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Abstract

This report discusses simplified heat transfer in a cylindrical domain under the influence
of a magnetic field. Heat transfer under the influence of a magnetic field is encountered
in for instance a tokamak, where an ionized gas is magnetically confined. Other examples
exist. Tokamak plasma physics is characterised by extreme anisotropic diffusion. Accurately
solving problems with extreme anisotropic diffusion is a major numerical challange. We use
appropriate discretisation methods for our model PDE, spectral methods, without the need
of using adapative grids. In this report we solve the model PDE for appropriate initial and
boundary conditions. The goal is to obtain a simple, but effective model, for heat transfer
in a tokamak, which can be used for understanding the dynamics of the system or for better
control of a tokamak. We use knowledge from the well established theory about mixing in fluid
dynamics for a better understanding of the dynamics of a tokamak. The model used in this
report has the magnetic field as an input variable. We derive a suitable magnetic field for use
with this model. The magnetic field obeys a Hamiltonian structure and the magneto static
magnetic field is a solution of the full magnetohydrodynamic equations (MHD-equations).
Existence and uniqueness of solutions for the model is proven under certain conditions. In
order to resolve the dynamics of the temperature evolution, we use an appropriate time
integration. Second order Crank-Nicolson and fourth order Runge-Kutta time integration is
used for the time evolution. We alter a basic advective front tracking method to be used for
diffusion processes and we compare the results of this so-called Diffusive Front Tracking with
the numerical approximation obtained, using the spectral method. The new front tracking
method is a simplification for the model. But the results look promising. Both methods are
used for studying the emergence of magnetic island structures in a temperature field. The
different magnetic island configurations can be related to the tearing modes in a tokamak.
The model in this report is a simple tool and may be used for realtime simulation in a tokamak
reactor.
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1 Introduction

Fusion energy is a sustainable energy source and a safe counterpart of the current nuclear
reactors. In theory fusion energy can be made using a tokamak reactor [2], but there are still
a lot of issues that have to be overcome before we can make this into a reliable energy source.
Control of the plasma inside a tokamak reactor is difficult and there is a need for simple
models for doing realtime simulations for better control. We propose a simple but effective
model for heat transfer in a tokamak [18]. We use this model for studying the emergence
of magnetic island stuctures [2] in the temperature field and thermal confinement. Good
magnetic confinement is a major challenge in tokamak physics and is directly related to the
thermal confinement in a tokamak plasma. There is only limited theory available about mag-
netic confinement of tokamak plasmas, but a lot of knowledge may be gained by comparing
the physics of a tokamak to the physics encountered in inline mixing theory[17][20]. There
is a lot of analogy between these systems, which gives us more insight into the physics of a
tokamak. The analogy is found in the governing equations of both systems and we may use
knowledge about the advection processes in a mixer and find the relation with the diffusive
counterpart in a tokamak. We can simplify the model even further by neglecting the diffusi-
ive velocities in the system. Front tracking is an often used method for studying mixing in
advective processes [14][19]. We can not use these front trackings method for a full diffusion
problem, because the dynamics are totally different. We alter a basic advective front tracking
method for handling diffusion problems. The results of this method look promising.
In the second chapter we derive a model PDE for simplified heat transfer in an arbitrary do-
main and finds its application in tokamak physics [18]. Existence and uniqueness of solutions
of this model PDE can be proven under certain reasonable assumptions. The model PDE
contains the magnetic field as a variable, which is supposed to be known beforehand. The
third chapter discusses the numerical method to solve the model PDE. A spectral collocation
method is used for its outstanding performance on coarse grids and its global discretisation.
This spectral method is implemented in two different ways in order to gain flexibility. In
chapter 4 we propose a magnetic field, which possesses the physics found in a real tokamak.
The proposed magnetic field proves to be very useful and flexible as it allows to investigate the
formation of magnetic islands, without solving the full set of MHD-equations. The proposed
magnetic field obeys a Hamiltonian structure and can therefore be described using relatively
easy and common theory. Chapter 5 shows the obtained results using the spectral method
for solving the model PDE. We conclude the report in chapter 6.
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2 Model

In this chapter we derive the proposed model [18] for heat transfer in a tokamak. We start with
a short overview of the problem and necessary definitions. In the second part of this chapter
we simplify the model equation for thermal energy transport in an arbitrary domain. This
simplified model introduces an extreme anisotropy, which is one of the major challenges when
implementing a numerical method for this problem. The numerical method itself is discussed
in chapter 3. Basic knowledge about energy transport and fluid mechanics is necessary in
order to read this chapter and for more information regarding these topics we refer to [2, 12].
The last section discusses existence and uniqueness of solutions of the model PDE. This
section requires advanced knowledge about PDEs and functional analysis , for which we refer
to [6][11], respectively. The model proposed in this chapter is explained in more detail in [18].

2.1 Problem Description

A tokamak is a device that uses a magnetic field to confine an ionized gas, also called plasma.
A tokamak has the shape of a flattened torus. A schematic representation of a tokamak is
shown in figure 2.1a. The behaviour of a plasma in a tokamak is described by the MHD-
equations [2][18]. We do not go into detail about these equations as they are not used in this
report, but the proposed magnetic field in chapter 3 obeys the divergence free property and
obtains a magnetostatic solution of the MHD equations. Our model uses a known magnetic
field, which is presented in chapter 3. The divergence free property of the magnetic field
is satisfied and is assumed, while deriving the model PDE. It is not a trivial assumption
that a plasma behaves as a fluid, i.e., continuum assumption holds. A plasma consists of a
dilute gas of ions and electrons that undergo infrequent Coulomb collisions [18]. Collective
effects produce a sufficiently high effective collision frequency to make the fluid assumption
reasonable. In order to simplify the geometry on which we solve the mathematical model, we
search for a topologically similar domain. Without loss of generality we can take a cylinder
with a periodic axial direction as shown in figure 2.1b. In torus geometry we have an additional
force caused by the inward pointing acceleration, but advection terms are removed in the
model PDE and a cylinder geometry is therefore reasonable. In the remainder of this report,
we work on the cylindrical domain as it is easy for implementation, while keeping fairly well
the characteristic behaviour of the system.

2.2 Conservation of Thermal Energy

We adopt the Eulerian description of the conservation of thermal energy in a plasma. By
using Fourier’s law and a constant heat capacity at constant volume, i.e., cv =constant, we
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Figure 2.1: a) A schematic representation of the tokamak geometry. b) A schematic representation
of the simplified cylinder geometry. The axial direction (z-direction) is periodic.

arrive at the following equation [18]:

ρcv
∂T

∂t
= ∇ · (λ∇T )− ρcv~u · ∇T − p∇ · ~u− pM∇ · ~u , (2.1)

where ρ is the density, ~u the velocity vector, λ the thermal conductivity coefficient tensor, p
the thermodynamic pressure, pM the magnetic pressure and T the temperature. The last two
terms on the right hand side drop out if we assume an incompressible flow, i.e., ∇ · ~u = 0.
We assume λ to have the following form [3]:

λ = λ0I + λ‖~b~b , (2.2)

where λ0 is the isotropic background conductivity, λ‖ the anisotropic conductivity aligned

with the magnetic field ~B and ~b the unit vector in the direction of the magnetic field. Notice
that if λ0 = constant, then we move this constant in front of the divergence operator and
eventually end up with a Laplace operator for the isotropic diffusion. In the major part of
this report we assume that λ0 is indeed a constant, but we remove this assumption in chapter
6 when studying heat loss. If we substitute (2.2) in the heat-flux term (2.1) and expand all
the terms, we can write:

∇ · (λ∇T) = λ0∆T +∇ ·
[
λ‖~b~b · ∇T

]
(2.3)

= λ0∆T +∇ ·

λ‖ ~B∥∥∥ ~B∥∥∥∂‖T
 (2.4)

= λ0∆T + ~B · ∇

 λ‖∥∥∥ ~B∥∥∥∂‖T
+

��
�
��

�
��
�*∇ · ~B = 0

∇ · ~B

 λ‖∥∥∥ ~B∥∥∥∂‖T
 (2.5)

= λ0∆T + ~B · ∇

 λ‖∥∥∥ ~B∥∥∥∂‖T
 , (2.6)
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2.2. Conservation of Thermal Energy

where ∂‖ is the derivative in the direction of the magnetic field and is defined as ∂‖ = ~b ·∇. If
we substitute (2.6) into (2.1) and follow earlier made assumptions, we arrive at the following
equation:

ρcv
∂T

∂t
= λ0∆T + ~B · ∇

 λ‖∥∥∥ ~B∥∥∥∂‖T
− ρcv~u · ∇T . (2.7)

In near magnetostatic equilibrium we can assume that ~u ≈ 0, allowing the last term to be
chopped out of the equation, leading to:

ρcv
∂T

∂t
= λ0∆T + ~B · ∇

 λ‖∥∥∥ ~B∥∥∥∂‖T
 . (2.8)

We expect the non-dimensional form of (2.7) gives us more insight into the characteristics
of the model and therefore we non-dimensionalise the equation using the following non-
dimensional quantities:

~x = R~x′, ~B = B0
~B′, T = T0T

′, t = τt, λ‖ = ΓΛ‖ , (2.9)

where Λ‖ is the non-dimensional conductivity, parallel to the magnetic field and Γ a charac-
teristic heat conductivity value. Substitution of (2.9) into (2.8) leads to:

R2ρcv
Γτ

∂T ′

∂t′
=
λ0

Γ
∆′T ′ + ~B′ · ∇′

 Λ‖∥∥∥ ~B′∥∥∥∂′‖T ′
 . (2.10)

If we adopt the diffusive time-scale τ = R2ρcv
Γ and drop the primes in (2.10), we arrive at the

following expression:

∂T

∂t
=

1

κ
∆T + ~B · ∇

 Λ‖∥∥∥ ~B∥∥∥∂‖T
 . (2.11)

Notice that in (2.11) the anisotropy comes directly from the directional derivative. If κ = O(1)
we expect the terms on the right hand side to be of equal order, but in a tokamak the value
of κ is large (κ ≈ O(109−12)). Therefore the isotropic diffusion term is negligible in most
cases, but is still taken into account in our numerical code for flexibility and steady state
solutions. Another problem is the non-linearity caused by the anisotropic conductivity, i.e.,
Λ‖ = Λ‖(T ). In a tokamak these conductivities scale as λ0 ∼ T−

3
2 and λ‖ ∼ T

5
2 [9]. The

isotropic non-linearity is not taken into account in this report. Our main goal is to study
the characteristics and behaviour of the temperature field as a function of a given magnetic
field. Equation (2.11) is coupled with a set of boundary conditions. If we consider the
cylinder geometry shown in figure 2.1b, we only have one boundary condition at the r = 1
boundary (in the non-dimensional case). We use Robin boundary conditions in the following
non-dimensional form:

∂T

∂r
= Nu(Tamb − T (r = 1)) , (2.12)

where we assume that the ambient temperature Tamb is zero. The Nusselt number (Nu) is
a dimensionless number and represents the ratio of convective and conductive heat transfer
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Model

across the boundary, respectively. This form of the boundary condition is obtained in a
straightforward way by using the general Robin boundary condition, i.e., αT +β ∂T∂r = γ, and
write it in the non-dimensional form. If we set Nu = 0, we have a homogeneous Neumann
boundary and ensures confinement of initial heat in the system. This confinement may be
lost when using a non-conservative numerical method.

2.3 Existence and Uniqueness

Existence and uniqueness of solutions of (2.11) is an important aspect of the system. Non
existence can be an indication of wrong modelling and uniqueness can be important for
system dynamics. Consider for instance the case that the solution is not unique and we
want to investigate the equilibrium for short time-scales (transient equilibrium). Suppose the
magnetic field is disturbed at a certain time level. If the solution of the PDE is not unique, a
transition between two different transient states may occur and the physical behaviour of the
system is non-unique. Non-uniqueness and non-existence are also an indication of a possible
error in the model PDE, but this is not always the case. In order to prove existence and
uniqueness of solutions of (2.11) we consider an open set Ω ∈ R3 and consider the following
form of the model PDE:

∂T

∂t
=

1

κ
∆T +∇ ·

Λ‖(T ) ~B∥∥∥ ~B∥∥∥ ∂‖T

 , (2.13)

equation (2.4) is used in non-dimensional form in fact. We assume a smooth initial profile
T0 = T (t = 0) and a homogeneous Dirichlet boundary condition for convenience, which leads
to the following initial boundary-value problem:

∂T
∂t = 1

κ∆T +∇ ·
[

Λ‖(T ) ~B

‖ ~B‖ ∂‖T

]
, (~x, t) ∈ Ω× [0, tmax] ,

T (~x, t) = 0 , (~x, t) ∈ ∂Ω× [0, tmax] ,
T (~x, 0) = T0(~x) , ~x ∈ Ω .

(2.14)

We write this equation in a more general form, a form which is often found in literature about
parabolic initial-boundary-value problems:

∂tT = ∂i(ai,j(~x, t, T )∂jT ) , (~x, t) ∈ Ω× [0, tmax] ,
T (~x, t) = 0 , (~x, t) ∈ ∂Ω× [0, tmax] ,
T (~x, 0) = T0(~x) , ~x ∈ Ω .

(2.15)

where summation convention is used and the coefficient tensor A = (ai,j)
3
i,j=1 given by:

A =

 1
κ 0 0
0 1

κ 0
0 0 1

κ

+
Λ‖(T )∥∥∥ ~B∥∥∥2

 B2
x BxBy BxBz

ByBx B2
y ByBz

BzBx BzBy B2
z

 . (2.16)

We assume that Λ‖ = 1 and the first step for proving existence and uniqueness is to show
that the operator A is uniformly elliptic:
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2.3. Existence and Uniqueness

Theorem 2.1. The operator A = (ai,j)
3
i,j=1 is uniformly elliptic, i.e., ai,j = aj,i and there

exists a constant θ > 0, such that:

3∑
i,j=1

ai,j(~x, t)ξiξj ≥ θ
∥∥∥~ξ∥∥∥2

, ∀(~x, t) ∈ Ω× [0, tmax], ~ξ ∈ R3 . (2.17)

Proof. Relation (2.17) expresses that the operator is symmetric positive definite. We imme-
diately see that A is symmetric and therefore we can conclude that it has real eigenvalues.
Notice that A can be written as:

A =

 1
κ 0 0
0 1

κ 0
0 0 1

κ

+
Λ‖∥∥∥ ~B∥∥∥2

 Bx By Bz
0 0 0
0 0 0

 Bx 0 0
By 0 0
Bz 0 0

 = K +
Λ‖∥∥∥ ~B∥∥∥2 MMT . (2.18)

Now (2.16) is equivalent to:

~ξA~ξT = ~ξ

K +
Λ‖∥∥∥ ~B∥∥∥2 MMT

 ~ξT (2.19)

= ~ξK~ξT +
Λ‖∥∥∥ ~B∥∥∥2

~ξMMT~ξT (2.20)

=
∥∥∥√K~ξ

∥∥∥2

︸ ︷︷ ︸
≥0

+
Λ‖∥∥∥ ~B∥∥∥2

∥∥∥M~ξ
∥∥∥2

︸ ︷︷ ︸
≥0

≥ λmin
∥∥∥~ξ∥∥∥2

, (2.21)

where λmin is the smallest eigenvalue of A.

From theorem 2.1 we conclude that equation(2.13) is a parabolic PDE. We now multiply
(2.13) with a test function v ∈ C∞0 (Ω) and integrate over Ω:∫

Ω
∂tTvdΩ =

∫
Ω
∂i(ai,j∂jT )vdΩ . (2.22)

Integration by parts gives us the following expression:∫
Ω
∂tTvdΩ = −

∫
Ω
ai,j∂jT∂ivdΩ︸ ︷︷ ︸
a(T,v)

, (2.23)

where the boundary term vanishes due to the homogeneous Dirichlet boundary condition.
We can rewrite this using the L2(Ω) inner product:

(∂tT, v)L2 + a(T, v) = 0 , ∀t ∈ [0, tmax] . (2.24)

One way to prove existence and uniqueness is to consider the weak formulation of a PDE and
to prove existence and uniqueness for the weak formulation. We adopt the following definition
of a weak solution for (2.24).
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Model

Definition 2.2. Solution u : [0, tmax]→ H1
0 is a weak solution of (2.23) if:

1. u ∈ L2([0, tmax];H1
0 (Ω)) and ∂tu ∈ L2([0, tmax];H−1

0 (Ω)),

2. For every v ∈ H1
0 (Ω) : 〈∂tT, v〉+ a(T, v) = 0 for t almost everywhere and with 〈., .〉 the

duality pairing between H−1(Ω) = H1
0 (Ω)′ and H1

0 (Ω),

3. u(0) = T0.

If we assume that the coefficients ai,j and the initial profile T0 are smooth, we can prove
existence and uniqueness. We refer to the following theorems [6].

Theorem 2.3 (Existence). There exists a weak solution of (2.24).

Proof. See [6; p. 356].

Theorem 2.4 (Uniqueness). The solution of (2.24) is unique.

Proof. See [6; p. 358].

The two theorems state that there exists a unique weak solution of (2.24), but we also
want regularity of the solution in order to have a meaningful physical solution. If regularity
of the unique weak solution is proven, we need to show that this solution satisfies the PDE
in the strong sense. Regularity and strong solutions are stated in the following two theorems,
respectively:

Theorem 2.5 (Regularity). Assume that T0 ∈ C∞(Ω̄) and that the mth order compatibility
condition holds. Then the parabolic IBVP (1.14) has a unique solution T ∈ Cm(Ω× [0, tmax]).

Proof. See [6; p. 435].

We know that a unique solution of (2.14) exists in the case the coefficients do not depend
on T , i.e., when we have a linear equation. In general the coefficients ai,j depend on T , we
have a quasi-linear equation then, i.e., linear with respect to all the highest order derivatives
of the unknown function. The operator A = A(T ) is degenerate parabolic in general, i.e.,
the parobolicity degenerates at certain places. There is a lot of theory about the existence
and uniqueness of solutions for this type of equation [21]. Existence and uniqueness, in the
quasi-linear case, follow from the following theorem.

Theorem 2.6 (Regularity II). Suppose the following conditions hold:

1.
∑3

i,j=1 ai,j(~x, t)ξiξj ≥ 0, ∀(~x, t) ∈ Ω× [0, tmax], ~ξ ∈ R3,

2. ∃M > 0 : ‖T‖ ≤M, ∀(~x, t) ∈ Ω× [0, tmax],

3. All ai,j(~x, t, T ) are continuous and differentiable with respect to x and T ,

4. T0(~x) is a smooth function,

5. ∂Ω is a smooth boundary.

then there exists a unique solution T ∈ H2,1(Ω× [0, tmax]) of (2.23).

Proof. See [13; p. 453].

In our case we only have to assume that Λ‖(T ) is non-negative and differentiable to have
existence and uniqueness. These conditions are in general met by a physically meaningful
Λ‖.

8



3 Computational Method

In this chapter we discuss the numerical method to obtain a numerical approximation for the
simplified energy equation under the influence of a magnetic field. We start by discussing
the spatial discretisation followed by a brief discussion of the time integration. The method
is implemented in Matlab for flexibility. Some basic knowledge about partial differential
equations (PDEs) and numerical methods is recommended. For more information regarding
these topics, we refer to [5][8]. In the last part of this chapter we discuss an alternative
method for studying the behaviour of the temperature field using a front tracking method.

3.1 Spatial Discretisation

As mentioned before, we use a spectral method for the spatial discretisation, because of its
outstanding convergence properties and its likewise outstanding computational effort and
memory efficiency. The cylinder geometry has two periodic coordinate directions and al-
lows for an easy implementation. Spectral methods are a class of spatial discretisations for
differential equations. Spectral methods are often used in fluid mechanics for 2D/3D turbu-
lence simulations [5]. We start implementing a numerical method on the cylinder geometry
mentioned in section 2.1. Equation (2.11) written in cylindrical coordinates reads:

∂T

∂t
=

1

κ

(
1

r

∂T

∂r
+
∂2T

∂r2
+

1

r2

∂2T

∂θ2
+
∂2T

∂z2

)
+

(
Br

∂

∂r
+
Bθ
r

∂

∂θ
+Bz

∂

∂z

)
× (3.0)

Λ‖∥∥∥ ~B∥∥∥2

(
Br
∂T

∂r
+
Bθ
r

∂T

∂θ
+Bz

∂T

∂z

)
,

where (r, θ, z) ∈ [0, 1]×[0, 2π]×[0, 2π] for convenience. The PDE is singular at r = 0 (cylinder-
axis) as we divide several terms by r or r2. A spectral discretisation for the spatial operator
is given for this PDE. The extension to a torus geometry is left to the reader. Some basics of
a spectral method are discussed in the next section.

3.1.1 Basics of Spectral Methods

The class of spectral methods consists of several subclasses, such as the spectral-Galerkin,
spectral-collocation and spectral-tau methods [5]. A spectral collocation method is used to
obtain a numerical approximation for (2.11). Collocation methods allow an easy implemen-
tation of boundary conditions and geometry adaptations. The main goal of a collocation
method is to satisfy the PDE exactly at the so-called collocation points, by using shifted
δ-functions as test-functions. For more information about the spectral collocation method,

9



Computational Method

we refer to [4]. In order to implement a collocation method for this particular problem, we
need to answer the following questions:

� How do we approximate derivatives?

� How do we treat PDE singularities?

� What is a proper number of collocation points?

The first question is answered in detail as it is the main difference between a spectral method
and other numerical methods. There are several possibilities for approximating a derivative.
A spectral method can be used in combination with ”Fast Fourier Transforms“ (FFTs) or
by simple matrix vector multiplication, which captures the whole transformation process in
a coefficient matrix. The matrix vector multiplication (section 3.1.3) is suited for a relatively
small number of collocation points, while the transform method (section 3.1.2) is mostly used
for a large number of collocation points. We implement both methods and discuss their pros
and cons.

3.1.2 Approximation of Derivatives Using Transform Method

The basic question is: Given a set of grid points (collocation points) {xi} and corresponding
function values {T (xi)}, how can we use this data to approximate

{
∂T
∂x

}
? The most common

way of doing this is by using Taylor expansions, which gives you the finite-difference formulae
[8]. The drawback however is that a finite-difference scheme is a local scheme, whereas diffu-
sion is a physical phenomenon with a global character. Let us first consider the case where T
is a 2π-periodic function and the corresponding spectral method is called a ”Fourier spectral
method“.

A Fourier spectral method assumes that the function T is expanded in a truncated Fourier
series:

T (x) ≈
N/2−1∑

k=N/2+1

T̂ke
ikx , (3.1)

where i is the imaginary unit and the grid points are given by:

xj =
2πj

N
, j = 1, .., N . (3.2)

The Fourier coefficients T̂k can be computed, using an FFT [5]. If we differentiate (3.1), we
obtain the following expression:

∂T

∂x
=

N/2−1∑
k=N/2+1

ikT̂ke
ikx . (3.3)

So, if we have the function values T (xj) at the grid points given by (3.2), then we can trans-
form these values to Fourier space by using an FFT and multiply the Fourier coefficients with
ik. If we transform these new Fourier coefficients to physical space, we obtain an approxima-
tion of ∂T

∂x at the grid points xj . An FFT uses all the function values T (xj) to compute the

Fourier coefficients T̂k and therefore the method is global, which is one of the main advantages

10



3.1. Spatial Discretisation

of a spectral method (or a drawback as errors in the approximation are also felt globally).
In order to check the accuracy of this method, we compare the Fourier spectral derivative,
using the earlier mentioned δ-function as test function, with a fourth order finite difference
compact scheme [8]. The results are shown in figure 3.1 and show a very rapid convergence
of the spectral derivative in comparison to the fourth order compact scheme. This type of

0 10 20 30 40 50 60 70 80 90 10010-14

10-12

10-10

10-8

10-6

10-4

10
-2

10 0

N

Er
ro

r

Fourier Derivative
4th-Order Derivative

Figure 3.1: A comparison of the approximate derivative of esin
2(x) using the fourth order compact

scheme and the Fourier spectral derivative. The plot shows the maximum error as a function of the
number of grid points, where the red line shows the convergence of the fourth order compact scheme
and the blue line the Fourier spectral derivative.

convergence is known as spectral or exponential convergence, which means that the order of
convergence is higher than any polynomial. This property is valid under the assumption that
the function is smooth and all its azimuthal and axial derivatives are 2π-periodic, which is
a rather restrictive assumption, but holds in our case. The property of spectral convergence
reduces the number of collocation points necessary for a certain tolerance level and thereby
reduces the size of the linear system that has to be solved at each time step (discussed later).
Fourier collocation methods are used for PDEs with periodic coordinate directions. Notice
that the cylinder geometry consists of two periodic coordinate directions, namely the az-
imuthal and axial direction.

For non-periodic functions we do not use the Fourier expansion, but we use an expansion
with orthogonal polynomials instead. Examples of orthogonal polynomials are: Chebyshev
polynomials, Legendre polynomials and Hermite polynomials. We use the Chebyshev poly-
nomials denoted by Cn(x) (normally the Chebyshev polynomials are denoted as Tn, but we
already use this notation for the temperature field) and the expansion looks like:

T (x) ≈
N∑
n=0

T̃nCn(x) , (3.4)

11



Computational Method

where T̃n are the Chebyshev expansion coefficients. The reason why we choose a Chebyshev
expansion is the fact that we can use FFTs for computing the expansion coefficients in con-
trast to other orthogonal polynomials, where a different transformation method to spectral
space has to be used. The FFT algorithm is optimised and implemented in almost every
computational library, which is not the case for many other orthogonal basis functions. The
difference with the Fourier spectral derivative is the choice of collocation points and the
derivative matrix. The collocation points for a Chebyshev collocation method are chosen as:

xj = cos

(
jπ

N

)
, j = 0, ..., N . (3.5)

Notice that j goes from 0 to N in the Chebyshev case and consists of N+1 collocation points.
For an explanation of the Chebyshev differentiation we refer to [11; p. 78]. Below we give the
procedure.

Chebyshev Differentiation

1. Given data T (xj) at the collocation points (3.5). Extend this data vector ~T to a vector
of length 2N , with T2N−j = T (xj) , j = 1, ..., N − 1.

2. Use an FFT to calculate the Fourier coefficients T̂k of the extended vector ~T for k =
−N + 1, ..., N .

3. Define τ̂k = ikT̂k , k = −N + 1, ..., N − 1 and τ̂N = 0.

4. Use an inverse FFT to obtain τj , j = 1, ..., 2N .

5. Compute an approximation of ∂T
∂x (xj) :

∂T

∂x
(xj) ≈ −

τj√
1− x2

j

, j = 1, ..., N − 1 ,

∂T

∂x
(x0) ≈ 1

2π

N−1∑
n=1

n2T̂n +
1

4π
N2T̂N ,

∂T

∂x
(xN ) ≈ 1

2π

N−1∑
n=1

(−1)nn2T̂n +
(−1)N

4π
N2T̂N .

A minor issue with the Chebyshev points is that they are not equally spaced and have a lot
of clustering near the boundaries, which is convenient in a problem with boundary layers,
but is a waste of points when there is no boundary layer present. We partially deal with
this problem in section 3.3. The transform method requires the storage of the data at the
collocation points and the N Fourier/Chebyshev coefficients for determining the expansion in
a specific coordinate direction. In our code, we use the 1D FFT from MIT’s FFTW library
[7].
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3.2. Time Integration

3.1.3 Approximation of Derivatives Using Matrix-Vector Multiplication

The procedure for computing ∂T
∂x (xj) for a 2π-periodic function (Fourier spectral derivative),

shown in section 3.1.2 can be written in simple matrix-vector multiplication form:

∂T
∂x (x1)
...
...
...
∂T
∂x (xN )


≈ DF

N



T (x1)
...
...
...
T (xN )


, (3.6)

where DF
N is given by:

(DF
N )j,l =

{
1
2(−1)j+l cot

(
(j−l)π
N

)
, j 6= l

0 , j = l

}
, j, l = 1, ..., N . (3.7)

The matrix for the second order derivative can be obtained by considering the multiplication
factor −k2 instead of ik or by simply taking the square of the first order derivative matrix.
The matrix DF

N encompasses the FFT, wavenumber multiplication and inverse FFT proce-
dure.

Following the same procedure as with the Fourier spectral derivative, we can write the Cheby-
shev spectral derivative as a matrix-vector multiplication, where the Chebyshev differentiation
matrix DC

N is given by:

(DC
N )j,l =


2N2+1

6 , j = l = 0

−2N2+1
6 , j = l = N

−xj
2(1−x2j )

, j = l ∈ 1, ..., N − 1

(−1)j+l

(xj−xl) , else

 , j, l = 0, ..., N . (3.8)

How the differentiation matrices and transformation procedures are used in order to obtain a
numerical approximation is demonstrated in section 3.4.1 and 3.4.2, respectively. The matrix-
vector multiplication method for determining the derivative of a function is not well-suited for
a large number of collocation points as the storage of the differentiation matrices in 3D grows
as N6. In the end we also want to study irregular magnetic fields for (2.11) and therefore
we need a large number of collocation points in order to resolve the dynamics of the system.
The transform method is more suited for this case, as we only need to store the data at the
collocation points and there is no need for constructing large matrices.

3.2 Time Integration

Which time integration method to use, highly depends on the considered problem. In our
case we numerically solve a full 3D diffusion type equation. Using explicit methods can result
in a severe time step restriction [8]. There is a variety of possibilities we can choose from and
we use different methods for the matrix-vector multiplication method and transform method.
Both of them are discussed in section 3.3.1 and 3.3.2, respectively.
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3.2.1 Matrix-Vector Multiplication Method Time Integration

Using an unconditionally stable implicit time integration allows for bigger time steps. The
simplest implicit time integration method is the ”Backward Euler“ scheme and is given by:

~Tn+1 − ~Tn

∆t
= L(~Tn+1) , (3.9)

where L is the (non-)linear discretised spatial differential operator, ∆t the time step and ~Tn

the solution vector at time level n. We can rewrite (3.9) in the following form:

~Tn+1 −∆tL(~Tn+1) = ~Tn , (3.10)

In case L is not dependent on the solution itself, we have a system of linear equations, which
may be solved using an iterative method [16]. Computing a direct inverse is in general not
possible or too costly, as we have a full 3D non-sparse linear system. If L = L(T ), then
we have a system of non-linear equations and we may use Newton iteration at each time
level [10]. The backward Euler scheme is first order convergent in time and we have to ask
ourselves if this is accurate enough. We mentioned earlier that the spatial discretisation is
exponentially convergent and therefore we can achieve a spatial error, which is of the same
order of magnitude as the time integration error, by taking only a few collocation points. If
we want more accurate solutions, we need to use a rather small time step or use a higher
order time integration. Taking a very small time step is not what we want with an implicit
method, as we need to solve a system of equations at every time step and explicit methods
are faster in this case. This means that we have to use a more appropriate time integration
method. A well known second order accurate time integration is the Crank-Nicolson scheme
[8]. This method uses the trapezoidal integration rule for the time integration and is given
by:

~Tn+1 − ~Tn

∆t
=

1

2

(
L(~Tn+1) + L(~Tn)

)
, (3.11)

and the corresponding system of equations is:

~Tn+1 − ∆t

2
L(~Tn+1) = ~Tn +

∆t

2
L(~Tn) . (3.12)

The Crank-Nicolson scheme is used for integrating (3.0) in time. For more information about
the order of convergence or the numerical stability properties, we refer to [8]. For the linear
case we solve (3.12) using a Krylov-space iterative method. Iterative methods are mostly used
for sparse linear systems. As our differentiation matrices are full, we need an appropriate
iterative method. One of the methods, which can handle non-sparse systems, is Bi-CGSTAB
[22] as the operations performed on the full matrices are not costly and it converges fast
for non-symmetric systems of equations. We have to adapt this method slightly in order to
be implemented for (2.11). We use a preconditioner based on the central finite difference
discretisation of the model PDE.

3.2.2 Transform Method Time Integration

We can not use an implicit time integration for the transform method as the step-wise Cheby-
shev FFT procedure does not allow for implicit time integration. We use an explicit method in
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combination with the transform method. A suitable explicit time integration is the standard
fourth order accurate Runge-Kutta method. Consider the simple initial-value problem:

∂u

∂t
= f(t, u) , t > 0 , (3.13)

u(0) = c .

The standard explicit 4th order Runge-Kutta method is given by:

K1 = f(tn, u
n) , (3.14)

K2 = f(tn +
∆t

2
, un +

∆t

2
K1) , (3.15)

K3 = f(tn +
∆t

2
, un +

∆t

2
K2) , (3.16)

K4 = f(tn + ∆t, un + ∆tK3) , (3.17)

un+1 = un +
∆t

6
(K1 + 2K2 + 2K3 +K4) , n = 1, 2, ..., u0 = c . (3.18)

3.3 Implementation

In this section we show how to implement the two variants of the spectral method, mentioned
earlier. We start by discussing the implementation of the matrix-vector multiplication method
discussed earlier and we show how we treat the PDE singularities in a cylindrical coordinate
system. We use a Fourier expansion in the azimuthal and axial direction and a Chebyshev
expansion in the radial direction, which gives us:

T (r, θ, z, t) =

Nr∑
j=0

Nθ
2∑

k=−Nθ
2

Nz
2∑

l=−Nz
2

T̂j,k,l(t)Cj(r)e
i(kθ+lz) , (3.19)

where Nr, Nθ and Nz are the number of collocation points in the r, θ and z-direction, re-
spectively. The Chebyshev collocation points (3.5) are ranging from [−1, 1], while the PDE
is defined for r ∈ [0, 1]. A way to deal with this problem is to transform the Chebyshev
collocation points using ri → ri+1

2 . The resulting collocation grid on a cylindrical slice is
shown in figure 3.2a. This transformation yields a clustering of collocation points near the
origin, which is a waste as we expect no boundary layer or other special phenomenon at the
origin. An alternative is not to consider the set (r, θ, z) ∈ [0, 1] × [0, 2π] × [0, 2π], but let r
span the whole cylinder and thus consider (r, θ, z) ∈ [−1, 1] × [0, π] × [0, 2π]. If we consider
collocation points on this new set, we obtain a grid as shown in figure 3.2b. Notice the
clustering of collocation points in the radial direction occurs at the cylinder boundaries only
and no longer at the origin. We adopt the latter collocation grid, which also results in a less
restrictive time step in the case where we use the explicit time integration. To deal with the
singularity, we simply ensure that there is no collocation point at r = 0, by taking Nr an odd
number. Another way to deal with the singularity is to impose another equation at r = 0,
which uses the symmetry of the system or derived using a conservation principle [8]. The
singularity problem can also be removed by keeping track of the even and odd contributions
of the expansion functions, which is explained in more detail in [19]. The boundary conditions
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33,33% 8,33%

a) b)

Figure 3.2: a) Resulting collocation grid on a cylindrical slice after using a transformation from
[−1, 1]→ [0, 1]. b) Resulting collocation grid on a cylindrical slice after using the alternative coordinate
ranges. Both grids contain an equal number of collocation points. The percentages show the percentage
of collocation points inside the red circle.

are imposed directly, which is a major advantage of using a collocation method. Imposing
the boundary condition is done by satisfying the following equations:

Nr∑
j=0

(DC
Nr)0,jT (rj , θi, zl) = −NuT (r0) , , i = 1, ...,

Nθ

2
, l = 1, ..., Nz ,

Nr∑
j=0

(DC
Nr)Nr,jT (rj , θi, zl) = −NuT (rNr) , , i = 1, ...,

Nθ

2
, l = 1, ..., Nz , (3.20)

where rj are the Chebyshev collocation points (3.5) and θi and zl are the Fourier collocation
points (3.2). The boundary conditions are updated after each time step in the interior of
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the domain and therefore all the values are known except T (r0, θi, zl) and T (rNr , θi, zl). The
implementation of the boundary conditions is the same for both methods and the only extra
storage needed comes from the DC

Nr
terms, which is only a matrix with 2Nr entries.

3.3.1 Matrix-Vector Multiplication Method

The matrix-vector method uses the derivative matrices (3.7) and (3.8). The discretisation
can be written as:

∂ ~T

∂t
=

1

κ

(
1

~r
� (Dr

~T ) + (D2
r
~T ) +

1

~r2
� (D2

θ
~T ) + D2

z
~T

)
+

(
~Br � Dr +

~Bθ
~r

� Dθ + ~Bz � Dz

)
(3.21)

~Λ‖∥∥∥ ~B∥∥∥2

(
~Br � Dr

~T +
~Bθ
~r

� Dθ
~T + ~Bz � Dz

~T

)
:= L~T ,

where ~r is the vector containing the collocation points in the radial direction, ~T the vec-
tor containing the data at the collocation points, � the Hadamard product and Dr,θ,z the
differentiation matrices constructed using Kronecker tensor products given by [11; p. 69]:

Dr = DC
Nr ⊗

(
O INθ

4

INθ
4

O

)
⊗ INz , (3.22)

Dθ = INr ⊗DF
Nθ
2

⊗ INz , (3.23)

Dz = INr ⊗ INθ
2

⊗DF
Nz , (3.24)

(3.25)

where ⊗ is the Kronecker tensor product and INr,Nθ,Nz the identity matrices with dimensions
equal to the number of collocation points in the r, θ, z-direction, respectively. All differentia-
tion matrices are sparse, but the product of two differentiation matrices, corresponding to two
different coordinate directions, is not sparse. This gives a major difficulty, as we can only store
the fully discretised differential operator for a relatively small number of collocation points.
When a large number of collocation points is used, the discretised differential operator (3.21)
is stored and multiplied in steps, which results in a lot of matrix-vector and vector-vector
multiplications at each time step. This immediately shows that this method is not suited for
a large number of collocation points and therefore we have to resort to other procedures. A
schematic overview of the matrix-vector method is shown in figure 3.3. As mentioned before
we solve the system of equations in the non-linear case with Newton iteration and with the
Bi-CGSTAB iterative method in the linear case.

3.3.2 Transform Method

The transform (FFT) method is more suitable for large Nr,θ,z(Nr,θ,z ≥ 64). The data at the
collocation points T is stored in a 3D tensor. Each of the three dimensions corresponds to
one of the three coordinate directions (r, θ, z). The transform method uses an explicit time
integration and therefore we can calculate the discretised spatial operator using only data
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Input Parameters

κ, , tmax, N

Construct D-MatricesInitialize GPU’s

Define Collocation Grid

Dr Dθ Dz

Define Initial Data

While ( t < tmax) do

Solve:

Update time:

Construct Differential Operator: L

Output Solution

Figure 3.3: Schematic overview of the implementation of the matrix-vector method. We start by
initialising a pool of 4 GPUs. Parallelisation is done by transforming each derivative matrix to block
Jacobi form and perform matrix-vector products using one worker for each block in the matrix.

from the old time level. Suppose the data at time-level n is known. We can calculate K1 in
(3.14) as follows:

1. calculate T1 =
Λ‖

‖ ~B‖2
(
Br

∂T
∂r + Bθ

r
∂T
∂θ +Bz

∂T
∂z

)
, where all the derivatives are the discre-

tised derivatives obtained using FFT, discussed in section 3.1.2,

2. calculate T2 =
(
Br

∂T1

∂r + Bθ
r
∂T1

∂θ +Bz
∂T1

∂z

)
,

3. calculate T3 = 1
κ

(
1
r
∂T
∂r + ∂2T

∂r2
+ 1

r2
∂2T
∂θ2

+ ∂2T
∂z2

)
,

4. calculate K1 = T2 + T3.

Following a similar procedure one can calculate K2,3,4 in order to perform a Runge-Kutta time
step. A schematic overview of the implementation of the transform method is shown in figure
3.5. We mentioned before that we can use an FFT for calculating the expansion coefficients,
but there are some minor issues that are easily solved. The FFT in the θ-direction assumes a
2π-periodic function over the complete interval, but we only discretise the equation on [0, π].
We can solve this problem by noticing that the negative r-values correspond to an r > 0 and
π < θ ≤ 2π in the normal domain. We therefore use the negative r-values in order to extend
the θ-interval from [0, π] to [0, 2π], perform an FFT in order to calculate the derivatives and
neglect the [π, 2π] part. This procedure of copying the data and appending is shown in figure
3.4.
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Figure 3.4: Collocation points used by the FFT for calculating the derivatives. a) Data at the
collocation points is flipped and concatenated in order to get a periodic function in the θ-direction
over [0; 2π]. b) The coloured blocks show, which collocation points are used by the FFT for calculating
the derivatives in the three different coordinate directions (green is radial, red is azimuthal and blue
is the axial direction) at the intersection point of the three directions.

3.4 Method Validation

In order to verify that this type of spectral method is suited for this type of PDE, we apply
the method for a test case. We consider the 2D version of (2.11) in Cartesian coordinates,
which is given by:

∂T

∂t
=

1

κ

(
∂2T

∂x2
+
∂2T

∂y2

)
+

(
Bx

∂

∂x
+By

∂

∂y

)
×

Λ‖∥∥∥ ~B∥∥∥2

(
Bx

∂T

∂x
+By

∂T

∂y

)
. (3.26)

We use a Fourier expansion in both coordinate directions on a uniformly spaced grid. We
want to investigate if the method can handle the anisotropy and therefore we let κ → ∞,
which eliminates the isotropic diffusion term. Other methods suffer from great numerical
diffusion in the case where the magnetic field lines are not perfectly aligned with the grid
lines and therefore we choose a magnetic field that is not aligned with the uniform Cartesian
grid, but still allows an exact solution. We choose Bx = By = 1 and Λ‖ = 1, which gives us
the following equation:

∂T

∂t
=

1

2

(
∂2T

∂x2
+
∂2T

∂y2

)
+

∂2T

∂x∂y
. (3.27)

An exact solution for this PDE can be obtained, using a coordinate transformation:

η = x+ y , ξ = x− y , (3.28)
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Calculate T
1

FFT for obtaining 1st/2nd order-
derivatives

Input Parameters

κ, , tmax, N

Initialize GPUs Define Collocation Grid

Define Initial Data

While ( t < tmax) do

Output Solution

FFT for obtaining derivatives for T1

Calculate Ki

for i = 1:4

Perform Runge-Kutta time-step

Figure 3.5: Schematic overview of the implementation of transform method. We start by initialising
a pool of 4 GPUs. Parallelisation is done by using the parallel version of the FFT in the FFTW library
[7].

By applying the chain rule, we can rewrite the partial derivatives as:

∂T

∂x
=
∂T

∂η
+
∂T

∂ξ
, (3.29)

∂T

∂y
=
∂T

∂η
− ∂T

∂ξ
, (3.30)

∂2T

∂x2
=
∂2T

∂η2
+
∂2T

∂ξ2
+ 2

∂2T

∂ξ∂η
, (3.31)

∂2T

∂y2
=
∂2T

∂η2
+
∂2T

∂ξ2
− 2

∂2T

∂ξ∂η
, (3.32)

∂2T

∂x∂y
=
∂2T

∂η2
− ∂2T

∂ξ2
. (3.33)
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Substitution of (3.28) into (3.27) leads to:

∂T

∂t
= 2

∂2T

∂η2
. (3.34)

This equation can be solved trivially on an unbounded domain for smooth initial profiles. We
consider a 2D Gaussian distribution as initial profile:

T (x, y, 0) = e−α((x−π)2+(y−π)2) , (3.35)

where α = 10 is a parameter defining the width of the Gaussian. The exact solution of this
initial value problem is given by:

Texc =
e−

α
2

((x−y)2+
(x+y−2π)2

1+4αt
)

√
1 + 4αt

. (3.36)

In order to obtain an approximate solution, we use the 2D Fourier spectral method on a
Cartesian grid:

(xi, yj) =

(
2πi

N
,
2πj

N

)
, i, j = 1, ..., N . (3.37)

The standard fourth order Runge-Kutta method is used for the time integration. An example
of an approximate solution and corresponding error is shown in figure 3.6. We make sure
that the time discretisation error is not noticeable, by using a sufficiently small time step.
Machine precision is reached at N = 64. We do not expect that machine precision is reached
by choosing N = 64 in the 3D case as a Chebyshev expansion is used in the radial direction,
which is in general less accurate.

T |T-Texc|

Figure 3.6: Approximate solution of (3.34) for N = 64 and ∆t = 10−6 at t = 0.5. Notice the
oscillating behaviour of the error caused by the Fourier components of the expansion.
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3.5 Diffusive Front Tracking

In advective flows, front tracking is a frequently used method for gaining knowledge about the
flow field and mixing properties [1]. Normally, front tracking is used for numerically solving
multi-phase fluid-flow problems. We see a lot of similarities between for instance the model
used for a rotated arc mixer [20] and the model equation in this report. It seems reasonable
to use an adapted version of the common front tracking method. Front tracking tracks a
collection of front points indicating a front, for instance a region of dye or an air bubble in
water. We only track the front and we do not track any front points inside the closed front.
This is only valid if we assume continuity of the flow field and is not true for flows with
shocks. The flow field advects the front points and the front evolves in time. At places where
there is a divergent behaviour of the flow field, two front points can separate each other by
a very large distance. To counter this problem, we add extra front points if the distance
between two consecutive front points gets above a specified threshold. There are some issues
to overcome in order to use a front tracking method for a diffusion process. As said before,
front tracking is mostly used in cases where the front is moved by advection. In our case the
temperature field changes by diffusion only. The characteristic behaviour of a front point in
a diffusive process is different when compared to a front point in an advective process. If we
consider a front point in a pure advection process, initially at a given location A in a given
flow, it moves due to the flow field and arrives at a certain location B. In diffusion processes
a certain quantity is stretched along a certain direction. A front point in a pure diffusion
process, initialized at a location A, does not leave location A, but is stretched in time to new
locations. Another difference is the fact that diffusion in our case takes place in two directions
along a magnetic field line and the front points have to be tracked in both directions. The
two differences with advective front tracking are shown in figure 3.7. The magnetic field lines
are obtained by solving the kinematic equations in cylindrical coordinates:

∂r(t)

∂t
= Br,

∂θ(t)

∂t
=
Bθ
r
,
∂z(t)

∂t
= Bz , (3.38)

given the initial conditions (r(0), θ(0), z(0)) = (r0, θ0, z0). We follow material elements along
the magnetic field lines, solving (3.38). The kinematic equations are integrated in time, using
fourth order Runge-Kutta time integration. We integrate equation (3.38) both forward and
backward in time to encompass the diffusion in two directions along a magnetic field line. We
track the endpoints of the stretched red line in figure 3.7 until it reaches the z-coordinate,
where we want to know the solution and we plot a point in this constant z-plane. The front
points travel in the axial direction due to the axial component of the magnetic field. This
axial component is chosen to be constant in chapter 4 and we do not have to worry about
back-flow in the magnetic field lines or recirculating areas. If we assume that Bz = constant,
the solution of the axial component in (3.38) is:

z(t) = z0 +Bzt , (3.39)

where z(t) = mod(z, 2π). The magnitude of the magnetic field determines the speed at which
the front points travel. This is a great difference with reality as the diffusion velocity is in
general temperature dependent. In case of a time-independent magnetic field, we track both
fronts separately as they are fully independent of each other. An overview of the algorithm for
the case where the 3D front lies completely in an axial coordinate plane, is shown in figure 3.8.
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3.5. Diffusive Front Tracking

Figure 3.7: Difference between advection and diffusion acting on a front point (indicated with red).
The blue stream/magnetic field lines show the dominant direction and in the diffusion case we have
assumed no isotropic diffusion.

The algorithm for a full 3D front tracking method for a general specific initial profile is not
straightforward. We discretise the initial front in the axial direction. We apply the algorithm
in figure 3.8 for each of the dicretised axial fronts. We add the contributions of all axial fronts
and obtain the final front. This procedure is shown in figure 3.9 This method can only be
used for really large κ values, i.e., diffusion normal to the magnetic field lines is ignored, as we
only track a front point along the magnetic field lines. This front tracking method does not
take the diffusive velocity scales into account. The velocity at which a front point is moved
to a new location is not temperature dependent, but the velocity is fully determined by the
magnitude of the magnetic field. In general the diffusion velocity is temperature dependent,
which is not the case in the diffusive front tracking method. This is the main difference
between the spectral method and the front tracking method. In the chapter 5 we show that
this method can still be used in order to gain great insight in the mixing properties without
a lot of computational effort.
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24 Computational Method

Start Initialize Parameters

Nz , Np , 

Initialize B-Field

Backward

Forward

Front Tracking 

Add New Points to Plot

Tracked Point

One Backward Period

One Forward Period

Old Points

New Tracking Points

i = i+1

if ( i = Np )

Keep Track of Connectivity

Stop yes

no

Figure 3.8: Schematic overview of the diffusive front tracking of a couple of points in the middle of
the cylinder domain. Nz is the number of front points placed at certain locations and Np the number
of periods we are tracking. A period is defined as one full cycle in the axial direction. All the front
points are located at the same z-coordinate at the start of the algorithm.
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Figure 3.9: The procedure for the 3D diffusive front tracking. For an animation of this procedure
go to :https://www.dropbox.com/s/2draqrvwb6893cr/MovieExplanation.mp4?dl=0.



4 Topology of the Magnetic Field

Simplified heat transfer equation (2.11) has the magnetic field ~B as a variable. In general
this magnetic field is obtained by solving the full MHD-equations, but in our case we will
impose a known magnetic field. The choice of this magnetic field is crucial and therefore we
devote this chapter to the choice of the magnetic field. The goal of this chapter is not to
find a magnetic field in close relation to a magnetic field found in a real tokamak, but to
find magnetic fields, which allow us to study the characteristic behaviour of heat transfer in a
tokamak. The magnetic field presented in this chapter is nonetheless in close relation to a real
magnetic field found in a tokamak and the magnetostatic field in section 4.1 is a solution of the
full MHD-equations. The magnetic field in this chapter has a Hamiltonian structure, which
determines the way how the magnetic field reacts to perturbations. Reading this chapter
requires basic knowledge about Poincare sections, magnetic islands and flux surfaces [2].

4.1 Magnetostatic Field

Our starting point is the magnetic field in near magnetostatic equilibrium defined in the
cylinder domain, which we refer to as the unperturbed field [18]. The unperturbed field is
given by helically shaped field lines in cylindrical coordinates:

~B0(r, θ, z) : [0, 1]× [0, 2π]× [0, 2π] −→ R3

~B0 =

 Br
Bθ
Bz

 =

 0
3Ω0(r)r3

U

 , (4.1)

where Ω0 and U are the angular velocity component and axial velocity component. Both
velocities are set to 1, but the results are similar for arbitrary choices for Ω0 and U . We used
an r3 in order to remove possible singularities after differentiating and dividing by r2. The
~B is a vector field in the general sense and is a non-dimensional quantity. The unperturbed
field is divergence free, i.e., ∇ · ~B0 = 0 and obeys a Hamiltonian structure. The Hamiltonian
equations in 2D polar coordinates are given by:

∂r

∂t
=

1

r

∂Ψ

∂θ
,
∂θ

∂t
= −1

r

∂Ψ

∂r
, (4.2)

where Ψ is the Hamiltonian and defines the magnetic field topology, which is the streamfunc-
tion. The constant axial component of the magnetic field allows for this easy form of the
Hamiltonian equations. In the case Bz = Bz(r, θ, z) we have a more complex form of the
Hamiltonian. We can directly relate the axial coordinate z to the time coordinate, as there
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4.2. Perturbation Field

is a uniform movement in the axial direction. The corresponding streamfunction is given by:

H0(r, θ, z) =
3Ω0

4
r4 . (4.3)

The contourlines of the streamfunction H in figure 4.1a show a set of concentric circles around
the domain axis and are similar to the Poincare sections in figure 4.1b for this unperturbed
field. The Poincare sections are obtained by using the kinematic equations (3.38) and track
the magnetic field lines for a specified number of periods. Each time a magnetic field line
passes the z = 0 coordinate, we plot a black dot at the location where the field line passes.
The unperturbed field is integrable and is our reference field for the remainder of this report.
The integrability follows directly from the fact that at places where the magnetic field is
divergence-free, the topology of the magnetic field lines is described by classical Hamiltonian
mechanics, corresponding to an autonomous system.

Figure 4.1: Magnetostatic field. a) Streamfunction contourlines. b) Poincare section at z = 0.

4.2 Perturbation Field

The goal of this section is to define a perturbation field for the unperturbed field, such that
a linear combination of these two fields creates a non-integrable magnetic field and leads to
chaos, but still allowing for good control and flexibility. The perturbation field is given by
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[18]:

~Bper(m, θ0(z), r, θ, z) : N× C[0, 2π]× [0, 1]× [0, 2π]× [0, 2π] −→ R3 ,

~Bper =

 Br
Bθ
Bz

 =



 r3(1− r2) sin(m(θ − θ0(z)))
2r3

m (2− 3r2) cos(m(θ − θ0(z)))
0

 , m is even , r2(1− r2) sin(m(θ − θ0(z)))
r2

m (3− 5r2) cos(m(θ − θ0(z)))
0

 , m odd ,

(4.4)

where C[0, 2π] is the set of bounded functions on the interval [0, 2π], m the mode and θ0(z)
a reorientation function over the cylinder axis. The perturbation field is also divergence free
and also obeys the Hamiltonian structure (4.2). The streamfunction of the perturbation field
is given by:

Hper(r, θ, z) =

{
r4

m (1− r2) cos(m(θ − θ0(z))), m is even
r3

m (1− r2) cos(m(θ − θ0(z))), m is odd
. (4.5)

The contourlines of the streamfunction in figure 4.2a show a more irregular shape, when
compared to figure 4.1a, and are similar to the Poincare sections in figure 4.2b for this
perturbation field.

4.3 Total Field

The total magnetic field is given by a linear combination of the unperturbed and the pertur-
bation field:

~Btot = ~B0 + ε ~Bper . (4.6)

The total magnetic field is divergence free, as it is the sum of two divergence free fields. In or-
der to have a fully defined magnetic field, we need to specify the values for m, ε and θ0(z). We
limit ourselves to m ∈ {1, 2, 3}, ε ∈ {0.1, 0.5, 1} and θ0(z) ∈ {0, z, sin(z)}. The corresponding
Poincare sections for m = 1, 2, 3 are shown in figures 4.3, 4.4 and 4.5, respectively. When
θ0(z) = z we see the formation of the magnetic islands. When an integrable perturbation
is superimposed onto the magnetostatic field, the cylindrical level sets of the Hamiltonian
break-up into complex island structures. The structures however are still corresponding to
the level sets of the Hamiltonian, but they are more irregular. These islands can be seen in the
topology of the magnetic field and an illustration is shown in figure 4.6. These island struc-
tures will converge to the structure of the corresponding perturbation field for ε → ∞. The
number of magnetic islands is related to the mode m of the magnetic field. We see that the
number of islands is equal to m (not including the island in the middle). If isotropic diffusion
is neglected, the heat is conserved in these islands as it cannot escape through the boundaries
of the magnetic island. The different modes are in good agreement with the tearing-modes
found in a real tokamak [2]. When we change θ0 to θ0(z) = sin(z), we see that chaos forms
around the magnetic island. For ε = 0.1 we still see the island structure, but this will become
less visible with increasing ε. When ε ≥ 1 the chaotic region occupies a significant portion of
the space. The underlying structure is now visualised by the manifolds [15]. Manifolds are
complex coherent structures in a chaotic area, which behave as an attractor in time for scalar
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quantities in the chaotic area area. In an advection dominated mixing process, these mani-
folds determine the mixing patterns and the road to a homogeneous mixed quantity in the
chaotic area. In our case we have a diffusion dominated process and the extreme anisotropy
allows for a direct relation to the manifolds in a convective dominated process. The variable
m is still important in the chaotic case. We expect different chaotic behaviour for different
modes, because the imposed perturbation is different. The corresponding manifolds will be
different for different modes and this determines the underlying structure of the magnetic
field. In the next section we investigate how the temperature field behaves to the proposed
magnetic field for different values of m and different reorientation functions.
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Figure 4.2: Perturbation field. The left column shows the contourlines of Hper for different values
of m and θ0(z) = 0. The right column shows the corresponding Poincare sections of the perturbation
field at z = 0.
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Figure 4.3: Poincare-sections at z = 0 for m = 1.
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Figure 4.4: Poincare-sections at z = 0 for m = 2.
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Figure 4.5: Poincare-sections at z = 0 for m = 3.
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Figure 4.6: Magnetic field lines in one of three magnetic islands for m = 3, ε = 1 and θ0(z) = z.



5 Heat Transfer Versus State of the Mag-
netic Field

In this chapter we discuss some of the results obtained by solving the model PDE (2.11)
using the spectral method discussed in chapter 3. This chapter consists of sections in which
we discuss different physical phenomena, e.g., the behaviour of the anisotropic diffusion term,
temperature fields, given an integrable magnetic field, and heat loss.

5.1 Anisotropic Diffusion Operator

In this section it is checked whether our spectral method code gives us the proper behaviour
in 3D cylindrical coordinates. In this section we solve the simplified heat transfer PDE (2.11)
on the cylinder geometry and we start with the following initial profile:

T0(r, θ, z) = e−32π((r− 1
2

)2−4π(θ−π)2−5π(z−π)2) . (5.1)

This initial profile is shown in figure 5.1a, where we see that almost all the heat is initiated
in a small volume centred around the point (r, θ, z) = (1

2 , π, π). To be able to solve the
PDE, we still need to impose a magnetic field. The magnetostatic field (4.1) is used in this
section and homogeneous Neumann boundary conditions are used at the r = 1 boundary.
The unperturbed field corresponds to the magnetostatic state, which is the wanted state in
a tokamak as magnetic confinement is ensured in this case. The solution at t = 1 for the
imposed magnetic field is shown in figure 5.1b. We see clearly that the temperature field
aligns with the magnetic field lines. Figure 5.1c shows the behaviour as expected and the
temperature fields wraps itself around the cylindrical flux surfaces in time. The anisotropy in
the direction of the magnetic field lines translates to the transport of heat along those lines
and the heat is spread along the flux surfaces, leading to an isotherm flux surface. In figure 5.1
we can clearly see that magnetic confinement implies thermal confinement as well, due to the
huge anisotropy. On large timescales we notice the isotropic diffusion term and this destroys
the thermal confinement. Thermal confinement is very important in a real tokamak. When
the thermal field is not confined, this can lead to a huge energy loss across the boundary. A
good check for the validity of the solution is to look at the total amount of heat in the cylinder.
We use homogeneous Neumann boundary conditions and therefore all the heat should stay
in the cylinder. We define the following quantity for quantifying the degree of conservation
of the method:

ϕ =

∥∥∫
V T (t = 0)− T (t = tmaxdV

∥∥∥∥∫
V T (t = 0)dV

∥∥ , (5.2)

where V is the cylinder volume. In the simulation shown in figure 5.1 we have ϕ ≈ 10−11,
i.e., the simulation conserves heat up to machine precision.
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z=0
z=π

z=2π

t=2 t=4

t=6 t=8
c)

Figure 5.1: a) The initial temperature profile (t = 0). b) The solution of the model PDE with
the imposed unperturbed field at t = 1. The orange lines in the interior of the cylinder show the
magnetic field lines. A transform method is used in combination with the 4th-order Runge-Kutta time
integration, with Nr = Nθ = Nz = 128 and ∆t = 0.0001. c) The time evolution in the z = 0 plane.



5.2. Heat Transfer in Integrable Perturbed Field

5.2 Heat Transfer in Integrable Perturbed Field

In this section we impose the total field (4.4), with θ0(z) = z and ε = 1. The chosen value
for ε is a good value for illustration purposes. Other values show similar results. The chosen
ε and θ0(z) leads to the formation of magnetic island structures and allows us to study the
different modes. We assume an initial temperature profile:

T0(r, θ, z) = e−4πr2 . (5.3)

The initial temperature is shown in figure 5.2 and consists of a Gaussian cylinder centred
around r = 0. From the Poincare sections in figures 4.3 - 4.5 it is shown that no chaos occurs

z=0

z=2π

z=π

Figure 5.2: The initial temperature distribution for figures 5.3-5.5.

when choosing this reorientation function. The approximate solutions at different time levels
for different modes is shown in figures 5.3, while the 3D structure and corresponding Poincare
sections are shown in figure 5.4. We choose the end time to be t = 1, because the island
structure is clearly visible at this time. In all three cases we have ϕ ≈ 10−12, which is due
to machine errors. We clearly see the emergence of the magnetic islands in the temperature
field caused by the perturbation imposed on the magnetostatic field. We clearly see that the
temperature wraps around the flux surfaces, which are given visually by the Poincare sections.
The formation of these magnetic islands is, in the case of a tokamak, not beneficial as a lot of
heat is transported outwards and leads to more spreading of the heat in the plasma. Thermal
confinement is lost in this case and we want to return to the magneto static state as soon as
possible. The isotropic diffusion term is so small that it can be neglected on short time scales
and therefore the temperature field forms itself perfectly to the structure of the magnetic
field purely. The 3D structure in figure 5.4 shows the choice of θ0(z). The temperature field
at z = 0 is rotated linearly in the axial direction. The approximate solutions show a strong
correlation between the Poincare sections and the temperature field and we ask ourselves
whether the structured temperature field formed by the huge anisotropy would be destroyed
when the imposed magnetic field is chaotic, i.e., non-integrable.
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5.3 Heat Transfer in Chaotic Perturbed Field

In this section we impose a chaotic non-integrable magnetic field. The choice of the parameters
is m = 3, ε = 1 and θ0(z) = sin(z). The choice of parameters corresponds to the most chaotic
magnetic field structure shown in figure 4.5. We expect less structure in the temperature
field when solving the PDE (2.11) with this imposed magnetic field, but structure can still
be found by considering the corresponding manifolds [15]. The initial temperature profile is
the same as in the case of a non-chaotic perturbed field. The approximate solution at t = 1
is shown in figure 5.5 with ϕ ≈ 10−10. The temperature field shows indeed less structure
when compared to figures 5.3 and 5.4. We see the three island structures corresponding with
m = 3, but they are broken down in the interior of the cylinder domain. Also notice that
thermal confinement is lost and the transport of a significant amount of heat towards the
boundary leads to a decrease in overall temperature, which decreases plasma activity in a
tokamak, because the ionization collisions are more frequent at higher temperatures. Notice
the anti-symmetry with respect to the z = π coordinate. This anti-symmetry follows directly
from the reorientation function, because the function θ0(z) = sin(z) is also anti-symmetric
around z = π. There is still some structure in the temperature field, hence magnetic field,
but it is not as clear in the integrable case. The temperature forms itself around manifolds.
The chaotic magnetic field shows a similar behaviour as the non-chaotic case. We will come
back to this point in section 4.5.
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Figure 5.3: Approximate solutions obtained using transform method in combination with the fourth
order Runge-Kutta time integration, with Nr = Nθ = Nz = 128 and ∆t = 0.0001.
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Figure 5.4: The 3D structure of the temperature field and the Poincare sections corresponding to
figure 5.3
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z=2π
z=π

z=0

Figure 5.5: Approximate solution using a transform method in combination with the fourth order
Runge-Kutta time integration, with Nr = Nθ = Nz = 128 and ∆t = 0.0001. a) The solution of the
model PDE with the imposed chaotic field, at t = 1, with m = 3, θ0(z) = sin(z) and ε = 1. b)
Cross-sections of the temperature field at uniformly spaced values of z, increasing from left to right.
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5.4 Heat Loss

All the previous simulations used a homogeneous Neumann boundary at r = 1, which leads
to confinement of the initial heat in the system. In this section we use a non-homogeneous
Neumann boundary condition at the r = 1 boundary by setting Nu > 0. We want to study
the heat loss across the boundary when thermal confinement is lost. Heat loss is a major
problem in a real tokamak as it leads to a huge energy loss as the lost heat needs to be
cooled immediately to prevent damaging the tokamak reactor. The extreme temperatures in
a tokamak plasma may damage the reactor itself in a case where the plasma is not thermally
confined. When we solve the PDE (2.11) with a large anisotropy, i.e., κ = O(109−12), then we
expect almost no heat flux across the boundary, because the magnetic field at r = 1 coincides
with the cylinder wall and as the isotropic diffusion is negligible for relevant time scales, we
expect a likewise negligible heat transfer across the boundary. Heat loss can not be described
using the previous setup for the simulations. We model the heat loss by introducing an
isotropic conductivity λ0, which depends on the radial coordinate. We can not verify if this is
the case in a real tokamak, but the results show good agreement with reality. We need to say
that this is more of a phenomenological approach for studying heat loss across the boundary,
but it may be used for studying the effects of the Nusselt number and temperature changes
in the interior of the domain. We chose a radial dependent λ0 as the isotropic conductivity
depends on temperature in general (increasing λ0 by a decreasing temperature), but we want
to model heat loss without introducing a non-linearity in the equation and therefore we
chose radially increasing λ0, which is in agreement with the temperature dependency and the
initial temperature profile (5.4). We expect a high anisotropy near the cylinder axis, which is
decaying as soon as you approach the boundary, which is shown in figure 5.6. As λ0 = λ0(r)

Low Isotropy High Isotropy

Front ViewSide View

x

y

z

Figure 5.6: A simplified situation in the case of heating taking place on the cylinder axis. The
anisotropy/isotropy is getting weaker/stronger with an increasing radial coordinate.

we can not move λ0 outside the brackets in (2.3) and we obtain the following non-dimensional
equation:

∂T

∂t
= ∇ ·

(
1

κ(r)
∇T
)

+ ~B · ∇

 Λ‖∥∥∥ ~B∥∥∥∂‖T
 . (5.4)
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The isotropic diffusion will destroy thermal confinement, even in a magnetical confined mag-
netic field. If we impose the magnetostatic field on the initial temperature profile (5.3), we
expect thermal confinement, when isotropic diffusion is neglected. If we adopt a linearly
increasing isotropic diffusivity, we expect thermal confinement to be lost. This is illustrated
in figure 5.7. The initial temperature profile diffuses to the boundary by the isotropic dif-
fusion. The overall temperature decreases and a lot of heat flows over the boundary. We
study the heat loss across the boundary for different values of m, θ(z) = z and initial profile
(4.4). The heat loss at time t = 500 is shown in figure 5.8. Notice that there is a small

Figure 5.7: Temperature evolution at z = 0 under influence of the magnetostatic field. We use
Nu = 100 and a linearly increasing isotropic diffusivity, which is 0 in the center and 1 at the r = 1
boundary.

difference between the three profiles for 1
κ(r) , but they are eventually converging to the same

value for Nu → ∞. The amount of heat that is lost, highly depends on the magnetic field.
The Poincare sections in chapter 3 show a magnetic island in the high anisotropy region and
therefore a lot of the heat is still confined in that magnetic island. We expect that eventually
this heat is transferred to the boundary by the really small isotropic diffusion term, but the
corresponding timescale are much larger than the typical timescale of the system. In general
the isotropy conductivity is dependent on T and scales as λ0 ∼ T−

3
2 and λ‖ ∼ T

5
2 . We

simulated this case with proportionality constants equal to 1 and the results are indicated by
the orange line in figure 5.8, for reference.
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Figure 5.8: Heat loss across the boundary (ϕ) plotted against the Nusselt number at time t = 500.
Different profiles for 1

κ(r) are plotted (green is quadratic, blue is piecewise-linear, red is Gaussian and

orange is temperature dependent).

5.5 Diffusive Front Tracking

In this section we compare the results obtained with a spectral method with the results
obtained with the diffusive front tracking method. The configuration is the same as in section
5.3. In case of the diffusive front tracking, we tracked the full 3D front for a single period. The
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number of periods to track is determined by trial and error to show a strong correlation with
the results obtained, using a spectral method. The results for both methods at different z
coordinates are shown in figure 5.9. Notice that the spectral method results and the diffusive
front tracking method results show a lot of similarities. The diffusive front tracking method
is 56 times faster than the spectral method and therefore this diffusive front tracking method
may be an option for a fast exploration of the behaviour of the temperature field. The
diffusive front tracking method is fast and robust, but it has the drawback mentioned in
chapter 3, i.e., the speed of the diffusion is not incorporated into the front tracking method
and therefore each front point travels with the same speed. This can lead to a misleading view
of the temperature field. This is not a major issue as this method is still very useful for fast
estimates of thermal confinement and heat transportation to the boundaries. We also used
the diffusive front tracking method in order to simulate the cases with an integrable perturbed
and unperturbed magnetic field. The front tracking method shows great resemblance with
the results obtained using a spectral collocation method. The results are not shown here as
they are similar to figure 5.9. The diffusive front tracking method catches a lot of the physics
involved in this problem. It deals with the anisotropy in a natural way, because that is the
way how the algorithm is defined. As mentioned before, we can not use this method for small
values of κ, because the isotropic destroys the pure movement of front points along magnetic
field lines. The front tracking method can be altered in order to deal with problems having
isotropic diffusion, but this as far from straightforward and is not relevant for this study
as in a tokamak we have a negligible isotropic diffusion almost everywhere, for short time
scales. The diffusive front tracking method is in good agreement with the results obtained in
section 4.3. This shows that the transport along the field lines is not disturbed in this case,
by imposing a chaotic magnetic field.
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Figure 5.9: A comparison between the results obtained using a spectral collocation method (left)
and a diffusive front tracking method (right). The number of discretised fronts in the axial direction
is 128



6 Conclusion

The proposed model for simplified heat transfer in this report is a tool, which can be used by
tokamak plasma physicists to study the basic dynamics of heat transfer in a tokamak plasma.
This basic study appears to be in good qualitative agreement with characteristics found in a
real tokamak.
The choice of the magnetic field is important. We propose a magnetic field, which mimics
some of the dynamics in a real tokamak. The Hamiltonian structure of the magnetic field
defines the toplogy of the field lines. The model PDE and the Hamiltonian structure of the
magnetic field determine the way the temperature field behaves to perturbations. The results
show us that the creation of magnetic islands and specific profiles for the anisotropy may lead
to a big heat loss in the system. Magnetic confined and therewith thermal confined is lost
and the heat is transported to the boundary. The transport of heat to the boundary and
the increasing isotropic diffusivity in the radial coordinate direction, can lead to a significant
energy loss in a tokamak in combination with the radially dependent isotropic diffusivity.
The temperature dependent isotropic diffusivity can be implemented for studying heat loss
across the boundary. This introduces a non-linearity in the model PDE and leads to more
computationally expensive simulations.
Steady state solutions for the model PDE are not relevant as there is no source term involved
and the steady state solution is a constant. If we add a source term to the model PDE, steady
state solution could give insight into the system behaviour when t → ∞ under given heat
sources. The heat sources inject heat into the system and changes the equilibrium state of
the system. The heat sources may represent the heating of parts in the tokamak reactor itself
or local heat sources emerging from the fusion collisions in a tokamak. Obtaining steady
state solutions could be done by time stepping, which is not recommended because of the
very small diffusion normal to the magnetic field lines, or by solving the non-linear system of
equations, which requires special attention as spectral methods give a non-sparse system of
equations.
The diffusive front tracking method presented in this report is a great tool for quick explo-
ration of the behaviour of the temperature. The diffusive front tracking method is an even
further simplification compared to the model PDE in combination with a spectral method.
The diffusive front tracking method is fast and robust and may be of great use in real time
explorations. Notice that this front tracking can only be used when κ is really large, as
isotropic behaviour is not taken into account. The diffusive front tracking method can be
slightly adapted in order to take variable velocity of the front points into account, but at
some point complex adaptations to the diffusive front tracking method lead to a computa-
tionally expensive method and we ask ourselves if it is still worth it at that point, as we can
use just use a spectral method in this case, which incorporates more physics.
Advection is not taken into account in this model and therefore we lose a significant contri-
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bution to the heat transfer. A first step might be to add an extra term to the model PDE,
involving advection. This addition can cause numerical difficulties when turbulence or a free
surface is involved and therefore we may have to resort to other numerical methods, which
maybe removes the simplicity and thereby the strength of the model.
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