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Abstract

This research is concerned with the stability of a two-dimensional, electromagnetically forced, zonal flow on
a circular domain. Flows like these are found in nature (e.g. shear flow in the atmosphere, Jovian disk)
and experiment (e.g. plasma flow in a Fusion reactor) and a requirement for experiments is often that
these types of flows remain stable and axisymmetric. A numerical method is developed based on a spectral
expansion into an infinite system of ordinary differential equations for velocity functions resulting from a
Stokes eigenvalue problem. The system is truncated to gain a finite-dimensional system which is useful for
computations of both equilibrium flows and strongly disturbed flows. Numerical results are compared to both
Finite element method results and analytical results for the equilibrium basic flow. Both linear and nonlinear
stability are explored for the Navier-Stokes equations on the circular domain and for the system of ordinary
differential equations. Differences in stability and the evolution of perturbations are explained on the basis
of discrepancies between infinite-dimensional partial differential equations like the Navier-Stokes equations
and a finite-dimensional system of ordinary differential equations resulting from a Galerkin truncation. On
the basis of both stability analysis a control system is developed which stabilizes the system of ordinary
differential equations to stay in a desired equilibrium. It is argued that this control system is also usable for
the control of the Navier-Stokes equations.
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Chapter 1

Introduction

“In a complete theory there is an element corresponding to each element of reality. A sufficient

condition for the reality of a physical quantity is the possibility of predicting it with certainty,

without disturbing the system.” [1]

Instabilities, the routes from instabilities to chaos and control of these processes in fluids are of huge interest
for present day research and industry. The equations describing fluid motion are known, however the solutions
to these equations are in general very hard, if not impossible, to find. The core of the problem is the strong
non-linearity of the equations together with the homogeneity and incompressibility of the flow, which is also
the basis for unstable behavior. Due to the non-linearity in the equations, flows in nature and industry are
often very sensitive to small perturbations and when these perturbations get the chance to grow the result
will be a transition to a chaotic regime. Asymptotic methods and perturbation theory are a useful tool to
predict when and how instabilities will occur and chaos theory provides a framework for several nonlinear
phenomena, however these tool are insufficient when the flow becomes turbulent. Turbulence often seems to
be a random motion of the fluid, the Navier-Stokes equations (NS) describing the flow, are however essentially
deterministic. For most flows in industry and lab experiments it is highly preferable to stay in a stable, non-
chaotic regime. If the cause of a perturbation is known, it can be counteracted and the flow can be controlled
to remain stable.

1.1 Two-dimensional zonal flows

All fluid flows in nature live in three-dimensional (3D) space, however there are systems which can be assumed
to be two-dimensional (2D). Examples of these flows in nature are hurricanes, large-scale atmospheric motion
around the earth and oceanic vortices [2]. Cosmological flows like Jupiter’s Great Red spot, the flow in
the atmosphere of Venus also seem to behave in a way characteristic for 2D flows [3] [4]. In industry
and lab experiments there are several important examples, mainly consisting of flows of thin films e.g.

soap and also the enhanced transport in a nuclear fusion plasma [5] [6]. The two-dimensionality of these
flows is rendered by rotational effects, density stratification, negligible vertical dimensions in comparison
with horizontal dimensions or a combination of these causes. The previously stated 2D flows in nature are
axisymmetric band-like sheared flows, called zonal flows. The 2D Navier-Stokes equations, with the addition
of the incompressibility condition, are an appropriate model for these fluid systems. For the 2D flow in fusion
plasmas a magnetohydrodynamic description is necessary, however some aspects of the stability of sheared
flow and its interaction with turbulent structures in a plasma can be mimicked with the 2D Navier-Stokes

equations with the addition of an external forcing [7] [8].

The flows that are the subject of this research are viscous flows which have to be driven from an initial state
to a stable stationary state, in contrast to decaying flow, where to fluid will eventually come to rest due to
viscous dissipation of energy. A driven flow needs an external forcing mechanism, like a blowing wind or
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an electromagnetic force, continuously adding energy which overcomes, and eventually balances the viscous
damping. A characteristic measure for the stability of viscous flows is the dimensionless Reynolds number,
Re, which is the ratio between nonlinear advection and viscous diffusion:

Re =
U l

ν
, (1.1)

where l is a characteristic length scale of the flow domain, U the typical velocity scale and ν the kinematic
viscosity. The Reynolds number tells the relative importance of viscous damping to nonlinear processes
but also how many degrees of freedom the Navier-Stokes equations contain. For non-zero viscosity, Re is
finite, however, it can still be an enormous number. The larger the amplitude of the forcing, the larger the
characteristic velocity and thus the Reynolds number will be. The introduction of an instability, eventually
leading to a turbulent flow, usually occurs for a Reynolds number larger than some critical value. A necessary
condition for this value, or equivalently the critical viscosity or forcing amplitude, can be found with a
stability analysis. The possibility of large Reynolds numbers limits the calculations of an unstable flow,
since the number of computational modes should be equal to or exceed the number of degrees of freedom
of the flow [9]. For Reynolds numbers below a critical value, the flow reaches a stationary and laminar
state. The behavior of the flow is predictable and ordered. If the amplitude of the forcing is increased
above some critical value, the behavior is not stationary anymore, but becomes time-dependent. The flow
becomes unstable and the energy supplied to the flow tends to drive to flow to chaotic motion. For an even
larger intensity of the forcing, this unstable behavior can occur even before the flow has reached a stationary
state. In this disordered state, rotating structures, known as eddies, or vortices, may arise and interact on
all spatial scales. As a result of the shearing of the flow, small-scale structures can grow in the form of
elongated patches. The creation of these structures makes the problem very complex. The non-linearity of
the Navier-Stokes equations takes care of the coupling between all spatial scales. If the structures can grow
they eventually lead to turbulent behavior of the flow. It is important to realize that the dynamics of the
flow are very high dimensional and therefore extremely sensitive to initial conditions. This makes it very
hard, if not impossible, to predict the behavior of the flow over a longer period if perturbations grow in time
even though the Navier-Stokes equations are in essence deterministic.

The interaction between structures arising from unstable behavior and the sheared flow itself can have an
important impact on the transport properties of the system. The instabilities caused by the sheared flow can
cause turbulent behavior but the shear can also suppress the arising structures it created in the first place,
as in figure 1.1. which of the scenarios actually takes place depends on the stability properties, the geometry
of the domain, the source of the instabilities and the spatial and temporal scales on which the source of the
instabilities is acting [2].

Creating 2D flows in lab experiments requires quite some skill and will never be completely without pollution
of 3D effects, in a numerical simulation however it is just a matter of choosing the right boundary conditions
and equations. The difficulty lies in the fact that computational methods become less and less accurate and
more time-expensive for high values of the Reynolds number. If the forcing could now be adjusted, both
experimentally as numerically, in a way that a preferred Re number, possibly larger than some critical value,
can still be reached, but the nonlinear behavior and hence the origination of eddies and filamentary structures
would be suppressed, the flow would be controllable to remain in an ordered and predictable regime. The
control of 2D flows is an area of research which has not been explored extensively. Only a few theoretical and
numerical studies have been carried out since the end of the 1990’s [10] [11]. Formulating a realistic control
goal and finding the right approach to reach this goal is nontrivial and requires the combination of control
theory, nonlinear dynamics and hydrodynamics.

1.2 Enhanced two-dimensional transport in fusion plasmas

Nuclear fusion is the process that provides energy for Earth in the sense that it is the mechanism that powers
the sun. If we are able to build a machine on Earth that can reenact this generation of energy through fusion
in a controlled manner, it is also one of the possible energy sources for the near future. The fusion process



Figure 1.1: The stretching and eventually distortion of eddies due to a sheared background flow. Obtained
from H. Meyer, Culham Centre for Fusion Energy.

involves two light nuclei, mainly hydrogen (H), Deuterium (D) and tritium (T ), merging together to form
a new set of elements. Since the total mass of the reaction products is lower than the total initial mass,
according to Einstein’s relation between mass and energy E = mc2, energy is released. The easiest and most
promising reaction to occur involves the fusion of a deuterium nucleus (D) and a tritium nucleus (T ):

D + T→4
2He+ n+ 17.6MeV. (1.2)

Which then forms an energetic neutron and helium. The energy of the formed α-particle (3.5 MeV for 4
2He)

is used to heat the plasma and the energy of the neutron (14.1 MeV) is used to generate electricity. The
goal of current research in fusion is to use this phenomenon as a large scale energy source. Part of the
difficulties achieving a commercially available fusion reactor is that the fuel is hard to handle and difficult
to control. For the particles to fuse they must overcome the repelling Coulomb force caused by them both
having a positive charge. Therefore a temperature of a hundred million degrees Kelvin is required. At these
temperatures the fuel particles will be fully ionized and they are in a plasma state. In order to control the



plasma and keep it away from the first wall, it needs to be confined. At the moment the most promising
method to confine a plasma is magnetic confinement. A machine using this principle is called a tokamak.
In a tokamak, transformer windings around the plasma act as a primary circuit and the plasma acts as the
secondary winding of a transformer as illustrated in figure 1.2.

Figure 1.2: Schematic diagram of poloidal and toroidal magnetic fields in a conventional tokamak. Obtained
from [12]

.

The transformer induces an electric current in the toroidal direction, which then generates a poloidal magnetic
field (Bθ). Coils surrounding the torus produce a toroidal magnetic field (Bφ) and these fields together add
up to helical field lines.

If transport in fusion plasmas is compared to a description of collisional diffusion it turns out that it does
not match experimental values, even when the geometrical effects of a tokamak on the transport are taken
into account. The underestimation of transport in a tokamak is mainly caused by the neglect of turbulent
plasma motions [13]. This plasma turbulence is excited by perturbations of density, temperature and elec-
tromagnetic fields. The energy confinement τE time is a measure for the heat loss from the plasma and it is
a function of density and temperature. Turbulence can greatly enhance the heat transport in a tokamak and
therewith decrease the energy confinement time. Therefore it is important that the source of the turbulence
is understood and can be controlled. Turbulence in a tokamak is more or less two-dimensional, because there
are no perturbations in the direction parallel to the toroidal magnetic field. An important consequence of this
turbulence is the origination of a zonal flow, which can, under the right conditions, suppress the turbulence
and act as a self-organizing system. A simple picture of this suppression is the stretching of turbulent eddies
by sheared flows. This stretching can tear the eddies apart and reduce radial correlation (see figure 1.1).
This effect will decrease radial transport and is favorable for a tokamak plasma. A comprehensive overview
of the differences and similarities between sheared fluid flows in nature and zonal flows in plasmas can be
found in [4].

1.3 Outline of this research

One of the goals in research is to control the suppression of eddies with sheared flows and for this to happen
insight in the processes enhancing instabilities is essential. When the critical shear, or an equivalent critical
quantity like forcing or viscosity for a fluid system, needed to suppress turbulent structures is known, the
goal is to push the medium, plasma or fluid, towards this point. Therefore a state feedback control system
needs to be developed which gives the opportunity to control the flow.



To understand the physics behind the turbulence suppression by sheared flows a simple fluid model can be
constructed. A plasma can be seen as an electrically conducting fluid which is governed by magnetohydrody-
namics (MHD). Instead of looking at an actual plasma, a salty conducting liquid can be used which flows on
a quasi-two-dimensional circular domain. This domain corresponds to a poloidal cross section in a tokamak.
The flow of the salty liquid is governed by the Navier-Stokes equations instead of the more complicated MHD
equations, since the magnetic coupling between conducting fluid and electric current is small. The advantage
of the fluid flow approach is that a flow can easily be acquired and adjusted in a table top experiment and
numerical simulations for 2D flows are computationally less expensive than 3D MHD simulations. Although
the characteristics of MHD problems are in many ways different from Navier-Stokes problems, the way tur-
bulent structures can be suppressed by shear is similar and a Navier-Stokes flow is a simpler system to study
numerically and experimentally.

The setup used to study 2D forced viscous zonal flows consists of a fluid, e.g. a salty liquid, rotating in
azimuthal direction (in the θ-direction in cylindrical coordinates) on a circular disk with radius a. The flow is
subject to a controllable Lorentz force, which rotates the fluid, resulting from an axial magnetic field from a
permanent circular magnet placed under the disk and a radial electric current induced by applying a potential
difference between the center and the outer perimeter of the disk (see figure 1.3).

Figure 1.3: Setup for a flow, driven by a Lorentz force, on a circular, two-dimensional domain

Eddies or filamentary structures can be created numerically in this flow. The structures can also arise from
perturbations due to numerical errors or in real life due to external disturbances e.g. unevennesses in the
walls of the tank. For a certain forcing and viscosity the flow starts meandering which means that it gets a
velocity component in radial direction. This meandering eventually creates the filamentary structures and
eddies. To see why this happens a stability analysis needs to be done to find the bifurcation point, the point
where the axisymmetric symmetry breaks and the flow becomes unstable. The flow needs to be stabilized
so the structures cannot grow in time and the radial components of velocity damp out in a desired period
of time. The Lorentz force can be modulated to create a shear in this flow large enough to suppress the
unwanted structures.

The research question in this dissertation is whether it is possible to design a state feedback control system
that stabilizes a perturbed axisymmetric flow on a two-dimensional circular domain within a certain time
period and the goal is to actually apply this control system on the numerical simulations of the flow. Instability
mechanisms for 2D flows on a circular domain have been studied thoroughly but application of control theory
to remain in a stable region of the flow has never been done. 2D turbulent suppression by shear, using control
theory can be applied to lab experiments and numerical simulations of flows in the atmosphere, flows in the
ocean and turbulence in fusion plasmas, which is the main motivation of this research.

It is not trivial which fluid quantity can act as a bifurcation parameter, there are several dimensionless
numbers that describe the ratio between relevant terms in the governing equations which are of importance
to the unwanted unstable behavior. There are also several quantities like energy or angular momentum that
can be used as a control parameter. When the energy raises above a certain threshold, determined analytically,
the control system has to counteract this energy evolution by changing the external forcing to push the energy



back to its stationary value within a certain time period. To design a control system based on numerical
simulations, it is preferable to have a system of coupled ordinary differential equations (ODEs) instead of
partial differential equations (PDEs) like the Navier-Stokes equations. The two-dimensional Navier-Stokes
equations can be decomposed in modes with a spectral method and then rewritten into a coupled system
of ODEs. It can be derived that the energy (the output) of this so-called state space system, if truncated
into a finite number of modes, is controllable for a certain forcing (the input). The system describes the flow
accurately as long as enough modes are taken into account. The system is easier to analyze numerically since
computations are less expensive for a finite number of modes compared to (Finite element) simulations of the
full Navier-Stokes equations. Another advantage of the description in modes is that it becomes clear which
modes enhance instabilities and which modes are stabilizing.

The plan of approach for this research is to describe the transport phenomena with the two-dimensional
Navier-Stokes equations with the addition of an external forcing term. In this way the plasma MHD system
is mimicked by the simpler fluid dynamics system and the suppression of turbulent structures by shear can
be studied in a generic way. For the Navier-Stokes equations an analytical equilibrium solution can be found
in the approximation that the flow remains axisymmetric and stable and this solution is used as a working
point for a stability analysis. The analytical solution is also used as a benchmark for numerical simulations.
For numerical simulations, the 2D Navier-Stokes equations are manipulated to gain a truncated system of
coupled ordinary differential equations in a spectral manner, describing the evolution of the normal modes of
the flow. The description in terms of modes is favorable for numerical simulations and also for the design of
a control system. Numerical solutions are found for certain forcing profiles and the basic flow is perturbed to
drive the flow to unstable behavior. A stability analysis is also carried out for the truncated system of ODEs
and this is compared to the stability analysis of the PDEs. The stability analysis of the truncated system is
based on the sign of the eigenvalues of the matrices describing the dynamics of the system of ODEs and the
analytical stability analysis is based on introducing a small perturbation on the equilibrium velocity profile
into the Navier-Stokes equations. A control system is then designed, based on an energy function of the
system of ODEs, to keep the flow away from unstable behavior, which is preferable for many lab experiments
and simulations of 2D transport. Both control theory and fluid dynamics will be addressed in this thesis. The
connection between suppression of turbulent structures in fusion plasmas, which is one of the applications of
this research, and stabilization of sheared flows in fluid dynamics will be made.



Chapter 2

Theory of two-dimensional fluid

dynamics

This chapter gives a short introduction to the theory of fluid flows relevant for the analysis of a driven flow
on a two-dimensional circular domain.

2.1 The Navier-Stokes equations

The forced viscous flow of a conducting liquid without strong magnetic coupling is governed by the Navier-

Stokes equations. These equations are the classical model for incompressible and homogeneous fluid flows.
They Navier-Stokes equations are a system of second order nonlinear partial differential equations:

∂v

∂t
+ (v · ∇)v = −1

ρ
∇p+ ν∇2v + F. (2.1)

Together with the continuity equation, which the flow has to obey due to homogeneity and incompressibility:

∇ · v = 0, (2.2)

with ν the viscosity, ρ the fluid density, p the pressure, v the flow velocity depending on coordinates r, θ,
z and time t in general. F is the external forcing term, a body force (i.e. force divided by density and
volume) depending on space and time. The equations are defined on a fixed domain D ∈ R

3 with appropriate
boundary conditions at the boundary of the domain ∂D and an initial condition.

Equations (2.1)-(2.2) are called the ‘Euler equations ’ if the viscosity ν is zero and the ‘Stokes equations ’ if
the nonlinear advection term (v · ∇)v is neglected.

It is especially hard to say anything about the solutions if the equations become dominated by the non-linear
advection term. This is when the influence of the viscosity is relatively low. This behavior is associated with
instabilities and bifurcations into a turbulent regime. The velocity field becomes disordered and seemingly
random, transporting energy to different length scales.

2.2 Mathematical preliminaries: function spaces and inequalities

The setting to find solutions of the Navier-Stokes equations is given by functional analysis, where functions can
be thought of as members of normed and complete vector spaces. Function spaces and norms are important
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to study stability properties, to find numerical solutions and to design control laws for fluid systems. The
fluid velocity v(t,x) in two dimensions is a real-valued vector function, defined at position x ∈ D ∈ R

2 and
time t ∈ R. D is taken as the circular domain C :=

{
x ∈ R

2
∣∣|x| < a

}
with radius a and radial coordinate

r = |x|. The function v(t,x) is assumed to be square-integrable and lives in the Lebesgue space [L2(D)]2

[15]. This means that the inner product and norm exist and are defined as:

〈v,v〉 :=
∫

D
v(t,x) · v(t,x)dA <∞, (2.3)

with v the complex conjugate of v. The induced two-norm is:

||v||2,D ≡ 〈v,v〉 1

2 , (2.4)

where dA = rdrdθ and v(t,x) = v(t,x) because the velocity is a real-valued function. The inner product
represents twice the kinetic energy 2E(t) ≡ 〈v,v〉, integrated over the domain, which is implicitly assumed
to remain finite for all times. The inner product of v with itself is real and non-negative. It is zero only
when v is zero. The following properties are important for the description of the Navier-Stokes equations

in spectral space, which is necessary to obtain numerical solutions. A function is said to be normalized if
〈v,v〉 = 1. Two functions f(x) are orthogonal if their inner product is equal to zero and a set of functions
{fm} is orthonormal if they are normalized and mutually orthogonal 〈fn, fm〉 = δmn, where δ is the Dirac
delta function. A set of functions is complete if any other function in the Lebesgue space can be expressed
as a linear combination of them f(x) =

∑
m

cmfm(x).

The functions living in the Lebesgue space have to satisfy several functional inequalities which are stated
below. The Hölder inequality,

∫

D
|uv|dA ≤

(∫

D
|u|pdA

) 1

p
(∫

D
|v|qdA

) 1

q

. (2.5)

u and v are functions on domain D such that |u|p and |v|q are integrable for p and q positive real numbers
satisfying p−1 + q−1 = 1. For p = q = 2 this is equal to the Schwarz inequality [9].

Poincaré-Friedrichs inequality,

||v||22,D ≤ λ−1
1 ||∇v||22,D, (2.6)

which relates the gradient ∇v(t,x) with the L2 norms of vector function v(t,x) for a specific domain D. λ1
is the first eigenvalue of the negative Laplace operator −∇2, corresponding to the largest length scale of the
flow. For a flow on a circular domain C, the constant λ1 is equal to the first zero of the zeroth order Bessel
function of the first kind λ1 = (γ01)

2 ≃ 3.8317, where γmn are the eigenvalues of the Stokes operator.

And Young’s inequality,

ab ≤ 1

2

(
ǫa2 +

b2

ǫ

)
, (2.7)

holds for any real numbers a and b and ǫ any positive real number. For proof of these inequalities see [15].



2.3 Aspects of two-dimensional flow

The two-dimensional Navier-Stokes equations are valid when correlations in the (r, θ)-plane are much larger
than axial correlations. Relevant examples of quasi-two-dimensional flows are found in geophysical flows in
the atmosphere or the oceans, in astrophysical flows and in MHD transport in fusion plasmas. Flows in a
two-dimensional domain (a shallow water layer in practice) show very different behavior then in a three-
dimensional domain. Two-dimensional flow is artificial in a way that no three-dimensional phenomena are
permitted. Helical structures in the flow are obviously not present in two-dimensional flow and Ekman
boundary layers are not permitted [25]. Also vortex stretching is a purely 3D effect and bottom friction is
absent in a purely 2D system, which makes diffusion far less efficient. 2D turbulence shows strikingly different
phenomena than 3D turbulence, which will be important for the behavior of instabilities in 2D flow. Purely
two-dimensional Navier-Stokes flow has yet to be achieved in real-life, nevertheless it is useful to study the
solutions of the 2D Navier-Stokes equations since they give insight in evolving dynamics that enhance or
suppress turbulence uncontaminated by any 3D effects.

In 2D cylindrical coordinates (r, θ) all variables are independent of axial coordinate z, the velocity field is
v = (vr, vθ, 0) and the vorticity field ω = ∇× v = (0, 0, ωz). For two-dimensional flows the nonlinear term
in the Navier-Stokes equations can be written in terms of vorticity:

∂v

∂t
= v × ω − 1

ρ
∇
(
p+ v2/2

)
+ ν∇2v + F, (2.8)

with ∇2 = ∂2

∂r2
+ 1

r
∂
∂r

+ 1
r2

∂2

∂θ2 the Laplace operator in 2D cylindrical coordinates. Because the divergence of
v is zero, v can be written in terms of a streamfunction ψ as

v = ∇ψ × ez, (2.9)

with ez the unit vector in z-direction. The curl of the velocity field is known as the vorticity:

ω = ∇× v. (2.10)

The vorticity is related to the streamfunction by Poisson’s equation:

ω = ∇2ψ. (2.11)

In 2D cylindrical systems it is often more convenient to look at the vorticity field instead of the velocity
field because it can be described with a scalar PDE where the pressure term is eliminated and there is no
need anymore for an equation that expresses incompressibility. By taking the curl of (2.8), the Navier-Stokes
equations in vorticity representation appear:

∂ω

∂t
+ v · ∇ω = ν∇2ω +∇× F. (2.12)

The Stokes equation, obtained by neglecting the advection term v · ∇ω, describes the purely axisymmetric
diffusion on a circular domain and the solutions are a possible test case for the computational method as will
be explained in chapter 3, since they can be solved analytically. When the nonlinear term is not neglected,
in the chosen domain, it can only grow when the axial symmetry is broken, i.e. when the flow has a θ-
dependency and hence, a radial velocity component. The difficulty of solving the Navier-Stokes equations

in vorticity representation is still the nonlinear advection term, it can cause instabilities that disorder the
vorticity field and hence the velocity field. There are no explicit boundary conditions for the vorticity field,
however boundary conditions for the velocity field at the outer wall r = a and at r = 0 are imposed for a
flow on a circular two-dimensional domain:



v (r = a, θ, t) = 0, (2.13)

∂v

∂θ
(r = 0, θ, t) = 0. (2.14)

And initial condition:

v (r, θ, t = 0) = v0 (r, θ) . (2.15)

Boundary condition (2.13) is equivalent to the vanishing of both components of the gradient of ψ at the outer
wall, i.e. a no-slip boundary condition for the velocity parallel to the boundary and no flow perpendicular to
the boundary due to impermeability of the wall. The second boundary condition imposes that the velocity
field is smooth on the centerline. Obviously, the streamfunction itself and its gradient have to vanish at the
domain boundary.

There are a number of ideal invariants (time-independent quantities for 2D inviscid unforced flow) that can
be derived from equations (2.1) (2.8) and (2.2) [26]:

Total energy:

E =
1

2

∫

D
||v| |22CdA. (2.16)

Total enstrophy:

H =
1

2

∫

D
||ω| |2CdA. (2.17)

Total angular momentum (z-component):

L =

∫

D
(r× v) · ezdA = 2

∫

D
ψdA. (2.18)

The integrals run over the interior of the circle with radius a. The rate of change of the kinetic energy can
be written as:

dE

dt
= −ν||ω||22,C + 〈F,v〉. (2.19)

This is the inner product of the Navier-Stokes equations with v(t, r). Dissipation of energy is caused by the
viscous term in equations 2.12, which scales with the norm of the vorticity, or enstrophy H. The injection
of energy goes via the interaction of the forcing F with the velocity field v. The nonlinear term is energy
conserving and does not appear in (2.19) since

〈v,v · ∇v〉 = 〈v,v × ω〉 = 0, (2.20)

and it only transfers energy to different length scales. For a Stokes flow the energy will increase until the
viscous term is in equilibrium with the forcing and the flow reaches a steady state. For a decaying flow,
without external forcing, the energy decays exponentially from an initial energy E(t0) [9]. This upper bound

on the energy establishes an upper bound on the root-mean-square velocity U ≡ vrms = ||v||2,C =
√∫

D |v|2dA
and hence the Reynolds number :

Re =
vrmsa

ν
. (2.21)



Describing the ratio between inertia and viscosity for a circular disk of radius a as. For high Re the flow is
dominated by nonlinear interactions and for low Re the flow is dominated by diffusion due to viscosity. The
flow however, is not just governed by the viscosity and inertia, but driven by an external forcing. For forced
flows the energy is not bounded and the Reynolds number can be replaced by the generalized 2D Grashof

number Gr, which describes the ratio between the forcing and the viscosity as [15], [16], [17]:

Gr =
||F||2,C a2

ν2
. (2.22)

For large values of Re and Gr the flow shows strongly nonlinear behavior since the viscous damping is
relatively low in comparison to the nonlinear advection and the driving force. There is another characteristic
length scale on the bounded domain C, which is defined by the spectrum of the Laplace operator ∇2 on C
[15]. For a bounded domain, the spectrum of ∇2 with no-slip boundary conditions is discrete and yields
eigenvalues 0 < λ1 ≤ λ2 ≤ λ3... [9]. The eigenvalues are real and positive and they have a dimension of
(length)−2, so the largest scale in the domain is l ∼ 1√

λ1

. This means that the Grashof and Reynolds numbers

can be written as a function of this largest eigenvalue as:

Re =
vrms√
λ1ν

, (2.23)

and

Gr =
||F||2,C
λ1ν2

. (2.24)

Note that since λ1 and ν are constants, and ||F||2,C ∼ vrms, Gr ∼ Re. The parameter set of the problem,

kinematic viscosity ν, system size l ∼ 1√
λ1

and some normalization of the body force F is now reduced by

changing variables

r′ = r/l , t′ = νt/l2, v′ = vl/ν, ω′ = ωl2/ν, p′ = pl2/ρν2 (2.25)

and the dimensionless body force (unit strength)

F′ =
l

||F||2,C
F (2.26)

The 2D Navier-Stokes equations (2.8) now become

∂v′

∂t′
= v′ × ω′ −∇′

(
p′ + v′2/2

)
+∇′2v′ +GrF′. (2.27)

∇ denotes the gradient operator with respect to primed variables. For Gr ≪ 1 the flow is weakly forced and
it will stay laminar. For Gr ≫ 1 the forcing is strong, or the viscous damping very low and more exotic
dynamical behavior can be expected [15].

The Reynolds number and the Grashof number scale with the degrees of freedom Nf in a flow, suggesting
that a numerical simulation of a flow needs at least the same number of degrees of freedom to represent the
physics on all levels in a correct way. For a finite viscosity, the number of degrees of freedom is finite [9].
From a dimensional analysis the energy dissipation length LE , below which viscosity dominates the dynamics
of the flow, can be estimated as [15]

LE =

(
ν2

λ1〈||ω||22,C〉

) 1

4

. (2.28)



The number of degrees of freedom can now be defined as the number of eddies of the diameter LE that fit
into the bounded domain

Nf ≃
(
a

LE

)2

∼ Re
3

2 . (2.29)

In terms of the Gr one can find an upper bound on the number of degrees of freedom on a no-slip domain
by applying the inequalities (2.5), (2.6) and (2.7) on equation (2.19):

2
dE

dt
+ 2ν||∇v||22,C ≤ 2||F||2,C ||v||2,C ≤ 1

νλ1
, ||F||22,C + ν||v||22,C (2.30)

after some algebra and taking averages one obtains the inequality

ν〈||ω||22,C〉 ≤ ν2λ1Gr
2, (2.31)

where is made use of ||ω||2,C = ||∇v||2,C . This gives an upper bound on the number of degrees of freedom
needed to describe the flow on all relevant lengths scales [9]:

Nf ≤ a2λ1Gr. (2.32)

2.4 Turbulent phenomena in two-dimensional flow

A laminar flow can undergo a transition into a turbulent regime. Instability however, does not immediately
have to lead to this turbulent regime. Instability is the amplification of small perturbations on the basic
flow and after a, usually very complex, sequence of changes, the flow reaches a chaotic state that is called
turbulence [45]. In this research the emphasis lies on the onset of instabilities and the possibility to stabilize
this behavior before a chaotic state is reached. If unstable behavior is not controlled or stabilized it can grow
towards a turbulent state. 2D turbulence has some very specific properties in contrast with 3D turbulence.
These properties make the 2D turbulence problem very complex and the influence of unstable structures on
the dynamics of the flow is poorly understood [9].

A heuristic theory of two-dimensional turbulence was developed in the last century by Kraichnan [18], Leith
[19] and Batchelor [20], hereafter referred to as KLB-theory. Kraichnan argues that a forcing pumps energy
and enstrophy (squared vorticity) into the flow and that this forcing acts at a fixed length within the inertial
range LE (2.28) [15]. In this range the nonlinear dynamics dominate over the viscous dissipation, which
only acts on the smallest length scales. KLB-theory states that transport of energy is always towards larger
wavelengths and hence larger length scales. This process is exactly opposite to the energy cascade towards
smaller wavelengths in three-dimensional turbulence and is therefore called the inverse energy cascade. In
the inverse energy cascade the spectral energy of a mode scales inversely with the wavenumber of the mode
as E(k) ∼ k−3. Energy transfer in two dimensions is always a nonlinear interaction between an emitting
wavenumber, a receiving wavenumber and an intermediate wavenumber transmitting the energy. The input
of enstrophy is eventually balanced by viscous dissipation, where energy transfer is not dissipated but con-
tinuously piles up in the largest possible wavelength. This mechanism is associated with self-organization
of the flow of smaller vortices into larger vortices. KLB-theory of two-dimensional turbulence is extensively
studied experimentally and an overview of laboratory experiments can be found in for instance [21] and [22].
A theoretical survey can be found in [23] and [24].

It is interesting to compare unstable behavior and the initial state of chaos as observed in shear flows, described
by the Navier-Stokes equations (infinite dimensional PDEs) with the behavior of low order (finite) systems
of ODEs as obtained by a Fourier decomposition. In such a low order system ODEs only a small number of
modes participates in the dynamics. The higher order modes have a very large frequency and act on very small



length scales. The higher order modes can however affect the dominant, low order modes through nonlinear
interactions and therewith influence the stability behavior of the system. When more modes are included
in the system it is expected that the transition to chaos becomes less orderly [45]. Dissipative nonlinear
systems, both finite and infinite, reach an unstable state when the parameter measuring non-linearity, an
order parameter like the Reynolds number or the Grashof number, is larger than some critical value. The
change to a chaotic system occurs typically after a sequence of such transitions to unstable states. This
unstable behavior not only occurs in infinite, continuous systems but also in discrete, truncated nonlinear
systems described by ordinary differential equations. For such a nonlinear system, a constant forcing can
lead to a variable response, whereas for a linear system, a constant forcing leads to a constant response. It is
not clear whether unstable behavior as displayed in systems ordinary differential equations is closely related
to the development of instability in partial differential equations like the Navier-Stokes equations. For an
overview of different scenarios of routes to chaos for a nonlinear system ODEs one can consult Kundu and
Cohen [45].

2.5 Forcing the flow

The Navier-Stokes equations contain an external forcing term.

Figure 2.1: A circular magnet of diameter 2a is placed under the disk to create an axial magnetic field Bz

at z = 0.

In the setup of a two-dimensional flow on a circular disk, the flow can be driven by a dynamic Lorentz force
acting as a body force on the conducting liquid. The force in azimuthal direction is produced by a circular
magnet placed under the disk which produces an axial magnetic field at the (r, θ, z = 0) plane (see figure 2.1
for the setup), combined with a difference in electric potential between the center r = 0 and outer wall r = a
of the disk which gives rise to an electric current in radial direction:

F = q (v ×B) = a (I×B) = −IrBzaeθ, (2.33)

with eθ the unit vector in θ-direction, B the magnetic field, q the charge, v the velocity of the charge and I the
electric current. The axial component of the magnetic field at z = 0 can be modeled and solved numerically
and eventually used to compute the Lorentz force acting on the fluid. The amplitude of the forcing depends
on the values of Ir, Bz and a, which can be chosen to reach a desired Reynolds number of Grashof number.
The axial component at z = 0 of the magnetic flux density B induced by a circular magnet placed under
the disk is depicted in figure 2.2. The radial electric current is induced by a potential difference applied
between r = 0 and r = a. The typical 1/r behavior of the radial component of the electric current density is



visible in figure 2.3. The magnetic flux density and the electric current density are calculated with COMSOL
Multiphysics. The calculated values are exported from COMSOL and both are fitted with a polynomial
fitting routine in MATLAB to gain a function F according to (2.33). The spatial behavior of the forcing,
except for the amplitude, does not change when the values of Ir or Bz are changed. The Lorentz force for a
disk with radius a = 1m is displayed in figure 2.4.
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Figure 2.2: The magnetic field flux profile at z = 0 on a disk with radius a = 1m.

2.6 Equilibrium solution of the Stokes equations

The unique steady state solution of the Stokes equations, equations (2.1) without the nonlinear advection
term, can be found analytically for the forced viscous flow on a circular domain, giving a stable azimuthal
velocity field or equivalently an axial vorticity field. The 2D Stokes equation in θ-direction determines the
equilibrium solution veq = (0, Vθ, 0) and ωeq = ∇× veq = (0, 0,Ωz), after stating

∂Vθ

∂t
= 0:

ν∇2veq + F = ν

(
∇2Vθ −

1

r2
Vθ

)
eθ + Fθeθ = 0. (2.34)

A solution for the homogeneous part of the ODE, ∇2veq = 0 can be found as:

Vθ,H = Ar +B
1

r
, (2.35)

with A and B constants. The nonhomogeneous ODE ∇2veq = −F
ν
is solved by finding an inverse operator

(∇2)−1, so that veq = −(∇2)−1 F
ν
. This inverse operator (∇2)−1 will be represented by an integral kernel:
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Figure 2.3: The current density profile on a disk with radius a = 1m.

((∇2)−1)r,ζ = G(r, ζ), (2.36)

with the property

(∇2)rG(r, ζ) = δ(r − ζ). (2.37)

The subscripts on ∇2 indicate that the operator acts on this argument of G and δ is the Dirac delta function.
Now

veq(r) = −
∫
G(r, ζ)

F(ζ)

ν
dζ, (2.38)

will obey

(∇2)rveq(r) = −
∫
(∇2)rG(r, ζ)

F(ζ)

ν
dζ = −

∫
δ(r − ζ)

F(ζ)

ν
dζ = −F(r)

ν
. (2.39)

The Green function G(r, ζ) must have a discontinuity at r = ζ to obtain the delta function, it must also obey
∇2G = 0 away from r = ζ and it must satisfy the boundary conditions required for veq at the ends of the
interval [27]. The total solution veq can be found by defining the interval [0, a] in two regions (see figure 2.5)
with the Green function G that satisfies the boundary conditions GI (r = 0) = 0 and GII (r = a) = 0.

Together with the homogeneous solution (2.35) these boundary conditions give:
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Figure 2.4: The forcing profile for the Lorentz force driving the flow on a disk with radius a = 1m.

GI = AIr +BI

1

r
→ BI = 0, AI := A,

and

GII = AIIr +BII

1

r
→ AIIa = −BII

1

a
:= B,

resulting in the Green function

G =

{
GI = Ar, 0 ≤ r ≤ ζ

GII = B
(
r − 1

r

)
, ζ ≤ r ≤ a

.

The solution has to be continuous at the border r = ζ of the two regions:

Aζ = B

(
ζ − 1

ζ

)
,

and the Green function has to satisfy the jump condition:

[
∂GI

∂r

]

r=ζ

−
[
∂GII

∂r

]

r=ζ

= 1. (2.40)



Figure 2.5: The domain split in two sub-regions I and II where the Green functions GI and GII are defined

This yields the Green function

G =

{
GI = − 1

2

(
ζ2 − 1

)
r, 0 ≤ r ≤ ζ

GII = − 1
2ζ

2
(
r − 1

r

)
, ζ ≤ r ≤ a

, (2.41)

and the steady-state solution for the velocity profile, depending on the forcing F = (0, Fθ, 0):

Vθ =

a∫

r

GI

Fθ (r, ζ)

ν
dζ +

r∫

0

GII

Fθ (r, ζ)

ν
dζ. (2.42)

The vorticity profile becomes, according to equation (2.10):

Ωz =
1

r

∂

∂r
(rVθ) =

a∫

r

2
GI

r

Fθ (r, ζ)

ν
dζ +

r∫

0

2
GII

r − 1
r

Fθ (r, ζ)

ν
dζ. (2.43)

In the first integral in both (2.42) and (2.43) ζ > r and thus GI is used while in the second integral ζ < r
and thus GII is used.

The radial profiles of the velocity and the vorticity are plotted in figure 2.6 and 2.7 respectively for a flow

with viscosity ν = 1 · 10−6 m2

s
driven by a forcing F as in equation (2.33) on a disk with radius a = 1m. The

1/r behavior of the electric current is clearly visible in both the velocity as the vorticity profile.

The steady state will be reached when the viscous term and the forcing are in equilibrium after a very slow
diffusion process. The typical time for the diffusion process depends on the magnitude of the forcing and the
viscosity (although the viscosity is fixed by the choice of the conducting liquid). Two-dimensional diffusion
processes are very slow because bottom friction is absent, as well as spin-up processes and the flow is only
slowed down by viscosity. The steady state axisymmetric velocity profile is the equilibrium the flow, even
with the nonlinear term taken into account, will reach when there occur no instabilities and can be used as a
working point for a stability analysis. It can also be used to verify the numerical solutions of a non-perturbed
flow.

2.7 Analogy with magnetohydrodynamics

A plasma can be seen as an electrically conducting, quasi-neutral fluid. This can be described by the fluid
equations with an external forcing term, the Lorentz force, as given in 2.1, combined with the reduced
Maxwell equations:
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Figure 2.6: The analytical equilibrium velocity profile for a flow on a disk with radius a = 1m.

∂B

∂t
= −∇×E, (2.44)

µJ = ∇×B, (2.45)

∇ ·B = 0. (2.46)

And Ohm’s law:

E+ v ×B = ηJ, (2.47)

with J the electrical current density, B the total magnetic field, E the total electric field, µ the permeability
of the medium, η the resistivity of the medium and v the velocity field of the medium. To describe plasma
turbulence, resistivity cannot be neglected [30] and therefore the analogy between Resistive MHD and viscous
fluid dynamics instead of ideal MHD (where the right-hand-side term on Ohm’s law is equal to zero) versus
inviscid fluid dynamics is explored. To demonstrate the analogy, Ohm’s law (2.47) and the reduced Ampere’s
equation (2.45) are inserted into Faraday’s equation (2.44) to yield the resistive MHD equations:

∂B

∂t
= ∇×

(
v ×B− η

µ
∇×B

)
. (2.48)
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Figure 2.7: The analytical equilibrium vorticity profile for a flow on a disk with radius a = 1m.

The MHD description couples electric and magnetic effects with the fluid flow and describes the evolution
of fluid velocity v and magnetic field B and a number of experimentally observed plasma instabilities [31].
MHD has several limitations, namely that the plasma needs to be in local thermal equilibrium. To describe
more complex phenomena two-fluid MHD equations (for both ions and electrons) or plasma kinetic theory is
necessary, however that is outside the scope of this research. By combining equations (2.46) and (2.48), one
obtains the induction equation:

∂B

∂t
= ∇× (v ×B) +

η

µ
∇2B. (2.49)

There appears to be an exact analogy with the vorticity representation of the Navier-Stokes equations (2.12)

∂ω

∂t
= ∇× (v × ω) + ν∇2ω +∇× F, (2.50)

between B and ω. However this is not the case, since v and ω are functionally related by equation (2.10)
and B is not. Also the Navier-Stokes equations contain a source term F where the MHD equations do not.
The dynamics of ω and B are coupled through the fluid velocity v. Nevertheless show the MHD equations
similarities with the Navier-Stokes equations (2.1), for instance B is advected by v like ω is and both models
display nonlinear terms that enhance instabilities or suppress turbulent eddies by rotation and resistive terms
that diffuse the magnetic field and the vorticity. Therefore, it is useful to look at the analog of a resistive
flow with a toroidal magnetic field in a poloidal cross-section of a tokamak plasma as the externally forced
rotating flow on a circular domain.



With the applied electromagnetic fields and the assumption of toroidal symmetry in a tokamak, the equilib-
rium state of the plasma can be calculated from the MHD equations. Large electrical current density gradients
or pressure gradients can perturb this equilibrium and enhance plasma turbulence. In three-dimensional tur-
bulence, energy is transported in a cascade, from larger to smaller structures, due to interaction between
density or pressure fluctuations. In the end energy is dissipated by viscosity at the smallest length scales.
In a tokamak however, transport has a preferential direction, due to strong magnetic fields, and turbulence
is not isotropic. Fluctuations parallel to the toroidal magnetic are damped, but fluctuations in the poloidal
plane remain present [13]. Therefore the dynamics can be described by two-dimensional equations. In two-
dimensional turbulence, the transport of energy is characterized by an inverse cascade. Interacting structures
merge to larger and larger vortices. Plasma turbulence in a tokamak is usually split into electrostatic and
magnetic turbulence. Electrostatic turbulence cannot be described by single fluid MHD equations and is not
of interest for this research. Magnetic turbulence arises from perturbations by fluctuations in the magnetic
field. These instabilities, described by single fluid MHD equations and resulting from nonlinear interactions,
can create changes in the magnetic topology, called magnetic islands, greatly enhancing radial transport (see
figure 2.8). The changes in magnetic topology can be counteracted by a sheared flow. If it is understood how
shear affects turbulent structures, the influence on the turbulence can be controlled and transport properties
can be improved.

Figure 2.8: Magnetic field topology in a) the ideal case and b) in the presence of magnetic islands. Obtained
from [34]

The flow of a salty liquid, driven by a Lorentz force can be described by the Navier-Stokes equations, as in
section 2.3, because the magnetic coupling between the conducting fluid and the magnetic field is not large
enough for MHD effects to occur. The magnetic Reynolds number represents the ratio between the advective
term and the diffusive term in equation (2.49) [29]:

Rm = µσvrmsa, (2.51)

with σ the electrical conductivity of the medium and a again a typical length scale. The magnetic Reynolds

number is a measure of how easily a fluid passes through a magnetic field. For large Rm, a small electric
current will induce a large magnetic field. For small Rm the diffusion of the magnetic field dominates and
any imposed field B is hardly influenced by the fluid motion. The magnetic field develops like it would have
in a stationary fluid [28]. For the flow of salty liquid, the magnetic Reynolds number is typically very low,
and the addition of a Lorentz force to the Navier-Stokes equations is sufficient to describe the flow.



Chapter 3

A spectral method

In this chapter the computational method is described. To analyze the flow numerically and eventually to
design a control system, it is useful to use a spectral method. The method involves an Galerkin expansion
in a set of orthogonal streamfunctions [25] with built-in boundary conditions. The idea is to consider the
PDEs of the Navier-Stokes equations as an infinite system of ODEs. To get global solutions, successive
approximations (the Galerkin approximates) consisting of solutions of the ODEs can be computed that
converge to the solutions of the PDEs. The solutions of the PDEs produced are weak solutions because
the Navier-Stokes equations are only satisfied in a smeared (weak) sense [15]. The spectral method has the
advantage that the system is now described by a set of coupled ODEs instead of the PDEs. To solve the
system numerically and execute a stability analysis on the system it can be written in a matrix-vector form.
This matrix-vector form, the state-space system, is a common and useful form to analyze dynamical systems
and apply standard control techniques on. One of the disadvantages is that enough modes have to be taken
into account to describe all phenomena that are included in the Navier-Stokes equations accurately. Also,
for the calculations to be accurate for higher Reynolds numbers, more modes have to be included and the
computation becomes more time-expensive.

3.1 Nonlinear dynamical systems

The Navier-Stokes equations are PDEs which, as explained in chapter 2, have an infinite number of degrees
of freedom. The space of the fluid system described by the PDEs is infinite-dimensional because the variables
are both functions of time and space. The state of the system can be seen as indexed by a continuum spatial
variable. The solutions can be split into a spatial part and a temporal part by separation of variables with a
spectral method. The PDEs can be considered as an infinite system of coupled ODEs in the form

dη

dt
= f(η, t) + F̃, (3.1)

where η is the mn-dimensional state vector, f a sufficiently smooth vector field [9] and F̃ the input, for
instance the forcing of the flow expanded in eigenfunctions. An mn-dimensional space containing all possible
states, is called a phase space. The solution to which all states from all possible initial conditions converge to
in time, is called the global attractor. The simplest attractor is the steady state for which f(η, t)+F̃ = 0. The
dimension of the global attractor is related to the number of degrees of freedom of the flow Nf . According
to inequality (2.32), the number of degrees of freedom of the dynamical system necessary to describe all
physical phenomena on all scales accurately is related to Gr. However an ODE system with the same
number of degrees of freedom can still show very different behavior than the PDE when nonlinear effects
play a role. When a steady state is perturbed by a small disturbance, the flow can undergo a transition
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to time-dependent motion. This unstable behavior associated with ODEs essentially differs from unstable
behavior of PDEs.

The idea of the computational method used, is to find solutions of a truncated, finite system of ODEs (the
Galerkin approximates) which converge to solutions of the PDEs. The Galerkin approximations consist of
expansions in modes, hence the evolution equations for the expansion coefficients look like the transformed
Navier-Stokes equations. The approximations have to satisfy the inequalities and conditions as stated in
section 2.2. The truncated system of coupled ODEs is supposed to behave similarly to the PDEs, important
is that the nonlinear term can transfer energy between modes, but it can not create or destroy energy
according to (2.20) [15].

3.2 The discretization method

The forced viscous flow on a circular domain may be described by a velocity function that is expanded in
terms of a set of orthogonal functions, based on Bessel functions and related to the eigenfunctions of the
Stokes operator [49]. The Stokes operator is the product of the projection operator onto divergence free
vector fields and the negative Laplace operator. The eigenfunctions of the Stokes operator are useful for
numerical computations of the Navier-Stokes equations by Galerkin methods, because they form a complex
set in the Lebesgue space [L2(D)]2 [36].

Vector functions vmn(r, θ) are sought that satisfy the eigenvalue problem:

∇2vmn + γ2mnvmn = ∇p, (3.2)

∇2p = 0, (3.3)

∇ · vmn = 0, (3.4)

which is in essence the time-independent, linear part of the Navier-Stokes equations, yielding a solution for
the time-independent velocity functions, with γmn the eigenvalues of the Stokes operator [36]. In 2D po-
lar coordinates these functions have to satisfy the condition vmn(r, θ) = vmn(r, θ + 2π). The solutions of
the eigenvalue problem are of the form vmn(r, θ) = vmn(r)e

imθ, m ∈ Z with vmn,r and vmn,θ the r- and
θ-components of the velocity function respectively. After substituting vmn(r)e

imθ in (3.2) and omitting the
exponential factor, a solvable system of ODEs is obtained. This system can be solved in the streamfunction
representation, where equation (3.3) is automatically satisfied. The general solutions of the eigenvalue prob-
lem are known from the theory of differential equations [36]. A complete set of streamfunctions, satisfying
the eigenvalue problem and the boundary conditions as prescribed by (2.13), is given by [26]:

ψmn (r, θ) = Cmn

(
Jm (γmnr)−

rm

am
Jm (γmna)

)
eimθ, (3.5)

with Jm (γmnr) the ordinary Bessel function of the first kind. m is an integer running from m = −∞ to
m = +∞ which stands for the azimuthal mode number, n is an integer n = 1, 2, ...,+∞ standing for the
radial mode number. m can be made a non-negative integer, since the ψmn are defined for negative m by
changing the sign of m in the complex exponential, but not elsewhere, hence the streamfunction is symmetric
in azimuthal modes. Modes with m = 0 represent the axisymmetric, purely azimuthal, part of the flow. Cmn

is a normalization constant which make the orthogonal velocity eigenfunctions vmn = ∇ψmn×ez orthonormal
over the interior of the disk by making the inner product of vmn equal to unity. From the streamfunctions,
the vorticity eigenfunctions can be derived as ωmn = −∇2ψmn from which the second term of (3.5), the
boundary term, drops out. Now:



vmn (r, θ) =
(
CmnγmnJm+1 (γmnr) e

imθ − m

r
ψmn

)
eθ +

im

r
ψmner, (3.6)

ωmn (r, θ) = Cmnγ
2
mnJm (γmnr) e

imθez, (3.7)

with er and ez the unit vectors in r and z direction respectively. The streamfunctions are chosen to satisfy
the boundary conditions

dψmn

dr

∣∣∣∣
r=a

= 0, (3.8)

and

ψmn (r = a) = 0. (3.9)

The normalization of the inner product reads

〈vkl,vmn〉 =
a∫

0

2π∫

0

vkl · vmnrdrdθ = C2
mn

a∫

0

2π∫

0

[(
γmnJm+1(γmnr)−

m

r

(
Jm (γmnr)−

rm

am
Jm (γmna)

))2

+
m2

r2

(
Jm (γmnr)−

rm

am
Jm (γmna)

)2
]
rdrdθ = 1, (3.10)

where in the last step the orthogonality of the velocity eigenfunctions is used, yielding only non-zero results
for kl = mn. The normalization sets the first term of the Navier-Stokes equations equal to ∂ηmn

∂t
by a proper

choice of Cmn.

∇2ψmn are the eigenfunctions of the Laplace operator, with eigenvalues γmn, hence ∇2(∇2ψmn) = ∇4ψmn =
γ2mn∇2ψmn. They differ slightly from the eigenvalues

√
λi of the Laplace operator due to the gradient of

the pressure ∇p in equation (3.2), which vanishes after subsequently using the ∇-operator on (3.2) due to
(3.3). The streamfunctions are defined such that both components of the velocity field vanish at the outer
boundary to satisfy the no-slip boundary conditions (2.13) [25]. The vanishing of the radial derivative of ψ
at the outer boundary r = a, according to boundary condition (3.8), is used to determine the arguments of
the Bessel functions, the eigenvalues γmn:

Jm+1(γmna) = 0.

The computed values of γmn are stored in a two-dimensional array. The smallest four eigenvalues, belonging
to a disk with radius a = 1m are γ01 ≃ 3.8317, γ11 ≃ 5.1356, γ21 ≃ 6.3802 and γ02 ≃ 7.0156. This gives a
Re-number and a Gr-number, according to (2.23) and (2.24) of

Re =
vrms

γ01ν
, (3.11)

and

Gr =
||F||2,C
γ201ν

2
, (3.12)

where the actual value still depends on the forcing and the viscosity chosen.



For the numerical computations the 2D Navier-Stokes equations (2.8) are used. The fluid velocity is expanded

as v =
∞,∞∑

m=0,n=1
ηmnvmn and the vorticity as ω =

∞,∞∑
m=0,n=1

ηmnωmn. Where ηmn (t) are the complex, time-

dependent expansion coefficients describing the time evolution of the flow. Note that velocity and vorticity
fields have the same coefficients ηmn (t), due to linearity of the curl operator. The eigenfunctions ψmn are
symmetric in azimuthal modes m and v has to be a real physical quantity, which means that the complex
conjugate vmn = v−mn and the sum over all modes can start at m = 0 instead of m = −∞ after multiplying
with a factor two. This results in a less time-expensive numerical computation. Initial condition (2.15) is
chosen as:

v0 =

∞,∞∑

m=0,n=1

ηmn (t = 0)vmn = 0. (3.13)

After substituting velocity and vorticity fields in equations (2.8), the inner products with the complex con-
jugate of the velocity eigenfunctions vkl are taken and this generates a set of coupled ODEs, one for each
ηmn:

∂ηmn

∂t
=

a∫

0

2π∫

0

vkl ·
[
v × ω −∇p+ ν∇2v + F

]
rdrdθ. (3.14)

After taking the inner products and using Gauss divergence theorem, the pressure term drops out of equation
(3.14) due to the no-slip boundary conditions and mass conservation ∇ · vmn = 0:

∫∫

C

vkl · ∇pdA =

∮

∂C

pvkl · ndl −
∫∫

C

p∇ · vkldA = 0,

with n the surface normal vector. The normalization of the inner product 〈vkl,vmn〉 can also be used to
rewrite the viscous term in (3.14), because the Laplace operator is closely related to the Stokes operator and
hence it consists mainly of just inner products of the velocity eigenfunctions multiplied with the square of
an eigenvalue γmn and a boundary term coming from the boundary term in (3.5). The viscous term then
just consists out unity times the eigenvalues and a boundary term and this saves a factor fifteen in the
computation time of the associated inner product. The circular disk with radius a is projected on the unit
circle via a renormalization of variables, r∗ = r

a
, γ∗mn = γmna, C

∗
mn = Cmn

a2 and ν∗ = ν
a2 . The set of ODEs is

now dimensionless in space, but still dimensionfull in time. Asterisks are from here on omitted for simplicity
and the domain can be seen as a circle with radius a = 1m.

The integrals resulting from the inner products are solved numerically and stored in a table. The result is
an infinite set of ODEs with coefficients which inhibit the spatial behavior of the flow for each mode:

dηmn

dt
= ηmn

∞,∞∑

p=0,q=1

ηpq〈vkl,vmn × ωpq〉+ νηmn〈vkl,∇2vmn〉+ 〈vkl,F〉. (3.15)

This is an infinite set because the sums over pq and kl couple all dynamical variables. The inner product
of the forcing term in the 2D Navier-Stokes equations with the velocity eigenfunctions 〈vkl,F〉 is only non-
zero for the first n elements, corresponding to all m = 0 modes due to the fact that the forcing is purely
azimuthal. Hence only axisymmetric modes are driven by the external source. 〈vkl,∇2vmn〉 describes the
spatial behavior of the viscous, dissipative term in the Navier-Stokes equations, which has only non-zero
elements for kl = mn due to the orthogonality of the eigenfunctions vmn. The nonlinear, conservative terms
are somewhat more difficult. They appear as large, quadratic convolution sums, over modes pq and kl that
are definite integrals of three Bessel functions resulting from inner products 〈vkl,vmn × ωpq〉. These inner
products give only non-zero results for mn + pq = kl due to orthogonality. The sum in the nonlinear term



describes the mode mixing between modes mn and pq, hence higher order modes m > 0 can be excited via
this term. When the higher order modes are unequal to zero, the axial symmetry is broken and instabilities
may occur. So even though the forcing only acts on the m = 0 modes, the energy can be transferred to the
m > 0 modes via sum in the nonlinear term. The nonlinear term cannot create nor destroy energy according
to (2.20).

3.3 State-space formulation

The set of ODEs from (3.15) can be written as a matrix-vector system, known as state-space form. This makes
the equations easy to handle computationally and standard control algorithms are available for dynamical
systems in this form. The set of ODEs in canonical form looks like:

η̇ = f (η (t)) + F̃ (t) . (3.16)

η and F̃ are quasi-vectors in the sense that they do not describe the time evolution and the forcing in terms
of spatial coordinates but in terms of modes mn hence the quasi-vectors consist of (M + 1×N) elements,

one for each mode mn. F̃ only has N non-zero elements for all m = 0 modes. η̇ is the time derivative of the
η and f is a nonlinear function of η, the state variable. The function f can be mapped into matrices Qqp

describing the nonlinear dynamics and L describing the linear, dissipative dynamics, containing the results
of the inner products of equation (3.15) for each mode mn. Defining matrices Qqp, L and vector F̃ such that

Qqp = 〈vkl,vmn × ωpq〉, (3.17)

L = 〈vkl,∇2vmn〉, (3.18)

F̃ = 〈vkl,F〉, (3.19)

and linear matrix-valued operator N

N(η) = ηpqQ
qp. (3.20)

The sum over pq from pq = 0, 1 to pq = ∞,∞ in (3.15) is represented by the matrix ηpqQ
qp where the

Einstein summation convention is applied to order the elements. ηpq can also be written as a diagonal matrix
with elements ηpq from equation (3.15) on the diagonal. The array Qqp has complex off-diagonal elements
that describe the mode-mixing between modes mn and pq. The array L is a diagonal matrix with only
negative elements, due to its linearity. This yields an ODE in the state space form

η̇ = N(η)η + νLη + F̃, (3.21)

for the evolution of complex state vector η.

Now the infinite system of ODEs can be truncated to gain a finite system that is usable for numerical

computations. All sums
∞,∞∑

m=0,n=1
and

∞,∞∑
p=0,q=1

are replaced by
M,N∑

m=0,n=1
and

P,Q∑
p=0,q=1

where integers M ≥ 0

and Q ≥ 0 and integers N ≥ 1 P ≥ 1. The choice of M,N,P,Q depends on the degrees of freedom of the
PDE and the desired accuracy of the computations. For the control algorithms, imaginary values have to
be avoided and the complex system has to be written as a real-valued system. Therefore the elements of η
can be split in a real and an imaginary part for each element ηmn as ηmn = xmn + iymn. This can be done



because only products of real-valued elements with real-valued elements and products of imaginary-valued
elements with imaginary-valued elements are needed due to the fact that vmn = v−mn.

The elements of the matrices can also be split in the same manner as Qqp
mn,kl = amn,pq + iαmn,pq and

Lmn,mn = bmn,mn + iβmn,mn with βmn,mn = amn,pq = 0. The diagonal matrix elements ηpq translate into

real-valued 2×2 matrices. The elements of the forcing vector are written as F̃mn = fmn+ iφmn = fmn where
only f0n has non-zero entries. The structure of the matrices and vectors in the dynamic system (3.21) now
becomes:




ẋ01
ẏ01
...

ẋMN

ẏMN




=




x01 −y01
y01 x01

. . .
. . .

. . .

xMN −yMN

yMN xMN







a01,01 −α01,01 · · · a01,PQ −α01,PQ

α01,01 a01,01 · · · α01,PQ a01,PQ

...
...

. . .
...

...
aMN,01 −αMN,01 · · · aMN,PQ −αMN,PQ

αMN,01 aMN,01 · · · αMN,PQ aMN,PQ







x01
y01
...

xPQ

yPQ




+

ν




b01,01
b01,01

. . .

. . .

. . .

bMN,MN

bMN,MN







x01
y01
...
...
...

xMN

yMN




+




f01
0
...

f0N
0
...
0




, (3.22)

with initial condition:




x01
y01
...

xMN

yMN




=




0
0
...
0
0



. (3.23)

Quasi-vectors η have (2 (M + 1)N × 1) elements and array ηpq is a 2 ((M + 1)N × (M + 1)N) matrix.
Array Qqp has 2 ((M + 1)N × (M + 1)N) elements and array L is a 2 ((M + 1)N × (M + 1)N) matrix
with terms exclusively on the diagonal. The forcing quasi-vector has (2 (M + 1)N × 1) elements, but only
the first 2N are non-zero. Systems (3.22) and (3.21) give exactly the same results for ηmn but bring out the
fact that the system has twice as many elements, and thus degrees of freedom in the real space resulting from
the imaginary and real parts. Imaginary and real parts of η are only coupled via the nonlinear term.

As a recurring example, the M = 1, N = 1 system will be used. This results in a 2-dimensional complex
system which includes all relevant mathematics and linear physics, but only one nonlinear coupling between
modes m = 0, n = 1 and m = 1, n = 1

(
η̇01
η̇11

)
=

(
η01 0
0 η11

)(
0 iα01,11

iα11,01 iα11,11

)(
η01
η11

)
+

ν

(
b01,01 0
0 b11,11

)(
η01
η11

)
+

(
f01
0

)
, (3.24)

and in a 4-dimensional real-valued system






ẋ01
ẏ01
ẋ11
ẏ11


 =




x01 −y01 0 0
y01 x01 0 0
0 0 x11 −y11
0 0 y11 x11







0 0 0 −α01,11

0 0 α01,11 0
0 −α11,01 0 −α11,11

α11,01 0 α11,11 0







x01
y01
x11
y11


+

ν




b01,01 0 0 0
0 b01,01 0 0
0 0 b11,11 0
0 0 0 b11,11







x01
y01
x11
y11


+




f01
0
0
0


 , (3.25)

with a01,01 = a01,11 = a11,01 = a11,11 = 0 and β01,01 = β01,11 = β11,01 = β11,11 = 0, α01,01 = 0, α01,11 =
−0.1104, α11,01 = −0.0431, α11,11 = −0.1097, b01,01 = −14.6820 and b11,11 = −26.3746. All bmn,pq = 0 for
mn 6= pq because the viscous term does not contribute to mode-mixing and all bmn,pq ≤ 0 because the viscous
term dissipates energy. One can also see the arising of products of modes from matrix-vector product in the
nonlinear term due to off-diagonal elements which give rise to the mode-mixing and energy transfer between
different scales. The forcing is chosen as in section 2.5, resulting in f01 = 7.3399 · 10−4.

3.4 Accuracy of the truncated system ordinary differential equa-

tions

The set of ODEs and the expansion is truncated, keeping only a finite number of coefficients ηmn and the
same amount of equations to advance them. The truncated set of ODEs is solved by a MATLAB library
routine using a Runge-Kutta method, of which a derivation and an analysis of accuracy can be found in
[47] or [48]. There are only a few accuracy tests for the numerical results. The normalization constants C0n

resulting from the normalization of the inner products of vmn can be calculated analytically, because they
result from an integral of only one Bessel function, and compared to numerical calculations:

C2
0n

a∫

0

2π∫

0

J2
1 (γ0n)rdrdθ = C2

0nγ
2
0n2π

(
1

2

(
J2
0 (γ0n) + J2

1 (γ0n)
)
− J0(γ0n)J1(γ0n)

γ0n

)
= 1.

All C0n are in agreement with numerical results up to at least four digits, giving for the first four C01 ≃ 0.3656,
C02 ≃ 0.3234, C03 ≃ 0.2710, C04 ≃ 0.2657.

Enough modes M and N have to be evaluated to obtain an accurate projection of the solutions of the ODEs
on those of the PDEs. This becomes extremely important when the nonlinear term kicks in and when the
flow loses its azimuthal symmetry. The number of modes that are taken into account depend on the Reynolds
number according to (2.29) or on the Grashof number according to inequality (2.32). For higher Re or Gr
numbers, higher values of M and N are necessary to resolve v accurately [25]. However it is not trivial how
to find the values of M and N above which the solution becomes essentially invariant of the truncation.
In the simulations the number of modes N that are advanced are determined by the comparison between
the numerical solution and the analytical solution of the Stokes equation. The steady-state solution of the
Stokes equation can be compared to the analytical solution as derived in section 2.6. Both the velocity and
the vorticity profiles resulting from numerical simulations for M = 0, N = 30 and the forcing as in figure
2.4 are plotted for all time steps (in black) in figures 3.1 and 3.2 respectively. The analytical velocity and
vorticity profiles are also plotted and the numerical solution is in agreement with the analytical solution after
the system reaches equilibrium ηeq. The vector ηeq contains the elements ηmn, which are all in equilibrium.
When less radial modes are included in the truncation, the velocity and vorticity profiles are too broad
and the approximation of the exact solution is less accurate, especially near the wall and the origin. If no
perturbations are induced numerically, the equilibrium solution is always reached, and all m > 0 modes
remain zero-valued. Because MATLAB itself does not induce numerical errors in the matrix-vector products
of (3.22), all modes which are initially zero-valued, remain such and nonlinear advection is absent.
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Figure 3.1: The numerical velocity profiles plotted for several time steps t for m = 0, n = 30. The equilibrium
solution is reached and is in agreement with the analytical velocity profile, which is plotted in red.

The temporal evolution of all ηmn (in black) and
M,N∑

m=0,n=1
ηmn (in red) are plotted, also for M = 0, N = 30

in figure 3.3 and one can see that the equilibrium ηeq is reached at Teq ≈ 6 · 105s. The Reynolds number is
irrelevant here since nonlinear advection is not present in the axisymmetric equilibrium. The Grashof number

Gr ≈ 54 · 106 shows that the forcing is dominant over the viscous damping which explains why it takes a
long time until the equilibrium is reached.

An error parameter can be introduced as the relative difference between the equilibrium solution of the system

ODEs
N∑

n=1
η0n(t = Teq)v0n =

N∑
n=1

η0n(t = Teq)C0nγ0nJ1(γ0nr))eθ (purely azimuthal, hence m = 0) and the

analytical equilibrium solution veq = Vθ(r)eθ from equation (2.42):

e(r) =

∣∣∣∣∣∣∣∣

Vθ −
N∑

n=1
η0n(t = Teq)C0nγ0nJ1(γ0nr)

Vθ

∣∣∣∣∣∣∣∣
.

The error e(r) is plotted in figure 3.4 for N = 30. For N > 30 the error does not decrease anymore and
is less than 0.1% of the analytical solution over the whole interval 0 < r < 1. The error e is largest at the
boundary r = 1 and near the origin r = 0 due to boundary layer effects.

For the numerical simulations M = 40, N = 30, hence 1230 modes are included in the Galerkin truncation,

N
2

3

f ≈ 115 ∼ Re according to (2.29). According to Doering and Gibbon [15], Q = 2πM/a ≈ 251 azimuthal



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−150

−100

−50

0

50

100

150

200

250

300

r [m]

ω
 [1

/s
]

Vorticity profiles for different t

Figure 3.2: The numerical vorticity profiles plotted for several time steps t form = 0, n = 30. The equilibrium
solution is reached and is in agreement with the analytical vorticity profile, which is plotted in red.

modes and P = 2πN/a ≈ 189 radial modes have to be evaluated in the convolution sum in the nonlinear term
to obtain accurate solutions when nonlinearities are present. However according to Li and Montgomery [25],
the dynamics for a decaying flow with Re = 700 are invariant for M = 29, N = 22 and a similar condition
seems to be valid for a forced flow. In practice the dynamics are invariant when the number of modes is
increased above 660 for Re ≈ 750. The can be explained by the non-normality of matrices governing the
evolution operator in the Galerkin truncation [55]. The non-normality causes a separation between global
modes (m = 0) and higher order modes. Certain dominant destabilizing modes (m > 0) can grow strongly
at first, but the mode interaction is too weak because other higher order modes are not growing fast enough
to enhance the interaction. Even the dominant modes will decay eventually due to destructive interaction
and the eventually small modes do not get the chance to grow in time. Non-normality also enhances a strong
dependence on external forcing and since the forcing only acts on the axisymmetric modes (m = 0), these
modes are dominant.

In (2.32) an upper bound on the number of degrees of freedom is given based on the forcing. For Gr =
Nf

a2λ1

=
Nf

a2γ01

≈ 321, M = 40, N = 30 are enough to describe the flow on all relevant length scales. However, (2.32) is
an upper bound and less modes may be enough to describe all relevant dynamics for a numerical simulation
or a higher Gr-number may be possible to resolve with the included number of modes in the truncation. The
nonlinear stability of the flow may still be affected by inclusion of more modes in the truncation as will be
evaluated in the next chapter.

The inclusion of more modes is computationally very expensive due to the large convolution sums in (3.15).
This limits the simulations to Reynolds numbers of the order of 1000, where the order of 10000 would be
possible with the use of Chebyshev polynomials [37] [38] [39]. The advantage of the method used here is
that there are no unphysical singularities in the neighborhood of r = 0 [25]. The expansion functions (3.5)
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Figure 3.3: The temporal evolution of expansion coefficients ηmn (in black) and the sum over all modes (in
red).

satisfy the boundary conditions (3.8) and (3.9) inherently and no modifications are necessary as would be
for a Chebyshev method.

Another error source is the approximation of the Navier-Stokes equations. The Finite element method
evaluates the dissipative term in Navier-Stokes, ν∇2v incorrectly while with the expansion method this term
is evaluated exactly because the Laplace operator is an eigenoperator of v. However, convective terms are a
larger problem for stability than diffusive terms, so the advantage is only small. The difference between the
PDEs and the truncated set of ODEs lies mainly in the nonlinear term. The solutions of the velocity field
obtained from the ODEs satisfy the PDE:

∂vM

∂t
= PM

{
vM · ∇vM +∇pM

}
= ν∇2vM +PM {F} , (3.26)

∇ · vM = 0, (3.27)

with initial condition:

vM(r, 0) = PM {v0(r)} , (3.28)

where PM {·} is the projection operator on the first M modes. When the projection operator acts on the
approximated solution, it is equivalent to the identity operator PM

{
vM
}
= vM. The Galerkin equations

(3.26)-(3.28) are nearly the projection of the Navier-Stokes equations. The choice of the word nearly comes
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Figure 3.4: The error e(r) profile plotted for M = 0,N = 30. The error is less than 0.1% of the analytical
solution everywhere.

from the fact that the projection of the nonlinear term in the Navier-Stokes equations PM {v · ∇v}, is replaced
by PM

{
PM {v} · ∇PM {v}

}
in the approximated equations to obtain a finite, closed set of equations for

vM [15]. For the limit M → ∞, N → ∞ one obtains weak solutions of the Navier-Stokes equations. The

weak solutions v(r, θ, t) =
∞,∞∑

m=0,n=1
ηmn(t)vmn(r, θ) satisfy a form of the energy equation (2.16) known as

Leray’s inequality for a 2D circular fixed domain C ∈ R
2 and domain boundary δC [15]

1

2
||v(r, θ, t)||2C,2 + ν

T∫

0

||∇v(r, θ, t)||2C,2dt ≤
1

2
||v(r, θ, 0)||2C,2 +

T∫

0

∫

δC

v(r, θ, t) · F(r, θ)rdrdθdt. (3.29)

Hence, due to the inequality in (3.29), the law of energy conservation is not automatically satisfied for the
discretized system. The sum of kinetic energy at time t and the energy dissipated up to time t are not larger
than the initial kinetic energy plus the work performed by the body force F on the flow, however it need not
be equal to each other.

The nonlinear term is supposed to be energy conserving since v · (v × ω) = 0 for all v. This principle also
has to be valid for the nonlinear term in the finite-dimensional ODE system

ηTN(η)η = 0, (3.30)

for all η, with ηT the transposed η vector. This can be used as an accuracy test for the nonlinear term for
arbitrary η. For the equilibrium solution with only m = 0 modes and arbitrary n, this is inherently true



because N(η)η = 0 for m = 0. For arbitrary complex η, ηTN(η)η 6= 0 for M <∞, N <∞.

The difference between weak solutions and actual solutions of the Navier-Stokes equations may seem a
mathematical problem which has no real consequences in reality. The problems involved in the comparison
between a discretized system of the Navier-Stokes equations and the equations itself are however essential for
question of the validity of the Navier-Stokes equations as a hydrodynamic model. The mathematical problems
are the source of the physical phenomena that the equations are meant to describe and the mathematical
difference between a finite set of ODEs and a PDE or even an infinite set of ODEs and a PDE is of fundamental
importance for the understanding of hydrodynamics and the Navier-Stokes equations. For a more complete
survey of the existence, uniqueness and regularity of Galerkin approximations of the Navier-Stokes equations,
see Doering and Gibbon [15].

Advantages of staying in the spectral space for the computations are that the boundary conditions are
automatically satisfied, that there are no singularities at r = 0 and no aliasing errors [26]. The method
is mathematically exact except for the numerical errors in calculating the integrals and solving the set of
ODEs, truncation errors and errors due to the Galerkin approximation of the nonlinear term. The main
assumption that yields possible errors lies in the less than infinite number of modes which are included. It
is demonstrated in [51] that a Galerkin truncation involving Np degrees of freedom, where p is the number
of space dimensions and N the number of modes taken into account, give results at least as accurate as
Finite element simulations involving (2N)

p
degrees of freedom. It seems that physical flow features are more

accurately followed by Fourier coefficients than directly in physical space. The Finite element approximation
of a derivative is not exact and that introduces errors which are even non-zero in the limit ∆t → 0 with ∆t
the time step taken in the simulation [47]. For truncated Fourier-expansion schemes there only exist leading
errors for finite ∆t and these even disappear in the limit ∆t→ 0 [51]. Also, Galerkin approximations require
less computer memory storage and are less time-expensive than finite element approximations [51]. Finite
element simulations to solve the time evolution of the flow are carried out with the software package Comsol
Multiphysics and a detailed analysis of the method can be found in [47].

In comparison to a Fourier-Chebyshev method, there are no singularities at r = 0 and the boundary conditions
are inherently satisfied by all eigenfunctions obtained by solving the Stokes eigenvalue problem. By using
no-slip boundary conditions at the wall to obtain the eigenfunctions, wall effects are incorporated in the
results. Boundary layer effects are visible whereas this is not the case for a Fourier-Chebyshev method
where periodic boundary conditions have to be used. Additional equations are then required to enforce
the boundary conditions. The method used is however bounded in the truncation because the addition of
more modes is computationally very expensive. No Fast-Fourier-Transforms can be used because instead
of a Fourier expansion and periodic boundary conditions in the azimuthal direction, here is chosen to use
Besselfunctions satisfying the no-slip boundary conditions. If one could select the dominant modes and
neglect the modes that dissipate quickly, based on for instance the eigenfunctions following from a stability
analysis yielding a Reynolds-Orr equation, the truncation could me more efficient than is the case now [59].

3.5 Discussion of numerical results

In this section some numerical results of the spectral method as developed in section 3 are presented. Sim-
ulations are carried out for both a perturbed flow and an unperturbed flow, that results in a Stokes flow
with negligible nonlinear advection. The evolution of an unperturbed flow results in an equilibrium that is
equivalent to the theoretically predicted equilibrium from section 2.6 as was shown before. The equilibrium
as obtained with a spectral method is also compared with the equilibrium obtained with a Finite element
method (displayed in figure 3.5). The equilibrium as calculated with COMSOL Multiphysics, has the same
the velocity field and this equilibrium is reached at the same time t = teq.

The flow can be perturbed numerically by adding a small perturbation to the equilibrium:

η (t = teq) = ηeq + ǫξ, (3.31)



Figure 3.5: Contour plot of the velocity field for an equilibrium that is computed with a Finite element
method (left) and a spectral method (right).

where 0 ≤ ξ ≤ 1 is a perturbation with a random character of the equilibrium at time t = teq, ǫ is a
typically small parameter. Perturbations of modes m > 0 enhance non-axisymmetric behavior of the flow by
introducing a small radial velocity component. When the flow is perturbed with a spectral m = 2 mode, the
evolution of the perturbations is initially comparable for both the spectral method and the Finite element
method. The computations with the spectral method are carried out for a truncation with M = 4, N = 20
because only m = 2 perturbations are considered. This is displayed in figure 3.6. If the evolution of velocity
field for an unstable flow is computed with a Finite element method, it takes a longer time before instabilities
appear for a finer mesh. The evolution of perturbations gives similar patterns in the initial stage with both
numerical methods, where one sees moon-shaped filaments. After the initial stage of the onset of instabilities,
the evolution of perturbations is different in both size and shape. These dissimilarities are caused by the
difference in the approximation of the nonlinear term, which is more accurate for a spectral method [51].

Figure 3.6: Contour plot of the velocity field for a perturbed equilibrium that is computed with a Finite
element method (left) and a spectral method (right).

Contour plots of the velocity field and the vorticity field as computed with a spectral method for M = 5,
N = 30 are presented in figure 3.7 for a perturbed flow on a 2D disk.

The equilibrium that is reached for an unperturbed flow at t = teq, as depicted in figure 3.3 is disturbed with
a random complex perturbation ξ2n and ǫ ∼ 10% of the equilibrium expansion coefficient ηeq for the m = 2

mode. All other higher order modes, m > 0, are disturbed with a random complex perturbation ξmn
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Figure 3.7: Contour plots of the vorticity field (left) and the velocity field (right) for a perturbed flow.



with ǫ ∼ 0.1% of the equilibrium expansion coeffcient, such that they are larger than zero. If these higher
order modes are equal to zero initially at t = teq, they do not contribute to the flow because the solver used in
MATLAB does not induce numerical errors in multiplications. The first plot of figure 3.7 is shortly after the
equilibrium is disturbed, the second plot is an intermediate step and the third plot is the state that is reached
eventually. The initial perturbation in the first plot grows in time to form small filaments in the second plot.
Eventually it results in a complex structure of vortices in the third plot. The wall is a source of vorticity
and boundary layers persist near the walls when the nonlinear advection is not negligible. These boundary
layers inject vorticity and vorticity gradients into the flow as was also observed by Li and Montgomery [25]
for simulations of a decaying flow on the same domain, based on the same eigenfunctions.

Eventually, all perturbations decay until the state of figure 3.5 is reached again. This is the desired equilibrium
state with m = 0. This implies that the flow is linearly stable for an arbitrary forcing. For an unforced,
decaying flow Li and Montgomery explain this phenomenon as an inverse energy cascade where all energy
ends up in the largest available mode [25]. For a forced flow however, an initially growing perturbation is
driven by the constant forcing through nonlinear interactions and is not a priori expected to decay eventually.
To explain this unexpected behavior, the linear and nonlinear stability of both the truncated system ODEs
and the Navier-Stokes PDE is analyzed in the next chapter.



Chapter 4

Stability analysis

A phenomenon, like an axisymmetric shear flow, that satisfies all conservation laws of nature, may still not
be observable in nature. For a predicted phenomenon to occur in nature, it must not only satisfy the theory,
it must also be stable to small disturbances. If disturbances, which are likely to be present in real life, grow in
time, the system is not stable. When certain stability conditions are not satisfied, the disturbances can grow
and new states of the system can possibly be reached. The conditions referred to are that a dimensionless order
parameter like Re or Gr reaches a certain critical value at which the flow becomes unstable to perturbations.
An equilibrium solution v = veq of the Navier-Stokes equations, or in the truncated system of ODEs η = ηeq,
is globally stable in the sense of Lyapunov if, for each ǫ > 0, there exists some neighborhood δ > 0 such
that ||v − veq|| ≤ δ at time t0 implies that ||v − veq|| ≤ ǫ for all time t ≥ t0. This means that the solution
stays arbitrarily close to the equilibrium, if the initial condition is close enough to the equilibrium [10]. The
solution is globally asymptotically stable if also v → veq for time t → ∞ for any initial conditions [41] [42]
[44]. In understandable words this means that if the perturbation is initially small, it remains small for all
time and the equilibrium is attractive, for the flow to be stable. The meaning of the word ‘small’ is defined
by the two-norm (2.4). If these conditions apply, the flow is laminar and purely axisymmetric.

The application of this idea is different for the Navier-Stokes equations and for the truncated system of
ODEs. The main problem to determine prove stability lies in the nonlinear term v · ∇v and a first attempt
is to linearize the problem and neglect the non-linearity. To find a critical Reynolds number Rec or Grashof

number Grc for the flow to remain stable the linear stability of the Navier-Stokes equations will be explored
in this section. The method of normal modes, developed for parallel shear flow [43] [42], is adapted to the
2D circular geometry. Next, the linear stability of the truncated system of ODEs will be addressed and the
unstable modes will be compared to the results of the stability analysis of the Navier-Stokes equations. Local
stability around an equilibrium is analyzed with a linear stability analysis which gives results sufficient to
prove instability but does not provide a necessary condition for stability. Another deficiency of linear stability
theory is that the critical order parameter is often substantially lower than found in experiment which seems
promising. However it can also be that the critical value found by analysis is larger than the experimentally
found value and the flow might then be unstable to finite disturbances, which cannot be predicted by linear
stability theory. In linear stability theory it is assumed that a perturbation grows or decays exponentially in
time without limit. This may be an adequate description in the initial stage of the disturbance but it is not
acceptable during a larger period of time [40]. Linear stability theory will not always give the lowest bound
on the maximum Reynolds number for which a flow is globally stable due to these deficiencies. To obtain a
sufficient condition for stability the nonlinear effects are taken into account in a nonlinear stability analysis
of the truncated system of ODEs based on a Lyapunov energy function. Nonlinear analysis is sufficient to
prove global stability, for finite perturbations. A control system to stabilize a potentially unstable flow for a
certain desired value of the order parameter is designed based on this nonlinear stability analysis.

38



4.1 Linear stability of the 2D Navier-Stokes equations for axisym-

metric flows

The objective of this section is to analyze the stability of a 2D axisymmetric flow with respect to infinitesimal
disturbances. This linear analysis can only be used to examine initial behavior of infinitesimal perturbations
as compared to a nonlinear analysis where finite disturbances can be analyzed. These perturbations represent
the initial stage of the process of transition to turbulence and their growth or decay influences the evolution
of the flow. Therefore a flow may be stable to infinitesimal perturbations, hence linearly stable, but can be
unstable to perturbations of a finite size, hence nonlinearly unstable [45]. When a flow is linearly stable, it
is only stable locally around an equilibrium but not globally. Linear stability analysis has proven to be very
successful for many types of flow but it does not give a guarantee that any flow in real life will actually be
stable or unstable according to the outcomes.

The linear stability of a viscous flow can be analyzed with a perturbation method, the method of normal
modes [14][41][45]. The method consists of introducing wave-like perturbations on a basic state, which in this
case is an axisymmetric equilibrium state. Then it is determined whether the perturbations grow or decay
in time according to the linearized Navier-Stokes equations. Most analysis on parallel or axisymmetric shear
flows are for inviscid flows, however it can not a priori be assumed that viscosity has no influence on the
occurrence of instabilities. Although viscosity dissipates energy, it may destabilize a flow that is stable in an
inviscid analysis [41].

For the linear stability analysis of the viscous 2D axisymmetric flow, firstly the dynamics of infinitesimal 2D
velocity perturbations u = (ur, uθ, 0) on the equilibrium field veq = (0, Vθ(r), 0), which is the solution of the
Stokes equations as in equation (2.42), are considered. The basic flow field is a purely azimuthal velocity field
and this yields a purely axial vorticity field ωeq = (0, 0,Ωz) = (0, 0, 1

r
d
dr
(rVθ)) as in equation (2.43). The

equilibrium field with the perturbations veq + ǫu can now be substituted in the 2D Navier-Stokes equations

(2.8), where ǫ is a typically small parameter. After neglecting all terms of O(ǫ2) and higher and recognizing
that the equilibrium solution itself satisfies the Navier-Stokes equations this yields the 2D linearized stability
equations in cylindrical coordinates for O(ǫ) terms:

∂ur
∂t

+
Vθ
r

∂ur
∂θ

− 2
Vθ
r
uθ = −1

ρ

∂p

∂r
+ ν

[
1

r

∂

∂r

(
r
∂ur
∂r

)
+

1

r2
∂2ur
∂θ2

− ur
r2

− 2

r2
∂uθ
∂θ

]
, (4.1)
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and the linearized continuity equation:

∂ur
∂r

+
ur
r

+
1

r

∂uθ
∂θ

= 0. (4.3)

This is a homogeneous system with respect to time and spatial coordinate θ, but not to radial coordinate r.
A normal mode analysis is applied to this system of PDEs and solutions for the perturbations are assumed
of the form:

u(r, θ, t) = ṽ(r)e[i(mθ−σt)]. (4.4)

The solutions are complex independent normal modes and each physical quantity is represented by its real
part.

The modes are waves traveling with phase velocity σr = Re(σ) in the θ-direction and they decay or grow
in time with e[mσit] where σi = Im(σ). Solutions are therefore stable if σi < 0 and unstable if σi > 0
for disturbances of the corresponding wavenumber m. The modes are decoupled and 2π-periodic in the
θ-direction, hence the azimuthal wavenumber m is a integer. Axisymmetric perturbations correspond to



m = 0 as before and arbitrary perturbations can be decomposed into a complete set of orthogonal modes.
For non-axisymmetric (m > 0) 2D perturbations, the streamfunction notation from section 2.3 is adapted
again to find perturbations of the form:

ψ(r, θ, t) = ψ̃(r)e[i(mθ−σt)]. (4.5)

Substituting ṽ = ∇ψ̃ × ez in (4.1)-(4.3), making the substitutions ∂
∂t

→ −iσ, ∂
∂θ

→ im and dividing by

e[i(mθ−σt)] yields the one-dimensional, fourth order, linear ODE, where the derivatives of the pressure p are
eliminated:

(
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]
, (4.6)

where primes denote derivatives with respect to radial coordinate r. This is the well-known Orr-Sommerfeld

equation in cylindrical coordinates which governs the stability of nearly axisymmetric viscous flows and in
the limit ν → 0, it is equal to the Rayleigh equation for inviscid stability. Both the Rayleigh equation and
the Orr-Sommerfeld equation are essentially vorticity equations since the pressure is eliminated. These linear
equations only examine initial behavior of the perturbations. When a flow becomes unstable this does not
mean that a transition to a turbulent regime will always occur. The linear theory only describes the beginning
of the transition to turbulence. Moreover, a flow may be linearly stable, but nonlinearly unstable (unstable
to larger disturbances, but stable to infinitesimal disturbances).

The perturbations have to satisfy the boundary conditions as prescribed by (2.13), i.e. no-slip conditions
apply:

ψ̃(r = a) = ψ̃′(r = a) = 0. (4.7)

The conditions at r = 0 imply that the perturbed velocity field is smooth at the center ∂u
∂θ

|r=0 = 0, resulting
in ṽ(r = 0) = 0 which gives two conditions for the perturbation amplitude of the streamfunction:

ψ̃(r = 0) =

[
r
dψ̃

dr

]

r=0

= 0. (4.8)

The derivative of the equilibrium vorticity field can be written in terms of the forcing F = Fθeθ by using:
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dr
=

d

dr
(∇× veq) = ∇2veq = −F

ν
, (4.9)

where equation (2.34) is used for the last step. This gives an equation which is an eigenvalue problem for the
complex frequency σ for each mode m:
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The stability of each mode can now be determined separately since the modes do not interact due to the
linearization. This means that the flow is linearly unstable if there exists a σi > 0 for any wavenumber m
and that the flow is unstable to perturbations corresponding to that wavenumber.

Rayleigh’s equation for inviscid stability (ν → 0 or Re→ ∞) now reads:
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r
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1

r
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r2
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− m

r

Fθ

ν
ψ̃ = 0. (4.11)

Note that only the disturbances are assumed to obey inviscid dynamics, the basic flow may still be viscous.
According to the Rayleigh equation a necessary, but not sufficient, condition for instability of an inviscid
axisymmetric flow is that the basic velocity field has an inflection point, meaning that the second derivative
of the basic velocity field has to satisfy veq

′′ = 0 somewhere on the interval 0 < r < a [45]. However,
an inflection point does not guarantee a nonzero σi and it is therefore only a necessary, but not sufficient
condition for inviscid instability. Fjortoft’s theorem gives a stronger necessary condition for the instability
of inviscid flows, namely that “the magnitude of vorticity of the basic flow must have a maximum within the

region of flow” [45]. Fjortoft’s and Rayleigh’s criteria for instability are originally obtained for a parallel
shear flow, however for an axisymmetric shear flow on a disk with radius a and for small scale perturbations
m
r
a >> 1 the basic flow can be seen locally as a parallel shear flow [46]. Both criteria are thus likely to be

valid for an axisymmetrically rotating flow. The basic velocity profile of equation (2.43) as obtained for a
flow driven by the Lorentz force Fθ has a maximum within the region of flow (not at the boundaries) exactly
at the point where the forcing is equal to zero. This can be seen from equation (4.9), which states that the
derivative of the basic vorticity field is equal to minus the forcing divided by the viscosity. The maxima
dωeq

dr
= −F

ν
= 0, or equivalently the zeros of the forcing profile, are well within the region of flow for a flow

driven by the Lorentz force from equation (2.33) and the basic flow is thus potentially linearly unstable. The
inflection points are displayed in figure 4.1 where the profile −F

ν
is plotted for a disk of radius a = 1m,

forcing F as in equation (2.33) and viscosity ν = 1 · 10−6 m2

s
.

Intuitively one would expect that viscous effects are stabilizing, this is however not always true. Flows can
undergo a transition to an unstable regime for certain Re-numbers and hence for a certain viscosity. To
analyze the stability of a viscous flow the Orr-Sommerfeld equation needs to be solved. The viscous term
in (4.10) contains a fourth-order derivative, this can provide for very rapid variations in the eigenfunctions
ψ̃ which makes viscous effects become important in especially the boundary layers [45]. The analytical
solutions of (4.10) can be obtained by asymptotic methods or numerically with a shooting method [41] [42],
a Finite difference method [48] or a spectral method [52]. However, since the flow has an inflection point, it
is inviscidly unstable and therefore it is chosen to compare the results of the inviscid analysis with the linear
and nonlinear stability of the system ODEs and investigate the effect of viscosity compared to forcing and
advection in this manner.

The assumption that the zonal flows that are of interest for this research are strictly two-dimensional could
raise questions regarding the effect of three-dimensionality on stability. A useful theorem regarding this prob-
lem was achieved by Squire, showing that “to each unstable three-dimensional disturbance there corresponds

a more unstable two-dimensional one” [45]. This theorem states that if a growing 3D disturbance exists
at a given Reynolds number, then a growing 2D disturbance exists at a lower Reynolds number. Effects of
three-dimensionality of the flow can thus be neglected if one is interested in the minimum Reynolds number

for which the flow is unstable. A proof of Squire’s theorem can be found in [45] or [41].

4.2 Linear stability of the truncated system ordinary differential

equations

The stability analysis in the previous section shows that the nonlinear fluid flow system can reach a chaotic
state when the viscosity is sufficiently small or the forcing sufficiently large or equivalently when the parameter
measuring the non-linearity, the Reynolds number or the Grashof number, is large. However, chaotic behavior
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does not only occur in continuous systems with an infinite number of degrees of freedom, but may also occur
in discrete nonlinear systems like the truncated system of ODEs as derived in section (3.2) which only has a
finite number of degrees of freedom [45]. A chaotic system is then defined as

“a system in which the solution is extremely sensitive to initial conditions. That is, solutions with

arbitrarily close initial conditions evolve into quite different states.” [45]

It is interesting to compare the unstable behavior of the truncated system of ODEs to the Navier-Stokes

equations. In a truncated, low dimensional system only a small number of modes interact and all but a few
low modes are equal to zero. The instability then develops in an orderly way. As more modes are involved the
evolution of the perturbations becomes less orderly and will resemble the behavior of a continuous system of
PDEs [45]. The numerical integrations of the truncated system of ODEs have demonstrated that this system
allows solutions which are variable, either aperiodic or periodic, if subject to a steady forcing. The non-
linearity provides this possibility because in dissipative linear systems a steady forcing results in a constant
response after the decay of time-dependent variations [45]. It is not clear if the transition to an unstable
regime in actual fluid flows is similar to unstable behavior as seen in a truncated, nonlinear system. In this
section both a linear and a nonlinear stability analysis of the truncated system will be carried out and the
results will be compared to the stability analysis of the Navier-Stokes equations.

Consider the system of ODEs (3.21) with f (η (t)) a nonlinear function of the expansion coefficients η (t). The
stability of a solution of this system depends on the particular solution trajectory considered. Meaning that
if there are both stable and unstable steady state solutions and the integration of the system of ODEs starts
from an initial value close to an unstable steady state, the solution can be repelled from it and attracted to
the stable steady state solution. For a solution η (t) a linear analysis can be applied locally, to evaluate the



evolution of small perturbations. The behavior of a nonlinear system near an equilibrium can be determined
through a linearization of the system with respect to the equilibrium point. Let ηeq be an equilibrium of the
system (3.21). Supposing that the function f is continuously differentiable, the right hand side of (3.21) can
be expanded into a Taylor series around the point ηeq as:

η̇ = f (ηeq) +
∂f (η)

∂η

∣∣∣∣∣
η=ηeq

(η − ηeq) + F̃ (t) +H.O.T. (4.12)

And H.O.T. denotes higher order terms of the expansion. Since ηeq is an equilibrium, f(ηeq) + F̃ = 0.
Moreover, since the trajectories near the equilibrium are of interest, the equations can be rewritten by
defining a perturbation function:

ξ = η − ηeq. (4.13)

Implying η̇ = ξ̇, and yielding the expansion:

ξ̇ =
∂f (η)

∂η

∣∣∣∣∣
η=ηeq

ξ +H.O.T. (4.14)

If the analysis is restricted to a sufficiently small neighborhood of the equilibrium point, higher order terms
are negligible and the equations can be written as:

ξ̇ = Jξ, (4.15)

where J, the total derivative of the function f with respect to η, is called the Jacobian matrix, evaluated at
equilibrium point ηeq. It is stated that the trajectories of the nonlinear system in a small neighborhood of
the equilibrium behave similarly (stable, unstable or marginally stable) to the trajectories of the linearized
system about that point [50]. An equilibrium is stable if all the real parts of the eigenvalues of J are negative
and unstable if all the real parts of the eigenvalues of J are positive. If the eigenvalues are positive then the
linear system η̇ = L+ F̃ is unstable, immediately implying that the nonlinear system (3.21) is also unstable
[44]. If the linear system is asymptotically stable, then the stability of the nonlinear system is also ensured
for a region around the equilibrium, because the linear part of (3.21) dominates when ||ξ|| ≪ 1. However,
for ||ξ|| ≫ 1 the nonlinear part of (3.21) is dominant and a nonlinear stability analysis is necessary [50].

Calculation of J shows that all the real parts of the eigenvalues for modes up to M = 40, N = 30, are
negative and hence the truncated system is stable. This is not in agreement with the analysis of the stability
of the Navier-Stokes equations in the previous section. This can be explained by the fact that matrix J

is highly nonnormal for a discretization of the Navier-Stokes equations, meaning that the eigenvectors of J
are highly nonorthogonal [54]. An operator J is nonnormal when it does not commute with its adjoint J†,[
J,J†] = JJ† − J†J 6= 0. This characteristic of the Navier-Stokes equations can be shown with the example
of the M = 1,N = 1 system as in (3.25)

J =




νb01,01 0 0 −α01,11x01
0 νb01,01 α01,11x01 0
0 0 νb11,11 −α11,01x01
0 0 α11,01x01 νb11,11


 , (4.16)

again with α01,11 = −0.1104, α11,01 = −0.0431, b01,01 = −14.6820 and b11,11 = −26.3746. The equilibrium
used in J consists of only the m = 0 modes and it is real-valued, hence only x01 is unequal to zero. The
diagonal elements of J result from the viscous term in the Navier-Stokes equations and the off-diagonal
terms, causing the non-normality J†J 6= JJ†, result from the nonlinear coupling between x01 and the higher



order modes. The eigenvalues of the linear evolution operator J are all negative, hence assure linear stability
for the system ODEs. This is true as long as the matrix J is finite dimensional, thus for the dimension
D = (M + 1)N < ∞. However, the system can still be unstable for the infinite-dimensional case, hence the
PDE.

Characteristics as predicted by the linear stability analysis of the Navier-Stokes equations and observed
in numerical simulations, such as transient energy growth and strong growth of infinitesimal perturbations
cannot be explained by examination of the eigenvalues of J due to this non-normality. The non-orthogonality
of the eigenvectors is a direct result of the large off-diagonal coupling terms in J. The effect is visible in
the very large growth of the energy of the states of system (3.21), the L2-norm of the state vector η, before
eventually decaying to the equilibrium value due to the linear stability of the system [55]. A perturbation
initially has a very low energy and this energy is expected to decay due to the destructive coupling between
modes as indicated by the negative real parts of the eigenvalues of J. However, as one mode decays more
quickly in time than the other, destructive coupling between modes is reduced in time and the total energy of
the perturbation gets the chance to grow before eventually decaying due to linear stability of the truncated
system [56]. It is an important mechanism leading to instability for truncated systems which are linearly stable
but nonlinearly unstable [57]. The eigenvalues of the truncated system with a finite dimensional matrix J are
all negative, but for the infinitely dimensional case of a PDE the system can become nonlinearly unstable.
The linear instability of the Navier-Stokes equations does not show in a truncated system of ODEs, hence
to design a control system that rejects growing disturbances a nonlinear stability analysis of the truncated
system is necessary. The non-normality of the linear evolution operator J is the cause that the spectrum of
this operator is not eligible to describe the dynamics of the flow [58]. Non-normality can also give rise to
extreme sensitivity of the flow to forcing [55].

4.3 Nonlinear stability of the 2D Navier Stokes equations

Linear stability theory, for both ODEs and PDEs considers infinitesimal disturbances which can grow expo-
nentially when a relevant parameter (for instance Re or Gr) exceeds a certain critical value Rec or Grc. A
linearly stable system however can still be nonlinearly unstable to finite perturbations on the basic flow field.
The perturbation field must then extract energy from the basic shear to change the basic flow field [45]. In a
linear analysis the changes of the basic flow field are neglected and this yields a constant growth rate of the
perturbations and hence an exponential growth. The large growth of perturbations can significantly change
the basic flow though, and successively change the growth rate of the perturbations again. For wavelike
perturbations the modes do not evolve independently but they are coupled and interact with each other [42].
The nonlinear coupling can act destabilizing and enlarge the growth rate of the perturbations, but it can
also change the basic flow in a way that the growth of the perturbations stops once a certain amplitude is
reached.

The evolution of the amplitude of a dominant unstable mode |A(t)| (|A| = 0 represents the steady basic flow
veq) as found from a linear stability analysis is described by the Landau equation

d|A|2
dt

= 2σi|A|2 − ℓ|A|4, (4.17)

with σi the exponential growth rate and ℓ is Landau’s constant. If ℓ were zero the equation would reduce to
equation (4.10) as given by the linear stability theory [41]. The quartic term on the right-hand side comes
from the non-linearity which is now included in the analysis. It can accelerate or decelerate the exponential
growth of the perturbation depending on the sign of σi and ℓ. The Landau equation can be seen as a truncated
system of ODEs, where the higher order terms are neglected because their contribution to the evolution of
perturbation is negligible.

When ℓ > 0 and σi > 0, hence Re > Rec, the flow is supercritically stable. The flow is linearly unstable
for infinitesimal perturbations for Re > Rec but the perturbation damps out to eventually for the flow to
equilibrate again.



For ℓ > 0 but σi < 0, Re < Rec and the perturbation decays as predicted by the linear stability analysis,
hence the quartic −ℓ|A|4 term remains small in equation (4.17).

Theoretically there is also the case that ℓ < 0 and σi > 0, hence Re > Rec, so that the quartic term
contributes to an already unstable flow and |A| increases faster than exponentially. Higher order terms are
necessary in the Landau equation to describe the evolution of the perturbation amplitude. The solution now
breaks down within a finite time period and it is expected that a transition to turbulence occurs very fast
[41].

The fourth possibility is that both ℓ < 0 and σi < 0, then Re < Rec and the case of subcritical instability
may occur. For linearly stable flow, hence stable to infinitesimal perturbations, instability is still possible
for perturbations with a finite amplitude. When the finite perturbation amplitude |A| would be larger than
some threshold value, the perturbation would grow and again higher order terms in equation (4.17) become
relevant. It is suggested by Landau that there exists some lower critical value of the Reynolds number, ReE
found by energy theory according to this threshold value. For Re < Reg the flow is globally asymptotically
stable and even large perturbations eventually decay [41]. When the difference between ReE and Rec is very
large, energy theory gives a very conservative result [40] and the usefulness of a control system based on this
result is questionable.

In the previous sections only infinitesimal perturbations were considered. For the infinite dimensional PDE
case, the flow is unstable for these kind of perturbations. For the finite dimensional ODE system, the flow
turned out the be stable for infinitesimal perturbations, however the perturbations can still grow to reach a
finite size and then decay for the flow to reach the previous equilibrium again. To analyze the evolution of
finite disturbances the perturbation energy is considered. Defining finite velocity perturbations u = v−veq,
with arbitrary finite amplitude |A(t)|, and pressure perturbations p̃ = p − peq, the Navier-Stokes equations

(2.1) can be written as

∂u

∂t
+ u · ∇u+ u · ∇veq + veq · ∇u = −1

ρ
∇p̃+ ν∇2u, (4.18)

∇ · u = 0. (4.19)

Notice that the forcing F is not included in equation (4.18) because the it only acts on the basic flow and
not on the perturbation. The energy evolution of the perturbations is obtained by taking inner products of
(4.18) with u

1

2

∂||u||22,C
∂t

= −〈u,u · ∇veq + veq · ∇u〉+ ν〈u,∇2u〉. (4.20)

This is the Reynolds-Orr equation, where the pressure term vanishes like in (3.2) and the nonlinear term
u · ∇u vanishes due to the identity 〈v,v · ∇v〉 = 〈v,v × ω〉 = 0. This property of the energy equation
is extremely useful to prove global stability of the system (4.18) [44]. The evolution of the energy of a
perturbation is governed by two terms. The first term on the right-hand side is an advective term which
describes the interaction between the perturbation velocity and the mean shear of the flow and is responsible
for the growth of perturbation energy. The second term on the right-hand side is a dissipative term which is
responsible for the decrease of perturbation energy.

The Reynolds-Orr equation yields a critical Reynolds number (or another relevant dimensionless number)
below which no amplification of perturbation energy is observed. There exists a real constant κ such that
the right hand side of (4.20) and hence the evolution of the perturbation u is minimized for all u

ν〈u,∇2u〉 − 〈u,u · ∇veq + veq · ∇u〉 ≤ κ||u||22,C . (4.21)

κ can be found via the solution of an eigenvalue problem [15]. For the largest eigenvalue κ1, (4.21) is an
equality. For κ1 < 0, the perturbation energy evolution (4.20) is always negative for ||u|| 6= 0 and stability



is proven [44]. The perturbation energy ||u||22,C is a Lyapunov function [15] [44] [53]. By choosing the
perturbation energy as a Lyapunov function, proving stability requires only solutions of a linear eigenvalue
problem, even for a nonlinear system, due to property (2.20). Solving this eigenvalue problem gives a critical
Reynolds number below which the energy of any perturbation with finite amplitude |A| decays monotonically.
However, with ||u||22,C as a Lyapunov function, the critical Reynolds number Rec found, is generally below
the maximum value of Re for which the flow is found stable experimentally or numerically. This is caused by
the requirement that all perturbations decay monotonically and the nonnormal nature of the linear Reynolds-
Orr equation [42]. The fact that the Reynolds-Orr equation (4.20) is linear comes from the definition of the
perturbation energy 1

2 ||u||22,C and the identity (u,u · ∇u) = 0. Other Lyapunov functions possibly result
in an inclusion of a nonlinear term in the perturbation energy evolution. Goulart and Chernyshenko [44]
proposed a method to find Lyapunov functions for the finite dimensional system, energy-like functions which
are nonlinear in a finite number of terms, which can improve the critical Reynolds number for the infinite
dimensional system (2.8). This method will be used and explained in the next section to find stability bounds
for both the truncated ODE system and the infinite dimensional PDE system. The principle will also be
used as the basis for a state feedback control system in chapter 5.

4.4 Nonlinear stability of the truncated system ordinary differen-

tial equations

To analyze the effects of non-linearity on the stability of the truncated system of ODEs, a Lyapunov function
V (η) can be defined. In order to do so, the equilibrium point is shifted to the origin via a change of variables,
without loss of generality [45]. Suppose ηeq 6= 0 is an equilibrium point again and apply the change of
variables ξ = η − ηeq as before. Notice that in the perturbation function ξ, the system has an equilibrium

at ξ = 0, and that ξ̇ = η̇. The stability of this equilibrium is studied. Assume, analogous to the method
used in [44] by Goulart and Chernyshenko, that the perturbation velocity u can be expanded as

u(r, θ, t) =

M,N∑

m=0,n=1

ξmn(t)umn(r, θ) + us(r, θ, t), (4.22)

where the basis functions umn are orthogonal, solenoidal, have unit norm and satisfy the boundary conditions
similar to the basis functions of the basic flow vmn. The second term on the right-hand side us is also
solenoidal, satisfies the boundary conditions and is orthogonal to each basis function umn. It represents
the effect of the error made in the truncation. Global (nonlinear) stability of the Navier-Stokes equations

can now be addressed by separating the dynamics into a system ODEs describing the evolution of the basis
weights ξmn (4.18) and a PDE for the part unmodeled due to the truncation in finite modes. Initially the
truncation error will be neglected and hence it is assumed for now that us = 0. Substituting (4.22) into (4.18)
and taking inner products of both sides with the basis functions umn, similar to the approach in section 3.2,
again yields an ODE for the evolution of every expansion coefficient ξmn

ξ̇mn = −
P,Q∑

p=0,q=1

〈ukl,umn · ∇upq〉ξmnξpq−〈ukl,umn ·∇veq+veq ·∇umn〉ξmn+ν〈ukl,∇2umn〉ξmn, (4.23)

where the forcing F is not included since it only acts on the basic flow. Matrices Qqp and L from equations
(3.17) and (3.18) are now used again and matrix M and Λ are defined as

Qqp = −〈ukl,umn · ∇upq〉, (4.24)

L = 〈ukl,∇2umn〉, (4.25)



M = −〈ukl,umn · ∇veq + veq · ∇umn〉, (4.26)

and

Λ = νL+M, (4.27)

describing the linear part of the evolution of the perturbation. The diagonal matrix L has only negative
entries. A linear matrix-valued operator N is defined as before in equation (3.20)

N(ξ) = ξpqQ
qp, (4.28)

describing the nonlinear evolution of the perturbation with ξpq a matrix with elements ξpq on the diagonal,
representing a sum over pq. The evolution of the perturbation is now described by the ODE of order (M+1)N

ξ̇ = f(ξ) = Λξ +N(ξ)ξ, (4.29)

with ξ a vector with components ξmn. Matrix N satisfies the energy conservation relation (2.20) in finite
dimensions since ξTN(ξ)ξ = 0 for all ξ. The equilibrium velocity field veq is now expanded in velocity

eigenfunctions as veq =
M,N∑

m=0,n=1
ηmn,eqvmn and ηeq is the vector with elements ηmn,eq. The equilibrium

only has an axisymmetric component, hence only m = 0 components of ηeq are nonzero. It is assumed that
the basis functions vmn are equal to the basis functions used to expand the perturbation field umn. The
system (4.29) can now be written as

ξ̇ = νLξ +N(ξ + ηeq)(ξ + ηeq)−N(ηeq)ηeq, (4.30)

where the identity Mξ = N(ξ)ηeq+N(ηeq)ξ is used. For the specific case where ηeq only consists of nonzero
terms for m = 0 the term N(ηeq)ηeq is always equal to zero. The largest value of Re or Gr for which the
system with equilibrium ξ = 0 is globally asymptotically stable is now sought by means of a Lyapunov
function.

The equilibrium of a system ODEs (4.29) are asymptotically stable if one can find a continuously differentiable
energy function V (ξ), called a Lyapunov function, that satisfies the following conditions [44] [50]:

V (ξ = 0) = 0, (4.31)

V (ξ) > 0 ∀ξ 6= 0, (4.32)

∇ξV (ξ) · ξ̇ < 0 ∀ξ 6= 0, (4.33)

with ∇ξ a vector with components d
dξmn

, the gradient of the function ξ defined on the (M +1)N -dimensional
state space. In words, the condition for nonlinear stability is that for the solution of the system ODEs, the
Lyapunov function will always decrease in time towards the equilibrium.

the condition for nonlinear stability is that this energy function never increases once an equilibrium has been
reached. A first approach is to define an energy-like function consisting of a perturbation energy function
and a basic flow energy function

Vd(ξ,η) :=
1

2
||ξ + dηeq||22. (4.34)



For d = 0 this is the perturbation energy function V0(ξ) and for d = 1 this is the total energy function
V1(ξ,η). Note that function V1(ξ,η) does not satisfy condition (4.31). The nonlinear part of the dynamics,
N(ξ)ξ, of the system (4.29) is invariant with respect to the perturbation energy for an infinite dimensional
ODE since

∇ξV0(ξ) ·N(ξ)ξ = ξTN(ξ)ξ = 0. (4.35)

This is based on the physical argument, that equation (4.35) is equivalent to 〈v,v × ω〉 for the 2D Navier-

Stokes equations. Hence, ξTN(ξ)ξ has no influence on stability criterion (4.33). For Lyapunov function V0(ξ)
the stability of the system (4.29) is assured for all Re or Gr if

∇ξV0(ξ) · ξ̇ = ξTΛ(ξ)ξ = ξT (νL+M) ξ < 0 ∀ξ 6= 0. (4.36)

The equilibrium profile appearing in M is linearly related to the strength of the forcing veq ∼ F according
to equation (2.42)

η̇eq = νLηeq + F̃ = 0. (4.37)

Hence ηeq = − 1
ν
L−1F̃, with L−1 the inverse of L satisfying the property L−1L = I and I the identity matrix.

The evolution of the expansion coefficient, summed over all modes
N=30∑
n=1

η0n, for axisymmetric flow (m = 0),

is plotted versus time t in figure 4.2 (the red line). It reaches the asymptote
N=30∑
n=1

η0n,eq, with η0n,eq the

elements of ηeq = − 1
ν
L−1F̃ (blue, dotted line, also summed over all modes) after some time t = Teq in

accordance with equation (4.37).

The perturbation field is assumed to be expanded in the same eigenfunctions as the basic flow, hence vmn =
umn. The matrix M can now be written as

M = −ηpq,eq〈ukl,umn · ∇vpq + vpq · ∇umn〉 = −ηpq,eq〈vkl,vmn · ∇vpq + vpq · ∇vmn〉 =

−ηpq,eq
(
Qqp + (Qqp)

T
)
= diag

(
2

ν
L−1F̃

)(
Qqp + (Qqp)

T
)
, (4.38)

with ηpq,eq a matrix with the elements of − 2
ν
L−1F̃ on the diagonal, representing a sum over pq similar to

ξpqQ
qp as used in equation (4.28). Note that for the equilibrium only the first p diagonal elements of ηpq,eq,

corresponding to q = 0 give non-zero results. This is a result of the fact that F̃ only acts on the axisymmetric
q = 0 modes. Stability is now completely determined by kinematic viscosity ν, forcing term F̃ and basis
functions vmn via the condition that matrix 2L+ 1

ν
(M+MT ) should remain negative-definite [44]. Global

asymptotic stability is guaranteed if all real parts of eigenvalues κ of matrix

2L+
1

ν
(M+MT ) = 2L+

2

ν2

(
diag

(
L−1F̃

)(
Qqp + (Qqp)

T
)
+
[
diag

(
L−1F̃

)(
Qqp + (Qqp)

T
)]T)

,

are negative. The elements of matrix L are all negative and hence, this term is stabilizing in equation (4.36).

The destabilizing effect comes from M and the forcing term F̃ in M is the free parameter which can be
chosen such that inequality (4.36) is satisfied. The choice of the forcing results in a critical Grashof number

Grc =
||F||

2,C

γ2

01
ν2 for which the flow is globally asymptotically stable. This also results in a critical Reynolds

number Rec = vrms

γ01ν
and since ||F||2,C ∼ vrms and ν and γ01 are constant the Reynolds number and the
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Figure 4.2: The evolution of
N=30∑
n=1

η0n is plotted in red versus time t and each mode η0n reaches an equilibrium

η0n,eq. The sum of all equilibria
N=30∑
n=1

η0n,eq with ηeq = − 1
ν
L−1F̃ is plotted in blue.

Grashof number are linearly related, Grc ∼ Rec and either one can be used as a stability criterion. For
an unforced flow a low Reynolds number implies that the nonlinear term is not important relative to the
viscous dissipation, here however it is only relevant in combination with the Grashof number, which gives the
relevancy of the forcing in comparison to the viscous dissipation.

The procedure taken is shown for the M = 1, N = 1 real-valued example system, with matrices

Qqp =




0 0 0 −α01,11

0 0 α01,11 0
0 −α11,01 0 −α11,11

α11,01 0 α11,11 0


 ,

(Qqp)
T
=




0 0 0 α11,01

0 0 −α11,01 0
0 α01,11 0 α11,11

−α01,11 0 −α11,11 0


 ,

L =




b01,01 0 0 0
0 b01,01 0 0
0 0 b11,11 0
0 0 0 b11,11


 ,



F̃ =




f01
0
0
0


 .

with α01,11 = −0.1104, α11,01 = −0.0431, α11,11 = −0.1097, b01,01 = −14.6820 and b11,11 = −26.3746.
Matrix L describes the viscous dissipation and all elements bmn,mn < 0 and all bmn,pq = 0 for mn 6= pq,

hence this matrix is stabilizing in 2L + 1
ν
(M + MT ). The product diag

(
L−1F̃

)(
Qqp + (Qqp)

T
)

results

in positive elements in the part (M +MT ) which are destabilizing. The forcing F̃ now determines whether
1
ν
(M +MT ) > 2L or 1

ν
(M +MT ) < 2L and hence the stability of the system. For a large viscosity ν ≫ 1

the destabilizing effect is smaller and for a small viscosity ν ≪ 1 the destabilizing effect is larger. For salty
water (ν = 1 ·10−6), the critical order parameter for a globally stable flow results from calculating the forcing
for which all eigenvalues of 2L+ 1

ν
(M+MT ) are negative. This approach results in f01 = 0.4448 · 10−8 and

subsequently Grc ≈ 333 and Rec ≈ 45.

The critical Grashof numbers and the critical Reynolds numbers found still depend on the truncation as is
depicted in figure 4.3. For M = 40, N = 30 Rec ≈ 0.15 and Grc ≈ 1.08. The ratio Gr

Re
gives the relative

importance of the forcing versus the nonlinear advection. For Gr ≈ 1 and Re≪ 1 the forcing is dominating
over the advection. Even when the nonlinear term N(ξ)ξ, is not very important the flow is potentially
unstable, hence the flow is extremely sensitive to the forcing.
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Figure 4.3: The critical order parameters Grc and Rec plotted against the number of azimuthal modes M
for a fixed number of radial modes N = 30. For m = 0 the critical order parameter is equal to infinity and
the flow is always stable.

These values seem to decrease when even more modes are included in the truncation. It is however not



advisable to estimate the critical order parameter for the infinite dimensional PDE by including more and
more modes. The decrease of the critical order parameter shows that the interaction between higher order
modes, which itself might be stable, and unstable, lower order modes (which were already included in the
truncation), makes these already unstable modes more unstable. One could order the truncation in such
a way that low-order modes are the least damped, dominant modes i.e. the most unstable modes. All
well separated, spectral modes and strongly damped modes can then be neglected. These modes hardly
interact and their contribution to instability is negligible. The system ODEs would then be smaller and the
truncation more efficient. Chini et al. suggest such a method to derive low-dimensional systems of ODEs
from a Galerkin truncation of a PDE using upper bound theory [59]. In this way, the truncation error us,
corresponding to the part of the PDE that is not modeled, is always stabilizing. These unmodeled modes
can be neglected in a Lyapunov stability analysis if the perturbation energy is used as a Lyapunov function.
The eigenfunctions of the linear operator 2L + 1

ν

(
M+MT

)
, the discretized, truncated equivalent of the

Reynolds-Orr operator (4.20), as obtained from the weakly nonlinear stability analysis, can be used to reduce
the dimension of the truncated system ODEs. If all possibly unstable modes are included in the truncation
and all damped, weakly interacting modes are neglected, one can prove that the stability results are also valid
for the infinite-dimensional system ODEs and potentially also for the PDE [44] [60]. Note that the infinite
dimensional ODE is not an exact representation of the Navier-Stokes PDE [15].

The energy evolution due to L is always negative, hence stabilizing, where the energy evolution due to M may
be positive and thus destabilizing. O(ξTL(ξ)ξ) ≪ O(ξTM(ξ)ξ) which means that the advective interaction
between perturbation and equilibrium is much larger than the viscous dissipation and this explains why the
critical order parameter is very small. Problematic is the fact that the energy evolution caused by N is not
equal to zero or even close to zero. One can choose a random complex vector ξ for which ξTN(ξ)ξ = 0 is be
true. For an arbitrary truncation, however, with M ,N modes this is not true. This is an essential difference
between the PDE and the truncated system ODEs and the result of this discrepancy is that the critical order
parameter found in figure 4.3 differs from the critical order parameter resulting from a nonlinear stability
analysis of the Navier-Stokes equations as in section 4.3. By assuming that the nonlinear term N is equal to
zero in the energy evolution equation, the nonlinear stability analysis is therefore actually a weakly nonlinear
stability analysis. The stability analysis is thus only valid for an idealized case where the nonlinear advection
N(ξ)ξ behaves exactly as the nonlinear advection in the 2D Navier-Stokes PDE, v × ω.
The value of the critical Reynolds number is quite low and conservative and in practice the flow can be stable
for higher Re. To obtain a less conservative result for the critical value of the order parameter one could search
for Lyapunov functions which guarantee stability for a larger value of the critical order parameter, possibly
closer to values found experimentally. The Lyapunov function V0(ξ) as it is used now, does not incorporate
the effect of nonlinear advection. By constructing a Lyapunov function via a sum-of-squares method, where
higher order products of the perturbation ξ and equilibrium ηeq are considered, Goulart and Chernyshenko
found a critical order parameter that is about a factor 5 larger [44]. These higher order products seem to
describe the effect of nonlinear advection more accurately if compared to experimental observations.



Chapter 5

Control of 2D flow

5.1 Flow control

Flow control is a field at the intersection of several disciplines, mainly consisting of fluid mechanics, applied
mathematics, numerical methods and control theory. Recent developments in the integration of these dis-
ciplines have been surveyed in [11]. Control theory deals partly with manipulating stability properties of a
dynamical system by using an input of the system [10].

Recently developed methods hold great promise to delay the transition to instability to a higher critical
order parameter and the regulation of turbulence with a linear systems approach [54], [56], [61] or with a
Lyapunov based approach [44], [62], [63]. To choose a valid method which not only controls the reduced-order
system but also the Navier-Stokes system itself, the relevant flow physics, the instability threshold, and the
limitations of the control algorithms have to be considered with care.

The idea is to choose the forcing F as a time-dependent input δF(t) that can stabilize the flow and a part
which drives the flow to equilibrium Feq both working on the axisymmetric basic flow. The time-dependent
part of the forcing can interact with higher order terms via nonlinear interactions between modes. In this way
the unwanted higher order modes that cause unstable, non-axisymmetric behavior, can be counteracted. The
equation governing nonlinear stability analysis of the system ODEs (4.30) now includes a time-dependent

forcing term δF̃(t) acting on the first n modes, corresponding to m = 0. The forcing needs a nonlinear
interaction term to affect higher order terms, since it only acts on m = 0 modes. Therefore the purely linear
system η̇ = Lη is not stabilizable by this input. Therefore the matrix N, describing nonlinear dynamics, is
essential for stabilization of the flow.

5.2 State feedback control

The nonlinear finite dimensional dynamical system (3.21) has a prescribed solution for given initial conditions
and forcing. The demanded behavior is an axisymmetric stable zonal flow. If for some reason the behavior
of the system might not satisfy this goal, a control system is necessary to reach the goal. An input term
ui(t) is introduced in the forcing, which can influence the dynamics of the system once undesired behavior
appears. If this input is a function of the state variable η, this is called state feedback control.

Consider the discretized Navier-Stokes system (3.21)

η̇ = N(η)η + νLη + F̃,

with initial condition

52



η(t = 0) = 0.

If ηeq is an equilibrium solution to (3.21), one can use the error variable η = ξ + ηeq again, substitute this
new variable in (3.21) and subtract the new equation from the old one to gain system (4.29)

ξ̇ = Λξ +N(ξ)ξ,

with Λ = (νL+M) and matrix M from equation (4.26) describing the interaction between equilibrium
and perturbations. The goal here is to design a state feedback controller which stabilizes exponentially the
equilibrium state ηeq or equivalently the ξ = 0 state.

The input can be split into F̃ = Bui(η, t)+F̃eq. Time-independent matrix B = diag
(
F̃
)
, not to be confused

with the magnetic field used in sections 2.7 and 2.5, describes the effect of the forcing on the system which
can be adjusted by ui(t) to acquire ξ → 0 and F̃eq drives the flow to equilibrium. After substituting this
input in (4.29), one yields the controlled Navier-Stokes system

ξ̇ = Λξ +N(ξ)ξ +Bui(t). (5.1)

Not every system is controllable or stabilizable. A system is controllable if, for every desired state, there
exists an input ui(t) [10]. It is important to notice that the system is only controllable if nonlinear dynamics
are included. If this is not the case, for the linear system, unstable higher order modes corresponding to
m > 0 cannot be influenced by the azimuthal forcing (acting on m = 0 modes only). To display this point,
the linear part Lη of the M = 1, N = 1 example system is used again




ẋ01
ẏ01
ẋ11
ẏ11


 = ν




b01,01 0 0 0
0 b01,01 0 0
0 0 b11,11 0
0 0 0 b11,11







x01
y01
x11
y11


+




f01 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0







u01(t)
0
0
0


 . (5.2)

It can now easily be seen that the forcing f01 can never influence ẏ01, ẋ11 and ẏ11. For control purposes
the nonlinear interactions can therefore not be neglected. If only linear matrix L is taken into account, the
forcing can not interact with higher-order modes and only the x01 mode can be affected. This can be put in
general terms with the controllability matrix C, which, for linear systems is defined as

C =
[
B LB L2B ... LD−1B

]
. (5.3)

If the rank of matrix C is equal to the dimension D = (M+1)N of the system, then the system is controllable
and any other state can be reached in finite time. For the real-valued M = 1, N = 1 system of dimension
D = 2(M + 1)N , the rank of C =

[
B LB L2B L3B

]
is 1 6= 2(M + 1)N . This is true for every linear,

discretized Navier-Stokes system. Interactions between equilibrium and perturbations are considered when

matrix M = diag
(

2
ν
L−1F̃eq

)(
Qqp + (Qqp)

T
)
from equation (4.38) is added to (5.2) to yield ξ̇ = Λξ. The

controllability matrix now becomes C =
[
B (νL+M)B (νL+M)

2
B (νL+M)

3
B
]
with

M =




0 0 0 m01,11

0 0 0 0
0 0 0 0
0 0 0 0


 ,

and m01,11 = 2
b01,01

f01
ν

(α11,01 − α01,11) = −6.7290. Still rank (C) = 1, hence the system is not controllable.

This is due to the fact that the equilibrium is incorporated in M and that the equilibrium only exists out of



m = 0 modes. Matrix N, describing the nonlinear dynamics, is thus essential for the system to be controllable
because higher order (m > 0) modes are only accessible via the nonlinear coupling.

Stabilizability is a slightly weaker notion than controllability. A system can still be stabilizable when all
uncontrollable states are stable and remain bounded. Steady-state solutions of Navier-Stokes systems with
Dirichlet boundary conditions are proven to be exponentially stabilizable by state feedback controllers [64]
[65]. The most simple control actions to stabilize an unstable equilibrium (where 2L + 1

ν
(M + MT ) from

equation (4.4) has at least one positive eigenvalue) are proportional (P ) control and proportional and differ-
ential (PD) control [66]. A P-controller multiplies the error ξ = η−ηeq of a variable relative to its preferred
value as u = Pξ [10]. If this is not enough to stabilize the system one can add a differential action, which
multiplies the derivative of the error of the state and now u = Pξ + Dξ̇ = Pξ + Dη̇. By an appropriate
choice of P and if necessary D the error ξ can be made to stay close enough to zero.

5.3 Lyapunov based control

The Navier-Stokes equations are nonlinear and one can only assure global stability of the state feedback
system by a nonlinear stability analysis as is carried out in section 4.3. The state feedback control system
need not be nonlinear though [67]. Control laws are sought such that the kinetic energy of the perturbation
decays as a function of time for the system. This is Lyapunov based control approach in which the Lyapunov
function is chosen as the two-norm of the perturbation ξ as in equation (4.34) for d = 0. The equilibrium is
again translated to the origin and the analysis is thus performed in perturbation variables. In section 4.3 is
was found that for Re ≈ 0.15 and Gr ≈ 1.08 the equilibrium ηeq of the M = 40,N = 3 system is globally
exponentially stable in L2 even in the uncontrolled case. The goal of applying state feedback control is to
enhance stability.

The control system is based on a Lyapunov stability analysis where a time-dependent input is added to the
stationary forcing, which can be used to damp perturbations within a chosen time period. The analysis is
based on a finite-dimensional system ODEs and it is argued in [44] that one can prove that stability results
and thus the resulting control system, can be used for a PDE under the right conditions.

The controlled system ODEs from equation (5.1) can be written as

ξ̇ = νLξ +Mξ +N(ξ)ξ +Bui.

For a Lyapunov function V0(ξ) =
1
2 ||ξ||22, describing the perturbation energy, and using ξTN(ξ)ξ, an energy

evolution equation can be obtained again:

V̇0(ξ) = ∇ξV0 · ξ̇ = ξT (νL+M) ξ + ξTBui =

ξT
(
νL+ diag

(
2

ν
L−1F̃

)(
Qqp + (Qqp)

T
))
ξ + ξTBui =

ξT
(
νL+

2

ν
L−1B

(
Qqp + (Qqp)

T
))
ξ + ξTBui,

where L−1B = diag(L−1F̃) can be used due to the diagonality of L = diag(L). Global stability is guaranteed
if V̇0(ξ) < 0 for all ξ 6= 0. An input ui is sought that guarantees V̇0 < 0.

The input can now be chosen as a function of the perturbation variable as u1(ξ(t)) and is thereby a function
of time. u1 is a scalar which amplifies the perturbation vector such that it works as a damping force on the
perturbation. The evolution equation of the Lyapunov function now becomes



V̇0(ξ) = ξ
T

(
νL+

2

ν
L−1B

(
Qqp + (Qqp)

T
)
+Bu1

)
ξ.

Now V̇0(ξ) < 0 if νL + 2
ν
L−1B

(
Qqp + (Qqp)

T
)
+ Bu1 is negative-definite, hence if all real parts of the

eigenvalues of the matrix

2L+
2

ν2

(
L−1B

(
Qqp + (Qqp)

T
)
+
[
L−1B

(
Qqp + (Qqp)

T
)]T)

+
2

ν
Bu1, (5.4)

are negative. The minimum value of u1 for the controlled system to be globally stable can be calculated for
a desired Re-number, Gr-number or equivalently an equilibrium velocity or vorticity field. For this control

system to be implemented on real experiments, the perturbation velocity field u(r, θ, t) =
M,N∑

m=0,n=1
ξmnvmn =

v−veq has to be measurable experimentally. The velocity field can be measured and decomposed in Fourier
modes with a Fast Fourier Transform algorithm. This gives the perturbation velocity field, if the desired
equilibrium velocity field is known. Only the azimuthal modes can be changed by the force and the nonlinear
term is necessary to affect higher order, unstable modes. For M = 40, N = 30 a gain u1 can be found for
which the temporal derivative of the Lyapunov function V̇0(ξ) is always negative. This value of u1 is plotted
versus the order parameter for which the flow is still stabilizable in figure 5.1. However, the proportional
control that is applied here does only work for an applied force such that the order parameter is increased by
a factor 2 with respect to the critical order parameter. Hence, for Re > 2 ·Rec ≈ 0.15 and Gr > 2 ·Grc ≈ 1.1
the system is not stabilizable anymore with the chosen control method. The eigenvalues for the controlled
case are however closer to zero than in the uncontrolled case even for Re > 2 · Rec and Gr > 2 · Grc if the
gain is chosen close to the value as determined for Re = 2 ·Rec and Gr = 2 ·Grc.
As a proof of principle a control system based on two modes will designed. One describes the basic flow
(m = 0,n = 1) and one describes a non-axisymmetric perturbation on the basic flow m = 1,n = 1. All
essential features are included in this control system and the principles can be extrapolated to a system with
more modes. For a two-mode system, u1 is chosen such that the perturbation energy evolution

V̇0(ξ) = ξ
T

[
ν




b01,01 0 0 0
0 b01,01 0 0
0 0 b11,11 0
0 0 0 b11,11


+

2

ν




1
b01,01

0 0 0

0 1
b01,01

0 0

0 0 1
b11,11

0

0 0 0 1
b11,11







f01 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 ·







0 0 0 −α01,11

0 0 α01,11 0
0 −α11,01 0 −α11,11

α11,01 0 α11,11 0


+




0 0 0 α11,01

0 0 −α11,01 0
0 α01,11 0 α11,11

−α01,11 0 −α11,11 0





+

u1




f01 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




]
ξ < 0. (5.5)

with α01,11 = −0.1104, α11,01 = −0.0431, α11,11 = −0.1097, b01,01 = −14.6820, b11,11 = −26.3746 and the
dimensionless viscosity ν = 1 · 10−6. For u1 = 0, the uncontrolled system is stable for f01 = 0.4448 · 10−8

or equivalently Grc ≈ 333 and Rec ≈ 45, as was computed in section 4.4. Now the forcing is increased by a
factor F0 to reach an equilibrium with an increased Re-number and Gr-number. The minimum (negative)
value of input u1 is computed for which matrix (5.5) is negative-definite and the system globally stable. In
figure 5.2 the order parameters Gr and Re for which the system is marginally stable are plotted versus the
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Figure 5.1: The order parameters Gr (in black) and Re (in red) plotted against the minimum gain −u1/F0

for which the controlled flow is stable for a fixed number of modes M = 40, N = 30. For u1 → 0 the order
parameters go to the critical values without control Rec ≈ 45 and Grc ≈ 333, plotted in blue and magenta
respectively. For Re = Remax = 0.29 and Gr = Grmax = 2.18 it is not possible to find a simple proportional
controller and this is the maximum of the order parameter for which the system can be stabilized.

minimum value of input parameter −u1/F0. For u1 → 0 Re and Gr approach their critical values Rec and
Grc for the uncontrolled system, plotted in blue and magenta respectively. A linear state feedback controller
u = u1ξ can thus stabilize a desired equilibrium for a 2-mode system. For a larger gain u1, the eigenvalues
of the matrix (5.4) become larger. The system is now stabilizable for a much larger Re and Gr than for the
M = 40, N = 30 system. The higher order modes thus have a negative effect on the stability of the flow,
even though the frequency of these modes is much larger and hence, the length scale is much smaller. It is
the influence of these higher order modes on the larger, dominant modes, which enhances instability.

If the forcing of the stable flow for the two-mode system is now increased by a factor F0 = 500, to get
f01 = 500 ·0.4448 ·10−8, the order parameters are also increased by the same factor and thus 500 times higher
than the critical order parameter for stability. The flow is thus unstable to disturbances. The controller with
gain ui = u1ξ = −508904ξ, as determined in figure 5.2, can now stabilize the system. Equation (5.1) is
solved for both the controlled and the uncontrolled (ui = 0) case. The evolution of the perturbation ξ and
of the controlled perturbation ξcontrolled are plotted in figure 5.4 and 5.5 respectively for a perturbation of
0.01 times a random number generated by MATLAB, that is between 0 and 1. Now 0 ≤ ξ ≤ 0.01, such that
the perturbation is less than 0.1% of the equilibrium ηeq = 0.146 (m = 0, n = 1 mode). The equilibrium for
an unperturbed flow is plotted in figure 5.3. η only consists of a nonzero x01, the real part of the m = 0,
n = 1 mode, and all other three elements are equal to zero.

The perturbation on the basic flow is initially equal to zero, such that
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Figure 5.2: The order parameters Gr (in black) and Re (in red) plotted against the minimum gain −u1/F0

for which the controlled flow is stable for a fixed number of modes M = 1, N = 1. For u1 → 0 the order
parameters go to the critical values without control Rec ≈ 45 and Grc ≈ 333, plotted in blue and magenta
respectively.

ξ(t = teq) =




0
0
x11
y11


 ,

with O(x11) = O(y11) ≤ 0.01ηeq and again ξmn = xmn + iymn.

In both the controlled as the uncontrolled system the error in the m = 1, n = 1 (the red and blue lines)
mode grows very fast initially, reaches a maximum value and then decreases gradually to reach zero. In
the uncontrolled system however, the basic flow also increases strongly due to nonlinear interaction with
the initial perturbation on the higher order mode. This unwanted behavior is not present in the controlled
system.

Now the perturbation is increased such that O(x11) = O(y11) ≤ 10ηeq and the evolution of the perturbation
ξ and of the controlled perturbation ξcontrolled are plotted in figure 5.7 and 5.6 respectively.

The perturbation is now again damped in the controlled system and the basic flow is very small compared to
the perturbation of them = 1, n = 1 mode and is hardly visible anymore. In the uncontrolled system however,
the initial perturbation x11 + iy11 initially increases strongly to reach a peak (which is partly left out of the
figures) but then starts oscillating and is slightly damped. The initially zero-valued perturbation of the basic
flow increases to reach a constant value due to interaction with the higher order mode. The large perturbations
of O(x11) = O(y11) ∼ 10ηeq last much longer than the small perturbations of O(x11) = O(y11) ∼ 0.01ηeq.
In practice, a controller with smaller gain u1 will also stabilize the flow because the critical order parameter
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Figure 5.3: The evolution of all components of η for an unperturbed and uncontrolled flow. Only the real
part of the m = 0, n = 1 mode, x01, is unequal to zero.

is quite conservative for the chosen Lyapunov function V0(ξ).

The basic flow is not perturbed initially, but the m = 1 perturbation causes the basic flow to deviate from the
equilibrium. This is clearly a nonlinear effect which is not present in the linear stability theory, where only
exponential growth of small perturbations is considered and perturbations on the basic field are neglected. An
effect of non-linearity is that the basic state can be changed in such a way that, after a significant amplitude
is reached, the exponential growth of a perturbations stops [45]. This effect is visible for the uncontrolled
system in figure 5.4 where the small perturbation of the m = 1 mode damps after reaching a large amplitude
between teq < t < teq + 1500s. The m = 0 mode also damps, but due to the smaller frequency and larger
length scale, this damping occurs on a larger timescale. A similar effect occurs for larger perturbations, but
this part of the time interval is not visualized in figure 5.7 because the timescale on which it occurs is much
larger here. Eventually, even in the uncontrolled case, all energy returns to the mode with the largest length
scale, in this case m = 0, however not within a short, desired period in time.

This approach can be expanded to a larger system in which all unstable modes are included. Another
option for input ui would be to choose a vector with different weights for each mode, such that the most
dominant perturbing mode is damped the strongest. The most dominant unstable mode can be determined
with the eigenvalue problem resulting from the Reynolds-Orr equation (4.21) for nonlinear stability of the
Navier-Stokes equations. This is however experimentally not possible since the forcing acts on the azimuthal
mode only and the modes cannot be affected separately, with different weights. As was noted before, the
nonlinear matrix N is thus essential to affect higher order modes with a control system. The nonlinear part
is however neglected in (5.5) based on the physical assumption that ξTN(ξ)ξ = 0. Formally this is not a
priori the case for a finite system for arbitrary ξ. The control system is now weakly nonlinear and is valid
in the idealized case where ξTNξ = 0. The nonlinear part is neglected in the Lyapunov function used to
obtain equation (5.5), however his is not a priori the case for a finite system for arbitrary ξ. An option
to solve this problem would be to find Lyapunov functions where a nonlinear interaction term is present
and for which ∇ξV (ξ,η) 6= ξT , and hence for which the nonlinear term is present in equation (5.5). With
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Figure 5.4: The evolution of the two real parts and the two imaginary parts of the error ξ for an uncontrolled
system with a perturbation of the order of 0.01% of the equilibrium ηeq. The order parameter is 500 times
higher than the critical order parameter.

this method a less conservative value of a critical order parameter that is closer to the experimental value
could be computed and a possibly better control system could be designed [44] [68]. The weakly nonlinear
analysis yields a working control system though because the energy evolution due to nonlinear advection is
much smaller than the energy evolution due to linearized advection (interaction between the basic flow and
perturbations) ξTN(ξ)ξ ≪ ξTMξ. The energy evolution due nonlinear advection ξTN(ξ)ξ, linear advection
ξTMξ and viscous dissipation ξT νLξ are plotted for M = 1, N = 1 in figures 5.8, 5.9 and 5.10 respectively.

The nonlinear advection is clearly not energy conserving and the energy evolution is even several orders
larger than the energy evolution of the viscous dissipation. The physical assumption that ξTN(ξ)ξ = 0 is
thus not valid and this raises serious concerns whether the stability analysis gives accurate results for the
Navier-Stokes PDE. Due to the very small viscosity ν = 1 · 10−6, the energy evolution due to the viscous
dissipation is several orders smaller than the energy evolution due to the linear advection. This is the main
reason that the critical order parameter is very small and that the bound for stability is very conservative.
The transient growth of the initial perturbation is associated with the amplifier behavior of the non-normal
advection operators M and N as is explained in the section 4.2. When the non-normality is large, as is the
case for Navier-Stokes systems, the transient growth of the initial perturbation energy is extremely large.
This transient growth may be interpreted in two ways: from the local point of view it is associated with
instability, whereas from a global point of view, it is the result of the non-normality of the evolution operator
M+N(ξ) [55].

For the controlled system the energy evolution of the linear advection ξTMξ and the viscous dissipation
ξT νLξ should be negative for the Lyapunov function to obey the stability criterium V̇0 < 0. This is the case
for the controlled system (5.5) as can be seen in figures 5.11 and 5.12.

The energy evolution of the nonlinear advection is not considered in the stability analysis, based on the
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Figure 5.5: The evolution of the two real parts and the two imaginary parts of the error ξ for a state feedback
controlled system with a perturbation of the order of 0.01% of the equilibrium ηeq and a gain u1 = −508904.
The order parameter is 500 times higher than the critical order parameter.

physical assumption boldsymbolξTN(ξ)ξ = 0, but also for the controlled system it is nonzero. In figure 5.13
one can see that it is even positive, and thus destabilizing directly after the system is perturbed. The control
system damps the energy evolution such that the flow is eventually stabilized.

A simulation for M = 40, N = 30 yields similar results for the energy evolution for the uncontrolled system.
It may however be possible to find a truncation for which ξTN(ξ)ξ ≈ 0 or at least O(ξTN(ξ)ξ) ≪ O(ξT νLξ).
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Figure 5.6: The evolution of the two real parts and the two imaginary parts of the error ξ for an uncontrolled
system with a perturbation of the order of 10% of the equilibrium ηeq. The order parameter is 500 times
higher than the critical order parameter.
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Figure 5.7: The evolution of the two real parts and the two imaginary parts of the error ξ for a state feedback
controlled system with a perturbation of the order of 10% of the equilibrium ηeq and a gain u1 = −508904.
The order parameter is 500 times higher than the critical order parameter.
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Figure 5.8: The evolution of energy due to nonlinear advection for an uncontrolled. The red line is the real
part of the energy evolution and the black line is the imaginary part of the energy evolution.
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Figure 5.9: The evolution of energy due to linear advection for an uncontrolled system. The red line is the
real part of the energy evolution and the black line is the imaginary part of the energy evolution.
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Figure 5.10: The evolution of energy due to viscous dissipation for an uncontrolled system. The red line is
the real part of the energy evolution and the black line is the imaginary part of the energy evolution.
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Figure 5.11: The evolution of energy due to linear advection for a controlled system. The red line is the real
part of the energy evolution and the black line is the imaginary part of the energy evolution.
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Figure 5.12: The evolution of energy due to viscous dissipation for a controlled system. The red line is the
real part of the energy evolution and the black line is the imaginary part of the energy evolution.
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Figure 5.13: The evolution of energy due to viscous dissipation for a controlled system. The red line is the
real part of the energy evolution and the black line is the imaginary part of the energy evolution.



Chapter 6

Conclusions and recommendations

The goal of this report was to design a state feedback control system that stabilizes a perturbed axisymmetric
flow on a two-dimensional circular domain within a certain time period. A discretized, truncated system of
ODEs is obtained via a Galerkin truncation of the Navier-Stokes PDE. Numerical simulations are carried
out and if the flow is not perturbed, the desired equilibrium, as obtained analytically for a Stokes flow in
section 2.6, is reached within a finite time. Numerical results for the spectral method are in agreement
with Finite element method results for an unperturbed flow. If the flow is perturbed, and the nonlinear
advection is nonzero, the results of both numerical methods start to diverge. This is due to the fact that
the nonlinear term is approximated more accurately in a spectral method than in a Finite element method
[51]. Computations based on a spectral method are bounded in accuracy by the Reynolds number, providing
an upper bound on the degrees of freedom present in the PDE. Therefore the simulations are only accurate
as long as enough modes, based on this upper bound, are included in the truncation. This means that only
a finite period of time can accurately be resolved if the flow is unstable. Highly turbulent flows cannot
accurately be described by the method as is used. Flows with a higher value of the order parameter can be
analyzed numerically with a Fourier-Chebyshev method. However, this method needs artificial modifications
to obey the boundary conditions and to resolve the pressure term in the Navier-Stokes equations, which drops
implicitly with the method used for this research. The eigenfunctions as used here, provide physical insight
in the behavior of the different modes and automatically obey the boundary conditions due to the use of the
proper Bessel functions.

The stability of the finite dimensional system ODEs is analyzed and compared to the stability of the PDE.
Comparing stability of the PDE and the set ODEs is far from trivial. The potential instability resulting from
a linear stability analysis of the Navier-Stokes equations, regularly used in fluid dynamics, does not appear
in the linear stability analysis of the finite dimensional ODE. This can be explained by the non-normality
of the matrices describing advection in the set ODEs, resulting from the non-linearity of the Navier-Stokes

equations. A nonlinear stability analysis is necessary to obtain instability bounds for a finite dimensional
ODE. Nonlinear stability is analyzed with a Lyapunov function. A forcing is found such that it is guaranteed
that the Lyapunov function obeys the stability criteria. As a first attempt, the perturbation energy is chosen
as the Lyapunov function. This method gives very conservative stability bounds for the finite dimensional
ODE. Less conservative bounds can be determined by choosing other Lyapunov functions with a sum-of-
squares method as proposed by Goulart and Chernyshenko [44].

An important question that raised during this research is whether it is possible to find stability results based
on a Galerkin truncation, that agree with stability results for the Navier-Stokes equations. The difference
between a finite set ODEs and infinite-dimensional PDEs as the Navier-Stokes equations seems not only to be
visible in numerical solutions for perturbed systems but also in stability characteristics. The discretization of
the Navier-Stokes equations results in highly nonnormal evolution operators, due to the specific non-linearity
of Navier-Stokes equations. Non-normality has a large effect on the evolution of small scale disturbances that
can destabilize the basic flow and the question is if this is a physical result or a purely mathematical result.
The linearized advection operator M is nonnormal, meaning that its spectrum of eigenvalues is not sufficient
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to describe all dynamics. Linearized equations are not enough to describe all aspects of instability for a
finite dimensional ODE. The instability of the Navier-Stokes equations does not appear in the truncation
and hence, truncated systems ODEs may have different stability properties than PDEs. Due to the fact that
the finite dimensional ODE is linearly stable, it is not possible to design stabilizing a control system based
on this stability analysis. The non-linearity appears to be essential for a stability analysis and also for the
control system to affect higher order modes.

A simple control system is designed based on the Lyapunov stability analysis of the truncated system ODEs.
This state feedback control system stabilizes a perturbed ODE of dimension 2 (M = 1, N = 1) for an
arbitrary Reynolds number within a much shorter time period than viscous dissipation. For an ODE of
dimension 1230 (M = 40, N = 30), a control system is designed, that can stabilize the system for Reynolds
numbers up to twice the critical Reynolds number for an uncontrolled flow. It is still an open question
whether this control system works for the Navier-Stokes PDE as well.

A nonlinear analysis seems to be more accurate in comparison with PDE stability results. A problem with a
nonlinear analysis, based on a Lyapunov function, lies in the fact that there are infinitely many stable modes
that can affect the instability of a small amount of dominant unstable modes. Higher order modes, with
high frequencies and acting on small length scales, may be stable itself but affect the dominant, unstable
modes via nonlinear interactions. A reduced order system would be a solution for this problem. A method to
develop a reduced order fluid system is proposed by Chini et al. [59]. All unstable modes could be selected
based on a nonlinear stability analysis of the PDE. A new set of basis functions could be designed, based on
the eigenvalues (the growth rates) of the Reynolds-Orr equation (4.20). The modes with positive eigenvalues,
hence the unstable modes, are incorporated in the truncation and the stable modes are not. Goulart and
Chernyshenko prove that the Lyapunov analysis for this reduced order system is also valid for the infinite
dimensional system and potentially for the PDE if all unstable modes are included in the truncation. A
control system based on a Lyapunov stability analysis for the reduced order system, can thus potentially also
work for the Navier-Stokes PDE. The reduced order system should then be designed such, that it is valid
for the controlled, closed loop system and not only for the system ODEs that describes the uncontrolled
Navier-Stokes equations.

The difficulty in commenting on the accuracy of the numerical solutions, the stability analysis and the control
system lies in the fact that the nonlinear term of the Navier-Stokes equations is incredibly complex. The
projection of the nonlinear term to a PDE in an ODE of order (M + 1)N is not even exact in the limit
M → ∞, N → ∞ [15]. It is this nonlinear term that enhances instability and it is also this nonlinear
term that is necessary for the system to be controllable. Hence, it is not trivial to translate stability and
stabilizability results for a finite dimensional ODE and even for an infinite dimensional ODE to a PDE. It is
the non-linearity that causes all kinds of interesting physical, or rather mathematical, phenomena that may
be different for an ODE than for a PDE. The whole nonlinear stability analysis of Goulart and Chernyshenko,
used in this research, is based on the physical assumption that nonlinear advection term is energy conserving.
This is true for the Navier-Stokes PDE, but not for a finite dimensional ODE and possibly not even for an
infinite dimensional ODE. This means that all stability results are only valid for an idealized case based
on this physical assumption. One could incorporate the nonlinear advection in the stability analysis by
choosing a Lyapunov function other than the perturbation energy. Goulart and Chernyshenko propose a
sum-of-squares method to design Lyapunov functions that consists of products of the equilibrium and the
perturbation. These Lyapunov functions grasp the effect of advection on the stability more accurately and
provide a less conservative bound for instability. A less conservative, more accurate bound for instability
results in a potentially better control system. Goulart and Chernyshenko find a critical order parameter that
is more than five times larger than the critical order parameter resulting from the perturbation energy as a
Lyapunov function. The control system as designed for a 1230-dimensional set of ODEs is able to stabilize a
flow that has an order parameter twice as large as the critical order parameter. By using an other Lyapunov
function one could potentially stabilize flows with an order parameter that is of one order higher than the
critical order parameter as found by an energy analysis (with the perturbation energy as Lyapunov function).

The question whether this approach is applicable to a more complex system like a plasma or a three-
dimensional fluid system is rather difficult to answer. It is not possible to model all dynamics of a plasma
purely with fluid equations and not even with MHD. A kinetic plasma theory is necessary to grasp all relevant



dynamics on the particle scale. However, here is shown that it is possible to design a control system for a
discretized, nonlinear system, based on a stability analysis of this finite-dimensional system. If one can derive
an accurate finite-dimensional model for a more complex problem than a 2D fluid system, one can use similar
techniques as used in this research which are proven to be effective. An advantage of the MHD equations is
that the non-linearity in these equations differs from the non-linearity in the Navier-Stokes equations. The
non-linearity in the Navier-Stokes equations results from the functional relationship between the velocity
and the vorticity field. In the MHD equations, the magnetic field, the analogy of the vorticity field, is not
functionally related with the velocity field. All difficulties, but also almost all interesting physical phenomena
of the Navier-Stokes equations are a result of the non-linearity. The MHD equations are thus quite different
from the Navier-Stokes equations.
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