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Abstract

This master thesis addresses the simulation of a free-electron laser. A free-electron laser is
a light source that has a wide range in wavelength from microwaves to X-ray and has the
advantage that the wavelength is adjustable.

This thesis derives the mathematical equations that describe a free-electron laser in 1D for
the steady-state and the time-dependent case. The goal is to examine the sensitivity of the
solution with respect to the initial conditions. The eigenvalues of the Jacobian turn out be
of different orders of magnitude, and therefore the problem could be called ”stiff”.

Since a general analytical solution of the equations does not exist for most cases of inter-
est, we resort to simulations. For the steady-state case three time integration methods are
applied, and compared to an analytical solution for the limit of low-gain. The fourth order
Runge-Kutta time integration method turns out to be the most accurate time integration
method for the free-electron laser problem.

In the time-dependent case no analytical solution exists and therefore the simulation is com-
pared with an other existing simulation, named ONEDFEL. The results are similar, show
the same characteristic behavior but are slightly different to the results of the simulation
ONEDFEL. To understand the differences in the results, both simulations should be further
investigated in future research.
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Chapter 1

Introduction

1.1 Free-Electron Laser

A free-electron laser is a light source that has a wide range in wavelength from microwaves to
X-ray and has the advantage that the wavelength is adjustable. The term free-electron laser
comes from the very-high-speed electrons moving through a magnetic structure and this term
is made up by John Madey in 1976 [7]. A free-electron laser (FEL) consists of a injector that
generates the electrons, multiple accelerators that accelerate the electrons to almost the speed
of light, and an undulator which consists of alternating magnets that wiggle the electrons. In
figure 1.1.1 a schematic view of a FEL is shown.

Figure 1.1.1: Schematic view of a free-electron laser. The particles are injected in the form of an
electron beam and then accelerated by the particle accelerators. After that the electron beam enters
the undulator where alternating magnets wiggle the electrons. The wiggling causes the electrons to
emit radiation and thus light is produced.

The ability to set the produced wavelength to a specific desired wavelength, makes a FEL

Numerical Simulation of a 1D High-Gain Free-Electron Laser 1



CHAPTER 1. INTRODUCTION

an ideal tool in many applications such as chemistry, structure determination of molecules in
biology, medical diagnosis and nondestructive testing [1, 2, 5].
In Hamburg (Germany) one of the world’s leading accelerator centers is located, named DESY
(Deutsches Elektronen-Synchrotron). Here began in February 2000 the first ultraviolet FEL
operation at wavelengths between 80 and 180 nm. This new FEL facility is named FLASH1.
The shortest wavelength achieved up to now is 6.5 nm. For this master research project
typical FLASH parameters are used in all calculations.

1.2 Project description

For a FEL a mathematical model that describes the generated light can be constructed.
For the equations of the mathematical model an exact solution cannot be determined and
therefore numerical simulations of the model have been made in the past.
The goal of this project is to get more fundamental understanding of the FEL problem and
typical challenges in the simulation of a FEL. Therefore a part of this project was to create
such a simulation from scratch ourselves. To do this, first the mathematical model in 1D
and its sensitivity have to be understood and examined. Based on the previous, different
numerical methods are applied to the mathematical model and the results are compared to
each other, to other already existing methods and where possible to analytical solutions. In
this project we restrict ourselves to 1D-theory and simulations because of the finite time of
the project.

1.3 Thesis outline

The next chapter, Chapter 2, derives the 1D mathematical model that describes the light
generated by a FEL. This mathematical frame is strongly based on the book of Schmüser,
Dohlus and Rossbach (2008) [8], which also derives a 1D mathematical model for a FEL. For
comparison purposes we use (almost) identical formulas where possible. In Chapter 3, the set
of equations derived in Chapter 2 are analyzed by computing the eigenvalues of the Jacobian.
Based on the result, three different integration methods are chosen and explained. The results
of the implemented simulations in Matlab are represented in Chapter 4. Finally in Chapter
5 the conclusions of the project and recommendations for further research are given.

1A detailed description and further information can be found in the brochure ”FLASH, the Free-electron
Laser in Hamburg” which can be downloaded from http://pr.desy.de/.
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Chapter 2

Mathematical model of a
Free-Electron Laser

This section derives the first-order equations for a 1D free-electron laser in steady-state and
the time-dependent case. The derivation starts with an equation for the motion of an electron
in an undulator. Due to the magnetic field produced by the undulator the electron starts
oscillating and emits radiation. A second order approximation of the electron’s trajectory
follows from the magnetic field (which is determined by the configuration of magnets and can
be computed from the magnetostatic Maxwell equation) combined with the Lorentz force.
A FEL has a resonant mechanism which one can start by an external seed or by a modula-
tion in the distribution of the particles. Therefore we next complement the model with an
external laser as seed. Here we assume that the seed is a constant electromagnetic field and
furthermore we assume an infinitely long electron bunch with periodic beam current, which
means we have steady-state. In the following part we assume a variable instead of constant
electromagnetic field. Therefore we derive an equation for the electromagnetic wave that
depends on the position of the electrons in the undulator. In this derivation we also take into
account the influence of the electromagnetic wave (the seed) on the electrons. The result this
derivation will be a complete set of coupled first-order equations in the periodic (steady-state)
model. For the steady-state a dimensionless model is derived. Finally the model is made more
realistic by leaving out the assumption of an infinitely long electron bunch with periodic beam
current, and the first-order equations of the non-periodic, time-dependent model are derived.
By solving the sets of equations, the power produced by a free-electron laser can be deter-
mined. Consideration on how to solve these equations efficiently and accurately is discussed
in chapter 3.

2.1 Undulator radiation

This part shows what the magnetic field looks like in the undulator and how it influences the
trajectory of the particles.

2.1.1 Undulators as short-wavelength light sources

A free-electron laser wiggles the electrons and the generated acceleration causes the electrons
to emit radiation. The radiation is produced in an undulator which is a periodic arrangements

Numerical Simulation of a 1D High-Gain Free-Electron Laser 3



CHAPTER 2. MATHEMATICAL MODEL OF A FREE-ELECTRON LASER

of many short dipole magnets of alternating polarity. In figure 2.1.1, it is shown how the
electrons move on a sinusoidal orbit through such an undulator.

Figure 2.1.1: Schematic view of an electron in a planar undulator magnet. The movement of the
electron and the magnetic field are drawn in the same plane for simplicity, but in reality the movement
of the electron is perpendicular to the magnetic field.

The undulator period λu of an undulator is defined as the period of the magnet arrangement
as shown in figure 2.1.1. The fundamental wavelength that is created in the undulator is
determined by λu and the Lorentz factor γ, where

γ =
1√

1− (v/c)2
=

W

mec2
, (2.1.1)

with W the total relativistic energy of the electron. The formula for the created wavelength
is

λl =
λu
2γ2

(
1 +

K2

2

)
with K =

eB0λu
2πmec

. (2.1.2)

The dimensionless quantity K is called the undulator parameter, and B0 is the peak magnetic
field on the undulator axis. The derivation and proof of equation (2.1.2) will not be discussed
in this report but can be found in Schmüser, Dohlus and Rossbach (2008) [8]. From the
formula we can see that the wavelength of undulator radiation can be varied by changing the
electron energy W = γmec

2 and the undulator period λu. So once the derived wavelength is
known, the electron energy and undulator period can be determined.

2.1.2 Magnetic field of a planar undulator

In figure 2.1.2 the motion of an electron in a planar undulator magnet is shown schematically.
The magnetic field points in y direction and the undulator axis is along the z direction.

In order to derive an expression for the magnetic field in the undulator, we use Maxwell’s
equations. These partial differential equations describe how electric and magnetic fields are
generated and altered by each other and by charges and currents. There are four Maxwell

4 Numerical Simulation of a 1D High-Gain Free-Electron Laser



2.1. UNDULATOR RADIATION

Figure 2.1.2: Schematic view of an electron in a planar undulator magnet. In the magnet shown here
the field is produced by permanent magnets that are placed between iron pole shoes. The distance
between two equal poles is called the undulator period λu. A typical value is λu = 27 mm, which is
also used in FLASH [8].

equations:

∇∇∇ ·E =
ρ

ε0
,

∇∇∇ ·B = 0,

∇∇∇×E = −∂B
∂t

,

∇∇∇×B = µ0

(
J + ε0

∂E

∂t

)
,

where ρ is the electric charge density, B the magnetic field, J the current density and E the
electric field. Since there is no current and no electric field in our situation, the right hand
side of the fourth Maxwell equation is equal to 0 and we obtain ∇∇∇ ×B = 0. The magnetic
field can be written as the gradient of a scalar magnetic potential

B = −∇∇∇Φmag. (2.1.3)

Since

∇∇∇×B = −∇∇∇×∇∇∇Φ = −


∂y∂zΦ− ∂z∂yΦ

∂z∂xΦ− ∂x∂zΦ

∂x∂yΦ− ∂y∂xΦ

 = 0.

If we substitute equation (2.1.3) in the second Maxwell equation we find

∇∇∇2Φmag = 0. (2.1.4)

Numerical Simulation of a 1D High-Gain Free-Electron Laser 5



CHAPTER 2. MATHEMATICAL MODEL OF A FREE-ELECTRON LASER

The field on-axis is approximately harmonic. Therefore Φmag = f(y) sin(kuz) where ku =
2π/λu is assumed. Substituting this into (2.1.4) leads to

d2f

dy2
− k2uf = 0.

From here we obtain a general solution for f(y):

f(y) = c1 sinh(kuy + c2 cosh(kuy).

Hence the vertical magnetic field is

By(y, z) = −∂Φmag
∂y

= −ku(c1 cosh(kuy) + c2 sinh(kuy)) sin(kuz).

Since By has to be symmetric with respect to the plane y = 0, because we want a constant
magnetic field in the y-direction, we find c2 = 0. We define B0 = kuc1 and obtain By(0, z) =
−B0 sin(kuz). Then the potential is

Φmag(x, y, z) =
B0

ku
sinh(kuy) sin(kuz). (2.1.5)

Now all components of B can be derived:

Bx = 0,

By = −B0 cosh(kuy) sin(kuz),

Bz = −B0 sinh(kuy) cos(kuz).

We only take the symmetry plane y = 0 into account (since we are deriving a one-dimensional
model), and therefore

B = −B0 sin(kuz)ey, (2.1.6)

where ey is the unit vector in y direction.

2.1.3 Electron motion in an undulator

The acceleration of the electron by the Lorentz force is

γmev̇ = −e(E + v ×B) = −ev ×B, (2.1.7)

where me is the rest mass and e the fundamental charge of an electron. In the equation E = 0
since there is no electromagnetic field yet. With B substituted in equation (2.1.7) we find

v̇ =

ẍ
z̈

 =

 e
γme

By ż

− e
γme

Byẋ

 . (2.1.8)

The velocity in the z direction is almost equal to the total velocity, since the speed in the z
direction is much larger than the speed in the x direction. Therefore we have vz = ż ≈ v =

6 Numerical Simulation of a 1D High-Gain Free-Electron Laser



2.2. LOW-GAIN FEL THEORY

βc = const, where β = v/c is the normalized velocity of the electron. Then z̈ ≈ 0 and the
solution for x(t) and z(t) is

x(t) ≈ eB0

γmeβck2u
sin(kuβct), z(t) ≈ βct. (2.1.9)

We can rewrite the latter equations as

x(z) =
K

βγku
sin(kuz). (2.1.10)

To obtain the first-order solution, vz was assumed to be constant. For the second order
solution a new approximation for vz with v = βz is made:

vz =
√
v2 − v2x = v

√
1− v2x

v2

≈ v
(

1− v2x
2v2

)
= c

√
1− 1

γ2

(
1− v2x

2c2(1− 1/γ2)

)
≈ c

(
1− 1

2γ2

)(
1− v2x

2c2(1− 1/γ2)

)
= c

(
1− 1

2γ2
−
(

1− 1/2γ2

1− 1/γ2

)
v2x
2c2

)
≈ c

(
1− 1

2γ2
− v2x

2c2

)
= c

(
1− 1

2γ2
(1 + γ2v2x/c

2)

)
.

First a Taylor approximation around
√

1− v2x/v2 is made where vx/v � 1, then a Taylor
approximation around

√
1− 1/γ2 is made and finally we approximate (1− 1/2γ2)/(1− 1/γ2)

by 1. Inserting for variable vx the time derivative of (2.1.10), the z velocity becomes

vz(t) =

(
1− 1

2γ2
(
1 +K2

))
c− cK2

4γ2
cos(2ωut), (2.1.11)

with the ωu = β̄cku. Taking the average over equation (2.1.11) gives the average longitudinal
speed:

v̄z =

(
1− 1

2γ2

(
1 +

K2

2

))
c ≡ β̄c. (2.1.12)

Now the second-order solution for the particle trajectory can be described by the following
equations

x(t) =
K

γku
sin(ωut), z(t) = v̄zt−

K2

8γ2ku
sin(2ωut). (2.1.13)

2.2 Low-gain FEL theory

In the undulator the lasing process can be initiated by the presence of an external seed
wave. This electromagnetic wave leads to periodic energy exchange between the wave and
the electrons. This section derives an equation that describes the energy exchange, introduces
the ponderomotive phase of an electron and derives its equations in the case of a constant
electromagnetic field.

Numerical Simulation of a 1D High-Gain Free-Electron Laser 7



CHAPTER 2. MATHEMATICAL MODEL OF A FREE-ELECTRON LASER

2.2.1 Energy exchange between electron beam and light wave

The light wave co-propagating with the relativistic electron beam is described by a plane
electromagnetic wave

Ex(z, t) = E0 cos(klz − ωlt+ ψ0) kl = ωl/c = 2π/λl. (2.2.1)

The change in electron energy W = γmec
2 coming from the electromagnetic wave is

dW

dt
= v · F = −evx(t)Ex(t). (2.2.2)

The electrons lose energy if dW/dt < 0 and thus the light wave gains energy since the energy
in the system is conserved. Hence vx and Ex must have the same sign in the formula. This
means that the electron velocity and the electric vector of the light wave must point in the
same direction. In figure 2.2.1 the left plot shows energy transfer from electron to light wave
and the right plot shows energy transfer from light wave to electron.

Figure 2.2.1: Left : optimum energy transfer from electron to light wave. Right : optimum energy
transfer from light wave to electron. The figure is from reference [8].

Now suppose that for some position z0 in the undulator there is energy transfer from the
electron to the light wave. A problem arises here, since the light wave travels with speed
c and will slip forward with respect to the electron whose average speed is v̄z = β̄c =(
1− (2 +K2)/(4γ2)

)
c according to equation (2.1.12). The speed of the electrons is defi-

nitely slower than the speed of the wave, since the particles have mass and they travel on a
sinusoidal orbit which is longer than the straight path of the light.
Then how is it possible to achieve a steady energy transfer from the electron beam to the
light wave along the entire undulator? This is possible when the phase of the light slips with
the right amount, which happens only for certain wavelengths. Figure 2.2.2 below shows that
the transverse velocity vx and the field Ex remain parallel if the light wave advances by half
an optical wavelength λl/2 in a half period of the electron trajectory.

The condition for sustained energy transfer is

c∆t = λl/2. (2.2.3)

The difference in travel time of the electron and light for a half period of the undulator is

∆t = tel − tlight =

[
1

v̄z
− 1

c

]
λu
2
. (2.2.4)

8 Numerical Simulation of a 1D High-Gain Free-Electron Laser



2.2. LOW-GAIN FEL THEORY

Figure 2.2.2: The light wave has to advance by λl/2 per half period of the electron trajectory to
sustain energy transfer. The figure is from reference [8].

Combining equations (2.2.3) and (2.2.4) leads to the wavelength needed for steady energy
transfer:

λl =
λu
2γ2

(
1 +

K2

2

)
. (2.2.5)

This was one way to show the condition for sustained energy transfer. This condition can
also be derived in another way, where a more quantitative treatment is applied. Therefore we
describe the energy transfer per unit of time from an electron to the light wave:

dW

dt
= −evx(t)Ex(t) = −ecK

γ
cos(kuz)E0 cos(klz − ωlt+ ψ0)

= −ecKE0

2γ
(cos((kl + ku)z − ωlt+ ψ0) + cos((kl − ku)z − ωlt+ ψ0))

≡ −ecKE0

2γ
cosψ − ecKE0

2γ
cosχ, (2.2.6)

where ψ is called the ponderomotive phase in FEL physics:

ψ(t) ≡ (kl + ku)z(t)− ωlt+ ψ0, (2.2.7)

which depends only on the variable t, since z is also a function of t. The ponderomotive phase
tells whether the light wave gains or loses energy. The optimum value for gain will be when
ψ = 0 resp. ψ = ±2ψ and the energy transfer will be continuous if ψ(t) is constant along the
undulator. To find the condition that is needed for ψ(t) to be constant, z(t) from (2.1.13) is
inserted, but the longitudinal oscillation is neglected, so z(t) = v̄zt.

ψ(t) = (kl + ku)v̄zt− ωlt+ ψ0 = const ⇒ dψ

dt
= (kl + ku)v̄z − klc = 0. (2.2.8)

Numerical Simulation of a 1D High-Gain Free-Electron Laser 9



CHAPTER 2. MATHEMATICAL MODEL OF A FREE-ELECTRON LASER

Inserting v̄z gives

(kl + ku)

(
1− 1

2γ2

(
1 +

K2

2

))
c = klc ⇔

(
2π

λl
+

2π

λu
)

(
1− 1

2γ2

(
1 +

K2

2

))
=

2π

λl
⇔

(λu + λl)

(
1− 1

2γ2

(
1 +

K2

2

))
= λu,

which yields by good approximation

λl =
λu
2γ2

(
1 +

K2

2

)
. (2.2.9)

This is the so-called resonance condition. If this equation holds, the electrons emit radiation
with wavelength λl, which is in resonance with the wavelength of the electromagnetic wave
that leads to continuous energy transfer. Note that equation (2.2.9) is indeed the same as
equation (2.2.5).
Now we look at the second cosine function in (2.2.6). Here the argument cannot be kept
constant since from

χ(t) ≡ (kl + ku)v̄zt− ωlt+ ψ0 = const (2.2.10)

we would get
kl(1− β̄) = −kuv̄z/c⇒ kl < 0,

which means that the light wave propagates in negative z direction. Writing ψ as a function
of z we can immediately verify that

χ(z) = ψ(z)− 2kuz.

So for ψ(z) = const, which happens if (2.2.9) is fulfilled, the second cosine function behaves
as cos(2kuz), i.e., it makes two oscillations per undulator period and cancels out. In figure
2.2.3 you can see that the wiggler average of the cosχ function is 0. Neglecting this rapidly
oscillating term and taking its average 0, equation (2.2.6) reduces to

dW

dt
= −ecKE0

2γ
cosψ. (2.2.11)

2.2.2 The FEL pendulum equations

Next we introduce the resonance electron energy Wr = γrmec
2 by the equation

λl =
λu
2γ2r

(
1 +

K2

2

)
⇔ γr =

√
λu
2λl

(
1 +

K2

2

)
. (2.2.12)

This resonance electron energy means that if an electron has energy Wr, it will emit undulator
radiation with exactly wavelength λl. Next we define relative energy deviation η as:

η =
W −Wr

Wr
=
γ − γr
γr

, where |η| � 1. (2.2.13)
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2.2. LOW-GAIN FEL THEORY

Figure 2.2.3: The z dependence of the terms cosψ and cosχ

The ponderomotive phase ψ of an electron will change due to the interaction with the radiation
field. Therefore the time derivative of the ponderomotive phase is no longer zero since γ 6= γr:

dψ

dt
= (kl + ku)v̄z − ωl ≡ kuc−

klc

2γ2

(
1 +

K2

2

)
.

From (2.2.12) we can write

kuc =
klc

2γ2r

(
1 +

K2

2

)
and obtain

dψ

dt
=
klc

2

(
1 +

K2

2

)(
1

γ2r
− 1

γ2

)
= kucγ

2
r

(
1

γ2r
− 1

γ2

)
≈ 2kucη. (2.2.14)

The time derivative of the relative energy deviation η is according to (2.2.6)

dη

dt
= − eE0K

2mecγ2r
cosψ. (2.2.15)

Equations (2.2.14) and (2.2.15) are called the FEL pendulum equations and they are of great
importance in our model. Each moment in time an electron has a value for ψ and η. These
two values determine the state of the electron at time t. A space of all possible states for the
electron over time is called the phase space of the system. The phase space trajectory of an
electron in a FEL can be constructed by writing the coupled differential equations (2.2.14)
and (2.2.15) as difference equations and solve them for t = k∆t with small ∆t. At this point
a constant light wave with amplitude E0 and wavelength λl is assumed.

Numerical Simulation of a 1D High-Gain Free-Electron Laser 11
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The name FEL pendulum equations has its origin in the similarity with the mathematical
pendulum. This can be seen by introducing a shifted phase variable φ:

φ = ψ + π/2 ⇒ cosψ = sinφ. (2.2.16)

The two coupled differential equations (2.2.14) and (2.2.15) then read

dφ

dt
= 2kucη,

dη

dt
= − eE0K

2mecγ2R
sinφ. (2.2.17)

Combining them gives the equation of the low-gain FEL

φ̈+Ω2 sinφ = 0 with Ω2 =
eE0Kku
meγ2r

, (2.2.18)

which is mathematically fully equivalent to the differential equations of a mathematical pen-
dulum.

2.2.3 Phase space representation and FEL bucket

The dynamics of FEL equations (2.2.17) can be described by a Hamiltonian [8]:

H(φ, η) = kucη
2 +

eE0K

2mecγ2r
(1− cosφ). (2.2.19)

The equations (2.2.17) can be expressed as the partial derivatives of the Hamiltonian:

dφ

dt
=
∂H

∂η
= 2kucη,

dη

dt
= −∂H

∂φ
= − eE0K

2mecγ2r
sinφ. (2.2.20)

The trajectories in the (φ, η) phase space are the curves of a constant Hamiltoninan: H =
const. The region of bounded motion is separated from the region of unbounded motion by a
curve called the separatrix. For small angles, sinφ ≈ φ the pendulum carries out a harmonic
oscillation of the form:

φ(t) = φ0 cos(ωt), η(t) = − 1

2kuc
φ0 sin(ωt).

The equation of the separatrix can be derived from the initial conditions

φ0 = π, η0 = 0 ⇒ Hsep =
eE0K

2mecγ2r
(1− cosφ0) =

eE0K

mecγ2r
.

The Hamiltonian is constant on the separatrix and therefore the angular momentum as a
function of the angle φ can be computed from

kuc[ηsep(φ)]2 = Hsep −
eE0K

2mecγ2r
(1− cosφ) =

eE0K

2mecγ2r
(1 + cosφ) =

eE0K

mecγ2r
cos2(φ/2)

from which the equation for the separatrix follows:

ηsep(φ) = ±

√
eE0K

kumec2γ2r
cos(φ/2). (2.2.21)
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2.3. ONE-DIMENSIONAL THEORY OF THE HIGH-GAIN FEL

Figure 2.2.4: Phase space trajectories for 15 particles of different initial phases φ0. Left : electrons
are on resonance, γ = γr, η = 0. Right : electrons not on resonance, γ > γr, η > 0. The separatrix is
drawn as a dashed curve.

The phase space trajectories for 15 particles of different initial phase φ0 are shown in figure
2.2.4 for two cases γ = γr and γ > γr.

The electrons that have a negative φ move upwards in the plot and subtract energy from the
light wave, while electrons with positive φ move downwards in the plot and supply energy
to the light wave. When the electrons are on resonance, so in the left figure, the net energy
transfer is zero since there are as many electrons which supply energy to the light wave as
there are electrons which remove energy from the wave. The right figure however, shows that
there is a positive net energy transfer from the electron beam to the light wave, since more
electrons have positive φ at the end.
In the left plot there is a fixed point at (0, 0) that does not move, since both differential
equations start at 0 and therefore stay 0. Note that the right picture does not have a fixed
point.
The electrons that are inside the separatrix stay in and the electrons that are outside the
separatrix stay out. We call the area enclosed by the separatrix the FEL bucket.

2.3 One-dimensional theory of the high-gain FEL

In the previous section the model was derived by assuming a radiation field in the undulator
that has a constant amplitude and wavelength. This section assumes varying radiation. The
changing electric field depends on the distribution of the electrons, but also has an influence
on the energy of each electron. This section first derives the mathematical equations of this
interaction and together with previous equations it forms a set of non-linear coupled first-
order differential equations. Furthermore we restrict ourselves here to the one-dimensional
FEL theory where a dependency of the bunch charge density and the electromagnetic fields
on the transverse coordinates x, y is neglected.
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2.3.1 Basic elements of the one-dimensional FEL theory

The model with constant wave amplitude E0 is extended by assuming an amplitude function
Ẽx(z) dependent on the path length z in the undulator such that the electric field of the light
wave is written in the form

Ẽx(z, t) = Ẽx(z) exp[i(klz − ωlt)], (2.3.1)

where we use a complex notation from now on to simplify the mathematics and designate
complex quantities with a tilde. The actual field is obtained by taking the real part of this
equation:

Ex(z, t) = <
{
Ẽx(z) exp[i(klz − ωlt)]

}
. (2.3.2)

The charge density is initially distributed uniformly along the bunch. During the passage
through the undulator, the interaction with the periodic light wave will gradually produce a
periodic density modulation. The periodicity is in the ponderomotive phase variable ψ with
period 2π. Hence we express the electric charge density in the form

ρ̃(ψ, z) = ρ0 + ρ̃1(z)e
iψ. (2.3.3)

The real charge density is given by

ρ(ψ, z) = ρ0 + <
(
ρ̃1(z)e

iψ
)
.

The current density jz = vzρ has a similar modulation:

j̃z(ψ, z) = j0 + j̃1(z)e
iψ = j0 + j̃1(z) exp[i(kl + ku)z − iωlt]. (2.3.4)

In this section we ignore the oscillatory part in the longitudinal velocity and put

z(t) = v̄zt = β̄ct. (2.3.5)

2.3.2 Electromagnetic fields

Radiation field

The wave equation derived from the Maxwell equations for the electric field E of the light
wave in three dimensions reads[

∇∇∇2 − 1

c2
∂

∂t

]
E = µ0

∂j

∂t
+

1

ε0
∇∇∇ρ, (2.3.6)

with the current density j and the electric charge density ρ. In the one-dimensional approxi-
mation the equation for the x component becomes in complex notation[

∂2

∂z2
− 1

c2
∂2

∂t2

]
Ẽx(z, t) = µ0

∂j̃x
∂t

, (2.3.7)

where j̃x is the x component of the current density resulting from a modulation of the electron
bunch in the undulator. The derivative ∂ρ/∂x is not present in the 1D theory [8]. Inserting
(2.3.1) into the wave equation leads to[

2iklẼ
′
x(z) + Ẽ′′x(z)

]
exp[i(klz − ωlt)] = µ0

∂j̃x
∂t

. (2.3.8)
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2.3. ONE-DIMENSIONAL THEORY OF THE HIGH-GAIN FEL

The amplitude Ẽx(z) is assumed to vary slowly, since the change within one light wavelength
is very small. Therefore we make the slowly varying amplitude (SVA) approximation in order
to leave out the second derivative Ẽ′′x . But then the change of slope will be extremely small
within one light wavelength. So now we find∣∣∣Ẽ′′x(z)

∣∣∣λl � ∣∣∣Ẽ′x(z)
∣∣∣ ⇒ ∣∣∣Ẽ′′x(z)

∣∣∣� kl

∣∣∣Ẽ′x(z)
∣∣∣ . (2.3.9)

Omitting the second derivative in (2.3.8) leaves the differential equation

dẼx
dz

= − iµ0
2kl

∂j̃x
∂t

exp[−i(klz − ωlt)]. (2.3.10)

Next a connection between j̃x and j̃z is made. This relation is given by the motion of the
particles in the undulator. From

j̃x = ρ̃vx, j̃z = ρ̃vz,

it follows
j̃x = j̃zvx/vz.

Now vz is approximated by c and we substitute in vx:

j̃x = j̃z
vx
vz
≈ j̃z

vx
c

= j̃z
K

γ
cos(kuz). (2.3.11)

This result is substituted into (2.3.10), yielding:

dẼx
dz

= − iµ0K
2klγ

∂j̃z
∂t

exp[−i(klz − ωlt)] cos(kuz). (2.3.12)

The current density j̃z, partially differentiated with respect to time, is

∂j̃z
∂t

= −iωlj̃1 exp[i(kl + ku)z − iωlt].

Then differential equation (2.3.12) becomes

dẼx
dz

= −µ0cK
2γ

j̃1 exp[−i(klz − ωlt) + i(ku + kl)z − iωlt] cos(kuz)

= −µ0cK
2γ

j̃1 · eikuz
(
eikuz + e−ikuz

2

)
= −µ0cK

4γ
j̃1 (1 + exp(i2kuz)) .

The exponential term can be left out, since it carries out two oscillations per undulator period
and averages to zero. We then obtain

dẼx
dz

= −µ0cK
4γr

j̃1, (2.3.13)

where γ is replaced by γr because a FEL is always operated close to resonance.
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Space charge field

Not only the transverse field Ẽx, but also the space charge field Ẽz is important in the
equations. The importance of the space charge field is because of microbunching, which is
based on the following principle: electrons losing energy to the light wave travel on a sinusoidal
trajectory of larger amplitude than electrons gaining energy from the light wave. The result
is a modulation of the longitudinal velocity which eventually leads to a concentration of the
electrons in slices which are equal than the wavelength λl. The microbunching process is
shown in figure 2.3.1.

Figure 2.3.1: Microbunching process. The particles are plotted in a (x, z) plane. Left : initial
uniform distribution. Middle: beginning of microbunching. Right : fully developed microbunches with
periodicity of the wavelength λl. The figure is from reference [8].

The particles within a microbunch have a high density, which results in a strong Coulomb
repulsion than between slices. This effect leads to the importance of the longitudinal space
charge field Ẽz. This can be computed using the Maxwell equation ∇∇∇·E = ρ/ε0, where the
homogeneous part ρ0 can be disregarded. The periodic part of the charge density generates
a periodic longitudinal field following

dẼz(z, t)

dz
=
ρ̃1(z)

ε0
exp[i((kl + ku)z − ωlt)]. (2.3.14)

Writing

Ẽz(z, t) = Ẽz(z) exp[i((kl + ku)z − ωlt)],

we can compute its derivative

∂Ẽx(z, t)

∂z
=
(
i(ku + kl)Ẽz(z) + Ẽ′z(z)

)
exp[i((kl + ku)z − ωlt)]

≈ i(ku + kl)Ẽz(z) exp[i((kl + ku)z − ωlt)],

since the amplitude is slowly varying and thereby
∣∣∣Ẽ′z(z)∣∣∣� (kl + ku)|Ẽz(z)|. Equate this to

(2.3.14) and use ku � kl to obtain for the complex amplitude of the longitudinal electric field

Ẽz(z) ≈ −
i

εkl
ρ̃1(z) ≈ −

iµ0c
2

ωl
j̃1(z). (2.3.15)
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2.3. ONE-DIMENSIONAL THEORY OF THE HIGH-GAIN FEL

2.3.3 The coupled first-order equations

In equation (2.3.13) an expression for the derivative of Ẽx to z is derived. But, in section
2.2.2 the derivatives of (ψ, η) are with respect to time t. Replacing the time t by z according
to z(t) = β̄ct we get

dψ

dz
= 2kuη, (2.3.16)

since β̄ ≈ 1. For the relative energy deviation η we find

dη

dz
= − eE0K̂

2mec2γ2r
cos(ψn).

In the section where the derivative of η was derived, a constant electric field amplitude E0

was assumed. Later on the amplitude was assumed to be dependent on z, therefore E0 is
replaced by Ẽx and we rewrite the equation as[

dη

dz

]
l

= − eK̂

2mec2γ2r
<(Ẽxe

iψ).

Only the real part of Ẽx is of influence since the relative energy is always a real quantity. The
index ”l” indicates the coupling to the light wave. The energy change is also dependent on
the space charge (sc) field. The rate of change of the electron due to the longitudinal force is

dW

dt
= v̄zFz = −ev̄z<(Ẽze

iψ).

Since z = v̄zt the influence of the space charge is[
dη

dz

]
sc

= − e

mec2γr
<(Ẽze

iψ).

Combining the effects of the light wave and the space charge leads to

dη

dz
= − e

mec2γr
<

{(
K̂Ẽx
2γr

+ Ẽz

)
eiψ

}
. (2.3.17)

Both Ẽx(z) and Ẽz(z) are related to the modulation amplitude j̃1(z) of the electron beam
current density by equations (2.3.13) and (2.3.15). There is no expression for j̃1 yet, so that
will be the next thing to do.
Given an amount of electrons in (ψ, η) space, the electron bunch is divided into longitudinal
slices of length λl. Each slice has an area Ab = πr2b , where rb is the radius of the bunch. In
terms of the ponderomotive phase these slices are of length 2π. So in the slice with domain
[0, λl) and N electrons we find that the phases ψn(n = 1, ..., N) are in the range of [0, 2π). If
we treat the electrons as point-like particles, the longitudinal distribution can be expressed
in the form

S(ψ) =
N∑
n=1

δ(ψ − ψn) ψ,ψn ∈ [0, 2π]. (2.3.18)

In the currently assumed periodic model we restrict ourselves to the special case where the
initial state is characterized by either a perfectly uniform longitudinal distribution of the
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electrons or by a density distribution that is periodic in ψ with period 2π. Therefore we can
continue function (2.3.18) periodically so that it is now defined for all |ψ| < ∞. Because of
the periodicity of S(ψ) that now occurs, the function can be expanded in a real Fourier series

S(ψ) =
a0
2

+
∞∑
k=1

[ak cos(kψ) + bk sin(kψ)] (2.3.19)

ak =
1

π

∫ 2π

0
S(ψ) cos(kψ)dψ k = 0, 1, 2, ...

bk =
1

π

∫ 2π

0
S(ψ) sin(kψ)dψ k = 0, 1, 2, ...

Now let ck = ak − ibk and then rewrite S(ψ) as

S(ψ) =
c0
2

+ <

{ ∞∑
k=1

ck exp(ikψ)

}
, ck =

1

π

∫ 2π

0
S(ψ) exp(−ikψ)dψ.

Next we compute the relation between the Fourier coefficients and the current density j̃1. The
first part of the current density is the direct current j0 and it is proportional to the zeroth
Fourier coefficient c0/2 ≡ a0/2 = N/(2π). From j0 = −ecne and ne = N/(Abλl) follows :

j0 = −ec 2π

Abλl

c0
2
,

where N is the number of electrons in a slice of area Ab and length λl and ne is the number
of electrons per unit volume. The modulation current j̃1 is proportional to the first Fourier
term at k = 1:

c1 =
1

π

∫ 2π

0

(
N∑
n=1

δ(ψ − ψn)

)
exp(−iψ)dψ =

1

π

N∑
n=1

exp(−iψn).

Similar to j0 we obtain

j̃1 = −ec 2π

Abλl
c1 = −ec 2π

Abλl

1

π

N∑
n=1

exp(−iψn) = j0
2

N

N∑
n=1

exp(−iψn). (2.3.20)

Now that we have an expression for the modulated current density, we can compute the time
evolution of our system numerically. Note that ”time” here stands for our time variable z.
The complete set of coupled first-order equations in the steady-state model is

dψn
dz

= 2kuηn, n = 1, ..., N (2.3.21a)

dηn
dz

= − e

mec2γr
<

{(
K̂Ẽx
2γr

− iµ0c
2

ωl
· j̃1

)
exp(iψn)

}
(2.3.21b)

j̃1 = j0
2

N

N∑
n=1

exp(−iψn) (2.3.21c)

dẼx
dz

= −µ0cK̂
4γr

j̃1. (2.3.21d)
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These equations describe the evolution in time of the ponderomotive phase ψn and the relative
energy ηn of the nth electron (n = 1, ..., N). Through the modulated current density j̃1 this
determines the amplitude of the light wave Ẽx.
Unfortunately, an analytical solution does not exist for these equations. But, if we make the
additional assumption that the periodic density modulation remains small it is possible to
derive a differential equation containing only the electric field amplitude Ẽx(z). This equation
has an analytical solution. For the differential equation and its solution we refer to Appendix
A.

2.3.4 Dimensionless periodic model

In this section the model consisting of the four coupled first-order equations (2.3.21) will be
made dimensionless. Writing equations in dimensionless form makes is easier to recognize
what mathematical method to apply, because it gives insight in the order of magnitude of the
parameters and therefore assesses the relative importance of terms in the model equations.
Another important reason is that dimensionless models are in general less sensitive to numer-
ical round-off errors. To make our model dimensionless the dimensions of the quantities used
in the equations are noted:

[ψn] = − [ku] = m−1 [e] = As
[ηn] = − [me] = kg [c] = ms−1

[j̃1] = Am−2 [γr] = − [K̂] = −
[Ẽx] = V m−1 [µ0] = V sA−1m−1 [ωl] = s−1

We introduce the new variable τ as the normalized ’time’, which is defined as τ ≡ kuz. This
leads to new expressions for equations (2.3.21a),(2.3.21b) and (2.3.21d)

dψn
dτ

= 2ηn, (2.3.22a)

dηn
dτ

= − e

kumec2γr
<

{(
K̂Ẽx
2γr

− iµ0c
2

ωl
· j̃1

)
exp(iψn)

}
, (2.3.22b)

dẼx
dτ

= −µ0cK̂
4kuγr

j̃1. (2.3.22c)

Equations (2.3.22a) and (2.3.22b) are now dimensionless, but equation (2.3.22c) still isn’t.

To change this a new variable is defined: the normalized variable Êx ≡ Ẽx

ω2
l µ0e

. With this,

equation (2.3.22b) and (2.3.22c) change and the complete dimensionless model becomes

dψn
dτ

= 2ηn, (2.3.23a)

dηn
dτ

= − eµ0
kumec2γr

<

{(
K̂ω2

l eÊx
2γr

− ic2

ωl
· j̃1

)
exp(iψn)

}
, (2.3.23b)

j̃1 = j0
2

N

N∑
n=1

exp(−iψn), (2.3.23c)

dÊx
dτ

= − cK̂

4ω2
l ekuγr

j̃1. (2.3.23d)
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Although all parameters are dimensionless, the model can still be improved. As said before,
numerical round-off errors occur less when all the parameters are of the same order of mag-
nitude. In equations (2.3.23) this is not the case yet (see equations (3.1.1) and (3.1.2)). Due
to the finite time of this project we have not succeeded to find a better dimensionless model
yet and therefore it is worth investigating a better dimensionless model in further research.

2.4 Time-dependent theory

The periodic model assumes an infinitely long periodic electron bunch, which means that
the slowly varying amplitude of the light wave is only dependent on the z-position in the
undulator. In reality, the electron bunch is finite and has a position-dependent distribution
of electrons. This leads to the current density inside the electron bunch depending on the
z-position and an internal bunch coordinate ζ, and the amplitude of the electric field depend-
ing on a corresponding coordinate u inside the FEL pulse.

The pondermotive phase ψ of an electron can be transformed into a longitudinal coordi-
nate ζ inside the bunch, which is a more intuitive interpretation of ψ and it can be related
to a coordinate of the electric field, which we will find useful later on. ζ is defined as

ζ =
ψ

kl + ku
≈ ψ

2π
λl.

In figure 2.4.2 the internal bunch coordinate ζ is schematically shown.

Figure 2.4.1: The ponderomotive phase ψ and its corresponding internal longitudinal bunch coordi-
nate ζ.

The electron that has an initial phase ψ0 = 0 moves with the average electron speed v̄z along
the undulator. So the z position of that electron is z(t) = v̄zt. Then for an arbitrary electron
with position z in the undulator the internal bunch coordinate is

ζ(t) = z − v̄zt.

which can be rewritten as
z(t) = v̄zt+ ζ(t), (2.4.1)

for the position in the undulator of the electron. The same can be done for the internal
coordinate u inside the FEL pulse and then by using equation (2.4.1) we obtain

u = z − ct =

(
1− c

v̄z

)
z +

c

v̄z
ζ. (2.4.2)
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Now the electric field and current density in the bunch can be written as

Ẽx(z, t) = Ê(z, u) exp(iklz − iωlt), (2.4.3)

j̃z(z, t) = j0(ζ) + ĵ1(z, ζ) exp(i(kl + ku)z − iωlt), (2.4.4)

where Ê(z, u) denotes the complex field amplitude and the subscript x is left out for simplicity.
Equations (2.4.3) and (2.4.4) are now substituted into the wave equation.[

∂2

∂z2
− 1

c2
∂2

∂t2

]
Ẽx(z, t) = µ0

∂j̃x
∂t

. (2.4.5)

It then follows that

∂2Ẽx(z, t)

∂z2
=

[
∂2

∂z2
+ 2

∂2

∂z∂u
+

∂2

∂u2
+ 2ikl

(
∂

∂z
+

∂

∂u

)
− k2l

]
Ê(z, u) exp(iklz − iωlt),

∂2Ẽx(z, t)

∂t2
= c2

[
∂2

∂u2
+ 2ikl

∂

∂u
− k2l

]
Ê(z, u) exp(iklz − iωlt).

In the previous assumption of the slowly varying amplitude (SVA), Ê(z, u) is assumed to
be a smooth and slowly varying function of z and u such that its second derivatives can be
neglected: ∣∣∣∣∣∂2Ê∂z2

∣∣∣∣∣� kl

∣∣∣∣∣∂Ê∂z
∣∣∣∣∣ ,

∣∣∣∣∣ ∂2Ê∂z∂u

∣∣∣∣∣�
∣∣∣∣∣∂Ê∂z

∣∣∣∣∣ .
So the left term of the wave equation becomes[

∂2

∂z2
− 1

c2
∂2

∂t2

]
Ẽx(z, t) = 2ikl

∂

∂z
Ê(z, u) exp(iklz − iωlt). (2.4.6)

On the right term of the wave equation j̃x is written in the form

j̃x ≈
vx
c
j̃z =

[
j0(ζ) + ĵ1(z, ζ) exp(i(kl + ku)z − iωlt)

] K
γ

cos(kuz).

The stimulation by the shape term j0(ζ) is far away form the FEL resonance and hence this
term can be dropped when computing the time derivative:

∂j̃x
∂t

= −
[
v̄z
∂j̃x
∂ζ

+ iωlĵ1(z, ζ)

]
exp(i(kl + ku)z − iωlt)

K

γ
cos(kuz).

From the SVA approximation we find

v̄z

∣∣∣∣∂j̃x∂ζ
∣∣∣∣� ∣∣∣ωlĵ1(z, ζ)

∣∣∣ .
Hence equation (2.4.5) becomes

∂

∂z
Ê(z, u) = −µ0cK

2γ
ĵ1(z, ζ) exp(ikuz) cos(kuz).
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The term exp(ikuz) cos(kuz) can be replaced by 1/2, since it carries out one oscillation per
undulator period and averages to 1/2. To take the longitudinal oscillation into account we
replace K by K̂ [8] and we finally obtain an expression for the derivative of Ê:

∂

∂z
Ê(z, u) = −µ0cK̂

4γr
ĵ1(z, ζ). (2.4.7)

The expression for the current density is

jz =
Qbv̄z
NtAb

Nt∑
n=1

δ(ζ − ζn(z)),

where Qb = −Nte is the charge of the bunch, Ab the cross section, and Nt the total number
of electrons in the bunch. Similar to the periodic model, jz must be approximated by smooth
functions j0(ζ) and ĵ1(z, ζ) that vary slowly in the z and ζ coordinates For this we refer to
[8].
Next the bunch is subdivided into slices of length λl and we assume locally periodic conditions
in the bunch, which means that within each slice the current density is the same everywhere
in that slice and the amplitude is the same everywhere in that slice. The local amplitude of
the first harmonic is written as

ĵ1(z, cm) ≈ j0(cm)
2

Nm

∑
n∈Im

exp(−iklζn), (2.4.8)

where cm = mλl is the center of slice m, Nm the number of particles in that slice and Im
the index range. Now that we have an expression for the modulated current density, we can
complete the time evolution of our system. The time-dependent form of the coupled equations
is

dψn
dz

= 2kuηn, n = 1, ..., N, (2.4.9a)

dηn
dz

= − e

mec2γr
<

{(
K̂Ê(z, un)

2γr
− iµ0c

2

ωl
· ĵ1(z, ζn)

)
exp(iψn)

}
, (2.4.9b)

ĵ1(z, cm) = j0(cm)
2

Nm

∑
n∈Im

exp(−iψn), cm = mλl, (2.4.9c)

dÊ(z, u)

dz
= −µ0cK̂

4γr
ĵ1(z, ζ). (2.4.9d)

Different from the steady-state model, the time-dependent model has a varying amplitude,
which leads to m slices with a different value for Ê(z, u) instead of one value for Ẽx in equa-
tions (2.3.21). Also m different values for the current density ĵ1(z, cm) are taken into account
instead of one value for j̃1 in equations (2.3.21).

The light wave has speed c and the electron bunch has speed v̄z = β̄c, where β̄ is close
to but smaller than 1. As a result the light wave slips forward with respect to the electron
bunch. In the steady-state model this had no influence, because the bunch is infinitely long
with a periodic beam current and the amplitude of the light wave is only dependent on the
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z-position in the undulator. Now, the amplitude is also dependent on the internal coordinate
u in the pulse. Because of the occurring slippage this u corresponds with a different internal
bunch coordinate ζ for every time z. This can also be seen in formula (2.4.2).
In our numerical model we divide the electron bunch and electromagnetic wave into m slices
with each an own value for the beam current ĵ1,m and wave amplitude Êm. As mentioned be-
fore, the wave moves faster than the electron bunch and therefore slips forward. The slippage
can be calculated from the difference of the movement of the wave and the electron bunch,
which have speed c respectively v̄z. If we look at the slippage over a distance ∆z = λu in the
undulator, the time window is ∆t = λu/c, and we find for the slippage

slippage =
λu
c
c− λu

c
v̄z =

λu
c

(
1− 1 +

1

2γ2

(
1 +

K2

2

))
c

=
λu
2γ2

(
1 +

K2

2

)
= λl.

This means that when we take ∆z = λu in the numerical simulation, the wave slips exactly
λl every time step. This result is very useful for our simulation, since if we take exactly one
undulator period as the time step, the light wave slips λl forward each time step, which is
exactly the width of one slice.

Figure 2.4.2: The light wave and electron bunch are each divided in slices. The light wave slips
forward relative to the electron bunch. The width of the slices is λl, so if the time step is taken
∆z = λu, the light wave slips forward one slice each time step.

In the simulation we can apply the slippage by moving the values of the solution vector Ê
one place to the right each time step, which corresponds with moving the light wave λl to the
right. In this way, we take care of the slippage effect and therefore we do not have to keep
track at the internal bunch coordinates ζ and u, since the wave is automatically at the right
place relative to the electron bunch. This makes the simulation a lot easier. In Reiche (2000)
[6] a simulation of the FEL model is described and here a time step of exactly one undulator
period is chosen.
It is also possible to take a fraction of the undulator period as time step, for instance ∆z =
λu/20. Then slippage will be applied after 20 time steps by moving the values of vector Ê
one slice to the right.
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Chapter 3

Simulations

In the low-gain limit, an analytical solution for the steady-state exists, but because for other
interesting cases such a solution does not exist, we resort to simulations. We check the validity
of our simulation approach using the specific case where an analytical solution exists. For the
simulation we use numerical integrators, whose accuracy depend on:

• initial conditions,

• the Jacobian J(y, z).

The numerical accuracy largely depends on the Jacobian’s J(y, z) eigenvalues. Because the
problem is nonlinear, these eigenvalues depend on the solution y = y(z) and thus also indi-
rectly on the initial value y = y0. To get an impression of the eigenvalue distribution of J
we calculated these for a specific initial condition of interest for several values of z. It turns
out that the eigenvalues are clustered and are of different orders of magnitude (eigenvalue
0 is an ”accumulation point”). Because of the different orders of magnitude the equations
could be called stiff and require specific numerical time integration methods. A stiff system
of equations is a system for which certain time integration methods are numerically unstable.
The eigenvalues of the Jacobian can be used to determine the stiffness ratio of a problem.
We apply three different time integration methods to compare the accuracy and efficiency of
explicit and implicit time integration methods as a function of the time step.
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3.1 Jacobian for the steady-state model

First consider the coupled equations (2.3.23) in the periodic dimensionless model as ẏ =
F (y, z), where y = [ψ1, ..., ψN , η1, ..., ηN , Ẽx]T . For the evaluation of the stiffness of our
problem, we compute and analyze the Jacobian at a certain point z in the undulator of
function F (y, z). To get a better overview, we rename the constants in the model:

dψn
dτ

= 2ηn, (3.1.1a)

dηn
dτ

= −α1<
{(
α2Êx − iα3j̃1

)
exp(iψn)

}
, (3.1.1b)

j̃1 = −α4

N∑
n=1

exp(−iψn), (3.1.1c)

dÊx
dτ

= −α5j̃1. (3.1.1d)

with

α1 = eµ0
kumec2γr

≈ 1, 0274 · 10−17, α3 = c2

ωl
≈ 1, 0361, α5 = cK̂

4ω2
l ekuγr

≈ 2, 2965 · 10−13,

α2 =
K̂ω2

l e
2γr
≈ 5, 1819 · 1011, α4 = j0

2
N ≈ −

9.9925
N · 1010.

(3.1.2)
Now, the Jacobian at a fixed point z in the undulator of function F (y, z) is J = J(y, z) =
∂F (y, z)/∂z given by

1 . . . N N + 1 . . . 2N 2N + 1



1 2
...

... O
. . . 0

N 2
...

N + 1 −α1<(α2e
iψ1)

... A O
...

2N −α1<(α2e
iψN )

2N + 1 −iα4α5e
−iψ1 . . . −iα4α5e

−iψN . . . 0 . . . 0

,
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where

A = −α1<



iα2Ẽx + α3j̃1 + α3α4 α3α4 exp(i(ψ1 − ψ2)) . . . α3α4 exp(i(ψ1 − ψN ))

α3α4 exp(i(ψ2 − ψ1))

...
. . .

. . .
. . .

...

α3α4 exp(i(ψN−1 − ψN ))

α3α4 exp(i(ψN − ψ1)) . . . α3α4 exp(i(ψN − ψN−1)) iα2Ẽx + α3j̃1 + α3α4


.

We evaluate the eigenvalues of this matrix at a certain point z in the undulator by filling in
the numerical values for ψn, ηn and Ex. The eigenvalues are computed for the initial value
problem with initial conditions

• ψn is distributed equidistant in the domain [0, 2π),

• ηn = 0 for all n,

• Ex = 5 · 106,

with the number of electrons N = 5000. In the following table and figure the maximum and
minimum absolute eigenvalue are shown at different positions z in the undulator.

z (m) min. abs. ev. max. abs. ev.

0 1.675 · 10−12 4.998 · 10−3

0.12 3.947 · 10−6 4.998 · 10−3

2 2.511 · 10−4 5.000 · 10−3

4.8 7.012 · 10−4 5.017 · 10−3

9 4.362 · 10−3 7.987 · 10−3

Table 3.1: The minimum and maximum eigen-
values of the Jacobian for different values of z.

Figure 3.1.1: The minimum and maximum
absolute eigenvalues plotted for different posi-
tions in the undulator.

From table 3.1 and figure 3.1.1 we see that the difference between the maximum and minimum
eigenvalue gets smaller further down the undulator. At time z = 0 the difference is the biggest
and here the order of magnitude of the minimum and maximum is very different. Therefore
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the eigenvalues of the Jacobian at z = 0 are further investigated. In figure 3.1.2 all the 10001
eigenvalues and their absolute values are shown.

Figure 3.1.2: The 10001 eigenvalues of the Jacobian at z = 0 plotted in an complex plane (left) and
their absolute values are plotted as a function of index number (right).

Looking at figure 3.1.2 we see from the left graph that the 10001 eigenvalues are clustered
in 6 groups from which 2 clusters are the mirrored image of 2 other clusters, which leaves us
with 4 clusters in total. This does not match the 3 clusters we see in the right graph. The
difference of one cluster is because the three clusters with the biggest absolute value (in the
left graph the dots in the north, southeast and southwest) are of the same order of magnitude
if we look at their absolute value, so they are one cluster in the right graph. In the right
graph, it can also be seen that the cluster with eigenvalues of magnitude O(10−12) has most
eigenvalues. In the left graph the five clusters with the biggest absolute value all consist of 1
eigenvalue, which leaves the remaining cluster with 9996 eigenvalues. This means that in the
right graph the cluster with the highest absolute value consist of 3 eigenvalues, the cluster
near to that has 2 eigenvalues and the third cluster consists of 9996 eigenvalues.
This information about the eigenvalues can give more insight in the possible stiffness of the
problem. In this research it has not been investigated further on, because of the finite time of
the project. In future research it is recommended to look into the eigenvalues of the Jacobian
more deeply. For now, since the minimum and maximum value of the eigenvalues differ a lot
in order of magnitude, we can cautiously conclude that we are dealing with a stiff problem in
the begin of the undulator (z = 0).

3.1.1 Choice of time integration method

The appearance of a stiff problem is of influence to the choice of numerical method. We
consider the following time integration methods:

• ode45 method, which is a standard implemented solver in Matlab and which is suitable
for non-stiff problems.

• Fourth order Runge Kutta method for coupled differential equations.
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• Implicit leapfrog method, which is chosen for its implicity.

The first two methods are both explicit, which means that for computing the solution in the
next step, only the current solution is needed. Mathematically, if y(z) is the current system
state and y(z +∆z) is the state at the later time, then for an explicit method it holds

y(z +∆z) = F (y(z)).

In addition to explicit methods there are also implicit methods, which find a solution by
solving an equation involving both the current state of the system and the later one. Mathe-
matically they solve the equation

G(y(Z), y(z +∆z)) = 0

to find y(z +∆z). Implicit methods are in practice more suitable for stiff problems. Explicit
methods can also solve stiff problems, but often smaller time steps ∆z are needed. This makes
explicit methods slower. On the other hand implicit methods require an extra computation
in the integration step which often causes a longer total computation time. Whether to use
an explicit or implicit method depends on the problem.
Since we are dealing with a stiff problem, investigating an implicit method could be useful.
Therefore the third integration method we implement, will be the implicit leapfrog method.

3.2 ode45 time integration method

When facing a set of ordinary differential equations, the implemented ode45 solver in Matlab
is a good method for first analysis, because it is easy to implement the solver and it works
for a lot of problems1. The integration method uses a fourth order Runge-Kutta to compute
the solution in the next step size and then does the same with a fifth order Runge-Kutta.
Then it compares both solutions and if the difference is bigger than a given tolerance, the
method reduces the step size at that moment. So during the integration the step size changes.
This means that you do not need to determine the step size yourself (it is possible though to
determine the maximum relative error). The advantage of the adaptive step size is that the
big step sizes that can be taken at some point in the integration will save a lot of calculation
time, so the method gets faster. The integration method is explicit.
The problem of this integration method is that besides not determining the step size yourself,
you are also not able to see which step size the method takes. For this reason, we can not
compare the method with other integration methods. This is why the next integration method
we look at is the fourth order Runge-Kutta for coupled differential equations, where you have
to determine the step size yourself.

1A detailed description and further information on the ode45 solver can be found on
http://nl.mathworks.com/help/matlab/ref/ode45.html.
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3.3 Fourth order Runge-Kutta time integration method for
coupled differential equations

The second numerical method is the fourth order Runge-Kutta for coupled differential equa-
tions. In this method y and the right hand side function F (y, z) are split into two variables
and functions. This is done because the values for ψ and η differ in orders of magnitude from
the value of Ex. If we do not split y and F (y, z) into two variables and functions, there is a
chance that the small values of ψ and η have no influence since there is this big value for Ex
and the computer can only take into account a finite number of decimals.
The method splits solution y into y1 = [ψ1, ..., ψN , η1, ..., ηN ]T and y2 = Ex. Then we split
F (y) into functions where ẏ1 = F1(y1, y2, z) and ẏ2 = F2(y1, y2, z). The solution of the system
can be obtained using the fourth order terms in z, using

k1 = F1(y1, y2, z)∆z

l1 = F2(y1, y2, z)∆z

k2 = F1(y1 + k1/2, y2 + l1/2, z +∆z/2)∆z

l2 = F2(y1 + k1/2, y2 + l1/2, z +∆z/2)∆z

k3 = F1(y1 + k2/2, y2 + l2/2, z +∆z/2)∆z

l3 = F2(y1 + k2/2, y2 + l2/2, z +∆z/2)∆z

k4 = F1(y1 + k3, y2 + l3, z +∆z)∆z

l4 = F2(y1 + k3, y2 + l3, z +∆z)∆z

The incremental results are

yn+1
1 = yn1 +

1

6
(k1 + 2k2 + 2k3 + k4) ,

yn+1
2 = yn2 +

1

6
(l1 + 2l2 + 2l3 + l4) .

From the equations above we can see that this is an explicit integration method.

3.4 Implicit leapfrog time integration method

This implicit time integration method has several names: Leapfrog, Crank-Nicholson, θ-
method and more. For equations (2.3.23) in form ẏ = F (y(z)) this integration method
defines the solution yn+1 at the next time step zn+1 as follows

yn+1 − yn

∆z
=

1

2

(
F (yn) + F (yn+1)

)
. (3.4.1)

Thus yn+1 is a root of the function G(u) defined by

G(u) =
u− yn

∆z
− 1

2
(F (yn) + F (u)) . (3.4.2)
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To determine this root, we solve G(u) = 0 with a a Newton method:

1. Choose u0 (for instance u0 = yk).

2. uk+1 = uk − [G′(uk)]
−1G(uk)

repeat until k > kmax or ||G(uk)|| � tol.

3. yk+1 = uk+1.

Every step 2 of the Newton iteration above we have to determine vk := [G′(uk)]
−1G(uk), i.e.,

a vector vk such that
G′(uk)vk = G(uk). (3.4.3)

The latter equation is solved by using the gmres function in Matlab. This function solves
the system Ax = b for given A and b. In our situation we have the matrix A = G′(uk) and
vector b = G(uk). Because the matrix A = G′(uk) is a Jacobian matrix and gmres needs only
multiplications with A, it turns out to be not necessary to calculate A exactly (this would
also be quite expensive for large amount of particles N) : multiplication v → Av now reduces
to

Av = G′(uk)v = lim
h→0

G(uk + hv)−G(uk)

h

≈ G(uk + hv)−G(uk)

h
.

Because an iterative method in Matlab (such as gmres) can be given v → Av instead of A,
we pass function

v → G(uk + hv)−G(uk)

h
, (3.4.4)

instead of matrixG′(uk). Note that we approachG′(uk) with a difference (G(uk + hv)−G(uk)) /h.
To get a good approximation h should not be too small, neither be too large. However, since
we have not equi-scaled the different components of G(ψ, η,E) it may be impossible to find
a suitable value for h.
To conclude for the implicit leapfrog method: in each integration step from z to z + ∆z
computations are done on three different levels:

Level 1: compute yk

Level 2: compute approximation uk to yk+1 in a Newton iteration

Level 3: compute v with gmres, using (3.4.4)
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Chapter 4

Results

This section shows the outcome of the numerical simulations. The first part shows results
from the steady-state model and the second part from the time-dependent model. To get
a feeling for what is happening in the undulator we start with graphs of the evolution of
phase space structures of the electrons . Next the graphs of amplitude of the light wave are
compared with the phase space graph at the same position z in the undulator magnet. From
the amplitude of the wave the total power generated by the FEL can be computed. In most
of the FEL studies, graphs of the power are shown, so for the upcoming results we will focus
on that graph. The influence of different initial conditions on the power will be shown and
after that also the number of electrons (N) will be varied and compared.
All previous results are not specific for a particular numerical integration method. Next
we zoom in more deeply on results of a specific integration method. For each method the
power plot is compared with an analytical solution and we look at energy conservation of the
method. After that the running time and accuracy of the numerical methods are compared.
In the second part of this section the results of the time-dependent model are shown. Here the
modulated current of the electron beam and the electric field of the FEL wave are shown at
different positions in the undulator magnet. Also the results are compared with the numerical
results of the ONEDFEL simulation [4].
For all results we use typical FLASH parameters: Lorentz factor γ = 1000, number of electrons
Ne = 109, bunch length 100 fs, rms bunch radius 0.07 mm, λu = 27 mm, B0 = 0.47 T and
λl = 2.30 · 10−8.
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4.1 Steady-state model

The results from the steady-state model are shown in this section. In this model an infinitely
long electron bunch with periodic beam current is assumed. Therefore the numerical calcula-
tions can be done on a single slice of the electron bunch, since the conditions are periodic in
the bunch. First we show general results that give a general understanding on the physical
problem we are dealing with and after that the specific integration methods are discussed.

4.1.1 General Results

The dimensionless periodic form (2.3.23) of the coupled first-order differential equations can
be used to study the evolution of the phase space structures of the electrons in time.

In the simulation we take a total of
N = 50000 test particles which are
distributed uniformly in the pondero-
motive phase variable over the inter-
val −3π/2 ≤ ψ ≤ π/2. Since the pe-
riodic model is assumed, the distribu-
tion in ψ is periodically continued to
the full range −∞ < ψ <∞. The en-
ergy spread is a randomly distributed
Gaussian with mean µ = 0 and stan-
dard deviation σ = 2.48 · 10−4. The
FEL process is started by a seed laser
beam with Ein = 5 MV/m. In figure
4.1.1 the distribution of the electrons
in the phase space (ψ, η) is shown at
the beginning of the undulator. The
separatrix can be computed by an ad-
justed form of equation (2.2.21):

Figure 4.1.1: The distribution of the particles in
the (ψ, η) plane at z = 0. The separatrix is shown
by the black curves. The color of the particles
shows in which bucket they are located initially.

ηsep(ψ) = ±

√√√√e2ω2
l µ0

∣∣∣Êx(z)
∣∣∣ K̂

kumec2γ2r
cos

(
ψ + ϕE(z)

2

)
, (4.1.1)

where ϕE(z) is the phase of Êx at position z in the undulator. In figure 4.1.1 we see that
originally many particles are outside the FEL buckets. From equation (4.1.1) we see that the
height of the separatrix grows with the square root of the amplitude of the wave. Since the
amplitude grows over time, the height of the bucket will also grow and eventually almost all
particles will be in the buckets. To show this multiple graphs of the phase space plane at
different positions in the undulator are shown in figure 4.1.2.
Indeed we see that the height of the buckets grows over time. Another notable observation is
the movement of the buckets over time: the buckets move slightly to the left with increasing
z. Furthermore we see that the bunch structure changes over time and changes strongly after
position z = 8. Where at position z = 0 in the undulator all light blue particles were in the
same bucket, later on in the undulator this changes to light blue particles in three different
buckets. The structure of the bunch tells us something about the energy loss and gain of the
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Figure 4.1.2: Evolution of the structure of the electron bunch. From top left to bottom right the
position of the undulator is: z = 4, z = 6, z = 7, z = 8, z = 10 and z = 12.

bunch. Energy is lost by the bunch when more particles are moving in the negative η direction
compared to particles moving in the positive η direction. The more negative η is, the less
energy the particles have and thus the more energy the light wave Êx has. The highest energy
for the wave is when the sum of the relative energy η of the particles is least. In phase space
plane this is when relatively the most particles are at the bottom of the bucket. In figure
4.1.2 this is somewhere between z = 8 and z = 10.

Figure 4.1.2 shows the microbunching process. At z = 4 no microbunches are visible yet,
but starting from z = 7 the bunches can be seen, where at z = 10 the microbunches are
clearly visible. Within a bunch a large number of electrons start to radiate coherently and
the intensity of the radiation field grows quadratically with the number of coherently acting
particles. This causes an exponential growth of the amplitude of the electromagnetic wave,
shown later on. The amplitude Êx growth depends on the beam current density j̃1, which
depends on the phases ψn of the particles (see equations (2.3.21)). Next we plot the evolution
of the amplitude of the wave Êx over time.
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Figure 4.1.3: The normalized (to Êx(z = 0)) amplitude Êx plotted over the position in the undulator.
The first top of the graph is the saturation point.

Looking at figure 4.1.3 we see that the growth of the amplitude of the wave does not
continue indefinitely. At a certain point, which is at z = 9.24, the graph has reached a
saturation point. Right after this point the light wave doesn’t gain, but loses energy. The
saturation point can thus be related to the first top in figure 4.1.3, which corresponds with
the phase space plot where relatively the most electrons are at the bottom of the bucket. The
power produced by a FEL can be computed from the wave amplitude Êx by

P = ε0Ê
2
xAbλl. (4.1.2)

In most articles about FEL and simulations of the equations, graphs of the produced power
are given. Therefore we also give the power graph to show results from now on. The power
plot according to the wave amplitude in figure 4.1.3 is shown in figure 4.1.4.

Figure 4.1.4: The normalized power P with respect to P (z = 0) plotted over the position in the
undulator.
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Varying initial conditions

Next the influence of different initial conditions is analyzed. We start by varying the initial
distribution for ψn, which is again in domain [−3π/2, π/2]. Three different distributions are
taken for ψn:

• ψn distributed equidistantly,

• ψn distributed random uniformly,

• ψn distributed as a Gaussian with mean µ = −π/2 and standard deviation σ = π/3.

Figure 4.1.5: Phase space plane at z = 0 for different initial distributions of ψn with number of
particles N = 18. Left : equidistant distribution. Middle: Random uniform distribution. Right :
Gaussian distribution. The initial condition for ηn is taken as ηn = 0 in all three situations.

For the remaining initial condition we take ηn = 0 for all n = 1, ..., N and Ein = 5 MV/m.
In the simulation a total of N = 50000 test particles is taken. The power generated by the
different initial conditions is shown in figure 4.1.6 for multiple simulations.

Figure 4.1.6: The normalized power P plotted for different initial conditions of ψn. For each initial
condition the simulation has run 5 times. The blue lines correspond to a equidistant distribution,
the red lines correspond to the random uniform distribution and the green lines correspond to the
Gaussian distribution.

In the figure we see that a different initial condition for ψn has a huge impact on the generated
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power. For the uniform distribution it takes longest to get to saturation and for the Gaussian
it takes the shortest time. How is this possible? Let’s look at the system of differential
equations (2.3.23) again and especially at the third equation:

j̃1 = j0
2

N

N∑
n=1

exp(−iψn).

The term in the sum explains the form of the graphs in figure 4.1.6, because the sum over
exp(−iψn) is zero (numerical errors aside) if ψn is distributed equidistantly, its absolute value
is bigger than zero for a random uniform distribution and it has the biggest absolute value
when ψn is distributed as a Gaussian. Then the same holds for j̃1 and the size of this term
is relevant for the growth of the amplitude of the wave and thus the power. This can be
explained as followed: when j̃1 is big in absolute value at z = 0, it means that the particles
are pre-bunched. For instance look at the case where ψn is distributed as a Gaussian: here the
particles are obviously more microbunched than the case where ψn is distributed equidistantly
at z = 0. So when the particles are what we call prebunched, the term j̃1(z = 0) is bigger and
the microbunching process starts earlier, which implies an earlier start of the power growth.
The size of N has obviously also an influence on variable j̃1 and thus on the power growth.
We will investigate this later on.

Instead of varying the distribution of ψn, the distribution of ηn can also be changed. For
this, two distributions for ηn are examined:

• ηn = 0 for all n = 1, ..., N ,

• ηn is distributed Gaussian with mean µ = 0 and standard deviation σ = 2.48 · 10−4.

Figure 4.1.7: Phase space plane at z = 0 for different initial distributions of ηn with number of
particles N = 18. Left : ηn = 0. Right : Gaussian energy distribution with mean µ = 0 and standard
deviation σ = 2.48. The initial distribution for ψn is uniform in both plots.

The distribution of ψn is taken uniformly and for the seed we take Ein = 5 MV/m. In the
simulation a total of N = 50000 test particles is taken. The power generated by the different
initial conditions for ηn is shown in figure 4.1.8 for multiple simulations.
Comparing figure 4.1.6 with figure 4.1.8 we see that the impact of different initial conditions
for ψn is much bigger than the impact of different initial conditions for ηn. In figure 4.1.8
we see that some red lines have a bump in the beginning of the graph. In this case the wave
apparently loses energy to the electrons in the beginning. When analyzing the phase space
plot in figure 2.2.4 we saw that the wave loses energy if more electron have a negative φ then
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Figure 4.1.8: The normalized power P plotted for different initial conditions of ηn. For each initial
condition the simulation has run 5 times. The blue lines correspond with ηn = 0 for all n and the red
lines correspond with the Gaussian distribution.

a positive φ. This happens when as initial conditions we take ηn from a Gaussian distribution
and more electrons have a negative η then a positive η. Because then, when the electrons
start moving, after a while (approximately rotated one quarter of the bucket) the electrons
with negative η get negative ψ and electrons with positive η now have positive φ. So then
there are more electrons with negative φ and the light wave loses energy.

As third initial condition Ein is investigated. Two cases are considered: Ein = 5 MV/m
and no seed, i.e., Ein = 0 V/m is computed. If for the remaining initial conditions, for all
n, ψn is distributed equidistantly and ηn = 0 is taken, we should find a power growth in the
first situation, but not in the second situation where Ein = 0. This is because all differential
equations (2.3.23) are equal to zero at z = 0 and thus stay 0 later on in the undulator.

Figure 4.1.9: The normalized power P plotted for different initial conditions of Ein. The blue line
corresponds with Ein = 5 MV/m and the red line corresponds with Ein = 0 V/m.
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At first sight it looks like the power grows at the same rate in both situations, only the order
of magnitude is very different. But the growth of the red graph is due to numerical noise in
the computer (of O(10−16)). Because of the noise at the beginning of the simulation, j̃1 is
not exactly zero, and therefore the amplitude of the wave starts to grow. Since the difference
in order of magnitude is this big, we can conclude that the produced power in the case where
Ein = 0 MV/m is just noise and the red line should be zero along the whole undulator.

The last variable investigated is not really an initial condition, though it is of importance,
namely the number of test particlesN . Five different values forN are taken: 50, 500, 5000, 50000
and 500000. The results for two different initial conditions for ψn (equidistantly and random
uniform distributed), ηn = 0 and Ein = 5 MV/m are shown in figure 4.1.10. Based on the fig-

Figure 4.1.10: The normalized power P plotted for different values ofN and different initial conditions
for ψn. Left : ψn distributed equidistantly. Right : ψn distributed random uniform.

ure, N has a big impact on the power growth when ψn is random uniform distributed and no
impact on the power growth when ψn is equidistantly distributed. This can be explained by
the term j̃1 = j0 2/N

∑
exp(−iψn). If ψn is distributed equidistantly, the term

∑
exp(−iψn)

is equal to zero for all N at z = 0. So is does not matter how big or small N is. If ψn is
distributed random uniform, this term is not equal to zero. It even turns out that the smaller
N , the bigger

∑
exp(−iψn) and thus the bigger j̃1. But a small N is not realistic, because

we have lots of particles. And thus the value we get for j̃1 with a small N is not realistic.
The reason for this unrealistic j̃1 is the distribution of ψn, which is called the noise on the
distribution. Since we want realistic noise, it is logic to take a realistic value for N , which
is a big number. But the bigger N , the longer the simulation takes, which is not desirable.
Somehow we want to use a small N , but still have a realistic simulation which corresponds
to realistic noise. This can be done by taking a specific distribution of ψn and small N , such
that j̃1 is in the same range as with a big N . We tried to find such a distribution through the
Fourier transform of ψn, were we changed the first term of the Fourier term to zero and then
applied an inverse Fourier transform. We expected that then j̃1 would be zero. Unfortunately,
this was not the case, so we have not been able yet to find a distribution of ψn via the Fourier
transform. Finding a specific distribution for ψn is still a challenge that should be further
investigated. In other research Hammersly of Halton sequences are used for ψn, so this is also
an option for investigation.
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4.1.2 Comparing integration methods

Analytical solution

In the steady-state case three different integration methods were tested. Each integration
method is compared with an analytical solution and the energy conservation of each method
is tested.
For low-gain it is possible to derive an analytical solution up to the saturation point. The full
derivation of this solution can be found in Appendix A. For now we only show the solution:

Ẽx(z) =
Ein
3

[
exp((i+

√
3)Γz/2) + exp((i−

√
3)Γz/2) + exp(−iΓz)

]
, (4.1.3)

where Γ = [(µ0K̂
2e2kune)/(4γ

3
rme)]

1/3 is the gain parameter (see also Appendix A). In all
computations the same initial conditions are used. For comparison with an analytical solution
a constant relative energy for every particle is needed, therefore we consider the special case
ηn = 0 for every n at position z = 0, which means that the electron energy is equal to the
resonant energy. For the phase an equidistant distribution is taken, where ψn ∈ [−3/2π, π/2).
Furthermore we have Ein = 5 MV/m and number of test particles N = 50000. The first
method analyzed is the ode45 method, where no time step has to be specified. The power
plot with the solution from the ode45 method and the analytical solution, and the relative
error

|Panalytic − Pode45|
|Panalytic|

are shown below.

Figure 4.1.11: The results for the numerical method ode45. Left : The power plot and the analytical
solution. Right : The relative error made in the ode45 method, which is calculated from the analytical
solution. Note that the right plot does show the first value since it is equal to zero and can not be
plotted on a logarithmic scale.

From figure 4.1.11 we see that at the beginning of the graph the solution computed from
ode45 is close to the analytical solution. Near the saturation point the analytical solution
does not hold anymore. That is why in the relative error graph the error goes to 1.
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The same graphs can be made for the fourth order Runge-Kutta and implicit leapfrog in-
tegration methods. The analysis of the normalized power for the fourth order Runge-Kutta
method and implicit leapfrog method look the same as the left plot of figure 4.1.11. Therefore
we will not show them. The relative error plot looks different for each integration method.
All three methods are shown in figure 4.1.12. Since all three methods look similar after point
z = 1 in the undulator, another graph with only the beginning of the undulator is shown to
see the difference between the methods more clearly.

Figure 4.1.12: The relative error plotted for each integration method. For the ode45 method the step
size is not specified. For the fourth order Runge-Kutta method and the implicit leapfrog method the
time step is 8/100 = 0.08. Left : the relative error shown for the entire undulator. Right : the relative
error at the beginning of the undulator. In both graphs the blue line is the ode45 method, the red
dashed line the fourth order Runge-Kutta method and the light blue dashed line the implicit leapfrog
method.

Looking at figure 4.1.12 it looks like all three methods are similar. If we look closer at the
right graph it is visible that at the first point the ode45 method is most accurate, but at
the second step and further on the fourth order Runge-Kutta method is the most accurate.
Comparing the ode45 method and fourth order Runge-Kutta method we must keep in mind
that the ode45 method uses a fourth order Runge-Kutta integration. In the right graph we
see that the ode45 method is less accurate compared with the fourth order Runge-Kutta
method.
As mentioned before the ode45 method does not allow you to change the step size and does
not show what step sizes it takes. Therefore you can not make a proper comparison between
this method and another one. Next accuracy and efficiency of the methods will be analyzed
and it will be done for only the fourth order Runge-Kutta and implicit leapfrog methods.

The measure for the accuracy of the method will be the error made at the beginning of
the undulator at position z = 0.16. In the table below for both methods the error made is
shown for different step sizes. The error is computed by

error =
|Panalytic(0.16)− Pmethod(0.16)|

|Panalytic(0.16)|
.
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step size error fourth order Runge-Kutta error implicit leapfrog

0.16 1.2816 · 10−6 1.1554 · 10−5

0.08 2.7439 · 10−7 7.3304 · 10−7

0.04 1.7575 · 10−8 5.3224 · 10−8

0.02 4.5246 · 10−9 1.0584 · 10−8

0.01 6.0946 · 10−9 6.5687 · 10−6

Table 4.1: The error made at position z = 0.16 in the undulator for the fourth order Runge-Kutta
method and the implicit leapfrog method. The error is computed from the analytical solution.

From table 4.1 we can conclude that the fourth order Runge-Kutta method gives more ac-
curate results than the implicit leapfrog method. This is not what we expected since mostly
implicit methods give better results then explicit methods. A possible explanation for this
result could be the amount of parameters needed in the implicit leapfrog method. Recalling
from section 3.4 the integration method uses three tolerance values during one integration
step: h (which can not be too small, neither too large), the tolerance for the Newton iteration
and the tolerance for the gmres function. All three tolerances cause round-off errors and these
could be the explanation for the implicit leapfrog method to be less accurate than the fourth
order Runge-Kutta method. Furthermore, many different tolerance values are tested for the
implicit leapfrog method and it turned out that in many cases the iteration method does not
converge at all, which also could be due to the round-off errors that are too large.
A second factor which influences the accuracy of the integration methods (due to round-off
errors in computer floating point arithmetic) is that the involved quantities in the simulation
are very different in magnitude:

• η varies in time in [−10−3, 10−3],

• ψ varies in time in [0, 2π],

• Ẽx varies in time in [106, 1013].

Adding such quantities of different order leads to a significant loss of amount of digits, poten-
tially up to 13−−3 = 16. This can cause implicit methods (for stiff systems) to fail because
of the required solving G(uk) = 0, which can be unsolvable if too many digits are lost.

Another way to compare the methods is to measure the computation time of the simula-
tion. The results of this are shown in the table below.

step size time fourth order Runge-Kutta time implicit leapfrog

0.16 0.0146 s 1.6887 s
0.08 0.0195 s 2.3688 s
0.04 0.0333 s 3.1109 s
0.02 0.0513 s 5.6067 s
0.01 0.0972 s 10.1250 s

Table 4.2: The computation time for the fourth order Runge-Kutta and implicit leapfrog methods.

From the table we see that the fourth order Runge-Kutta method is about 100 times faster
than the implicit leapfrog method. Since explicit methods are mostly faster than implicit
methods for the same time step, this is an expected result.
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Energy conservation

An integration method can be symplectic, which means that the method conserves energy.
To know whether a method is symplectic or not, the sum of the energy of the electrons and
the power of the light wave is examined at each time step:

Ptotal(z) = Pwave(z) + Pelectrons(z).

If the total power is the same value at each time step, we have a symplectic method. To
investigate this, the difference of the power at each time step with the power at position
z = 0 is plotted.

Figure 4.1.13: The difference in energy level if we compare the energy at the beginning of the
undulator with positions further along in the undulator.

In figure 4.1.13 is visible that the power difference is of order [10,−20 , 10−9], which is a good
result for a numerical method. The error is the smallest for the fourth order Runge-Kutta
method.

Summarizing, we have compared the fourth order Runge-Kutta method and the implicit
leapfrog method on accuracy, efficiency and energy conservation. On every comparison the
fourth order Runge-Kutta method came out better than the implicit leapfrog method. For
this reason, the time-dependent case is only computed with the fourth order Runge-Kutta
method.
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4.2 Time-dependent model

In the steady-state model an infinitely long electron bunch with periodic beam current was
assumed. Therefore the numerical calculations could be done on only one slice of the electron
bunch, since the conditions are similar for every slice in the bunch. In the time-dependent
model, the electron bunch is finite and the beam current is varying within the bunch. This
leads to a numerical model that includes the whole electron bunch, and not only one slice.
In this section we first present some general results relevant for the time-dependent model,
and second the results are compared with the results of the ONEDFEL simulation by Freund
[3, 4].

4.2.1 General results

In section 2.4 we have seen that in the time-dependent case slippage occurs. An example
which illustrates this slippage can be seen in figure 4.2.1, where as initial conditions we take
ψn equidistantly distributed, ηn = 0 and Ein = 5 MV/m. For the time-dependent case we also
need an initial distribution for the beam current. For that we take an parabolic distribution.

Figure 4.2.1: Evolution of the beam current j̃1 (blue line) and the wave amplitude Ê (red line). From
top left to bottom right the position of the undulator is: z = 5.02, z = 7.67, z = 10.37 and z = 19.95.
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In figure 4.2.1 we see the evolution of the beam current j̃1 and the wave amplitude Ê over
time. In the plot at z = 7.67 we see the initial parabolic shape of the beam current. In the
lower graphs is visible that both the beam current and the wave amplitude are characterized
by a complicated structure. Furthermore it is visible that the wave amplitude moves away
from the electron bunch. This illustrates the slippage effect.

4.2.2 Comparison with the ONEDFEL simulation

Different from the steady-state model, the time-dependent model does not have an analytic
solution which we can compare our results with. Fortunately, there exist other simulations of
a time-dependent FEL model who are comparable to our simulation. Henry Freund developed
a 1D simulation for the time-dependent model called ONEDFEL [3, 4]. In collaboration with
Freund the comparison between the two simulations is made. The results are shown in the
figure below.

Figure 4.2.2: The normalized power P plotted over the position in the undulator z for the ONEDFEL
simulation (blue line) and our own simulation (red line). Left : zmax = 10. Right : zmax = 30

From figure 4.2.2 we see that power growth given by the ONEDFEL simulation does not
completely overlap with the power growth computed by our simulation. The differences are
the size of the power, and the moment of the start of the exponential power growth. Although
the graphs do not completely match, they do show strongly similar behavior. For instance
in the left graph we see that the exponential growth is of equal size, and both simulations
start oscillating after saturation. Also in the right graph of figure 4.2.2 can be seen that in
both simulations the power keeps growing after saturation. This is different than the results
in steady-state. It is not known yet whether for a real FEL the power keeps growing after
saturation (as shown in the time-dependent case) or keeps oscillating (as shown in the steady-
state case). This is an important aspect for FEL users, so it should definitely be investigated
in future work.

In the finite time of this graduation project we have not been able to explain where the
difference between the two graphs come from. We do have some conjectures. For instance the
initial condition for ψn is distributed equidistantly in our simulation, but is distributed via
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a Gaussian quadrature in the ONEDFEL simulation. Also, the computation of the current
density j̃1 is different in the ONEDFEL simulation, it yields

j̃1 = j0
2

N

N∑
n=1

wn exp(−iψn),

where wn is a weight factor that is different for each electron.

These are just two differences in the computation of the simulations, for which at this moment
we do not know which simulation computes the solution in the right way, but maybe there
are even more differences. Therefore it is not strange that the graphs of the simulations look
different. Important is that the simulations show strongly similar behavior and therefore it
is plausible that the created simulation gives realistic results.
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Conclusions and recommendations

5.1 Conclusions

The set of coupled differential equations describing the FEL model are derived for the steady-
state case and the time-dependent case. For the steady-state case a dimensionless model has
been derived. We found that making the model dimensionless does not lead the variables
ψ, η and Ẽx to be of the same order. The sensitivity of the set of differential equations is
tested by computing the Jacobian and its eigenvalues. The difference in order of magni-
tudes of the eigenvalues is O(109). From this we can conclude that possibly we have a stiff
problem, which means that not every numerical integration method will work for the problem.

One of the goals of this project was to develop from scratch a working simulation that showed
results for the generated light in a FEL for the steady-state case that are similar to the results
in Schmüser, Dohlus and Rossbach (2008) and the analytical solution of the problem. This
has been achieved.

To investigate the stiffness of the problem, three numerical time integration methods have
been applied to the mathematical equations describing FEL physics. Two explicit and one
implicit method are applied. The first explicit method, ode45, cannot be compared with
the other methods because ode45 does not communicate which variable time step sizes it
takes. When comparing the methods for the specific case where an analytical solution exists,
the fourth order Runge-Kutta method gave more accurate results than the implicit leapfrog
method. From the analysis of the eigenvalues the problem was expected to be stiff. Stiff
problems mostly work better with an implicit method, which seems not the case here. This
could be due to the use of a first order finite difference approximation

G′(uk)v ≈
G(uk + hv)−G(uk)

h
,

in the implicit leapfrog method, where the fixed choice of h could be a bad choice depending
on the magnitude of the components of G, which relates to the before mentioned scaling issue.
Furthermore the explicit fourth order Runge-Kutta method was faster in computation time
than the implicit leapfrog method- for the same time step, which is an expected result since
explicit methods are often faster than implicit methods.

Energy conservation of the three applied numerical methods has been investigated. All three
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methods have an error in the energy conservation of order < 10−9, from which we can con-
clude that all three methods conserve energy. In general, implicit methods have better energy
conservation compared to explicit methods, but in our case the error of the total amount of
energy, which should be constant during the whole integration, was smallest for the fourth
order Runge-Kutta method.

The simulation of the time-dependent model has been compared with results from the ONED-
FEL simulation [3, 4]. The results show strongly similar behavior, such as same power growth
rate and power growth after saturation. The results also have differences, which could be due
to the different initial conditions and different computation of j̃1 in the simulations. Though,
since the results show many similarities, it was useful to create our simulation so it can be
used in future work for studying the behavior of the results.

To conclude the overall goal of this project was to get more fundamental understanding
of the FEL problem and typical challenges in the simulation of a FEL. By getting the know
the theory of the FEL physics, implementing our own models and comparing the results with
existing results this goal was achieved.

5.2 Recommendations

For future work on the differential equations of the FEL model it is worth researching a
better scaled dimensionless model. The current dimensionless model still has differences in
order of magnitudes in variables. To minimize numerical errors, the variables should be in
the same order of magnitude and this can be done by scaling the current dimensionless model.

To know the nature of the problem, the eigenvalues of the Jacobian should be more ana-
lyzed. In this project the values are only computed for one initial problem and at a few
positions in the undulator. If we want to know for sure whether the problem is stiff or not,
more investigation on the eigenvalues is needed.

The amount of test particles N in the simulation should be small to keep the computa-
tion time small. When choosing N small and ψn distributed random, noise appears in the
beam current. To reduce this noise while keeping N small, we need to find a distribution of
ψn such that

j̃1 = j0
2

N

N∑
n=1

exp(−iψn),

is close to zero. An uniform distribution makes this possible, but this is definitely not a
random distribution. In future work can be searched for generating a distribution of ψn with
specific spectral properties, such that the appearing noise is of a realistic value.

In this graduation project three numerical methods are applied to the periodic FEL model.
Because of the possible stiffness of the problem we would expect an implicit method to give
the most accurate results, but this was not the case. Since only one implicit method has
been applied, it is worth investigating more implicit methods to make sure whether implicit
or explicit methods work better for the FEL problem.
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In our time-dependent model the time step in the simulation has to be equal to the un-
dulator period. In future work the simulation should be extended to a version where any
value for the time step is possible. Then the wave does not slip exactly one slice per time
step anymore, so then the slippage effect should be taken into account in a different way.

For the time-dependent simulation the results do not completely match with results from
existing simulation ONEDFEL. There are some conjectures about where the differences come
from, but these conjectures have not been proven yet. In future work these differences in the
simulations, and possible more appearing differences should be further investigated. When
the differences can be explained, it will gives further insights in the understanding of a FEL
and what simulation to use for modeling a FEL.
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Appendix A

Analytical solution of the low-gain
in steady-state

A.1 The third-order equation of the high-gain FEL

The third-order equation is derived from the coupled differential equations (2.3.21) by a per-
turbation approach from Schmüser, Dohlus and Rossbach (2008). Another way to derive the
third-equation is using a particle distribution function and the Vlasov equation, for this we
refer to [8]. The z-evolution of the particle phases ψn and the energy deviations ηn will be
parametrized in terms of two dimensionless complex funtions ã(z) and b̃(z) which are assumed
to remain small, |ã(z)| � 1, |b̃(z)| � 1. Also the modulated current density j̃1(z) and the
field Ẽx(z) are assumed to be small. We use first-order perturbation theory where only terms
which are linear in ã, b̃, j̃ and Ẽx will be retained and higher order terms are left out.

A mono-energetic beam whose energy W may be different from the resonance energy Wr,
hence η may be different from zero. We assume equidistant initial phases:

ψn(0) ≡ φn = 2π
n

N
, n = 0, 1, ..., N − 1.

The following Ansatz is made for particle phases and energy deviations as functions of z:

ψn(z) = φn + 2kuηz + <
{
ã(z)eiφn

}
, (A.1.1a)

ηn(z) = η + <
{
b̃(z)eiφn

}
. (A.1.1b)

In we insert equations (A.1.1) in the four coupled differential equations (2.3.21) we get four
equations for the functions ã(z), b̃(z) and their derivatives which also contain the therms
Ẽx, Ẽ

′
x, Ẽ

′′
x and Ẽ′′′x . In four steps we eliminate ã(z), b̃(z) and their derivatives and arrive at

the third-order equation.
First step. Expressions (A.1.1) are substituted in equation (2.3.21a):

ψ′n(z) = 2kuηn(z)

⇒ 2kuη + <
{
ã′(z)eiφn

}
= 2kuη + <

{
2kub̃(z)e

iφn
}
,
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which holds for all phases φn. For n = N we obtaine−φn = 1 and therefore <{ã′(z)} =

2ku<
{
b̃(z)

}
, while for n = N/4 we find eiφn = i and ={ã′(z)} = 2ku=

{
b̃(z)

}
. Hence the

following relation holds:
ã′(z) = 2kub̃(z). (A.1.2)

Second step. Next we take equation (2.3.21b) and insert again expressions (A.1.1):

<
{
b̃′(z)eiφn

}
= − e

mec2γr
<

{(
K̂Ẽx
2γr

− iµ0c
2

ωl
j̃1

)
eiφnei2kuηz exp

(
i<[ã(z)eiφn ]

)}
.

The Taylor expansion of the last exponential yields

exp
(
i<[ã(z)eiφn ]

)
≈ 1 + i<[ã(z)eiφn ].

Since we use only first-order perturbation we drop the terms proportional to Ẽxã and j̃1ã.
Hence we find

Ẽx exp
(
i<[ã(z)eiφn ]

)
→ Ẽx, j̃1 exp

(
i<[ã(z)eiφn ]

)
→ j̃1

and obtain

<
{
b̃′(z)eiφn

}
= − e

mec2γr
<

{(
K̂Ẽx
2γr

− iµ0c
2

ωl
j̃1

)
eiφnei2kuηz

}
.

Similar to the first step this equation holds for all phase factors eiφn and therefore we get

b̃′(z) = − e

mec2γr

(
K̂Ẽx
2γr

− iµ0c
2

ωl
· j̃1(z)

)
ei2kuηz. (A.1.3)

Third step. In this step equation (2.3.21c) is rewritten:

j̃1(z) = j0
2

N

∑
n

e−iψn(z) = j0e
−i2kuηz 2

N

∑
n

e−iφn exp
(
−i<[ã(z)eiφn ]

)
,

j̃1(z) ≈ j0e−i2kuηz
2

N

∑
n

e−iφn
(

1− i<[ã(z)eiφn ]
)
. (A.1.4)

The real part is expressed as

<[ã(z)eiφn ] =
1

2

(
ã(z)eiφn + ã∗(z)e−iφn

)
.

The term ã∗ vanishes since its coefficient is proportional to
∑

n e
−i2φn and this sum of phase

factors vanishes. Hence

j̃1(z) = −ij0e−i2kuηzã(z)
2

N

N−1∑
n=0

1

2
e−iφneiφn = −ij0e−i2kuηzã(z). (A.1.5)

Substituting this in equation (2.3.21d) we find

Ẽ′x(z) = −µ0cK̂
4γr

· j̃1(z) = i
µ0cK̂

4γr
j0e
−i2kuηzã(z). (A.1.6)
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Fourth step. From equations (A.1.2)-(A.1.6) we now eliminate the unknow functions ã(z), b̃(z),
their derivatives and the unknown current density modulation j̃1(z). Combining (A.1.2) and
(A.1.3) we get

ã′′ = 2kub̃
′ = − 2kue

mec2γr

(
K̂Ẽx
2γr

− iµ0c
2

ωl
j̃1(z)

)
ei2kuηz.

Now we insert (A.1.5) and find for Ẽx:

Ẽx =
2γr

K̂
e−i2kuηz

(
µ0c

2j0
ωl

ã− γrmec
2

2kue
ã′′
)
. (A.1.7)

Next we compute the derivatives of equation (A.1.6):

Ẽ′′x = i
µ0cK̂j0

4γr
e−i2kuηz(−i2kuηã+ ã′), (A.1.8)

Ẽ′′′x = i
µ0cK̂j0

4γr
e−i2kuηz

(
−(2kuη)2ã− i4kuηã′ + ã′′

)
. (A.1.9)

In order to eliminate ã′′ we multiply equation (A.1.7) with the factor(
i
µ0cK̂j0

4γr

)
·
(

2γr

K̂

γrmec
2

2kue

)−1
≡ −iΓ 3

and add it to equation (A.1.9). Then follows

Ẽ′′′x − iΓ 3Ẽx = i
µ0cK̂j0

4γr
e−i2kuηz

([
µ0c

2j0
ωl

2kue

γrmec2
− 4k2uη

2

]
ã− i4kuηã′

)
. (A.1.10)

Finally, ã′ is eliminated by multiplying equation (A.1.8) with −i4kuη, adding it to equation
(A.1.10) and with the help of equation (A.1.6). Using j0 = −neec we finally arrive at the
famous third-order differential equation of the high-gain FEL

Ẽ′′′x + i4kuηẼ
′′
x +

(
k2p − 4k2uη

2
)
Ẽ′x − iΓ 3Ẽx = 0. (A.1.11)

In this equation two new parameters appear: the first one is called the gain parameter Γ and
the second one is often called the space parameter kp

Γ =

[
µ0K̂

2e2kune
4γ3rme

]1/3
, kp =

√
2kuµ0nee2c

γrmeωl
=

√
2λl
λu
·
ω∗p
c
. (A.1.12)

where ω∗p is the plasma frequency in the relativistic electron bunch

ω∗p =

√
n∗ee

2

ε0me
=

√
nee2

γrε0me
. (A.1.13)

The simplest form of the third-order equation is when the electron beam is on resonance, i.e.
η = 0 and kp = 0:

Ẽ′′′x − iΓ 3Ẽx = 0. (A.1.14)
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But in general equation (A.1.10) can be written in the from

Ẽ′′′x
Γ 3

+ 2i
2ku
Γ
η
Ẽ′′x
Γ 2

+

(
k2p
Γ 2
−
(

2ku
Γ
η

)2
)
Ẽ′x
Γ
− iẼx = 0. (A.1.15)

The coefficient of η is 2ku/Γ . This is introduced as a new quantity which is called the FEL
parameter:

ρFEL =
Γ

2ku
=

1

2π
√

3
· λu
Lg0

, (A.1.16)

where Lg0 is the power gain length defined later on. With dimensionless FEL parameter the
third-order equation reads

Ẽ′′′x
Γ 3

+ 2i
η

ρFEL

Ẽ′′x
Γ 2

+

(
k2p
Γ 2
−
(

η

ρFEL

)2
)
Ẽ′x
Γ
− iẼx = 0. (A.1.17)

This third-order equation can be solved for specific conditions which we will show later on.

A.2 Analytic solution of the third-order equation

The linear third-order differential equation (A.1.17) can be solved analytically using the trial
function Ẽx(z) = Aeαz. Then the general solution of the equation can be written as a linear
combination of the three eigenfunctions Vj(z) = exp(αjz):

Ẽx(z) = c1V1(z) + c2V2(z) + c3V3(z) Vj(z) = exp(αjz). (A.2.1)

For the first and second order derivatives we obtain

Ẽ′x(z) = c1α1V1(z) + c2α2V2(z) + c3α3V3(z),

Ẽ′′x(z) = c1α
2
1V1(z) + c2α

2
2V2(z) + c3α

2
3V3(z).

Since Vj(0) = 1 the coefficients cj can be computed by specifying the initial conditions for
Ẽx(z), Ẽ′x(z) and Ẽ′′x(z) at position z = 0 in the undulator. The initial values can be expressed
in the matrix form byẼx(0)

Ẽ′x(0)

Ẽ′′x(0)

 = AAA ·

c1c2
c3

 with AAA =

 1 1 1
α1 α2 α3

α2
1 α2

2 α2
3

 . (A.2.2)

The coefficient vector is then computed asc1c2
c3

 = AAA−1 ·

Ẽx(0)

Ẽ′x(0)

Ẽ′′x(0)

 = AAA−1 ·

 Ein

−µ0cK̂
4γr
· j̃1(0)

−µ0cK̂kuη0
2γr

· j̃1(0)

 , (A.2.3)

where η0 is the relative energy at position z = 0 (which was assumed to be the same for each
electron in the beam at this point) and the inverse of the matrix AAA is

AAA−1 =


α2α3

(α1−α2)(α1−α3)
− α2+α3

(α1−α2)(α1−α3)
1

(α1−α2)(α1−α3)

− α1α3
(α1−α2)(α2−α3)

α1+α3
(α1−α2)(α2−α3)

− 1
(α1−α2)(α2−α3)

α1α2
(α1−α3)(α2−α3)

α1+α2
(α1−α3)(α2−α3)

1
(α1−α3)(α2−α3)

 . (A.2.4)
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Now we are at the point where if we find variables α1, α2 and α3 we can compute variables
c1, c2 and c3 and then we have an expression for the analytic solution.
To compute the three roots αj the eigenmode ansatz Ẽx = A exp(αz) is inserted into (A.1.17).
Then we find

α3 + i4kuηα
2 + (k2p − 4k2uη

2)α− iΓ 3 = 0. (A.2.5)

An analytical approach can be made for the case kp = 0. Equation (A.2.5) can be transformed
into a normalized algebraic equation

a(a+ ib)2 − i = 0 with a =
α

Γ
and b =

η

ρFEL
. (A.2.6)

The three solutions of this cubic equation are

a1 =
1

6

(
u− 4b2

u
− i4b

)
(A.2.7)

a2 =
1

6

(
−1− i

√
3

2
u+

2

1− i
√

3

4b2

u
− i4b

)

a3 =
1

6

(
−1 + i

√
3

2
u+

2

1 + i
√

3

4b2

u
− i4b

)

where the complex function u(b) is defined as

u = u(b) =
3

√
108i− 8ib3 + 12

√
12b3 − 81. (A.2.8)

In the special case where η = 0 and the phase distribution ψn is equidistant, the algebraic
equation that needs to be solved is (α

Γ

)3
− i = 0, (A.2.9)

which has solutions

α1 = (i+
√

3)Γ/2, α2 = (i−
√

3)Γ/2, α3 = −iΓ. (A.2.10)

The coefficients c1, c2 and c3 can be calculated fromc1c2
c3

 = AAA−1 ·

Ẽx(0)

Ẽ′x(0)

Ẽ′′x(0)

 = AAA−1 ·

Ein0
0

 , (A.2.11)

where j̃1(0) = 0 since the phase distribution of the particles is uniform. From (A.2.4) and
(A.2.11) we find that all three coefficients have the same value, cj = Ein/3. So the field of
the FEL wave is the particular case where η = 0 and ψn distributed uniform is

Ẽx(z) =
Ein
3

[
exp((i+

√
3)Γz/2) + exp((i−

√
3)Γz/2) + exp(−iΓz)

]
. (A.2.12)
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