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 Abstract 
 

The goal of this study was to investigate the suitability of temperature gradients induced by an infrared laser 

beam for controlling the morphology and break-up of a thin liquid film that is deposited on a solid substrate.  

We first measured the intensity profile of the infrared laser beam with a scanning slit, at different positions 

along the propagation direction of the beam. Deviations from a Gaussian intensity profile were attributed to 

the spherical aberration of the optical system.  

The absorption of the laser power by the substrate results in a non-uniform temperature distribution. We 

developed an axisymmetric numerical model to obtain this time dependent temperature profile. The results 

from this model were compared to the results from an analytical model, based on the method of Green’s 

functions. We systematically studied the effects of the laser power and the beam diameter on the 

temperature profile. Both models were also extended to the case where the substrate is moving relative to the 

laser beam. The heat transfer model for a stationary substrate was experimentally verified with thermocouple 

measurements.  

A thin film of a non-volatile liquid was spin coated on the solid substrate. The non-uniform temperature 

distribution of the substrate results in a deformation of the thin film due to thermocapillary stress. We 

systematically measured the deformation of the thin film using dual-wavelength interferometry. We 

developed a numerical model for the deformation, based on the lubrication approximation. We studied the 

effect of the initial film thickness and the laser power in the case of a stationary substrate and additionally the 

effect of the substrate speed in the case of a moving substrate. We achieved good agreement between the 

measurements and numerical simulations, once the temperature dependence of the viscosity was taken into 

account.  

In the case of a partially wetting substrate the thin film becomes unstable, ruptures and dewets the substrate. 

We measured the time at which film rupture occurs as a function of the laser power and achieved good 

agreement with numerical simulations. The numerical model used a phenomenological expression for the 

disjoining pressure.  
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1. Introduction 

 

1.1 Technological context  

At the moment, ASML is the largest supplier of photolithography machines in the world. These machines are 

used in the production of integrated circuits. They use very low wavelength light to transfer the pattern from a 

mask to a silicon wafer covered with photoresist. Immersion lithography is a technique to decrease the size of 

the smallest features that can be produced. In immersion lithography, the gap between the final lens of the 

imaging optics and the photoresist-covered wafer is filled with a liquid (usually purified water) that has a 

refractive index larger than 1. The presence of the liquid increases the effective numerical aperture of the 

imaging optics. This increases the lithographic resolution. The wafer is scanned underneath the optical system. 

To maximize the throughput of the lithography machine, the scanning speed should be as high as possible. 

However, at high speeds loss of the liquid confined between the wafer and the optical system occurs and a 

thin liquid film is deposited on the wafer. This thin film breaks up, which leads to droplets on the wafer. Upon 

evaporation, these droplets can cause temperature gradients. When the droplets collide with the volume of 

liquid confined between the wafer and the optical system in a second pass over the same region on the wafer, 

gas bubbles can be formed
[1]

. Therefore it is desirable to control the morphology and break-up of the thin 

liquid film, for instance by using a gas jet
[2]

. In this study, the suitability of temperature gradients induced by a 

laser beam will be investigated for this purpose.  

 

1.2 Surface tension and thermocapillary flow 

Figure 1 shows the flow at the interface between a liquid film and the surrounding air. When the typical length 

scale L of this flow is large, body forces dominate over surface forces. When L decreases, surface forces can be 

the dominant mechanism that drives the fluid flow.  Intermolecular interactions cause a surface tension that 

acts at the liquid-air interface
[3]

.  

The magnitude of this surface tension decreases with increasing temperature. Consider now the case in which 

the temperature of the liquid-air interface is non-uniform, as schematically indicated in Figure 1. The 

temperature is highest in the middle and decreases towards the sides. This gradient in temperature causes a 

gradient in surface tension along the interface. A gradient in surface tension always induces a flow since a 

shear stress is acting at the interface. This shear stress causes the liquid to move in the direction of increasing 

surface tension, i.e. in the direction of decreasing temperature. This type of flow is called thermocapillary flow 

and is a type of Marangoni flow
[4]

, i.e. driven by a gradient in surface tension. Such gradients can also be 

induced by using for instance surfactants (surface active agents) which lower the surface tension depending on 

their concentration.  

In this thesis, the laser induced thermocapillary deformation of a thin film of a non-volatile liquid on a 

substrate will be studied. By laser heating of the solid substrate, a non-uniform temperature profile will be 

induced at the liquid-air interface. It will be shown that the temperature profile at the liquid-air interface is 

essentially equal to the profile at the solid-liquid interface, in the case that the liquid does not strongly absorb 

the laser power.   

 

 
Figure 1: Liquid-air interface with a non-uniform temperature distribution. 
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1.3 Literature review on thermocapillary flow 

In 1939, Hershey observed the thermocapillary deformation of a thin film of water on a glass plate
[5]

. He 

touched the back side of the plate with a glass rod which had been cooled in liquid air and observed a hump in 

the liquid layer at the place of contact.  

Bezuglyi et al. heated an ethyl alcohol layer with a thickness of 1.4 mm with a laser beam with a power of 8 

mW and a beam radius of 1.5 mm
[6]

. The liquid layer displayed a dip at the location of the laser beam. The 

measured profile of this dip agreed well with the results of a numerical model, in which the temperature 

profile was assumed to have a Gaussian distribution.  With the numerical model, it was found that the depth of 

the dip increased with the power of the laser beam.  

Da Costa and Calatroni studied the deformation of a layer of light absorbing liquid (heavy hydrocarbon oil) that 

was irradiated by a He-Ne laser beam
[7]

. The laser beam was used as a heating source but also to measure the 

profile of the deformation. This was done by studying the far-field interference pattern of the part of the laser 

beam that was reflected at the deformed liquid-air interface of the liquid film. The shape of the deformation 

agreed well with the results from a numerical simulation
[8]

. In this simulation the temperature profile of the 

liquid was solved time-dependent (assuming a Gaussian laser beam and neglecting convection of heat in the 

liquid). The deformation of the liquid film was calculated at different times, using the transient temperature 

profile.  

Longtin et al. studied the thermocapillary flow that results when a high-power, short-pulsed laser beam is 

incident on the surface of an absorbing liquid, with experiments and numerical simulations
[9]

. The liquid film 

consisted of ethanol with an absorbing dye and a layer thickness of 1.2 cm. A XeCl excimer laser with a pulse 

duration of 25 ns and a beam radius of 0.75 mm was incident on the layer. The radius of the heated region was 

visualized with a color changing dye. This radius increased in time due to conduction (the liquid conducts heat 

away from the location of the laser beam) and due to convection (induced by the thermocapillary flow at the 

surface). In their numerical model, height differences at the surface were neglected compared to the initial 

film thickness. They solved the full Navier-Stokes equations, also taking into account a buoyancy term. They 

achieved good agreement between experiments and numerical simulations and concluded that heat 

conduction in the liquid and buoyancy effects could be neglected.  

Hitt and Smith developed a model to describe the thermocapillary deformation of a thin liquid film on an 

isothermal substrate driven by the radiation of an external heater
[10]

. The absorption depth of the radiation in 

the thin film was assumed much smaller than the thickness of the thin film. In their model, the temperature 

profile at the surface of the thin film was actually dependent on the thin film profile itself. They included the 

hydrostatic pressure in the thin film, but not the capillary pressure. They calculated the thin film profile at 

different times and concluded that their model gave more realistic results than models in which the surface 

temperature or heat flux at the surface was fixed (i.e. independent of the thin film profile). 

Garnier et al. used temperature gradients to drive the spreading of a liquid film over a horizontal substrate
[11]

. 

A light beam, which was modulated in space and time by using a Digital Micromirror Device, was incident on 

the substrate. The substrate absorbed the light beam and by modulating the beam, temperature gradients 

could be applied to the substrate. A primary intensity profile drove the flow of a thin liquid film over the 

substrate. However, in this case an instability of the contact line in the direction transverse to the propagation 

direction occurred, which caused the formation of fingers.  A second spatially modulated intensity profile was 

used to impose a certain wavelength of this instability. The growth rate of the instability was studied as a 

function of the wavelength. The second intensity profile could also be used to stabilize the contact line, by 

using a feedback control loop.  

Temperature gradients can thus be used to control the flow of liquid over a substrate. This plays an important 

role in lab-on-a-chip devices. In such a device, the goal is to control the trajectory of a very small volume of 

liquid so that for instance two volumes can be mixed. Darhuber et al. developed a digital nanoliter dispensing 

system that can be used in a lab-on-a-chip device
[12]

. The liquid (PDMS) flowed from a supply cell over a 

wetting stripe. Multiple microheaters were embedded in the substrate underneath this stripe. By activating a 

microheater, the temperature of the substrate at the position of the heater increased.  
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The amount of liquid on the stripe could be controlled by activating a certain heater. This amount could then 

be divided into separate volumes by activating other microheaters. Darhuber et al. studied the splitting of a 

liquid filament due to a non-uniform temperature distribution in a separate study
[13]

.  

Thermocapillary flows are also encountered in the industrial application called heat-assisted magnetic 

recording (HAMR). This is a method to increase the areal density of magnetic hard drives. A laser is used to 

increase the temperature of very small magnetic particles to above the Curie temperature. In this state, data 

can be written to the particles with a magnetic field. A very thin layer (in the order of a few nm) of lubricant 

liquid is coated onto the hard drive. However, this thin film is strongly depleted by thermocapillary stress and 

evaporation caused by the laser heating of the hard drive. Wu numerically studied the lubricant depletion 

process
[14]

. First the temperature profile of a substrate that is heated by a moving laser was solved. It was 

assumed that the heat from the laser is absorbed in the top surface of the substrate. Next this temperature 

profile was used to solve the deformation of the thin liquid film. Evaporation, temperature dependent surface 

tension and viscosity and intermolecular van der Waals forces were taken into account. It was found that 

evaporation is the dominant mechanism in the depletion of the lubricant. Tagawa and Tani studied the 

depletion process experimentally and found that the depletion also strongly depends on the initial film 

thickness
[15]

.  

Another industrial application where thermocapillary flows are encountered is laser micromachining for the 

fabrication of microelectronic devices. In this application, a pulsed laser interacts with a thin metal film. Part of 

the metal will melt and form a melt pool. In this melt pool, thermocapillary gradients drive the flow of the 

molten metal. Willis and Xu studied this process both experimentally and numerically
[16]

. A thin chromium film 

with a thickness of 0.3 μm was deposited on a glass substrate and deformed by a pulsed Nd:YLF laser. The 

laser beam had a radius of 9.5 μm and a pulse width of 40 ns. The melting and fluid flow processes were 

recorded during the measurement with a stop action photography technique. It was found that the melt pool 

keeps deforming well after the laser pulse ended. The size of the melt pool and the characteristic time of the 

process agreed well with the results from their numerical model.  

Wunenburger et al. deformed a liquid-liquid interface using the radiation pressure of a laser beam
[17]

. This 

effect is usually negligibly small compared to surface tension effects. They used a water-in-oil emulsion where 

the water formed surfactant coated droplets, called micelles, in the oil. Above the critical temperature, the 

mixture consisted of two phases with different micellar concentrations. When approaching the critical point, 

the surface tension decreased. At 1 K from the critical point, they reported a surface tension of 10
-7 

N/m. This 

means that near the critical point, surface tension effects can be neglected. A radiation pressure was exerted 

on the interface between the two phases with a laser beam. It was found that the surface deforms towards the 

phase with the lowest refractive index, independent of the propagation direction of the laser beam.  

The goal of this study is to provide a systematic investigation on the deformation of a thin liquid film on a 

wetting substrate that is either stationary or moving relative to a laser beam.  We will also study the break-up 

of a thin liquid film on a partially wetting substrate. 

 

1.4 Outline of the thesis 

In this study we investigate the suitability of temperature gradients induced by a laser beam to control the 

morphology and break-up of thin liquid films. In chapter 2 the intensity profile of the laser beam that is used in 

this study will be measured experimentally. Chapter 3 focuses on the laser induced temperature gradients in a 

solid substrate. A numerical model and an analytical model (based on the method of Green’s functions) are 

developed to study the temperature gradients of substrates that are stationary or moving relative to the laser 

beam. The effect of these temperature gradients on a thin liquid film is studied in chapter 4, by means of 

experiments and a numerical model (based on the lubrication approximation). Chapter 5 focuses on the break-

up of thin liquid films. Conclusions and a summary of the results are given in chapter 6. Applying a 

temperature gradient to deform a thin film might seem contradictory in the case of immersion lithography 

(where temperature gradients are undesirable). However, technological applications and ideas for further 

research are given in chapter 7.   
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2. Characterization of the laser beam 
 

This study focuses on the laser induced thermocapillary deformation of thin liquid films. Temperature 

gradients will be applied to thin liquid films by laser heating of the substrate onto which the thin film is coated. 

In order to model the deformation of the liquid films, it is therefore necessary to characterize the laser beam 

that is used to heat the substrate. In this section, the optical system that shapes the laser beam will be 

described. The characteristics of the resulting laser beam, such as its diameter and its intensity profile will be 

measured with a narrow translating slit. The experimental results will be compared to Zemax ray tracing 

simulations, which were used to design the optical system. 

 

2.1 Optical system for focusing laser beam 

Figure 2 shows a schematic representation of the optical system that is used for focusing the laser beam. 

 

 

Figure 2: Schematic representation of the optical system for focusing the laser beam. 

The laser source is a fiber-coupled laserdiode from Lumics (model number LU1470C020-C). This source has a 

maximum output power of 20 W. The wavelength of this IR laser is 1470 nm with a spectral width of 10 nm. 

The optical path of this laser beam through the optical system is shown in blue in Figure 2. In red is shown the 

optical path of a pilot laser beam with a wavelength of 650 nm that can be used to align the IR laser. The laser 

beam enters the optical system of Figure 2 on the left through an optical fiber (indicated with A). The fiber 

core has a diameter of 400 μm and a numerical aperture of 0.22. The first two lenses that the laser encounters 

are a matched pair of two identical aspheric lenses from Thorlabs (model number C220MP-C, labeled with ‘1’). 

These two identical lenses provide nearly aberration free one-to-one imaging of the laser focus at A to the 

laser focus at B. At position B in the optical system it is possible to place a pinhole (not indicated in Figure 2). 

The diameters of the pinholes that can be used are 200, 100 and 50 μm. The reason for placing a pinhole is to 

decrease the diameter of the laser beam that leaves the optical system (notice that the diameter of all 

pinholes is smaller than the diameter of the fiber core). This will be discussed in detail later in this chapter. 

After passing through the pinhole, the laser beam encounters an aspheric lens with a focal length of 49 mm 

(Edmund optics F 46-686, labeled with ‘2’). This lens is aligned such that its focal point lies at point B. The 

nearly collimated beam that leaves lens 2 then encounters an aspheric lens with a focal length of 18 mm 

(Edmund optics F 46-684, labeled with ‘3’). The beam is then focused at point C, 11.7 mm from the back side of 

lens 3. The entire optical system is enclosed in a metallic box to contain the straylight. This is done for safety 

reasons, since the IR radiation is not visible light. The focal point C is located outside of this box and this is 

where the substrate that needs to be heated will be located. The alignment of the pinhole in the plane 

perpendicular to the propagation direction of the laser beam can be adjusted from outside the box.  
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2.2 Output power of the laser beam 

The total output power of the laser beam is measured with an S314C Thermal Power head connected to a 

PM100USB console (both from Thorlabs). The laser beam falls on a thermal surface absorber and increases its 

temperature. The area of this absorber is larger than the spot size of the IR laser beam. The power of the beam 

is determined by measuring the resistance of a thermistor that is connected to this absorber. The maximum 

power that can be measured is 60 W. The power of the laser beam can be increased by increasing the 

operating current of the laser. However, the power does not vary linearly with this operating current. The 

power is therefore varied by modulating the operating current with a duty cycle signal at a fixed value of the 

operating current.  

 

Figure 3: Laser power as a function of duty cycle percentage. Inset: schematic of duty cycle signal. 

The inset of Figure 3 shows a schematic representation of the duty cycle signal that is used. This signal is 

generated with a BNC-2121-PCI-6602 from National Instruments and has an amplitude of 5 V. During a fraction 

A of the period, the operating current is switched on, and switched off during the remaining fraction 1-A. 

Figure 3 shows the power (averaged over a time period of 60 s) as a function of the duty cycle percentage. The 

operating current is 1.0 A (maximum operating current is 8.0 A) and the frequency f of the duty cycle signal 50 

Hz. Figure 3 shows that the average power of the laser can be linearly varied by duty cycle modulation.  

 

2.3 Slit method for measuring the intensity profile 

The laser beam will be characterized by measuring its intensity profile at different positions along the 

propagation direction of the laser beam (the z-direction, as indicated in Figure 2). The intensity profile is the 

distribution of the power in the plane perpendicular to the propagation direction (thus at a fixed value of z). 

This intensity profile is measured by using the slit method
[18]

. Other experimental methods to measure the 

beam diameter make use of a pinhole
[19]

, a knife-edge
[20]

 or a ruling
[21]

 instead of a narrow slit. A more practical 

method to measure the beam diameter is to measure the temperature rise of a substrate heated by the 

laser
[22]

. 

The slit method is schematically illustrated in Figure 4. The laser beam is propagating in the z-direction and is 

incident on the powersensor (not shown in Figure 4), which is covered with two intransparent metal plates 

that are separated by a narrow gap. The width of the slit � is much smaller than the diameter of the laser 

beam. The powersensor/slit assembly is mounted on a computer controlled linear translation stage. With this 

stage, it is possible to move the slit in the x-direction with a constant speed. The slit length in the y-direction is 

much larger than the diameter of the laser beam.  
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An intensity profile can be recorded by scanning the slit in the x-direction at a fixed value of z. To record 

profiles at different values of z, the distance between the laser box emitting the laser beam and the slit has to 

be varied. 

 

Figure 4: Schematic illustration of the slit method for measuring the intensity profile of the laser beam. 

The slit method will now be discussed analytically: assume that the laser beam has a Gaussian intensity profile 

���, �� = 2
�� ��� �−2�� + ��� � 
(1)  

P is the total power of the laser beam and w the radial position where the intensity has dropped to 1/e
2 

of its 

center value. The integrated intensity F that is measured by the powersensor can be found by integrating 

equation (1) over the area of slit 

����� = 2
�� � � ��� �−2�� + ��� � �����
��

�����

�����
=  2�� 
 � ��� �−2�� � �������

�����
 

 

(2) 

 

Here, x’ is the position of the center of the slit along the x-axis. The position x = 0 corresponds to the center of 

the beam. Equation (2) can also be stated in a different form by using the error function, erf.  

����� = 
2 !�"# $√2� &�� + �2'( − �"# $√2� &�� − �2'() 

 

(3) 

 

where the error function is defined as  

�"#��� ≡ 2√� � ����−+� �+�
,  

 

(4)  

By assuming that the width of the slit, �, is much smaller than w the functions �"# �√- .�� + /0� and 

�"# �√- .�� − /0� from equation (3) can be expanded in Taylor series in 
/ around x’. This means that equation 

(3) can be rewritten as 

����� =  2�� 
� ∗ ��� �−2����� � ∗ 21 + �6� �4����� − 1� + 6 �&��'7�8 

 

(5) 

 

Equation (5) states that the intensity that is measured by the powersensor, while the slit is scanned through 

the beam with a Gaussian intensity distribution, also has a Gaussian distribution with the same 
9:�-radius w, 

provided that the term /�;-� is much smaller than 1. In the following section, intensity profiles of the IR laser 

beam directly emitted from the optical fiber will be presented.   
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2.4 Intensity profile of the laser beam directly emitted from the optical fiber 

For the following measurements, the laser beam does not enter the optical system described above. The 

profiles are measured directly where the beam leaves the fiber (point A in Figure 2). The width of the slit is 25 

μm. The slit is scanned with a speed of 10 μm/s through the laser beam. This speed is sufficiently slow to avoid 

artefacts due to the finite response time of the thermal sensor. The same profiles are obtained when this 

speed is decreased to 1 μm/s. Figure 5 shows the intensity profile of the laser beam at different values of z, 

where z is the distance between the fiber exit and the slit.  

 

Figure 5: Intensity profiles of the laser beam directly behind the optical fiber for different distances z from 

the fiber exit. The slit width δ was 25 μm.  

Figure 5 shows that the width of the laser beam increases and the maximum intensity decreases, with 

increasing value of z. All the profiles have a Gaussian-like intensity distribution. When the slit has passed the 

beam completely, the measured intensity is not equal to zero, but approximately 5 mW. This means that a 

small part of the beam is transmitted through the nominally intransparent part of the slit.  

The intensity profiles are obtained by scanning in the x-direction. Therefore, it is not possible to conclude from 

these measurements that the beam is axially symmetric. In order to verify axisymmetry, one would have to 

rotate the slit and translation stage with respect to the z-axis and repeat the measurement
[23]

. It was decided 

to not do these measurements but to see if the beam is axisymmetric by studying the thin film deformation (to 

be discussed in chapter 4).  

Since the intensity profiles have a Gaussian like distribution, it seems appropiate to compare them to the 

fundamental Gaussian beam solution that can be analytically obtained from the wave equation.  

 

2.5 Analytical solution of the wave equation: fundamental Gaussian beam 

In this section it will be shown that one solution that can be obtained from the wave equation represents a 

laser beam with a Gaussian intensity distribution
[24],[25]

. In a homogeneous medium without free charges or 

electrical currents, every component of the electric field has to satisfy the wave equation <=><� + <=><� + <=><? − @A <=><+ = 0 
(6) 

 

Here, =>  could represent the x,y or z component of the complex electric field, n is the real refractive index of 

the medium and c the velocity of the wave in vacuum. The following substitution is made for =>  =>��, �, ?, +� = C��, �, ?���� �D &2�?E − F+'� 
(7) 

 

This expression resembles a plane wave propagating in the positive z-direction, modified with a function U. 

The goal is now to determine this function. λ is the wavelength of the wave and 
HI = JKL . Substituting equation 

(7) in equation (6) gives 
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<C<� + <C<� + <C<? + 4�DE <C<? = 0 
(8) 

 

It is now assumed that the laser beam is sufficiently collimated such that the term <C <?⁄  can be neglected 

compared to the term 
7HNI OPOQ . This is called the paraxial approximation. Equation (8) thus reduces to <C<� + <C<� + 4�DE <C<? = 0 

(9) 

 

It is now assumed that the input profile at z = 0 is a Gaussian function. 

C��, �, ? = 0� = RE2�D ��� �−�� + ���, � 
(10) 

 

N is a normalization constant and �, the width of the beam at z = 0. It can be shown
[25]

 that the function U 

that satisfies both equation (9) and equation (10) is given by C��, �, ?� = RE2�D 11 + �DE? ��,⁄ � ��� � −�� + ���,T1 + �DE? ��,⁄ �U� 
 

(11)  

The intensity � = 9 A ∙ @ ∙ W, ∙ X�T=>=>∗U of the beam (where ε0 is the vacuum permittivity) can now be 

calculated by substituting equation (11) in equation (7), which results in 

���, �, ?� = 2
��,�1 + �E? ��,⁄ �� ��� � −2�� + ���,�1 + �E? ��,⁄ ��� = 2
���?� ��� �−2�� + ����?� � 
 

(12)  

The normalization constant N was adjusted to ensure that the total output power is equal to P. The solution 

shown in equation (12) is called the fundamental Gaussian solution for the wave equation. From now on it will 

be called the Gaussian beam. As can be seen in equation (12), the Gaussian beam has a Gaussian intensity 

distribution at every plane with a constant value of z with a 1 �⁄  radius given by ��?� = �,�1 + �E? ��,⁄ ��9/. The radius of the Gaussian beam thus increases with increasing z. This can 

also be seen in the slit measurements from Figure 5. The parameter ��, E⁄  is called the Rayleigh length. If the 

beam travels over a distance equal to the Rayleigh length from z = 0, its 1 �⁄ -radius  increases by a factor √2. 

In the following section the slit measurements will be compared to the analytical solution by studying the 1 �⁄  

radius ��?�. 

 

2.6 Comparison of the intensity profiles with the analytical solution 

The 1 �⁄ -radius of the intensity profiles shown in Figure 5 is determined by fitting the experimental data with 

a function of the form � =  �, + Z9 ∙ ����−2� �⁄ � with fit parameters y0, C1 and w. The data should actually 

be fitted with equation (3), but since the width of the slit is much smaller than the width of the beam both 

fitting functions give the same results.  

 

Figure 6: Beam radius determined from slit measurements as a function of z (filled circles), with fitting 

function (solid line). 
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The results are shown in Figure 6, where the 1 �⁄ -radius is plotted as a function of z. The solid line represents 

a fitting function of the form ��?� = �Z + Z[?�9 ⁄ . When this expression is compared to the analytical 

expression for w(z) in equation (12), it follows that Z = �,. The value of w0 that is determined in this way is 

equal to 210 μm, which compares well to the fiber core radius of 200 μm. For a Gaussian beam with w0 = 120 

μm, the Rayleigh length is equal to approximately 94 mm. However, the Rayleigh length that is determined 

from the parameter Z[ of the fitting function is equal to 900 μm. The IR laser that is used in this experiment 

thus diverges much faster than an analytical Gaussian beam. Since the IR laser has a Gaussian like intensity 

distribution, it will from now on be called a Gaussian like beam, since it’s very different from an analytical 

Gaussian beam.  

 

2.7 Intensity profiles of the laser beam emitted from the optical system without pinhole 

The laser beam now passes through the optical system of Figure 2 and the intensity profiles are measured 

close to point C. No pinhole is placed at point B. The width of the slit is 25 μm and the slit is scanned with a 

speed of 10 μm/s.  

 

Figure 7: Intensity profiles of the laser beam emitted by the optical system, measured with the slit method 

at different values of z. 

Figure 7 shows the intensity profiles that were measured at different values of z. The direction of positive z is 

the same as that shown in Figure 2. Panel A shows the Gaussian like intensity distribution at the focus of the 

laser beam (z = 0 μm). This profile is determined to be at the focus (z = 0 μm), since its maximum intensity 

value is the highest and its width the smallest of all the measured profiles. The 1 �⁄ -radius of this profile is 

determined to be equal to 120 μm. This agrees well with the value of 110 μm that is determined from Zemax 

simulations
1
.  

Panels C and D of Figure 7 show the intensity profiles at z = + 200 μm and z = -200 μm, respectively. These 

profiles still have a Gaussian like intensity distribution, with a larger 1 �⁄ -radius than the profile at z = 0 μm. 

However, panels B, E and F indicate that at positions further away from the focus, the intensity profiles no 

                                                           
1
 Zemax is an optical simulation program that was used by the technician Jørgen van der Veen to design this optical system 
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longer have a Gaussian distribution. Panel B shows the intensity profile at z = +500 μm, which exhibits a local 

minimum in the center of the profile (x = 0 μm). Panel E and F show the intensity profiles at z = -400 μm and z 

= - 600 μm respectively. It is observed that these profiles have side lobes, where this effect is most pronounced 

in the profile at z = - 600 μm. The same deviations from a Gaussian like intensity profile (local minimum for 

positive z, side lobes for negative z) are observed in the Zemax simulations.  

 

 

Figure 8: Zemax simulation of the intensity distribution around the focal point C. 

Figure 8 shows the results of a Zemax simulation of the intensity distribution around the focal point C. The 

positive z-direction corresponds to the one indicated in Figure 2. No pinhole is placed at point B in the optical 

system. The color in Figure 8 corresponds to the value of the intensity. The same deviations from a Gaussian 

profile that are observed in the measurements of Figure 7 are observed in the simulation of Figure 8. For 

positive z, the profile develops a local minimum in the center. For negative z, the profile develops side lobes. 

However, it should be noted that these profiles are very sensitive to the alignment of the optical system shown 

in Figure 2. When lens 2 is shifted 2 mm in the negative z-direction in the Zemax simulation, the non Gaussian 

profiles are shifted: The profile with a local minimum in the center now occurs at negative z and the profile 

with side lobes occurs at positive z. The alignment of our optical system is fixed, i.e. non-adjustable, and with 

this alignment the profiles of Figure 7 are measured.   

The non-Gaussian profiles are caused by the spherical aberration of the lenses in the system
[26]

. Spherical 

aberration means that the focal length of a lens is not constant over the radius of the lens. This is illustrated in 

Figure 9. All the lenses in the optical system are aspherical, but spherical aberration is still the dominant 

problem. This can be caused due to the fact that the properties of a lens do not exactly match with the 

specifications or due to misalignment in the optical system.  

 

Figure 9: Spherical aberration of a lens. 
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Figure 9 shows that light rays that enter the lens at a larger distance from its center are refracted more than 

light rays that enter at a smaller distance. The focal length of the lens is therefore not constant over the radius 

of the lens and this causes intensity profiles such as the ones displayed in Figure 7.  

 

2.8 Intensity profiles of the laser beam emitted from the optical system with pinhole 

Now a pinhole is placed in the optical system at point B. The reason for placing a pinhole is to decrease the 

diameter of the laser beam at focal point C. Since the diameter of the pinhole is smaller than the diameter of 

the fiber core, part of the beam is blocked by the pinhole. This results in a smaller beam diameter, but also a 

loss of power. The alignment of the pinhole in the x-y plane is done by using the thermal powersensor. The 

laser beam emitted by the optical system (now with pinhole) falls on the powersensor and by varying the 

position of the pinhole the measured power also changes. When the measured power is at its maximum, the 

pinhole is aligned with the rest of the optical system. The intensity profiles of the laser beam are again 

measured around focal point C with a 25 μm slit and a scanning speed of 10 μm/s.  

 

Figure 10: Intensity profiles at different values of z, with the 100 μm pinhole present in the optical system. 

Figure 10 shows the intensity profiles around focal point C, measured with the slit method, when a pinhole 

with a diameter of 100 μm is placed in the optical system. Panel A shows the intensity profile at the focus 

plane. It shows that now also at the focus plane, the intensity distribution can no longer be considered 

Gaussian (as is the case when no pinhole is used). The intensity profile is also asymmetrical. The profiles at z = - 

400 μm and z = + 400 μm (shown in panels B and C respectively) resemble the profiles when no pinhole is used 

(side lobes at negative z and local minimum at positive z) but are very asymmetric. Similar asymmetric profiles 

are observed when pinholes with diameters of 50 and 200 μm are used. No such asymmetric profiles are 

observed in the Zemax simulations. The reason for these asymmetric profiles is most likely a misalignment of 

the total optical system. We decided to not use a pinhole in the optical system for all the experiments that 

follow in the remainder of this study in order to avoid asymmetric intensity profiles.  
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3. Temperature profile of a laser heated substrate 
 

In this section the temperature profile of a solid substrate that is heated with an IR laser will be discussed. It is 

important to quantify this temperature profile, since it is the driving mechanism for the thermocapillary flow 

of the thin liquid film that is deposited on the substrate. However, in this chapter the focus lies on the 

temperature profile of the substrate (especially on the top surface of the substrate, that will be in contact with 

the thin liquid film). The effect of the thin film on the temperature profile will be discussed in the next chapter. 

The characteristics of the IR laser that is used to heat the substrate were described in the previous chapter. 

The temperature profile of the substrate will be modeled in two different ways: with a numerical model (finite 

element software COMSOL 3.5a) and with an analytical model based on the method of Green’s functions. 

These two models will be compared for two different cases: in one case the substrate is stationary and in the 

other the substrate is moving relative to the laser beam. The results of the models for the stationary substrate 

will be experimentally verified.  

 

3.1 Numerical model for the temperature profile of a stationary substrate 

The temperature profile of a stationary substrate, heated by an IR laser, is found by solving the heat transfer 

equation numerically with the finite element software COMSOL. The axisymmetric heat transfer equation in 

cylindrical coordinates
[27]

 is  1" <<" &" <\<"' + <\<? + 1] ^�", ?� =  1_ <\<+  
(13) 

 

Since the source term ^�", ?� is assumed axially symmetric, the 3D problem reduces to a 2D axial symmetric 

problem. T represents the temperature (in K), k the heat conduction coefficient of the substrate (in W/(m*K)) 

and α its thermal diffusivity (in m
2
/s). The thermal diffusivity is also equal to _ = `a∗Lb, where ρ is the density of 

the substrate (in kg/m
3
) and cp its heat capacity (in J/(kg*K)). It is assumed that all material parameters of the 

substrate are independent of temperature.  

 

Figure 11: Computational domain for solving the axisymmetric heat equation for a stationary substrate. 

Figure 11 shows the computational domain on which equation (13) is solved numerically. The thickness of the 

substrate is equal to dsub (the top surface of the substrate is at z = 0, the bottom surface at z = -dsub). The 

thickness of the substrate can be varied, a typical value is 500 μm. The substrate extends in the radial direction 

to r = r1. The radius r1 is kept fixed at 2 cm, which is much larger than w0. The mesh size increases with 

increasing value of r. At r = 0 and r = r1 we used the boundary condition (BC) 
OcOd = 0 because r = 0 coincides 

with the symmetry axis and r = r1 is sufficiently remote from the heated region such that the heat flux remains 

zero across this boundary. At z = 0 and z = -dsub convective and radiation heat losses are taken into account. 

The heat flux in the z-direction at those two boundaries is specified by eQ =  −@fg ∙ ∇\ = ℎj�\ − \�� + Wkl�\7 − \�7 � (14)  

where @fg is the outward oriented unit normal vector. hN is the convective heat transfer coefficient of the 

substrate (in W/(m
2
K)) and is assumed independent of temperature 
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σB = 5.67*10
-8 

W/(m
2
K

4
)  is the Stefan-Boltzmann constant. ε is the emissivity of the substrate and is taken to 

be equal to 1. It is thus assumed that the emissivity is independent of temperature and independent of 

wavelength. The ambient temperature and the initial temperature of the substrate are both equal to \�. 

The term ^�", ?� in equation (13) represents a source of heat due to absorption of the laser intensity by the 

substrate. It can be calculated by multiplying the local intensity of the laser ��", ?� (in W/m
2
) with the 

absorption coefficient m of the substrate (in m
-1

)
[28],[40]

.  

^�", ?� = m��", ?� = 2m
�1 − X����?� ��� � −2"��?�� ��� �−m|?|� 
(15) 

 

The 
9:�-radius of the beam w depends on z according to ��?� = �, + o|?|. The parameter �, is called the 

minimum beam radius and a is called the beam divergence. It is thus assumed that the minimum beam radius 

occurs exactly at the top surface of the substrate and that the beam radius increases linearly with the distance 

from this top surface.  

Panels A, D, E and F of Figure 7 show that not only the width of the intensity profiles increases, but that the 

intensity profiles also develop deviations from a Gaussian like profile with increasing distance from the top 

surface.  However, these deviations (in the form of side lobes) are not taken into account; the intensity profile 

is modeled to have a Gaussian like intensity distribution at every value of z. The intensity profile shown in 

panel B of Figure 7 (with the local minimum in the center) occurs not in but above the substrate (as indicated 

by the positive value of z) and is not taken into account accordingly.   

The term exp �−γ|z|� in equation (15) represents the decrease in intensity of the laser beam due to the 

absorption of the substrate. The absolute value of z is used, since the substrate extends in the negative z- 

direction. This term is strictly speaking only valid for a plane wave that propagates in the z-direction. Since the 

numerical aperture of the optical system is quite large, the laser beam cannot be considered as a plane wave. 

However, since 1 m⁄ ≫ �vwx the term exp �−γ|z|� is almost equal to 1. The absorption coefficient m is specific 

for the wavelength of the laser beam that is used (1470 nm) and is measured experimentally.  

 

Figure 12: Measurement of IR absorption coefficient of PC. Inset: illustration of Lambert-Beer law. 

The laser beam is transmitted through a substrate with a certain thickness d and the power of the beam that 

leaves the substrate P(d) is measured using the thermal powersensor. The primary power of the beam without 

the substrate P is also measured. The substrate that is used is Polycarbonate (PC) (thickness dsub = 175 μm and 

750 μm: Makrofol DE1-1 from Bayer, 1mm, 2.5 mm and 4 mm: 9030, ULG1003 and 9034HO from Lexan, 

respectively). Figure 12 shows the results of the measurements and also a fit of the form 
���~
 ∗ ��� �−m�� 

representing the Lambert-Beer law. The absorption coefficient of PC for a wavelength of 1470 nm is 

determined from the slope of the fit to be 30 
9z. 
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An infinitesimally thin substrate would still cause a decrease in the measured power due to the reflection of 

the laser beam at its interfaces. This causes the vertical offset of the measurements and the fit of Figure 12. 

When the laser beam hits the top surface, only a fraction of 1 − X of the total power is transmitted into the 

substrate. Here, X is the reflection coefficient of the substrate
[29]

 given by X = �K�9���K�9�� where n is the refractive 

index of the PC substrate at the laser wavelength of 1470 nm. When the laser beam reaches the bottom 

surface, 1 − X of the power is transmitted out of the substrate. This means that from the total power P 

incident on the substrate, only a fraction 
�1 − X�����−m�� is transmitted through the substrate. The part 

of the beam that is reflected from the bottom surface back into the substrate is neglected (multiple reflections 

are thus also neglected). The value of 1 − X that is determined from the fit in Figure 12 is 0.96. This 

corresponds to a refractive index of 1.5. From the total power P, a fraction 
�1 − X�T1 − ����−m��U is 

absorbed by the substrate. For a substrate with dsub = 750 μm, this fraction is equal to 2.1 %.  

 

 

Figure 13: Temperature at z = 0 for different times (P = 500 mW, dsub = 750 μm, hN = 5 W/(m
2
*K), ε = 0, w0 = 

150 μm and a = 0). 

Figure 13 shows the result of a typical COMSOL simulation of the temperature profile. The temperature at the 

top surface of the solid (z = 0) is shown as a function of r, for different values of the time t. The parameters are: 

P = 500 mW, dsub = 750 μm, k = 0.2 W/(m*K), cp = 1200 J/(kg*K), ρ = 1200 kg/m
3 

, hN = 5 W/(m
2
*K) and ε = 0. 

This means that heat loss by radiation is not taken into account for now. The value of hN is typical for the free 

convection of air over a plate. The beam radius, w0, is kept fixed at 150 μm, i.e. the beam divergence 

parameter a = 0. The initial temperature is 290 K. The computational domain extends to 2 cm in the radial 

direction; only the first 2.5 mm are shown here. Figure 13 shows that the temperature at r = 0 increases 

rapidly with time just after the laser beam is switched on (t = 0 s). Heat conduction in the radial direction 

causes the temperature profile to spread out further than the region where the heat is generated (r < 150 μm). 

The temperature distribution reaches approximately steady-state after approximately 200 s. This will be 

discussed further later in this chapter. 
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Figure 14: Radial derivative of temperature at z = 0 for different times (P = 500 mW, dsub = 750 μm, hN = 5 

W/(m
2
*K), ε = 0, w0 = 150 μm and a = 0). 

Figure 14 shows the radial derivative 
OcOd of the temperature profile shown in Figure 13. These profiles are 

obtained directly from COMSOL, so they are not calculated from the profiles of Figure 13. The radial derivative 

of the temperature profile is always negative, since the temperature decreases with increasing value of r. 

Figure 14 shows that the maximum absolute value of 
OcOd quickly reaches a steady-state (after approximately     

1 s).  

Later in this chapter, the effect of the substrate thickness dsub, of the beam power P, of the minimum beam 

radius w0, of the beam divergence a and of the boundary conditions on the temperature profile will be 

discussed. However, first the method of Green’s functions will be introduced.  

 

3.2 Analytical model for the temperature profile of a stationary substrate 

In this section, an analytical method by which it is possible to solve the heat transfer equation with an 

arbitrarily distributed heat source will be discussed. This method makes use of Green’s functions. This section 

will start with an introduction to Green’s functions. After that, this method will be used to calculate the 

temperature profile of a stationary substrate that is heated by a laser. In the first case, we assume that the 

substrate has a semi-infinite thickness and in the second case a finite thickness.  

 

3.2.1 Introduction to the method of Green’s functions 

Green’s functions can be used to obtain solutions for linear heat conduction or diffusion problems
[30].

                

A Green’s function should be seen as a building block to build more useful solutions. Analytical methods have 

been used extensively to calculate temperature profiles of laser heated substrates: Lax
[31]

 was the first to 

calculate the steady-state temperature profile in the case of a Gaussian beam. Sanders found the solution for 

the temperature profile produced by the absorption of a moving Gaussian source in a solid
[32]

. Both solutions 

(stationary and moving) were extended to include effects, such as a temperature dependent thermal 

conductivity
[33]

, an elliptical beam
[34]

 or a multilayer substrate
[35],[36]

 . 
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Equation (16) describes the boundary value problem for the temperature in a 1D geometry in Cartesian 

coordinates. The domain is a line that extends from z = 0 to z = L.  <\<? + 1] ^�?, +� =  1_ <\<+ , for + > 0 

] �<\<?�Q� + ℎj �\|Q� = #N�+�, for + > 0 and D = 1,2   \�?, 0� = ��?� 

(16a) 

 

(16b) 

 

(16c) 

Convective boundary conditions are applied on the surface points i = 1,2. However it is also possible to fix to 

temperature or heat flux on the surfaces by taking k = 0 or hN = 0, respectively. The boundaries are located at 

z1 = 0 and z2 = L. The function F(z) describes the initial temperature distribution. The function fi(t) can describe 

the temperature or heat flux at the boundaries of the 1D domain.  

Equation (17) describes the auxiliary boundary value problem that corresponds to the boundary value problem 

of equation (16) <�<? + 1_ ��? − ?����+ − �� =  1_ <�<+ , for + > � 

] �<�<? �Q� + ℎj ��|Q� = 0, for + > � and D = 1,2   ��?, + = 0|?�, �� = 0, for + < � 

(17a)  

 

(17b) 

 

(17c) 

The heat source is now replaced by a delta function at time � and location z’. Also, the boundary conditions 

and the initial condition are now homogeneous. The physical interpretation of equation (17a) is that the 

Green’s function G is the response of the system when a heat source in the form of a delta function is applied 

to the system (at + = � and ? = ?�). Equation (17c) states that the response of the system before the pulse is 

applied is zero. This is also called the causality relation. It will now be derived how the temperature 

distribution can be obtained from the Green’s function, taking into account the heat source, the boundary 

conditions and the initial temperature distribution.  

The time dependence of the Green’s function is always of the form + − �, so  ��?, +|?�, �� = ��?, ?�, + − �� (18)  

From this, it follows that  <�<?� + 1_ ��? − ?����+ − �� =  − 1_ <�<�  <\<?� + 1] ^�?�, �� =  1_ <\<�  

(19a) 

 

(19b) 

  

By multiplying equation (19b) with ��?, +|?�, �� and subtracting from that equation (19a) multiplied by \�?�, �), 

the following expression is obtained 

� <\<?� − \ <�<?� + �] ^�?�, �� − \_ ��? − ?����+ − �� = 1_ <�\��<�  
 

(20)  

This expression is now integrated with respect to z’
 
from 0 to L and with respect to τ from 0 to + + W, where W is 

a small number 

� �� � �� <\<?� − \ <�<?���
,

���
, �?� + 1] � �� � ^�?�, ����?, +|?�, ���?��

,
���
, − 1_ \�?, +� = 1_ ��\��,����

, �?�  

(21)  

Solving this equation for T(z,t) gives 

\�?, +� = − ��\��,����
, �?� + _] � �� � ^�?�, ����?, +|?�, ���?� +  _�

,
���
, � �� � �� <\<?� − \ <�<?���

,
���
, �?�  

(22) 

 

Since ��?, +|?�, + + W� = 0 and \�?�, 0� = ��?�� (initial condition, see equation (16c)), the first term of the 

right hand side of equation (22) can be written as follows 

− ��\��,����
, �?� = � ��?���

, ��?, +|?�, 0��?�  

(23) 

 

The integral over z’ of the third term on the right hand side of equation (22) can be simplified by using 

integration by parts 
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� �� <\<?� − \ <�<?���
, �?� = �� <\<?��,

� − � <�<?�
�

,
<\<?� �?� − �\ <�<?��,

� + � <\<?�
�

,
<�<?� �?� = �� <\<?��,

� − �\ <�<?��,
�
 

 

(24) 

 

This last expression can be solved further for two different cases: in the first case, the boundaries have fixed 

temperatures and in the second case the boundaries have fixed heat fluxes or have a convective boundary 

condition. In the first case, the temperature is fixed at the boundaries so ��|Q� = 0 and �\|Q� = #N�+�. The last 

expression of equation (24) can be simplified as follows. 

�� <\<?��,
� − �\ <�<?��,

� = − � #N��� �<�<?��Q��Q�


N�9  

 

(25)  

For the second case, equations (16b) and (17b) need to be rewritten as follows �<�<?��Q��Q� = − �ℎj] ��Q��Q� , �<\<?��Q��Q� = 1] #N��� − �ℎj] \�Q��Q�  
(26)  

These expressions can be used to simplify equation (24) in the second case. �� <\<?��,
� − �\ <�<?��,

� = �&1] #N���� − ℎj] \�'�� − �&− 1] #N���� + ℎj] \�'�, 

− �&− ℎj] \�'�� + �&ℎj] \�'�, = � 1] #N�����|Q��Q�


N�9  

 

 

(27)  

By substituting equations (23),(25) and (27) in equation (22) and taking the limit W → 0 of this equation, the 

following expression for the temperature distribution is obtained.  

\�?, +� = � ��?���
, ��?, +|?�, 0��?� + _] � �� � ^�?�, ����?, +|?�, ���?��

,
�

,  

−_ � ���
, � #N��� �<�<?��Q��Q� + _

N�9 � ���
, � 1] #N���

N�9 ��?, +|?N , �� 

 

 

 

(28)  

The first term on the right hand side of equation (28) involves the initial condition, the second term the heat 

source. The last two terms involve the boundary conditions. The third term should be taken into account for a 

boundary where the temperature is fixed. The fourth term should be taken into account for a boundary where 

the heat flux is fixed or for a boundary that has a convective boundary condition. Equation (28) is derived for a 

1D body of finite size, so there are two boundaries. However, the same expression is also valid for a 1D body 

that is semi-infinite or infinite. In that case, there is only one or no boundary at all. The generalization of 

equation (28) to 3D is given by. 

\�"g, +� = � ��"�fffg�� �T"g, +�"�fffg, 0U��� + _] � �� � ^T"�fffg, �U�T"g, +�"�fffg, �U���
�

�
,  

−_ � ���
, � � #N�"�ffg , ����

�
N�9

��@�fffg ∙ ∇��|d�ffffg�d��ffffg��N� + _ � �� � � 1]��
�

N�9
�

, #N�"�ffg , ���T"g, +�"��fffg, �U��N� 

 

 

 

(29) 

 

Equation (29) gives the temperature distribution in a body with a certain initial temperature, heat source and 

boundary conditions. However, it requires the correct Green’s function. Which Green’s function to use is 

completely determined by the type of body and the type of boundary conditions, according to the auxiliary 

boundary value problem of equation (17). For instance, in a infinite 1D body (so there are no boundary 

conditions that have to be taken into account), it is easy to verify that the Green’s function that satisfies 

equation (17a) is given by
[30]

 

��?, +|?�, �� = 1�4�_�+ − �� ��� �− �? − ?��4_�+ − ��� 
 

(30)  
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Figure 15 shows the Green’s function from equation (30) at different times. This figure clearly shows that the 

Green’s function is the response of the system when a delta function is applied at + = � and ? = ?�. With this 

Green’s function, it is possible to calculate the temperature distribution in the infinite domain with a certain 

heat source and initial condition, by using equation (29).  

 

Figure 15: Plot of Green’s function for a 1D infinite body. 

3.2.2 Temperature profile of a semi-infinite substrate with a convective boundary condition 

In this section the temperature profile of a semi-infinite substrate that is heated by a laser will be calculated. 

The body is called semi-infinite since it is infinite in the x- and y-direction, but semi-infinite in the z-direction 

(−∞ < �, � < ∞, 0 ≤ ? < ∞). The laser beam is directed along the z-axis. A convective boundary condition 

will be applied at the z = 0 interface. The coordinate system is the same as the one shown in Figure 11, but the 

substrate now extends in the positive z-direction. This is done for computational efficiency and will not 

influence the end results.  

Equation (31) shows the boundary value problem that has to be solved in this section. <\<� + <\<� + <\<? + 1] ^��, �, ?� =  1_ <\<+ , for + > 0 

−] �<\<?�Q�, + ℎj\�? = 0� = ℎj\� and \�? → ∞� = \� , for + > 0   \�+ = 0� = \� 

(31a) 

 

(31b) 

 

(31c) 

The ambient temperature, required for the convective boundary condition, and the initial temperature of the 

substrate are both equal to \�.The temperature at ? → ∞ will also be equal to this temperature and 

independent of time. By introducing the variable \���, �, ?, +� = \��, �, ?, +� − \�, the boundary value problem 

of equation (32) is obtained. This has the advantage that only the second integral of equation (29) has to be 

calculated, since the functions F and f are now equal to zero.  <\�<� + <\�<� + <\�<? + 1] ^��, �, ?� =  1_ <\�<+ , for + > 0 

−] �<\�<?�Q�, + ℎj\��? = 0� = 0 and \��? → ∞� = 0, for + > 0   \��+ = 0� = 0 

(32a) 

 

(32b) 

 

(32c) 

The source term g is again given by equation (15), only now it is assumed that the radius w(z) is constant and 

equal to w0 

^��, �, ?� = 2m
�1 − X���, ��� �− 2�� + ���, � ��� �−m?� 
 

(33)  



[19] 

 

Despite the fact that the laser intensity is axially symmetric, Cartesian coordinates are used instead of 

cylindrical coordinates, since this is more efficient for calculating the integrals in equation (29). The auxiliary 

equation that corresponds to the boundary value problem of equation (32) is given below in equation (34). <G<� + <G<� + <G<? + 1_ ��� − ������ − �����? − ?�� =  1_ <G<+ , for + > 0 

−] �<G<?�Q�, + ℎjG�? = 0� = 0 and G�? → ∞� = 0, for + > 0  G�+ = 0� = 0   
(34a) 

 

(34b) 

 

(34c) 

Now the next step is to find the 3D Green’s function that satisfies equation (34). It is possible to construct a 3D 

Green’s function from three 1D functions, one for the x-direction, one for the y-direction and one for the z-

direction. Since the system is infinite in both the x- and y-direction, it is possible to use the Green’s function 

from equation (30) for these two directions. The Green’s function for the z-direction is more complicated 

(because of the convective boundary condition at the z = 0 interface) and was derived by Beck and Cole
[30]

. The 

complete 3D Green’s function is  

���, �, ?, +� = ����, +�����, +��Q�?, +� = 14�_�+ − �� ��� �− �� − ���4_�+ − ��� ��� �− �� − ���4_�+ − ��� ∗ 

! 1�4�_�+ − �� ���� �− �? − ?��4_�+ − ��� + ��� �− �? + ?��4_�+ − ����
− ℎj] ��� $ℎj] _�+ − �� + ℎj] �? + ?��( �"#A � ? + ?��4_�+ − �� + ℎj] �_�+ − ���) 

 

(35) 

 

The term that is enclosed in the large square brackets is the Green’s function for the z-direction. The function 

erfc is called the complementary error function and is defined as follows 

�"#A��� ≡ 2√� � ����−����� ����
�  

 

(36)  

The temperature profile for this case, according to equation (29), is given by 

\���, �, ?, +� = _] � �� � � � ^���, ��, ?���
,

�
�� ���, �, ?, +|��, ��, ?�, ���������?� =�

��
�

,  

 

(37) 

 2m
�1 − X�_��] � ���
, � ��� �− 2������ ��

��
1�4�_�+ − ��  ��� �− �� − ���4_�+ − ��� ��� ∗ 

                     � ��� �− 2������ ��
��

1�4�_�+ − ��  ��� �− �� − ���4_�+ − ��� ��� ∗    
� ����−m?���
, ! 1�4�_�+ − �� ���� �− �? − ?��4_�+ − ��� + ��� �− �? + ?��4_�+ − ����
− ℎj] ��� $ℎj] _�+ − �� + ℎj] �? + ?��( �"#A � ? + ?��4_�+ − �� + ℎj] �_�+ − ���) �?� 

The integrals over x, y and z were solved analytically. An interesting result from the expression that was 

obtained is the temperature profile at z = 0, as shown in equation (38) 

\�", ? = 0, +� = \� + 2m
�1 − X�_�] � ���
,

��� &− 2"8_�+ − �� + �'8_�+ − �� + � ∗ 

 

(38) 

! ℎjℎj − m] ��� $ℎj] _�+ − ��( �"#A &ℎj] �_�+ − ��' − m]ℎj − m] ���Tm_�+ − ��U�"#A .m�_�+ − ��0) 
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This temperature profile is now expressed in radial coordinates. An important expression that can be 

calculated from equation (38) is the radial derivative of the temperature profile. 

 

<\<" �", ? = 0, +� = −8m
�1 − X�_�] � ���
,

" ∗ ��� &− 2"8_�+ − �� + �'�8_�+ − �� + �� ∗ 

 

(39) 

 

� ℎjℎj − m] ���  ℎj] _�+ − ��¡ �"#A &ℎj] �_�+ − ��' − m]ℎj − m] ���Tm_�+ − ��U�"#A .m�_�+ − ��0¢ 

Both time integrals of equation (38) and equation (39) could not be solved by hand and were solved 

numerically.  

 

3.2.3 Temperature profile of a substrate of finite thickness and convective boundary conditions  

In this section the temperature profile of a substrate with a finite thickness dsub is calculated. The substrate is 

still infinite in both the x- and y-direction (−∞ < �, � < ∞, 0 ≤ ? ≤ �vwx). Convective boundary conditions will 

be applied at the z = 0 and z = dsub interfaces. The boundary value problem that has to be solved is given in 

equation (40), where again \� = \ − \�. <\�<� + <\�<� + <\�<? + 1] ^��, �, ?� =  1_ <\�<+ , for + > 0 

−] �<\�<?�Q�, + ℎj\��? = 0� = 0 and ] �<\�<?�Q�� + ℎj\��? = £� = 0, for + > 0   \��+ = 0� = 0 

(40a) 

 

(40b) 

 

(40c) 

 

The only difference between this case and the previous is the Green’s function for the z-direction. This 

function will be derived with a method called separation of variables. The first step is to consider a 1D 

boundary value problem similar to the 3D boundary value problem shown in equation (40), only now without 

the source term g but with an initial temperature distribution F(z). This boundary value problem is shown in 

equation (41). It turns out that such a problem is very useful in order to obtain the Green’s function for a 

substrate with a finite thickness and certain boundary conditions (in this case two convective boundary 

conditions).  <T<? =  1_ <T<+ , for + > 0 

−] �<T<?�Q�, + ℎjT�? = 0� = 0 and ] �<T<?�Q�� + ℎjT�? = £� = 0, for + > 0   T�+ = 0� = ��?� 

(41a) 

 

(41b) 

 

(41c) 

The next step is to assume that the temperature is a product of a function that depends only on z and a 

function that depends only on t (hence the name separation of variables): \�?, +� = ¥�?�Θ�+�. 

When this expression is used in equation (41a), it follows that �Z�? Θ =  1_ ¥ �Θ�+  
(42) 

 

By dividing this equation by ¥�?�Θ�+� it follows that 1¥ �Z�? =  1_ 1Θ �Θ�+ = −E 
(43) 

 

The left-most term of equation (43) is a function of z only, while the term in the middle is a function of t only. 

They therefore have to be equal to a constant, −E. The resulting solutions of equation (43) are ¥�?� = Z9 ¨D@�E?� + ZA©¨�E?� ª�+� = Z[��� �−E_+� 

(44a) 

(44b) 

The next step is to make sure that the boundary conditions as given by equation (41b) are satisfied. However, 

it is not possible to do this by setting Θ equal to zero. It thus follows that  −]Z9E + ℎjZ = 0 ]�Z9 A©¨�E�vwx � − Z ¨D@�E�vwx�� + ℎj�Z9 ¨D@�E�vwx� + Z A©¨�E�vwx�� = 0 

(45a) 

(45a)  
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By combining these two parts of equation (45), it follows that +o@�E�vwx� = 2ℎj]E]E − ℎj 
(46) 

 

Equation (46) is called the eigencondition and its solutions EK the eigenvalues. By introducing the 

dimensionless eigenvalues «K = EK�vwx and the dimensionless parameter ¬ = ®¯°±²` , equation (46) gives 

+o@�«K� = 2¬«K«K − ¬ 
(47) 

 

Figure 16 shows the eigencondition from equation (47) in the case that B = 0.01875 (hN = 5 W/(m
2
*K), dsub = 

750 μm and k =0.2 W/(m*K)). Indicated are the first four solutions, «9 to «7, of infinitely many solutions.  

 

Figure 16: Eigencondition for B = 0.01875, with first four eigenvalues indicated. 

By using the two parts of equation (44) and the relation Z9 = l³´ Z from equation (45a), the temperature can 

be constructed as follows 

\K = µK ¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'· ��� �− «K_+�vwx� 
(48) 

 

For each «K that satisfies the eigencondition, equation (48) will satisfy the temperature equation and the 

boundary conditions of equation (41). Since the differential equation is linear, the sum of all possible \K will 

also satisfy the temperature equation. 

\ = � µK ¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'· ��� �− «K_+�vwx��
K�9  

 

(49)  

Equation (49) will also satisfy the boundary conditions, but not the initial condition of equation (41c). This 

initial condition is given as follows 

\�?, + = 0� = � µK ¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'· =�
K�9 ��?� 

 

(50)  

The next step is to calculate the values of µK (the value of µK will be different for each n) so that equation (50) 

is satisfied. To do this, equation (50) is multiplied by ¬¨D@ .³¸Q¯°±²0 + «K A©¨ .³¸Q¯°±²0 and integrated over z from 0 

to �vwx 

� ��?�¯°±²
, ¶¬¨D@ &«z?�vwx' + «K A©¨ &«z?�vwx'· �?

= � � µK ¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'·�
K�9

¯°±²
, ¶¬¨D@ &«z?�vwx' + «K A©¨ &«z?�vwx'· 

= µz�vwx2 �«z + ¬ + 2¬� 

 

(51a) 

 

 

(51b) 

 

 

(51c) 
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It turns out that the integral of equation (51b) is only non zero when «K = «z. Rewriting equation (51) gives 

µz = 2�vwx � ��?�¯°±²
,

¶¬¨D@ &«z?�vwx' + «K A©¨ &«z?�vwx'·�«z + ¬ + 2¬� �? 

 

(52) 

 

Changing m in n and z in z’
  
in equation (52) and then substituting it in equation (49) results in 

\�?, +� = � 2�vwx
�

K�9 � ��?��¯°±²
,

¶¬¨D@ &«K?��vwx' + «K A©¨ &«K?��vwx'·�«K + ¬ + 2¬� ∗ 

¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'· �?���� �− «K_+�vwx� 

 

 

(53)  

Taking the integral outside and rearranging results in the following expression 

\�?, +� = � ��?�� ∗¯°±²
,  

¹ 2�vwx � ��� �− «K_+�vwx� ¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'·�
K�9

¶¬¨D@ &«K?��vwx' + «K A©¨ &«K?��vwx'·�«K + ¬ + 2¬� º �?� 

 

 

(54)  

Comparing equation (54) with the first term of equation (28), it follows that the term in the large square 

brackets in equation (54) is the Green’s function for a plate with finite thickness and convective boundary 

conditions. The first term of equation (28) also shows that it is still in the form ��?, +|?�, 0�. The actual Green’s 

function ��?, +|?�, �� can be found by replacing + − 0 in equation (54) with + − �. �Q�?, +|?�, �� = 2�vwx � ��� �− «K_�+ − ���vwx � ¶¬¨D@ & «K?�vwx' + «K A©¨ & «K?�vwx'·�
K�9

¶¬¨D@ &«K?��vwx' + «K A©¨ &«K?��vwx'·�«K + ¬ + 2¬�  

 

  (55) 

 

 

The temperature profile for this case can now be calculated in the same way as was done for the first case in 

equation (37). The Green’s functions for the x- and y-direction remain the same but for the z-direction 

equation  (55) has to be used. An interesting result that is obtained is the radial temperature profile at the z = 

0 interface  

\�", ? = 0, +� = \� + 4m
�1 − X�_�vwx �.ℎj] − m0 exp�−m�vwx� + ℎj] + m��] ∗ 

 

(56) 

 

� ¹� ���
,

��� &− 2"8_�+ − �� + �'8_�+ − �� + � ��� �− «K_�+ − ���vwx � «KT«K + m�vwxU�«K + ¬ + 2¬�º�
K�9  

From this expression, it is possible to calculate the radial derivative of the temperature profile. The result is 

<\<" �", ? = 0, +� = −16m
�1 − X�_�vwx �.ℎj] − m0 exp�−m�vwx� + ℎj] + m��] ∗ 

 

(57) 

 

� ¹� ���
,

" ∗ ��� &− 2"8_�+ − �� + �'�8_�+ − �� + �� ��� �− «K_�+ − ���vwx � «KT«K + m�vwxU�«K + ¬ + 2¬�º�
K�9  

 

The time integrals again need to be calculated numerically. Both equation (56) and equation (57) also contain 

an infinite summation. However, it was found that this sum quickly converges, so that only a limited number of 

terms has to be calculated. For each term @ = 1,2, … it is necessary to calculate the corresponding eigenvalue «K. These eigenvalues are found numerically, by solving equation (47) with a method called Newton iteration. 

The process of Newton iteration is shown in equation (58).   

«KK:- = «K¼½¯ − #�«K¼½¯�#��«K¼½¯�  with #��� = +o@��� − 2¬�� − ¬ 
 

(58)  
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This method requires an initial guess for the value of «K. This is used as  «K¼½¯  in equation (58). Using this initial 

guess, it then calculates a better approximation for the value of  «K, called «KK:-. This better approximation is 

then used as initial guess, «K¼½¯ , for the next step. The process is repeated until «K converges. The initial 

guess
[30]

 that is used in the first step is shown in equation (59).  

«9 = �−45 − 30¬ + �225�3 + 2¬� + 360¬�¬ + 2��9/4¬ �9/
 

«z = �Ä − 1�� + 2¬�Ä − 1�� , Ä ≥ 2 

 

(59) 

 

 

 

3.3 Effect of the substrate thickness on the temperature profile of a stationary substrate 

Figure 17 shows the temperature at r = 0 and z = 0 as a function of time for varying dsub and an initial 

temperature of 290 K.  

 

Figure 17: Temperature at r = 0, z = 0 as a function of time for varying dsub (P = 500 mW, w0 = 150 μm, a = 0,       

hN = 5 W/(m
2
K), ε = 0, solid line: COMSOL, circles: Green’s function). 

The solid lines are obtained from COMSOL simulations. All the parameters are the same as for the simulation 

of Figure 13 (w0 = 150 μm and hN = 5 W/(m
2
K)). The mesh size distribution is kept the same in all the 

simulations. The circles are obtained from the Green’s function solution, equation (56). The parameters in this 

equation are taken to be equal to the parameters in the COMSOL simulation.  

Figure 17 shows that the Green’s function solution agrees very well with the COMSOL simulation. It also shows 

that the maximum temperature rise (in steady-state) increases with increasing value of dsub. It also takes longer 

to reach this steady-state value (when dsub > 1000 μm it appears that the temperature profile has not reached 

steady-state after 200 s). The effect of dsub on the temperature profile is primarily caused by the convective 

boundary conditions. When hN = 0 it is found that the temperature profile is independent of dsub, since the 

problem is now effectively independent of z (except for the exponential damping of the source term exp �−m?� which causes only a minor correction). Figure 17 also shows the results for a semi-infinite domain 

(obtained with the Green’s function solution equation (38)). For increasing value of dsub, the temperature 

profile progressively approximates this profile. 

Panel A of Figure 18 shows the temperature rise (\� = \ − \�) at r = 0 as a function of z, when dsub = 1000 μm 

hN = 5 W/(m
2
K) and T∞ = 290 K. The exponential damping of the source term is not taken into account (i.e.  exp�−m?� = 1). Since the problem is now symmetric with respect to z = 0.5 dsub, the temperature profile is 

only shown for 0 ≤ z ≤ 500 μm. The results are obtained from COMSOL simulations. The temperature profile is 

normalized with the maximum temperature rise that occurs along the line r = 0, \�zÆ�(the value of \�zÆ�  is 

indicated in the legend).  
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Panel B also shows the normalized temperature rise along the line r = 0, now in the case that the substrate is 

semi-infinite. The results are obtained from the Green’s function solution, equation (37) (exponential damping 

of source term is not taken into account). The temperature profile is only shown for 0 ≤ z ≤ 5000 μm. Equation 

(38) gives the temperature profile as a function of r for the z = 0 plane, T(r, z = 0, t). This is the most interesting 

temperature profile of the substrate, since the z = 0 plane is the plane that will be in contact with the thin 

liquid film. However, with the Green’s function solution it is possible to calculate the temperature at any value 

of r, z and t (the expression for T(r, z, t) is not given in section 3.2.2).  

 
Figure 18: Temperature rise ÇÈ at r = 0 (divided by ÇÈÉÊË) as a function of z for different times (P = 500 mW, w0 

= 150 μm, a = 0, hN = 5 W/(m
2
K), ε = 0). Panel a: COMSOL, dsub = 1000 μm. Panel b: Green’s function, dsub = 

semi-infinite. 

Panel A shows that at an early time of 0.001 s, the temperature rise is essentially independent of z. For later 

times, the temperature rise increases along the z-direction. This is caused by the heat loss by convection at z = 

0. The value of z where \��?� \�zÆ�⁄  is almost equal to 1 is called the ‘thermal penetration length’. Panel A 

shows that this penetration length increases in time and that it reaches the value of 500 μm (0.5 dsub). At this 

moment the temperature profile is in approximately steady-state. For increasing value of dsub it takes longer 

for the ‘thermal penetration length’ to reach z = 0.5 dsub. Therefore the time to reach steady-state increases, as 

can be seen in Figure 17. Since it takes longer to reach steady-state, the temperature rise in steady-state also 

increases with increasing dsub. Panel B of Figure 18 shows that in the case of a semi-infinite substrate, the 

penetration length never reaches 0.5 dsub since this point is located at infinity. The temperature profile never 

reaches steady-state and the temperature itself increases to an infinite value.  
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Figure 19: Temperature (a) and radial derivative of temperature (b) for t = 200 s, z = 0 and several values of 

dsub  (P = 500 mW, w0 = 150 μm, a = 0, hN = 5 W/(m
2
K), ε = 0, solid line: COMSOL, circles: Green’s function). 

Figure 19a shows the temperature profile at the z = 0 surface as a function of r at time t = 200 s. The solid lines 

are again obtained from the COMSOL simulations and the circles from the Green’s function solution. It also 

shows that the temperature increases with increasing value of dsub. The shape of the temperature profile is 

nearly independent of dsub. This can also be concluded from Figure 19b, where the radial derivative of the 

temperature profile is shown. The solid lines, obtained from the COMSOL simulations, all overlap. This 

indicates that the shape of the temperature profile is independent of dsub. Figure 19b also shows the radial 

derivative of the temperature profile obtained with the Green’s function solution, for dsub = 750 μm (equation 

(57)) and for a semi-infinite domain (equation (39)). These profiles agree very well with the simulations.  

 

3.4 Effect of the boundary conditions on the temperature profile of a stationary substrate 

Up to now convective boundary conditions have been applied to the z = 0 and z = dsub surfaces. However, it is 

also possible to include a radiation boundary condition, as shown in equation (14). Figure 20a shows the 

temperature profile at z = 0 μm and t = 200 s as a function of r. The parameters are: P = 1 W, w0 = 120 μm and 

dsub = 750 μm. The solid lines are obtained from COMSOL simulations. The blue line shows the temperature 

profile when the substrate is isolated (hN = 0 and ε = 0), the green line when convective boundary conditions 

are applied (hN = 5 W/(m
2
K) and ε = 0) and the red line when both convective and radiation boundary 

conditions are applied (hN = 5 W/(m
2
K) and ε = 1).  
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Figure 20: Temperature (a) and radial derivative of temperature (b) for t = 200 s, z = 0  and varying boundary 

conditions (P = 1 W, dsub = 750 μm, w0 = 120 μm, a = 0, solid line: COMSOL, circles: Green’s function). 

The temperature decreases when convective and radiation boundary conditions are applied, since both cause 

a loss of heat. The shape of the temperature profile is nearly independent of the applied boundary conditions. 

This can also be concluded from Figure 20b, where the radial derivative of the temperature profile at z = 0 and 

t = 200 s is shown. These profiles seem independent of the applied boundary conditions. Figure 20a and b also 

show the results obtained from the Green’s function solutions (not in the case of an isolated substrate since 

equations (56) and (57) cannot be used when h = 0 W/(m
2
K)). When convective boundary conditions are 

applied, the results from the Green’s function solution agree very well with those from the simulations.  

When also radiation boundary conditions are applied, a small deviation is observed: since the method of 

Green’s function only works with linear problems, the term Wk�\7 − \�7� (representing heat loss by radiation) 

cannot be used. For sufficiently small values, the temperature difference \ − \� can be approximated by the 

linearization 4Wk\�[�\ − \�� . The total heat loss at the boundary is then given by �ℎj + 4Wk\�[��\ − \��, so 

that an effective convective heat transfer coefficient ℎj� = ℎj + 4Wk\�[  can be used in the method of Green’s 

functions. When hN = 5 W/(m*K), ε =1 and T∞ = 290 K, it follows that hN’ 
 
is equal to 10.53 W/(m*K). Figure 20a 

shows that in this way, the Green’s function solution gives a slightly higher temperature than the simulation, 

since the heat loss due to radiation is underestimated. It is expected that this difference will decrease with 

decreasing temperature. Therefore in the next section, the temperature profile will be studied as a function of 

laser power. 
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3.5 Effect of the laser power on the temperature profile of a stationary substrate 

Figure 21a shows the temperature profile at z = 0 and t = 200 s as a function of r for varying laser powers P. 

The parameters are the same as in the previous section and both convective and radiation boundary 

conditions are applied.  

 

Figure 21: Temperature (a) and radial derivative of temperature (b) for t = 200 s, z = 0 and varying laser 

power (dsub = 750 μm, w0 = 120 μm, a = 0, hN = 5 W/(m
2
K), ε = 1, solid line: COMSOL, circles: Green’s 

function). 

It shows that the difference between the results obtained from the simulations and from the Green’s function 

solution increases with increasing value of P, which confirms the hypothesis stated in the previous section. 

However, the difference is still not more than 1%. From Figure 21, it can also be determined that the 

temperature profile obtained with the COMSOL simulation increases almost linear with increasing P. The 

temperature profile obtained with the Green’s function solution increases exactly linear with increasing P. In 

the Green’s function solution, the heat loss due to radiation is linearized. Figure 21b shows the radial 

derivative of the temperature profile at z = 0 and t = 200 s as a function of r for varying power P. The absolute 

value of this radial derivative also increases linearly with increasing P. From equations (56) and (57) it follows 

that the temperature profile and its radial derivative should scale linearly with P.  
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3.6 Effect of the beam geometry on the temperature profile of a stationary substrate 

Figure 22a shows the temperature profile at z = 0 and t = 200 s as a function of r for varying minimum beam 

radius w0. The beam divergence parameter a is still equal to 0 and the remaining parameter values are P = 500 

mW, dsub = 750 μm, h = 5 W/(m
2
K) and ε = 0. 

 

Figure 22: Temperature (a) and radial derivative of temperature (b) for t = 200 s, z = 0 and varying w0 (P = 500 

mW, dsub = 750 μm, a = 0, hN = 5 W/(m
2
K), ε = 0, solid line: COMSOL, circles: Green’s function). 

Figure 22a shows that the maximum temperature rise decreases with increasing w0. This is caused by the fact 

that the total power P remains constant, so that the power density of the laser beam decreases with increasing 

w0. The temperature profiles essentially overlap for values of r > 250 μm. Figure 22b shows the radial 

derivative of the temperature profile at z = 0 and t = 200 s as a function of r for varying w0. The maximum 

absolute value of this derivative decreases with increasing w0, while the radial position at which this maximum 

occurs increases.  
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Figure 23: Temperature (a) and radial derivative of temperature (b) for t = 200 s, z = 0 and varying beam 

divergence a (P = 500 mW, dsub = 750 μm, w0 = 120 μm, hN = 5 W/(m
2
K), ε = 0, solid line: COMSOL, circles: 

Green’s function). 

Figure 23a shows the temperature profile at z = 0 and t = 200 s as a function of r for varying values of the beam 

divergence parameter a. The minimum beam radius is now kept fixed at w0 = 120 μm. The substrate thickness 

is still 750 μm. The solid lines are obtained from the COMSOL simulation, the circles from the Green’s function 

solution. However, equations (56) and (57) cannot be used now for the Green’s function solution. These 

equations were obtained by solving the x-, y- and z-integrals of equation (29) analytically. However, when the 

beam radius w depends on z, it is no longer possible to calculate the z-integral analytically. It therefore has to 

be solved numerically, simultaneous with the time integral of equation (29). Figure 23a shows that when the 

Green’s function solution is implemented in this way, this solution agrees very well with the COMSOL 

simulations. When the beam divergence parameter a is not equal to 0, the beam radius increases along the z-

direction. According to Figure 22a, a larger beam radius results in a lower temperature rise (around r = 0). 

There will therefore be an extra flow of heat in the z-direction, away from the z = 0 interface. This causes the 

temperature at the z = 0 interface to decrease with increasing value of a.  
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3.7 Numerical model for the temperature profile of a moving substrate 

In the previous sections, the laser beam was stationary with respect to the substrate. In this section, the 

substrate will be moving relative to the laser beam. The substrate will be moving in the positive y-direction 

with speed U. The heat transfer equation is now given by <\<� + <\<� + <\<? + 1] ^��, �, ?� =  1_ &<\<+ + C <\<�' 
(60) 

 

This equation is given in Cartesian coordinates, since the movement of the substrate breaks the radial 

symmetry of the problem. It is assumed that k and α are independent of temperature. The heat source ^��, �, ?� is given by 

^��, �, ?� = 2m
�1 − X����?� ��� �− 2�� + ����?� � ��� �−m|?|� 
(61) 

 

Figure 24 shows the computational domain on which equation (60) is solved. 

 

 

Figure 24: Computational domain for numerically solving the heat transfer equation for a moving substrate. 

The laser beam propagates in the -z direction and is centered on x = 0, y = 0. Since the problem is no longer 

axisymmetric, the computational domain is now 3D
[37]

. It extends in the z-direction from z = 0 to z = -dsub. 

Convective and radiation boundary conditions are applied at the z = 0 and z = -dsub planes. The minimum beam 

diameter is located at the z = 0 plane. 

 The computational domain extends in the x direction from x = 0 to x = x1. x1 is kept fixed at 2 mm. Since the 

domain extends only in the positive x-direction and not in the negative x-direction, only half of the problem is 

solved. This is done to save computational costs, since the problem is symmetric in x. At both the x = 0 and x = 

x1 planes the term  
OcO� is fixed at 0. The x = 0 plane is a symmetry plane and the x = x1 plane is placed far enough 

from x = 0, so that the temperature rise does not reach this boundary plane.  

The domain extends in the y-direction from y = -y1 to y = y2. y1 is fixed at 1 mm and at the y = -y1 plane the term OcO� is fixed at 0. Due to the velocity of the substrate, the temperature profile will extend mostly in the positive 

y-direction. The y = -y1 plane is placed far enough from y = 0 so that the temperature rise does not reach this 

boundary. y2 is kept fixed at 4 mm. A convective flux boundary condition is applied at the y = y2 plane. This is 

different from the convective boundary conditions that are applied at the z = 0 and z = -dsub planes. A 

convective boundary condition allows for heat loss by the free convection of air over the substrate. The 

convective flux boundary condition allows for the heat that is convected by the substrate to leave the 

computational domain. The effects of this boundary condition will be discussed later.  
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Figure 25: Surface temperature profile at z = 0 of a moving substrate at varying times t (P = 8 W, U = 3 mm/s, 

dsub = 750 μm, w0 = 120 μm, a = 0.32, hN = 5 W/(m
2
K) and ε = 1). 

Figure 25 shows the surface temperature profile at varying times at the z = 0 surface of a moving substrate, 

that is heated by a laser beam. The parameters are P = 8 W, U = 3 mm/s, dsub = 750 μm, w0 = 120 μm and a = 

0.32. The laser beam is switched on at t = 0. At an early time of t = 0.05 s, the temperature profile is nearly 

circular in shape. At later times, heat is convected along with the substrate in the y-direction. The heat also 

spreads in the x-direction due to conduction. These effects cause the temperature profile at later times to 

form a widening track. At time t = 1.5 s, the temperature profile has reached a steady-state. Figure 25 also 

shows that the maximum in temperature does not occur at the point x = 0, y = 0 (where the maximum in laser 

intensity is located), but further along the y-axis. This is caused by the fact that a point of the substrate is 

further heated by the tail of the intensity distribution after it has passed the location of maximum intensity. 
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3.8 Analytical model for the temperature profile of a moving substrate 

In this section, the Green’s function solution for the temperature profile of a stationary semi-infinite substrate 

(equation (38)) will be extended to the case of a moving substrate. The substrate is still infinite in the x- and y-

direction and semi-infinite in the z-direction (−∞ < �, � < ∞, 0 ≤ ? < ∞). A convective boundary condition is 

applied at the z = 0 surface. The following derivation can also be done for a substrate that has a finite thickness 

in the z-direction, since the substrate is moving in the y-direction. The boundary value problem in this case is 

given by (where \� = \ − \�) <\�<� + <\�<� + <\�<? + 1] ^��, �, ?� =  1_ �<\�<+ + C <\�<�� , + > 0 

−] �<\�<?�Q�, + ℎ\��? = 0� = 0 o@� \��? → ∞� = 0, + > 0   \��+ = 0� = 0 

(62a) 

 

(62b) 

 

(62c) 

By substituting the following transformation
[30]

 \���, �, ?, +� = ¬��, �, ?, +���� .P�7Ì − P��7Ì 0, equation (62a) 

results in <¬<� + <¬<� + <¬<? + 1] ^��, �, ?���� �− C�4_ + C+4_ � =  1_ <¬<+  
(63) 

 

Equation (63) is similar to equation (32a), only now the source term g is multiplied by an extra term. The 

function ¬��, �, ?, +� can be calculated as follows  

¬��, �, ?, +� = _] � �� � � � ^���, ��, ?���
,

�
�� ��� �− C��4_ + C�4_ � ���, �, ?, +|��, ��, ?�, ���Í��

��
�

,  

 

(64) 

The actual temperature profile can be obtained by using \���, �, ?, +� = ¬��, �, ?, +���� .P�7Ì − P��7Ì 0. The source 

term g is still given by equation (33) and the Green’s function by equation (35). An interesting result is the 

temperature profile at the z = 0 interface, given by equation (65). 

\��, �, ? = 0, +� = \� + 2m
�1 − X�_�] � ���
,

��� &− 2�� + �� − C�+ − ����8_�+ − �� + � '8_�+ − �� + � ∗ 

 

(65) 

 

! ℎjℎj − m] ��� $ℎj] _�+ − ��( �"#A &ℎj] �_�+ − ��' − m]ℎj − m] ���Tm_�+ − ��U�"#A .m�_�+ − ��0) 

From the temperature profile of equation (65), the x-derivative (given in equation (66)) and the y-derivative 

(given in equation (67)) can be obtained.  

 

<\<� ��, �, ? = 0, +� = −8m
�1 − X�_�] � ���
,

� ∗ ��� &− 2�� + �� − C�+ − ����8_�+ − �� + � '�8_�+ − �� + �� ∗ 

 

(66) 

 

 

! ℎjℎj − m] ��� $ℎj] _�+ − ��( �"#A &ℎj] �_�+ − ��' − m]ℎj − m] ���Tm_�+ − ��U�"#A .m�_�+ − ��0) 

 

 

<\<� ��, �, ? = 0, +� = −8m
�1 − X�_�] � ���
,

T� − C�+ − ��U ∗ ��� &− 2�� + �� − C�+ − ����8_�+ − �� + � '�8_�+ − �� + �� ∗ 

 

(67) 

 

! ℎjℎj − m] ��� $ℎj] _�+ − ��( �"#A &ℎj] �_�+ − ��' − m]ℎj − m] ���Tm_�+ − ��U�"#A .m�_�+ − ��0) 
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Figure 26: Temperature profile of a moving substrate along the line x = 0, z = 0 at varying times (P = 8 W, U = 

3 mm/s, dsub = 750 μm, w0 = 120 μm, a = 0, hN = 5 W/(m
2
K) and ε = 1, solid line: COMSOL, circles: Green’s 

function). 

Figure 26 shows the temperature profile of the moving substrate along the line x = 0, z = 0 for varying times. 

The parameters are P = 8 W, U = 3 mm/s, dsub = 750 μm, w0 = 120 μm and a = 0. Convective and radiation 

boundary conditions are applied at the z = 0 and z = -dsub surfaces (with hN = 5 W/(m
2
K) and ε = 1). The solid 

lines are obtained from COMSOL simulations, the circles from the Green’s function solution. The Green’s 

function solution used is equation (65), modified to take into account that the substrate has a finite thickness. 

The radiation boundary condition is implemented as discussed in section 3.4.  

Figure 26 shows that the Green’s function solution agrees very well with the simulations. The effect of the 

convective flux boundary condition can be seen in the temperature profiles at times t = 1.3 s and t = 1.5 s. At 

these times, the temperature profile has reached y = 4 mm, but is not yet in steady-state. The boundary 

condition assumes that the conductive flux at the boundary is 0. This causes the COMSOL simulation results to 

differ slightly from the Green’s function solution. In this case, the Green’s function solution gives the correct 

result.  

 

Figure 27a shows the temperature as a function of x at the z = 0 plane of the moving substrate at various 

values of y. The temperature profile is in steady-state. It shows that the maximum temperature decreases with 

increasing y (when y > 0) and that the profile also becomes wider. Both effects can also be seen in the last 

panel of Figure 25. The inset of Figure 27a shows the width of the temperature profile as a function of y. The 

width at a certain value of y is defined as the value of x where the temperature rise is equal to half of the 

temperature rise at x = 0 for that value of y. This clearly shows that steady-state surface temperature profile of 

the moving substrate (shown in Figure 25) forms a widening track. The x-derivative of the temperature profiles 

of Figure 27a are shown in Figure 27b. Figure 27c shows the y-derivative of the steady-state temperature 

profile along the line x = 0, z = 0. The values of the x- and y-derivatives for the Green’s function solution are 

obtained from modified (for the fact that the substrate has a finite thickness) versions of equations (66) and 

(67). Figure 27 shows that in all cases, the COMSOL simulation results agree very well with the Green’s 

function results. 
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Figure 27: Steady-state temperature profile of a moving substrate at z = 0. Panel A: Temperature as a 

function of x for different y (Inset: width of profile as a function of y). Panel B: x-derivative of temperature 

as a function of x for different y. Panel C: y-derivative of temperature as a function of y for x = 0. (P = 8 W, U 

= 3 mm/s, dsub = 750 μm, w0 = 120 μm, a = 0, solid line: COMSOL, circles: Green’s function) 
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The method of Green’s function was used to study the effects of varying parameters on the temperature 

profile of a moving substrate. Detailed results are not shown here (except for the effect of the substrate 

speed), but will be summarized:  

- The temperature and its x- and y-derivatives increase linearly with increasing power P, as can also be 

concluded from equations (65), (66) and (67). The same was observed earlier for a stationary substrate.  

-  It is found that the substrate thickness dsub and the boundary conditions that are applied at the z = 0 and z = -

dsub planes no longer have an effect on the temperature or its x- and y-derivatives. This is caused by the fact 

that m ∗ �vwx ≪ 1 (m is the absorption coefficient of the substrate) and that the ‘contact time’ between the 

laser and the substrate is small. This ‘contact time’ represents the time that a specific point of the substrate 

that moves through the laser is heated and scales as �, C⁄ . Figure 17 and Figure 18 show that for very small 

times, the temperature of a stationary substrate is independent of dsub.  

-  It is also found that the temperature and its x- and y-derivatives decrease with increasing value of w0 and/or 

increasing value of the beam divergence a. This was also observed in the case of a stationary substrate.  

 

3.9 Effect of the substrate speed on the temperature profile of a moving substrate 

Figure 28 shows the steady-state surface temperature profile of the moving substrate at the z = 0 plane, for 

different substrate speeds U. The parameters are P = 8 W, dsub = 750 μm, w0 = 120 μm and a = 0.32. The profiles 

are obtained from COMSOL simulations.  

 

Figure 28: Steady-state surface temperature profile at z = 0 of a substrate moving with a speed U of (a) 3, (b) 

5 or (c) 7 mm/s (P = 8 W, dsub = 750 μm, w0 = 120 μm, a = 0.32, hN = 5 W/(m
2
K) and ε = 1). 

Figure 28 shows that the maximum temperature rise decreases with increasing substrate speed. This is caused 

by the fact that the ‘contact time’ between the laser and the moving substrate decreases with increasing U. It 

also shows that the widening track formed by the temperature profile becomes narrower with increasing U. 

With increasing substrate speed, convection becomes dominant relative to conduction.   
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Figure 29: Steady-state temperature (a) and its y-derivative (b) of a moving substrate along the line z = 0, x = 

0 for several values of U (P = 8 W, dsub = 750 μm, w0 = 120 μm, a = 0.32, hN = 5 W/(m
2
K) and ε = 1, solid line: 

COMSOL, circles: Green’s function). 

Figure 29a shows the steady-state temperature along the line z = 0, x = 0 for varying substrate speeds. For U = 

3 to 8 mm/s, the temperature profile is obtained from COMSOL simulations and from the Green’s function 

solutions. Both results agree very well. For U = 10 to 80 mm/s, the temperature profile is obtained from the 

Green’s function solution only. The temperature rise diminishes with increasing U in a non-linear fashion for 

small values of U. This will be discussed later on in this section.  

Moreover, the modulation of the temperature rise, which somewhat arbitrarily could be defined as the 

difference between the maximum temperature and the temperature at y = 3 mm, decreases with increasing U. 

The position of maximum temperature varies only little with U. Figure 29b shows the y-derivative of the 

profiles shown in Figure 29a. The position where <\ <�⁄ = 0 (indicated with an arrow in Figure 29b) 

corresponds to the position of maximum temperature. It is found that this position changes from y = 60 μm for 

U = 3 mm/s to y = 120 μm for U = 80 mm/s. This means that the position of maximum temperature does 

depend on U, but not strongly.  
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Figure 30: Maximum steady-state temperature rise (obtained from Green’s function solution) as a function 

of Peclet number (P = 8 W, dsub = 750 μm, w0 = 120 μm, a = 0, hN = 5 W/(m
2
K) and ε = 1). 

Figure 30 shows the maximum steady-state temperature rise as a function of the Peclet number Pew. This is 

like a dimensionless speed and is defined as 
�- = P-ÏÌ . The parameters are P = 8 W, dsub = 750 μm and w0 = 

120 μm. The results are obtained using the method of Green’s functions.  

Figure 30 shows that for very low speeds (Pew < 0.01) the maximum temperature rise is independent of U. In 

this regime, conduction of heat is dominant relative to convection. The ‘contact-time’ between the laser beam 

and the substrate (that scales as w0/U) is large and so there is time for heat to be conducted into the 

substrate. For small speeds U, the temperature profile should approximate that of a stationary substrate. This 

is the reason that the maximum steady-state temperature rise is independent of U.  

For very high speeds (Pew > 10) the maximum temperature rise scales as ∆\zÆ�~
�-�9 (indicated by the 

dashed line in Figure 30). The same results were found by Sanders
[32]

. In this regime, convection of heat is 

dominant relative to conduction. The ‘contact-time’ between the laser beam and the substrate is small, which 

means that there is no time for heat to be conducted into the substrate. The temperature rise therefore scales 

linearly with the contact-time. A larger contact-time means that the substrate can absorb more heat from the 

laser beam. Since the contact time is inversely proportional to U, the maximum temperature rise in this regime 

scales as 
�-�9.  

For U = 3 to 8 mm/s (as shown in Figure 29), the Peclet number ranges from 3 to 7. These values correspond to 

the range of speeds that will be used in the experiments of the following chapter. This range is located in-

between the conduction dominated regime and the convection dominated regime. In this range, the 

temperature rise decreases with increasing U in a non-linear fashion.   
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3.10 Experimental verification of the heat transfer model 

In this section, the temperature profile of a stationary substrate will be measured experimentally using a 

thermocouple. The thermocouple that is used is a precision fine wire thermocouple, type K (Chromega-

Alomega) from Omega (model number CHAL-0005). The wires are unsheathed and have a diameter of 13 μm. 

The two wires are welded at a junction in the shape of a bead. This bead has a diameter of approximately 25 

μm.  

 

Figure 31: Experimental setup for measuring the temperature with an embedded thermocouple.  

Figure 31 shows a schematic image of the experimental setup that is used to measure the temperature. The 

thermocouple junction bead (shown as a small sphere in Figure 31) is placed on top of a polycarbonate (PC) 

substrate (Makrofol DE1-1 from Bayer). This substrate is cut into a square with sides of 6 cm and a thickness of 

175 μm. A small amount of Norland 81 Optical adhesive is applied on top of the PC substrate. Next a second PC 

substrate is placed on top of the first, so that the thermocouple is sandwiched in between the two substrates. 

The thermocouple is embedded in the sample to ensure proper thermal contact with the polycarbonate. 

Pressure is applied to the top substrate, so that the adhesive flows out to a thin, optically transparent layer. 

This layer is cured in a UV oven for 10 s. The total thickness of the sample is measured to be 380 μm. The 

thermocouple wires extend out of the sample and are connected to a thermocouple-to-analog converter from 

Omega (model number TAC80B-K). This converter gives as an output a voltage signal that can be converted 

back to a temperature. It is thus possible to record the temperature at the junction bead as a function of time.  

The next step is to align the laser beam with the sample. The sample is placed on top of the powersensor, 

which is placed on the computer controlled linear translation stage (see section 2.3). The powersensor records 

the power of the laser beam that is transmitted through the sample. Using the translation stage, it is possible 

to move the sample accurately in the x-direction. The laser beam is emitted on the sample. With a separate 

translation stage, the laser beam can also be scanned in the y-direction. By scanning the sample in the x-

direction and the laser in the y-direction, it is possible to focus and align the laser beam on the thermocouple 

in the x,y plane. When the temperature signal as recorded by the thermocouple is at its maximum, the laser 

beam center coincides with the thermocouple. Since the diameter of the laser beam is not constant in the z-

direction, it is also necessary to align the laser beam with the sample in this direction. This is realized with a 

third stage that can move in the z-direction. The laser beam is thus scanned in the z-direction and when the 

temperature signal is maximum, the laser focus occurs at the z = zm plane. By shifting the laser beam 190 μm in 

the z-direction, the laser focus occurs at the z = 0 plane (this configuration is shown in Figure 31). By moving 

the sample in the x-direction, the distance between the thermocouple junction bead and the center of the 

laser beam can be varied (as shown in Figure 31).  
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Figure 32: Temperature as a function of time, r = 500 μm (P = 140 mW and dsub = 380 μm). 

Figure 32 shows the temperature as a function of time after switching on the laser when the distance r 

between the thermocouple bead and the optical axis of the laser beam is 500 μm. The laser is switched on at t 

= 0 s and switched off at t = 200 s. The blue circles are the experimentally measured values, the solid red line is 

obtained from a COMSOL simulation.  

The temperature is measured every 0.5 s, fluctuations in the temperature signal due to sensor and read-out 

noise are estimated to be approximately 0.1 K. In the simulation, the following parameters are used: P = 140 

mW, dsub = 380 μm, w0 = 120 μm and a = 0.32. The total power P is determined from the transmitted power Pt, 

measured by the powersensor during the experiment, by using the equation 
� = 
�1 − X���� �−m�vwx� 

(see insert of Figure 12). Convective and radiation boundary conditions are applied (with hN = 5 W/(m
2
K) and ε 

= 1). The initial temperature is 292 K. The thin layer of adhesive that is present in the sample is not taken into 

account in the model, where a homogeneous substrate is used. In the simulation the minimum beam diameter 

occurs at z = 0, just as in the experiment. The results shown in Figure 32 are obtained at z = 190 μm. So like the 

experiments, the temperature is measured in the middle of the sample.  

Figure 32 shows that the temperature model predicts the characteristic time for reaching a steady-state 

temperature from ambient temperature (and vice-versa) well. However, the steady-state temperature from 

the model is higher than that is measured experimentally. A possible reason for this is heat flow along the 

wires of the thermocouple. When heat is conducted away from the thermocouple bead along the wires, it is 

expected that the experimentally measured temperature is lower than the temperature when the 

thermocouple is not present. The temperature model does not take the presence of the thermocouple into 

account.  
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Experimental temperature profiles such as the one shown in Figure 32 are recorded at different values of r. 

The steady-state temperature from each profile is determined by averaging the temperature from t = 100 s to 

t = 200 s. 

 

Figure 33: Steady-state temperature as a function of r (P = 140 mW and dsub = 380 μm). 

The blue circles of Figure 33 show this steady-state temperature determined at different values of r. The solid 

red line is obtained from a COMSOL simulation, at time t = 200 s. The parameters used in the experiments and 

simulation are the same as for Figure 32. Figure 33 shows that for r > 500 μm, the experimental temperature 

profile corresponds well with the simulation (the temperature from the simulation is again slightly higher). 

However, for r < 500 μm the experimentally measured temperature is much higher than that of the COMSOL 

simulation. The temperatures for r = 0 μm and r = 100 μm (not shown in Figure 33) are 340 K and 314 K, 

respectively. The reason that the experimental temperature is much higher is the absorption of laser power by 

the thermocouple. When r < 500 μm (part of) the laser beam falls directly on the thermocouple. The 

thermocouple is made of metals and these have a much higher absorption coefficient for IR radiation than the 

PC substrate. This means that for small r the measured signal is not an indication for the temperature of the 

sample, but for the intensity of the laser beam.  

It can be concluded that a thermocouple cannot be used to measure the temperature in the region where the 

laser intensity is non zero. Kodas et al.
[38]

 solved this by taking the presence of the thermocouple into account 

in their model. They matched the measured temperature profile with the numerical model where the 

thermocouple was included. The actual temperature profile can then be found by removing the thermocouple 

from the model. However, their geometry (intersecting gold and nickel lines on a Si substrate) is much more 

suitable for this approach than the experimental geometry used in this study. A better approach is to use an 

optical method to measure the temperature, since such a method is contact-less. An optical method will 

therefore not alter the measured temperature. An example of an optical method is high temperature 

thermography
[39]

. For this method, an IR camera is used to record the temperature profile. Alternatively, the 

temperature dependence of a fluorescent solution can be used to measure temperature profiles of confined 

liquid volumes
[40]

. With both methods, it is possible to measure temperature simultaneous as a function of 

time and position.  
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4. Thermocapillary deformation of thin liquid films 
 

In this section, the flow of a thin liquid film under the action of an applied temperature gradient will be 

discussed. First a model based on the lubrication approximation will be derived that describes how a thin liquid 

film deforms under the action of a certain temperature gradient. After that it will be discussed how the 

temperature profile of a thin liquid film can be coupled to the temperature profile of the laser heated 

substrate onto which it is applied. The results from the numerical model that is obtained will be compared 

with experiments, for a stationary and for a moving substrate.  

 

4.1 Thin film equation  

Figure 34 shows a schematic image of a thin liquid film on a substrate heated by a laser, with a coordinate 

system (the thickness of the liquid film in this figure is not in scale compared to the thickness of the substrate). 

It is assumed that this system is axisymmetric.  

 

Figure 34: Schematic image of a thin liquid film on a substrate, heated by a laser beam. 

The starting point is the Navier Stokes equation and the continuity equation for an axisymmetric flow without 

swirl in a cylindrical coordinate system
[41-43]

. 

Ñ &<Òd<+ + Òd <Òd<" + ÒQ <Òd<? ' = − <
<" + Ó �1" <<" &" <Òd<" ' + <Òd<? − Òd"� 

Ñ &<ÒQ<+ + Òd <ÒQ<" + ÒQ <ÒQ<? ' = − <
<? + Ó �1" <<" &" <ÒQ<" ' + <ÒQ<? � 1" <<" �"Òd� + <ÒQ<? = 0 

(68a) 

 

(68b) 

 

(68c) 

Equations (68a) and (68b) describe the conservation of momentum in the r- and z-direction. ur is the velocity of 

the liquid in the r-direction, uz the velocity in the z-direction. P is the dynamic pressure defined as 
 = � +Ñ^?, where p is the pressure in the liquid. Equation (68c) describes the conservation of mass. ρ and μ are the 

density and viscosity of the liquid, respectively.  

First, the following non-dimensional variables are introduced "Ô = "£ , ?Ô = ?Õ , Òd��� = ÒdC , ÒQ��� = ÒQÍ  (69) 

 

L is the characteristic length scale for the longitudinal length over which the thickness of the liquid film 

changes significantly. H is the characteristic length scale for the thickness of the liquid film. U is the 

characteristic scale for the velocity along the liquid film, V for the velocity across the liquid film. The thin film 

regime, in which this problem will be studied, is characterized by W = Õ £⁄ ≪ 1. This is also called the 

lubrication approximation.  

When the non-dimensional variables are introduced in the continuity equation, the following non-dimensional 

equation is obtained C£ 1"Ô <<"Ô �"ÔÒd���� + ÍÕ <ÒQ���<?Ô = 0 
(70) 

 

The two prefactors in this equation should be of comparable magnitude, which indicates that  Í = �Õ £⁄ �C = WC (71)  



[42] 

 

To non-dimensionalize the rest of the Navier-Stokes equation, some more non-dimensional variables are 

introduced. +Ô = ++v , +v = £C , 
� = 

v , 
v = ÓCW£ 
(72) 

 

The time is made non-dimensional with the convective time scale +v = �P. The pressure is made non-

dimensional with the characteristic pressure scale 
v = ÖP���. This scale can be derived by considering a 

Poiseuille flow between two parallel plates separated by a narrow gap. If these variables are used to non-

dimensionalize the r- and z-components of the Navier-Stokes equation, the following equations are obtained 

WX�× &<Òd���<+Ô + Òd��� <Òd���<"Ô + ÒQ��� <Òd���<?Ô ' = − <
�<"Ô + W 1"Ô <<"Ô &"Ô <Òd���<"Ô ' + <Òd���<?Ô − W Òd���"Ô 

W[X�× &<ÒQ���<+Ô + Òd��� <ÒQ���<"Ô + ÒQ��� <ÒQ���<?Ô ' = − <
�<?Ô + W7 1"Ô <<"Ô &"Ô <ÒQ���<"Ô ' + W <ÒQ���<?Ô  

(73a) 

 

(73b) 

 

The Reynolds number ReH is defined as X�× = aP×Ö . Under the assumption that W ≪ 1 and WX�× ≪ 1 the non-

dimensional r- and z-components of the Navier-Stokes equation reduce to <Òd���<?Ô = <
�<"Ô , 0 = <
�<?Ô  (74) 

 

Switching back to dimensional quantities gives <Òd<? = 1Ó <
<" , 0 = <
<?  
(75) 

 

The second part of equation (75) indicates that the dynamic pressure is independent of z. This means that the 

first part of equation (75) can be integrated with respect to z.  Òd = 12Ó <
<" ? + ?#�", +� + ^�", +� 
(76) 

 

The plane ? = 0 corresponds with the interface between the liquid and the solid. At this interface, a no-slip 

boundary condition is applied. This means that Òd�? = 0� = 0 = ^�", +� . The function #�", +� has to be 

determined with the boundary condition at the liquid-air interface. In order to find this boundary condition, it 

is necessary to study the stress conditions at the liquid-air interface
[42]

, given in equations (77) and (78).  � − �ÆNd + @fg ∙ &��ØÆNd − ��Ø½NÙ' ∙ @fg + 2Úk = 0 
(77)  

 +g ∙ &��ØÆNd − ��Ø½NÙ' ∙ @fg + +g ∙ ∇vk = 0 
(78) 

 

Equation (77) describes the normal stress condition at the interface and equation (78) the tangential stress 

condition. � is the pressure in the liquid and �ÆNd  in the air. @fg is the unit vector normal to the interface and +g 

the unit vector tangential to the interface. They are given by 

@fg = 1∆ &− <ℎ<" , 1' , +g = 1∆ &<ℎ<" , 1'  with ∆=  1 + &<ℎ<"'
 

 

(79)  

The components of these vectors are given with respect to the unit vectors �dfffg, �Qfffg. σ is the surface tension of 

the liquid. 2Ú is twice the mean curvature of the interface
[43]

 and is given by  

2Ú = <ℎ<"
�1 + .<ℎ<"0�[/ + 1" <ℎ<"

�1 + .<ℎ<"0�9/ 

 

(80) 

 

When the same scaling is applied that was used to non-dimensionalize the Navier-Stokes equation, it is found 

that the (doubled) mean curvature reduces to 

2Ú ≈ <ℎ<"�1 + W�[/ + 1" <ℎ<"�1 + W�9/ ≈ <ℎ<" + 1" <ℎ<" = 1" <<" &" <ℎ<"' 

 

(81) 

 � is the viscous stress tensor. The viscous stress in the air is negligible compared to the viscous stress in the 

liquid. This is due to the fact that the air has a much smaller viscosity than the liquid and because any air flow 

is a consequence of the liquid flow rather than the other way round
[42]

. 



[43] 

 

The viscous stress tensor is defined as follows 

� = .�dd �dQ�Qd �QQ0 = 2Ó Ü <Òd<" 12 &<Òd<? + <ÒQ<" '12 &<Òd<? + <ÒQ<" ' <ÒQ<? Ý 

 

(82) 

 

Next, the term @fg ∙ ��Ø½NÙ ∙ @fg is analyzed by applying the same scaling as before. 

@fg ∙ ��Ø½NÙ ∙ @fg = 1∆ &− <ℎ<" 1' .�dd �dQ�Qd �QQ0  − <ℎ<"1 ¡ ≈ 11 + W �−W 1� .�dd �dQ�Qd �QQ0 .−W1 0 

= 11 + W �W�dd − W�dQ − W�Qd + �QQ� ≈ −2ÓW <Òd<? + 2Ó <ÒQ<?  

 

(83) 

 

The term 2Úk of equation (77) scales as 
Þ×�� = �Þ� . The term p scales as 

ÖP���, as was stated earlier. The term 
�Þ�  

represents surface tension effects, the term 
ÖP��� viscous effects. Since both effects have to balance in the case 

of capillary flow phenomena, both terms have to be of equal magnitude 
�Þ� ~ ÖP���. This relation can also be 

written as 
ÖPÞ ~W[. The term 

ÖPÞ  is usually called the capillary number, Ca. It follows that Ca and W[ have to be of 

the same magnitude for capillary flow. The term −2ÓW OwßOQ   and the term 2Ó OwàOQ    both scale as 
ÖP� . The 

magnitude of this term compared to the magnitude of the term 2Úk scales as 
ÖP� �Þ�á = ÖPÞ W⁄ = Zo W⁄ = W. 

Since W ≪ 1 it can be concluded that the term @fg ∙ ��Ø½NÙ ∙ @fg can be neglected in equation (77). The density of the 

air is assumed to be much smaller than the density of the liquid. Therefore pair is assumed to be constant and 

equal to the ambient pressure pamb. Equation (77) thus reduces to ��? = ℎ� = �Æzx − 2Úk = �Æzx − k" <<" &" <ℎ<"' 
(84) 

 

The dynamic pressure is given by 
 = � + Ñ^? (85)  

Equation (75) indicates that the dynamic pressure does not depend on z, which means that it is equal to its 

value at the liquid-air interface. Using equation (84) we find 
 = − k" <<" &" <ℎ<"' + Ñ^ℎ 
(86)  

 

The ambient pressure is omitted since it is a constant. The magnitude of the term Ñ^ℎ compared to the 

magnitude of the term − Þd OOd ." OOd0 scales as Ñ^Õ Þ×��á = aâ��Þ  . The term 
aâ��Þ  is usually called the Bond 

number, Bo. This term compares the effect of the hydrostatic pressure to the capillary effects. If ¬© ≪ 1 the 

term Ñ^ℎ can be neglected in equation (86).  

The operator ∇v  that is shown in equation (78) is called the surface gradient operator and is defined for this 

geometry as  ∇v= 1∆ & <<" , <ℎ<" <<"' 
  

(87)  

Next the term +g ∙ ∇vk is analyzed using the same scaling as above 

+g ∙ ∇vk = 1∆[ &1 <ℎ<"' Ü <k<"<ℎ<" <k<"Ý = 1∆[ <k<" �1 + &<ℎ<"'� ≈ 1�1 + W�[/ <k<" �1 + W� ≈ <k<"  

  

(88) 

 

Next also the term +g ∙ ��Ø½NÙ ∙ @fg is analyzed 

+g ∙ ��Ø½NÙ ∙ @fg = 1∆ &1 <ℎ<"' .�dd �dQ�Qd �QQ0  − <ℎ<"1 ¡ ≈ 11 + W �1 W� .�dd �dQ�Qd �QQ0 .−W1 0 

= 11 + W �−W�dd + �dQ − W�Qd + W�QQ� ≈ Ó <Òd<?  

  

(89) 
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Equation (78) can thus be simplified to Ó <Òd<? = <k<"  
(90) 

 

This is the boundary condition for equation (76) at ? = ℎ, the liquid-air interface. Applying this boundary 

condition leads to Òd = 12Ó <
<" �? − 2ℎ?� + 1Ó <k<" ? 
(91) 

 

The goal was to derive a differential equation for the thickness of the thin liquid film, ℎ�", +�. In order to find 

this equation, the continuity equation is integrated over z from 0 to h. 

� 1" <<" �"Òd��? + ÒQ�? = ℎ� − ÒQ�? = 0� = 0
,  

(92) 

 

According to the no-slip condition ÒQ�? = 0� = 0. The first term of equation (92) can be written in a different 

form by using the Leibniz integral rule.  

� 1" <<" �"Òd��? = 1" <<" $� "Òd�?
, (

, − <ℎ<" Òd�? = ℎ� 

(93) 

 

 

By introducing the flow rate ed = 2� ã "Òd�?, , equation (92) can be rewritten as 1" <<" & 12� ed' − <ℎ<" Òd�? = ℎ� + ÒQ�? = ℎ� = 0 
(94) 

 

In order to use this equation, the last two terms have to be rewritten. Therefore, a function G is introduced 

that describes the position of the interface ��", ?, +� = ? − ℎ�", +� = 0.  

Now we focus on the difference of the position of the interface at two different times, +9 and + = +9 + �+. ��"�+�, ?�+�, +� − ��"�+9�, ?�+9�, +9� = 0 = T��"�+�, ?�+�, +� − ��"�+9�, ?�+�, +�U + T��"�+9�, ?�+�, +� − ��"�+9�, ?�+9�, +�U + T��"�+9�, ?�+9�, +� − ��"�+9�, ?�+9�, +9�U 

(95)  

This can also be written as �" − "9� <�<" + �? − ?9� <�<? + �+ − +9� <�<+ = 0 
(96) 

 

By dividing this equation by �+ − +9�, it can be derived that Ò�K�fffffffg ∙ ∇� + <�<+ = 0 
(97) 

 

where Ò�K�fffffffg is the velocity of the interface. Since the mass-flux over the interface is zero, it follows that at the 

interface Ò�K�fffffffg ∙ @fg = Òfg ∙ @fg, where Òfg is the velocity of the fluid. The normal vector  @fffg that was introduced in 

equation (79) can also be written as @fg = ∇ä|∇ä|. It therefore follows that  

Òfg ∙ @fg = Ò�K�fffffffg ∙ @fg = 1|∇�| �Ò�K�fffffffg ∙ ∇�� = − 1|∇�| <�<+ = 1|∇�| <ℎ<+  
(98) 

 

where equation (97) was used in the second to last step. However, Òfg ∙ @fg can also be expressed as Òfg ∙ @fg = 1|∇�| &− <ℎ<" Òd + ÒQ' 
(99) 

 

By combining equation (98) with equation (99), it follows that − <ℎ<" Òd�? = ℎ� + ÒQ�? = ℎ� = <ℎ<+  
(100) 

 

When this relation is introduced in equation (94), it follows that <ℎ<+ + 1" <<" & 12� ed' = 0 
(101) 

 

The flowrate ed  can be calculated using equation (91).  12� ed = � " & 12Ó <
<" �? − 2ℎ?� + 1Ó <k<" ?' �?
, = " �ℎ2Ó <k<" − ℎ[3Ó <
<"� 

 

(102) 
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The differential equation that describes the evolution of the thin film profile ℎ�", +� is thus given by <ℎ<+ + 1" <<"  " �ℎ2Ó <k<" − ℎ[3Ó <
<"�¡ = 0 


 = − k" <<" &" <ℎ<"' + Ñ^ℎ 

 

(103) 

 

This equation is also called the thin film equation. The temperature profile at the liquid-air interface enters 

equation (103) through the shear stress term  
OÞOd , since the surface tension depends on the temperature. This 

term can therefore be written as <k<" = �k�\ <\<"  
(104) 

 

It is assumed that 
¯Þ¯c is a constant. The term 

OcOd has to be evaluated at ? = ℎ�", +�, at the liquid-air interface. In 

the previous chapter, the temperature profile of a laser-heated substrate was studied. However, the presence 

of the thin liquid film was not taken into account. In one of the following sections, it will be shown how the 

temperature profile at the liquid-air interface can be related to the temperature profile of the laser-heated 

substrate.  First, the thin-film equation will be modified for a moving substrate.  

 

4.1.1 Thin-film equation for a moving substrate 

In this section, the thin-film equation will be modified for a moving substrate. The substrate moves in the 

positive y-direction, with a velocity U.  Since the problem is now no longer axially symmetric, equation (101) 

changes to: <ℎ<+ + <e�<� + <e�<� = 0 

e� = � Ò��?
,  o@� e� = � Ò��?

,  

 

 

(105) 

 

 

According to the no-slip condition and the fact that the substrate is moving in the y-direction, it follows that Ò��? = 0� = C and Ò��? = 0� = 0. The velocities Ò� and Ò� are thus given by Ò� = 12Ó <
<� �? − 2ℎ?� + 1Ó <k<� ? 

Ò� = 12Ó <
<� �? − 2ℎ?� + 1Ó <k<� ? + C 

 

(106) 

 

Substituting equation (106) in equation (105) results in
[43]

  <ℎ<+ + <<� �ℎ2Ó <k<� − ℎ[3Ó <
<�� + <<� �ℎ2Ó <k<� − ℎ[3Ó <
<� + Cℎ� = 0 


 = −k �<ℎ<� + <ℎ<�� + Ñ^ℎ 

 

(107) 

 

The terms 
OÞO� = ¯Þ¯c OcO� and 

OÞO� = ¯Þ¯c OcO� are calculated from the temperature profile at the liquid-air interface. In 

the next section, it will be derived how the temperature profile at the liquid-air interface is related to the 

temperature profile at the top surface of a laser-heated substrate.   
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4.2 Heat transfer equation for a thin liquid film on a laser heated substrate 

Equation (108) shows the heat transfer equation for a non-volatile thin liquid film on a stationary substrate
[42]

.  

Ñ½NÙAå,½NÙ &<\<+ + �g ∙ ∇\' = ]½NÙ �1" <<" &" <\<"' + <\<? � + ^ + 2Óæ: æ 
(108) 

 

Equation (108) is given in cylindrical coordinates since this is now an axially symmetric problem. ]½NÙ , Ñ½NÙ  and Aå,½NÙ  are the heat conduction coefficient, the density and the specific heat capacity of the liquid, respectively. 

The term g represents a source of heat in the liquid film. This term represents the absorption of the laser 

power by the thin liquid film. The term �g ∙ ∇\ represents the convection of heat due to the flow of the liquid 

and is given by �g ∙ ∇\ = &Òd <\<" + ÒQ <\<?' 
 

(109)  

The term 2Óæ: æ represents the viscous dissipation of heat. æ is called the strain rate tensor and is equal to 

the viscous stress tensor � (from equation (82)) divided by 2Ó. The operator : is called the double inner 

product. The term 2Óæ: æ is given by
[42]

 

2Óæ: æ = 2Ó �&<Òd<" ' + &<ÒQ<? ' + 12 &<Òd<? + <ÒQ<" '� 
 

(110)  

Equation (108) will now be made dimensionless using the scaled variables from equation (69). Moreover, the 

time t will be made dimensionless with the diffusive timescale +v = Õ _½NÙá  where _½NÙ  is the thermal 

diffusivity of the liquid. The temperature T will be made dimensionless with the temperature scale ∆\, \ = \�∆\.  The temperature scale ∆\ can be considered as the change in temperature over the typical length 

scale in the longitudinal direction, L. The heat source g in the liquid is assumed negligible small compared to 

the heat source in the substrate, since the thickness of the thin liquid film is very small compared to that of the 

substrate and since the liquid is essentially transparent to the infrared radiation, Õ ∗ m½NÙ ≪ 1.  

When the dimensionless variables are substituted in equation (108), the following dimensionless equation is 

obtained 

W
�× � 1W
�×
<\�<+Ô + Òd��� <\�<"Ô + ÒQ��� <\�<?Ô� = W 1"Ô <<"Ô �"Ô <\�<"Ô� + <\�<?Ô + 

2¬" �W &<Òd���<"Ô ' + W &<ÒQ���<?Ô ' + 12 &<Òd���<?Ô ' + 12 W7 &<ÒQ���<"Ô ' + W <Òd���<?Ô <ÒQ���<"Ô � 

 

 

(111) 

 

The Peclet number 
�× is defined as 
�× = CÕ _½NÙ⁄  and represents the ratio of heat convection to heat 

conduction. The Brinkman number ¬" is defined as ¬" = ÓC ]∆\⁄  and represents the ratio of viscous 

dissipation to heat conduction. When typical values, such as U = 1 mm/s, H = 5 μm, αliq = 1*10
-7

 m
2
/s, kliq = 0.15 

W/(mK), μ = 30 mPa*s  and ΔT = 50 K are used, it follows that PeH ≈ 0.05 and Br ≈ 5*10
-9

. This means that heat 

convection and viscous dissipation can be neglected. Equation (111) also indicates that in the thin film regime, 

heat conduction in the radial direction is very small compared to heat conduction in the z-direction (since W ≪ 1�. This means that the heat equation for the thin film, when switching back to dimensional variables, 

reduces to <\<? = 1_½NÙ
<\<+  

(112) 

 

 

Figure 35: Schematic image of a non-deformable thin liquid film applied on a solid substrate. 
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Consider now the schematic geometry that is shown in Figure 35. A liquid film of thickness �½NÙ is applied on a 

solid substrate with a thickness �vwx. \, is the temperature of the surrounding air, \9 the temperature at the 

air-liquid interface and \the temperature at the liquid-solid interface. Since a typical value of �½NÙ is 5 μm, the 

thermal equilibration or thermal response time of the liquid film is on the order of �½NÙ _½NÙ~á 250 μs. A typical 

time scale for the thermocapillary redistribution of the liquid is 250 ms, as can be seen in Figure 38 below. 

Consequently, the vertical temperature distribution of the liquid film can be considered to be locally 

equilibrated. The vertical heat flux at the liquid-air interface is continuous and given by  −]½NÙ �\�? = ℎj,½NÙ�\9 − \,� 
(113) 

 

where ℎj,½NÙ is the convective heat transfer coefficient of the liquid. This gives rise to the scaling relation  ]½NÙ \ − \9�½NÙ = ℎj,½NÙ�\9 − \,� or \ − \9 = ℎj,½NÙ�½NÙ]½NÙ �\9 − \,� = ¬D½NÙ�\9 − \,� 
(114) 

 

A typical value of the Biot number ¬D½NÙ is 3*10
-4 ≪ 1, which indicates that vertical temperature differences 

across the liquid film are negligible and that the temperature at the liquid-air interface can be assumed equal 

to the temperature at the top surface of the solid substrate.  

 

Figure 36: Temperature profile at the liquid-solid interface and at the air-liquid interface of the schematic 

geometry of Figure 35 (ksub = 0.2 W/(m*K), kliq = 0.15 W/(m*K), αsub = 1.4*10
-7 

m
2
/s,  αliq = 1*10

-7 
m

2
/s, dsub = 

750 μm, dliq = 5 μm, P = 140 mW, w0 = 120 μm and a = 0).  

Figure 36 shows the result of a Comsol simulation where the schematic geometry of Figure 35 is implemented. 

The solid substrate has a thickness of 750 μm, the non-deformable liquid film a thickness of 5 μm. The 

following properties are used: ksub = 0.2 W/(m*K), kliq = 0.15 W/(m*K), αsub = 1.4*10
-7 

m
2
/s and αliq = 1*10

-7 
m

2
/s. 

The power of the laser beam is 140 mW, the beam radius at the liquid-solid interface is 120 μm and the beam 

divergence parameter a is 0.32. The initial temperature is 292 K. Figure 36 shows that the temperature profiles 

at the liquid-solid interface and at the air-liquid interface are nearly identical. Both profiles are obtained 200 s 

after the laser is switched on.  

In conclusion, the model for the thin film deformation can be described as follows: The temperature profile of 

the solid substrate \�", ?, +� is calculated without taking the thin liquid film into account. This temperature 

profile can be calculated with Comsol or the method of Green’s functions. From the temperature profile of the 

solid substrate, the radial derivative of the temperature distribution at the top surface, 
OcOd �", ? = 0, +� , is used 

to calculate the deformation of the thin liquid film, by using equation (103). It should be noted that the term OcOd �", ? = 0, +� is time dependent.  
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4.3 Numerical model for the deformation of a thin film on a stationary substrate 

For the COMSOL simulation of the thermocapillary deformation of a thin liquid film, two coupled COMSOL 

geometries will be used. The first COMSOL geometry is the one shown in Figure 11. This is the geometry on 

which the temperature profile is solved and is thus called the temperature geometry. The temperature 

geometry is assumed axially symmetric and is 2D (i.e. dependent on r and z). The thin film deformation will 

therefore also be axially symmetric. This means that the second COMSOL geometry, on which the thin film 

equation (equation (103)) will be solved, will be 1D (i.e. dependent only on r).  It thus consists of a line that 

extends from r = 0 to r = r1 (like the z = 0 line of Figure 11). This geometry is called the thin film geometry. Just 

as in the temperature geometry, r1 is fixed at 2 cm.  

The temperature profile at the top surface (i.e. the z = 0 plane) of a substrate that is heated by a laser was 

studied in chapter 3. This profile will now be used to calculate the thin film deformation. The radial derivative 

of the temperature profile at the z = 0 plane of the temperature geometry, 
OcOd �", ? = 0, +�, is transferred to the 

thin film geometry. There it is used as an input to equation (103) via equation (104).  

The initial film thickness is uniform, h = h0. The initial condition for the pressure is thus P = ρ*g*h0. The 

boundary conditions for the thin film geometry are as follows: the terms 
OOd and 

OèOd are equal to 0 at the points 

r = 0 and r = r1. r = 0 is a symmetry point and the point r = r1 is sufficiently remote from r = 0, so that the thin 

film deformation does not reach this point (i.e. h = h0). The mesh size in the thin film geometry is kept fixed at 

1 μm.  

For the derivation of equation (103) the material parameters of the liquid (viscosity μ, surface tension σ and 

density ρ) may depend on the lateral coordinates x and y. The temperature dependence of σ is obvious since 

that is the driving force of the thin film deformation. However, also μ and ρ depend on temperature.  

 

 

Figure 37: Temperature dependence of viscosity (blue) and density (red) of squalane (from [44]). 

The coating liquid that will be used in most experiments is squalane. It is a non volatile liquid that is wetting on 

a PC substrate. Figure 37 shows how the viscosity and density of squalane depend on temperature. The circles 

are experimental data found in literature
[44]

, the solid lines represent the following equations (μ in mPa*s, ρ in 

kg/m
3 

and T in K) (equation (115) is obtained from [44], the reported standard uncertainty of this fit for μ is 

1.2%). 

Ó�\� = 0.52 ∗ ��� �0.16 ∗ 109,\[.7é � 
(115)  

Ñ�\� = 821.6 − 0.64 ∗ �\ − 273� + 4.9 ∗ 10�7�\ − 273� (116)  k�\� = 28.15 − 0.0721 ∗ �\ − 293� (117)  



[49] 

 

The surface tension (in mN/m) is given by equation (117) (obtained from [45], where the surface tension was 

measured over the range from 293 to 473 K and no deviation from linearity was observed). This means that 

the parameter �k �\⁄  of equation (104) is equal to 0.0721 mN/(m-K). The values of μ and ρ at 296 K are 30.9 

mPa*s and 806.8 kg/m
3 

respectively. In order to use these temperature dependent parameters of the liquid 

within COMSOL, the temperature profile at the z = 0 interface of the temperature geometry, \�", ? = 0, +�, is 

transferred to the thin film geometry.  

 

 

Figure 38: Thin film profile at different times t (h0 = 5 μm, material parameters of squalane, P = 500 mW, dsub 

= 750 μm, w0 = 150 μm and a = 0).  

Figure 38 shows a test case simulation of the deformation of a thin squalane film. The initial thickness is 5 μm. 

Equations (115), (116) and (117) are used for the viscosity, density and surface tension of the liquid. The 

parameters that are used in the temperature geometry are the same as the parameters that were used in the 

temperature simulation of Figure 13 and Figure 14. At t = 0, the thin film has a constant thickness of 5 μm. 

After the laser is switched on, the liquid starts to move away from r = 0. The temperature of the substrate is 

maximal at r = 0 (as shown in Figure 13). Since surface tension decreases with increasing temperature, there 

will be a flow of liquid away from r = 0. The film thickness is the lowest at r = 0 and this minimum value 

decreases with time. The displaced volume of liquid is collected into a ‘bulge’ of liquid, also called the rim, 

since the total volume of liquid is conserved. The position of this rim moves to larger values of r with time. The 

capillary and hydrostatic pressures try to counteract the thin film deformation.    
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4.4 Experimental setup to measure the deformation of a thin film on a stationary substrate 

Panel A and B of Figure 39 show a picture and a schematic image of the experimental setup that was used to 

deform a thin liquid film using the IR laser, while simultaneously measuring the thin film profile. First the 

general setup will be described. After that the measuring method that was used to visualize the thin film 

deformation is described. 

 

 

Figure 39: a: picture and b: schematic image of the experimental setup to measure the deformation of a thin 

liquid film on a stationary substrate 

4.4.1 General description of the experimental setup 

Figure 39b shows a thin liquid film that is applied on a substrate. The polycarbonate substrate has a thickness 

of either 175 or 750 μm (Makrofol DE1-1 from Bayer). The PC substrates are delivered with an electrostatically 

bound protection foil. This foil is removed and the substrate is de-charged by placing it under an antistatic bar 

(Simco-Ion MEB). This ionizes the air molecules, that remove the charges from the substrate
[46]

.  

 

 
Figure 40: Film thickness h0 after spin coating with 3000 rpm for a time t.  

A thin liquid film of squalane (Sigma-Aldrich 234311) is made by depositing about 2 ml of liquid on the 

substrate and by spin coating the substrate (spin coater: Brewer science CEE200) for a certain time t. The 

(uniform) thickness of the liquid film after spin coating, h0, depends on the number of revolutions per minute 

(rpm) of the spin coater and the time t. Figure 40 shows h0 as a function of the time on the spin coater (with 

3000 rpm). The film thickness after spin coating is measured with a spectral interference technique
[47]

. The 

refractive index of squalane in the visible range is 1.452. The circles are the experimentally measured values 

and for each measurement a new thin film is spin coated for a certain time.  
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Figure 40 shows that h0 scales as ℎ,~+�9/ (also indicated by the dashed line). This corresponds well with an 

analytical expression obtained from literature
[48]

 ℎ, = ℎ�&1 + 4ÑF3Ó ℎ�+'9/ 
(118)  

This equation gives the time evolution of the thickness of a uniform layer of liquid that is applied on a 

substrate that extends to infinity in the radial direction. ω is the angular velocity and hS the film thickness at 

time t = 0. For large enough t, h0 is independent of hS and is given by ℎ, = .7aJ�[Ö +0�9/
. After spin coating, the 

substrate with the thin liquid film is removed from the spin coater and placed in the experimental setup of 

Figure 39.  

The optical system described in the section 2.1 is mounted on a translation stage so that the laser beam (λIR = 

1470 nm) is emitted in the –z direction and is incident on the substrate. The laser beam is partially transmitted 

through the substrate and after that is absorbed by a shortpass filter (Schott KG Heat Absorbing Glass, Edmund 

Optics 49-095, not visible in Figure 39a). The laser beam is absorbed so that it does not damage the imaging 

optics. In chapter 2 it was determined that the diameter of the laser beam is approximately 250 μm. The 

maximal laser power that will be used in the experiments of this chapter is 8 W. It chapter 3 it was determined 

that approximately 2% of the laser power is absorbed by the substrate. 

The deformation of the thin liquid film is visualized using dual-wavelength interferometry (to be described in 

the next section). The imaging optics system consists of an Infinitube lens system, a microscope objective 

(Olympus MPlanAPO 2.5x N.A. 0.08), a cube-mounted beamsplitter (CM1-BP145B1 from Thorlabs) and two 

LEDs (Luxeon, powered by DC power supplies from Delta Electronics). One LED has a wavelength of λR = 625 

nm, the other of λB = 466 nm. Images are recorded with a CCD camera (Pike F145B). The light from the LEDs is 

emitted in the +z direction, through the shortpass filter. It is then transmitted through (and reflected by) the 

substrate and liquid film.  

The light from the LEDs is blocked by a longpass filter (Optical cast plastic infrared longpass filter, Edmund 

Optics 43-949, not visible in Figure 39a). If this longpass filter is not placed, the light from the LEDs would enter 

the optical system for the focusing of the IR laser beam. This optical system would then partially reflect and 

focus these light rays, approximately at the point where the focus of the IR laser beam is located. This is a 

highly undesirable effect, since it would make an analysis of the interferometry image of the thin liquid film 

impossible.  

The IR laser beam is emitted through the longpass filter. The power of the laser beam decreases slightly due to 

the longpass filter. Before a series of measurements, the power is measured with the power sensor at the 

same value of operating current and duty cycle percentage (see section 2.2) that will be used during the 

experiment. The longpass filter should be in place while measuring the power.  

The laser beam is aligned so that the focus occurs at the surface of the substrate where the thin film is applied. 

A thermocouple is placed on top of a substrate (with the same thickness as the one that will be used in 

experiment). The substrate is placed so that the center of the laser beam falls directly on the thermocouple. 

The laser beam is then scanned in the z-direction. The voltage measured by the thermocouple increases very 

strongly when the laser focus occurs at the top surface of the substrate (due to the high absorption coefficient 

of the thermocouple). The longpass filter should be in place while the laser is aligned, since this filter shifts the 

focus of the laser approximately 500 μm in the –z direction. Zemax simulations showed that the longpass does 

not significantly increase the diameter of the laser beam at its focal point.  
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4.4.2 Dual-wavelength interferometry 

Dual-wavelength interferometry is used to measure the profile of the thin liquid film during the experiment. 

Figure 41 shows the spectra of the two LEDs that are used as light sources, measured with a spectrometer.  

 
Figure 41: Measurement of the spectra of the red and blue LED used as light sources for the dual-wavelength 

interferometry. 

The blue LED has a peak wavelength of 466 nm and a full width at half maximum (FWHM) of 26 nm. The red 

LED has a peak wavelength of 625 nm and a FWHM of 15 nm. The light emitted by the LEDs (indicated with ‘1’ 

in Figure 39b) travels in the +z direction and meets the interface between the substrate and the thin film. Part 

of the light is reflected by this interface and travels in the –z direction (indicated with ‘2’). The other part is 

transmitted and then meets the interface between the thin liquid film and the surrounding air. Again, a part is 

reflected and travels in the –z direction (indicated with ‘3’). Rays ‘2’ and ‘3’ will now interfere. The phase of ray 

‘3’ will be different from that of ray ‘2’, since they have travelled over different optical paths. The optical path 

length difference is given by 2@ℎ, where n is the refractive index of squalane and h is the local film thickness 

(the factor 2 comes from the fact that ray ‘3’ first travels from the substrate-thin film interface to the thin film-

air interface and then back again). When 2@ℎ = ÄE (where m is an integer and λ either 466 or 625 nm) 

constructive interference occurs and when 2@ℎ = �Ä + 9�E destructive interference occurs.  

 
Figure 42: Interferometry images of the thin film deformation (a: λ = 625 nm, b: λ = 466 nm). 

Figure 42 shows an example of an interferometry image that is recorded with a wavelength of 625 nm (a) and 

with a wavelength of 466 nm (b). The size and location of the laser spot is indicated with a yellow circle in 

panel B. The following experimental parameters are used: h0 = 5.5 μm, dsub = 175 μm and P = 300 mW. The 

images are recorded 5 s after the laser is switched on. The light and dark bands that are visible in Figure 42 are 

called fringes. They appear because the thin film has a certain non-uniform thickness profile and because of 

the fact that at certain thicknesses constructive (light fringes) and destructive (dark fringes) interference 
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occurs. Fringes locate positions of equal film thickness: this means that the images of Figure 42 can be seen as 

sort of a height map of the thin film. The difference in film thickness between a light and a dark fringe is equal 

to λ/4n (where λ is the wavelength of the LED that is used). Panel A shows that at the position of the laser, the 

fringes are broad. This means that the slope in film thickness is small. Further away from the center of the 

profile, the fringes are very closely spaced. This means that there is a large slope in film thickness. With further 

distance from the center, the fringes become broader again. This means that the slope in film thickness 

decreases again. This is caused by the fact that the profile displays a rim (as can be seen in Figure 38). The 

position of the rim is indicated with an arrow in panel A of Figure 42. For radial positions further out than that 

of the rim, a few fringes are shown. These indicate that the film thickness decreases gradually to the initial 

thickness h0.  

By noting the positions of all light and dark fringes and by using the fact that the difference in film thickness 

between a light and a dark fringe is constant (and the fact that the film thickness is minimal at the center and 

maximal at the rim) it is possible to construct a thin film profile. However, by using just one image it is not 

possible to determine the absolute film thickness. The first dark fringe from the center could represent a film 

thickness of λR/4n or 3λR/4n or 5λR/4n (etc.). This is the reason why interferometry images are made with two 

different wavelengths.  

 
Figure 43: Intensity profile of the interferometry images of Figure 42.  

Figure 43 shows a different representation of the interferometry images of Figure 42. The grayscale values of 

all pixels at a certain radial distance r from the pixel at the center of the deformation are averaged. The values 

are then normalized. Both panels show that the maximum absolute ‘intensity’ of the light and dark fringes 

decreases with increasing r. This is caused by the fact that the light emitted by the LEDs has a certain 

coherence length. If a light ray travels over a distance larger than its coherence length, loss of phase coherence 

will take place. This means that if the film thickness is larger than the coherence length, no interference 

between rays ‘2’ and ‘3’ of Figure 39b occurs. The coherence length scales as E ΔEá , where λ is the peak 

wavelength of the light source and ΔE the FWHM
[24]

. This means that the red LED has a larger coherence 

length than the blue LED. This can also be determined from Figure 43 where all the ‘red fringes’ can be 

distinguished while the ‘blue fringes’ disappear for r > 500 μm.  

Panel A of Figure 43 shows that the first fringe is dark. This fringe occurs just outside the center of the 

deformation, at r = 72 μm. It is assumed that this fringe corresponds to a thickness of λR/4n. The positions of all 

the light and dark fringes in panel A are noted and the corresponding thickness is calculated by adding λR/4n 

for every new fringe (and subtracting for every fringe that occurs after the ‘rim fringe’). The film thickness at r 

= 0 does not correspond to an integer multiple of λR/4n and is determined by interpolation using the grayscale 

value of pixels located around r = 0. The same process is repeated for the ‘blue fringes’ that are distinguishable 

in panel B. In this case the grayscale value at r = 0 does correspond to that of a dark fringe, more or less exactly 

(so here the first fringe does occur in the center). Here the film thickness is assumed to be λB/4n . Figure 44 

shows the thin film profile that is obtained using the red fringes (red circles) and the blue fringes (blue circles).  
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Figure 44: Thin film profile of the deformation shown in Figure 42, obtained with dual-wavelength 

interferometry. The insert shows a close-up of the profile around r = 0.  

The two profiles overlap perfectly so the initial guess that the first red and blue fringes correspond to λR/4n 

and λB/4n was correct. In the case that the two profiles do not overlap, it is necessary to add multiple values of 

λR/2n to the red profile and multiple values of λB/2n to the blue profile in such a way that the two profiles do 

overlap. Figure 44 also shows that the film thickness at r ≈ 1.5 mm agrees well with the initial film thickness of 

5.5 μm. Dual-wavelength interferometry can thus be used to obtain an absolute film thickness profile.  

 

 
Figure 45: Interferometry images of the thin film deformation at different times (t = 3,5,6,10,15 and 30 s, P = 

60 mW, h0 = 5.5 μm, dsub = 175 μm, λ = 625 nm). 

During the experiment the CCD camera is recording with 10 fps. The camera is synchronized with the power 

supplies of the two LEDs. In this way it is possible to use the red LED and the blue LED for alternating frames, 

i.e. the process is actually recorded twice with 5 fps and different wavelengths. Figure 45 shows the thin film 

deformation at different times. The power of the laser is 60 mW and only the images with the 625 nm LED are 

shown. It shows that the rim position propagates in time (like in Figure 38), so that the deformation becomes 

broader. The grayscale value at the center of the deformation is constantly changing between light and dark, 

indicating that the film thickness is decreasing.  
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4.5 Parameter variation study 

In this section the effect of two parameters, the initial film thickness h0 and the power of the laser beam P, on 

the deformation of the liquid film will be studied. An important parameter to characterize the deformation of 

the thin film is the film thickness at the center of the ‘dip’. This is also the minimum film thickness, hmin. Since 

the center is the position of minimum film thickness, it is the position where the liquid film will break up in the 

case of a partially wetting film (to be discussed in the next chapter). However, it is relevant to study the 

complete thin film profile as well, determined from experiment and simulation.  

 
Figure 46: Thin film deformation at t = 5 s with P = 300 mW, h0 = 5.5 μm and dsub = 175 μm. Circles: profile 

from Figure 44. Solid line: COMSOL simulation (with w0 = 120 μm and a = 0.32).    

Figure 46 shows the experimentally determined thin film profile from Figure 44 (only red fringes). The solid 

line is obtained from a COMSOL simulation, with parameters corresponding to those used in the experiment. It 

shows that the minimum film thickness determined in the experiment agrees very well with that of the 

simulation. However, the rest of the experimentally determined profile agrees less well with the simulation, 

especially around the rim. During the experiment, it is found that the squalane leaks over the sides of the 

substrate (since it has a low viscosity). This causes an overall decrease in film thickness and could be the 

reason that the rim in the measured profile is much lower than that of the simulation. Panel A of Figure 42 also 

shows that the thickness of the rim is not constant over the entire profile.  

 

4.5.1 Minimum film thickness as a function of time: general behavior 

Figure 47 shows the minimum film thickness, hmin, as a function of time. The parameters are dsub = 175 μm, h0 = 

5.5 μm and P = 60 mW. The film thickness is measured using dual-wavelength interferometry and grayscale 

interpolation. The actual value of hmin is the average of the two values that are obtained from the two different 

wavelengths. The error bars represent the difference between these two values. The error in the 

measurement of hmin is usually not larger than 10 nm. Three different measurements were done to see if the 

measurement is reproducible. For the first two measurements, the same substrate is used (a new thin film is 

spin coated after the first measurement). For the third measurement, a new substrate is used. The values of 

hmin for the different measurements overlap. When hmin is approximately at a multiple value of λ/4n, it is not 

possible to use grayscale interpolation (as is discussed for Figure 43B above). Figure 47 shows that after 10 s, 

all three measurements give a value of 321 nm. This is caused by the fact that both wavelengths are at a 

multiple value of λ/4n: 3λR/4n = 322.8 nm and λB/n = 320.9 nm.  
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Figure 47: Minimum film thickness as a function of time for three different measurements (dsub = 175 μm, h0 

= 5.5 μm and P = 60 mW). The solid red line represent a fitting function of the form hmin ~ t
-1

. 

Figure 47 also shows that the minimum film thickness scales as hmin ~ t
-1

 (indicated by the dashed line). The 

same scaling relation was experimentally observed and analytically derived by Darhuber and Troian
[13]

 for the 

minimum film thickness of a liquid filament on a chemically patterned surface that is thinned by a non-uniform 

temperature distribution. The thermocapillary shear stress term in equation (103) scales as h
2
, while the 

pressure term scales as h
3
. Adapting the argument of Darhuber and Troian to an axisymmetric system, we note 

that for small enough h, the thin film equation thus reduces to <ℎ<+ + 1" <<" �" ℎ2Ó �k�\ <\<"� = 0 
 

(119)  

At r = 0, where h = hmin, the terms 
OOd and 

OcOd are equal to 0. This means that equation (119) at r = 0 is given by <ℎzNK<+ = − ℎzNK2Ó �k�\ ¶1" <<" &" <\<"'·d�, 
 

(120)  

The term í9d OOd ." OcOd0îd�, represents the curvature of the temperature distribution at r = 0 and is constant for a 

stationary temperature distribution. This means that the solution of equation (120) is given by ℎzNK�+� = Z+  
 

(121)  

where C is given by 2Ó ¯Þ¯c í9d OOd ." OcOd0îd�,á . According to equation (121), the minimum film thickness should 

scale as hmin ~ t
-1 

and this is confirmed in the measurements of Figure 47.  

 

4.5.2 Minimum film thickness as a function of time: different initial film thicknesses 

Figure 48 shows the minimum film thickness hmin as a function of time for different initial thicknesses h0. The 

circles represent experimentally obtained values. The substrate thickness is 175 μm and the laser power 60 

mW. h0 is varied by varying the time of the spin coater before the laser is switched on (see Figure 40). The solid 

lines are obtained from COMSOL simulations. The substrate thickness and laser power are the same as in the 

experiment. The beam radius at z = 0 is 120 μm and the beam divergence parameter a is 0.32. Convective and 

radiation boundary conditions are applied in the temperature geometry. The values of h0 that are used in the 

simulation correspond to those used in the measurements. 
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Figure 48: Minimum film thickness as a function of time for different initial thicknesses (dsub = 175 μm and P 

= 60 mW). Circles: experimental values. Solid line: COMSOL simulation (with w0 = 120 μm and a = 0.32).  

Figure 48 shows that in the experiment, hmin is independent of h0 after approximately 20 s. Before this time, 

hmin increases with increasing h0. The same trends are observed from the simulations. In the simulations it is 

possible to obtain hmin at a very early value of t. In the experiments, it is difficult to measure the film thickness 

before 2 s. Figure 48 also shows that when t is large enough, the minimum film thickness scales as hmin ~ t
-1

. 

Figure 14 indicates that the radial derivative of the temperature profile is almost in steady-state at the 

moment the t
-1

-regime starts. The temperature profile is independent of h0 (since the entire temperature 

geometry in the simulation is independent of the thin film geometry). The values of hmin that are obtained with 

the simulations are smaller than those obtained with experiments. This could be caused by inaccurate values 

of the material parameters in the simulation, or an incorrect definition of t = 0 in the experiment (the first 

frame in which the deformation is visible).  

 

4.5.3 Minimum film thickness as a function of time: different laser powers 

Figure 49 shows the minimal film thickness hmin as a function of time for varying laser powers P. 

 
Figure 49: Minimum film thickness as a function of time for different laser powers (dsub = 175 μm and h0 = 5.5 

μm). Circles: experimental values. Solid line: COMSOL simulations (with w0 = 120 μm and a = 0.32). 
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The circles are obtained from experiments with dsub = 175 μm and h0 = 5.5 μm. The power of the laser beam is 

varied using the duty cycle signal. The solid lines are obtained from COMSOL simulations, where also h0 = 5.5 

μm and the rest of the parameters is the same as for Figure 48. Using grayscale interpolation, it is not possible 

to measure film thicknesses lower than approximately 20 nm. The experimental results show that the film 

thickness at a certain time decreases with increasing P. After a certain time the film thickness follows the 

scaling hmin ~ t
-1

, for every value of P. The same trends are observed in the results obtained with the 

simulations. The experimentally obtained values of hmin are again slightly higher than the values of the 

simulations.  

The magnitude of the shear stress acting on the thin film increases linearly with increasing P. From equation 

(38), it can also be derived that the term í9d OOd ." OcOd0îd�,scales linearly with P. It is thus expected that the 

constant C of equation (121) scales as C ~ P
-1

. In order to check this, Figure 50 shows the minimum film 

thickness as a function of the laser power at certain values of t (most of the values are also shown in Figure 

49).   

 
Figure 50: Minimum film thickness as a function of the laser power at different times t (dsub = 175 μm and h0 

= 5.5 μm). Circles: experimental values. Solid lines: COMSOL simulations (with w0 = 120 μm and a = 0.32). 

Insert: time tc it takes for hmin to reach a value of 20 nm (from COMSOL simulations, red (blue): viscosity 

(in)dependent of temperature).  

The circles are obtained from experiments and the solid lines from COMSOL simulations. When the 

experimental datasets are fitted with a power law of the form hmin ~ P
-b

, the exponent b ranges from 1.22 for t 

= 5 s to 1.38 for t = 20 s. When the numerical datasets are fitted with the same power law, the exponent b 

ranges from 1.28 to 1.31. A line with slope -1.3 is indicated in Figure 50. The fact that this exponent is larger 

than the expected value of 1 is caused by the temperature dependence of the viscosity.  

The constant C of equation (121) depends on the laser power P, but also on the viscosity μ. The insert of Figure 

50 shows the time tc that it takes for hmin to reach a value of 20 nm, obtained from COMSOL simulations. The 

blue circles are obtained when the viscosity in the simulation is 41 mPa*s (i.e. independent of temperature). 

The time tc now scales as P
-1 

over the entire range of the laser power. The red circles are obtained when the 

viscosity in the simulation is given by equation (115) (i.e. dependent of temperature). For low values of P, tc 

still scales as P
-1

. For high values of P, the data starts to deviate from the P
-1 

scaling due to the temperature 

dependence of the viscosity. The temperature at r = 0 at t = tc is 290.3 K and 307.5 for the lowest and highest 

value of P shown in the insert. This corresponds to viscosities of 41 and 19 mPa*s.   

Since the model for the temperature dependence of the viscosity (equation (115)) is not of the form μ(T)~T
-b

, 

the datasets shown in Figure 50 do not collapse onto straight lines in this loglog plot. However, these datasets 

were still fitted with a single power law over the entire range of the laser power.  
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4.6 Thin film deformation with a non-Gaussian intensity profile 

In all the experiments discussed above, the laser was aligned with respect to the substrate so that the laser 

focus occurred at the z = 0 plane. In this section the sensitivity of the thin film deformation with regard to the 

focusing of the laser beam will be discussed.  

Panel A of Figure 51 shows an interferometry image (with λR = 625 nm) that is recorded during an experiment 

in which the laser focus is translated 500 μm in the –z direction. The other parameters are dsub = 175 μm, h0 = 

5.5 μm and P = 60 mW. The inset of Panel B shows the intensity profile of the laser at z = +500 μm. This profile 

now occurs at the z = 0 plane of the substrate and it displays a local minimum in the center. Panel B of Figure 

51 shows the thin film profile measured with dual-wavelength interferometry, 50 s after the laser is switched 

on (not an axially symmetric profile, such as the one of Figure 44, but a cross-section along a line). It shows 

that the film thickness is not minimal at x = 0, but that the profile has a local maximum at this point. The 

minimum film thickness occurs out of center. Due to the intensity profile of the laser, the temperature at the    

z = 0 plane of the substrate will display an out of center maximum. This results in an out of center minimum of 

the film thickness.  

Panel C shows an interferometry image from an experiment in which the laser focus is shifted 800 μm in the +z 

direction. The inset of Panel D shows the intensity profile of the laser at z = -800 μm. This profile now occurs at 

the z = 0 plane of the substrate and it displays side lobes. Panel D shows the thin film profile, again measured 

after 50 s. The film thickness is now minimal at x = 0, since the intensity is maximal at this point. The thin film 

profile also displays out of center kinks: these are caused by the side lobes in the intensity profile.   

 

 
Figure 51: Interferometry image and profile of thin film deformation when the focus of the laser is shifted 

(panel A,B: z=+ 500 μm, panel C,D: z=- 800 μm) (dsub = 175 μm, h0 = 5.5 μm, P = 60 mW, t = 50  s). 
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Another option to use a intensity profile different from the Gaussian profile is to use a Digital Micromirror 

Device
[49]

 (DMD). With a DMD, it is possible to spatially modulate the laser beam.  

 

 
Figure 52: a: picture and b: schematic image of the experimental setup for the spatial modulation of the 

laser beam using a DMD. 

Panel A and B of Figure 52 show a picture and a schematic image of the experimental setup that is used to 

spatially modulate the laser beam. The laser beam is emitted from an optical fiber. It enters a beam 

homogenizer, where the laser beam is collimated and the intensity profile of the laser beam is transformed 

from Gaussian to a flat top (an ideal flat top distribution has a constant intensity over the entire cross section 

of the beam and zero intensity outside). The beam then meets the DMD (Texas instruments, model number 

1076-746c). The DMD consists of an array of 1024x768 mirrors. Each mirror is 10.8x10.8 μm in size. Every 

mirror of the DMD is individually controllable, between an ‘off’ and an ‘on’ state. When a mirror is in the ‘off’ 

state, light that meets this mirror is directed to a beam dump. When a mirror is in the ‘on’ state, light that 

meets this mirror is directed towards an optical system that projects the light onto the substrate.  

The entire setup (except for the substrate) is contained in an anodized metal box. When all the mirrors are in 

the ‘on’ state, a rectangle of size 24x18 mm is projected onto the substrate. Since this area is very large 

compared to that of a circle with a radius of 120 μm, the power density (power divided by area) will in this 

case be approximately 1000 times smaller than in the case of the laser beam shown in the setup of Figure 39. 

For this reason, the substrate that is used is not polycarbonate but the short pass filter shown in Figure 39b. 

This filter has an IR absorption coefficient of 100%, so it compensates for the fact that the power density is 

very low.  
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Figure 53: Thin film deformation at different times (panels B (2 s),C (12 s) and D (30 s)) with the spatially 

modulated intensity profile shown in panel A.  

A thin film with h0 = 2 μm is spin coated onto the substrate. The total power when all pixels are in the ‘on’ state 

is measured to be 3.2 W. Panel A of Figure 53 shows the spatially modulated intensity profile. It is in the form 

of the author’s first name, by switching the correct mirrors to the ‘on’ state. This image was made using the 

650 nm (i.e. visible light) pilot laser. Panels B, C and D show the thin film deformation at different times (2, 12 

and 30 s after the IR laser is switched on, respectively) recorded using the same optical interference method as 

shown in Figure 39b.  It shows that the film deformation corresponds well with the applied intensity profile. 

The spatially modulated intensity profile heats the substrate, causing a temperature profile in the shape of the 

letters BER. The thin film decreases at the positions of increased temperature. In time, the film thickness at the 

positions of the letters decreases further. The letters become vaguer, also due to the spreading of the 

temperature profile. This experiment nicely demonstrates the capabilities of a laser induced film deformation 

technique.  
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4.7 Numerical model for the deformation of a thin film on a moving substrate 

In the previous sections the laser beam was stationary with respect to the substrate. In the following sections, 

the deformation of a thin film on a substrate that is moving with respect to the laser will be discussed. Just like 

the COMSOL model for the deformation of a thin film on a stationary substrate, this model consists of a 

temperature geometry and a thin film geometry. The temperature geometry is shown in Figure 24.  

The thin film geometry consists of a rectangle in the x,y plane, that extends from –y1 to y2 in the y-direction and 

from 0 to x1 in the x-direction. x1 is equal to 2 mm, y1 to 1 mm and y2 to 3 mm. From the z = 0 plane of the 

temperature geometry, the (time dependent) terms \, <\ <�⁄  and <\ <�⁄  are transferred to the thin film 

geometry. The x- and y-derivatives are copied so that is possible to solve the thin film equation (equation 

(107)), the temperature to calculate the temperature dependent material parameters of the liquid (in the case 

of squalane, equations (115), (116) and (117)). The initial condition in the thin film geometry is h = h0. The 

boundary conditions are as follows: at x = 0 and x = x1, the terms <ℎ <�⁄  and <
 <�⁄  are equal to 0. At y = -y1 

the flux Qy is fixed at Uh0 so that a film of thickness h0 is entering the thin film geometry. At y = y2 the flux Qy is 

fixed at Uh so that liquid is also leaving the thin film geometry. The two fluxes represent the flow of liquid by 

the moving substrate.  

 
Figure 54: COMSOL simulation of the deformation of a thin film of squalane on a moving substrate at 

different times (h0 = 5 μm, P = 8 W, U = 3 mm/s, dsub = 750 μm, w0 = 120 μm, a = 0.32). The small open circles 

indicate the positions of maximum film thickness. 
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Figure 54 shows the results of a COMSOL simulation of the thermocapillary deformation of a thin film on a 

moving substrate. The substrate is moving in the y-direction and is heated by the laser. The transient surface 

temperature profile of the substrate is shown in Figure 25. This time dependent temperature profile is used to 

calculate the transient thin film deformation on a moving substrate, shown in Figure 54. The times at which 

the thin film profile is shown correspond to the times at which the temperature profile is shown in Figure 25. 

The initial thickness is 5 μm and for the material parameters of the liquid, equations (115), (116) and (117) are 

used. The parameters for the temperature geometry are the same as for the simulation of Figure 25.  

The first panel of Figure 54 shows that at t = 0.05 s, the deformation has a circular shape. The deformation 

consists of a dip (where the film thickness is minimal) and a rim around this dip so that volume is conserved. 

The small open circles in the panels of Figure 54 indicate the positions of maximum film thickness. This 

position is always located on the rim. The first panel shows that the maximum occurs at the front of profile. At 

later times, the position of this maximum shifts towards the sides of the profile.  

The thin film deformation spreads gradually with time in the direction of the substrate velocity, just like the 

temperature profile shown in Figure 25. In the last panel, the thin film profile has reached the end of the 

geometry and is now in steady-state. It forms a widening track, like the steady-state temperature profile of 

Figure 25. In this steady-state, there is a continuous flow of liquid in the y-direction. The temperature of the 

liquid that moves underneath the laser increases very rapidly. This decreases the surface tension and causes a 

flow of liquid away from the laser. The liquid that is displaced from the center forms the rim.  

The numerical calculation of the start-up phenomena of the thin film deformation on a moving substrate is 

very time consuming. The calculation of the thin film profile is done simultaneously with the calculation of the 

temperature profile. However, the calculation of the thin film profile requires smaller timesteps. In the case of 

a stationary substrate, this was no problem since the temperature geometry was 2D and the thin film 

geometry 1D. For a moving substrate, the temperature geometry is 3D and the thin film geometry 2D. A 

different strategy is to calculate first the steady-state temperature profile (as shown in the last panel of Figure 

25). This steady-state profile (along with the steady-state x- and y-derivatives) can then be used in the thin film 

geometry to calculate the steady-state thin film profile.  

 

 
Figure 55: Steady-state thin film deformation obtained from steady-state temperature profile (left) and time 

dependent temperature profile (right) (h0 = 5 μm, P = 8 W, U = 3 mm/s, dsub = 750 μm, w0 = 120 μm, a = 0.32). 
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Figure 55 shows the steady-state thin film profile obtained by the steady-state calculation (first calculating 

steady-state temperature profile and then calculating steady-state thin film deformation) and by the time 

dependent calculation (calculating temperature profile and thin film profile simultaneously up to steady-state, 

same figure as the last panel of Figure 54). The two profiles are identical. It is thus possible to obtain the 

correct steady-state thin film deformation (not the start-up phenomena shown in Figure 54) with this steady-

state calculation. This steady-state calculation is much less time consuming, since larger timesteps can be used 

for calculating the temperature profile. All simulation results discussed below are obtained from the steady-

state calculations.  

 

 
Figure 56: Steady-state thin film deformation as a function of y for x = 0 (panel A) and as a function of x for 

several values of y (panel B) (h0 = 5 μm, P = 8 W, U = 3 mm/s, dsub = 750 μm, w0 = 120 μm, a = 0.32). 

Panel A of Figure 56 shows the steady-state thin film deformation along the line x = 0. It shows that there is a 

small undulation in the film thickness, just upstream of the rim. In the rim, the film thickness increases rapidly 

to approximately 13 μm. Downstream of the rim, the thickness decreases very rapidly and reaches a constant 

value. This constant thickness is also called hmin, since it is the minimum thickness of the profile. Panel B of 

Figure 56 shows the steady-state thin film deformation as a function of x for several values of y. It shows that 

the profile becomes wider with increasing y. The maximum thickness occurs around y = 1.5 mm and is 

approximately 15 μm.  
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4.8 Experimental setup to measure the deformation of a thin film on a moving substrate 

Figure 57 shows the experimental setup for measuring the deformation of a thin film on a moving substrate. It 

is very similar to the setup shown in Figure 39. The only difference is that the substrate is now placed on a 

custom-designed open-axis spin coater. The rotation speed of this spin coater ranges from 0 to 6000 rpm. The 

position of the laser beam is fixed and the substrate is rotating with a certain speed. The speed of the 

substrate with respect to the laser can be determined from the distance R between the laser spot and the axis 

of rotation of the substrate and the angular velocity of the spin coater. In all experiments, R is kept fixed at 

approximately 15 mm. In the numerical model discussed above, the substrate moves in a straight line (the y-

direction) with respect to the laser. In the experiment, the substrate is rotating.  

 

 
Figure 57: Experimental setup to measure the deformation of a thin film on a moving substrate 

For every measurement, about 2 ml of squalane is deposited on the substrate. The substrate is spin coated for 

a certain time with 3000 rpm. After that time, the angular velocity of the spin coater is reduced (to the range 

of 2 to 10 rpm) and the laser is switched on. Since the spin coater has an open-axis, it is possible to use the 

laser to heat the substrate and visualize the thin film deformation with dual-wavelength interferometry 

simultaneously while the substrate is rotating. The red LED now has a wavelength of λR = 642 nm, the 

wavelength of the blue LED is still λB = 466 nm. The images are recorded with a high-speed camera (Photron 

SA-4) that is fitted with a lens system and a microscope objective (Olympus UPlan 4x N.A. 0.13). The maximum 

frame rate of the camera that is used is 250 fps. The camera is synchronized with the LEDs so that the red and 

blue LED can be used for alternating frames.  

 

 
Figure 58: Interferometry images of the steady-state thin film deformation on a moving substrate (a: λ = 642 

nm, b: λ = 466 nm, P = 8 W, U = 3 mm/s, dsub = 750 μm and h0 = 4.5 μm). 
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Figure 58 shows the steady-state thin film profile when the imaging wavelength is equal to λR (panel A) and 

when it is equal to λB (panel B). The following experimental parameters are used: P = 8 W, U = 3 mm/s, dsub = 

750 μm and h0 = 4.5 μm. The size and location of the laser spot is indicated with a yellow circle in panel B. The 

circular trajectory of the substrate is indicated with a dashed yellow line. From these images, it is possible to 

determine the minimum film thickness of the profile (that occurs along the dashed yellow line to the right side 

of the circle in panel B). Panel A shows a dashed red line and panel B a dashed blue line. By noting the position 

of the light and dark fringes that occur along these lines and by using gray scale interpolation, it is possible to 

determine hmin. The value of hmin that will be used later is the average of the values obtained from the red and 

blue fringes.  

 

The rim of the profile (indicated with an arrow in panel A of Figure 58) appears as a wide and dark band. The 

shape of the rim will be compared to the shape of the rim obtained from the COMSOL simulations in one of 

the following sections. Since the slope of the film thickness is very large at the location of the rim (as can be 

seen in Figure 56), the fringes are very closely spaced and cannot be distinguished individually. This causes the 

dark bands. This also means that with these images, it is not possible to determine if the thickness of the rim is 

lower at the front of the profile than at the side of the profile (as can be seen in Figure 54).  

 

 
Figure 59: Start-up phenomena of the thin film deformation on a moving substrate (P =1.2 W, U = 3 mm/s, h0 

= 2.2 μm, dsub = 175 μm and λR = 642 nm).  

In order to distinguish the fringes in the rim, the thickness of the rim has to decrease. One way to do this is by 

decreasing P. Figure 59 shows the thin film deformation when the following parameters are used: P =1.2 W, U 

= 3 mm/s, h0 = 2.2 μm, dsub = 175 μm and imaging wavelength λR = 642 nm. The substrate is moving from left to 

right. The arrows in the different panels of Figure 59 indicate the position where the film thickness is maximum 

(only indicated on one side of the profile since it is symmetric with respect to the centerline). At t = 0.03 s the 

deformation has a circular shape, while the maximum film thickness occurs at the front of the profile. For later 

times, the position of maximum film thickness shifts towards the side of the profile. Panel F shows the steady- 

state thin film profile. The fringe profile clearly shows that the rim thickness at the front of the profile is lower 

than at the sides. These results correspond very well with the results from the COMSOL simulation shown in 

Figure 54 (not the general shape of the rim, since P is much smaller in the experiment, but the position of 

maximum film thickness). From now on, only the steady-state thin film profile will be discussed.  
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The laser powers that are used in the experiments with a rotating substrate are much higher than in the case 

of a stationary substrate. Figure 60 shows what happens when a small dust particle (indicated with a red circle 

in panel A) moves through the laser beam. The laser power is 3.5 W.  

 

 
Figure 60: Ignition of PC substrate when an IR absorbing particle moves through the laser beam (P =3.5 W).  

The particle has a much higher IR absorption coefficient than the substrate. It will absorb most of the laser 

power, thereby increasing the temperature to a very high value. The auto ignition temperature of PC is 

approximately 800 K. Panels B and C show that the PC ignites, thereby overexposing the camera. Soot particles 

are emitted during the burning of the substrate. These soot particles also absorb most of the laser power, so 

that the substrate keeps burning. In panel D, the laser is switched off and the process stops. In order to  

minimize the chance that this happens, the substrate is checked for dust particles before the laser is switched 

on and during the experiment the substrate is only rotated over a small distance (long enough to reach steady-

state).  

 

4.9 Parameter variation study 

In this section, the effect of the substrate speed U and the laser power P on the steady-state thin film 

deformation will be studied. The results obtained from experiments and COMSOL simulations will be 

compared. 

 

4.9.1 Effect of the substrate speed 

Figure 61 shows the steady-state thin film deformation on a moving substrate for different substrate speeds U. 

The experimental parameters are P = 8 W, dsub = 750 μm and h0 = 5.0 μm. The dashed yellow lines are obtained 

from COMSOL simulations and represent the shape of the rim. This rim shape is obtained by noting for every 

value of y the value of x where the maximum film thickness occurs. The yellow circle indicates the size and 

location of the laser spot.  

 

 
Figure 61: Steady-state thin film deformation on a moving substrate with different substrate speeds (the 

yellow line represents the rim shape from rectilinear COMSOL simulations) (P = 8 W, dsub = 750 μm and h0 = 

5.0 μm). 
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Figure 61 shows that the steady-state thin film profile becomes narrower with increasing U. This resembles the 

temperature profiles at different substrate speeds, shown in Figure 28. With increasing U, the temperature 

rise of the substrate decreases (as shown in Figure 29). This means that less liquid can be displaced and this 

causes a narrower thin film profile. The rim shape obtained from the COMSOL simulations agrees well with the 

rim shape from the experiments, especially just around the laser spot. Further away from the laser spot, the 

rim shape from the experiments starts to deviate a little from that of the simulation. This is caused by the fact 

that in the simulation the substrate is moving in a straight line, while in the experiment it is rotating.  

 

Figure 62 shows the steady-state thin film deformation (obtained from COMSOL simulations), along the 

centerline x = 0. The parameters that are used are P = 8 W, dsub = 750 μm, w0 = 120 μm, beam divergence a = 

0.32 and h0 = 5 μm. The substrate speed varies from 3 to 8 mm/s. The temperature profile and its y-derivative 

along the line x = 0 and for the same parameters are shown in Figure 29. Figure 62 shows that the rim 

thickness decreases and the position of the rim moves to higher y with increasing U. The minimum film 

thickness, hmin, increases with increasing U. This corresponds well with the fact that the temperature rise and 

the magnitude of the y-derivative of the temperature decrease with increasing U.  

 

 
Figure 62: Steady-state thin film deformation on a moving substrate along the centerline x = 0 for different 

substrate speeds U (P = 8 W, dsub = 750 μm, w0 = 120 μm, a = 0.32 and h0 = 5 μm). 

The value of hmin as a function of U that is obtained from Figure 62 will now be compared with experimentally 

measured values of the minimum film thickness. hmin is measured using dual-wavelength interferometry, as 

shown in Figure 58. Panel F of Figure 59 shows that the minimum film thickness is not entirely constant along 

the centerline of the profile. The reason for this fluctuation is unclear: it does not seem to have a specific 

frequency. Therefore it is unlikely that it is caused by fluctuations in the laser power or fluctuations in the 

substrate speed. A possibility is that the material parameters of the substrate (heat conduction coefficient, IR 

absorption coefficient etc.) are not constant over the entire substrate. For this reason, hmin is measured at 6 

different positions along the centerline of the profile for every measurement. The value of hmin that is shown in 

Figure 63 is the average of these 6 measurements, the error bars represent the standard deviation. 

The experimental parameters are P = 8 W, dsub = 750 μm and h0 = 5 μm. The substrate speed U is varied by 

varying the angular velocity of the open-axis spin coater. The diamond shaped blue symbols are obtained from 

the simulations shown in Figure 62. The material parameters of the liquid in these simulations are dependent 

of temperature and given by equations (115), (116) and (117). When the experimental and COMSOL data is 

fitted with a function of the form hmin~U
b
,
 
exponents b of 2.26 and 2.20 are obtained respectively.   
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Figure 63: Minimum film thickness as a function of the substrate speed U (P = 8 W, dsub = 750 μm and h0 = 5 

μm) (circles: experimental values, diamond symbols: COMSOL simulations with a = 0.32, w0 = 120 μm (blue) 

and w0 = 150 μm (green)). The solid lines represent a fitting function of the form hmin~U
b
.  

Berendsen et al.
[50] 

studied the deformation of a thin film on a moving substrate by gas jets and found that 

hmin~U where U is the relative speed of the substrate. In a different study
[51]

, it was found that the minimum 

film thickness of a thin film on a stationary substrate scales as  hmin ~ t
-1

. For a moving substrate, the ‘contact 

time’ between the jet and the thin film scales as U
-1

. During the contact time of the jet with a certain point of 

the thin film, the minimum film thickness at that point scales as hmin ~ t
-1

. After this contact time, hmin remains 

constant. Since the contact time scales as U
-1 

it is thus expected that the minimum steady-state thickness 

scales as hmin~U. The exponent of 2.2 that is found in this study is much higher than an exponent of 1.  

This increased exponent is caused by the fact that an increasing U causes a decreasing temperature rise (and 

thus an increasing viscosity and a decreasing magnitude of the x- and y-derivatives of the temperature). 

Additional simulations are conducted (results not shown in Figure 63) in which the viscosity of the liquid is 

independent of temperature. It is found that in this case, the minimum film thickness scales as hmin~U
1.26

. The 

fact that the derivatives of the temperature profile decrease with increasing U causes the exponent to increase 

from the expected value of 1 to 1.26. To prove this statement, it is necessary to conduct simulations in the 

range of very low substrate speeds. Figure 30 shows that for very low speeds, the temperature rise is 

independent of the substrate speed. It is thus expected that in this regime an exponent of 1 is obtained. The 

fact that the viscosity is temperature dependent and that the temperature rise decreases with increasing U 

explains the difference between the exponents of 1.26 and 2.2.  

Although the exponents of the power laws for the experimental and COMSOL data (2.26 and 2.20, 

respectively) agree very well, there is still a vertical offset between the two data sets. The value of hmin 

obtained from COMSOL simulations is lower than that from experiments. Also, the maximum temperature that 

occurs when U = 3 mm/s is 440 K. This temperature is higher than the melting temperature of polycarbonate 

(428 K). The boiling temperature of squalane at ambient pressure is 470 K. For this reason, a second set of 

simulations is conducted in which the beam radius is increased to w0 = 150 μm. The beam divergence 

parameter a remains at 0.32. This corresponds to a laser beam that is slightly out of focus with respect to the 

top surface of the substrate. The results are shown as the diamond shaped green symbols in Figure 63. The 

exponent of the power law is now 2.28 and the vertical offset from the experimental data is much smaller. The 

maximum temperature that occurs when U = 3 mm/s is now 422 K.  

It can be concluded that even a small change in the beam radius already has a large impact on the simulated 

output data. It is therefore important to have accurate data of the properties of squalane.  
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4.9.2 Effect of the laser power 

Figure 64 shows the steady-state thin film deformation on a moving substrate (obtained from COMSOL 

simulations) along the centerline x = 0 for varying laser powers. The parameters that are used are U = 3 mm/s, 

dsub = 750 μm, w0 = 120 μm, a = 0.32 and h0 = 5 μm.  

 

 
Figure 64: Steady-state thin film deformation on a moving substrate along the centerline x = 0 for different 

laser powers P (U = 3 mm/s, dsub = 750 μm, w0 = 120 μm, a = 0.32 and h0 = 5 μm). 

The rim thickness increases and the minimum film thickness decreases with increasing P. The value of hmin as a 

function of P obtained from Figure 64 will now be compared to experimentally measured values.  

 

 
Figure 65: Minimum film thickness as a function of the laser power P (dsub = 750 μm, h0 = 5 μm) (red, green 

and blue circles: experimental values with U = 3,4 and 5 mm/s, diamond symbols: COMSOL simulations with 

U = 3 mm/s, a = 0.32, w0 = 120 μm (cyan) and w0 = 150 μm (magenta)). The solid lines represent a fitting 

function of the form hmin~P
-b

. 
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The red, green and blue circles in Figure 65 are obtained from experiments with the following parameters: dsub 

= 750 μm, h0 = 5 μm and U = 3, 4 and 5 mm/s. The laser power P is varied using the duty cycle signal. When 

these values are fitted with a power law of the form hmin ~P
-b

, the exponent b is equal to 1.81, 1.73 and 1.62 

for U = 3, 4 and 5 mm/s respectively. The diamond shaped cyan symbols show hmin as a function of P for U = 3 

mm/s, obtained from the simulations of Figure 64. The material parameters of the liquid in these simulations 

are dependent of temperature and given by equations (115), (116) and (117). For a beam radius of 120 μm, 

the value of hmin from the COMSOL simulations is lower than from the experiments. Also, the exponent b of 

the power law for this simulation data set is 2.23. This differs from the exponent of 1.81 for the experimental 

data set.  

When the beam radius in the COMSOL simulations is increased to 150 μm (diamond shaped magenta 

symbols), the exponent of the power law changes to 2.20 while the vertical offset between the experimental 

data and the simulation data decreases.  

Additional simulations are conducted (results not shown in Figure 65) in which the viscosity is independent of 

temperature. The exponent of the power law is in this case equal to 1.07. The x- and y-derivatives of the 

surface temperature profile linearly increase with increasing P. The shear stress thus linearly depends on P. 

This causes the exponent of 1 in the case the viscosity is independent of temperature (see also section 4.5.3 in 

the case of a stationary substrate). When the viscosity is temperature dependent, the exponents are larger 

than 1.  

In order to explain the difference between the exponent of 1.81 for the experimental data and the exponent 

of 2.2 for the numerical data, simulations are conducted in which also the heat conduction coefficient k and 

the heat capacity cp of the substrate are temperature dependent
 
(in this case equation (60) is no longer valid 

since it assumes that k is independent of temperature). The conduction coefficient is given by
[52] 

k(T) = 0.18 + 

2.1*10
-4

*T (in W/(m*K)) and the heat capacity by
[52] 

cp(T) = 678 + 2.2*T (in J/(kg*K)). The diamond shaped 

orange symbols show the results from these simulations (where w0 = 120 μm). The exponent of the power is 

now 2.13. Although this is closer to 1.81, there is still a significant difference in the two exponents. The 

simulations in which k and cp are temperature dependent predict a higher film thickness than the 

corresponding simulations in which these parameters are constant.  This is caused by the fact that at 290 K, 

k(T=290) = 0.24 W/(m*K) and cp(T=290) = 1320 J/(kg*K), while all the other simulations use k = 0.2 W/(m*K) 

and cp = 1200 J/(kg*K).  

More investigations are needed to explain the differences between the experimental results and the 

simulation results. 
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5. Break-up of a thermocapillary deformed thin liquid film 
 

In the previous chapter, the thermocapillary deformation of a thin liquid film on a stationary or moving 

substrate was studied. The liquid that was used was squalane. Squalane completely wets the polycarbonate 

substrate. This means that the thin squalane film is stable on the PC substrate, i.e. it does not break-up and 

dewet the substrate. In this section a different liquid will be used, namely triethylene glycol (3EG). This liquid 

partially wets the PC substrate. This means that a thin film of 3EG on polycarbonate can break-up. First, a short 

overview of the theory of this phenomenon will be given. Terms such as wettability, the contact angle and 

disjoining pressure will be introduced. Next, the break-up of a thin film of 3EG on a stationary PC substrate will 

be studied, using both experiments and simulations. Last, the thin film break-up on a moving substrate will be 

discussed using experiments only.  

 

5.1 Break-up of a thin liquid film 

Figure 66 shows a liquid drop placed on top of a solid substrate. The place where the liquid-vapor interface 

meets the solid substrate is called the contact line
[3]

. Several forces act on the contact line.  

 

 
Figure 66: Schematic representation of a droplet on a substrate, with the forces acting on the contact line. 

σSL is the solid-liquid surface tension, σSV the solid-vapor surface tension and σLV the liquid-vapor surface 

tension. In the previous chapter, this last term was called the surface tension of the liquid. The liquid-vapor 

interface meets the solid at a certain contact angle θ. The horizontal force balance at the contact line is given 

by k�ï = k�� + k�ïcos �ò� (122)  

The spreading parameter S is defined as � = k�ï − �k�� + k�ï� = k�ï�cos�ò� − 1� (123)  

When S > 0 the only possible contact angle θ is 0° and it is said that the liquid completely wets the solid. This is 

the case for squalane on PC. A thin film of squalane that is applied to a PC substrate is therefore stable. When 

S < 0, it is said that the liquid partially wets the solid. This is the case for 3EG on PC. The contact angle of 3EG 

on PC was measured
[2]

 to be 29°. By spin coating, a thin film of 3EG can be applied to a PC substrate. This is not 

a stable configuration and the 3EG will form a droplet with the equilibrium contact angle. However, when the 

thickness of the thin film is small enough, it is also possible that the thin film ruptures and dewets the PC 

substrate.  This chapter focuses on the break-up of a thin film.  

An important concept in describing the break-up of a thin film is the disjoining pressure
[3]

, Π. This disjoining 

pressure represents all the contributions to the pressure in a thin film, other than the hydrostatic and capillary 

pressure. This disjoining pressure is caused by intermolecular interactions of the thin film and the two 

adjoining phases (solid substrate and surrounding vapor), of the two adjoining phases with each other and of 

the thin film with itself. Several intermolecular forces can contribute to the disjoining pressure, for instance 

van der Waals forces, hydrogen bonds or electrostatic interactions.  

In this study, the disjoining pressure is represented by a phenomenological model by Schwartz and Eley
[53]

 

Π�ℎ� = k�1 − cos�ò�� �@ − 1��Ä − 1��@ − Ä�ℎ∗ 2&ℎ∗ℎ 'K − &ℎ∗ℎ 'z8 
 

(124)  

h is the local thickness of the thin film, σ the surface tension of the liquid-vapor interface and θ the equilibrium 

contact angle. In the case of a wetting film (θ = 0°) this model gives Π = 0.  
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The parameters n, m and h* determine the shape of Π(h). In this study the values n = 10, m = 4 and h* = 10 nm 

are used, as obtained from an earlier study by Berendsen et al.
[2]

. The surface tension of 3EG at 293 K is 45.6 

mN/m. 

 
Figure 67: Disjoining pressure according to equation (124) with n = 10, m = 4, h* = 10 nm, θ = 29° and σ = 

45.6 mN/m.  

Figure 67 shows the disjoining pressure as a function of h when the parameters as given above are used. This 

model for the disjoining pressure is a combination of a longe range attractive interaction and a short range 

repulsive interaction. The exponent m = 4 of the attractive interaction is reminiscent of the retarded van der 

Waals interaction. Π is minimal at ℎ = ℎ∗�@ Ä⁄ �9 �K�z�⁄ . In the previous chapter, Figure 40 shows that the 

initial thickness of the thin squalane film is in the order of several μm. However, Figure 67 shows that the 

disjoining pressure only plays a role at thicknesses smaller than approximately 100 nm. This means that the 

thin film has to be deformed by applying a temperature gradient, so that the minimum film thickness 

decreases and the disjoining pressure can have an effect. In the next section, the break-up of a thermocapillary 

deformed thin liquid film will be demonstrated using COMSOL simulations.  

 

5.2 Numerical model for the break-up of a partially wetting thin film on a stationary substrate 

The numerical model for the thermocapillary deformation of a partially wetting thin film on a stationary 

substrate is similar to the model for a wetting thin film (as discussed in section 4.1). The only difference is the 

pressure term of equation (103) that now includes the disjoining pressure 
 = − k" <<" &" <ℎ<"' + Ñ^ℎ − Π�ℎ� 
(125)  

The disjoining pressure Π is given by equation (124) with all parameters (except the surface tension σ) 

assumed independent of temperature. The temperature dependent material parameters (viscosity
[54]

 in 

mPa*s, density
[54]

 in kg/m
3 

and surface tension
[55]

 in mN/m) of 3EG are given by Ó�\� = ��� &−3.12 + 914.77�\ − 273� + 110.07' 
(126)  

Ñ�\� = 1139.5 − 0.71 ∗ �\ − 273� − 4.4 ∗ 10�7�\ − 273� (127)  k�\� = 47.33 − 0.088 ∗ �\ − 273� (128)  

Figure 68 shows the thin film profile at different times, when the following parameters are used: P = 1 W, dsub = 

750 μm, h0 = 5 μm, w0 = 120 μm, a = 0.32, n = 10, m = 4, h* = 10 nm and θ = 29°. Up to t = 0.8 s, the thin film is 

deformed just as in the case of a wetting film (as shown in Figure 38). Since the minimum film thickness is still 

higher than 100 nm, the disjoining pressure has no discernible effect. However, when hmin decreases further, 

the effect of the disjoining pressure becomes visible. The insert of Figure 68 shows the thin film deformation 

around r = 0 for t = 0.825 and 0.832 s.  
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Figure 68: Deformation and break-up of a thin 3EG film on a stationary substrate (P  = 1 W, dsub = 750 μm, w0 

= 120 μm, a = 0.32, h0 = 5 μm, n = 10, m = 4, h* = 10 nm, θ  = 29°).  

Vrij showed that a thin film (with constant thickness) on a flat substrate can become unstable if dΠ/dh > 0, 

since in this case infinitesimal perturbations in the film thickness are amplified
[56]

. These oscillations in film 

thickness can be observed at t = 0.825 s. Although the thin film does not have a constant thickness, it can be 

considered flat around r = 0 since <ℎ <" = 0⁄  at this point. The film thickness is approximately 70 nm and 

Figure 67 shows that at this thickness dΠ/dh > 0. The profile at t = 0.832 s shows that the amplitude of the 

oscillation in film thickness at r = 0 rapidly increases. Since Π is negative, the pressure (as given by equation 

(125)) at r = 0 increases with decreasing h. This causes the liquid to move away from r = 0 and eventually hmin at 

r = 0 is equal to h* = 10 nm. Since Π(h*) = 0 and dΠ/dh < 0 at h = h* the minimum film thickness remains equal 

to  h*. At this point a ‘dry-spot’ is formed in the thin film. The thin film starts to dewet the substrate and the 

radius of the dry-spot increases. The profiles for t > 0.8 s show that the thin film profile has two rims: a large 

one that is located around r = 500 μm (that contains the volume of liquid displaced by the temperature 

gradient) and a small one (that contains the volume of liquid displaced by the dry-spot). The position of the 

small rim is indicated with an arrow. The profile at t = 1.3 s shows that the two rims eventually merge.  

 

 
Figure 69: Thin film profile at the time of break-up tb for several values of P (dsub = 750 μm, w0 = 120 μm, a = 

0.32, h0 = 5 μm, n = 10, m = 4, h* = 10 nm, θ  = 29°). The value of tb is indicated for every P. 



[75] 

 

Figure 69 shows the thin film profile at the moment that the thin film is about to break-up for different laser 

powers P. The time at which the film breaks up is called tb and the minimum film thickness at that moment hb. 

From Figure 69, it seems that hb is independent of P. With decreasing P, the break-up time tb increases and the 

thin film profile becomes wider. The break-up time and the film thickness at break-up, as determined from the 

simulations, will now be compared to experimentally measured values.  

 

5.3 Measurements of the break-up of a partially wetting thin film on a stationary substrate 

The experimental setup that is used to measure the thermocapillary deformation of a thin film on a partially 

wetting stationary substrate is the same setup as the one shown in Figure 57. The liquid that is used is 

triethylene glycol (3EG, Sigma, product number 95126). The polycarbonate substrate is the same as was 

described in section 4.4.1 (dsub = 750 μm). The substrate is placed on the open-axis spin coater and about 2 ml 

of 3EG is deposited on the substrate. The substrate is then spin coated for 10 s at 3000 rpm, resulting in an 

initial film thickness of h0 = 5.0 μm (measured with the spectral interference technique, the refractive index of 

3EG in the visible range is 1.456). The angular velocity of the spin coater is reduced to 0 and the laser is 

switched on. Since the thin film starts to dewet also from the edges of the substrate, the maximum duration of 

an experiment is approximately 20 s. The laser spot is positioned at the center of the substrate, to maximize 

this time. 

 

 
Figure 70: Interferometry images of a thin film of 3EG on a stationary PC substrate, showing break-up and 

dewetting (P = 120 mW, h0 = 5.0 μm, laser switched on at t =0) 

Figure 70 shows the thermocapillary deformation of a thin film of 3EG when the laser power is 120 mW. Panel 

A shows that the thin film breaks up 13.6 s after the laser is switched on. The break-up occurs in the center of 

the profile. Panels B and C show that the radius of the dry-spot increases with time. Panel B also shows some 

droplets on the rim of the dry-spot. These droplets are caused by an instability of the dewetting rim
[57]

.  

 

 
Figure 71: Interferometry images of a thin film of 3EG on a stationary PC substrate at break-up time tb for 

different laser powers (a: 500 mW, b: 1080 mW, c: 3020 mW, h0 = 5.0 μm, laser switched on at t =0).  
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Figure 71 shows interferometry images of the thin film just after break-up, for different laser powers. The tiny 

dry-spots all occur in the centre of the profile. Panel C shows that it is also possible that more than one dry-

spot forms. The dip-diameter decreases with increasing P, just as is observed in the simulations of Figure 69.  

 
Figure 72: (a) break-up time tb and (b) minimum thickness at break-up hb as a function of the laser power P. 

Blue: COMSOL simulations (n = 10, m = 4, h* = 10 nm, θ  = 29°, dsub = 750 μm, w0 = 120 μm, a = 0.32), red: 

experiments (h0 = 5.0 μm). The solid lines in panel A represent a fitting function of the form tb ~P
-b

. 

Panel A of Figure 72 shows the break-up time as a function of the laser power. The blue diamond shaped 

symbols are obtained from the COMSOL simulations of Figure 69. The red circles are experimentally measured 

values (h0 = 5.0 μm). tb is determined from the number of frames between the first frame in which the 

deformation of the thin film is visible and the first frame in which the dry-spot is visible, divided by the frame 

rate of the camera. Measurements where break-up is caused by a small scratch on the PC substrate or by a 

dust particle are disregarded.  

Figure 72 shows that the simulation results agree very well with the experimental results. The break-up time 

decreases with increasing P. With increasing power, the time for hmin to become small enough so that the 

disjoining pressure plays a role decreases. The experimental and numerical data are fitted with a power law of 

the form tb ~P
-b

. The exponent b is equal to 1.41 for the experimental data and 1.38 for the numerical data. In 

section 4.5.3, it is found that hmin scales as t
-1 

(at constant power) and as P
-1.3 

(at constant time) in the case of a 

wetting thin film of squalane on a stationary substrate. This means that hmin ~ P
-1.3

 t
-1

. The scaling of tb ~P
-1.4

 

thus reflects the time necessary for hmin to reach the regime where the disjoining pressure has an effect.  
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Panel B shows the minimum film thickness at the moment of break-up. The diamond shaped blue symbols
 
are 

obtained from the COMSOL simulations of Figure 69. This is the minimum film thickness at the (somewhat 

arbitrary) moment just before the oscillation in film thickness becomes apparent. The red circles are 

experimentally measured values. The film thickness is measured using dual-wavelength interferometry, in the 

frame just before the dry-spot is visible. According to the COMSOL simulations, the minimum film thickness 

decreases slightly with increasing laser power. The experimentally measured values show considerable scatter 

around approximately 80 nm. At first sight, the scatter of hb seems strange compared to tb. However, tb also 

shows some scatter but it is less noticeable since tb itself decays over two orders of magnitude over the laser 

power range while hb remains approximately constant.  

 

5.4 The break-up of a partially wetting thin film on a moving substrate 

In this section, the break-up of a thin 3EG film on a moving substrate will be studied by means of experiments 

only. The same experimental setup is used as in section 5.3. The laser spot is placed at a radial position of 15 

mm from the rotation axis of the open-axis spin coater. After spin coating (the initial thickness is still 5.0 μm), 

the angular velocity of the spin coater is reduced to the range of 2 to 10 rpm. This means that the substrate is 

moving relative to the laser beam, with a certain speed U.  

 
Figure 73: The break-up of a thin film of 3EG on a moving PC substrate (h0 = 5 μm, P = 8.2 W, U = 5.3 mm/s) 

Figure 73 shows the deformation and break-up of a thin film of 3EG on a moving substrate. The laser power is 

8.2 W and the substrate speed 5.3 mm/s. In panel A, break-up of the thin film has not yet occurred. In panel B 

a dry-spot has been formed. The dotted yellow line in panels B to F indicates the shape of this dry-spot. In 

panel B, the dry-spot is still circular. Panel C shows that the dry-spot dewets the substrate all the way up to the 

rim of the thin film deformation. The dry-spot forms a completely dry ‘track’, enclosed by the rim of the thin-

film profile. This phenomenon is very different from the break-up of a partially wetting thin film on a moving 

substrate by a gas jet, as studied by Berendsen et al.
[50]

. Figure 74a shows that a thin film on a moving 

substrate deformed by a gas jet breaks up at multiple places (around the location of the gas jet, indicated with 

the yellow circle). The rims of all these dry-spots collide and this leaves behind a pattern of droplets.  

When a laser beam is used to break up the thin film, there is just one single dry-spot. This dry-spot dewets the 

substrate so quickly, that there is no time for other dry-spots to be nucleated. 
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Figure 74: The break-up of a thin film of 3EG on a moving substrate deformed by: Panel A: a gas jet (image 

obtained from [50], Reynolds number of gas jet Re = 1131, U = 2 mm/s, yellow circle indicates position of gas 

jet). Panel B: a laser beam (P = 8.2 W, U = 8.2 mm/s) .                   

Since there is just one dry-spot, no droplets are left behind on the substrate. The dewetting speed of a dry-

spot is thus much larger than when a gas jet is used. This is caused by the temperature dependence of the 

viscosity. The dewetting speed
[58],[59]

 is proportional to σ/μ. The surface tension σ and the viscosity μ both 

decrease with increasing temperature. However, the relative decrease of μ is much larger than that of σ. This 

means that the dewetting speed of a dry-spot increases with an increasing temperature. When a gas jet is used 

to break up the film, the temperature and therefore also the dewetting speed is constant (in the order of 100 

μm/s). When a laser beam is used, the temperature of the liquid increases. Panel F of Figure 73 shows that in 

steady-state, the dewetting speed of the dry-track is high enough to keep up with the speed of the rim of thin 

profile. Since this speed is equal to the substrate speed, the dewetting speed must be at least 5.3 mm/s. 

Technological applications for this ‘dry dewetting’ will be discussed in chapter 7. Panel F also shows a slight 

distortion of the PC substrate (indicated with an arrow) around the position of the laser beam. The laser beam 

heats up the substrate and this causes mechanical stresses in the substrate. The distortion that is visible could 

be caused by stress-induced birefringence of the substrate
[29]

. 

When the substrate speed is increased, the maximum temperature rise decreases and thus also the dewetting 

speed. It is expected that at some speed, Umax, the substrate speed exceeds the dewetting speed. Figure 74b 

shows the break-up of the thin film when the substrate speed is increased to 8.2 mm/s. The substrate speed 

now apparently exceeds the dewetting speed, since the dry-spots cannot keep up with the rim of the thin film 

profile. There is time for multiple dry-spots to be nucleated. When the rims of these dry-spots collide, droplets 

are left behind on the substrate. For a laser power P = 8.2 W, it is found that Umax = 6.6 mm/s. Figure 75 shows 

Umax for different laser powers. The error in the value of Umax is estimated to be 0.5 mm/s.  

 
Figure 75: Maximum substrate speed Umax where ‘dry-dewetting’ is achieved as a function of the power P. 

The solid line represents a linear fitting function.  
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6. Summary and conclusions 
 

6.1 Characterization of the laser beam 

The intensity profile of the laser beam is measured with a scanning slit. The width of the slit is much smaller 

than the width of the laser beam. The diameter of the laser beam is measured at different positions along its 

propagation direction. This diameter increases considerably with increasing distance from the focal point of 

the beam.  

The optical system is designed such that the diameter of the beam can be decreased by placing a pinhole. 

However it is found that this does not work properly, probably due to a misalignment of the optical system. 

One way to increase the diameter of the beam, at the location of the substrate, is by shifting the focal point of 

the beam with respect to the substrate (since the beam has a high divergence angle). However, this is also not 

a useful option since the intensity profile of the beam at a position away from the focal point is distorted by 

the aberrations of the optical system. The beam that is directly emitted from the optical fiber is not affected by 

the aberrations (as shown in Figure 5).  

 

6.2 Temperature profile of a laser heated substrate 

The absorption coefficient of the polycarbonate substrate for the IR radiation of the laser beam is measured 

experimentally. This coefficient is used in the calculation of the temperature profile of a substrate that is 

heated by a laser beam. A numerical model is developed that calculates this profile by solving the heat transfer 

equation, using the finite element software COMSOL. The results from this model are compared to the results 

obtained from an analytical model. This model is based on the method of Green’s functions. The results from 

both independent models match precisely. 

The most interesting part of the temperature distribution of the laser heated stationary substrate is the profile 

at the top surface. This is the surface that is in contact with the thin liquid film. It is found that the thickness of 

the substrate and the boundary conditions that are applied have an effect on the temperature distribution at 

this surface, but not on its radial derivative. The power and geometry of the laser beam have an effect on both 

the temperature distribution and its radial derivative.  

Both the numerical and the analytical model are expanded to calculate the temperature distribution of a 

substrate that is moving relative to the laser beam. For very low substrate speeds, heat conduction dominates 

over convection and the temperature distribution reduces to that of a stationary substrate. For very high 

substrate speeds, heat convection dominates over conduction.  

The heat transfer model for a stationary substrate is verified experimentally using thermocouple 

measurements. When the thermocouple is placed outside of the laser beam (i.e. the laser power is zero at the 

location of the thermocouple) the measurements agree well with the results from the model. However, when 

the thermocouple is placed inside the laser beam the measured temperature is much higher as predicted by 

the model. This is caused by the absorption of laser power by the thermocouple. Therefore, a contactless 

method would be a better way to measure the temperature profile of a laser heated substrate.  

 

6.3 Thermocapillary deformation of thin liquid films 

The deformation of a thin liquid film that is applied on a laser heated substrate is studied using experiments 

and numerical simulations. The numerical model is based on the lubrication approximation and it assumes that 

the thin film does not influence the temperature profile of the laser heated substrate. This is a valid 

assumption, since the liquid does not strongly absorb the laser light.  

The deformation in case of a stationary substrate consists of an axisymmetric depression (‘dip’) surrounded by 

a rim, which contains the displaced liquid. The minimum film thickness hmin is usually assumed at the center of 

this dip and is measured (as a function of time) using dual-wavelength interferometry. The effects of the initial 

film thickness and the laser power are investigated and the results from the numerical model agree well with 

the experimental measurements.  
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It is found that the value of hmin is independent of the initial film thickness approximately 20 s after the laser is 

switched on and that hmin scales as t
-1

. Before this time, a higher initial film thickness results in a higher hmin. 

The value of hmin also depends on the power of the laser beam. A higher laser power results in a lower 

minimum film thickness. In order to accurately describe the dependence of hmin on the laser power, it is found 

that the temperature dependence of the viscosity must be taken into account in the numerical model.  

It would also be interesting to study the effect of the laser beam diameter on the thin film deformation. 

However, this is not a parameter that can be varied with the current setup (as discussed above). A Digital 

Micromirror Device (DMD) is used to spatially modulate the intensity profile of the laser beam. With the DMD-

setup it is possible in principle to achieve a flat-top intensity profile in the shape of a circle with a variable 

width, however, only with a rather low intensity.  

Next, the experimental measurements and the numerical model are extended to the case of a substrate that 

moves relative to the laser beam. The deformation of the thin film now has the shape of a widening track. The 

steady-state shape of the rim obtained from the numerical model agrees very well with the experimentally 

determined rim shape. In the numerical model, it is found that before steady-state is reached the position of 

maximum rim thickness shifts away from the centerline of the laser trajectory towards the sides. This start-up 

phenomenon is also observed experimentally.  

The minimum film thickness in steady-state is measured as a function of the substrate speed. A higher 

substrate speed results in a higher hmin. It is found that hmin depends much stronger on the substrate speed 

than in the case when a gas jet is used to deform the thin film. This is caused by the fact that the substrate 

speed also affects the temperature profile of the moving substrate i.e. the driving force of the deformation 

process. Quantitative agreement between the numerical model and the measurements is achieved only when 

it is assumed that the laser beam was slightly out of focus during the measurements.   

 

6.4 Break-up of a thermocapillary deformed thin liquid film 

The break-up of a thin liquid film on a partially wetting, stationary substrate is studied using experiments and 

numerical simulations. In the numerical model, the disjoining pressure is represented by a phenomenological 

model. In both the numerical model and the measurements, the thin film breaks up at the center of the 

deformation. After break-up, the film dewets the substrate.  

It is found that the time between switching on the laser and break-up of the thin film decreases with increasing 

laser power. Quantitative agreement is achieved between the measurements and the numerical model (where 

again the temperature dependence of the viscosity was taken into account).  

The numerical model predicts that the minimum film thickness at break-up slightly decreases with increasing 

laser power. The experimental values of this thickness are scattered around 80 nm. The reason why the thin 

film breaks up at this value of hmin is yet unclear.  

When a thin film on a partially wetting moving substrate breaks up, the dry spot will dewet the substrate so 

quickly that a completely dry track is formed. This is different from the break-up caused by a gas jet, where 

residual droplets are deposited on the substrate. In the case of break-up by a laser beam, the temperature of 

the liquid increases and therefore also its dewetting speed, due to the reduced viscosity.  
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7. Technological applications and further research 
 

In section 5.4 it is discussed that the maximum dewetting speed of a liquid increases when the temperature of 

the liquid is increased. This phenomenon can be used in certain technological applications, for instance in the 

coating of discrete areas (also called patch coating). The goal here is to deposit liquid only on certain areas of a 

substrate and to leave the rest of the substrate dry.  

 

 
Figure 76: The coating of hydrophilic rectangles on a hydrophobic surface.  

Figure 76 shows a schematic image of a set-up that can be used for patch coating. A coating unit continuously 

supplies the coating liquid with a certain flow rate. The coating liquid is deposited onto the substrate that 

moves underneath the coating unit. The substrate has hydrophilic patches that are completely wetting for the 

coating liquid. The rest of the substrate is hydrophobic. If the substrate speed is high, the coating liquid will be 

applied over the entire width of the substrate. The liquid will start to dewet the substrate from the sides and 

will be deposited on the hydrophilic patches.  

Bower et al. reported that the amount of coating liquid deposited on a patch decreased with the distance of 

that patch to the center of the substrate
[60]

. They used an array of gas jets in order to achieve a desirable 

dewetting pattern of the liquid. The gas jets are stationary with respect to the coating unit and the red circles 

in Figure 76 indicate possible positions of the jets. They destabilize the coated layer, so that it breaks up at 

certain positions along the width of the substrate. The resulting redistribution of the coating liquid ensures 

that every patch along the width of the substrate has approximately the same thickness. Instead of gas jets, 

laser beams could also be used to destabilize the coating layer. A gas jet leaves a large number of small 

droplets on the hydrophobic part of the substrate, as can be seen in Figure 74a. When laser beams are used, 

the substrate will be free from residual droplets and the time for the liquid to dewet the hydrophobic 

substrate decreases. Moreover, since there is no large-scale gas-phase convection involved, the risk of dust 

contamination is greatly reduced when using a laser.  
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To check if laser beams can actually be used to improve patch coating, the experiment of section 5.4 is 

repeated with a different liquid: one that is typically encountered in roll-to-roll production of organic light 

emitting diodes (OLEDs). This liquid is a dispersion of poly(3,4-ethylenedioxythiophene):poly(styrenesulfonate)     

(PEDOT:PSS, AGFA, HiLH-C5) particles in water. PEDOT:PSS is one of the functional layers of an OLED device. 

The weight percentage of particles is 0.63 % and the PEDOT:PSS dispersion has a viscosity of 7 mPa*s and a 

surface tension of 31 mN/m (surfactants are present). The dispersion is partially wetting on PC.  

Figure 77 shows the deformation of a thin film of PEDOT:PSS dispersion on a PC substrate that is moving with 

U = 3 mm/s, deformed by a laser beam with P = 0.6 W. Panel A shows the thin film before break-up has 

occurred. The dotted red circle indicates the position of the laser beam. At the location of the laser beam, the 

water evaporates and PEDOT:PSS particles are deposited on the substrate. The dotted red lines in panel A 

indicate a track of deposited PEDOT:PSS. Panel B shows a microscope image of this track, after the dispersion 

has dewetted the rest of substrate. The PEDOT:PSS dispersion has a much higher absorption coefficient for λ = 

1470 nm than squalane or 3EG. This means that even at a low power of 0.6 W, the temperature is high enough 

for the water to evaporate. Laser beams can thus also be used to control the deposition of solid particles from 

a dispersion.  

 

 
Figure 77: Thin film of a PEDOT:PSS dispersion on a moving substrate (U = 3 mm/s, P = 600 mW). (a): before 

film break-up, (c): after film break-up, (b): microscope image of deposited PEDOT:PSS track.  

The model for the thermocapillary deformation of thin liquid films, as discussed in chapter 4, is based on the 

assumption that the thin film itself does not absorb the IR radiation. This assumption allows for the decoupling 

of the heat transfer equation and the hydrodynamic equation of the thin film. However, in the case of a liquid 

that strongly absorbs IR radiation, it will be necessary to solve the heat transfer equation for the substrate and 

the thin film, while taking the thin film profile itself into account. The heat transfer equation and 

hydrodynamic equation thus have to be solved simultaneously. It is a very interesting topic for further 

research to add this phenomenon to the model, and also to consider volatile liquids.   

Panel (c) of Figure 77 shows the thin film of PEDOT:PSS after break-up has occurred. There is now a completely 

dry track, just as in panel (f) of Figure 73 in the case of 3EG. This means that also in the case of a complex liquid 

such as a PEDOT:PSS dispersion, a laser beam can be used to increase its dewetting speed.  

 

In immersion lithography
[61]

 a laser beam can be used to locally increase the temperature of the water, 

confined between the wafer and the optical system, at the receding contact line. This will increase the 

dewetting speed, such that it is possible to increase the scanning speed of the wafer without depositing a thin 

film. Since water strongly absorbs the IR radiation, it should be possible to increase the temperature of the 

water while minimizing the heat loss to the wafer (for instance by pulsing the laser beam).  
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Another possibility for further research is the modulation of the laser beam. The effect of spatially modulating 

the laser beam using a DMD is studied in section 4.6, in case of a stationary substrate. With the current DMD 

setup it is not possible to use a moving substrate, since the power density of the modulated beam is too low. 

However, it is also possible to modulate the laser beam in time. In all the experiments discussed in chapter 4, 

the laser beam was modulated with a duty cycle signal with a frequency of 50 Hz. Figure 78 shows the break-

up of a 3EG film on a PC substrate, that is moving with U = 4.7 mm/s, when the duty cycle frequency is reduced 

to 5 Hz. Every pulse of the laser causes a separate dry-spot and droplets are deposited when the rim of one 

dry-spot meets the rim of the previous one. The result is a row of droplets separated by a constant distance.   

 

 
Figure 78: Break-up of a thin film of 3EG on a moving substrate by a pulsed laser beam (h0 = 5 μm, U = 3 

mm/s, P = 600 mW, duty cycle frequency 5 Hz). 
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