
 Eindhoven University of Technology

MASTER

Quasi-steady behaviour of gas turbine flow meters

Versteeg, W.J.M.

Award date:
2005

Link to publication

Disclaimer
This document contains a student thesis (bachelor's or master's), as authored by a student at Eindhoven University of Technology. Student
theses are made available in the TU/e repository upon obtaining the required degree. The grade received is not published on the document
as presented in the repository. The required complexity or quality of research of student theses may vary by program, and the required
minimum study period may vary in duration.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain

https://research.tue.nl/en/studentTheses/7eeb7571-b7c0-49e7-a6e3-ffae0aabc398


Faculteit Technische 
Natuurkunde 

TU/e 
technische 
universiteit 

eindhoven 

Groep Transportfysica 
Gebouw Cascade 
Postbus 513 
5600 MB Eindhoven 

Title: 

Author: 

Rèport number: 

Date: 

Department 

Supervisors 

Quasi-steady behaviour 
of gas turbine flow meters 

W.J.M. Versteeg 

R-1676-A 

June 2005 

Gasdynamica, groep Transportfysica, 
Technische Universiteit Eindhoven 
Ing. J.T.M. Bergervoet (Instromet) 
Ir. P.W. Stoltenkamp (TU je) 
Prof.dr.ir. A. Hirschberg (TU/ e) 

1 



Allereerst wil ik mijn begeleiders op de TU je, Mico Hirschberg en Petra Stoltenkamp 
· heef hartelijk bedanken voor alle hulp en begeleiding die ze mij hebben gegevens tijdens mijn 

afstuderen. Tevens gaat ben ik grote dank verschuldigd aan Jos Bergervoet van Instromet, 
. diè altijd klaar stond met veel praktische informatie. Bovendien waren hij en zijn vrouw Joke 
zo gastvrij om mij te huisvesten tijdens mijn periode in Silvolde. Jan Willemse en Freek van 
Uittert ben ik dankbaar voor hun hulp bij het opzetten van de experimenten in Eindhoven. 
Ad Holten is een geweldige steun geweest bij alle kleine probleempjes die je kunt hebben met 
je computer (en fiets). Verder wil ik alle mensen met wie ik tijdelijk een kamer heb mogen 
delen danken voor de gezelligheid en het wisselen van gedachten over allerlei onderwerpen. 
De collega's om mij heen in Eindhoven en in Silvolde ben ik ook dankbaar voor de manier 

. waar.!Jp ze me hebben opgenomen in de groep. Tot slot wil ik nog de mensen noemen die een 
belangrijke factor zijn in mijn leven en mij altijd gesteund hebben. Hieronder vallen mijn 
ouders, Hjalmar en mijn huisgenoten Iris, Nadja en Petra . 

.• 
' ~·;. 

,. 

2 



Abstract 

. The accuracy of the gas turbine flow meters depends on the Reynolds number. In order to 
11nderstand this Reynolds dependency Elster-Instromet started a serie of experiments with 
12 new prototypes. These prototypes differ in number of blades and the pitch. In order to 

· sup.port this research developed a simplified model to describe the response of the rotor in a 
steady situation, when the rotor rotates with a constant velocity. Our two-dimensional model 
negl~cts all secondary and tertiary fiows. The model is based on the balance of momenturn 
and uses the fact that in a steady situation the driving torque and the retarding torque must 
be in balance with each other. 

We compared the theoretica! results of our model with the experimental results obtained 
by Elster-Instromet BV. Furthermore, we compared the theoretica! infiuence of the individual 
parameters of the rotor with the experiments. We started with the comparison of the results 
for one prototype, which most resembles the standard design. 

The Reynolds dependency of the relative deviation of the angular velocity of this prototype 
. as shown by our model resembles the experimental result. However, the deviation predicted 
· by oûr model is about 30% higher than the experimental deviation. The wake behind the 
. ·~}-~des appears to have the major infiuence on the rotor. 
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:.Chapter 1 

Introduetion 

·The Netherlands is after Russia one of the main exporters of natural gas in the world. To 
ll).easure how much gas is exported gas turbine flow meters are used. Since billions of cubic 
meters of gas are exported per year , 50.5 billion cubic meter by Gasunie in 2004 [1], one 
èan imagine the importance of accurate measurements. An ideal flow meter measures the 
gas volume flow accurately under specified flow conditions and can be used in a wide range 
of Reynolds numbers. To be able to design a flow meter that is as ideal as possible, we 
need "to understand how it responds in other less ideal flow conditions . Therefore, an STW
project directed by TU/eon the aero-acoustical behaviour of turbine gas meters started in 
2002·, Main contributors of this project are Gasunie, producer and exporter of gas, and 
since summer 2004 Elster-Instromet BV, a company that produces and calibrates gas turbine 
meters . The first part of this project focussed on the aero-acoustical behaviour of the turbine 
flow ineter without mean flow. This was clone in order to predict turbine rotation, auto
gyration, induced by acoustical oscillations causing spurious counts [2]. The second part of 
the project focuses on the behaviour of the gas turbine meter in the preserree of mean flow. 
Here, more information on the quasi-steady behaviour of the turbine meter is required, which 

. was the onset for my master project . 
.Jn this project, we used the turbine flow meters as produced by Elster-Instromet BV. In 

figure 1.1, one of these gas turbine meters is shown. In the direction of the flow , the turbine 

·. 

Figure 1.1: Example of a gas turbine meter 

meter consists of a flow straightner, to reduce swirl in the flow, foliowed by a rotor placed 
in an annular channel (figure 1.2). The rotor measures the flow. The number of revolutions 

. ?f the rotor is measured and used to determine the gas volume flow through the pipe. A 
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drawing of a typical rotor that is used in a turbine meter is shown in figure 1.3. In 

u 0 --=-

L_r 

r_O 

Figure 1.2: Cross-section of gas turbine meter 

Figure 1.3: Example of a rotor used in the gas turbine meter 

· principle the rotor has a perfect helical shape, made from a cylinder of radius rb and length 
H. By milling along the axis of the cylinder n helicoidal grooves of depth bare made. During 
milling, the cylinder is rotating with a angular velocity Oo such that the cylinder covers a 
distance S in axial direction during one revolution of the cylinder. We call this length S the 
pitch of the rotor. In this way, a rotor with a body of radius ro and n blades of height b is 
made. The angle of the blades with respect to the axis of the rotor f3 is defined by the pitch 
S and depends on the radius r. 

( 27TT) f3(r) = arctan S (1.1) 

For most of the standard turbine meters, the lengthof the blades Lb, measured in direction 
of tl}e flow, only depends on the pitch, the radius and the width of the rotor H by 

H H 
Lb(r) = cosf3 =cos [arctan (27rr/S)J 

(1.2) 
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Presently, Elster-Instromet is consiclering prototype rotors with a length of the blades depen
dent on the radius r in a different way. Especially, a rotor with a small pitch would have a 
very large blade length at the tip of the blade. A more robust rotor is obtained by reducing 
the blade length at the tip. 

Von Lavante et al. [3] developed a numerical simulation to investigate three-dimensional 
flowfieldsin a turbine meter. This numerical simulation takes into account three-dimensional 
effects and secondary and tertiary flows in the tip clearance and the blade region. This 
simulation enables the explanation of several empirically observed phenomena. However, this 
program takes about a month to calculate the flow field conesponding to one set of operation 
conditions. Thus, this program is not suitable as design tool. Therefore, the aim of my 
·proj~ct is to develop a simplified model which describes the response of the rotor in a steady 
situation. The results of this model will be compared with experimental data obtained from 
tests clone by Elster-Instromet. 

Instromet started experimenting with new prototypes in order to build a new gas turbine 
meter which can be used for higher volume flows. In order to reduce the velocity in the 

. turbine meter at very high volume flows, the annular channel of the prototypes has been 
·. widened. Together with testing the influence of the wider channel, the influence of the pitch 
.-=~nd .. the number of blades are tested. Therefore, Elster-Instromet built 12 new prototypes 
with varying pitch and number of blades, all with the same wider channel than the standard 
turbine meters. In the first part of this report, we consider only one prototype, prototype 12, 
which most resembles the normal rotors, used in existing flow meters . 

In our model, we take into account the forces acting on the rotor due toa non-uniform flow 
·profile, wall shear stress, wake and mechanical friction. However, we neglect the secondary 
flows in the tip clearance and the corners of the blades and the three-dimensional effects 
ii;lduced by the centrifugal force in the viscous boundary layers. The centrifugal force causes 
·i radial component of the velocity near the blades , which we will neglect . The model only 

. çonsiders a quasi-steady situation in which we have no netto forces and a constant angular 
velo2ity of the rotor. The dynamic response of the rotor to acoustical oscillations of the flow 
?Ie· currently stuclied by Stoltenkamp. 

Since we consider flows with a relatively low Mach number M = U/ c < 10-1 , with U 
tpe flow speed and c the speed of sound, we can assume the kinematic viscosity v and the 

· denS"ity p to be constant. As we consider a steady flow , the only dimensionless numbers 
fora given contiguration are the Reynolds number ReLb and the ratio Fmech/ (!pU2Lbbn) 
Öf th.e mechanical friction force Fmech to a characteristic hydrodynamic force on the blades 
!pU2 Lbbn. Here, bis the height of the blades (figure 1.3) and nis the number of blades. 

In the dimensionless numbers other characteristic length scales can be used. The ratio of 
the ~ifferent length scales is fixed for a given geometry. The Reynolds number is a measure 

. .for the ratio of inertial and friction forces in the flow. We obtain a variation in Reynolds 
1mmbers by changing the volume flow through the meter. Moreover, Instramet carries out 
experiments at different pressures. The dynamic viscosity p, of a gas is only a function of the 
·temperature so the kinematic viscosity v = p,/ p decreases with increasing pressure. 

We shall start our description with the ideal case in which we consider an ideal frictionless 
meter measuring anideal uniform gas flow. Subsequently, we will discuss a more realistic case, 
ä. simple model proposed by Bergervoet [4] and discussed in literature [5]. In our discussion 
we assume that the flow straightner has removed any swirl from the flow. 

.. tn chapter 4, we shall compare this model with calibration measurements of one of the 
· ·.prototype gas turbine meters and discuss the differences. Finally, we investigate whether the 
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. model can predict the influence of a single parameter of the rotor by camparing the results 
of the model with the experimental data. 
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.Chapter 2 

Ideal situation 

' -7 
In the ideal situation we neglect all forces acting on the rotor I; F = 0 and assume a uniform 

. inlet- flow Vin· In this case, after a steady rotation has been established, the relative velocity 
-u;:ci = Vine;; + woree will be parallel to the blades of the rotor everywhere. Here, e;; is the 
uriit vector in the axial direction over the turbine meter and woree is the tangential velocity 
experienced by an observer moving with the rotor. 

'· 

.~·-·-·-·-·-·-·-·-·-·-· ., 

i ! v_out 
; 

; 
; 
; 
; 
; 
; 
; 
; 

; 
; 

v_m ! 
: ~ 
i ~/ 
; 

; 
; 
; 

; 

l v_in 
; 

ll-i 

ro,r 

Figure 2.1: Top view of rotorfora uniform flow and no farces acting on the rotor. 

Since we neglect density changes and assume that the rotor does not impose any force on 
the flow, the mass balance and the balance of momenturn (eqns. 2.1 and 2.2) for a steady 
situation with a uniform flow, imply that the inlet velocity of the rotor Vin is equal to the 
exit velocity of the rotor Vout· 

j j p(V' · rt)dA = 0 (2.1) 

CS 

j! -7 -7 -7 -7 
V p (V rel· n )dA = -'BF = 0 (2.2) 

CS 

.. 
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The used control surface CS in the mass balance and the balance of momenturn encloses the 
~otor completely and has an outer normal unit vector rt as shown in figure 2.1. 

In this ideal situation, where we have a relative velocity parallel to the blades everywhere 
and an exit velocity equal totheinlet velocity, the ideal angular velocity wo, i.e. the angular 
velocity of the rotor in a uniform flow without forces, only depends on the inlet velocity and 
the pitch S of the rotor. 

Vin tanf3 
wo=----'-

r s (2.3) 

The dimensions of the gas turbine meter we are concerning are given in table 2.1. With 

Table 2.1: Dimensions of prototype 12 

a volume flow between 125 m3h-1 and 2500 m3h-1 , the ideal angular velocity for this rotor 
.lies between 11 rad s-1 and 225 rad s-1 . 

... 
'. 
: . . 

. • 

.. ~· 

. ~i 
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Chapter 3 

Non-ideal situation for prototype 

I,n previous chapter we considered an ideal rotor rotating without friction in a uniform flow. 
Ijere, the angular velocity only depends on the uniform inlet flow velocity Vin and the pitch 
of the rotor S, as there are no retarding torques. However, if we consider a real gas turbine 
meter measuring a real fluid, the retarding torque can no longer be neglected and we do not 
have a uniform flow profile. The retarding torque consists of a term due to fluid friction and 
a term due to mechanica! friction. So, for a given volume flow Q the rotor will run at an 
ap.gular velocity w which differs from the i deal angular velocity wo. The relative difference 
betw~en wand wo is called the 'error' E = (w- wo)/wo · 100%. 

Since we are interested in the stationary situation with a constant angular velocity, the 
retarding torques must be in balance with the driving torque. In order to determine the 
anglilar velocity w of the rotor we determine the zeros of I; T(w), with I; T(w) the total 
torque on the rotor formed by the driving and retarding torques. 
· In this chapter, we shall discuss different forces that contribute to the total torque. We 

start with an introduetion of boundary layer theory, which describes the non-uniformity of 
. the inlet and exit flow velocity. Next, we describe the other retarding forces that act on the 
r:otor. Finally, we combine all these effects to predict the angular velocity of the rotor. In this 

· Ghapter this is done for one of the prototypes, prototype 12. This prototype is chosen because 
it resembles most the standard design of the rotors. In the first section of this chapter we 
desc~ibe its design. 

3.1: Design of prototype 12 

. The. gas turbine meters we use in this project are made by Elster-Instromet. Last fall, they 
. ·startèd experimenting with the design of these meters by making different prototypes. All 
.prototypes have the same annular channel in front of the rotor with the same dimensions: 

· length Ln top wall radius r1 and bottorn wall radius ro, which is schematically shown in figure 
3.1. The rotors of the prototypes differ in number of blades n and pitch S. Furthermore, 

· the lengthof the blades Lb is no longer defined by the pitch only. To get a more robust rotor, 
. the tength of the blades has been reduced at the tip to length M. The lengthof the blades at 
the surface of the body of the rotor Lb(ro) is given by the pitch S and the width of the rotor 
Hby 

.-

H 
Lb ( ro) = --:-----:---:-:~ 

cos [arctan(27rro/S)] 
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uo 1 

::.... I o(x) 
Q.) 

.. ..a 
,...q II Blade b ... ~ 
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::.... lil .. ..j..J 
rn 

Lr H 

Figure 3.1: Side view of gas turbine meter and the three flow regions 

The length of the blades at the other radii is assumed to be given by the linear dependency 
of the radius 

(3.2) 

The height b of the blades is identical for all prototypes. The top view of the blades is 
.rectangular with sharp leading and trailing edges as shown in figure 3.2. In table 3.1 the 

V rel 

Figure 3.2: Top view of one of the blades of the rotor with an ideal relative velocity 

specifications of the rotor we use as a first test of the theoretica! model are given. 

Table 3.1: Dimensions of prototype 12 

· ·3. 2 Boundary layer theory 
... 

~.2 .. 1 General introduetion 

We consider a flow at relatively high Reynolds numbers, Re 2: 103 . Therefore, we can use the 
so-called potential theory to describe the bulk flow. In this theory we have an equilibrium in 
thè bulk flow between the convective forces and the pressure gradients while viscous effects 
can be neglected. However, at a wall viscous effects are always dominant. In order to match 

10 
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the frictionless theory for the bulk flow with experimental results a boundary layer is used 
. tagether with the no-slip boundary condition. This condition states that the fluid velocity at 
the wall is equal to the velocity of the wall. The velocity profile in the bulk is uniform but 
inside the boundary layer its profile is more complicated. In the boundary layer the velocity 
is dominated by its component u parallel to the wall. In figure 3.3 a boundary layer on a flat 
plate in parallel flow at zero incidence is shown. 

~ 

uo 
y 

~~-~--

__ j ________ iu 
~ ö(x) 

/ <w u(x,y) 

r' ~~~ 1 ~ 
x=O x=L 

Figure 3.3: Boundary layer on a fiat plate in parallel flow 

The definition of the thickness of a boundary layer is somewhat arbitrary, sirree the transi-
tion of the velocity from the wall velocity to the potential velocity takes place asymptotically. 
An arbitrary way to define the thickness is the u= 0.99U thickness. This thickness is, as its 
name suggests, defined as the thickness where the velocity in the boundary layer u differs by 
one percent from the main velocity of the outer potential flow U. We will note this as Oo.99· 

Two well-defined length scales for the boundary layer thickness are the displacement 
thic~_ness 01 and the momenturn thickness 02. The displacement thickness is related to the 
loss of flux due to the preserree of the boundary layer relative to an equivalent inviscid flow 
and .is given by 

(3.3) ... 
· _ -For a- uniform main flow with velocity U through a channel with a cross-section A and a wet 

perimeter P the flux is equal to U(A- Pol) . 
.The momenturn thickness (eqn. 3.4) is defined such that the momenturn loss, i.e. the dif

ference of momenturn between the situation with boundary layer and the imaginary situation 
with a non-corrected velocity U and a flux that is corrected for the existence of the displace
Ï:p.ent thickness o1 , is equal to p U2o2. For a uniform main flow with velocity U through 
~· channel with a cross-section A and a perimeter P the total momenturn flux is equal to 
P u2(A- P(o1 + o2)). 

(3.4) 

The upper integration limits for the displacement thickness and the momenturn thickness 
.?/ = o can be replaced by y ~ oo, sirree both integrants are zero outside the boundary layer. 

In a boundary layer the continuity equation and the x- and y-momentum relations reduce 
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to [7] 

·. au av 
-+-=0 
[)x ay 

au au dU 82u 
U OX + V [)y = U dx + V [)y2 

-~op= o 
P ay 

(3.5) 

(3.6) 

(3.7) 

Here; u and v are the velocity in the boundary layer respectively in the x-direction parallel to 
the wáll and the y-direction normal to the wall. The kinematic viscosity v is the ratio of the 
dynamic viscosity and the density v = f.L/ p. The pressure p in the boundary layer is uniform 

. at a fixed position x and imposed by the bulk flow. The bulk flow pressure is determined by 

. mean;> of the equation of Bernoulli 

1 2 

2pu +p=po (3.8) 

Here·; Jlo is the stagnation pressure of the flow, which is a constant. These equations (3.5, 3.6 
and:3'.!) are to be solved for u and v, with U known. The boundary conditions are given by 
the no slip condition and by matching the tangential velocity at the edge of the boundary 
layer with the velocity of the outer stream 

... .. u( x, 0) = v(x, 0) = 0 u( x, o) = U(x) (3.9) 

·i First, the boundary layer thickness is calculated without correcting the outer velocity 
U(x}:.= Uo for the retardation of the fluid in the boundary layer. With the displacement 

• 
thick~ss calculated using Uo as input to the boundary layer equations, we obtain a correction 
of the. main flow velocity U by consiclering a potential flow in which the wall is displaced by a 

. distance 01. With this corrected velocity U (x) the displacement thickness is calculated again. 
This iterative procedure is repeated until we reach convergence. 

3.2.2 Blasius' salution for a flat plate 

':Çhe simplest boundary layer is that over a flat plate of length L, width b and with negligible 
· ·_t:hickness placed in a uniform stream Uo at zero incidence. Due to retardation of the fluid 
'in the boundary layer, the streamlines are deflected outward. As a first approximation we 
-ç'an neglect this displacement, so the flow outside the boundary layer is constant everywhere. 
·Theréfore, in eqn. 3.6, dU jdx = 0 and we have a uniform pressure. 

!D: case of a laminar boundary layer withno main flow velocity gradient ~~ = 0, Blasius' 

~olut~on can be used [8]. By using the coordinate transformation Ç =x and TJ = y{!!; Blasius 

s_howe~ that for a uniform flow the dimensionless velocity u/Uo is a function of TJ only 
. .. 

i. u dj 

Uo dry 
(3.10) 

SubsÜtution of eqn. 3.10 into the boundary layer equations 3.5 and 3.6 and use of the stream 
~t:mction given in eqn. 3.11 reduce the problem to the solution of a third order differential 
.~quat1on for f ( TJ). 

7/J = yÇrlloj(ry) (3.11) 
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d3 f(TJ) + f(TJ) d
2 f(TJ) = 0 

dT]3 2 dr]2 (3.12) 

With boundary conditions given in eqn. 3.13 

f(O) = j'(O) = 0 J'(oo)--) 1 (3.13) 

The differential equation withits boundary conditions has been solved numerically by Howarth 
[8] .. 

With the velocity profile known, we can calculate the shear stress Tw fora boundary layer 
on one side of the plate. From the numerical results one obtains 

Tw(x) = ;.t (
8

8
u) ::::' 0.332pv112x-112u512(x) 
y y=O 

(3.14) 

ThE:l viseaus drag force Fv on one side of a plate of length L and width b is the integral of the 
i?hea~ stress on the plate between the leading edge (x = 0) and the trailing edge (x = L). 

(3.15) 

Here; ReL= UoL/v is the Reynolds number regarding the lengthof the plate. 
, . The displacement thickness for a boundary layer can be calculated from its definition 

(êqn. 3.3) and the stream function (eqn. 3.11) and is given in eqn. 3.16. 

(3.16) 

3.2.3 Flow profile of velocity in gas turbine meter 

·. The gas turbine meters which we investigate have an annular channel between the flow 
straightner and the rotor. The velocity profile in this channel is determined by the boundary 
layers formed on both sides, top and bottorn wall, of the channel. We shall divide the channel 
into three regions. Region I and region I I I are respectively the boundary layer at the top 
and at the bottorn wall of the channel. Region I I is the region between the boundary layers 
where we assume a uniform flow as shown in figure 3.1. 

r:J;'he velocity v2 in region I I is corrected with the displacement thickness for the attendance 
of boundary layers ( eqn. 3.17). 

(3.17) 

·Here, Q = Uo7r(rÎ- rÖ) is the volume flow, r1 the radius of the topwallof the channel, ro the 
outer radius of the body of the rotor and Uo the gas velocity at the entrance of the annular 
cbarinel. The velocity distribution in a laminar boundary layer differs from the distribution 
in a ~urbulent boundary layer. In both cases, the velocity distri bution in sections I and I I I 
are assumed to be identical. 
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Laminar boundary layer 

The velocity profile u(y) in a laminar boundary layer is similar to the Blasius' profile for 
a fip.t plate and will be approximated by a polynomial. We use the third-order description 
(eqn. 3.18), since literature ([10] and [11]) showed that for a flow without stagnation points 
this is an accurate approximation. 

(3.18) 

. .This third-order velocity profile has four constants ai determined from these four boundary 
· coriditions 

u( x, 0) 0 

u( x, 6) u 

au I 0 
(3.19) 

ay y=ó 
: 

a2u I 
vay'I y=O = -udu dx 

The ~rst three boundary conditions ensure a smooth transition of the velocity profile from 
zero .at the wall u(y = 0) = 0 to the main flow value at the edge of the boundary layer. 
The last boundary condition is obtained from the boundary layer equation 3.6 at the wall, 
~ince u(O) = v(O) = 0. As a first approximation we take ~~ = 0, which is valid when the 
pressure gradient in the x-direction, i.e. the direction of the flow, is equal to zero. With these 
boundary conditions we find for the coeffi.cients ai 

a0 = 0 
1 

a3 = --
2 

(3.20) 
.. . 

.lJsi~ this velocity profile, we can express the displacement thickness 61 and the momenturn 
thickness 62 in terms of the boundary layer thickness 6. 

(3.21) 

Turbulent boundary layer 

In a· turbulent flow the velocity and pressure can be divided into an average value in time, 
.e.g .. u, and a fiuctuating value, e.g. u' 

u= ü+u'; v = v + v'; p=p+p' (3.22) 

Here; we are only interested in the time average values of the velocity and pressure . 
. ;. ·Turbulent flow through pipes has been investigated very thoroughly in the past because 
of its great practical importance. Besides its importance for pipe fiows, it also contributed 
to the extension of fundamental knowledge of turbulent flow in generaL Methods of dealing 
>yitli .. other turbulent flows, such as the flow along a fiat plate, could be invented only on the 
basis of the detailed experimental results obtained with pipe flow. Most experiments are done 
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·with fully developed velocity profiles which exists after an inlet length of at least 25 to 40 
diameters of the pipe [8]. 

In the gas turbine meters, we do not expect a fully developed flow profile at the rotor, since 
the inlet length from the flow straightner to the rotor is only 3 to 4 diameters, Lr-:::: 3(r1-ro). 
Therefore, as a fi.rst approximation we use the theory for a flat plate. 

In this theory we shall assume that the boundary layer is turbulent from the leading edge 
(x = 0). Further we shall assume that the velocity distribution in the boundary layer on a 
flat plate is identical to that inside a circular pipe. This last assumption was first made by 
L.Prandtl and experimental results prove that this is a reasonable assumption [8]. For a pipe 
flow of moderate Reynolds numbers regarding the length of the pipe, 5 · 105 < ReL < 107 , 

the velocity distribution is given by the so called ~-th-power velocity distribution law 

~ = (J) 1/7 (3.23) 

· With this velocity profile ü we can calculate the relation of the displacement thickness and 
the momenturn thickness with the boundary layer thickness o(x). These relations are given 

·· in eq.q.. 3.24. 
1 

61 = -6 
8 

3.2.4 Von Kármán equation .. 

(3.24) 

Exact solutions of the boundary layer equations are only possible in simple cases, such as that 
over a.flat plate without a main flow velocity gradient ~~ = 0 as discussed insection 3.2.2. In 
:more complicated problems approximation methodes are to be used. In 1921, Von Kármán 
derived a non-linear ordinary differential equation from the boundary layer equations. The 
deriv.ation of this equation ( eqn. 3.25) is given in appendix A. 

~ (U282) + 61UdU = Tw 
dx dx p 

(3.25) 

Using the V on Kármán equation we can take into account the displacement of the stream
·Hnes. due to the retardation of the fluid in the boundary layer. Therefore, we need an ex
'pression for the velocity in the boundary layer. In section 3.2.3 we saw that the velocity 

.. .tlistribution in a laminar boundary layer differs from that in a turbulent boundary layer. 
··With the velocity profile known, the momenturn thickness 82 and the displacement thick

ness 81 can be written as a function of the boundary layer thickness 6 (eqns. 3.21 and 3.24). 
With the conservation of mass the main flow velocity is coupled to the displacement thickness 
and thus to the boundary layer thickness. 

U( ) Q. 
x = 1r(r1- 81(x)) 2 - 1r(ro + 81(x)) 2 

(3.26) 

r:I;'o rewrite the Von Kármán equation as a differential equation for the boundary layer 
t'hickness, weneed an expression for the shear stress Tw. In case of a laminar boundary layer 
we ·use the flow profile as described in previous section to calculate the shear stress 

(au) a1U(x) 
Tw(x) = f.L 8y y=O = f.L O(x) (3.27) 
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For a turbulent boundary layer we assume the shear stress of a fiat plate to be identical to 
the shear stress of a fully developed pipe flow. For such a pipe flow the shear stress is given 
by [8] 

( ) 

1/4 

Tw(x) = 0.0225pü714 (x) ~ (3.28) 

Hete, y is the distance from the wall. With the flow profile in the boundary layer ( eqn. 3.23) 
. we cap rewrite this for a fiat plate as 

( ) 

1/4 

Tw(x) = 0.0225pU
2
(x) U(x~6 (x) (3.29) 

Now, we have all ingredients, expressions for U, Tw, 61 and 62 in terms of the boundary 
-layer thickness <5, to rewrite the Von Kármán equation as a non-linear differential equation of 
<5. We solve this differential equation numerically with the Euler forwards method [12] 

(3.30) 

Here, m is the step size and f(xi, i5i) is found by rewriting the Von Kármán equation. In 
t~rms of the bulk velocity U the shear stress and the boundary layer thickness f is given by 

:· Tw(i5i) [ 2 2 2c1(r1 + ro) ] -l 
f(i5i) = -- c2U (i5i) + (2c2 + c1)6iU (i5i) ( 6 )2 ( i5 )2 

4 p r1 - c1 i - ro + c1 i 
(3.31) 

Here, ."c1 and c2 are the coefficients in the expressions of the displacement thickness 61 and 
. t1e mç>mentum thickness <52 as functions of the boundary layer thickness i5. 

: As initial condition we wish to use i5(x = 0) = 0, but this is numerically impossible, since 
the derivative goes to infinity here ~! lx=O --> oo. Therefore, we start at a position E from the 
origii_J., with E » m. In case of a laminar boundary layer, Blasius' salution (eqn. 3.16) with 
x= é is used as initial condition. In case of a turbulent boundary layer, we use the boundary 
layer. thickness for a fiat plate in a turbulent flow ( eqn. 3.32) with x = E as initia! condition. 

( 
1/ ) 1/5 

i5(x)=0.373x Ux (3.32) 

In order to estimate the 'error' made by using a fiat plate in free space model to describe a 
:~ow in an annular pipe, we campare the boundary layer thickness found with Blasius' theory 
with the boundary layer thickness found with the Von Kármán equation. Blasius' theory 
:assmpes a fiat plate in free space, neglecting the displacement of the stream lines in the outer 
·flow. With the Von Kármán equation we do take into account this displacement, and we 
consider a laminar pipe flow in an annular channel, with inner radius ro = 0.05075 m and 
outer radius r1 = 0.10150 m. We campare the results of two different volume flows, namely 
Qmax = 2500 m3h-1 the maximum value of the volume flow range and 0.05 · Qmax = 125 
m3h..:1 the minimum value of the volume flow range of the prototype. The Von Kármán 
equation is solved with a step size m = 1 · 10-5 m and initia! positions E = 1 · 10-2 m and 
E = ~ )o-4 m. The results for the prototype with an channellength Lr = 0.213 mare shown 

_i.n tab~ 3.2. In figure 3.4 the results with a volume flow Qmax are shown. These results show 
that·the boundary layer thickness found with the Von Kármán equation does not depend on 
the starting point as long as it is much larger than the step size. Furthermore, we see that the 
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Eigure 3.4: Results for the boundary layer thickness 0 found with Blasius' theory and the Von 
Kármán equation (VK). The Von Kármán equation is solved with a step size m = 1 · 10-5 m 
and an initial position E = 1 · 10-2m and E = 1 · 10-4 m and Q = Qmax 

I Blasius I VK, E = 1 · 10 2 m I VK, E = 1 · 10-4 m j 

0 with Q = Qmax 1.53 mm 1.53 mm 
6 with Q = 0.05 . Qmax 5.92 mm 5.91 mm 

Tabie 3.2: Gomparing the results of the boundary layer thickness o found with Blasius' theory 
.andthe Von Kármán equation (VK). The Von Kármán equation is solved with a step size 
ni = ~· · 10-5 m and an initial position E = 1 · 10-2 m and E = 1 · 10-4 m. 

Blasius' solution results in a 3% higher displacement thickness than the Von Kármán solution 
iJ]. c~e of a high volume flow and 19% higher in case of a low volume flow. This is due to 
the fact that the Von Kármán equation does take into account the acceleration of the bulk 
flow ·velocity while Blasius' solution does not. A higher bulk flow velocity leads to thinner 
boundary layers. 

3.3 Force on rotor with a non-uniform inlet velocity 

Thé::fiving torque of the rotor is formed by the torque of the lift force. The direction of the 
lift f9rce is perpendicular to the direction of the relative velocity. As a first approximation, .. 
we a&S'ume the exit flow to have a relative velocity parallel to the blades of the rotor. So, the 
relat:ive exit angle of the flow "fout is equal to the angle of the blades ;3. This is expected to 
be an accurate approximation, when the space to chord ratio sjc is less than 0.7 [13]. The 
prototype we are examining, has a space to chord ratio of 0.58. In figure 3.5 the situation 
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with a relative inlet angle 'Yin of the flow, which is not equal to the angle of the blades, and 
a relative outlet angle which is equal to the angle of the blades, is shown. 

.. 

-·-·-·-·-·-·-·-·-·-·-· 
' ' 

n . 

V_lll 

............; 

s 

' ' 

v_out,x 

Figure 3.5: Top view of rotor for a non-parallel inZet angle and parallel exit angle of the flow 

From now on, we treat this three-dimensional problem in cylinder coordinates with a two
dimensional theory in cartesian coordinates. We choose our coordinate system (x, y) such that 
the x-direction in the two-dimensional situation is the direction of the rotor axis as shown in · .. 
figure 3.5. 

With conservation of mass for a steady flow (eqn. 2.1) and a control surface CS that 
encloses the rotor completely as shown in figure 3.5 we find the x-component of the exit 
velocity Vout,x to be equal to the inlet velocity Vin· Here, we assumed the density p to be 
constànt and we neglected the non-uniformity of the exit velocity. Furthermore, we neglected 
any flow non-uniformity induced by the boundary layers or the wake induced by the blades 

· of.the rotor. Accordingly, the relative exit velocity in a rotating frame is given by 11 rel = 
.(Vin, Vin tan,8). 
·;.; The y-component of the relative exit velocity is the sum of the y-component of the exit 

· velo~ity with respect to the laboratory Vout,y and the velocity of the rotor Vrotor ( r) = wr . 

. .TJ:ms, Vout,y ( r) as function of the distance r to the axis of the rotor is given by 
: 

Vout,y(r) = Vin(r) tan,8(r)- wr (3.33) 

We have a non-uniform flow distri bution Vin ( r) at the entrance of the rotor as discussed in 
5Bction 3.2.3. Therefore, the y-component of the velocity changes while passing the rotor 
resuliing in a force on the blades in negative y-direction, according to the momenturn balance 
(èqn. 2.2). As a first assumption we neglect all other forces on the rotor and use infinitely 
thin blades. 

To cope with a non-uniform flow distribution and a varying angle of the blades in the 
·r-direction we first determine the force dFy in the y-direction for a layer with thickness dr 
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at a distance r from the core with the balance of momentum. This contribution dFy to the 
'total force Fy is given by eqn. 3.34. 

dFy = pbc(r)(vin,yVin,x- V0 ut,yVout,x)dr = 21l'rpVin(r)vout,y(r)dr (3.34) 

Here, bc(r) = 27l'r is the circumference of the rotor and we used Vin,y = 0 and Vout,x = Vin,x = 

:Vin· To find the total force Fy we integrate over the height of the blades, i.e. from the surface 
of the body of the rotor at r = ro to the tip of the blades at r = ro + b. The corresponding 
torque is found by its definition Ty = r Fy 

i
ro+b 

Ty = 27l'p Vin(r) {vin(r)tan(,B(r)) -wr}r2dr 
ro 

(3.35) 

Here, we used eqn. 3.33 to express Vout,y as a function of Vin and w. 
In·case of a steady situation and in absence of other torques on the rotor, we should have 

· Ty(w} = 0. This yields to an equation for the angular velocity w 

J:ao+b Vin(r) {vin(r) tan(,B(r))} r 2dr 
W= ~~------~----------------

J:ao+b Vin(r)r3dr 
(3.36) 

.. We expect the boundary layers in the channel in front of the rotor to be turbulent from 
the 'leading edge, since this is a sharp edge. Therefore, we use the turbulent flow profile as 
described in section 3.2.3 with a boundary layer thickness o calculated with the Von Kármán 
equation (section 3.2.4). This is repeated for different Reynolds number, by changing the 
volume flow and the medium, to investigate the Reynolds dependency. For each condition we 
Óbtain the angular velocity from eqn. 3.36 and campare this with the ideal angular velocity 
wo. In this way we obtain the error E = w-wo. 

wo 
If we only take into account the effect of the non-uniform turbulent inlet flow profile and 

neglett all friction, the rotor rotates with an angular velocity which is higher than the ideal 
imgular velocity ( eqn. 2.3) as shown in figure 3.6. This increase of the angular velocity is 
due to the increase of the bulk flow velocity in the channel caused by the boundary layer 
displacement thickness. Moreover, we have a tip clearance d8 = r 1 - ro-b= 2 mm, which is 
abotit the size of the boundary layer thickness . Therefore, the decrease of the flow velocity 

":in th~boundary layer at the upper side of the channel does not result into retardation of the 
roto'r: . 

. 
3.4:'· Friction forces in gas turbine meter 

·In th~ gas turbine meter several effects, like drag, lift and non-uniformity ofthe flow, influence 
the· a!lgular velocity of the rotor w . In previous section we discussed the influence of the non

. ~niformity of the inlet flow velocity, here, we shall discuss the influence of friction farces. 
The friction forces are divided into fluid induced friction and mechanica! friction. The fluid 
'induced farces consists of contributions from the boundary layers on the blades, the boundary 
· l:.ayers on the surface of the body of the rotor and the wake behind the blades. First, we discuss 
. the influence of the boundary layers on the blades and the wake behind the blades on the 
balauce of momentum. Next, we discuss the influence of the boundary layers formed on the 
surface of the body of the rotor. In figure 3. 7 one of the blades is shown. 
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Figure 3.6: Calculated difference between the angular velocity of the rotor (table 3.1) with a 
non-uniform turbulent flow and the angular velocity with a uniform flow without friction as 
function of the Reynolds number. 

3.4.1 Boundary layers on blades of rotor and wake behind the blades 

Boundary layers are formed on the blades of the rotor (black in tigure 3.8) and on the surface 
of thè body of the rotor, between the blad es (grey in tigure 3.8). 
. ·since the blades have a blunt profile with a sharp leading edge (figure 3.7), we expect the 
boundary layers on the blades of the rotor to be turbulent. Therefore, as a first approximation 
we· use turbulent boundary layer theory in a rectangular channel to describe the boundary 

· layers on the blades. Later, we shall consider the possibility of laminar boundary layers for 
'!:)lades with a rounded nose (section 6.1). The boundary layers on the body of the rotor can 
be described with the same theory as the boundary layers in the annular channel in front 
of the rotor. In this section, we shall discuss the boundary layers on the blades of the rotor 
in cömbination with the wake formed behind the blades. In next section, we shall discuss 
the infl.uence of the boundary layers on the surface of the body of the rotor and mechanica! 
friction. 

In order to use the boundary layer theory of section 3.2 we assume that the rotor consists 
of n rectangular channels of length Lb, width band height 21rr /n with boundary layers formed 
on both sicles of each channel. 

~ince we have a non-uniform velocity at the inlet of the rotor as described insection 3.2.3, 
we integrate over the height of the blades to get the viscous drag force. Therefore, we divide 
the blades into small layers dr at a distance r from the core of the rotor and integrate the 
~isc·o.us drag for the layers from r = ro to r = ro + b. For each layer we calculate the turbulent 
velocity profile and the boundary layer thickness at the end of the blades. For the sake of 
simplicity we will neglect the centrifugal forces in the boundary layer. Therefore, we have 
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Figure 3. 7: Profile of blades 

Figure 3.8: Boundary layers on rotor in gas turbine meter 

no radial component of the velocity and we can calculate the velocity profile using the Von 
Kármán equation ( eqn. 3.25). With the expression of the relative exit velocity found we solve 
the balance of momenturn 

'"""'----+ jrf ----+----+ ----+ - L....t F = j p V ( V rel · n ) dA (3.37) 

CS 

·'Here,. the control surface CS encloses the rotor completely as shown in figure 3.5. Using 
the hou-uniform inlet velocity profile in r-direction, a non-uniform exit velocity profile in y
direction due to boundary layers and a zero relative velocity behind the blades due to the wake, 
the total force found with the balance of momenturn contains the lift force, pressure force 
(wake) and the force due to the boundary layers. We shall solve the balance of momenturn 
in the rotating system. 

· According to Hawthorne [13], assuming a relative exit flow parallel to the blades of the 
-;rotor is an accurate approximation for rotors with a space to chord ratio s / c smaller than 
0.7. The prototype we first consider has a space to chord ratio of 1.3. Nevertheless, as a first 
.appr:oximation we assume the exit velocity to be parallel to the blades. Sirree we are only 
'i.nte~ested in the resulting force in the y-direction, we only consider the y-component of the 
balance of momentum. 
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In the rotating system the inlet and outlet velocity are given by 

Vin, rel 

(3.38) 
Vout,rel = ( Vout,x, Vout,x tan f3) 

Due to boundary layers on the blades we get a relative exit velocity which is non-uniform in 
the y-direction. The relative velocity in the wake behind the blades is assumed to be zero. 
We vse the mass balance (eqn. 3.39) in combination with the displacement thickness of the 
boundary layers on the blades and the blade thickness to determine the exit velocity. 

j j p(1J · lt)dA = 0 (3.39) 

CS 

. Thus,· the exit velocity in the x-direction is given by 

(3.40) 

Assuming a constant density p, the y-component of the balance of momenturn can be 
rewtitten as 

( 
n(db + 2(61 + 62))) 

-dFy = - PVinwr(27rr) + PVout x V out x tan j3 27rr - dr , , cos j3 (3.41) 

Here, the area on the right-hand side is corrected for the displ?-cement thickness 61 (eqn. 3.3), 
momenturn thickness 62 (eqn. 3.4) and the thickness of the blades db. 
. In eqn. 3.41 the contribution of a thin layer dr at a distance r from the core to the 
momenturn balance is given. To find the total force Fy we integrate over the height of the 
blades, i.e. from the surface of the body of the rotor at r = ro to the tip of the blades at 
r = ro + b. The conesponding torque is found by its definition T = r' x F 

r +b r +b v· r2 (21rr _ n(db+2(8l+82 ))) 

1 o 3 1 o tn cos f3 
-Ty = -27rp Vinwr dr + pwo 2 dr 

ro ro ( 1 _ n(db+28l)) 
2nr cos f3 

(3.42) 

·' 
Sïnce we are interested in the steady salution for the angular velocity w, we can calculate 

(his ·.yvith eqn. 3.42 by using :L T(w) = 0. This equation shows the effect of the boundary 
layers on the blades on the angular velocity, by means of the displacement and momenturn 
thickness 61 and 62, and the effect of the wake, by the blade thickness db. 

In order to get a better understanding of our model, we determined the results of the model 
with'a uniform inlet velocity and infinitely thin blades. In this way we only take into account 
the i:nfluence of the boundary layers on the blades. This is analytically clone by replacing 
the integral with a multiplication of the height of the blades b. The analytica! determination 
from eqn. 3.42 is shown in appendix C.l. Here, we used prototype 12 in a uniform air flow 

. with U = 10 mjs. Analytically we obtain an error E = w-wo "" 0(10-3 ). With our model . wo 
which is basedon the momenturn balance in the laboratory system, as shown in appendix B, 
'we obtain a result E ~ 0.2%. Again, we rotor 12 in a uniform flow. 
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We also checked the results of the model, when only taking into account the effect of the 
wake behind the blades. We use a uniform inlet velocity and neglect the boundary layers on 
the bl"ades. We compared the results from our model with the analytica! result. The deviation 
of the analytica! results is shown in appendix C.2. With prototype 12 in a uniform air flow 
with U= 10 m/s we obtain E = w::o "'0(10-1 ). Our model returns a relative deviation of 

. 15%. 
In our model the zeros of the total torque are determined with the methad of Newton

Raphson [12]. This is an iterative procedure, since the exit velocity depends on the boundary 
layers thickness, which depends on the angular velocity. First, we calculate the boundary 
layer thickness on the blad es with the i deal angular velocity wo. With this boundary layer 
thickness we find a new angular velocity w1. With the boundary layer thickness found with 
this angular velocity we calculate a new estimation of w. This iterative process is repeated 
until we reach convergence. 

Camparing this angular velocity with the angular velocity found with eqn. 3.36 we find a 
much higher angular velocity. This is mainly caused by the wake behind the blades. In figure 
3.9 the relative deviation of the angular velocity w to the ideal angular velocity wo is shown 
.ii;s a function of Reynolds number. 
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'Figure 3.9: Calculated difference between the angular velocity of the rotor with a non-uniform 
flow and a retarding torque due to boundary layers on the blades and the wake behind the 
blades, and the ideal angular velocity with a uniform flow, as function of the Reynolds number. 
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3.4.2 Other retarding torques 

In previous sections we discussed the infiuence of the non-uniformity of the inlet velocity Vin, 

due to boundary layers on the walls of the channel, and the non-uniformity of the exit velocity 
due to boundary layers on the blades and the wake behind them. Besides these boundary 
layers in the channel and on the blad es, we have boundary layers on the surface of the body of 
the rotor as shown in figure 3.8. Furthermore, we have a constant mechanical friction acting 
on the rotor. These two retarding effects are discussed in this section. 

Boundary layer on body of rotor 

On t-h.e surface of the body of the rotor new boundary layer growth takes place inside the 
bou~dary layer we have at the inlet of the rotor. This happens due to the rotation of the 
rotor. In order to obtain an order of magnitude of the shear stress due to this boundary layer, 

·we consider its limits. First, we discuss the lower limit of the viscous force: continuation of 
. the boundary layer growth in the channel. Next, we discuss the upper limit: a boundary layer 
. which starts at the inlet of the rotor. 

In order to describe the lower limit of the shear stress, we consider the surface of the 
body of the rotor as the last part, with length H, of a long fiat plate of tot al length Lr + H 
and width bc(ro) = 27rro- ndb. As a first approximation we assume the velocity outside the 
bouhdary layer to be constant and equal to the velocity at the entrance of the turbine gas 
meter U= Uo. The boundary layer thickness 6 fora fiat plate with turbulent boundary layers 
is given by eqn. 3.32 . 

. rhe viscous drag force due to these boundary layers is given by 

i
Lr+H 

Fv,rotar = bc Tw(x)dx 
Lr 

(3.43) 

.With.expressions of the shear stress for a turbulent boundary layer (eqn. 3.29), and the 
b'ourip.ary layer thickness ( eqn. 3.32) we find for the total viscous drag due to the boundary 
.iayets on the body between the blades 

., 
(3.44) 

The component of this part of the viscous drag force normal to the axis of the rotor leads to 
'~ retarding torque given by 

(3.45) 

... Irt order to describe the up per limit of the shear stress ofthis turbulent boundary layer, we 
-oonsiçler the surface of the body of the rotor as a fiat plate of length H and width 27rr jn- db. 
·As a first approximation we assume the velocity outside the boundary layer to be uniform 
&nd equal to the inlet velocity of the turbine meter Uo. Equation 3.32 gives the boundary 
layer thickness 6 for a fiat plate with turbulent boundary layers. With the expression for the 
turbulent shear stress ( eqn. 3.29)the viscous drag due to these boundary layers is given by 

(3.46) 
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The component normal to the axis of the rotor gives a retarding torque of 

(3.4 7) 

We investigated whether the two limits of the viscous retarding torque due to boundary 
layers on the surface of the body of the rotor, result in a totally different angular velocity of 
the rotor. Therefore, we calculated the angular velocity for the prototype with a volume flow 
.Qmax· Here, we used the total force found with the momenturn balance (eqn. 3.42), the viscous 
force as described above and the fact that we have no netto torque 2:= T = Ty - Tv,rotar = 0. 
We find a relative deviation between the angular velocity and the ideal angular velocity 
E = w::o = +19.51% for the lower limit of the viscous force and E = +19.45% fortheupper 
limit.of the viseaus force. Thus, the difference between the two limits is very low. From now 
on, we use the lower limit of the viscous force. 

Mechanica! friction 

The total retarding torque consists of a flow induced part and a part due to mechanica! 
friction. Experiments have been carried out at Gasunie by Araujo [14] to determine the 
magnitude of the mechanica! friction of a gas turbine meter made by Elster-Instromet BV 
vyith a diameter of 0.2 m. Data obtained from independent measurements of Elster-Instromet 
indicate a mechanica! torque of the same order of magnitude. Therefore, we use as a first 
~pproximation the mechanica! friction as indicated by Elster-Instromet Tmech = 7 · 10-5 . 

3. 5 ·. Tot al balance of farces 

In for.:m.er sections we discussed the retarding and driving torques of the rotor in a turbine 
flow $J.eter. We saw that the non-uniformity of the flow at the entrance of the rotor causes the 
r:otor. the rotate with an angular velocity larger than the ideal angular velocity. Furthermore, 
.the .,Yake leads to an angular velocity much larger than the ideal angular velocity. In former 
section we discussed the other retarding torques. Adding these to the balance of torque we 
obtain 

Tv- Tv,rotar- Tmech = 0 (3.48) 

.Using the results for these torques as found in farmer sections, we predict the actual angular 
· velocity of the rotor by determining the zeros with the method of Newton-Raphson [12]. In 

figur-e 3.10 the relative difference E = w-wo between this calculated angular velocity w and 
• N ~ 

th.e ideal angular velocity wo is shown as a function of the Reynolds number. Here, we see 
: t.he .i.nfiuence of the mechanica! friction at the lower volume flows. 
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Figure 3.10: Calculated difference between the angular velocity of the rotor with a non-uniform 
flow and retarding torques due to boundary layers, wake and mechanica! friction, and the ideal 
angular velocity with a uniform flow, as function of the Reynolds number. 
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.·chapter 4 

~xperimental test results 

.4.1 Calibration procedure of gas turbine flow meters 

· Besides producing and developing gas turbine meters, Elster-Instromet calibrates turbine 
metérs as well. The prototype rotors have been tested with the installation normally used 
for c~libration of the meters. In this chapter, we first describe the calibration process and 
the .ir1terpretation of the test results. Next, we show the experimental results of prototype 12 
and compare the experimental result with the theoretical result as shown in previous chapter 
(3.10). 
. The accuracy of a gas turbine meters is determined by camparing the volume flow mea

sm'ed by the meter under test Qtest with the volume flow measured by a 'master' turbine 
mete'r Qmaster which is certified by NMI 1. All turbine flow meters are designed to be used in 
a cer.tain range of volume flows. Therefore, the calibration is dorre at different volume flows, 

. s_tarting at the highest volume flow Qmax· After setting the installation to the next, lower 
volume flow, one waits a couple of minutes to get a constant volume flow and angular velocity 
b~fore starting the actual calibration measurement. 

The calibration tests are dorre with air at atmospheric pressure at Elster-Instromet's 
. lj:Lborátory in Silvolde. A second serie of tests is carried out in Utrecht at another facility 
of Instrom et with natural gas at a pressure of about 9 bar ( see figure 4.1). A third serie of 
·êalibration test are carried out in Groningen at a facility of Gasunie at a pressure of 20 bar 
Ór 35 bar or in Westerbork at another facility of Gasunie at a pressure of about 60 bar. The 

. tests are performed at different pressures, in order to increase the range of Reynolds numbers 
for which the turbine meter is calibrated. All prototypes are tested at atmospheric pressure 
witkair and at 9 bar with natural gas, some are also being tested at higher pressures at 
Gasunie. The prototypes are tested at atmospheric pressure for a volume flow between 0.67 
m3 js and 0.03 m3 js and at 9 bar for a volume flow between 0.69 m3 js and 0.01 m3 js. Thus, 
at a Reynolds number Re = U Lr/ v based on the length Lr of the annular channel of the gas 
turb~!le meter (see figure 3.1) and velocity U0 = Qj(1r(rr- r6)) between 1.5 ·104 and 4.1·106 . 

4.2 Interpretation of test results 
. ·. 

The ··fest results, obtained by the test procedure described in former section, consist of the 
· pre~~-ure and temperature at the two meters, the volume flow measured by the master Qmaster 

. 
1 N~derlands Meet Instituut 
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Figure 4.1: Dalibration setup of Instramet in Utrecht where tests are performed with natural 
gas .at 9bar. The master gas turbine meter B and the meter under test A are shown. 

and the meter under test Qtest and the pulse value Cpv of the meter under test. The pulse 
value Cpv is the number of pulses that corresponds to a passing volume of 1m3 . With the 
pressure and temperature difference between the two meters and the volume flow through the 
master meter the real volume flow through the meter under test Qreal is calculated. Using the 
real volume flow through the meter the inlet flow velocity of at the rotor is given by eqn. 4.1. 

[! Qreal 
in = ( 2 2) 

7r rl -ro 
(4.1) 

Her~ f -r1 and ro are the radii of the top wall of the channel and the body of the rotor as 
·. 5:hown in figure 3.1. The velocity is corrected for narrowing due ton blades of thickness db. 

-This_.Velocity is used to obtain the ideal angular velocity of the rotor wo ,exp conesponding to 
a volûme flow 

_Here, S is the pitch of the rotor . 

2nUin 
wo,exp = -

5
- (4.2) 

~ The measured angular velocity of the rotor Wexp is obtained from the measured volume 
'flow Qtest and the pulse value. Since all blades generate one pulse, one revolution consists of 
· n pulses. Thus, the angular velocity of the meter under test is given by 

(4.3) 

The relative error of the turbine meter is the relative difference between the ideal angular 
Y,elocity (figure 4.2) and the actual angular velocity (figure 4.3) 

Wexp - WO ,exp 
E exp = ---'------'~ 

wo,exp 

-4.3 Test results of prototype 12 

(4.4) 

)~.11 prototypes have been tested accordingly the test procedure described in this chapter . The 
.tesults of prototype 12 are shown in figure 4.2. This rotor has a pulse value of 804.24 m-3 . 
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'Figure 4.2: Experimental (left-hand side) and theoretical (right-hand side) result of prototype 
· '12 obtained from tests with air at atmospheric pressure and with natural gas at 9 bar. 

Gomparing the experimental result with the theoretica! result we see that the model 
prediets a higher relative deviation. Furthermore, both the experimental and theoretica! 
results show the influence of the mechanica! friction at low volume flows. However, the effect 
o.f the mechanica! friction is lower in our theoretica! model. 

In order to understand the differences between the theoretica! and experimental results, 
we shall have a closer look at the theory. First, we shall discuss the infl.uence of the velocity 
flow .profile at the inlet of the rotor. Next , we will discuss the influence of a exit flow which 
is not parallel to the blades. Last, we shall discuss the influence of several parameters of the 
rotor, like pitch, number of blades and tip clearance. 

· . 

.• 
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.Chapter 5 

·Flow profile at inlet of rotor 

5.1 ;.: Laminar boundary layers In channel 

Vin= u if ro + 6 < r < r1 - 6 (5.2) 

In absence of other torques than the torque Ty found with the balance of momenturn in 
'.,case 'of a non-uniform inlet velocity profile ( eqn. 3.35), the angular velocity of the rotor is 
fourid by solving Ty(w) = 0. In figure 5.2 the relative deviation of this angular velocity from 

· 'the ideal angular velocity ( eqn. 2.3) is shown. 
Gomparing this result of laminar boundary layers in the channel with the result of tur

bulent boundary layers, also shown in figure 5.2, we see an even higher angular velocity due 
to laminar boundary layers in case of low Reynolds numbers. Thus, the response of the ro
tor strongly depends on the velocity profile in the channel. In order to know which velocity 
floV( profile we are actually dealing with, we did some experiments to determine the velocity 
profile. In next sections, we shall discuss these experiments. 
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Figure 5.1: Boundary layer thickness fora laminar boundary layer and a turbulent boundary 
layer in a channel of length Lr and height r1- ro. We used the Van Kármán equation with 
step size m = 1 · 10-5 m and initial position E = 1 · 10-4 m. 

5.2 Experimental setup of pitot measurements 

. .'In previous section, we saw that the velocity profile in the channel has a great influence 
on the response of the rotor. Therefore, we would like to campare our predicted velocity 
profilE;Js with some experimental data. We measured the velocity profile of the setup at the 
Eindhoven University of Technology by means of a pitot tube. This setup is schematically 
sho:wn in figure 5.3. Downstream the valve we have a diffuser which expands the channel 
to a diameter of 10 cm. Between the diffuser and the turbine gas meter we have a straight 
channel of twenty times the diameter. The long pipe should provide a fully developed flow at 
the inlet of the meter. 

Upstream the valve we have a pressure regulating system. By setting this system to a 
.fixed pressure we regulate the velocity in the setup. However, the pressure regulating system 
is n<;>t able of containing a perfectly constant pressure. Therefore, the velocity in the setup 

. ~scillates in time. The effect of this fluctuation in the reservoir pressure is compensated by 
·.comparison of our pitot pressure measurement with a second reference measurement at a fixed 
position. 
· · In order to measure the velocity in the channel of the turbine meter a dummy of the 
care of the turbine meter has been built. This dummy is a scaled version of the care of the 
·prototype turbine meters. We need a scaled version, since the setup in Eindhoven is built for 
weters with a diameter of D = 10 cm and the prototypes have a diameter of D = 20 cm. 
Tl:ie dummy replaces the turbine meter, thus, after the diffuser we have an inflow length of 
about 20D in front of the dummy. In figure 5.4 the dummy is shown. Normally, the rotor is 
positioned in the middle of the dummy. The dummy is attached to its housing by three pins 

31 

! ... 

~ . 



10 
V turbulent 1 bar 

~ x turbulent 9 bar 
9 a • laminar 1 bar 

a laminar 9 bar 

8 a 

?i a 

8 7 a 
a 

80 
6 a 

i' 
a 

a 
I a 

.§_ 5 
a 

11 
a* w 

4 a* 
a • a • 

3 
a* 

a., 
a* 

a* 
2 V vvvv17~ 

a* 
* = xx~~un *• • * * ••• 

0 
10' 10

4 

Re
105 10

5 10' 
Lr 

Figure 5.2: Calculated difference between the angular velocity of the rotor (table 2.1) with a 
non-uniform laminar and turbulent inZet flow and the angular velocity with a uniform flow 
without friction as function of the Reynolds number. 
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Figure 5.3: Schematic view of the setup in Eindhoven 

· with an angle of 120° between the pins, in the same way as the real care of the turbine meter. 

normal position rotor 
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· : Fig:~+,re 5.4: Schematic view of the dummy used to measure the velocity profile, sizes in mm. 

·. The velocity profile as function of the radius has been measured with a pitot tube, stagna-
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. tion pressure tube, with an inner diameter of 2 mm and a wall thickness of 2 mm. A second 
reference pitot tube, with the same dimensions, has been used to correct the setup oscillations 
~f the reservoir pressure. In tigure 5.5 the position of the two pitot tubes is schematically 
shown. Here, the position of pitot tube 1 is moved along the dotted line in order to measure 
the velocity profile as function of the radius. 

·. 

---9· 
2 I 

x~102mrn 

• 1 
I 

i 
x=Omm 

~igure 5.5: Schematic position of pitot tube 1 and reference pitot tube 2. Pitot tube 1 is shijted 
along the horizontal dotted line to measure the velocity profile as function of the radius. 

Pitot tube 1 is placed on a rail with a ruler next to it. With this ruler we can determine 
the position of the pitot tube with an accuracy of 0.1 mm. 

The stagnation pressure Po - Patm is measured with a Betz manometer with an accuracy 
-of about 1 Pa. The output of the manometer is connected to a computer. In this way, we 
rne~sure the pressure obtained by both pitot tubes during 10 s with a frequency of 10 kHz. 
In order to obtain the velocity from the stagnation pressure Po - Patm measured by means of 
the pitot tube we use Bernoulli's equation 

1 2 
-pU =Po-p 
2 

Here, we assumed the static pressure p to be equal to the atmospheric pressure Patm· 

·. · 5.3 · Results of velocity flow profile measurements 

(5.3) 

·In tigure 5.6 the velocity profile at about 2 mm behind the dummy is shown. Here, po
sition" r = 0 is the right-hand side of the channel and the dummy is positioned between 
'26 mm < r < 75 mm. The maximum velocity is 7.3 mjs. 

Comparing the results of the right-hand side of the channel with our theoretical veloc
ity profile due to turbulent boundary layers, shows that the measured velocity profile fits 
reasónably well the theoretical profile (figure 5. 7). 
· However, as we see in tigure 5.6, the velocity profile shows an asymmetry between the two 

. ~ides· of the dummy. Since these measurements had been clone without the flow straightner, 
we repeated the measurements to find out whether the straightoer corrects this asymmetry. 

· The results of these measurements are shown in tigure 5.8 together with the results of the 
nieasurements without the flow straightner. The position of the reference pitot tube has been 
·cha~ged, which explains the difference in maximum velocity between the measurements with 

. andwithout flow straightner. 
These results show that the flow straightner, which is designed to decrease the swirl, does 

not 'reduce this asymmetry. In order to find out whether this asymmetry is caused by the 
turbine gas meter or by the setup, we measured the velocity profile at the end of the 20D 
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Figure 5.6: Measured velocity profile with a pitot tube of 2 mm behind the dummy, with 
Umax = 7.3 mjs. r = 0 corresponds to the right-hand side of the channel. We find an 
asymmetrie velocity profile. 

tube, just in front of the turbine meter. The results of these measurements are shown in figure 
5.9. Again the velocity profile is measured as function of the radius by moving the pitot tube 
along a horizontal line through the centre of the tube. 

We see that the asymmetry of the velocity flow profile already exists in front of the 
~eter. Thus, the inflow length of 20D is not sufficient to smooth out the jet. We expect this 
asymmetry to be due to flow separation in the diffuser upstream the long pipe. The position 

·?fa jet formed by flow separation in a diffuser is determined by the history of the flow. When 
'the flow is started and the flow separates an unstable central jet can be formed. A small 
petturbation can drive this jet to one side wall as shown in figure 5.10. This asymmetrie 
position remains stabie and is determined by the initial perturbation. Hence, any position 
along the wall can be established and maintained during an experiment [6]. To which side 

. the jet moves is random. This explains why the highest velocity in the dummy experiments 
was found on the right-hand side and in case of the tube on the left-hand side. We did some 
.more experiments with a higher velocity Umax = 12 mjs, and these measurements show the 
sam~ asymmetry as the measurements with Umax = 4.6 mjs. 

5.4 Influence of asymmetrie velocity profile 

'Fhe .. velocity flow profile measurements show that we have an asymmetrie velocity profile 
1n ciu~ setup. In order to determine the influence of an asymmetrie velocity profile on the 
resp·ónse of the rotor, we assume two different velocity profiles for the rotor. We assume half 
the blades to have the regular velocity profile due to turbulent boundary layers as described 

... i .,. . 
.. , 

34 



i! 
~ 

·~ 
N~ 
::> 

;, 

Gemeten snelheidsprotiel 
7,-----.------r-----.------~----.------.-----. 

6 

4 

3 

2 

'V 

'a 

v"' 
'V 

V 

OL-----~-----L----~------~-----L----~~--~ 
0.02 0.025 003 0.035 0.04 

x(m) 

0.045 0.05 0.055 

Figure 5. 7: Comparison of the measured velocity flow profile on the right-hand side of the 
channel with the theoretica[ velocity profile due to turbulent boundary layers. Here position 
r = ro = 25.375 mm is the right-hand side of the channel. 

in section 3.2.3 with bulk flow velocity U1 = 1.05U. For the other half of the blades, we 
assurn-e a velocity profile with a bulk flow velocity U2 = 0.95U. In this way, we have a inlet 

· ··ftow 'profile that is non-uniform in both r- and y-direction. The exit flow profile is assumed 
to be 'only non-uniform in r-direction and parallel to the blades and we neglect all friction 
forces as described in section 3.3. The relative deviation between the angular velocity found 
in this way and the ideal angular velocity is shown in figure 5.11. 

Gomparing this result with the same situation with a symmetrie flow profile with bulk 
flow velocity U ( also shown in figure 5.11), we see that an asymmetrie velocity profile with 
1.0% difference between the two sicles leads to a relative deviation of the angular velocity 
which is 0.3% higher at Rqr = 104 than a symmetrie velocity profile with the same average 

· .. ~eloc.ity. So, to calculate the angular velocity of the rotor the inlet flow profile is important. 
The relative difference between the angular velocity due to an asymmetrie velocity profile 

~nd the angular velocity with a symmetrie velocity profile can also be estimated with eqn. 3.36. 
Here, we compare the difference between a uniform symmetrie profile with a asymmetrie 
profÜe with a velocity Vin+ 6v for half the blades and a velocity Vin- .ó.v for the other half. 
Neglecting the non-uniformity of Vin we can write the angular velocity for an asymmetrie 
\Teloc;:ity profile as 

4 [ 2 2] tan,8 w = -
3 

(vin+ 6v) +(vin- .ó.v) -
2
- (5.4) 

b Vin 

. Gomparing this with the angular velocity conesponding to a symmetrie uniform flow profile 

.. . 
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Figure 5.8: Measured velocity profile behind the dummy, with and without a flow straightner 
in front of the dummy. We see that the flow straightner does not remave the asymmetry of 
the flow. Position r = 0 is the right-hand side of the channel. 

Wsym = JÎ tan f3vin and /J.v = 0.05vin we find 

W- Wsym !J.v ---'-"-- = -2- = 0.0025 
Wsym Vin 

'.('his is the same as the shift we see in figure 5 .11 . 
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Figure 5.9: Measured velocity profile as function of the radius at the inZet of the turbine gas 
metef~ with Umax = 4.6 mj s. Position r = 0 is the right-hand side of the tube. Notice the 
asymmetry of the profile . 

,, 

Figure 5.10: Visualization of a jet formed by a diffuser (1 Oj. 
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Figure 5.11: Theoretica[ deviation of the angular velocity of the rotor due to an asymmetrie 
velocity profile, with turbulent boundary layers, with the ideal angular velocity . 
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Chapter 6 

lnfl uence of parameters of rotor 

In previous sections we discussed the influence of different elements of our model on the 
:ànguiar velocity of one prototype. In this chapter, we shall discuss the theoretica! influence 
· .. of dÜferent design parameters of the rotor on the angular velocity and compare this with the 
experimental results. First, we discuss the influence of the tip clearance. Next, we discuss 
.the··influence of the number of blades and the pitch. For this, we use the total balance of 
forces as described in section 3.5. In order to discuss the influence of the number of blades 
we also discuss the influence of a exit velocity not parallel to the blades. Experimental tests 
_to determine the influence of the pitch and the number of blades have been clone with new 
prototypes. The prototype discussed in section 3.1 is one of them. The experimental and 
theoretica! results for all new prototypes can be found in appendix D. 

Experimental tests to determine the influence of the tip clearance have been clone with 
prototypes which resemble the design of the standard turbine meters as well. In order to 
compare our theoretica! results about the tip clearance with these tests, we used the design 

.. qf these meters in our model. Therefore, we start the discussion a bout the tip clearance with 
the design of the prototypes used for these experiments. 

6.1 Influence of tip clearance 
. ·' 

. -~lStE;r-Instromet empirically tested the influence of the tip clearance on the Reynolds depen
derrei of the angular velocity of the rotor. For these experiments prototypes have been built, 
whi<::P. only differ from each other in the tip clearance size d8 • The length of the blades Lb of 
these. rotors only depends on the pitch S and the radius 

H H 
Lb(r) = -- = ------

cos f3 cos [ arctan ( 27rr / S)] 
(6.1) 

.. 
·.Iferè: H is the width of the rotor. The other parameters of these meters, like the length of 
the channel Lr and the blade thickness db, are given in table 6.1. 
~: Sirree the prototypes have different tip clearances, the height of the blades b = r1 - ro - d8 

oi the prototypes differ as well. Prototypes with a tip clearance of 1, 2, 3 and 4 mm have 
been'tested at the test installations of Elster-Instromet in Silvolde and Utrecht, with air at 
atmospheric pressure and natural gas with a pressure of 9 bar, and in test facilities of Gasunie. 
The third test serie of the meter with a tip clearance of 1mm has been performed with natural 
gas at 21 bar. The third test serie of the other meters has been performed with natural gas 

39 

··.: 

... 
.. . 



· Table 6.1: Dimensions of the prototypes used for the measurements to determine the infiuence 
of the tip clearance. 

·at 63bar. The results of the tests with a tip clearance of 1, 2 and 4 mm are shown in figure 
6.1 as function of the Reynolds number. 
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.Figure 6.1: Experimental test results of prototypes with a tip clearance of 1, 2 and 4 mm as 
function of Reynolds number. 

The small gap between the results of the measurements at atmospheric pressure and 9 bar 
is caused by the mechanica! friction of the rotors. In these prototypes larger hearings have 
been used, which results in a larger mechanica! friction. The experimental results show a 
decrease of the angular velocity while the tip clearance increases. We are interested whether 

.'our simple model predict this dependency of the tip clearance. The only effect we take into 
account in our model is the decrease of the blade length b. The theoretica! results are shown 
in figure 6.2. We used the balance of forces, taking into account the frictionforcesas described 
in chapter 3. 

When we compare the theoretica! results with the experimental results, we see that the 
model with turbulent boundary layers fails in predicting the influence of the tip clearance. 
0ur model shows a very small increase of the angular velocity when increasing the tip clear
'ànce, while on the other hand the experiments show a decrease of the angular velocity when 
increasing the tip clearance. Apparently, the infiuence of the tip clearance is more extensive 
.than the infiuence of the height of the blades only, which is the only effect we take into ac
count in our model. Sirree we did not change the mechanica! friction in our model, our model 
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Figure 6.2: Theoretica! deviation of the infiuence of the tip clearance on the angular velocity. 
JVe used a non-uniform inZet and exit velocity profile due to turbulent boundary layers in the 
channel and on the blad es as given by the V on K ármán equation. 

underestimates the effect of the mechanica! friction. This is clearly seen for the lower volume 
flows: 

Furthermore, the theoretica! results show a highe angular velocity than the experimental 
.results. Sirree the leading edges of the channel and blades are rounded, our assumption that 
we have turbulent boundary layers might be abusive. Therefore, we shall also consider laminar 
boundary layers on the blad es of the rotor. 

The laminar boundary layers on the blades affect the exit flow velocity profile of the rotor. 
In section 3.4.1 and appendix B the effect of turbulent boundary layers is described. In case 
of laminar boundary layers we get another expression for the exit velocity profile and the 

· · resulting driving force as shown in appendix B.2. Using the driving force due to laminar 
. boundary layers on the blades and in the channel, we obtain a Reynolds dependency of the 
'angular velocity as shown in figure 6.3. 

Gomparing the theoretica! results obtained with turbulent boundary layers with the results 
with laminar boundary layers, we find that laminar boundary layers lead to an even higher 
angular velocity especially for the lower Reynolds numbers. Furthermore, the angular velocity 

. with ~aminar boundary layers shows a higher Reynolds dependency. 

6.2 Exit velocity not parallel to the blades 

JJntii now, we assumed the exit velocity to be parallel to the blades. However, this is only an 
. ·acctir.ftte approximation for rotors with a space to chord ratio s/ c < 0. 7. The prototypes we 
.. ·consider, have a space to chord ratio which is larger than 0.7. Therefore, we will discuss the 
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Figure 6.3: Theoretica[ Reynolds dependency of the angular velocity due to laminar boundary 
layers on the blades. As comparison the results due to turbulent boundary layers are also 
shown. We used the pmtotype with a tip clearance of 1 mm. 

infl.uence of a exit velocity which is not parallel to the blades. 
The lift force acting on the blades in case of an exit velocity which is not parallel can be 

det~rmined by using the defl.ection coeffi.cient q. The limit values q = 1 and q = 0 correspond 
-~o a "cascade of blades with a space to chord ratio of zero, in practice sjc < 0.7, and in:finity, 

· a 'cascade' of only one blade. The defl.ection coefficient for other geometries is defined by the 
. sp9-ce to chord ratio of the blad es s / c and the angle of the blades j3 as shown in tigure 6.4. 

· Wïth the defl.ection coeffi.cient we can determine the lift force. However, consider the lift 
fprce. together with the boundary layers on the blades and the wake behind the blades in 
the momenturn balance. Therefore, as a first approximation we determine the driving torque 
.Fy fór all space to chord ratios by multiplying the driving torque found by the momenturn 
.balánce ( eqn. 3.42) with the defl.ection coefficient. . .. 
· Thus, in case of a non-parallel exit velocity we have a smaller driving torque proportional 
with· the defl.ection coeffi.cient . 

. . · 

6.3 Influence of the pitch 

· The new prototypes built by Elster-Instromet differ in pitch and number of blades. Further
.mor~, the length of the blades differ, as a smaller pitch implies longer blades. Prototype 10, 

· ·11 arid 12 have the same pitch, but differ in number of blades, while Prototype 9 and 11 have 
· · the <:>ltme number of blades and differ in pitch. In this section we consider the infl.uence of 
th~ pitch. Therefore, we campare prototype 9 and 11 theoretically and experimentally with 
each other. In addition we used an imaginary prototype which theoretica! angular velocity is 
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1.0 2.0 3.0 

(si c).ff 

.Figure 6.4: Defiection coefficient as function of the space to chord ratio and the angle of the 
blades f3 = 90°- 'Y {13). 

calçulated. In table 6.2 the dimensions of the prototypes are shown. Here, M is the length 
of thè blade at the tip. 

I ro (mm) I r1 (mm) I n I db (mm) I S (mm) I b (mm) I M (mm) / q 

Proto11 50.75 101.50 11 4 800 48.75 35 0.70 
·: .Proto09 50.75 101.50 11 4 400 48.75 35 0.75 

. .Imag01 50.75 101.50 11 4 1000 48.75 30 0.45 

.. 
Table 6.2: Dimensions of prototypes used for examining the infiuence of the pitch of the rotor. 
The defiection coefficient is determined for radius r = r1. 

·.:· 
The prototypes have been tested with air and natura! gas as described in section 4.1. 

Figure 6.5 shows the experimental results of these measurements for prototype 9 and 11. 
The relative difference between the measured angular velocity and the ideal angular ve

locity is roughly the same for both prototypes. The difference between the two prototypes is 
· the· gap between the experiments with air at atmospheric pressure and the experiments with 
.hatural gas at 9 bar. 

i;'he theoretica! results of the prototypes 9 and 11 and the imaginary prototype which 
?imënsions are described in table 6.2 are shown in figure 6.6 . 

. Our theoretica! results show a larger relative angular velocity than the experiments. Fur
thermore, the theoretica! results show a larger angular velocity for a rotor with a higher 
pitch. Our theory does not predict the gap between the measurements with air and the 

·. me.as.urements with natura! gas. 
' 
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Figure 6.6: Theoretica[ infiuence of the pitch on the relative deviation between the calculated 
· angular velocity due to turbulent boundary layers and the ideal angular velocity. 
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6.4 Influence of the number of blades 

In previous sections we described the infiuence of the tip clearance and the pitch. In this 
secÜon, we shall discuss the infiuence of the number of blades on the angular velocity w. For 
this, we use prototypes 11 and 12 which have a different number of blades and the same 
pitch in combination with one imaginary prototype. This prototype has a different number 
of bla,des and the same pitch. Table 6.3 contains the dimensions of the used prototypes. 

I ro (mm) I r1 (mm) I n I db (mm) I S (mm) I b (mm) I M (mm) I q 

Proto12 50.75 101.50 14 4 800 48.75 35 0.75 
Proto11 50.75 101.50 11 4 800 48.75 35 0.70 

=~ 
lmag03 50.75 101.50 4 4 800 48.75 35 0.20 

Table 6.3: Dimensions of prototypes used for examining the infiuence of the number of blades 
of the. rotor. The defiection coefficient is determined for radius r = r1. 

,. 
F!gure 6. 7 shows the results of the measurements with air and natural gas of the proto

types. The experimental results show that the relative deviation depends on the number 
•. 

25 

20 

?i 15 ., 

0 
0 

10 
0 

8 
:;:,. 

0 
8 5 I 
.§. 

11 
UJ 0 

-5 

-10 
104 

-e- proto11 n=11; 1 bar 
~ proto11 n=11; 9 bar 
- s- proto12 n=14; 1 bar 
- * - proto12 n=14; 9 bar 

.,.~ - - -K-- * - --x- - * -K 

~)()( 
/ H ~ 

105 

Figure 6.7: Experimental results of tests with air and natuml gas of prototype 11 and 12, 
n=11 and n=14. We see a decrease of the relative deviation while decreasing the number of 
blades. 

of blades. A larger number of blades leads to a higher relative deviation. Furthermore, a 
gap between the measurements at atmospheric pressure and at 9 bar is found. This gap is 
may be explained by the mechanica! friction. The relative deviation of the angular velocity 
as predicted by our model is shown in figure 6.8 as function of the Reynolds number. Our 
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Figure 6.8: Theoretical infiuence of the number of blades on the angular velocity 

model shows the same dependency of the relative deviation as the experimental results. How
~ver, the relative deviation of prototype 11 and 12 found by this model is higher than the 
experimental relative deviation. 
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Chapter 7 

.Conclusions and recommendations 

. 
7.1 Theoretica! model and comparison with test results 

• • 
We made a theoretica! model to describe the quasi-steady behaviour of a turbine gas meter. 
In chapter 3 all components of this model are descri bed. The major component in the model is 
the wake behind the blades of the rotor. The wake leads to a relative deviation of the angular 
velocity of order 0(10-1 ), while the boundary layers on the blades leadtoa deviation of order 
0(10-3). The mechanica! friction effects the angular velocity of the rotor for low volume flows. 

Our simple model succeeds in predicting some effects of the Reynolds dependency of the 
rotor. 'The influence of the mechanica! friction is seen in both our modeland the experimental 
results. However, the effect of the mechanica! friction seems to be underestimated by our 
model. The predicted deviation for prototype 12 as described in section 4.3 is 30% higher 
than the deviation shown by the measurements. 

7. 2 Flow profile in turbine gas meter 

.We did some experiments at the setup in Eindhoven to determine the velocity profile at the 
i.nlet of the rotor with a pi tot tube. These experiments showed an asymmetrie velocity profile. 
,f\.s we find the same asymmetry at the inlet of the turbine meter, most likely, this asymmetry 
i~ caused by the diffuser twenty diameters upstream the turbine meter. When we assume an 
~ymmetric inlet velocity profile of 10% in our model, we see that this results in a 2.5% higher 
response of the rotor. 

The flow profile measured at the inlet of the rotor fits well the profile as calculated with 
.turbulent boundary layers. 

7.3 lnfluence of tip clearance 

Besides the response of the turbine flow meter we also investigated the inftuence of different 
~ara_meters of the rotor. We compared the theoretica! results with the experiment al results . 

. First, we considered the infiuence of the tip clearance. Therefore, we compared the results 
for three prototypes with a tip clearance of 1, 2 and 4 mm. The experimental results show a 
decrease of the angular velocity up on an increase of the tip clearance. On the other hand, our 
model shows an increase of the angular velocity upon an increase of the tip clearance. Our 
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model only takes into account the influence of the height of the blades. Apparently, secondary 
flows are necessary to describe the influence of the tip clearance. 

7.4 Influence of pitch and number of blades 

We also considered the influence of the pitch and the number of blad es of the rotor. Therefore, 
we compared the experimental and theoretica! results of two prototypes. For both cases we 
added an imaginary prototype to test with our model. 

For prototypes with the samepitch and a different number of blades, the relative difference 
between the measured angular velocity and the ideal angular velocity is roughly the same 
for b~th prototypes. The difference between the two prototypes is the gap between the 
experiments with air at atmospheric pressure and the experiments with natural gas at 9 bar. 
Our ·model does not show a large gap between the two series of experiments. 

For prototypes with the same amount of blades and a different pitch, both experimental 
and theoretica! results show the same dependency of the deviation of the angular velocity 
.with the ideal angular velocity: increasing the number of blades leads to a higher relative 
deviation. 

7.5 Recommendations for future work 

We have seen that the major effect in our model is the wake behind the blades. In our model 
we do not take into account the shape of the blades, only the dimensions of the blades are 
taken into account. However, one would expect that the shape of the blades influences the 
wake. In order to improve the model, experiments should be clone to determine the effect of 
the sh'ape of the blades. Moreover, we considered the blades as if they have a constant blade 
thickness db = 4 mm, while their blade thickness varies between 3 and 5 mm. In order to 
.describe the influence of the blade thickness, by means of the wake, it is advisable to use a 
blade thickness that depends on the radius. 
. In order to get a better knowledge of the forces acting on the blades of the rotor, exper
tments to determine the lift force and friction force are necessary. This can be clone with 

. experiments in a wind tunnel. 
· Our model considers a perfect rotor. However, real rotors have some irregularities which 

. can influence the response of the rotor. More research needs to be clone to describe the effect 
· èf irregularities . 

... . 

. I. 
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Appendix A 

Derivation of Von Kármán equation 

. In the derivation of the Von Kármán equation we use the steady boundary layer equations 
'given in eqns. A.l, A.2 and A.3. 

(A.l) 

au au lap 82u 
u-+v- = --- +v-

ox ay pax ay2 (A.2) 

o =-~op 
pay 

(A.3) 

. Since·the pressure pin the boundary layer is a function of the x-coordinate along the wall only, 
the pressure in the boundary layer is equal to the pressure in the main flow. The pressure 
gradient in the main flow is obtained from the x-momentum equation for inviscid flow. Fora 
steady flow we get 

dp = -pUdU 
dx dx 

(A.4) 

Substituting eqn. A.4 in the boundary layer equation ( eqn. A.2) and integrating this equation 
with r_espect to y from y = 0 (wall) to y = h, with h is everywhere outside the boundary 
·layer; leads to 

. , 1h (u au+ vau- UdU) dy = 1h va2~dy (A.5) 
y=O OX ay dx y=O ay 

The right-hand side of this equation can be rewritten as 

1h a
2
u au/ au/ v-dy=v- -v-

y=O ay2 ay y=h ay y=o p 
(A.6) 

Here; ~u/ = 0 and the definition of the shear stress Tw are used. On the left-hand side 
. y y=h 

ofthe equation the normal velocity component v can be replaced by v =- Jt(aujax)dy, as 
seen from the continuity equation (eqn. A.l). We therefore get 

1h ( au au (Y au dU) Tw 
y=O u OX - oy j 0 OX dy - U dx dy = - p (A.7) 
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Integrating by parts, we get for the second term on the right-hand side 

1h ( ou ly ou ) lh ou 1h ou - -dy dy =U -dy- u-dy 
y=o oy o ox o ox 0 ox 

Substituting this, we obtain 

whièh can be rewritten as 

rh ( OU OU dU) Tw 
jo 2u ox - U ox - U dx dy = - p 

lh o dU lh T 
- [u(U- u)Jdy+- (U- u)dy = ~ 

o ox dx o p 

(A.8) 

(A.9) 

(A.IO) 

Sirree for bath integrals the integrands vanish outside the boundary layer, we can replace the 
upper limit by h ~ oo. 

61U = loo (U- u)dy 

62U2 = 100 

u(U- u)dy 

(A.ll) 

(A.12) 

Usirrg the definitions of the displacement thickness and the momenturn thickness (eqns. A.ll 
. and_ A.l2) the equation can be rewritten as 

• 

U2dt52 (2-" ;; )dU _ Tw 
-+ u2+u1--
dx dx p 
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Appendix B 

Momenturn balance with boundary 
layers and wake 

In o~der to derive the infiuence of the non-uniform exit velocity, caused by boundary layers 
. ,bn t,l~e blades and the wake behind them, we use the balance of momenturn in the laboratory 

syst.em. 

-Lp= JJ p7J(7Jrel'n')dA (B.l) 

CS 

Here;· the control volume CS encloses the completely as shown in figure B.l. Fora rotor with 
· ~:sp~_ce to chord ratio of less than 0.7, the rotor we are looking at has s/c = 0.58, assuming 
t_liat the exit angle of the relative velocity 'Yout is equal to the angle of the blades f3 is an 
accurate approximation. 

.-·-·-·-·-·-·-·-·-·-·-· "I 

; vCS 

-~ . 

v_In 

8 

L 
x 

Figure B.l: Top view of rotor with a non-parallel inZet angle and a parallel exit angle of the 
flow.· The orientation of two coordinate systems (x,y) and (r},Ç,) are shown. 
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The y-component of the balance of momenturn (eqn. B.2) hands us the resulting force 
and thus the resulting torque on the blades. Sirree we consider the steady situation, the total 

-'torque must be zero. Thus, the angular velocity w can be found by solving I:Ty(w) = 0. 

-dFy = pbc(r) (vin,yVin,x- V0 ut,yV0 ut,x) dr = -27rrpVout,yVout,xdr (B.2) 

Using the fact that the relative exit velocity Vaut,rel is parallel to the blades, leads to 
expressions for the x- and y-component of the exit velocity. 

Vout,x Vout,rel COS /3 
(B.3) 

Vout,y Vout,rel sin f3 - wr 

The relative exit velocity is dominated by the boundary layers formed on the blades. In order 
to.get an expression for the relative exit velocity we change to a coordinate system with the 
ri=axi.s parallel to the blades. This coordinate system (TJ,Ç) is shown in figure B.l. The origin 
of the coordinate system is placed such that it coincides with the trailing edge of a blade. 

· For reasons of symmetry we divide the rotor with n blades into n parts. One part EF 
with length 21rr jn is shown in figure B.l. When we determined the contribution of the part 
EF .to the total force we get the total force by multiplying with n. 

· · In order to use the Von Kármán equation (section 3.2.4) todetermine the boundary layer 
thickness at the end of the blad es 8bl and the bulk flow velocity between the blad es Ubz, we 
consi~er the section EFGH as a rectangular channel with height hbz = 21rrcosf3jn- db. As 
initial condition we used the boundary layer thickness for a fiat plate in a turbulent flow with 

velocity U= Vin,rel = Jvrn + (wr) 2 . 

B.l Turbulent boundary layers 

.In case of turbulent boundary layers we can write the relative exit velocity Vaut,rel as 

... ( ç r/7 Ubz óbz if 0 < Ç < 8bz 

.' .. Ubz if 8bz < Ç < 6 - 8bz 
Vout,rel = (B.4) 

( ) 1/7 . ··-: ., ubz S!-Ç if 6 - 8bl < ç < 6 . ' Óbl 

0 if 6 < ç < 6 +db 

Here" 6 2
rrr cos {3 - db is the bottorn si de of the up per blade. The relative velocity in the . . n 

wak~ behind the blade 21rrcosf3jn- db< Ç < 21rrcosf3jn is assumed to be zero, sirree as a 
. first approximation we take the pressure inside and outside the wake to be the same. This 
results in zero contribution in the balance of momentum. 

With the coordinate transformation and the division into n parts of length 21rr jn the 
y-component of the balance of momenturn for a smalllayer dr ( eqn. B.2) can be written as 

16 1 
dFy = np Vout,xVout,y-f3dÇ,dr 

Ç=O cos 
(B.5) 
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Using the relation between the relative exit velocity and its x- and y-component ( eqn. B.3) 
and the velocity profile given in eqn. B.4 the integral can be split into three parts 
dFy = nUbzp(A + B + C)dr, with A, B, and C given by 

B (B.6) 

Thus, the total force Fy can be written as 

1
ro+b 

Fy = npUbt (2A + B) dr 
ro 

(B.7) 

:8.2. Laminar boundary layers 

. In case of laminar boundary layers we can write the relative exit velocity Vout,rel as 

Ubt r;! ( _{_) - 1 ( _{_ rJ 2 Óbl 2 Óbl 
if 0 < ç < Óbt 

Ubz if t5bz < Ç < 6 - Óbz 
Vout,rel = (B.8) 

u r;! ((cl) _ 1 ( 6 -Ç rJ bl 2 Óbl 2 Óbl if 6 - Óbt < ç < 6 

0 if 6 < ç < 6 +db 

Solving equation B.5 gives dFy = nUbzp(2Az + Bz)dr. Here, Az and B1 are given by 

Az = 

(B.9) 
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Appendix C 

Order of magnitude estimations 

C .1 Boundary layers on the blad es of the rotor 

.In order to find the order of magnitude of the infiuence of the boundary layers on the blades, 
"\Ve ·çonsider the situation of a uniform inlet velocity and a rotor with turbulent boundary 
layers on its infinitely thin blades. We are interested in the steady situation, thus :2::: Ty = 0. 
Then, we can rewrite the balance of momenturn ( eqn. 3.42) as 

(C.1) 

ffere, we use the laboratory system and we approach the integral by taking r = r1 and 
replacing the integral by multiplying with the height b. With Taylor expansion this can be 
written as 

(C.2) 

For a rotor with 14 blades, a blade length Lb = 3 cm a radius r1 = 0.1 m and an angle 
of the blades f3 = 38° in a uniform flow with U= 10 m/s and v = 1.6 · 10-5 m2 js we have a 

··Q,ispip,cement thickness 61 ~ 2.2 · 10-4 m and a momenturn thickness 62 ~ 1. 7 · 10-4 m. Thus, 
a reiátive deviation w-wo ,....., 0(10-3 ). 
. . wo 

.C.2 Wake behind the blades 

In order to find the order of magnitude of the infiuence of the wake behind the blades, 
we consider the situation of a uniform inlet velocity and no boundary layers on the blades 

.' 61 = 62 = 0. We are interested in the steady situation, thus :2::: Ty = 0. Then, we can rewrite 
the balance of momenturn (eqn. 3.42) as 

Here~ we use the laboratory system and we approach the integral by taking r 

~eplacing the integral by multiplying with the height b. 
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For a rotor with 14 blades, a blade thickness db = 4 mm and an angle of the blades 
. (3 = 38° in a uniform flow with U = 10 m/s and v = 1.6 · 10-5 m2 /s we find a relative 

deviation w-wo ""O(lo-1 ). 
. wo 
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Appendix D 

Experimental and theoretica! data 
· .. of all new prototypes 

.Elster-Instromet built I2 new prototypes. Here, the experimental and theoretica! results of IO 
· ,·öf these prototypes are shown. The other 2 prototypes have not been tested. All prototypes 

have the same length of the channel in front of the rotor Lr, the same blade thickness db, 
· tip clearance ds and inner and outer radius of the channel ro and r1. These dimensions are 
shown in table D.I. 

Table D.I: Gomman dimensions of the new prototypes. 

The other dimensions of the prototypes, like the number of blades n, the pitch S and the 
·.rength ofthe tip and bottorn ofthe blades MandHare shown in table D.2. The experimental 

I n I S (mm) I M (mm) I H (mm) I q I 
Protoi2 I4 800 35 32.3 0.75 
Proto11 11 800 35 32.3 0.70 
ProtoiO 8 800 35 32.3 0.45 
Proto09 11 400 35 38.4 0.75 
Proto07 9 400 35 38.4 0.60 
Proto05 7 400 35 38.4 0.55 
Proto04 7 200 60 56.5 0.75 

.. Proto03 5 200 90 56.5 0.75 
Proto02 4 IOO IOO I00.3 0.75 
ProtoOI 3 IOO 115 I00.3 0.65 

Table D.2: Dimensions of the new prototypes. The defiection coefficient q is determined for 
radius r = r1. 

and theoretica! results of the prototypes are shown below. 
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Figure D.l: Experimental results of prototype 01. 
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Figure D.2: Theoretica[ results of prototype 01. 
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Figure D.3: Experimental results of prototype 02. 
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Figure D.5: Experimental results of prototype 03. 
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Figure D.6: Theoretica[ results of prototype 03. 
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Figure D. 7: Experimental results of prototype 04. 
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Figure D.8: Theoretica[ results of prototype 04 . 
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Figure D.9: Experimental results of prototype 05. 
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Figure D.lO: Theoretica[ results of prototype 05. 
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Figure D .11: Experimental results of prototype 07. 
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Figure D.l2: Theoretica[ results of prototype 07. 
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Figure D.l3: Experimental results of prototype 09. 
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Figure D.l4: Theoretica[ results of prototype 09. 
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Figure D.15: Experimental results of prototype 10. 
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Figure D.16: Theoretica[ results of prototype 10. 

66 



10 

I 
0 air 1 bar -I 

0 oo§ x natural gas 9 bar 
9 oo 

Do 
0 0 oo 

8 oo 

~ 
0 0 
0 

7 x x 
0 x 

8 x 
:::..0 

x x 

8 6 I 
.§. 

11 
UJ 5 

4 
x 

3 
104 10

5 106 10
7 

Re Lr 

Figure D.l7: Experimental results of prototype 11. 
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Figure D.l8: Theoretica[ results of prototype 11. 
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Figure D.19: Experimental results of prototype 12. 
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Figure D.20: Theoretica[ results of prototype 12. 
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