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Preface 

 
The interaction of M-N-V in reinforced concrete is a very complex problem. It has been attempted to make the 
approach to the problem as simplistic and as practical possible.  
 

"…Simplicity is a prerequisite for reliability…" 
E.W. Dijkstra 

 
It must be realised that, even though complex approaches might be provided, the reality can only be simulated. Thus, 
certain choices had to be made, which of course come with their own restriction. 
 
Of course the writing of this rapport would not have been possible without the help of others. First of all I would like to 
thank the members of the committee for their interest in the subject. The various debates I had with them lead to a rich 
source of information for me and a whole new perspective on the subject. I would also like to thank the employees at 
the ‘Pieter van Musschenbroek’ laboratory for all the assistance they provided me. Even though challenged by a very 
difficult experiment, they managed to provide an installation that could provide every input that was asked for. 
Furthermore, I would like to thank MA. J. Koek for his careful checking of a great deal of the grammar. And last but not 
least I need to thank my parents for all the support they gave and for the illustrations and photography. 
 
 

Rick de Goeij. 
Eindhoven, 23 August 2013 
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Summary 

The interaction of M-N-V in concrete structures is a subject that has been rarely treated. This is mainly due to the 
uncertainties involving the shear force. 
 
In the state-of-the-art report, important research that has been performed is discussed. It starts with the important 
experimental research around 1900, that has been conducted by Talbot, Mörsch and others. Especially Talbot’s 
research is somewhat elaborated on, seeing as it is usually only treated briefly.  
Some more attention is paid to the early design concept for bending, that is still in use in today’s design practice.  
 
After this, the design of concrete beams subjected to shear is discussed. Again attention is paid to various important 
contributions. The nature of the shear phenomenon is also explained.  
Beam with stirrups as shear reinforcement are discussed later. The practical design methods are discussed and a 
brief detour is made on the more advanced design methods such as the MFCT. 
The last part of the report deals with some of the material properties of concrete.  
 
After the state-of-the-art report, a numerical analysis is performed. With this numerical analysis, an attempt was made 
to obtain an interaction relationship. The effect of various parameters was also studied. 
 
The numerical analysis was performed using the finite element program ‘Ansys’. Only linear calculations were made 
and by using this program’s coder, non-linear material behaviour was introduced by means of multiple linear 
calculation with adjustments of the stiffness or geometry. 
 
To obtain the interaction relationship, three different methods were explored. The first being the sectional analysis, in 
which only the section of a beam was subjected to the “non-linear” analysis and the rest of the beam behaved linear 
elastically. The second method was to perform the analysis on an inclined section. And the last was to perform the 
analysis on a two-dimensional segment within the concrete beam. 
 
To obtain better results in the last method various adjustments were made. The first attempt was to only subject the 
left side of the segment to analysis and then let this area “grow” from left to right as the crack pattern extended. The 
next attempt tried to only analyse the direct vicinity of the crack. 
All the non-linear analysis consisted of deleting the elements from the geometrical model if the tensile strength had 
been reached. The compressive behaviour was either modelled elastically or by means of sequentially linear analysis. 
 
After the numerical analysis  an experiment was performed.  In a concrete beam, a segment was underreinforced 
whilst the rest of the beam’s shearing and bending moment capacity was made significantly larger. In this set-up it 
was made possible to vary the bending moment and shearing force independently from each other. With this, the 
influence of the bending moment on the shear capacity was studied. 
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Remark  
Some of the more common symbols are given here. 
Almost every paper has their own notation and thus 
the symbols are usually explained when the formulas 
are presented. 
 
Symbol Description  
 
A Area of the section 
Ac Area of the concrete  
As / A’s Area of the reinforcement  
a Shear span 
αN / βN / γN Ratios for normal force 
αM / βm / γM Ratios for bending moment 
b Width of a section 
C Compression force in stringer 
c Concrete cover 
d / d’ Effective depth 
da Aggregate size 
 
Ec Elasticity modulus of concrete 
Ec,m Mean elasticity modulus of concrete 
Ef Fictive elasticity modulus  
Es Mean elasticity modulus of reinforcement 
ε1,2 Principle strains 
 εc Concrete strain 
εc2 / ε0 Yield strain concrete  
εcu2 / εmax Ultimate strain concrete  
εy Yield strain  
εs Steel strain  
εx,y Strain in Cartesian coordinates  
F Force 
Fd Force of dowel action 
fc Concrete compressive stress 
f’c / fcd  Design value concrete compressive 

strength  
fck  Characteristic value concrete compressive 

strength  
fcm Mean value concrete compressive strength  
fct / ft  Design value concrete tensile strength  
fctm   Mean value concrete tensile strength 
fctm,fl   Mean value concrete tensile-bending 

strength  
 fy  Yield stress  
fyd  Design value yield stress  
M Bending moment 
M0 Reference value bending moment 
Mcr Bending moment at crackload 
Mfl Bending moment capacity 
ME,d Design value bending moment  
MR,d Design value bending moment capacity 
MP Plastic bending moment capacity  
MU Ultimate bending moment capacity 
N Normal force 
N0 Reference value normal force 

λ Size effect parameter 
s Crack spacing 

σ Normal stress 
σs Steel stress 
σc Concrete stress 
σN Compressive stress 
σT Tensile stress 
r / ψ Ratio web reinforcement 
ρ / Ф Ratio longitudinal reinforcement 
T Tensile force in stringer 
τ Shear stress 
V Shear force 
V0 Reference value bending moment 
VR,d,c Design value shear capacity concrete 
VR,d,s Design value shear capacity stirrups 
VR,d,,max Maximum allowable shear capacity  
νc,min Minimal shear stress 
ν Poisson ratio 

w Crack width 
x / xU Height compression zone 
z Internal lever arm  
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2.1 Research Subject 
In practice, concrete is subjected to bending 
moments(M), normal forces(N) and shear forces(V)
is the structural engineer his job to ensure that the 
concrete elements will have enough capacity to resist 
these forces. Throughout history, the study of the 
ability of concrete to resist the separate forces has 
been thoroughly investigated. The interaction, 
however, has received little attention if compared
the individual capacities. This is quite strange as it is 
seldom that a concrete member is subjected 
individual forces.  
 
The main problem, of the lack of study on
interaction of MNV, is the difficulties that arise when 
dealing with shear forces. Although it is probably one 
of the subjects in concrete design, which has been 
given the most attention, it is also one of the least 
understood items. This difficult has yet to be overcome 
and engineers still have not found a general accepted 
theory. The design of concrete has become 
increasingly more difficult. Even the most basic 
problems like beams are dealt with complicated 
software, that has been built with theories like 
compression field theory or smeared crack 
Although this approach is good for understanding the 
fundamental behaviour of concrete, these methods are 
too complicated for practical applications.
 
If we imagine the simplest cases being columns and 
beams, there are already a lot of places where 
interacting forces need to be considered 
2-1).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2-1 | Example of a simple structure and loads from whic h interaction phenomena can occur.

V in Reinforced Concrete  Chapter 2. Introduction 

bending 
moments(M), normal forces(N) and shear forces(V). It 
is the structural engineer his job to ensure that the 
concrete elements will have enough capacity to resist 

the study of the 
forces has 

been thoroughly investigated. The interaction, 
compared to 

the individual capacities. This is quite strange as it is 
seldom that a concrete member is subjected to 

on the 
is the difficulties that arise when 

dealing with shear forces. Although it is probably one 
of the subjects in concrete design, which has been 

it is also one of the least 
. This difficult has yet to be overcome 

general accepted 
theory. The design of concrete has become 
increasingly more difficult. Even the most basic 

ealt with complicated 
been built with theories like 

smeared crack modelling. 
good for understanding the 

these methods are 
cal applications. 

If we imagine the simplest cases being columns and 
of places where 

 (see Figure 

A well understood interaction 
interaction which occurs in the column. Here 
forces as well as a bending moment
theory behind this interaction is well known and almost 
always implemented in practice. On
engineer knows the potential 
expected to occur and a safe design can be made.
 
However, the interaction in a beam 
lot of times distributed forces will be present on a 
beam. In almost every section of this beam there are 
flexural as well as shear forces present. 
simplest cases are usually design
empirical  formulas. In case of a simply supported 
beam shear forces and bending moment
separately.  
The capacity for the shear force is usually derived from 
tests made on simply supported beam.  These results 
are then extended to more complicated cases, such as 
continuous beams. The interaction between M and V is 
completely different for both cases, but this
is currently ignored. A more fundamental reasoning 
thus required, to have a more complete coverage of 
the various structures. 
 
 
 
 

| Example of a simple structure and loads from whic h interaction phenomena can occur.  
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A well understood interaction phenomenon, is the 
interaction which occurs in the column. Here a normal 

bending moment can be found. The 
this interaction is well known and almost 

always implemented in practice. Once understood, an 
s the potential problems that can be 

expected to occur and a safe design can be made. 

interaction in a beam often neglected. A 
of times distributed forces will be present on a 

beam. In almost every section of this beam there are 
forces present. Even the 

simplest cases are usually designed with (semi-) 
In case of a simply supported 

beam shear forces and bending moments are treated 

The capacity for the shear force is usually derived from 
simply supported beam.  These results 

are then extended to more complicated cases, such as 
continuous beams. The interaction between M and V is 

both cases, but this difference 
A more fundamental reasoning is 
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2.2 Objective 
The main goal of this research is to determine an 
interaction relation for concrete structures that have 
been subjected to a bending moment(M), normal 
force(N) and a shear force(V). 
 
Several objectives, which arise from the main goal, are 

- Determining the validity of the current design 
provision and its safety 

- Determining the possibility of an element 
based design method, as is regularly used in 
the plasticity approach 

- Quantifying the interaction relation for specific 
parameters 
 

2.3 Scope Limitation 
Seeing as the objective can refer to a very large 
research field, some limitations have to be stated. 
The research will only be focused on members that, on 
simplification, can be modelled as one-dimensional 
objects. In practice, this restriction usually means only 
columns and beams will be taken into consideration. 
Furthermore this treatise will be limited to the area, 
within these members, where beam theory is valid. 
Local phenomenon, for example which can occur in 
the vicinity of load application or supports, will not be 
dealt with. 
The research program itself, will mostly deal with 
members that have not been reinforced for shear. 
Thus it will deal with plain concrete without stirrups or 
fibres in the concrete mixture. Furthermore high-
strength concrete will not be considered. 
 

2.4 Research Significance 

2.4.1 Scientific Contribution 

The research shall shed some light on the manner in 
which MNV are carried by the concrete structure. This 
will give a more fundamental understanding of the 
bearing capacity than the current empirical work. 
From this, new theories can be developed so that 
concrete structures can be designed with a full 
understanding of the bearing capacity. 
 
 
 
 
 
 
 
 
 

2.4.2 Utilisation 

In the design codes, concrete structures are treated 
very conservatively. Empirical formula are based on 
various loading configuration  which, when extended to 
other situations, have to include considerable margins 
for safety.  For a more economical design, a better 
understanding  of the behaviour of structures 
subjected to MNV is required. 
A better understanding of this behaviour also leads to 
the possibility of designing even more complex 
structures. This possibility will never exist, when 
structures are designed on an empirical basis, as is 
the case with the current design provisions. This is 
because the validity of the empirical evidence is 
usually restricted to the experimental set-up. 
 

2.5 Methodology 
- State-of-the-Art 

The current design is summarized and a discussion of 
its historical development is provided. Some attention 
is also paid to actual material behaviour, instead of 
only design methods.  
 

- Numerical Investigation 
Numerical calculations have been made to investigate 
the possibility for various design methods. 
Furthermore, the influence of various parameters was 
investigated. 
 

- Experimental Investigation 
In this chapter, an experimental verification of the MNV 
interaction is performed. By means of a simple 
experiment this relation was determined and 
quantified. 
 

- Conclusion and Recommendations 
In this chapter the various results, that have been 
found from the previous investigations, are stated. 
Based on these results recommendations are provided 
to incorporate them into future works. 
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3.1 Introduction 
In this chapter an outline will be given, of the 
investigations that were published over the years. A 
short summary of the current design practice, as 
applied in The Netherlands, is also provided. 

 

3.1.1 Scope Limitations 

One could of course try to cover the entire history of 
the design of concrete members, but this would be an 
immense task. From the (re-)invention of concrete till 
present day there have literally been thousands of 
published papers and proposed theories even dating 
back to the time of ‘Da Vinci’ or ‘Galileo Galilei’. It 
would thus not fit within the requirements for this thesis 
to do this complete survey. 
 
Some subjects that will be greatly reduced in content 
or even omitted entirely, but are still very important to 
the design are: 
 

- Agregate interlocking  and Dowel Action 
A great deal of effort on the study of this subject has 
been made by J.C. Walraven. He has written an 
excellent review for more information on the subject:  
Walraven, J.C.., ”Mechanism of Shear Transfer in 
Cracks in Concrete; A survey of Literature”, (Dec. 
1978) Delft: Stevin Laboratory of the Delft University of 
Technology or  
 

- Various material properties of concrete 
One does not need to spend a lot of time finding 
literature on this subject as it has been dealt with very 
intensively over the last few decades. Some literature 
that might be of interest is: M.R.A. van Vliet,” Size 
effect in Tensile Fracture of Concrete and 
Rock”,(2000) Delft: Delft University Press  or 
Hordijk, D., ”Local Approach to Fatigue of Concrete”, 
Delft: Stevin Laboratory of the Delft University of 
Technology(1991)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

- Numerical approaches 
Computational plasticity will be completely omitted 
from this review. Some introductory information can be 
found in; EA de Souza Neto, Perić , D.R.J. Owen, 
“Computational Methods for Plasticity: Theory and 
Applications”, (2008) John Wiley & Sons Ltd 
 
A  treatment concerning the numerical modelling  of 
concrete is also available;  
G. Hofstetter, G. Meschke,”Numerical Modeling of 
Concrete Cracking”,(2011) Udine: CISM. 
Even with these reduction, the entire publication 
database is still vast and therefore some of the 
subjects that will be dealt with will still miss a lot of 
important research. The author has tried his best to be 
as thorough as possible on the papers and topics that 
were believed to be directly related to the thesis. 
 
 
Various other “state-of-the-art” reports have already 
been published and treat some of the subjects more 
thoroughly, for example: 
 

- CEB Task Group 2.3, ”Ultimate Limit State 
Design; A state-of-the-art Report”, CEB 
Bulleting d’Information No.223 (June 1995)  

- ACI-ASCE Committee 445,”Recent 
Approaches to Shear Design of Structural; 
Concrete”, ASCE Journal of Structural 
Engineering V.124-No.12 (Dec. 1998) pp. 
1375-1417. 

- Mertol, H.C. ,”Behavior of High-Strength 
Concrete Members subjected to Combined 
Flexure and Axial Compression Loadings”, 
(Dec. 2006) Raleigh: North Carolina State 
University 

- Minelli, F. ,”Plain and Fiber Reinforced 
Concrete Beams under Shear Loading: 
Structural Behavior and Design Aspects”, 
(Dec. 2005) Brescia: Starrylink Editrice 

- Duthinh, D Carinom N.J., “Shear design of 
high-strength concrete beams: a review of the 
state-of-the art “,(Aug. 1996) US Department 
of Commerce, Technology Administration, 
National Institute of Standards and 
Technology, Office of Applied Economics, 
Building and Fire Research Laboratory.  



Interaction M-N-V in Reinforced Concrete
 

3.2 General Design  
Before given a detailed description  of the 
development of concrete design, a brief overview of 
the current design methods of concrete beams will be 
discussed. The design of current concrete structures is 
based on the Eurocode 2 and this will be the base for 
the description1. If compared with other codes
Eurocode is very practical in essence and thus also 
severely limited in its theory. 

3.2.1 Flexural Design 

3.2.1.1 Unreinforced Concrete

This thesis is mainly concerned with reinforced 
concrete, thus this discussion will be brief. Although it 
might not have a direct link with this thesis it introduces 
some important ideas or “properties” of concrete. This 
is why it is included. 
 
If one is designing unreinforced concrete members 
subjected to bending,  it was first believed to be a 
linear-elastic problem. The cracking of the member 
should occur when the maximal  unaxial tension is 
reached. ��� � � · ��� 
 
In which W is the section modulus and fct

tensile stress. When extensive testing was performed 
it was found that this formula did not correspond with 
the result. The stress at failure was underestimate by 
the uniaxial tensile stress. This phenomenon has been 
known even before Mörsch his work95 and h
describes it in detail. It is assumed that the ‘law of 
Navier’ and the ‘hypothesis of Bernoulli’ are valid, 
which was validated by earlier testing. If these 
assumptions are made a stress distribution as seen in 
Figure 3-1 occurs in the beam, Hooke’s Law doesn’t 
appear to be valid. 

 
Figure 3-1| Stress distribution at rupture Source: Mörsch, E., 
”Concrete-Steel Construction (engl. trans. of Der 
Eisenbetonbau)”, (3st ed. 1909) London: The Enginee ring News 
Publishing Company, pp.28. 
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If one is to calculate the beam with Hooke’s Law,  a 
new strength parameter has to be introduced, namely 
the ‘Tensile Bending’ stress
stress depends on the height of the beam.
3-2) The dependence is attributed to a size effect of 
concrete, which will be discussed in detail later (see 
chapter 3.3.7.3 on pp.3-56

Figure 3-2 | Size effect of rupture in bending of rectangular 
beams Source: Walraven, J.C. Galjaard, J.C.,”Collegedictaat 
Voorgespannen Beton”, (2010) Boxtel: Aeneas uitgeve rij van 
vakinformatie BV., pp. 32. 
 
The higher strength is reached
the stress doesn’t dissipate completely. Even after 
crack forming there are still paths in which stress can 
be transferred  
To calculate with this higher moment a fictive stress 
will be applied so one can still use Hooke’s law.
following relation for this bending tensile stress is given 
in the Eurocode1. 
 ���	,�� � 1,6 �1000
 
In which h is the height of the member in millimetres 
and ���	 the average tensile stress in N/mm
The only application of this variable in the design of 
beams following the Eurocode is to introduce the 
minimal reinforcement requirement though.
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If one is to calculate the beam with Hooke’s Law,  a 
new strength parameter has to be introduced, namely 
the ‘Tensile Bending’ stress. This ‘Tensile Bending’ 
stress depends on the height of the beam.(see Figure 
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| Size effect of rupture in bending of rectangular 

Walraven, J.C. Galjaard, J.C.,”Collegedictaat – 
Voorgespannen Beton”, (2010) Boxtel: Aeneas uitgeve rij van 

The higher strength is reached, because after cracking 
the stress doesn’t dissipate completely. Even after 
crack forming there are still paths in which stress can 

To calculate with this higher moment a fictive stress 
applied so one can still use Hooke’s law. The 

following relation for this bending tensile stress is given 

� �1000 · ���	 � ���	 

In which h is the height of the member in millimetres 
the average tensile stress in N/mm2. 

The only application of this variable in the design of 
beams following the Eurocode is to introduce the 

requirement though. 
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3.2.1.2 Reinforced Concrete 

The design of the bending capacity of a reinforced 
concrete section is based on several principles. First of 
all a stress strain relation of the concrete in 
compression is defined. The Eurocode1 is based on a 
parabolic relation, but any other more conservative 
relation may also be introduced. The parabolic relation 
is given by 
  

�� � � ��� �1 � �1 � ��������   ���  0  ��  ���                      ���                     ���  ���  ��  ��!�  " 
 
In which fcd is the maximal compressive stress, ��� the 
strain when this stress is reached, ��!� the ultimate 
strain and n a variable depending on the compressive 
strength.   
Following this a failure mechanism has to be defined. 
The bending failure of a reinforced concrete is defined 
by the maximal compressive stress.  Furthermore it is 
assumed that plane sections remain plane and the 
tensile strength of concrete is neglected.   
Some other practical limitations are imposed on the 
structure to ensure a safe design. For one the height of 
the compression zone is limited to 
  #$% � 500500 ' �(� 

 
In which #$ is the maximal height of the compression 
zone,  �(� is the design value of the yield stress of the 

reinforcement and d is the distance from the top of the 
beam to the central of gravity of the reinforcement. 
This limitation is  to ensure that the reinforcement will 
yield and brittle failure of the structure is prevented. 
Basically a tensile type of failure is required from the 
designer.  

Furthermore a limitation on the maximal applied 
reinforcement is given by 
 )*,	+, � 0,04 ·  )� 
 
In which )� is the area of the concrete in the section. 
Also enough reinforcement has to be applied so that 
the cracked section will have a bending moment 
resistance which is more than the moment of rupture.  
This to ensure that brittle failure doesn’t occur once the 
tensile strength of the concrete is exceeded. 
 �.,	/� � ���	 · � 
 
Once all limitations are met the moment resistance of 
the beam can calculation with the equilibrium 
equations and will simply be equal to 
 �! � )* · �(� · 0 
 
In which )* is the reinforcement and z is the lever arm 
between the center of gravity of the compression zone 
and the center of gravity of the reinforcement. 
 
If one is to design the beam with a full plastic analysis 
the equations for the bending moment capacity would 
be given as97 
 

�1 � 2 �1 � 12 νυ� · Φ · b · d2 · fcd    ���  Φ  ν           ν2 · b · d2 · fcd                ���  Φ ; ν  " 
 
See appendix A for the derivation and explanation. 
Seeing that this solution is not less conservative it is 
not allowed to be used.  

Figure 3-3| Strain compatibility as given in the Eurocode  
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3.2.1.3 M – N INTERACTION 

When normal forces are present the solution 
procedure is similar to before. The biggest difference is 
that the full range of the strains as defined in the 
Eurocode can be used. Failure is thus defined by 
several modes  
 

- When tension strain occur due to bending in 
the section, failure is associated by the rotation 
point at the top of the beam. At this point the 
strain is equal to the ultimate strain for 
concrete (tension failure) 

- When only compressive strains occur in the 
section, failure is associate by the rotating 
point defined by the “yield strain” of the 
concrete intersecting the line defined by the 
ultimate strain at the top and no strains at the 
bottom. Any straight line through this point is a 
new failure criterion (compression failure) 

- When only normal forces are present, failure 
occurs when the “yield strain” of concrete is 
present in the entire section 

- If the strain of the reinforcement exceeds the 
ultimate strain, failure has occurred. 

 
If a perfect plastic stress-strain relation is chosen for 
the design of the section the compressive failure 
cannot be determined. Some empirical relations have 
been determined for this region. 
A simple plastic solution exists for this interaction 
phenomenon. To solution is obtained by treating the 
concrete and steel contribution separately, after which 
they are combined. The contribution for the steel is 
given as 
 <= � ξ <? � 2 · ξ · @1 � ξA 
 
In which ξ is a factor determining the height of the 
compression zone. The contribution of the steel is 
given as 
 B= � Φ · @1 ' ζA BD � Φ · @1 � ζA · η 
 
In which ζ is a for the effective steel stress and η is a 
ratio between the distance of between the 
reinforcement and the height of the section. Combined 
these relation would be (see Figure 3-4) 
 FG � <G ' BG FD � <D ' BD 
 
A check for the rotation capacity needs to be done. 

 
Figure 3-4| Interaction Diagram as given by the pla stic solution 
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3.2.2 Shear Design 

Current Shear Design is based on the assumption that 
concrete and shear reinforcement capacities are not 
additive. This means that beams with and without 
shear reinforcement will be treated separately here. 
 
The failure of a beam without stirrups, due to shear, is 
usually initiated by a diagonal crack(see Figure 3-6). 
This failure type is called diagonal tension. The occurs 
of the crack is sudden and the behaviour of the beam 
is usually of a very brittle nature. After the formation of 
the crack it extends towards the top and then curves 
off due to the compressive stresses. To the bottom it 
can either extend straight down or follow the 
longitudinal reinforcement, the latter being called the 
dowel crack. There is also a failure mode between 
flexure and shear failure. It starts with the formation of 
the flexural cracks. After this diagonal cracks start to 
develop, which eventually reach the compression zone 
leading to crushing of the concrete. 
The ability of the concrete beam to resist such failure 
modes is attributed to the following mechanisms 
 

- The shear capacity of the compression zone 
- The shear resistance by dowel action 
- The shear resistance by Aggregate interlock 

 
Even though these mechanism have been thoroughly 
studied, their individual actions are not directly used in 
determining the shear capacity of the beams. Rather, 
current design is based on the total shear capacity of 
the beam, as has been empirically determined. The 
Eurocode gives the following equation for determining 
the shear resistance 
 HI�;� � KLI�;� · M · @100 · NO · ��PAO QR S · T · % ; U	/� · T · % 

 
With 

M � 1 ' V200%  2,0 

NO � )*T · % 

LI�;� � 0,18F�  

U	/� � 0,035 · M� QR · ��PO �R  
 
In which ��P is the characteristic compressive strength, T is the section width, % is the effective depth, )* is the 
area of the tension reinforcement and F� is the safety 
factor for concrete. 
 

If the shear capacity of the concrete is insufficient to 
carry the shear force, the entire shear capacity of the 
beam needs to be provided by the stirrups.  
The stirrups are designed by means of the truss model 
as taken from the plasticity approach(see Figure 3-5). 
The shear resistance, of the stirrups, can then be 
determined by 
 HI�;* � )*YZ · 0 · �(Y� · cot ] 

 
In which )*Y is the section area of the stirrups, Z is the 
spacing of the stirrups, 0 is the internal lever arm, �(Y� 

is the yield stress of the stirrups and ] is the angle of 
the compression field. The angle is further limited as  
 1,0  cot ]  2,5 
 
To prevent crushing of the diagonal struts to occur, 
due to excessive amounts of stirrups, a limitation on 
the maximum shear capacity has been given 
 HI�;	+, � <�Y · 0 · ^O · ��� · T cot ] ' tan ]R  

 
In which ^O is a strength reduction factor due to the 
shear cracked concrete and <�Y is a factor to 
compensate for compressive stresses in the top 
stringer. 
The ability for the stirrups to resist the shear forces 
depends largely on the stress in them. Thus 
considerable deformation are to be expected, before 
they become effect. This means that the concrete 
should fail before the stirrups reach their full potential. 
 
Interaction relation between the shear force and other 
internal force are not presently included in the design. 

 
Figure 3-5| Truss model as presented in Eurocode 2 Source: 
NEN-EN 1992-1-1 (Eurocode 2: Ontwerp en berekening van 
betonconstructies - Deel 1-1: Algemene regels en re gels voor 
gebouwen), 2005/National Annex 2007 

 
Figure 3-6| Mechanism for shear resistance in a bea m
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3.3 History Of Concrete Design 

3.3.1 Flexural Design 

In this chapter it is not the author’s intention to 
describe the entire history of flexural design. For 
detailed descriptions on the early history of this flexural 
design, one is referred to for example 
 

- Toddhunter, I. Pearson, K., ”A history of the 
Theory of Elasticity and of the Strength of 
Materials: From Galilei to the Present Time”, 
(1986) Cambridge: University Press 

- Timoshenko, S.P., ”History of Strength of 
Materials”, (1983) New York: Dover 
Publications 

 
Around turn of the 19th century concrete design was 
already beginning to take the shape of the design that 
is currently in practice. Flexural design was given 
shape to in the early years such names as Ritter and 
Mörsch. It is very difficult to obtain earlier works and it 
is based mostly on assumptions of linear elasticity, 
which is known to be inaccurate. Given the mayor 
developments made from then on and the lake of 
literature before this time it will be taken as the 
beginning of this literature review and only limited 
references will be made to periods of earlier design. 

3.3.1.1 Early testing for Flexural 

Design 

Beginning at 1904 Talbot, colleagues and his students 
conducted tests a great number of tests on Reinforced 
concrete beams to determine various constants that 
define the beam78-84. It was instigated because of the 
lack of consistent test results before this research 
paper. Various investigation used different types of 
reinforcing or their scope was just too small. Some 
twenty-four beams were tested, where none failed In 
shear. The most important factors that were 
investigated was the validity of the Hypothesis of 
Bernoulli*, the position of the neutral axis, the effect of  
the amount reinforcement and the general action of the 
beam during the loading process. 
 
 
 
 

                                                      
*Although usually credited to Bernoulli this theory was probably also 
known to Leonardo Da Vinci, thus he wasn’t the first to develop it. 
Ballarini, Roberto (April 18, 2003). "The Da Vinci-Euler-Bernoulli 
Beam Theory?". Mechanical Engineering Magazine Online. 
Retrieved 2006-07-22. 

The validation of the hypothesis of Bernouilli had been 
speculated upon before the investigation. Of course 
when one considers shear forces and cracking of 
concrete it is impossible that this hypothesis would be 
valid. However the tests result showed good 
agreement with the theory and thus it can be used as a 
good approximation. Later Mörsch discusses this in 
further detail95 and the various implications.  
Hognestad35 describes it to be valid for combined 
bending and axial loading as well. (see Figure 3-7 for 
the test configuration). 
 
Early on it was believed that the neutral axis didn’t shift 
and this was the basis for some design formulas. One 
of these formulas is the design formula given by Könen 
for slabs96†, which is one of the first rational analysis 
developed to describe bending: 
 ab � ��b 34 % 

 
In the first research Talbot shows that this assumption 
is not true and that during the loading process the 
neutral axis actually shifts if plane sections are to 
remain plane. 
Maybe also of interest is a note made by Talbot in this 
paper, which shows significant insight for the time. The 
load was released and reapplied on some beams. In 
these beams, Talbot remarked, that the concrete and 
steel are under stress. Thus it is a first glimpse into the 
fatigue behaviour of reinforced concrete. 
 

 
Figure 3-7| Experiment used by Talbot and his stude nts to 
determine the validity of the conservation of plane  sections, 
Source: Talbot, A.N., “Tests on Reinforced Concrete  Beams”, 
Bull. VII. No. 1 of the University of Illinois.(Sep t. 1904) , pp. 12 
  

                                                      
† Article was not available to the author 
 Könen, M., “Für die Berechnung der Starke der Monierschen 
Cementplatten”,Zentralblatt der Bauverwaltung V.6-No.47(Nov. 
1886) p.462 
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The position of the neutral axis and the assumption of 
plane sections remaining plane were analyzed by 
means of an extensometer(see Figure 3-
differences in the position of the neutral axis were 
calculated by means of two of these extensometers.
No substantial differences were found, thus the 
assumption was proven to be a good approximation.
 
In a later paper published by Mensch,  it is stated that 
this assumption is not true70. He refers to an earlier 
research of Prof. Schule, from 1901, that showed the 
tensile strain would be comparatively large and thus 
the section would not remain plain after bending(see 
Figure 3-9). This is mainly aimed at the “Working 
Stress Method”, which was then provided to be a safe 
design. He advices the use of the “Ultimate Load 
Design Method”, as it results in simple equations that 
are fundamentally better. In these equilibrium 
equations the assumptions of compatibility and ratio’s 
of elasticity modulus are not required.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3-8 | Extensometer for determining the validity of the 
conservation of plane sections as used by Talbot. S ource: 
Talbot, A.N., “Tests on Reinforced Concrete Beams”,  Bull. VII. 
No. 1 of the University of Illino is.(Sept. 1904) , pp. 13

V in Reinforced Concrete  Chapter 3. State-of-the-Art 

The position of the neutral axis and the assumption of 
were analyzed by 

-8). The 
differences in the position of the neutral axis were 
calculated by means of two of these extensometers. 

thus the 
to be a good approximation. 

it is stated that 
. He refers to an earlier 

research of Prof. Schule, from 1901, that showed the 
tensile strain would be comparatively large and thus 
the section would not remain plain after bending(see 

). This is mainly aimed at the “Working 
Stress Method”, which was then provided to be a safe 

the use of the “Ultimate Load 
Design Method”, as it results in simple equations that 
are fundamentally better. In these equilibrium 
equations the assumptions of compatibility and ratio’s 

 
| Extensometer for determining the validity of the 

conservation of plane sections as used by Talbot. S ource: 
Talbot, A.N., “Tests on Reinforced Concrete Beams”,  Bull. VII. 

is.(Sept. 1904) , pp. 13  

Mörsch notes that some earlier investigations could be 
misinterpretations96. Implicitly he mentions that the 
measuring length and placing of the instruments were 
often “incorrect” and thus could lead to these results. 
In the investigations mentioned by Bach he found no 
such discrepancies and showed that the position of the 
neutral axis could be calculated from this 
assumption(see Figure 3-10
assumption of plane sections remaining plane is still in 
use. 
 
 
 
 
 
 
 

Figure 3-9 | Readings from extensometer according to Mensch. 
Source: Mensch, L.J., “New- Old Theory of Reinforced Concrete 
Beams in Bending“, ACI Structural Journal V.10
1914) pp. 29. 
 
 
 
 
 

Figure 3-10| Neutral Axis determination as stated by Mörsch. 
Source: Mörsch, E., ”Der Eisenbetonbau: seine Theor ie und 
Anwendung”, (3 rd  ed. 1908) Stuttgart : Verlag Konrad Wittwer 
pp. 96 
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Source: Mörsch, E., ”Der Eisenbetonbau: seine Theor ie und 

ed. 1908) Stuttgart : Verlag Konrad Wittwer 
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Talbot found that flexural failure of beams can occur in 
two variations(see Figure 3-11).* If relatively low 
reinforcement ratios would be applied then the beam 
would fail due to tension in the steel. Here the steel 
would reach its yield stress thus inducing failure. The 
other type of failure would be due to the compression 
of the concrete. When high reinforcement ratios are 
applied the beams would fail due to crushing of the 
concrete at the top before the reinforcement reaches 
its yield stress.  
 
The behaviour of the beam would be divided into four 
stages(see Figure 3-12). Only the last stage would 
differ for the two types of failure. Tension failures 
would be accompanied with a rapid increase in the 
strain in the reinforcement and a rise in the neutral 
axis. Compression failures, on the other hand, show 
an increase in the compressive strains and a lowering 
of the neutral axis. 
 
Now with all the findings Talbot readily understood the 
behaviour of a beam in flexure. The theory presented 
in these bulletins was to provide an alternative to the 
“straight line theory”, which he noted to be not much 
more difficult(see Figure 3-13). It was based on tensile 
failure as it was the most “convenient” way of 
calculating the resisting moment. A parabolic 
relationship(Ritter’s Parabola)  was introduced by 
Talbot to calculate the compressive stresses
 c � �1 � 12 · d� · e� · �� 

 
In which c is the compressive stress, e� the initial 
modulus of elasticity, �� the compressive strain and 
the ratio of deformation at the ultimate compressive 
deformation of the concrete. 
 
Thus using this relation and the assumption of plane 
sections remaining plane, the resisting moment could 
then be obtained from 
 � � ) · � · %f 
 
In which ) is the area of the reinforcement, 
tensile stress in the reinforcement and %f
arm.  
 
Even though the inelastic theories were proven to be 
accurate and easy in its application, it would take 
another fifty to sixty years before these were generally 
applied throughout engineering practice. 
 

                                                      
* Of course other secondary failure types such as bond failure were 
noted but these will not be discussed. 
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Figure 3-11| Types of flexural failure according to Talbot
Tension Failure, b| Compression failure.
“Tests on Reinforced Concrete Beams. Series of 1905 ”, Bull. 
No. 4 of the University of Illinois.(Apr. 1906), pp .23
 

Figure 3-12 | Description of the Load 
Talbot Source: Talbot, A.N., “Tests on Reinforced C oncrete 
Beams”, Bull. VII. No. 1 of the University of Illin ois.(Sept. 1904) , 
pp. 23 
 

Figure 3-13| Stress and Strain distribution by Talbot 
Talbot, A.N., “Tests on Reinforced Concrete Beams. Series of 
1905”, Bull. No. 4 of the University of Illinois.(A pr. 1906), pp.10
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flexural failure according to Talbot  a| 

Tension Failure, b| Compression failure.  Source: Talbot, A.N., 
“Tests on Reinforced Concrete Beams. Series of 1905 ”, Bull. 
No. 4 of the University of Illinois.(Apr. 1906), pp .23 

 
| Description of the Load - Deformation diagram by 

Talbot Source: Talbot, A.N., “Tests on Reinforced C oncrete 
Beams”, Bull. VII. No. 1 of the University of Illin ois.(Sept. 1904) , 

 
Stress and Strain distribution by Talbot Source: 

Talbot, A.N., “Tests on Reinforced Concrete Beams. Series of 
1905”, Bull. No. 4 of the University of Illinois.(A pr. 1906), pp.10  
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3.3.1.2 M-N interaction 

After the flexural strength of beams was better 
understood the next step in the theory was to introduce 
the axial load. From 1900 till 1950 a lot of theories 
were developed mostly based on similar assumptions.
A milestone in this development was provided by 
Hognestad, from 1950 till 196035-39. He outlined the 
theories, that were suggested earlier and discussed 
each of their drawbacks and advantages, after which 
his own theory was presented. In this theory
a parabolic relation that was earlier defined by Ritter 
and rewrote this in the following form(see 
 �� � �ff � g hhi � � hhi��j · e� · �
 
In which �� is the compressive stress, �ff 
maximum compressive stress, hi is the strain when 
reaching the maximum compressive stress and 
strain variable. This would later become known as the 
‘Hognestad Parabola’. 
Furthermore, the hypothesis of Bernoulli was also 
assumed, which he determined to be valid by his 
experimental work(see Figure 3-14). Tensile stresses 
of the concrete and slip of the reinforcement was 
omitted and a trapezoid stress-strain relation was 
assumed for the reinforcement.  
The theory as provided could determine the behaviour 
and the mode of failure of all columns. This was not 
possible at the time with the other theories.
 
 
 

Figure 3-14| Determination of strains in experiments by Hognesta d. Source: 
Axial Load in Reinforced Concrete Members”, Bull. S er. No.399 of the University of Illinois.(Nov. 1951 )
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Figure 3-15 | Inelastic theories from 1900
Hognestad. Source: Hognestad, E., “A Study of Combined 
Bending and Axial Load in Reinforced Concrete Membe rs”, 
Bull. Ser. No.399 of the University of Illinois.(No v. 1951)
 
 
 
 

Determination of strains in experiments by Hognesta d. Source: Hogne stad, E., “A Study of Combined Bending and 
Axial Load in Reinforced Concrete Members”, Bull. S er. No.399 of the University of Illinois.(Nov. 1951 ),  pp. 52.
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| Inelastic theories from 1900 -1950 as presented by 

Hognestad, E., “A Study of Combined 
Bending and Axial Load in Reinforced Concrete Membe rs”, 
Bull. Ser. No.399 of the University of Illinois.(No v. 1951),  pp. 31. 
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The experimental work, provided by Hognestad, was 
an impressive feat and a great contribution to concrete 
theory (see Figure 3-16). The specimens were C-
shaped columns, which are still used when performing 
this kind of analysis. With a movable head the load 
was applied eccentrically through a wedge. This meant 
different combinations of axial loads and bending 
moments could be studied. From these experiments,  
the failure of concrete members was divided into five 
categories 
 

- Failure by excessive compressive strain in the 
concrete before the steel reaches yielding – 
compression failure 

- A failure initiated by yielding of the tension 
steel at the yield point of the member – tensile 
failure 

- A balanced condition between the former 
failure types where both the reinforcement 
yield and the concrete fails due to excessive 
compressive strains – balanced failure 

- Compression failure with reinforcement 
stresses greater than the yield point 

- A brittle failure mode caused by rupture of the 
tension steel immediately after the formation of 
tension cracks in the concrete 

 
A total of 120 of these C-shaped specimens were 
tested to gain a complete knowledge of the problem. 
The dimensionless form of the interaction diagram102 
was also introduced, so that members could be easily 
designed for strength criteria(see Figure 3-17). 
Although the application of these theories still wasn’t 
generally accepted, the complete (uniaxial) flexural 
behaviour of concrete was now well understood. This 
form of the theory is still accepted today. 

 
Figure 3-16|Arrangement of experiment for determini ng M-N 
interaction by Hognestad. Source: Hognestad, E., “A  Study of 
Combined Bending and Axial Load in Reinforced Concr ete 
Members”, Bull. Ser. No.399 of the University of Il linois.(Nov. 
1951),  pp. 27. 
 

 
Figure 3-17|M-N interaction diagram by Hognestad. S ource: 
Hognestad, E., “A Study of Combined Bending and Axi al Load 
in Reinforced Concrete Members”, Bull. Ser. No.399 of the 
University of Illinois.(Nov. 1951),  pp. 106. 
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3.3.2 Shear 

Unlike the flexural design, where the biggest problem 
was the acceptance in practice, the theory for shear 
design was and still is a difficult subject.  

3.3.2.1 Shear Stress Design

In the design of concrete beams for shear, E. Mörsch 
was one of the earlier pioneers. Deriving the equation 
for shear stresses in a cracked section starting from 
the equilibrium equation96. Assuming that the shear 
stresses in a cracked section would be similar to that 
of uncracked sections he arrived at 
 

k · T · %l � m T · %U · %�,
n  

 
In which k  is the shear stress, T  is the sections width, l is the length, # is the height of the compression 
zone, U a variable of the height in the compression 
zone and � the normal stresses in the secti
Assuming a linear stress-strain distribution in the 
compression zone and neglecting the tensile strength 
the shear stress had to be zero at the top and increase 
toward the neutral axis to 
 k � oT p� � #3q 

 
In which o is the shear force and � is the heigh
section. Seeing as no tensile stresses occur in the 
lower part of the section the shear stresses would 
remain constant up to the reinforcement(see 
3-18). Even till today this formula is still used in 
practice. Finding an equation for the shear stress has 
been the subject of many researches 
 

Figure 3-18 | Shear stresses on cracked section according to 
Mörsch Source: Mörsch, E., ”Der Eisenbetonbau: sein e Theorie 
und Anwendung”, (3 rd  ed. 1908) Stuttgart : Verlag Konrad 
Wittwer, pp. 142. 
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Again Talbot performed a great deal of experimental 
work to provide a good foundation for futu
the second bulletin (1906), the shear strength of was 
taken into account79. This type of failure could be 
induced by shear stresses of diagonal tension in
concrete. From the experiments performed, Talbot 
concluded that the shearing stresses couldn’t produce 
failure that had been previously mentioned. Thus the 
failure of these beams would probably have been 
mistakenly taken as failure due to shear stress
while in fact they were diagonal tension failures.
The calculation was based on the shearing stress as 
given by Mörsch, because the principle tensile stress 
was difficult to calculate. The diagonal tension stress 
was reported to be twice as large as th
stress. By 1909 Talbot had determined the variables 
that are involved for determining the shearing 
stress(see Figure 3-19)84  
 

- The age and quality the concrete(compressive 
strength) 

- The amount of longitudinal reinforcement
- The length to depth ratio of the beam
- The position of load application

 

Figure 3-19 | Results of shear experiments by Talbot  Source: 
Talbot, A.N., “Tests on Reinforced Concrete Beams: Resistance 
to Web Stresses. Series of 1907 and 1908”, Bull. No . 29 of the 
University of Illin ois.(Jan. 1909)
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| Results of shear experiments by Talbot  Source: 

Talbot, A.N., “Tests on Reinforced Concrete Beams: Resistance 
to Web Stresses. Series of 1907 and 1908”, Bull. No . 29 of the 
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One of the earlier most noteworthy investigations, to 
find a formula for the shearing stress, was done by 
Clark19. It was the first formulation which included all of 
the parameters that Talbot mentioned in his research 
that affected the shear strength65*.  
 U� � 7000 · 1 ' @0,12 · �f�A · %s ' 2500 · √� 

 
In which 1 is the tensile reinforcement ratio, �f� the 
compressive strength of the concrete and � the ratio of 
the web reinforcement. This formula was in good 
agreement with the test result, but limited to only these 
cases, which he also stated in his report. 
 

“This formula  is not for general application but 
gives as well as might be expected the shear 
capacity of all tested beams which fails in 
diagonal tension...” 19,pp.151 

 
Later, Laupa et. al. tried to extend the formula from 
Clark to other known experiments66,67. However they 
couldn’t find good agreement between the data and 
the linear approximation. For a better correlation they 
resorted to a higher order function 
 
 �T%��f� � 0,27 � 2,8 · ��f10u ' 5700 · N��f 
 
However it is then stated that the assumptions for the 
formulation of Mörsch his theory cannot hold when 
diagonal cracks occur. Thus concluding that there 
cannot  be a general formulation for the shearing 
stress and that there are merely coincidental relations 
with the experimental data. After this conclusion a 
model that relied on the compression zone for its 
derivation was provided. Failure due to diagonal 
tension was a limiting factor on the height of the 
compression zone. Thus the theory starts by  
determining the flexural equilibrium and then 
introducing parameters to involve the shear failure 
 �T%� � MaO@�f�A 

 
In which � is the moment, aO@�f�A is an unknown 
function related to the average limiting compressive 
stress and M is a function for the reduced height of the 
compression zone. The parameter M was assumed to 
be determined from flexural analysis so that only the 
function aO@�f�A would have to be obtained empirically.  

                                                      
* An earlier investigation by Moretto was very similar but didn’t 

include the a/d parameter. 65
 

Eventually, they introduced the compressive stress 
strain relation with several parameters which they 
deemed sufficient. 
 
Another model based “solely” on the compression 
zone was later introduced by R.J. Frosch and A.K. 
Tureyen33†. It starts by stating that the concrete will fail, 
when the principle stress equals the tensile strength of 
concrete (see Figure 3-21). Then from the circle of 
Mohr the following relation could be found. 
 k � v��� ' �� · � 

 
Figure 3-20| Model for Shear Strength by Laupa et. al.. Source : 
Laupa, A. Siess, C. P. Newmark, N. M., “The Shear S trength of 
Simple-Span Reinforced Concrete Beams without Web 
Reinforcement“, University of Illinois, Urbana: Str uctural 
Research Series No. 52 (Apr. 1953), pp. 31. 
 
 

 
Figure 3-21| Circle of Mohr showing the failure cri terion based 
on the tensile strength. Source: Tureyen, A.K. Fros ch, R.J., 
“Concrete Shear Strength: Another Perspective”, ACI  Structural 
Journal V.100-No.5 (Sept./Oct. 2003) pp. 610. 

                                                      
† These later models are probably based on M.D. Kotsovos his work, 
who advocated an approach based on the compression zone. His 
work will be discussed later see chapter 3.3.6 on pp. 3-30. 
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Then it is stated that the failure should occur in the 
cracked zone and not in the teeth between the cracks . 
Assuming a parabolic relation for the shear stress and 
a linear relation for the compressive stresses and 
strain the following relation could be found for the 
shear force (see Figure 3-22) 
 H � 23 · T · c · v��� ' �� · �	2  

 
In which T is the width of the section, c the height of 
the compression zone and �	 the average 
compressive stress. It is then further noted that this 
type of analysis is only valid for high moments and 
places where the flexural yielding has not occurred. 
The next step in their paper is to simplify the equation 
and present a shear strength based on the 
compressive strength and a calibration factor. The 
shear strength can thus be gained by 
 H � w · T · c · x��f 
 
A lower bound compared to the test results is then 
given by as 
 H � 5 · T · c · x��f 
 
Which appear to be valid for variation of all the 
variables(see Figure 3-23). 
  
A model based on the same idea s presented by 
Frosch and Tureyen was later developed by Choi. Et 
al.17,18. It divided the compression zone into two parts. 
One part that would fail due to tensile cracking, as was 
the assumption in Frosch and Tureyen, and another 
part that fails due to crushing of the concrete.  
The shear stress given by the tensile cracking is the 
same as before and the crushing would be given as 
 k � x��f� ' ��f · � 
 
Thus the concrete contribution  to the shear bearing 
strength could be obtained from 
 H� � H�� ' H�� � y* · T · zc@<,O, �iA � c�{ · v��� ' �� · �|��' T · c� · x��f� ' ��f · �|�� 
 
In which y*is the size effect parameter, �|��, �|�� are the 
average normal stresses in the failure surface of the 
inclined tensile crack and compression crushing. The 
parameter c@<,O, �iA and c� can be obtained from the 
geometric and material consideration and will not be 
presented here. 

 
Figure 3-22| Stresses, following the assumptions of  Frosch and 
Tureyen, in the cracked section. Source: Tureyen, A .K. Frosch, 
R.J., “Concrete Shear Strength: Another Perspective ”, ACI 
Structural Journal V.100-No.5 (Sept./Oct. 2003) pp.  611. 
 

 
Figure 3-23| Comparison of the lower bound with the  test 
results. Source: Tureyen, A.K. Frosch, R.J., “Concr ete Shear 
Strength: Another Perspective”, ACI Structural Jour nal V.100-
No.5 (Sept./Oct. 2003) pp. 614. 
 

 
Figure 3-24| Model as given by Choi et.al. .Source:  Choi, 
Kyoung-Kyu Park, Hong-Gun Wight, J.K, “Unified Shea r 
Strength Model for Reinforced Concrete Beams- Part 1: 
Development “, ACI Structural Journal V.104-No.2 (M arch 2007) 
pp. 143. 
 



Interaction M-N-V in Reinforced Concrete  Chapter 3. State-of-the-Art 
 

 

3-36 

3.3.2.2 Effect of Geometry 

From 1964 till 1969, G.N.J. Kani, published several 
articles in which he tried to give a rational theory for 
the phenomenon “shear failure” (Kani preferred to use 
“diagonal failure” and “flexural failure”, which was also 
adopted in later research papers) 46-49. From the 
results of a large scale test of some 133 beams the 
influence of three parameters was studied. These 
parameters were the strength of the concrete, steel 
percentage and the shear span. The main conclusion 
was that, as long as overreinforced beams are 
excluded, the concrete strength didn’t have any 
influence on the “diagonal failure”*. The tests resulted 
in a three-dimensional diagram where a “valley” 
appeared in which “diagonal failure” occurred (see 
Figure 3-25). 
 
In this diagram the reference flexural capacity, which 
has been used to give a dimensional factor, is 
calculated according to the building code that was 
used in that time. 
 ��� � )* · 0 · �( � )* · 0 · @50 w}~A � )* · 0 · �350 ����� 

 
This reference was necessary due to a high variance 
in material properties. For high percentage of 
reinforcement the beam’s capacity was only half of the 
full flexural capacity, while for low percentage of 
reinforcements this “valley” disappears. 
 
 

 
Figure 3-25| Influence of the percentage of  longit udinal 
reinforcement and shear span on the relative beam s trength, 
Source: Kani, G.N.J., “Basic Facts Concerning Shear  Failure“, 
ACI Structural Journal V.63-No.2 (June 1966), pp. 6 86 

                                                      
* Ahmad later states that this might not be the general case, seeing 
as higher concrete strengths weren’t included in the tests 

 
One should be aware that when dealing with the 
“valley of Kani” one is dealing with a shear failure 
problem. The definition in terms of bending moments 
might mislead one from this fact and lets one believe 
he is dealing with a lower moment-capacity. Of course 
this definition of the failure is one of a philosophical 
nature and thus is susceptible to interpretation.  
 
Kani later also found that not only the relative 
dimensions but also the absolute depth of the 
members influences the shear strength. With 
increasing depth he found a significant decrease in the 
bearing capacity of the members(see Figure 3-26 and 
Figure 3-27). This ‘size effect’ will be discussed later 
on. 
 
The beam’s width was also varied and no difference 
was found and thus wouldn’t have to be incorporated 
in general formulations. Seeing as a constant shear 
stress across the width is an assumption that, in elastic 
theory, can lead to a factor 2 difference this result was 
unexpected†. 

 
Figure 3-26| Effect of the absolute depth on the be aring 
capacity as reported by Kani. Source: Kani, G.N.J.,  “How Safe 
are Our Large Reinforced Concrete Beams?“, ACI Stru ctural 
Journal V.64-No.3 (March 1967), pp. 130. 
 

 
Figure 3-27| Beam dimensions to determine the size effect by 
Kani, Source: Kani, G.N.J., “How Safe are Our Large  Reinforced 
Concrete Beams?“, ACI Structural Journal V.64-No.3 (March 
1967), pp. 140. 

                                                      
† This phenomena is extensively treated in the ‘Theory of Elasticity’ 

by Timoshenko.
99 
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3.3.2.3 The Tooth-model of Kani 

Besides defining the “diagonal failure” of a beam and 
showing the influence of the three factors, Kani also 
provided a theory of how bending and shear interact46. 
In this theory he models the beams as if it were a 
concrete arch with concrete teeth attached to it. The 
concrete teeth being the pieces of concrete which are 
separated by flexural cracks and the arch is the 
compressive zone (see Figure 3-28). 
 
He explains that the concrete teeth act like cantilevers 
anchored in the compressive zone. On these teeth 
there is a horizontal force ∆� caused by the bond 
between the steel and concrete, which is the difference 
of the force between the center and support caused by 
the moment. The maximum moment that a teeth is 
able to withstand becomes (also sometimes called the 
“beam action”) 
 ��I � �i ∆#} · s% 

 
In which s is the height of the teeth, ∆# the width and 
M0 the moment that depends on the properties of the 
cross section. He then states that, during the loading, 
the concrete teeth might fail(disappear) and a tied arch 
would remain*. This doesn’t mean the structure has 
failed and the arch could have a considerably higher 
capacity. Under the assumption that the average 
stress at failure in the compressive zone is the same 
as in the flexural zone, Kani arrives at the following 
critical bending moment for failure of the arch 
 ��I � ��� · %s 

 
Then he notes that the critical section is located in a 
region of biaxial compression underneath the force P. 
So that higher stresses are necessary to bring about 
failure. He introduces a factor k to account for this fact 
 ��I � ���M · %s 

 
After that he states that the factor k could be 
(conservatively) be taken as 0,9, according to the 
Toronto test results. After this he introduces a factor 
 <�I � ����i

}∆# 

 

                                                      
* This was also noticed by Mörsch: “This is of particular importance 
near the center of uniformly loaded beams in which a sort of arch 

action takes place…”
96

 

With the assumption that the steel stress reaches the 
yield stress at flexural failure, Kani finally arrives at the 
following relations that define the Flexure-Shear 
interaction ���I��� �+��� � 1M · %s 

���I��� ��bb�� � 1<�I · s% 

 
These relations are shown in the figure below. They 
appear to be in good correlation with the test results. 
 
So after years of research on the failure of beams in 
shear there was finally a fundamental model that could 
explain the various failure types that were found in 
simply supported beams.  

 
Figure 3-28| Kani's model for Flexure-Shear interac tion 
(remaining concrete arch), Source: Kani, G.N.J., “T he Riddle of 
Shear Failure and It’s Solution“, ACI Structural Jo urnal V.61-
No.4 (April 1964), pp. 453 
 

 
Figure 3-29| Kani's Diagram of Flexure-Shear intera ction and it’s 
components, Source: Kani, G.N.J., “The Riddle of Sh ear Failure 
and It’s Solution“, ACI Structural Journal V.61-No. 4 (April 1964), 
pp. 461 
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3.3.2.4 Imperfections in the 

tooth-model 

The tooth-model theory that Kani provided served as 
one of the first models that could explain the shear 
failure mechanism of concrete. Even though it was a 
major step forward in the understanding of the 
behaviour of concrete beams there were 
disagreements with his theory. In his model Kani 
assumed that the so called teeth of his model were 
allowed to bent freely. This assumption disregards the 
dowel action of the reinforcement and the aggregate 
interlock in the cracks. These forces will prevent 
free bending and thus would have to be incorporated 
in his theory to give a sound theory. Even till this day it 
is not known if these mechanisms actually develop and 
when they do develop in what kind of quantities they 
can be expected to contribute. 
 
Just before Kani's research, Laupa for example states 
that aggregate interlock does not occur 
* 

"There cannot be any transfer of stress across 
a crack...” 65;pp.41 

 

And on the other hand Fenwick and Paulay believe it 
to be one of the main contribution to the shear bearing 
capacity, 
 There were two ways in which  these mechanism's 
quantities were tested. One being small scale material 
tests to individually establish the fundamental 
principles behind each mechanism and the other being 
full-scale beam tests in which some of the 
mechanisms capacity were reduced as much as 
possible. Researches by Fenwick and Paulay or 
Lorentsen are good example in  which the
approaches are applied. 
 
Around the same time Kani developed his theory, 
Lorentsen presented a different model in which dowel 
action had been incorporated68. Lorentsen begins by 
determining that when shear cracking occurs the beam 
has reached its failure load and dismisses the 
remaining capacity, which he validates with other 
researches. Then he describes the two types of cracks 
which occur being shearweb and flexural
The former which he attributes to reaches the tensile 
strength which can be calculated from the theory of 
elasticity. The latter is the basis of his theory. He starts 
by saying that the tensile strength of the 
(teeth in Kani's work) are the limit for the shear carried 
by beam action, which he defines as K.  
 
                                                      
* It must however be noted that by this time there wasn’t a great deal 
of knowledge on this subject. 
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determining that when shear cracking occurs the beam 
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remaining capacity, which he validates with other 
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The former which he attributes to reaches the tensile 
strength which can be calculated from the theory of 
elasticity. The latter is the basis of his theory. He starts 
by saying that the tensile strength of the lamellas 
(teeth in Kani's work) are the limit for the shear carried 

 

It must however be noted that by this time there wasn’t a great deal 

This lamellar strength is the capacity of the 
compression zone and the dowel action to carry shear 
combined(see Figure 3-30
When this strength is reached he states that arch 
action will carry part of the load. Ignoring the variations 
of the compression zone the following differential 
equation was found for a point loaded beam
 H � w � �
 
In which s is the shear span, 
the shear force and } the lamellar width. And then 
eventually reducing the function of the critical shear 
force to 
 H� �
 
The function �� relates the critical shear force to the 

lamellar strength. Finally a graph can be made  in 
which the shear force can be presented in a similar 
way as shown earlier by Kani.(
 

Figure 3-30 | Lorentsen's model for interaction of concrete 
beams Source: Lorentsen, M., "Theory for Combined A ction of 
Bending Moment and Shear in Reinforced and Prestres sed 
Concrete Beams", ACI Structural Journal V.62
pp. 409. 
 

Figure 3-31 |Results of the differential equation Source: 
Lorentsen, M., "Theory for Combined Action of Bendi ng 
Moment and Shear in Re inforced and Prestressed Concrete 
Beams", ACI Structural Journal V.62
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This lamellar strength is the capacity of the 
compression zone and the dowel action to carry shear 

30).  
When this strength is reached he states that arch 
action will carry part of the load. Ignoring the variations 
of the compression zone the following differential 

point loaded beam 

�H · s � }0 · %0%} 

is the shear span, 0 the internal lever arm, H 
the lamellar width. And then 

eventually reducing the function of the critical shear 

� w · �� 

relates the critical shear force to the 

lamellar strength. Finally a graph can be made  in 
which the shear force can be presented in a similar 
way as shown earlier by Kani.(see Figure 3-31)  

 
| Lorentsen's model for interaction of concrete 

beams Source: Lorentsen, M., "Theory for Combined A ction of 
Bending Moment and Shear in Reinforced and Prestres sed 
Concrete Beams", ACI Structural Journal V.62 -No.4 (Apr. 1965), 

 
|Results of the differential equation Source: 

Lorentsen, M., "Theory for Combined Action of Bendi ng 
inforced and Prestressed Concrete 

Beams", ACI Structural Journal V.62 -No.4 (Apr. 1965), pp. 412. 



Interaction M-N-V in Reinforced Concrete  Chapter 3. State-of-the-Art 
 

 

3-39 

To determine the influence of the dowel action(w�) and 
the compression zone(w�) on the bearing strength of 
the beam two types of tests were made. First 
described were the beam tests in which cracks were 
made as to reduce all bearing capacity and leaving 
only dowel action to take the shear force (see Figure 
3-32). At the height of the compression reinforcement 
the crack was extended so that only the tensile 
reinforcement would take the shear force. This is not 
entirely true but there isn't any other material to 
deduce if the intended results were reached. From the 
tests results it is seen that the dowel action is 
proportional to the area of the concrete section and the 
tensile strength 
 w� � 0,95 · T · � · x��f 
 
In which T is the width of the section, � the height of 

the section and x��f the approximate tensile strength 
of the concrete. 
 
 
 
To determine the influence of the compression zone 
numerical as well as experimental investigations were 
undertaken (see  Figure 3-33). Unfortunately the 
results of the numerical investigation were only briefly 
discussed and no data was provided. From the plate 
tests it was deduced that the shear bearing strength of 
the compression zone is proportional to the depth of 
the compression zone and the tensile strength of the 
concrete 
 w� � 2,3 · T · M% · x��f 
 
In which M% is the depth of the compression zone. Now 
that all the parameters were defined the shear force 
could be readily calculated from the theory as 
described earlier.  
 
It is a somewhat more complete model than given by 
Kani, seeing that dowel action has been incorporated 
and studied and in can be applied to both uniformly 
and point loaded beams. However, aggregate interlock 
was not included in this study. 
 
 
 
 
 
 
 
 
 
 

 

 
Figure 3-32| Test set-up and results to determine t he 
contribution of dowel action in the shear bearing c apacity 
Source: Lorentsen, M., "Theory for Combined Action of 
Bending Moment and Shear in Reinforced and Prestres sed 
Concrete Beams", ACI Structural Journal V.62-No.4 ( Apr. 1965), 
pp. 414 
 
 
 

   
Figure 3-33| Test set-up and numerical model to det ermine the 
contribution of the compression zone in the shear b earing 
capacity Source: Lorentsen, M., "Theory for Combine d Action 
of Bending Moment and Shear in Reinforced and Prest ressed 
Concrete Beams", ACI Structural Journal V.62-No.4 ( Apr. 1965), 
pp. 414 
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Whereas Lorentsen his research was relatively 
practical in essence Fenwick and Paulay32 
concentrated more and the individual material 
properties and put more emphasis on aggregate 
interlock. This was one of the first researches with 
detailed experiments into the aggregate interlock 
mechanism.107 The research begins with explaining the 
equilibrium in a beam (see  Figure 3-34). 
 �@#A � � · �% ' �H*2 ' H� ' H�� · } 

 
In which � is the tensile force in the flexural 
reinforcement, �% is the internal lever arm, H* is the 
vertical force of the shear reinforcement, H� is the 

vertical component from the force by aggregate 
interlock, H� is the vertical force from dowel action of 
the flexural reinforcement and s is the horizontal crack 
length up till the compression zone. 
 
It is then stated that the moment due to the bond 
forces is resisted by the aggregate interlock and dowel 
action and thus approaches that don't  include these is 
likely to underestimate the strength of the cantilever.  
 
To get an idea of the quantity in which these different 
forces develop several beams were tested. The 
principle behind these experiment was to reduce the 
influence of aggregate interlock and dowel action to 
zero and thus get an estimate of their contribution 
when comparing them with beams whose bearing 
strength were not influenced (see  Figure 3-35). The 
dowel action was prevented by covering the 
reinforcement with foam to create a void between 
concrete and the reinforcement bars. To still be able to 
get a transfer of force between concrete and 
reinforcement bond plates were introduced. To reduce 
the influence of aggregate interlock steel plates were 
place in a pattern which should resemble the cracks 
that ordinarily occur in a similar experiment. From the 
measured bond force conclusion were drawn as to the 
influence of the mechanisms (see Figure 3-36). 
 
The bond forces that could be obtained from the 
flexural strength of the cantilevers was given by an 
earlier dissertation of Fenwick. 
 
In this research the contribution were, aggregate 
interlock 60%, dowel action around 20% and the 
flexural resistance of the cantilevers no more than 
20%. 
 
To the author it seems that these beam tests had too 
many practical implications for these “delicate” 
conclusions to be drawn. 

 
Figure 3-34| The different forces acting on the bea ms according 
to Fenwick and Paulay Source: Fenwick R.C., Paulay T., 
"Mechanism of Shear Resistance of Concrete Beams”, Journal 
of structural engineering, ASCE V94-No.ST10, (Oct. 1968) pp. 
2326. 
 

 
Figure 3-35|  Beams tested by Fenwick and Paulay to determine 
the quantities of the different mechanisms Source: Fenwick 
R.C., Paulay T., "Mechanism of Shear Resistance of Concrete 
Beams”, Journal of structural engineering, ASCE V94 -No.ST10, 
(Oct. 1968) pp. 2329. 
 

 
Figure 3-36| Results of the beams tested by Fenwick  and Paulay 
to determine the quantities of the different mechan isms Source: 
Fenwick R.C., Paulay T., "Mechanism of Shear Resist ance of 
Concrete Beams”, Journal of structural engineering,  ASCE V94-
No.ST10, (Oct. 1968) pp. 2330. 
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The contribution of each mechanism’s action are 
mainly based on the aggregate interlock studies. Small 
specimens were precracked and then tested. From 
these results, the other contributions could be 
obtained.  
 
There were several issues within this aggregate 
interlock study, which were corrected in later 
investigations performed by the investigators and 
others. These issues will be treated later in the thesis, 
when aggregate interlock is discussed in more detail 
(see chapter 3.3.7.4 on pp.3-58). 
 
Several other authors have found discrepancies in the 
comparison of the observations of their experiment 
with these values. Kotsovos53, for example, found a 
crack width greater than 2,0 mm near the peak load, 
thus concluding that aggregate interlock functioning as 
a main bearing mechanism is almost impossible. 
 
Pruijssers106 notes that, according to Walraven's 
research*, the stress in the cracks cannot be more than 
0,5 N/mm2. When this and experimental observation 
were taken into account, he deduced that the 
contribution of aggregate interlock's couldn’t be a 
significant mechanism in the bearing strength of the 
beam. 
 
Even though the theory and experimental observation 
seem to suggest that the contribution of aggregate 
interlock is negligible, even to this day researchers 
state it to be a large factor in the bearing strength of 
beams. 
 
 
 
 
 
 
 
 
 

                                                      
*J.C. Walraven his research is probably the most widely accepted 

work on aggregate interlock.
85  

 
Figure 3-37| Experiment set-up and results to study  aggregate 
interlock Source: Fenwick R.C., Paulay T., "Mechani sm of Shear 
Resistance of Concrete Beams”, Journal of structura l 
engineering, ASCE V94-No.ST10, (Oct. 1968) pp. 2334 . 
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3.3.2.5 Various other Theories 

from 1980 till 1990 

Sometime later in 1980-1990, several other models 
were proposed to design the MV interaction. One of 
these models was developed by Krauthammer 
et.al..60,61 Based on a numerical investigation three 
points are defined and connected by straight lines. In 
this way the flexure-shear failure criteria was defined 
and is shown in the figure below. 
 

 
Figure 3-38| Krauthammer et.al. their model for fle xure-shear 
interaction Source: Krauthammer, T., Shahriar, S., Shanaa, 
H.M., “Analysis of Reinforced Concrete Beams Subjec ted to 
Severe Concentrated Loads”, ACI Structural Journal V.84-No.6 
(Nov./Dec. 1987) pp. 475 
  
The functions, of the point P2, are defined by the 
percentage of longitudinal reinforcement. There are 
three functions that describe the model 

- For 1  0,0065 ��!����	/� � 1,0 

 
- For 0,0065 � 1 � 0,0118* ��!����	/� � 1 � 32,52 · @1 � 0,0065A 

 
- For 0,0118  1  0,028 ��!����	/� � 0,6 

Besides that the point P3 has been defined as follows 
- For 0,0065 � 1 � 0,0118 �Q � 7,0 ' 365,9 · @1 � 0,0188A 

 
- For 1 � 0,0118 �Q � 7,0 

 
 
 
 

                                                      
* This function is the modified version that was presented by Russo 
et. al., in which the value 32,52 was integrated. 

Around the same time Ahmad and Lue also presented 
a model for predicting the flexure-shear interaction.8 

Their model has the same basic assumptions as 
Kani’s model. It also is divided into a piece that 
represents the beam action and a part which is arch 
action. The beam action is identical to the formula as 
presented by Kani, only they define the moment when 
cracks occur as Mcr and not  M0. Also their definition of 
the flexural moment capacity has been modified to 
incorporate new code provisions. Thus arriving at the 
factor 
 a�) � N�( g1 � � N�(1,7�f�� �1,25�f�i,u�j }%# 

 
Which is essentially the same factor Kani introduced 
earlier. The arch action is given as  
 ����� � 1w �%s��

 

 
The difference between Kani’s formula is the factor n. 
This factor is introduced as a calibration factor that can 
be determined from experimental results or specified 
boundary conditions.  
When the model is compared with the experimental 
result is shows to be reasonably accurate. The only 
exception is for the very high and low values of steel 
ratios. Here the model shows a significant different, 
even in the behaviour of the beam itself. While the 
model itself becomes steeper the experimental result 
shows the exact opposite. 
 
In a later presented paper, by Russo et. al., a model 
was proposed which incorporated both beam action 
and arch action simultaneously.  
 
It starts with rewriting the expression for the ultimate 
moment, when shear failure is governing 
 �! � H! s% � T%�U! s% 

 
The expression of the ultimate shear strength is given 
by a formula developed by Bazant and Kim. This 
formula for the shear strength can be separated into 
the two main actions, this leads to 
 U!;� � 0,83 · � · NO QR · �f�O �R  
 U!;+ � 206,9 · � · Nu �R · ps%q�u �R

 

 
Inserting these values back into the first expression, 
adding both and then normalizing with respect to the 
ultimate flexural moment the expression for the 
interaction is gained 
 �!��� �· 0,83 NO QR �f�O �R s% ' 206,9 Nu �R ps%q�Q �R

N�( �1 � N�(1,7 �f��  
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3.3.3 The Truss Analogy 

The models that were treated so far primarily focused 
on dealing with concrete reinforced for flexural design. 
When shearing forces develop the concrete beam will 
be reinforced in a appropriate way as to increasing the 
bearing strength for shear. There are various ways of 
doing this for example 
 

- Applying fibres within the concrete mix 
- Upward bending of the concrete bars 
- Applying stirrups 

 
In this treaty the latter will be implicitly referred to. 
Although some of the principles that are discussed 
might be arbitrarily applied to any of those principles of 
“reinforcement”. 

3.3.3.1 The early work of Ritter 

and Mörsch 

It was first believed that the effects of stirrups on the 
beam’s strength was caused by their shearing 
capacity. Much like timber or steel beams with shear-
keys, the stirrups were believed to resist horizontal 
shear. The unit shearing stress was then calculated by 
 ^ � H · o� · T  

 
Where V is the shearing force, Q is the first moment of 
the cut off part, I the moment of inertia and b the width. 
 
Mörsch showed that this addition is next to nothing and 
thus couldn’t be the cause for their effectiveness found 
in experimental investigations. Mörsch supported and 
confirmed the theories developed earlier by Ritter, that 
the effect of stirrups in tension was the contribution to 
the shear capacity (see Figure 3-39)95,96.  
 

 
Figure 3-39| Mörsch his model for the effect of sti rrup forces 
Source: Mörsch, E., ”Der Eisenbetonbau: seine Theor ie und 
Anwendung”, (3 rd  ed. 1908) Stuttgart : Verlag Konrad Wittwer 
pp. 158 

For design, they envisioned the beam to behave 
similar to a truss. Diagonal concrete struts separated 
by cracks would be the compression struts, the stirrups 
would be the vertical ties the compression zone would 
be the top stringer and the longitudinal reinforcement 
the bottom stringer(see Figure 3-40).  
The angle for the compressive struts could not be 
determined. Mörsch suggested it to be taken equal to 
45°, which appeared to be a safe assumptions. 
 
It was shown that this “45° truss model” was very 
conservative. This observation led to various 
propositions to improve on the model. The earlier 
ideas were based on a concrete contribution, that 
should be added to capacity of the truss model alone. 
This idea was supported, by the fact, that the general 
behaviour of the truss model corresponded well with 
the observed behaviour in experiments90. A simple 
translation, which would be the concrete contribution, 
of the theoretical line would be enough to give a good 
agreement between experiment and theory(see Figure 
3-41). Various theories for the concrete contribution 
have already been discussed earlier.  

 
Figure 3-40|Mörsch showing the Truss Model for beam s. 
Source: Mörsch, E., ”Der Eisenbetonbau: seine Theor ie und 
Anwendung”, (3rd  ed. 1908) Stuttgart : Verlag Konr ad Wittwer 
pp. 160 

 
Figure 3-41| Tension in stirrups. Theory compared t o 
experiments. Source: Bruggeling, A.S.G., ”Theorie e n Praktijk 
van het gewapend beton deel 1 en 2”, (1986) ’s-Hert ogenbosch: 
Vereniging Nederlandse Cementindustrie, pp.601  
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3.3.4 A Plasticity Approach 

The low values for the shear strength of the 
model” gave the idea that the fundamentals of this 
model were incorrect or incomplete. Thus an 
improvement of the model itself was required
improvement came in the form of a plasticity approach 
to the design of concrete. 
The basic theory for concrete was developed between 
the 1960’s and 1980’s, mainly in Zürich and 
Copenhagen. Early theories were derived only for
yielding of reinforcements, but later on these were 
extended for non-yielding reinforcement. 

 
Plasticity approaches are great for design due to 
“simplicity”.  The bending capacity of a beam can be 
derived solely from equilibrium equations. The model 
that was presented is a bottom chord and top chord 
which have to be in equilibrium. For the top chord the 
compression zone can be designed with 
stress block (see Figure 3-42). 
 
This stress off course has to be reduced, because it 
has a larger area than a normal stress-strain relation of 
concrete. A practical value for this reduction is given 
by 
 ^ � 0,98 � ��500    ���  �� � 60 �⁄
 
When one works out the equilibrium equations with the 
modified compressive stress the following equations 
for the moment were obtained 
 

�� 2�1 � 12 · Φ̂� · Φ · b · d� · f�    for
2̂ · Φ · b · d� · f�                      for

 
Where Φis the degree of reinforcements. This solution 
turns out to be and exact solution when compared to a 
geometrically admissible strain field (see 
It appears that using a stress reducing factor with 
simple plastic relation usually leads to surprisingly 
good results(see Figure 3-44) and thus are methods 
which could be good for design practice. 
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turns out to be and exact solution when compared to a 
geometrically admissible strain field (see Figure 3-43). 
It appears that using a stress reducing factor with 
simple plastic relation usually leads to surprisingly 

) and thus are methods 
 

Figure 3-42 | Stresses in section with bending moment in 
plasticity model. Source: Nielsen M.P. Hoang, 
Analysis and Concrete Plasticity”,(3rd ed.2011) Boc a Raton: 
CRC press, p.320 
 
 
 

Figure 3-43 | Statically admissible stress field in plasticity model 
Source: Nielsen M.P. Hoang, L.C., ”Limit Anal
Plasticity”,(3rd ed.2011) Boca Raton: CRC press, pp .321
 
 
 

Figure 3-44 | Comparison of plasticity model with test data 
Source: Nielsen M.P. Hoang, L.C., ”Limit Analysis a nd Concrete 
Plastic ity”,(3rd ed.2011) Boca Raton: CRC press, pp.324
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When dealing with shear it turned out not to be as 
easy to provide a general solution with a plastic 
approach.  Plastic solutions can be divided into two 
categories. The first being the “lower bound” solut
which are based on a stress field in which equilibrium 
holds. The second type are the “upper bound” 
solutions, which are derived from the loads that cause 
a failure mechanism  compatible with the constrains of 
a given structure. If both yield the same result then the 
solution is said to be the exact one. This exact solution 
has not been found, when dealing with shear, however 
several lower and upper bound solutions have been 
given. The plasticity truss model, as it is usually called, 
is a lower bound solution applied to a reinforced 
concrete segment with stirrups. The concrete beam is 
divided into a top stringer, bottom stringer and a mid 
section. A statically admissible stress field is applied, 
which is called the diagonal compression field. It is 
then assumed that the stirrups yield and the stress in 
the diagonal struts is equal to the compressive 
strength of the concrete. These assumptions lead to 
the following lower bound solution 
 

k�� � 2x� · @1 � �A ��� �  12 ��� � ;
With � � � · �(��  

 
In which �( is the yield strength of the stirrups, 

strength of the concrete and r the (stirrup) 
reinforcement ratio. This lower bound solution is only 
valid if the stringers are strong enough.  
The current design for the stirrups in based on 
truss model. 
 
 
 

Figure 3-45 | Lower Bound Plasticity Truss Model for beams with  
stirrups. Source: Nielsen M.P. Hoang, L.C., ”Limit Analysis and 
Concrete Plasticity”,(3rd ed.2011) Boca Raton: CRC press, 
pp.325 
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When the stringer strength is considered to be the 
lowest possible bearing strength
between the bending moment and shear can be 
defined*. If the tensile stringer is assumed to fail first 
the following relation is found
 ��� ' �H
 
When the top stringer’s  strength is governing then the 
relation will be equal to 
 � ���

1  '
Herein R is defined as the strength ratio of the top and 
bottom stringer and interaction graphs can be made for 
various values of R. 

Figure 3-46 | Stress and forces when considering interaction M
V in lower bound plasticity truss model 

Figure 3-47 | Various Graphs for the interaction M
bound plasticity truss model 

 

                                                     
* For the derivation see Appendix A
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3.3.5  Compression Field Theory 

Although the link to truss models might not seem too 
obvious in these days the compression field theories 
original description is essentially a truss analogy. This 
will be described later on. 
 

3.3.5.1 Origin of Compression Field 

Theory 

The origin of the compression field theories can’t be 
found in concrete structures, but rather in a paper 
about steel structures. Mörsch once stated that it 
would be mathematically impossible to derive the 
crack-angle5. Just seven years after he made this 
statement it would be disproven by Wagner. In 1929 
Wagner released a paper dealing with shear buckling 
in thin steel walls of aircraft86. The thin web, supported 
by the flanges, would be idealized as a diagonal stress 
field that could only carry tensile stresses(see Figure 
3-48). The angle of this diagonal tension field could 
then be obtained from the compatibility equations so 
that 
 tan� ] � � � �,� � �( 

 
Then the shear buckling load could be obtained. This 
application of a diagonal stress field would be of 
particular importance as it could be readily applied to 
the web of concrete beams. The difference being that 
the stress field in concrete would resist only 
compression and the tensile strength would be 
neglected. This means that the signs for calculating 
the angle would change 
 tan� ] � � ' �,� ' �( 

 
The angle of the stress field would thus represent the 
angle of a crack in concrete beams. These methods of 
analysis would become known as compression field 
theories.  
Most compression field models(also called truss 
models in later versions, for example the softened 
truss model) are basically variations of the theory 
presented in this paper. The compression field that 
was used in the lower bound solution earlier is also 
based on a similar concept. 
 
 
 
 
 
 

The compression field theory that is applied in 
concrete is usually attributed to Collins. Though his 
work and promoting of this theory was of great 
importance it was certainly not the first attempt in 
applying compression field theory to concrete 
members. Already in 1964, Kupfer had proposed a 
similar theory*64. The members of the truss model were 
considered to be linear elastic members and then, 
using the principle of minimum strain energy, the  
crack angle could be obtained. Baumann later 
presented a generalized version of Kupfer’s work11 and 
presented the following equation from which the crack 
angle was calculated (see Figure 3-49)† 
 tan� ] N, @1 ' ¡N¢A ' tan ] N, �¢k,¢� cot� ] N¢ @1 ' ¡N,A ' tan ] N¢ �,k,¢ 

 
In which the stresses, strain and angle are defined as 
given in Figure 3-49 and ¡ is the modular ratio. 

 
Figure 3-48| Diagonal Tension Field approach by Wag ner. 
Source: Wagner, H., “Ebene Blechwandträger mit sehr  dünnem 
Stegblechen“, Zeitschrift für Flugtechnik und Motor luftshiffahrt  
No.20 (1929) pp. 205. 
 

 
Figure 3-49| Model of Baumann's compression Field a pproach 
as given by Marti et. al.. Source: Kaufmann, W. Mar ti, P., 
"Structural concrete: cracked membrane model.",  Jo urnal of 
structural engineering, ASCE V.124-No.12 (Dec. 1998 ) pp. 1469. 

                                                      
* The original article was not available to the author 
Kupfer, H. Erweiterung der Mörsch’schen Fachwerkanalogie mit 
Hilfe des Prinzips vom Minimum der Formänderungsarbeit.", Bulletin 
d'Information, Comité Euro-International du Béton (1964), pp.44-57 
† This is the form of the equation as was presented by P. Marti et. 

al.
64 
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In 1974 M.P. Collins and D. Mitchell developed their 
version of the compression field theory.20

Wagner’s theory and applying it to a cracked concrete 
member subjected to torsion they derived the following 
equation for the crack angle (see Figure 
Figure 3-51) 
 tan� < � �� ' ���� ' �� · �N� N�R � 

 
In which < is the angle of the diagonal compression 
field, �� is the concrete strain, �� is the strain in the 
longitudinal steel and �� is the strain in the stirrups. 
Using a linear strain distribution the torsion strength 
could now be calculated without the assumption of 
linear elastic material behaviour as had been assumed 
by Kupfer et.al..  
Somewhat later this method was also applied to the 
shear problem in a similar manner as was seen in the 
lower bound solution of the plasticity approach(see 
Figure 3-52). It can be shown that when using plastic 
stress-strain relations the two methods reach the same 
solution*. One of the simplifying assumptions made in 
the compression field theory is that the principal strains 
and stresses coincide. The direction of the 
compression field is allowed to rotate throughout the 
loading process. Also the relations are determined by 
the average strains and stresses and thus an element 
can have span multiple cracks. 

Figure 3-50 | Equilibrium in Cracked Model. Source: Collins, M. P. 
Mitchell, D. Adebar, P. Vecchio, F.J., “Diagonal Co mpression 
Field Theory -  A Rational Model for Structural Concrete in Pure 
Torsion“, ACI Structural Journal V.71- No.8 (Aug. 1974) pp. 397.

                                                      
* See for example: Duthinh, D. Carino, N. J., “Shear design of high
strength concrete beams: a review of the state-of-the art.”, US 
Department of Commerce, Technology Administration, National
Institute of Standards and Technology, Office of Applied Economics, 
Building and Fire Research Laboratory, (Aug. 1996) pp.25
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Figure 3-51| Tor sion Bending Analogy. Source: Collins, M.P. 
Mitchell, D. Adebar, P. Vecchio, F.J., “Diagonal Co mpression 
Field Theory -  A Rational Model for Structural Concrete in Pure 
Torsion“, ACI Structural Journal V.71
 
 
 
 
 

Figure 3-52 | Equilibrium in the compression field model. 
Source: Duthinh, D Carinom N.J., “Shear design of h igh
strength concrete beams: a review of the state
1996) US Department of Commerce, Technology 
Administration, National Institute of Standards and Technology, 
Office of Applied Economics, Building and Fire Rese arch 
Laboratory, pp. 32. 
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3.3.5.2 Biaxial Effect 

One of the main difficulties in providing an exact 
solution to the shear problem was the stress-strain 
relation of concrete. In 1972 Robinson and 
Demoreiux93* made the observation that concrete 
elements subjected to shear are actually subjected to 
a two-dimensional stress state. They noticed that the 
principal tensile stress affected the principal 
compression stress and referred to this as the effective 
stress of the concrete. However, at that time it was not 
possible to quantify this effective stress.  
In 1982, Collins and Vecchio21† were able to provide a 
relation for this effect with the invention of “the shear 
rig”(see Figure 3-53). With this they were able to 
independently apply shear and normal forces to a 
membrane element and thus provides equations for 
the stress strain relationship. They assumed the 
parabolic stress strain relation that would be 
transformed by a factor depending on the principle 
tensile strain23 
 
 �� � ��,	+, · g2 · � ���f�� � � ���f���j 

 
In which �� is the principle compressive strain, �f� is 
the compressive strain when the maximum 
compressive stress is reached and ��,	+, is the 
transformed compressive stress given by 
 B � ��,	+,�f� � 10,8 ' 170 · �O  1,0 

 
In which �f� is the unaxial compressive strength and �O 
is the principle tensile strain. The second equation is 
the transformation parameter, which is usually referred 
to as the softening parameter. The reason being, that 
they are usually applied to concrete that shows a 
decrease of stress capacity when tensile stresses 
occur. The term is a bit misleading as it doesn’t 
represent the concept of softening itself. 

                                                      
* Original papers were not availble to the author: 
Robinson, J.R. Demorieux, J.M., “Essais de Traction-Compression 
sur Mod`eles d’Ame de Poutre en Beton Arme” IRABA Report Part 
1, Institut de Recherches Appliquees du Beton de L’Ame, (June 
1968), 
Robinson, J.R. Demorieux, J.M., “Resistance Ultimate du Beton de 
L’ame de Poutres en Double Te en Beton Arme” IRABA Report Part 
2, Institut de Recherches Appliquees du Beton de L’Ame, (May 
1972) 
† Original Publication was not availble to the author: 
Collins, M.P. Vecchio, F.J., “Response of Reinforced Concrete to In-
Plane Shear and Normal Stresses“, University of Toronto, 
Department of Civil Engineering Publication No. 82-03(March 1982) 
 
 

After this a lot of research into the stress strain relation 
of concrete was performed. This was probably also the 
result of a competition being held around that time21. 
Most of the implementations into theories were 
performed by either Collins and his co-workers in 
Toronto or in Houston by Hsu et. al..  
 
After Collins and Vecchio their earlier research, Hsu et. 
al.103‡ suggested that a transformation of both stress 
and strain of the uniaxial relation would be a better fit 
to the experimental data. 
 �� � B£ · �f� · g2 · � ��B¤ · �f�� � � ��B¤ · �f���j 

 
In which B£ is the stress transformation parameter and B¤ the strain transformation parameter given by 
 B£ � 0,9x1 ' w£�O 

B¤ � 1x1 ' w¤�O 

 
The values w£ and w¤ are dependent on the type of 
loading and the reinforcement orientation. 
Later they simplified the expression, seeing as the 
compressive stress-strain relationship was primarily 
affected by the principle tensile strain and not the 
stress42. They used these relation in their own version 
of the Compression Field Theory and named it the 
Softened Truss Model40. 

 
Figure 3-53| The shear rig for testing panels under  biaxial stress 
states. Source: Collins, M.P. Vecchio, F.J. Aspioti s, J., “High-
Strength Concrete Elements Subjected to Shear“, ACI  
Structural Journal V.91-No.4 (July/Aug. 1994) pp. 4 24. 

                                                      
‡ Original paper was not avaible to the author: 
Hsu, T.T.C. Belarbi, A., “Constitutive Laws of RC in Biaxial Tension-
Compression“, University of Houston, Research Report UHCEE 91-
2(1991)  
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The results from the biaxial experiments aren’t always 
in agreement.  Kolleger and Melhorn mentioned that 
the tests reduction in strength couldn’t be lower that 
80% of the original strength103. The reason, according 
to them, why investigations by Collins and other were 
lower, was because the reinforcement yielded. Thus 
the arrangement and amount of reinforcement is an 
important factor. Various tests are compared 
Some other factors that were mentioned by Hsu are 
the out-of-plane bending and restraint of edges103* as 
possible parameter that might affect the transformation 
parameters. It very probable that these effects have 
been severely underestimated in the biaxial testing. As 
is shown in uniaxial material testing that edge restraint 
are the primary reason for the softening behaviour of 
concrete in compression. And that out-of-plane 
instability might the sole reason for the occurrence of 
the size-effect. If these effect are not understood the 
variation in test result is insignificant to begin with.  
 
Overall if the relationships are compared(Figure 3-54 
and Figure 3-55) it seems that the differences between 
them are far less substantial than that of the different 
models for which these relations are implemented. 
Thus, as stated by Hsu, that the relationships have 
substantial disagreements has to be taken into 
perspective. These substantial disagreement are 
mostly in the order of 5-10% or less, while a difference 
of 10 degrees between an experimentally and 
theoretically determined angle of the principle strains 
and stress is treated as acceptable. The models that 
do have these disagreements appear to be caused by 
differences in specimens and thus are not compatible 
for comparison. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                      
* The original paper was not available to the author. 
Hsu, T.T.C. Belarbi, A. Pang, X.B., “Stress-Strain Relationships for 
Reinforced Concrete Elements.”, Houston: Proc. Symp. on Concrete 
Shear in Earthquake, pp. 43-54 

 
Figure 3-54| A comparison between different equatio n for the 
transformation parameters of uniaxial compression S ource: 
Belbari, A. Hsu, T.T.C., “Constitutive Law of Softe ned Concrete 
in Biaxial Tension-Compression”, ACI Structural Jou rnal V.92-
No.5 (Sept/Oct 1995) pp. 568. 
 
 

 
Figure 3-55| A table with comparisons of different models for 
transformation parameters of uniaxial compression 
relationship. Source: Collins, M.P. Vecchio, F.J. ,  “Compression 
Response of Cracked Reinforced Concrete”, ASCE Jour nal of 
Structural Engineering V.119-No.12 (Dec 1993) pp. 3 604. 
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3.3.5.3 The Concrete 

Contribution 

Although compression field modelling gave rise to a 
whole new design method, it was still incomplete. 
When no stirrups were applied, a solution couldn’t be 
obtained seeing as the member would have no shear 
capacity5 (see Figure 3-56). Thus a modification had to 
be made, in order to provide a more complete theory. 
Collins et. al.  included this modification in 1984, 
calling their new theory the “Modified Compression 
Field Theory”21 (MCFT) and somewhat later Hsu et. al. 
developed their Fixed Angle Softened-Truss Model. 
 
Collins and Vecchio introduced the concept of 
aggregate interlock into their model, as the primary 
contribution of the concrete to resist shear in their 
model. Firstly, they introduced the aggregate interlock 
as a shear stress(U�/) along the boundary of a crack 
and thus this produced a compressive stress(��/) onto 
the concrete struts. They used Walraven’s research to 
incorporate the following relation for the shear stress 
 

U�/ � 0,18 · U�/,	+, ' 1,64 · ��/ � 0,82 · ��/�U�/,	+, 

 
Where 
 

U�/,	+, � x��f�0,31 � 24 ¥ @s ' 16AR  

 
In which ¥ is the crack width, s is the maximum 
aggregate size and �f� is the compressive strength of 
the concrete. This modification leads to a local stress 
condition in the smeared crack model, which has to be 
checked.  
The use of aggregate interlock as one of the main 
contribution to shear carrying capacity is arguable, as 
was discussed earlier. Another problem that arises, is 
the introduction of compression stresses in the tensile 
direction, which would be physically impossible. This 
compressive stress would later be omitted. Hsu also 
points out some other conceptual problems with the 
MFCT, but mainly discusses this to compare with and 
promote his own theory.29,44,45  

 
Figure 3-56| Various Models compared for their pred iction of 
shear strength versus the reinforcement ratio. Sour ce: ACI-
ASCE Committee 445,”Recent Approaches to Shear Desi gn of 
Structural; Concrete”, ASCE Journal of Structural E ngineering 
V.124-No.12 (Dec. 1998) pp. 1382. 
 

 
Figure 3-57| Shear and compressive stresses as intr oduced by 
aggregate interlock in MFCT according to Collins an d Vecchio. 
Source: Collins, M.P. Vecchio, F.J., “The Modified 
Compression-Field Theory for Reinforced Concrete El ements 
Subjected to Shear“, ACI Structural Journal V.83-No .2 
(March/Apr. 1986) pp. 226. 
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Hsu and Pang their solution was to base the equations 
on a fixed crack angle approach44. In a rotating angle 
approach, the shear force and strain are automatically 
eliminated. 
Thus, choosing a fixed angle leads to the inclusion of 
the shear stress and strain into the equilibrium and 
compatibility equations. This meant another 
constitutive relation had to be derived 
 k�O� � k�O,	� g1 � �1 � F�OF�O���j 

 
In which the maximum concrete shear stress and 
corresponding shear strain are calculated from 
 k�O,	� � 12 ��� � N��f�( � �� ' N��f�(� sin 2<�' k��	 cos 2<� F�O� � �0,04 · �O� · B 
 
 
 
 
 
 

 
Figure 3-58| Comparison between panel tests and con stitutive 
relation. Source: Hsu, T.T.C. Pang, Xiao-Bo D.,“Fix ed Angle 
Softened Truss Model for Reinforced Concrete, “Cons titutive 
Laws of Softened Concrete in Biaxial Tension-Compre sssion“, 
ACI Structural Journal V.93-No.2 (March/Apr. 1996) pp. 203. 
 
 
 
 
 
 
 

A comparison between the panel tests and the 
equation is, according to Hsu, in reasonable 
agreement(see Figure 3-58). To the author it seems 
that some local patterns are not correctly estimated, 
due to the lumped representation. This would limit its 
advantage over a plasticity approach. However it is 
hard to reach conclusions from just this paper. 
 
According to Hsu, the shear stresses and strains, 
along the crack, are attributed to the aggregate 
interlock and shear key interlock(see Figure 3-59). 
The shear key interlocking is more important, 
according to them, but this seems like an irrational 
conclusion. The reason being, that the original purpose 
for the Fixed-Angle Softened Truss Model was for the 
design of concrete members without or very little   
(shear-) reinforcement. Thus, the shear key aggregate 
interlock is unlikely to be very significant and the shear 
contribution is again linked to aggregate interlock, 
when this model is used. 
 
 
 
 
 

 
 
Figure 3-59| Stresses in a Fixed-Angle approach. So urce: Hsu, 
T.T.C. Pang, Xiao-Bo D.,“Fixed Angle Softened Truss  Model for 
Reinforced Concrete, “Constitutive Laws of Softened  Concrete 
in Biaxial Tension-Compresssion“, ACI Structural Jo urnal V.93-
No.2 (March/Apr. 1996) pp. 202. 
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3.3.5.4 Practical Design 

For practical cases, the various compression field 
methods were deemed too complicated and 
simplifications needed to be made. 
 
Firstly, the MCFT needed to be extended to 
incorporate flexure and this was done by Nakamura 
and Higai103. By dividing the cross section into layers 
and assuming a uniform distribution of the axial and 
shear forces over the height, a solution could be 
obtained by an incremental method. 
 
Later, Collins et. al. 25,27 developed a simple method for 
determining the beam strength based in the MFCT. 
Two variables were introduced, β and θ, which were 
determined using the MFCT(see Figure 3-60). With 
these variables and some simplifying assumptions, 
beams with various loadings could be easily designed 
from the strain in the longitudinal reinforcement (see 
Figure 3-61), which was determined by 
 

�, � p�! %nR q ' 0,5 · �! ' 0,5 · H! · cot ]e* · )*  

 
In which �! is the moment in the section, H! is the 
shear force in the section, �! is the normal force in the 
section, e* is the E-modulus of the reinforcement, )* is 
the area of the longitudinal reinforcement, is the 
effective shear depth and ] is the inclination of the 
principle compressive stress. 
The  final capacity check in the calculations, ends up in 
determining the capacity of the longitudinal 
reinforcement. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3-60| Determination of β and θ as given by Collins et.al. 
Source: Bentz, E.C. Collins, M.P. Vecchio, F.J., “S implified 
Modified Compression Field Theory for Calculating S hear 
Strength of Reinforced Concrete Elements“, ACI Stru ctural 
Journal V.103-No.4 (July/Aug. 2006) pp. 617. 

 
Figure 3-61| Beam assumptions for the general shear  design 
method Source:  Collins, M.P. Mitchell, D. Adebar, P. Vecchio, 
F.J., “A general Shear Design Method“, ACI Structur al Journal 
V.93-No.1 (Jan./Feb. 1996) pp. 39. 
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3.3.6 Method of the Compressive 

Force-Path  

From fundamental material behaviour, M.D. Kotsovos 
concluded that the current design practice is 
inadequate for the design of concrete beams.50-59*  
The flexural capacity is currently designed with the 
material behaviour found from uniaxial testing. When 
tests are performed on the compressive strength of 
concrete, it is found that the friction of the load 
application on the specimen has large influence on the 
post-peak behaviour. When the load is applied almost 
frictionless, there seems to be an immediate loss of 
load bearing capacity. This meant that the softening 
behaviour is due to structural behaviour and not 
material behaviour. Thus, Kotsovos concludes that the 
current flexural design practice, which relies on this 
principle, doesn’t appear to be a viable model and a 
new method based on triaxial material behaviour 
should be used.† 
 
Methods for shear design, which he evaluates, include 
the truss analogies and the critical section method. 
The critical section method is stated to be dependent 
on the contribution of aggregate interlock. Due to the 
way that cracking occurs in a concrete beams, he 
concludes the contribution of aggregate interlock to be 
of minor influence to the shear strength and thus 
argues that this method is incapable of describing the 
cause of shear failure. 
 
Several tests are shown with various set-ups of shear 
reinforcement. With these various placements, it is 
intended to shows the problems with truss analogies. 
In truss analogy it is assumed that the stirrups transfer 
part of the shear force over the crack. Thus, the 
stirrups act as the vertical members in a truss. As seen 
from the graph, stirrups placed just right of the shear 
span appear to have a greater capacity than stirrups 
placed in the shear span‡. Beam D sustained a load 
similar to the flexural capacity, but failed in the shear 
span. The beams were all located within ”Kani’s 
Valley” ,thus should have failed long before the flexural 
capacity was reached. 
 

                                                      
* Only a brief discussion is given here. Kotsovos et. al. discuss these  

“imperfections” in greater detail.
94

 
† Similar results were obtained around the same time by J.G.M. van 
Mier.  
Van Mier, J.G.M., “Strain-Softening of Concrete under Multiaxial 
Loading Conditions“,(1984) Eindhoven: Technische Universiteit 
Eindhoven 
‡ Other a/d ratios were also tested in which a similar trend was 
observed. Although the beams as presented here showed  the 
biggest difference in strength. 

These results are in direct conflict with the concept of 
the truss analogies. Kotsovos explains that the stirrups 
don’t act as described by the truss analogies, but 
rather increase the tensile strength of the compression 
zone. In this way, the beam’s strength would increase 
without truss behaviour being a necessity.  

 
Figure 3-62| Effect of friction on the uniaxial com pression 
strength Source: Kotsovos,  M.D. Pavlovi ć, M.N., ”Ultimate limit-
state design of concrete structures: A new approach ”, (1999) 
Trowbridge, Wiltshire : Redwood Books  pp.40 

 
Figure 3-63| Experiment, of Kotsovos, with various positions of 
shear reinforcement. Source:  Kotsovos, M.D., “Compressive 
Force Path Concept: Basis for Reinforced Concrete U ltimate 
Limit State Design“, ACI Structural Journal V.85-No .1 (Jan./Feb. 
1988) pp. 70. 

 
Figure 3-64| Result of experiment by Kotsovos for a /d=4.4. 
Source : Kotsovos, M.D., “Compressive Force Path Concept: 
Basis for Reinforced Concrete Ultimate Limit State Design“, ACI 
Structural Journal V.85-No.1 (Jan./Feb. 1988) pp. 7 3. 
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In light of all the experimental evidence, Kotsovos 
proposed a new approach to the design of concrete 
beams. This design method is based on the “path of 
the compressive forces” and associates failure of a 
beam with tensile stresses developing along this 
path(see Figure 3-65). Kotsovos deduces that these 
stresses can develop by four causes 
 

- Change in the direction of the force path
- Varying intention of the compressive stress 

field 
-  Tensile stresses at the tip of a crack
- Bond failure 

 
He explains that bond failure causes a redistribution of 
the equilibrium and this leads to a variation in the 
compressive stress field (see Figure 3-66
again leads to tensile stresses. 
 
The action of stirrups, as observed in the experiments, 
could then be explained by means of this model
Although truss models explain that the stirrups carry 
part of the shear force, this is not the cas
compressive force path method. Rather, the stirrups 
prevent the local tensile stresses to initiate the overall 
failure of the beam. Thus stirrups would need to be 
placed at these locations and not at the inclined crack, 
as is proposed by the truss model. 
 
The reasoning that the compression zone would be 
small to sustain significant shear forces is dismissed 
as being based on uniaxial behaviour. When the 
multiaxial behaviour of the concrete is examined, it is 
deduced that the compression zone could well explain 
the experimentally observed shear loads.  
 

Figure 3-65| Example of the compressive force -
Source: Kotsovos, M.D., “Compressive Force Path Concept: 
Basis for Reinforced Concrete Ultimate Limit State Design“, ACI 
Structural Journal V.85- No.1 (Jan./Feb. 1988) pp. 

Figure 3-66| Forces in section before an d after bond failure
according to Kotsovos.  Source: Kotsovos, M.D., “Compressive 
Force Path Concept: Basis for Reinforced Concrete U ltimate 
Limit State Design“, ACI Structural Journal V.85
1988) pp. 69 
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3.3.7 Other Concrete properties  

Concrete is a material which exhibits very specific 
material behaviour. One cannot disregard these 
properties when trying to understand its fundamental 
behaviour. A short review about concrete’s material 
properties, that were applicable to this research, will be 
given. 

3.3.7.1 Micro-Cracking and 

Softening 

Early on the strength of brittle materials was calculated 
from the force necessary to disrupt the molecules. 
When tensile tests were performed the strength values 
found were about 30.000 times smaller than the 
theoretical values101*. Around  1920 an Engineer called 
A.A. Griffith published a paper34 with the answer to this 
discrepancy and is probably the origin of fracture 
mechanics.  
Griffith proposed that  microscopic cracking inside the 
material caused large localized stresses and thus 
decreased the strength of the material. In acquiring the 
solution for the theory Griffith assumed a uniform plane 
tension stress state in a plate with a crack that is 
described by  an elliptical hole.† With this theory he 
showed that the macroscopic effects of the strength of 
brittle materials could be explained by understanding 
their microscopic behaviour and this was probably the 
first introduction of fracture mechanics. 

3.3.7.2 Tensile strength  

After this work of Griffith a greater understanding of 
brittle materials was acquired. Now that the main 
characteristics of the material were known one could 
perform experiments to determine the quantities of the 
various effect. This, however, proved to be an even 
more difficult task. When performing experimental 
investigation into the tension strength of a brittle 
material various obstacles need to be overcome, if this 
was at all possible. The first problem encountered was 
in the application of a load. Where in a compression 
test an application bears  “minimal consequences”‡ for 
the end result, it has great impact on the tension 
behaviour. Early experimental work, on sheets of mica, 
by E. Orowan showed that different applications of the 

                                                      
* Most of the earlier developed is based on Timoshenko’s “History of 
Strength of Material”. The reader is referred to this book for a more 

complete coverage.101 

† This was an extension on the work of Prof.C.E. Inglis. C.E. Inglis, 
“Stresses in a Plate due to the presence of Cracks and Sharp 
Corners”, Proc. Instl. Naval Architects (1913) 
‡ Application of the load in compression tests has other 
complications.  

load could give as much as ten times the loading 
capacity(see Figure 3-67). 
Other difficulties in the experiments with concrete in 
tension, have been reported by Hordijk104. For instance 
non-uniform cracking and the measuring length can 
cause bifurcation and snapback to occur in the 
material behaviour(see Figure 3-68Figure 3-64). This 
is mainly aimed at the behaviour after the peakload 
has been reached. The peaklead itself is not very 
dependent on these issues.  

 
Figure 3-67 |Different applications of loading cond ition by E. 
Orowan Source: Timoshenko, S.P., ”History of Streng th of 
Materials”, (1983) New York: Dover Publications, pp .360. 
 

 
Figure 3-68| Differences in stress strain curves fo r different 
measuring length as given by Hordijk. Source: Hordi jk, D., 
”Local Approach to Fatigue of Concrete”, Delft: Ste vin 
Laboratory of the Delft University of Technology(19 91), pp. 55.  
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3.3.7.3 Size Effect 

In several previous chapter it has been mentioned that 
concrete exhibits the so-called size effect. Size effect 
refers to the difference in strength of members with 
similar geometry but different measurements, usually 
the height of the member. Due to the importance of 
this property of concrete some of its theories and 
development will be discussed here. 
 
It was concluded from the experimental work of A.A. 
Griffith and E. Orowan that a brittle material’s strength 
is affected by the imperfections in the material101. So 
one can deduce that in greater members the 
probability of it having these “weak spots” increases. 
This reasoning lends the behaviour to be of a 
statistical nature and can thus be explained in such a 
way. 
 
Maybe one of the earliest and most notable 
investigations on size effect has been the work of W. 
Weibull. As a lot of other theories it wasn’t intended 
solely for concrete, but rather for a wide range of 
problems which include the fracture of brittle materials. 
In 1951 Weibull published a paper87 in which he 
imagined a material to be described as a chain. A 
chain fails due to strength of its weakest link and he 
formulated the probability of failure of this chain to be 
described as  
 �� � 1 � ¨��©@,A 
 
Then he postulates that this could also explain the size 
effect of failure in solids. When applied to a solid 
material the following equation can be obtained 
 �+�� � �H�H+ �O 	⁄

 

 
In which the left term is the division of the yield 
strengths of two specimens and the right the ratio of 
the volumes. The parameter � was one to be found 
from experimental correlation and is a constant of the 
material. 
 
The reception of this paper wasn’t good. It was 
considered to be too simplistic to be viable in practice. 
Despite the grim reception it turned out to match 
experimental results well. Among others Davidenkov 
applied this theory to steel, which had been made 
brittle due to the addition of various additives, with 
good results.  
 
 
 

One of the main assumptions in the theory of Weibull 
is that the various specimens have to be of a similar 
geometry. This meant that early testing, for example 
experiments before the work of Kani, couldn’t be 
compared with each other seeing as there was no 
similarity to be found. Later on the importance of this 
fact was recognized and following experiments usually 
had this assumption as a basis for comparison. 
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The statistical approach of Weibull was later 
abandoned for a theory based on fracture mechanics.  
In the beginning, linear fracture mechanics were used 
to explain the size effect.* However, it was later noted 
to be inadequate for concrete design. It was found that 
for “small” structures a strength criterion was better 
suited. Bazant showed that in reality the theory was a 
gradual transition between these two limit and could be 
described by non-linear fracture mechanics (see 
Figure 3-69). Thus a new model based on non-linear 
fracture mechanics was proposed by Bazant. et. al.  
 ª� � LO · 1�1 ' %yi · %+� 

 
In which ^� is the shear stress, % is the depth of the 
beam, %+ is the maximum aggregate size and yiand LO 
are determined from experiments. Later the effect of 
the stirrups and aggregate size were added into the 
equations. This gave the generalized form of the 
equations 
 

ª� � LO · vLi %+R
�1 ' %yi · %+� 

 
The effects of the stirrups being incorporated in the 
parameter yi  with a linear approximation 
 yi � 25 · �1 ' N«Ni� 

 
In which N« is the reinforcement ratio and Ni an 
empirical constant. The equations were compared to 
various experiments and according to the author it 
showed good agreement(see Figure 3-70).  
It is however hard to tell from these graphs if any 
improvement is made from the strength criterion or 
linear fracture mechanics due to the huge scatter in 
the experimental data(see Figure 3-71). 
 
Kotsovos later showed that size effect is not a real 
material property, instead it is caused by non-
symmetrical cracking, which would be caused by 
secondary effects. This can be avoided by applying the 
proper reinforcement57. The reader is referred to his 
works for more information94. 

                                                      
* Apparently the first applications of linear fracture mechanics to the 

size-effect was that of Reinhardt
12

. The article was not available to 
the author 
Reinhart, H.W., ”Similitude of Brittle Fracture of Structural Concrete”, 
Advanced Mechanics of Reinforced Concrete IABSE Colloquium, 
Delft, (1981) pp. 201-210 

 
Figure 3-69| Size Effects as explained by Bazant et . al. Source: 
Bažant, Z.P., “Size Effect in Blunt Fracture: Concr ete, Rock, 
Metal“, Journal of Engineering Mechanics, ASCE V.11 0-No.4 
(Apr. 1984) pp. 520. 

 
Figure 3-70| Graphs showing experimental data compa red to 
the size-effect theory without stirrups and various  other 
theories Source: Bažant, Z.P. Kim, Jin-Keun, “Size Effect in 
Shear Failure of Longitudinally Reinforced Beams“, ACI 
Structural Journal V.81-No.5 (Sept/Oct. 1984) pp. 4 65. 

 
Figure 3-71| Graph showing experimental data compar ed to the 
size-effect theory with stirrups Source:  Bažant, Z .P. Sun, Hsu-
Huei, “Size Effect in Diagonal Shear: Influence of Aggregate 
size and Stirrups“, ACI Structural Journal V.84-No. 4 (July 1987) 
pp. 268. 
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3.3.7.4 Aggregate Interlock* 

A subject of great debate, in the calculation of the 
shear capacity, has been aggregate interlock. The 
earlier research by Fenwick was probably one of the 
first, to rigorously investigate this phenomenon109.  In 
these earlier tests, flexural cracks could influence the 
results and thus the experiment had to be adjusted. 
Thus, arriving at the typical push-off specimen that has 
been the standard for future research. 
 
Later, Taylor† states that the constant crack width, 
which was assumed in the experiments, does not 
occur and that the crack opens both perpendicular as 
well as parallel to the crack face. Presenting his own 
variation on the test that could incorporate both these 
displacements. The two displacements were applied 
with a set ratio. 
 
A more complete study, which is still the standard of 
today, was performed by Walraven107. To avoid 
making assumptions about the displacements, a 
passive restraining mechanism was applied, so that 
displacement would occur according to the internal 
equilibrium. Other factors that were investigated were 
the type of reinforcement, concrete strength(although 
limited to normal concrete strengths), aggregate size 
and off course the various displacements and 
corresponding stresses. It was concluded, that a 
model should be based on the shear stress, shear 
displacement, normal stress and crack width, instead 
of the shear stress and displacement. 
 
 
 
 
 
 

                                                      
* This chapter is based mostly on J.C. Walraven his survey

109
 and 

A.F. Pruijssers dissertation107.
  

† Original Article was not available to the author 
Taylor, H.P.J., “Fundamental behaviour in bending and shear of 
reinforced concrete”. (1971) London 

 
Figure 3-72| Push-off Specimen from experiments by Paulay 
and Loeber. Source: Walraven, J.C.., ”Mechanism of Shear 
Transfer in Cracks in Concrete; A survey of Literat ure”, (Dec. 
1978) Delft: Stevin Laboratory of the Delft Univers ity of 
Technology, pp.13. 

 
Figure 3-73| Aggregate interlock experiment and res ults from 
Taylor. Source: Pruijssers A.F., ”Aggregate Interlo ck and Dowel 
Action under Monotonic and Cyclic Loading”, (1988) Delft: 
University Press , pp.10. 

 
Figure 3-74| Aggregate interlock experiment as perf ormed by 
Walraven. Source: Pruijssers A.F., ”Aggregate Inter lock and 
Dowel Action under Monotonic and Cyclic Loading”, ( 1988) 
Delft: University Press , pp.11. 
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An early model for shear friction was presented by 
Birkeland and Birkeland in 1966. The shear resistance 
was assumed to be induced by the restraining action 
of the reinforcement. The shear resistance was then 
given as H$ � µ · A® · f¯ 

 
In which H$is the shear resistance, µ is the coefficient 
of friction of the concrete, A® is area of the the 
reinforcement and f¯ is the yield stress of the 

reinforcement. 
It was later extended by Mattock to include external 
normal stresses H$ � µ · ρ · f¯ ' σG 

 
The theory didn’t agree well with the test results from 
other researches and thus other models were required. 
 
A simple plastic upper bound solution was presented 
by Nielsen97*. Assuming a yield line the following 
relations can be found from the work equation (see 
Figure 3-76) k�� � 12 ��� < � 0k�� � xψ · @ψ � 1A ��� 0 � < � φk�� � 1 � sin ´2 · cos ´ ' ψ · tan ´ ��� < � φ

 

 
In which k is the shear friction force, �� is the 
compressive strength of the concrete, < is the direction 
of the relative displacement, φ is the friction angle of 
the concrete and ψ is the reinforcement ratio. 
 
Walraven also contributed a formulation based on his 
own experimental work. It starts by assuming that the 
particles will provide the shear resistance and that they 
behave perfectly plastic(see Figure 3-77). The 
stresses that occur are then related to each other by a 
linear equation(see Figure 3-78) 
 k�! � µ · ��! 

 
In which µ is the coefficient of friction and k�! and ��! 

are the stresses on a particle. 
By statistically determining the contact areas and then 
integrating the stresses over the crack area the total 
shear resistance could be obtained. 
 
 
 
 

                                                      
* It is stated in his book that this method was primarly developed by 
B.C. Jensen.97 

 

 
Figure 3-75| Shear-friction model as presented by B irkeland and 
Birkeland. Source: ACI-ASCE Committee 445,”Recent 
Approaches to Shear Design of Structural; Concrete” , ASCE 
Journal of Structural Engineering V.124-No.12 (Dec.  1998) pp. 
36. 

 
Figure 3-76| Disk subjected to shear and correspond ing failure 
mechanism. Source: Nielsen M.P. Hoang, L.C., ”Limit  Analysis 
and Concrete Plasticity”,(3 rd ed.2011) Boca Raton: CRC press., 
pp.630. 

 

 
Figure 3-77| Material behavior and contact areas as  stated by 
Walraven. Source: Walraven, J.C. Reinhardt, H.W., “ Theory and 
Experiments on the mechanical behaviour of cracks i n plain 
and reinforced concrete subjected to shear loading“ , Heron 
V.26-No.1a 18 (Sept. 1951) pp. 27. 

 
Figure 3-78| Stresses in Walraven's model for aggre gate 
interlock. Source: Walraven, J.C. Reinhardt, H.W., “Theory and 
Experiments on the mechanical behaviour of cracks i n plain 
and reinforced concrete subjected to shear loading“ , Heron 
V.26-No.1a 18 (Sept. 1951) pp. 28. 
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3.3.7.5 Dowel Action 

Although the research from Lorentsen showed dowel 
action to be a significant contribution to the shear 
strength, the common consensus is that it doesn’t play 
a significant role in concrete beams. The reason being 
that the reinforcement bars develop tensile stresses in 
the concrete, which cause cracks to extend along 
these bars. Dowel action can only develop to any 
significant contribution if the reinforcement is either 
distributed over various layers within the beam or if it is 
supported by stirrups. If enough cover and 
confinement has been applied to the reinforcement 
failure can also occur due to crushing of the 
concrete107. 
 
Walraven defines three phases in which dowel action 
occurs in beams109. The first being the behaviour 
before the dowel crack exists. Then after the crack has 
occurred the capacity decreases as the deformations 
increase. In the third phase the load increase again, 
but this can only occur if stirrups are near a vertical 
crack. 
The behaviour of the dowel can usually be modelled 
as a beam on an elastic foundation. This solution was 
proposed early on by Timoshenko and Lessels. 
The differential equation for the deformation was given 
by 
 %µ¶%#µ � �M · ¶ 

 
In which ¶ is the deformation and M is the foundation 
modulus. After solving the differential equation, the 
foundation modulus can be found through 
experiments. 
Although it is a good approximation for small 
deformation, it is not suited for determining the ultimate 
capacity when large deformation are needed in the 
design . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3-79| Various failure modes for dowel action  as given by 
Pruijssers. Source: Pruijssers A.F., ”Aggregate Int erlock and 
Dowel Action under Monotonic and Cyclic Loading”, ( 1988) 
Delft: University Press, pp.22.  
 

 
 
Figure 3-80| Three phases of dowel action in beams according 
to Walraven. Source: Walraven, J.C.., ”Mechanism of  Shear 
Transfer in Cracks in Concrete; A survey of Literat ure”, (Dec. 
1978) Delft: Stevin Laboratory of the Delft Univers ity of 
Technology, pp.58. 

 
Figure 3-81| Dowel modelled as a beam on an elastic  foundation 
Source: Walraven, J.C.., ”Mechanism of Shear Transf er in 
Cracks in Concrete; A survey of Literature”, (Dec. 1978) Delft: 
Stevin Laboratory of the Delft University of Techno logy, pp.34. 
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When stirrups aren’t present in a concrete beam, the 
ultimate bearing capacity of the dowel can be reduced 
to the load at which the dowel cracks occur. To 
determine this load Krefeld and Thurston conducted 
research similar to that of Lorentsen62. A full scale 
beam test with a “damaged” area was subjected to 
shear loading so that the this “crackload” could be 
obtained (see Figure 3-82). From the experiments they 
eventually found this load to be equal to   
 

a� � c · v�f�(�� · v% · �� · T�Q·

2 ' s · v T�% · ��·  

 
In which T� is the beam with excluding the bar 
diameter, s is the length of the dowel crack, c is an 
empirical constant. Various other researchers have 
conducted similar experiments, deriving their own 
equation for the dowel force. 
Fenwick and Paulay32 derived similar equation from 
small scale, long and short, dowel tests (see Figure 
3-83) 
 a� � 13 · }� · T� · �� · 11 '   

 
In which }� is the embedment length, �� is the modulus 
of rupture and   a ratio between the displacements at 
the end of the dowel. For lower bars the one in the 
division is changed to  . 
 
If stirrups are presented in the concrete beam, a 
simple plastic relation was determined by Taylor(see 
Figure 3-84)109*. In this method three possibilities are 
described 
 

- Stirrups very close to a crack. The dowel 
strength equals the stirrups strength 

- Stirrups far from a crack. The reaction due to 
the plastic hinges is smaller than the dowel 
crack load. Thus, the dowel crack load is the 
bearing capacity for dowel action 

- A situation in between these two. The dowel 
strength is enhanced to the plastic strength of 
the reinforcing steel 

 
These solution could later be extended or incorporated 
into the solution of a beam on an elastic foundation. 
 
 
 

                                                      
* Original Article was not available to the author 
Taylor, H.P.J., “Fundamental behaviour in bending and shear of 
reinforced concrete”. (1971) London 

 
Figure 3-82| Experiments to determine dowel forces by Krefeld 
and Thurston. Source: Krefeld, W.J. Thurston, C.W.,  
“Contribution of the Longitudinal Steel to Shear Re sistance of 
Reinforced Concrete Beams”, ACI Structural Journal V.63-No.3 
(March 1966) pp. 335. 

 
Figure 3-83| Small scale dowel tests by Fenwick and  Paulay. 
Source: Fenwick R.C., Paulay T., “Mechanism of Shea r 
Resistance of Concrete Beams”, Journal of structura l 
engineering, ASCE V94-No.ST10, (Oct. 1968) pp. 2337 . 

 

 
Figure 3-84| Plastic hinges and assumes stress for dowel action 
by Taylor. Source: Walraven, J.C.., ”Mechanism of S hear 
Transfer in Cracks in Concrete; A survey of Literat ure”, (Dec. 
1978) Delft: Stevin Laboratory of the Delft Univers ity of 
Technology, pp.68. 
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3.4 Conclusion 
Although a lot of research has been undertaken there 
seems to be very little research on the interaction 
subject itself. It is seen that especially shear is a 
relatively unknown subject, despite the numerous 
papers published. Even the most sophisticated models 
such as the Compression Field Theory usually rely on 
assumptions that hardly seem realistic. In recent year 
there is a tendency to produce more complicated 
models to perform even the most basic calculation. In 
general a few important conclusions can be drawn 
 

- Overall flexural analysis is well understand and 
doesn’t need much attention for practical 
design 

- The current shear Design of reinforced 
concrete members without transverse 
reinforcement are solely based on empirical 
evidence and have no underlying physical 
relevance 

- The contribution of the fundamental 
components of the shear strength of these 
beams is a subject of great debate, which has 
yet to be settled 

- Advanced models such as MFCT usually rely 
on simplifying assumptions for implementation, 
which makes their sophisticated approach 
obsolete 

- These advanced models are also usually 
modified on their basic assumption to fit the 
experimental data. This makes it difficult to see 
their advantage over simple empirical 
equations and negates their “fundamental”  
formulation 

- Experimental determination of fundamental 
material behaviour has severe practical 
limitation that are usually not adhered to. Most 
models use these inadequate material models 
and thus conclusions drawn from these 
models are unlikely to be valid 

- The “concrete contribution” is usually thought 
to be the remainder of the total force without 
the calculated stirrup contribution. From 
Kotsovos his research that deriving from these 
concepts can be quite misleading 

- The idea of shear strength is usually derived 
from beam tests without paying attention to the 
place where failure occurs 

- While M-N interaction is acknowledged, the 
shear force is usually treated as a separated 
design situation. For beam theory this is an 
almost impossible assumption 

 
A common trend in research papers seems to be that if 
a complicated model it will be more accurate if the 

details are refined. The problem is that most of these 
models rely on concept that do not occur in reality. The 
fact that they are mere methods to design a structure 
seems to be overlooked and thus the overview of the 
basic assumptions and their limitations are lost. 
 
Finally it can be said that is has been quite difficult to 
find a practical method that describes the actual 
material behaviour. 
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4.1 Introduction 
The purpose of the numerical investigation is to see if 
with a simple tool the interaction in a section,
or a crack of a concrete beam could be obtained. 
has been shown in earlier investigations that relatively 
simple methods might lead to the same accuracy 
that of a complex method.  
In earlier research it has been shown that relatively 
simple design tools can lead to surprisingly good 
results (see Figure 4-1). Thus, these will be used to 
study the interaction behaviour. 
 
 
  

Figure 4-1| Results of sequential linear analysis compared to  experiments 
and Sequentially Linear Analysis of Tensile Hardeni ng Cement
Workshop on Concrete, Masonry and on Fiber-
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purpose of the numerical investigation is to see if 
a section, segment 

crack of a concrete beam could be obtained. It 
has been shown in earlier investigations that relatively 

accuracy as 

In earlier research it has been shown that relatively 
simple design tools can lead to surprisingly good 

these will be used to 

| Results of sequential linear analysis compared to  experiments and full non -linear analysis Source:
and Sequentially Linear Analysis of Tensile Hardeni ng Cement -Based Composite Beams in Flexure" Delft; Computatio nal Modeling 

reinforced Composites (2009) pp. 8. 
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linear analysis Source:  Billington, S.L., "Nonlinear 
Based Composite Beams in Flexure" Delft; Computatio nal Modeling 
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4.2 Concrete Modelling 
In this chapter the various tools that have been used to 
model the concrete will be presented. These range 
from the properties of the concrete itself to the failure 
models used. 

4.2.1 Concrete Properties 

The concrete properties will be modelled after a 
concrete class C20/25. The properties will be taken as 
the average values from the NEN-EN 1992-1-1. 1 

 
Figure 4-2| Strength distribution 
 
The compressive strength of concrete is given as a 
function from the characteristic cylinder strength (see 
Figure 4-2). 
 ��;	 � ��;P ' 8 � 20 ' 8 � 28 � ���⁄  
 
The elasticity modulus can then be determined from 
this average compressive strength 
 

e�;	 � 22.000 · ���;	10 �i,Q  � 30.000 ���� 

 
The poisson ratio is not listed in the Eurocode so is 
taken as equal to 
 ^ � 0,20 
 
The tensile strength can be determined as a function 
of the characteristic cylinder strength 
 ���;	 � 0,30 · ��P� QR � 0,30 · 20� QR � 2,21 � ���⁄  
 
The yielding strain is then given by 
 �( � ��;	e�;	 � 2830000 � 0,933 ‰ 

 
The maximal strain in compression is given by 
 �	+, � 3,50 ‰ 
 
 
 

4.2.2 Failure Criteria 

To perform an FE-analysis, a failure criterion has to be 
specified. In the literature various criteria can be found 
and only a few, which are usually applied to concrete 
calculations, will be presented here. 

4.2.2.1 Rankine 

One of the simplest models for defining concrete 
failure was one used by Rankine in soil mechanics73*. 

The criterion states that a material has failed when the 
principle stress reaches a defined limit . 
 �O,� � �( 

 
 Graphically shown in the principle stress space this 
forms a square failure surface (see Figure 4-3). 

 
Figure 4-3| Rankine failure surface in two-dimensio nal principle 
stress space 
 
In its most basic form, as presented by Rankine, the 
model consists of only one parameter, namely the 
tensile stress. For concrete, the tensile and 
compressive strengths differ from each other, thus two 
parameters are needed to describe failure. 
 �� � �O,� � �� 
  

                                                      
* Though usually taken for granted it is unsure to the author if this 
theory should be attributed to Rankine alone. As said by 

Timoshenko, Rankine as well as Lame both used this theory.
101 

There is a reference to further literature but it has not been reviewed 
in this study 
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4.2.2.2 Mohr-Coulomb 

The Mohr-Coulomb criterion is based on shear 
stresses rather than on the normal stresses.* It states 
that failure will occur where the maximum shearing 
stress is reached. 
The minimal number of parameters used in this model 
is two, namely the cohesion(c) and internal friction 
angle of the material(φ).  
 k � c ' � · tan ´ 
 
This can be rewritten in terms of the principle stresses 
and then the following formula are acquired31†. 
 M · �O � �� � �� 
 
With 
 M � 1 ' sin ´1 � sin ´,    �� � 2 · c · cos ´1 � sin ´   
 
In most situations for concrete, this model is combined 
with a tension cut-off to accommodate for the lower 
tensile strength.  
 � � �� � 0 
 
Graphically shown in the principle stress space this 
forms a hexagon failure surface (see Figure 4-4Figure 
4-3).  
 
 
 

 
Figure 4-4| Mohr-Coulomb failure surface in two-dim ensional 
principle stress space 

                                                      
* Originally developed by C.A. Coulomb

28
 and later in its general 

form by O. Mohr71.
101 

† The literature source itself was not available to the author and it 
was found through another reference. 91 

4.2.2.3 Drucker-Prager 

The Drucker-Prager is a smooth approximation of the 
Mohr-Coulomb criterion30. The corners in the Mohr-
Coulomb model can cause problems in numerical 
investigations and thus these problems do not occur 
when using the Drucker-Prager model. In terms of the 
principle stress it is given as 
 

<@�O ' ��A ' V@�O � ��A� ' �O� ' ���6 � w     
< � ���� � 1

√3 p���� ' 1q ,       w � 2��√3 p���� ' 1q 

 
Graphically shown in the principle stress space this 
forms an elliptic failure surface (see Figure 4-5Figure 
4-3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 4-5| Drucker-Prager failure surface in two-d imensional 
principle stress space 
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4.2.2.4 Biaxial Alternative 

Aside from the already existing failure criterion, 
another self-made model has been implemented. The 
envelope has been described by various simple 
geometrical figures. (see Figure 4-6) 
The domains can be mathematically described and the 
relations are given below in terms of the principle 
stresses. 
 

1. Domain: Tension - Tension �O  v��� � ���     voor   0  ��  �� 
 
 2. Domain: Tension - Compression �O  �� � �� · ����     voor   ��  ��  0 

 
 3. Domain: Compression - Tension �O � �� � �� · ����     voor   0  ��  �� 
 
 4.  Domain: Compression - Compression �O  3 · �� � 3 · ��  voor   1,25 ·  ��  ��  �� 
 
 5.  Domain: Compression - Compression �O � 13 · �� ' ��  voor   0,75 ·  ��  ��  0 

 
 6.  Domain: Compression - Compression �O  0,75 · �� � v0,25 · ��� � @�� � 0,75 · ��A�  voor   1,25·  ��  ��  0,75 · �� 
 
 
The various points that define the failure criterion have 
been taken from tests done by Kupfer et. al.65 (see 
Figure 4-7) 
 

 
Figure 4-6| Test results of biaxial compression tes ts as given by 
Kupfer et. al. Source: Kupfer, H. Hubert, K. Rusch , H., 
“Behavior of Concrete Under Biaxial Stress“, ACI St ructural 
Journal V.66-No.8 (Aug. 1969) pp.660 
 

 
Figure 4-7| Alternative biaxial material model as a  failure 
criterion 
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4.2.3 Modelling Concrete Failure 

The failure criterion is only a value for when “failure” 
occurs. The behaviour after this has occurred has 
been described with various models, which are 
presented here. 

4.2.3.1 Linear Modelling 

The simplest way to model the elements is with the 
linear model. The stresses and strains are related 
linearly and until the stress (or strain) reaches the 
failure criterion (see Figure 4-8). 

 
Figure 4-8| Linear Modelling 
 
When the failure criterion is reached an element is 
simply removed from the model (see Figure 4-9). This 
can also be done by setting its E-modulus to zero. 
Even though simple in its application it is likely to 
provide very conservative results. 
. 

 
Figure 4-9| Modelling an element with a linear mode l reaching 
the failure criterion 
 
 
 
 
 

4.2.3.2 Non-Linear Modelling 

4.2.3.2.1 Iterative linear calculations 
After reaching a failure criterion an element can be 
modelled with non-linear equations instead of deleting 
the element. This non-linear behaviour can be 
modelled with a simple modification. By modifying the 
stiffness properties of an element the non-linear 
behaviour is obtained (see Figure 4-10). Seeing as 
only linear FEM-calculations are made, a change to 
the stiffness will be equivalent to a change in the 
thickness of the element, thus e� � eb� · �(�� » %� � % · �(��  

 
Figure 4-10| Non-linear Modelling of concrete 

4.2.3.2.2 Sequential linear analysis 
Sequential linear analysis has been developed in 
recent years as an alternative to the various numerical 
methods that are currently in use. It uses a series of 
linear calculations to model concrete behaviour. It 
turns a non-linear stress-strain relation into a series of 
linear stress-strain relations (see Figure 4-11). Then a 
load is presented to the structure, after which the 
critical element is located. This critical element’s E-
modulus will be modified according to the next linear-
stress strain relation. This process is repeated until 
failure has been reached. Usually only the tensile 
strength is modelled in this way, but it is stated that the 
compression strength as well as anisotropic behaviour 
can possibly be included.75 

 
Figure 4-11| Example of a Saw-tooth Model in sequen tial linear 
analysis Source: Billington, S.L., "Nonlinear and S equentially 
Linear Analysis of Tensile Hardening Cement-Based C omposite 
Beams in Flexure" Delft; Computational Modeling Wor kshop on 
Concrete, Masonry and on Fiber-reinforced Composite s (2009) 
pp. 8.   
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4.2.3.2.3 Non-Linear Behaviour of 
Concrete Under Pressure 

Concrete under pressure will behave in a way as 
shown in Figure 4-12. Usually it shows a pre-peak 
branch, sometimes approximated by linear models, 
which gradually bends off horizontally towards the 
peak, after which a softening behaviour occurs. 

 
Figure 4-12| Material behaviour of concrete under p ressure 
 
A model usually applied in The Netherlands is the bi-
linear model (see Figure 4-13). 1 It is defined by a yield 
limit and yield stress (or either of these combined with 
the elasticity modulus), before the yield limit linear 
behaviour is assumed and after it has perfect plastic 
behaviour. 
 
The stress can be obtained with 
 �� � ¼ e� · ��   U��� ��  �(���     U���  �( � ��  ��;	+, " 
 

 
Figure 4-13| Bi-Lineair model for concrete under pr essure 
 
 
 
 
 
 

Another model that is often used is the parabolic 
model. (see Figure 4-14). This model also for the basis 
of other models, for example that of Hsu or 
Collins/Vechio.93 

 
Figure 4-14| Parabolic model for concrete under pre ssure 
 
The stress-strain relation can be determined by 

�� � �� · ½2 · ����(� � ����(��¾    U��� ��  ��;	+, 

 
Newer models usually consist of a parabolic relation, 
which is transformed by scaling it to match 
experimental data. It can be scaled by scaling the 
stress (¿£) , as was done in earlier version of the 
compression field theory. Later it was stated by Hsu 42* 
that scaling in stress(¿£)  and strain(¿¤)  might lead to 
better results†. 
 ��;* � ¿£ · �� ��;* � ¿¤ · �( 

 

 
Figure 4-15| Scaled parabolic model for concrete un der 
pressure’ 

                                                      
* Hsu usually refers to these parameters as softening parameters, 
but seeing as this is a misleading name it has not been used here. 
† Various equations for the scaling parameters can be found in the 
literature and will not be repeated here. See for example  
 Hsu, T.T.C., “Unified theory of reinforced concrete“,(1993) Boca 
Raton: CRC Press Inc. 
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4.2.3.2.4 Non-Linear Behaviour of 
Concrete Under Tension 

Concrete under tension behaves almost linearly before 
reaching the peak stress. After this peak stress a 
softening behaviour occurs, which is difficult to model. 
The difficulty lies in the fact that not only does the post 
peak behaviour depend on the stress and strain, but 
the mesh size(normally the crack-band) also 
influences the behaviour. A method to make the 
softening mesh-objective was given by Rots.75 
 
A simple mode for the softening in tension is the linear 
model (see Figure 4-16). Both pre- and post peak 
behaviour is described by linear function, the former 
being an ascending line and the latter a descending 
line. The stress strain relation is thus given by. 
 

�� �
ÀÁÂ
ÁÃ e� · ��  met    ��  �(�� �1 � �� � �(�	+, � �(�   met   �( � ��  �	+,            0              met    �� ; �	+,

" 
 
Off course this model can be expanded to multi-linear 
models, in which the post peak behaviour is described 
by multiple linear lines. 
 
Another possible relation was given by Tamai et al.* 
(see Figure 4-17). The relations were described as  
 

�� � � e� · ��   met    �� � �(��;	 · ��(�� �i,µ   met    �� � �( " 
 
A disadvantage of this model is that no ultimate strain 
was given making it hard to implement with a 
sequential linear analysis. 
 
A model which was derived from experimental data is 
given by Hordijk104 (see Figure 4-18). It is described by 
 
 

�� �
ÀÁÂ
ÁÃ �� Æ�1 ' �cO ���	+,�Q� e��Ç ¤È¤ÉÊË "

"�@1 ' cOQAe��Ç ¤È¤ÉÊË�   met   ��  �	+,            0              met    �� ; �	+,
" 

 
 
Usually models for the post peak branch are based on 
the fracture energy being constant. So any relation can 
be made as long as the fracture energy is the same. 
 
The models presented here were expressed in terms 
of strains. Strictly speaking this is not the correct 
formulation. A post peak response is better expressed 
in terms of a displacement, but this was preferred 
here.  

                                                      
* This model was taken from a different literature by Hsu.

93
 The 

original article wasn’t available to the author 

 
 

 
Figure 4-16| Linear Softening model for Concrete un der tension 

 
Figure 4-17| Softening model as given by Tamai et. al. for 
concrete under tension 
 
 

 
Figure 4-18| Softening model as given by Hordijk Fout! 
Verwijzingsbron niet gevonden. for concrete under tension 
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4.2.3.3 Difficulties in Modelling 

Concrete 

The main difficulty in modelling concrete, in the way 
mentioned earlier, is that the elements only have one 
stiffness parameter. When dealing with a two-
dimensional element, stresses in two directions occur. 
Hence, two different stiffness parameters would be 
needed to model this behaviour.  Methods to 
incorporate orthotropic behavior exist; they usually 
involve choosing a different coordinate system for the 
cracked planes (see Figure 4-19). This is accompanied 
by the so called shear retention factor, which also 
needs to be assumed. A somewhat simpler approach 
is used in this research. A fictive elasticity modulus will 
be introduced, which is defined as follows 
  e� � xe�;O · e�;� 

 
Another problem involves the failure criterion. When a 
failure criterion like that of Mohr-Coulomb is applied, in 
a compression-tension stress state the tensile and 
compression strength will be dependent on each other. 
In non-linear analysis this is solved by introducing new 
parameters for the stress and strain which “modify” the 
uniaxial stress-strain relation. Seeing as this is very 
cumbersome it will be avoided in this treatise and 
when dealing with non-linear material models only the 
Rankine failure criterion will be used. 
 

4.3 Reinforcement Modelling 
The reinforcement, although applied with two-
dimensional elements, will be modelled as if it were a 
one-dimensional element. It will either be modelled 
linear elastically or with a bi-linear stress strain 
relation. The bi-linear relation can be described as 
(see ) 
 
 �* � ¼e* · �*   U��� �*  �*;(�(�     U���  �* ; �*;( " 
 
The elasticity modulus for the steel will be taken equal 
to 
 e* � 200.000 ���� 
 
And the yield stress will given as  
 �(� � 500 � ���⁄  

 
The ultimate strain will not be taken into account. 
Hardening will also not be introduced. 

 
Figure 4-19| Coordinate system for orthotropic mate rial 
behaviour  

 
Figure 4-20| Dependency of the tensile and compress ive 
strength  
 

 
Figure 4-21| Bi-linear model for the reinforcement 
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4.4 Sectional Analysis 
First of all a sectional analysis was performed
some insight in the various factors involved with the 
analysis of beams. It is a simple method with 
lot of analysis can be done in relatively little time. 

4.4.1 Geometry 

For the calculations a simple supported beam will be 
modelled (see Figure 4-22). Only the middle section 
will be subjected to analysis. The rest of the beam
be thought of as linear elastic with infinite strength.
 
The section will be modelled as seen in Figure 
Because a two-dimensional analysis is performed
was chosen to not model the concrete at the heig
the reinforcement, which is also usually the case when 
performing calculations by hand. This section is 
applied over the entire length of the beam and has the 
measures 
 d  =  280  mm 
 c =  30  mm 
 a =  20 mm 
 b =  200 mm 
Various amounts of reinforcements have been applied 
throughout this analysis and these values were listed 
with the results. 
 

4.4.2 Loading Configuration

To be able to determine the interaction relations within 
a section, the internal forces (M,N and V) need to be 
applied independently from each other. Three different 
load configurations are used to reach this 
independence. 
 

1. Bending Moment  
To apply the bending moment in the section
symmetrical loading configuration with two loads is 
applied to the beam (see Figure 4-24). Thus
middle section of the beam only a bending moment will 
occur. 
 
The bending moment in the middle of the beam is 
given by 
 � � a · s 
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First of all a sectional analysis was performed, giving 
some insight in the various factors involved with the 

It is a simple method with which a 
lot of analysis can be done in relatively little time.  

beam will be 
. Only the middle section 

will be subjected to analysis. The rest of the beam will 
be thought of as linear elastic with infinite strength. 

Figure 4-23. 
dimensional analysis is performed, it 

was chosen to not model the concrete at the height of 
t, which is also usually the case when 

performing calculations by hand. This section is 
applied over the entire length of the beam and has the 

Various amounts of reinforcements have been applied 
this analysis and these values were listed 

Loading Configuration 

To be able to determine the interaction relations within 
es (M,N and V) need to be 

. Three different 
load configurations are used to reach this 

To apply the bending moment in the section, a 
symmetrical loading configuration with two loads is 

. Thus, in the 
middle section of the beam only a bending moment will 

The bending moment in the middle of the beam is 

 
 
 
 
 

Figure 4-22 | Geometry for Sectional Analysis
 
 

Figure 4-23| Section Model 
 

Figure 4-24 | Load configuration to apply a bending moment
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| Geometry for Sectional Analysis  

 

 
| Load configuration to apply a bending moment  
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2. Shear Force  
The shear force will be modelled with an anti
configuration (see Figure 4-25), seeing as this will give 
only shear forces in the middle section of the beam. It 
is impossible to have only shear forces of a larger 
length because of the dependence on the bending 
moment. 
 H � %�%#  

 
Thus, only a section can attain this situation
shear” in beam theory. 
The shear force in the middle section of the beam will 
be equal to 
 H � 2 · sÌ · a 

 
 
 
 
 
 
 
 
 
 

Figure 4-25| Load configuration to apply a shear force
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with an anti-metric 
eeing as this will give 

only shear forces in the middle section of the beam. It 
is impossible to have only shear forces of a larger 

on the bending 

situation of “pure 

The shear force in the middle section of the beam will 

 
configuration to apply a shear force  

3. Normal Force
The normal force will be applied to the side of the 
beam in the centroid of the (uncracked) section
Because of the flexural reinforcement the centroid of 
the beam will have a small offset fro
the beam. Seeing as the normal force is applied at the 
node of an element it cannot be placed exactly in the 
centroid. To avoid additional bending moments due to 
the offset of the nodal grid with the centroid
will be used (see Figure 4-
determined by 
 

"aO · sO � a� · s� �aO ' a� � �
 
The values sO and s� are the offset with their 
respective forces. Seeing as linear elastic 
assumed there will be no second
cracking will, however, cause the neutral axis to shift
thus creating additional bending moments. These 
bending moments will be ignored in the analysis.
 
These loading configurations M
of the beam, can be varied independ
other. 
 

Figure 4-26 | Applications of the normal force to reduce the 
bending moment created by the offset 
respect to the centroid of the beam
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Normal Force  
The normal force will be applied to the side of the 

in the centroid of the (uncracked) section. 
Because of the flexural reinforcement the centroid of 
the beam will have a small offset from the middle of 

Seeing as the normal force is applied at the 
node of an element it cannot be placed exactly in the 
centroid. To avoid additional bending moments due to 
the offset of the nodal grid with the centroid, two forces 

-26) and their values can be 

� 0Í Î
ÀÁÂ
ÁÃaO � �1 ' sOs�a� � �1 ' s�sO

" 

are the offset with their 
respective forces. Seeing as linear elastic behaviour is 

there will be no second-order effects. The 
cracking will, however, cause the neutral axis to shift, 
thus creating additional bending moments. These 

will be ignored in the analysis. 

hese loading configurations M-N-V, in the midsection 
of the beam, can be varied independently from each 

 
| Applications of the normal force to reduce the 

bending moment created by the offset of the nodal grid in 
respect to the centroid of the beam  
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4.4.3 Material Model 

Linear elastic behaviour will be assumed for the 
concrete. The biaxial alternative failure criterion will be 
used to model failure of the concrete elements (see 
Biaxial Alternative pp.4-70). Once the criterion has 
been reached, the concrete element will be deleted 
from the calculation.  
The reinforcement will be modelled with the bi-linear 
stress-strain diagram. 

4.4.4 Solution Procedure 

The models that have been presented require an 
interative solution procedure. The scheme for this 
solution procedure is given in Figure 4-27.  
Step one is to get the solution for the first loading 
condition. Then failure of the section is checked. 
Failure of the section is associated with the removal of 
all concrete elements. If the section has not failed the 
failure of the individual elements is checked. After this 
the non-linear state of the elements is checked. In this 
case only the reinforcement belongs to this group. If 
none of the above conditions are met then the force 
will be increased and the procedure will be repeated 
until failure of the section occurs. 
 
 

 
Figure 4-27| Solution scheme for the Sectional Anal ysis 
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4.4.5 Results 

4.4.5.1 Bending Moment

The stresses and strains, for the analysis of the 
bending moment capacity, can be found i
G. 
The section that has been analyzed here, had
reinforcement percentage of 1%.  
As shown by the solution procedure, the bending 
moment was gradually increased until failure occurred.
When the applied bending moment reaches 10 kNm
the first elements fails at the bottom in tension.
this element has been removed, the hypothesis of 
Bernoulli does not seem applicable anymore
Figure 4-28). An explanation for this is that the 
field has been disturbed and thus stresses and strains 
are not uniformly distributed over the height of the 
section. Therefore higher strains will be found
the removed element, while farther away this effect 
can be neglected.  
With a low bending moment (M=12,5 kNm) applied to 
the section, the cracks extends to up about 55
the height (see Figure 4-30). Only after reaching a 
moment of 42,5 kNm does the next element fail
Figure 4-31). The entirety of the tension is taken by the 
reinforcement, so this element had to fail in 
compression. 
The reinforcement yields after 80-90% of the section 
has failed. Once this happens the capacity of the beam 
has been reached and the beam fails (see 
4-32).  
 
 
 

Figure 4-28| Strains [-] after failure of the first element in 
sectional analysis(M=10,0 kNm)  
 

Figure 4-29| Undisturbed and disturbed  stress field

                                                      
* The bending moment was increased with increments of 2,5 kNm
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stress field  

The bending moment was increased with increments of 2,5 kNm 

 
 
 

Figure 4-30 | Stresses in longitudinal direction when element 6  
fails (M=17,5 kNm) 
 

Figure 4-31 | Stresses in longitudinal direction when element 7  
fails (M=42,5 kNm) 
 

Figure 4-32 | Stresses in longitudinal direction when maximum 
bending moment capacity is reached
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| Stresses in longitudinal direction when element 6  

 
| Stresses in longitudinal direction when element 7  

 
| Stresses in longitudinal direction when maximum 

bending moment capacity is reached  
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4.4.5.2 M – V Interaction 

The values for the shear strength found from the 
sectional analysis for different bending moments can 
be found in the tables on the right*. The individual 
stresses and strains which are used for the analysis 
can be found in Appendix D. From these values it can 
be seen that the “shear slenderness” (A/D, where A is 
the shearspan and D is the depth of the beam) has no 
effect on the bearing capacity. From earlier research, 
such as those from Clark and Kani, this seems to be 
incorrect. However, those values were found from 
experimental work and thus involve the entirety of the 
beam. This “structural behaviour” cannot be found 
from the  numerical analysis as it has not been 
incorporated. 
 
At the flexural cracking moment a huge drop in 
capacity is seen. This is due to the fact that a large 
portion of the section is cracked and thus cannot 
transfer any shear. The shear is then carried only by 
the reinforcement and “compression zone”. In reality 
the concrete will exhibit micro cracking and thus 
redistributes the stresses over a larger area. This 
would probably cause a smooth transfer from the 
uncracked section to the cracked one and this drop 
would most likely not appear.  
 

 
Figure 4-33| Stresses in section with 1% reinforcem ent, M=15 
kNm and a variable shear force, when first element fails due to 
the shear force 
 
 
 
 
 
 
 
 
 
 

                                                      
* These values are not rounded, seeing as in the FEM-analysis a 

faulty expression for the shear force was used, H � p1 � +�q · a. The 

results list here are the corrected version of the original values. 

Table 4-1| Maximum shear force (V in kN) for rrrr =1,0% 

M A/D 

[kNm] 2 3 4 5 6 

0 96,2 98,8 100,0 100,0 103,3 

7,5 90,0 92,5 94,5 92,5 96,7 

15 51,5 52,5 54,5 55,0 56,7 

30 63,1 63,8 65,5 65,0 66,7 

45 68,5 70,0 70,9 72,5 73,3 

62,5 0,0 0,0 0,0 0,0 0,0 

 
Table 4-2| Maximum shear force (V in kN) for rrrr =2,0% 

M A/D 

[kNm] 2 3 4 5 6 

0 96,9 100,0 101,8 100,0 103,3 

12,3 55,4 56,3 58,2 57,5 60,0 

24,6 69,2 71,3 72,7 72,5 73,3 

49,2 86,9 88,8 89,1 90,0 93,3 

73,8 73,8 76,3 76,4 77,5 80,0 

102,5 0,0 0,0 0,0 0,0 0,0 

 

 
Figure 4-34 | Maximum shear force plotted against t he bending 
moment for rrrr=1,0% 

 
Figure 4-35| Maximum shear force plotted against th e bending 
moment for rrrr=2,0% 
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The shear capacity, without an applied bending 
moment ,is hardly influenced by the amount of flexural 
reinforcement applied. Of course, this can be expected 
if one looks at the failure mode that occurs here. The 
beam fails around the middle due to the principle 
tensile stress exceeding the tensile strength. The 
centroid of the beam is hardly influenced by the 
reinforcement, even when significant reinforcement 
increases are applied, thus always giving (almost) the 
same point of failure. After this first element has failed, 
the section elements fail from the inside towards the 
edges of the beam and no further increase of the load 
occurs. Hence the flexural reinforcement will not have 
a significant effect on the shear bearing capacity, 
before cracking due to a bending moment.  
Only after the flexural cracking moment has been 
reached a difference in strength can be observed, due 
to the amount of flexural reinforcement. The stresses, 
when reaching the maximum shear capacity show that 
not the increase in compressive stresses of the 
concrete, but the shear capacity of the reinforcement 
itself is responsible for the increase in bearing 
capacity. This increase is however not proportional to 
the increase in the area of the reinforcement. While the 
reinforcement was increased by a factor of two, the 
bearing capacity of the steel only increase by about 
fifty percent. This suggests that at very high 
reinforcement ratios the increase in capacity will be 
minimal.  

 
Figure 4-36| Stresses in section with 1% reinforcem ent, M=45 
kNm and a variable shear force 
 

 
Figure 4-37| Stresses in section with 2% reinforcem ent, M=45 
kNm and a variable shear force 
 

Usually in determining the maximum shear stress the 
reinforcement ratio is incorporated into the equation. 
The influence of the reinforcement on the (normalized) 
shear force has been plotted in Figure 4-38. The shear 
force was normalized with respect to the one percent 
reinforcement ratio for comparison. No (simple) 
relation could be found for all  applied bending 
moments. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 4-3| M-V values for several reinforcement rat ios 

M ρ [%] 

[kNm] 1,0 2,0 3,0 

15 57,5 65,0 70,0 

30 65 82,5 87,5 

45 72,5 87,5 102,5 

 

 
Figure 4-38| Normalized shear force plotted against  the 
reinforcement ratio 
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4.4.5.3 M – N Interaction 

From the sectional analysis, values were found for the 
M-N interaction, which are given in Table 4-4. To see if 
these results are accurate they are compared to 
theoretically obtained values. These values are 
determined by the method as described in Appendix B. 
Figure 4-40 shows that the values obtained from the 
analysis are in good agreement with the theory.  
 
 
 
 
Table 4-4| Actual and Normalized values for M and N  found in 
the sectional analysis 

M 

[kNm] 

N 

[kN] 

M/Mn=0 

[-] 

N/Nm=0 

[-] 

62,5 0 1,00 0,00 

75 125 1,20 0,07 

82,5 250 1,32 0,14 

75 500 1,20 0,28 

65 750 1,04 0,42 

52,5 1000 0,84 0,57 

22,5 1500 0,36 0,85 

0 1765 0,00 1,00 

 
 
 
 
 
 
 

 
Figure 4-39| Actual values for M and N found from s ectional 
analysis 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
Figure 4-40|Normalized values for M and N found fro m sectional 
analysis compared to theoretical values 
 
 
 
 
 

 
Figure 4-41| Normalized values for M and N found fr om 
sectional analysis 
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4.5 Rotated Sectional Analysis 
The next analysis will be a rotated sectional analysis. 
The section of the beam will be rotated under several 
angles, seeing as cracking is usually assumed to occur 
at a fixed angle in theoretical calculations. 

4.5.1 Geometry 

A similar model as in the former analysis will be 
chosen. If the section is placed in the middle of the 
beam at an angle there will not be symmetry. In order 
to maintain symmetry, only half of the beam will be 
modelled (see Figure 4-42). The middle of the beam, 
which would be constrained by the other half of the 
beam, is constrained in the longitudinal direction.  
Now the section, which will be analyzed, is located in 
one half of the beam and placed at an angle (see 
Figure 4-43). 
 
The cross-section itself will be modelled in a similar 
way as in the previous analysis (see Figure 4-23 pp.4-
75). Only this time the reinforcement percentage will 
be taken equal to N � 0,7 % 
 
 

 
Figure 4-42| Symmetrical geometry in rotated sectio nal analysis 
 

 
Figure 4-43| Model of the beam in rotated sectional  analysis 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4.5.2 Loading Configuration 

Because of the symmetry condition, new loading 
configuration have to be applied to be able to establish 
the interaction. 
 

1. Bending Moment  
The bending moment will be introduced by a couple 
that is applied at the end of the beam (see Figure 
4-44). The force, which is necessary to get the value of 
the bending moment, can be obtained from 
 a � �0  

 
 
 
 
 
 
 
 
 
 
 

Figure 4-44| Bending Moment introduced by a couple at the end 
of the beam 
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2. Shear Force  
The shear force can be obtained by placing a point 
load on the beam (see Figure 4-45). The distance from 
the supports will be taken as four or five times the 
height of the beam. This makes sure no local effects 
will be  taken into consideration. Because of this 
distance a considerable bending moment will be 
produced. At first these bending moments were 
ignored and then a linear interaction was obtained. 
This meant that the beam would fail due to the bending 
moment, which would be a constant (see Figure 4-46). 
Seeing as this behaviour is unwanted, a counteracting 
moment was applied in a similar way as presented 
earlier. If the length x defines the distance from the 
support to the section where the bending moment is 
desired, then the force for the counteracting moment 
will be equal to 
 a	;n � a · #0  

This ensures the bending moment produced by the 
shear force to be as negligible as possible (see Figure 
4-47). Of course this influence cannot be reduced to 
zero, seeing as the section is at an angle.  
 

3. Normal Force  
The normal force will be treated in a similar way as 
presented earlier in the sectional analysis. 
 

4.5.3 Material Model 

The material models will be identical to the models 
used in the Sectional Analysis 
 

4.5.4 Solution procedure 

The solution procedure is identical to that used in the 
sectional analysis. 
 
 
 
 
 
 
 
 
 
 

 
Figure 4-45| Shear force introduced by a point load  
 

 
Figure 4-46| Schematic representation of interactio n when no 
counteracting moment was present 
 

 
Figure 4-47| Resulting moment when both shear force  and 
counteracting moment are applied if x is the center  of the 
section(Black line) 
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4.5.5 Results 

From the calculations under various angles the M-N 
interaction values were determined. These values 
were divided by reference values to obtain  normalized 
values.  <= � ��i 

 <? � ��i 

 
The reference values are taken as* �i � T · % · ��;	 �i � T · %� · ��;	 
 
From the graph it is seen that only the values obtained 
from the 90o calculations are correct. Other values 
obtained from different angles are completely off. The 
spikes in the graph are most likely errors in the 
numerical calculations, but even without those the 
capacity would be off. Seeing as the M-N interaction 
can be determined theoretically this is a good 
benchmark to test the model. However, the M-V 
interaction is unknown and if this model would be 
applied to that interaction the values cannot be 
checked. Realizing this fact it would unfortunately not 
be possible to use this model to analyze the M-V 
interaction. 
 

 
Figure 4-48| M-N interaction normalized values obta ined from 
rotated sectional analysis 

  

                                                      
* These reference values have no physical significance. 
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4.6 Segment Analysis 
It is commonly accept that shear in concrete beams 
does not lend itself to sectional analysis. The next step 
would be to analyze a segment. Analysis
is known to be applicable to beams with shear 
reinforcement. Thus, a similar approach for beams 
without shear reinforcement could yield good results.

4.6.1 Geometry 

The geometry will be similar to the one used in the 
Rotated Sectional Analysis. However, in this model a
area will be used for analysis (see Figure 
segment will have a length which is equal to two times 
the depth of the beam 

4.6.2 Loading Configuration

The same loading configuration as the one in the 
Rotational Sectional Analysis can be used here.

4.6.3 Material Model 

The material models will be identical to the models 
used in the Sectional Analysis 
 

4.6.4 Solution Procedure 

In previous calculations failure of the beam was akin to 
the deletion of every element in a section. This cannot 
be taken as an end situation in analysis and thus a 
different approach has to be introduced. Seeing as the 
calculations are force controlled, the stiffness of the 
beam would be reduced significantly if the bearing 
capacity is reached. This means that nearing the 
bearing capacity of the beams, large deformations can 
be expected. The increment of deformation can thus 
be taken as a criterion for exceeding the bearing 
capacity of the beam.  
  |ΩΔ!| Ó Δ!;	+, 
 
Failure is checked by comparing the current 
deformation increment with the first increment, which 
means (see Figure 4-50)  
 Ω � Δ!;/Δ!;/ÔO 

 
The value Ω will be taken equal to 5. The deformation 
will be measured from the left side of the segment.
This criterion has to be integrated into the solution 
procedure (see Figure 4-51).  
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used in the 
in this model an 

Figure 4-49). This 
segment will have a length which is equal to two times 

Loading Configuration 

The same loading configuration as the one in the 
Rotational Sectional Analysis can be used here. 

o the models 

In previous calculations failure of the beam was akin to 
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Figure 4-49 | Geometry for segment analysis
 
 
 

Figure 4-50 | Deformation criterion to determine failure in 
segment analysis 
 
 
 
 

Figure 4-51 | Updated solution procedure for segment analysis
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| Geometry for segment analysis  

 
| Deformation criterion to determine failure in 

 
| Updated solution procedure for segment analysis  
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4.7.1 Linear Material Behaviour 

4.7.1.1 Interaction M-N 

Theoretical Derivation 

To explain the results from the analysis, a theoretical 
derivation will first be provided. 

4.7.1.1.1 Material en geometry 
The following properties were used to make the 
calculations �� � 250 M� ��;! � �1,0 ‰ �� � 28 � ���R  e* � 200 000 ���� �( � 500 � ���R  

�*;( � �(e* � 2,5 ‰ 

 � � 330 �� T � 200 �� % � 280 �� )* � 470 ��� 
 

4.7.1.1.2 Behaviour with a low 
normal force 

First the behaviour with a low normal force will be 
determined. 

4.7.1.1.2.1 Constitutive Equations 

The concrete will be treated linear elastically, while a 
bi-linear model is used for the reinforcement. These 
were also the assumption in the numerical analysis. 

- Reinforcement �* � e* · �*   �¨Õ |�*|  �( 

- Concrete �� � e� · ��;,     
4.7.1.1.2.2 Compatibility equations 

�*   � �# � %# � ��;! 

4.7.1.1.2.3 Equilibrium equations �� � �� � �* � � �� · ¨� � �� · ¨� ' �* · ¨* 
 
 
 
 
 

4.7.1.1.3 Solution for N = 250 kN 
Firstly, the yield stress for the reinforcement is 
assumed to be reached 

�� � 12 ��T# � )*�( Î # � 2��� � )*�(���T  

# � 2 · @250 · 10Q ' 460 · 500A28 · 200 � 173�� 

Next the assumption has to be checked �*   � �# � 280# � ��;! � �173 � 280173 � · @�0,001A� 0,62‰ 
The yield stress was not reached, thus equilibrium has 
to be re-examined  �� � 12 ��T# � )*�* Î �� � 12 ��T# � )*e* �# � %# � ��;! 

� 12 · 28 · 200 · # � 470 · 200 �# � 280# � @�0,001A� 250000 � 0 
Multiplying both sides with x gives ��# � 12 ��T#� � )*e*��;!@# � %A 12 ��T#� � �)*e*��;! ' ���# ' )*e*��;!% � 0 

This is a quadratic equation and solving for x gives # � 128 �� 
The  strain of the reinforcement is equal to �*   � �128 � 280128 � · 0,01 � 1,17 ‰ 

Which is correct with the assumption and so 
equilibrium can be checked. 
 �* � )*�* � 470 · 200 · 1,17 � 110 M� �� � 12 ��T# � 12 · 28 · 200 · 128 � 360 M� �� � �* � �� � 360 � 110 � 250 � 0 
Equilibrium seems to hold and thus the maximum 
bending moment can be determined with respect to 
the centre of the section.  ¨� � 12 � � 13 # � 12 · 330 � 13 · 128 � 122 �� 

¨* � % � 12 � � 280 � 12 · 330 � 115 �� � � 360 · 0,122 ' 110 · 0,115 � 56,7 M�� 
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4.7.1.1.4 Solution for N = 0 kN 
Again it is assumed that the stress in the reinforcement 
exceeds the yield stress 12 ��T# � )*�( � 0 Î # � 2)*�(��T  

# � 2 · 460 · 50028 · 200 � 84 �� 

This assumption can now be checked. �*   � �# � 280# � ��;! � �84 � 28084 � · @�0,001A � 2,34‰ 

The strain is just short of the yield strain. In the FEM 
calculations it was found to just reach the yield strain 
at the maximum moment. This can be explained due to 
round-off errors, seeing as the strain is very close to 
the yield strain. 
The maximum moment is obtained in a similar manner 
as before. � � 57,76 M�� 
 

4.7.1.2 Behaviour with high 

normal forces 

A simpler model is used to determine the behaviour 
when high normal forces are presented (see Figure 
4-52). It is assumed that once the compression stress 
at the top reaches it maximum value the entire section 
has failed, which seems to be the case in the FEM-
calculation. Furthermore, in this hand calculation the 
influence of the reinforcement will be neglected. Thus, 
from this a simple linear equation can be obtained for 
the maximal stress that can be  �? � �� · @1 � <A 
In which < � �T · � · �� � �=��  

Now the interaction relation is obtained as  � � �? · �0 � @�� � �=A · �0  

Which should be valid when the normal force is about 
half of the normal force bearing capacity. 

 
Figure 4-52| Mode for behaviour with higher normal forces in 
segment analysis 
 
 
 
 

4.7.1.2.1 Comparison 
Now the FEM-calculations can be compared to the 
theoretical calculations (see Figure 4-53). A good 
agreement between the two can be seen. From this it 
can be concluded that modelling the concrete with only 
a failure criterion and linear behaviour is insufficient to 
capture the true interaction relation and thus a non-
linear approach to the compressive stresses has to be 
taken into account. 
 

 
Figure 4-53| M-N interaction from Segment analysis with linear 
behaviour compared with theoretical model 
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4.7.2 Non-linear Concrete Behaviour 

under Pressure 

To get a realistic image of the behaviour of the beam, 
a non-linear compression relation for the concrete has 
to be introduced. Here this behaviour will be simulated 
with sequential linear analysis. The stress-strain 
diagram will be represented by eight different elastic 
moduli (see Figure 4-54 and for the values Table 4-5). 
No attempt has been made to conserve the strain-
energy and a lower stress-strain relation is chosen, 
which should yield conservative results. 

 
Figure 4-54| Saw-tooth model of the bi-linear stres s strain 
relation for concrete in compression 
 
 
Table 4-5| Values for the Elasticity moduli used in  the 
sequential linear analysis 

Nr E [N/mm 2] 
1 30.000 
2 25.000 
3 21.000 
4 17.000 
5 15.000 
6 12.500 
7 10.000 
8 8.000 
 
 
 
 
 
 
 
 
 
 
 
 

4.7.2.1 Interaction M-N 

The M-N interaction values that were found are shown 
in Figure 4-55. The relation shows a good agreement 
with the values found by prof. Kleinman.*  

 
Figure 4-55| Values from segment analysis with non- linear 
behaviour in compression compared to values Kleinma n 

4.7.2.2 Interaction M-V 

With the same method values for the M-V interaction 
were found (see Figure 4-56). It doesn’t seem like 
these are correct. A possible explanation is that the 
failure starts at the right side of the segment, where 
the bending moment is maximal. Unfortunately this 
failure pattern is not the desired one and thus incorrect 
values were obtained.  
 
 
 

 
Figure 4-56| M-V interaction from segment analysis with 
sequential linear analysis for concrete under press ure 
 
  

                                                      
* The values found by dhr. Kleinman were evaluated with a modified 
version of the program Betonbase 2.0 

V[kN]  

M[kNm] 
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4.7.3 Variable Segment Analysis

To circumvent the problem found in the previous 
investigation a new approach was applied. In this 
approach it was chosen to let the segment grow with 
the “cracks” so that failure will occur from left to right 
through the segment. 
 
An example to illustrate the procedure will be given 
here. The situation as presented in Figure 
three elements that have failed. When the calculation 
is started the right boundary of the segment is given by 
boundary 0. The left boundary will remain static 
throughout the calculation. The load will be increased 
until failure of element 1 occurs. When this happens 
the right boundary will shift from boundary 0 to 
boundary 1 so as to include the elements within the left 
boundary up till boundary 1 into the analysis. Next the 
load will be increased again until element 2 
the right boundary shifts from boundary 1 to 2 to 
include these elements as well. Now the load is 
increased again until element 3 fails. Seeing as this 
element doesn’t lie adjacent to boundary 2
boundary will not shift.  
The right boundary will not shift beyond the 
length either, which is equal to two times the depth of 
the beam. The solution procedure is updated to take 
this “boundary shifting” into account (see 
 
All other input was identical to the earlier analysis
 
 

Figure 4-57 | Example to illustrate the solution procedure for the 
variable segment analysis 
 

Figure 4-58| Solution procedure for variable segment analysis
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variable segment analysis  

The values obtained from this analysis are shown in 
Figure 4-59. Although pure shear seems to be correct 
the combination of a bending 
seems to be unrealistic. If the failure pattern is 
analyzed it is clear what the problem is
4-60 till Figure 4-62). When only shear is applied a 
good failure pattern is observed with a crack extending 
from the left to the right. When we reach the flexural 
cracking moment however this pattern changes. At 
bending moment of 10 kNm a diagonal crack can still 
be seen, so a transition from “shear failure” towards a 
“flexural failure” is observed. However, once a bending 
moment of 20 kNm is reached only the vertical cracks 
remain. The main reason for this seem
failing of all the elements just above and below the 
reinforcement. In a real beam
would prevent this kind of failure and thus allow
decent bearing capacity to be reached. Since this is 
not incorporated in the model t
significant stresses in the concret
Due to this failure the bearing capacity drastically 
decreases. 

Figure 4-59| M- V Interaction in variable segment analysis

Figure 4-60 | Failure pattern when only shear is present in the  
variable segment analysis 

Figure 4-61 | Failure pattern for M=10 and V=Var in the variabl e 
segment analysis 

Figure 4-62 | Failure pattern for M=20 kNm and V=Var in the 
variable segment analysis 
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The values obtained from this analysis are shown in 
Although pure shear seems to be correct 

the combination of a bending moment and shear 
seems to be unrealistic. If the failure pattern is 
analyzed it is clear what the problem is (see Figure 

. When only shear is applied a 
good failure pattern is observed with a crack extending 
from the left to the right. When we reach the flexural 
cracking moment however this pattern changes. At a 
bending moment of 10 kNm a diagonal crack can still 

so a transition from “shear failure” towards a 
“flexural failure” is observed. However, once a bending 
moment of 20 kNm is reached only the vertical cracks 
remain. The main reason for this seems to be the 
failing of all the elements just above and below the 
reinforcement. In a real beam, slip and micro-cracking 

kind of failure and thus allow a 
decent bearing capacity to be reached. Since this is 
not incorporated in the model the full bond will produce 
significant stresses in the concrete and induce failure. 
Due to this failure the bearing capacity drastically 

 
V Interaction in variable segment analysis  
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| Failure pattern for M=10 and V=Var in the variabl e 
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4.7.4 Single Crack Analysis 

The segment analysis as well as variable segment 
analysis didn’t give the desired results. Another 
method of analysis is performed to circumvent the 
problems found in those models. 
 
It turned out that removing the elements around the 
reinforcement decreased the capacity of the beam by 
a significant amount. To remove this problem
single crack will be subjected to analysis in this model.
This means that once an element is removed only the 
adjacent elements will be taken into account. Seeing 
as the crack should either go from left to right 
the bottom to the top of the beam, another restriction 
can be made. From the adjacent elements the 
below and left from the previously failed elements will 
be ignored. The values obtained from this element can 
be seen in Figure 4-63. Although the values 
appear to be correct, they show significant 
improvement over the earlier found values. 
If one looks at the failure pattern found they also show 
to be plausible. The cracks start out vertically, which is 
logical seeing as they are produced by the bending 
moment. Once the shear is applied they start to bend 
off horizontally. With a lower bending moment the 
crack still rises a bit, which is less apparent when a 
higher bending moment is applied. This could be 
because the latter one already starts higher and the 
compression zone can be larger. 
Although a definite improvement, a good relation 
between for M-V interaction can unfortunately still not 
be determined. 
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Figure 4-63| M- V Interaction in the single crack analysis
 

Figure 4-64 | Failure pattern with M=10 kNm and V=Var. in the 
single crack analysis 
 

Figure 4-65 | Failure pattern with M=50 kNm and V=Var. in the 
single crack analysis 
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V Interaction in the single crack analysis  

 
| Failure pattern with M=10 kNm and V=Var. in the 
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5.1 Introduction 
To better understand the interaction behaviour, some 
experiments will be performed (see Figure 5-1). Known 
investigations mostly consist of simply supported 
beams. These experiments don’t consider the point of 
failure and are only concerned with the critical section.  
This experiment will be modelled after the assumptions 
made in the segment analysis. The beam will be 
reinforced and a segment will be left in which failure 
should occur. In this segment the interaction behaviour 
will be studied. 
 

  

Figure 5-1| An overview of the performed experiment  
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5.2 Design of the Experiment

5.2.1 Theoretical Design 

It has already been stated that one of the design 
requirements of the test is that all specimens will have 
the same geometry. Thus, the applications of the load 
will have to give a situation in which the flexural and 
shear forces can be controlled independently from 
each other. In the numerical analysis several cases in 
which the forces could be controlled independently had 
already been presented. 
The simplest form was that of a simply supported 
beam. To get a flexural force in a section
introduced at the ends of the beam. This gives a 
uniform flexural force distribution on the beam. 
The least complicated way to introduce such a force 
would be for the beam to extend over its support and 
have local forces at a distance. The moment that will 
be applied to the beam is then equal to 
 � � a · s 
 
This will produce no shear forces in the middle section,
For the beam to be subjected to shear forces a load 
can be applied to the middle section. If placed in the 
middle the shear force in a section will be equal to
 H � Ö �2 

 
With this, a situation has been created in which
forces and flexural forces can be controlled 
independently from each other. The section in which 
this situation occurs however, is that in the support. 
Due to the influence of the support the local forces in 
the section will be very disrupted and general theories 
wouldn’t apply there. This makes it impossible to draw 
reasonable conclusions from the results. To solve this 
problem, the point of interest has to be moved to a 
place in which general theories would be valid. This 
will be accomplished by applying a load to the 
cantilever that will have a set relation with the forces in 
the middle section. Due to the available equipment the 
ratio of these forces has to be around the order of one 
to four, in which four would apply to the middle force.
With the ration of forces the distances ‘c’ and/or ‘a’ can 
be obtained from the following relation 
 "�× � 12 · � · c �� � w · s Ø Î c � 2 · w� ·
 
 
With this any point in the beam can be subjected to 
any relation of flexural and shear forces. 
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Figure 5-2 | Experiment: Application of loads for a 
predetermined flexural force 
 

Figure 5-3 | Experiment: Application of load for a predetermin ed 
shear force 

Figure 5-4 | Experiment: Application of load for the 
determination of the point of interest
 

 

5-96 

 
| Experiment: Application of loads for a 

 
| Experiment: Application of load for a predetermin ed 

 
| Experiment: Application of load for the 

determination of the point of interest  
 



Interaction M-N-V in Reinforced Concrete
 

5.2.2 Practical Design 

To make this experiment, several regulation systems 
have to be applied. First of all, the loads on the 
outside, which produce the bending moment, have to 
be applied throughout the test (force F in ). The 
practical implication of this choice is that the loads 
have to be force controlled. This also gives rise to 
possible instability problems, which could cause 
sudden collapse of the specimen. Hordijk
encountered similar problems in tensile test
problem will be solved by setting the regulation system 
to react slow enough to avoid sudden collapse of the 
concrete.  
The load will be controlled by a separate system which 
will apply its pressure to a dummy cylinder. The 
dummy is connected to an oil hose which in 
transfers the force to the hydraulic cylinders applied to 
the beam. Seeing as the dummy and cylinders on the 
beam are of the same type (Holmatro 240 kN
no need to measure the force exerted on the beam. 
The choice to let these loads be applied at constant 
levels has been made so that the shear load at failure 
can be  determined over the full range of the bending 
moment capacity. Another way to do this would be to 
choose a ratio between the shear force and the 
bending moment, but the other method was given 
preference. The shear was applied within five minutes 
with a minimum of one kN/min. 
Next the load on the middle span will be applied(Load 
P in Figure 5-5). This load will be applied with a 
manual pump attached to a hydraulic cylinder 
(Holmatro 1 MN). The load will be controlled by the oil 
pressure and thus can approximate deformation 
control.   

Figure 5-5| Design of the experiment  
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the beam. Seeing as the dummy and cylinders on the 
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no need to measure the force exerted on the beam.  
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levels has been made so that the shear load at failure 
can be  determined over the full range of the bending 

t capacity. Another way to do this would be to 
choose a ratio between the shear force and the 
bending moment, but the other method was given 

The shear was applied within five minutes 

Next the load on the middle span will be applied(Load 
). This load will be applied with a 

cylinder 
). The load will be controlled by the oil 

pressure and thus can approximate deformation 

The deformation was increased by 0,30 
mm/min. The load will be measured by a force 
measuring box* that was calibrated at 347 kN. 
This load will be applied in the opposite direction from 
the previously mentioned load and thus supports in 
both directions are required to restrain the beam. It is 
possible that due to movement of the support a slight 
moment resistance will be created. Even though this 
will probably be negligible the m
measured by LVDTs (Solatron AX5 
on both sides of the support(displacement 
 
Due to the fact that the point of interest will be shift
as mentioned earlier, another set of hydraulic cylinders
(Holmatro 500 kN) will be place
cantilever. These will also be force controlled with a 
dummy system. However, there
quarter of the force exerted by the cyl
middle span. Seeing as the same cylinders are used 
within this system, there is also no need to measure 
the force applied on the beam.
 
At three points on the beam, near the loads, the 
vertical deformation was measured with LVDT
WK20). Seeing as due to the cracking the LVDT
readings might be disturbed
the hydraulic cylinder was also measured using a lintel 
type measuring device with a large range
250mm). 
 
The steel frame was built with HEB300 sections to 
provide the required strength and stiffness.

                                                     
* The force measuring box was designed by the university’s 
technical division. 
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The deformation was increased by 0,30 - 0,60 
The load will be measured by a force 

that was calibrated at 347 kN.  
This load will be applied in the opposite direction from 
the previously mentioned load and thus supports in 
both directions are required to restrain the beam. It is 
possible that due to movement of the support a slight 
moment resistance will be created. Even though this 
will probably be negligible the movement will be 

Solatron AX5 and AX10) placed 
on both sides of the support(displacement Δ in). 

Due to the fact that the point of interest will be shifted, 
as mentioned earlier, another set of hydraulic cylinders 

will be placed on the topside of the 
cantilever. These will also be force controlled with a 

, there will always be a 
quarter of the force exerted by the cylinder in the 
middle span. Seeing as the same cylinders are used 

there is also no need to measure 
the force applied on the beam. 

At three points on the beam, near the loads, the 
vertical deformation was measured with LVDTs (HBM 

eeing as due to the cracking the LVDTs’ 
readings might be disturbed, the middle deformation of 
the hydraulic cylinder was also measured using a lintel 
type measuring device with a large range (Celesto 

with HEB300 sections to 
provide the required strength and stiffness. 

              
The force measuring box was designed by the university’s 
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5.2.3 Geometry and Dimensions 

The beam section will be taken as closely as possible 
to the sections used in the numerical analysis to 
ensure a possibility for comparison. This means the 
dimensions of the section will be equal to 330 x 200 
mm. 
The flexural reinforcement had an area of 
approximately 470 mm2. A rebar with a diameter of 25 
mm will be reasonably close to this requirement. The 
stirrup will have a diameter of 8 mm. All reinforcement 
applied will be of a FeB500 quality. The cover on all 
rebar will be at least 15 mm. This means that this 
section will have a moment capacity of around 60 
kNm*. The shear capacity according to the Eurocode1 

will be around 52 kN. 
To accommodate for the bending moment in the 
opposite direction, two reinforcement bars with a 
diameter of 16 mm will be applied in the top of the 
beam. They will be placed over the entire length. 
 
Seeing as it is unlikely that a concrete member 
subjected to shear will lend itself to a sectional 
analysis, an area shall be presented in which shear 
failure should occur. This area will be at around two 
times the depth of the member. Furthermore, it is 
required that the local behaviour of supports and 
applied loads will not influence the design area. This 
means that these points also need to be at least at a 
distance of two times the depth. 
 
This all means that the middle span has to have a 
length of at least 3,6m. From this measurement the 
length of the cantilever can be calculated to be equal 
to s � 12 · 41 · 600 � 1200 

 
With this the dimensions of the members have been 
obtained. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                      
* For the calculations of the bearing  capacity of this section see 
APPENDIX D. 

5.2.4 Assemblage and preparation 

The concrete mixture was provided by MEBIN and the 
specifications are provided in APPENDIX D.† 
The mould for the beams was made with concrete 
plywood (see Figure 5-6). It was held together with 
steel beams on the side and narrow slats of plywood 
on the top.  
The beams were poured on 18-9-2012 and tested on 
the following dates 
 
Beam 1: 10 okt. 2012 
Beam 2: 17 okt. 2012 
Beam 3: 23 okt. 2012 
Beam 4: 1 nov. 2012 
 
The cover of the reinforcement was attained by using 
plastic spacers on the reinforcement 
 
 

 
Figure 5-6| Mould and reinforcement for the four be ams 

  

                                                      
† The compression test of the concrete suggest the concrete to be of 
a lower grade than requested. 
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5.2.5 Result Analysis 

In total four experiments have been conducted in the 
manner previously described. Each specimen had a 
different bending moment applied to it, after which the 
shear load was applied.  

5.2.5.1 Behaviour analysis 

1. First Beam: M=30 kNm  
The first beam was loaded with a bending moment that 
is around 50% of the capacity of the section. The red 
line in the graph indicates the bending moment that 
was applied (see Figure 5-7; Cylinder C). *. It can be 
seen that a reasonably constant level was maintained 
during the entire length of the experiment. At around 
6,0 mm deformation there was a sudden drop in the 
load. This is because the test was temporarily 
interrupted. The range of the hydraulic cylinder that 
should supply the bending moment turned out to be 
insufficient. There was air trapped in the oil hoses and 
this means that the compressibility is lower. This 
means that with equal force a greater deformation is 
reached, seeing as the air can be compressed. To 
solve this problem the hoses were cut off from the 
main circuit so that they could be filled when needed 
during the experiment. It was unexpected during this 
first test and thus the experiment had to be halted. 
Seeing as no significant crack forming had occurred 
yet it was deemed that it would not affect the failure 
load of the specimen. It can also be seen in the graph 
that a near linear behaviour was present before and 
after the pause, further supporting the fact that the 
outcome was unaffected.  

The maximal shear load† that was attained is 
half that of what is seen in the graph, being 98 kN (see 
Figure 5-7; Cylinder A). This load was reached at a 
deformation of 10 mm.  After this the load bearing 
capacity drops to around 66 kN and the deformation 
increases to 12 mm. The line between this point and 
the maximum is fictive. There were only two 
observation made during this period and those are the 
two points, no other measurements were recorded in 
between these. This pattern suggest that a snapback 
phenomenon had occurred. Snapback behaviour has 
already been shown to occur in shear failure of simply 
supported beams. It is due to the fact that the force 
controlled cylinders where set to react very slowly that 
the beams did not fail at this point and post-critical 
behaviour could be observed. This post-critical 
behaviour is most likely stability failure of the 
compression zone of the beam.  
                                                      
* The value for the bending moment is the force of cylinder C, found 
in the graphs of beam 1 to 4, multiplied by 1,2. 
† The value for the shear force is the force of cylinder A , found in 
the graphs of beam 1 to 4, divided by 2,0. 

The simplest model for the behaviour would be that of 
an almost linear behaviour before the maximum 
capacity and a stability criterion for the second part as 
follows. a. � w · % a��*� � F% ' af 
The applied bending moment gives the usual flexural 
cracking pattern. These are the only cracks that occur 
before the peak load. After the peak load a very 
pronounced diagonal crack occurs, which is typical for 
a beam that displays shear failure. This crack occurred 
very suddenenly and thus it is unsure where the crack 
began to form. The crack runs from below the 
reinforcement up till the compression zone. As 
deformations increase, after the peak load, this crack 
gradually extends horizontally. Eventually the 
compression zone of the beam breaks at an angle thus 
inducing failure of the beam. 

 
Figure 5-7| Force - Displacement Diagram for beam 1  
 

 
Figure 5-8|Experiment beam 1, Crack induced by shea r loads 
 

 
Figure 5-9| Experiment beam 1, failure of the beam 
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2. Second Beam: M=56,4 kNm  
The second beam displayed very different behaviour 
from what was observed in the first one. The bending 
moment which was applied to this specimen was 
around 56 kNm and should be near around 75% of the 
maximal flexural capacity. This beam showed two 
peak loads. The first being at 64 kN and a deformation 
of 11 mm and the second at 78 kN and 16 mm. Like 
the first beam the behaviour starts as reasonably linear 
then suddenly becomes more steep. This is probably 
due to initial imperfections in the test set-up. 
Eventually the beam starts to lose its integrity and 
starts to near the “crackload”. Then the first peak is 
reached and there is a sudden drop in capacity. Unlike 
the former beam, thought, this one hasn’t failed yet 
and there is another increase in load.  
 
Eventually a similar failure as seen in the former beam 
is reached and the beam loses its load bearing 
capacity. It can be said that this kind of behaviour is 
more ductile as the former beam, seeing as drastic 
crack forming had already occurred long before the 
beam failed. Even though it is unsure whether this can 
be used in the design of structures, it is a useful 
property. Although it might have been a random 
occurrence and cannot be attributed to the presence of 
the bending moment.  
 
The initial flexural cracks tend to show the behaviour 
as was found in the numerical analysis. A crack which 
first grows upwards and then tends to stray off 
horizontally. Then at the peak load the dominant 
“shear crack” occurs, which at first tended to induce 
failure. Eventually failure is reached when a crack at 
an angle in the compression zone arises. In this last 
picture it can be clearly seen that various paths were 
created. There is the shear crack which runs from 
bottom to top and a second branch which runs right 
through the compression zone. The flexural crack also 
has a second branch, which was noted earlier. Its main 
path was probably the one that went straight up and 
due to the shear force and/or the compression zone it 
was forced to take a different path horizontally. 
 
It also has to be recognized that the compression zone 
(the concrete above the crack) before failure and after 
cracking seems to be quite a bit larger than in the 
earlier test. This was also consistent with the 
numerical analysis. 

 

 
Figure 5-10| Force - Displacement Diagram for beam 2 
 

 
Figure 5-11|Beam 2, flexural cracks 
 

 
Figure 5-12| Beam 2, Shear crack 
 

 
Figure 5-13| Beam 2, failure 
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3. Third Beam: M= 6,0 kNm  
The third beam had a low bending moment of 6,0 kNm 
applied to it. This beam showed very similar behaviour 
to what was observed with the first one. No significant 
cracking is observed until the peak load at which the 
bearing capacity drops significantly and again most 
likely accompanied with a snapback effect. After this 
drop the concrete at the top of the beam gradually 
bends outwards, indicating the instability behaviour as 
described earlier. The maximum shear force that can 
be sustained is equal to 61,44 kN and is reached at a 
deformation of 8,53 mm. 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 5-14| Force - Displacement Diagram for beam 3 
 

 
Figure 5-15| Beam 3, Shear crack at peak load 
 
 
 

4. Fourth Beam: M=65 kNm  
The fourth and last beam was tested with a high 
moment of 65 kNm. If one is to calculate the design 
strength of the beam this would have been a moment 
greater than the bending capacity of the beam. This 
beam showed similar behaviour to the first beam, but 
there were some differences in the cracking that 
occurred.  Whereas other beams had a sudden 
appearance of the “shear crack”, this beam almost 
showed a very ductile behaviour. The flexural crack 
gradually extended towards the left during the 
application of the shear load almost resembling a very 
ductile failure type. After the peak load is reached the 
crack extends through the compression zone. The 
beam doesn’t fail and enters a second loading path. 
Only this time, unlike the second beam,  the second 
peak doesn’t go beyond the first and eventually the 
beam fails in the compression zone.  
 
 
 
 
 
 
 

 
Figure 5-16| Force - Displacement diagram for beam 4 
 

 
Figure 5-17| Beam 4, Crack pattern at the peak load  
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5.2.5.2 Bending Moment Capacity 

To determine the bending moment capacity two 
specimens were cut off from the previously tested 
beams. Unfortunately, due to practical limitations the 
specimens’ lengths were severely limited. The shear 
reinforcement was applied at the ends of the beam so 
that the maximum moment capacity might still be 
determined. The two specimens were taken off the 
ends of beam 3 and 4 and had a length of 1635 mm 
(beam M1) and 1465 mm (beam M2) respectively. 
They were tested with a three-point load configuration. 
Besides the vertical displacement and the force, the 
horizontal “stretching” at the bottom and top of the 
beam were also measured. This was done to give 
another indication whether the beams would fail due to 
flexural forces instead of shear, besides the failure 
patterns that should develop. Beam M1 had a span of 
1400 mm and beam M2 a span of 1360 mm. The two 
force-displacement diagrams are shown below. It 
clearly shows a ductile behaviour for beam M1. This, 
together with the failure pattern that was observed, 
indicates a bending failure. The second specimen was 
too short and thus failed due to slip of the 
reinforcement anchorage. The obtained bending 
moment capacity is around 74 kNm. 
 
 
  

 

 
Figure 5-18| Force - Displacement diagram for beam M1 
 
 

 
Figure 5-19|Force - Displacement diagram for beam M 2 

 
 

 
Figure 5-20| Beam M1 in the test set-up after the m aximal force 
had occurred 
 
 
 

 Figure 5-21| Beam M2 in the test set-up after the maximal force 
had occurred 
 
 
 

 
Figure 5-22| Beam M2 that shows slipping of the rei nforcement 
near the support which induced failure 
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5.2.5.3 Overall Results 

As explained earlier, four beams have been subjected 
to different bending moments and then the loading was 
increased to produce failure. Each of the four beams 
displayed different shear loads, yet very similar failure 
behaviour was observed. The loads that were found 
can be displayed in a graph and an interaction relation 
is found this way. It is almost a straight line that tends 
to curve off to the x-axis as the flexural capacity of the 
beams is reached. These are the actual values that 
were obtained from the experiments. The problem with 
this representation is that the compression strength of 
the various specimens was not the same. The first 
beam had a cube strength of 23 N/mm2 while for the 
last a strength of 30 N/mm2 was found. This is a 30% 
difference in strength and thus cannot be ignored. The 
reason this makes a comparison between these 
beams invalid is that the compressive strength of 
concrete is known to be a variable in the determination 
of the shear strength. It can be said, however, that with 
an increase of compressive strength the shear 
strength should also be increased. As can be seen 
from the graph, the bending moment clearly reduced 
the shear strength of the last beam (M=65 kNm) 
compared to the first (M=30 kNm). Thus, a design 
method which does not incorporate this phenomenon 
can lead to an unsafe design. 
 
Table 5-1| Results of the tests 

Nr 1 2 3 4 

M [kNm] 30,00 56.40 6,00 65.00 

Fmax [kN] 98,33 78,31 122,88 65,00 

Vmax [kN] 49,17 39,16 61,44 32,50 

fc [N/mm
2
] 23,76 26,89 28,07 30,16 

ft [N/mm
2
] 2,48 2,69 2,77 2,91 

M0 [kNm] 517,49 585,66 611,36 656,88 

V0 [kN] 163,64 177,72 182,88 191,85 

M/M0 [-] 0,06 0,10 0,01 0,10 

V/V0 [-] 0,30 0,22 0,34 0,17 

 
Figure 5-23| Interaction between M and V, actual va lues 

For an accurate description of the interaction relation 
between the bending moment and shear, normalized 
values can be introduced. It is obvious from previous 
investigations that the compressive strength of the 
concrete serves as a good parameter for the bending 
moment. Thus, the base value for the bending moment 
will be introduced as  �i � T · �� · �� 
 
Seeing as the shear failure seems to be a tensile 
failure of the concrete, the tensile strength of the 
concrete would probably be the logical choice for the 
parameter for the shear values. Thus the base value 
for the shear loads will be taken as 
 Hi � T · � · �� 
The tensile strength will be taken from the expression 
of the Eurocode1 
 �� � 0,3 · ��� QR  
 
Thus the base shear value will be provided as 
 Hi � 0,3 · T · � · ��� QR  
 
And thus the normalized graph is obtained by dividing 
the actual values by these parameters*. It clearly 
shows a curved relation between the bending moment 
and the shear loads. The shear capacity will probably 
be zero once the beam is subjected to a bending 
moment equal to the flexural capacity. If no bending 
moment is applied, a normalized value of around 0,34-
0,35 is obtained. These results are only based on four 
beams and thus it is unsure whether this comparison 
between concrete of various compressive strengths 
can be made, but the graph shows a promising form. 
 

 
Figure 5-24| Interaction graph between M and V, nor malized 
values 
 
  

                                                      
* The reference values have no physical relevance. 
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6.1 Numerical Analysis 
The numerical analysis of the MNV interaction proved 
difficult to accomplish. While the interaction between 
the normal force and the bending moment was easily 
established, the shear force tended to be somewhat 
more problematic. 
The sectional analysis leads to reasonable results. It 
was found that structural behaviour, such as the 
influence of the shear slenderness(a/d), was not 
present in the numerical calculations. A sectional 
method based on these “structural terms” therefore 
seems difficult to explain. The sectional analysis would 
be improved by incorporating only terms, which are 
involved with a section. Laupa66,67 already gave a 
reasonable formula based on these parameters 
instead of the usually preferred “structural terms” in the 
shear stress. However, shear analysis with a sectional 
approach should only be applied to structures which 
are nearly identical to those used in the experiments. 
The flexural reinforcement, in the sectional analysis, 
was found only to influence the shear capacity above 
the “flexural cracking moment”. It seemed as though 
the reinforcement’s shear capacity itself was the cause 
for the increase. It seems highly unlikely that this 
would be the case in practice. While the reinforcement 
could be considered as clamped in at the ends, this 
will not be possible with a real structure. The concrete 
right next to the crack would give away due to the 
tensile stresses, therefore reducing this increase.  
The rotated sectional analysis proved to be too 
unstable. While the other methods were able to 
accurately predict the MN interaction, even this was 
not possible.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

It is generally accepted that concrete beams cannot be 
analyzed by their critical section and thus an analysis 
based on segments was performed. From the plasticity 
theory it is known that beams with stirrups can be 
analyzed by this method and thus it was also applied 
to beams without stirrups. Again, good agreement was 
found with the theory for the MN interaction behaviour. 
When shear was applied to the section the results 
were less promising. Due to the tensile force in the 
lower part of the beam, the elements around the 
reinforcement were deleted resulting in a drastic 
decrease in the bearing capacity. To circumvent this 
problem, several attempts were made to provide a 
“crack path” to ensure this decrease wouldn’t be 
possible. The last methods provided a good 
approximation of the cracks as found in the 
experiments. However, there appears to be a second 
crack that would eventually be initiated in the 
experiments which wasn’t incorporated into the 
numerical analysis.  
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6.3 Experimental Research 
 
An experimental investigation clearly showed an 
interaction between the moment(M) and the shear 
force(V) to exist.  
 The current design practice treats the individual forces 
separately. This type of design is mainly based on 
extensive testing on simply supported beams with two 
point loads applied to it. In this treaty a case is given in 
which the design methods will give unsatisfactory 
results and can even to lead an unsafe design.  A 
method which doesn’t acknowledge the interaction 
between MNV is thus proven to be fundamentally 
flawed. Therefore, the design method as specified in 
the codes should be limited to their original application 
and not be extended to cases in which they aren’t 
valid. For practical purposes a bi-linear relation is 
proposed which incorporates the interaction behaviour 
found for the current configuration. 
 1,5 · ��i ' HHi � 0,34       ���  0  ��i   0,1 

15 · ��i ' HHi � 1,7        ���        ��i ; 0,1 

 
This approximation can obviously only be applied to 
this beam and thus further research is needed for a 
general design method. A linear approximation of the 
unaltered test data also shows good promise, but as 
stated earlier doesn’t include the influence of the 
concrete strength. 
 H ' 0,45 · � � H	Ôi         
 
Where H	Ôi  is the shear force when no bending 
moment is applied. 

 
Figure 6-1|Linear relation compared to Unaltered da ta 

 
Figure -6-2| Bi-linear relation compared to normali sed data 

If one looks at the failure of the beam there probably 
exist several mechanisms in which the beam fails. The 
first one is the familiar diagonal tension failure, which 
is usually the critical mechanism in single span beams. 
However, the beams with a higher bending moment 
applied to them do not fail when this mechanism’s 
strength has been reached. In these beams a second 
load bearing mechanism exists, which has a greater 
capacity than the diagonal tension failure. The second 
beam in particular shows these different mechanisms. 
At first the expected flexural cracks appear due to the 
bending moment. After the load increases these 
cracks curve to give the flexure-shear failure type. 
However, when a certain load is reached the beam 
fails in diagonal tension. After this diagonal tension 
failure, the capacity of the beam drops down but 
doesn’t dissipate. Although the diagonal crack extends 
to about 70% of the height of the beam, the load can 
still increase beyond the load reached when this crack 
occurred. 
Beam 4 shows similar behaviour although the second 
loading path does not increase above the diagonal 
cracking failure.  
It must also be noted that diagonal cracking, in each 
case, was the first observed failure type. A design 
method based on this failure type, thus, seems to be a 
safe approximation. 
 
The conclusions drawn here are based on only four 
specimens. This is insufficient data to provide a 
detailed analysis on all the observations made. 
Further investigations needs to be done on the various 
factors involved. From early investigations it has been 
established that, for example, the concrete strength, 
reinforcement and size of the beam influence the 
shear strength. These factors have not been 
incorporated in the MNV interaction experiments, so 
they need to be investigated in future experimental 
work. The concrete strength in this experiment varied 
greatly and thus this factor can greatly influence the 
results found from this. 
In the design of the experiment it was chosen to first 
apply the bending moment before the shear force was 
applied. Experiments in which the shear force increase 
as a ratio of the bending moment need to be compared 
to this experiment so that any differences between 
these two types of loading can be observed. 
Furthermore, the sections’ width needs to be varied to 
study its influence. 
 
  



 

 

  



 

 

  



 

 

 

7 References 

 
  

 

CHAPTER 7 

References 
 

 

 

 



 

 

 



Interaction M-N-V in Reinforced Concrete  Chapter 7: References 
 

 

7-113 

7.1 Design Codes 
1 NEN-EN 1992-1-1 (Eurocode 2: Ontwerp en 

berekening van betonconstructies - Deel 1-1: 
Algemene regels en regels voor gebouwen), 
2005/National Annex 2007 

2 BS-8110: Structural use of concrete: Part 1: 
Code of practice for design and construction, 
1997 

3 CEB Model Code for Structural Concrete, 
1990 

4 ACI Committee 318,”Building Code 
Requirements for Reinforced Concrete (ACI 
318-08) and commentary (ACI 318 R-08)”, 
(2008) Detroit :American Concrete Institute 

 
 

7.2 Journal Publications And 
Bulletins 

5 ACI-ASCE Committee 445,”Recent 
Approaches to Shear Design of Structural; 
Concrete”, ASCE Journal of Structural 
Engineering V.124-No.12 (Dec. 1998) pp. 
1375-1417. 

6 ACI-ASCE Committee 326,”Shear and 
Diagonal Tension”, ACI Structural Journal 
V.59-No.1,2,3 (Jan.,Feb.,March 1962). 

7 Ahmad, S.H., Khaloo, A.R., Poveda, A., 
“Shear Capacity of Reinforced High-Strength 
Concrete Beams”, ACI Structural Journal V.83-
No.2 (Mar./April 1986) pp. 297-305. 

8 Ahmad, S.H., Lue, D.M., “Flexure-Shear 
Interaction of Reinforced High-Strength 
Concrete Beams”, ACI Structural Journal V.84-
No.4 (July/Aug. 1987) pp. 330-341. 

9 Ahmad, S.H., Lue, D.M., “Shear Capacity of 
Reinforced Lightweight High-Strength 
Concrete Beams”, ACI Structural Journal V.86-
No.6 (Nov./Dec. 1989) pp. 697-704. 

10 Ahmad, S.H., Lue, D.M., “Model for Shear 
Critical High-Strength Concrete Beams”, ACI 
Structural Journal V.91-No.1 (Jan./Feb. 1994) 
pp. 31-41. 

11 Baumann, T., “Zur Frage der Netzbewerkung 
von Flächentragwerk”, Der Bauingenieur V.47-
No.10 (1972) pp. 367-377. 

12 Bažant, Z.P., “Size Effect in Blunt Fracture: 
Concrete, Rock, Metal“, Journal of Engineering 
Mechanics, ASCE V.110-No.4 (Apr. 1984) pp. 
518-535. 

13 Bažant, Z.P. Kim, Jin-Keun, “Size Effect in 
Shear Failure of Longitudinally Reinforced 
Beams“, ACI Structural Journal V.81-No.5 
(Sept/Oct. 1984) pp. 456-468. 

 

14 Bažant, Z.P. Sun, Hsu-Huei, “Size Effect in 
Diagonal Shear: Influence of Aggregate size 
and Stirrups“, ACI Structural Journal V.84-
No.4 (July 1987) pp. 260-272. 

15 Bažant, Z.P. Kazemi, M.T., “Size Effect on 
Diagonal Shear Failure of Beams without 
Stirrups“, ACI Structural Journal V.88-No.3 
(May/June 1991) pp. 268-276. 

16 Billington, S.L., "NonLinear and Sequentially 
Linear Analysis of Tensile Hardening Cement-
Based Composite Beams in Flexure" Delft; 
Computational Modeling Workshop on 
Concrete, Masonry and on Fiber-reinforced 
Composites (2009) pp. 7-10. 

17 Choi, Kyoung-Kyu Park, Hong-Gun Wight, J.K, 
“Unified Shear Strength Model for Reinforced 
Concrete Beams- Part 1: Development “, ACI 
Structural Journal V.104-No.2 (March 2007) 
pp. 142-152. 

18 Choi, Kyoung-Kyu Park, Hong-Gun, “Unified 
Shear Strength Model for Reinforced Concrete 
Beams- Part 2: Verification and Simplified 
method “, ACI Structural Journal V.104-No.2 
(March 2007) pp. 153-161. 

19 Clark, A.P., “Diagonal Tension in Reinforced 
Concrete Beams“, ACI Structural Journal V.48-
No.10 (March 1969) pp. 145-156. 

20 Collins, M.P. Mitchell, D., “Diagonal 
Compression Field Theory -  A Rational Model 
for Structural Concrete in Pure Torsion“, ACI 
Structural Journal V.71-No.8 (Aug. 1974) pp. 
624-644. 

21 Collins, M.P. Vecchio, F.J. Mehlhorn, G., “An 
International Competition to predict the 
response of reinforced concrete panels“, 
Canadian Journal of Civil Engineering V.12-
No.3 (1985) pp. 396-408. 

22 Collins, M.P. Vecchio, F.J., “The Modified 
Compression-Field Theory for Reinforced 
Concrete Elements Subjected to Shear“, ACI 
Structural Journal V.83-No.2 (March/Apr. 
1986) pp. 219-231. 

23 Collins, M.P. Mitchell, D., “A Rational 
Approach to Shear Design – The 1984 
Canadian Code Provisions“, ACI Structural 
Journal V.83-No.6 (Nov./Dec.. 1986) pp. 925-
933. 

24 Collins, M.P. Vecchio, F.J., “Predicting the 
Response of Reinforced Concrete Beams 
Subjected to Shear Using Modified 
Compression Field Theory“, ACI Structural 
Journal V.84-No.6 (May/June 1988) pp. 258-
268. 

 



Interaction M-N-V in Reinforced Concrete  Chapter 7: References 
 

 

7-114 

25 Collins, M.P. Mitchell, D. Adebar, P. Vecchio, 
F.J., “A general Shear Design Method“, ACI 
Structural Journal V.93-No.1 (Jan./Feb. 1996) 
pp. 36-45. 

26 Collins, M.P. Vecchio, F.J., “Analysis of 
Reinforced Concrete Members Subject to 
Shear and Axial Compression“, ACI Structural 
Journal V.93-No.3 (May/June 1996) pp. 1-10. 

27 Collins, M.P. Bentz, E.C. Vecchio, F.J., 
“Simplified Modified Compression Field Theory 
for Calculating Shear Strength of Reinforced 
Concrete Elements“, ACI Structural Journal 
V.103-No.4 (July/Aug. 2006) pp. 614-624. 

28 Coulomb, C. A., "Essai sur une application des 
regles de Maximums et Minimis á quelques 
Problémes de Statique, relatifs 
ál'Architecture," Memoires de Mathematique et 
de Physique, Présentés., á l'Academie Royale 
des Sciences, Paris, Vol. 7 (1776) pp. 343-387 

29 Douglas, D.L., “Discussion on paper by Hsu, 
T.T.C. : Stresses and Crack Angles in 
Concrete Membrane Elements“, ASCE Journal 
of Structural Engineering V.126-No.5 (May 
2000) pp. 1476-1484. 

30 Drucker, D.C. Prager, W., “Soil mechanics and 
plastic analysis or limit design“, Quarterly 
Applied Mathmatics V.10-No.2(1952) pp. 157-
165 

31 Drucker, D.C. Chen, W.F., “Bearing Capacity 
of Concrete Blocks or Rock“, Journal of 
structural engineering, ASCE V.95-No.4 
(1969) pp. 955-978 

32 Fenwick R.C., Paulay T., “Mechanism of Shear 
Resistance of Concrete Beams”, Journal of 
structural engineering, ASCE V94-No.ST10, 
(Oct. 1968) pp. 2325-2350. 

33 Tureyen, A.K. Frosch, R.J., “Concrete Shear 
Strength: Another Perspective”, ACI Structural 
Journal V.100-No.5 (Sept./Oct. 2003) pp. 609-
615. 

34 Griffith, A.A., “The Phenomena of Rupture and 
Flow in Solids“, Philosophical Transactions of 
the Royal Society of London V.221 (1921) pp. 
163-198. 

35 Hognestad, E., “A Study of Combined Bending 
and Axial Load in Reinforced Concrete 
Members”, Bull. Ser. No.399 of the University 
of Illinois.(Nov. 1951) 

36 Hognestad, E., “Fundamental Concepts in 
Ultimate Load Design of Reinforced Concrete 
members”, ACI Structural Journal V.48-No.6 
(June 1952) pp. 809-830. 

37 Hognestad, E., “Inelastic Behavior in Tests of 
Eccentrically Loaded Short Reinforced 

Concrete Columns ”, ACI Structural Journal 
V.49-No.10 (Oct. 1952) pp. 117-139. 

38 Hognestad, E. Hanson, N.W. McHendry, D., 
“Concrete Stress Distribution in Ultimate 
Strength Design ”, ACI Structural Journal V.52-
No.12 (Dec. 1952) pp. 455-480. 

39 Hognestad, E. Mattock, A.H. Kriz, L.B., 
“Rectangular Concrete Stress Distribution in 
Ultimate Strength Design ”, ACI Structural 
Journal V.57-No.2 (Feb. 1961) pp. 875-928. 

40 Hsu, T.T.C., “Softened Truss Model Theory for 
Shear and Torsion“, ACI Structural Journal 
V.85-No.6 (Nov./Dec. 1988) pp. 624-635. 

41 Hsu, T.T.C. Belarbi, A., “Stirrup Stresses in 
Reinforced Concrete Beams“, ACI Structural 
Journal V.87-No.5 (Sept./Oct. 1990) pp. 530-
538. 

42 Hsu, T.T.C. Belarbi, A., “Constitutive Laws of 
Softened Concrete in Biaxial Tension-
Compresssion“, ACI Structural Journal V.92-
No.5 (Sept./Oct. 1995) pp. 562-573. 

43 Hsu, T.T.C., “Unified Approach to Shear 
Analysis and Design“, Cement and Concrete 
Composites V.20-No.6 (1998) pp. 419-435. 

44 Hsu, T.T.C. Pang, Xiao-Bo D.,“Fixed Angle 
Softened Truss Model for Reinforced 
Concrete, “Constitutive Laws of Softened 
Concrete in Biaxial Tension-Compresssion“, 
ACI Structural Journal V.93-No.2 (March/Apr. 
1996) pp. 197-207. 

45 Hsu, T.T.C., “Stresses and Crack Angles in 
Concrete Membrane Elements“, ASCE Journal 
of Structural Engineering V.124-No.12 (Dec. 
1998) pp. 1476-1484. 

46 Kani, G.N.J., “The Riddle of Shear Failure and 
Its Solution“, ACI Structural Journal V.61-No.4 
(April 1964) pp. 441-467. 

47 Kani, G.N.J., “Basic Facts Concerning Shear 
Failure“, ACI Structural Journal V.63-No.6 
(June 1966) pp. 675-692. 

48 Kani, G.N.J., “How Safe are Our Large 
Reinforced Concrete Beams?“, ACI Structural 
Journal V.64-No.3 (March 1967) pp. 128-141. 

49 Kani, G.N.J., “A Rational Theory for the 
Function of Web Reinforcement“, ACI 
Structural Journal V.66-No.3 (March 1969) pp. 
185-197. 

50 Kotsovos, M.D., “A Fundamental explanation 
of the behaviour of reinforced concrete beams 
in flexure based on the properties of concrete 
under multiaxial stress“, Matériaux et 
Construction V.15-No.6 (Nov. 1982) pp. 529-
537.  

 



Interaction M-N-V in Reinforced Concrete  Chapter 7: References 
 

 

7-115 

51 Kotsovos, M.D., “Behaviour of Reinforced 
Concrete Beams with a Shear Span to Depth 
Ratio between 1.0 and 2.5“, ACI Structural 
Journal V.81-No.3 (May/June 1984) pp. 279-
286.  

52 Kotsovos, M.D., “Consideration of Triaxial 
Stress in Design: A Necessity “, ACI Structural 
Journal V.84-No.3 (May/June 1987) pp. 266-
273. 

53 Kotsovos, M.D., “Compressive Force Path 
Concept: Basis for Reinforced Concrete 
Ultimate Limit State Design“, ACI Structural 
Journal V.85-No.1 (Jan./Feb. 1988) pp. 68-75. 

54 Kotsovos, M.D. Lefas, I.D., “Behavior of 
Reinforced Concrete Beams Designed in 
Compliance with the Concept of Compressive-
Force Path “, ACI Structural Journal V.87-No.5 
(March/Apr. 1990) pp. 127-139. 

55 Kotsovos, M.D., “Concepts Underlying 
Reinforced Concrete Design: Time for 
Reappraisal “, ACI Structural Journal V.104-
No.6 (Nov./Dec. 2007) pp. 675-684. 

56 Kotsovos, M.D., “Shear Failure of Reinforced 
Concrete Beams”, Engineering Structures V.9 
(Jan. 1987) pp. 33-38. 

57 Kotsovos, M.D. Pavlović, M.N., “Size Effect in 
Structural Concrete: A Numerical Experiment”, 
Computers and Structures V.64-No.1-4 (1997) 
pp. 285-295. 

58 Kotsovos, M.D., “Mechanisms of ‘shear’ 
failure“, Magazine of Concrete Research V.35-
No.123 (June 1983) pp. 99-106. 

59 Kotsovos, M.D. Bobrowski, J, Eibl, J., 
“Behaviour of reinforced concrete T-beams in 
shear“, The Structural Engineer V.65B-No.1 
(March 1987) pp. 1-10. 

60 Krauthammer, T., Shahriar, S., Shanaa, H.M., 
“Analysis of Reinforced Concrete Beams 
Subjected to Severe Concentrated Loads”, 
ACI Structural Journal V.84-No.6 (Nov./Dec. 
1987) pp. 473-480. 

61 Krauthammer, T., Hall, W.J., “Modified 
Analysis of Reinforced Concrete Beams”, 
Journal of structural engineering, ASCE V108-
No.ST2, (Feb. 1982) pp. 457-474.  

62 Krefeld, W.J. Thurston, C.W., “Contribution of 
the Longitudinal Steel to Shear Resistance of 
Reinforced Concrete Beams”, ACI Structural 
Journal V.63-No.3 (March 1966) pp. 325-344. 

63 Krefeld, W.J. Thurston, C.W., “Studies of the 
Shear and Diagonal Tension Strength of 
Simply Supported Reinforced Concrete 
Beams”, ACI Structural Journal V.63-No.4 
(Apr. 1966) pp. 451-476. 

64 Kaufmann, W. Marti, P., "Structural concrete: 
cracked membrane model.",  Journal of 
Structural engineering, ASCE V.124-No.12 
(Dec. 1998): 1467-1475. 

65 Kupfer, H. Hubert, K. Rusch , H., “Behavior of 
Concrete Under Biaxial Stress“, ACI Structural 
Journal V.66-No.8 (Aug. 1969) pp. 656-666. 

66 Laupa, A. Siess, C. P. Newmark, N. M., “The 
Shear Strength of Simple-Span Reinforced 
Concrete Beams without Web Reinforcement“, 
University of Illinois, Urbana: Structural 
Research Series No. 52 (Apr. 1953).  

67 Laupa, A., “The Shear Strength of Reinforced 
Concrete“, University of Illinois, Urbana: 
Structural Research Series No. 62 (Sep. 
1953).  

68 Lorentsen, M., “Theory for Combined Action of 
Bending Moment and Shear in Reinforced and 
Prestressed Concrete Beams“, ACI Structural 
Journal V.62-No.4 (Apr. 1965) pp. 403-420. 

69 Mattock, A.H. Wang, Z., “Shear Strength of 
Reinforced Concrete Members Subject to High 
Axial Compressive Stress“, ACI Structural 
Journal V.81-No.3 (May/June 1984) pp. 287-
298. 

70 Mensch, L.J., “New-Old Theory of Reinforced 
Concrete Beams in Bending“, ACI Structural 
Journal V.10-No.12 (Dec. 1914) pp. 28-41. 

71 Mohr, O.. "Welche Umstände Bedingen die 
Elastizitätsgrenze und den Bruch eines 
Materiales?" Zeitschrift des Vereines 
Deutscher Ingenieure, Vol. 44(1900) pp. 1524-
1530,1572-1577. 

72 Nielsen, M.P. Hoang, L.C., “Plasticity 
Approach to Shear Design“, Cement and 
Concrete Composites V.20-No.2 (1998) pp. 
437-453. 

73 Rankine, W.J.M., “On the stability of Loose 
earth“,Philosophical Transactions of the Royal 
Society V.147(1856-1857) pp. 9-27 

74 Rots, J.G. Invernizzi, S., “Sequentially linear 
saw-tooth modelling of Reinforced Concrete 
Structures“,Int. J. Numer. Anal. Meth. 
Geomech.,V.28-No.7-8 (Jul. 2004) pp. 821-
856. 

75 Rots, J.G. Invernizzi, S., “Regularized 
sequentially linear saw-tooth softening 
model“,Int. J. Numer. Anal. Meth. 
Geomech.,V.28-No.7-8 (Jul. 2004) pp. 821-
856. 

76 Russo, G. Zingone, G. Giovanni, P., “Flexure-
Shear Interaction Model for Longitudinally 
Reinforced Beams”, ACI Structural Journal 
V.88-No.1 (Jan./Feb. 1991) pp. 60-68. 



Interaction M-N-V in Reinforced Concrete  Chapter 7: References 
 

 

7-116 

77 Russo, G. Giovanni, P., “Stirrup Effectiveness 
in Reinforced Concrete Beams under Flexure 
and Shear”, ACI Structural Journal V.94-No.3 
(May/June 1997) pp. 227-238. 

78 Talbot, A.N., “Tests on Reinforced Concrete 
Beams”, Bull. No. 1 of the University of 
Illinois.(Sept. 1904) 

79 Talbot, A.N., “Tests on Reinforced Concrete 
Beams. Series of 1905”, Bull. No. 4 of the 
University of Illinois.(Apr. 1906) 

80 Talbot, A.N., “Tests on Reinforced Concrete T-
Beams: Series of 1906”, Bull. No. 12 of the 
University of Illinois.(Feb. 1907) 

81 Talbot, A.N., “Tests on Reinforced Concrete 
Beams. Series of 1906”, Bull. No. 14 of the 
University of Illinois.(Aug. 1907) 

82 Talbot, A.N., “Tests of Concrete and  
Reinforced Concrete Columns; Series of 
1907”, Bull. No. 20 of the University of 
Illinois.(Dec. 1907) 

83 Talbot, A.N., “A Test of Three Large 
Reinforced Concrete Beams”, Bull. No. 28 of 
the University of Illinois.(Oct. 1908) 

84 Talbot, A.N., “Tests on Reinforced Concrete 
Beams: Resistance to Web Stresses. Series of 
1907 and 1908”, Bull. No. 29 of the University 
of Illinois.(Jan. 1909) 

85 Walraven, J.C. Reinhardt, H.W., “Theory and 
Experiments on the mechanical behaviour of 
cracks in plain and reinforced concrete 
subjected to shear loading“, Heron V.26-No.1a 
18 (Sept. 1951) pp. 1-68. 

86 Wagner, H., “Ebene Blechwandträger mit sehr 
dünnem Stegblechen“, Zeitschrift für 
Flugtechnik und Motorluftshiffahrt  No.20 
(1929) pp. 201-284. 

87 Weibull, W., “A statistical distribution function 
of wide applicability“, Journal of Applied 
Mechanics, Transactions of the American 
Society. Of Mechanical Engineers 18 (Sept. 
1951) pp. 293-297. 

88 Zararis, P.D. Zararis, L.P., “Shear Strength of 
Reinforced Concrete Slender Beams with or 
without Axial Forces – A Generalized Theory“, 
ACI Structural Journal V.106-No.6 (Nov./Dec. 
2009) pp. 782-789. 

 
 
 
 
 
 
 

7.3 Books 
89 Braam, C.R., Lagendijk, P., ”Cement en beton 

2: Constructieleer Gewapend beton”, (4th ed. 
2008) ’s-Hertogenbosch: 
Cement&BetonCentrum 

90 Bruggeling, A.S.G., ”Theorie en Praktijk van 
het gewapend beton deel 1 en 2”, (1986) ’s-
Hertogenbosch: Vereniging Nederlandse 
Cementindustrie 

91 CEB Task Group 2.3, ”Ultimate Limit State 
Design; A state-of-the-art Report”, CEB 
Bulleting d’Information No.223 (June 1995)  

92 Horne, M.R., ”Plastic Theory of Structures”, 
(1971) London: William Clowes and Sons 
Limited 

93 Hsu, T.T.C., “Unified theory of reinforced 
concrete“,(1993) Boca Raton: CRC Press Inc.* 

94 Kotsovos,  M.D. Pavlović, M.N., ”Ultimate limit-
state design of concrete structures: A new 
approach”, (1999) Trowbridge, Wiltshire : 
Redwood Books 

95 Mörsch, E., ”Der Eisenbetonbau: seine 
Theorie und Anwendung”, (1st ed. 1902) 
Stuttgart : Verlag Konrad Wittwer 

96 Mörsch, E., ”Concrete-Steel Construction 
(engl. trans. of Der Eisenbetonbau)”, (3st ed. 
1909) London: The Engineering News 
Publishing Company 

97 Nielsen M.P., ”Limit Analysis and Concrete 
Plasticity”,(1984) Englewood Cliffs: Prentice-
Hall Inc. 

98 Nielsen M.P. Hoang, L.C., ”Limit Analysis and 
Concrete Plasticity”,(3rd ed.2011) Boca Raton: 
CRC press. 

99 Timoshenko, S.P., ”Strength of Materials Part 
II; Advanced Theory and Problems”, (2nd ed. 
1950) London: D. van Nostrand Company, Inc. 

100 Timoshenko, S.P. Goodier, J.N., ”Theory of 
Elasticity”, (3nd ed. 1970) McGraw-Hill Book 
Company. 

101 Timoshenko, S.P., ”History of Strength of 
Materials”, (1983) New York: Dover 
Publications 

 

  



Interaction M-N-V in Reinforced Concrete  Chapter 7: References 
 

 

7-117 

7.4 Lecture Notes and others 
102 Chan, Wing-Cheung, “Combined Axial Load – 

Bending Moment Behaviour of Reinforced 
Concrete Short Columns “,(June 1972) 
Ottowa: University of Ottowa  

103 Duthinh, D Carinom N.J., “Shear design of 
high-strength concrete beams: a review of the 
state-of-the art “,(Aug. 1996) US Department 
of Commerce, Technology Administration, 
National Institute of Standards and 
Technology, Office of Applied Economics, 
Building and Fire Research Laboratory.  

104 Hordijk, D., ”Local Approach to Fatigue of 
Concrete”, Delft: Stevin Laboratory of the Delft 
University of Technology(1991)  

105 Kleinman, C.S. Luijten, F.J.M., 
“Betonconstructies 3“,(Sept. 2006) Eindhoven: 
Technische Universiteit Eindhoven 

106 Pruijssers A.F., ”Shear resistance of beams 
based on the effective shear depth”, (Jan. 
1986) Delft: Stevin Laboratory of the Delft 
University of Technology  

107 Pruijssers A.F., ”Aggregate Interlock and 
Dowel Action under Monotonic and Cyclic 
Loading”, (1988) Delft: University Press  

108 Walraven, J.C. Galjaard, J.C.,”Collegedictaat – 
Voorgespannen Beton”, (2010) Boxtel: Aeneas 
uitgeverij van vakinformatie BV.  

109 Walraven, J.C.., ”Mechanism of Shear 
Transfer in Cracks in Concrete; A survey of 
Literature”, (Dec. 1978) Delft: Stevin 
Laboratory of the Delft University of 
Technology 



 

 

7-118 

 



 

 
 
 
 
 

A. Interaction in Plasticity 
Model 

  

 

Appendix A 
Interaction in Plasticity 

Model 
 

 

 

 

 



 

 



Interaction M-N-V in Reinforced Concrete  Appendix A. Interaction in Plasticity Model 
 

 

A-121 

 

A.1 Interaction Bending Moment and 

Shear Force 

A.1.1 Ideaal plastisch materiaal 

 
Figuur A-1|Spanningen t.g.v. een dwarskracht en buigend 
moment in een ideaal plastisch materiaal 
 
Ook hier kunnen we weer een maximale capaciteit 
bepalen �� � � · � · 13 · √3 · 
� �� � � � � � �� · 
� 

Een combinatie van krachten kan weer op 
eenzelfde manier worden weergegeven. Er wordt 
een gebied gereserveerd voor de dwarskracht en 
met de overige capaciteit kan het moment worden 
opgenomen92. � � � · 13 · √3 · 
� · a � � � � 
� � ��� � ��� 

Vervolgens kunnen de benuttinggraden weer 
worden opgesteld. ��� � � · 13 · √3 · 
� · a� · � · 13 · √3 · 
� � �� 

��� � � � � � 
� � ��� � ��� � � � � �� · 
�  � 1 � �����
 

Ook hier komt eenzelfde formule uit ��� � � ����� � 1 

Er moet wel opgemerkt worden dat dit geen strikte 
ondergrensoplossing is  en dus kan dit geen exacte 
oplossing zijn. 
 
 
 
 
 
 
 
 
 
 
 
 

Een variant is met een parabolisch verloop van de 
schuifspanningen en t.p.v. de schuifspanningen en 
elastische verdeling voor de normaalspanningen. 

 
Figuur A-2| Interactie model voor dwarskracht en moment 
met een ideaal plastisch materiaal 
  
Ook hier kunnen weer de capaciteiten worden bepaald. � � � · �� · a 

� � � � 
� � ���4 � ��6 � 

De benuttinggraden worden vervolgens ��� � �� ��� � 1 � 23 ������ 

Hier wordt dus de volgende interactie formule 
verkregen: ��� � 23 � ����2 � 1 
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A.1.2 Enkel buigend moment 

 
Figuur A-3|Schema gewapend beton belast met een 
buigend moment 
 
Als eerst kan het evenwicht worden opgesteld97. 
 ! · � · f#b;rep � )* · +* 

 
Nu kan een factor worden geïntroduceerd: 
 Φ � )*  )- · f.  f#/;012 

 
Nu kan deze factor dus ook worden bepaald als: 
 Φ � cd 

 
Nu kan de maximale momentcapaciteit worden  
bepaald: 
 �5 � )* · +* · 6 � )* · +* · 78 � 12 !9

� 71 � 12 Φ9 · Φ · b · d2 · f#b;rep 

 
Deze formule is alleen geldig indien c kleiner of gelijk is 
aan d. Indien dit niet geldt wordt het maximale moment 
gelijk aan: 
 �5 � 12 · b · d2 · f#b;rep 
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A.1.3 Enkel dwarskracht 

 
Figuur A-4| Balkmodel voor afschuiving 
 
Het model hierboven is gebruikt om afschuiving van 
balken te kunnen bepalen. Hierin draagt het 
middendeel de afschuifkrachten. Uit evenwicht vinden 
we: 
 � � :; tan > � � ?@6 cot > � � 
B� cos > sin > 
 
Als nu wordt aangenomen dat de dwarskrachtwapening vloeit 
en daarnaast ook de langswapening verkrijgt men uiteindelijk: 
 

� � 6E:;;F6 ?@;F 

A.1.4 Interactie model  

Als er in eerste instantie van uit wordt gegaan dat de 
onderwapening zal bezwijken dan kunnen de volgende 
vergelijkingen uit het evenwicht worden opgesteld.   
 

GH � �6 � �2 cot >?I � �6 tan > J K �H · 6 � �62 · 2 · H6 · ?I � 1 

 
Vervolgens wordt gesteld dat het langs en onder 
wapeningsstaal gaat vloeien. 
 �HL · 6 � �62 · 2 · HL6 · ?I;L

� 1 

 
Hierin zijn de eerdere relaties van dwarskracht en 
buiging moment in te herkennen. 
 

G
�M � HL · 6

�M � 6E2NL6 ?I;L
O � NLHL PQQ

RQ
QS K ��M � � ��M�2 O � 1 

 
 
 

Vervolgens kan worden aangenomen dat de bovenste 
helft als eerste moet bezwijken. De volgende 
evenwichtsrelaties kunnen dan worden bepaald: 
 

GN � � �6 � �2 cot >?I � �6 tan > J K � �N · 6 � �62 · 2 · N6 · ?I � 1 

 
Hier zullen de dwarskrachtwapening en drukstaaf 
bezwijken. � �NF · 6 � �6� · 2 · NF6 · ?@;F � 1 

Met dezelfde relaties als hiervoor wordt vervolgende de 
volgende formule gevonden: 

� ��T
1O � 7��T9� � 1 

Nu kan dus, indien R is gegeven, een bezwijkcurve 
worden opgesteld. In figuur A-6 is deze weer gegeven 
voor de waarde R=1,R=0,5 en R=0,25. 

 
Figuur A-5|Bezwijkcriterium buigend moment en 
dwarskracht van gewapend beton grafisch weergegeven 
 
Een uitgebreidere behandeling van de plastische 
oplossingen, voor beton, kunnen worden gevonden in 
de boeken van Nielsen97 of Hsu93. 
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A.2 Interaction Bending Moment and 

Normal Force 

A.2.1 Ideaal plastisch materiaal 

 
Figuur A-6|Spanningen t.g.v. een normaalkracht en 
buigend moment in een ideaal plastisch materiaal 
In eerste instantie kan de maximale capaciteit van een 
rechthoekige doorsnede worden bepaald :� � � · � · 
� �� � � � � � �� · 
� 

Vervolgens kan een combinatie van krachten op de 
doorsnede werken. De normaalkracht wordt door een 
middelste deel, wat hiervoor is gereserveerd, 
opgenomen worden. : � 
� · � · � � � 
� · �� � � � �� � � � � � ��� � � � � � 
� � ��� � ��� 

Nu kan d.m.v. de gecombineerde krachtswerken te 
delen door de maximale enkele capaciteit een 
benuttinggraad worden opgesteld. ::� � 
� · � · �
� · � · � � �� 

��� � � � � � 
� � ��� � ��� � � � � �� · 
�  � 1 � �����
 

Vervolgens kan uit deze benuttinggraden een relatie 
worden gelegd tussen de beide krachten. ��� � 1 � � ::��� K ��� � � ::��� � 1 

De relatie is hieronder grafisch weergegeven. 

 
Figuur A-7| Bezwijkcriterium normaalkracht en buigend 
moment van een ideaal plastisch materiaal grafisch 
weergegeven 

A.2.2 Beton 

Er zijn verschillende manieren om het materiaal beton 
te schematiseren. In dit voorbeeld zal een eenvoudig 
blokmodel worden gebruikt om de drukzone mee te 
beschrijven. 

 
Figuur A-8| Verschillende vormen van de betondrukzones 
 
Er wordt aangenomen dat beton geen trek kan 
opnemen, er kan dus slechts alleen met deze 
betondrukzone worden gerekend. De hoogte zal 
worden bepaald met een onbekende factor ξ. 

 :#- � ξ · � · � · f#/;012 met  0 W ξ W 1 

 �#- � ξ · � · � · f#/;012 · �1 � ξ� · X� �  �N Z z� 

 Het ideale plastische materiaal zal als referentie 
materiaal worden gebruikt met: 
� � f#/;012 

Ook hier kan op eenzelfde manier de benuttinggraad 
van de doorsnede bepalen.  \] � :#-:� � ξ · � · � · f#/;012 � · � · f#/;012 � ξ 

Het is logisch dat voor de benuttinggraad voor 
normaalkrachten ξ het aandeel is, aangezien deze zelf 
is gekozen. 

\^ � �#-�� � ξ · � · � · f#/;012 · �1 � ξ� · h2 f#/;012 · � � � � �� � 2 · ξ · �1 � ξ� 

In onderstaand figuur zijn deze relaties grafisch 
weergegeven. 

 
Figuur A-9|Bezwijkcriterium normaalkracht en buigend 
moment van het beton grafisch weergegeven 
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A.2.3 Aandeel wapening 

 
Figuur A-10|Schema van het wapeningstaal 
Als we nu de wapening bekijken zien we het volgende: :*;@T@ � :#` � :` � )#` · f. · ζ � )` · f. 

 met  ζ � bcdc   en �1 W  ζ W 1 

Uitgaand van symmetrische wapening: :*;@T@ � )e` · f. · �1 � ζ� �*;@T@ � 12 · )#` · f. · �1 � ζ� · z 

De benuttinggraden van de wapening worden 
vervolgens: f] � :*:� � )e` · f. · �1 � ζ�  � · � · f#/;012 � )`  )- · f.  f#/;012 · �1 � ζ� 

fg � �*�� � 12 · )#` · f. · �1 � ζ� · z   f#/;012 · � � � � ��
� 2)`  )- · f.  f#/;012 · �1 � ζ� · η 

Hierin is η de verhouding tussen de balkhoogte en de 
afstand tussen de wapening. Net als de vorige keer kan 
een factor wordt geïntroduceerd: Φ � )*  )- · f.  f#/;012 

Dan kunnen de benuttinggraden vereenvoudigt worden 
tot: f] � Φ · �1 � ζ� fg � Φ · �1 � ζ� · η 
Dit is nu een rechtlijnig verband met ζ als variabele.  
Het wapeningspercentage en de verhouding tussen de 
hoogte van de balk en de arm tussen de wapening zijn 
grootheden die de ontwerper moet bepalen. Wanneer 
deze gelijk zijn aan:  η � 1 Φ � 0,3 
Zal de bezwijkcurve er uit te komen zien als in Figuur 
A-11. 

 
Figuur A-11|Bezwijkcriterium normaalkracht en buigend 
moment van het wapeningstaal grafisch weergegeven 

A.2.4 Gewapend beton 

Door nu de “betoncurve” en “staalcurve” op elkaar te 
transleren ontstaat de grafiek die een gewapende 
betonnen doorsnede beschrijft. Hierin geldt: jk � \k � fk jg � \g � fg 

 
Figuur A-12|Bezwijkcriterium normaalkracht en buigend 
moment van gewapend beton grafisch weergegeven 
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B.1 Theory 

 
Figuur B-1|Model en parameters voor numerieke bepaling 
M-N interactie diagram 
 
Het interactie diagram zal worden bepaald met gekozen 
waarden voor de hoogte van de drukzone. Door deze 
variabele in te vullen kan eenvoudig het gehele diagram 
numeriek worden bepaald. 
De totaal opneembare kracht kan worden bepaald uit 
het verticale evenwicht. 

: � :- � l :*;m
n

mo  

Hierin kunnen de krachten worden bepaald met behulp 
van de volgende vergelijkingen 

:- � p 
-
q

r · � 8s 

:*;m � )*;m · +*;m 
Voor het bepalen van de betonkracht moet een 
constitutieve vergelijking worden bepaald voor het 
beton. Er zijn twee mogelijkheden bekeken. 

 
De eerste is lineair en hiervoor gelden de volgende 
vergelijkingen: 
- � t- · u-;v    
En een tweede mogelijkheid is het bi-lineaire diagram 
- � wt- · u-;v   xMMy u-;v W u-;F+zB             xMMy u-;v { u-;F G 

De spanning in het wapeningsstaal kan met behulp van 
de constitutieve vergelijkingen van het materiaal 
worden vastgesteld. 

 +*;m � t* · u*;m   |}I ~+*;m~ W +F 

In dit model is nog geen maximale rekgrens voor het 
staal toegepast. 
 
De rek in het staal volgt uit de 
comptabiliteitsvergelijking u*;m � 7s � 8ms 9 · u- 

Als laatste kan met alle voorgaande variabele het 
maximale moment worden berekend. 

� � :- · 6 � l :*;m
n

mo · 78m � �29 

Hierbij is de arm telkens vanuit het midden van de 
doorsnede berekend. 
 
Vervolgens kunnen dimensieloze parameters worden 
opgesteld voor een goed vergelijk met de resultaten.  \] � :)- · +- 

\^ � �)- · +- · � 

 
 
In de grafieken voor de vergelijking in het verslag met 
de numerieke resultaten zijn de volgende waarden 
aangenomen u-;F � 1,75 ‰ u-;��v � 3,50 ‰ +zB � 28,00 : ||��  +F � 500 : ||��  t* � 200 000 : ||��  
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C.1 Introduction 
De balk is volledig in het ‘Pieter van Musschenbroek  
Laboratorium’, gelegen op de TU/e campus,vervaardigd 
en getest. Ook de materiaaleigenschappen zijn bepaald 
aan de hand van proefstukken. 
 

C.2 Three Point Bending Experiment 

C.2.1 Betonmengsel 

Het beton is gemaakt met Beamix Constructie Beton 
100. In totaal zijn iets meer dan 3 zakken gebruikt en dit 
is vermengt met 9 liter water. Het beton is van een 
C28/35 kwaliteit. 
 

C.2.2 Balkgeometrie  

Het gaat om een relatief kleine balk met een breedte 
van 100 mm, een hoogte van 200 mm en een lengte 
van 1600 mm (zie Figuur C-1). De overspanning van de 
balk is 1500 mm. 
 

C.2.3 Wapening 

Om zeker te weten dat de balk een dwarskracht-
bezwijkmechanisme zou vertonen is de 
momentcapaciteit van de balk gedimensioneerd op de 
volledige belasting van de vijzel. In eerste instantie was 
de vijzel aangenomen op 100 kN, aangezien dit zou 
volstaan bij de gewenste dwarskracht. Met deze 
belasting zijn twee staven met een diameter van 20 mm 
toegepast. Om een impressie te geven wat deze 
wapeningshoeveelheid betekend, zijn foto’s 
weergegeven van de wapening in de bekisting (zie 
Figuur C-2). Er is geen dwarskracht wapening 
toegepast De kwaliteit van ded wapening is FeB500. 
De dekking op de wapening bedraagt 25 mm. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
Figuur C-1| Balktekening 
 
 

 
Figuur C-2| Bekisting en wapening van de 
dwarskrachtproef 
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C.2.4 Opstelling 

De opstelling is een symmetrische driepunts-buigproef 
(zie Figuur C-3). De overspanning van de balk is 1500 
mm en de belasting is in het midden van de 
overspanning aangebracht. 
 

C.2.5 Belasting en inleiding 

Een belangrijk gegeven is de plaats van het stortvlak, 
er is gekozen om deze aan de bovenkant toe te 
passen. Om de kracht goed in te leiden is een stuk 
zachtboard toegepast tussen het de stalen oplegplaat 
en het beton. Hierdoor wordt de kracht beter verspreid 
op het grove oppervlakte, waardoor minder kan is op 
piekspanningen. 
 
De belasting is verder aangebracht met een 
vijzel(Holmatro) die maximaal een kracht van 150 kN  
kan aanbrengen.  De ontwerpberekening gaf een 
maximale belasting, indien het proefstuk op 
dwarskracht bezwijkt, van ongeveer 70 kN. Indien het 
proefstuk bezwijkt t.g.v. het moment zou deze een 
belasting van 120 kN kunnen halen. Om beide 
belastingniveaus binnen het bereik te hebben is voor 
deze vijzel gekozen, ondanks dat een lichtere vijzel ook 
zou volstaan.  

C.2.6 Meetapparatuur en metingen 

 

C.2.7 Tijdschema 

De betonnen balk is gestort op 13-6-2012. Vervolgens 
is deze ontkist en beproefd op 13-7-2012. 

C.2.8 Resultaten 

Het kracht-vervormings diagram is in de grafiek rechts 
te zien(zie Figuur C-4). De maximale kracht die is 
behaald bedraag 69,7 kN bij een vervorming van 4,42 
mm. Daarna valt de kracht terug en ontstaat een 
tweede draagweg. De maximale kracht die vervolgens 
wordt behaald is 58,9 kN bij een vervorming van 16,8 
mm. Vervolgens bezwijkt de balk. De balk bezwijkt aan 
de rechterkant op een schuine scheur die spontaan 
ontstond bij de tweede piek (zie Figuur C-5). Door de 
grote hoeveelheid wapening zijn bijna geen 
buigscheuren aanwezig. 

 
Figuur C-3| Experiment opstelling van de driepunts-
buigproef 
 

 
Figuur C-4| Kracht-vervormingsdiagram van de 
dwarskrachtproef 
 

 
Figuur C-5| De balk met scheurvorming nadat deze was 
bezweken 
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C.3 Material Properties Concrete 
Helaas kan vanwege de instellingen van de 
beproevingsapparatuur geen volledig materiaalgedrag 
worden bepaald, alleen de druksterkte is verkregen uit 
deze proef. Ondanks deze beperking is dit voldoende 
informatie voor de dwarskrachtproef. 
Er zijn twee proefstukken beproefd van dit mengsel. 
Deze zijn beproefd in een drukbank met een maximale 
capaciteit van 4 MN (zie Figuur C-6). De 
belastingsnelheid was 15 kN/s. 
 
De betonnen kubussen zijn gestort op 13-6-2012. 
Vervolgens zijn deze ontkist en beproefd op 13-7-2012. 
De eigenschappen van de kubussen en resultaten zijn 
in de tabel rechts weergegeven. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figuur C-6| Opstelling t.b.v. bepaling druksterkte van het 
beton 
 
 
 
Tabel C-1| Eigenschappen van de betonkubussen 
Nr   1 2 

Afmetingen L [mm] 150,17 152,10 

B [mm] 149,84 149,75 

H [mm] 150,64 149,81 

 A [mm2] 22500 22500 

Gewicht  [kg] 7,54 7,57 

Kracht  [kN] 898,5 908,3 

Spanning  [N/mm2] 39,93 40,37 
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C.4 Material Properties 
Reinforcement 

Om het materiaaleigenschappen van het wapeningstaal 
te bepalen zijn twee staven beproefd in een 
trekproef(zie Figuur C-7).  De kwaliteit van de staven is 
FeB500. Beide staven hadden een diameter van 20 
mm en een lengte van ongeveer 500 mm.  
De totale vervorming was gemeten met een 
MITUTOYO klok aan de voorkant geplaatst. Verder was 
over een gebied van 80 mm de vervorming gemeten 
met twee LVDT’s. Een met een meetbereik van 
maximaal 2 mm en een ander die het totale bereik van 
de bank kon meten.. De proefstukken zijn in een 
trekbank met een maximale capaciteit van 250 kN 
beproefd. De belasting is aangebracht met een 
snelheid van 0,36 mm/min. 
De kracht, waarbij het staal ging vloeien, bedroeg 169 
kN. Dit komt overeen met een vloeispanning van: +F � 169 · 10�14 · � · 20� � 537 : ||�⁄  

De maximal behaalde kracht bedroeg 195 kN. Dit komt 
overeen met een maximale spanning van +F � 195 · 10�14 · � · 20� � 620 : ||�⁄  

 
De maximale vervorming bedroeg ongeveer 14 mm op 
de meetlengte van 80 mm. Dit komt neer op een rek 
van: u � 1480 � 17,5 % 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figuur C-7| Opstelling t.b.v. bepaling materiaalgedrag 
wapeningstaal 
 

 
Figuur C-8| Wapeningsstaal 1: Kracht-
vervormingsdiagram 
 

 
Figuur C-9|Wapeningsstaal 2: Kracht-
vervormingsdiagram 
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D.1 Experiment Proposals 
 

D.1.1 Alternative 1 

 
Figuur D-1|Principe opzet experiment variant 1 
 
Met deze opstelling kan op een willekeurige plek het moment op een bepaalde plaats worden vastgesteld en de 
dwarskracht onafhankelijk worden gevarieerd. De belasting moet in fases worden aangebracht.  
FASE 1 
Tijdens fase 1 zal de rode kracht F worden opgevoerd tot een bepaald moment worden bereikt. � � � · ) 
FASE 2 
In de tweede fase kan de dwarskracht worden opgevoerd. De dwarskracht is dan gelijk aan: � � 12 · � 

Deze veroorzaakt tegelijkertijd een moment gelijk aan: �� � 12 · N · � 

De kracht F moet hierdoor in de tegengestelde richting werken om dit moment tegen te gaan. In deze fase is de kracht 
F dus gelijk aan: � � � � ��)  

Mogelijk ontstaat hierdoor richtingsverandering van de kracht F naar F’. 
 

D.1.2 Kanttekeningen 

1. De lengte van de balk zal zeer groot zijn. Indien 2H worden gebruikt is de lengte van de balk gelijk aan 
12H+2A1. Indien voor H de gebruikelijke afmeting worden genomen van H=330mm en A1=1000mm komt dit 
neer op ongeveer 6 meter. Indien de afmetingen H worden genomen ipv 2H is de totale lengte van de balk 
8H+2A1. Wat neerkomt op ongeveer 5 meter. 

2. Het is praktisch niet mogelijk om een zuiver scharnierende oplegging te realiseren. Er zal rekeningen moeten 
worden gehouden met een mate van inklemming die invloed heft op de krachtswerking in de balk. 
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D.1.3 Alternative 2 

 
Figuur D-2| Principe opzet experiment variant 2 
 
Bij deze opstelling wordt het moment aangebracht door een stijve staaf (stalen H/I-profiel) aan de balk te lassen. Er is 
hiervoor gekozen zodat de oplegging beter kan worden bepaald. Wanneer een variant in beton wordt ontworpen is dit 
scharnier lastiger te realiseren. 
De fases lopen identiek aan de vorige opstelling. 
 

D.1.4 Kanttekeningen 

1. De inklemming zal lokaal de stijfheid van de balk beinvloeden, waardoor het niet goed mogelijk is het de 
krachtsverdeling in de balk vast te leggen.. 

 
 

D.1.5 Keuze 

De uitvoering van het experiment zal worden gedaan volgens variant 1, vanwege de eenvoud van de opstelling. Door 
deze eenvoud is de kans dat onbekende factoren (mate van inklemming/theoretische lengte) de proef beïnvloeden 
minder groot. Echter zal deze variant waarschijnlijk wel grotere dimensies krijgen. 
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D.2 Calculations 

D.2.1 Algemeen 

Het maximale moment wat de balk kan opnemen is ongeveer 70 kNm.  
Aanname uit numerieke berekeningen bleek dat V ongeveer maximaal 100 kN kan worden.  
Deze gegevens zullen als uitgangspunt voor de overige berekeningen worden genomen. 
De betonkwaliteit is C28/35 
 
Als in de Eurocode een milieuklasse XC1 wordt aangenomen dan wordt de dekking gelijk aan: !nT� � !�mn � ∆!B�� � 15 � 5 � 20 || 
In het numerieke onderzoek is een d van 290 aangenomen. 
De wapeningsgegevens: 
Hoofdwapening diameter:  Øhw = 12 mm 
Beugels diameter: Øbgls = 8 mm 
Hierdoor wordt de nuttige hoogte gelijk aan: 8 � 330 � 8 � 20 � 6 � 296 || 
 
De minimale overspanning tussen de steunpunten is gelijk aan: � � 12 · 8 � 12 · 296 � 3552 || � 3600 || 
De vijzels die worden toegepast hebben een verhouding 1:4 met elkaar. Met deze verhouding kan de minimaal 
benodigde lengte van het overstek worden bepaald. Het moment, t.g.v. de puntlast in het middendeel, moet op 0,6 
meter vanaf steunpunt wegvallen. �� � �� K 12 · � · 0,6 � � · � K � � 12 · �� · 0,6 � 12 · 4 · 0,6 � 1,2 | 

Het totale schema komt er dus als hieronder is weergegeven uit te zien. 

 
Figuur D-3| Schematisering van de balk 
  
De maximale waarden die voor de berekening worden aangehouden zijn: � W 200 �: �451,2 � �37,5�: W � W 14 · 200 � 50 �: 

Om ongeveer aan de As = 470 mm2 die is opgegeven te komen moeten 4 staven in de doorsnede worden 
aangebracht. Dit komt uit op een As = 452 mm2 

 
De verschuiving van de momentenlijn t.g.v. de dwarskracht bedraagt: 0,50 · 6 W � W 1,25 · 6 
Voor het gemak wordt aangehouden de verschuivingswaarde gelijk is aan: � � 1,25 · �0,9 · 8� � 1,125 · 8 � 1,125 · 296 � 333 || 
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Het maximale moment tg.v. van de puntlast in het middendeel is ��,��v � 14 · 3,6 · 200 � 180 �:| 

Het totale moment in het middendeel wordt groter doordat een moment van te voren wordt aangebracht. Het 
maximale moment wat wordt toegepast is 45 kNm. ��mB,��v � 180 � 45 � 50 · 1,2 � 165 �:| 
Het maximale steunpuntsmoment wat toegepast is dus gelijk aan: 

�*@��n,��v � � 45 �:|� · � � 1,2 · 14 · 200 � 60 �:|G 
Plaatselijk moet dus wel meer wapening worden aangebracht. In de figuur hieronder zijn de verscheidene 
momentenlijnen aangegeven. 

 
Figuur D-4| Krachten met bijbehorende momentenlijnen 
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D.2.2 Eurocode 

D.2.2.1 Berekening overstek 

Het maximale moment wat hierdoor kan worden opgenomen is gelijk aan: �� � )* · +FB · 0,9 · 8 � 452 · 500 · 0,9 · 296 · 10�� � 60 �:| 

De wapening die voor het steunpuntsmoment (t.g.v. de dwarskracht) moet worden aangebracht is gelijk aan: )#* � ��B+FB · 0,9 · 8 � 60 · 10�500 · 0,9 · 296 � 450 ||� K 4 Ø12 

De maximaal op te nemen dwarskracht van de doorsnede zonder dwarskrachtwapening is gelijk aan: 

�; 1 � E2008 � 1 � E200296 � 1,8 � 2,0 K � � 1,8 

��B,z � ��mn � 0,035 · k�� · ¡f¢£ � 0,035 · �1,8��� · √28 � 0,28 N mm��  ��B,z � ��B,z · d · b � 0,28 · 296 · 200 · 10�� � 16 kN � 60 8¥�y¦�y�!�I ¥�5}§¨§© §M8¨© 
Herberekening met volledige formule: ρ � A.¬b · d � 452200 · 296 � 0,007 W 0,02 

N�B,z � 0,18jz � 0,18 

��B,z � �N�B,z · k · �100 · ρ · f¢£� �� � k · σ¢2� � �0,18 · 1,8 · �100 · 0,007 · 28� �� � 0� � 0,88 N mm��  ��B,z � ��B,z · d · b � 0,88 · 296 · 200 · 10�� � 52,35 kN { 50        �M®8M}I 
 
Voor de zekerheid wordt hier toch dwarskracht wapening toegepast omdat de marge zeer klein is. Met een hoek van 
45⁰ wordt conservatief gerekend. Indien de volledige dwarskracht wordt opgenomen door wapening komt er de 
volgende wapeningshoeveelheid uit: )*�¦ � ��B+F;B · 6 · cot > � 50 · 10�500 · 0,9 · 296 · cot 45 � 375 mm� m�  ¦��v � 0,75 · 8 � 0,75 · 296 � 222 || 

¯�,�mn � 0,08 · ¡+z°+z° � 0,08 · √2828 � 0,02 )*�,�mn � ¯�,�mn · 8 · � � 0,02 · 296 · 200 � 895 mm� 
Om aan de dwarskrachteisen te voldoen wordt Ø8-200 toegepast. Er kan ook worden volstaan met Ø6-200. 
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D.2.2.2 Berekening gebied tussen de steunpunten 

De benodigde extra wapening wordt dan gelijk aan: )* � ��B+FB · 0,9 · 8 � 165 · 10�500 · 0,9 · 296 � 1238,74 ||� 

Dit zou kunnen worden afgewapend met 4Ø20, echter is gekozen voor Ø12 als hoofddiameter. Bij de 4Ø12 moet 
2Ø25 bij worden gelegd om aan de totale wapening te voldoen. Dit is echter een groot diameter verschil en het is 
maar de vraag of dit goed kan worden toegepast. 
 
Als de wapening in twee lagen wordt gelegd moet de hefboomsarm worden aangepast. De tweede wapeningslaag zal 
56 mm boven de eerste worden gelegd, waardoor de nuttige hoogte van de gemiddelde wapening 28 mm kleiner 
wordt. )* � ��B+FB · 0,9 · �8 � 28� � 165 · 10�500 · 0,9 · �296 � 28� � 1368,16 ||� 

 
Dit betekend dat in de onderste laag 4Ø12+1Ø16 en in de tweede laag 4Ø16 wordt toegepast. Dit is iets teveel 
wapening, echter moet de 4Ø12 worden gehanteerd. 
Voor de dwarskracht kan weer conservatief gerekend worden. )*�¦ � ��B+F;B · 6 · cot > � 100 · 10�500 · 0,9 · 296 · cot 45 � 750 mm� m�  

Om aan de dwarskrachteisen te voldoen wordt Ø8-100 toegepast.  
 

D.2.2.3 Dwarskrachtcapaciteit zonder beugels; Bazant et. al. 

De maximale dwarskrachtspanning opgegeven door Bazant et. al. kan als volgt worden bepaald: ± � 1¡1 � 8 �25 · 8��⁄ � 1¡1 � 296 �25 · 20�⁄ � 0,79 

�� � ��� � ��- � 0,83 · ± · ¯ �� · +#z �� � 206,9 · ± · ¯² �� · ��8�² ��

� 0,83 · 0,79 · 0,0076 �� · 28 �� � 206,9 · 0,79 · 0,0076² �� · 71800296 9² �� � 0,72 : ||��  �� � �� · � · 8 � 0,72 · 200 · 296 · 10�� � 42,34 �: 
 

D.2.2.4 Dwarskrachtcapaciteit zonder beugels; Kleinman 

+@� � 71 � +z�20 9 · 0,7 � 71 � 28209 · 0,7 � 1,68 : ||��  

 ���;z � 23 · +@� � 23 · 1,68 � 1,12 : ||��  ���;z � ���;z · � · 8 � 1,12 · 200 · 296 · 10�� � 66,30 �: 
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D.3 Reinforcement Layout 
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D.4 Concrete Specifications 

D.4.1 Opgegeven specificaties 
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D.4.2 Beproeving 

De materialeigenschappen van het beton zijn op eenzelfde manier vastgesteld zoals bij het dwarskracht experiment is 
uitgevoerd . De belastingsnelheid was echter 10 kN/s. De gevonden resultaten zijn in onderstaande tabel 
weergegeven. 
 
Nr Datum Afmetingen  Gewicht Kracht Spanning Gem.Span.* 

  L B H A     

  [mm] [mm] [mm] [mm2] [kg] [kN] [N/mm2] [N/mm2] 

1 - 149,95 149,54 149,60 22500 - 410,9 18,26 - 

2 10-10-2012 - - - 22500 7,70 532,9 23,68 23,76 

3 10-10-2012 - - - 22500 7,65 545,4 24,24 23,76 

4 10-10-2012 - - - 22500 7,70 525,7 23,36 23,76 

5 17-10-2012 148,24 149,43 149,63 22500 7,55 595,0 26,44 26,89 

6 17-10-2012 150,41 149,53 149,51 22500 7,60 614,7 27,32 26,89 

7 17-10-2012 150,61 149,50 149,55 22500 7,55 605,4 26,91 26,89 

8 23-10-2012 146,57 149,74 149,75 22500 7,55 627,5 27,89 28,07 

9 23-10-2012 147,99 149,56 149,58 22500 7,50 618,2 27,48 28,07 

10 23-10-2012 145,90 149,54 149,48 22500 7,45 649,0 28,84 28,07 

11 1-11-2012 148,04 149,50 149,53 22500 7,45 661,5 29,40 30,16 

12 1-11-2012 151,02 149,71 149,74 22500 7,60 684,5 30,42 30,16 

13 1-11-2012 149,42 149,64 149,56 22500 7,65 689,7 30,65 30,16 

 
  

                                                      
* De gemiddelde spanning is bepaald over alle kubussen die op dezelfde datum zijn beproefd. 
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E.1 Model Theory 

E.1.1 Bezwijkmechanisme 

Bij alle proefstukken die in dit onderzoek zijn beproefd is slechts een bezwijkmechanisme gevonden. Dit was namelijk 
een S-type dwarskracht scheur. Dit model gaat ervan uit dat dit type scheur eigenlijk altijd optreed. De enige situatie 
die de auteur zich voor kan stellen waarbij dit niet optreed is een directe krachtsafdracht bij krachten die te dicht bij 
een oplegging zijn geplaatst. Voor dit bezwijkmechanisme wordt verwezen naar de plastische modellen die zijn 
ontwikkeld in Zürich en Copenhagen. 
In onderstaand figuur is een dergelijk bezwijkpatroon te zien. 

 
Figuur E-1| Voorbeeld van een bezweken balk 
 
Om het model te maken wordt de scheur vereenvoudigd. De vereenvoudiging is in onderstaand figuur weergegeven. 
Hierbij is uitgegaan van een schuine scheur onder een bepaalde hoek met daarnaast een horizontale scheur die 
onder de drukzone loopt. 
De momentcapaciteit wordt bepaald door de drukzone en de trekwapening. Deze kan geheel volgens de al bekende 
theorie worden bepaald. 
De dwarskrachtcapaciteit is het deel wat het tweedimensionale effect veroorzaakt en hier zullen de aannames voor 
het bezwijken worden gedaan. Allereerst is er dus een bi-lineaire scheur aangenomen.  
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De volgende aanname is dat de maximale capaciteit wordt bereikt door het beton in de drukzone. Deze kan worden 
gezien als een ligger die van het rechterdeel naar het linkerdeel zijn belasting moet overdragen. De hoogte van de 
ligger wordt gelijk genomen aan de betondrukzone aan de rechterkant van de scheur. Dit is een vereenvoudiging en 
tevens de minst gunstige situatie. Ook zal worden aangenomen dat deze ligger een buigligger is en dat hierop kan 
worden gedimensioneerd om het probleem minder complex te maken. Indien de horizontale scheur te kort blijkt te zijn 
zal de ligger op een dwarskracht phenomeen vertikaal scheuren en dit kan aan de hand van een maximale 
dwarskracht spanning worden bepaald. Maar er wordt hier aangenomen dat dit niet op zal treden. 
Vervolgens wordt aangenomen dat de dwarskracht als een verticale belasting op de ligger in de drukzone zal werken. 
De ligger zal aan de linkerkant geen verticale en horizontale verplaatsingen of rotaties ondergaan. Hier wordt dus een 
volledige inklemming verondersteld. De rechterkant van de ligger daarentegen zal alleen geen rotaties ondergaan. Er 
wordt dus aangenomen dat zowel verticale als horizontale verplaatsingen kunnen optreden. 

 
Het is mogelijk dat deze aanname niet correct kan zijn en dat de ligger slechts een simpel ingeklemde ligger blijkt te 
zijn. De controle met de data zal dit kunnen weergegeven aangezien er een factor 2 tussen beide modellen zal zitten. 
Deze “ligger” zal dus op zowel normaalkracht als een moment worden belast. De invloed van de dwarskracht, op het 
bezwijken van deze ligger, wordt voor de eenvoud buiten beschouwing gelaten. Een eenvoudige plastische relatie zal 
hiervoor voldoende zijn. 
De wisselwerking tussen het lokale bezwijkmechanisme en het globale moment-normaalkracht interactie diagram zal 
de complete interactie tussen al deze krachten kunnen beschrijven. 
 
Nadat dit bezwijken is opgetreden zal er een bepaalde scheurafstand bereikt. Deze “ligger” zal nu verder op 
instabiliteit bezwijken. Dit was de originele reden, waarvoor dit model was bekeken. Een simpel tweede orde plastisch 
model zal voldoende zijn om dit gedrag te beschrijven 
Er zijn in het voorgaande verhaal veel vereenvoudigingen gemaakt om de theorie zo min mogelijk complex te maken. 
Hierdoor wordt een handzame methode ontwikkeld om zo de interactie te kunnen bepalen. Veel van deze aannames 
zijn echter niet noodzakelijk indien een duidelijker model moet worden verkregen. Natuurlijk zorgt het weglaten van 
deze aannames voor een nauwkeurig, maar complexer probleem. 
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E.2 Model Elaboration 

E.2.1 M-V Interactie 

Allereerst zullen de globale evenwichtsvergelijkingen worden opgesteld. Om een eenvoudigere uitwerking te krijgen 
kan worden aangenomen dat de langswapening vloeit. Compabiliteit wordt dus buiten beschouwing gelaten. Deze 
aanname is niet noodzakelijk. :z � :* � 0 :z · 6 � �� 
Er wordt aangenomen dat de balk bezwijkt op een moment dat optreedt aan de rechterkant van de scheur. Deze 
levert namelijk de drukkracht in de drukzone. Voor een eenvoudige puntlast kan het moment dan als volgt worden 
beschreven �� � �³ � � · ®*z´��µ  
Dit is tevens een van de meest nadelige situaties. Bij een lijnlast zal de momentenlijn een parabolisch verloop hebben 
die minder hoog uitkomt. Hierbij moet wel worden opgemerkt dat een belasting op de “ligger” in de drukzone zal 
optreden die zijn capaciteit verlaagd. 
Het totale momenten evenwicht wordt dus  :z · 6 � �³ � � · ®*z´��µ 
Nu de evenwichtsvergelijkingen van het globale systeem zijn opgesteld kan hetzelfde worden gedaan voor het lokale 
system. De momentencapaciteit van deze ligger zal met een plastische benadering worden bepaald. \] � :#-:� � ξ · ¶ · ·¸ · f#/;012 ¶ · ·¸ · f#/;012 � ξ 

\^ � �#-�� � ξ · ¶ · ·¸ · f#/;012 · �1 � ξ� · ·2̧  f#/;012 · � � ¶ � ·¸� � 2 · ξ · �1 � ξ� 

 
Figuur E-2| Bezwijkcriterium normaalkracht en buigend moment van het beton grafisch weergegeven 
 
 
 
Het moment in de ligger kan worden bepaald aan de hand van het momenten evenwicht. Hieruit volgt dat dit moment 
gelijk is aan �¹ � 12 · � · ®º � 12 · � · »®*z´��µ � tan > · �� � ·¸�¼ 
Nu zijn er twee mogelijkheden. De eerste is om de drukspanning te verdelen over de totale hoogte van de drukzone 
en deze te gebruiken in het globale evenwicht. Hierbij wordt ervan uitgegaan dat een gereduceerde drukspanning in 
de totale drukzone wordt verkregen om het horizontaal en momenten evenwicht te verkrijgen. Of je kan de hoogte van 
de drukzone reduceren en hiermee het evenwicht opstellen. Hier is gekozen voor de tweede optie. Indien de globale 
vergelijkingen worden uitgeschreven wordt dit gelijk aan: ξ · ¶ · ·¸ · f#/;012 � :* � 0 :z · 78 � 12 · ξ · ·¸9 � �³ � � · ®*z´��µ 
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Hier is slechts een plastisch model uitgewerkt om een idee te geven van de berekeningen. De theorie zal voor het 
daadwerkelijke gedrag niet veranderen. Het enige verschil is dat de constitutieve vergelijking moet worden 
toegevoegd en dit is slechts een exercitie.  
Indien de scheurhoek niet bekend is, zal de dwarskracht in de scheurhoek moeten worden uitgedrukt 8�8> � 0 

De eerste variant komt uit op: ξ · ¶ · ·¸ · f#/;012 � :* � 0 :z · 78 � 12 · ·¸9 � �³ � � · ®*z´��µ 
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F.1 Model Theory 
For the second model a simple plastic relation is 
proposed. It is not the intention to try  to mimic reality, 
but rather provide a simple relation to design with. This 
model is based on the stress state in between cracks. 

 
Figuur F-1| Interactie Model 
The normalization parameters that were used for the 
experimental research will also be used here. �� � 14 · � · 8� · +z �� � � · 8 · +@ 
Using the equilibrium equation the follow relations are 
obtained. ��� � ± · � · 8 · �\ · +z� · �8 � ± · 82 �14 · � · 8� · +z � 4 · \ · ± 71 � ±29 

\ � )* · +F� · 8 · +z 

The shear force, when no compression stresses are 
present, can only be as big as the tensile stress. Thus 
the expression for the shear capacity will be ��� � �1 � ±� · 8 · � · f · +@8 · � · +@ � f · �1 � ±� 

F.2 Model Validation 
When compared to experiments the value for f should 
be around 0,35. 
 

 
Figure F-1| Comparison of model with data 
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Some of the data that has been used in the analysis has been presented here. The scripts that have been used to 
obtain these results are available on the DVD that has been provided with this report. 

- 1% reinforcement 
Fail Nr. El. Nr X[mm] SX[N/mm

2
] SY[N/mm

2
] SXY[N/mm

2
] EX[-] EY[-] EXY[-] S_1[N/mm

2
] S_2[N/mm

2
] 

1 
M=10 kNm 

83 315,00 2,4821 -1,2944E-07 -1,38E-10 8,2736E-05 -1,655E-05 -1,1053E-14 2,4821 -1,2944E-07 

1898 290,00 13,775 -2,9935E-06 -8,06E-10 6,8877E-05 -1,378E-05 -9,6746E-15 13,775 -2,9935E-06 

248 266,00 1,6672 -1,138E-06 1,724E-12 5,5573E-05 -1,112E-05 1,3791E-16 1,6672 -1,138E-06 

413 238,00 1,2015 -1,9772E-06 -1,99E-11 4,0051E-05 -8,01E-06 -1,5881E-15 1,2015 -1,9772E-06 

578 210,00 0,73586 -2,713E-06 -2,76E-11 2,4529E-05 -4,906E-06 -2,21E-15 0,73586 -2,713E-06 

743 182,00 0,2702 -3,1579E-06 -5,1E-11 9,0067E-06 -1,801E-06 -4,0814E-15 0,2702 -3,1579E-06 

908 154,00 -0,19546 -3,2037E-06 -6,63E-11 -6,515E-06 1,303E-06 -5,3035E-15 -3,2037E-06 -0,19546 

1073 126,00 -0,66112 -2,8401E-06 -5,17E-11 -2,204E-05 4,4074E-06 -4,1356E-15 -2,8401E-06 -0,66112 

1238 98,00 -1,1268 -2,156E-06 -4,94E-11 -3,756E-05 7,5118E-06 -3,9517E-15 -2,156E-06 -1,1268 

1403 70,00 -1,5924 -1,3246E-06 -4,68E-11 -5,308E-05 1,0616E-05 -3,7405E-15 -1,3246E-06 -1,5924 

1568 42,00 -2,0581 -5,6982E-07 -4,37E-11 -6,86E-05 1,3721E-05 -3,4942E-15 -5,6982E-07 -2,0581 

1733 14,00 -2,5238 -1,1557E-07 -2,08E-11 -8,413E-05 1,6825E-05 -1,6601E-15 -1,1557E-07 -2,5238 

2 
M=10kNm 

1898 290,00 31,237 6,05E+00 -7,08E-10 1,50E-04 -9,63E-07 -8,49E-15 31,237 6,05E+00 

248 266,00 2,2018 7,57E-01 -1,66E-11 6,83E-05 1,06E-05 -1,33E-15 2,2018 7,57E-01 

413 238,00 1,4774 4,77E-01 -3,53E-11 4,61E-05 6,04E-06 -2,82E-15 1,4774 4,77E-01 

578 210,00 8,68E-01 3,09E-01 -4,57E-11 2,69E-05 4,53E-06 -3,65E-15 8,68E-01 3,09E-01 

743 182,00 3,46E-01 2,10E-01 -7,14E-11 1,01E-05 4,68E-06 -5,71E-15 3,46E-01 2,10E-01 

908 154,00 -1,65E-01 1,43E-01 -8,79E-11 -6,45E-06 5,86E-06 -7,03E-15 1,43E-01 -1,65E-01 

1073 126,00 -6,67E-01 9,53E-02 -7,28E-11 -2,29E-05 7,62E-06 -5,82E-15 9,53E-02 -6,67E-01 

1238 98,00 -1,1686 6,00E-02 -6,90E-11 -3,94E-05 9,79E-06 -5,52E-15 6,00E-02 -1,1686 

1403 70,00 -1,6737 3,32E-02 -6,36E-11 -5,60E-05 1,23E-05 -5,08E-15 3,32E-02 -1,6737 

1568 42,00 -2,1866 1,39E-02 -5,59E-11 -7,30E-05 1,50E-05 -4,47E-15 1,39E-02 -2,1866 

1733 14,00 -2,7136 2,87E-03 -2,56E-11 -9,05E-05 1,82E-05 -2,05E-15 2,87E-03 -2,7136 

3 
M=10 kNm 

1898 290,00 40,626 6,071 -8,25E-10 1,97E-04 -1,03E-05 -9,90E-15 40,626 6,071 

413 238,00 2,4445 0,44922 -3,22E-11 7,85E-05 -1,32E-06 -2,58E-15 2,4445 0,44922 

578 210,00 0,92596 0,3618 -4,66E-11 2,85E-05 5,89E-06 -3,73E-15 0,92596 0,3618 

743 182,00 0,43342 0,24976 -7,26E-11 1,28E-05 5,44E-06 -5,81E-15 0,43342 0,24976 

908 154,00 -0,13103 0,17094 -8,94E-11 -5,51E-06 6,57E-06 -7,15E-15 0,17094 -0,13103 

1073 126,00 -0,64739 0,1154 -7,43E-11 -2,23E-05 8,16E-06 -5,94E-15 0,1154 -0,64739 

1238 98,00 -1,1652 7,30E-02 -7,05E-11 -3,93E-05 1,02E-05 -5,64E-15 7,30E-02 -1,1652 

1403 70,00 -1,6834 4,07E-02 -6,50E-11 -5,64E-05 1,26E-05 -5,20E-15 4,07E-02 -1,6834 

1568 42,00 -2,2106 1,70E-02 -5,70E-11 -7,38E-05 1,53E-05 -4,56E-15 1,70E-02 -2,2106 

1733 14,00 -2,7543 3,54E-03 -2,62E-11 -9,18E-05 1,85E-05 -2,09E-15 3,54E-03 -2,7543 

4 
M=12.5 
kNm 

1898 290,00 47,983 73,389 -9,1286E-10 0,00023258 -1,129E-05 -1,0954E-14 47,983 73,389 

578 210,00 2,2468 0,49378 -4,9678E-11 7,1602E-05 1,4807E-06 -3,9742E-15 2,2468 0,49378 

743 182,00 0,57665 0,39449 -7,6989E-11 1,6592E-05 9,3054E-06 -6,1591E-15 0,57665 0,39449 

908 154,00 0,57668 0,25832 -9,1821E-11 -1,703E-06 8,6067E-06 -7,3457E-15 0,25832 0,00057668 

1073 126,00 -0,59144 0,1702 -7,6447E-11 -2,085E-05 9,6161E-06 -6,1158E-15 0,1702 -0,59144 

1238 98,00 -1,1388 0,10715 -7,2365E-11 -3,868E-05 1,1164E-05 -5,7892E-15 0,10715 -1,1388 

1403 70,00 -1,6866 0,059648 -6,6608E-11 -5,662E-05 1,3232E-05 -5,3286E-15 0,059648 -1,6866 

1568 42,00 -2,242 0,025168 -5,8113E-11 -7,49E-05 1,5786E-05 -4,6491E-15 0,025168 -2,242 

1733 14,00 -2,8203 0,0052786 -2,6531E-11 -9,405E-05 1,8978E-05 -2,1224E-15 0,0052786 -2,8203 
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5 
M=12.5 kNm 

1898 290,00 67,18 10,428 -1,26E-09 3,25E-04 -1,50E-05 -1,51E-14 67,18 10,428 

743 182,00 2,3057 0,65288 -1,14E-10 7,25E-05 6,39E-06 -9,13E-15 2,3057 0,65288 

908 154,00 0,18785 0,49325 -1,28E-10 2,97E-06 1,52E-05 -1,02E-14 0,49325 0,18785 

1073 126,00 -0,57667 0,31241 -1,03E-10 -2,13E-05 1,43E-05 -8,21E-15 0,31241 -0,57667 

1238 98,00 -1,3545 0,19262 -9,55E-11 -4,64E-05 1,55E-05 -7,64E-15 0,19262 -1,3545 

1403 70,00 -2,0787 0,10714 -8,69E-11 -7,00E-05 1,74E-05 -6,95E-15 0,10714 -2,0787 

1568 42,00 -2,8152 4,54E-02 -7,55E-11 -9,41E-05 2,03E-05 -6,04E-15 4,54E-02 -2,8152 

1733 14,00 -3,5861 9,63E-03 -3,46E-11 -1,20E-04 2,42E-05 -2,77E-15 9,63E-03 -3,5861 

6 
M=17.5 kNm 

1898 290,00 101,42 15,831 -2,1294E-09 0,00049124 -2,226E-05 -2,5553E-14 101,42 15,831 

908 154,00 2,0943 0,85531 -2,1288E-10 6,4108E-05 1,4548E-05 -1,7031E-14 2,0943 0,85531 

1073 126,00 -0,56296 0,62439 -1,7725E-10 -2,293E-05 2,4566E-05 -1,418E-14 0,62439 -0,56296 

1238 98,00 -1,6957 0,37567 -1,5385E-10 -5,903E-05 2,3827E-05 -1,2308E-14 0,37567 -1,6957 

1403 70,00 -2,8218 0,20671 -1,3773E-10 -9,544E-05 2,5703E-05 -1,1018E-14 0,20671 -2,8218 

1568 42,00 -3,9082 0,088257 -1,1739E-10 -0,0001309 2,8996E-05 -9,3909E-15 0,088257 -3,9082 

1733 14,00 -5,0582 0,018888 -5,3679E-11 -0,0001687 3,4351E-05 -4,2943E-15 0,018888 -5,0582 

7 
M=42.5 kNm 

1898 290,00 256,91 40,194 -5,9997E-09 0,0012444 -5,594E-05 -7,1996E-14 256,91 40,194 

1073 126,00 1,4542 1,6818 -6,0466E-10 3,7262E-05 4,6366E-05 -4,8373E-14 1,6818 1,4542 

1238 98,00 -3,6622 1,1603 -4,9516E-10 -0,0001298 6,3092E-05 -3,9612E-14 1,1603 -3,6622 

1403 70,00 -6,4984 0,63614 -4,0345E-10 -0,0002209 6,4528E-05 -3,2276E-14 0,63614 -6,4984 

1568 42,00 -9,3235 0,27221 -3,3328E-10 -0,0003126 0,00007123 -2,6663E-14 0,27221 -9,3235 

1733 14,00 -12,249 0,059054 -1,5018E-10 -0,0004087 8,3628E-05 -1,2015E-14 0,059054 -12,249 

8 
M=75 kNm 

1898 290,00 459,36 71,9 -1,2431E-08 0,0022249 -9,986E-05 -1,4918E-13 459,36 71,9 

1238 98,00 -5,3847 1,8389 -1,2448E-09 -0,0001918 9,7196E-05 -9,9587E-14 1,8389 -5,3847 

1403 70,00 -11,077 1,1253 -9,8766E-10 -0,0003767 0,00011135 -7,9013E-14 1,1253 -11,077 

1568 42,00 -16,209 0,4947 -7,4424E-10 -0,0005436 0,00012455 -5,9539E-14 0,4947 -16,209 

1733 14,00 -21,469 0,10872 -3,3563E-10 -0,0007164 0,00014675 -2,685E-14 0,10872 -21,469 

9 
M=85 kNm 

1898 290,00 511,45 97,961 -1,5341E-08 0,0033902 -0,0002805 -2,7238E-13 511,45 97,961 

1403 70,00 -15,562 1,0044 -1,4029E-09 -0,0005254 0,00013723 -1,1223E-13 1,0044 -15,562 

1568 42,00 -18,981 0,40295 -1,0748E-09 -0,0006354 0,00013997 -8,5983E-14 0,40295 -18,981 

1733 14,00 -25,735 0,098136 -4,7033E-10 -0,0008585 0,00017484 -3,7626E-14 0,098136 -25,735 

10 
M=85 kNm 

1898 290,00 496,67 95,714 -1,83E-08 0,0033665 -0,00027 -3,32E-13 496,67 95,714 

1568 42,00 -31,249 -0,96636 -1,77E-09 -0,001035 0,00018 -1,42E-13 -0,96636 -31,249 

1733 14,00 -27,286 -0,50781 -8,62E-10 -0,000906 0,00016 -6,89E-14 -0,50781 -27,286 
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- 1% reinforcement, M=0 kNm, V=var 
++++++++++++++++++++++++   1   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:908 
V=92,5 kN 
 
ELEM 

SX SY SXY EX EY EXY S_1 S_2 

83 -0.38524E-08 0.80977E-10 0.35592 -0.12895E-12 0.28382E-13 0.28473E-04 0.35592 -0.35592 

248 -0.19584E-08- 0.92866E-11 13.352 -0.65217E-13 0.12746E-13 0.10682E-03 13.352 -13.352 

413 -0.87400E-09- 0.22505E-11 17.067 -0.29118E-13 0.57516E-14 0.13653E-03 17.067 -17.067 

578 0.21292E-09 0.16992E-12 19.576 0.70963E-14- 0.14138E-14 0.15661E-03 19.576 -19.576 

743 0.13026E-08 0.55083E-11 20.879 0.43382E-13- 0.85002E-14 0.16703E-03 20.879 -20.879 

908 0.23948E-08 0.13699E-10 20.976 0.79734E-13- 0.15508E-13 0.16781E-03 20.976 -20.976 

1073 0.34852E-08 0.80263E-11 19.867 0.11612E-12- 0.22967E-13 0.15893E-03 19.867 -19.867 

1238 0.45762E-08 0.49399E-11 17.552 0.15251E-12- 0.30344E-13 0.14041E-03 17.552 -17.552 

1403 0.56665E-08 0.35728E-11 14.030 0.18886E-12- 0.37658E-13 0.11224E-03 14.030 -14.030 

1568 0.67547E-08 0.18187E-11 0.93026 0.22515E-12- 0.44971E-13 0.74420E-04 0.93026 -0.93026 

1733 0.78405E-08 0.23404E-12 0.33689 0.26135E-12- 0.52262E-13 0.26951E-04 0.33689 -0.33689 

1898 -0.19167E-07 0.49255E-09 54.827 -0.96330E-13 0.21630E-13 0.65792E-04 54.827 -54.827 

 
++++++++++++++++++++++++   2   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:743 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.38203E-08 0.83407E-10 0.38798 -0.12790E-12 0.28249E-13 0.31039E-04 0.38798 -
0.38798 

248 -0.19121E-08 0.10327E-10 14.354 -0.63806E-13 0.13092E-13 0.11483E-03 14.354 -14.354 

413 -0.78871E-09 0.38813E-10 18.444 -0.26549E-13 0.65518E-14 0.14755E-03 18.444 -18.444 

578 0.23611E-09 0.82091E-10 22.494 0.73230E-14 0.11623E-14 0.17995E-03 22.494 -22.494 

743 0.23113E-08 0.86963E-10 25.428 0.76462E-13- 0.12510E-13 0.20342E-03 25.428 -25.428 

1073 0.45991E-08 0.86214E-10 24.428 0.15273E-12- 0.27787E-13 0.19543E-03 24.428 -24.428 

1238 0.45709E-08 0.87373E-10 20.497 0.15178E-12- 0.27560E-13 0.16397E-03 20.497 -20.497 

1403 0.57289E-08 0.42377E-10 15.431 0.19068E-12- 0.36780E-13 0.12345E-03 15.431 -15.431 

1568 0.67615E-08 0.16871E-10 10.271 0.22527E-12- 0.44514E-13 0.82170E-04 10.271 -10.271 

1733 0.78257E-08 0.36418E-11 0.37749 0.26083E-12- 0.52050E-13 0.30199E-04 0.37749 -
0.37749 

1898 -0.18872E-07 0.54694E-09 59.106 -0.94906E-13 0.21607E-13 0.70928E-04 59.106 -59.106 

 
++++++++++++++++++++++++   3   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1073 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.39234E-08 0.90856E-10 0.46168 -0.13139E-12 0.29184E-13 0.36935E-04 0.46168 -
0.46168 

248 -0.18814E-08 0.71015E-10 16.557 -0.63187E-13 0.14910E-13 0.13245E-03 16.557 -16.557 

413 -0.73982E-09 0.16885E-09 22.672 -0.25786E-13 0.10560E-13 0.18137E-03 22.672 -22.672 

578 0.13480E-08 0.24457E-09 28.767 0.43304E-13- 0.83447E-15 0.23013E-03 28.767 -28.767 

1073 0.51906E-08 0.24245E-09 29.057 0.17141E-12- 0.26523E-13 0.23246E-03 29.057 -29.057 

1238 0.47741E-08 0.19061E-09 23.148 0.15787E-12- 0.25474E-13 0.18519E-03 23.148 -23.148 

1403 0.58985E-08 0.91433E-10 17.212 0.19601E-12- 0.36275E-13 0.13769E-03 17.212 -17.212 

1568 0.69214E-08 0.37514E-10 11.475 0.23046E-12- 0.44892E-13 0.91797E-04 11.475 -11.475 

1733 0.79755E-08 0.81654E-11 0.42834 0.26579E-12- 0.52898E-13 0.34267E-04 0.42834 -
0.42834 

1898 -0.19173E-07 0.70494E-09 68.961 -0.96572E-13 0.22698E-13 0.82753E-04 68.961 -68.961 
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++++++++++++++++++++++++   4   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:578 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.38784E-08 0.10126E-09 0.52870 -0.12996E-12 0.29231E-13 0.42296E-04 0.52870 -
0.52870 

248 -0.16959E-08 0.15481E-09 18.612 -0.57562E-13 0.16466E-13 0.14889E-03 18.612 -18.612 

413 -0.48749E-09 0.33275E-09 25.732 -0.18468E-13 0.14341E-13 0.20586E-03 25.732 -25.732 

578 0.22412E-08 0.50278E-09 33.128 0.71354E-13 0.18183E-14 0.26503E-03 33.128 -33.128 

1238 0.78018E-08 0.54376E-09 31.123 0.25644E-12- 0.33887E-13 0.24898E-03 31.123 -31.123 

1403 0.61817E-08 0.37793E-09 22.770 0.20354E-12- 0.28614E-13 0.18216E-03 22.770 -22.770 

1568 0.72373E-08 0.15109E-09 14.413 0.24024E-12- 0.43212E-13 0.11530E-03 14.413 -14.413 

1733 0.80774E-08 0.33119E-10 0.56063 0.26902E-12- 0.52745E-13 0.44851E-04 0.56063 -
0.56063 

1898 -0.18403E-07 0.93024E-09 78.024 -0.92946E-13 0.23054E-13 0.93629E-04 78.024 -78.024 

 
++++++++++++++++++++++++   5   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1238 
V=92,5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.38298E-08 0.11485E-09 0.72359 -0.12842E-12 0.29360E-13 0.57887E-04 0.72359 -
0.72359 

248 -0.15240E-08 0.26540E-09 25.553 -0.52569E-13 0.19007E-13 0.20443E-03 25.553 -25.553 

413 0.71855E-09 0.44905E-09 35.533 0.20958E-13 0.10178E-13 0.28426E-03 35.533 -35.533 

1238 0.81878E-08 0.63848E-09 36.022 0.26867E-12- 0.33303E-13 0.28818E-03 36.022 -36.022 

1403 0.63260E-08 0.43838E-09 26.161 0.20794E-12- 0.27560E-13 0.20929E-03 26.161 -26.161 

1568 0.73484E-08 0.17656E-09 16.610 0.24377E-12- 0.43104E-13 0.13288E-03 16.610 -16.610 

1733 0.81430E-08 0.38799E-10 0.65384 0.27118E-12- 0.52994E-13 0.52307E-04 0.65384 -
0.65384 

1898 -0.17414E-07 0.12261E-08 10.245 -0.88295E-13 0.23544E-13 0.12293E-03 10.245 -10.245 

 
 
++++++++++++++++++++++++   6   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:413 
V=92,5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.38567E-08 0.13722E-09 0.84243 -0.12947E-12 0.30285E-13 0.67394E-04 0.84243 -
0.84243 

248 -0.12183E-08 0.44304E-09 29.376 -0.43565E-13 0.22890E-13 0.23501E-03 29.376 -29.376 

413 0.17572E-08 0.73315E-09 40.940 0.53685E-13 0.12724E-13 0.32752E-03 40.940 -40.940 

1403 0.11675E-07 0.10291E-08 38.128 0.38232E-12- 0.43533E-13 0.30502E-03 38.128 -38.128 

1568 0.81423E-08 0.59479E-09 25.095 0.26744E-12- 0.34455E-13 0.20076E-03 25.095 -25.095 

1733 0.87446E-08 0.12562E-09 0.97393 0.29065E-12- 0.54110E-13 0.77915E-04 0.97393 -
0.97393 

1898 -0.16287E-07 0.17107E-08 11.828 -0.83145E-13 0.24840E-13 0.14194E-03 11.828 -11.828 
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++++++++++++++++++++++++   7   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1403 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.37273E-08 0.15802E-09 13.319 -0.12530E-12 0.30116E-13 0.10655E-03 13.319 -13.319 

248 -0.23817E-09 0.49820E-09 44.005 -0.11260E-13 0.18195E-13 0.35204E-03 44.005 -44.005 

1403 0.11979E-07 0.10894E-08 44.636 0.39202E-12- 0.43543E-13 0.35709E-03 44.636 -44.636 

1568 0.82627E-08 0.62719E-09 29.468 0.27124E-12- 0.34179E-13 0.23574E-03 29.468 -29.468 

1733 0.88181E-08 0.13272E-09 11.520 0.29305E-12- 0.54363E-13 0.92162E-04 11.520 -11.520 

1898 -0.14918E-07 0.21397E-08 18.959 -0.76729E-13 0.25617E-13 0.22751E-03 18.959 -18.959 

 
++++++++++++++++++++++++   8   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:248 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.37699E-08 0.21355E-09 15.860 -0.12709E-12 0.32251E-13 0.12688E-03 15.860 -15.860 

248 0.11502E-08 0.84513E-09 51.956 0.32706E-13 0.20503E-13 0.41565E-03 51.956 -51.956 

1568 0.17238E-07 0.14245E-08 48.894 0.56510E-12- 0.67434E-13 0.39116E-03 48.894 -48.894 

1733 0.10233E-07 0.53550E-09 21.927 0.33752E-12- 0.50368E-13 0.17542E-03 21.927 -21.927 

1898 -0.12614E-07 0.33268E-08 22.462 -0.66398E-13 0.29248E-13 0.26955E-03 22.462 -22.462 

 
 
++++++++++++++++++++++++   9   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1568 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.34927E-08 0.22848E-09 32.429 -0.11795E-12 0.30901E-13 0.25943E-03 32.429 -32.429 

1568 0.17455E-07 0.14591E-08 59.530 0.57210E-12- 0.67728E-13 0.47624E-03 59.530 -59.530 

1733 0.10283E-07 0.54693E-09 26.797 0.33911E-12- 0.50321E-13 0.21437E-03 26.797 -26.797 

1898 -0.74375E-08 0.32921E-08 38.328 -0.40480E-13 0.23898E-13 0.45994E-03 38.328 -38.328 

 
++++++++++++++++++++++++   10   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1733 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.36261E-08 0.40330E-09 41.644 -0.12356E-12 0.37617E-13 0.33315E-03 41.644 -41.644 

1733 0.26230E-07 0.54016E-09 63.773 0.87075E-12- 0.15686E-12 0.51019E-03 63.773 -63.773 

1898 0.69756E-08 0.62417E-08 49.087 0.28636E-13 0.24233E-13 0.58905E-03 49.087 -49.087 

 
++++++++++++++++++++++++   11   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:83 
V=92,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

83 -0.20321E-06 0.37447E-07 67.698 -0.70231E-11 0.26029E-11 0.54159E-03 67.698 -67.698 

1898 0.20450E-05 0.65096E-06 79.512 0.95739E-11 0.12098E-11 0.95414E-03 79.512 -79.512 
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- 1% reinforcement, M=15 kNm, V=var 
83   - 
248  - 
413  - 
578  - 
743  - 
 
++++++++++++++++++++++++   6   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:908 
V=17,5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

908 17.951 0.73312 0.76290 0.54950E-04 0.12470E-04 0.61032E-04 21.936 0.33462 

-1073 0.48253 0.53519 0.61427 -0.19652E-04 0.21056E-04 0.49142E-04 0.82399 -0.77134 

1.238 -14.534 0.32200 0.48354 -0.50595E-04 0.20423E-04 0.38683E-04 0.44515 -15.766 

1403 -24.187 0.17718 0.37745 -0.81805E-04 0.22031E-04 0.30196E-04 0.23095 -24.725 

1568 -33.499 0.75649E-01 0.25274 -0.11217E-03 0.24854E-04 0.20219E-04 0.94195E-01 -33.684 

1733 -43.356 0.16190E-01 0.95280E -01-0.14463E-03 0.29443E-04 0.76224E-05 0.18275E-01 -43.376 

1898 86.927 13.569 47.428 0.42107E-03 -0.19081E-04 0.56914E-04 87.233 13.264 

 
++++++++++++++++++++++++   7   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1073 
V=32,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1.073 0.51325 0.59359 16.045 0.13151E-04 0.16365E-04 0.12836E-03 21.584 -10.516 

1238 -12.925 0.40952 12.229 -0.45815E-04 0.22268E-04 0.97832E-04 10.484 -19.314 

1.403 -22.936 0.22452 0.88649 -0.77949E-04 0.22774E-04 0.70919E-04 0.50530 -25.743 

1568 -32.906 0.96073E-01 0.59739 -0.11033E-03 0.25140E-04 0.47791E-04 0.19836 -33.929 

1733 -43.232 0.20843E-01 0.23051 -0.14424E-03 0.29516E-04 0.18441E-04 0.33040E-01 -43.354 

1898 90.675 14.186 11.024 0.43919E-03 -0.19744E-04 0.13228E-03 92.232 12.629 

 
++++++++++++++++++++++++   8   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1238 
V=42,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1238 -10.769 0.36778 23.429 -0.38350E-04 0.19439E-04 0.18744E-03 20.972 -28.064 

1.403 -22.154 0.22505 16.870 -0.75346E-04 0.22271E-04 0.13496E-03 10.869 -30.772 

1.568 -32.417 0.98941E-01 10.769 -0.10872E-03 0.24909E-04 0.86155E-04 0.41602 -35.588 

1.733 -42.938 0.21744E-01 0.43220 -0.14327E-03 0.29350E-04 0.34576E-04 0.64603E-01 -43.367 

1.898 91.873 14.380 17.811 0.44498E-03 -0.19973E-04 0.21373E-03 95.770 10.482 

 
 
++++++++++++++++++++++++   9   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1403 
V=47,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1403 -30.405 0.72286E-01 29.347 -0.10183E-03 0.22680E-04 0.23477E-03 18.377 -48.059 

1568 -33.152 0.16469E-01 19.443 -0.11062E-03 0.22651E-04 0.15554E-03 0.91096 -42.097 

1733 -43.427 0.53316E-02 0.76649 -0.14479E-03 0.29129E-04 0.61319E-04 0.13650 -44.738 

1898 90.774 14.202 24.533 0.43967E-03 -0.19766E-04 0.29440E-03 97.960 70.158 
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++++++++++++++++++++++++   10   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1568 
V=52.5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1568 -56.979 -0.23830 37.532 -0.18834E-03 0.30043E-04 0.30026E-03 16.729 -76.091 

1733 -46.534 -0.11021 16.923 -0.15438E-03 0.27349E-04 0.13538E-03 0.45084 -52.145 

1898 87.829 13.726 33.855 0.42542E-03 -0.19199E-04 0.40625E-03 100.97 0.58843 

 
++++++++++++++++++++++++   11   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1733 
V=52.5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1.733 -98.396 -0.11678 41.550 -0.32721E-03 0.61705E-04 0.33240E-03 14.169 -11.373 

1.898 83.488 13.018 44.804 0.40442E-03 -0.18397E-04 0.53764E-03 105.25 -87.459 

 
 

- 1% reinforcement, M=45 kNm, V=var 
83   - 
248  - 
413  - 
578  - 
743  - 
908  - 
1073 - 
++++++++++++++++++++++++   8   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1238 
V=37,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1238 -32.308 11.034 20.673 -0.11505E-03 0.58317E-04 0.16538E-03 19.313 -40.588 

1403 -66.461 0.67515 14.886 -0.22604E-03 0.66812E-04 0.11908E-03 0.96623 -69.371 

1568 -97.252 0.29682 0.95024 -0.32615E-03 0.74728E-04 0.76019E-04 0.38613 -98.145 

1733 -12.881 0.65233E-01 0.38135 -0.42982E-03 0.88051E-04 0.30508E-04 0.76456E-01 -12.893 

1898 275.62 43.140 15.715 0.13350E-02 -0.59918E-04 0.18859E-03 276.68 42.082 

 
 
++++++++++++++++++++++++   9   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1403 
V=57,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1403 -91.215 0.21686 35.525 -0.30550E-03 0.68039E-04 0.28420E-03 14.147 -10.319 

1568 -99.457 0.49408E-01 23.536 -0.33185E-03 0.67952E-04 0.18829E-03 0.57590 -10.472 

1733 -13.028 0.15995E-01 0.92786 -0.43437E-03 0.87387E-04 0.74229E-04 0.81665E-01 -13.094 

1898 272.32 42.605 29.698 0.13190E-02 -0.59298E-04 0.35638E-03 276.10 38.828 

 
++++++++++++++++++++++++   10   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1568 
V=72,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1568 -17.094 -0.71489 51.830 -0.56502E-03 0.90128E-04 0.41464E-03 0.78747 -18.596 

1733 -13.960 -0.33062 23.369 -0.46314E-03 0.82048E-04 0.18695E-03 0.58930E-01 -14.350 

1898 263.49 41.178 46.752 0.12763E-02 -0.57598E-04 0.56102E-03 272.92 31.746 
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++++++++++++++++++++++++   11   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1733 
V=72,5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1733 -29.519 -0.35035 57.379 -0.98162E-03 0.18511E-03 0.45903E-03 0.73780 -30.607 

1898 250.46 39.055 61.872 0.12133E-02 -0.55190E-04 0.74246E-03 267.24 22.278 

 
 

- 2% reinforcement, M=15 kNm, V=var 
83   - 
248  - 
413  - 
578  - 
743  - 
 
++++++++++++++++++++++++   6   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:908 
V=17,5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

908 17.951 0.73312 0.76290 0.54950E-04 0.12470E-04 0.61032E-04 21.936 0.33462 

1073 -0.48253 0.53519 0.61427 -0.19652E-04 0.21056E-04 0.49142E-04 0.82399 -0.77134 

1238 -14.534 0.32200 0.48354 -0.50595E-04 0.20423E-04 0.38683E-04 0.44515 -15.766 

1403 -24.187 0.17718 0.37745 -0.81805E-04 0.22031E-04 0.30196E-04 0.23095 -24.725 

1568 -33.499 0.75649E-01 0.25274 -0.11217E-03 0.24854E-04 0.20219E-04 0.94195E-01 -33.684 

1733 -43.356 0.16190E-01 0.95280E-01 -0.14463E-03 0.29443E-04 0.76224E-05 0.18275E-01 -43.376 

1898 86.927 13.569 47.428 0.42107E-03 -0.19081E-04 0.56914E-04 87.233 13.264 

 
++++++++++++++++++++++++   7   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1073 
V=32,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1073 0.51325 0.59359 16.045 0.13151E-04 0.16365E-04 0.12836E-03 21.584 -10.516 

1238 -12.925 0.40952 12.229 -0.45815E-04 0.22268E-04 0.97832E-04 10.484 -19.314 

1403 -22.936 0.22452 0.88649 -0.77949E-04 0.22774E-04 0.70919E-04 0.50530 -25.743 

1568 -32.906 0.96073E-01 0.59739 -0.11033E-03 0.25140E-04 0.47791E-04 0.19836 -33.929 

1733 -43.232 0.20843E-01 0.23051 -0.14424E-03 0.29516E-04 0.18441E-04 0.33040E-01 -43.354 

1898 90.675 14.186 11.024 0.43919E-03 -0.19744E-04 0.13228E-03 92.232 12.629 

 
++++++++++++++++++++++++   8   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1238 
V=42,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1238 -10.769 0.36778 23.429 -0.38350E-04 0.19439E-04 0.18744E-03 20.972 -28.064 

1403 -22.154 0.22505 16.870 -0.75346E-04 0.22271E-04 0.13496E-03 10.869 -30.772 

1568 -32.417 0.98941E-01 10.769 -0.10872E-03 0.24909E-04 0.86155E-04 0.41602 -35.588 

1733 -42.938 0.21744E-01 0.43220 -0.14327E-03 0.29350E-04 0.34576E-04 0.64603E-01 -43.367 

1898 91.873 14.380 17.811 0.44498E-03 -0.19973E-04 0.21373E-03 95.770 10.482 
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++++++++++++++++++++++++   9   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1403 
V=47,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1403 -30.405 0.72286E-01 29.347 -0.10183E-03 0.22680E-04 0.23477E-03 18.377 -48.059 

1568 -33.152 0.16469E-01 19.443 -0.11062E-03 0.22651E-04 0.15554E-03 0.91096 -42.097 

1733 -43.427 0.53316E-02 0.76649 -0.14479E-03 0.29129E-04 0.61319E-04 0.13650 -44.738 

1898 90.774 14.202 24.533 0.43967E-03 -0.19766E-04 0.29440E-03 97.960 70.158 

 
++++++++++++++++++++++++   10   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1568 
V=52.5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1568 -56.979 -0.23830 37.532 -0.18834E-03 0.30043E-04 0.30026E-03 16.729 -76.091 

1733 -46.534 -0.11021 16.923 -0.15438E-03 0.27349E-04 0.13538E-03 0.45084 -52.145 

1898 87.829 13.726 33.855 0.42542E-03 -0.19199E-04 0.40625E-03 100.97 0.58843 

 
++++++++++++++++++++++++   11   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1733 
V=52.5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1733 -98.396 -0.11678 41.550 -0.32721E-03 0.61705E-04 0.33240E-03 14.169 -11.373 

1898 83.488 13.018 44.804 0.40442E-03 -0.18397E-04 0.53764E-03 105.25 -87.459 

 
 

- 2% reinforcement, M=45 kNm, V=var 
83   - 
248  - 
413  - 
578  - 
743  - 
908  - 
1073 – 
 
++++++++++++++++++++++++   7   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1073 
V= 40 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1073 -12.113 0.93294 18.959 -0.46596E-04 0.39173E-04 0.15167E-03 20.389 -23.173 

1238 -44.558 0.63053 14.408 -0.15273E-03 0.50723E-04 0.11527E-03 10.103 -48.356 

1403 -68.498 0.34853 10.410 -0.23065E-03 0.57283E-04 0.83277E-04 0.49604 -69.973 

1568 -91.936 0.14971 0.69956 -0.30745E-03 0.66281E-04 0.55965E-04 0.20179 -92.457 

1733 -11.606 0.32455E-01 0.26941 -0.38707E-03 0.78454E-04 0.21553E-04 0.38688E-01 -11.612 

1898 141.34 16.416 78.156 0.69029E-03 -0.59263E-04 0.93788E-04 141.83 15.929 

 
 
 
 
 
 
 
 
 
 



Interaction M-N-V in Reinforced Concrete  Appendix  G. FEM Analysis Data 
 

 

G-170 

++++++++++++++++++++++++   8   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1238 
V= 60 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1238 -54.567 0.38008 31.403 -0.18442E-03 0.49047E-04 0.25122E-03 17.487 -68.253 

1403 -68.700 0.21047 22.563 -0.23040E-03 0.52815E-04 0.18051E-03 0.86836 -75.279 

1568 -92.639 0.98913E-01 14.370 -0.30946E-03 0.65057E-04 0.11496E-03 0.31449 -94.795 

1733 -11.600 0.21756E-01 0.57580 -0.38683E-03 0.78061E-04 0.46064E-04 0.50214E-01 -11.629 

1898 140.81 16.347 14.314 0.68770E-03 -0.59074E-04 0.17177E-03 142.44 14.722 

 
++++++++++++++++++++++++   9   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1403 
V= 75 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1403 -10.723 -0.33222 43.451 -0.35522E-03 0.60413E-04 0.34761E-03 12.453 -12.301 

1568 -97.511 -0.23712 28.743 -0.32346E-03 0.57103E-04 0.22994E-03 0.56380 -10.552 

1733 -11.947 -0.46843E-01 11.316 -0.39791E-03 0.78083E-04 0.90527E-04 0.59806E-01 -12.053 

1898 137.54 15.934 21.756 0.67178E-03 -0.57872E-04 0.26108E-03 141.32 12.159 

 
++++++++++++++++++++++++   10   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1568 
V= 87,5 kN 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1568 -18.006 -10.478 57.765 -0.59322E-03 0.85115E-04 0.46212E-03 0.73293 -19.787 

1733 -13.146 -0.43234 26.025 -0.43531E-03 0.73227E-04 0.20820E-03 0.79783E-01 -13.658 

1898 132.16 15.251 31.168 0.64554E-03 -0.55904E-04 0.37402E-03 139.95 74.606 

 
++++++++++++++++++++++++   11   +++++++++++++++++++++++++++++++++++++++++++ 
ELEMENT FAIL:1733 
V= 87,5 kN 
 
ELEM SX SY SXY EX EY EXY S_1 S_2 

1733 -29.504 -0.43631 62.464 -0.98055E-03 0.18215E-03 0.49971E-03 0.84916 -30.789 

1898 125.17 14.333 40.216 0.61150E-03 -0.53502E-04 0.48259E-03 138.22 12.785 
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An example of the code that was used for the ansys calculation is provided in this section. This code was made in a 
code editor, thus the layout is distorted. 

- Model 
/BATCH   
/PREP7              
 !Begint de Preprocessor 
 
!Parameters 
 
HTOT=330 
DEK=30 
WAPD=20 
H1=HTOT-WAPD            
 !Hoogte van de balk 
L1=15*HTOT            
 !Lengte van de balk gerelateerd aan hoogte 
D1=200              !Dikte 
van het element 
E1=HTOT/11            
 !Lengte van een element 
DS=23.48485            
 !Fictieve dikte voor het staal 
HOEK=30             
 !Hoek van de doorsnede 
XPLUS=HTOT/TAN(HOEK) 
EMOD1=30000             
 !Parameter voor E-modulus beton 
PRATIO1=0.20            
 !Parameter voor Poisson Ratio beton 
 
EMODST=200000            
 !Parameters E-modulus staal 
STAALEF=EMODST 
PRATIOST=0.27            
 !Parameter voor Poisson Ratio staal (0.27 tot 0.3) 
ST_Y=500            
 !Vloeispanning Staal 
!PARAMETERS VOOR DE ELEMENTEN DIE MOETEN WORDEN BEHANDELD. 
!Eigenschappen elementen 
ET,1,PLANE42            
 !Eerste Element bepalen nr.1 is een plane42 
 
KEYOPT,1,3,3            
 !KEYOPT bepalen voor element 1. Planestress met dikte. 
R,1,D1,             
 !Eerste real constant bepalen. Nr.1 Dikte D1( nog niet nodig) 
R,2,DS,             
 !Eerste real constant bepalen. Nr.1 Dikte D1( nog niet nodig) 
 
!MATERIAAL EIGENSCHAPPEN  
MPTEMP,,,,,,,,            
 !Bepaald een temperatuur tabel (kan niet weg) 
MPTEMP,1,0 
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MPDATA,EX,1,,EMOD1            
 !Bepalen van de E-modulus 
MPDATA,PRXY,1,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,2,,25000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,2,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,3,,21000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,3,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,4,,17000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,4,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,5,,15000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,5,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,6,,12500           
 !Bepalen van de E-modulus 
MPDATA,PRXY,6,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,7,,10000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,7,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,8,,8000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,8,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,9,,5000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,9,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,10,,3000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,10,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
MPDATA,EX,11,,1000           
 !Bepalen van de E-modulus 
MPDATA,PRXY,11,,PRATIO1           
 !Bepalen van de Poisson Ratio 
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MPDATA,EX,20,,EMODST           
 !Bepalen van de E-modulus 
MPDATA,PRXY,20,,PRATIO1           
 !Bepalen van de Poisson Ratio 
 
*DIM,FMAX,ARRAY,11,1 
FMAX(1,1)=2.21 
FMAX(2,1)=2.0718 
FMAX(3,1)=1.93375 
FMAX(4,1)=1.761094 
FMAX(5,1)=1.6575 
FMAX(6,1)=1.506818 
FMAX(7,1)=1.326 
FMAX(8,1)=1.153043 
FMAX(9,1)=0.82875 
FMAX(10,1)=0.5525 
FMAX(11,1)=0.207188 
 
SOFTCOUNT=2 
 
STNUMBER=2            
 !Nummer voor bepalen later 
  
!AREA MAKEN 
RECTNG,0,L1,0,DEK,             
!Area maken vanuit coördinaten locale assenstelsel 
RECTNG,0,L1,DEK,DEK+WAPD,          
 !Area maken vanuit coördinaten locale assenstelsel 
RECTNG,0,L1,DEK+WAPD,HTOT,          
 !Area maken vanuit coördinaten locale assenstelsel 
 
!Meshing 
ESIZE,E1,0,             
 !Bepaald de Mesh grote 
MSHAPE,0,2D             
 !Bepaald de meshshape, 0= h quadrilateral-shaped, 2D=area mesh  
MSHKEY,1              
!Type mesh, 1=free , 2=mapped en 3=mapped als mogelijk 
 
AMESH,1             
 !AMESH, meshed de area naar Keuze, in dit geval area 1. 
AMESH,3 
AMESH,2 
 
NUMMRG,NODE, 
 
  NSEL, S, LOC, Y,DEK-E1/3, WAPD+DEK+E1/3, VINC, 1     
 !Selecteren nodes  
  ESLN, S, 1, ALL          
 !Selecteren elementen die tussen nodes zitten 
 
  EMODIF,ALL,MAT,20, 
 
  EMODIF,ALL,REAL,2, 
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!Oplegging 
NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1         
 !Selecteren node links x-coordinaten 
NSEL, R, LOC, Y, -E1/3, E1/3, VINC, 1         
 !Selecteren node links y-coordinaten 
D,ALL, , , , , , , ,UY, , ,  
 
NSEL, S, LOC, X,L1 -E1/3,L1+ E1/3, VINC, 1        
 !Selecteren node rechts x-coordinaten 
 
D,ALL, , , , , , ,UX,, , ,   
 
MODMSH, DETACH 
 
 
A1=9*HTOT             
 !Afstand van steunpunt tot puntlast 
 
!INVOER 
V1=2500           
 !Dwarskracht[N] 
M1=65000000            
 !Moment[Nmm]  
N1=000            
 !Normaalkracht[N]  
   
NSEL,ALL 
ESEL,ALL 
 
FDELE,ALL,ALL 
  
ZMIDDEN=166.6671832 
 
 
 
FV=V1  
 
MV=FV*3*HTOT 
  
FM=(M1-MV)/(HTOT-ZMIDDEN) 
 
AN1=4.667183              

!Arm bovenste drukkracht (altijd positief invullen) 
AN2=23.3328              

!Arm onderste drukkracht (altijd positief invullen) 
FN1=N1/(1+(AN1/AN2)) 
FN2=N1/(1+(AN2/AN1)) 
 
FMN1=FM/(1+(AN1/AN2)) 
FMN2=FM/(1+(AN2/AN1)) 
 
 
        !NODES SELECTEREN EN DWARSKRACHT AANBRENGEN 
       NSEL, S, LOC, X, A1-E1/3, A1+E1/3, VINC, 1 
        NSEL, R, LOC, Y, HTOT-E1/3, HTOT+E1/3, VINC, 1 
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        F,ALL,FY,-FV 
 
        !NODES SELECTEREN EN MOMENT AANBRENGEN 
        NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1 
        NSEL, R, LOC, Y, HTOT-E1/3, HTOT+E1/3, VINC, 1 
        F,ALL,FX,FM 
 
        !NODES SELECTEREN EN NORMAALKRACHT AANBRENGEN 
        NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1 
        NSEL, R, LOC, Y, 160, 165, VINC, 1 
        F,ALL,FX,FN1-FMN1 
 
        NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1 
        NSEL, R, LOC, Y, 188, 192, VINC, 1 
 
        F,ALL,FX,FN2-FMN2 
 
 
 
 
FINISH 
/SOLU 
 
ESEL,ALL 
NSEL,ALL 
 
Solve  
 
FINISH 
/POST1 
      ETABLE,UY,U,y 
  NSEL, S, LOC, X,3*HTOT-E1/3,3*HTOT+E1/3, VINC, 0 
  NSEL, R, LOC, Y,0,E1/3, VINC, 0 
FINISH 
/POST1 
  *GET, UELEM, NODE, 0, NUM, MAX 
 
         esort,etab,UY 
   *get, UDELTA_MAX,sort,,min 
 
LGRENS=3*HTOT 
RGRENS=LGRENS+E1+E1/3 
 
NSEL, S, LOC, X,LGRENS,RGRENS, VINC, 0 
ESLN, S, 1, ALL 
 
 
CM, SNEDE1, ELEM 
CMSEL, S, SNEDE1, 
 
 
!INVOER 
V1=2500             
 !Dwarskracht[N] (spaties moeten weg) 
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M1=65000000            
 !Moment[Nmm] (spaties moeten weg) 
N1=000            
 !Normaalkracht[N] (spaties moeten weg) 
 
FINISH 
ESEL,ALL 
/SOLU 
Solve 

- Solving 
 
FSTAP=2500 
    !HOOFDLOOP PER KRACHT BEGIN 
    *DO, p, 1, COUNTMAX, 1 
 
        !INVOER KRACHTEN EN OPLOSSING MAKEN 
        FINISH 
        /PREP7 
        NSEL,ALL 
        ESEL,ALL 
        FDELE,ALL,ALL 
 
 
        ZMIDDEN=166.6671832 
 
       
        FV=V1 
 
 MV=FV*3*HTOT 
  
 FM=((M1-MV))/(HTOT-ZMIDDEN) 
 
        AN1=4.667183 
        AN2=23.3328 
        FN1=N1/(1+(AN1/AN2)) 
        FN2=N1/(1+(AN2/AN1)) 
 
        FMN1=FM/(1+(AN1/AN2)) 
        FMN2=FM/(1+(AN2/AN1)) 
 
        !NODES SELECTEREN EN DWARSKRACHT AANBRENGEN 
        NSEL, S, LOC, X, A1-E1/3, A1+E1/3, VINC, 1 
        NSEL, R, LOC, Y, HTOT-E1/3, HTOT+E1/3, VINC, 1 
        F,ALL,FY,-FV 
 
        !NODES SELECTEREN EN MOMENT AANBRENGEN 
        NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1 
        NSEL, R, LOC, Y, HTOT-E1/3, HTOT+E1/3, VINC, 1 
        F,ALL,FX,FM 
 
        !NODES SELECTEREN EN NORMAALKRACHT AANBRENGEN 
        NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1 
        NSEL, R, LOC, Y, 160, 165, VINC, 1 
        F,ALL,FX,FN1-FMN1 
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        NSEL, S, LOC, X, -E1/3, E1/3, VINC, 1 
        NSEL, R, LOC, Y, 188, 192, VINC, 1 
 
        F,ALL,FX,FN2-FMN2 
 
 
        FINISH 
        NSEL,ALL 
        ESEL,ALL 
        /SOLU 
        Solve 
 
        !TABELLEN MET SPANNINGEN EN REKKEN 
        FINISH 
        /POST1 
        ETABLE,ERASE,ALL 
 
        ETABLE,UY,U,y 
 
        ETABLE,SX,S,X 
        ETABLE,SY,S,Y 
        ETABLE,SXY,S,XY 
        ETABLE,EX,EPEL,X 
        ETABLE,EY, EPEL,Y 
        ETABLE,EXY,EPEL,XY 
 
        SADD,H_1,SX,SY,0.5,0.5, , 
        SADD,H_2,SX,SY,0.5,-0.5,, 
        SEXP,H_3,H_2, ,2,1, 
        SEXP,H_4,SXY, ,2,1, 
        SADD,H_5,H_3,H_4,1,1,, 
        SEXP,H_6,H_5, ,0.5,1, 
 
        SADD,S_1,H_1, H_6,1,1, 
        SADD,S_2,H_1, H_6,1,-1, 
 
 
        SADD,EH_1,EX,EY,0.5,0.5, , 
        SADD,EH_2,EX,EY,0.5,-0.5, 
        SEXP,EH_3,EH_2, ,2,1, 
        SEXP,EH_4,EXY, ,2,1, 
        SADD,EH_5,EH_4,EH_3,1,1, , 
        SEXP,EH_6,EH_5, ,0.5,1, 
 
        SADD,E_1,EH_1, EH_6,1,1, 
        SADD,E_2,EH_1, EH_6,1,-1, 
  
 
 !BEZWIJKCRITERIUM VAN GEHEEL 
  ESEL,ALL 
  NSEL,ALL 
  NSEL,S,NODE,,UELEM,UELEM,VINC,1 
    esort,etab,UY 
   *get, UDELTA1,sort,,min 
  UDELTA=UDELTA1-UDELTA2 
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  F_U(p,1)=UDELTA1 
  F_U(p,2)=M1 
  F_U(p,3)=N1 
  F_U(p,4)=V1 
   
 *IF,UDELTA,LE,10*UDELTA_MAX,THEN 
  FAIL=DOORBUIGING 
  FAILCOUNT=p 
  *EXIT 
 *ENDIF 
 
        !YIELD CRITERIUM TABELLEN 
        FT_MAX=2.21 
        FC_MAX=-28 
 
        FT_FC= FT_MAX/FC_MAX 
 
 
        SMULT, C_1, S_1, ,1/FT_MAX, 
 
        SADD,H_7, S_2, ,-FT_FC,1, FT_MAX, 
        SEXP,C_2, S_1,H_7 ,1,-1, 
 
 
        SMULT, C_3, S_2, ,1/FC_MAX, 
 
 
        !CONTROLE WAARDES VOOR BEZWIJKEN BETONELEMENTEN 
 
 CMSEL, S, SNEDE1, 
        ESEL,U,MAT,,20 
        ESEL,U,MAT,,21 
 
 
        esort,etab,S_1  
        *get, S_1_MAX,sort,,max 
        *get, S_1_EL,sort,,imax 
 
        esort,etab,S_2 
        *get, S_2_MIN,sort,,min 
        *get, S_2_EL,sort,,imin 
 
 
 
 *IF, S_2_MIN,LE,-28,THEN 
         EINDE=1 
     NSEL,ALL 
            ESEL,ALL 
     *GET, MATNUMB, ELEM, S_2_EL, ATTR, MAT 
 
  MATNUMB=MATNUMB+1 
 
  *IF, MATNUMB,GE,9,THEN 
   *EXIT 
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  *ENDIF 
 
            FINISH 
            /PREP7 
     EMODIF,S_2_EL,MAT,MATNUMB, 
 
             !*get,F_MAX_SX,ELEM,S_2_EL,ETAB,SX 
             !*get,F_MAX_SY,ELEM,S_2_EL,ETAB,SY 
             !*get,F_MAX_SXY,ELEM,S_2_EL,ETAB,SXY 
             !*get,F_MAX_S1,ELEM,S_2_EL,ETAB,S_1 
             !*get,F_MAX_S2,ELEM,S_2_EL,ETAB,S_2 
             !*get,F_MAX_EX,ELEM,S_2_EL,ETAB,EX 
             !*get,F_MAX_EY,ELEM,S_2_EL,ETAB,EY 
             !*get,F_MAX_EXY,ELEM,S_2_EL,ETAB,EXY 
             !*get,F_MAX_E1,ELEM,S_2_EL,ETAB,E_1 
             !*get,F_MAX_E2,ELEM,S_2_EL,ETAB,E_2 
 
  !NLC(p,1)=S_2_EL 
  !NLC(p,2)=EINDE 
  !NLC(p,3)=M1 
  !NLC(p,4)=N1 
  !NLC(p,5)=V1 
  !NLC(p,6)=F_MAX_SX 
  !NLC(p,7)=F_MAX_SY 
  !NLC(p,8)=F_MAX_SXY 
  !NLC(p,9)=F_MAX_S_1 
  !NLC(p,10)=F_MAX_S_2 
  !NLC(p,11)=F_MAX_EX 
  !NLC(p,12)=F_MAX_EY 
  !NLC(p,13)=F_MAX_EXY 
  !NLC(p,14)=F_MAX_E_1 
  !NLC(p,15)=F_MAX_E_2 
 
  *ELSEIF,S_1_MAX,GE,2.21, 
     EINDE=2 
            NSEL,ALL 
            ESEL,ALL 
 
             !*get,F_MAX_SX,ELEM,S_1_EL,ETAB,SX 
             !*get,F_MAX_SY,ELEM,S_1_EL,ETAB,SY 
             !*get,F_MAX_SXY,ELEM,S_1_EL,ETAB,SXY 
             !*get,F_MAX_S1,ELEM,S_1_EL,ETAB,S_1 
             !*get,F_MAX_S2,ELEM,S_1_EL,ETAB,S_2 
             !*get,F_MAX_EX,ELEM,S_1_EL,ETAB,EX 
             !*get,F_MAX_EY,ELEM,S_1_EL,ETAB,EY 
             !*get,F_MAX_EXY,ELEM,S_1_EL,ETAB,EXY 
             !*get,F_MAX_E1,ELEM,S_1_EL,ETAB,E_1 
             !*get,F_MAX_E2,ELEM,S_1_EL,ETAB,E_2 
 
  !NLC(p,1)=S_1_EL 
  !NLC(p,2)=EINDE 
  !NLC(p,3)=M1 
  !NLC(p,4)=N1 
  !NLC(p,5)=V1 
  !NLC(p,6)=F_MAX_SX 
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  !NLC(p,7)=F_MAX_SY 
  !NLC(p,8)=F_MAX_SXY 
  !NLC(p,9)=F_MAX_S_1 
  !NLC(p,10)=F_MAX_S_2 
  !NLC(p,11)=F_MAX_EX 
  !NLC(p,12)=F_MAX_EY 
  !NLC(p,13)=F_MAX_EXY 
  !NLC(p,14)=F_MAX_E_1 
  !NLC(p,15)=F_MAX_E_2 
            FINISH 
            /prep7 
 
  *GET, COORDX,ELEM,S_1_EL,CENT, X, 
 
  LGRENS=COORDX-E1 
   RGRENS=COORDX+2*E1 
  RGRENSMAX=5*HTOT 
  *IF, RGRENS,GE,RGRENSMAX,THEN 
   RGRENS=RGRENSMAX 
    *ENDIF 
  *GET, COORDY,ELEM,S_1_EL,CENT, Y, 
  OGRENS=COORDY-E1  
   
   *IF, OGRENS,LE,0,THEN  
    OGRENS=0 
     *ENDIF 
    NSEL, S, LOC, X, LGRENS, RGRENS, VINC, 1 
           NSEL, R, LOC, Y, OGRENS, BGRENS, VINC, 1 
    ESLN, S, 1, ALL 
 
    CM, SNEDE1, ELEM 
    CMSEL, S, SNEDE1, 
  esel,all 
 
             EDELE,S_1_EL 
  *EXIT 
 
        *ENDIF 
 
 
 
        !WAPENING 
 NSEL, S, LOC, X, 3*HTOT, 3*HTOT+2*E1, VINC, 1 
 
 ESLN, S, 1, ALL 
        ESEL,U,MAT,,1 
        ESEL,U,MAT,,2 
        ESEL,U,MAT,,3 
        ESEL,U,MAT,,4 
        ESEL,U,MAT,,5 
        ESEL,U,MAT,,6 
        ESEL,U,MAT,,7 
        ESEL,U,MAT,,8 
 
            FINISH 
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            /POST1 
 
        esort,etab,SX 
        *get, ST_SX_MAX,sort,,max 
 *get, ST_SX_MIN,sort,,min 
 
        *IF,ST_SX_MAX,GE, ST_Y,THEN 
 
            STAALEF=STAALEF*(ST_Y/(1.1*ST_SX_MAX)) 
 
            FINISH 
            /PREP7 
 
            MPTEMP,,,,,,,, 
            MPTEMP,1,0 
            MPDE,EX, 21 
            MPDE,PRXY, 21 
            MPDATA,EX,21,,STAALEF 
            MPDATA,PRXY,21,,PRATIOST 
            NLEINDE=1 
 
           EMODIF,ALL,MAT,21, 
 
        *ELSEIF,ST_SX_MIN,LE,-ST_Y, 
 
            STAALEF=STAALEF*((-ST_Y)/(1.1*ST_SX_MIN)) 
 
            FINISH 
            /PREP7 
 
            MPTEMP,,,,,,,, 
            MPTEMP,1,0 
            MPDE,EX, 21 
            MPDE,PRXY, 21 
            MPDATA,EX,21,,STAALEF 
            MPDATA,PRXY,21,,PRATIOST 
            NLEINDE=1 
            EMODIF,ALL,MAT,21, 
        *ENDIF 
 
 F_U(p,5)=NLEINDE 
 F_U(p,6)=ST_SX_MAX 
 F_U(p,7)=ST_SX_MIN 
 F_U(p,8)=STAALEF 
 
        !EINDE BEREKENINGEN EN HERSTEL VARIABELEN 
        *IF, EINDE,GT,0,THEN 
            EINDE=0 
        *ELSEIF, NLEINDE, GT,0,THEN 
            NLEINDE=0 
        *ELSE 
            V1=V1+FSTAP 
     UDELTA2=UDELTA1 
        *ENDIF 
    *ENDDO 


