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Abstract

This thesis concerns a numerical scheme for the Richards equation including dynamic cap-
illarity effects. The scheme is based on the Discontinuous Galerkin method which is an
attractive method for the use on the Richards equation because of its formal high order ac-
curacy and its ability to capture discontinuities without spurious oscillations. The Richards
equation and the Discontinuous Galerkin method are derived and their limits and opportu-
nities discussed. The thesis is concluded with numerical results that exhibit the differences
in neglecting and including dynamic capillarity effects within the physical model. The results
are put in context to relevant experiments and other published work.
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1 Introduction

In many study fields of petroleum engineering, agricultural or medical engineering, biology or
others, there is a high interest in flow in porous media. Applications range from subsurface
flow, modeling of CO2-storage, as well as designing diapers, fuel cells or filter systems to
transport of contaminants like fertilizers in soil or medication in the human body. Also for
environmental engineering, flow processes in soil play an important role, since soil water
content has an influence on the loadability of the subsoil that must take stresses caused by
buildings and constructions. A common model to describe unsaturated flow – for example in
the vadose zone that connects groundwater systems with the soil surface – is the Richards
equation, introduced in 1931 by Richards [45]. The vadose zone essentially contains the two
phases water and air. Processes which determine the flow in unsaturated soil are infiltration
of surface water as well as an interaction with the roots of plants and evaporation as a kind
of boundary condition. The behavior of the flow in the soil itself is governed by gravitational
forces and capillary forces due to molecular forces at the interfaces between soil, water and
air, respectively.

Based on experimental evidence, [26] it was suggested that dynamic effects and hysteresis
should be considered to determine the capillary forces. They are commonly used to relate
the saturation of a porous medium to the underlying pressure. One specific phenomenon
that can be observed when water is infiltrated into uniform wet porous media under certain
conditions is called fingering effect. It is a result of gravity-driven instability. Fingering means
that preferential flow paths evolve, which can influence the overall flow behavior significantly.
These flow paths are characterized by a high and uniform saturation region directly after
the wetting front (finger tip) followed by a region with low and uniform saturation (finger tail).
In [16], it was shown that these overshoots also occur in one-dimensional flow, leading to
the conclusion that saturation overshoots and in turn gravity-driven fingering are controlled
by pore-scale physics. Thus, inclusion of dynamic capillarity effects into the model could
potentially predict the evolution of such preferential flow paths and overshoots. Dynamic
models yielding similar flow patterns as those in the fingering effects were studied within
simplified equations in [17], [20] and references therein. Furthermore they were included
within a dimensionless Richards equation in [18], where the desired overshoots are obtained.
Considering dynamic effects can lead to significant differences in the outcome of simulations.
These differences can get indispensable, when the Richards equation subserves as an input
for larger models like contaminant transport or large scale environment predictions.

To predict the processes in porous media flow, it is not always possible nor feasible to use
experiments. Therefore, numerical schemes have to provide sufficiently accurate results
within a reasonable time. The Richards equation is a mathematically challenging problem
to consider. Formally it is a highly nonlinear parabolic partial differential equation. Besides
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the common difficulties in efficiency and accuracy when calculating solutions, the unique
mathematical character of the Richards equation presents numerical experts with additional
challenges because it can change from parabolic to hyperbolic or to elliptic type, depending
on the flow regime and soil hydraulic properties. In the case of capillary effects dominating
the fluid flow (fast diffusion), the Richards equation is a nonlinear parabolic equation. When
gravity dominates (slow diffusion), it can yield solutions with a steep wetting front which is a
typical hyperbolic behavior. In the case of fully saturated soil the equation gets linear elliptic.
In this thesis we restrict the application of the Richards equation to the parabolic-hyperbolic
case. Because of this pluralistic, degenerative character, simple numerical methods yield
insufficient solutions in terms of accuracy.

In this thesis the Discontinuous Galerkin method will be derived and used. It is a general-
ization of the finite volume method and shows similarities to the finite element method as
well. Therefore, it is a geometrically flexible, possibly high-order accurate spatial discretiza-
tion method that does not need neighborhood-dependent stencils like the finite difference
method and is known to show good mass conservation properties. For time integration the
backward Euler method is used, where for each time step a nonlinear system of equations
has to be solved. For this purpose we use a quasi-Newton method.

The outline of this study is as follows. In Chapter 2, the important physical processes are pre-
sented in a common notation used in ground water science and three commonly used forms
of the Richards equation are derived from scratch. Chapter 3 concerns a thorough derivation
of the Discontinuous Galerkin method and different time-stepping methods. Chapter 4 con-
siders the Discontinuous Galerkin method for special differential equations and discusses
different aspects of the complete scheme. The schemes for Richards equation are stated in
Chapter 5. In the first part of this chapter, the scheme are justified within the static model.
In the second part, the dynamic capillarity effects are studied numerically for an infiltration
scenario. A conclusion and a brief outlook to possible extensions of this work are given in
Chapter 6.

4 A Discontinuous Galerkin Scheme for the Richards Equation
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2 Groundwater Flow with Richards Equation

The Richards equation (RE) describes the change of fluid pressure and fluid content in un-
saturated porous systems. It is a commonly used model in agricultural or environmental
research to describe the vadose zone, which connects groundwater systems with the soil
surface. In general RE can be considered when two fluids (phases) fill a porous medium,
if one of the phases can be assumed to be infinitely mobile. This means that it moves in-
stantaneously when being accelerated. Usually, RE is motivated or derived from the general
equation for two phase flow in porous media, as can be found in e.g. [40] or [38]. We will give
a similar derivation of RE, using a basic mass conservation principle for the fluid of interest
and Darcy’s law as a common relation between the fluid movement and its driving forces.

In Section 2.1 we will introduce a notation, widely used in ground water flow literature and
describe its basic properties. In Sections 2.2 and 2.3 the physical description for water flow
in porous media will be derived. Afterwards three mathematically equivalent forms of RE
are presented in Section 2.4. For closure of the system of equations it requires additional
constitutive relations. Standard relations will be presented in the end of Section 2.4 and
advanced non-equilibrium models for the capillary pressure are discussed in Section 2.5.
The final problem descriptions will be given in Section 2.6.

2.1 Definitions and Properties

We consider a porous medium with connected cavities (pores) and a fix solid matrix. We
assume that the pores are filled with at most two immiscible fluid phases. Usually one of
the phases is called wetting phase (α = w) and the other one non-wetting phase (α = n).
This classification is due to the different molecular forces occurring at the surface between
the fluids and the interfaces between the solid matrix and each fluid. In an abstract way,
the size of the observed medium shall be just large enough, such that average quantities of
the volume are representative for the surrounding material. We then call it a representative
elementary volume (REV) (see [27, Chapter 2] for details). To describe the composition of
the two phases quantitatively, in the framework of RE it is common to use the volumetric
phase content θ [ − ]. It describes the fraction of total space in the REV that is filled by a
phase:

θα :=
volume of phase α

REV volume
∈ [0, 1] . (2.1)

Let the phase saturation Sα [ − ] be defined as

Sα :=
volume of phase α
pore space volume

∈ [0, 1] . (2.2)

On Dynamic Capillarity Effects in Porous Media 5
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It describes the fraction of total pore space that is occupied by phase α. Using the phase
saturations, we can describe the system with the geometric condition that the two phases fill
the entire pore space:

Sw + Sn = 1. (2.3)

Together with the porosity Φ [ − ] of the medium

Φ :=
pore space volume

REV volume
∈ [0, 1], (2.4)

the volumetric phase content can be expressed as the product of these terms:

θα = SαΦ. (2.5)

We define the effective phase density in a REV, as

ρα = %αθα, (2.6)

with %α
[
kg/m3

]
> 0 being the regular phase density. Another important property of the two

phases are the phase pressures pα [Pa] which are directly related to the phase pressure
heads ψα [m]

ψα :=
pα
%α|g|

, (2.7)

where g
[
m/s2

]
is the gravitational acceleration and | · | the standard Euclidean norm. With

these definition let also the specific phase storage Ss,α [1/m] ≥ 0 be defined as

Ss,α :=
1

%α

∂%α
∂ψα

(2.8)

(in accordance to e.g. [38, Equations 2.17, 3.16]). This variable is to understand as a relative
measure for phase density change due to changes in the phase pressure.

Further, with the effective phase velocity qα [m/s] ∈ R3, we can define the phase mass
flux fα

[
kg/(m2 s)

]
∈ R3 as

fα := %αqα. (2.9)

For many fluids, it makes sense to define residual volumetric phase contents θα,r with

0 ≤ θw,r < 1− θn,r ≤ 1.

This is because practically spoken, a porous medium that once contained more than one
phase (θα ∈ (0, 1)) will never again be completely dry (θw = 0) or completely wet (θn = 1).
To yield these states again it would require infinite pressure. Thus, it can at most get to
the state θw = 1 − θn,r or θw = θw,r, respectively. The residual volumetric phase contents
are not only dependent on the fluid itself but can also depend on various other effects like
material properties of the porous medium or temperature. However, we will restrict ourselves
to the constant case. In the following, we consider the wetting phase to be water and the
non-wetting phase to be air. Instead of using the residual volumetric air content θn,r we use
the saturated volumetric water content defined as

θw,s = 1− θn,r

6 A Discontinuous Galerkin Scheme for the Richards Equation
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and drop the explicit wetting notation in these quantities from now on. We now can define
the effective saturation Se[ − ] as

Se :=
θ − θr
θs − θr

. (2.10)

Another important quantity in the system describes the pressure difference between the two
phases, pn − pw. Generally, this phase pressure difference might depend on chemical,
thermal, dynamic, molecular or other effects. However, in ground water science, there are
primarily considered capillary effects due to molecular forces on interfaces (fluid-solid) and
surfaces (fluid-fluid). Here we consider the capillary pressure pc [Pa]

pc := pn − pw. (2.11)

Based on experiments, a relationship between the capillary pressure pc and the effective
saturation Se is determined:

pc = pc (Se) .

Commonly, pc (·) is a non-increasing function of Se. In Section 2.5 we will present models
that take into account other effects and dependencies. It is a crucial modeling decision which
approach is to be chosen.

Finally we introduce the following properties: The dynamic viscosity of phase α, namely
µα [kg/(m s)] > 0, which is the ability of the fluid to transmit shear stresses. The intrinsic
permeability k(Se)

[
m2
]
≥ 0 as property of the porous media can be understood as the

surface that is available to flow and usually is divided in the form

k (Se) = kr (Se) ks, (2.12)

where the strictly monotonic increasing and positive function kr (Se) : [0, 1] → [0, 1], [ − ] is
called relative permeability and ks

[
m2
]
> 0 is the intrinsic permeability for saturated condi-

tions – assumed to be a scalar value. With these, often the effective (hydraulic) conduc-
tivity [m/s] is defined as

Ke = krKs, (2.13)

with Ks being the the hydraulic conductivity for saturated conditions

Ks =
%w|g|ks
µw

.

The intrinsic permeability is an attribute of the porous medium. The conductivities are of a
mixed kind.

All these quantities are needed to describe the mass fluxes (motion of fluid) of the two
phases. Before we formulate this motion mathematically, we will first make the transition
to one phase flow. For the constellation water-air the following properties, that allow the use
of RE, are given:

• The viscosity of air is about two orders of magnitudes less than the viscosity of water:

µn
µw
≈ 17 · 10−6 Pa·s

1 · 10−3 Pa·s
≈ 1

60
.

On Dynamic Capillarity Effects in Porous Media 7
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• The density of air is about three orders of magnitudes less than the density of water:

%n
%w
≈ 1.2 kg/m3

999.8 kg/m3 ≈
1

850
.

• The air phase often maintains a continuous pathway to the land surface, where the
pressure is (by definition) atmospheric pressure.

With these properties, one can assume the air pressure in the whole system to be constantly
atmospheric pressure – and therefore is not an unknown anymore – as well as the air to pos-
sess infinite mobility throughout the system. Setting atmospheric pressure equal zero, the
phase pressure difference in (2.11) transforms into a direct relation between water pressure
and the effective saturation:

pw (Se) = −pc (Se) . (2.14)

This way, only the less mobile phase needs to be modeled explicitly. The transition from two
phase flow to one phase flow is shown rigorously in [40]. In the next section we will consider
the change of water mass within the system.

2.2 The Continuity Equation

Physics usually gives laws in an integral way. I.e. the mass mΩ in a fixed domain Ω ∈ R3

is given by integrating the mass density ρ over Ω. Since in an REV of the porous medium
the porosity and water saturation have to be taken into account, we use the effective water
density ρw as defined in (2.6). The water mass in Ω reads

mΩ =

∫
Ω

ρw dV.

To proceed on the assumption that there is no mass generated in Ω, the only way mΩ can
change in time is by a mass exchange with the surrounding domain over the boundary. Using
(2.9) and the short notation ∂t (·) as the time derivation operator ∂·

∂t , we write

∂t

∫
Ω

ρ dV = −
∫
∂Ω

n · fw (s) ds, (2.15)

where n ∈ R3 denotes the outward pointing unit normal vector on the boundary ∂Ω.

If we assume the density ρw and the flux fw to be continuously differentiable, i.e. ρw ∈
C1 ((0, T )× Ω) and fw ∈ C1

(
(0, T )× Rd

)
, where (0, T ) is some non-empty time interval, we

can use Gauss’s theorem of divergence to rewrite (2.15) in the form∫
Ω

∂tρw dV = −
∫
Ω

∇ · fw dV, (2.16)

implying the conservation of mass∫
Ω

∂tρw +∇ · fw dV = 0. (2.17)

8 A Discontinuous Galerkin Scheme for the Richards Equation
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Other popular conservation laws found in nature are for example conservation of energy or
conservation of momentum. However, here it is preclusively considered the conservation of
mass. Since this law holds for all subdomains, it is not only a global attribute but it holds
locally:

Lemma 2.1. If g ∈ C (M ⊆ R,R) satisfies∫
ω

g dx = 0 for all ω ⊆M,

then g ≡ 0.

Proof: Assume there exists a point x0 ∈ M with g (x0) = g0 > 0. Then by definition of
continuity, we know that there exists an interval Iδ = (x0 − δ, x0 + δ) s.t.

g(x) >
g0

2
for all x ∈ Iδ.

But then ∫
Iδ

g(x)dx > g0 δ,

which is a contradiction to the given. The case g0 < 0 works equivalent. �

Hence, we conclude: In every single point of the domain Ω it holds the continuity equation

∂tρw +∇ · fw = 0 on Ω× (0, T ) . (2.18)

To specify the mass flux fw = %wqw, we consider the effective phase velocity more closely
in the next section. There, we will introduce the Darcy velocity. It is a common choice in
many applications, which relates the flow velocity to the driving force in a linear way.

2.3 Darcy’s Law

In this section, we follow Richards [45].

Because of the complex configuration of the capillary liquid in porous media, it is difficult to
derive an expression for capillary flow from the governing internal forces of hydrodynamics.
In [15], Darcy deduced a generalization for flow through porous media from experimental
data, known as Darcy’s law. It expresses the relation between flow and factors causing the
flow in a simple mathematical way. Fourier’s law and Ohm’s law are just such generalizations.
Darcy worked with media under saturated conditions. This means that in the considered
medium there is only one fluid phase present which therefore fills the whole pore space.
He found that the flow of water through a column of soil is directly proportional to the water
pressure difference between top and bottom (or front and back) of the column. For low water
pressure gradients, the law is in exact agreement with experiment but fails to hold for high
water pressure gradients. However, in view of the low velocities occurring in groundwater
flow, one assumes that Darcy’s law holds within this physical setting. Therefore the flux

On Dynamic Capillarity Effects in Porous Media 9
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qw ∈ R3, [m/s] as a function of the hydro-static pressure gradient is defined using Darcy’s
law

qw = − k

µw
(∇pw − %wg) . (2.19)

The flux qw – defined like this, called Darcy velocity – can be interpreted as an effective
flow velocity: On average, a fluid particle starting from point A needs |qw| seconds to get to
point B, where A and B have a direct distance of 1 meter and are aligned to the direction of
qw. In contrast, the fluid velocity v ∈ R3[m/s] can be expressed by the Darcy velocity qw,
taking into account the porosity of the porous medium:

v =
qw
Φ
.

It represents the actual velocity of an averagely fast fluid particle on its way through the
cavities of the solid structure. Despite this velocity being of minor interest in our study, it is
mentioned for the purpose of completeness and for a better understanding of the ongoing
physical processes.

Darcy’s law is based on experiments under fully saturated conditions. For water flow in an un-
saturated medium, the larger pore spaces contain air and the effective cross-sectional area
of the water carrying region is reduced. Therefore, viscosity effects get stronger, leading to
lower permeability of the medium. However, for groundwater flow and many other applica-
tions, one can assume that the proportionality between the flow and the water-moving force
still holds. Hence, the essential difference between saturated and unsaturated flow through
a porous medium is that the permeability depends on the effective saturation Se. It is a
commonly applied step to use the factorization given in (2.12). Of course, for fully saturated
conditions it holds kr = 1 such that k (Se) = ks. A possible function kr (Se) is given in (2.31).

Combining (2.18), (2.19), (2.6) and (2.9) yields

∂t (%wθw)−∇ ·
(
%w

k

µw
(∇pw − %wg)

)
= 0 on Ω× (0, T ) . (2.20)

2.4 The three Forms of Richards Equation

We generally let the basis vector ez be aligned in opposite direction of gravity. Then Darcy’s
law with respect to the water pressure head reads

qw = −Ke∇ (ψw + z) (2.21)

In some literature one can find the term of hydraulic potential (or piezometric head) defined
as φ = ψw + z. However, in many cases the z-coordinate is aligned to gravity g, which stays
in conflict to the definition of this potential.

Note that the time derivative term of (2.20) can be rewritten by applying the chain rule:

∂t (%wθw) = %w ∂tθw + ∂t%w θ

= %w ∂tθw + %w
1

%w

∂%w
∂ψw

∂ψw
∂t

θw

= %w ∂tθw + %wθwSs,w ∂tψw.

(2.22)

10 A Discontinuous Galerkin Scheme for the Richards Equation



Technische Universiteit Eindhoven University of Technology

We skip the explicit water (or wetting) notation in the following and combine (2.20), (2.22)
and (2.21) to get the mixed form of Richards equation (MIRE) which is expressed in the two
dependent variables θ and ψ:

% ∂tθ + %θSs ∂tψ −∇ · (%Ke∇ (ψ + z)) = 0 on Ω× (0, T ) . (2.23)

If the relation between pressure head and volumetric water content is known, i.e. the specific
moisture capacity

C (ψ) :=
∂θ (ψ)

∂ψ
, (2.24)

is given, then the previous formulation can be rewritten into the pressure head-based form
(PRE)

[C (ψ) + θSs] % ∂tψ −∇ · (%Ke∇ (ψ + z)) = 0 on Ω× (0, T ) . (2.25)

When PRE is used, it requires additional expense to assure mass conservation, since the
content is treated in a secondary manner, only.

A third form of RE is the content-based form (CRE)

∂t (%θ)−∇ · (% (D (θ)∇θ +K (θ)∇z)) = 0 on Ω× (0, T ) . (2.26)

D is known as the unsaturated diffusivity

D (θ) := K (ψ (θ))
∂ψ (θ)

∂θ
. (2.27)

Later by choosing the function pc (Se (θ)) such that p′c (·) < 0, we will make sure that D is
a non-negative function which only vanishes for D (0). This will become important for the
so-called Kirchhoff transformation performed in Chapter 5.

Each of the formulations is related to necessary auxiliary conditions for the temporal and
spatial boundaries Ω × {0} and ∂Ω × (0, T ), dependent on the physical matters. Water has
a compressibility of order ∂%

∂ψ ≈ 10−10[Pa−1]. Therefore, this term can be neglected in most
applications and will be so, subsequently. The three forms of RE for incompressible flow
then read as

∂tθ −∇ · (Ke∇ (ψ + z)) = 0 on Ω× (0, T ) (MIRE) (2.28)
C (ψ) ∂tψ −∇ · (Ke∇ (ψ + z)) = 0 on Ω× (0, T ) (PRE) (2.29)

∂tθ −∇ · (D (θ)∇θ +K (θ)∇z) = 0 on Ω× (0, T ) (CRE) (2.30)

Comment. For incompressible flow the specific storage Ss in the pressure head form can
still be found in literature within (2.28). This quantity then has to be interpreted as a storage
term of the solid matrix: It describes the ability of the solid part of the porous medium, to
absorb or release moisture due to changes in pressure head. Note that this different use is
not in accordance to the definition in (2.8). In such a context, Ss is also referred to (or should
be) as an elastic storage coefficient, see [6].

Either of the three different formulations entail benefits as well as drawbacks: PRE is valid
for both saturated and unsaturated conditions but has a poor mass balance which makes
it unlikely (or expensive) to use for most applications. CRE is mass-conserving but has a
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restricted applicability, namely under unsaturated conditions. Using MIRE, one can combine
the benefits of both while circumventing the major problems associated with each. However,
schemes applied to MIRE typically are low order due to other complications occurring in high
order time-stepping methods. In the following, we will only consider the CRE formulation and
therefore restrict ourselves to unsaturated conditions, Se ∈ [0, 1). Before formulating the final
problem descriptions for static (equilibrium) and dynamic (non-equilibrium) capillarity effects,
respectively, we first state existing models for the capillary pressure-saturation relation to
describe the essential difference as well as the mentioned constitutive relation for the relative
permeability, kr.

Constitutive Relations

To close the system of equations, it requires relations between the effective saturation and
the relative permeability, as well as the effective saturation and the water pressure. We will
introduce the van Genuchten-Mualem (vGM) relation as an equilibrium model here, before it
will be enhanced in Section 2.5.

The capability to transport water (or any other fluid) through the pores of an REV is called
permeability. It is to understand, that a water particle can travel through the REV only on
trajectories that are occupied by the water phase. The existence and manifold of such trajec-
tories could be expressed in terms of a probability, depending on the pore size distribution of
the porous medium and the effective saturation of the water phase. The relative permeability
can be understood as such a probability function. An often used function is given by the
Mualem relation [35]:

kr (Se) =

Se
1
2

[
1−

(
1− Se

1
mM

)mM]2

for ψ < 0,

1 for ψ ≥ 0.

(2.31)

where ψ is the water pressure head and mM ∈ [0, 1) a material dependent parameter. The
function can be seen in Figure 2.1 using different parameters.

Standard models for the capillary pressure, required for the water pressure, are usually ob-
tained by long-term experiments where the system can be assumed to be in equilibrium.
More precisely, it can be assumed that the experiments are carried out, having a static distri-
bution of the fluid inside the pores. We denote models obtained under equilibrium conditions
as pequ

c . Depending on which porous medium is considered there are different approaches
that can be used to describe the relation pequ

c (Se). Popular experimentally motivated mod-
els are e.g. the ones from Brooks & Corey [9] or from van Genuchten [21]. The latter is
often used in combination with the Mualem relation and relates the pressure head to the
saturation:

Se (ψ) =

{
(1 + |αψ|n)−m for ψ < 0,

1 for ψ ≥ 0.

The parameters α ∈ R+
[
m−1

]
, m ∈ R+ [ − ] and n ∈ N+\{0} [ − ] are related to pore size

and pore distribution of the porous medium. In combination with the Mualem relation, one
usually uses m = mM = 1 − 1

n which is also done in this work. The relation is shown in
Figure 2.2a for α = 3.6 and n = 3 which are values in a realistic range. Inverting the previous
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Figure 2.1: The relative permeability function is strictly increasing in Se. For decreasing
n the function gets closer to zero on (0, 1), what leads to lower mass flux for unsaturated
conditions. We show mM = 1− 1

n . So mM → 1 as n increases.

equation for unsaturated conditions (i.e. ψ < 0) and using (2.7), the capillary pressure for
equilibrium conditions can be expressed as

pc (Se) = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
. (2.32)

It is pictured for different values α and n in Figure 2.2b.
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(a) Effective saturation, Se (ψ). For unsaturated conditions ψ < 0, the function is strictly increasing.
For fully saturated conditions ψ ≥ 0, we have Se = 1.
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(b) The capillary pressure function is strictly decreasing. Higher n yield lower pressure gradients for
Se ∈ (0, 1). For α = 3.6 the values are generally lower than for α = 2.4.

Figure 2.2: Non-linear constitutive relations between effective saturation and water pressure
head and between effective saturation and capillary pressure, using the van Genuchten-
Mualem relation.
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2.5 Enhanced Capillary Pressure Models

In this section we will give an overview about more complex models on the capillary pressure
model. The general model can be assumed to be of the form [5]

pc (Se, ∂tSe) = pequ
c (Se)− γ sign (∂tSe)− τ∂tSe (2.33)

Again, pequ
c is an equilibrium capillary pressure model. The function sign (·) is given by

sign (ξ) :=

{
1, ξ > 0,

−1, ξ < 0.

where a transition between the two cases has to be found. We will get rid of this vague
definition in (2.35). The model (2.33) contains hysteresis in the γ-term, while the dynamic
coefficient τ takes into account dynamic effects that are caused by momentum imbalance. In
the beginning of the usage of this model, hysteresis and dynamic effects have been modeled
separately and not necessarily based on rigorous derivations. We will state some of these
first models but especially derive shortly a dynamic model for τ , based on a thermodynamic
consideration which is able to reproduce hysteresis as well.

In (2.32) we introduced a static equilibrium model for the capillary pressure-saturation re-
lation. These equilibrium models typically are obtained by experiments that take weeks or
even months. Additionally they are performed only one way, from fully dry condition to-
wards (nearly) saturated conditions – called imbibition – or the other way around – called
drainage. Information about how the material responds on interruption of this process and
reverting it, is not contained in such models. Therefore, they are only usable for one-way
processes that happen during large time scales. Simulations where drainage and imbibition
occur on a daily base such as in agricultural problems require more complex models. In fact,
plenty of theoretical and experimental evidence has been given that simple standard cap-
illary pressure-saturation relations are no sufficient models to be used in unsaturated flow
simulations. Experimental results for the sought relation are provided in [34]. In Figure 2.3
the drainage-imbibition behavior can be seen for an experiment starting with fully saturated
condition. This can be seen by the initial imbibition curve in the left graph. The imbibition
parts of the scanning curves are there visible, too. The drainage parts can be seen in the
right graph. The main drainage curve and main imbibition curve form a boundary of the
saturation-capillary pressure plain in which the scanning curves lie. The coordinate h [cm] –
called water suction – equals minus the water pressure head h = −ψ and is also known as
capillary head.

A common approach to model hysteresis effects is by introducing p̂imb
c (Se) and p̂dr

c (Se) as
the main imbibition and drainage curves at equilibrium and using

pequ
c (Se) =

p̂imb
c (Se) + p̂dr

c (Se)

2
and γ (Se) =

p̂dr
c (Se)− p̂imb

c (Se)

2
, (2.34)

which leads to a play-type model for hysteresis as sketched in Figure 2.5. Note that modifying
(2.33) by replacing the sign-function by

signε (ξ) =


−1, if ξ ≤ −ε,
ξ

ε
, if − ε < ξ < ε,

1, if ξ ≥ ε,

(2.35)

On Dynamic Capillarity Effects in Porous Media 15



Technische Universiteit Eindhoven University of Technology

Figure 2.3: Capillary head h as function of saturation. Experimental data for hysteresis
from [34]. Scanning curves are complex, nonlinear curves – left: imbibition (Ṡ > 0), right:
drainage (Ṡ < 0).

for some small ε > 0, introduces a more physical behavior of the transition lines (i.e ∂tSe < 0)
and provides a differentiable capillary pressure-saturation relation which can lead to numeri-
cal advantages. A detailed investigation can be found in [47]. It is related to a thermodynamic
definition of the equilibrium capillary pressure [24], explained in Section 2.5.1.

According to [25], results from simulations indicate that also dynamic coefficients are large
enough to produce significant effects in field simulations, and therefore numerical simulators
for unsaturated flow should generally include dynamic capillary pressure. An empirical model
for all soils was suggested in [49]:

τ = τStauffer =
0.1Φµ

ksλ

(
pe
%|g|

)2

, (2.36)

where λ and pe are coefficients in the Brooks-Corey formula. However, it overestimates
dynamic effects for drainage in fine-textured soils.

In [36], a factorization
τ = τ (pc, Se) = τ0τP (pc) τS (Se) (2.37)

is used, with τS (Se) = ∂Sep
equ
c or τS (Se) = Se

γ(1 − Se)δ and τP (pc) = (p∗ − pc)η , η > 0.
The parameters are chosen such that the model comes close to measured data. However,
empirical models like these show lack of theoretical reasoning. In [29], it is proposed to
choose pequ

c = 2γK
R and τ = τKΦ, where R is a representative pore radius and γK the

interfacial tension. τK is shown to be a function of Se and ∂tSe. The suggestion is based
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on detailed consideration of the internal energy and entropy equations. While the author did
not attempt to give a functional form for τK , different approaches have been investigated in
[8, Chapter 7].

Often it is suggested to use thermodynamic definitions of the capillary pressure, based on
non-equilibrium thermodynamics or the Coleman and Noll method. We will give a short
introduction into work, based on this latter method.

2.5.1 A Thermodynamic Approach

Among others who used a theoretically founded definition of the capillary pressure, Has-
sanizadeh & Gray [24] developed a thermodynamic model leading to the following relation
for capillary pressure at equilibrium conditions:

p̂c = −Se%w
∂Aw
∂Se

− (1− Se) %n
∂An
∂Sw

− 1

Φ

∑
αβ

∂Aαβ
∂Se

. (2.38)

Aα is the Helmholtz free energy per unit volume of the wetting or non-wetting phases, %α their
mass densities, Aαβ is the Helmholtz free energy of interface per unit volume of the porous
medium, and the subindices αβ denote the interfaces between wetting-solid, wetting-non-
wetting and non-wetting-solid phases. For further details we refer to the cited paper. The
authors come to the conclusion, that a residual entropy inequality can be written as

−Ṡe [(pn − pw)− p̂c] ≥ 0, (2.39)

where Ṡe is the material time derivative of the wetting phase saturation. This inequality
requires for pn−pw > p̂c that Ṡe has to be negative, causing the system to undergo drainage.
Similar, pn − pw < p̂c leads to imbibition of the system. At equilibrium, i.e. when Ṡe = 0, it
holds pn − pw = p̂c. Under non-equilibrium conditions Ṡe will depend on the difference
(pn − pw)− p̂c. So, in general, one may have

Ṡe = F ((pn − pw)− p̂c) , (2.40)

with F a decreasing function, or vice versa

(pn − pw)− p̂c = F−1
(
Ṡe

)
. (2.41)

The function F can be understood as a force that forces the system to restore the equilibrium
state, so especially we need F (0) = 0. For low ranges of Ṡe, the authors suggest an
approximate linear constitutive relation of the form

Ṡe = F lin ((pn − pw)− p̂c) = −Lw [(pn − pw)− p̂c] , (2.42)

where Lw is a non-negative material coefficient that may be interpreted as a measure of
speed at which the change in saturation takes place. Both, (2.39) and (2.42) state that for
any point of the time-space domain, the saturation will change locally to restore equilibrium
(i.e. equivalence between pn − pw and p̂c). In [25], the dynamic capillary pressure is defined
by

pdyn
c := p̂c − τ∂tSe = pn − pw, (2.43)
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with τ = 1
Lw and where all quantities arising in (2.38) have to be modeled explicitly. The

function τ may depend on saturation and might even be hysteretic (dynamic memory effects).
If τ → 0 or equivalently for Lw →∞, then changes in saturation happen instantaneously and
the driving pressure difference in (2.43) equals the equilibrium capillary pressure. Values for
τ , dependent on different saturation conditions, have been estimated in [25] as well. They
vary between 2 · 104 and 2 · 105 kg/(m s).

As a first approach to simplify p̂c, hysteresis can be included within (2.43) in a simple way
as done in [5]. As an approximation, there was assumed that a phase free energy is a
function of its mass density only, and that interfacial free energies are functions of saturation
only. This means that only the interface term survives in (2.38), so p̂c is a function of Se,
only. Thus, given a function FSe

(
Ṡe

)
for fixed Se one can express the force driving pressure

difference for RE as

pn − pw = pdyn
c

(
Se, Ṡe

)
= p̂c (Se) + F−1

Se

(
Ṡe

)
. (2.44)

Instead of using the linear approximation F lin, Beliaev and Hassanizadeh varied the con-
stitutive equation Ṡe ((pn − pw)− p̂c). Without hysteresis the graph for F in (2.40) for the
linear case as defined in (2.42) is given in Figure 2.4a. Note that the function F is positive
if p̂c > pn − pw, negative for p̂c < pn − pw and vanishes in the equilibrium state. If we again
define p̂imb

c (Se) and p̂dr
c (Se) as the main imbibition and drainage curves at equilibrium, then

one considers changes from imbibition to drainage processes (or vice versa): For states that
satisfy p̂imb

c < pn − pw < p̂dr
c , one can assume that the change in saturation equals zero until

one of the equilibrium curves is reached. This can be achieved by choosing function F as

FγSe =


(
p̂imb
c − (pn − pw)

)
Lw,imb, if pn − pw ≤ p̂imb

c ,

0, if p̂imb
c ≤ pn − pw ≤ p̂dr

c ,(
p̂dr
c − (pn − pw)

)
Lw,dr, if p̂dr

c ≤ pn − pw.
(2.45)

This is visualized in Figure 2.4b. Note that here the whole interval between p̂imb
c and p̂dr

c is
modeled as equilibrium state. The resulting capillary pressure-saturation relation is sketched
in Figure 2.5. Additionally, a second-order model of capillary hysteresis allowing for inclined,
reversible scanning curves is given in [5, Chapter 5].

Thermodynamically substantiated models like these seem to be more reasonable since they
have a rigorous derivation and can even be extended to include more properties of the
porous media. Therefore, this approach should be preferred to be used in numerical simula-
tions where soil flow properties are not known due to lack of detailed experiments.
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(a) Ṡe = F lin as a linear approach without hys-
teresis.

(b) Ṡe = FγSe
including play-type hysteresis.

Figure 2.4: Models for the constitutive relation Ṡe ((pn − pw)− p̂c) to estimate dynamic effects
in capillary pressure. Here, P c denotes p̂c. Graphics from [5].

Figure 2.5: Play-type model for the capillary pressure with horizontal scanning curves. The
transition between imbibition and drainage processes is simplified strongly. Graphic from [5].
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2.6 Problem Descriptions

Let Ω ⊂ R with boundary ∂Ω = {a, b}, −∞ < a < b < ∞, the domain of interest and (0, T )
with T > 0 be a time interval. We denote the time-space cylinder as ΩT := Ω × (0, T ).
The domain can either be aligned horizontally (with e1 or e2) or vertically upwards (with e3),
where {ei}i=1,2,3 denote the usual Euclidean basis vectors.

2.6.1 Equilibrium Model

We consider the incompressible CRE on ΩT :

∂tθ −∇ · (D (θ)∇θ +Ke (θ)∇z) = 0.

Dividing by (θs − θr) and using the short notation ∂a (·) for the operator ∂·
∂a this is:

∂tSe − ∂x (D (Se) ∂xSe) = 0 on ΩT , (2.46)

for horizontal flow, and with ∂zz = 1 for vertical flow:

∂tSe − ∂z
(
D (Se) ∂zSe +

Ke (Se)

θs − θr

)
= 0 on ΩT . (2.47)

Here, D and Ke were redefined as D (Se) := D (θ (Se)), and Ke (Se) := Ke (θ (Se)). Because
we use the vGM relation, the unsaturated diffusivity is given by

D (Se) =
Ke (Se)

%|g|
−∂pc (Se)

∂Se
= Kskrel (Se)

1−m
α%|g|m2

S
1−m
m

e

(
S

1
m
e − 1

)− 1
m

, (2.48)

which is a non-negative monotone increasing function that only vanishes in zero: D (0) = 0.
Recall that the effective saturation is restricted to unsaturated conditions: Se ∈ [0, 1).

The first problem combines incompressible CRE with (2.32), using the vGM relation:

Definition 2.2 (vGM-CRE). We consider either horizontal flow

(P1hor)


∂tSe − ∂x (D (Se) ∂xSe) = 0 on ΩT ,

kr (Se) = Se
1
2

[
1−

(
1− Se

n
n−1

)n−1
n

]2

,

pc (Se) = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
,

(2.49)

or vertical flow

(P1vert)



∂tSe − ∂z
(
D (Se) ∂zSe +

Ke (Se)

θs − θr

)
= 0 on ΩT ,

kr (Se) = Se
1
2

[
1−

(
1− Se

n
n−1

)n−1
n

]2

,

pc (Se) = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
.

(2.50)
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2.6.2 Dynamic Model

For the second problem we consider a first dynamic variation of the equilibrium model for
the capillary pressure. Consider (2.43) but with the van Genuchten model as approach to p̂c.
This is

pc (Se, ∂tSe) = pequ
c (Se)− τ∂tSe, (2.51)

with homogeneous τ . Other than the motivation of τ as τ = F lin−1
= 1

Lw (see Section 2.5.1),
there is no thermodynamic consideration included. Note that we still have

∂pc
∂Se
≤ 0,

so if we just defined D as D = ∂Sepc, it would remain non-negative. However, since

−∂(τ∂tSe)

∂Se
= 0,

the dynamic effects of the capillary pressure would simply be neglected. Therefore, we
shortly consider MIRE again, before the introduction of the unsaturated diffusivity. The hori-
zontal one-dimensional pressure-saturation formulation reads:

∂tSe − ∂x
(

Ke

θs − θr
∂x

pw
%|g|

)
= 0. (2.52)

Using (2.14) and (2.51) it rewrites as

∂tSe − ∂x
(

Ke

θs − θr
∂x
−pequ

c

%|g|
+

τKe

θs − θr
∂z ∂tSe

)
= 0. (2.53)

Using

D (Se) := −Ke (Se)

%|g|
∂pequ

c

∂Se
, (2.54)

this yields the equation

∂tSe − ∂x
(
D (Se) ∂xSe +

Ke (Se)

θs − θr
τ ∂z (∂tSe)

)
= 0. (2.55)

Definition 2.3 (vGM-dCRE). We consider either horizontal flow

(P2hor)



∂tSe − ∂x
(
D (Se) ∂xSe +

Ke (Se)

θs − θr
τ ∂z (∂tSe)

)
= 0 on ΩT ,

kr (Se) = Se
1
2

[
1−

(
1− Se

n
n−1

)n−1
n

]2

,

pc (S, ∂tSe) + τ∂tSe = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
,

(2.56)

or vertical flow

(P2vert)



∂tSe − ∂z
(
D (Se) ∂zSe +

Ke (Se)

θs − θr
(1 + τ ∂z (∂tSe))

)
= 0 on ΩT ,

kr (Se) = Se
1
2

[
1−

(
1− Se

n
n−1

)n−1
n

]2

,

pc (S, ∂tSe) + τ∂tSe = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
.

(2.57)
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The models are compared in Chapter 5 using different scenarios. There, the necessary aux-
iliary conditions will be formulated as well. The simulations are performed with a numerical
scheme based on a combination of the Discontiuous Galerkin method and the method of
lines. It will be derived in the following chapter.
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3 Numerical Scheme

The Discontionuous Galerkin (DG) method is a technique to discretize partial differential
equations (PDEs) spatially, in order to achieve an approximation to the weak solution of
a given problem. It was first introduced in 1973 [44]. The DG method can be seen as a
combination of the finite volume method (FVM) because of its discontinuous nature and the
finite element method (FEM): It combines the mass balance properties of FVM with higher
order approximations of local solution variables and their gradients like known from FEM.

Among spatial discretization techniques the DG method might be the most adaptible tool
to compute numerical approximations for differential equations – especially for problems in
which advection (or convection) plays an important role. Such problems occur in many ap-
plications as in aerodynamics, transport of contaminant and flow in porous media, magneto-
hydrodynamics, plasma physics and many more. The solutions for advection dominated
problems often contain discontinuities that need to be treated such that the possibly rich
structure of the solution is captured accurately enough. The DG method is capable of achiev-
ing this while avoiding spurious oscillations of the solution around the discontinuities.

Since the DG method is a generalization of FVM and incorporates properties known from
FEM, it combines their specific advantages, while mostly circumventing their drawbacks, see
Figure 3.1. Here, the checkmark represents a general success, the cross a shortcoming
of the method and the hook in brackets means that the method can be modified to suit the
problem but remains a less natural choice. The DG method is denoted with DG-FEM here,
and FDM stands for finite difference method. We want to point out that the DG method is
applicable to complex geometries, possibly high order accurate (hp-adaptivity) and highly
applicable to conservation laws. Further information about advantages and limits of the DG
method can be found in [12].

Each of the different space discretization methods could be combined with the method of

Figure 3.1: Different spatial discretization schemes in comparison. The DG method shows
broad applicability [28, Table 1].
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lines (MOL) to approximate a weak solution in time and space. In Section 3.1, we will in-
troduce the concept of weak solutions in the general context of PDEs in conservative form.
After this is done, an approximation to such a solution can be constructed. Therefore, the DG
method will be derived in detail in Section 3.2. Possible realizations of MOL are discussed
in Section 3.3. The complete scheme is validated and applied to some examples in Chapter
4 where different aspects of efficiency and accuracy are discussed as well.

3.1 Model Problem

Since RE is a highly non-linear PDE it is not easy to construct a numerical scheme that is
capable of computing useful approximations. Therefore, in Chapter 4 we will move forward
step by step, beginning with simpler PDEs, adding more complexity each step. To provide
clarity, we consider a common form that fits all of the steps.

Let Ω := (a, b) ( R and (0, T ) some non-empty possibly infinite time interval. Further, let
ΩT := Ω× (0, T ) be the time-space cylinder. We consider a PDE in the conservative form

∂tu (x, t) + ∂xf (u, ∂xu) = 0 for (x, t) ∈ ΩT , (3.1)

with initial and boundary conditions

u (x, 0) = u0 (x) for x ∈ Ω,

u (s, t) = uD (s, t) on (s, t) ∈ ΓD × (0, T ),

f (s, t) = fN (s, t) on (s, t) ∈ ΓN × (0, T ),

(3.2)

where f ∈ C1
(
R2
)
, u0 ∈ C (Ω) and uD, fN ∈ C (0, T ). The boundary conditions are divided

into Dirichlet conditions on ΓD and Neumann conditions on ΓN. It holds

ΓD ∪ ΓN = {a, b} and ΓD ∩ ΓN = ∅.

Although often existence and uniqueness of the solution to the above system can be shown,
in many situations the problem is too complex to determine this analytic solution. In these
cases one has to rely on numerical schemes to approximate the solution sufficiently accu-
rate. The existence of such classic solutions requires the problem to be well defined. This
is, (3.1) and (3.2) hold for every point (x, t) ∈ ΩT . If there exists (x, t) ∈ ΩT such that
f(x, t) /∈ C (Ω) then ∂xf(x, t) is not well defined in (x, t). Thus, there cannot exist such a
solution. Situations like this occur e.g. because of spatially discontinuous material parame-
ters. A classic (analytic) solution to problem (3.1), (3.2) is called strong solution. In practical
applications, PDEs are an abstract model to approximatively emulate phenomenons that
happen due to more complex laws. While discontinuity in a material parameter can occur in
the model, the ’real world’ underlies a far more detailed truth. Therefore, a PDE will never
describe a physical phenomenon in full detail. It is already an approximation that permits
errors, so when we introduce the notation of a weak solution, it is important to understand
that such a solution might only weakly describe the original PDE, but since it is often able
to handle situations for which there does not exist a strong solution, it still is a rigorous way
to approximate the physical phenomena in a fruitful manner. Even if the requirements for
the existence of a solution to problem (3.1), (3.2) are not given, we can formulate conditions
which allow us to find weak solutions that satisfy a slightly different set of equations. This
way, usable approximations to the real-world problem can be obtained.
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3.1.1 The Concept of Weak Solutions

For defining a solution in a weak sense, we introduce some notation: We let 〈·, ·〉L2(X) stand
for the inner product

〈u, v〉L2(X) :=

∫
X

u (x) v (x) dx. (3.3)

L2 (X) stands for the space of square Lebesgue integrable functions, i.e. all functions u for
which 〈u, u〉L2(X) exists and is of finite value. The Sobolev spaceH1 (X) = W 1,2 (X) requires
the same also for the first order derivatives. H1

0 (X) ⊂ H1 (X) is the subset, containing all
functions that vanish almost everywhere on the boundary ∂X. We denote the dual space
of H1 (X) as H−1 (X). 〈·, ·〉L2(X) also stands for the duality pairing between H1

0 (X) and
H−1 (X). Because of simplicity and to be in convenience to referred literature, we will define
a weak solution to (3.1), (3.2) under the assumption:

Assumption 3.1. The boundary conditions are of the form

ΓN = ∅, uD = 0.

Later we will also consider cases where Assumption 3.1 does not hold. Then similar defini-
tions of weak solutions can be obtained that take into account the corresponding boundary
conditions.

Definition 3.2 (Weak solution).
Let Assumption 3.1 hold. Then a function u, s.t. ∂tu ∈ L2

(
0, T ;H−1 (Ω)

)
and f (u, ∂xu) ∈

L2
(
0, t;L2 (Ω)

)
is called a weak solution to (3.1), (3.2) iff

(i) For all ϕ ∈ L2
(
0, T ;H1

0 (Ω)
)

with ∂xϕ ∈ L2
(
0, T ;L2 (Ω)

)
it holds:

T∫
0

〈∂tu (t) , ϕ (t)〉L2(Ω) − 〈f (u (t) , ∂xu (t)) , ∂xϕ (t)〉L2(Ω) dt = 0, (3.4)

(ii) For u0 ∈ H−1 (Ω)
u (·, 0) = u0. (3.5)

Remark: RE as in (P1hor), using a Kirchhoff-transformation as in [42], fits the form (3.1),
(3.2). Existence, uniqueness and essential bounds for this special case are studied in several
papers (see e.g. [2], [39], [51] and references therein).

Besides the need of solutions to real-world problems, the concept of weak solutions is
necessary to analyse numerical approximation schemes for PDEs. This is, one needs a
reference solution to be able to obtain rigorous convergence results for the scheme. A
large family of such schemes is based on a discretization of ΩT in a sense that the weak
solution u is approximated via a set of spatial approximations {uh (x, ts)}s=0,...,NT where
ts < ts+1, t0 = 0, tNT = T , such that for t ∈

[
ts, ts+1

]
, s ∈ {0, . . . , NT − 1}:

u (x, t) ≈ uhι (x, ts) := α (t) uh (x, ts) + (1− α (t)) uh
(
x, ts+1

)
,

α (t) =
ts+1 − t
ts+1 − ts

.
(3.6)
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Here, we defined ι := min
s=0,...,NT−1

ts+1 − ts. The subscript h represents the coarseness of

the spatial grid and will be defined later. NT formally also is allowed to be infinity. The idea
of this construction is that for ι → 0 and h → 0 the approximative solution uhι converges to
the weak solution uhι → u (in for example L2 (ΩT )-sense). Thus, existence and uniqueness
of the weak solution u are essential properties. They are subject to extensive research,
depending on the specific form of f .

In order to construct an approximate solution we will combine the DG method and MOL.
Basically, the DG method is in charge of spatial accuracy whereas MOL has to assure the
accuracy in time. It performs the time integration of the discrete system of ordinary differential
equations (ODEs), obtained by the DG method. An appropriate balancing of these two
techniques needs to be found in order to control the growth of the total discretization error
‖u− uhι‖.
Generally we want to point out that higher order schemes make sense whenever the solution
is sufficiently smooth. Typically this is not the case for RE. However, the lack of regularity ap-
pears only locally, so away from these regions higher order methods are still useful, although
the global convergence order of ‖u− lim

h→0
ι→0

uhι‖ will be lower.

3.2 The Discontinuous Galerkin Method

For a fixed time t, let us consider an observation domain Ωobs ⊆ Ω and a fixed test function
ϕ ∈ H1 (Ωobs). Multiplying (3.1) by ϕ, integration over Ωobs and partial integration of the
divergence term yields

〈∂tu, ϕ〉L2(Ωobs) − 〈f, ∂xϕ〉L2(Ωobs) − [f (x)ϕ (x)]∂Ωobs
= 0, (3.7)

where with ∂Ωobs = [xl, xr] we defined

[v (x)]∂Ωobs
:= lim

ε→0
ε>0

1

ε

 xr∫
xr−ε

v (x) dx−
xl+ε∫
xl

v (x) dx

 (3.8)

to account discontinuous functions.

At this point the choice of the observation domain as well as a finite dimensional test space
and trial space is crucial. For example, FEM will be obtained if choosing Ωobs = Ω and the
test space as all polynomial splines of some bounded order (w. r. t. some partition of Ω).

To obtain the DG method we will consider multiple observation domains and proceed as
follows: let the space Ω be divided in N elements

Ωj = [xlj , x
r
j ], j = 1, . . . , N,

with xrj = xlj+1. Let hj = xrj − xlj , then the grid size h is defined as

h := max
j=1,...,N

|hj |.
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Without loss of generality we consider an equidistant grid:

h = hj = |Ω|/N.

For j = 1, . . . , N , consider (3.7) with Ωobs = Ωj . To this end, let the test space be defined as
the broken Sobolev space

V (Ω) := Vk1h (Ω) = {w ∈ L2 (Ω) :

w|Ωj ∈ Pk1,j (Ωj) ⊂ H1 (Ωj) , k1,j ≤ k1,∀j ∈ {1, . . . , N}},
(3.9)

and the trial space as

W (Ω) := Wk2
h (Ω) = {w ∈ L2 (Ω) :

w|Ωj ∈ Pk2,j (Ωj) ⊂ H1 (Ωj) , k2,j ≤ k2,∀j ∈ {1, . . . , N}},
(3.10)

where Pk·,j (Ωj) denotes the set of all polynomials of degree at most k·,j on Ωj .

Note that

• V,W contain functions that are defined on the whole domain Ω.

• In general these functions are multivalued at the boundaries of the subdomains Ωj .

• V,W * H1 since discontinuities are allowed at the boundaries of Ωj .

For clarity we choose k1,j = k1 and k2,j = k2 for all j ∈ {1, . . . , N}. Although the "Galerkin"
FEM uses the same spaces for test and trial space, this is not necessarily the case in Discon-
tinuous "Galerkin" methods. Nevertheless, without loss of generality we choose k1 = k2 = k,
so

V (Ω) = W (Ω) = Vkh (Ω) ,

which is also known as the Bubnov-Galerkin method. With this choice, a function w ∈ V (Ω)
has the degree of freedom:

N̄ := N (k + 1) . (3.11)

3.2.1 Modal and Nodal Basis Representations

A function w ∈ Vkh (Ω) can be expressed in multiple ways. To simplify things, we first intro-
duce the bijective mappings Xj : I → Ωj , defined as

Xj (r) = xlj +
1 + r

2
h, (3.12)

where we defined the reference interval as

I := [−1, 1] . (3.13)

For x ∈ Ωj we approximate u (x, t) by uh ∈ Vkh using local polynomial representations on
Pk (Ωj) of modal form

u (x, t) ≈ ujh (x, t) =
k+1∑
m=1

ûjm (t)ψm
(
Xj
−1 (x)

)
, (3.14)
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or of nodal form

u (x, t) ≈ ujh (x, t) =

k+1∑
n=1

ujh
(
xjn, t

)
`n
(
Xj
−1 (x)

)
. (3.15)

The modal factors ûjm are related to a modal basis on Ωj , where {ψm}m=1,...,k+1 is a modal
basis on Pk (I). The nodal factors ujh

(
xjn, t

)
are related with {`m}m=1,...,k+1 as a nodal basis

of Pk (I). The evaluation points xjn ∈ [xlj , x
r
j ] are grid points that need to be chosen. With the

convention
ujh (x, t) = 0 for x /∈ Ωj , (3.16)

we denote uh in global manner as

uh (x, t) =
N⊕
j=1

ujh (x, t) . (3.17)

We will drop the sub- and superscripts j and the time t for a while and focus on the modal
representation. Let {ψm}m=1,...,k+1 be an orthonormal basis of Pk (I). Then the best approx-
imation of

υ (r) := u (Xobs (r))

in Pk (I) is given by defining the coefficients

ûm = υ̂m = 〈υ, ψm〉L2(I), m = 1, . . . , k + 1. (3.18)

Such an orthonormal basis can be constructed by the well known normalized Legendre
polynomials ψm (r) = P̃m−1 (r). Using the Gram-Schmidt process, they can be calculated
recursively [23]:

P̃0 (r) =
√

1/2,

P̃1 (r) =
√

3/2 r,

...

P̃m+1 (r) =
1

am+1

(
rP̃m (r)− amP̃m−1 (r)

)
, am = m ((2m+ 1) (2m− 1))−1/2 .

On the other hand, we consider the nodal representation where the nodal basis {`m}m=1,...,k+1

shall be given by the interpolating Lagrange polynomials

`n (r) :=

k+1∏
m=1
m6=n

r − rm
rn − rm

, n = 1, . . . , k + 1, (3.19)

with the property
`m (rn) = δmn.

Then we can define the Lebesque constant

Λ := max
r

k+1∑
n=1

|`n (r) |.
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With ‖ · ‖∞ denoting the usual maximum norm, we find the estimation

‖υ − υh‖∞ = ‖υ − υ∗ + υ∗ − υh‖∞ ≤ ‖υ − υ∗‖∞ + ‖υ∗ − υh‖∞ ≤ (1 + Λ) ‖υ − υ∗‖∞.

where υ∗ ∈ Pk (I) is the best approximation. Thus, the Lebesque constant Λ is a measure of
how far away υh might be from the best approximation. It is solely determined by the choice
of rn and can be minimized by choosing rn as the Legendre-Gauss-Lobatto (LGL) nodes,
see [28] and related literature. The LGL nodes prevent the interpolating polynomial from
oscillations. We note that defining the matrix V as

Vmn := P̃n−1 (rm) (3.20)

and because we chose the modal representation to be interpolatory, i.e.

uh (rn) =
k+1∑
m=1

ûmP̃m−1 (rn) ,

it follows the relation
u = Vû, (3.21)

where û = [û1, . . . , ûk+1]T and u = [uh (x1) , . . . , uh (xk+1)]T represent the coefficients of

the modal and nodal expansions of uh. With ` = [`1, . . . , `k+1]T and P̃ =
[
P̃0, . . . , P̃k

]T
this

implies the identity
VT ` (r) = P̃ (r) . (3.22)

The matrix V is recognized as a generalized Vandermonde matrix. Such a matrix might
generally be badly conditioned. However, the motivation that led to the choice of the LGL
nodes, namely minimizing the Lebesque-constant, seems to be closely related to maximizing
the determinant of V , see [28, p. 47-50] or [11, p. 112-114]. Thus, this choice ensured
that V is a well-conditioned object even for high polynomial degrees k, and the resulting
interpolation is well behaved. Since the LGL nodes are mutually distinct, we also know that
V is regular.

The grid points xn from (3.15) can be calculated by using the mapping Xobs:

xn = Xobs (rn) , n = 1, . . . , k + 1. (3.23)

For practical purpose, the LGL nodes rn are computed using a library routine taken from
[28].

To evaluate the integral in (3.18) we use the Gauss quadrature formula

〈υ, ψm〉L2(I) ≈
NG∑
i=1

υ (ξi) P̃m−1 (ξi)ωi, (3.24)

where ξi are quadrature points on [−1, 1], and ωi the quadrature weights which are closely
related to the entries of the Vandermonde matrix. To save computation costs we choose
NG = k + 1 and the quadrature points to match the LGL nodes on [−1, 1]:

ξi = ri for i = 1, . . . , k + 1.

This is called collocation. With this choice, the Gauss quadrature formula is 2k − 1 exact.
That is, it holds equality in (3.24) as long as υP̃m−1 ∈ P2k−1 (I). Generally this is not the
case, since both terms are of maximal order k.
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3.2.2 System Discretization

For x ∈ Ωj , let `jn (x) ∈ Pk (Ωj) be defined as

`jn (x) := `n
(
Xj
−1 (x)

)
, n = 1, . . . , k + 1 (3.25)

and introduce the short notation

ujn(t) := ujh
(
xjn, t

)
. (3.26)

Then we continue with the local, nodal representation

ujh (x) =

k+1∑
n=1

ujn`
j
n (x) (3.27)

and consider (3.7) on Ωj , applied to ujh:

〈∂tujh, ϕ〉L2(Ωj) − 〈f, ∂xϕ〉L2(Ωj) − [f (x)ϕ (x)]∂Ωj
= 0.

Since the test space W (Ω) is chosen to be the same as the trial space, we require that for
all functions ϕ ∈ Pk (Ωj) ⊂ W (Ω) this statement holds. Equivalently, we require that for all
m = 1, . . . , k + 1 it must hold:

〈∂tujh, `
j
m〉L2(Ωj) − 〈f, ∂x`

j
m〉L2(Ωj) −

[
f (x) `jm (x)

]
∂Ωj

= 0. (3.28)

To be able to discretize System (3.1, 3.2), also f = f (u, ∂xu) (x, t) has to be discretized in
a proper manner. This is a problem dependent task. For this reason we will make another
assumption.

Assumption 3.3. An approximate flux fh ∈ V (Ω) exists, s.t. for any x ∈ Ωj :

f (u, ∂xu) (x, t) ≈ fh (x) =

k+1∑
n=1

f jn(t)`jn (x) .

Using (3.27), (3.28) can be rewritten as

〈∂t
k+1∑
n=1

ujn`
j
n, `

j
m〉L2(Ωj) − 〈

k+1∑
n=1

f jn`
j
n, ∂x`

j
m〉L2(Ωj) −

[
k+1∑
n=1

f jn`
j
n`
j
m

]xrj
xlj

= 0

for all m = 1, . . . , k + 1,

and further using the linearity of the scalar product

∂t

k+1∑
n=1

ujn〈`jn, `jm〉L2(Ωj) −
k+1∑
n=1

f jn〈`jn, ∂x`jm〉L2(Ωj) + δm,1f
j
1 − δm,k+1f

j
k+1 = 0

for all m = 1, . . . , k + 1.

(3.29)

Let the symmetric local mass matrix be defined as

M j
pq := 〈`jp, `jq〉L2(Ωj), 1 ≤ p, q ≤ k + 1, (3.30)
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as well as the local stiffness matrix

Sjpq := 〈`jp, ∂x`jq〉L2(Ωj), 1 ≤ p, q ≤ k + 1. (3.31)

For the coefficients wji of a function w ∈ V (Ω), we generally denote

wj :=
[
wj1, . . . , w

j
k+1

]T
∈ Rk+1.

Then (3.29) can be rewritten as

Mj∂tu
j − Sj

T
f j − f j1,k+1 = 0, (3.32)

where we denoted f j1,k+1 =
[
−f j1 , 0, . . . , 0, f

j
k+1

]T
.

Right now, uh takes two values at every interior node xj , j = 1, . . . , N − 1, which separates
Ωj and Ωj+1. For the values of a function w ∈ V (Ω) we denote the left and right limits:

w− (xj) = lim
x→xj
x/∈Ωj

w (x) , w+ (xj) = lim
x→xj
x∈Ωj

w (x) . (3.33)

Thus, in general we have
f jh
(
u− (xj)

)
6= f j+1

h

(
u+ (xj)

)
which means that for the two neighboring domains Ωj and Ωj+1, the mass flux leaving one
domain, is not equal to the mass flux entering the other one. This clearly would violate the
global mass balance and therefore is in need of correction. In the following, we will couple
the N systems of equations using the multiply defined function uh (x) in xj such that we
obtain a mass conservative scheme.

3.2.3 Coupling Conditions

To couple the N systems (3.32) we will use coupling conditions, by replacing f j1,k+1 in (3.32).
We introduce some definitions.

Definition 3.4 (Numerical flux function). A function gf (u−, u+) with gf : R2 → R as

gf
(
u−, u+

)
:=

1

2

(
f
(
u+
)

+ f
(
u−
))
− Q

2

(
u+ − u−

)
. (3.34)

is called numerical flux function. Here, f is the physical flux function. Q often is a variable,
similar to the derivative of f .

In this definition we used the so-called viscosity form of the flux function. There are many
ways to choose Q. However this is a problem dependent task. Flux functions can be char-
acterized in different ways. Here are two of them.

Definition 3.5 (Monotonicity and consistency). A numerical flux function is said to be mono-
tone if

(a) gf (·, u+) is non-decreasing,
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(b) gf (u−, ·) is non-increasing.

It is said to be consistent if it satisfies

gf (u, u) = f (u) . (3.35)

In the context of FVM, monotonicity is a sufficient property to obtain a total variation dimin-
ishing scheme (TVD), meaning that

TV
(
un+1
h

)
≤ TV (unh) , (3.36)

where
TV (uh) :=

∑
1≤i≤N

|uh,j+1 − uh,j | (3.37)

is a measure of the total height of jumps in the solution. Since we are interested in physi-
cally relevant solutions, namely the entropy solution, it is desirable to obtain a TVD scheme
which is closely related to the entropy condition. Thus, the choice of Q is important to pro-
vide the approximate solution with certain properties. There are numerous choices for Q,
e.g. Enquist-Osher, Godunov, Harten-Lax-van Leer, Lax-Friedrichs or the simple mean flux
scheme. Not all of them fulfill the monotonicity condition. For fluxes due to advection, it
makes sense to use a numerical flux function that takes into account a preferred direction
of flow. For fluxes due to diffusion, it is sufficient to use a simple mean flux function that is
cheaper to evaluate and can be implemented as a linear operator. We note:

Lemma 3.6. The local Lax-Friedrichs (LLF) flux with

Q = QLLF := max
v∈[m,M ]

|f ′ (v) |, with m = min{u−, u+}, M = max{u−, u+} (3.38)

is monotone and consistent.

Proof: We only proof monotonicity. Consider the partial derivatives of the LLF flux:

gLLF
f

(
u−, u+

)
=

1

2

(
f
(
u+
)

+ f
(
u−
))
− QLLF

2

(
u+ − u−

)
,

namely:

∂u−g
LLF
f

(
u−, u+

)
=

1

2

[
f ′
(
u−
)

+QLLF
]
≥ 0, ∂u+g

LLF
f

(
u−, u+

)
=

1

2

[
f ′
(
u+
)
−QLLF

]
≤ 0.

The desired inequalities are a direct consequence of the definition of QLLF. �

We leave the actual choice of Q open and define

gjf :=
[
−gf

(
u− (xj−1) , u+ (xj−1)

)
, 0, . . . , 0, gf

(
u− (xj) , u

+ (xj)
)]T

. (3.39)

Under Assumption 3.1 this reads for j = 1:

g1
f :=

[
−f (0) , 0, . . . , 0, gf

(
u− (x1) , u+ (x1)

)]T
, (3.40)

and for j = N :
gNf :=

[
−gf

(
u− (xN−1) , u+ (xN−1)

)
, 0, . . . , 0, f (0)

]T
. (3.41)

Replacing the element boundary fluxes f j1,k+1 in (3.32) by gjf , we obtain a single system of
equations.
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3.2.4 Matrix Relations

Here, we will note some properties of the local matrices that have been introduced up to now
and define some new matrices – local as well as global ones.

We recall: I = [−1, 1]. Let the local reference mass matrix be defined as:

Mmn := 〈`m, `n〉L2(I). (3.42)

By differentiation of (3.12) we have

dx =
h

2
dr, (∗)

so with the definitions (3.30) and (3.25) we immediately recover

M j
mn = 〈`jm, `jn〉L2(Ωj)

(∗)
=
h

2
〈`m, `n〉L2(I) =

h

2
Mmn, (3.43)

so
Mj =

h

2
M. (3.44)

Further, with (3.22) we have

`m (r) =

k+1∑
n=1

V−Tmn P̃n−1 (r) ,

where −T denotes the inverse transposed of a matrix. Recall the orthonormality of the Leg-
endre polynomials,

〈P̃i, P̃j〉L2(I) = δij . (∗∗)

Then we can write

Mmn = 〈
k+1∑
i=1

V−Tmi P̃i−1,
k+1∑
j=1

V−Tnj P̃j−1〉L2(I)

=
k+1∑
i=1

k+1∑
j=1

V−Tmi V
−T
nj 〈P̃i−1, P̃j−1〉L2(I)

(∗∗)
=

k+1∑
i=1

V−Tmi V
−T
ni .

(3.45)

Finally we obtain

Mj =
h

2
M =

h

2
V−TV−T T =

h

2
V−TV−1 =

h

2

(
VVT

)−1
, (3.46)

or the equivalent

Mj−1
=

2

h
VVT . (3.47)

Let also the local reference stiffness matrix be defined as:

Smn := 〈`m, ∂r`n〉L2(I). (3.48)

Then, with (∗) and
∂`jn
∂x

=
∂`n
h
2∂r

,
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it remains
Sjmn = 〈`jm, `jn〉L2(Ωj) =

h

2
〈`m,

2

h
∂r`n〉L2(I) = Smn. (3.49)

In [28], the differentiation matrix Dr is defined as well, with entries

Dr,ij =
∂`j (ri)

∂r
.

Consider an entry of S and use that the polynomial ∂r`j itself can be written in a nodal
expansion:

〈`i, ∂r`j〉L2(I) = 〈`i,
k+1∑
n=1

∂r`j (rn) `n〉L2(I)

=

k+1∑
n=1

〈`i, `n〉L2(I)∂r`j (rn)

=
k+1∑
n=1

MinDr,nj = (MDr)ij ,

so
Dr = M−1S. (3.50)

This relation can be used in a so-called strong form of the semi-discrete version of the PDE.
[28] use this uncommon formulation which is not considered here. Instead of (3.50) we will
need to use M−1ST . Therefore, consider an entry of ST and integrate partially:

〈∂r`i, `j〉L2(I) = −〈`i, ∂r`j〉L2(I) + [`i (r) `j (r)]I , (3.51)

where for the term in brackets [·] it holds

[`i (r) `j (r)]I =


−1, i = j = 1,

1, i = j = k + 1,

0, else.

This is, using

Ik :=



−1 0 . . . . . . 0

0 0
. . .

...
. . . . . . . . .

...
...

. . . 0 0
0 . . . 0 1


∈ R(k+1)×(k+1), (3.52)

we have
ST = −MDr + Ik

and consequently
E := M−1ST = M−1Ik −Dr. (3.53)

The essential difference of Dr and E is that Dr is an exact element wise differentiation
operator, while E takes the values of the gradients of the neighboring element functions into
account. A way how Dr (and thus ST ,E) can be calculated is given in [28, Chapter 3].
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3.2.5 The Discretized System

Using (3.44), we combine (3.32) with (3.39) and rewrite to:

∂tu
j =

2

h

(
Ef j −M−1gjf

)
. (3.54)

We define the global differentiation matrix E ∈ RN̄×N̄

E :=

 E 0
. . .

0 E

 , (3.55)

as well as the global mass matrix M ∈ RN̄×N̄

M :=

 M 0
. . .

0 M

 . (3.56)

Then, denoting w ∈ RN̄ for w ∈ {u,f ,gf} as

w :=
[
w1, . . . ,wN

]T
, (3.57)

we rewrite the N systems (3.54) into the single discretized system

∂tu =
2

h

(
Ef −M−1gf

)
. (3.58)

Note that the boundary conditions under Assumption 3.1 are already enforced numerically.
We recognize (3.58) as a system of ODEs, since both f and gf are (generally nonlinear)
functions of u. We denote (3.58) also as

∂tu = N (u) . (3.59)

At this point, we derived the spatial discretization, using the DG method. In the next section,
we will discuss MOL for integrating (3.59) in time such that an approximation uh,ι ∈ Vkh× [0, t]
to the weak solution can be constructed.

3.3 Time Integration with the Method of Lines

The method of lines (MOL) is a method to integrate a system of PDEs of which all dimensions
are discretized but one (usually the time variable). Therefore, MOL is a suitable method to
solve (3.59) combined with a discretized version of the initial conditions in (3.2). Here, the
numerical MOL (also called NMOL) is used, so the integration is obtained by numerical
integration using a timestepping method in stead of analytically. Suppose a system of ODEs
is given of the form

∂tu (t) = N (u (t)) , t ∈ (0, T ), (3.60)
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with initial condition
u (0) = u0.

Let ts = s∆t, ∆t = T/NT . Then we can construct an approximation u∆t (t) , t ∈ [ts, ts+1]
to u of the form

u (t) ≈ u∆t (t) = αus + (1− α)us+1,

α =
ts+1 − t
ts+1 − ts

,
(3.61)

by defining a time-stepping method that performs the steps us → us+1 for s = 0, . . . , NT − 1.
(Compare to (3.6).) In this section we consider three possible ways to perform such a step,
each a one-step method: the forward Euler method (Section 3.3.1), the explicit r-stage
Runge-Kutta method (Section 3.3.2) and the backward Euler method (Section 3.3.3).

We want to stress here that the Runge-Kutta method with a stage r > 1 requires more
regularity of the solution than the Euler methods do. For RE the solution generally does not
provide this formal regularity. In practice, these methods are also used for problems that do
not fulfill the requirements. While it might yield better results in some cases, one has to take
care when interpreting the results. We are presenting higher-order timestepping methods,
not only because of their importance in state of the art PDE solvers, but also to be able to
yield higher-order convergent schemes as presented in Chapter 4. There we discuss some
general properties of the numerical scheme.

For comparing the methods, we need some additional notation and definitions. To be able
to make statements about stability properties of timestepping methods, one considers the
behavior of the numerical solution to certain test problems. We consider the Dahlquist test
problem, namely the initial value problem (IVP):

∂tu (t) = λu (t) , u (0) = 1, λ ∈ C, Re (λ) ≤ 0, (3.62)

with exact solution
u (t) = eλt.

The three methods in this section, applied on (3.62), can be expressed in a recursive way.
We define z := h̃λ where h̃ is the step size. Then the recursion reads

ys+1 = ϕ (z) ys, (3.63)

with ϕ being the stability function of the applied method.

Definition 3.7 (Stability domain and A-stability). The set

S := {z ∈ C : |ϕ (z)| < 1}

is called the stability domain to the relative numerical method. If the whole left half-plane

C− := {z ∈ C : Re (z) < 0}

is contained in S, then the method is said to be A-stable.

For integrating (3.62), h̃ should be chosen in such a manner that h̃λ ∈ S. A numerical method
for the solution of the Dahlquist equation that is A-stable, provides this for arbitrary step size.
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If we compare (3.63) with the exact solution u
(
ts+1

)
= eh̃λu (ts), we see that essentially only

the prefactor matters, so the stability function of a ’good’ integration method should provide
ϕ (z) ≈ ez.
For a time-stepping method to (3.60), we write

us+1 = Φ (us,∆t) , (3.64)

for a single step and use a superscript as a short notation for multiple steps

us+1 = Φ (us,∆t) = Φ
(
Φ
(
us−1,∆t

)
,∆t

)
= Φ

(
Φ
(
. . .Φ

(
u0 = u0,∆t

)
. . . ,∆t

)
,∆t

)
= Φs+1 (u0,∆t) .

(3.65)

Convergence of the Method of Lines

A time-stepping method is convergent, if it is consistent and stable.

Definition 3.8 (Consistency. Zero-stability). The local truncation error is defined as

δ∆t := Φ (u (ts))− u (ts + ∆t) . (3.66)

It is the error made during one step, starting from the exact solution. A method is consistent
if

lim
∆t→0

δ∆t

∆t
= 0. (3.67)

We consider two numerical solutions u1 and u2 for non-perturbed and perturbed initial con-
ditions u0 and u0 + ε, respectively. A method is zero-stable if for the corresponding approxi-
mate solutions it holds:

|us2 − us1|
ts→∞−→ 0. (3.68)

The considered one-step methods are constructed using Taylor expansions of the solution.
The needed assumptions on the smoothness of u are sufficient to guarantee consistency of
the methods. We will show this explicitly for the forward Euler method, only.

Stability of a time-stepping method applied to (3.60) with an operator N from FEM or FDM is
a sophisticated study field. This is not the case if the same time-stepping method is applied
when the operator N is obtained with the DG method. We will have a look at the linear
case in Section 4.1, where we can give some indications, based on the eigenvalues of Φ
and N . They are also compared with the stability domains of ϕ (z) of some methods. For
the non-linear cases there is no further discussion concerning stability. However, we will find
numerically obtained evidence of convergence.

3.3.1 Method 1: Forward Euler

Given an approximation us ≈ u (ts), we use the easiest time-stepping method to approximate
the solution after the next time step us+1 ≈ u

(
ts+1

)
. Assuming u ∈ C1 ((0, T )), we consider

the Taylor expansion of (3.60) at time ts:

u (ts + ∆t) = u (ts) + ∂tu (ts) ∆t+O
(
∆t2

)
. (3.69)
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This directly yields the Euler explicit scheme, also called forward Euler :

Definition 3.9 (Forward Euler). Given us, we define

us+1 = us + ∆tN (us) . (3.70)

This way a sequence (us)s=0,...,NT
can be constructed to obtain u∆t (t). The initial state is

u0 = u (0).

Consistency

Lemma 3.10. The forward Euler method is consistent.

Proof: The system matrix reads

Φ (u) = u+ ∆tN (u) ,

so
δ∆t = u (ts) + ∆tN (u (ts))− u

(
ts+1

)
.

Then

lim
∆t→0

δ∆t

∆t
= lim

∆t→0

u (ts) + ∆tN (u (ts))− u
(
ts+1

)
∆t

= N (u (ts))− lim
∆t→0

u
(
ts+1

)
− u (ts)

∆t

= N (u (ts))−N (u (ts)) = 0.

�

For the remaining methods the argument for the consistency stays the same. Only the
system matrix will have a different form.

Applied to the Dahlquist Equation

With y0 = 1 the Forward Euler method applied to (3.62) is

ys+1 = ys + h̃ ∂tys
(3.62)

=
(

1 + λh̃
)
ys. (3.71)

Therefore, ϕ (z) = 1 + z = ez +O
(
z2
)

is the stability function to the explicit Euler method. Its
stability domain is the open ball

B1 (−1) = {z ∈ C : |z + 1| < 1},

as illustrated in Figure 3.2.
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RK(2)
RK(3)
Backward Euler

Figure 3.2: Stability domains of different one-step methods. The explicit methods have
bounded domains. The implicit Euler method covers the whole domain, except of the dashed
closed ball B̄1 (1) on the right side of the imaginary axis.

3.3.2 Method 2: Runge-Kutta

High order accuracy in time can be achieved e.g. by using a Runge-Kutta method. If the
solution changes in time sufficiently smooth, one can gain an advantage by using this prop-
erty: Based on Taylor expansions in time, one can combine different intermediate time step
sizes, such that unwanted higher order derivative terms cancel out and thus, an overall time
step of high order accuracy is achieved. The number of intermediate steps is called stage.
The simplest Runge-Kutta method is a stage one, order one method. It is equivalent to the
forward Euler method. To achieve second order, one also needs at least two stages. This is
a drawback of the method, since the computational effort increases at least linearly with the
desired accuracy of the time integration. For the time step us → us+1 we define an r-stage
Runge-Kutta method (RK(r)):

Definition 3.11 (Runge-Kutta I).

us+1 = us + ∆t
r∑
i=1

biki,

ki = N

ts + ci∆t,u
s + ∆t

r∑
j=1

aijkj

 , i = 1, . . . , r.

(3.72)

The first argument of the operator N is only needed if explicit time dependence is given, e.g.
by time dependent boundary conditions. We will restrict ourselves to explicit RK methods.
Therefore, we require aij = 0 for i ≤ j. A compact form to express RK methods is via a
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Butcher tableau
c A

b

.

For example a third order accuracy RK(3) scheme (comparable to Simpson’s rule) reads:

0

c2 a21

c3 a31 a32

b1 b2 b3

=

0
1
2

1
2

1 −1 2

1
6

2
3

1
6

.

Local Projection Discontiuous Galerkin Methods

For hyperbolic PDEs the Runge-Kutta method was studied in combination with Discontinuous
Galerkin spatial discretization, see [13]. In order to guarantee convergence of the numerical
scheme, the time integration has to be stable. Before we motivate the stabilization, we first
restate the definition of an explicit r-stage Runge-Kutta method as given in [48]:

Definition 3.12 (Runge-Kutta II). For the time step us → us+1, the following is an equivalent
form to Definition 3.11:

u(0) = us,

u(i) = u(0) + ∆t
i−1∑
k=0

cikN
(
ts + dk∆t, u

(k)
)
, i = 1, . . . , r,

us+1 = u(r),

(3.73)

where dk =
∑k−1

l=0 ckl.

We will drop the time dependence of N in this discussion for clarity. If we require αik ≥ 0,∑i−1
k=0 αik = 1 we can rewrite (3.73) as in [48] to

u(i) =
i−1∑
k=0

αiku
(0) + ∆t

i−1∑
k=0

cikN
(
u(k)

)
= αi0u

(0) +
i−1∑
k=1

αik

(
u(k) −∆t

k−1∑
l=0

cklN
(
u(l)
))

+ ∆t
i−1∑
k=0

cikN
(
u(k)

)
=

i−1∑
k=0

[
αiku

(k) +

(
cik −

i−1∑
l=k+1

clkαil

)
∆tN

(
u(k)

)]
,

(3.74)

where the last summation over l is not performed for k = i− 1. Defining

βik := cik −
i−1∑
l=k+1

clkαil,
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we obtain

u(i) =

i−1∑
k=0

[
αiku

(k) + βik∆tN
(
u(k)

)]
,

or if we additionally require that if βik 6= 0, then also αik 6= 0:

u(i) =
i−1∑
k=0

αikwik, wik = u(k) +
βik
αik

∆tN
(
u(k)

)
. (3.75)

The three added requirements

(i) αik ≥ 0,

(ii)
∑i−1

k=0 αik = 1,

(iii) If βik 6= 0 then αik 6= 0,

lead to a special class of Runge-Kutta methods: Their stability follows from the stability of
the mapping u(k) 7→ wik = W

(
u(k)

)
. If we assume that, for some semi-norm | · |, we have

that |wik| ≤ |u(k)|, then

|u(i)| = |
i−1∑
k=0

αikwik| ≤
i−1∑
k=0

αik|wik| ≤ αik|u(k)| ≤ max
0≤k≤i−1

|u(k)|

and thereby stability of the time-stepping method is obtained. Based on this idea a similar
inequality for the mapping could be obtained by Cockburn and Shu. They use an enhanced
slope limiting technique from MUSCL schemes (see [32], [33]). These limiting procedures
are based on the work from [7].

The used operator ΛΠh works for arbitrary high spatial order DG methods [13]. We denote
the mean ûj1

√
1/2 of uh on element Ωj as ūj(compare to (3.14)). With the minmod function

as

m (a1, a2, a3) :=

s min
1≤n≤3

|an|, if s = sign (a1) = sign (a2) = sign (a3) ,

0 otherwise,
(3.76)

we can define the operator ujh = ΛΠh

(
vjh

)
as:

1. Define

ujk+1 = v̄j +m
(
vjk+1 − v̄j , v̄j − v̄j−1, v̄j+1 − v̄j

)
,

uj1 = v̄j −m
(
v̄j − vj1, v̄j − v̄j−1, v̄j+1 − v̄j

)
.

2. If ujk+1 = vjk+1 and uj1 = vj1, then
ujh := vjh,

else

ujh := v̄j + (x− (xj +
h

2
))m

(√
3

2
v̂j2,

2

h
(v̄j+1 − v̄j),

2

h
(v̄j − v̄j−1)

)
.
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The operator enforces the total variation in the mean of the weak solution uh, defined as

|uh|TV (Ω) :=
∑

1≤j≤N−1

|ūj+1 − ūj |, (3.77)

to diminish:
|uh
(
ts+1

)
|TV (Ω) ≤ |uh (ts) |TV (Ω), (3.78)

or at least to bound it’s growth:

|uh
(
ts+1

)
|TV (Ω) ≤ |uh (ts) |TV (Ω) + Ch. (3.79)

This leads to so-called total variation diminishing in the mean schemes (TVDM) or total vari-
ation bounded in the mean schemes (TVBM), respectively. The operator is simply applied to
each immediate step W

(
u(k)

)
before the next immediate step can be computed. To achieve

the best possible convergence order in time and space, a (k + 1)th order RK scheme should
be used if a DG method with polynomial degree k is applied, see [13]. Let us summarize:

Definition 3.13 (Local Projection DG method (ΛΠhRKDG)). Let {ts}NTs=0 be a partition of
[0, T ] with time step size ∆t = ts+1 − ts. Then the combined algorithm reads as follows:

1. Set u0 = ΛΠhũ0, where ũ0 is some discretized version of u0.

2. For s = 0, . . . , NT − 1 compute us+1 from us as follows:

(i) Set u(0) = us.

(ii) For i = 1, . . . , r compute the intermediate integration steps:

u(i) = ΛΠh

(∑i−1
k=0 αikwik

)
, wik = u(k) +

βik
αik

∆tsN
(
u(l)
)
.

(iii) Set us+1 = u(r).

The TVBM operator ΛΠh enforces nonlinear stability in each immediate step. It is not applied
to every element but only where local extrema occur (detected by a minmod function, see
[28, Chapter 5]). In these regions it reduces the spatial approximation order. In smoother
regions where the operator is not applied, the order remains unaffected. ΛΠh is constructed
such that it is mass conservative. For detailed information and analysis we refer to [13] or
[48]. A more advanced slope limiter was recently provided in [31] within the DG framework. It
seems to be more reliable in predicting the necessity of the limiting procedure for an element
and also shows highly accurate results for many kind of problems.

The constants αik and βik of (3.75) are not unique, but let choice for free parameters. Exam-
ples for αik, βik for r = {2, 3} can be found in [48]. For the second-order RK(2) method, the
authors recovered Heun’s method (or modified Euler) as their choice, because it optimizes
the CFL number:

r = 2 :

{
α10 = 1, α20 = 1/2, α21 = 1/2,

β10 = 1, β20 = 0, β21 = 1/2.
(3.80)

To obtain a third-order accurate method one can choose the parameters:

r = 3 :

{
α10 = 1, α20 = 3/4, α21 = 1/4, α30 = 1/3, α31 = 0, α32 = 2/3,

β10 = 1, β20 = 0, β21 = 1/4, β30 = 0, β31 = 0, β32 = 2/3.
(3.81)
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As stated in [48], the classical third-order RK(3) methods are inferior to the latter method,
concerning CFL numbers. Additionally, they lead to negative βik. This causes problems that
need to be considered on account of total variation evolution. The authors could not avoid
negative constants βik for r = 4, when searching for a fourth-order scheme. However, they
provide a modified scheme (by modifying N ) which can handle these cases.

Applied to the Dahlquist Equation

With y0 = 1 Runge-Kutta methods as in Definition 3.11 applied to (3.62), read as

ys+1 = ys + h̃
r∑
i=1

biki,

ki
(3.62)

= λys + h̃λ
s∑
j=1

aijkj . (3.82)

With Id the identity matrix, A as in the Butcher matrix, k = [k1, . . . , kr]
T and 1 := [1, . . . , 1]T ,

(3.82) can be rewritten to λys1 = (Id− zA)k, so k = λ (Id− zA)−1
1ys. With b also from

the Butcher matrix, the recursion can be written in the form of (3.63) as:

ys+1 = ys + h̃bTk = ϕ (z) ys, (3.83)

ϕ (z) := 1 + zbT (Id−A)−1
1. (3.84)

For explicit RK methods, A is a strictly lower triangular matrix, so it is nilpotent: Ar = 0 and
especially it holds

(Id− zA)−1 =
∞∑
k=0

(zA)k =
r−1∑
k=0

(zA)k .

We have:

ϕ (z) = 1 + zbT (Id− zA)−1
1

= 1 + zbT
r−1∑
k=0

(zA)k 1

= 1 +

r−1∑
k=0

(
bTAk1

)
zk+1.

(3.85)

Thus, we recognize that all explicit Runge-Kutta methods yield the stability function to be a
polynomial (this holds for all explicit time-stepping methods). This is, since |ϕ (z) | −→ ∞ for
|z| −→ ∞, all explicit (Runge-Kutta) methods have a bounded stability domain. In the best
case, Runge-Kutta methods converge with order p ≤ s. Then, the stability function is an
approximation to the exact solution of the Dahlquist equation, fulfilling ϕ (z) = ez +O

(
zp+1

)
.

Method Forward Euler Heun (3.80) RK(3) (3.81) Backward Euler

ϕ (z) 1 + z 1 + z + z2

2 1 + z + z2

2 + z3

6

1

1− z
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The stability domains of the second- and third- order RK methods (3.80), (3.81) are pictured
in Figure 3.2. Due to stability requirements, the forward Euler and the general explicit Runge-
Kutta methods underlie strong time step restrictions. To allow larger time steps, implicit
schemes like the Backward Euler method can be used. We will have a look into this scheme
in the following, including a solution scheme to the resulting nonlinear system of equations.

3.3.3 Method 3: Backward Euler

Considering the backward Taylor expansion of (3.60) at time ts+1, namely

u
(
ts+1 −∆t

)
= u

(
ts+1

)
− ∂tu

(
ts+1

)
∆t+O

(
∆t2

)
(3.86)

it is easy to see that therefore

u (ts) ≈ u
(
ts+1

)
−∆t∂tu

(
ts+1

)
.

With this motivation and using (3.60), we formulate the implicit version of the Euler method.

Definition 3.14 (Backward Euler). Let us ≈ u (ts) be given. To obtain us+1 the nonlinear set
of equations

us+1 = us + ∆tN
(
us+1

)
(3.87)

has to be solved.

To perform a Backward Euler step, there are multiple ways that can be followed to solve the
nonlinear set of equations. One of the most commonly used ways is to run a Newton iteration
method.

Newton Method

An equivalent form to (3.87) reads: Find the root u∗ of the function Fs ∈ C∞
(
RN̄
)

: RN̄ → RN̄

defined by
Fs (u) := us + ∆tN (u)− u. (3.88)

Suppose it is given an approximation un to u∗. Performing Taylor expansion for Fs in u, we
get:

Fs (u) = Fs (un) + JFs (un) (u− un) +O
(
|u− un|2

)
. (3.89)

Assuming that |u − un| is small enough, a next guess for the root of Fs can easily be con-
structed as the point that solves the linear system

0 = Fs (un)− JFs (un) (un − u) .

This is,
un+1 := un − J−1

Fs
(un)Fs (un) . (3.90)

Under the assumption that the initial guess u0 is sufficiently close to the solution u∗ (in case
that ∆t is fixed), the sequence (un)n∈N converges quadratically to u∗. By repeating the step
in (3.90) until a properly chosen condition of termination is fulfilled, an approximate solution
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us+1 of (3.87) can be obtained. The efficiency of the procedure, mainly can be improved by
improving the initial guess u0 as well as using preconditioning and Krylov-space methods on
solving

Ax = b, A = −JFs (un) , b = Fs (un)−Aun, (3.91)

where x takes the role of un+1. This way the number of necessary iterations can be reduced
and their speed increased. Since the computation of JFs is very expensive (compared to an
evaluation of N (u)) one can try to reuse A over some Newton iterations or even multiple
time steps, before computing it anew. However, this leads also to a loss of the quadratical
convergence. The initial guess could be improved by using an explicit method or a globally
convergent method. (Globally convergent methods usually show only linear convergence but
are more robust.)

Applied to the Dahlquist Equation

Applying (3.87) on (3.62) in the usual notation, we get

ys+1 = ys + h̃λys+1

and rewrite it to the recursive form

ys+1 =
1

1− h̃λ
ys. (3.92)

The stability function therefore reads:

ϕ (z) =
1

1− z
,

which is a broken rational function.

Lemma 3.15. The backward Euler method is A-stable.

Proof: We want to know the set of z ∈ C for which the absolute value of the stability function
is smaller than 1:

|ϕ (z) | =
∣∣∣∣ 1

1− z

∣∣∣∣ < 1,

what is equivalent to:

1 < |1− z|2 = |1−Re (z)− i Im (z) |2

= |1−Re (z) |2 + |Im (z) |2

= 1− 2 Re (z) +Re (z)2 + Im (z)2

= 1− 2 Re (z) + |z|2.

This is true for all z ∈ C−, so C− ∈ S. �

The stability domain, which is the exterior of the closed ball B̄1 (1) = {z ∈ C : |z − 1| ≤ 1},
can be seen in Figure 3.2. The Backward Euler method can also be seen as special case of
the implicit RK methods. They are studied in e.g. [10]. Implicit RK(r) methods can achieve
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a maximal accuracy order 2r. However, a full matrix A from the Butcher tableau, leads to
expenses in solving the arising linear system. To decouple this large linear system one can
use diagonally implicit Runge-Kutta methods (DIRK) where only a sequence of smaller linear
systems has to be solved. DIRK methods have maximal accuracy order r+1. A special case
of DIRK is the singly diagonal implicit RK method (SDIRK) with all diagonal elements equal,
aii = a. This method shows significant computational advantage [1].

Backward Euler Method with a Time Derivative Dependent Operator, N = N (u, ∂tu)

Let us be given. Since the backward Euler method is of first-order accuracy, it is consistent
to also approximate ∂tu in a first order manner. Therefore, we assume that

N = N (u,ut)

is given, where ut is the backward finite difference operator

ut :=
us+1 − us

∆t
. (3.93)

With this, the backward Euler method reads

us+1 = us + ∆tN
(
us+1,

us+1 − us

∆t

)
. (3.94)

For solving this nonlinear system with the Newton method, we can define

F̃s (u) := us + ∆tN
(
u,

u− us

∆t

)
− u. (3.95)

The remaining steps to find the root of F̃s and therefore the solution us+1, stay unchanged.
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4 Examples and Validation

This chapter concerns the discretization of different PDEs in the general form (3.1), (3.2),
where we specify the flux function as

f (u, ∂xu) = f1 (u) + f2 (u) ∂xu. (4.1)

We call f1 advection term and f2∂xu diffusion term. In detail we consider the steps:

1. Linear advection – The hyperbolic linear wave equation:

• f1 = c u, c ∈ R, f2 = 0.

2. Nonlinear advection – The hyperbolic Burgers equation:

• f1 = 1
2 u

2, f2 = 0.

3. Nonlinear diffusion, without and with advection – The parabolic, degenerate porous
medium equation:

• f1 = 0, f2 = −m um−1, m > 1,

(i) Using a Kirchhoff transformation [see 2], where we give up the form (4.1)
(ii) Via a direct treatment, without Kirchhoff transformation

• f1 = c u, c ∈ R, f2 = −m um−1, m > 1.

For all steps the exact solution exists and is known. As a main focus during this chapter, we
will define approximations fh to the flux function f (uh, ∂xu). That is, we satisfy Assumption
3.3. Further, the choice of the numerical flux as a coupling condition will be discussed.
The hereby obtained spatial discretizations will be combined with different time-stepping
methods. The resulting complete schemes are compared with each other and validated
using the analytic solution. That is, we construct numerical solution schemes for which we
will achieve numerical evidence for the convergence of uh,ι to the exact solution u.

In Section 4.1, we will additionally discuss the stability of the time-stepping methods. In
Chapter 5, we will use the obtained insights from steps 1 to 3, to define numerical schemes
for RE as in (P1vert) and (P2vert) from Chapter 2. This is (4.1) in case that f1 and f2 are both
nonlinear functions in u, with an additional dependence on ∂tu. Throughout this chapter we
will use notation and definitions from Chapter 3.
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4.1 Example 1: Linear Advection

Let (0, T ) be a non-empty time interval. With f1 = cu, c = 2π, f2 = 0 and Ω = (a, b) = (0, 2π)
we consider the linear wave equation

∂tu+ 2π∂xu = 0 on ΩT = Ω× (0, T ), (4.2)

with periodic boundary conditions

u (0, t) = u (2π, t) for t ∈ (0, T )

and initial condition
u (x, 0) = sin (x) .

The exact solution is given by
u (x, t) = sin (x− 2πt) .

Choosing fh ∈ V (Ω). For the linear advection, it is an easy task to choose the approximate
flux, since f (uh) is already an element of V (Ω). We directly define:

f := 2πu. (4.3)

We will compare the mean flux

gf,mean
(
u−, u+

)
=
u− + u+

2
,

with the LLF flux. For linear advection the LLF flux is equivalent to the upwind flux

gf,LLF
(
u−, u+

)
=

{
u−, c > 0,

u+, c < 0.

With periodic boundary conditions, the fluxes can be written in linear form as

gf,mean = Gmeanf , gf,LLF = GLLFf , (4.4)

where

Gmean =
1

2



Ik BL −TR

−TR Ik
. . .

. . . . . . . . .
. . . Ik BL

BL −TR Ik


∈ RN̄×N̄ , (4.5)

GLLF =


BR −TR

−TR . . .
. . . . . .

−TR BR

 ∈ RN̄×N̄ , (4.6)
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with Ik from (3.52) and BR,TR,BL ∈ Rk+1×k+1 being zero matrices with a 1-entry in the
bottom right, top right and bottom left, respectively. In these cases, the operator N from
(3.59) is linear:

N (u) = Nu =
2c

h

(
E−M−1Gmean/LLF

)
u. (4.7)

The obtained DG discretization can be combined with any of the introduced time-stepping
methods.

4.1.1 On the Stability of the Method of Lines – Linear Case

The following section will discuss some stability properties of the time-stepping methods
using the operator in (4.7).

The stability condition (3.68) is equivalent to

|us2 − us1| = Φs|u0 + ε− u0| = Φsε→ 0, ts →∞. (4.8)

This holds if and only if the set of eigenvalues of Φ is bounded by 1:

|eig (Φ) | < 1.

If we consider for example the forward Euler method, then with Id being the identity matrix,
we have

Φmean/LLF = Id + ∆tNmean/LLF.

The eigenvalues of Φmean are pictured in Figure 4.1 for k = {1, 2, 3}, N = 8. Independent
of k,N and ∆t there always exist eigenvalues λ of Φmean with |λ| ≥ 1. Therefore, the
forward Euler method, using the mean flux, is not zero-stable. Using the LLF flux, we find no
eigenvalues of ΦLLF with Re (λ) > 1, see Figure 4.2a. If we apply a CFL-like condition ([28,
chpt. 4]) for the time step size, namely

∆t =
CCFLh

2π
∆r, CCFL = 0.375, ∆r = min

i=1,...,k
ri+1 − ri = r2 − r1, (4.9)

then the eigenvalues of ΦLLF appear to be close to the zero-stability domain, as can be seen
in Figure 4.2b. The graph also shows that the eigenvalues close to z = 1 are spread across
a nearly vertical line. Therefore, zero-stability can not even be guaranteed with CFL-number,
CCFL = 10−8. However, if we consider the eigenvalues of NLLF,

eig (NLLF) = eig (ΦLLF)− 1, (4.10)

then we find them to be close to the stability domains of the forward Euler method and the
RK(2) method, and contained in the stability domains of the RK(r) methods with r ≥ 3. The
latter methods have been found to be computationally stable for all considered polynomial
degrees (k in 1 to 9) and numbers of elements (N in 2 (8 if k = 1) to 128 ). For the chosen
CFL-number the 2-stage Runge-Kutta method was found to be stable for k ≥ 3. For CCFL =
0.0375 also the forward Euler and RK(2) methods for k = {1, 2} are stable. If we have a
look at the eigenvalues of NLLF for k = {1, 2, 3} (see Figure 4.2c), then we can see that
the eigenvalues with the highest absolute value are outside the stability domain of the RK(2)
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(a) ∆t = 0.01. All shown eigenvalues lie outside
the zero-stability domain.
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(b) ∆t = 0.0001. The eigenvalues got scaled
closer to z = 1, but stay outside the domain.

Figure 4.1: Eigenvalues of Φmean for N = 8. The system matrix, obtained when using the
mean flux, cannot be zero-stable.

method for k = {1, 2} but inside for k ≥ 3. Thus, having eig (N ) ⊂ S is not a necessary
condition for the stability of the considered time-stepping methods. Especially since we only
used Φ from the forward Euler method. However, the relation between N and the different
stability domains can be seen as an indicator for the computational stability of the related
method.

4.1.2 Comparison of the Time Integration Methods

The Euler methods are only of accuracy order one, whereas the RK(r) methods are of order
up to r. To compare their performance, we consider the numerical solutions after 30 wave
periods based on a DG method with N = 8, k = 2 and the LLF flux. The results for the Euler
methods and the classic Runge-Kutta method (RK(5)) (5-stage, fourth order) are depicted in
Figure 4.3a. As expected, the RK(5) method is clearly closer to the exact solution than the
Euler methods. Note that as t converges to infinity, the forward Euler solution will diverge
whereas the backward Euler solution will approach zero. For the comparison we computed
the backward Euler steps in (3.87) not using the Newton solver but analytically via

us+1 = us + ∆tNLLFu
s+1, (4.11)

which yields the explicit recursion formula

us+1 = (Id−∆tNLLF)−1 us. (4.12)

However, this only can be done for the linear case. In the following problems we need
to use the Newton method which is implemented as a quasi-Newton solver. We use an
approximation for the Jacobian matrix instead of the analytic expression. Even for the linear
case, this introduces an error in the computation of us+1. Denoting the last Newton iteration
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(a) Eigenvalues of ΦLLF for different polynomial
orders k and dt = 0.01. The real parts are
smaller or equal to 1.
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(b) Eigenvalues of ΦLLF using the CFL-like con-
dition (4.9). Eigenvalues lie close to the zero-
stability domain. However, the forward Euler
method is unstable.
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(c) Eigenvalues of NLLF using (4.9), compared
to the stability domains S. All eigenvalues are
contained in the stability domain of the RK(3)
method, except λ = 0.
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(d) The eigenvalues close to the imaginary axis
are outside the RK(2) stability domain but inside
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Figure 4.2: Eigenvalues of the forward Euler system matrix for N = 8 (a,b) and eigenvalues
of NLLF with N = 16 (c,d). For the linear wave equation with periodic boundary conditions,
we can estimate time step sizes to obtain computationally stable time-stepping methods by
relating the eigenvalues of N to the stability regions S.
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before termination as uñ the error reads |us+1−uñ|. It can lead to a significant error evolution
as can be seen in Figure 4.3a. Therefore, to obtain acceptable results with the complete
scheme, the condition of termination has to be strict enough. At the same time, this also
seems to restrict the time step size of the scheme, leading to long CPU times. The quasi-
Newton solver was terminated if:

max{‖F (un) ‖∞, σ‖F (un)− F
(
un−1

)
‖∞} ≤ 10−d, (4.13)

where σ = 500 was used and d ∈ N+ was to choose. We measured the performance of this
condition depending on d. The resulting CPU time and errors, ‖uh(t)−u(t)‖L∞(Ω) for t = 30,
are shown in Figure 4.4. We can see that the CPU time increases first in a nearly linear way,
while the error is getting smaller exponentially. For d = {6, 7, 8} this behavior changes: The
CPU time starts to increase exponentially, whereas the progress in error decrease seems
to slow down from d = 7 to d = 8. To strike a compromise, we chose d = 7 for further
computations in the framework of the linear wave equation. Note that this value is a specific
choice for the above condition matching the linear wave equation and the definition of Fs as
in (3.88). For other problems, different conditions for the termination might be necessary.
However, the importance of finding a balance between accuracy and CPU time, stays the
same. So the condition of termination has to be chosen thoughtfully.

4.1.3 Mean Flux versus Local Lax-Friedrichs Flux

Although for the mean flux the forward Euler method is not zero-stable, a computationally
stable method could be obtained for CCFL = 0.0375. However, for advection problems the
mean flux is known to be inferior to most other common numerical fluxes like the LLF flux
as defined in (3.38). In Figure 4.5a the two fluxes are compared, combining the forward
Euler method and the DG method with k = 1, N = 8. Jumps between the elements and the
obtained error to the exact solution are higher for the mean flux. The LLF flux is also superior
in the resulting advection speed, see Figure 4.5b. We can see that besides general stability
reasons also for advective problems, other fluxes like the mean flux should be used (e.g. the
LLF flux).

4.1.4 Convergence Results

We combined the time-stepping methods with different DG methods and obtained numerical
convergence of the spatial discretization technique

‖u (t)− uh (t) ‖L2(Ω) −→ 0, for h→ 0, (4.14)

which we show indirectly by showing

‖u− uh,ι‖L2(ΩT ) −→ 0, for h→ 0, with ι = ∆t = const. (4.15)

Note that (4.15) can only be true, if (4.14) holds for all t. However, we will be satisfied with a
finite amount t = ts, s = 1, . . . , NT and approximate the norm ‖ · ‖L2(ΩT ) using the sequence
(uh (ts))s=0,...,NT

. We also obtain convergence of the complete scheme:

‖u− uh,ι‖L2(ΩT ) −→ 0, for h→ 0, ι→ 0. (4.16)
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(a) For the Euler methods, errors grow faster compared to the Runge-Kutta method. They should be
used only if the solution possesses sufficient regularity allowing the use of higher order methods.
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(b) For increasing d, the computation via a quasi-Newton method converges to the numerical solution
obtained by the "exact" backward Euler method.

Figure 4.3: Comparison of different time-stepping methods after multiple wave periods (top).
Numerical solutions using the backward Euler method, obtained with different d-values as in
(4.13), are compared to the exact computation of the backward Euler solution using (4.12)
(bottom).
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Figure 4.4: CPU time and L∞ (Ω)-error between the solutions obtained by exact and ap-
proximative computation. Until d = 6 the CPU time increases in a nearly linear way. Then it
increases exponentially. The error decreases accelerative with increasing d. This accelera-
tion seems to stagnate in the step from d = 7 to d = 8.

Note that for the explicit schemes, ∆t goes to zero as h goes to zero, because of (4.9). For
the implicit scheme, we chose the time step size to be linear to h, to achieve comparable
results. Thus, all schemes provide a joint convergence of h and ι to zero.

In Figure 4.6a, the convergence rates for the DG method are given for different polynomial
degrees k. The backward Euler method with polynomial degree k = 1 show convergence
order one. All other methods show convergence order k+1. While the error evolution for time
t = 0.1 is negligible when the higher order Runge-Kutta method is used, this is not the case
for the lower order methods. For the forward- and backward Euler methods the accuracy is
bounded since the errors of the time integration prevent further enhancement through grid
size refinement. Note that this behavior is not a result of the DG method, but of MOL. For the
same time t, a higher accuracy can be obtained by choosing a smaller step size (see Figure
4.6b). Note that for t < 0.1 the accuracy is automatically higher, since the time integration
error did not progress that far. For long times, this error will dominate when using low order
methods which makes them expensive to use. For times long enough, the error will also
restrict the accuracy using higher order time-stepping methods.

In Figure 4.7 the convergence rates for the complete schemes are given. Note that we
consider the error for increasing time step size and grid size simultaneously. In Figure 4.7a,
we can see that the schemes using the Euler methods, can keep the optimal convergence
rates only until a certain error level. The convergence rates break down to (dt · h)0.5. As can
be seen, the Euler-DG schemes converge with order (dt h)0.5 = dt0.5 Cdt0.5 ∼ dt1, where
C is a constant, related to the time step regulation. The relation between changes in dt
and h is illustrated in Figure 4.7b. To obtain higher accuracy in these situations, a smaller
time step is more useful than grid refinement. The convergence behavior of the RK(5)DG
schemes is illustrated in Figure 4.7c. Since the discretization error grows in a considerably
slow manner for this fourth-order time integration method, the convergence is not disturbed
for the considered time-space cylinder Ω0.1.
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(a) Using the LLF flux, the discontinuities of the DG method are kept smaller. We also can see that
the local error, ‖u(t)−uh(t)‖L∞(Ω) for t = 1, is smaller when the LLF flux is used instead of the mean
flux.
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(b) The numerical solution obtained with the mean flux leads to a too fast advection speed. The
solution obtained with the LLF flux stays in phase with the exact solution.

Figure 4.5: Numerical solutions for the linear wave equation using k = 1 and N = 8 and
the forward Euler method. The mean flux shows multiple weaknesses due to the advective
nature of the solution.
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Figure 4.7: Convergence behavior of the complete scheme, combining different DG methods
with different time-stepping methods.
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Table 4.1: L2 (Ω0.1)-errors of the RK(5)DG scheme.

N \ k 1 2 3 4 5
8 24.0430 · 10−03 2.8554 · 10−03 148.004 · 10−06 5.3959 · 10−06 180.761 · 10−09

16 6.5889 · 10−03 346.276 · 10−06 9.0077 · 10−06 167.693 · 10−09 2.8079 · 10−09

32 1.7280 · 10−03 42.7276 · 10−06 542.522 · 10−09 5.3034 · 10−09 43.7989 · 10−12

64 441.778 · 10−06 5.3067 · 10−06 33.5815 · 10−09 165.794 · 10−12 721.594 · 10−15

Table 4.2: Computation times of the RK(5)DG scheme.
N \ k 1 2 3 4 5

8 14.5931 · 10−03 14.4494 · 10−03 15.3475 · 10−03 16.3986 · 10−03 17.3956 · 10−03

16 16.1691 · 10−03 17.6923 · 10−03 21.7576 · 10−03 24.1650 · 10−03 28.1085 · 10−03

32 25.8529 · 10−03 28.0213 · 10−03 29.0617 · 10−03 32.5443 · 10−03 40.0163 · 10−03

64 35.2474 · 10−03 45.7505 · 10−03 60.0721 · 10−03 79.9001 · 10−03 118.353 · 10−03

4.1.5 Computation Time and Accuracy

This section discusses some general thoughts on improving the scheme’s efficiency in the
sense of attaining a good relation between accuracy and CPU time.

In Table 4.1, the L2 (Ω0.1)-errors for the Runge-Kutta DG schemes (RK(k)DG) from Figure
4.7b are given. The corresponding CPU times can be seen in Table 4.2. If we consider for
example the computations that resulted in an error range of 10−06 to 10−07, then the related
CPU times reach from 16ms to 46ms (both marked fat). Note that a smaller CPU time is
obtained by the DG discretizations using less elements but higher polynomial degree. Thus,
to improve the accuracy of the numerical solution it is not necessarily the best choice to only
increase the number of elements N , but also the polynomial degree k.

In Section 3.3.3, the reusing of the matrix A was mentioned in order to improve computation
speed. We implemented a scheme that uses this technique in a way which assures that
errors do not increase compared to the previous implementation. The speed-up was mea-
sured in comparison to the CPU times of the tests used in the right graph of Figure 4.7a. The
improvement is visualized in Figure 4.8. The savings in computation time seem to increase
logarithmic with growing degree of freedom. This relation is not a reliable rule, but gives an
impression of the attained gain.

Considering the linear wave equation it does not seem to make sense to use the expensive
low-order backward Euler method for the time integration but to use the explicit Runge-Kutta
methods instead. They have been both faster and more accurate for the considered problem.
However, for some models it is not reasonable to assume such a high regularity in time of the
solution, as is needed for higher order methods. Additionally, for problems that contain time
derivative dependent variables or techniques like domain decomposition one should prefer
using implicit time-stepping methods, or even is forced to.
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Figure 4.8: Speed-up of the quasi-Newton method when reusing the Jacobian matrix. The
improvement is obtained without loss of accuracy.

4.2 Example 2: Nonlinear Advection

In the model of RE, there can appear high gradients of the solution variable u if the advective
part (gravity effects) of the flux is dominant. These high gradients are also called steep
wetting fronts. The propagation of such a wetting front is a numerical problem similar to shock
propagation in non-linear advection problems. We therefore consider Burgers’ equation to
build up a scheme that can handle such situations. Let f1 = 0, and f2 in (4.1) be given as

f2 (u) =
1

2
u2. (4.17)

and let Ω = (−1, 1), T = 2. This is, we consider the PDE

∂tu+
1

2
∂x
(
u2
)

= 0 on Ω2 = Ω× (0, 2). (4.18)

Let the initial and boundary conditions be

u0 =

{
ul = 1, x < 0,

ur = 0, x > 0,

u (−1, t) = 1, t ∈ (0, 2),

u (1, t) = 0, t ∈ (0, 2).

(4.19)

The exact solution of this problem is given by the traveling wave solution

u (x, t) = u0 (x− st) , (4.20)

where s = f(ul)−f(ur)
ul−ur = 1

2 is the speed of the traveling wave. It is derived using the Rankine-
Hugoniot condition which is similar to an entropy condition (e.g. [22], [14]). Due to the
advective nature of the equation we will use the LLF flux.
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Choosing fh ∈ V (Ω). For a non-linear function f (w) with w ∈ V, the codomain generally
does not equal the domain V. Therefore it is necessary to approximate f (uh) by a function
fh ∈ V (Ω). A possible (but risky, see [28, chapter 5]) approach is:

f (uh) |Ωj ≈ f
j
h (x) :=

k+1∑
n=1

f
(
ujn
)
ljn (x) . (4.21)

We will call this the aliasing approach. Aliasing generally describes errors in signal process-
ing due to too low sampling. To use an interpolatory polynomial to approximate f (uh) leads
to errors which are of similar nature. We will later see an alternative choice which will require
additional effort but is more robust.

As before, we denote
w =

[
w1, . . . ,wN

]T ∈ RN̄ , (4.22)

for w ∈ {u,f ,gf} and include the boundary conditions numerically by setting the fluxes for
the boundary elements

g1
f =

[
−1

2
, 0, . . . , 0, gf

(
u− (x1) , u+ (x1)

)]T
,

gNf =
[
−g
(
u− (xN−1) , u+ (xN−1)

)
, 0, . . . , 0, 0

]T
.

The resulting nonlinear operator N reads

N (u) =
2

h

(
Ef −M−1gf

)
.

If we use a simple Runge-Kutta method (i.e. RK(3) as in (3.81)), the numerical solution shows
high oscillations around the traveling wave front. The slope limiting technique from Section
3.3.2 assures that in smooth regions the high order spatial accuracy remains, whereas at
discontinuities the accuracy drops to first order. In Figure 4.9 we show numerical solutions
using a local projection Runge-Kutta discontinuous Galerkin method, compared to the same
scheme without the slope limiter. Note that "locally" around the discontinuity (usually this
affects about three elements) the solution using local projection, is not necessarily more
accurate than the solution without it. However, in the smooth regions around these elements,
using the slope limiter leads to a more accurate approximation as it prevents oscillations.
Discontinuities are local structures, that consume a small amount of elements to be treated
in a good manner, independent of their size hj . Since at discontinuities the numerical solution
is only first order accurate, the only way to increase the spatial accuracy at these locations
is to refine the grid. For the smooth regions around, this is not necessary because the
DG method still yields higher accuracy order (dependent on k). To save CPU time, the
surrounding element sizes should not be affected by the finer resolution of discontinuities.
Therefore, to meet both requirements, accuracy and efficiency, one should use an adaptive
non-equidistant grid for problems that include moving discontinuities.

Using the usual equidistant grid as before, some snapshots of the numerical solutions for
different numbers of elements are compared with the exact solution in Figure 4.10 for poly-
nomial degree k = 1. We can see that the traveling wave is approximated in a fair manner,
since the wave speed is reproduced well and for finer grids the interface of the wave is getting
sharper. Within the ΛΠRKDG-method, the aliasing approach to approximate the flux seems
to be a proper choice for Burger’s equation.
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Figure 4.9: Comparison of numerical solutions for a traveling wave problem. The approxima-
tions are obtained by schemes with and without slope limiting. Using the slope limiter avoids
oscillations around the discontinuity.
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Figure 4.10: Numerical solutions with slope limiting for different numbers of elements. The
finer the spatial resolution, the more accurate the discontinuity is recovered.
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4.3 Example 3: Nonlinear Diffusion

4.3.1 Porous Medium Equation

A special case of RE as in (2.46) but for different constitutive relations is known as the porous
medium equation (PME): We denote the effective saturation Se as u ∈ [0, 1] and trivially
choose p (u) = u, so ∂up = 1 and thus D (u) = K (u). Taking K (u) = m um−1,m > 1 yields
PME:

∂tu = ∂x
(
mum−1∂xu

)
. (4.23)

Note that this is a parabolic equation that degenerates wherever u = 0. We can make use
of a Kirchhoff transformation (K-transform), D : [0, 1] → R as a monotone and invertible
function, defined by

K(u) :=

u∫
0

K (ũ) dũ. (4.24)

This induces
∂xK (u) = K (u) ∂xu,

and therefore
∂x (K (u) ∂xu) = ∂xxK (u) .

In the case of PME, this yields its non-degenerate form:

∂tu = ∂xx (um) . (4.25)

In spite of this transformation being an obvious step for the considered model, we state
it this way for clarity. Later, even if the K-transform can not be calculated analytically, the
function K as an antiderivative can be approximated numerically. Afterwards it can be used
within a mathematically equivalent model but a different numerical scheme. Two schemes
are presented in the next two sections using the two different formulations (4.23) and (4.25).

We consider the porous medium equation on the time-space cylinder ΩT := (−L,L)×(0, T ),
with L > 0, combined with the auxiliary conditions

u (x, t) = 0 for x ∈ {−L,L} × (0, T ),

u (x, 0) = ([ 1−
1
2 −

1
2m

m+ 1
x2 ]+)

1
m−1 on (−L,L).

(4.26)

With [·]+ = max{0, ·}, the exact solution is given by the Barenblatt-solution

u (x, t) =
1

(t+ 1)
1

m+1

([
1−

1
2 −

1
2m

(m+ 1) (t+ 1)
2

m+1

x2

]
+

) 1
m−1

, (4.27)

visualized in Figure 4.11. Here we want to mention that for m > 2, ∂xu is unbounded and
is less regular than for m ≤ 2. To be precise, the gradient of the solution at the points of
the kinks is infinite. Because of the lower regularity properties for m > 2, we expect that
schemes with higher order approximation will show lower convergence rates than for the
more regular case. For more information about PME, the reader is referred to [2] or [50] and
references therein.
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Figure 4.11: Graphs of the Barenblatt-solution for m = 2 (top) and m = 6 (bottom) and for
different times t. For the top case, the gradients are bounded. For the bottom case, the
gradients at the kinks are unbounded. For both cases, the solution has a compact support.

Using the Kirchhoff Transformation

We rewrite (4.25) in conservation form to get rid of the second order space derivative. This
yields the system

∂tu+ ∂xq = 0,

q + ∂xK (u) = 0,
(4.28)

with K (u) = um. We recognize that the flux q is of an other form than f in (4.1). However,
one can repeat the DG discretization steps as in Chapter 3 for both equations to yield:

∂tu =
2

h

(
Eq−M−1gq

)
,

q =
2

h

(
Ep−M−1gp

)
.

(4.29)

The term gq is not well defined and will be taken care of in the following. The terms p and gp
will be defined later.

Adjusted Coupling Conditions. Until now, coupling conditions have only been applied
through a function gf of the form of a numerical flux with dependencies

gf = gf
(
f
(
u−
)
, f
(
u+
)
, u−, u+, f

)
.

The function qh ∈ V (Ω) as defined in (4.29) does not have a direct relation qh (uh(x)) for
x ∈ Ω. Therefore, another form of coupling condition is needed. We will make use of the
perhaps most common one, the arithmetic mean:

gm
(
f−, f+

)
:=

1

2

(
f− + f+

)
. (4.30)
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With this, we define gqh ∈ RN̄ , N̄ = N(k + 1) as

gqh := [g0
m, . . . ,g

j
m, . . . ,g

N
m]T , (4.31)

where using the general notation for the left and right limits as in (3.33), we defined for
j = 1, . . . , N − 1:

gjm := [−gm
(
q−h
(
xj−1

)
, q+
h

(
xj−1

))
, 0 . . . , 0, gm

(
q−h
(
xj
)
, q+
h

(
xj
))

]T ∈ Rk+1. (4.32)

Boundary conditions are enforced numerically by setting

g0
m = [0, 0 . . . , 0, gm

(
q−h
(
x1
)
, q+
h

(
x1
))

]T ∈ Rk+1,

gNm = [−gm
(
q−h
(
xN−1

)
, q+
h

(
xN−1

))
, 0 . . . , 0, 0]T ∈ Rk+1.

The term gq in (4.29) is then replaced by gqh .

The vector p in (4.29) represents the approximation ph ∈ V (Ω) of K (uh), since the space
derivative was shifted to the test function. We follow the aliasing approach as in the previous
section and define for x ∈ Ωj :

pjh (x) :=

k+1∑
n=1

K
(
ujn
)
`jn (x) . (4.33)

Because of the diffusive character of PME we choose the numerical mean flux instead of the
LLF flux for gp .

For time integration, MOL is applied on

N (u) = ∂tu =
2

h

(
Eq−M−1gqh

)
,

q =
2

h

(
Ep−M−1gp

)
.

(4.34)

For example, given u (t), a single time step of the local projection Runge-Kutta method reads
schematically as:

u(0) = u (t)

for i = 0, . . . , r − 1 :

u(i) −→ p,gp

p,gp −→ q −→ gqh

q,gqh −→ N
(
u(i)
)

u(0), . . . , u(i)

N
(
u(0)

)
, . . . ,N

(
u(i)
)} −→ u(i+1)

ui+1 = ΛΠ
(
ui+1

)
end

u (t+ ∆t) = u(s)

t = t+ ∆t
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The arrow ’−→’ indicates a computation of the quantities on the right side of the arrow, using
the quantities to its left.

Figure 4.13 shows that for m = 2 and m = 6 the schemes using the RK(3) method converge.
There also can be seen convergence results for a slightly different scheme which is obtained
as follows.

Numerical Kirchhoff Transformation

We shortly present a numerical version to compute the antiderivative K (u) : [0, 1] → R,
which we will denote as Kappr. We define a lookup table, i.e. a matrix L ∈ R2×NL where in
the first row we have NL mutually disjoint, ordered evaluation points u(0), . . . , u(NL) ∈ [0, 1]
including 0 and 1. In the second row there are NL values K(0), . . . ,K(LN ), defined as

K(0) = 0, (4.35)

K(i) = K(i−1) +

u(i)∫
u(i−1)

K(u)du. (4.36)

For the integration, we used the MATLAB function » integral(...). For u ∈ [0, 1] we
approximated Kappr (u) by linear interpolation between the respective values: Say we found
j ∈ {0, NL − 1} such that u(j) ≤ u ≤ u(j+1), then with

α =
u(j+1) − u
u(j+1) − u(j)

,

we have
Kappr (u) := αK(j) + (1− α)K(j+1). (4.37)

This definition can be used as a replacement for K(ujn) in (4.33) to define a different scheme.
Note, that the points u(i) can be distributed in such a way that the lookup table shows a finer
resolution in regions where the function K shows higher variations than elsewhere. This
way good accuracy can be achieved if the lookup table has to be kept small to avoid costly
string-searching time. For the considered problem, we found NL ≈ 50 equidistant evaluation
points to be sufficient. Compared with the analytic version, the CPU time of the scheme
appeared to increase by a factor, proportional to N̄ = N(k + 1).

Without Kirchhoff Transformation

We consider again the PDE
∂tu+ ∂xf (u, ux) = 0, (4.38)

with f = −mum−1∂xu = −K (u) ∂xu. We could simply follow the aliasing approach as done
previously. This is, on element Ωj we define the approximate flux

f jh (x) :=
k+1∑
n=1

−K
(
ujn
)
vjn`

j
n (x) , vjh (x) =

k+1∑
n=1

ujn∂x`
j
n (x) .
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Figure 4.12: Snapshot of the numerical solution, using the direct aliasing approach. While
the black splines are still in motion, the red ones are in a steady state because of a lack of
coupling. Hence, the PDE is solved locally but not globally.

It turned out that this choice is not sufficient, since the numerical solution does not converge
to the exact one. In Figure 4.12 we can see the result, using this approach on PEM with
m = 2. It shows that the direct approach is not working. The red marked splines are in a
(nearly) steady state, since on each element we have ∂xu

j
h = 0. Although in the solution

there are clear differences to the neighboring elements, there are no fluxes at the edges:
The only coupling between the elements is in the numerical flux function

gf
(
u−, u+, ∂xu

−, ∂xu
+
)

= gf
(
f
(
u−, ∂xu

−) , f (u+, ∂xu
+
))
.

Since the arguments of this function, namely the fluxes at the element boundaries f jk+1 and
f j+1

1 , both equal zero, the function itself vanishes. To avoid this, we need to make sure that
the jumps in between the elements of uh are taken into account earlier. We need to redefine
fh. Previously we said "nearly", since the red splines still underlie a small influence of the
black marked splines.

The necessary coupling of the elements in determining the space derivative terms ∂xu
j
h can

be achieved by rewriting (4.38) with f = −K(u)∂xu into

∂tu− ∂x (K (u) v) = 0,

v = ∂xu.

The DG space discretization than yields

N (u) = ∂tu =
2

h

(
Ef −M−1gfh

)
, (4.39)

v = −2

h

(
Eu−M−1guh

)
. (4.40)
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Choosing fh ∈ V (Ω). Using the aliasing approach now, the approximate flux on Ωj reads

f jh (x) :=

k+1∑
n=1

−K
(
ujn
)
vjn`

j
n (x) . (4.41)

The essential difference is that the weak derivative vh of the approximate numerical solution
possesses the property, that even though ∂xu

j
h might be vanishing on Ωj , this does not

necessarily hold for vjh.

Due to the non-linearity of K, we also used a second approach for fh to be able to estimate
the errors introduced by using the aliasing approach. Aliasing generally describes errors
in signal processing due to too low sampling. To avoid this, we can try to find the best
approximation (BA) of K

(
ujh (x)

)
vjh (x) =: pBA (x) on Pk (Ωj). This is, we search fBA

h ∈
Pk (Ωj) such that for all q ∈ Pk (Ωj) we have

〈fBA
h − p, q〉L2(Ωj) = 0.

Since Pk (I) is of finite dimension the BA exists. We can use the invertible mapping as
defined in (3.12), Xj : I → Ωj and the orthogonal, modal basis {ψm}m=1,...,k+1. Herewith,
the BA fBA

h is given by

fBA,j
h (x) =

k+1∑
m=1

f̂BA,j
m ψm

(
Xj
−1 (x)

)
, (4.42)

where
f̂BA,j
m := 〈p, ψm

(
Xj
−1
)
〉L2(Ωj), m = 1, . . . , k + 1. (4.43)

We recall, that the nodal factors are given by

fBA,j = Vf̂
BA,j

,

where we denoted fBA,j = [fBA,j
1 , . . . , fBA,j

k+1 ]T , f̂
BA,j

= [f̂BA,j
1 , . . . , f̂BA,j

k+1 ]T . To calculate the
inner product, we again made use of the quadrature formula (3.24) with the LGL-nodes, but
with a larger amount of grid points NG ≥ 2(k + 1). Here, the factor 2 is motivated by the
Nyquist-factor, also known from signal processing.

Results

Using either of the discussed methods, i.e. the analytic and numerical K-transform version
(4.33) as well as the direct versions (4.41) and (4.42), we found numerical evidence for the
convergence of the complete scheme, see Figure 4.13. Here we use a linear dependence
between dt(= ∆t) and h as they converge to 0. For m = 2, convergence order one is found
for k > 1. Note that for increasing polynomial degree, we cannot expect to obtain higher
convergence order of the scheme: The main discretization errors occur at the extrema (max-
imum and kinks) of the solution where we expect only first order space accuracy because of
the local projection method. The main reason why for linear splines (k = 1) we find a lower
convergence order might be that no information about the second derivative is contained in
the numerical solution uh. In the case that m = 6, we generally observe a convergence order
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Figure 4.13: L2(Ω2)-errors for m = 2 and m = 6 (l./r.) based on different schemes. On the
left, a higher convergence rate is obtained than on the right. For m = 2 a polynomial degree
k > 1 should be chosen to obtain faster convergence.

of about 0.5. This is lower than for the case m = 2 as was expected because of the minor
regularity properties of the exact solution u.

Using the numerical approximation of the K-transform the obtained error is the same as with
the analytic version (up to machine accuracy). However, the numeric version is more time
consuming:

CPU timenumeric ≈ CPU timeanalytic · 1.015 · N̄ , N̄ = N(k + 1).

Later, for RE it will not be possible to calculate the analytic K-transform. But as we can see,
the price to be paid is barely restrictive.

Using the direct aliasing approach (without Kirchhoff transformation) yields the same conver-
gence behavior as with the K-transform. The CPU time is only about 1 − 7% more than for
the analytic K-transform version. For m = 2, the aliasing approach yields the same results
as the BA approach, while being 20− 38% faster. Due to lack of time the BA approach could
not successfully be implemented for m > 2. However, since there was no case in which the
general aliasing approach failed, we will continue using it in the following.

4.3.2 Porous Medium Equation with Advection

To find a numerical solution for RE, i.e. problems (2.49) and (2.50), the numerical scheme
needs to handle non-linearities, higher order derivatives and advection. To confidently do
this, we first check the procedure to an equation with known analytic solution. Therefore,
define

v (x, t) := u (x− ct, t) , a ∈ R, (4.44)

where u is the solution to (4.23). We easily find that

∂xv = ∂xu
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and using the chain rule we also see that

∂tv = ∂tu = −c∂xu+ ∂tu.

Using Equation (4.23), K (v) = mvm−1 and (4.44), this is

∂tv + c∂xv − ∂x (K (v) ∂xv) = 0,

or with
f (v, ∂xv) = f1 (v) + f2 (v) ∂xv = cv −K (v) ∂xv, (4.45)

we rewrite it as
∂tv + ∂xf (v, ∂xv) = 0. (4.46)

Subject to the same auxiliary conditions as in (4.26), the exact solution is already known by
definition in (∗), namely:

v (x, t) =
1

(t+ 1)
1

m+1

([
1−

1
2 −

1
2m

(m+ 1) (t+ 1)
2

m+1

(x− ct)2

]
+

) 1
m−1

, (4.47)

where again [·]+ = max{0, ·}.
For c = 1 we combined the techniques from the previous sections to obtain a numerical
approximation vh (x, t) to the problem. This is, we consider the system

∂tv + ∂xf = 0, (4.48)
f = cv −K (v)w, (4.49)
w = ∂xv, (4.50)

which yields the nonlinear operator N

N (v) = ∂tv =
2

h

(
E(f1 + f2(w))−M−1(gf1 − gf2,h(wh))

)
, (4.51)

w = −2

h

(
Ev −M−1gvh

)
, (4.52)

where we chose the LLF-flux for the numerical flux gf1 (the advective term) and

f j1,h (x) = cvh (x) , (4.53)

f j2,h (x) =
k+1∑
n=1

−K
(
vjn
)
wjn`

j
n (x) . (4.54)

Using the local projection Runge-Kutta method, the complete scheme was tested, using
c = 1,m = 2. The numerical solution for t = 1s can be seen in Figure 4.14, where we used
k = 2 and N = 40. We recognize the lower accuracy at the kinks, due to slope limiting. In
smooth regions, the numerical solution approximates the analytic solution better. However,
also at the smooth maximum, the slope limiting procedure leads to loss of accuracy. The
L2 (Ω2)-error for k = 2 and N = 40 is 2.28 · 10−2, which is about 35% higher than the
corresponding error from PME without advection. For k = 2, N = 80, the L2 (Ω2)-error is
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Figure 4.14: Numerical approximation and analytical solution to PME with advection. The
approximation shows the right advection speed.
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Figure 4.15: L2(Ω)-errors for t = 4, with m = 2 and m = 6 (left / right). For m = 2 an
advantage of choosing a polynomial degree k > 1 can be seen. For m = 6 this is not the
case.

4.3 · 10−3, which is about 34% higher than the corresponding error without advective term.
Thus the results have a similar convergence behavior which shows that the combination of
advection and diffusion works. We also measured the L2(Ω)-error for a fixed time t = 4
for decreasing grid size h and m = {2, 6}. It is illustrated in Figure 4.15 and shows shows
convergence of the DG method. For m = 2 we found a convergence order of about 1.2
for k = 1 and about 2.5 for k > 1. For higher polynomial degree the convergence order
could not increase more, since only a third order time integration was used. For m = 6 the
convergence order of the DG-method was about 1.4 for all k, due to the less regular solution.
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5 Test Simulations on the Richards Equation

Throughout this chapter, we will make use of definitions and notation of the previous chapters
and also draw conclusions based on discussions therein. In this chapter we are interested in
the effect of including dynamic capillary effects for a gravity-driven infiltration scenario. Due
to the low regularity expectations to RE solutions and the time derivative dependence of the
included dynamic effects, we use a backward Euler DG (EDG) scheme as described in the
last section of 3.3.3. The spatial DG discretization of the scheme will be stated briefly in
Section 5.2. We compare the EDG scheme with the ΛΠRKDG scheme, using a scenario
similar to the one in Section 4.3.2. In the following, we recall the problem descriptions and
formulate the auxiliary conditions for the two scenarios.

5.1 Setting

Let ΩT = (−1, 0)× (0, T ). We consider unsaturated conditions Se ∈ [0, 1). The problems are
vertical flow with equilibrium (static) capillary pressure

(P1vert)



∂tSe − ∂z
(
D (Se) ∂zSe +

Ke (Se)

θs − θr

)
= 0 on ΩT ,

kr (Se) = Se
1
2

[
1−

(
1− Se

n
n−1

)n−1
n

]2

,

pc (Se) = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
.

and vertical flow with dynamic capillary pressure

(P2vert)



∂tSe − ∂z
(
D (Se) ∂zSe +

Ke (Se)

θs − θr
(1 + τ ∂z (∂tSe))

)
= 0 on ΩT ,

kr (Se) = Se
1
2

[
1−

(
1− Se

n
n−1

)n−1
n

]2

,

pc (S, ∂tSe) + τ∂tSe = pequ
c (Se) =

%|g|
α

(
Se

n
1−n − 1

) 1
n
.

The unsaturated diffusivity is defined as

D (Se) = Ke (Se)
∂ψ (Se)

∂Se
, ψ = − pc

%|g|
. (5.1)
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Using the van Genuchten-Mualem approach, independent of whether we consider static or
dynamic capillary pressure, the unsaturated diffusivity reads:

D (Se) = Kskrel (Se)
1−m
α%|g|m2

S
1−m
m

e

(
S

1
m
e − 1

)− 1
m

, m = 1− 1/n. (5.2)

All included variables and parameters are given in Table 5.1.

Let ε = 10−4 and

b (z) :=

ε+
1− 2ε

2

(
1 + cos

(
2π z+0.7

0.4 − π
))
, z ∈ [−0.7,−0.3],

ε, z /∈ [−0.7,−0.3]
. (5.3)

Further we denote

f (z, t) =

(
D (Se (z, t)) ∂zSe (z, t) +

Ke (Se (z, t))

θs − θr

)
. (5.4)

We define a slow diffusion scenario by setting the auxiliary conditions as

Se (z, 0) = b (z) , z ∈ Ω, (5.5)
∂zSe(−1, t) = 0, t ∈ (0, T ), (5.6)
∂zSe(0, t) = 0, t ∈ (0, T ). (5.7)

In this scenario, advection plays an important role. The gravity effects will dominate the flow
pattern, leading to a steep wetting front.

The infiltration scenario is defined by the auxiliary conditions

Se (z, 0) = 0.5, z ∈ Ω, (5.8)
∂zSe(−1, t) = 0, t ∈ (0, T ), (5.9)

f(0, t) = −Ke (S+))

θs − θr
, t ∈ (0, T ), (5.10)

where we use either S+ = 0.7 or S+ = 0.8.

In the following section, we define three different DG discretizations. The first one makes
use of a Kirchhoff transformation as in 4.3.1 and considers the equilibrium model (K-based).
The two other ones discretize the above problems directly, using the equilibrium model and
the dynamic model, respectively. We call these two direct discretizations. In Section 5.3 we
compare the direct schemes for the infiltration scenario (equilibrium vs. dynamic model).

5.2 The Discontinuous Galerkin Discretizations

The RE contains degeneracy. To deal with it, we will regularize the model in the following.
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Table 5.1: Set of variables and parameters used for the simulations.

water density % [kg/m3] 103

gravitational acceleration |g| [m/s2] 9.81

residual volumetric water content θr [-] 0

saturated volumetric water content θs [-] 1

dynamic viscosity of water µ [Pa·s] 1.002 · 10−3

saturated permeability ks [m2] 10−15

van Genuchten parameter n [-] 9

van Genuchten parameter α [m−1] 3.6

dynamic capillarity coefficient τ [Pa·s] 20 · 103

5.2.1 The Regularized Model

We consider RE,

∂tSe − ∂z
(
D (Se) ∂zSe +

Ke (Se)

θs − θr

)
= 0 (5.11)

and make use of the K-transform as in [19] or in the previous chapter.

Let D : [0, 1]→ R, be defined by

D(u) = ν :=

Se∫
0

D (S) dS, (5.12)

which induces
∂zD (Se) = D (Se) ∂zSe.

Note, that because of D > 0 on (0, 1) and D(0) = 0, its antiderivative D is a positive,
increasing and bijective function. Defining u := D−1 (ν), we can rewrite the originally quasi-
linear equation (5.11) into the semi-linear form

∂tu− ∂z (∂zD (u) +K (u)) = 0, (5.13)

where K (u) =
Ke (u)

θs − θr
.

Degeneracy

A large amount of literature can be found that deals with degeneracy, appearing in different
situations when applying RE (see e.g. [41], [42]). A detailed analysis regarding this issue
can be found in [2]. Numerical integration of degenerate parabolic problems, including RE,
is considered in [37]. While most numerical solvers are specialized on a fixed type of PDE
– either parabolic, hyperbolic or elliptic – a solver applied to RE needs to be more flexible:
Although RE is a mathematically parabolic equation, the numerical solver should be capable
to overcome characteristic difficulties for all of these types of PDEs. We will shortly explain
the causes of this behavior.
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For fully saturated conditions u(z) = 1, the equation is elliptic in z. However, this case is
excluded since we restricted ourselves to unsaturated conditions. A purely hyperbolic form
occurs at points where u (D (z)) = ucrit with ψ′ (ucrit) = 0 since

∂zD (u) = Ke (u)ψ′ (u) ∂zu.

This can happen for certain pressure - saturation relations. Whenever gravitational forces
are dominant we will find that Ke >> ψ′∂zu and thus K (u) >> ∂zD. In this situation,
(5.13) shows typical hyperbolic behavior like steep wetting fronts that demand high spatial
resolution.

Containing multiple possible degeneracies, RE has a remarkable nature among other PDEs.
It includes highly nonlinear functions for the required constitutive relation, describing parame-
ter relations and flow patterns. Therefore, solving RE is a non-trivial mathematical challenge
and can be used to develop numerical schemes that need to show high robustness and flex-
ibility. In the considered, restricted case degeneracy can only occur for values u = 0, where
the nonlinear diffusion term vanishes. We will solve this problem by using a perturbation
technique.

Regularization

A possibility to regularize the model is to perturb the diffusion term D as in [41]. The idea is
to bound the derivative of the resulting coefficient from below and above, namely:

C1ε ≤ D′ε (u) ≤ C2ε
−r, for all u ∈ [0, 1] , ε > 0.

This is achieved by defining

D′ε (u) :=


ε, if 0 ≤ u ≤ C1ε

1/(1/2+1/mM ),

D (u) , if C1ε
1/(1/2+1/mM ) < u < 1− C2ε

r/mM ,

ε−r, if 1− C2ε
r/mM ≤ u ≤ 1,

(5.14)

where mM is the Mualem-parameter from (2.31), mM = 1 − 1
n . This regularization yields a

non-continuously differentiable diffusivity function Dε. To avoid this, we define Dε = D′ε as

Dε (u) :=


ε1u, if 0 ≤ u ≤ ureg

1 ,

D (u) , if ureg
1 < u < u

reg
2 ,

D(u
reg
2 ) + ε2

1− u
1− ureg

2

, if ureg
2 ≤ u ≤ 1,

(5.15)

where we chose the regularization points

u
reg
1 = 0.0001, u

reg
2 = 1− ureg

1

and

ε1 =
D
(
u

reg
1

)
u

reg
1

, ε2 =
D
(

1− u
reg
1

1000

)
−D

(
u

reg
2

)
u

reg
1

.
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(a) For the degenerate model, D(u) has an unbounded gradient at u = 1.
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(c) Linear regularization on the interval [u
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2 , 1].

Dε bounds the gradient of the diffusivity function.

Figure 5.1: Comparison of the original (degenerate) and regularized (perturbed) unsaturated
diffusivities.

This regularization also has the advantage that, once the regularization points are chosen,
the choice of ε1, ε2 is not case sensitive. Because of stability issues, this is the case for ε and
r as in (5.14).

The resulting coefficient satisfies by construction

ε1 ≤ D′ε (u) ≤ ε2, for all u ∈ [0, 1] , ε > 0. (5.16)

For the given set of parameters, we have ε1 = 2.7899 · 10−10 and ε2 = 81.627.

Dappr
ε (u) ≈ Dε (u) was computed numerically as described in (4.35) - (4.37), where we chose

NL = 701. Since Dε degenerates for u = 1 (see Figure 5.1a), we used a distribution of the
evaluation points with increasing density towards the regularization points. Figures 5.1b and
5.1c show Dε, the regularized derivative of the diffusivity, together with the original one. We
show the intervals close to the boundaries u = {0, 1} which contain the regularized regions.
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5.2.2 K-based Discontinuous Galerkin Discretization

We consider (5.13) with regularized Dε. To avoid a direct treatment of the second order
derivative, we rewrite it into a system of first order PDEs

∂tu = −∂zq + ∂zK (u) , (5.17)
q = −∂zDε (u) . (5.18)

Let Ω be divided equidistantly into N elements [zj−1, zj ] = Ωj , j = 1, . . . , N and let the bro-
ken Sobolev space V (Ω) = Vkh (Ω) be defined as in (3.9). Performing the DG discretization
of (5.17), (5.18) for a fixed time ts as in Chapter 3, leads to the nonlinear operator

N (u (ts)) := ∂tu (ts) =
2

h

(
E(q (ts)− k (ts))−M−1(gqh (ts)− gKappr (ts))

)
, (5.19)

q (ts) =
2

h

(
Ed (ts)−M−1gDε (ts)

)
. (5.20)

As usual, we have (u)(j−1)(k+1)+n := ujn, (q)(j−1)(k+1)+n := qjn, ... and E and M are matrices
defined before, see (3.55), (3.56). Additionally, as free choice, we defined element wise for
z ∈ Ωj the approximate flux functions

K (uh) |Ωj ≈ k
j
h (z) :=

k+1∑
n=1

Kappr (ujn)︸ ︷︷ ︸
=kjn

`jn (z) , (5.21)

and

Dε (uh) |Ωj ≈ d
j
h (z) :=

k+1∑
n=1

Dε
(
ujn
)︸ ︷︷ ︸

=djn

`jn (z) . (5.22)

We dropped the time dependency notation for clarity. Coupling conditions are contained in
the vector gqh as arithmetic mean and in the numerical flux gDε where we also chose the
arithmetic mean. For the advective term we chose the LLF-flux in the definition of gKappr .
(See (3.34), chpt. 3 for gDε ,gKappr / (4.30), chpt. 4 for gqh .)

Recalling the denotation of the left and right limit for w ∈ V (Ω) as

w− (zj) = lim
z→zj
z /∈Ωj

w (z) , w+ (zj) = lim
z→zj
z∈Ωj

w (z) , (5.23)

the boundary conditions are imposed by

g1
Kappr :=

[
−k1

1, 0, . . . , 0, gKappr
(
u− (z1) , u+ (z1)

)]T
, (5.24)

gNKappr :=
[
−gKappr

(
u− (zN−1) , u+ (zN−1)

)
, 0, . . . , 0, kNk+1

]T
, (5.25)

in gKappr = [g1
Kappr , . . . ,gNKappr ]T ,

g1
Dε :=

[
−d1

1, 0, . . . , 0, gDε
(
u− (z1) , u+ (z1)

)]T
, (5.26)

gNDε :=
[
−gDε

(
u− (zN−1) , u+ (zN−1)

)
, 0, . . . , 0, dNk+1

]T
, (5.27)
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in gDε = [g1
Dε , . . . ,g

N
Dε ]

T and

g1
qh

:=
[
−q1

1, 0, . . . , 0, gm
(
q−h (z1) , q+

h (z1)
)]T

, (5.28)

gNqh :=
[
−gm

(
q−h (zN−1) , q+

h (zN−1)
)
, 0, . . . , 0, qNk+1

]T
, (5.29)

in gqh = [g1
qh
, . . . ,gNqh ]T . Note that (5.19) - (5.29) are all part of the definition of N (u).

5.2.3 Direct Discontinuous Galerkin Discretization

Here we consider the original PDE form (5.11) but with regularized saturated diffusivity Dε.
For better readability we will continue throughout the chapter with the notation u instead of
Se. To yield a sufficient coupling of the elements (see Section 4.3 for explanation), we rewrite
the PDE into

∂tu = ∂z (Dε (u) v) + ∂zK (u) , (5.30)
v = ∂zu. (5.31)

Discretizing (5.30), (5.31), based on the same mesh as before, yields

N (u (ts)) = ∂t (u (ts)) = −2

h

(
E (d (ts) + k (ts))−M−1 (gdh (ts) + gKappr (ts))

)
, (5.32)

v (ts) = −2

h

(
Eu (ts)−M−1guh (ts)

)
. (5.33)

Dropping the time dependency, the approximate flux functions on Ωj have been chosen to
be

Dε (u (z)) ∂zu (z) |Ωj ≈ d
j
h (z) :=

k+1∑
n=1

Dε

(
ujn
)
vjn︸ ︷︷ ︸

=djn

`jn (z) (5.34)

and

K (u (z)) |Ωj ≈ k
j
h (z) :=

k+1∑
n=1

Kappr (ujn)︸ ︷︷ ︸
=kjn

`jn (z) . (5.35)

Again, we use the arithmetic mean for the coupling conditions gdh and guh and the LLF-flux
for the advection-related term gKappr . The open boundary conditions are imposed by

g1
Kappr :=

[
−k1

1, 0, . . . , 0, gKappr
(
u− (z1) , u+ (z1)

)]T
, (5.36)

gNKappr :=
[
−gKappr

(
u− (zN−1) , u+ (zN−1)

)
, 0, . . . , 0, kNk+1

]T
, (5.37)

in gKappr = [g1
Kappr , . . . ,gNKappr ]T ,

g1
dh

:=
[
−d1

1, 0, . . . , 0, gm
(
d−h (z1) , d+

h (z1)
)]T

, (5.38)

gNdh :=
[
−gm

(
d−h (zN−1) , d+

h (zN−1)
)
, 0, . . . , 0, dNk+1

]T
, (5.39)

in gdh = [g1
dh
, . . . ,gNdh ]T and

g1
uh

:=
[
−u1

1, 0, . . . , 0, gm
(
u−h (z1) , u+

h (z1)
)]T

, (5.40)

gNuh :=
[
−gm

(
u−h (zN−1) , u+

h (zN−1)
)
, 0, . . . , 0, uNk+1

]T
, (5.41)

in guh = [g1
uh
, . . . ,gNuh ]T .
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5.2.4 Direct Discontinuous Galerkin Discretization,
Including Dynamic Capillarity Effects

We consider the dynamic model (P2vert) and make use of the regularized diffusivityDε again:

∂tu− ∂z (Dε (u) ∂zu+K (u) (1 + τ ∂z (∂tu))) = 0. (5.42)

Using Schwartz’ theorem we rewrite the previous PDE into the system:

∂tu (t) = ∂z (Dε (u (t)) v (t) +K (u (t)) τ∂tv (t)) + ∂zK (u (t)) , (5.43)
v (t) = ∂zu (t) . (5.44)

Given us as an approximation to u (ts) and the time step size ∆t we define the operator
N (u,ut) in a backward Euler manner as

∂tu
s ≈ us+1 − us

∆t
= N

(
us+1,

us+1 − us

∆t

)
= −2

h

(
E
(
ds+1 + τc + ks+1

)
−M−1 (gdh + gch + gKappr)

)
,

(5.45)

vs̃ = −2

h

(
Eus̃ −M−1guh

)
, s̃ = s, s+ 1. (5.46)

The newly appearing quantity c is defined via

K
(
uh
(
ts+1

))
∂t∂zuh

(
z, ts+1

)
|Ωj ≈

ch
(
z, ts+1

)
:=

k+1∑
n=1

Kappr (ujn (ts)
) vjn (ts+1

)
− vjn (ts)

∆t︸ ︷︷ ︸
=cjn

`jn (z) . (5.47)

The previously defined vectors d and k remain as before:

Dε

(
u
(
z, ts+1

))
∂zu

(
z, ts+1

)
|Ωj ≈ d

j
h

(
z,s+1

)
:=

k+1∑
n=1

Dε

(
ujn(ts+1)

)
vjn(ts+1)︸ ︷︷ ︸

=djn(ts+1)

`jn (z) (5.48)

and

K
(
u
(
z, ts+1

))
|Ωj ≈ k

j
h

(
z, (ts+1)

)
:=

k+1∑
n=1

Kappr (ujn(ts+1)
)︸ ︷︷ ︸

=kjn(ts+1)

`jn (z) . (5.49)

We use the arithmetic mean for the coupling conditions gdh ,guh and gch and the LLF-flux for
the advection related term gKappr . The open boundary conditions are imposed by

g1
Kappr :=

[
−k1

1, 0, . . . , 0, gKappr
(
u− (z1) , u+ (z1)

)]T
, (5.50)

gNKappr :=
[
−gKappr

(
u− (zN−1) , u+ (zN−1)

)
, 0, . . . , 0, kNk+1

]T
, (5.51)

in gKappr = [g1
Kappr , . . . ,gNKappr ]T , and using w ∈ {d, u, c} by

g1
wh

:=
[
−w1

1, 0, . . . , 0, gm
(
w−h (z1) , w+

h (z1)
)]T

, (5.52)

gNwh :=
[
−gm

(
w−h (zN−1) , w+

h (zN−1)
)
, 0, . . . , 0, wNk+1

]T
, (5.53)

in gwh = [g1
wh
, . . . ,gNwh ]T .
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5.2.5 Comparison of the K-based and Direct Discontinuous Galerkin Discretiza-
tions

We combined the ΛΠRK(3) time-stepping method with the operators obtained by the K-
based and direct DG discretization to solve the slow diffusion scenario. The initial state, was
set

u
(
zjn, 0

)
= b

(
zjn
)
, n = 1, . . . , N, j = 1, . . . , k + 1 = 4.

The numerical solutions are obtained, using N = {16, 32, 48, 64} and compared to a ref-
erence solution obtained by the same scheme with N = 128. Note, that solutions for RE
do not provide the formal regularity that is required to guarantee the accuracy order of the
considered time-stepping method.

Both schemes converge for decreasing grid size h = 1
N , see Figure 5.2. The graph shows

the numerical solutions for t = 6h and t = 1d. Especially at important features, i.e. the prop-
agation of the wetting front, diffusion speed and extremum, we can see significant improve-
ments for increasing spatial resolution, see Figure 5.3. Figure 5.4 shows that the schemes
converge to each other. Despite the fact that we observe artificial oscillations on some ele-
ments, the overall regularity of the numerical solutions is satisfying, since the jumps between
the elements stay small. The solution seems to be physically reasonable.

We conclude that the direct treatment of the highly non-linear RE is a working approach to
obtain an approximate solution to problem (P1vert). It shows also better stability properties
such that larger time steps can be used than with the K-based approach.
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(a) Numerical solutions at t = 6h, using the K-
based scheme.
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(b) Numerical solutions at t = 6h, using the di-
rect scheme.

z
-1 -0.8 -0.6 -0.4 -0.2 0

u

0

0.2

0.4

0.6

0.8 N = 16
N = 32
N = 48
N = 64
ref. sol.,
N = 128

(c) Numerical solutions at t = 1d, using the K-
based scheme.
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(d) Numerical solutions at t = 1d, using the di-
rect scheme.

Figure 5.2: Snapshots of the numerical solutions using different grid resolutions for the
slow diffusion problem. The schemes combine the DG discretizations with the RK(3) time-
stepping method. In all cases we see improvement of the numerical solution, when the grid
size h = 1

N is decreased.
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(a) Numerical solutions, approximating the wet-
ting front.
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(b) Transition from the wetting front to the maxi-
mum.
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(c) Low point of the left front. Mass fluxes due to
diffusion and advection are aligned.
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Figure 5.3: Convergence for the DG method for decreasing grid size h = 1
N . Exemplary

extracts of the numerical solutions at t = 6h using the direct scheme.
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Figure 5.4: Polluted convergence of the K-based and direct schemes to each other.
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5.2.6 Comparison of the Backward Euler and Runge-Kutta Methods

To get an impression about the performance of the backward Euler method, we compare
the direct ΛΠRK(3)DG scheme with the direct EDG scheme. The EDG scheme is obtained,
when combining the backward Euler method with the direct DG discretization.

For comparing the time-stepping methods, we use the slow diffusion scenario with initial
state as before. We find that the implicit low-order time-stepping method yields better results
than the explicit high-order time-stepping method. In Figure 5.5 we show the results for
t = 6h of the direct EDG scheme with N = 40 elements, compared to results of the direct
ΛΠRK(3)DG scheme using coarser grids N = {16, 32} and finer grids N = {48, 64}. The
slope limiting technique introduces errors that influence the quality of the numerical solution
significantly. Only if even higher resolutions are used for the ΛΠRK(3)DG scheme, it can
reproduce the quality obtained by the EDG scheme.

For the considered time-space cylinder, the mass in the system should be constant. However
we measured a violation of mass conservation, which is due to the time-stepping methods.
We assume that the worse behavior of the Runge-Kutta method is due to the inclusion of
multiple different intermediate states. To offer a clue about the extent of this inconvenience,
we measured the evolution of contained mass in the system in relation to the initial mass.
For times up to t = 7d, this is pictured in Figure 5.6. The mass errors for t = 6h are 0.8%
for the yellow marked solution, 0.2% for the red marked solution and about 0.1% for the
others. The local projection schemes show high errors of about 12% after only 3 days of
simulated time and deteriorate further. The comparably moderate error of the EDG scheme
is about 6 times less at about 2%. Afterwards, apart from ongoing fluctuations, it seems to
stay constant. Because of the growing errors in the ΛΠRK(3)DG schemes, it does not make
sense to compare the schemes with each other for larger times than about 6 hours. Although
the error decreases with a higher amount of elements, the computational effort would get
unfeasible soon. However, we are satisfied with the good behavior of the backward Euler
method and record that the implicit time-stepping method is superior to the explicit one.
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than using the local projection scheme. Using the local projection scheme, it requires a high
resolution to reproduce important features like the maximum.

time [d]
0 2 4 6

m
as

s 
in

 Ω
 [%

]

80

90

100

110

120

ΛΠRKDG, N = 16
ΛΠRKDG, N = 32
ΛΠRKDG, N = 48
ΛΠRKDG, N = 64
EDG, N = 40
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5.3 Effects of Dynamic Capillarity within the Richards Equation

In this section we will study the influence of dynamic capillarity effects numerically. In detail,
we will consider the capillary pressures

pc = pequ
c (u) , vs. pc = pequ

c (u)− τ∂tu,

where pequ
c is given by the vGM model and τ > 0 is a material coefficient due to dynamic

effects. We will consider the infiltration scenario. The results are obtained by the direct DG
discretization methods, presented in Sections 5.2.3 and 5.2.4 where the numerical boundary
conditions were adjusted, combined with the backward Euler method.

Until now, we used the saturated permeability ks = 10 · 10−14 m2. This yields a saturated
hydraulic conductivity

Ks =
%|g|ks
µ
≈ 9.8 · 10−9 m

s
.

Porous media often are classified into the three groups [3] [4]:
description permeable semi-permeable impermeable
Ke [m/s] 100 to 10−3 10−4 to 10−7 10−8 to 10−12

We observe, that the value of the saturated permeability is related to impermeable soil. In
fact, the speed of saturation change occurring in both scenarios are that small, that dynamic
effects are negligible. Since the effects of interest occur more likely in fast processes, we will
adjust the saturated permeability to

ks = 10−12 m2,

as found in media like very fine sand, silt, loess or loam. The obtained conductivity then is in
the mid range of semi-permeable soil:

Ks ≈ 9.8 · 10−6 m
s
.

Hereby, the porous medium is less resistant to water flow and the speed of saturation
changes yields the required dynamic effects.

5.3.1 The Infiltration Scenario

The infiltration of water into initially dry soil is a standard problem in the study field of porous
media. As described in Chapter 1, models that consider dynamic capillary effects can po-
tentially predict overshoots. This phenomenon can for example be observed, when gravity-
driven fingering effects occur in a homogeneous porous medium that undergoes a continu-
ous infiltration.

We simulated the infiltration scenario (5.8). The value for τ is at the lower limit of the estima-
tions, given in [25]. Besides the static consideration in P1vert (τ0 = 0), we weight the dynamic
effects, using

τ1 = 0.1 · τ, τ2 = τ, τ3 = 5 · τ.
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In Figure 5.7a, the solution for the static model is illustrated. The wetting front is traveling from
the right to the left. As expected, the line connecting the two graph points (z = 0, u = 0.7)
and (z = −1, uoutflow = 0.5), is monotonously decreasing (from right to left). Figure 5.7b
shows the solution, obtained with the dynamic model using τ2. We can observe a saturation
overshoot u > 0.7 on the right side of (behind) the traveling wave (TW). This is in accordence
with experiments [16] and other simulations [18].

The different weights of the dynamic model are compared with one another in Figure 5.8.
For u+ = 0.7 and u+ = 0.8, the solutions at t = 1.5h are given. In both cases, we can
see the overshoots for the dynamic models. As expected, they are more pronounced for
u+ = 0.8. One can observe that for a greater weight of the dynamic effects, the TW (low
point) propagates slower and with a steeper slope. At the same time, the overshoot is getting
more distinct.

For interpreting the τ3-solution, one has to take care. In both cases the overshoot turns into
a undershoot near to the boundary at z = 0. This would be a desirable characteristic [18].
However, since the same solution also shows an indentation in front of the TW, which we
do not know from any experimental results or simulations, this solution might be polluted by
numerical instabilities. However, the saturation value at the outflow boundary uoutflow < 0 is
a logical consequence of the indentation.

In general, we would expect the solutions of the dynamic model to undergo an undershoot
after the overshoot or to show an oscillatory behavior in the region behind the TW. As the
solutions are obtained by a low spatial resolution (N = 20), the absence of the desired
oscillations might be due to artificial out-smoothing. Unfortunately, we could not attain solu-
tions with sufficiently high spatial resolution to capture such oscillations. The main reason
is that the time step sizes for larger systems decrease strongly for the used solver. This is
caused by the lack of a globally convergent solver for the non-linear system of equations.
The backward Euler method itself does not restrict the time step size. Instead of the oscilla-
tory behavior, the saturation behind the TW of the τ1- and τ2-solutions stay at about the same
value, until it drops down to u+ close to the boundary. Similar plateaus occur in simulations
for the Buckley-Leverett equation and the Richards equation [17] [18]. However, Duijn et al.
pointed out that such plateaus can be captured by two-phase models that take into account
dynamic effects in the capillary pressure but not by one-phase models. For their compu-
tations they used different numerical schemes that are farther developed than our scheme.
This is another indication that the effects behind the TW are smoothed out due to low spatial
resolution. Hence, we expect that for solutions of the DG based scheme with sufficiently high
resolution, the plateau will vanish and oscillations will arise.
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(a) Traveling wave solution, when considered with
(P1vert). The waves show a monotonic inclination.

z
-1 -0.8 -0.6 -0.4 -0.2 0

u

0.4

0.5

0.6

0.7

0.8

t = 1 h

t = 1.5 h

t = 2 h

(b) Traveling wave solution, when considered with
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Figure 5.7: Solutions of the infiltration scenario with (S+ =)u+ = 0.7 at different times. Static
and dynamic model (left / right).
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Figure 5.8: Comparison of different weights of the coefficient τ . Dynamic effects in the
capillary pressure lead to saturation overshoots.
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6 Conclusion and Outlook

In the first part of this thesis we gave an overview of relevant aspects in modeling flow in
porous media. The main model of this thesis – the Richards equation – was derived from
scratch. The capillary pressure as essential part of the model was motivated. We explained
the thermodynamic theory based on the work of Hassanizadeh and Gray to motivate an
enhanced model of the Richards equation, that takes into account dynamic capillarity effects.

We derived a numerical scheme using the Discontinuous Galerkin method and the backward
Euler method to fit the requirements of the derived models. While developing the scheme we
highlighted several aspects that improve accuracy, efficiency and convergence properties of
the scheme. Among them, sufficient coupling of the Discontinuous Galerkin elements, the lo-
cal Lax-Friedrichs flux as example for enhanced numerical fluxes in case of advection related
processes and suggestions for improvement of the solution of the arising non-linear system
of equations. All of these aspects were quantitatively verified. Through the example of spe-
cial partial differential equations with known exact solution, we showed the convergence of
the scheme and particular advantages of the spatial discretization with the Discontinuous
Galerkin method. We conclude that this method is a valuable alternative to other ones like
the finite volume method or the finite element method.

By means of the infiltration of water into soil, we investigated the dynamic capillarity effects in
the model and showed their importance. The occurrence of saturation overshoots could be
predicted. The obtained results are lacking an undershoot that should follow the overshoot
as visible in the work from van Duijn et al.

We believe that the main reason for the missing effects in the obtained results, is the low
spatial resolution that was used. We solved the arising non-linear system of equations with
a quasi-Newton method. This approach was found to yield extremely small time steps when
large systems had to be solved. Thus, this technique is insufficient in order to provide high
resolution approximations for long simulation time spans. To increase the quality of the so-
lutions it is necessary to provide a robust solver with less restriction on the time step sizes.
Such a linearization scheme was recently proposed by Radu et al. It shows linear conver-
gence with mild restriction on the time step size, is easy to implement and works without
derivatives. The scheme is presented in the framework of two phase flow with static capillary
pressure for a finite volume discretization. It can be used on its own or subserve the Newton
solver by calculating the initial guess. This way, global convergence (large time steps) is
combined with quadratic convergence (accuracy). To fasten our scheme and improve the
spatial accuracy in important regions, an adaptive non-equidistant grid can be implemented.
The Discontinuous Galerkin method can also be parallelized efficiently and in a simple way.
These improvements provide a fast and accurate computation of numerical solutions. Thus,
the infiltration of fluids into initially dry soil can be studied in a reliable way.

On Dynamic Capillarity Effects in Porous Media 89



Technische Universiteit Eindhoven University of Technology

Valuable advancements would be existence and uniqueness results for the proposed scheme.
For interior penalty discontinuous Galerkin schemes, this is provided for a two-phase flow
model with dynamic capillarity effects by Karpinski and Pop, and without dynamic effects but
including error estimates by Rivière. Further work could be done for extending the scheme
to two and three dimensions and to allow for the inhomogeneous case. Because of its
discontinuous nature, the DG method potentially could display advantages for such situa-
tions without much additional effort. Thus, the expense of techniques that are necessary for
other discretization methods might be circumvented when using the Discontinuous Galerkin
method.

Finally, in experiments occur additional effects [18] [16], which can not be captured within
one phase models. In order to predict these effects, the numerical scheme can be expanded
to two phase flow models. Within this more sensitive framework, the inclusion of non-linear
capillary pressure models could yield numerical solutions that show good agreement to ex-
periments.
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