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Chapter 1

Introduction

In many applications, a system has to perform the same task repeatedly. Examples of such
systems are robotic manipulators, (e.g., a pick and place machine, or a wafer-stage), and chemical
batch processes. Since the task is repetitive in nature, any feedback controller applied to these
systems will result in an error signal that is equal for every repetition (trial). If this error does
not meet the required performance specifications, a solution has to be found that is able to meet
the specifications.

One interesting solution is given by Iterative Learning Control (ILC). ILC is a control strategy
based on the idea that the performance of a system that executes a repeated task can be improved
by learning from previous trials. A properly designed ILC controller iteratively finds a command
signal that yields high system performance.

1.1 Problem Formulation

Although the command signal generated by the ILC controller is based on measured data, the
controller is designed using a system model. Since no model can truly reflect the real system
behaviour, the controller is required to have some robustness against model uncertainty. Depend-
ing on the amount of uncertainty present, and on the robustness of the controller itself, the ILC
controlled system can become unstable, rendering ILC useless.

In ILC research, results for stability and convergence of the ILC controlled system (see, e.g.
[BTA06]) are available, assuming that the system model is exact. The analysis of stability and
convergence in presence of model uncertainty, i.e., robust ILC, is less studied. Although it is
reckoned that ILC is, to some extend, robust against unmodelled dynamics and nonlinearities,
[AOR96], not many results are available that can make quantitative statements about robustness,
or even guarantee ILC to be robust.

In a literature survey, [Don07], existing robust ILC strategies have been investigated and poten-
tial directions for research have been formulated. One interesting observation is that a common
approach in robust feedback control is to model uncertainty using a weighting filter and a norm
bounded element [SP05]. Since, this approach can be easily extended to be used on a finite-
time interval, it sounds appealing to utilise this in the ILC framework. A second observation is
that high performance ILC controllers behave noncausally, [VMdV02, Gol02], and make use of
the finite-time character of ILC, [NS02]. Hitherto, no robust ILC approach exists that has these
properties and employs the aforementioned uncertainty model. On the contrary, except for the
uncertainty model, norm optimal ILC controllers (see, e.g., [AOR95, DB02b, FP00, GN01]) do
have these properties.
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By considering the aforementioned observations, we can formulate the following problem state-
ment:

How can we:

• analyse convergence properties of ILC controlled systems when dealing
with an uncertain model?

• design non-causal, finite-time ILC controllers that are monotonically
convergent, given an uncertain system?

1.2 Contributions of This Thesis

Inspired by the apparent favourable properties of norm optimal ILC controllers, in Chapter 2 of
this thesis, we present a paper [DWB08b], in which we propose a framework that enables us to
study robustness of ILC controllers. Although this framework is applicable to any linear first
order ILC controller, we focus our attention to robustness of norm optimal ILC controllers. As
a result, we obtain sufficient conditions that guarantee such a controller to be robust against a
given additive uncertainty bound.

A second contribution to the field of robust ILC is presented in Chapter 3, in which also a paper
is presented [DWB08a]. In this paper, we present a novel robust ILC strategy, that inherently
acts a finite-time interval, exploits noncausal behaviour, and incorporates an uncertainty model
in the controller. We can guarantee that the ILC controller is robust, as long as the uncertainty
description represents the actual uncertainty correctly.

This thesis also contains three Appendices: In the first, we discuss the equivalence between ILC
controllers that operate in the lifted domain and the ones that operate in the finite-time domain,
as studied by [DB02a, DB02b]. We show that the finite-time ILC control problem follows from
reformulation of the cost functional of the lifted ILC control problem, or vise versa. This obser-
vation gives valuable insight in how to formulate the robust ILC control problem. In the second
Appendix, we demonstrate that it is legitimate to represent the uncertainty as we do throughout
this thesis. The last Appendix, we show the results of applying robust ILC to a MIMO model of a
flexible structure. This example demonstrates that the developed ILC theory is in fact applicable
to MIMO problems.
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Robustness against Model Uncertainties of Norm Optimal
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Robustness against Model Uncertainties of Norm Optimal
Iterative Learning Control

M.C.F. Donkers, J.J.M. van de Wijdeven, O.H. Bosgra
Department of Mechanical Engineering

Eindhoven University of Technology
P.O.Box 513, 5600 MB Eindhoven, The Netherlands

{j.j.m.v.d.wijdeven,o.h.bosgra}@tue.nl

Abstract— In this paper, we study MIMO Iterative Learning
Control (ILC) and its robustness against model uncertainty.
Although it is argued that, so-called, norm optimal ILC
controllers have some inherent robustness, not many results
are available that can make quantitative statements about the
allowable model uncertainty. In this paper, we derive sufficient
conditions for robust convergence of the ILC algorithm in
presence of an uncertain system with an additive uncertainty
bound. These conditions are applied to norm optimal ILC,
resulting in guidelines for robust controller design. Theoretical
results are illustrated by simulations.

I. INTRODUCTION

IN many control applications, a system has to perform the
same task over and over again. Examples of such systems

are robotic manipulators (e.g., a pick and place machine) and
chemical batch processes. Iterative Learning Control (ILC) is
a control strategy that uses the repetitive nature of the task to
improve performance by learning from previous experience.
When properly designed, an ILC controller iteratively finds
a command signal that yields high system performance. For
an introduction to ILC, the reader is referred to [5].

ILC research has always focussed on stability and con-
vergence of the ILC algorithm. The analysis of stability and
convergence in presence of model uncertainty, i.e., robust
ILC, is less studied. In [10], [12], robustness properties of
Linear Quadratic (LQ) ILC controllers (see, e.g., [3], [7], [9],
[14]) are studied. Herein, the analysis is performed in the
frequency domain and therefore, only approximate (possibly
conservative) results are obtained. This is due to the fact that
the Fourier transform assumes that signals act on an infinite
interval, whereas in ILC, they inherently act on a finite time
interval.

Systematic approaches to synthesise robust ILC controllers
are studied in [4], [18]. With the control problem posed
as an H∞ optimal control problem, these results have two
drawbacks: First, they are posed in the frequency domain.
And second, the solutions are causal, i.e., the command
signal in trial k+1 at time t only depends on information of
trial k at time [0, . . . , t − 1]. In [11], [21], it was argued
that the real benefit of ILC lies in the noncausality of
the command signal. An alternative robust ILC approach
[1], [2], represents model uncertainty as interval uncertainty
in the system’s Markov parameters. Although the resulting

controllers are noncausal, synthesis of these controllers is
numerically demanding.

Thus, existing tools for analysing and synthesising robust
ILC controllers still have a number of deficiencies, caused
by frequency domain representations, causality of the ILC
controller, and a cumbersome representation of the model
uncertainty. In this paper, we develop analysis and synthesis
tools that overcome these limitations.

As a main contribution of this paper, we derive robust
convergence conditions for first order ILC controllers, using
a framework that incorporates the finite time character of
ILC. In order to derive these conditions, we present a, for
ILC, novel way to represent uncertainty. Moreover, we give
a frequency domain interpretation of the robust convergence
conditions. As it turns out, the results of [10] form a
special case of the work presented here. Finally, we consider
design issues for both the aforementioned LQ-ILC solutions,
and solutions that incorporate an uncertainty model in the
controller [8], [22], for they have a very similar structure.

The remainder of this paper is organised as follows. In
Section II, we introduce the necessary ILC notations. Next, in
Section III, the robust convergence problem is defined. Sub-
sequently, sufficient conditions for robust convergence, both
in finite time and frequency domain, are derived in Section
IV. In Section V, we illustrate the robust convergence results
by means of simulation examples of the LQ-ILC controllers.
Finally, some conclusions are drawn in Section VI.

II. NOMENCLATURE

In this paper, we consider discrete time, Linear Time
Invariant (LTI) systems, with l outputs and m inputs. Since
for these systems the z-transform exists, we can represent
a set of perturbed systems Π with a bounded additive
uncertainty as follows:

Π : {Jp(z) = J(z) + Wi(z)∆(z)Wo(z) : ‖∆(z)‖i2 ≤ 1} .
(1)

In (1), J(z) represents the nominal model, Wi(z) and Wo(z)
form a bound on the additive uncertainty, and ∆(z) is an
arbitrary stable, minimum phase system. The Frequency Re-
sponse Function (FRF) is obtained by substituting z = ejϑ.

Since ILC explicitly acts on a finite time interval
t ∈ [0, 1, . . . , N − 1 ], we can use the lifted setting,

1The contents of this chapter is submitted for the proceedings of the 2008 ACC [DWB08b].
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as first introduced in [17], to express our systems and filters.
In this setting, every time signal in trial k is stored in either
an lN - or an mN -dimensional column vectors, e.g.:

yk =
[
yT

k (0), yT
k (Ts), . . . , yT

k ((N − 1)Ts)
]T

, (2)

where Ts denotes the sampling time. For brevity of notation,
Ts is omitted in the remainder of this paper. In the same
setting, systems are represented by its convolution matrix:

J =


j(0) 0 . . . 0

j(1) j(0)
...

...
. . . . . . 0

j(N − 1) . . . j(1) j(0)

 , (3)

where the sequence {j(0), j(1), . . . , j(N − 1)}, with j(t) ∈
Rl×m, denotes the system’s Markov parameters. The Markov
parameters result from observing the system’s response to a
unit pulse. The matrices Wi and Wo are derived from Wi(z)
and Wo(z), respectively, similar as J from J(z). Using the
lifted notation, a finite time representation of (1) can be
written as:

Π : {Jp = J + Wi∆Wo : ‖∆‖i2 ≤ 1} . (4)

The set Π now maps an input vector fk ∈ RmN to an output
vector yk ∈ RlN , i.e., yk = Jpfk. The lifted system ∆ of
(4) represents an arbitrary full rank, lower triangular, block
Toeplitz matrix. Although, representing uncertainty as in (4)
is a novel idea for ILC, it is a matured concept in the field
of robust control theory (see, e.g., [19]).

In this paper, we use both the z-domain and the lifted
description. To avoid any confusion, all z-domain signals
will have the index z.

Furthermore, in this paper, we make extensive use of
norms. Given a lifted description, the induced 2-norm is
defined as follows:

‖J‖i2 = sup
f 6=0

‖Jf‖2
‖f‖2

= σ(J), (5)

where ‖f‖2 =
√
〈f, f〉 denotes the 2-norm for vectors and σ

denotes the maximum singular value. For a transfer function
description, the induced 2-norm is given by:

‖J(z)‖i2 = sup
f(z) 6=0

‖J(z)f(z)‖2
‖f(z)‖2

= sup
ϑ∈[−π,π]

σ
(
J(ejϑ)

)
.

(6)

III. THE ROBUST MONOTONIC CONVERGENCE PROBLEM

In this Section, we define the robust monotonic conver-
gence problem, that we will subsequently solve for general
norm optimal ILC controllers in Section IV. Yet first, let
us consider the ILC control structure used in this paper.
This control structure is similar to the one used in [23]
and is shown in Fig. 1. The corresponding trial domain
dynamics are:{

uk+1 = Quk + Liek

fk = Louk

with ek = r − Jpfk, (7)

with corresponding closed loop dynamics:

uk+1 = (Q− LiJpLo) uk + Lir. (8)

ekuk+1 +

+

+
w—1I

Q

+

+

r

uk

—

Li

Lo

fk
J

∆ WiWo

qk pk

Fig. 1: General ILC control structure.

Eq. (7) is robust asymptotically stable in the trial domain
if and only if all eigenvalues of Q− LiJpLo ∀ Jp ∈ Π are
within the unit circle [5], [15]. More important, however, is
the notion of monotonic convergence. The command signal
of the ILC algorithm converges monotonically if there exists
a 0 ≤ α < 1 such that:

‖uk+1 − u∞‖2 = α‖uk − u∞‖2, (9)

where u∞ = limk→∞ uk. If we extend the concept of
monotonic convergence to include model uncertainty, we can
define robust monotonic convergence.

Definition 3.1 (Robust Monotonic Convergence): Given
an Q, Li and Lo, the ILC system (7) has the property
Robust Monotonic Convergence (RMC) if there exists a
0 ≤ α < 1, for all Jp ∈ Π, such that:

‖uk+1 − u∞‖2 = α‖uk − u∞‖2, (10)

with:
α = ‖Q − LiJpLo‖i2. (11)

The difference between monotonic convergence and RMC
is that in the former case we only guarantee the command
signal to converge for Jp = J .

Definition 3.2 (Robust Performance): Robust Perfor-
mance (RP) of the ILC system (7) is defined as the error
for k →∞, i.e.:

e∞ =
(
I − JpLo (I −Q+ LiJpLo)

−1
Li

)
r, (12)

Note that (12) can equal zero for all Jp ∈ Π if and only
if Q = I and r ∈ Im(Jp).

IV. ROBUST MONOTONIC CONVERGENCE OF NORM
OPTIMAL ILC

In this Section, we derive sufficient conditions for RMC
for a norm optimal ILC controlled system in both the lifted
and frequency domain.

The norm optimal ILC controller is a generalisation of
the LQ-ILC controller, as studied in [3], [7], [9], [14]. In
this setting, the control problem is to minimise the following
cost functional:

J = eT
k+1Qek+1 + fT

∆Rf∆ + fT
k+1Sfk+1, (13)

where f∆ = fk+1 − fk, and Q = QT > 0, R = RT ≥ 0,
and S = ST ≥ 0 denote weighting matrices. Substituting
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ek+1 = ek−Jf∆ and taking ∂J
∂fk+1

= 0, yields the following
LQ optimal ILC controller:

fk+1 =
(
JT QJ + R + S

)−1 ((
JT QJ + R

)
fk + JT Qek

)
.

(14)
This can be put in the framework of (7) by defining:

Q =
(
JT QJ + R + S

)−1 (
JT QJ + R

)
, (15a)

Li =
(
JT QJ + R + S

)−1
JT Q, (15b)

Lo = I. (15c)

In LQ-ILC, the weighting matrices Q, R, and S are often
taken in the form of βI , where β is a scalar. However,
we can generalise the LQ-ILC solution such that we no
longer assume that Q, R, and S have a diagonal structure.
In [8], for example, a robust ILC control structure is derived
that explicitly incorporates an uncertainty model in the
controller’s weighting matrices.

After combining (4) with (15a), (15b), and (15c), condition
(11) shows that this ILC algorithm is RMC if:

‖
(
JT QJ + R + S

)−1 (
R− JT QWi∆Wo

)
‖i2 < 1, (16)

for all ‖∆‖i2 < 1. Since this expression is still a function
of ∆, we cannot use it to guarantee RMC: Any effort to
remove this ∆ using algebraic manipulations, results in very
conservative results.

In the remainder of this Section, we present two ways
to circumvent this problem: First, we derive conditions for
RMC in the lifted domain using concepts from robust feed-
back control, to be more specifically, µ-analysis (see, e.g.,
[16], [19]). Subsequently, we employ a frequency domain
interpretation to derive results for Single-Input-Single-Output
(SISO) systems.

A. Lifted Domain RMC

For deriving RMC conditions in the lifted domain, we
consider the N∆ structure, see Fig 2a. This structure can be
obtained by reorganising Fig. 1, i.e.:[

qT
k uT

k+1

]T = N
[
pT

k uT
k

]T
, (17)

with:

N =
[

0 WoLo

−LiWi Q− LiJLo

]
. (18)

This formulation enables us to use generally well known
ideas from robust control theory: With ‖∆‖i2 ≤ 1, the upper
linear fractional transformation:

‖Fu(N,∆)‖i2 = ‖Q − Li (J + Wi∆Wo)︸ ︷︷ ︸
Jp

Lo‖i2 < 1, (19)

is exactly equal to (11). Because we require ‖Fu(N,∆)‖i2 <
1 ∀ ‖∆‖i2 ≤ 1, we can include this requirement in the ∆-
block, as shown in Fig. 2b.

A standard result from µ-analysis, [16], [19], yields that
‖Fu(N,∆N )‖i2 < 1 if:

inf
D∈D

‖DND−1‖i2 < 1, (20)

k k+1

k k

(a) (b)

Fig. 2: N∆-structure.

where D = {D : D∆N = ∆ND : ∆N ∈ ∆}, and ∆ =
{diag[∆1,∆2] : ‖∆1‖i2, ‖∆2‖i2 ≤ 1}.

Lemma 4.1: Given a Q and S, robustness against model
uncertainty is maximal if R = 0.

Proof: Consider the fact that the induced 2-norm of N has
the following lower bound:

max {‖WoLo‖i2, ‖LiWi‖i2, ‖Q − LiJLo‖i2} ≤ ‖N‖i2.
(21)

If we choose S = 0, we have ‖Q−LiJLo‖i2 = 1− ε. Then
‖N‖i2 ≥ 1− ε, even when the uncertainty is very small. If
we choose R = 0, then ‖Q − LiJLo‖i2 = 0 giving:

max {‖WoLo‖i2, ‖LiWi‖i2} = ‖N‖i2, (22)

which maximises the allowable model uncertainty.

The following Proposition is our main result.
Proposition 4.2: For R = 0, the ILC algorithm is RMC if:

min

‖Wo‖i2 · ‖
(
JT QJ + S

)−1
JT QWi‖i2

‖Wo

(
JT QJ + S

)−1
JT Q‖i2 · ‖Wi‖i2

 < 1 (23)

Proof: Consider the N∆ structure of Fig. 2a. Substitution
of (15a), (15b), and (15c) into (20), and applying the result
of Lemma 4.1 yields:

inf
D1

∥∥∥∥[
D1 0
0 I

] [
0 Wo

−LiWi 0

] [
D−1

1 0
0 I

]∥∥∥∥ < 1, (24)

and D1 an arbitrary lower triangular block Toeplitz matrix.
If we take D1 = δI , (24) becomes:

max
{
δ‖Wo‖i2,

1
δ ‖LiWi‖i2

}
< 1. (25)

If the first term of (23) is satisfied, then there exists a δ ∈ R+,
such that (25) is satisfied.

To proof the second term of (23), we first need to
transform the ILC controller of (7) under similarity using
a transformation matrix T :{

uk+1 = T−1QTuk + T−1Liek

fk = LoTuk,
(26)

thereby leaving the input/output behaviour of the ILC con-
troller unaltered. If we take T = Li, and again take R = 0,
(20) becomes:

inf
D1

∥∥∥∥[
D1 0
0 I

] [
0 WoLi

−Wi 0

] [
D−1

1 0
0 I

]∥∥∥∥ < 1. (27)
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Applying similar reasoning as to (25) yields the second
term of (23).

B. Frequency Domain RMC

Although we argued that the frequency domain is not the
preferred domain to analyse RMC, it can give us valuable in-
sight in the RMC properties of norm optimal ILC controllers.
The following Lemma states that the frequency domain can
be used to obtain sufficient conditions for the lifted domain.

Lemma 4.3: Given a LTI system, described by a transfer
function G(z) and a Toeplitz matrix G, representing its
input/output behaviour on a finite time interval, their induced
2-norms satisfy the following inequality:

‖G‖i2 ≤ ‖G(z)‖i2. (28)
Proof: The reader is referred to [15] and [13,

Section 9.6].

Using this Lemma, we can derive a sufficient condition
for RMC. In the following result, we restrict ourselves
to SISO systems, since, the derivation requires the matrix
multiplications to commute. In other words, we require:
Wi(z)∆(z)Wo(z) = Wi(z)Wo(z)∆(z) = WA(z)∆(z).
Furthermore, we also require Q, R, and S to correspond to
an LTI system, so that their z-transform exists. The following
result is a generalisation of [10].

Proposition 4.4: A SISO ILC controlled system is RMC
if the following inequality is satisfied:

‖
(
JT (z)Q(z)J(z) + S(z)

)−1
JT (z)Q(z)WA(z)‖i2 < 1.

(29)
Proof: The sufficiency is shown by obtaining a frequency

domain interpretation of (16), using Lemma 4.3. For a SISO
system, the induced 2-norm is smaller than one, if the
magnitude of its frequency response is smaller than one for
all frequencies. This requirement is satisfied if:∣∣R(ejϑ)− JT (ejϑ)Q(ejϑ)WA(ejϑ)∆(ejϑ)

∣∣ <∣∣JT (ejϑ)Q(ejϑ)J(ejϑ) + R(ejϑ) + S(ejϑ)
∣∣ , (30)

for all ϑ ∈ [−π, π]. Since JT QJ , R and S are symmetric
and positive (semi)definite, they represent zero-phase filters
in the frequency domain. Furthermore, since ∆ is an arbitrary
system, there exists a ∆ for which the upper bound of
the triangular inequality is achieved. Therefore, without
introducing extra conservatism, (30) can be rewritten to:∣∣R(ejϑ)

∣∣ +
∣∣JT (ejϑ)Q(ejϑ)WA(ejϑ)

∣∣ <∣∣JT (ejϑ)Q(ejϑ)J(ejϑ) + S(ejϑ)
∣∣ +

∣∣R(ejϑ)
∣∣ ⇔∣∣JT (ejϑ)Q(ejϑ)WA(ejϑ)

∣∣ <∣∣JT (ejϑ)Q(ejϑ)J(ejϑ) + S(ejϑ)
∣∣ .

The latter expression can be rewritten to (29).

Remark: The condition of Proposition 4.4 is independent
of the parameter R. Hence, the parameter R does not
influence the robustness against model uncertainty. A

similar statement has also been made in [12].

Corollary 4.5: Proposition 4.4 shows that some uncer-
tainty can be allowed while still retaining maximum per-
formance. If the multiplicative uncertainty ‖WM (z)‖i2 =
‖J−1(z)WA(z)‖i2 < 1, the norm optimal ILC solution with
R = S = 0 is RMC. This result is very similar to that of
[6], in which model based feedforward is discussed.

V. SIMULATION EXAMPLE

In this Section, we illustrate the results of Section IV using
an LQ-ILC controller. Hence, we restrict Q, R, and S to have
a diagonal form.

A. System Description

For this example, we consider a model of the two-mass
system used in [23]. The continuous time dynamics of this
system are governed by the following transfer function:

G(s) =
ds + k

m1m2s4 + (m1 + m2)ds3 + (m1 + m2)ks2
,

(31)
where m1 = 2 · 10−4, m2 = 1.6 · 10−4, d = 5.66 · 10−4,
and k = 9.8. Uncertainty is introduced by perturbing the
values d and k between 95% and 105% of their nominal
values. A discrete time equivalent of this model is obtained
by using a ’zero-order-hold’ approximation with a sampling
frequency of 1kHz. Since this system is marginally stable, it
is controlled using feedback with the following controller:

K(s) = 0.2

(
1

2π·3s + 1
) (

1
(2π·52)2 s2 + 0.02

2π·52s + 1
)

(
1

2π·20s + 1
) (

1
(2π·52)2 s2 + 2

2π·52s + 1
) , (32)

which is implemented in discrete time using a Tustin ap-
proximation with a prewarp frequency of 52Hz. In case we
use feedback control in conjunction with ILC, the process
sensitivity is the relevant transfer function for ILC:

J(z) = (I + G(z)K(z))−1
G(z). (33)

The nominal system model is obtained by taking the
nominal values for k and d. The additive uncertainty bound
of the process sensitivity is obtained by taking a Tustin
approximation of the following continuous time bound:

WA(s) = 5 · 10−6 ·

(
1

(2π·0.2)2 s2 + 2
2π·0.2s + 1

)
(

1
(2π·5.2)2 s2 + 0.6

2π·5.2s + 1
) ·

(
1

(2π·51)2 s2 + 1.1
2π·51s + 1

) (
1

(2π·54.5)2 s2 + 1.1
(2π·54.5)s + 1

)
(

1
(2π·51)2 s2 + 0.04

2π·51s + 1
) (

1
(2π·54.5)2 s2 + 0.042

(2π·54.5)s + 1
) .

(34)

Since this example is a SISO system, all matrix multiplica-
tions commute, and we can take either Wi(z) = WA(z) and
Wo(z) = 1 or Wi(z) = 1 and Wo(z) = WA(z).

The lifted system description of (4) is obtained by defining
J , Wi and Wo as given in (3). The perturbed system’s
impulse response and the defined trajectory for ILC (which
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is in fact the reference trajectory filtered by the sensitivity
function (I + G(z)K(z))−1) are depicted in Fig. 3 and Fig.
4, respectively.

0 0.1 0.2 0.3 0.4 0.5
-0.05

0

0.05

0.1

Time (s)

Fig. 3: The impulse response of the uncertain system Jp.

0 0.1 0.2 0.3 0.4 0.5
-30

-20

-10

0

10

20

30

Trajectory for ILC
Reference trajectory

Time (s)

Fig. 4: The applied reference trajectory r.

One final issue concerning this example is that we im-
plicitly assumed that the matrix has full rank J . Since our
example system is strictly proper and has a non-minimum-
phase-zero due to sampling, J is not of full rank [20].
Singularity of J can be handled properly by considering the
Singular Values Decomposition (SVD) of J :

J = UΣV T ≈ U1Σ1V
T
1 , (35)

where U,Σ, V ∈ RN×N , U1, V1 ∈ RN×(N−2), and
Σ1 ∈ R(N−2)×(N−2). Using this SVD, we can slightly
modify (7) as follows:

ek = UT
1 r − ( Σ1︸︷︷︸

Ĵ

+UT
1 Wi︸ ︷︷ ︸
Ŵi

∆ WoV1︸ ︷︷ ︸
Ŵo

)fk, (36)

which results in a full rank system description.

B. RMC for R = S = 0 and Retaining Uncompromised
Performance

In Corollary 4.5, we stated that if we require uncompro-
mised performance in combination with RMC, we have to
satisfy ‖WM (z)‖i2 < 1. To illustrate this, we consider the

following multiplicative uncertainty:

WM (s) = 5.8 · 10−7·(
1

(2π)2 s2 + 1.2
2π s + 1

)2

(
1

(2π·4.5)2 s2 + 1
2π·4.5s + 1

) (
1

(2π·52)2 s2 + 0.032
2π·52s + 1

) ,

(37)

which is discretised using a Tustin transformation. The
additive uncertainty description is obtained as follows:

WA,1(z) = J(z)WM (z). (38)

It can verified that this additive uncertainty bound satisfies
the condition of Corollary 4.5. An uncertain system that does
not satisfy these conditions is given by:

WA,2(z) = 2.5 · J(z)WM (z). (39)

Fig. 5 shows the convergence behaviour for several sys-
tems in the two sets by choosing Q = I , R = S = 0. It can
be seen that the set using WA,2, although it is stable, does
not achieve RMC.

0 5 10 15 20 25

10−10

10−5

100 Jp = J + WA,2Δ
Jp = J + WA,1Δ

‖e
k
‖ 2

Trial (k)

Fig. 5: Convergence of the error with R = S = 0.

C. RMC Cannot be Guaranteed for R 6= 0 and S = 0
Here, we show that by tuning R, we cannot achieve RMC.

For that, we use (34) as our uncertainty bound and choose
Q = I and S = 0. In Fig. 6, convergence, or lack thereof,
is shown for R = 0, R = 0.1 · I and R = I . Increasing R
will only postpone the appearance of the instable behaviour.

D. RMC for R = 0 and S 6= 0
Propositions 4.2 and 4.4 are both sufficient conditions

for RMC. This is due to the fact that even monotonic
convergence for the nominal system is stated as a sufficient
condition. However, if we violate the aforementioned con-
ditions, the system can become unstable. Using (34), the
system is RMC for Q = I , R = 0, and S = 0.7 · I , while
for S < 0.7 · I , the conditions are not satisfied. Fig. 7 shows
that for S = 0.5 · I , the system becomes unstable, although
one might wrongfully conclude that the system is stable after
observing the first few trials.
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0 5 10 15 20 25 30 35 40 45 50

10−10

10−5

100

105

1010

R = 0
R = 0.1 · I
R = I

‖e
k
‖ 2

Trial (k)

Fig. 6: Convergence of the error with R 6= 0 and S = 0.

0 5 10 15 20 25 30 35 40 45 50

101

102

S = 0.5 · I
S = 0.7 · I

‖e
k
‖ 2

Trial (k)

Fig. 7: Convergence of the error with R = 0 and S 6= 0.

VI. CONCLUSIONS

In this paper, we studied robustness against model un-
certainty of norm optimal ILC controllers in the finite time
domain. For that, we introduced the notion of robust mono-
tonic convergence (RMC) and presented sufficient conditions
to guarantee RMC, for a given norm optimal ILC controller
and an additive uncertainty bound. It turns out that RMC can
be examined by evaluating a single expression. Using this
expression, we obtained guidelines for synthesis of robust
ILC controllers. Finally, we illustrated these design issues
with simulation examples using an LQ-ILC controller.

In our current research, [8], we focus on synthesis of
robust ILC controllers that are equipped with an uncertainty
model inside the controller. For these controllers, it can be
guaranteed that the ILC algorithm is RMC.

Future research should focus on extending the theory to
include analysis of higher order ILC, as well as trial varying
model uncertainty. Moreover, in Lemma 4.1, we stated that
R = 0 for optimal robustness against model uncertainty. In
case of trial varying disturbances, it could be beneficial to
choose R 6= 0. However, it is still not fully understood how
this affects the RMC conditions.
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[20] R. Tousain, E. van der Meché, and O.H. Bosgra. Design strategy for
iterative learning control based on optimal control. In Proc. of the
40th Conf. on Decision and Control, pages 4463–4468, Orlando, FL,
USA, December 2001.

[21] M.H.A. Verwoerd, G. Meinstra, and T.J.A. de Vries. On the use of
noncausal LTI operators in iterative learning control. In Proc. of the
41th Conf. on Decision and Control, pages 3362–3366, Las Vegas,
NV, USA, December 2002.

[22] J.J.M. van de Wijdeven and O.H. Bosgra. Noncausal finite-time robust
Iterative Learning Ccontrol. In To appear in Proc. of the 46th Conf.
on Decision and Control, New Orleans, LA, USA, 2007.

[23] J.J.M. van de Wijdeven and O.H. Bosgra. Residual vibration suppres-
sion using Hankel iterative learning control. Int. Journal of Robust
and Nonlinear Control, 2007.



Chapter 3

A Design Approach for Noncausal Robust Iterative Learning

Control using Worst Case Disturbance Optimisation2

A Design Approach for Noncausal Robust Iterative Learning Control
using Worst Case Disturbance Optimisation

M.C.F. Donkers, J.J.M. van de Wijdeven, O.H. Bosgra
Department of Mechanical Engineering

Eindhoven University of Technology
P.O.Box 513, 5600 MB Eindhoven, The Netherlands

{j.j.m.v.d.wijdeven,o.h.bosgra}@tue.nl

Abstract— In this paper, we present a novel Iterative Learn-
ing Control (ILC) strategy that is robust against model uncer-
tainty, as given by a system model and an additive uncertainty
bound. The design methodology hinges on H∞ optimisation,
however, the procedure is modified such that the ILC controller
is noncausal and inherently acts on a finite time interval.
The resulting controller has the structure of a norm optimal
ILC controller, so that robustness can be easily assessed.
Furthermore, in an example, we show that the presented robust
ILC controller can outperform linear quadratic ILC controllers.

I. INTRODUCTION

ITERATIVE Learning Control (ILC) is a control strategy
that can be applied to high performance systems that per-

form a task repeatedly. Since the task is repetitive, it sounds
natural to include experience from previous trials to improve
performance of the controlled system in the subsequent trial.
Hence, by learning from previous errors. A properly designed
ILC controller iteratively finds a command signal that yields
high system performance. For an introduction to ILC, the
reader is referred to [7].

Although the command signal generated by the ILC con-
troller is based on measured data, the controller is designed
using a system model. Since no model can truly reflect the
real system behaviour, the controller is required to have
some robustness against trial invariant model uncertainty.
Depending on the amount of uncertainty present, and on the
robustness of the controller itself, the ILC controlled system
can become unstable, rendering ILC useless.

In the past, already some contributions have been made
that study the robustness of ILC against model uncertainty,
i.e., Robust ILC (R-ILC). For a norm optimal ILC con-
troller (see, e.g., [3], [10], [14]), it is recognised that it
has some robustness against model uncertainty. To quantify
the allowable uncertainty, tools have been developed in [9],
[11], [13]. Although an uncertainty model is used to analyse
robustness, the ILC controller itself does not incorporate such
an uncertainty model, resulting in a declined performance of
the ILC algorithm.

A class of R-ILC controllers that do incorporate an uncer-
tainty model in the design of a controller, pose the design
problem as an H∞ optimisation problem, [4], [19]. Herein,
the design problem is posed in the frequency domain, and
therefore, yields a conservative result. This is due to the fact

that the Fourier transform assumes that signals act on an
infinite time interval, whereas in ILC, they inherently act on
a finite time interval. Moreover, the resulting H∞ optimal
controllers are causal, which is also a limitation. Causality
of ILC controllers refers to the fact that the command signal
in trial k + 1 at time t only depends on information of trial
k at time [0, . . . , t− 1]. Though, according to [12], [22], the
real benefit of ILC lies in the noncausality of the solution.
In [16], the ILC controller problem is formulated as an H∞
problem in the trial domain, but trial varying uncertainty is
discussed, instead of trial invariant uncertainty.

Another suggestion that uses an uncertainty model for
designing an ILC controller, is made in [1], [2]. Herein,
model uncertainty is represented as interval uncertainty in the
system’s impulse response. Although the resulting controllers
are noncausal and inherently act on a finite time interval,
synthesis of these controllers can be numerically demanding.

In this paper, we present an R-ILC controller, with a
structure similar to that of norm optimal ILC controllers, that
incorporates an uncertainty model in the controller. Because
of this similar structure, we can use results of [9] to show
that the ILC algorithm is robust. For the derivation of the
controller, we use a procedure similar to H∞ optimisation,
however, modified in such a way that the solution becomes
noncausal and inherently acts on a finite time interval. A
similar procedure is presented in [23], however, in this
paper we can make statements about robustness in a more
elegant way.

The remainder of this paper is organised as follows.
In Section II, we introduce the necessary ILC notations.
Subsequently, in Section III, we quickly review the ideas and
results of [9], by defining the robust monotonic convergence
problem and by giving sufficient conditions for robust mono-
tonic convergence. The main contribution of this paper, the
R-ILC solution, is presented in Section IV. In Section V, a
simulation example is discussed that shows that the presented
R-ILC controller outperforms the conventional norm optimal
ILC controller, while retaining its robustness. Finally, some
conclusions are drawn in Section VI.

II. NOMENCLATURE

In this paper, we consider discrete time, Linear Time
Invariant (LTI) systems, with l outputs and m inputs. Since

2The contents of this chapter is submitted for the proceedings of the 2008 ACC [DWB08a].
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for these systems the z-transform exists, we can represent
a set of perturbed systems Π with a bounded additive
uncertainty as follows:

Π : {Jp(z) = J(z) + Wi(z)∆(z)Wo(z) : ‖∆(z)‖i2 ≤ 1} .
(1)

In (1), J(z) represents the nominal model, Wi(z) and Wo(z)
form a bound on the additive uncertainty, and ∆(z) is an
arbitrary stable, minimum phase system. The Frequency Re-
sponse Function (FRF) is obtained by substituting z = ejϑ.

Since ILC explicitly acts on a finite time interval
t ∈ [0, 1, . . . , N − 1 ], we can use the lifted setting,
as first introduced in [18], to express our systems and filters.
In this setting, every time signal in trial k is stored in either
an lN - or an mN -dimensional column vector, e.g.:

yk =
[
yT

k (0), yT
k (Ts), . . . , yT

k ((N − 1)Ts)
]T

, (2)

where Ts denotes the sampling time. For brevity of notation,
Ts is omitted in the remainder of this paper. In the same
setting, systems are represented by its convolution matrix:

J =


j(0) 0 . . . 0

j(1) j(0)
...

...
. . . . . . 0

j(N − 1) . . . j(1) j(0)

 , (3)

where the sequence {j(0), j(1), . . . , j(N − 1)}, with j(t) ∈
Rl×m, denotes the system’s Markov parameters. The Markov
parameters result from observing the system’s response to a
unit pulse. The matrices Wi and Wo are derived from Wi(z)
and Wo(z), respectively, similar as J from J(z). Using the
lifted notation, a finite time representation of (1) can be
written as:

Π : {Jp = J + Wi∆Wo : ‖∆‖i2 ≤ 1} . (4)

The set Π now maps an input vector fk ∈ RmN to an output
vector yk ∈ RlN , i.e., yk = Jpfk. The lifted system ∆ of
(4) represents an arbitrary full rank, lower triangular, block
Toeplitz matrix. Although, representing uncertainty as in (4)
may be a novel idea for ILC, it is a mature concept in the
field of robust control theory (see, e.g., [20]).

In this paper, we use both the z-domain and the lifted
description. To avoid any confusion, all z-domain signals
will have the index z.

Furthermore, in this paper, we make extensive use of
norms. Given a lifted description, the induced 2-norm is
defined as follows:

‖J‖i2 = sup
f 6=0

‖Jf‖2

‖f‖2
= σ(J), (5)

where ‖f‖2 =
√
〈f, f〉 denotes the 2-norm for vectors and σ

denotes the maximum singular value. For a transfer function
description, the induced 2-norm is given by:

‖J(z)‖i2 = sup
f(z) 6=0

‖J(z)f(z)‖2

‖f(z)‖2
= sup

ϑ∈[−π,π]

σ
(
J(ejϑ)

)
.

(6)

III. CONDITIONS FOR ROBUST MONOTONIC
CONVERGENCE

In this Section, we revise the results presented in [9],
where the notion of robust monotonic convergence (RMC)
is formulated and conditions for RMC for norm optimal ILC
controllers are derived. Yet first, let us consider the ILC
control structure used in this paper. This control structure
is similar to the one used in [24] and is shown in Fig. 1.
The corresponding trial domain dynamics are:{

fk+1 = Qfk + Lek

ek = r − Jpfk,
(7)

with the corresponding closed loop dynamics:

fk+1 = (Q− LJp) fk + Lr. (8)

ekfk+1 +

+

+
w—1I

Q

+

+

r

fk

—

L

J

∆ WiWo

qk pk

Fig. 1: General ILC control structure.

In [7], [17], conditions for stability and convergence of
the ILC controlled system are given. We extend the notion
of monotonic convergence to include model uncertainty.

Definition 3.1 (Robust Monotonic Convergence): Given a
Q and L, the ILC system (7) has the property Robust
Monotonic Convergence (RMC) if there exists an 0 ≤ α < 1
such that for all Jp ∈ Π:

‖fk+1 − f∞‖2 = α‖fk − f∞‖2, (9)

with:
α = ‖Q − LJp‖i2, (10)

and f∞ = limk→∞ fk.
The difference between monotonic convergence and RMC

is that in the former case we only guarantee the command
signal to converge monotonically for Jp = J .

In [9], conditions for RMC are derived for norm optimal
ILC controllers. These controllers have the following filters:

Q =
(
JT QJ + R + S

)−1 (
JT QJ + R

)
, (11a)

L =
(
JT QJ + R + S

)−1
JT Q, (11b)

where Q = QT > 0, R = RT ≥ 0, and S = ST ≥ 0 denote
weighting matrices. Note the difference between Q and Q:
the former is a filter, while the latter is a weighting matrix.

In [9], [13] it was argued that allowable model uncertainty
is maximal if we take R = 0. Considering this fact,
a sufficient condition for RMC is given in the following
Proposition, [9].
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Proposition 3.1: For R = 0, an ILC controlled system is
RMC if:

min

‖Wo‖i2 · ‖
(
JT QJ + S

)−1
JT QWi‖i2

‖Wo

(
JT QJ + S

)−1
JT Q‖i2 · ‖Wi‖i2

 < 1 (12)

Proof: For a proof, the reader is referred to [9].

IV. R-ILC AND THE MINIMAX GAME

Using the results of the previous Section, it has become
possible to design a norm optimal ILC controller that has
RMC. As the main contribution of this paper, we discuss a
procedure that results in an R-ILC controller that explicitly
incorporates an uncertainty model. As it turns out, the
structure of the controller is similar to that of norm optimal
ILC controllers. For this, we present a theory similar to
discrete time H∞ control theory [5], [15], but modified in
such a way that the solution is noncausal and inherently finite
time. Hence, since the Hardy space refers to a class of stable,
causal transfer functions, the name H∞ is not appropriate for
this solution.

A. General Formulation

A common approach in robust control theory is to for-
mulate the problem using the generalised plant paradigm,
that is depicted in Fig. 2. Given a generalised plant P , the
control problem is to find a controller K that minimises the
performance outputs z, which are disturbed by disturbances
w, using controlled inputs u and measured outputs y.

Fig. 2: The generalised plant paradigm.

In [5], [15], finite time H∞ is discussed. A suboptimal
controller is found by solving the following minimax crite-
rion:

min
u

max
w

J (w(t), u(t), z(t), y(t)) , (13)

where:

J =
N−1∑
t=0

zT (t)z(t)− γ2wT (t)w(t), (14)

Using an observation made in [3], this cost functional can
be converted into a lifted domain cost functional:

J = zT z − γ2wT w. (15)

Optimal control problems are usually posed as constrained
optimisation problems. The constraints stem from the system
dynamics and from relations describing measured outputs.

Since in the lifted domain, the system dynamics are hidden
inside the Toeplitz matrices, the constraints consist of the
measured output relations only. These constraints can be
added to (15) using Lagrange multipliers (see, e.g., [6]).
Then, the solution that minimises the maximum disturbance
is found where the constrained cost functional has a saddle
point, i.e., where the Jacobian of the cost functional equals
zero.

B. R-ILC using a Generalised Plant Formulation

The objective of an ILC controller is to minimise the error
ek+1 using measured information of ek and fk. According
to Fig. 1, the error at trial k is as follows:{

ek = r − Jfk −Wipk

qk = Wofk,
(16)

Since the reference trajectory r is equal for each trial, the
error at trial k + 1 can be described as follows:

ek+1 = ek + Jfk + Wipk − Jfk+1 −Wipk+1

qk = Wofk

qk+1 = Wofk+1.

(17)

Furthermore, in norm optimal ILC, it is common to limit
the change of command signal between two subsequent
trials, i.e., by weighting f∆ = fk+1 − fk. We can add this
requirement to the generalised plant, using weighting matrix
R1/2, where R = R1/2R1/2. Using the fact that ek and fk

are measured outputs, we can define the inputs and outputs
of the generalised plant as follows:

w =
[
pT

k pT
k+1 eT

k fT
k

]T
(18a)

u = fk+1 (18b)

z =
[
qT
k qT

k+1 eT
k+1 fT

∆

]T
(18c)

y =
[
eT
k fT

k

]T
(18d)

Using (17), (18a), (18b), (18c), and (18d), we can state the
ILC control problem using the following generalised plant:

qk

qk+1

ek+1

f∆

ek

fk

 =


0 0 0 Wo 0
0 0 0 0 Wo

Wi −Wi I J −J
0 0 0 −R1/2 R1/2

0 0 I 0 0
0 0 0 I 0




pk

pk+1

ek

fk

fk+1


(19)

We can now present the solution to the optimal ILC control
problem.

Proposition 4.1: The controller that minimises the in-
duced 2-norm of the generalised plant (19) has the structure
of (7) with learning filters:

Q =
(
JT QJ + R + S

)−1 (
JT QJ + R

)
(20a)

L =
(
JT QJ + R + S

)−1
JT Q (20b)

with:

Q =
(
I − 1

2γ−2WiW
T
i

)−1
, and S = WT

o Wo. (21)
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Proof: The minimax game is solved by looking for a
saddle point of (15), i.e., where its Jacobian equals zero.
Substituting (19), with w and z according to (18a) and (18c),
in (15) gives the following unconstrained cost functional:

J = fT
k

(
WT

o Wo + R− γ2I
)
fk

− γ2
(
pT

k pk + pT
k+1pk+1 + eT

k ek

)
+ fT

k+1

(
WT

o Wo + R
)
fk+1 − 2fT

k Rfk+1

+ (Wipk −Wipk+1 + ek + Jfk − Jfk+1)
T

(Wipk −Wipk+1 + ek + Jfk − Jfk+1) (22)

The saddle point is achieved where the following partial
derivatives equal zero:

∂J
∂pk

=
(
WT

i Wi − γ2I
)
pk −WT

i Wipk+1

+ WT
i ek + WT

i Jfk −WT
i Jfk+1 = 0 (23a)

∂J
∂pk+1

=
(
WT

i Wi − γ2I
)
pk+1 −WT

i Wipk

−WT
i ek −WT

i Jfk + WT
i Jfk+1 = 0 (23b)

∂J
∂fk+1

= −JT Wipk + JT Wipk+1 −
(
JT J + R

)
fk

− JT ek +
(
JT J + R + WT

o Wo

)
fk+1 = 0 (23c)

Note that we do not take ∂J
∂ek

and ∂J
∂fk

, since they are
measured outputs and, therefore, given. Adding (23a) to
(23b) yields that pk+1 = −pk. Substituting this onto (23a)
gives us:

pk =
(
γ2 − 2WT

i Wi

)−1 (
WT

i ek + WT
i Jfk −WT

i Jfk+1

)
.

(24)
Finally, applying pk = −pk+1 to (23c), and substituting (24)
herein, yields:(
JT

(
I − 1

2γ−2WiW
T
i

)−1
J + R + WT

o Wo

)
fk+1 =

JT
(
I − 1

2γ−2WiW
T
i

)−1
(ek + Jfk) + Rfk,

(25)

from which (20a) and (20b) can be obtained.

Remark: The structure of this controller is equivalent to
that of (11a) and (11b). According to Proposition 3.1, we
require R = 0 for optimal robustness, which we will apply
in the remainder of this paper.

C. RMC of the R-ILC Controller

Like in H∞ feedback control, the R-ILC controller is
suboptimal, i.e., γ > γopt, where γopt is the induced 2-norm
of the closed loop system. The closed loop system N is
obtained by substituting fk+1 = Qfk + Lek into (19), and
is given by:[

qT
k qT

k+1 eT
k+1

]T = N
[
pT

k pT
k+1 eT

k fT
k

]T
, (26)

where:

N =

 0 0 0 Wo

0 0 WoL WoQ
Wi −Wi I − JL J(I −Q)

 (27)

Note that we have taken R = 0 and removed f∆ from the
closed loop system. The suboptimal controller can approach
the optimal solution by iteratively lowering γ for as long as
γ ≥ ‖N‖i2.

The lowest achievable γ, denoted γmin is dictated by
fundamental properties of (27).

Lemma 4.2: The lowest achievable γmin < γ is given by:

max {‖Wo‖i2, ‖WoL‖i2, ‖Wi‖i2,

‖I − JL‖i2, ‖J(I −Q)‖i2} ≤ γmin. (28)
Proof: The induced 2-norm of (27) is bounded from

below by the induced 2-norm of its elements (see, e.g., [20,
Appendix A].)

Next, we show that if our uncertainty bound can be
formulated such that Wi = I , the R-ILC controller guar-
antees RMC of ILC algorithm for any Wo and any achieved
γmin < γ.

Proposition 4.3: If we assume Wi = I , the suboptimal
R-ILC controller obtained from Proposition 4.1 guarantees
RMC of the ILC algorithm.

Proof: According to Proposition 3.1, a norm optimal ILC
controller, with R = 0, is RMC if:

‖Wi‖i2‖Wo

(
JT QJ + S

)−1
JT Q‖i2 < 1. (29)

Let the Singular Value Decomposition (SVD) of J and Wo

be given by J = UJΣJV T
J and Wo = UoΣoV

T
o . Substituting

Q and S as defined in Proposition 4.1, taking Wi = I , and
substituting the SVD of J and Wo gives:

‖
(
ΣJV T

J VoΣ−1
o + qΣ−1

J V T
J VoΣo

)−1 ‖i2 < 1, (30)

with: q = (1− 1
2γ−2).

Eq. (30) can be further simplified by considering the
SVD of ΣJV T

J VoΣ−1
o . If ΣJV T

J VoΣ−1
o = UΣV T , then

Σ−1
J V T

J VoΣo = UΣ−1V T , and (30) becomes:

‖
(
Σ + qΣ−1

)−1 ‖i2 < 1, (31)

which holds, if and only if q > 1
4 . This is guaranteed

for γ > 1
3

√
6. Because according to Lemma 4.2,

γmin > ‖Wi‖i2 = 1, any suboptimal controller is RMC.

V. SIMULATION EXAMPLE

In this Section, we illustrate the theory by means of
a simulation example. In this example, we consider an
uncertain system and compare the performance of the newly
proposed R-ILC controller with a Linear Quadratic (LQ)-ILC
controller, i.e., a norm optimal ILC controller with diagonal
weighting matrices Q, R, and S.

A. System Description

For this example, we consider a model of the two-mass
system used in [24]. The continuous time dynamics of this
system are governed by the following transfer function:

G(s) =
ds + k

m1m2s4 + (m1 + m2)ds3 + (m1 + m2)ks2
,

(32)
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where m1 = 2 · 10−4, m2 = 1.6 · 10−4, d = 5.66 · 10−4,
and k = 9.8. Uncertainty is introduced by perturbing the
values d and k between 95% and 105% of their nominal
values. A discrete time equivalent of this model is obtained
by using a ’zero-order-hold’ approximation with a sampling
frequency of 1kHz. Since this system is marginally stable, it
is controlled using feedback with the following controller:

K(s) = 0.2

(
1

2π·3s + 1
) (

1
(2π·52)2 s2 + 0.02

2π·52s + 1
)

(
1

2π·20s + 1
) (

1
(2π·52)2 s2 + 2

2π·52s + 1
) , (33)

which is implemented in discrete time using a Tustin ap-
proximation with a prewarp frequency of 52Hz. In case we
use feedback control in conjunction with ILC, the process
sensitivity is the relevant transfer function for ILC:

J(z) = (I + G(z)K(z))−1
G(z). (34)

The nominal system model is obtained by taking the
nominal values for k and d. The additive uncertainty bound
of the process sensitivity is obtained by taking a Tustin
approximation of the following continuous time bound:

WA(s) = 5 · 10−6 ·

(
1

(2π·0.2)2 s2 + 2
2π·0.2s + 1

)
(

1
(2π·5.2)2 s2 + 0.6

2π·5.2s + 1
) ·

(
1

(2π·51)2 s2 + 1.1
2π·51s + 1

) (
1

(2π·54.5)2 s2 + 1.1
(2π·54.5)s + 1

)
(

1
(2π·51)2 s2 + 0.04

2π·51s + 1
) (

1
(2π·54.5)2 s2 + 0.042

(2π·54.5)s + 1
) .

(35)

Since this example is a SISO system, we can use the results
of Proposition 4.3, and we take Wi(z) = 1 and Wo(z) =
WA(z).

The lifted system description of (4) is obtained by defining
J , Wi and Wo as given in (3). The perturbed system’s
impulse response and the defined trajectory for ILC (which
is in fact the reference trajectory filtered by the sensitivity
function (I + G(z)K(z))−1) are depicted in Fig. 3 and Fig.
4, respectively.

0 0.1 0.2 0.3 0.4 0.5
-0.05

0

0.05

0.1

Time (s)

Fig. 3: The impulse response of the uncertain system Jp.

One final issue concerning this example is that we im-
plicitly assumed that the matrix has full rank J . Since our
example system is strictly proper and has a non-minimum-
phase-zero due to sampling, J is not of full rank [21].

0 0.1 0.2 0.3 0.4 0.5
-30

-20

-10

0

10

20

30

Trajectory for ILC
Reference trajectory

Time (s)

Fig. 4: The applied reference trajectory r.

Singularity of J can be handled properly by considering the
SVD of J :

J = UΣV T ≈ U1Σ1V
T
1 , (36)

where U,Σ, V ∈ RN×N , U1, V1 ∈ RN×(N−2), and
Σ1 ∈ R(N−2)×(N−2). Using this SVD, we can slightly
modify (7), such that a full rank system description is
obtained:

ek = UT
1 r − ( Σ1︸︷︷︸

Ĵ

+UT
1 Wi︸ ︷︷ ︸
Ŵi

∆ WoV1︸ ︷︷ ︸
Ŵo

)fk. (37)

B. RMC of a R-ILC Controlled System

After giving a description of the system under consider-
ation, we can design the ILC controllers, such that the ILC
algorithm is RMC.

For the LQ-optimal controller, Proposition 3.1 gives a suf-
ficient condition for RMC. The ILC controller with learning
filters (11a), (11b), with Q = I , R = 0, and S = 0.7 · I ,
guarantees RMC.

For the R-ILC controller, we use the z-domain equivalent
of (27) to assess whether the suboptimal controller exists.
The reason for doing this, is that, in this case, (27) is a large
matrix (N ∈ R1498×1992) and calculating its induced 2-norm
is numerically demanding, or even impossible.

In [9], it was shown that the z-domain domain can be
used to give sufficient conditions for the lifted domain. To
obtain a z-domain equivalent of (27), we substitute J(z),
Wi(z) and Wo(z) for J , Wi, and Wo, respectively, in the
learning filters of Proposition 4.1 to obtain L(z) and Q(z).
Now, we can easily calculate the induced 2-norm of N(z).
It turns out that the suboptimal controller exists for γ ≥ 2.3.
According to Proposition 4.3, for this R-ILC controller, RMC
is guaranteed.

Fig. 5 depicts the 2-norm of the error for both ILC
controllers. It can be seen that both controllers achieve RMC.
However, the R-ILC has has a converged error whose norm is
approximately 1, 000 times smaller than that of the LQ-ILC
controller.
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10−2

100

102

LQ-ILC: S = 0.7
R-ILC: γ = 2.3

‖e
k
‖ 2

Trial (k)

Fig. 5: Convergence of the error for both the R-ILC and the
LQ-ILC controller.

It can be reasoned why the R-ILC controller outperforms
the LQ-ILC controllers by considering the power spectral
density of the error at trial k = 10, see Fig. 6. In LQ-ILC,
the Q-filter has a low pass characteristic that cuts off all
singular values smaller than a certain threshold [8]. Because
the uncertainty of our example is associated with large
singular values, the cut off value of the Q-filter is relatively
high. The Q-filter of the R-ILC controller, however, cuts off
singular values that are associated with singular vectors that
are uncertain, independent of the magnitude of the singular
value itself. As a result, R-ILC only gives robustness where
it is required.

101 102

-200

-150

-100

-50

0

LQ-ILC: Error at k = 10
R-ILC: Error at k = 10
Error at k = 1

P
SD

(d
B

H
z
)

Frequency (Hz)

Fig. 6: Power spectral density of the error.

VI. CONCLUSIONS

In this paper, we have presented a novel Iterative Learn-
ing Control (ILC) strategy that is robust against model
uncertainty, specified by a nominal model and an additive
uncertainty bound. The resulting controller is the result of an
optimisation over an induced norm, and acts on a finite-time
interval, exploits noncausal behaviour and incorporates an
uncertainty model. The example has shown that the presented
robust ILC controller can outperform linear quadratic ILC
controllers, in terms of performance loss that is necessarily
sacrificed to obtain the required amount of robustness.
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Appendix A

The Equivalence of Lifted ILC and Finite-Time ILC

In [Don07], we observed that there exists a relation between norm optimal lifted ILC (as studied
in, e.g., [AOR95, DB02b, FP00, GN01]) and LQ optimal feedback control theory [Nai03]. This
relation becomes most apparent when studying the low order ILC solution of [DB02a, DB02b].
In this Appendix, lifted ILC and low order ILC are linked together using concepts from optimal
feedback control. Moreover, the work of [DB02a, DB02b] is extended to include a robustness
filter. Finally, we show that the norm optimal ILC control problem can be formulated using
the generalised plant paradigm, a common paradigm for formulating optimal feedback control
problems.

A.1 Norm Optimal Lifted ILC

The objective of ILC is to minimise the error at trial k + 1, denoted ek+1, with limited control
effort fk+1 and a limited change in control action, denoted fk+1− fk, using the information of the
control signal fk and the error ek from the previous trial. These requirements can be traded of
against each other using a weighted linear quadratic criterion:

J = 1
2eT

k+1Qek+1 + 1
2 (fk+1 − fk)T R(fk+1 − fk) + 1

2fT
k+1Sfk+1, (A.1)

where Q = QT > 0, R = RT ≥ 0, and S = ST ≥ 0 denote weighting matrices. This cost
functional is subject to a constraint, namely, the system’s input/output behaviour. Since we have:
ek = r − Jfk ∀ k, and r is the same for each trial, we can write this constraint as follows:

ek+1 − ek + Jfk+1 − Jfk = 0. (A.2)

This constraint can be added to (A.1) using a Lagrange multiplier λ. Then, the constrained cost
functional becomes:

J ′ = 1
2eT

k+1Qek+1 + 1
2 (fk+1 − fk)T R(fk+1 − fk) + 1

2fT
k+1Sfk+1 + λT (ek+1 − ek + Jfk+1 − Jfk) .

(A.3)
This cost functional has a minimum where its partial derivatives with respect to ek+1, fk+1, and
λ are equal to zero:

∂J ′

∂ek+1
= Qek+1 + λ = 0, (A.4a)

∂J ′

∂fk+1
= (R + S)fk+1 −Rfk + JT λ = 0, (A.4b)

∂J ′

∂λ = ek+1 − ek + Jfk+1 − Jfk = 0. (A.4c)

Note that we do take the partial derivatives with respect to ek and fk for they are external inputs
and, hence, given. First, we eliminate λ by substituting (A.4a) into (A.4b). If we eliminate ek+1
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in the resulting equation by substituting (A.4c), we obtain the well-known norm optimal ILC
controller:

fk+1 =
(
JT QJ + R + S

)−1 ((
JT QJ + R

)
fk + JT Qek

)
. (A.5)

Remark: Only if S = 0, the error converges to zero as k → ∞, because only then the internal
model principle, [FW76], is fulfilled. �

A.1.1 Low Order Equivalent

In this Subsection, we derive a low order equivalent of (A.5), using the approach taken in [DB02a,
DB02b]. However, these references only focus on the situation where S = O. In the subsequent
Section, we will show that the same solution can be obtained using an alternative approach in the
finite-time domain.

First, we rewrite (A.5) as follows:

fk+1 − fk =
(
JT QJ + R + S

)−1 (
JT Qek − Sfk

)
. (A.6)

The matrices J and JT correspond to the following difference equations in the time domain:

J :

{
x(t + 1) = Ax(t) + Bu(t)
y(t) = Cx(t)

and: JT :

{
x(t) = AT x(t + 1) + CT u(t)
y(t) = BT x(t + 1).

(A.7)

In [DB02a, DB02b], it was already shown that the solution of (JT QJ +R +S)−1 can be obtained
by solving:

[
x(t + 1)

λ(t)

]
=

[
A −B(S + R)−1BT

CT QC AT

] [
x(t)

λ(t + 1)

]
+

[
B (R + S)−1

0

]
y(t)

(fk+1 − fk) (t) = −(R + S)−1BT λ(t + 1) + (R + S)−1y(t).
(A.8)

Note that this is a Hamilton-Jacobi-Bellman (HJB) system. In the referred work, the output
of the ILC controller is obtained in two steps: the first is to solve the finite-time equivalent of
JT Qek − Sfk and the second is to solve (A.8). This can be reduced to a single step, by including
the former step into the latter:

 µ(t)
x(t + 1)

λ(t)

 =

 AT 0 0
B(R + S)−1BT A −B(R + S)−1BT

0 CT QC AT


µ(t + 1)

x(t)
λ(t + 1)


+

CT Q 0
0 −B(R + S)−1S

0 0

[
ek(t)
fk(t)

]

(fk+1 − fk) (t) =
[
(R + S)−1BT 0 −(R + S)−1BT

] µ(t + 1)
x(t)

λ(t + 1)

− (R + S)−1Sfk(t)

(A.9)

By making a minimal realisation, the following low order ILC controller can be obtained:
[
x(t + 1)

λ(t)

]
=

[
A −B(R + S)−1BT

CT QC AT

] [
x(t)

λ(t + 1)

]
+

[
0 B(R + S)−1S

CT Q 0

] [
ek(t)
fk(t)

]
fk+1(t) = (R + S)−1BT λ(t + 1) + (R + S)−1Rfk(t),

(A.10)
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resulting again in an HJB system.

Remark: In order to do simulations with (A.10), the causal and anti-causal part need to be
separated. One method involves a similarity transformation, e.g., by introducing a time-varying
Riccati equation. �

A.2 Finite-Time ILC

In this Section, we demonstrate how (A.10) can be directly obtained by formulating the constrained
optimisation problem on a finite time interval. This has already been shown before in [AOR95].
By observing that eT

k+1Qek+1 is equivalent to
∑N−1

t=0 eT
k+1(t)Q(t)ek+1(t) for a lifted domain block

diagonal Q. By applying similar reasoning to fk+1 − fk and fk+1, (A.1) can be written as:

J =
N−1∑
t=0

1
2eT

k+1(t)Qek+1(t) + 1
2 (fk+1(t)− fk(t))T R(fk+1(t)− fk(t)) + 1

2fT
k+1(t)Sfk+1(t). (A.11)

For brevity of notation, the time index t is left out of the weights Q, R, and S. Similar to the
lifted solution, this cost functional is subject to a constraint. In this case, this constraint consists
of a complete dynamical system, instead of a description of the system’s input/output behaviour.
The finite-time equivalent of (A.2) is as follows:{

x(t + 1) = Ax(t) + Bfk(t)−Bfk+1(t)
ek+1(t) = Cx(t) + ek(t).

(A.12)

This system description results in two constraints, which can both be added to the cost functional
by introducing two Lagrange multipliers λ and µ. Then, the constrained cost functional becomes:

J ′ =
N−1∑
t=0

1
2eT

k+1(t)Qek+1(t) + 1
2 (fk+1(t)− fk(t))T R(fk+1(t)− fk(t)) + 1

2fT
k+1(t)Sfk+1(t)

+ λ(t + 1)T (Ax(t) + Bfk(t)−Bfk+1(t)− x(t + 1)) + µT (t) (Cx(t) + ek(t)− ek+1(t)) .
(A.13)

This cost functional has a minimum where its partial derivatives with respect to ek+1(t), fk+1(t),
x(t), λ(t), and µ(t) are equal to zero. Again, we do not take the partial derivatives with respect
to ek(t) and fk(t):

∂J ′

∂ek+1(t)
= Qek+1(t)− µ(t) = 0, (A.14a)

∂J ′

∂fk+1(t)
= (R + S)fk+1(t)−Rfk(t)−BT λ(t + 1) = 0, (A.14b)

∂J ′

∂x(t) = AT λ(t + 1)− λ(t) + CT µ(t) = 0, (A.14c)
∂J ′

∂λ(t) = Ax(t) + Bfk(t)−Bfk+1(t)− x(t + 1) = 0, (A.14d)
∂J ′

∂µ(t) = Cx(t) + ek(t)− ek+1(t) = 0. (A.14e)

If we rewrite (A.14b) and substitute it into (A.14d), we can obtain the state equation of the HJB
system:

x(t + 1) = Ax(t)−B(R + S)−1BT λ(t + 1) + B(R + S)−1Sfk(t). (A.15)

To obtain the costate equation of the HJB system can be obtained by eliminating µ by combining
(A.14a) and (A.14c), and then eliminating ek+1 by substituting (A.14e):

λ(t) = AT λ(t + 1) + CT QCx(t) + CT Qek(t). (A.16)
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Combining (A.14b), (A.15), and (A.16) again yields (A.10). This shows that lifted ILC and finite-
time are equivalent. Both have the same cost functional and a similar constraint. This gives
valuable insight in how robust ILC control problems should be formulated.

A.3 The Generalised Plant Paradigm

Similar to optimal feedback control, we have the desire to formulate an ILC control problem in a
very general way. In feedback control, the generalised plant paradigm is used to formulate control
problems. Figure A.1 depicts the generalised plant for the norm optimal ILC control problem.
Using this generalised plant, the ILC control problem becomes: find a controller u = Qy1 + Ly2

such that ‖z‖2 is minimised.

J
— +

L  Q

Q1/2

fk

+
ek+1

ek

fk+1—fk

fk+1 S1/2

R1/2

[     ]

u
y1

y2

z1

z2

z3

+

Figure A.1: Generalised plant for the norm optimal ILC control problem.

In the lifted domain, the generalised plant is described by the following expression:
z1

z2

z3

y1

y2

 =


0 0 S1/2

0 −R1/2 R1/2

Q1/2 −Q1/2J Q1/2J
I 0 0
0 I 0


ek

fk

u

 , (A.17)

and for the finite-time case, by the following expression:
x(t + 1)

z1(t)
z2(t)
z3(t)
y1(t)
y2(t)

 =



A 0 −B B

0 0 0 S1/2

0 0 −R1/2 R1/2

Q1/2C Q1/2 0 0
0 I 0 0
0 0 I 0


ek(t)

fk(t)
u(t)

 . (A.18)

Using standard techniques as discussed in [Don07] and in Chapter 3, again either (A.5) or (A.10)
can be obtained.

A.4 Closure

In this Appendix, we discussed the equivalence of lifted ILC and finite-time ILC. Moreover, we
showed that is is possible to formulate an ILC control problem using the generalised plant.



Appendix B

Modelling Uncertainty on a Finite Interval

In this Appendix, we demonstrate how an uncertainty model can be obtained suitable for formulat-
ing a robust ILC control problem. There are two main differences between modelling uncertainty
for ILC and for feedback control: The first difference is that ILC employs discrete time models,
whereas feedback controllers are mostly designed in continuous time. Furthermore, ILC inherently
act on a finite interval, whereas feedback is designed for continuous operation.

B.1 Example

In this Section, we discuss an example of an uncertain continuous time system, for which we
would like to obtain both a nominal model and an additive bound on its uncertainty in discrete
time. These can be employed for the design of a robust ILC controller. We will demonstrate that
uncertainty models obtained using frequency domain information, can be used to obtain lifted
domain uncertainty model.

B.1.1 System Description

As an example, we take a two mass system as used in [DWB08b, DWB08a, WB07a], see Figure
B.1a. This system can be described using the following continuous time transfer function:

G(s) =
ds + k

m1m2s4 + (m1 + m2)ds3 + (m1 + m2)ks2
, (B.1)

where m1 = 2 · 10−4, m2 = 1.6 · 10−4, d = 5.66 · 10−4, and k = 9.8. The values of d and k
are perturbed between 95% and 105% of their nominal values. The model, see Figure B.1b, is
discretised using a sampler/zero-order-hold scheme with a sample frequency of 1kHz. Moreover,
since the model is marginally stable, it needs to be stabilised using a feedback controller:

K(s) = 0.2

(
1

2π·3s + 1
) (

1
(2π·52)2 s2 + 0.02

2π·52s + 1
)

(
1

2π·20s + 1
) (

1
(2π·52)2 s2 + 2

2π·52s + 1
) , (B.2)

which is implemented in discrete time and discretised using the prewarped Tustin method with a
prewarp frequency of 52Hz.

As already discussed in [Don07], ILC can be used in conjunction with feedback control. The
relevant transfer function for ILC becomes the process sensitivity:

Jp(z) = (I + Gp(z)K(z))−1
Gp(z). (B.3)
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(b) The perturbed system in conjunction with a feedback controller.

Figure B.1: System schematics.

B.1.2 Uncertainty Model

A possible way of representing the perturbed process sensitivity is by describing it using an additive
uncertainty description:

Jp(z) = J(z) + WA(z)∆(z). (B.4)

So far, we are still using a transfer function description (hence, an infinite-time description). In
the next Section, we show that this uncertainty description can be used on a finite time interval.
A common approach in robust control theory (see, e.g., [SP05]) is to describe the uncertainty with
some upper bound. In Figure B.2a, the additive uncertainty Jp(z) − J(z) is shown for various
perturbed systems and its upper bound. This upper bound is a discretised equivalent of the
following continuous time transfer function:

WA(s) = 5 · 10−6·(
1

(2π·0.2)2 s2 + 2
2π·0.2s + 1

) (
1

(2π·51)2 s2 + 1.1
2π·51s + 1

) (
1

(2π·54.5)2 s2 + 1.1
(2π·54.5)s + 1

)
(

1
(2π·5.2)2 s2 + 0.6

2π·5.2s + 1
) (

1
(2π·51)2 s2 + 0.04

2π·51s + 1
) (

1
(2π·54.5)2 s2 + 0.042

(2π·54.5)s + 1
) . (B.5)

By assuming that ‖∆(z)‖i2 < 1, some conservatism is introduced. The consequence of this as-
sumption is depicted in Figure B.2b, where we show the original perturbed process sensitivity and
the one obtained by using the additive uncertainty description for a number of ∆(z).
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(a) Additive uncertainty and its bound.
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(b) Uncertain process sensitivity.

Figure B.2: Additive uncertainty description in the frequency domain.



B.2. CLOSURE 21

B.1.3 Time Domain Behaviour

The final step is to show that the obtained uncertainty description is still valid at a finite time
interval. In Figure B.3a, we show the impulse response of the perturbed system Jp and the impulse
response generated by the additive uncertainty description. At a first glance, one could wrongfully
conclude that the impulse responses are not correctly reproduced by the arbitrary generated ∆.
However, by rewriting (B.4), we can show what ∆ would reproduce the correct impulse response
exactly:

∆ = W−1
A (Jp(z)− J(z)) . (B.6)

The impulse responses of the ∆ obtained from (B.6) are shown in Figure B.3b. Any of these ∆ is
a stable, minimum phase system with ‖∆‖i2 < 1, and reproduces the impulse response correctly.
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(a) Impulse responses of the uncertain system.
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(b) Impulse responses of the ∆ that reproduce the
system’s impulse response.

Figure B.3: Additive uncertainty description in the time domain.

B.2 Closure

In this Appendix, we illustrated, using an example, that uncertainty descriptions obtained in the
frequency domain can be used in the lifted domain.
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Appendix C

Robust ILC on a MIMO Flexible Structure

In this Appendix, we illustrate the theory presented in Chapter 2 and 3 by considering another
simulation example. Although, the theory is perfectly equipped for MIMO cases, in chapter 2
and 3 an example of a SISO system is given. Therefore, in this following example, we consider a
MIMO system that has also been used in [WB07b].

C.1 System Description

The system under consideration is a model of the experimental set-up depicted in Figure C.1. It
consists of a steel beam that is fixed to the environment by leaf springs, that remove 4 degrees
of freedom (DOF). The two remaining DOFs are a translation in the x-direction and a rotation
around ϕ. The system is actuated by three actuators, and the displacement of the beam is
measured by three sensors.

Actuator 1 Actuator 2 Actuator 3

Sensor 1 Sensor 2 Sensor 3

Beam

x

�

Figure C.1: The flexible beam set-up.

A Bode magnitude plot of the uncertain system is shown in Figure C.2. The uncertainty is
introduced by perturbing the modal frequencies by 2% of their nominal value. This can be done
by transforming the A-matrix of state-space model under similarity to a block diagonal form, such
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that all the eigenvalues λi = ui ± jvi are ordered as follows:

A =


u1 v1

−v1 u1

u2 v2

−v2 u2

. . .

 (C.1)

We can now easily perturb the imaginary part of the system’s poles, and therefore, change the
model frequencies, as shown in Figure C.2 using a solid line. Note that there are several closely
overlapping solid lines.
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Figure C.2: Bode magnitude plot of the uncertain system.

Since the robust ILC theory is not yet capable of dealing with parametric uncertainty, we represent
the uncertainty by an additive uncertainty bound. A possible approach, as demonstrated in [SP05],
is to take a diagonal weighting filter WA to bound the largest singular value of the additive
uncertainty, see Figure C.3. By doing this, we introduce quite some conservatism, as shown by
the dotted lines in Figure C.2.

C.2 Results

In this section, we apply the theory developed in Chapter 2 and 3. The simulation is performed
using the same procedure as in these chapters. The only difference is that, contrary to Chapter 2
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Figure C.3: Singular value plot of the additive uncertainty and its bound.

and 3, we do not use a feedback controller. This is due to the fact that our system model has a
non-minimum-phase zero (NMPhZ) at a very low frequency. Although the NMPhZ is certainly not
present in the physical system, it makes it impossible to do simulations with a feedback controlled
model of the system. Since in [WB07b] experiments are done using ILC in conjunction with
feedback control, it is not possible to compare the results. Nonetheless, this example is still useful,
since it is to demonstrate that robust ILC can be applied to a MIMO system.

The results of applying ILC is shown in Figure C.4. In Figure C.4a, the applied reference trajectory
is shown using a solid line and the achieved trajectories at different trials are shown using other line
types. In Figure C.4b, it is shown that the error converges monotonically for difference systems
in the uncertain set.
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Figure C.4: Results of applying Robust ILC.

Considering the results of Figure C.4, we can argue that the performance of the ILC controlled
system is somewhat disappointing. This can be explained as follows: Since the uncertainty is
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large at lower frequencies, the ILC controller cannot generate a command signal that contains
these frequencies. Performance could be increased by using feedback control in conjunction with
ILC. The performance would benefit for two reasons: First, the feedback controller would already
take the achieved trajectory closer to the reference trajectory. Secondly, feedback control is known
to reduce model uncertainty for frequencies below the bandwidth of the controlled system. This
would enable the ILC controller to use command signals containing low frequent components.

C.3 Closure

In this appendix, we demonstrated that the developed robust ILC theory can be applied to un-
certain MIMO systems.
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