other that their interaction
is again negligible.

Let us now leave this classical picture and replace it by a quantum-mechanical description.
The evolution of the particles, or better, their wave functions, is governed by the Schrödinger
equation. Let us specify to a 2-particle Hamiltonian H̃ acting on L2(R6), with a potential that
depends only on the difference of the position of the two particles

(H̃ψ)(r1, r2) = (H̃0ψ)(r1, r2) + V (r1 − r2)ψ(r1, r2).

The function V : R3 → R describes the interaction between the particles and H̃0 denotes the free
Hamiltonian

(H̃0ψ)(r1, r2) = − ~2

2m1
∆r1ψ(r1, r2)− ~2

2m2
∆r2ψ(r1, r2).
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2.2.1 Separating the center-of-mass motion

First, we will show that the center-of-mass motion is rather trivial, and can be treated separately.
We introduce a center of mass coordinate Rcm and a relative coordinate r12 in the usual way

Rcm =
m1r1 +m2r2

m1 +m2
,

r12 = r1 − r2.

Furthermore, we define the isomorphism of Hilbert spaces J : L2(R3)⊗ L2(R3)→ L2(R6) by

J(f ⊗ g)(r1, r2) = f(Rcm)g(r12).

It follows that on L2(R3)⊗ L2(R3),

J−1H̃0J = h0 ⊗ I + I ⊗H0

J−1H̃J = h0 ⊗ I + I ⊗H,

with, defining the reduced mass µ := m1m2
m1+m2

,

h0 = − ~2

2m1 + 2m2
∆,

H0 = − ~2

2µ
∆,

H = − ~2

2µ
∆ + V (r).

The induced evolution operators on L2(R3)⊗ L2(R3) corresponding to H̃0 and H̃ are

e− itJ−1H̃0J/~ = e− ith0/~ ⊗ e− itH0/~,

e− itJ−1H̃J/~ = e− ith0/~ ⊗ e− itH/~.

It therefore suffices to study the operators H0 and H in the relative system.
Before we move on, we rescale our time variable. We put t = (m/~)t̄. The Schrödinger equation

becomes
i
∂ψ

∂t̃
=
m

~2
Hψ.

We also define H̄ := (m/~2)H, V̄ := (m/~2)V , etc. and remove the bars. In particular

H = −∆ + V (r).

2.2.2 Wave operators, Scattering Matrix, and T -matrix

In scattering theory, typical questions are: if I prepare my system in a certain initial state, what is
the probability it will evolve to a certain final state. But how to describe such an initial and final
state? We can do this by specifying the asymptotical evolution. When the particles are further
and further away from each other, their interaction becomes less and less. Hence, the evolutions
for t→ −∞ and t→ +∞ look more and more like free evolutions, that is, evolutions by H0.

We say that the initial state of a system corresponds to ψin ∈ L2(R3), if for t→ −∞, the state
of the system at time t looked very much like e− itH0ψin. To be more precise, if the real evolution
of the system is given by t 7→ e− itH ψ for some ψ ∈ L2(R3), then we say that the system had
initial state ψin if

lim
t→−∞

∥∥e− itHψ − e− itH0ψin

∥∥ = 0.

The interesting question is of course, what the evolution of the system is given a certain initial
state. This question is handled by the wave operator Ω+, that takes ψin to ψ.
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A similar construction is made for final states ψout ∈ L2(R3). The operator Ω− takes ψout ∈
L2(R3) to the vector ψ that describes the real evolution of the system that finally looks like
t→ e− itH0ψout. That is

lim
t→∞

∥∥e− itHψ − e− itH0ψout

∥∥ = 0.

The next definition makes these ideas precise

Definition 2.2.1. (Wave operators)
We define the wave operators Ω± by

Ω± = s-lim
t→∓∞

e itHe− itH0Pac(H0),

if the strong limit exists, (the strong limit is the point-wise limit for operators). Pac(H0) denotes
the projection on the absolutely continuous subspace of H0. When Ω± exist, we define the Hilbert
spaces Hin and Hout as the ranges of Ω+ and Ω− respectively,

Hin = R(Ω+) and Hout = R(Ω−).

We say that the operators are complete if

R(Ω+) = R(Ω−) = R(Pac(H)).

In an experiment, we are interested in the probability that we end up in a certain final state
described by e−itH0φout given a certain initial state e−itH0ψin. This probability Pψin→φout is given
by

Pψin→φout = lim
t→∞

∣∣(e− itHΩ+ψin, e
− itH0φout

)∣∣2
= lim
t→∞

∣∣(e− itHΩ+ψin, e
− itHΩ−φout

)∣∣2
= lim
t→∞

∣∣(Ω+ψin,Ω−φout

)∣∣2
=
∣∣((Ω−)†Ω+ψin, φout

)∣∣2 .
The operator (Ω−)†Ω+ is therefore of huge importance in scattering theory

Definition 2.2.2. (S-matrix)
The S-matrix, S-operator, or scattering operator is defined as

Sψ = (Ω−)†Ω+.

It follows directly from the definition that S commutes with H0. Moreover, if U is a unitary
operator that commutes with both H and H0, it follows that U commutes with S as well. In case
the wave operators Ω± are complete, the S-matrix is unitary, that is S†S = SS† = I.

We would like to switch from a time-dependent view to a time-independent view, similar to
what we described in section 2.1.3, as this would enable us to calculate properties of the S-matrix.
The idea is that knowledge of eigenfunctions of H and H0 complete determines the system. This
approach is called formal scattering theory or time-independent scattering theory.

The problem is that a typical scattering Hamiltonian does not have a complete, orthonormal
basis of eigenfunctions. However, there are ways to work around this issue. The idea that we will
present here is closely related to the Fourier transform.

Let us first study the free Hamiltonian H0. Its spectrum σ is absolutely continuous, σ = [0,∞).
Since

−∆e ik·x = k2e ik·x,

one would like to say that the φ0(.,k) : x 7→ e ik·x are eigenfunctions of H0, except that they are
not elements of L2(R3). We can resolve this issue by means of the Fourier transform .̂ : L2(R3)→
L2(R3)

f̂(k) = (2π)−3/2

∫
φ0(x,k)f(x)dx.
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Then, the formal expression ”φ0(.,k) are eigenfunctions of H0” can be made precise by saying
that

(̂H0f)(k) = k2f̂(k).

The idea is that it would be convenient to take as a basis of the asymptotic incoming and outgoing
scattering states functions φ0(.,k). One would like to make sense out of Ω±φ0(.,k), but these are
not defined. Let us however perform some formal manipulations. If we would like φ(.,k) to
represent Ω+φ0, then how should φ0 = (Ω+)†φ(.,k) look like? It would be the limit

lim
t→−∞

e itH0e− itHφ = φ+ lim
t→−∞

∫ t

0

d
ds
[
e isH0e− isHφ

]
ds

= φ− lim
t→−∞

i
∫ t

0

e isH0V e− isHφds

= φ− lim
ε↓0

∫ −∞
0

e isH0V e− isk2
eεsφds

= φ+ lim
ε↓0

(H0 − k2 − iε)−1V φ.

Substituting the left-hand side by φ0, we observe that φ should satisfy

φ(.,k) = φ0(.,k)− lim
ε↓0

([H0 − (k2 + iε)]−1V φ)(.,k),

or, using the explicit expression for the resolvent (H0 − z)−1,

ϕ(x,k) = e ik·x − 1
4π

∫
e ik|x−y|

|x− y|
V (y)φ(y,k)dy. (2.5)

This is the famous Lippmann-Schwinger equation. In order to make the formal derivations rig-
orous, one can now start with the Lippmann-Schwinger equation and work backwards. For the
scheme to work, we need a condition on the interaction potential V . We define the Rollnik class
R as the set of measurable functions V : R3 → R, that satisfy

‖V ‖2R =
∫

R6

|V (x)||V (y)|
|x− y|2

dxdy <∞

We will also have to introduce two limit concepts. By l. i.m.
∫

we will denote the L2− lim
∫
|x|<M

as M → ∞, and by L. I.M.
∫

we will mean the L2-limit as M → ∞ and δ → 0 of the integral
over {k|k ≤M, dist(k2, E) > δ}, for a set E ⊂ R+, closed and of Lebesgue measure zero.

The story is then told by the following theorem.

Theorem 2.2.3. Let V be an element of R ∩ L1(R3). Let, moreover, H0 = −∆ on L2(R3) and
H = H0 + V in the sense of quadratic forms. Then, there is a set E ⊂ R+, which is closed and
has vanishing Lebesgue measure, such that

• If k2 6= E, there is a unique solution φ(.,k) of the Lippmann Schwinger equation (2.5),
satisfying |V |1/2φ(.,k) ∈ L2.

• For f ∈ L2,

f#(k) := l. i.m. (2π)−3/2

∫
φ(x,k)f(x)dx,

exists.

• If f ∈ D(H),
(Hf)#(k) = k2f#(k).
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• R(#) = L2(R3) and ∫
|f#(k)|2dk = ‖Pac(H)f‖2

• For any f ∈ L2,

(Pac(H)f)(x) = L. I.M. (2π)−3/2

∫
f#(k)ϕ(x,k)dk.

• For any f ∈ L2,
(Ω+f)#(k) = f̂(k).

Intuitively speaking, an incoming wave that looks asymptotically like a plane wave with wave
vector k, e−itk

2
φ0(.,k), evolves according to H as e−itk

2
φ(.,k), where φ(.,k) solves the Lippmann-

Schwinger equation. The scattering question is how much overlap the real wave function has
for large t with a certain plane wave state φ0(.,k′). To answer this question the S-matrix was
introduced before. Part of the S-matrix describes the situation in which nothing happens, in
which the particle misses the target. The S-matrix obeys conservation of energy. The rest of its
information is encoded by the related T -matrix.

Definition 2.2.4. We define the T -matrix as the function T (., .) : R3 × R3 → C, such that for
k ∈ R3, k′ ∈ R3, k′2 /∈ E

T (k,k′) = (2π)−3

∫
e− ik·xV (x)φ(x,k′)dx.

Formally, the relation between the S- and T -matrix can be expressed as

S(k,k′) = δ(k − k′)− 2π i T (k,k′)δ(k2 − (k′)2).

This is a symbolic writing, that gets its meaning by integration and using a variable transformation
E = k2 to make sense out of the factor δ(k2 − (k′)2). The precise statement is expressed in the
following theorem.

Theorem 2.2.5. The function T (., .) is uniformly continuous in any region of the form R3 ×
{k′|k′2 ∈ [α, β]}, where α > 0 and [α, β] ∩ E = ∅. If, moreover, f, g ∈ S(R3), that is f̂ and ĝ are
functions with supports in spherical shells disjoint from {k′|k′2 ∈ E}, then

(f, (S − I)g) = (−2π i)
∫
f̂(k)ĝ(k′)T (k,k′)δ(k2 − (k′)2)dkdk′

= (−2π i)
∫
f̂(k)

∫
k′2=k2

T (k,k′)ĝ(k′)
1
2
k′dΩ(k′)dk.

We have the following unitarity relation for T , that follows from the unitarity of S:

Theorem 2.2.6. Let V ∈ L1∩R, and suppose α2 /∈ E. Then for any k,k′ ∈ R3, with k = k′ = α,

ImT (k,k′) = π

∫
T (k′′,k)T (k′′,k′)δ((k′′)2 − α)d3k′′.

In case V is spherically symmetric, T (k,k′) depends only on k, k′, and k · k′. We define the
scattering amplitude f : R+ × [−1, 1]→ C by,

f(k, cosϑ) := −2π2T (k,k′), (2.6)

where k′ ∈ R3 is such a vector that k′ = k and k · k′ = k2 cosϑ.
The relation to a physical experiment can be made at a heuristic level. It is imagined that a

uniform-density beam of particles with energy k2 is sent in at a target, let’s say along the z-axis.
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The relevant question is how much of the beam is scattered in a region of spherical angles. The
answer is given by the differential cross section dσ/dΩ : S2 → R, which is defined by

dσ
dΩ

(ω) = lim
∆Ω→0

1
∆Ω

scattered flux of particles in ∆Ω 3 ω
incident flux of particles

.

The solutions of the Lippmann-Schwinger equation φ(., (0, 0, k)) can be seen as realizations of the
described experiment. For large values of the arguments, it can be proved that

φ(x, (0, 0, k)) ∼ eikz + f(k, cosϑ)
e ik|x|

|x|
, |x| large,

with ϑ the angle between x and (0, 0, k), and f is the scattering amplitude. We then imagine
the system to evolve according to t 7→ φ(., (0, 0, k))e− itk2

, which allows for an expression of the
differential cross section in terms of the scattering amplitude

dσ
dΩ

(ω) = |f(k, cosϑ)|2.

The total cross section σtot is obtained by integrating the differential cross section over the unit
sphere

σtot :=
∫

dσ
dΩ

dΩ = 2π
∫ π

−π
|f(k, ϑ)|2 sinϑdϑ. (2.7)

From the unitarity relation we learn that

ImT (k,k) =
π|k|

2

∫
|T (k′′,k)|2dΩ(k′′),

or
σtot =

4π
k

Im f(k, 0).

This statement is often called the optical theorem. It expresses that the total amount of flux
scattered from the beam should be accounted for by interference in the forward direction.

2.3 Low-energy scattering from a central potential

Until now, we have thought of φ0(.,k) : x 7→ e ik·x as eigenfunctions of H0, although they failed to
be elements of L2(R3). The corresponding picture was that asymptotically, incoming and outgoing
states look like (superpositions of) plane waves. We could also have made a different choice, that
expresses that incoming and outgoing states look like (superpositions of) spherical waves. The
functions that we would like to see as eigenfunctions are in this case

r 7→ φ0(r; k, `,m) := i`
√
k

r
√
π
j`(kr)Y m` (ϑ, ϕ),

with (r, ϕ, ϑ) spherical coordinates in R3, and Y m` the spherical harmonics, k ∈ [0,∞), ` ∈ N0,m ∈
{−`,−`+ 1, . . . , `}. Indeed,

−∆φ0(.; k, `,m) = k2φ0(.; k, `,m).

In case the potential V is central, that is V (r) = Ṽ (|r|) for some function Ṽ , both H0 and H
commute with SO(3) rotations. Then, S commutes with those rotations, too, and is in some sense
diagonal with respect to the basis φ0(.; , k, `,m), that is, for each ` ∈ N0 there exist a number
s`(E) ∈ C such that

Sφ0(.; k, `,m) = s`(E)φ0(.; k, `,m).
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But how can we overcome the fact that φ0(.; k, `,m) /∈ L2(R3)? Again we may use a construc-
tion in which we can expand to a continuum of eigenstates. To this end, we define the operator
U : L2(R3)→ L2(R,dE;L2(S2; dΩ)) given by

[(Uf)(E)](ω) =
1√
2
E1/4f̂(E1/2ω),

with f̂ again denoting the Fourier-transform of f . From Theorem 2.2.5 it follows that for every
g ∈ L2(R,dE;L2(S2; dΩ)) and f ∈ L2(R,dE;L2(S2; dΩ)).

(g, UTU−1f)L2(R,dE;L2(S2;dΩ)) =
∫ ∞

0

(g, T (E)f)L2(S2;dΩ)dE,

with the operators T (E) on L2(S2; dΩ) defined by

(T (E)f)(ω) =
E1/2

2

∫
S2
T (E1/2ω,E1/2ω′)f(ω′)dΩ(ω′),

where T (., .) denotes the T -matrix. Similarly,

(g, USU−1f)L2(R,dE;L2(S2;dΩ)) =
∫ ∞

0

(g, S(E)f)L2(S2;dΩ)dE,

with the operators S(E) on L2(S2; dΩ) related to T (E) by

S(E) = I − 2π iT (E).

One can prove that for sufficient conditions on the potential, T (E) is Hilbert-Schmidt. If V is
central, both S(E) and T (E) commute with rotations. The group SO(3) of rotations acting
on L2(S2,dΩ) induces a decomposition of L2(S2; dΩ) into a direct sum

⊕∞
`=0H`, with H` the

(2`+ 1)-dimensional subspace spanned by the spherical harmonics of order `. Now, each subspace
is invariant under rotations, and the restriction of the action of SO(3) to H` is in fact a irreducible
representation. Because S commutes with the action of SO(3), Schur’s lemma implies that there
exist numbers s`(E) such that for every ψ ∈ H`,

S(E)ψ = s`(E)ψ.

We call the quantities s`(E) the partial wave S-matrix elements. We define the partial wave
scattering amplitudes f`(E) by

f`(E) = (2 iE1/2)−1(s`(E)− 1).

The unitarity of S implies that |s`(E)| = 1. Hence, there must exist δ`(k) ∈ R such that

s`(k2) = e2 iδ`(k) (2.8)

The numbers δ`(k) are called the phase shifts.
The connection with the functions φ0(.; k, `,m) is expressed by the following. If g ∈ L2(R3)

can be expanded according to

g(r) =
∑
`,m

∫ ∞
0

φ0(r; k, `,m)g`m(k)dk,

then
(Sg)(r) =

∑
`,m

∫ ∞
0

φ0(r; k, `,m)e2 iδ`(k)g`m(k)dk. (2.9)

The following theorem adapted from Reed and Simon [59] gives a sufficient condition for the
above scheme to work.
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Theorem 2.3.1. If V is a central potential satisfying

|V (x)| ≤ C(1 + |x|)− 1
2−ε,

for a C > 0 and ε > 0, the wave operators Ω± exist, R(Ω+) = R(Ω−) and the S-matrix can be
represented by (2.9).

This means that in case of a central short-range potential with a Van-der-Waals behavior on
large distances (V (x) = O(|x|−6)), with which this report is concerned, we can safely apply the
above theory.

2.3.1 Partial wave expansion

We can relate the partial wave scattering amplitudes easily to the scattering amplitude. This is
called the partial wave expansion. It is specified by the following theorem.

Theorem 2.3.2. (partial wave expansion: L2 convergence theorem)
Let V be a central potential and fix E ∈ R+\E. Then, the partial wave amplitudes f`(E) and the
scattering amplitude f(

√
E, cosϑ) are related by

f(
√
E, cosϑ) =

∞∑
`=0

(2`+ 1)f`(E)P`(cosϑ) (2.10a)

f`(E) =
1
2

∫ 1

−1

f(
√
E, z)P`(z)dz. (2.10b)

The convergence statement (2.10a) is meant in L2(S2, dΩ)-norm for fixed E. The functions P`(.)
are the Legendre polynomials.

On the one hand one can define the phase shifts through the partial wave S-matrix elements
s`. On the other hand, they can be extracted out of the so-called radial Schrödinger equation.
For this, we consider the Schrödinger equation

[−∆ + V (r)]ψ = Eψ,

in terms of spherical coordinates (r, ϕ, ϑ). That is[
− ∂2

∂r2
− 2
r

∂

∂r
+

1
r2

(
∂

∂ϑ2
+ cotϑ

∂

∂ϑ
+

1
sin2 ϑ

∂2

∂ϕ2

)
+ V (r)

]
ψ(r, ϕ, ϑ) = k2ψ(r, ϕ, ϑ).

The general solution of this equation is

ψ(r, ϕ, ϑ) =
∞∑
`=0

∑̀
m=−`

1
r
c`mu`,k(r)Y m` (ϑ, ϕ),

with Y m` denoting the spherical harmonics, and u`, k satisfying the radial Schrödinger equation[
− d2

dr2
+ V (r) +

`(`+ 1)
r2

]
u`,k(r) = k2u`,k(r), (2.11)

together with the boundary conditions

lim
r→0

u`,k(r) = 0, lim
r→0

r−`−1u`,k(r) ∈ R\{0}. (2.12)

If we place certain conditions on the potential V , the existence of a solution to the radial
Schrödinger equation can be guaranteed. Moreover, the long-range behavior of this solution is
closely tied to the phase shifts.
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Theorem 2.3.3. Let V be central and piecewise continuous as a function of r on [0,∞). Suppose
that

∫ 1

0
r|V (r)|dr and

∫∞
1
|V (r)|dr are finite. Let k > 0 and ` ∈ N0. Then, there exists a unique

function u`,k on (0,∞) that is C1 and piecewise C2 and satisfies the radial Schrödinger equation
(2.11) with boundary conditions (2.12). Moreover, there exists a constant c such that

lim
r→∞

[cu`,k(r)− sin(kr − 1
2π`+ δ`(k))] = 0. (2.13)

2.3.2 Scattering length and effective range

Suppose that the central potential V is such that V (r) = 0 if r > R0, for some R0 > 0. In this
case, the general solution of the radial Schrödinger equation (2.11) can be given exactly. That is,
there exists constants A`,k and B`,k such that

u`,k(r) = A`,kr j`(kr) +B`,kr n`(kr),

where j` and n` are the spherical Bessel and spherical Neumann functions of order `, respectively.
From the asymptotic behavior of the Bessel functions j` and n` for large arguments and from
Theorem 2.3.3 we may conclude that

u`,k(r) ∼ eiδ`(k) (cos δ`(k)j`(kr)− sin δ`(k)n`(kr)) , r > R0.

Let us take a constant R > R0, and define

β`,k =
(

r

u`,k

du`,k
dr

)∣∣∣∣
r=R

.

Then,

cot δ`(k) =
kRn′`(kR)− β`,kn`(kR)
kRj′`(kR)− β`,kj`(kR)

.

If we assume that β`,k admits a representation as a power series in k2, we can use the asymptotic
expressions of the Bessel functions for small values of their arguments to derive that

k2`+1 cot δ`(k) = − 1
a`

+
1
2
r`k

2 − 1
4
P`k

4 + . . . .

This is the effective range expansion. The constants a`, r` and P` are called the `-wave
scattering length, effective range and shape parameter respectively. Sometimes, ` = 0, 1, 2 are
denoted by s, p and d. For instance, a0 is called the s-wave scattering length.

Form the effective range expansion, we can learn that typically, for small values of k

δ`(k) ∼ k2`+1.

This is called threshold behavior. From (2.7) and the partial wave expansion (2.10a) we find

σtot =
4π
k2

∑
`

(2`+ 1) sin2 δ`.

It follows that for k small
σtot ≈ 4πa2

0.

This indicates that the scattering properties for small energies, or small values of k, are mainly
determined by s-wave properties. The s-wave scattering length a0 is the most important parameter
in low-energy scattering, and usually the index 0 is omitted and instead of s-wave scattering length,
it is called the scattering length. The effective range expansion for ` = 0 is

k cot δ(k) = −1
a

+
1
2
rsk

2 − 1
4
Psk

4 + . . . . (2.14)
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We have derived this expression for situations in which the potential V (r) is zero for r > R0. One
can also consider weaker conditions on the potentials, such as an O(r−6) behavior for large r. As
a rule of thumb, if for large r, V is O(r−m) for some m ∈ N,

δ`(k) ∼ k2m+1, ` ≥ k.

Let us recapitulate. First, let us make explicit the definition of the scattering length

Definition 2.3.4. Let V be a short-range potential and let δ0(k) be the s-wave phase shift corre-
sponding to V , as defined in (2.8). The (s-wave) scattering length a of V is defined as

a := − lim
k→0

δ0(k)
k

.

If this limit diverges, the scattering length is said to equal ±∞.

One can think of various other algorithms for calculating the scattering length. For instance,
for large r, we find from (2.13) that

u0,k(r) ≈ 1
k

sin(kr + δ0(k)). (2.15)

Taking the limit k → 0, we find

u0,k(r)→ r − a, k → 0. (2.16)

Due to continuity properties in k, u0,0(r) approaches a straight line for large values of r, that
crosses the r-axis in a. This provides us with an algorithm for calculating a. We may calculate the
solution u0,0 to the radial Schrödinger equation that satisfies u(0) = 0. It will have a straight line
as an asymptote, and the scattering length is exactly where this straight line crosses the r-axis.

We would like to mention one other important property of the scattering length. Suppose the
potential V is such that it supports a weakly bound state, that is H = −∆ + V has a negative
eigenvalue close to zero. Then as we decrease the value of λ ∈ (0, 1] from 1, we see that λV
supports a bound state that gets more weakly bound, until for some value λ0 the bound state
disappears. Now, one can prove that for λ ↓ λ0, a(λV )→∞, while for λ ↑ λ0, a(λV )→ −∞.

Example 1: a square-well potential

In this first example we will illustrate the concepts of scattering length and effective range by
deriving their expressions for a square-well potential V given by

V (r) =

{
V0 r < R0,

0 r > R0,

in terms of the parameters V0 and R0.
The radial Schrödinger equation[

− d2

dr2
+ V0χ[0,R0](r)

]
u = k2u,

can be solved exactly. We first introduce ρ = r/R0, k0 =
√
V0, k =

√
E, such that[

− d2

dρ2
+ k2

0R
2
0
χ[0,1](ρ)

]
u = k2R2

0u.

The solution u to this equation, satisfying the boundary condition u(0) = 0 is (up to multipli-
cation with a complex constant)

u(ρ) =

{
sin(

√
k2 − k2

0R0ρ), ρ ≤ 1,
sin(kR0ρ+ δ(k)), ρ ≥ 1,
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Figure 2.1: The dependence of the scaled scattering length a/R0 (blue, solid) and effective range
rs/R0 (red, dashed) of the square well potential on its parameters k0 and R0, as expressed by
(2.17)

where the phase δ(k) is determined by the matching condition at ρ = 1. That is,√
k2 − k2

0R0 cot(
√
k2 − k2

0R0) = kR0 cot(kR0 + δ(k))

= kR0
cot (kR0) cot δ(k)− 1
cot (kR0) + cot δ(k)

.

For k cot δ(k), we find

k cot δ(k) =
−k2 − k cot(kR0)

√
k2 − k2

0 cot(
√
k2 − k2

0R0)
−kR0 cot(kR0) +

√
k2 − k2

0R0 cot(
√
k2 − k2

0)
.

We expand this expression around k = 0 in order to find the effective range expansion

k cot δ(k) = −1
a

+ rsk
2 +O(k4),

where

a = R0

[
1− tan(

√
−k2

0R0)√
−k2

0R0

]
, (2.17a)

rs = R0

[
1− R2

0

3a2
+

1
k2

0aR0

]
. (2.17b)

Hence, we see that for the square-well potential, we can obtain exact expressions for the scattering
length a and the effective range rs in terms of the parameters V0 and R0 of the potential. The
dependence of a/R0 and rs/R0 on

√
−k2

0R0 is illustrated in Figure 2.1.

Example 2: a Gaussian potential

In the second example, we will consider a Gaussian potential. The added value of considering a
different kind of example is twofold. On the one hand, it shows how the scattering length and
effective range can be obtained numerically. On the other hand, the Gaussian potential is used in
[63] with numerical results for exactly the problem we are looking at in this thesis. It is therefore
good to have some grip on the properties of this potential.
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Figure 2.2: The dependence of the scaled scattering length a/R0 (blue, solid) and effective range
rs/R0 (red, dashed) of the Gaussian potential (2.18) on its parameters k0 and R0, as calculated nu-
merically. The behavior of the effective range near the points where it is large is more complicated
than the plot suggests.

The potential V depends on parameters V0 and R0, via

V (r) = V0e
− r2

R2
0 . (2.18)

The radial Schrödinger equation becomes, in terms of k0 =
√
V0,[

− d2

dρ2
+ k2

0R
2
0e
−ρ2
]
u = k2R2

0u.

In this case, we have to obtain the solution to the radial Schrödinger equation numerically. We
choose to integrate from ρ = 0 for different small wave-numbers k, and determine the logarithmic
derivative dρs of the solution for some large value ρs. For large ρ, we expect the solution to behave
like

u ∼ sin(kR0ρ+ δ(k)).

We therefore introduce the function δ(.; .), that is defined via

kR0 cot(kR0ρs + δ(k;R0ρs)) = dρs .

From this, we find

k cot δ(k;R0ρs) = k
kR0 + dρs cot(kR0ρs)
kR0 cot(kR0ρs)− dρs

.

Because
δ(k;R0ρs)→ δ(k), as ρs →∞,

we can take ρs large to approximate δ(k) well. Next, we can take a sequence of k’s close enough
to zero to approximate the Taylor polynomial of k cot δ(k). The coefficients of this polynomial
approximate −1/a and the effective range rs. The resulting scattering length and effective range
are presented in Figure 2.2.
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Chapter 3

From Schrödinger to low-energy
Faddeev equation

Eventually, we would like to find a way to describe the Efimov effect in a harmonic trap. The
Efimov effect is a statement about the energies of bound states of a system of three particles. We
will have to make a choice on how to model such a system. This chapter describes this choice and
how we can simplify the model to finally arrive at the low-energy Faddeev equation and a related
hyperangular and hyperradial problem. Those problems will be the starting point for further
derivations later in the report.

Within a quantum-mechanical setting, choosing the model comes down to specifying the Hamil-
tonian of the system. We will do this in section 3.1. Due to the harmonic oscillator, we can obtain
some mathematical results on the existence of a discrete spectrum of the Hamiltonian very fast in
section 3.2. The next step will be to separate the center of mass motion of the relative motion in
the system (section 3.3). In the relative system, we will initially choose so-called Jacobi coordi-
nates. The low-energy character of the problem, however, favors a different choice of coordinates.
We will therefore introduce hyperspherical coordinates in section 3.4. Then, two main ingredients
are needed: the adiabatic hyperspherical representation and the Faddeev equation. We will discuss
them in sections 3.5 and 3.6. Finally we may derive the low-energy Faddeev equation in section 3.7.
This equation can be solved by a method that is similar to separation of variables. We are then
left with two problems, a hyperangular and a hyperradial one. The solution of the hyperangular
problem yields effective potentials in a coupled system of ordinary differential equations.

The material presented in this chapter is for a large part supported by existing literature, of
which we would like to mention References [54, 12] in particular. We differ in presentation, as we
try to emphasize the underlying mathematical structures.

3.1 The model

We will model a system of three identical particles in a harmonic trap. The total energy of the
system will consist of the kinetic energy, the potential energy due to the interaction between the
particles, and the potential energy due to the presence of the harmonic trap.

We will denote the mass of the particles by m, and the position of particle i by ri, i = 1, 2, 3. We
will assume that the interaction between the particles is governed completely by the interactions
between particle pairs, and that it depends only on the distance between the particles. We will
describe the interparticle interactions by a potential. For a given configuration of particles, the
potential energy due to the interactions will be∑

i<j

V̄ (|ri − rj |),
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for some function V̄ . We assume that the potential V̄ is short-ranged. Physically, this would
mean that the interaction between particles is small when they are far away from each other. We
will demand that V̄ (x) = O(|x|−6) for |x| → ∞. In other words, we can typically think of a
Van-der-Waals potential.

Besides the potential energy due to the interaction between the particles, the harmonic oscil-
lator is also a source of potential energy. We will denote the trap frequency by ω. The potential
energy due to the harmonic oscillator if the particles are at positions ri is given by

1
2
mω2

3∑
i=1

r2
i .

Finally, we will have to include the kinetic energy

1
2m

3∑
i=1

p2
i ,

where pi is the momentum of particle i. From this description we can deduce a Hamiltonian,
according to standard conventions (this is sometimes called first quantization). The Hamiltonian
becomes

H̃ = − ~2

2m

∑
i

∆i +
1
2
mω2

3∑
i=1

r2
i +

∑
i<j

V̄ (|ri − rj |),

acting on functions in L2(R9). That is, the states of the system are represented by functions
ψ ∈ L2(R9). The symbol ~ denotes the reduced Planck’s constant. The evolution of the system, a
path t 7→ ψ(t) through possible states, is described by the time-dependent Schrödinger equation

i~
dψ
dt

= H̃ψ.

The evolution is completely determined by the eigenvalues and eigenfunctions of H̃, that is, by
solutions to the time-independent Schrödinger equation

H̃ψ = Etotψ.

If ψ is an eigenfunction of H̃ with eigenvalue Etot, we will call Etot the total energy corresponding
to the bound state ψ.

We can easily remove ~ and m from the model by multiplying the Hamiltonian by m/~2.
Instead of H̃, we consider H defined by

H =
1
2

∑
i

∆i +
1

2 a4
ho

3∑
i=1

r2
i +

∑
i<j

V (|ri − rj |), (3.1)

where we have introduced the harmonic oscillator length aho :=
√

~/mω and the potential V :=
mV̄ /~2. We notice that the only unit that is left in H is the unit of length.

Before we have completely specified our model, there is an issue that requires more careful
thought. We cannot differentiate an arbitrary function in L2(R9). Hence, for an arbitrary ψ ∈
L2(R9), there is no guarantee that Hψ is in L2(R9). We call H an unbounded operator on L2(R9),
and we restrict the functions on which it may act. That is, we restrict the domain of H to be
D(H) = C∞0 (R9), the space of all infinitely differentiable functions with compact support. In the
next section we will show that we will still obtain a complete set of orthonormal eigenfunctions of
H. We will start our quest for eigenfunctions and eigenvalues of H in section 3.3.
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3.2 Some preliminary results

In this section we would like to fill in the gaps that stand in the way of a sound formulation
of our model. In other words, we would like to have our model to be well-defined also from a
mathematical point of view.

We have chosen the domain of H to be D(H) = C∞0 (R9), since for every ψ ∈ C∞0 (R9) we
are certain that Hψ ∈ L2(R9). For φ and ψ both in C∞0 , we can show that the inner product
of φ with Hψ is equal to the inner product of Hφ with ψ. This can easily be checked by partial
integration. We say that H is formally self-adjoint. In a finite-dimensional Hilbert space, this
would yield existence of a complete set of orthonormal eigenfunctions, with real eigenvalues. In
an infinite-dimensional Hilbert space, existence of such a complete set is a great gift, that is in
principle not obtained by a simple partial integration. We will have to show more, namely that
the operator obtained by taking the closure of the graph of H is self-adjoint. In that case, we call
H essentially self-adjoint.

Luckily, Hamiltonians such as (3.1) are very well studied, and all we have to do is open a
book to find the conditions we have to put on the potentials to guarantee that H is essentially
self-adjoint. We will use a result from Ref. [38]. To that end, we first have to introduce the
Kato-class of functions

K(Rd) :=

{
f : Rd → C measurable | lim

r→0
sup
x∈Rd

∫
Br(x)

s(x− y)|f(y)|dy = 0

}
,

with

s(z) =
1
ωd

∫ |z|−1

1

ρd−3dρ,

where ωd is the area of the unit sphere in Rd. We cite the following theorem from Ref. [38]

Theorem 3.2.1. Let W ∈ L2
loc(Rd) be real-valued and max(0,−W ) ∈ K(Rd) + O(|x|2). Then,

−∆ +W � C∞0 (Rd) is essentially self-adjoint in L2(Rd)

With suitable assumptions on our interaction potential V , such as boundedness from below,
we therefore find

Corollary 3.2.2. For the Hamiltonian H defined in (3.1), H � C∞0 (Rd) is essentially self-adjoint
in L2(R9).

The presence of the harmonic oscillator potential immediately implies that the spectrum is
discrete. This follows from the following theorem, taken from Berezin’s book [10].

Theorem 3.2.3. Let the Hamiltonian H on L2(Rn) be given by H = −∆ + W (x), with W ∈
L∞loc(Rn) be such that

lim
R→∞

inf
|x|>R

W (x) ≥ a.

Then H is bounded from below and has a discrete spectrum on (−∞, a). That is, for any a′ < a
the spectrum of the operator H on (−∞, a′) consists of a finite number of eigenvalues of finite
multiplicity. The spectral projector Ea′ of H is finite-dimensional for any a′ < a.

This theorem is directly applicable to our situation,

Corollary 3.2.4. The operator H has a purely discrete spectrum. Therefore, there exists an
orthogonal basis of eigenfunctions in L2(R9), with the corresponding eigenvalues tending to +∞.
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k

Figure 3.1: Illustration of Jacobi coordinates ri,jk and rjk.

3.3 Separation of the center-of-mass motion

Now that we have specified our model from both a physical and a mathematical point of view, we
can start our search for eigenvalues and eigenfunctions of the Hamiltonian, to eventually arrive at
the Efimov effect. The journey will be long and will consist of a multitude of transformations and
approximations. In this section, we will start simplifying our problem by separating off the center-
of-mass motion. Due to the special structure of the harmonic oscillator potential, the motion of
the center of mass can be viewed independently of the motions of the particles relative to each
other.

We will now show how this works. As new coordinates, we choose the center of mass Rcm on
the one hand, but we also need two relative coordinates. The choice for these relative coordinates
is actually arbitrary, but certain choices are more convenient than others. We will choose to use
the Jacobi coordinates as relative coordinates. For (i, j, k) a permutation of (1, 2, 3), we define

Rcm = 1
3

(
r1 + r2 + r3

)
, ri = Rcm +

√
2
3ri,jk,

ri,jk =
√

2
3

(
ri − 1

2 (rj + rk)
)
, rj = Rcm +

√
1
2rjk −

√
1
6ri,jk,

rjk =
√

1
2

(
rj − rk

)
, rk = Rcm −

√
1
2rjk −

√
1
6ri,jk.

We have illustrated these coordinates in Figure 3.1. For arbitrary relative coordinates x1 and x2,
writing the kinetic energy part of the Hamiltonian would result in mixed terms ∇x1 · ∇x2 . The
beauty of the Jacobi coordinates is that these so-called Hughes-Eckart terms disappear. Just by
using the chain rule, we find that in terms of Jacobi coordinates,∑

i

∆i = 1
34Rcm +4ri,jk +4rjk .

Jacobi coordinates can be generalized for particles with different masses and for systems consisting
of more than three particles. In any case, they are such that the Hughes-Eckart terms disappear.

We can write the complete Hamiltonian in terms of the Jacobi coordinates. We find

H = −1
6
4Rcm +

3
2

1
a4

ho

R2
cm −

1
2
4ri,jk −

1
2
4rjk +

1
2

1
a4

ho

(r2
i,jk + r2

jk) + (3.2)

+ V
(√

2rjk
)

+ V

(∣∣∣∣−√ 1
2rjk −

√
3
2ri,jk

∣∣∣∣)+ V

(∣∣∣∣−√ 1
2rjk +

√
3
2ri,jk

∣∣∣∣) .
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We see that not only the Hughes-Eckart terms disappear, but also the mixed terms such as ri,jk ·rjk
that could have arisen from the harmonic oscillator. This is another argument in favor of the Jacobi
coordinates.

Suppose we have got a function that can be written as a product of a function depending only
on Rcm and a function depending only on ri,jk and rjk, f(Rcm)g(ri,jk, rjk) say. The first two
terms on the right hand side of (3.2) act only on f , while the rest of the terms only act on g. The
idea is that we can split the Hamiltonian in two parts

Hcm = −1
6

∆Rcm +
3
2

1
a4

ho

R2
cm,

Hrel = −1
2
4ri,jk −

1
2
4rjk +

1
2

1
a4

ho

(r2
i,jk + r2

jk)

+ V (rjk) + V

(∣∣∣∣−√ 1
2rjk −

√
3
2ri,jk

∣∣∣∣)+ V

(∣∣∣∣−√ 1
2rjk +

√
3
2ri,jk

∣∣∣∣) .
If f would be an eigenfunction of Hcm with eigenvalue Ecm, and g would be an eigenfunction of
Hrel with eigenvalue Erel, the fg would be an eigenfunction of H with eigenvalue Ecm +Erel. If it
can also be shown that the eigenfunctions that are of this form are complete, it suffices to consider
the Hamiltonians Hcm and Hrel separately.

Let us make this a bit more precise. We can exploit the isomorphism of Hilbert spaces Ji :
L2(R3)⊗ L2(R6)→ L2(R9) given by

(Ji(f ⊗ g))(r1, r2, r3) = f(Rcm)g(rjk, ri,jk)

to state that on L2(R3)⊗ L2(R6)

J−1
i HJi = (−∆)⊗ I + I ⊗Hrel

with

(Hrelψ)(ri,jk, rjk) =
[
−1

2
∆ri,jk −

1
2

∆rjk +
1
2

1
a4

ho

(r2
i,jk + r2

jk) + Vi(rjk)

+Vj

(∣∣∣∣−√ 1
2rjk −

√
3
2ri,jk

∣∣∣∣)+ Vk

(∣∣∣∣−√ 1
2rjk +

√
3
2ri,jk

∣∣∣∣)]ψ(ri,jk, rjk).

It therefore suffices to study Hrel and the corresponding evolution on L2(R6).
Let us pause for a moment to see where we are. From our original Hamiltonian H (3.1) we

have derived a different Hamiltonian Hrel for the relative system on which we can concentrate.
This makes life easier, because we have only six coordinates to consider instead of nine. We can
take Hrel as the object of our research, and from now on, we will call it H.

3.4 Hyperspherical coordinates

The Jacobi coordinates have allowed for a reduction from nine to six coordinates. It is good to
note that so far, we have not made any approximations. We could even try to find the eigenvalues
and eigenfunctions of H numerically. This is, however, not the route we will take, as we will try to
make suitable approximations to arrive at more insightful results. From a physics point of view,
we can interpret the approximations and the corresponding results, such that a more intuitive
picture will arise. Mathematically, numerical results will not give any description of the desired
effect.

Let us consider which handles we have for approximations. We will treat systems at low energy
E, we have assumed the potential to be of short range, with a characteristic radius R0, and we
will need that the scattering length a is large. Surely these are relative statements, and should be
read as
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|E| � 1
R2

0

,
1
|a|
� 1

R0
.

We will also need that the range of the interactions is much shorter than the harmonic oscillator
length. Otherwise, the particles will typically be very close to each other, and the interaction will
be of a whole other nature. That is, we also assume

1
aho
� 1

R0
.

In order to exploit of these relations, the transformation to Jacobi coordinates was not sufficient.
The low-energy aspect makes that the states of low-angular momentum are the most important.
In the usual language of scattering theory, s-wave contributions will dominate.

We therefore need a sort of spherical coordinates in six dimensions. They are called hyper-
spherical coordinates. The most important of those hyperspherical coordinates are the hyperradius
R > 0 and the hyperangle αi ∈ [0, π/2). They are very similar to polar coordinates, in that

R2 = r2
i,jk + r2

jk,

ri,jk = R cosαi,
rjk = R sinαi.

The low-energy properties of the system will be determined predominantly by the dependence on
these coordinates. We still need four more coordinates to describe the positions of the particles,
and a suitable choice would be r̂i,jk and r̂jk. Alternatively, we can describe these unit vectors by
their spherical angles. For definiteness

r̂i,jk = (sinϑi cosϕi, sinϑi sinϕi, cosϑi),
r̂jk = (sin ζi cos ξi, sin ζi sin ξi, cos ζi).

It is now our task to describe Hrel in the hyperspherical coordinates. Because the coordinate
transformation is not entirely trivial (for instance it is nonlinear), it is useful to apply the machinery
of tensor calculus. However, before we dive into heavier calculations, let us first give the result

Hhyp = TR + Tαi +
L2
jk

2R2 sinα2
i

+
L2
i,jk

2R2 cosα2
i

+
1
2

1
a4

ho

R2 + V (R,Ωi). (3.3)

This still looks rather friendly, since we have hidden all the expressions in notation. By Ωi we
collectively denote all the angular variables, Ωi := (αi, r̂jk, r̂i,jk). The operators TR and Tα denote
the kinetic energy operator with respect to the hyperradial and hyperangular variable, respectively.
The operators Ljk and Li,jk are the standard angular momentum operators with respect to r̂jk
and r̂i,jk. The operator V (R,Ωi) denotes the interaction potential between the particles.

Before we give the explicit expression of those operators in terms of the new coordinates, we
would like to draw the reader’s attention to the fact that the potential of the harmonic oscillator
only depends on the hyperradius!
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Let us now give explicit expressions of the operators occurring in (3.3)

TR = −1
2

[
∂2

∂R2
+

5
R

∂

∂R

]
=

1
2
R−5/2

[
− ∂2

∂R2
+

15
4R2

]
R5/2,

Tα = − 1
2R2

[
∂2

∂α2
+ 4 cot(2α)

∂

∂α

]
= − 1

2R2

1
sin(2α)

[
− ∂2

∂α2
+ 4
]

sin(2α),

L2
i,jk = −

[
∂2

∂ϑ2
+ cotϑ

∂

∂ϑ
+

1
sin2 ϑ

∂2

∂ϕ2

]
,

L2
jk = −

[
∂2

∂ζ2
+ cot ζ

∂

∂ζ
+

1
sin2 ζ

∂2

∂ξ2

]
,

V (R,Ωi) = V (
√

2R sinα) + V

((
1 +R2 cos2 α+

√
3

2 R
2 sin(2α)r̂i,jk · r̂jk

)1/2
)

+ V

((
1 +R2 cos2 α−

√
3

2 R
2 sin(2α)r̂i,jk · r̂jk

)1/2
)
.

We can derive these expressions in the framework of tensor calculus. In order to structure our
calculations, we first rename the coordinates according to

y1
i := (rjk)x = R sinαi sinϑi cosϕi, z1

i := R,
y2
i := (rjk)y = R sinαi sinϑi sinϕi, z2

i := αi,
y3
i := (rjk)z = R sinαi cosϑi, z3

i := ϑi,
y4
i := (ri,jk)x = R cosαi sin ζi cos ξi, z4

i := ϕi,
y5
i := (ri,jk)y = R cosαi sin ζi sin ξi, z5

i := ζi,
y6
i := (ri,jk)z = R cosαi cos ζi, z6

i := ξi.

From now on, we will suppress the dependence on i. We can construct the six-by-six matrix A
given by

Amn =
∂ym

∂zn
.

In the Euclidean space R6, where the pair of coordinates (ri,jk, rjk) lives, the metric tensor g(y)
mn

is just the identity
g(y)
mn = δmn.

The metric tensor (g(z))m′n′ for the transformed coordinates zn is given by

g
(z)
m′n′ = g(y)

mnA
m
m′A

n
n′ = AT IA = ATA =

= diag
(
1, R2, R2 sin2 α,R2 sin2 α sin2 ϑ,R2 cos2 α,R2 cos2 α sin2 ζ

)
, (3.4)

where we have used Einstein’s summation convention in which we sum over indices that appear
both as an upper and as a lower index. Because we have changed coordinates, the volume element
has changed. The new volume element is√

|det g(z)|dz1dz2dz3dz4dz5dz6 =
1
4
R5 sin2(2α) sinϑ sin ζ dR dα dϑ dϕdζ dξ.

We will also need to know how the Laplace-operator looks after the coordinate transformation. A
general expression for the Laplace operator in local coordinates depends on the metric tensor g
and reads

4ψ = div gradψ =
1√
|g|
∂i

(√
|g|gij∂jψ

)
= ∂i∂

iψ + (∂iψ)∂i ln
√
|g|. (3.5)

In this expression, the gij are the matrix elements of the inverse of g,

gijgjk = δik.
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The matrix (g(z))−1 can be obtained easily from (3.4). Moreover, ∂j stands for the partial deriva-
tive with respect to the j-th coordinate, but ∂i means

∂i = gij∂j .

We can now do the computations according to expression (3.5) in order to arrive exactly at (3.3).
Let us summarize. We call the space where the hyperspherical coordinates live M , and the

corresponding measure / volume element dM , that is

M =
{

(R,α, ϑ, ϕ, ξ, ζ) ∈ R+ × (0, π/2)× (−π, π)× (0, π)× (−π, π)× (0, π)
}
, (3.6)

dM =
1
4
R5 sin2(2α) sinϑ sin ζ dR dα dϑdϕdζ dξ. (3.7)

Then, the map U : L2(R6)→ L2(M, dM)

(Uf)(R,α, ϑ, φ, ξ, ζ) = f(ri,jk(R,α, ϑ, φ, ξ, ζ), rjk(R,α, ϑ, φ, ξ, ζ))

is unitary, and U−1HrelU = Hhyp, with Hhyp as given by (3.3). In other words Hhyp is the
Hamiltonian of our system expressed in hyperspherical coordinates.

3.5 Adiabatic hyperspherical representation

The derivation so far is still exact, but by transforming to hyperspherical coordinates, we have
prepared ourselves for some approximations. The next property we would like to exploit is the
short-range nature of the potential. We imagine three particles in a harmonic trap. When they
are far away from each other, they can move freely as their interaction is neglibible. When two
particles come close, but the third remains far away, the interactions with the third particle can
be neglected, and the two particles being close can have their own, two-particle scattering process.
Such a process influences the movement of the particles in the free region where they do not feel
each other. Finally, all three particles can come close together, and the full interactions should be
taken into consideration. Such a process also influences the large-distance behavior. We note that
the probability that two particles come close is larger than the probability that all three particles
come close.

Fair enough, this was a rather classical picture. Quantum-mechanically, one could imagine
that the wave function will be similar to a solution of the free Schrödinger equation in the region
of configuration space where ri,jk and rjk are large. Where two particles become close, the wave
function will be similar to a scattering wave function of two particles, multiplied by a wave function
that describes the relative motion of the third particle. This will be a sort of boundary condition
for the free Schrödinger equation at large distances. Similarly, the wave function in configuration
space where three particles come close will be very complicated, but effectively it will provide a
boundary condition for the wave function at large distances.

When the particles j and k become close, while the third particle remains far away, the angle
αi becomes small while R remains large. This is exactly the region where we believe the wave
function to be similar to a product of a scattering wave function of two particles and a function
describing the relative motion of the third particle. In order to single out this behavior, the idea
is to keep R fixed and first solve a problem in α, that would be related to a scattering problem.
The hyperspherical formalism that we are about to apply, does exactly this.

However, there is another issue to be discussed. To obtain better approximations, one could
transform the Schrödinger equation into the so-called Faddeev equation. In literature, the order
of these steps is sometimes interchanged. Since there are some subtleties related to the Faddeev
equation, we will discuss it in an abstract setting in the next paragraph.

3.6 The Faddeev equations in coordinate space

The Faddeev equations are originally three integral equations, that allow for a rigorous treatment
of the three-body problem [25]. They can also be formulated in differential form. If one considers
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identical particles, however, the equations effectively reduce to one.
In the differential setting, the formalism effectively comes down to considering an operator

slightly different from the Schrödinger operator, which has the same eigenvalues. The new operator
has the advantage that one has more grip on its asymptotic behavior, but one has to pay a price
as one has to give up the self-adjointness of the operator.

The step from a Schrödinger-like equation to a Faddeev-like equation can be performed at
different points in the derivation of the method. Different references in literature invoke this step
at different moments. Sometimes the adiabatic hyperpherical expansion is made first [54], while in
other references the Schrödinger equation is transformed into the Faddeev equation immediately
[27].

We first need to define the permutation operator P that permutes the coordinates of the
particles. In our original Hilbert space, it would act on functions ψ ∈ L2(R9) such that

(Pψ)(r1, r2, r3) = ψ(r2, r3, r1).

However, we work in the relative space. Hence, in Jacobi coordinates

(Pψ)(rjk, ri,jk) = ψ(rki, rj,ki),

for (i, j, k) a cyclic permutation of (1, 2, 3). Similarly, in hyperspherical coordinates

(Pψ)(R,Ωi) = ψ(R,Ωj).

We also would like to give the potential operators the names Vi

(Viψ)(r1, r2, r3) = V (|rj − rk|)ψ(r1, r2, r3).

It follows that

V2 = P V1P
†

V3 = P †V1P.

Instead of V1 we will just write V . The operator P is unitary, PP † = P †P = I, and P 3 = I.
Additionally, it commutes with the Laplacian −∆.

Let us give the harmonic potential operator the name VH . In hyperspherical coordinates,

(VHψ)(R,Ωi) =
1
2

1
a2

ho

R2ψ(R,Ωi).

Then, the hamiltonian can be written as

H = − 1
2∆ + VH +

∑
i

Vi = − 1
2∆ + VH + V + P †V P + PV P †.

The main point is now that we can consider the operator F instead

F = − 1
2∆ + VH + V (I + P + P †). (3.8)

If ψ is an eigenfunction of F , we will see that 1
3 (I+P +P †)ψ is an eigenfunction of H. In addition,

due to the short-range character of the potential, the last term will be small if r23 is large, that is,
if particles 2 and 3 are far away from each other. In the Hamiltonian H, we could only say that
the interactions were small if all the interparticle distances were large.

There are some issues when using the Faddeev equation. The first one is the following. Suppose
that after hard work, we have found an eigensolution ψ to F . We can calculate 1

3 (I + P + P †)ψ,
but if we are unfortunate, this can be zero! Surely, 0 is a solution to the Schrödinger equation,
but this information does not help us at all. Eigensolutions ψ of F that are mapped to zero by
1
3 (I + P + P †) are called spurious solutions.
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The phenomenon of spurious solutions has an in some sense dual consequence. The idea is,
that there might be solutions to the Schrödinger equation, that one cannot find by solving the
Faddeev equation. We will call such solutions missing solutions. In contrast to spurious solutions,
we have not come across them in literature.

Since we would like to know exactly what we can and cannot do with the Faddeev equation,
we will study the relationship between the Hamiltonian operator and the Faddeev operator in the
next theorem. To make it general, we will replace the sum of the Laplacian −∆ and the harmonic
oscillator VH by a potential B. Instead of P , we will write U , as it is a unitary operator.

The theorem uses the concept of an exact sequence. For readers unfamiliar with the term, this
use of language might seem on the fancy side. However, readers familiar with the concept, might
agree that it is a natural way to think of the statement.

An exact sequence in this context is a sequence of vector spaces and linear mappings between
them, such that the range of each linear mapping equals the kernel of the next. In symbols, it is
a sequence

. . .
δi−1→ Li

δi→ Li+1
δi+1→ Li+2

δi+2→ . . . ,

such that for every i, R(δi) = N (δi+1).
The following theorem says nothing else than that the spurious solutions as we have just defined

them exactly correspond to those functions φ in the domain of B such that both (B − E)φ = 0
and 1

3 (I +U +U†)φ = 0. The solutions ψ of the Schrödinger equations that are missing solutions,
for which there exists no solution φ to the Faddeev equation such that 1

3 (I+U+U†)φ, are exactly
those solutions ψ for which either ψ /∈ R(I + U + U†) or V ψ /∈ R(B − E).

Theorem 3.6.1. Let B be a (possibly unbounded) linear operator on L2(R6). Let V and U be
bounded operators on L2(R6). Let moreover U be unitary, such that U3 = I, and BU = UB.

Then, we have the following exact sequence
0y

Spurious solutions
{
φ ∈ D(B)|Bφ = Eφ ∧ (I + U + U†)φ = 0

}
yinclusion

Faddeev solutions F :=
{
φ ∈ D(B)|Bφ+ V (I + U + U†)φ = Eφ

}
y 1

3 (I+U+U†)

Schrödinger solutions S :=
{
ψ ∈ D(B)|Bψ + (V + UV U† + U†V U)ψ = Eψ

}
yprojection

Missing solutions
{
ψ ∈ S|ψ ∈ R(I + U + U†) ∧ V ψ ∈ R(B − E)

}⊥Sy
0

Proof. The main issue is to prove that the mapping 1
3 (I + U + U†) restriced to F indeed maps

into S. This can be seen as follows. Let φ ∈ D(B) satisfy

Bφ+ V (I + U + U†)φ = Eφ.

Due to the assumptions that B and U commute, U is unitary, and U3 = I, the following equations
are also satisfied

BUφ+ UV U†(U + U† + I)φ = EUφ (3.9)

BU†φ+ U†V U(U† + I + U)φ = EU†φ. (3.10)
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Hence, we find by adding the equations

B(I + U + U†)φ+ (V + UV U† + U†V U)(I + U + U†)φ = E(I + U + U†)φ,

which shows that indeed, 1
3 (I + U + U†)φ ∈ S.

Now, let φ ∈ F such that 1
3 (I + U + U†)φ = 0. Then, (B − E)φ = −V (I + U + U†)φ = 0.

Hence, N ( 1
3 (I + U + U)|F ) ⊂ {φ ∈ D(B)|Bφ = Eφ∧ (I +U +U†)φ = 0}. The other inclusion is

trivial.
In order to conclude that the sequence is exact, it is left to show that

R ( (I + U + U)|F ) =
{
ψ ∈ S|ψ ∈ R(I + U + U†) ∧ V ψ ∈ R(B − E)

}
.

Suppose ψ ∈ R(I +U +U†), V ψ ∈ R(B−E) and (B−E)ψ+ (V +UV U†+U†V U)ψ = 0. Then,
(B − E) 1

3ψ + V ψ is antisymmetric, in that

(I + U + U†)((B − E) 1
3ψ + V ψ) =

= (I + U + U†)(V ψ − 1
3V ψ −

1
3UV U

†ψ − 1
3U
†V Uψ)

= V ψ − 1
3V ψ −

1
3V Uψ −

1
3V U

†ψ

+ UV ψ − 1
3UV ψ −

1
3UV Uψ −

1
3UV U

†ψ

+ U†V ψ − 1
3U
†V ψ − 1

3U
†V Uψ − 1

3U
†V U†ψ

= V ψ − 1
3V (I + U + U†)ψ

+ UV ψ − 1
3UV (I + U + U†)ψ

+ U†V ψ − 1
3U
†V (I + U + U†)ψ

= 0.

Because V ψ ∈ R(B − E), we can find a φ̃ ∈ D(B) such that V ψ = (B − E)φ̃. We decompose
1
3ψ+φ̃ = φ0+φ1, with φ0 and φ1 determined uniquely by 1

3 (I+U+U†)φ0 = φ0 and (I+U+U†)φ1 =
0. It follows that

(B − E)(φ0 + φ1) = (B − E) 1
3ψ + V ψ.

We use the fact that U and B commute and the previously shown antisymmetry of the right-hand
side to find that

(B − E)φ0 = 0.

Hence,
(B − E)φ1 = (B − E) 1

3ψ + V ψ.

Clearly, (I+U +U†)( 1
3ψ−φ1) = ψ. On the other hand, ( 1

3ψ−φ1) satisfies the Faddeev equation.
Indeed,

(B − E)( 1
3ψ − φ1) + V (I + U + U†)( 1

3ψ − φ1) = (B − E)( 1
3ψ − φ1) + V ψ = 0.

Corollary 3.6.2. Let B be a (possibly unbounded) linear operator on L2(R6). Let V and U be
bounded operators on L2(R6). Let moreover U be unitary, such that U3 = I, and BU = UB.

• For every z ∈ C such that 3z /∈ σ(B−E), the mapping (I+U+U†) induces an isomorphism
between the Faddeev solutions with interaction potential (V + zI) at energy (B − 3z − E)
and the Schrödinger solutions with the same interaction potential and energy. The inverse
mapping is given by

(B − 3z − E)−1(V + zI).
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• Let E ∈ R be not an accumulation point of σ(B), let ψ be a solution to the Schrödinger
equation with energy E, and ψ ∈ R(I + U + U†). Then,

ψ = lim
z→0

(B − 3z − E)−1(I + U + U†)(V + zI)ψ.

In Theorem 3.6.1 we specify somewhat the spurious and missing solutions. In Corollary 3.6.2
we look at the consequences. First of all, we observe that there are neither spurious nor symmetric
missing solutions if E /∈ σ(B). However, in case E ∈ σ(B), we could not conclude the absence
of spurious or missing solutions. Which means that in some situations, we might miss some
eigensolutions if we concentrate on the Faddeev equation only. The corollary also proposes a
method of finding those missing solutions. Suppose ψ is a missing solution at energy E. One can
slightly perturb the interaction potential V , by zI say, such that now E /∈ σ(B− 3z). Then, there
exists a solution φ to the Faddeev equation at energy E + 3z such that (I + U + U†)φ = ψ.

3.7 The low-energy Faddeev equation

In this report, we have chosen to follow the treatments in [27, 12], and first apply the Faddeev
transformation and afterwards the hyperspherical expansion. This derivation is probably the
fastest. The biggest disadvantage is that it seems to fail some rigorous foundations. In the
outlook after the conclusion, we will readdress the choice for our method.

The first step is that in some way, we would like to ignore angular momentum. Just as in two-
particle scattering, we imagine that for low-energy only the states of lowest angular momentum
are important. Ignoring angular momentum would come down to only considering wave functions
that depend on R and α, but not on the other hyperangles. Put differently, we will average over
all other coordinates.

Definition 3.7.1. For (i, j, k) a cyclic permutation of (1, 2, 3), we define the projection πi by

πiφ = −
∫
−
∫
φ dΩjkdΩi,jk.

Clearly, πkφ does not depend on r̂ij and r̂k,ij anymore. Instead of considering the operator F ,
we therefore consider the operator

π1Fπ1,

as at low energy, we expect operators will be close. By H1 we will denote the subspace of wave
functions that can be written as a function of R and α only. In other words H1 = R(π1). With
the help of section 3.4, we may note that H1 is isomorphic as a Hilbert space to

H1
∼= L2(R+ × (0, π/2), 4π2R5 sin2(2α)dRdα). (3.11)

Because for every cyclic permutation of (i, j, k),

rjk = − 1
2rij − 1

2

√
3rk,ij ,

we find by taking the norm, dividing by R, and squaring both sides that

sin2 αk = 1
4 sin2 αi + 3

4 cos2 αi + 1
2

√
3 sinαi cosαi r̂ij · r̂k,ij .

We can use this relation to prove the following

Lemma 3.7.2. Let φ ∈ H1, with φ(.) = ψ(R(.), α1(.)) for some function ψ. Then, π1Pφ is given
by

(π1Pφ)(R,α) = ψ(R,α) +
4√
3

∫ 1
2π−|

1
6π−α|

| 13π−α|

sin(2α′)
sin(2α)

ψ(R,α′)dα′.
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Proof. We differentiate the geometric relation

sin2 αi = 1
4 sin2 αk + 3

4 cos2 αk + 1
2

√
3 sinαk cosαkr̂ij · r̂k,ij ,

implicitly, and find

sin(2α2)
∂α2

∂(r̂ij · r̂k,ij)
=

1
4

√
3 sin(2α1).

Hence,

(π1P(1,2,3)φ)(R,α) = −
∫
−
∫
P(1,2,3)φ dΩ23dΩ1,23

= −
∫
−
∫
P(1,2,3)φ(R,α, r̂23, r̂1,23) dr̂23dr̂1,23

= −
∫
−
∫
ψ(R,α2(α, r̂23, r̂1,23))dr̂23dr̂1,23

=
1

4π
4√
3

∫ ∫ 2π

0

∫ 1
2π−|

1
6π−α|

| 13π−α|
ψ(R,α2)

sin(2α2)
sin(2α)

dα2dφ23dΩ1,23

=
2√
3

∫ 1
2π−|

1
6π−α|

| 13π−α|
ψ(R,α′)

sin(2α′)
sin(2α)

dα′.

We may now state the so-called low-energy Faddeev equation. It is the eigenvalue equation
for the operator π1F on L2(R+ × (0, π/2), 4π2R5 sin2(2α)dRdα). If we write out this eigenvalue
equation, we find

(TR+Tα+VH−E)ψ(R,α) = −V (
√

2R sinα)

[
ψ(R,α) +

4√
3

∫ 1
2π−|

1
6π−α|

| 13π−α|

sin(2α′)
sin(2α)

ψ(R,α′)dα′
]
.

(3.12)

In order to find a solution, we expand (in a rather unconventional way) according to

ψ(R,α) =
1

2πR5/2 sin(2α)

∑
m

fm(R)φm(R,α). (3.13)

The functions φn(R, .) are solutions to the eigenvalue equation on L2((0, π/2))[
− ∂2

∂α2
− λn(R)

]
φn(R,α) = −2R2V (

√
2R sinα)

[
φn(R,α) +

4√
3

∫ 1
2π−|

1
6π−α|

| 13π−α|
φn(R,α′)dα′

]
,

(3.14)
with Dirichlet boundary conditions φ(R, 0) = φ(R, π/2) = 0, where λn(R) is the eigenvalue. We
would like to mention explicitly that the hyperradius R is a parameter in this equation.

We define

Gnm(R) =
∫ 1

2π

0

φ∗n(R,α)φm(R,α)dα, (3.15)

substitute the expansion (3.13) in (3.12), multiply by φ∗k(R,α), integrate over α, multiply by
G−1
nk (R), and sum over k, to obtain[

1
2

(
− ∂2

∂R2
+

15
4R2

)
+

1
2

1
a4

ho

R2 + (λn(R)− 4)
1

2R2

]
fn(R)+

+
∑
m

[
2Pnm(R)

∂

∂R
+Qnm(R)

]
fm(R) = Erelfn(R), (3.16)
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with the coupling terms defined by

Pnm(R) = −1
2

∑
k

G−1
nk (R)

∫ 1
2π

0

φ∗k(R,α)
∂

∂R
φm(R,α)dα, (3.17a)

Qnm(R) = −1
2

∑
k

G−1
nk (R)

∫ 1
2π

0

φ∗k(R,α)
∂2

∂R2
φm(R,α)dα. (3.17b)

Finally, in the adiabatic hyperspherical approximation [51], the coupling terms are neglected,
and the uncoupled equations for fn read[

1
2

(
− ∂2

∂R2
+

15
4R2

)
+

1
2
R2

a4
ho

+ (λn(R)− 4)
1

2R2

]
fn(R) = Erelfn(R),

with the condition that fn ∈ L2(R+), due to (3.11) and (3.13). We say that the different values
for n correspond to different hyperspherical channels. For instance, f0 is the solution found in the
zeroth hyperspherical channel.
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Chapter 4

Boundary conditions at short
distances

As is usual in scattering theory, we do not have detailed information on the potential when the
interparticle distances are small. In this small Chapter, we will try to formalize the approach that
is usually followed, and describe it in such a way that it fits our approach later as well.

Suppose we are dealing with a time-independent Schrödinger equation

−∆ψ + V (r)ψ = Eψ,

in n dimensions. Also assume that the functional form of V is not known for r ∈ Ω, with Ω ⊂ Rn
open and simply connected. We can define the set of possible solutions Sol(V,E)

Sol(V,E) :=
{
u ∈ L2(Ω)| −∆u+ V u = Eu

}
.

In that case, ψ is a solution to the time-independent Schrödinger equation at energy E if ψ solves
the time-independent Schrödinger equation at Rd\Ω, and there exists a u ∈ Sol(V,E) such that
ψ ≡ u on Ω, at least when ψ has enough regularity.

Assuming such regularity, we can even go a step further, and define a set of possible boundary
conditions

BC(V,E) :=
{

(g, h) ∈
(
L2(Ω; C2)

)2 | ∃u ∈ Sol(V,E), u = g,
∂u

∂n
= h on ∂Ω

}
.

Then, ψ is a regular solution to the time-independent Schrödinger equation energy E if and only
if {

−∆ψ + V ψ = Eψ,(
ψ, ∂ψ∂n

)∣∣∣
∂Ω
∈ BC(V,E).

The information on V that was unknown is now hidden in the set of boundary conditions E. Of
course, by merely casting the problem in this form not much is won. However, in some situations,
there is reason to believe that elements in BC(V,E) will have a certain form, for instance that
they are constant. In this particular case, the unknown information about the potential at short
distances can be hidden in those constants. These can be considered as unknown parameters in
the problem. This is a way to think for instance of the phase shifts in two-particle scattering
theory.

In a similar fashion, one can consider a truncated version of the system of equations (3.16). We
denote the vector-valued function R 7→ (f0(R), f1(R), . . . , fd(R)) by f . We will see that neither
the λn nor the coupling terms Pmn and Qmn are known accurately for short distances R < R0.
We may write the system of differential equations for f as a system of coupled first order equations
on (0,∞)
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− d
dR

u +A(R)u = Erelu, R ∈ (0,∞). (4.1)

where u(R) = (f0(R), f ′0(R), f1(R), f ′1(R), . . . , fd(R), f ′d(R)). In principle, the function ψ in (3.13)
can be transformed back to a solution of the Schrödinger equation. Smoothness properties of this
solution yield conditions on the behavior of f(R) for R→ 0. Those can be translated in conditions
for u. Let us for simplicity assume that the regularity conditions imply that u(0) ∈W , where W
is a (d+ 1)-dimensional subspace of C2(d+1). We can then define Sol(V,Erel) as the set of possible
short-distance solutions that satisfy the correct boundary condition for R→ 0,

Sol(V,Erel) =
{

u ∈ C2([0, R0],C2d)| − d
dR

u +A(R)u = Erelu on (0, R0),u(0) ∈W
}
.

The set is a linear space. For the set of possible boundary conditions at R0, we obtain

BC(R0;V,Erel) =
{
u(R0) ∈ C2d|u ∈ Sol(V,Erel)

}
.

Then, a function f that solves the truncated version of (3.16) on (R0,∞) can be extended to a
solution on (0,∞) that satisfies the correct the boundary condition as R→ 0 if and only if{

− d
dRu +A(R)u = Erelu on R\(R0,∞),

u(R0) ∈ BC(R0;V,Erel).

On the other hand, though, in order to be a solution of the hyperradial eigenvalue problem, f
should be decay to zero as well. In other words, f should be in the stable manifold of 0. Denote
this manifold byM0(E). Then, there exists an eigensolution at eigenvalue Erel if and only if there
is an f ∈M0 such that f(R0) ∈ BC(R0;V,Erel). If we denote

M0(R0, Erel) = {f(R0)|f ∈M0(Erel)} ,

the energy Erel is an eigenvalue if and only if

M0(R0, Erel) ∩BC(R0;V,Erel) 6= {0}.
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Chapter 5

The Efimov effect

In Chapter 3 we have specified our model of three identical particles in a harmonic trap and we have
explained the hyperspherical framework in which we would like to solve the three-body problem.
To obtain (approximations) of solutions, there are two consecutive steps to take. First of all, we
need to study the hyperangular problem, that is, the hyperradius-dependent eigenvalue problem
in the hyperangle α (3.14). We will do this in section 5.1. The R-dependent channel eigenvalues
λn(R) obtained will serve as an effective potentials in the coupled hyperradial equations (3.14).
We will apply the adiabatic hyperspherical approximation, in that we will neglect the coupling
terms Pmn and Qmn. This approach was first introduced by Macek [51].

5.1 The hyperangular problem

Part of the derivation of the Efimov effect in the hyperspherical context, is to make an approxima-
tion of the channel eigenvalues that only depends on the potential through the scattering length. In
deriving this approximation, we closely follow [27]. A similar description is given in [12]. Finding
approximations for the channel eigenvalues in this approach comes down to asymptotic analysis
of the hyperangular eigenvalue equation

[
− ∂2

∂α2
− λ(R)

]
φ(R,α) = −2R2V (

√
2R sinα)

[
φ(R,α) +

4√
3

∫ 1
2π−|

1
6π−α|

| 13π−α|
φ(R,α′)dα′

]
, (5.1)

for α ∈ (0, π/2), with Dirichlet boundary conditions φ(R, 0) = φ(R, π/2) = 0.
We solve the eigenvalue equation (3.14) approximately in two regions. From a matching equa-

tion, we can then derive an approximation for the eigenvalues λ(R).
As the potential V is short-ranged, the term proportional to V (

√
2R sinα) in (3.14) is negligible

if R sinα is large enough. Consequently, for R sinα large enough,[
− ∂2

∂α2
− λn(R)

]
φn(R,α) ≈ 0.

As α→ π/2, φn(R,α) has got to vanish. This boundary condition implies that

φhi
n (R,α) ≈ sin

(√
λn(R)(π2 − α)

)
, for large R sinα.

A next limit case we would like to consider is α � 1. We can then approximate the integral in
(5.1) by∫ 1

2π−|
1
6π−α|

| 13π−α|
φ(R,α′)dα′ =

∫ π
3 +α

π
3−α

φ(R,α′)dα′ = 2αφ(R, π3 ) +
1
3
∂2
αφ(R,α)

∣∣
α=π

3
+O(α5).
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Initially, we will keep only the term proportional to α. For α� 1, we can approximate sinα ≈ α
and obtain [

− ∂2

∂α2
+ 2R2V (

√
2Rα)

]
φlo
n (R,α) ≈ −2R2V (

√
2Rα)

8α√
3
φhi
n (R, π3 ), (5.2)

and for R large enough, the eigenvalue λn can be neglected against the term containing V . The
homogeneous equation reads [

− ∂2

∂α2
+ 2R2V (

√
2Rα)

]
φlo
n = 0,

If we change the variable α to r =
√

2Rα, the equation for ψ0, ψ0(
√

2Rα) = φlo
n (α) becomes[

− ∂2

∂r2
+ V (r)

]
ψ0(r) = 0, (5.3)

which is just the time-independent Schrödinger equation associated with a particle pair at zero
energy interacting via the potential V . As mentioned in the section on basic scattering theory 2.3
we know that for large enough r,

ψ0(r) ≈ r − a,
see equation (2.16). An approximate particular solution to (5.2) is given by

φlo
n = − 8α√

3
φhi
n (R, π3 ).

An approximate general solution to equation (7.1) is therefore

φlo
n = Aψ0(

√
2Rα)− 8α√

3
φhi
n (R, π3 ), A ∈ C.

Using the approximate expression for ψ0, we find

φlo
n (α) ≈ A(

√
2Rα− a)− 8α√

3
φhi
n (R, π3 ),

while
φhi
n ≈ sin

(√
λn(R)(π2 − α)

)
.

Matching those expressions at α = 0 yields

A = −1
a

sin(λ1/2
n (R)π2 ),

and
cos
(
λ1/2
n

π
2

)
− 8√

3
λ−1/2
n sin

(
λ1/2
n

π
6

)
=
√

2λ−1/2
n (R) sin

(
λ1/2
n

π
2

) R
a
.

5.1.1 Properties of the channel eigenvalues

The dependence of λn on R and a is only through the combination R/a. We can therefore make
the following definition,

Definition 5.1.1. We define the channel eigenvalues λn : R → R, n ∈ N0 as the continuously
differentiable functions that satisfy

cos
(
λ1/2(z)π2

)
− 8√

3
λ−1/2(z) sin

(
λ1/2(z)π6

)
=
√

2λ−1/2(z) sin
(
λ1/2(z)π2

)
z, (5.4)

with the ordering λ0 < λ1 < · · · < λn < . . . . We define the channel eigenvalue λ−1 : R → R by
λ−1(z) = 16 for every z.
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Figure 5.1: Plot of the first few eigenvalues λn, as found by solving equation (5.4)

The equation (5.4) can be derived alternatively by application of a Bethe-Peierls boundary
condition in a zero-range model [18, 65]. In some sense, the equation encodes the best approx-
imation of the channel eigenvalues in case the scattering length is the only known information
on the two-particle scattering problem. We have plotted the first few eigenvalues based on this
approximation in Figure 5.1.

It can be observed immediately that λ−1 = 16 is always a solution to (5.4), with eigenfunction
sin(4α). However, this will always result in a spurious solution.

The functions λn have some useful regularity, or smoothness properties

Proposition 5.1.2. The functions λn, n ∈ N0 are real analytic on (−∞,∞).

Proof. This proposition follows from even more structure. We define the function F : C×C→ C

F (ν, z) = ν cos(ν π2 )− 8√
3

sin(ν π6 )− z
√

2 sin(ν π2 ),

which is analytic in ν and z. We also calculate

∂νF (ν, z) = cos(ν π2 )− π

2
ν sin(ν π2 )− 4π

3
√

3
cos(ν π6 )− z π√

2
cos(ν π2 ).

If ν0 and z0 are such that
F (ν0, z0) = 0,

and
∂νF (ν0, z0) 6= 0,

then the implicit function theorem for analytic functions immediately yields the local existence
of an analytic function w : C → C such that w(z0) = ν0, and ν = w(z) is the unique solution to
F (ν, z) = 0. It may also happen that for certain ν0 and z0, both F (ν0, z0) and ∂νF (ν0, z0) vanish.
In that case, we can use F (ν0, z0) = 0 to express z in terms of an expression in ν, which we can
substitute in sin(ν π2 )∂νF (ν,z0) = 0 to obtain an equation in ν0 only

−9πν0 + 64
√

3π cos
(
ν0

π
6

)
sin3(ν0

π
6 )− 9 sin(ν0π) = 0. (5.5)
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Figure 5.2: The plot shows where the real (red) respectively the imaginary (black) part of the
left-hand side of equation (5.5) vanish, depending on the real and imaginary part of ν0. Where
the curves cross, the equation is satisfied. For those values of ν0, both F (ν0, z) and ∂νF (ν0, z)
vanish for the value of z that follows from F (ν0, z) = 0.

This equation has two real solutions ν0 = 0 and ν0 = 4. Those can be handled by noting that F
can be factored in

F (ν, z) = ν(ν − 4)
F (ν, z)
ν(ν − 4)

.

Because (ν, z) 7→ F (ν, z)/(ν(ν − 4)) is still analytic in ν = 0 and ν = 4, one can actually apply
the implicit function theorem to this function. All other solutions to (5.5) are complex and
correspond to square-root branch points, see also Figure 5.2. It follows from the Weierstrass
preparation theorem that the functions w defined through F (w(z), z) = 0 are analytic. Therefore,
the functions λn(z) = w(z)2 are real analytic.

As they have appeared many times in literature, many properties of the channel eigenvalues
λn are known. The asymptotic properties of the channel eigenvalues λn are of particular interest,
as they determine the asymptotic solutions to the hyperradial problem (3.16).

Proposition 5.1.3. (Asymptotic behavior of the channel eigenvalues)

lim
z→∞

λ0(z)
z2

= −2, (5.6)

lim
z→−∞

λ0(z) = 4, (5.7)

lim
z→∞

λ1(z) = 4, (5.8)

lim
z→−∞

λ1(z) = 36, (5.9)
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For n ≥ 2,

lim
z→∞

λn(z) = 4(n+ 2)2, (5.10)

lim
z→−∞

λn(z) = 4(n+ 1)2. (5.11)

Finally, let us introduce two important constants that are related to λ0

Definition 5.1.4. We define the constants s0 and α0 as

s0 :=
√
−λ0(0), (5.12)

α0 := −1
2
s0 log 2− 1

2
arg
(

Γ(1 + is0)
Γ(1− is0)

)
. (5.13)

The numerical value of the constants is

s0 ≈ 1.00624,
α0 ≈ −0.047701.

5.2 The hyperradial problem

With the approximations of the channel eigenvalues λn in hand, we can now turn to the hyperradial
problem (3.16) in the adiabatic hyperspherical approximation, in which we ignore the coupling
terms. In the short distance region, we fail to have good approximations of the channel eigenvalues
λn(R). The information of the real short-distance solution should be encoded by a boundary
condition at a certain small hyperradius R0, see also Chapter 4. Such a boundary condition
depends in addition to R0 in principle also on the parameters at the basis of (3.16), that is Erel,
V , and aho:

(fn(R0), f ′n(R0)) ∈ BCn(R0;Erel, V, aho),

where BCn(R0;Erel, V, aho) is a one-dimensional subspace of R2. We assume, however, that the
dependence on these factors can be ignored. In the short-distance region, energy scales play a
role that are typically of the order 1/R2

0, which we assumed to much larger than Erel. The effect
of the potential was already incorporated via the scattering length in the channel eigenvalues λn.
Finally, in the short distance region, the effect of the harmonic oscillator is very small, so that we
can ignore the dependence on the harmonic oscillator length as well. Hence, we find as a boundary
condition

(fn(R0), f ′n(R0)) ∈ BCn(R0).

An alternative way to express this boundary condition at R0 is to specify the logarithmic derivative
f ′n(R0)/fn(R0). We have chosen not to do so, as the logarithmic derivative blows up when fn
vanishes. We will come back to this later.

Now, we may state our eigenvalue problem of finding functions fn and eigenvalues Erel that
solve

(P̃R0,n) :


[
− ∂2

∂R2 +
λn(R/a)− 1

4
R2 + R2

a4
ho

]
fn(R) = 2Erelfn(R), R ∈ (R0,∞),

fn(R)→ 0, R→∞,
(fn(R0), f ′n(R0)) ∈ BCn(R0).

(5.14)

We will solve this eigenvalue problem by a shooting method. That is, we will consider the differ-
ential equation first, and extract those solutions that decay for large values of their arguments.
Then, we will try to find solutions that also match the boundary condition at R0.
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Lemma 5.2.1. The differential equation[
− ∂2

∂R2
+
λn(R/a)− 1

4

R2
+
R2

a4
ho

]
fn(R) = 2Erelfn(R), (5.15)

admits two linearly independent real solutions fn ∈ C2(0,∞), one of which is exponentially increas-
ing and the other is exponentially decreasing. The short-distance behavior of a general solution to
the differential equation is given by

fn(R) = AnR
1
2 +
√
λn(0)(1 +O(R)) +BnR

1
2−
√
λn(0)(1 +O(R)), R→ 0, An, Bn ∈ C. (5.16)

Proof. The differential equation (5.15) is linear, with continuous (and even real analytic) coeffi-
cients and therefore admits two linearly independent, real solutions on (0,∞). The balance of
the second derivative term and the harmonic potential term for large values of R implies that the
independent solutions might be chosen such that they behave for large values of R as

fn(σ) ∼ e
± R2

2a2ho .

The short-distance behavior can be found by expanding the channel eigenvalues λn(R/a) in a
power series, and using Frobenius method to substitute

f(σ) = Rγ
∞∑
i=0

(aiRi),

in the differential equation (5.15). Demanding that f should be a solution immediately yields the
so-called indicial equation for γ:

−γn(γn − 1) + λn(0)− 1/4 = 0,

with solution
γn =

1
2
±
√
λn(0).

This implies the asymptotic behavior (5.16).

For n ≥ 1, the effective potential (λn(R/a) − 4)/R2 is repulsive. Therefore, we can demand
the function fn to approach zero as its argument becomes very small. We can then take the limit
R0 → 0 in the last boundary condition. That is, for n ≥ 1 we can replace problems (P̃R0,n) by
the problems

(Pn) :


[
− ∂2

∂R2 +
λ0(R/a)− 1

4
R2 + R2

a4
ho

]
fn(R) = 2Erelf0(R), R ∈ (0,∞),

f0(R)→ 0, R→∞,
f ′n(R)
fn(R) → 0 R→ 0.

For n = 0, the situation is different. Since λ0(0) =: −s2
0 < 0, the solution to the differential

equation will highly oscillate as R→ 0. We expect the solution to behave as

f0(R) ∼
√
R sin(s0 log(κ̃R) + α0), R→ 0,

where κ̃ ∈ R is still unknown, and α0 is given by (5.13). On the other hand, we can express the
boundary condition BC0(R0) by

BC0(R0) =
〈(

sin(s0 log(κ∗R0) + α0)
1

2R0
sin(s0 log(κ∗R0) + α0) + s0

R0
cos(s0 log(κ∗R0) + α0)

)〉
, (5.17)

for a κ∗ > 0 which is unique modulo multiplication by an integer power of eπ/s0 . We introduce
the wave number K = sgn(Erel)

√
|Erel|. We arrive at the following problem for n = 0,
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(PR0) :


[
− ∂2

∂R2 +
λ0(R/a)− 1

4
R2 + 1

a4
ho
R2

]
f0(R) = 2 sgn (K)K2f0(R), R ∈ (R0,∞),

f0(R)→ 0, R→∞,
(f0(R0), f ′0(R0)) ∈ BC0(R0),

(5.18)

with the boundary condition BC0(R0) expressed by a parameter κ∗ via (5.17).

5.2.1 Spherical coordinates in parameter space

Up to now, the unit of length is still present in the problem. We would like to nondimensionalize,
but this is a delicate issue as interesting effects occur where inverse length scales, such as the wave
number K and the inverse scattering length 1/a, tend to zero. We choose an in some sense stable
inverse length scale T > 0 by defining

T 2 = K2 +
1
a2

+
1
a2

ho

.

The stability of the inverse length scale lies in the fact that 1/a, K, or 1/aho can tend to zero
while T remains finite. We write the differential equation in (5.18) in terms of the dimensionless
variable σ = TR and the function f : R+ → R, f(σ) = f0(σ/T ), and divide the equation by T 2 in
order to find [

− ∂2

∂σ2
+
λ0(σ/(Ta))− 1

4

σ2
+

1
T 4a4

ho

σ2

]
f(σ) = 2 sgn (K)

K2

T 2
f(σ). (5.19)

We approach an important idea. We imagine the parameters 1/a, K and 1/aho to constitute
a point (1/a,K, 1/aho) in a parameter space R× R× R+. The inverse length scale T is then the
distance from the point to the origin. Inspired by the description of the Efimov effect in free space
given in [12], we will now introduce spherical coordinates in parameter space.

Definition 5.2.2. (Spherical coordinates in parameter space) We introduce angles ϑ ∈ [0, π/2)
and ξ ∈ [−π, π), such that

1
a

= T sinϑ cos ξ,

K = T sinϑ sin ξ,
1
aho

= T cosϑ.

Equation (5.19) can then be written as[
− ∂2

∂σ2
+
λ0(σ sinϑ cos ξ)− 1

4

σ2
+ cos4 ϑ σ2

]
f(σ) = 2 sgn (ξ) sin2 ϑ sin2 ξf(σ). (5.20)

We note that the scale T has disappeared from this differential equation! This is a consequence of
the fact that we were still free to choose our unit of length. We can now reformulate our problem.

Definition 5.2.3. We define the problem (QR0) as finding an f ∈ C2(0,∞) such that

(QR0) :



[
− ∂2

∂σ2 +
λ0(σ sinϑ cos ξ)− 1

4
σ2 + cos4 ϑ σ2

]
f(σ) = 2 sgn (ξ) sin2 ϑ sin2 ξf(σ), σ ∈ (σ0,∞),

f(σ)→ 0, σ →∞,(
f(σ0)
f ′(σ0)

)
∈

〈(
sin(s0 log(κ∗R0) + α0)

1
2σ0

sin(s0 log(κ∗R0) + α0) + s0
σ0

cos(s0 log(κ∗R0) + α0)

)〉
(5.21)

with σ0 = TR0.
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We will not be able to find a solution f for every value of ξ and ϑ. However, we will take
the following approach. For each ξ and ϑ we will find a solution to the differential equation, that
decays for σ →∞. For this solution we may determine the vector (f(R0), f ′(R0)). If this happens
to be an element of the span appearing in the boundary condition at R0, we have found a solution.
However, it turns out to be easier to reverse the viewpoint and determine for given ξ and ϑ what
boundary condition at σ0 is needed such that a solution of the problem exists.

We will start by analyzing the differential equation[
− ∂2

∂σ2
+
λ0(σ sinϑ cos ξ)− 1

4

σ2
+ cos4 ϑ σ2

]
f(σ) = 2 sgn (ξ) sin2 ϑ sin2 ξf(σ) (5.22)

We already know that for given ξ ∈ [−π, π] and ϑ ∈ [0, π/2) a solution of this equation exists, that
decays exponentially for σ → ∞, see lemma 5.2.1. Only, this solution is not unique, as we can
still multiply it with a constant. We could nonetheless take an arbitrary solution, calculate the
vector (f(R0), f ′(R0)) and see whether this fits the short-distance boundary condition, as also the
boundary condition is independent of this multiplicative constant. This way, we could in principle
calculate the subspace of R2 that is needed as a boundary condition at short distances for a given
ξ and a ϑ for a solution to exist.

The next natural question would be how this subspace depends on ξ and ϑ. At this point, it
is important that we have not specified the boundary condition at distance R0 in the form of a
logarithmic derivative, as the logarithmic derivative has some strange features. It blows up if the
function itself vanishes, but such a situation is not uncommon. If you would like to have grip on
concepts like continuity of the logarithmic derivative in ξ and ϑ, such a description is somewhat
inconvenient. Alternatively, one could introduce a function φ such that

f ′(σ) = cotφ(σ)f(σ).

In this case, if we change ξ and ϑ, we expect φ to change continuously. Instead of specifying the
logarithmic derivative at a distance σ0, one could specify a value of φ. In fact, a more general
transformation is in this context even more helpful. For fixed functions g, h and ψ, we will define
φ such that

f ′(σ) =
(
g(σ) + h(σ) cot(φ(σ) + ψ(σ))

)
f(σ).

Substituting this in the differential equation, we will find a first-order, nonlinear differential equa-
tion for φ

0 = hφ′ + hψ′ − h2 −
(

1
2h
′ + gh

)
sin(2(φ+ ψ))+

+
[
h2 − g′ − g2 +

λ0(σ sinϑ cos ξ)− 1/4
σ2

− 2 sgn ξ sin2 ϑ sin2 ξ + cos4 ϑσ2

]
sin2(φ+ ψ). (5.23)

The correct boundary condition will be to demand that (ψ + φ)(σ) approaches 0 from below as
σ → ∞. In turn, for suitable g, h and ψ, we will find a direct relation between φ and κ∗. This
means, we will find a condition for eigenvalues to exist in terms of the function φ. That will be
the main result of this report.

Now, we will need some mathematical machinery. First, we introduce the projective space
RP1. The points in this space are basically lines in R2 through the origin. Mathematically, the
real projective space RP1 is usually defined as

RP1 = (R2\{0})/ ∼,

where ∼ is the following equivalence relation: (x1, x2) ∼ (y1, y2) if and only if there exists a
λ ∈ R\0 such that (x1, x2) = λ(y1, y2). We will denote the equivalence class of (x1, x2) in RP1 by
[x1 : x2], and the mapping that sends (x1, x2) ∈ R2 to [x1 : x2] ∈ RP1 by Pr. We consider the
open subsets Ui ⊂ RP1, i = 1, 2 given by

Ui = {[x1 : x2] ∈ RP1|xi 6= 0}, i = 1, 2.
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We note that RP1 = U1 ∪ U2. There exist bijections bi : Ui → R, given by

b1([x1 : x2]) = x2/x1, b2([x1 : x2]) = x1/x2.

These mappings define the manifold structure of RP1.
So, why would we need this? We have already seen that given a ξ and a ϑ, there is a real

solution f of (5.22) that decays exponentially if its argument tends to infinity. This solution is not
unique, because we can still multiply by a nonzero real constant. We can remove this ambiguity
by considering Pr ◦ (f, f ′) instead. That means, we first calculate (f, f ′) and subsequently we
calculate the corresponding point in RP1 by applying Pr. No matter what solution f we take to
calculate Pr ◦ (f, f ′), the answer is always the same. This motivates the definition

Definition 5.2.4. For ξ ∈ [−π, π) and ϑ ∈ [0, π/2) let f be an exponentially decaying solution to
the differential equation (5.22). We define the function x(.; ξ, ϑ) ∈ C2(R+,RP1) by

x(.; ξ, ϑ) = Pr ◦ (f, f ′).

We can now nicely describe when the problem (QR0) has a solution. Namely, exactly then
when

x(TR0, ξ, ϑ) =[
sin(s0 log(κ∗R0) + α0) :

1
2TR0

sin(s0 log(κ∗R0) + α0) +
s0

TR0
cos(s0 log(κ∗R0) + α0)

]
.

Although this characterization is nice it is not yet practical. From both a numerical and
an analytical point of view, it would help to choose coordinates in the space RP1, with some
parameters that allow for tuning.

For fixed g ∈ R, h > 0, ψ ∈ R, the mapping

Ψ(.; g, h, ψ) : φ 7→ [sin(φ+ ψ) : g sin(φ+ ψ) + h cos(φ+ ψ)]

is a diffeomorphism R/(πZ)→ RP1. That is, it is a differentiable bijection. We use the inverse of
this mapping in the following definition

Definition 5.2.5. We define the mapping Φ̃ : RP1 ×R×R+ ×R→ R/(πZ) as the differentiable
mapping that satisfies

x =
[
sin(Φ̃(x, g, h, ψ) + ψ) : g sin(Φ̃(x, g, h, ψ) + ψ) + h cos(Φ̃(x, g, h, ψ) + ψ)

]
for every x ∈ RP1.

In other words, given g ∈ R, h > 0 and ψ ∈ R, we can uniquely specify elements x ∈ RP1 by
the angles Φ̃(x, g, h, ψ).

Let us introduce the function r : R+ × [−π, π]× [0, π/2)→ R given by

r(σ; ξ, ϑ) =
λ0(σ sinϑ cos ξ)− 1

4

σ2
− 2 sgn ξ sin2 ϑ sin2 ξ + cos4 ϑσ2. (5.24)

It follows that r(σ; ξ, ϑ) → −∞ as σ → 0 and r(σ; ξ, ϑ) → ∞ as σ → ∞. We define the classical
turning point σcl as the largest σ > 0 such that r(σ; ξ, ϑ) = 0.

Proposition 5.2.6. Given ξ ∈ [−π, π) and ϑ ∈ [0, π/2), there exists a unique solution φ1(.; ξ, θ) ∈
C2(R+) to the differential equation

φ′ − 1 + [1 + r(σ; ξ, ϑ)] sin2 φ = 0, (5.25)

such that φ(σ) ↑ 0 for σ →∞. The mapping

(σ, ξ, ϑ) 7→ φ1(σ; ξ, ϑ),

is continuous. Moreover,
x(σ; ξ, ϑ) = Ψ(φ1(σ; ξ, ϑ); 0, 1, 0). (5.26)

Consequently, x depends continuously on its arguments as well.
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Proof. For ξ ∈ [−π, π), ϑ ∈ [0, π/2), σ0 > σcl, and α ∈ (−π/2, 0), let φσ0,α,ξ,ϑ ∈ C2(R+) denote
the unique, global solution to the initial value problem{

φ′ − 1 + (1 + r(σ; ξ, θ)) sin2 φ = 0,
φ(σ0) = α.

It follows from easy analysis of the vector field that there exists a unique α0 = α0(σ0) ∈ (−π/2, 0)
such that for α > α0, φσ0,α,ξ,ϑ(σ) > 0 for σ large enough, while for α < α0 and σ large enough
φσ0,α,ξ,ϑ(σ) < −π/2. Moreover, as σ0 →∞, α0(σ0) ↑ 0. We define

φ1(.; ξ, ϑ) = φσ0,α0,ξ,ϑ.

We note that this definition does not depend on σ0.
Let ε > 0 be given. There is a σ2 > σ0 such that φσ0,α0+ε,ξ0,θ0(σ2) > 0, and φσ0,α0−ε,ξ0,θ0(σ2) <

−π/2. We can apply a continuity of parameters argument on the interval (σ0, σ2), in order to
conclude that there exists a neighbourhood N of (ξ0, θ0), such that for every (ξ, θ) ∈ N , and for
every α > α0 + ε, φσ0,α,ξ,θ(σ2) > 0, and for every α < α0 − ε, φσ0,α,ξ,θ(σ2) < −π/2. It follows
that for all (ξ, θ) ∈ N , |φ1(σ0; ξ, θ) − φ1(σ0; ξ0, θ0)| < ε. Hence for fixed σ, (ξ, ϑ) 7→ φ1(σ; ξ, ϑ) is
continuous.

Now, we reconsider the differential equation (5.22). We can first write the second order differ-
ential equation as an equivalent system of first equations in the standard way

d
dσ

(
f
f ′

)
=
(

0 1
r(σ; ξ, ϑ) 0

)(
f
f ′

)
. (5.27)

Subsequently, we define functions ρ : R+ → R+ and φ : R+ → R such that(
f(σ)
f ′(σ)

)
= ρ(σ)

(
sinφ(σ)
cosφ(σ)

)
.

Note that [f : f ′] = [sinφ(σ) : cosφ(σ)]. We substitute accordingly in (5.27) to obtain

ρ′(σ)
(

sinφ(σ)
cosφ(σ)

)
+ ρ(σ)φ′(σ)

(
cosφ(σ)
− sinφ(σ)

)
= ρ(σ)

(
0 1

r(σ; ξ, ϑ) 0

)(
sinφ(σ)
cosφ(σ)

)
.

We can multiply by (
cosφ(σ) − sinφ(σ)
sinφ(σ) cosφ(σ)

)
,

to find

ρ′(σ)
(

0
1

)
+ ρ(σ)φ′(σ)

(
1
0

)
=

ρ(σ)
(

cosφ(σ) − sinφ(σ)
sinφ(σ) cosφ(σ)

)(
0 1

r(σ; ξ, ϑ) 0

)(
sinφ(σ)
cosφ(σ)

)
.

We can write this as a system of equations, using that ρ(σ) > 0, and find

φ′(σ) = cos2 φ− (1 + r(σ; ξ, ϑ)) sin2 φ,

ρ′(σ) = 1
2ρ(σ) sin(2φ(σ))(1 + r(σ; ξ, ϑ)).

The first of these equations shows us that φ satisfies (5.25). Suppose now that f(σ) decreases
to zero exponentially for σ → ∞. Then, f ′(σ)/f(σ) ↑ 0 and φ(σ) ↑ 0. Hence, in that case
φ = φ1(.; ξ, ϑ) and

x(σ; ξ, ϑ) = [f(σ) : f ′(σ)] = [sinφ(σ) : cosφ(σ)] = [sinφ1(σ; ξ, ϑ) : cosφ2(σ; ξ, ϑ)].

This proves that
x(.; ξ, ϑ) = Ψ(φ1(.; ξ, ϑ), 0, 1, 0).

51



We can now conveniently combine Φ̃ with the solutions x. Indeed, the mapping

(σ, ξ, ϑ, g, h, ψ) 7→ Φ̃(x(σ, ξ, ϑ), g, h, ψ) (5.28)

is continuous as a mapping R × [−π, π) × [0, π/2) × R × R+ × R → R/(πZ). Since R × [0, 2π) ×
[0, π/2)× R× R+ × R is simply connected, there exists a unique lifting.

Definition 5.2.7. Let p : R → R/(πZ) denote the projection operator p(y) = [y]. We define
Φ : R× [−π, π)× [0, π/2)× R× R+ × R→ R as the unique, continuous mapping such that p ◦ Φ
equals the mapping defined in (5.28), and

Φ(σ, ξ, θ, 0, 1, 0) = φ1(σ; ξ, ϑ).

We would like to have some flexibility in choosing g, h and ψ. Therefore, it is very useful to
know how Φ changes when those parameters are changed.

Lemma 5.2.8. (Reparametrization)
Let ψi ∈ R, gi, hi ∈ R, hi > 0, ξ ∈ [−π, π], ϑ ∈ [0, π/2), and denote φi := Φ(.; ξ, ϑ, gi, hi, ψi) for
i = 0, 1. Then, if (φ1 + ψ1) 6= 0 mod π,

φ2 = −ψ2 + arccot
(
g1 − g2

h2
+
h1

h2
cot(φ1 + ψ1)

)
+
(⌊φ1

π

⌋
+ 1−H

(
cot(φ1 + ψ1)− g2 − g1

h1

))
π. (5.29)

If, instead, φ1 + ψ1 = 0 mod π, then

φ2 + ψ2 = φ1 + ψ1 (5.30)

Proof. We define k ∈ Z by

k =
⌊φ1

π

⌋
.

Consequently, k is the unique element in Z such that φ1 ∈ [kπ, (k + 1)π). Let us first assume
ψ1 = ψ2 = 0. The general case ψ1 6= 0, ψ2 6= 0 is then an easy consequence. Define the
interpolations gt, ht and φt for t ∈ [0, 1] by

gt := (1− t)g1 + tg2,

ht := (1− t)h1 + th2,

φt := Φ(σ, ξ, ϑ, gt, ht, 0).

Then for each t ∈ [0, 1],

x(σ; ξ, ϑ) = [sinφt : gt sinφt + ht cosφt] = [sinφ1 : g1 sinφ1 + h1 cosφ1]. (5.31)

If φ1 = 0 mod π, this implies that φt = 0 mod π for every t ∈ [0, 1]. Moreover, because φt is
continuous in t, this means that φt = φ1 = kπ. In particular φ2 = φ1, which corresponds to (5.30)
in case ψ1 = ψ2 = 0

In case φ1 6= 0 mod π, then φt 6= 0 mod π for every t ∈ [0, 1]. Since φt is continuous, it
follows that φt ∈ [kπ, (k + 1)π) for all t ∈ [0, 1]. Because of (5.31),

g1 + h1 cot(φ1) = g2 + h2 cot(φ2).

Therefore

φ2 = arccot
(
g1 − g2

h2
+
h1

h2
cot(φ1)

)
+ `π.

for some ` ∈ Z. If
cotφ1 ≥

g2 − g1

h1
,
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then ` = k, while if

cotφ1 <
g2 − g1

h1
,

we find ` = k + 1. Hence, we have proven (5.29).

The following proposition hands us new means to actually calculate values of the function Φ.

Proposition 5.2.9. Let ψ ∈ C2(0,∞), g, h ∈ C2(0,∞), h > 0 be given. Let φ be the unique
solution to the ordinary differential equation

0 = hφ′ + hψ′ − h2 −
(

1
2h
′ + gh

)
sin(2(φ+ ψ))+

+
[
h2 − g′ − g2 +

λn(σ sinϑ cos ξ)− 1/4
σ2

− 2 sgn ξ sin2 ϑ sin2 ξ + cos4 ϑσ2

]
sin2(φ+ ψ), (5.32)

such that φ+ ψ < 0 and (φ+ ψ)(σ)→ 0 as σ →∞. Then

φ(σ) = Φ(σ, ξ, θ, g(σ), h(σ), ψ(σ)), for each σ ∈ R+.

Suppose that we are interested in the value Φ(σ, ξ, ϑ, g0, h0, ψ0), for some σ > 0, ξ ∈ [−π, π),
ϑ ∈ [0, π/2), g0 ∈ R, h0 > 0 and ψ0 ∈ R. Then, we can for instance solve the ODE (5.32), with
functions g, h and ψ such that g(σ) = g0, h(σ) = h0, and ψ(σ) = ψ0. The funny thing is, that
these are the only conditions on g, h and ψ. Alternatively, we can solve the equation for different
g, h, and ψ and apply the reparametrization lemma. With so many tools at hand, we are now
almost there to formulate the Efimov effect in a harmonic potential. First, we make a very special
choice for the functions g, h, and ψ, that is compatible with the boundary condition at short
distances.

Definition 5.2.10. We define the function φ : R+ × [−π, π)× [0, π/2)→ R by

φ(σ; ξ, ϑ) = Φ
(
σ, ξ, ϑ,

1
2σ
,
s0

σ
, s0 log σ + α0

)
.

The compatibility with the boundary condition at σ0 = TR0 follows from the following. For
given ξ and ϑ, if f is an exponentially decaying solution of (5.22), then

[f(σ) : f ′(σ)] =[
sin(s0 log σ + α0 + φ(σ; ξ, ϑ)) :

1
2σ

sin(s0 log σ + α0 + φ(σ; ξ, ϑ)) +
s0

σ
cos(s0 log σ + α0 + φ(σ; ξ, ϑ))

]
.

(5.33)

5.2.2 The solution of the hyperradial problem in channel 0

We have now developed the machinery to tackle the solution of the hyperradial problem for f0.
First, we note the formulation with the function Φ is extremely compatible with the boundary
condition at short distances.

Finally, we can state our formulation of the Efimov effect in a harmonic potential.

Theorem 5.2.11. (The Efimov effect in a harmonic potential)
Let ξ ∈ [−π, π] and ϑ ∈ [0, π/2). The problem (QR0) has a solution if and only if there exists an
n ∈ Z such that

κ∗ = Teφ(TR0;ξ,ϑ)/s0e−nπ/s0 , (5.34)

where the function φ is defined in (5.2.10).
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Proof. For given ξ ∈ [−π, π] and ϑ ∈ [0, π/2), let f be an exponentially decaying solution of (5.22).
Only if f satisfies the boundary condition at σ0 = TR0, it is a solution of problem (QR0). From
(5.33) it follows that f satisfies the boundary condition at σ0 = TR0 if and only if

s0 log(κ∗R0) + α0 = s0 log σ0 + α0 + φ(σ0; ξ, ϑ) mod π.

Hence, f is a solution to (QR0) if and only if there exists an n ∈ Z such that

κ∗ = Teφ(σ0;ξ,ϑ)/s0e−nπ/s0 ,

which is exactly condition (5.34).

What is this theorem telling us? In principle, it is just a reformulation of the words that
we have got an eigensolution if the solution of the differential equation satisfying the correct
condition at infinity also satisfies the boundary condition for small hyperradius. The theorem
however yields more structure. It makes explicit the (approximate) discrete scaling behavior,
through the exponential factor exp(nπ/s0). The function φ that appears is clearly defined by a
first order non-linear differential equation. Moreover, it can be related directly to the universal
function ξ 7→ ∆(ξ) that appears in [12].

The problem of finding bound states has been reduced to finding the function φ. Initially, we
will do this numerically.

In figure 5.3 we have plotted, for some given value of κ∗, a few of the surfaces consisting of
points (a−1,K, a−1

ho ) for which a bound state exist. These surfaces are described by Theorem
5.2.11. In principle, there is an accumulation of surfaces near the origin. This plot can be seen as
a natural generalization of Figure 1.3 that schematically described the Efimov effect in free space.

We have defined the function Φ as a lifting of the mapping in (5.28). What was the underlying
thought? One of the advantages is that for fixed n, T defined by (5.34) varies continuously with
ξ and ϑ. Therefore, we obtain for fixed n surfaces in parameter space described in spherical
coordinates.

Another advantage is partly numerical. Suppose for instance that we would like to investigate
numerically the behavior of φ(σ; ξ, ϑ) for different values of ϑ, and suppose φ decreases fast with
increasing ϑ. If we would like to do numerical calculations, we would typically evaluate φ(σ; ξ, ϑ)
on a grid of values of ϑ. Suppose that we would only know the values of φ modulo π. If the
steps between consecutive values of ϑ are not too large, it can be easily interpolated what the
behavior of φ was for the values of ϑ in between the gridpoints. However, if the spacing between
the gridpoints is too large, it will be unclear how many jumps of π the value of φ has made.
Calculating with the lifting φ(σ; ξ, ϑ) removes this problem, because it keeps track of the absolute
differences instead of the differences modulo π.

5.2.3 The hyperradial problem for in channel 1, n ≥ 1

The hyperradial problem for fn, with n ≥ 1 can be approached in a similar way. Care should be
taken, however, with respect to stability of the solutions. That is, it is advantageous to solve the
ODE from large values to a value of approximately σ = 1, and to solve it from small σ to σ = 1.
When the expressions of the phase coincide, an eigenvalue can be found.

5.3 Properties of the function Φ

In this section we would like to mention some additional properties of the function Φ. We remember
the definition of r in equation (5.24) and of the classical turning point which is the largest σ > 0
such that r(σ; ξ, ϑ) = 0. Let us consider φ1(σ, ξ, ϑ) = Φ(σ, ξ, ϑ, 0, 1, 0) as defined in proposition
(5.2.6). We claim that

−π/2 ≤ φ1(σ; ξ, ϑ) < 0, for every σ > σcl. (5.35)
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Figure 5.3: A visualization of Theorem 5.2.11. The curved surfaces indicate bound state surfaces
in parameter space. The horizontal plane indicates a constant harmonic oscillator strength. Bound
states depending on the scattering length a for that value of the harmonic oscillator length are
obtained by looking where the bound state surfaces intersect the plane.
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In order to prove this claim, we reconsider the differential equation for φ1 (5.25), written as

φ′ = 1− [1 + r(σ; ξ, ϑ)] sin2 φ =: F (φ;σ, ξ, ϑ).

On the one hand, φ1 was defined to satisfy the boundary condition φ1(σ; ξ, ϑ) ↑ 0 for σ →∞. On
the other hand, F (0;σ, ξ, ϑ) = 1 and F (−π/2;σ, ξ, ϑ) ≤ 0 for σ ≥ σcl. Therefore, the claim (5.35)
follows.

Now we consider slightly more general arguments in Φ. We choose ψ = 0 in Φ(.; ξ, ϑ, g, h, ψ).
Then, the point σk such that Φ(σ, ξ, ϑ, g, h, 0) = −kπ, k ∈ N is unique, and does not depend on
g ∈ R and h > 0. Indeed, for g = 0 and h = 1, we know that Φ(σ, ξ, ϑ, 0, 1, 0) = φ1(σ, ξ, ϑ) satisfies
the differential equation (5.25). When σk is such that φ1(σk, ξ, ϑ) = −kπ, then φ′1(σk, ξ, ϑ) = 1.
The continuity of φ1 the implies that there is only one σ such that φ1(σ, ξ, ϑ) = −kπ. That σk
does not depend on g ∈ R and h > 0 is a direct consequence of the reparametrization lemma 5.2.8,
in particular of equation (5.30).

It also follows that · · · < σ2 < σ1 < σcl. Finally, the set of points where the solution f to
(5.20) vanishes coincides with the set {σk}k∈N. This can be seen from (5.26), or by remembering
that

f ′(σ) = cot(φ1(σ, ξ, ϑ))f(σ).

In particular, if (a, b) ⊂ R+ is such that σk+1 < a < σk and σj+1 < b < σj , for some k, j ∈ N,
then the number of zeroes of f in the interval (a, b) is equal to k − j, where σ0 is understood as
∞.

Let us now consider the situation where g(σ) = 1/(2σ) and h(σ) = s0/σ and ψ = s0 log σ+α0.
Then φ(σ, ξ, ϑ) = Φ(σ, ξ, ϑ, 1/(2σ), s0/σ, s0 log σ + α0), as in definition (5.2.10). The differential
equation for φ(., ξ, ϑ) can be derived from (5.32) and reads

s0φ
′ +
(
λ0(σ sinϑ cos ξ) + s2

0

σ
− 2σ sgn(ξ) sin2 ϑ sin2 ξ + cos4 ϑσ3

)
sin2 (s0 log σ + α0 + φ(σ)) = 0.

(5.36)
From the estimate ∣∣∣∣λ0(z) + s2

0

z

∣∣∣∣ < 4, for |z| < 1,

it follows that for σ < 1, ∣∣∣∣λ0(σ sinϑ cos ξ) + s2
0

σ

∣∣∣∣ ≤ 4 sinϑ| cos ξ| < 4.

From some simple estimates in (5.36) we conclude that

|φ(e−α0/s0 , ξ, ϑ)− φ(0, ξ, ϑ)| < 5 1
2 .

We may also compare φ(σ, ξ, ϑ) to φ1(σ, ξ, ϑ). From the reparametrization lemma it follows that

|φ1(1, ξ, ϑ)− φ(e−α0/s0 , ξ, ϑ)| < 1
2 .

Hence, we conclude
|φ1(1, ξ, ϑ)− φ(0, ξ, ϑ)| < 6.

Using a result from earlier in this section,

|φ(0, ξ, ϑ)− [# zeroes of f in [1,∞)]π| < 4π,

where f solves (5.20).
It might be a good time to observe that the transformation that we applied, from f to Φ,

can be carried out in more general situations. In fact, the whole program works for a differential
equation of the form

−f ′′(σ) + r(σ)f(σ) = 0, (5.37)
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if r(σ) → ∞ as σ → ∞, and r ∈ C2(R+). (A first-order derivative of f might be included as
well, but in the following considerations we will not need it). Functions φ[r]

1 and Φ[r] might be
constructed in analogy with φ1 (see Proposition 5.2.6) and Φ (see Definition 5.2.7). The relations
between these functions and the solution f to (5.37) are as sketched above. So, φ[r]

1 still counts
in some sense the amount of zeroes of f , or how fast f oscillates. The idea that f oscillates faster
when r in (5.37) is smaller is made precise in the following lemma.

Lemma 5.3.1. (A comparison principle)
Suppose r,R ∈ C2(R+) and R > r. Let u and v be solutions of

u′ = 1− [1 + r(σ)] sin2 u,

v′ = 1− [1 +R(σ)] sin2 v.

If σ̂ is such that u(σ̂) < v(σ̂), then u(σ) < v(σ) for all σ ∈ (0, σ̂). Similarly, if σ̄ is such that
u(σ̄) > v(σ̄), then u(σ) > v(σ) for all σ ∈ (σ̄,∞).

Proof. Suppose σ̂ is such that u(σ̂) < v(σ̂). In order to arrive at a contradiction assume that
there is a σ < σ̂, such that u(σ) = v(σ), and let σ̃ < σ̂ denote the the σ with this property that
is closest to σ̂. Then,

u′(σ̃) = 1− [1 + r(σ̃)] sin2 u(σ̃)

= 1− [1 + r(σ̃)] sin2 v(σ̃)

> 1− [1 +R(σ̃)] sin2 v(σ̃) = v′(σ̃).

Consequently, u(σ̃ + ε) > v(σ̃ + ε) for ε > 0 small enough. It follows that there should exist a σ,
σ̃ < σ < σ̂, such that u(σ) = v(σ), contradicting that σ̃ was the σ with this property closest to
σcl. The first part of the Lemma follows. The second part is proved similarly.

Let us finally give another useful choice for h, that is possible if r < 0, namely h =
√
−r(σ).

The function φ(σ) = Φ[r](σ, 0,
√
−r(σ), 0) satisfies the differential equation

φ′ − h− h′

2h
sin(2φ) = 0.

If we choose ψ(σ) = φ(σ̂)+
∫ σ
σ̂
h(s)ds, and write down the equation for ε(σ) = Φ[r](σ, 0,

√
−r(σ), ψ(σ)),

we find

ε′ =
h′

2h
sin(2ε+ 2ψ) (5.38)

= [log h]′ sin(2ε+ 2ψ). (5.39)

The function ψ can be seen as a WKB-approximation of φ. The ’error’ ε, the difference between φ
and ψ, satisfies (5.38), and ε(σ̂) = 0. Combining this with the other results of this paragraph, this
provides a way of estimating the number of zeroes using a WKB approximation. Error bounds
might be derived from equation (5.39). For instance, estimating the sine with 1, we might integrate
the logarithm. Approximating the zeroes of a second order linear differential equation has been
discussed in a different setting in Reference [52].

5.4 Asymptotic behavior

There are several interesting limiting cases. For one, it is interesting to note what happens if for
fixed harmonic oscillator length, one moves away from the origin in that one consders larger and
larger K2 + 1/a2. Another interesting limit is where you turn the harmonic oscillator off. How
(if at all) is the standard Efimov effect obtained? It turns out, that both limits can be described
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by letting ϑ approach π/2. Indeed, this corresponds to keeping the product Ka fixed, but letting
(K2 + 1/a2)a2

ho →∞.
The range ξ ∈ [−π,−π/4], describes the region of parameters where without harmonic oscillator

the Efimov trimers are found. In this region, φ(0; ξ, ϑ)/s0 converges to −∆(ξ)/2 for ϑ → π/2,
with ∆ defined as in [12].

The quasi-continuum region ξ ∈ (−π/4, π) is more tricky. Let us have another look at the
differential equation (5.19). Because∣∣∣∣λ0(σ sinϑ cos ξ)− 1

4

σ2
+ 2H(cos(ξ)) sin2 ϑ cos2 ξ

∣∣∣∣ < 4
σ2
,

it is useful to write the differential equation as

[
− ∂2

∂σ2
+
λ0(σ sinϑ cos ξ)− 1

4

σ2
+ 2H(cos(ξ)) sin2 ϑ cos2 ξ

− 2H(cos(ξ)) sin2 ϑ cos2 ξ − 2 sgn (ξ) sin2 ϑ sin2 ξ + cos4 ϑ σ2
]
f(σ) = 0. (5.40)

For large σ this equation looks very similar to

[
− ∂2

∂σ2
− 2H(cos(ξ)) sin2 ϑ cos2 ξ − 2 sgn (ξ) sin2 ϑ sin2 ξ + cos4 ϑ σ2

]
f(σ) = 0, (5.41)

which we can recognize as the one-dimensional Schrödinger equation for a particle in harmonic
oscillator. Not only can we write down exactly the solution that decays for σ →∞, we also know
that the amount its zeroes is

# zeroes of f =
1
2
(
H(cos(ξ)) tan2 ϑ cos2 ξ + sgn (ξ) tan2 ϑ sin2 ξ

)
± 1.

Using the results of the previous section, we find∣∣∣φ(0, ξ, ϑ) +
π

2
(
H(cos(ξ)) tan2 ϑ cos2 ξ + sgn (ξ) tan2 ϑ sin2 ξ

)∣∣∣ . 5π.

Therefore, we conjecture that as ϑ→ π/2,

φ(0; ξ, ϑ) = φ−1(ξ) tan2 ϑ+O(1), ξ ∈ (−π/4, π), (5.42)

where we defined the function φ−1 as

φ−1(ξ) =

{
0, ξ ∈ [−π,−π/4),
−π2 (H(ξ) cos2 ξ + sgn ξ sin2 ξ), ξ ∈ [−π/4, π],

(5.43)

see Figure 5.4.
In order to prove this, we should give some precision to the statement that equation (5.40)

looks like equation (5.41). We define the function rα ∈ C2(R+) as

rα(σ) :=
α

σ2
− 2H(cos ξ) sin2 ϑ cos2 ξ − 2 sgn ξ sin2 ϑ sin2 ξ.

Then,
r−4(σ) ≤ r(σ; ξ, ϑ) ≤ r4(σ).

Using the comparison principle of Lemma 5.3.1, one can derive

φ
[r−4]
1 (σ) < φ1(σ, ξ, ϑ) < φ

[r4]
1 (σ)
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Figure 5.4: Plot of the function φ−1 : [−π, π)→ R, as defined in (5.43).

The exponentially decaying solution fα to

−f ′′(σ) + rα(σ)f(σ) = 0,

is (a scalar multiple of)

fα ∼
1√
σ
W

(
(H(cos ξ) cos2 ξ + 2 sgn ξ sin2 ξ) tan2 ϑ,

1
4
√

1 + 4α, cos2 ϑ σ2

)
,

where W is the Whittaker-W function [67]. For α = 0, we obtain the solution to equation (5.41).
The statement (5.42) is reduced to a statement about Whittaker functions. The number of zeroes
of the solution f to (5.40) in [1,∞) is bounded from above (below) by the number of zeroes of
f−4 (f4). The same holds for the number of zeroes of the solution of f to (5.40).

5.5 Application to Cesium

The characteristic range of the two-body potential for Cesium is 100a0, where a0 is the Bohr
radius. The three-particle parameter κ∗, is related to a∗, the critical value of a for which there is
an Efimov trimer at the atom-dimer threshold, via

κ∗ = 0.0707645a−1
∗ ,

see also [12]. In the well-known experiment described in [46], a∗ is determined to be

a∗ = 1.170a0.

It should be noted that like κ∗, a∗ is defined only up to multiplication by a factor eπ/s0 . However,
this estimate was obtained using universal theory. A later publication [44] contradicts the result,
stating that this part of universal theory could not be applied. The value for a∗ is determined to
be

a∗ = 367(13)a0.

Using this value, we obtain for κ∗

κ∗ = 1.93× 10−4a−1
0 .

We consider cesium in a harmonic trap. The harmonic oscillator length is taken to be aho =
13000a0, which corresponds to a trap frequency of approximately 1000 Hz. We express the other
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Figure 5.5: Bound state energies of Cesium in a harmonic potential
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(a) The energy of the bound states of Cesium in the ze-
roth channel, depending on the scaled scattering length.
The trap frequency ω is 1000 Hz.

-10 -5 0 5 10
0

5

10

15

20

aho

a

E Ñ
Ω

(b) The energy of the bound states of Cesium in the first
channel, depending on the scaled scattering length. The
trap frequency ω is 1000 Hz.

parameters of the system in aho, that is

R0 = 1
130aho,

κ∗ = 2.51a−1
ho .

We first calculate the bound states in the zeroth channel. We do this by using the numerical
calculation of φ. We can determine the contour lines at heights κ∗ + nπ/s0, n ∈ Z of the function(

1
a
,Erel

)
7→ φ(TR0, ξ, ϑ) + lnT,

where T , ξ and ϑ depend on 1/a and Erel. The curves thus obtained represent bound states
because of (5.34). They are shown in Figure 5.6(a).

In order to be consistent with some of the literature on few-body systems in a harmonic trap, we
have presented our results in terms of the dimensionful energy of the relative system, E, divided by
the reduced Planck’s constant ~ times the harmonic oscillator frequency ω. The relation between
E/(~ω) and the eigenvalues Erel of the relative Hamiltonian we have studied is

E

~ω
=

~2Erel

m

1
~ω

= Erela
2
ho.

In Figure 5.6(b), we show the bound state energies for Cesium arising from the first channel.
In fact, these energies are universal. They do not depend on the fact that we are dealing with
Cesium at all. We have combined the curves describing the bound state energies in figure 5.6.

Not all the bound states in the zeroth hyperspherical channel can be observed in Figures 5.6
and 5.6(a). We have therefore created a plot on a different scale as well (see Figure 5.7), showing
two Efimov trimers that are very similar to those appearing in the Efimov effect in free space.

5.6 Interpretation

At this point it is natural to ask whether the results correspond to our expectations and whether
they go with a physical explanation.
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Figure 5.6: The bound states energies of Cesium in the zeroth and first hyperspherical channels.
The result is obtained for a trap frequency ω = 1000 Hz. There is another bound state with much
lower energy that therefore falls out of this plot. See however Figure 5.7.
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Figure 5.7: The bound states of Cesium, that resemble Efimov states in free space. The result is
obtained for a trap frequency ω = 1000 Hz. Note the strange scaling of the axes, which has been
applied in order to capture the curves in one picture. The lowest Efimov state has such a low
energy that it could not be shown in Figure 5.6.
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The states that have the largest resemblance with Efimov trimers are found in the region of
parameter space where ξ ∈ [−π,−π/4], exactly as in the case of Efimov trimers in free space.
We note that the introduction of a harmonic oscillator has removed the accumulation of bound
states. That is, for fixed 1/aho, the discrete scaling symmetry holds approximately for smaller and
smaller energies, up to energy scales of 1/a2

ho.
On the other hand, the finite radius of interaction R0 implies the existence of a ground state:

the Efimov spectrum is bounded from below. The effect of R0 will play a role at an energy scale
1/R2

0. Summarizing, Efimov trimers can be found in the region

ξ ∈ [−π,−π/4],
1
R2

0

. H =
1
a2

+K2 .
1
a2

ho

.

We see that in the case of Cesium in a harmonic trap, these estimates predict that two states might
be found that are similar to Efimov trimers in free space. This corresponds to our numerical results.

The next observation is that the harmonic oscillator has ”discretized the continuum”. In-
stead of an continuous spectrum in the region ξ ∈ (−π/4, π], we find a discrete spectrum. For
positive scattering length, a weakly bound dimer exists. The states in the zeroth channel for
ξ ∈ (−π/4, π/2) can be interpreted as consisting of this weakly bound dimer and a third, more
or less independent, particle. Indeed, the parabolic behavior of the bound states curves in 1/a
reflects the quadratic dependence of the energy of the weakly bound dimer on 1/a. The mul-
titude of lines can then be interpreted as the different excited states in the harmonic oscillator
corresponding to the relative motion of the third particle and the dimer. The difference in energy
between consecutive lines is 2~ω.

For negative scattering length, a weakly bound dimer does not exist. The configuration of the
particles in the zeroth channel for ξ ∈ (π/2, π) can therefore best be imagined as three particles
in a harmonic oscillator.

It is good to compare at this point the system consisting of two identical particles in a harmonic
oscillator, see also [53]. We see that in the quasi-continuum, the bound states look a lot like the
ground state of two interacting particle in a harmonic oscillator, that is copied infinitely many
times at equidistant energies. The three-body physics is richer, as is reflected by the Efimov
trimers, which are genuine three-body states.

The bound states in the first hyperspherical channel can be given a similar interpretation. For
1/a � 0, the lowest state in the first channel corresponds to three independent particles in the
ground state in a harmonic trap.
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Chapter 6

Corrections from coupling

So far, we have applied the adiabatic hyperspherical approximation, in which we have ignored the
coupling terms Pmn and Qmn between the different adiabatic channels in the system (3.16). In
this chapter, we will concern ourselves with the question what happens if we include the coupling.
We will see that this question is closely related to the three-particle recombination process in free
space.

In Figure (5.6) we had plot the eigenvalues of H for Cesium, arising from the channels n = 0
and n = 1. We can observe that these lines cross. We expect, however, that as soon as we include
the effect of coupling, the crossings will become avoided crossings. We will include the coupling
terms Pmn and Qmn in the radial problem (3.16). We cannot calculate Pmn and Qmn exactly, so
we will use approximations for them.

To investigate these effects, we will have to change our solution method. We will describe
this method in the next section. Naturally, it can be equally applied to the uncoupled system of
equations, and in that case it gives the same answers.

6.1 Solving the hyperradial system numerically

In Section 3 we have reduced the problem of finding eigenvalues and eigensolutions of the Hamil-
tonian operator to finding solutions fn that satisfy

[(
− d2

dR2
+

15
4R2

)
+
R2

a4
ho

+
λn(R)− 1/4

R2

]
fn(R)+

+ 2
∑
m

[
2Pnm(R)

d
dR

+Qnm(R)
]
fm(R) = 2Erelfn(R), (6.1)

with the additional condition that fn ∈ L2(R+), which is in fact a condition on the decay of fn(R)
for R → ∞. We will first truncate the system, in that we will try to find fn only for 0 ≤ n ≤ d.
Next, we expect for large R, that for each n, the second derivative of fn and the harmonic-potential
term will balance, (

− d2

dR2
+
R2

a4
ho

)
fn(R) ≈ 0.

This motivates us to define the functions

g̃n(R) = fn(R)e
R2

2a2ho .

In order to make the equations dimensionless, we introduce an inverse length scale S and the
independent variable ζ = SR. The functions gn are defined such that gn(ζ) = g̃n(ζ/S). To
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summarize,

gn(ζ) = fn(ζ/S)e
ζ2

2S2a2ho .

The system (6.1) can be replaced by the equivalent system for gn(
− d2

dζ2
+

2ζ
a2

ho

d
dζ

+
1

S2a2
ho

+
λn(ζ/S)− 1

4

ζ2

)
gn(ζ)+

+ 2
∑
m

[
2
S2
Pnm(ζ/S)

(
S

d
dζ
− ζ

Sa2
ho

)
+

1
S2
Qnm(ζ/S)

]
gm(ζ) = 2

Erel

S2
gn(ζ). (6.2)

As a boundary condition for large ζ, we demand gn(ζ)e−ζ
2/(2S2a2

ho) → 0, as ζ →∞. The boundary
conditions at small distances would in principle be those that would imply regularity of the wave
function for R = 0. However, as explained in section 4, we have no grip on the exact form of
λn and the coupling terms Pmn and Qmn for short distances. Therefore we need a boundary
condition at a finite hyperradius R0, that encodes the unknown information about the solution on
short distances.

We construct the vectorvalued function u : (SR0,∞)→ C2(d+1) given by

u(ζ) = (g0(ζ), g′0(ζ), . . . , gd−1(ζ), g′d−1(ζ)).

The system (6.2) can be written as the first-order ODE

− d

dζ
u(ζ) +A(ζ, S)u(ζ) = 2Erelu(ζ). (6.3)

The elements of the matrix A(ζ, S) are for m,n ∈ {0, . . . , d} given by

A(2n)(2m)(ζ, S) = 0, (6.4a)

A(2n+1)(2m)(ζ, S) =
(

1
S2a2

ho

+
λn(ζ/S)− 1

4

ζ2
− Erel

S2

)
δnm −

4ζ
S3a2

ho

Pnm(ζ/S) +
2
S2
Qnm(ζ/S),

(6.4b)

A(2n)(2m+1)(ζ, S) = 1, (6.4c)

A(2n+1)(2m+1)(ζ, S) =
2ζ

S2a2
ho

δnm +
4
S
Pnm(ζ/S). (6.4d)

Let us now turn to the boundary condition at short distance, at ζ = SR0, say. The condition
will be

u(SR0) ∈ BC(R0),

with BC(R0) a (d+ 1)-dimensional linear subspace of C2(d+1). The choice of this linear subspace
is peculiar and depends on whether one would like to include the coupling between channels or
not and whether one would like to facilitate this coupling through the boundary condition itself.
In some situations, it is possible to take a limit R0 → 0, and solve the differential equation on the
whole positive half-line, while for others such a scaling limit is not possible.

6.1.1 Boundary conditions in the adiabatic hyperspherical approxima-
tion

We will first reconsider the question of choosing boundary conditions if the coupling terms Pmn and
Qmn between the different channels are neglected. In this adiabatic hyperspherical approximation,
the problem decouples into two-dimensional, independent problems. The asymptotic behavior of
the solutions is known for small values of ζ. For n ≥ 1, this is enough to define a suitable
boundary condition by demanding regularity for small ζ. For n = 0, there will be oscillations, and
a logarithmic derivative needs to be specified.
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Boundary condition in the channel (n = 0)

For short distances, the solution g0 will behave like

g0(ζ) = C
√
ζ sin(s0 log(κ∗ζ/S) + α0)(1 +O(ζ)), ζ → 0,

for an unknown constant κ∗ ∈ R+. It is therefore reasonable to demand that the vector (u0(SR0), u1(SR0))
satisfies(

u0(SR0)
u1(SR0)

)
∈
〈(

sin(s0 log(κ∗R0) + α0)
1

2SR0
sin(s0 log(κ∗R0) + α0) + s0

SR0
cos(s0 log(κ∗R0) + α0)

)〉
.

Boundary condition in the channels n ≥ 1

For n ≥ 1, the general solution gn will satisfy

gn(ζ) = Aζ
1
2 +
√
λn(0)(1 +O(ζ)) +BR

1
2−
√
λn(0)(1 +O(ζ)),

with A,B ∈ C. Regularity conditions on gn imply that B = 0. Hence

gn(ζ) ≈ ζ 1
2 +
√
λn(0), for ζ → 0,

and we choose as boundary condition on short distance ζ = SR0(
u2n(SR0)
u2n+1(SR0)

)
∈
〈(

SR0

− 1
2 +

√
λn(0)

)〉
.

6.1.2 Numerical implementation

Given values for the scattering length, the harmonic oscillator length and the energy, we determine
a suitable asymptotic solution for u for large ζ. That is, we find solutions that for large ζ are
approximations of the solutions of our system. For some fixed, large ζ, we determine the linear
span of these solutions. We choose a basis of this subspace {w1, . . . ,wd}, and for each vector wi

of this basis, we integrate the system of ODEs up to some intermediate value SR1. We denote
the solutions thus obtained by wi(.;Erel). Because we are approximating solutions of the stable
manifold of zero, errors in the initial condition will be damped out.

Similarly, we choose a basis {v1, . . . ,vd} of BC(SR0;Erel), the linear subspace of boundary
values at small ζ = SR0. For every i, we integrate the differential equation with initial condition
vi. We denote the solution by v(.;Erel). If R0 is not too large, numerical deviations in the initial
conditions will be damped out due to stability properties of the solution.

At the intermediate value SR1, we would like to check whether the the span of the vi’s and
the wi’s have a nonzero intersection. We do this by placing them as columns in a matrix, and
determine the matrix’ determinant,

W (SR1;Erel) = det(v0(SR1;Erel), . . . ,vd(SR1;Erel),w0(SR1;Erel), . . . ,wd(SR1;Erel)),

which is actually a Wronskian. If W vanishes, Erel is an eigenvalue. This function W is closely
related to the Evans function in linear stability analysis and the Jost function in scattering theory.

6.1.3 An abstract intermezzo

In the previous chapter, it turned out to be very fruitful to consider instead of the second order
linear differential equation for gn a related evolution on the manifold RP1. This viewpoint can
partly be generalized to systems of equations. For each σ, the solutions decaying to infinity span a
linear subspace of C2(d+1). Such a linear subspace can be considered an element of the Grassmann
manifoldG(2(d+1), d+1). In general, the Grassmann manifoldG(n, k) is defined as the manifold of
k-dimensional subspaces of Cn. Very much related is the Stiefel manifold V (n, k) of all orthogonal
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k-frames in Cn. Those orthogonal k-frames can be represented by matrices Ω ∈ Cn×k, that satisfy
Ω∗Ω = I, with I denoting the k × k identity matrix.

That this viewpoint may indeed be useful becomes clear from for instance Reference [39]. In
that article, eigenvalue problems have been considered that typically arise from stability analysis.
Large systems of ODE might be hard to solve in a stable manner. In the article, a shooting
algorithm is proposed that instead of considering the evolution of the functions gn, considers
the evolution on the Stiefel Manifold, together with an evolution of a certain radial variable. The
ODE arising from the evolution on the Stiefel manifold, is exactly the continuous orthogonalization
method of Drury-Davey [14, 16].

We would like to discuss the method briefly, as it nicely shows the parallels with the method we
used in the previous chapter. We put the vectors w0(ζ), . . . ,wd(ζ) together in the matrix U+(ζ),
and similarly, we take the vectors v0, . . . ,vd(ζ) together in the matrix U−. The Wronskian is then
given by

W (ζ;Erel) = det(U−(ζ, Erel), U+(ζ, Erel)).

Now, we introduce the matrices Ω±(ζ, Erel) from the Stiefel manifold, and matrices α±(ζ, Erel)
such that

U± = Ω±α±.

This way, Ω± and α± are far from uniquely defined. However, we also demand

Ω∗Ω′ = 0.

where the prime denotes differentiation with respect to ζ. We finally define γ± := detα±. The
function W becomes

W (ζ;Erel) = γ+(ζ;Erel)γ−(ζ;Erel) det(Ω+(ζ;Erel),Ω−(ζ;Erel)).

The matrices U± satisfy
U ′ = AU.

For clarity we have dropped the ±. The nice aspect about the method is that we can write down
an equivalent system for Ω and α, in which the ODE for Ω does not depend on α. On the one
hand,

U ′ = (Ωα)′ = Ω′α+ Ωα′,

while on the other hand
U ′ = AΩα.

Therefore,
Ω′α+ Ωα′ = AΩα. (6.5)

We can multiply on the left by Ω∗ and use that Ω∗Ω = I to obtain

α′ = (Ω∗AΩ)α.

We may substitute this expression in (6.5) and multiply on the right by α−1 to find

Ω′ = (I − ΩΩ∗)AΩ. (6.6)

This is the ODE for Ω, that does not contain α. Using Jacobi’s formula for the derivative of a
determinant, we find

γ′ = (detα)′ = trace(α′α−1) detα = trace (Ω∗AΩ)γ. (6.7)

To calculate the Wronskian W , we may integrate equation (6.6) first, and use the result to obtain
γ from (6.7).

The numerical method might actually be helpful in our case as well, particularly if we would
like to consider the influence of many channels at the same time. At the time, however, we have
not yet implemented it, because we have looked primarily to rather small systems of only two
second order equations at the time, which can be treated with somewhat easier methods.
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6.2 Heuristic introduction of coupling via asymptotic equa-
tion

In this paragraph, we would like to see the effect if we use an approximation of the coupling terms
between the n = 0 and the n = 1 channel, and include this term when we solve the system.

To retrieve some sort of approximation of the coupling terms, we calculate what they would
be for the zero-range, or outer, solutions to the hyperangular problem

φhi
n (z, α) = sin

(√
λn(z)(α− π/2)

)
,

where z is the hyperradius scaled on the scattering length z = R/a. We would like to use these
eigenfunctions, and therefore it is useful if not necessary to have them normalized. We therefore
define

φout
n (z, α) =

sin(
√
λn(z)(α− π/2))√

π
4 −

sin
(
π
√
λn(z)

)
4
√
λn(z)

. (6.8)

We use these outer solutions to construct an approximation of the matrix G (3.15),

Gout
nm(z) =

∫ π/2

0

φout
n (z, α)φout

m (z, α)dα.

In order to approximate the coupling terms Pmn and Qmn (3.17) we will need the derivatives
of the eigenfunctions φout

n with respect to z. They can be calculated in terms of λn(z) by ordi-
nary differentiation of the expression (6.8) and implicit differentiation of (5.4). We will omit the
explicit expressions here. Subsequently, a numerical approximation of λn(z) can be used to assign
numerical values to the derivatives.

We introduce

pnm(z) =
∑
k=0,1

(Gout(z))−1
nk

∫ π/2

0

φout
k (z, α)∂zφout

m (z, α)dα,

qnm(z) =
∑
k=0,1

(Gout(z))−1
nk

∫ π/2

0

φout
m (z, α)∂2

zφ
out
n (z, α)dα.

With these definitions, Pmn and Qmn are approximated by

Pnm(R) ≈ − 1
2a
pnm

(
R

a

)
, (6.9a)

Qnm(R) ≈ − 1
2a2

qnm

(
R

a

)
. (6.9b)

Because our aim is to include the coupling only at a heuristic level, and because we will look at
crossings between eigenvalues in the zeroth and first channels, we will only consider the coupling
between channels 0 and 1. The coupling functions pmn and qmn for m,n = 0, 1 are shown in
Figures 6.1(a) and 6.1(b), respectively.

We will solve the system numerically, using the approach described in section 6.1. We eventu-
ally solve a coupled system of first-order ODEs (6.3), where we use the approximation (6.9) in the
definition of the matrices A(ζ, S) (6.4). Finally, we have assumed that the boundary condition
at short distances is the same as in the uncoupled case. We have applied this method to find
the bound states of Cesium. The result is shown in Figure 6.1. The figure should be compared
to Figure 5.6. Where in Figure 5.6, the eigenvalues corresponding to the different hyperspherical
channels crossed, they have become avoided crossings in Figure 6.1 due to the introduction of
coupling. This shows that one could think of an experiment in which one gradually changes the
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magnetic field. In this way, an adiabatic transition from one hyperspherical channel to the other
would be possible.

Another influence of the coupling between the various hyperspherical channels could arise at
the level of the boundary condition at short distances. If this boundary condition does not decouple
into independent boundary conditions for the hyperspherical channels, we expect avoided crossings
to appear as well.

6.3 Three-particle recombination

In the literature on the Efimov effect, three-particle recombination near zero energy has been
studied intensively. Three-particle recombination is the process where two of the three particles
form a weakly bound dimer. The binding energy that is set free is converted into kinetic energy
in the relative movement of the fragments. An interesting question is how fast this process takes
places. One of the first estimates of this rate was by Fedichev et al. [26], who derived that the
recombination rate was proportional to a4. The proportionality with a4 can be obtained from
dimensional analysis.

However, the constant of proportionality that was derived in Reference [26] turned out to be
incorrect as in 1999 two independent groups found that the constant of proportionality was a
log-periodic function of κ∗a [24, 55]. The mechanism behind the process was assigned to coupling
between the first and the zeroth hyperspherical channel: the process of three-particle recombina-
tion is depicted as an incoming wave in the first hyperspherical channel and an outgoing wave
in the zeroth hyperspherical channel. As we have seen in this report as well, solutions in the
zeroth hyperspherical channel for 1/a > 0 can be interpreted as a combination of a weakly bound
dimer and a third particle, while solutions in the first hyperspherical channel are seen as three
independent particles. The interaction between the channels is said to take place in the region
R ≈ a.

As we are considering a system trapped in a harmonic oscillator, there will be no incoming and
outgoing waves. Nevertheless, we believe that the problem of three-particle recombination and the
effects we observe when introducing the coupling are very much related. Real eigenstates of the
coupled Hamiltonian will, in approximation, be superpositions of states in the uncoupled system.
We imagine that a real evolution is an oscillation between states in the different hyperspherical
channels. In this way, a transition rate from one hyperspherical channel to the other can still be
given sense.

We are currently examining how we could make this relation precise. On the one hand, we
consider the option of applying time-independent perturbation theory, in which we put a small
parameter in front of the coupling and see it as a perturbation. In this formulation, coupling
matrix elements might be related to the jump rates between the different channels.

Another line of approach could be to apply a method similar to the hidden crossing theory
applied in Reference [55]. This theory relies on an analysis of the channel eigenvalues that is related

68



0.0 0.5 1.0 1.5 2.0
2

3

4

5

6

7

aho

a

E Ñ
Ω

Figure 6.1: The solid lines indicate the energies of the bound states of Cesium in a trap with trap
frequency 1000 Hz, depending on the scattering length. We have included the coupling in the
hyperradial problem. Therefore, the crossings that could be observed in Figure 5.6 have become
avoided crossings.

to the analysis performed in Proposition 5.1.2. In fact, the channel eigenvalues are replaced by
a multivalued complex analytic function. In the radial equation, a WKB approximation is made,
and integration over different contours in the complex plane should give a value for the rate of the
process.

69



Chapter 7

Effective range corrections

The most important property of a two-particle scattering process at low temperature is the scat-
tering length. So far, this is the only information of the two-particle scattering potential we have
used in our model. In order to obtain better results, we would like to include also the next term
in the effective range expansion (2.14).

As it is the next best thing to do, it is not very surprising that in literature, the influence of
the effective range on the results has been investigated before. Petrov has considered the influence
of the effective range near a narrow Feshbach resonance in Reference [56]. Gogolin et al. have
obtained exact results in the context of an effective range model in Reference [33]. Both approaches
have a lot in common as the governing equations are the same.

Without the effective range, the lowest-energy solutions oscillate heavily for short distances.
Including the effective range provides us with a regularizing effect. That is, solutions can be
defined properly, by demanding that the solutions are regular on short distances. Consequently,
the role of κ∗, parametrizing the short-distance behavior, could in principle be taken over by rs.
Both Gogolin and Petrov find a linear relation between κ∗ and rs. The more accurate result is
given by Gogolin and reads

κ∗rs = −5.3062.

Another branch of results is obtained perturbatively. These results are calculated by Efimov
in the nineties [21], and are restated by Felix Werner in his doctoral thesis [65].

In this section we will present a method of introducing the effective range that comes from
improving the approximation of the solution to the hyperangular equation. In 2001, Fedorov and
Jensen have introduced this method [28]. In a slightly different form, it has been treated by
Platter, Ji and Phillips in Reference [57].

7.1 Changes in the channel eigenvalues λn

We have approximated the eigenvalues λn that appeared in the hyperangular equation (3.14) in
section (5.1). There, we have only used information of the scattering length. In this section, we
seek to improve the approximation by including the effective range in the model. The derivation
is very similar to (5.1).

Again, we first consider those (large enough) α′s in (3.14) for which V (
√

2R sinα) is negligible.
If R sinα is large enough,

φn(R,α) ≈ φhi
n (R,α) := sin(

√
λn(R)(π2 − α))

As in section (5.1), the next step is to look at values of α � 1. The importance difference is to
keep the term λn for now, and to consider the equation[

− ∂2

∂α2
− λn(R) + 2R2V (

√
2Rα)

]
φlo
n (R,α) ≈ −2R2V (

√
2Rα)

8α√
3
φhi
n (R, π3 ). (7.1)
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The homogeneous equation reads[
− ∂2

∂α2
− λn(R) + 2R2V (

√
2Rα)

]
φlo
n = 0,

and if we change the variable α to r =
√

2Rα, the equation for ψR, ψR(
√

2Rα) = φlo
n (α) becomes[

− ∂2

∂r2
− λn(R)

2R2
+ V (r)

]
ψR(r) = 0, (7.2)

which is the time-independent Schrödinger equation describing the relative motion of a particle
pair with wave number kR =

√
λn(R)/(

√
2R) interacting via the potential V . For large values of

r, the scattering solution ψR therefore satisfies

ψR(r) ≈ 1
kR

sin(kRr + δ(kR)),

see also (2.15).
As an approximate particular solution to (7.1) we still keep

φlo
n = − 8α√

3
φhi
n (R, π3 ).

The approximate general solution to equation (7.1) becomes

φlo
n = AψR(

√
2Rα)− 8α√

3
φhi
n (R, π3 ), A ∈ C,

where ψR solves (7.2).
Putting everything together, we obtain

φlo
n ≈ A 1

kR
sin(kR

√
2Rα) cos(δ(kR)) +A 1

kR
cos(kR

√
2Rα) sin(δ(kR))− 8α√

3
φhi
n (R, π3 ),

with
φhi
n ≈ sin

(√
λn(R)(π2 − α)

)
.

Matching those expressions at α = 0 yields

A =
kR

sin(δ(kR))
sin(λ1/2

n (R)π2 ),

and

cos
(
λ1/2
n

π
2

)
− 8√

3
λ−1/2
n sin

(
λ1/2
n

π
6

)
= −
√

2λ−1/2
n (R) sin

(
λ1/2
n

π
2

)
R kR cot(δ(kR)).

Now, according to the effective range expansion (2.14),

k cot δ(k) = −1
a

+
1
2
rsk

2 +O(k4), as k → 0. (7.3)

Consequently, we find as defining equation for λ(R) in terms of the scattering length and effective
range

cos
(
λ1/2 π

2

)
− 8√

3
λ−1/2 sin

(
λ1/2 π

6

)
= −
√

2λ−1/2 sin
(
λ1/2 π

2

)(
−R
a

+
1
2
rs
λ(R)
2R

)
. (7.4)
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Figure 7.1: Plot of the first few elements of E(z, rs/a) if an effective range of rs/a = 0.4 is taken
into account (black, solid). The values for λn in case the effective range is neglected rs = 0 are
plotted for comparison (red, dashed).

Definition 7.1.1. Given z ∈ R, r ∈ R, we define the channel eigenvalues E(., .) : R×R→ RN as
the solution set to

cos
(
λ1/2(z, r)π2

)
− 8√

3
λ−1/2(z, r) sin

(
λ1/2(z, r)π6

)
=

−
√

2λ−1/2(z, r) sin
(
λ1/2(z, r)π2

)(
−z +

1
4
r
λ(z, r)
z

)
. (7.5)

Consequently, given a hyperradius R, a scattering length a and an effective range rs, we
approximate the set of eigenvalues of the hyperangular problem by E(R/a, rs/a). We have plotted
the eigenvalue sets E(z, r) as a function of z for r = ±0.4 in figures 7.1 and 7.2.

There is a clear, qualitative difference between rs > 0 (right-hand side figure 7.1, left-hand
side figure 7.2) and rs < 0 (left-hand side figure 7.1, right-hand side figure 7.2). The solutions for
rs < 0 cannot be described by functions, while those belonging to rs < 0 can. Perhaps even more
importantly, the lowest solution associated with rs < 0 is approaching zero as z → 0.

We would like to have a look at the asymptotic behavior E(r, z) for large values of z. We
consider (7.5), and substitute λ = −µ2, with µ� 0. With this substitution, (7.5) can be written
as

tanh(µπ2 )− 8√
3

1
µ

sinh(µπ6 )
sinh(µπ2 )

+
√

2
1
µ

(
−z − 1

4
r
µ2

z

)
= 0.

Hence, for µ→∞,

1 +
√

2
1
µ

(
−z − 1

4
r
µ2

z

)
= O

(
e−µπ/3

)
.

If we solve

1 +
√

2
1
µ

(
−z − 1

4
r
µ2

z

)
= 0,
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Figure 7.2: Plot of the first few elements of E(z, rs/a) if an effective range of rs/a = −0.4 is taken
into account (black, solid). The values for λn in case the effective range is neglected rs = 0 are
plotted for comparison (red, dashed).

for µ, we find

µ =
√

2z
1±
√

1− 2r
r

.

We see that there are no real solutions for r = rs/a > 1/2.
Translating this result back to λ, we learn that

λ(R) ≈ −2
R2

a2

(
1−

√
1− 2rs/a
rs

)2

, (7.6)

for large R. The asymptotic behavior of λ for positive scattering length yields the energy of the
weakly bound dimer. The behavior (7.6) predicts the dimer energy to be

ED = −2
1
r2
s

(
1−

√
1− 2rs/a

)2

,

which is exactly equal to the binding energy of the weakly bound dimer obtained from other
calculations.

What happens if rs < 0 is in absolute value very small compared to |a|? We expect that
for |z| � |rs/a|, the corrections due to the additional effective range term are small, as they are
suppressed by a factor 1/|z|. However, as |z| becomes comparable to |rs/a|, the solutions will start
to deviate from the case rs = 0. In particular, the lowest solution will approach 0 as z → 0, see
Figure 7.3.

7.2 Fourier expansion of the hyperangular wave functions

Consider the equation defining the hyperradial wavefunctions φn (3.14), with boundary conditions
φn(R, 0) = φn(R, π/2) = 0. We write the equation as an eigenvalue equation
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Figure 7.3: Plot of the first few elements of E(z, sgn z rs/a) for |rs/a| = 0.04, rs < 0 (black, solid).
The values for λn in case the effective range is neglected rs = 0 are plotted for comparison (red,
dashed).

FRφ = Eφ,

with the unbounded operator FR ∈ L2([0, π/2])→ L2([0, π/2]) given by

(FRφ)(α) = − ∂2

∂α2
φ+ 2R2V (

√
2R sinα)

[
φ(R,α) +

4√
3

∫ 1
2π−|

1
6π−α|

| 13π−α|
φ(R, x)dx

]
.

We would like to gain insight by performing a Fourier expansion. We will work with the
orthonormal basis (ξn)n∈N ⊂ L2([0, π/2]),

ξn(α) := 2√
π

sin(2nα).

It is easily checked that

− ∂2

∂α2
sin(2nα) = 4n2 sin(2nα),

and ∫ 1
2π−|

1
6π−α|

| 13π−α|
sin(2nx)dx =

1
n

sin
(
2nπ3

)
sin(2nα).

Denote by (FRmn) the matrix elements

FRmn =
∫ π

2

0

ξm(x)(FRξn)(x)dx.

Then,

FRmn = 4n2δmn + 2R2

(
1 +

4√
3

1
n

sin
(
2nπ3

))
Vmn(R),
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with

Vmn(R) =
4
π

∫ π
2

0

V (
√

2R sinα) sin(2nα) sin(2mα)dα. (7.7)

For instance, if we take for V the square-well potential

V (r) =

{
V0 r ≤ R0

0 r > R0,

then, if R ≤ R0/
√

2
Vmn(R) = V0δmn,

and if R > R0/
√

2

Vmn(R) =


V0

4
π

(
arcsin

(
R0√
2R

)
2 −

sin
(

4n arcsin
(
R0√
2R

))
8n

)
, if m = n,

V0
1
π

(
sin
(

2(m−n) arcsin
(
R0√
2R

))
m−n −

sin
(

2(m+n) arcsin
(
R0√
2R

))
m+n

)
, if m 6= n.

If a Gaussian potential is taken for V , the matrix elements have to be calculated by numerical
integration (7.7).

7.3 Comparison

We have got two methods to approximate the eigenvalues of the hyperangular operators FR. On
the one hand, we can make a Fourier expansion, truncate, and increase the number of modes to
increase the accuracy. This way, the eigenvalues of FR can at least in principle be approximated up
to arbitrary accuracy. On the other hand, we have got the model where we express the eigenvalues
in the scattering length and the effective range. We believe the approximation to be better for
larger R. For small R, the approximation is most likely not that good, as the two-particle wave
function will not be determined by the scattering length and the effective range anymore. In this
section, we would like to make a comparison between the results obtained by Fourier expansion,
and those obtained by (7.5). In fact, it is a test of the latter approximation.

We fix a square-well potential, with V0R
2
0 = −3.2. The scattering length and effective range

can be calculated from (2.17). We find a/R0 = 3.52 and rs/R0 = 0.88. We determine the first
few eigenvalues of FR for different values of the hyperradius R, by three different methods. The
first is the truncated Fourier expansion. The approximations obtained by using this method, will
approximate the eigenvalues best. The second method of approximating the eigenvalues will be
by using equation (5.4). The use of this equation is central in the derivation of the Efimov effect.
Finally, we will look at the adaptation (7.5) of (5.4), our candidate for including the effect of the
effect range as well.

The result of the procedure described in the above paragraph is presented in Figure 7.4. First
of all, the figure shows that including the effective range in the model, improves the approximation
of the eigenvalues a lot. Moreover, it shows that for small values of R/R0, the relation (7.5) does
not yield a good approximation anymore.

7.4 A relation between κ∗ and rs

In this section we will look at a situation where the effective range rs is negative and we will
assume that the relation (7.4) defines the eigenvalues exactly for all values of R. As the effective
range is negative, we can describe the eigenvalues by continuously differentiable functions λn :
R× (−∞, 0)→ R, n = −1, 0, 1, 2, . . . , such that

E(z, r) =
∞⋃

n=−1

λn(z, r).
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Figure 7.4: The figure shows how the eigenvalues λ of FR depend on R/R0, as calculated in
three different ways. The blue lines represent the approximations of the eigenvalues by truncated
Fourier expansion. The black lines and red lines are the approximations obtained by (5.4) and
(7.5) respectively.
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For each rs < 0, the channel eigenvalue λ0(R) = λ0(R/a, rs/a) tends to zero as R → 0. This
provides a regularizing effect. Suddenly, there exists a regular solution f0 on (0,∞) of[

− d2

dR2
+
λ0(R/a, rs/a)− 1/4

R2
+

1
a4

ho

R2 − 2Erel

]
f0 = 0. (7.8)

The idea behind the regularization is that if −rs/a becomes small, the solution to the differ-
ential equation will be almost equal to that obtained if there is no effective range at all. The
boundary condition for small R, however, will be determined by the effective range.

We introduce the variable ρ = −R/rs and the parameter r = rs/a. In terms of f̃0, f̃0(ρ) =
f0(−ρrs), (7.8) becomes[

− d2

dρ2
+
λ0(−ρr, r)− 1/4

ρ2
+

r4
s

a4
ho

ρ2 − 2Erelr
2
s

]
f̃0 = 0.

It is useful to consider a new function µ0 : R+ × R→ R, given by

µ0(ρ, r) = λ0(−ρr, r).

In particular, for fixed ρ,
lim
r→0

λ0(−ρr, r) = µ0(ρ, 0).

It holds that
lim
ρ→∞

µ0(ρ, 0) = −s2
0.

Let us at the moment assume that no harmonic oscillator is present, a−1
ho = 0, and the energy

is so low that also the term Er2
s can be neglected. The solution f̃

(0)
0 of the equation[

− d2

dρ2
+
µ(ρ, 0)− 1/4

ρ2

]
f̃

(0)
0 = 0, (7.9)

might provide us with a reasonable approximation of f̃0. For large ρ, the solution f̃ (0)
0 will be have

as
f̃

(0)
0 ∼ √ρ sin (s0 log(ρ) + φ),

for some φ ∈ [0, 2π).
We define the outer solution fout

0 of equation (7.8) as the solution of[
− d2

dR2
+
λ0(R/a, 0)− 1/4

R2
+

1
a4

ho

R2 − 2Erel

]
fout

0 = 0.

If E is an eigenvalue, fout
0 will behave on short distances as

fout
0 ∼ √ρ sin (s0 log(κ∗R) + α0)

=
√
ρ sin (s0 log(−κ∗rs) + s0 log(ρ) + α0)

The matching of the inner- and outer solution requires

−κ∗rs = e−
1
s0

(φ−α0)+nπ, n ∈ Z.

This is an expression for κ∗ in terms of rs. The only thing we need to determine is the phase φ
induced by the inner solution.

We can determine the phase φ numerically, by integrating (7.9) from small to large ρ. The
boundary condition at a small distance ρs is taken to be

(f, f ′)(ρs) =
(
√
ρs,

1
2
√
ρs

)
.

77



10-8 10-5 0.01 10 104

-1.0

-0.5

0.0

0.5

1.0

Ρ

Figure 7.5: The short range solution scaled by
√
ρ, f̃ (0)

0 /
√
ρ (purple), and the asymptotic solution

ρ 7→ sin(s0 log(−1.1) + s0 log ρ+α0) (blue). With the choice of −κ∗rs = 1.1, the solutions acquire
the same phase for ρ→∞.

We arrive at
−κ∗rs ≈ 1.1, (7.10)

as illustrated in Figure 7.5.
The relation we have found between κ∗ and rs is manifestly different from the values that

have been found in literature by Gogolin et al. [33] and Petrov [56]. The more accurate result is
obtained by Gogolin, who claims that

−κ∗rs = 5.31.

We believe that the discrepancy stems from use of different models, that do not agree on short
distances. Relating κ∗ to rs goes by calculating short range information from long range variables,
which is very tricky, because the actual short-range behavior of the system might be completely
different.

7.5 Approach with both κ∗ and rs

The previous sections have shown us that

• the relation (7.4) predicts the asymptotic properties of the channel eigenvalues very accu-
rately for large hyperradii,

• serious deviations from exact results might occur when using (7.4) to calculate short-range
properties of the channel eigenvalues.

In order to include the effective range in our model, we will use the expressions obtained by (7.4)
for the channel eigenvalues λn. We will integrate from large R to smaller R, and find for which
combinations of parameters the boundary condition at small distances, parameterized by κ∗, is
satisfied. Consequently, we will keep both parameters κ∗ and rs, and we will not assume them to
be dependent.

We may apply this method to the Gaussian potential

V (r) = V0e
−r2/R2

0 , (7.11)
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Figure 7.6: Plot of the function r0 as defined in (7.12)

that we have considered in section (2.3.2). It is useful to have another look at Figure 2.2. We
will concentrate on the divergence of a near sgn(V0)|k0|R0 ≈ −1.6. Near this resonance, a single
value of 1/a is attained at most once. This means, that at least if we do not move too far from
the resonance, we know the value of rs if we know the value of 1/a. In other words, there exists
a function r0 : R→ R such that

rs(V )
R0

= r0 (R0/a(V )) , (7.12)

as long as −3.8 . sgn(V0)|k0|R0 < 0. We have plot this function in Figure 7.6.
The next step is to use this relation in our equation for the approximations of the channel

eigenvalues λn, (7.4). The approximations λn, given the scattering length and taking into account
the effective range, are given by the solutions of

cos
(
λ1/2 π

2

)
− 8√

3
λ−1/2 sin

(
λ1/2 π

6

)
= −
√

2λ−1/2 sin
(
λ1/2 π

2

)(
−R
a

+
1
2
r0(R0/a)

R0λ

2R

)
.

In order to obtain well-defined functions, one can only apply this relation for not to small R,
R & R0. Consequently, we have to apply a boundary condition in the hyperradial equation (5.19)
that encodes the short-distance behavior at a value of R that is close to R0. We may encode the
boundary condition in the usual way by κ∗. In this approach, both κ∗ and the effective range rs
have a role in determining the eigenvalues of the system. We will use this method in Chapter 10.
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Chapter 8

Effects of deeply bound states

The original formulation of the Efimov effect assumed that there were no deeply-bound dimer
states. In other words, the operator −∆ + V does not have negative eigenvalues, except for
possibly one that is close to zero. In this case, Efimov states would be real bound states, that
is, they turn up as eigenfunctions of the three-particle Hamiltonian H. In other words, they are
stable.

Let us first sketch the physical picture. If deeply-bound dimer states exist, a process could
occur where two particles of the trimer would combine to form a dimer, conservation of momentum
and energy being facilitated by the third particle. Because this process has a probability larger
than zero, such a process would eventually always occur. Therefore, Efimov states are not stable,
they have a finite lifetime.

Another subtle point is that so far, we have assumed the presence of a harmonic trap. When
two-particles form a deeply bound dimer, so much kinetic energy will be set free that in an
experimental setup, the particles will leave the trap. Hence, it is more natural to model this
process as a real loss process, instead of a transition to a highly excited bound state in the
harmonic oscillator potential.

What are the consequences if we translate this into mathematics? Most importantly, we expect
that we will no longer find eigenfunctions of H that we can interpret as Efimov states. Instead,
there would be so-called resonance poles in the analytic continuation of the resolvent of H [59].

Nonetheless, although not stable anymore, the Efimov trimers are of importance and we would
still like to find them. The method that is often used in this context is developed by Braaten
and Hammer [12]. It is based on the observation that a transition to a deeply bound state can
only occur if the three particles approach each other on the characteristic distance of the potential
R0. Hence, for small hyperradii, there will be coupling between the channel n = 0 to channels
representing a deeply bound dimer and a third particle. These channels will not be taken into
account explicitly. Rather their cumulative effect is expressed in one inelasticity parameter η∗.

In the approach of Braaten and Hammer, the effect of deeply bound states can be taken into
account by changing the boundary condition on short distances. This is motivated by the following
heuristic reasoning. The solution on short distances is

f(ζ) ∼ Aζ 1
2 + is0 +Bζ

1
2− is0 (8.1)

=
√
ζ
(
Ae is0 ln(ζ) +Be− is0 ln(ζ)

)
, (8.2)

which can be interpreted as the sum of an incoming and an outgoing hyperspherical wave. When
there are no deeply bound states, every probability density flowing into the short-range region
should be reflected. In that case, A and B should be equal in magnitude, and there exists an
θ∗ = s0 ln(κ∗/S) + α0 such that

A = −e2 iθ∗B.

However, when there are deeply bound states, the incoming hyperspherical wave will partly be
flowing out of the short-distance region in the form of atom-dimer scattering states. This loss of
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probability is expressed as
A = −e−2η∗+2 iθ∗B,

where η∗ > 0 is the inelasticity parameter. Consequently, the short-distance behavior of f is now
given by

f(ζ) ≈
√
ζ sin(s0 ln(κ∗ζ/S) + α0 + iη∗).

Our interpretation in the context of what we did before is as follows. We consider the differential
equation of channel n = 0 in first instance uncoupled from everything else. Possible resonance
boundary conditions in other channels, that are coupled via the short-distance region, finally imply
for a certain complex energy a boundary condition for f(ζ). This boundary condition specifies an
element in CP1, that is parametrized by κ∗ and η∗.

The boundary condition for g,

g(ζ) = f(ζ)e
ζ2

2S2a2ho ,

on ζ = SR0 is therefore

[g(ζ) : g′(ζ)] =
[
ζ sin

(
s0 log

(
κ∗ζ

S

)
+ α0 + iη∗

)
:(

1
2

+
ζ2

S2a2
ho

)
sin
(
s0 log

(
κ∗ζ

S

)
+ α0 + iη∗

)
+ s0 cos

(
s0 log

(
κ∗ζ

S

)
+ α0 + iη∗

)]
.

We may again calculate the Evans function for the system with this boundary condition. For
η∗ > 0, we will find complex roots, that is, complex (resonance) energies. They can be found
efficiently using a root searching algorithm for analytic functions. We have used Müllers method
[58].

We will write the complex roots as

E = ET + i
ΓT
2
,

with ET > 0 and ΓT < 0. The number ET is called the resonance energy, while ΓT is called
the line-width of the resonance. It can be related at a heuristic level to the lifetime of an Efimov
trimer.

We have calculated the resonance energies for Cesium in a harmonic trap with trap frequency
1000 Hz. That is, we have used the same parameters as in section 5.5, except that we have
added an inelasticity parameter η∗ = 0.02. This parameter is exemplaric, and is not related to
observations in a physical experiment. The resulting trimer energies are shown in Figure 8. A
next step would be to fit η∗ to an experiment.

We observe that the states in the harmonic oscillator that are most similar to Efimov states
in free space, are least stable. This can be explained, as those states are more compact in space,
and the probability that the three particles are in the short-distance region, is therefore relatively
large. The higher excited states are more stable. For a given curve, we see fluctuations in the
decay rate. It seems that the decay is larger where a new state crossed the threshold ET = 0.
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Figure 8.1: Stability of Efimov trimers
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(a) The curves represent the energies of the Efimov Trimers of Cesium, in a trap of 1000 Hz. The
inelasticity parameter η∗ is chosen to equal 0.02. The color of the curves indicates the stability
of the Efimov trimers. The color green means that the trimer is relatively stable, while red
indicates rapid decay into deeply bound states. For a translation of the colors to magnitudes of
the linewidth, see part (b) of the Figure, in which the same color scheme is used.
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(b) The linewidth Γ of the Efimov resonances of Cesium, in a trap of 1000 Hz with η∗ = 0.02,
for some selected trimers (numbers 1, 2, 3, 6, and 17).
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Chapter 9

Exact solutions on resonance

In this chapter we are going to consider the case where the scattering length diverges, that is,
where 1/a = 0. This situation is sometimes also characterized by saying that the system is on
resonance. If we simultaneously use a zero-range model, in which we let the range of the potential
R0 approach zero at some point in our calculations, we can obtain exact solutions. We will first
show how this works for three bosons in free space. The exact solution for that case was derived
by Efimov [18] in one of the first papers on his effect.

After treating the exact solutions for three bosons in free spaces, we will show that the approach
is easily extended to three bosons in a harmonic oscillator. Werner has described in detail how
to obtain these exact solutions in his doctoral thesis [65]. He has also considered systems of three
fermions and different angular momenta.

9.1 Exact solutions for Efimov effect in free space

So let us assume in this chapter that 1/a = 0. To get acquainted with the ideas of obtaining
exact solutions on resonance, and to honor one of the first derivations of the Efimov effect, we first
consider the problem of three identical bosons in the absence of a harmonic oscillator. The problem
in the hyperradius is given by (PR0), with 1/a = 1/aho = 0. Hence, λ0(R/a) = λ0(0) = −s2

0. As
we consider the zero-range limit, we let R0 → 0 and obtain the problem

(P ) :


[
− d2

dR2 + −s20−1/4
R2

]
f0(R) = 2 sgn(K)K2f0(R), R ∈ (0,∞),

f0(R)→ 0, R→∞,
f0(R) =

√
R sin(s0 log(κ∗R) + α0) + o(

√
R) R→ 0.

This problem can now be solved exactly. The exponentially decaying, real solution to the differ-
ential equation is

f0(R) = A
√
RK is0(

√
2KR), A ∈ R,

with K denoting the modified Bessel function of the second kind. We can expand the Bessel
function for small values of its argument. We find

K is0(
√

2KR) ∼ sin(s0 log(KR) + α0) +O(R).

The α0 is the constant that was defined in (5.13). Actually, this asymptotic short-range behavior
of the Bessel function is the whole reason that we have introduced this constant α0 in earlier
calculations. Because by doing so, the relation between κ∗ and the trimer energies gets a particular
simple form: f0(R) is an eigensolution if and only if there exists an n ∈ Z such that

κ∗ = Kenπ/s0 .

This shows the accumulation of energies for 1/a = 0, that is, for a three-particle system of identical
bosons with resonant interactions.

83



9.2 Exact solutions in a harmonic potential

We will now look at the case with a confining harmonic potential. We will do our calculations in the
spherical coordinates in parameter space. The assumption of diverging scattering length translates
into the condition that ξ = ±π/2. For this situation, we would like to solve the differential
equation in problem (QR0) exactly. We strip off the exponential behavior by introducing a function
g : R+ → R such that

f(σ) = g(σ)e−
σ2

2 cosϑ2

For ξ = ±π/2, the function g satisfies[
− ∂2

∂σ2
+ 2 cos2 ϑσ

∂

∂σ
+ cos2 ϑ∓ 2 sin2 ϑ+

−s2
0 − 1/4
σ2

]
g = 0,

where we have used that λ(0) = −s2
0. The transformation z = σ2, h(z) = g(

√
z), yields

−4zh′′(z)− 2h′(z) + 4 cos2 ϑzh′(z) +
[
cos2 ϑ∓ 2 sin2 ϑ+

−s2
0 − 1/4
z

]
h(z) = 0.

We multiply by z/4 to find

−z2h′′(z)−
(z

2
− cos2 ϑz2

)
h′(z) +

1
4
[
z(cos2 ϑ∓ 2 sin2 ϑ)− s2

0 − 1/4
]
h(z) = 0.

The point z = 0 is a regular singular point of this equation. Hence, we can apply Frobenius
method to find the solution h in terms of a singular part times a power series, that is,

h(z) = zγ
∞∑
n=0

anz
n.

If we substitute this expression for h in the differential equation, and equate coefficients of zγ , we
obtain the so-called indicial equation for γ,

−(γ − 1)γ − γ

2
+
−4s2

0 − 1
16

= 0,

with solutions
γ =

1
4
± is0

2
.

We substitute h(z) = z1/4+ is0/2q(z), and write down the differential equation for q

−zq′′(z)− (1 + is0 − z cos2 ϑ)q′(z) +
((

1
4

+
is0

2

)
cos2 ϑ+

1
4

(cos2 ϑ∓ 2 sin2 ϑ)
)
q(z) = 0.

For ξ = π/2, the general solution to this equation is

q(z) = A U

(
1− 1

2 cos2 ϑ
+

is0

2
, 1 + is0, cos2 ϑ z

)
+

B L

(
−1 +

1
2 cos2 ϑ

− is0

2
, is0, cos2 ϑ z

)
, A,B ∈ C.

Here, U and L denote the hypergeometric U -function and Laguerre-L function respectively. The
boundary condition that the solution g should decay to zero as σ →∞ implies that B = 0. Hence,

g(σ) = A (cos2 ϑ σ2)1/4+is0/2 U

(
1− 1

2 cos2 ϑ
+

is0

2
, 1 + is0, cos2 ϑ σ2

)
, A ∈ C.
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If we calculate back to f , we find

f(σ) = A(cosϑ σ)−1/2W

(
1

2 cos2 θ
− 1

2
,

is0

2
, cos2 ϑ σ2

)
,

where W denotes the Whittaker function.
From the asymptotic behaviour of W , we can derive that as σ → 0,

f(σ) = −A(1 +O(σ2))
(cosϑ σ)1/2

is0

(
(cosϑ σ) is0/2

Γ(1− is0)
Γ
(
1− 1

2 cos2 ϑ −
is0
2

) + c.c.

)
.

That is,

f(σ) = −2A
√

cosϑ σ

∣∣∣∣∣∣∣∣
Γ(1− is0)

Γ
(

1− 1

2 cos2 ϑ− is02

)
∣∣∣∣∣∣∣∣×

× sin

(
s0 log(σ cosϑ) + arg

Γ(1− is0)
Γ
(
1− 1

2 cos2 ϑ −
is0
2

)). (9.1)

Consequently,

φ(σ;±π/2, ϑ) = s0 log(cosϑ)− arg Γ(1 + is0) + arg Γ
(

1
2
±
(

1
2
− 1

2 cos2 ϑ

)
+

is0

2

)
− α0.

Hence, f satisfies the boundary condition at short distances if and only if

arg Γ
(

1 +
is0

2
− 1

2 cos2 ϑ

)
= s0 log(κ∗/(T cosϑ)) + arg Γ(1 + is0) + α0 mod π.

We can translate this back in terms of the original parameters in the problem. We see that E is
an eigenvalue on resonance, if and only if

arg Γ
(

1 + is0 − E/(~ω)
2

)
= s0 log(κ∗aho) + arg Γ(1 + is0) + α0 mod π.

The expression that we have thus found, corresponds exactly to that obtained by Werner [66] and
Jonsell et al. [42].

9.2.1 Solutions for n ≥ 1

In a similar way, we may obtain exact solutions for the channel eigenvalues n ≥ 1. It eventually
comes down to solving the equation[

− d2

dσ2
+
s2 − 1/4
σ2

+ cos4 ϑσ2 ∓ 2 sin2 ϑ

]
f(σ) = 0. (9.2)

where s > 0 is a constant. It can be taken to equal sn := λn(0), but, systems with different
angular momenta, or for fermions, finally lead to the same equations, just for different values of s.

We are demanding the solutions to remain bounded as σ → 0. This yields a condition on the
energy. The differential equation (9.2) admits a solution σ 7→ f(σ), such that f(σ) tends to zero
exponentially as σ →∞, and f(σ) remains bounded for σ → 0, if and only if

E

~ω
= s+ 1 + 2q.
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Chapter 10

Literature comparison

In this chapter, we will compare our work with existing literature on the Efimov effect in a harmonic
potential. On resonance, where the scattering length diverges and 1/a = 0, the arguments of the
channel eigenvalues in (5.14) become constant. This allows for an exact solution of the asymptotic
differential equation, as we have described in the previous chapter. The derivations of these
solutions are similar to those in References [42, 65] and our results are the same. We may also
apply our numerical method in the case where 1/a = 0. We have plotted the spectrum for |a| =∞
thus obtained for three trapped bosons of zero angular momentum in Figure 10.1. This Figure
could be compared to Figure 3.6 in the doctoral thesis of Werner. The agreement is exact. This
could also be interpreted as a check of our numerical implementation, as the underlying formulas
already corresponded. Werner has found agreement with the results by Stoll and Köhler [61].
Hence, our results correspond to those found in Reference [61] as well. Since Stoll and Köhler
have presented their results in a rather complex way, we have not yet made a direct comparison
in the sense that we reproduced the same plot. We do, however, observe qualitative agreement of
the results.

In 2008, Thøgersen, Fedorov, and Jensen have studied the influence of the effective range on the
universal Efimov effect [63]. They have considered a system with a Gaussian interaction potential,
given by

V (r) = V0 exp(−r2/R2
0),

where V0 and R0 are constants. The range R0 has been chosen to equal R0 = aho/3965. We have
calculated the effective range and the scattering length of a Gaussian potential in section 2.3.2.

Although the main purpose of the paper [63] is to show the influence of the effective range, the
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Figure 10.1: The spectrum at |a| =∞ for three trapped bosons of zero angular momentum. The
figure corresponds exactly to Figure 3.6 in the doctoral thesis of Werner [65].
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model that has been used contains a harmonic trap as well. The use of a trap is convenient in the
numerical simulations. The wave functions and the eigenvalues of the Hamiltonian are calculated
numerically, using a variational method. The wave functions are expanded on symmetrized linear
combinations of basis functions, that are chosen as correlated Gaussians. The covariance matrices
associated with those Gaussians are optimized stochastically. The calculated energies, as function
of the scattering length, are plotted in the main figure, Fig. 1, of the article. Through the measured
points, curves are drawn, that indicate the expected behavior.

We can choose our parameters a and κ∗, and R0 in such a way that they should correspond
to the ones used in Ref. [63]. We took κ∗ = 3.5aho and R0 = aho/3965. We can then compare
the numerical results with the results from our model using the approximation based on the
scattering length alone, described in Chapter 5. We have reproduced the same figure, and have
plot our curves with the main figure of Ref. [63] as a background. The result is shown in Figure
10.2.

We observe that the results of both approaches agree very well, except maybe for the lowest
trimer energy. Additionally, we note that we can assign the numerically calculated eigenvalues to
different hyperspherical channels: some of the points belong to eigenvalues found in the zeroth
hyperspherical channel (the red curves in Figure 10.2), while others belong to those found in
the first hyperspherical channel (the green curves in Figure 10.2). This observation answers an
eventual question why there are eigenvalues measured in [63] that seem to lie very close, yet not
close enough to conclude that they are actually on the same curve. Hence, the method we have
used provides a qualitative description of the features observed in Fig. 1 of [63].

That the prediction of the lowest trimer energy is not that accurate is probably due to finite
range effects. We have chosen a value of R0 equal to the R0 used in the definition for the Gaussian
potential, but it is questionable whether this was the right choice, as the potential V is not really
cut off at a distance R0. If we take a smaller value of R0, R0 = 10−8aho, we obtain the dashed
blue line in Figure 10.2, which seems a better approximation. The differences with the numerical
experiments might now be explained by effective range effects.

The effective range corrections calculated in Chapter 7 might be tested as well. If we calculate
the binding energies of the second trimer using this model, we find corrections to the binding
energies that are plotted in Figure 10.3. The corrected binding energy is lower than the original
one, and the difference gets larger for larger values of 1/a. This trend is noted in Ref. [63] as well.
The improvement of the prediction can be related to the improved approximation of the energy
of the weakly bound dimer. The better approximation of the trimer energy obtained when using
the effective range correction is an argument in favor of the approach of Chapter 7.
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Figure 10.2: Comparison of the results of a variational method to determine the eigenvalues, with
those obtained with our method. We have used Fig. 1 of Reference [63] as a background, and have
plotted the bound state curves found by our model (with κ∗ = 3.5aho, R0 = aho/3965) on top
of it. The red curves are solutions found in the zeroth hyperspherical channel. The green curves
represent solutions found in the first hyperspherical channel. The dashed blue curve is obtained
by choosing a different value for R0 = 10−8aho.
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Figure 10.3: Trimer energies as calculated within the model based on the scattering length alone
(red, solid), and a correction on this based on the effective range (blue, dashed). The straight
diagonal line is the universal approximation of the energy of the weakly bound dimer, based on
the scattering length alone. The black solid curve below the diagonal line is the approximation of
the dimer energy based on the scattering length and the effective range.
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Chapter 11

Conclusion and outlook

We have formulated the Efimov effect in a harmonic potential in such a way, that it is a natural
extension of the Efimov effect in free space. The main result of the report can best be summarized
if we repeat two figures. Figure 11.2(a) illustrates the Efimov effect in free space. The curved
solid lines represent the wave number K = sgn(E)

√
E of bound states in a three-particle system,

depending on the inverse of the scattering length 1/a. The curves can be mapped on top of each
other by multiplying the distance to the origin by a factor of about 22.7. Near the point of zero
energy and diverging scattering length, an accumulation of bound states occurs.

Figure 11.1: Illustration of main result

(a) A schematic picture of the Efimov effect in free space.
The curved solid lines indicate the bound states of the
three-particle system. The curves can be scaled on top of
each other and there is an accumulation of bound states
near the point of zero energy, and diverging scattering
length.
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(b) A schematic picture of the Efimov effect in a har-
monic potential. The curved solid lines in part (a) of
the figure are replaced by surfaces. The surfaces can be
scaled on top of each other and there is an accumulation
of bound states near the point of zero energy, diverg-
ing scattering length, and diverging harmonic oscillator
length.

In this report, we have extended the two-dimensional figure 11.2(a) with an 1/aho-axis, where
aho is the harmonic oscillator length. The larger aho, the weaker the harmonic oscillator. We have
again considered the bound states of three particles, and obtained Figure 11.2(b). The surfaces
in the figure can be mapped on top of each other by multiplying the distance to the origin by
a factor of about 22.7. Where the Efimov effect in free space shows the accumulation of bound

90



state curves near the point of zero energy and diverging scattering length, the Efimov effect in
a harmonic potential is expressed by the accumulation of bound state surfaces near the point of
zero energy, diverging scattering length, and diverging harmonic oscillator length.

Finding a description of the Efimov effect in a harmonic potential is a first step towards a
description of the effect in an optical lattice, which is a periodic potential induced by a standing
wave of laser light. The potential at a single site can be approximated by a harmonic potential.
Therefore, the description of three particles at a deep lattice site will be similar to the description
of three particles in a harmonic potential.

An optical lattice could provide the means to isolate three particles at one lattice site. In that
case, interaction of the three particles with the rest of the system can be limited, which would
increase the stability of the trimer states. As the depth of an optical lattice is easily tuned by
varying the intensity of the lasers, one has extra experimental control which might also be exploited
to minimize losses. Eventually, one hopes that there are enough means to observe Efimov states
directly.

We have derived the model for the Efimov effect in a harmonic oscillator starting from the
Schrödinger equation for three particles with two-particle interactions and a harmonic oscillator
potential. We applied the adiabatic hyperspherical approximation and the Faddeev transforma-
tion. These two ingredients isolate the two-particle processes that play a role in the three-particle
system. Solutions to the two-particle problems give rise to effective potentials in a set of un-
coupled differential equations in the hyperradius R, that expresses the root-mean-square of the
interparticle distances. The different differential equations are said to correspond to different hy-
perspherical channels that are numbered from zero to infinity. The Efimov effect is found via the
differential equation in the zeroth channel. Solving this equation has led to Figure 11.2(b). For
fixed harmonic oscillator length, the zeroth hyperspherical channel admits bound states that are
very similar to Efimov states for E + H(a)a−2 < 0 and 1/a2

ho < E + a−2 < R−2
0 , where H is the

Heaviside function and R0 is a typical range of the short-range potential. Quasi-continuum states
were found for E + H(a)a−2 > 0, that is, for those combination of scattering length and energy
where for three particles in free space a continuum is found. In the zeroth hyperspherical channel,
we find for positive scattering length states that are similar to a weakly bound dimer plus a third
particle of which the relative movement is quantized in harmonic oscillator energies. For negative
scattering length, the states have the appearance of those of three independent particles.

If 1/R0 � 1/a� 1/aho, the allowed energies are similar to those for the Efimov effect in free
space. As soon as 1/a becomes comparable to 1/aho, the picture changes drastically. In particular,
for fixed aho, the accumulation point of bound states near 1/a = K = 0 is removed. The harmonic
oscillator pushes the bound states apart.

Our results unify the work on Efimov trimers in a harmonic potential so far. It corresponds to
the exact results that one can obtain in the zero-range limit if the scattering length diverges [42,
66, 65]. That is, the results that we have obtained for 1/a = 0 are also found analytically in those
references. On the other hand, the full numerical calculations by Thøgersen et al. [63] that give
realistic results for a particular choice of interaction potential can be reproduced very satisfactorily.
The energies calculated in Reference [63] lie close to the curves that describe the binding energies
according to our model. Additionally, we can give the bound states an interpretation by assigning
them to different hyperspherical channels. This way, the underlying physics becomes clearer.
Finally, our model seems to agree with the results of Stoll and Köhler as well [61].

The simple model stemming from the adiabatic hyperspherical approximation can be improved.
The energy curves found in different channels cross. We have included the coupling between
the various adiabatic hyperspherical channels at a heuristic level, and showed that due to the
interaction between the various channels, the crossings arising from the simple model were actually
avoided crossings. Additionally, the equivalent of three-particle recombination in free space seems
to be the coupling between the different channels in the harmonic oscillator.

The avoided crossings allow for controlled adiabatic transitions between different hyperspherical
channels, which would be impossible without a harmonic potential. For instance, starting in the
first hyperspherical channel, a controlled change of the scattering length allows in this way for a
transition from three independent particles to a combination of an atom and a dimer.
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We have also considered corrections that came from including the effective range. In literature,
it has been argued that the effective range rs could take over the role of κ∗ [33, 56]. In other words,
in certain parameter ranges, the value of κ∗rs is fixed. When we do a similar calculation in our
model, we do find that κ∗rs is constant, but the value of the constant we find is different. In 2009,
Platter, Ji and Phillips have also investigated effective range corrections to three-body physics
[57]. They arrived at exactly the same modifications for the channel eigenvalues as we do. Even
earlier, in 2001, Fedorov and Jensen [28] have proposed a regularization method in the three-body
problem with short-range potentials, based on the effective range and the shape parameter, and
arrive at the same formula. Such a regularization in fact implies choosing a κ∗. We have shown
in an example that at least asymptotically, the method employed in this report and in the last
two references is a very good approximation. The question whether it is good as a regularization
procedure is still open. If it is, this would contradict other results in literature. Our expectation
is, that regularization based on the effective range will not give reliable answers. The variable κ∗

is dependent on and very sensitive to the short-range physics. Keeping the effective range fixed,
but changing other short-range parameters could still change κ∗ drastically. We hope that the
present work can add to the discussion.

Future work

What is the Efimov effect?

The research concerned with Efimov trimers is flourishing. The theoretical advances are supported
by experimental successes and vice versa. While some outcomes of the experiments have shown
very good agreement with theory, others have not. Certainly, this implies that the notions related
to the Efimov effect are evolving. It is therefore still a valid question what the Efimov effect
exactly is. To mention one aspect, the discrete scaling symmetry of the spectrum has only partly
been observed in Reference [69]. The factor between the position of the different Efimov states is
not exactly 22.7. Such experiments show that it is important to realize that the scaling symmetry
becomes better and better only in the limit of zero energy and diverging scattering length. A
formulation of the Efimov effect should take this into account. In our opinion, the search for a
good definition of the Efimov effect would help in understanding the phenomenon.

As we described the Efimov effect in free space in our introduction, we have attempted to give
a definition that showed its most important features. We have thereby kept in mind both the
original formulation of the Efimov effect [17] and more recent descriptions [12]. One of the key
features of the Efimov effect is the universality. In principle, it would not matter what the exact
shape of the interaction potential of the particles is, as long as κ∗ and a are known, the bound
states of the three-particle system can be predicted.

Eventually, we would like to see a proof of the Efimov effect, that would reflect this univer-
sality. In such a treatment, one would start with a admissible set of two-particle potentials, and
derive some of the features rigorously. As an extra condition, we would like the potentials to be
multiplication operators in coordinate space. The proofs by Amado and Noble of the Efimov effect
[3, 4] have been seen as rigorous proofs of the Efimov effect, but as mentioned in the introduction,
the potentials that they have used were not multiplication operators in coordinate space, and are
therefore not physical.

We would like to give a few suggestions on how a proof might be set up. To start, one could
think of restricting the admissible interaction potentials V to V ∈ C∞0 , that is, potentials that are
nice and smooth, and V (r) = 0 for some r > R0. By choosing V equal to zero for large distances,
one would have better grip in approximations that make use of the short-range character of the
potential. Potentials that are nonzero on large distances but decay rapidly, might later be included
as a perturbation.

Because the Efimov effect is a statement about the spectrum of the operator

H = −∆ +
∑
i

Vi,
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one could ask whether it would be in fact a more general phenomenon, that would occur already
if the sum of the potentials is replaced by some arbitrary multiplication operator. Indeed, an
accumulation of the spectrum also occurs in the hydrogen atom, where it could be understood by
the rate at which the potential approaches zero. The idea arises whether the accumulation of bound
states in the Efimov effect is just a consequence of the way the potential operator behaves/decays
to zero for large distances.

However, having a look at the current literature, we see that the Efimov effect is rather rigid.
There is a paper called ”There is no Efimov effect for four or more particles” [2]. (The Efimov
effect, however, induces interesting effects also in a four-particle system.) The effect may also be
considered in different spatial dimensions, and three dimensions is the only integer dimension in
which it occurs [54]. We also should not forget, that the accumulation of bound states only occurs
when the potential V is really resonant, or in other words, when its scattering length diverges.

It is essential that the potential in the Hamiltonian is the sum of two-particle potentials, and
that these interaction potentials have large scattering length. A first question to answer would
perhaps be, whether we can prove that if the scattering length is infinite, there is an infinite
number of bound states near zero energy. A next step would be to prove that the consecutive
energies indeed approach the universal ratio

En+1

En
→ e−

2π
s0 , n→∞.

This way, one could give a proper definition to κ∗.
Having defined κ∗, it would be time to vary the potential by multiplications λV . This way, any

potential in C∞0 can be considered, not only those with infinite scattering length. Per definition,
λV should have the same value of κ∗ as V itself. In this stage, it should be proved that the bound
states of λV vary in λ in a way that is independent of the exact shape of V .

As we recognize the two-particle process to be so important, and as we would like V to be mul-
tiplication operators in coordinate space, we think that the way of working with the hyperspherical
method as in [27, 54] and in this report could be a good option. However, it might be necessary to
make a better distinction between what is still exact, and what are approximations. Concerning
the approximations, one would like to see the consequences, preferably in the form of error bounds.
The question that then needs to be answered is, although we make this approximation, are our
statements still correct for the exact case?

We have tried to be as precise as possible. The point in our report at which the expansion
in hyperangular wave functions is made is, however, tricky and unconventional. Kvitsinsky and
Kostrykin [47] have obtained rigorous results on this expansion, but they treat a slightly different
case in which the hyperspherical expansion is made in the Schrödinger equation instead of the
Faddeev equation. Looking back, it might be better to first apply the adiabatic hyperspherical
expansion, before one turns to the Faddeev formulation. In this way, one also avoids the use of
the matrix G that appears in the calculation of the coupling elements.

In classical mechanics, a three-body problem without external forces is confined to a plane. In
a quantum-mechanical system, the equivalent statement is that the Hamiltonian commutes with
SO(3) rotations of the coordinates. We can choose coordinates that describe on the one hand
the orientation of the plane, plus three coordinates that describe the relative arrangement of the
particles. This is called choosing a body frame. An important point is that we can make the choice
to restrict ourselves to eigenstates that have total angular momentum zero. The considerations
would still be exact, except that we can only find part of the eigenvalues, and not all. Nevertheless,
the eigenvalues associated with the Efimov effect are found for total angular momentum zero.

In the context of three-body problems, body frames have been studied extensively. In this
respect, references go back to Zickendraht [70]. Also, within mathematical literature the body
frame for three particle problems has been of interest [40]. Coordinate frame singularities have
been studied in [50].

An additional advantage of studying the problem in the body frame is, that in the problem
we would be left with merely three coordinates. This might open the way to efficient numerical
simulations as a check of our simpler models. Nielsen et al. [54] have chosen not to work in
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Figure 11.2: Bound states in a four-body system. There are pairs of four-body states (red, solid)
tied to universal Efimov states (green, dashed). Figure taken from Reference [23].

the body frame, mainly because they did not see advantages numerically, as for higher angular
momenta, one needs to solve a coupled system of differential equations. For angular momentum
zero, we think that it might be a good idea to work in the body frame from both a numerical and
an analytical point of view.

In our report, we have seen that the hyperangular problem plays a key role. In our derivation,
it was the place where the information on the two-particle process came in parametrized by the
scattering length and the effective range. We see great room for improvement in this step. The
matching procedure could probably be a good starting point to derive more precise error bounds.
Eventually, one would need to get grip on λ0. A scaling behavior for λ0 should be obtained, in that
there exists a function λ̃, such that λ0(R;V ) ≈ λ̃(R/a). The details of this scaling are important.
Questions that arise are, whether we would still obtain λ0(R;V ) ≈ −s2

0 or that perhaps other
constants are possible as well. From the information on λ0, one could finally turn back to the
radial problem, and derive the Efimov effect as a consequence of an effective ∼ 1/R2 potential, as
long as one can control the coupling terms Pmn and Qmn as well.

As a final remark, we would like to note that it might be helpful to nondimensionalize the
equation in an earlier stage. We have decided not to do this, as in the earlier stage there was not
yet an obvious length scale. However, taking the square root of the energy as an inverse length
scale would for instance naturally correspond to taking the range of the potential to zero. This
shows how the zero-range limit and the small energy limit are related.

In the derivations, the harmonic oscillator could act as a regularizing factor. One could first
do calculations with the harmonic oscillator present, and then take the limit of the strength of the
harmonic oscillator to zero.

Increasing the physical complexity

We have mentioned in our introduction that eventually, we would like to find a description of
the Efimov effect in an optical lattice. Our approximation of the potential at a lattice site by a
harmonic potential was a first step towards such a description. As a possible next step, one might
want to consider a potential that represents a lattice of truncated harmonic oscillators. We expect
a band structure for the spectrum of the corresponding Hamiltonian.

A very valid question would be, whether we would really observe enhanced stability for Efimov
trimers, which was one of the motivating factors of using an optical lattice. We have seen for a
system of identical bosons, that the trimer decay into deeply bound states is still relatively fast.
Nonetheless, tuning the strength of the harmonic oscillator, one has experimental control over the
position of the bound states. It would be interesting to find out how one could minimize the loss
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from the trap by tuning the magnetic field and the strength of the harmonic potential respectively
the optical lattice.

If the tunneling between the lattice sites is restricted, it might be possible to separate the
trimers from other particles, thereby limiting other processes that could distort the trimers. To
consider such effects, study of more-body processes will be necessary.

Despite of the proof that there is no Efimov effect in N -particle systems for N ≥ 4 in Reference
[2], there are still many exciting aspects about four-body physics, that are very similar to the
Efimov effect. Recent experiments have provided evidence for universal four-body states tied to
an Efimov trimer [29]. For a discussion of this article, we also recommend Reference [23]. Hence,
universality plays a role also in four-body systems.

For a real experimental setup of an optical lattice, a more realistic description of the potential
than a periodic function would be a superposition of such a periodic function and a (weak) har-
monic oscillator [11]. This suggests that regularization by introducing a weak harmonic oscillator
has actually a physically realistic counterpart.

It would also be interesting to see how our work can be extended to describe distinguishable
particles in a harmonic oscillator. The use of Jacobi and hyperspherical coordinates is not bound
to identical particles, nor to particles with the same mass. We expect that the hyperradial problem
could still be solved in a similar way, only the channel eigenvalues and the coupling terms would
change.

To conclude

The research area of universality in few-body physics is evolving at a high pace. In this report,
we have contributed by proposing a description of the Efimov effect in a harmonic potential. We
hope that the problems of universality in few-body physics will become of increased interest to
the mathematical community. Universality comes down to making predictions that are valid for
large classes of objects without considering the details. Mathematics is the ideal science to tackle
such issues. We believe that in close collaboration with theoretical and experimental physics, the
understanding of few-body physics and ultracold gases might be greatly enhanced.
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Technology Assessment

This report is concerned with three-particle systems. The study of few-particle processes helps
in understanding ultracold gases. The unitary regime studied in this report, where the scattering
length of the potential is large, is exactly the regime of the BCS-BEC crossover. Understanding
of this regime could give more insight in high-temperature superconductors.

BECs are giant matter waves, and possible applications are atom lasers, the matter-wave
equivalent of lasers. Due to the short de-Broglie wavelength of atom lasers, they would be perfectly
suited for interferometry. Interferometers based on atom lasers are predicted to be so sensitive
that they could detect changes in space-time or local variations in the gravitational potential.

Another thriving factor for the research of few-particle systems is the prospect of quantum
computing. By exploiting quantum-physical phenomena such as superposition and entanglement,
quantum computers are expected to be orders of magnitudes faster than ordinary computers. The
optical lattices that were at the basis of the study in this report are promising candidates for
quantum information processing.

In past years, more often the idea of quantum simulation has appeared. The idea is that a
complex quantum-mechanical system could be simulated by a much simpler one. Such a simulator
would have the nature of an analog computer.

The few-particle processes described in this thesis can be seen as chemistry on a very basic
level. Just by putting atoms close together and applying an external magnetic field, molecules
can be formed. Using a technique called photo-association, these molecules can be made tightly
bound by means of lasers. Eventually, understanding how to produce such simple molecules could
be a starting point for creating more complex molecules.
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