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Abstract

Ultrashort pulsed electron beams are used in ultrafast electron diffraction
(UED) experiments to study the dynamic behaviour of structures on sub-ps
time scales. This low time resolution is necessary to capture the atomic
motions in solids, and effectively to make a ‘molecular movie’. For visible
electron diffraction patterns typical coherence lengths of at least 1 nm are
necessary, resulting in hefty requirements on the coherence of the electron
source. An experimental setup that creates accelerated bunches of electrons
with such large coherence lengths is the ultra cold plasma (UCP) setup
developed in the CQT group.

The transverse electron bunch quality of the UCP setup has been mea-
sured in earlier experiments in terms of their normalized rms emittance.
This is achieved by measuring the transverse bunch size at different focus-
ing strengths of a magnetic lens, this method is known as a waist scan.
However, the current model of the electron source predicts lower emittances
and thus larger coherence lengths than have been observed. The goal is to
investigate whether this discrepancy is due to the waist scan method, and
if perhaps larger coherence lengths can be found using alternative methods.

In this thesis the so-called pepper-pot method is applied to measure the
transverse beam quality using the shadow pattern of a copper grid. Through
careful analysis of the intensity profiles of these shadow patterns from elec-
tron bunches with 2 keV kinetic energy, the normalized rms emittance in
the transverse direction is determined. In contrast to expectations, the
pepper-pot method yields values of the normalized rms emittance which are
comparable to or even larger than those measured with waist scans. This
is not yet fully understood, but is at least partially caused by the limited
resolution of the microchannel plate (MCP) detector.

A different measurement method that can determine the transverse co-
herence length directly, is based on Fresnel diffraction. The electron diffrac-
tion pattern is derived that occurs when a sharp edge is placed in the elec-
trons’ path. When applying typical parameters of the UCP setup, it is found
that such a diffraction pattern cannot be observed in the current setup. The
two competing causes are the fact that the relative transverse coherence
length of the electron bunches is too small and again the limited resolution
of the detector. Thus in order to perform Fresnel diffraction experiments
and useful pepper-pot measurements in the UCP setup, a detector with a
higher resolving power is required.
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Chapter 1

Introduction

This report covers a master project in the Coherence and Quantum Technol-
ogy group of the department of Applied Physics at the Eindhoven University
of Technology. The subject of which is the measurement of the electron beam
quality created by an ultracold plasma (UCP) source. This source is being
developed for ultrafast electron diffraction (UED) experiments that have sig-
nificant potential for future research in physics, chemistry and biology. The
first part of this chapter will be a brief introduction to UED experiments.
One of the bottlenecks in the development of these experiments is the heavy
requirements on electron bunch quality. Section 1.2 gives an introductino
to common ways of quantifying the quality of an electron bunch, followed in
the subsequent section by what is needed to perform single shot UED mea-
surements. The results of previous work on the UCP source is summarized
here and why this is a promising source for use in such experiments. The
last part of this chapter explains the goal of the master project and gives an
overview of the content covered in this report.

1.1 Ultrafast electron diffraction

Electron microscopes are established tools used in research and development
in many fields. State of the art transmission electron microscopes (TEMs)
can reach resolutions as low as 0.1 nm [1, 2], resolving individual atoms.
However, their typical time resolution is not even near the time scales at
which the motion of atoms takes place. Since vibrational periods of atoms in
solids are in the order of 0.1 ps [3], the study of phenomena dictated by these
motions requires exposure times on this sub-ps time scale. The development
of femtosecond pulsed lasers opened up these fields of research [4]. The
creation of short electron bunches through photo-emission by such laser
pulses enabled electron diffraction experiments with high time resolution.
For instance, intermediate states have been observed in the laser-induced
phase transition of aluminium and gold from solid to liquid that span only
several picoseconds [5, 6]. In general, a laser pulse is used to initiate a
dynamic process in a sample that is probed by an ultrashort electron bunch.
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Chapter 1 Introduction

Accelerator Magnetic Lens Detector

Sample

fs Laser Pump pulse

Electron bunches

Variable delay

Probe pulse

Diffraction image

Figure 1.1 Schematic pump-probe setup where a fs laser creates short electron
bunches and initiate a dynamic process in the sample. One or more magnetic
lenses focus the electron bunches on the sample, which in turn cause a diffraction
pattern on the detector behind it. When varying the delay between the pump and
probe pulses, snap shots of the dynamic process can be made at different time
intervals.

Snap shots of the dynamic process are made by varying the delay between
the moment the laser pulse hits the sample, also known as the pump pulse,
and the arrival of the electron bunch, labeled as the probe pulse. The
basic setup of such an ultrafast electron diffraction (UED) experiment is
sketched in figure 1.1. Measurements based on these pump-probe methods
are promising ways to study the dynamic behaviour of molecular structures
in situ [3, 7], commonly known as making a ‘molecular movie’. Nonetheless,
one of the difficulties in doing UED experiments is the required high quality
electron bunches, which will be addressed in the following sections.

1.2 Electron bunch quality

Before discussing the requirements on electron bunches that are needed to
do UED experiments, a quantitative measure of the quality of an electron
bunch is necessary. Electrons can be described in two ways; as particles or
waves. Thus quantifying a bunch consisting of many electrons can be done
in line of these two descriptions.

1.2.1 Emittance

When describing electrons as individual particles, the first difficulty arises
when considering that all electrons have a different position r=(x, y, z) and
momentum p=(px, py, pz). But when interactions between the electrons can
be neglected, their behaviour can be described by a distribution function f
depending on the time t and these 6 coordinates [8]: f(t, x, y, z, px, py, pz). A
collection of particles is called a beam or bunch, if after averaging they share
a common direction of travel. In others words, one momentum component
is much larger than the other two. By convention, the z-axis is chosen to

2



1.2 Electron bunch quality

Figure 1.2 Example of a diverging bunch of 100 electrons (a) with their momenta
indicated by the arrows and (b) the x-components of the electrons plotted in phase
space. The area enclosed by the red ellipse is proportional to the normalised emit-
tance of the bunch in the x-direction.

align to this average direction of travel of the electrons. In case they travel
at constant speed, the time t is no longer an independent parameter in the
distribution function. Under this condition and noting that the motions of
the electrons in the three directions are usually decoupled, the distribution
function can be written as

f(t, x, y, z, px, py, pz) = fx(x, px)fy(y, py)fz(z, pz). (1.1)

The coordinates span a 6 dimensional space known as phase space. An
electron bunch will occupy a certain volume inside phase space, the smaller
this volume, the higher the quality of the bunch. In accelerator physics, the
phase space volume is usually quantified by use of normalised root-mean-
square (rms) emittances. In the x-direction it is defined as

εn,x ≡
1

mc

√
〈x2〉〈px2〉 − 〈xpx〉2. (1.2)

Here is m the electron mass, c the speed of light and the brackets 〈..〉 indicate
the average over all electrons in the bunch. The origin of the phase space
axes are set to correspond to the average values of the electron coordinates,
namely the center of the bunch. The normalised rms emittances εn,y and
εn,z for the y- and z-direction are defined similar to equation (1.2). In this
report all normalised transverse emittances are expressed in units of nm·rad.
The product εn,xεn,yεn,z is a measure of the volume the bunch occupies in
phase space and the focusability of the bunch as will be explained next.

Consider for example an expanding bunch of electrons traveling in the
z-direction as pictured in figure 1.2a. Plotting the components of their
position and momentum along the x-axis results in the phase space plot

3



Chapter 1 Introduction

shown in figure 1.2b. The area the bunch of electrons occupies in phase
space is now measured by the root-mean-square (rms) ellipse, indicated by
the red ellipse. This area is a conserved quantity during propagation of the
bunch when all forces acting on the electrons are linear [8]. It can be shown
that the normalised rms emittance εn,x is proportional to the area enclosed
by this rms ellipse and thus is also a constant of motion.

At positions where the particles do not have a correlation between posi-
tion and momentum, for instance at the source of the bunch or in a beam
waist, the normalised rms emittance reduces to

εn,x=
1

mc
σxσpx . (1.3)

Where σx=
√
〈(x− 〈x〉)2〉 is the rms bunch size and σpx =

√
〈(px − 〈px〉)2〉

is the rms momentum, with the axes chosen so that 〈x〉= 0 and 〈px〉= 0.
The rms momentum spread can be described at the source by an effective
electron temperature T using the assumption that the thermal energy of the
electrons is distributed equally over all directions. Thus in the transverse
directions their average kinetic energy equals

σ2
px

2m
=
σ2
py

2m
=

1

2
kBT, (1.4)

where kB is Boltzmann’s constant. In the longitudinal direction it is useful
to replace the rms bunch length and momentum spread by the rms bunch
duration σt and energy spread σU ,

εn,z=
1

mc
σzσpz =

1

mc
σtσU . (1.5)

This equation is only applicable under the condition that the kinetic energy
U of the electrons is independent of their position, in other words the bunch
has zero energy chirp. Equation (1.5) is the longitudinal equivalent of a
beam waist in the transverse direction.

In practice not the momentum spread of electrons is measured, but their
angular spread. The transverse momentum px can be related to the angle
x′ between an electron’s transverse velocity vx and longitudinal velocity vz
as follows

px = γmvx ≈ γβmc
vx
vz

= γβmcx′. (1.6)

In this equation γ is the Lorentz factor
(
1− β2

)− 1
2 and β= |v|c the relative

speed of the electron. The approximation is based on the condition that
vz�vx and is called the paraxial approximation. Substituting this relation
in the definition of the normalised rms emittance leads to

εn,x ≡
1

mc

√
〈x2〉〈px2〉 − 〈xpx〉2 ≈ γβ

√
〈x2〉〈x′2〉 − 〈xx′〉2 = γβεx. (1.7)
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1.2 Electron bunch quality

The last expression introduces the (non-normalised) rms emittance εx, which
is also known as the geometrical emittance. It is proportional to the area
of the rms ellipse in trace space, the space spanned by the coordinates x
and x′. Note the approximation in equation (1.7) assumes negligible spread
in longitudinal velocity, so the factor γβ is in that case constant. The
distribution function gx(x, x′) of the electrons in trace space is then related
to the phase space distribution function of equation (1.1) by gx (x, x′) =

fx

(
x, px

γβmc

)
. The example bunch of figure 1.2 has thus the exact same

distribution in trace space as plotted in figure 1.2b, but with x′ on the
vertical axis.

If there is no correlation between the position and angle of the electrons,
equation (1.7) simplifies to

εn,x ≈ γβσxσx′ , (1.8)

with σx′ the rms angle, or angular spread of the electrons. Of course the
same is true for the rms emittance εy in the transverse trace space as a
function of position y and angle y′. From equation (1.8) it is clear that the
minimum spot size an electron bunch can be focussed to, is determined by
the bunch emittance.

When electron bunches are accelerated or decelerated in the longitudi-
nal direction, the angles x′ and y′ change. Consequently, the geometrical
emittance changes and is not a constant of motion anymore. However, the
normalised rms emittance remains invariant under linear forces [8]. This
means the normalised rms emittance is a useful quantity to reliably com-
pare the quality of electron bunches from sources with different acceleration
field strengths.

1.2.2 Coherence length

Diffraction patterns as the one in figure 1.1 are a result of the wave properties
of electrons. The visibility of an electron diffraction pattern is limited by
the momentum spread of the electrons in the bunch that is incident on the
sample of interest. Describing an electron bunch as multiple waves, their
degree of coherence is formulated by the Van Cittert-Zernike theorem. It
gives the relation between the degree of coherence of waves a distance from
their source and the intensity distribution of the uncorrelated emitters that
compose the source. More specifically for a source with Gaussian intensity
distribution, the transverse coherence function is also a Gaussian function
whose standard deviation is commonly known as the transverse coherence
length. The coherence length in a plane separated by a distance d from the
source is given by [9]

Lc,x =
dλ

2πrx
, (1.9)

5



Chapter 1 Introduction

where rx is the standard deviation of the Gaussian source intensity distri-
bution. The quantity 2rx is sometimes referred to as the effective source
size. The source is assumed monochromatic, i.e. the wavelength λ is con-
stant. In the case of electrons, λ is the De Broglie wavelength which is in
the non-relativistic regime (U�511 keV)

λ =
h

|p| =
h√

2mU
, (1.10)

with h Planck’s constant.
The transverse coherence length can be expressed as a function of the

transverse normalised emittance as follows. The local transverse momen-
tum spread of the electron bunch can be related to the angular source size
rx
d =

σpx
pz

. Since the momentum of the electrons in the z-direction is much
larger than in the two transverse directions, the approximation pz≈|p| can
be applied. Using the previous relations and equation (1.3), the transverse
coherence length of a focussed electron bunch can be written as

Lc,x =
~
σpx

=
~
mc

σx
εn,x

, (1.11)

where ~
mc is the Compton wavelength divided by 2π. In the y-direction the

same relations hold, but the longitudinal coherence length Lc,z is dependent
on the spectral width ∆λ caused by the spread in the kinetic energy of the
electrons. The common definition is [9]

Lc,z =
λ0

2

2∆λ
, (1.12)

with λ0 the central wavelength.

1.3 Requirements for single shot UED

As already pointed out in section 1.1 the typical temporal length of the
electron bunches required for UED experiments are 100 fs. The preferred
kinetic energies of the electrons for these experiments is in the 100-300 keV
range [10]. The visibility of a diffraction pattern depends on the transverse
coherence length of the electron bunch relative to the lattice spacing of the
sample. Typical samples of interest have unit cells of sizes in the order of
1 to 10 nm, thus the coherence length must be at least Lc> 1 nm [11]. In
order to be able to perform diffraction measurements with a single bunch
of electrons, for instance necessary to study irreversible processes, a min-
imum number of electrons per bunch is required. These single shot UED
experiments require 104 to 106 electrons in a bunch focussed to a spot of
about 100 mm in size [3, 12]. One setup that can in principle comply to these
requirements for electron bunches is the ultracold plasma (UCP) setup that

6



1.4 Scope of this thesis

is being developed at the CQT group [13, 14]. The electron source in this
setup is a laser-cooled gas of Rubidium atoms from which routinely 103 - 104

atoms are ionised by a fs pulsed laser. The electrons in the created plasma
are accelerated up to energies of 15 keV. However the Coulomb repulsion
between electrons result in expansion of the electron bunches, the tempo-
ral length is estimated to be in the order of a few ps. The required bunch
sizes can be reached through focussing and compression of the bunch in the
transverse direction by magnetic lenses and in the longitudinal direction by
radiofrequency cavities [12].

Previous measurements [14] on the UCP setup show effective electron
temperatures as low as ∼11 K and rms source sizes of ∼40 mm. According
to equations (1.3) and (1.4) this results in transverse normalised emittances
of about 2 nm·rad. If electron bunches with this normalised emittance are
focussed to a typical rms bunch size of 100 mm, the transverse coherence
length calculated from equation (1.11) will be in the order of 20 nm. The
relative energy spread of these bunches is estimated to be ∼ 0.1%. The
longitudinal coherence length at an average kinetic energy of 15 keV is then
according to equations (1.10) and (1.12) about 10 nm. Therefore, the UCP
setup meets the requirements for single shot UED experiments, except for
its low acceleration voltage and amount of electrons per bunch.

1.4 Scope of this thesis

The research discussed in this report is only focussed on the electron bunch
quality in the transverse direction, so the main figures of merit here are εn,x,
εn,y, Lc,x and Lc,y. Measuring the electron bunch size is a straightforward
affair, but not so much when trying to determine the momentum spread or
coherence length. In all earlier measurements the momentum spread was
obtained through measuring the spot sizes at different focussing strengths
of a magnetic lens. Effectively the bunch size is measured at various posi-
tions around its focal point, commonly known as a waist scan. This method
requires many electron bunches and knowledge of the electric and magnetic
fields that influence the bunch shape. Chapter 2 will be discussing the waist
scan measurements and current model of the UCP setup in more detail.
Previous results show a relatively high momentum spread in comparison to
the model. To find out whether this is due to the waist scan method or
possible other effects, is one of the main question of this thesis. Therefore
an alternative method of measuring the momentum spread of a bunch is
developed based on the so-called pepper-pot method [15, 16]. The princi-
ple behind the pepper-pot method is to have the electron bunch partially
blocked by a plate with an array of holes similar to the lid on a pepper-pot.
The electron bunch is then chopped in a serie of beamlets as sketched in
figure 1.3. The momentum spread of the electrons causes the beamlets to

7
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Electron beam

Pepper-pot

Detector

Expanding beamlets

Figure 1.3 The pepper-pot method: by putting a plate with regularly spaced holes
in an electron beam, an array of beamlets is created. The individual beamlets are
expanding due to the local momentum spread of the electrons. The size of the spots
on the detector are thus a measure of the momentum spread of the electron beam.

expand, making spots of variable size on a detector behind the pepper-pot.
The size of these spots is a measure of the angular spread of the original
electron bunch and thus its transverse normalised emittance. Chapter 3 will
derive the intensity pattern on the detector and explain how the angular
spread can be extracted from this. Pepper-pot measurements on electron
bunches in the UCP setup are presented and analyzed in chapter 4.

Using waist scan and pepper-pot methods, the transverse coherence
length is still measured in an indirect manner. Preferably an actual diffrac-
tion pattern should be used to measure its visibility. From an experimental
point of view, a well defined diffraction effect occurs at the edge of any
thin object. This Fresnel diffraction has been observed in electron beams
from other sources with low emittances [17, 18, 19]. Chapter 5 investigates
the possibility of performing similar experiments in order to measure the
transverse coherence length of the electron bunches in the UCP setup.

The last chapter of this report concludes the work based on both the
pepper-pot method and Fresnel diffraction. Finally, an outlook is given on
the possible future use of these beam quality measurement methods.

8



Chapter 2

Ultracold plasma setup

The source of the electron bunches of this report has been extensively studied
in previous works. This chapter summarises the parts of the work relevant to
the experiments discussed further on in this report. Section 2.1 explains the
mechanism behind the creation of short electron bunches in the UCP setup
and the model that is developed to describe them. The electron bunches are
shaped by a series of magnetic lenses to their desired form. This is discussed
in section 2.2 together with the detection system of the electrons. The total
beam line traversed by the electron bunches can be modelled analogously
to an optical system, which is the subject of section 2.3. The UCP setup
can also generate ion bunches that give additional information on the source
characteristics. A brief deviation from electrons is made in section 2.4 in
order to measure the size of the source by taking the repulsive forces be-
tween ions into account. Finally, the method of waist scan measurements
is explained and how from these the initial angular spread of the electron
source can be determined.

2.1 UCP source

The electron source in the UCP setup is a laser cooled gas from which an
electron bunch is extracted through photo-ionisation and acceleration via
an applied electric field. The different steps in the creation of the electron
bunches are sketched in figure 2.1. First, a gas of rubidium atoms

(
85Rb

)
contained in a vacuum vessel, is trapped and cooled in a magneto-optical
trap (MOT). The combination of a quadrupole magnetic field generated by
a pair of current loops I and circularly polarised laser beams in a perpen-
dicular arrangement traps the atoms as shown in figure 2.1a. A thorough
description of the physics involved in such a MOT can be found in [20].
The relevant transition for laser cooling and trapping of 85Rb atoms is from
the ground state 5S 1

2
,3 to the excited state 5P 3

2
,4. A 780 nm diode laser is

locked to this transition and detuned with a computer controlled acousto-
optical modulator (AOM), see for details [21]. From the energy diagram in
figure 2.2, it can be seen that a fraction of the atoms is also excited to the

9



Chapter 2 Ultracold plasma setup

I I

Rb

(a) 85Rb atoms are trapped and cooled in a magneto-optical trap.

780 nm

480 nm

(b) An excitation laser (wavelength 780 nm) and a short ioni-
sation laser pulse (tunable wavelength around 480 nm) create a
small ultracold plasma of rubidium ions and electrons.

e−
Rb+

Vacc
(c) A DC-electric field accelerates the ions and electrons, creating
short electron bunches.

Figure 2.1 Creating short electron bunches from an ultracold plasma.
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5P 3
2 ,4

5S 1
2 ,3

Rb+

Trapping

Ionisation

Eexc

5P 3
2 ,3

5S 1
2 ,2

Repump

121 Mhz

3036 Mhz

δ=14.5 Mhz

Excitation

479.06 nm

780.24 nm

laser

laser laser

laser

EStark

Figure 2.2 Energy level diagram of relevant states of 85Rb atoms with the transi-
tions induced by the excitation, trapping and repump lasers of the UCP setup.

5P 3
2
,3 level. Atoms in this state can decay to the unwanted 5S 1

2
,2 state and

are not resonant with the trapping laser. To prevent atoms from escaping
the MOT this way, a second 780 nm diode laser is tuned to the transition
from the 5S 1

2
,2 to the 5P 3

2
,3 level and mixed in the paths of the trapping

lasers. The rubidium atoms that are excited back in the 5P 3
2
,3 state by

this repump laser can decay to the original 5S 1
2
,3 state and again become

resonant with the trapping laser. The lasers used in the UCP setup are
listed in table 2.1. The fluorescence light from the trapped rubidium atoms
is captured by two charge-coupled device (CCD) cameras. From the images
of these cameras it is found that the cloud of atoms is about 1 mm in size
and contains approximately 108 atoms at a density of 8 · 1016 atoms/m3 in
the center of the cloud [22].

The second step in the creation of an electron bunch from this laser
cooled cloud of atoms is pictured in figure 2.1b. The trapping laser beams
are briefly switched off allowing the atoms to relax back into the ground
state, while at the same time a small part of the atom cloud is excited to
the 5P 3

2
,4 state. For this purpose a fraction of the intensity of the trapping

laser is split off and focussed in the MOT to a spot with a minimum rms
radius of approximately 25 mm [21]. The atoms are ionised several ms later
by a laser beam aligned perpendicular to the excitation laser. The overlap
between the two beams in figure 2.1b determines the volume in which ru-
bidium ions and electrons are created. In the UCP setup one of the three
ionisation laser systems in table 2.1 can be used depending on experimen-
tal requirements. The laser utilised in the experiments of this thesis is the
Quanta-Ray PDL3 described in [22]. The wavelength of this laser can be
precisely tuned around 480 nm to ionise the atoms just above their ion-
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Chapter 2 Ultracold plasma setup

Table 2.1 Laser systems of the UCP setup.

Usage Laser system Wavelength Pulse length

Trapping &
Excitation

Toptica DLX 110 780 nm cw

Repump Toptica DL 100 780 nm cw

Ionisation Toptica TA-SHG 110 478.5 nm cw

Ionisation Quanta-Ray PDL3 470-490 nm 2.5 ns

Ionisation
Coherent Mantis &
Legend, Light Conver-
sion OPerA-Solo

472-533 nm 30 fs

isation threshold, so to release electrons with little kinetic energy. From
conservation of momenta it is clear that the much heavier rubidium ions re-
ceive very little kinetic energy from the ionisation process and most energy
is transferred to the electrons. Therefore, the ion temperature stays in the
mK regime and electron temperatures can range from mK to several hun-
dred K [23]. Estimating the Debye length, defined as λD≡

√
ε0kBT/ne2, for

an electron temperature of T = 11 K and the previously mentioned density
n= 8 · 1016 m−3 gives λD = 0.8 mm. This is much smaller than the size of
the ionisation volume, hence the cloud of ions and electrons can be called
an ultracold plasma (UCP).

The final step is accelerating the electrons in a constant electric field,
sketched in figure 2.1c. The design and characteristics of the accelerator
structure are explained in [23], the cross section of the actual setup is shown
in figure 2.5 in the next section. It applies a voltage difference Vacc ranging
+6 to −30 kV over an effective length of 27 mm. In the case of a positive
voltage, the rubidium ions are accelerated towards a detector, while for
negative voltages their direction is reversed and the electrons will travel to
the detector. Because the MOT is in the center of the accelerating field,
the maximum average kinetic energy of the electrons is 15 keV. As a result
of the accelerating field being always on during the ionisation process, the
initial temporal length of the electron bunch is equal to the pulse duration
of the ionisation laser. Typical bunch lengths created by the Quanta-Ray
PDL3 laser pulses have a length of 4.7 ns (full width at half maximum) [23].
The last ionisation laser system in table 2.1 has also a tunable wavelength,
but creates electron bunches of ∼1 ps length [14]. However, because at these
temporal lengths the repulsive forces between electrons become significant,
it is not used in the experiments in this thesis.

The creation of electron bunches in the UCP setup is currently best de-
scribed by a classical model developed previously [14, 24] based on work
from [25]. The basis of this model is the potential energy an electron ex-
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4πε0|z|

−eFz

zmin

Figure 2.3 Potential energy V of electron-ion pair in an external electric field of
constant strength F as a function of separation distance z. The excess energy after
ionisation is the sum of the excess photon energy Eλ and the energy difference
EStark from the Stark shift.

periences in the neighbourhood of a positively charged ion and an external
electric field. When representing the rubidium ion as a point charge and the
electric field with constant strength F is pointing in the negative z-direction,
then the potential energy follows the equation

V (x, y, z) = − e2

4πε0
√
x2 + y2 + z2

− eFz, (2.1)

with ε0 the dielectric permittivity of vacuum. This function is plotted for
x, y=0 in figure 2.3. The applied electric field tilts the Coulomb potential of
the positive ion, creating a saddle point in the potential at the position zmin.
The corresponding energy decrease EStark at this saddle point is called the
Stark shift. It can be found from setting the derivative of potential energy
function equal to zero, i.e. ∂V

∂z

∣∣
x,y=0

= 0, and substituting the result for zmin

back into equation (2.1). This leads to

zmin =

√
e

4πε0F
(2.2)

and a Stark shift of

−EStark = U(zmin) = −2e

√
eF

4πε0
= −2EH

√
F

F0
, (2.3)

where EH = 27.2 eV is the Hartree energy and F0 = 5.14 · 1011 V/m the
atomic unit of electric field strength. As was already pictured in the energy
diagram of figure 2.2, the Stark shift increases the excess energy the electrons
receive from the ionisation process. Assuming all energy from the photon
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Figure 2.4 The rms angle of the electron trajectories after ionisation calculated
from an analytical model using the potential landscape of equation (2.1) at various
acceleration voltages and wavelengths of the ionisation laser [14, 24].

is transferred to the electron, the total excess energy is now the sum of the
photon energy Eλ and the Stark energy EStark:

Eexc = Eλ + EStark = hc

(
1

λ
− 1

λ0

)
+ 2EH

√
F

F0
. (2.4)

Here is λ the wavelength of the ionisation laser and λ0 =479.06 nm the (field
free) ionisation wavelength of 85Rb in the 5P 3

2
,4 state.

A crude model assumes the excess energy is distributed equally over the
components of the electron’s momentum in all directions. This is however
not true when the actual electron trajectories are considered in the poten-
tial landscape governed by equation (2.1). The interaction between electron
and ion core give rise to complex dynamics, even more so when the simple
Coulomb potential is replaced with the more accurate rubidium potential
[24]. Only for the former potential there is an analytical expression for the
classical electron trajectories. For a uniform distribution of the electron ve-
locity at the center of the potential, the asymptotic velocity is calculated.
The rms angle with respect to the z-axis of the collection of electrons can
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2.2 Beam line

then be determined for various wavelengths of the ionisation laser and ac-
celeration field strengths. The results from these calculations are plotted in
figure 2.4 for a practical range of settings of the ionisation laser wavelength
and accelerating voltage.

2.2 Beam line

The MOT and accelerator structure of the UCP setup are housed in a vac-
uum chamber, presented in figure 2.5, which is kept at a pressure of typically
2 · 10−8 mbar by an ion getter pump. The horizontal trapping laser beam
is slightly tilted to allow the electron bunches to travel into a beam line
towards a detector. In the beam line they are shaped with magnetic lenses
to the desired dimensions and steered towards the detector for analysis. The
beam line used in the experiments is illustrated in figure 2.6.

As indicated in figure 2.6 the electrons accelerated from the center of the
MOT travel approximately 1.53 m through the beam line. At the relatively
low acceleration voltages of the UCP setup, the electrons are heavily influ-
enced by the earth magnetic field. Without any corrections, the electron
bunches would hit the side of the beam line with inner diameter of 40 mm.
Therefore an earth magnetic field compensation system is build around the
setup which cancels the magnetic field from the earth over a large part on
the axis of the beam line [13]. Still, due to other stray magnetic fields from
nearby equipment, two sets of steering coils have been installed around the
beam line to guide the electrons to the detector. These are also needed to
correct the bunches that exit the accelerator off axis.

A magnetic solenoid lens is placed at 53 cm from the center of the accel-
erator. It is designed for currents up to 5 A, so to focus the electron bunches
on the detector for all possible kinetic energies of the UCP setup, specifics
can be found in [13].

The electron bunches are captured 1 m after the magnetic solenoid lens
by a detector. The total detection system consists of a two stage microchan-
nel plate (MCP), a phosphor screen, an optical lens and a CCD camera, as
sketched in figure 2.7. An MCP is a thin glass plate with an array of chan-
nels, in this case with dimensions of 5 mm diameter, 300 mm in length and
spaced 8 mm apart [14]. Either side of the plate has a metal coating that is
connected to a high voltage power supply, turning each channel into a sec-
ondary electron multiplier tube. When an electron is incident on the inner
wall of a channel, it will create secondary electrons that are accelerated by
the voltage difference. The secondary electrons hit the wall again, resulting
in a cascade effect and many electrons being released at the other end of
the channel. The channels have a 5◦ angle with respect to the normal of the
plate surface in order to reduce the number of incident electrons that pass
through the channel without hitting the walls. A second MCP is positioned

15



Chapter 2 Ultracold plasma setup
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Figure 2.5 Cross section of the vacuum chamber of the UCP setup showing the
MOT and accelerator structure, image from [26]. The red beam is the horizontal
trapping laser of the MOT, the other beams are aligned under 45◦ angles in the
x,y-plane. A diagnostics camera on the optical platform captures the fluorescence
light from the MOT, a second camera (not shown) views the MOT from the side.

MOT coils

Accelerator
CCD

dMagn.Lens = 0.53 m

Steering coils

MCP +
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camerascreen
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dMCP = 1.53 m

Magnetic
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Figure 2.6 Sketch of the beam line of the UCP setup with the main sources
of electric and magnetic fields. Electrons (blue) are extracted from the rubidium
atoms (red) and focussed on the MCP detector. The light from the phosphor screen
behind the MCP is then imaged on a CCD camera by a focussing lens.
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Figure 2.7 Sketch of cross section of detector in UCP setup. Electrons are captured
by a two stage MCP that generate many secondary electrons which are in turn
accelerated towards a phosphor screen. The subsequently emitted light from the
phosphor screen is focussed by a lens onto a CCD camera whose images are then
stored and analyzed on a computer.

17



Chapter 2 Ultracold plasma setup

with its channels angled in the opposite direction for an increased amplifi-
cation of the number of electrons. The front (input) side of this two stage
MCP has a negative voltage VMCP,in of about −500 V and the back (out-
put) side is set at VMCP,out = +1000 V, resulting in a gain of about 107. A
grounded metal grid in front of the MCPs shields the electrons in the beam
line from the generated electric field. The electrons exiting the channels are
then accelerated towards a phosphor screen at a voltage Vphosphor =+3200 V,
which as a consequence will emit photons in the visible spectrum [27]. A
lens images the light from the phosphor screen on an Apogee Instruments
Alta U9000 CCD camera. A shutter in front of this camera controls the
exposure time, which allows the CCD to capture the light from a single or
multiple electron bunches that hit the detector.

The pixels of the CCD camera are measured to have a corresponding
size on the phosphor screen of (22.3± 0.2) mm. This is larger than the 8 mm
channel spacing of the MCP, thus at first seems to be the limiting resolution.
However, the resolution of the total detection system is also determined
experimentally by placing two pinholes with diameters of 25 mm and 50 mm in
front of the MCP. The rms resolution is found to be (95±4) mm, independent
of these pinhole sizes [28]. This resolution limit is most likely caused by
spread of the secondary electrons over multiple channels in between the two
MCPs and their divergence between the output side of the second MCP and
the phosphor screen [29].

A typical image of an electron bunch from the CCD camera is shown in
figure 2.8. Because the excitation and ionisation laser beams have Gaussian
profiles, the detector images of electron bunches are expected to have a
2 dimensional Gaussian distribution. The elliptical shape of the electron
distribution has two causes. One is the difference in rms size of the two
laser profiles, while the other is a quadrupole magnetic field. The source of
this quadrupole field is believed to be the small mirror that is used for the
horizontal trapping laser beam [14], indicated in figure 2.5. The electron
bunches are rotated by the magnetic solenoid lens, causing the tilt of the
ellipse in figure 2.8.

The analysis of the images shows that not a single but a double Gaus-
sian function is needed for a good fit of the images from the detector [13].
The rms ellipses of the fit with a 2-dimensional, double Gaussian function
are drawn in figure 2.8. The larger background Gaussian, depicted by the
dashed green ellipse, is presumably an artifact of the detector caused by
the previously mentioned spread of the secondary electrons. Therefore, the
standard deviation of the smaller Gaussian function, the inner green ellipse
in figure 2.8, is interpreted as the transverse rms size of the electron bunches.
The rms bunch size σx is chosen to correspond to the short axis of the ellipse,
while σy is determined by its long axis. The next sections will discuss how
from these bunch size measurements the transverse electron bunch quality
is determined.

18



2.2 Beam line

 

 

σy
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Figure 2.8 Detector image of 2 keV electron bunch fitted with a 2-dimensional
Gaussian function. The two rms ellipses (green) of the fit are shown with in red
the long axis and in purple the short axis.
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2.3 Optical model of the beam line

The current method of measuring the transverse normalised emittance of
electron bunches is based on waist scans. Because this method uses the
variation of the transverse bunch sizes due to a change in the focussing
strength of the magnetic solenoid lens, the relation between these two must
be known. In this section a model is presented of the electric and magnetic
forces acting on the electrons in the beam line of the UCP setup.

The electron trajectory is modelled analogously to optical ray tracing
methods [8, 30, 31]. In two dimensions, the position x and angle x′ of the
electrons are described as they traverse a series of lenses. Each source of
electric or magnetic fields that alters the path of the electrons is represented
as a thin lens with a certain focal length. This allows the initial and final
transverse coordinates of an electron be written in vector form as(

xf

x′f

)
= M

(
xi

x′i

)
=

(
M11 M12

M21 M22

)(
xi

x′i

)
. (2.5)

The final coordinates (xf , x
′
f) of the electron at a certain position along the

z-axis are thus described as a linear combination of the initial coordinates
(xi, x

′
i) and the transfer matrix M of the total (optical) system. The trans-

fer matrix is composed of the product of several matrices representing a
displacement along the z-axis and an angular deviation from each lens. The
respective transfer matrices corresponding to a drift over a distance d and
a thin lens with focal length f are:

Md =

(
1 d
0 1

)
, (2.6)

Mf =

(
1 0
− 1
f 1

)
. (2.7)

The transfer matrix representing the total beam line from source to detector
is then calculated from the product

M = MdfMfJMdJMfJ−1
MdJ−1

· · ·Mf2Md2Mf1Md1 , (2.8)

where a total of J elements are incorporated with focal lengths f1, . . . , fJ
and (intermediate) drift distances d1, . . . , dJ , df . The elements relevant in
the beam line model of the UCP setup are listed in table 2.2 with their
position along the z-axis and focal length if applicable. The derivation of
the functions and values are discussed in [14]. but are briefly explained here.
Since the electrons are not accelerated instantaneously, the initial position
of the electrons is moved in the negative z-direction as indicated by the
accelerator drift value. The electric field of the accelerator has transverse
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2.3 Optical model of the beam line

Table 2.2 Parameters of the elements in the optical model of the UCP setup beam
line. The average kinetic energy of the electron bunch U is in eV and the current I
through the magnetic solenoid lens in A. (*)The focal length of the quadrupole lens
has an opposite sign along perpendicular axes, its position and focussing strength
are determined from waist scan fits, see section 2.5.

Element Position (m) Focal length (m)

Accelerator drift −0.00979

Exit kick 0.00979 −0.03327

MOT coil 0.057 0.02 + 4.79 · 10−5U + 2.84 · 10−10U2

Quadrupole* 0.228 ±10.3 · 10−3
√
U

Magnetic lens 0.53

[
1.55 + 5.79 · 10−6U +(
0.06− 7.09 · 10−6U+
2.47 · 10−10U2

)
I2+

e−(U+330)I3/623
]
· 10−4U/I2

Detector 1.53

components that cause the electrons to be slightly deflected upon exiting the
accelerator structure. This exit kick is inserted in the model as a negative
lens. The next element is the right trapping coil of the MOT, pictured in
figure 2.6. Because it caries a constant current of 175 A, it collimates the
electron bunches. Next a quadrupole lens is added at roughly the position of
the mirror for the trapping laser, as discussed in section 2.2. The last element
before the bunches reach the detector is the magnetic solenoid lens. Its focal
length is a complex function of bunch energy U and current I through the
coil. The electron trajectories through the electric and magnetic fields of
these elements have been simulated using the General Particle Tracer (GPT)
software package [32]. From these simulations the relations in table 2.2 have
been determined.

It can be derived from equation (2.5) that the final rms spot size obeys
the relation [27]

σxf
2 = M11

2σxi
2 +M12

2σx′i
2. (2.9)

The matrix elements M11 and M12 are known when the appropriate values
from table 2.2 are substituted in the drift and lens matrices in equation (2.8).
Thus the rms bunch size σxf on the detector can be expressed in terms of
the initial rms angle and size of the electron bunch. This is the basis of the
waist scan method and discussed further in section 2.5.

21



Chapter 2 Ultracold plasma setup

2.4 Modelling space charge effects

Thus far the interactions between electrons have been avoided. This is valid
since bunch expansion due to Coulomb forces between electrons occurs on a
time scale of the inverse plasma frequency; ω−1

p =
√
mε0/ne2 [21, 33]. The

electron bunches created by the ns ionisation laser have typical densities
in the order of 1012 m−3, which results in a characteristic expansion time
of 0.1 ms. Because bunches of 2 keV only take about 58 ns to reach the
detector after ionisation, there is very little time for significant expansion to
occur. Earlier simulations and experiments confirm this behaviour [14]. By
switching the polarity of the accelerator, bunches of rubidium ions instead
of electrons can be directed towards the detector. Due to their much larger
mass, the ion bunches spent several tens of ms in the beam line before hitting
the detector. Since the typical expansion time of ion bunches is of the same
order as for electron bunches, the former show an increased spot size on the
detector due to space charge effects.

In line of the optical beam line model, the transverse expansion of the
bunch due to Coulomb interactions can be represented by a negative lens
whose focal length fsc is given by [21, 14]:

1

fsc
= −η

√
ne2

3ε0U
. (2.10)

Here is η a dimensionless constant that is needed due to the Gaussian geom-
etry of the bunches. This negative lens effect can be included in the beam
line model by putting it in the initial conditions, resulting in the product(

1 0

η
√

ne2

3ε0U
1

)(
xi

x′i

)
=

(
xi

x′i + η
√

ne2

3ε0U
xi

)
. (2.11)

Now the equation for the final transverse rms bunch size σxf changes due to
space charge effects:

σ2
xf

=

M11 +M12η

√
ne2

3ε0U

2

σ2
xi

+M12
2σ2
x′i
. (2.12)

However equation 2.12 is not directly relevant for ns electron bunches, it
is very useful in accurately determining the initial ionisation volume using
ion bunches. As mentioned in section 2.1, the ions receive very little excess
energy and as a result have negligible initial divergence, i.e. σx′i =0. Another
advantage of ions, owing to their large mass, is that the trajectories are not
significantly altered by magnetic fields. Therefore, the only sources of ion
bunch expansion that are left in the beam line model are the space charge
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2.5 Waist scans

effect and the exit kick from the accelerator. This allows the final rms ion
spot size on the detector to be expressed as

σxf =

M11 +M12η

√
ne2

3ε0U

σxi , (2.13)

with the matrix elements

M11 = 1− dMCP − dacc

facc
= 46.69,

M12 = dMCP + dacc = 1.540. (2.14)

Where the values for the focal length of the accelerator facc, the drift dis-
tances dacc in the accelerator and dMCP towards the detector are used from
table 2.2. In principle the initial spot size in both the x- and y-direction
can be determined from the respective ion spot sizes on the detector if the
density n is known. Determining the density is no trivial task, but can be
circumvented by decreasing the space charge term in equation (2.13) so it
becomes negligible with respect to M11. Because the number of ions in the
bunch is directly proportional to the intensity of the ionisation laser, this is
achieved by decreasing the laser intensity with neutral density (ND) filters.
Finding the asymptotic value of σxf can thus be done through measuring
the ion spot size on the detector as a function of laser intensity or ND-
filter strength. An example of such a measurement is plotted in figure 2.9.
The ND-filter strength D, plotted on the horizontal axis, corresponds to a
relative filter transmittance of 10−D. It is therefore expected from equa-
tion (2.13) that the rms spot size σxf is proportional to 10−D/2 and its
asymptotic value is M11σxi . From the fits in figure 2.9, the initial transverse
rms sizes of the ionisation volume are found to be σxi = (29.3 ± 1.2) mm
and σyi = (43.5 ± 1.4) mm. Note that here the x- and y-axis are chosen to
correspond to the short and long axis of the ion spot respectively.

2.5 Waist scans

When the initial source size is known, the initial angular spread can in
principle be determined from a single detector image and using the beam line
model in equation (2.9). However, for an accurate measurement the current
through the magnetic solenoid lens is varied and the resulting bunch sizes
are fitted with a single angular source spread, labeled as σθi . A typical plot
of such a waist scan and its fit are shown in figure 2.10. The minima in the
long and short axis of the electron bunch do not overlap, but are displaced
with respect to each another. This is caused by the quadrupole discussed in
section 2.3. The transverse normalised rms emittance of the source at these
settings can now be calculated from equation (1.8). By using the source
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Figure 2.9 RMS size of ion bunches on the detector as a function of the ND filter
that is attenuating the ionisation laser intensity. The fit function is a logarithmic
decay with asymptotic values for the long axis of (2.03±0.06) mm and short axis
of (1.37±0.06) mm.
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Figure 2.10 Waist scan measurement of 2 keV electron bunches created by ns
ionisation laser with wavelength of 475 nm. The initial angular spread of the source
from fit results is σθi =(2.78± 0.18) mrad.

sizes determined in the previous section, the normalised rms emittance in
this example are in both transverse directions εn,x=(7.2± 0.8) nm·rad and
εn,x=(10.7± 1.0) nm·rad.

At a fixed acceleration voltage of 4 kV, waist scan measurements are
performed for various wavelengths of the ionisation laser. The initial angu-
lar spread of the electron bunches changes due to different excess energies,
as can be seen in the plot of figure 2.11. The angular spread according to
the UCP source model, discussed in section 2.1, is plotted here for the same
acceleration voltage. The position and strength of the magnetic quadrupole
in the beam line model are not precisely known and thus are free fit param-
eters, but the same in all waist scan measurement series. The quadrupole
values listed in table 2.2 are from the best fit of the complete data set of
bunch sizes and currents through the magnetic solenoid lens. As seen in
figure 2.11, the UCP source model predicts lower values of the initial rms
angle of the electrons. Similar discrepancies are seen at different accelera-
tion voltages and pulse lengths of the ionisation laser [14], but are not yet
fully understood. Because the waist scan method requires a serie of bunch
size measurements at different focussing strengths of an intermediate mag-
netic lens, it effectively determines an upper bound of the angular spread.
Preferably all settings of the setup are kept constant and the angular spread
is extracted from a single detector image. This calls for the need to in-
vestigate alternative measurement methods for determining the transverse
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Figure 2.11 Initial rms angle of 2 keV electron bunches measured from waist scans
in comparison to the model of the UCP setup.

electron bunch quality as the ones discussed in the following chapters.
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Chapter 3

Pepper-pot method

As introduced in the first chapter, the pepper-pot method is a way to mea-
sure the angular spread of an electron beam. In this chapter the basics of the
pepper-pot method are explained in more detail, followed by a derivation
of the intensity profile on the detector for Gaussian electron bunches. Sec-
tion 3.2 investigates the validity of the results from the pepper-pot method
by applying it to simulated electron bunches with known angular spreads
and emittances.

3.1 Pepper-pot theory

Consider a diverging electron beam with a Gaussian distribution in trace
space as sketched in figure 3.1. Its rms ellipse will then be tilted equivalently
to the plot in figure 1.2b. Now several bars of width w parallel to the y-
axis are placed in the beam, blocking all electrons at these positions and
resulting in a shadow pattern on a detector a distance L behind them. Due
to the diverging beam this shadow image of the bars will be magnified. If
the incident beam has zero angular spread σx′ , i.e. it is a perfect laminar
beam, the shadow will have straight edges where the bars end. However,
any physical electron beam has a non-zero angular spread that give rise to
a blurring of the shadow’s edges. As can be seen from figure 3.1a, the local
angular spread at z = 0 causes a broadening of the shadow edge of Lσx′ .
The prerequisite for this being that all angles with respect to the z-axis are
small, which is the case in the paraxial approximation.

In trace space the distribution function of the electron beam just after
the series of bars is shaped as the plot in figure 3.1b. The bars interrupt the
skewed distribution with cut outs of size w where the electrons are blocked.
At the detector this distribution is translated by a drift L, see section 2.3,
via the transformation

x
∣∣
z=L

= x+ Lx′
∣∣
z=0

. (3.1)

The resulting trace space plot is shown in figure 3.1c. Not only have the cut
outs now increased in size to wd, but have also become tilted. The projected
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Figure 3.1 Pepper-pot method applied to a diverging electron beam. Plotted are
(a) the cross section of the beam in the x,z-plane and the transverse trace space of
the same beam at the positions (b) z=0 and (c) z=L.
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3.1 Pepper-pot theory

size of this tilt on the x-axis can be calculated from the difference between
x1 and x2 using equation (3.1),

x2 − x1

∣∣
z=L

=
(
x0 + L(x′0 + σx′)

)
−
(
x0 + Lx′0

) ∣∣
z=0

= Lσx′ . (3.2)

The same result was already obtained from figure 3.1a and using simple
geometry.

In order to derive the intensity variation of the total shadow image on the
detector, assume the trace space distribution is represented by the skewed,
2-dimensional Gaussian function

gx(x, x′) = g0e
− 1

2

(
x
σx

)2

e
− 1

2

(
x′−bx
σx′

)2

. (3.3)

Here g0 and σx are the respective amplitude and rms size of the electron
beam’s distribution just before it encounters the row of bars. The slope of
the major axis of the rms ellipse is given by the factor b. When N bars are
placed at regular intervals of distance s, the transparant area in the z = 0
plane can be written as a series of Heaviside step functions H(x). If the first
bar is centered at position x1, the function

T (x) = 1+
N∑
j=1

H
(
x− x1 − (j − 1)s− w

2

)
−H

(
x− x1 − (j − 1)s+

w

2

)
(3.4)

is unity everywhere, except at the positions of the bars where T (x)=0. As-
suming the bars are thin relative to L, the trace space distribution function
just after the bars is the product of equations (3.3) and (3.4) as sketched in
figure 3.1b. After propagation to the detector the substitution (3.1) must
be made. The final step in the derivation of the intensity function I(x) of
the electron beam at the detector, is integrating the resulting trace space
function over all angles x′:

I(x) =

∞̂

−∞

gx(x+ Lx′, x′)T (x+ Lx′)dx′. (3.5)

From substituting the expressions (3.3) and (3.4) in the previous equation,
the intensity can be shown to obey the relation

I(x) = I0e
− 1

2

(
x

Mσx

)2

1 +
1

2

N∑
j=1

[
erf

(
x−Mx1 − (j − 1)sd − wd

2√
2Lσx′

)

− erf

(
x−Mx1 − (j − 1)sd + wd

2√
2Lσx′

)] ,

(3.6)
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Chapter 3 Pepper-pot method

Figure 3.2 Plot of the intensity of a Gaussian electron beam that has passed
through four bars (continuous line) in comparison to the intensity without bars
(dotted line).

where the amplitude I0 is proportional to g0 and erf(x) is the error function
defined as

erf(x) ≡ 2√
π

xˆ

0

e−t
2
dt. (3.7)

In equation (3.6) is M the magnification of the pattern and can be found
from the ratio between the spacing sd of the bars’ shadows at the detector
and the actual spacing s. The first part of equation (3.6) is the Gaussian
intensity function

In(x) = I0e
− 1

2

(
x

Mσx

)2

. (3.8)

Without any bars in the beam, the intensity at the detector would follow
equation (3.8). An example of this and equation (3.6) is plotted in figure 3.2.

In the derivation of equation (3.6) a necessary approximation is that the
rms spot size on the detector will be much larger than the typical broadening
of the edges of the shadows, or in mathematical terms:

Mσx � Lσx′ . (3.9)

This can also be translated to the angular spread being almost constant
across the beam, a valid approximation for the electron beams in the UCP
setup, as will be shown in the next section.

Of course if the bars are positioned parallel to the x-axis, the resulting
intensity function is the same for the y-direction. Therefore, from fits of
the detector intensity with equation (3.6) the angular spread of the beam
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can be determined in either direction. The angular spread can be measured
simultaneously in both transverse directions when instead of a series of bars,
a regular grid of known dimensions is positioned in the beam. For this
purpose usually a plate with a regular array of holes is used, similar to the
lid on a pepper-pot, hence the name pepper-pot method.

3.2 Comparison to simulations

The trajectories of the electrons in the UCP setup have been simulated in
earlier work [14] and used to fine tune the optical model of the beam line
as discussed in section 2.3. Building on this knowledge, a regular grid has
been added to the beam line model used in the simulations. In accordance
with experiments, the dimensions of the grid are equivalent to a 200 mesh
support grid for samples in a transmission electron microscope (TEM), see
chapter 4. The acceleration voltage is set at 4 kV and the modelled magnetic
lens carries a current of 2.5 A. This combination ensures there is a focal point
in the electron beam before the grid and a magnification of about 10. The
trajectories of a total of 2 million electrons through this setup have been
simulated without any interactions between them. The detector image at
1.53 m from the source is created from binning the electron coordinates
in bins of 20 mm at this position. One of these created detector images is
shown in figure 3.3. A part of the image is selected parallel to the grid
lines to enable the intensity to be fitted with equation (3.6). The average
intensity profile of the area between the blue lines on the detector image is
shown together with the resulting fit in figure 3.4.

Since the total trace space is known at the grid, the angular spread of the
electron bunch just before the grid can be compared to the fit results of the
detector intensity. The local rms angle in the x-direction of the simulated
electron bunch is plotted in figure 3.5, together with the rms angle from the
fit at each grid line. Since the grid pattern is magnified on the detector,
the difference in scale of the x-axes between figures 3.4 and 3.5 is about a
factor 10. The errorbars on the angular spread indicate the 95% confidence
interval of the fit results from the pepper-pot method. Close to the bunch
center the pepper-pot method results are in good agreement with the actual
angular spread from the simulation. The angular spread becomes smaller
with respect to the distance from the center due to the Gaussian distribution
of the momentum. Also the number of electrons decreases away from the
center, causing the calculated angular spread to fluctuate more. Similar
behaviour is seen in the y-direction, but also there can the rms angle be
approximated as independent on position near the center of the electron
bunch.

The same simulations have been done with other initial angular spreads,
thus describing electron bunches of various transverse emittances. Using the
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Figure 3.3 Detector image of a simulated electron beam with average energy of
2 keV and initial angular spread of 0.46 mrad. The blue lines indicate the selected
area of the line out plotted in figure 3.4.
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Figure 3.4 Intensity profile from the detector image of a simulated electron beam
fitted with equation (3.6).
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Figure 3.5 Comparison between the rms angle along the x-axis from trace space
at the grid and from the pepper-pot method of a simulated electron beam.
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Figure 3.6 Normalised transverse rms emittances at several different initial angular
spreads of the simulated electron bunch. The Gaussian bunch has rms sizes of
σx,i=28 μm and σy,i=40 μm, causing the different emittances measured in x- and
y-direction.

described pepper-pot method and equation (1.8), the transverse normalised
rms emittance is determined for both the x- and y-direction. The rms bunch
size σx can be extracted from the results of fitting the intensity with func-
tion (3.6). However, a more accurate method is by repeating the simulations
without a grid in the beam line and fitting the total detector image with a
two dimensional Gaussian function, as described in section 2.5. From these
fits the rms size σx,d of the electron spot on the detector is found and after di-
viding by the magnification M , the rms size of the electron bunch at the grid
is determined. The transverse normalised rms emittance of equation (1.8)
is then expressed as

εn,x ≈ γβ
σx,d
M

σx′ . (3.10)

Figure 3.6 shows the normalised emittances as a function of the rms angle
that is set as the initial spread of the electron bunch at the source. The five
different initial rms angles correspond to effective electron temperatures of
T =0, 10, 100, 250, 500 K. The difference between the x- and y-directions are
caused by the rms source sizes being 28 and 40 mm respectively. The trans-
verse normalised rms emittance calculated from the data of the pepper-pot
method shows good agreement with the source emittance, but the differ-
ences between the transverse directions are less pronounced. Because the
bunch rotates in the magnetic field of the solenoid lens, an average between
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3.2 Comparison to simulations

the original extreme values of the normalised rms emittance is found. De-
spite the relative errors ranging up to 16% for high initial angular spreads,
these comparisons still show that the pepper-pot method with the discussed
approximations is a viable method of measuring the electron bunch quality
of the UCP setup.
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Chapter 4

Measurement results

The pepper-pot method in practice is of course not as straightforward as
the theory suggests. This chapter presents the results of pepper-pot mea-
surements performed at various settings of the UCP setup. The first part
starts with a description of the general characteristics of these measurements
and the difference between using single and multiple electron bunches. Sec-
tion 4.2 goes into more detail on analyzing the detector images and the
fitting procedure of the intensity. The last part of this chapter compares the
results from the pepper-pot method with those from waist scans and the
model of the UCP source.

4.1 Single- and multiple electron bunches

As briefly mentioned in the previous chapter, the grid used for the pepper-
pot measurements is a copper TEM support grid. A 200 mesh grid is chosen
for its useful dimensions, pictured in figure 4.1. The total diameter of the
grid is 1 inch and its thickness is in the range of 10-20 mm. It is mounted
after the magnetic solenoid lens on a translation stage that moves the grid
vertically in or out the electron beam. The measured distance between grid
and MCP detector is (85 ± 1) cm. In all cases the magnetic solenoid lens
focusses the electron beam to a waist at a few centimeters before the grid,
allowing magnifications of the grid pattern of 10-40 times.

In order to prevent Coulomb repulsion between electrons, the pulsed dye
laser is used to create ns electron bunches. Typical detector images of a
single bunch accelerated by a voltage of 4 kV are shown in figure 4.2. In
the case of figure 4.2a the TEM grid has been positioned in the path of the
electron bunch while figure 4.2b has been made under the same conditions
except without the TEM grid.

One of the first things to notice from picture 4.2a is the rotation of
the shadow pattern. That is caused by both the TEM grid itself being posi-
tioned under an arbitrary angle in the x,y-plane of the setup and the electron
bunches undergoing a small rotation after the grid. The same effect has al-
ready been observed in the simulations, see figure 3.3, where it is caused
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Grid center

(35± 1) µm

127 µm

Figure 4.1 Optical microscope photo of 200 mesh TEM grid used in measurements.

(a) With 200 mesh TEM grid in beam. (b) Without TEM grid in beam.

Figure 4.2 Detector images of a single bunch of about 7 ·103 electrons, the bright-
ness of individual images is scaled for clarity. The shadow of the grid in (a) is
skewed with respect to the right-angled green cross, an indication of the existence
of non-uniform magnetic fields.
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4.1 Single- and multiple electron bunches

(a) I = 1.5 A, waist in
beam at 6.7 cm after grid.

(b) I = 2.0 A, waist in
beam at 2.6 cm before grid.

(c) I = 2.5 A, waist in
beam at 6.0 cm before grid.

Figure 4.3 Detector images of about 105 electrons that have gone through a 200
mesh TEM grid at 2 keV for three different currents I of the focussing magnetic
solenoid lens. The width of all detector images is ∼ 2.5 cm, but their brightness
has different scales.

by the magnetic field of the solenoid lens that extends to regions beyond
the grid. What is not seen in the simulations however, is that the shadow
pattern deviates from a right-angled grid. This skew of the actual shadow
image becomes clear when comparing image 4.2a with the overlapping green
lines that form a right-angled cross. Either the UCP source creates electron
bunches with a correlation between the angles in the x- and y-direction,
or non-uniform magnetic fields cause the electrons to receive slightly dif-
ferent angles depending on their transverse position. Suspected sources of
non-uniform magnetic fields are for instance the solenoid lens and steering
coils. When comparing shadow patterns at different currents through the
magnetic solenoid lens, the skew angles of the grid shadow tend to vary up
to 8 degrees. This supports that the deformation of the shadow pattern is,
at least partially, caused by these non-uniform magnetic fields. The analysis
in the next sections corrects for this skew in the detector images.

Due to the relatively small number of electrons per bunch, the detector
images of a single shot are very noisy. As will be seen in section 4.2, this
prevents any proper analysis of the intensity. Therefore the exposure time of
the CCD camera is set to 5 s, capturing the total intensity of 50 consecutive
electron bunches. Examples of the detector images are shown in figure 4.3
for different currents through the magnetic solenoid lens. At a current of
I ≈ 1.8 A the magnetic lens focusses the electron beam to a waist at the
TEM grid. Higher currents decrease the focal length of the solenoid lens,
thus increase the distance between the waist and the grid. Currents smaller
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(a) Single electron bunch and 200 mesh TEM grid.
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(b) 50 electron bunches and 200 mesh TEM grid.
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(c) 50 electron bunches and 50 mesh TEM grid.

Figure 4.4 Intensity profiles of the detector images of single and multiple electron
bunches after traversing a grid in comparison to the intensity profiles without a
grid in their path.
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than ∼1.8 A lead to a focus in the beam between the grid and detector. In
all images of figure 4.3 is a grid pattern clearly visible. This indicates that
the shadow patterns of different electron bunches overlap and are generally
not displaced with respect to each other. The exact stability of a serie of
consecutive single shot images cannot be measured due to the low refresh
rate of the CCD camera.

4.2 Pepper-pot analysis

To analyze a detector image with the pepper-pot method of section 3.1, a
line out of the image is taken parallel to one of the grid lines. Similar to
the procedure described in section 3.2, the average pixel intensity of this
line out is plotted as a function of the position relative to the center of
the electron spot. For images of both a single electron bunch and multiple
electron bunches, examples of the intensity profiles are shown in figure 4.4.
The detector intensity for electron bunches without a grid in the beam is
plotted in red in these figures, while the blue intensity profiles result from
the electrons that have passed through a grid. The CCD camera taking the
images has a certain background intensity, even when the UCP source is
turned off. Because this background level tends to vary, it is determined for
each image individually from the average intensity of the pixels outside the
area of the phosphor screen. The background intensity found in this way is
used as an offset in all of the following measurement analyses and is plotted
as dashed lines below the intensity profiles.

In theory the red profiles would correspond to function (3.8), while the
blue profiles could be described by function (3.6). It is clear from comparing
the plots of figure 4.4 to the theoretical function plotted in 3.2, that these
profiles deviate in two ways. First the total amplitudes of both intensity
profiles do not match. For the 50 mesh TEM grid, this is explained by the
difference in background level. However, the amplitude of the intensity pro-
files from the 200 mesh TEM grid are much lower than without the grid,
even when accounting for the difference in background intensity. The sec-
ond significant difference with the theoretical curve, is that the minima of
the intensity do not reach the background level. Either the electron beam
itself has this distribution, or it is an artifact introduced by the detector.
The latter case is supported by pepper-pot measurements performed with
a different setup [34]. There a continuous electron beam is captured after
a 50 mesh TEM grid in two different ways: with only a phosphor screen
and after amplification by an MCP. Line outs of the images are shown in
figure 4.5. Because the setup had to be altered between the two measure-
ments, the electron spots have different scales. For easy comparison the
x-axis has thus been scaled to the dimensions of the TEM grid. Both elec-
tron beams encountered three grid lines, but show quite different intensity
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Figure 4.5 Intensity profiles of electron beams after traversing a 50 mesh TEM
grid, the relative position is scaled back to the dimensions of the grid. The blue line
is from a measurement with only a phosphor screen, the angular spread from a fit
of the profile is σx′ =(0.038± 0.002) mrad. The red profile is from a measurement
with an MCP in front of the phosphor screen and its corresponding angular spread
is σx′ =(0.29± 0.03) mrad. Measurements from [34].

profiles. When an MCP is used in front of the phosphor screen, the intensity
in the shadow of the grid lines is much higher than is measured with only
the phosphor screen. From fits of the profiles based on equation 3.6, the rms
angle of the electron beam is found to change from (0.038± 0.002) mrad for
the blue profile in figure 4.5 to (0.29 ± 0.03) mrad for the intensity in red.
Since the source of the electron beam in these experiments has not changed
significantly, the large increase in angular spread is attributed to the MCP.

The fit procedure to determine the angular spread σx′ uses equation (3.6)
with the following adaptations. The background intensity introduced by the
CCD camera, denoted by the intensity ICCD, adds an offset to the function
I(x). This function can be rewritten by applying the relation M = sd

s = wd
w ,

giving the following equation for the total intensity

Itotal(x) =ICCD + I(x) = ICCD + I0e
− 1

2

(
sx
sdσx

)2

·1 +
1

2

N∑
j=1

[
erf

(
x− sd

s x1 − (j − 1)sd − wsd
2s√

2Lσx′

)

− erf

(
x− sd

s x1 − (j − 1)sd + wsd
2s√

2Lσx′

)] .

(4.1)
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Figure 4.6 Comparison of fit functions of the pepper-pot method. The blue profile
is taken from a detector image of 50 electron bunches with average kinetic energy
of 2 keV and a 200 mesh TEM grid. From the fit function without the MCP
background the angular spread σx′ =(0.58±0.02) mrad (R2 = 0.90) is found, while
in case of the function with MCP background σx′ =(0.21±0.02) mrad (R2 = 0.95).

The adjusted function of equation (4.1) results in fits of intensity pro-
files as the one illustrated in figure 4.6. Here 50 electron bunches created a
shadow pattern of a 200 mesh TEM grid from which the blue intensity profile
and background level are extracted. The offset ICCD is fixed to the value of
the background intensity and the number N , the grid dimensions (s, w) and
the distance L are known. The remaining parameters in equation (4.1) left
as free fit coefficients, are I0, x1, sd, σx and σx′ . The non-linear least squares
best fit leads to the purple dashed curve in figure 4.6 with for this case an
rms angle of σx′=(0.58±0.02) mrad. As is evident from the figure, these fits
do not describe the data very well. The main reason is believed to be that
the effects from the MCPs in the detector are not accounted for in the fit
function. Therefore, an additional offset is introduced in equation (4.1) that
is assumed identical to equation (3.8) except for the amplitude. After in-
corporating this Gaussian function with amplitude IMCP, the total intensity
function becomes

Itotal(x) = ICCD + IMCPe
− 1

2

(
sx
sdσx

)2

+ I(x). (4.2)

The form of the second term in equation (4.2) is empirical, but does give
a better fit of the actual data as is apparent from the green curve in fig-
ure 4.6. Also judging from the difference between the R2 factors of the
fit curves, function (4.2) seems to be a more accurate expression of the

43



Chapter 4 Measurement results

 

 

(a) Wavelength 475 nm.

 

 

2

1

(b) Wavelength 483 nm.

Figure 4.7 Detector images of 50 electron bunches at 2 keV energy with a 200
mesh TEM grid in the beam line. The wavelength of the pulsed ionisation laser is
changed while all other settings are kept the same. The average intensity of the
image outside the dashes circle is the background level ICCD. The arrows indicate
the directions along which the intensity profiles and angular spread are determined.

intensity profile. In this example the resulting rms angle is found to be
σx′ = (0.21 ± 0.02) mrad, significantly lower compared to the previous fit
results.

4.3 Wavelength scan

The change in rms angle of the electron bunches is investigated by varying
the initial angular spread of the UCP source. The two parameters that
control this are the acceleration voltage and the wavelength of the ionisation
laser. By varying the acceleration voltage, the average exit velocity and
angle of the electron bunches from the source change, calling for the need
for repeated realignment of the path of the electrons through the beam line.
For this reason only the wavelength of the ionisation laser is varied over the
range of 475 to 485 nm while all other settings are kept the same.

Two typical detector images of the applied pepper-pot method are shown
in figure 4.7. Because for longer wavelengths of the ionisation laser the
average excess energy of the electrons is smaller, so is their initial angular
spread. Less initial angular spread reduces both the total divergence of
the electron bunches and the local angular spread at the TEM grid. The
respective effects of this are observed at the detector by a smaller spot size
and a sharper shadow of the grid pattern. At short wavelengths of the
ionisation laser the spot size can become larger than the detector leading to
a cut off the electron spot as seen in figure 4.7a. The intensity variations
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Figure 4.8 Angular spread of electron bunches at the TEM grid from fits of the
detector intensity with equation (4.2). The two directions along the lines of the
TEM grid are indicated in figure 4.7b.

in some regions of these images, most prominent in the center, are due to a
local decreased sensitivity of the detector. Despite this, the angular spread
can still be measured with the fitting procedure described in the previous
section. The only difference is that the amplitude IMCP is set as 1.5I0 to
prevent overparameterization, since the rms angle σx′ is heavily dependent
on IMCP. The fit results are shown in figure 4.8 as a function of the ionisation
laser wavelength. Regardless of some fluctuations, the angular spread is the
same for both directions along the grid lines. In principle the angular spread
can be different at various (transverse) positions in the electron bunch, but
this has not been observed, which is in accordance to the simulation results
of section 3.2. Comparing the rms angle to the waist scan measurements
of figure 2.11, shows a similar trend at the same acceleration voltage and
wavelengths.

A quantitative comparison of the measurements from the waist scans
and those from the pepper-pot method must be done via the transverse
normalised rms emittance. The source emittance is calculated from equa-
tion (1.8) where γβ = 0.0886 for an acceleration voltage of 4 kV and the
initial source size is determined from the measurements of figure 2.9. Using
the angular spreads from figure 2.11 gives the normalised rms emittances
according to the waist scans and model plotted in figure 4.9. The long axis
results are calculated for the initial rms source size of (43± 1) mm while the
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short axis data corresponds to the perpendicular source size of (29± 1) mm.
The normalised rms emittance from the pepper-pot method is calculated at
the TEM grid with the same formula. The transverse rms bunch size is de-
termined from the rms spot size σx,d on the detector and the magnification
M= sd

s of the grid pattern. The normalised rms emittance is then calculated
from equation (3.10) for both the long axis and short axis of the electron
spot on the detector. As seen in figure 4.9, the measured normalised rms
emittance shows relatively good agreement at high wavelengths, but large
discrepancies at low wavelengths of the ionisation laser. This disagreement
could be caused by the following:

• The fit procedure of the pepper-pot method overestimates the actual
angular spread of the electron bunch. The use of large exposure times
to capture multiple electron bunches, as discussed in section 4.1, could
be a cause of an artificially increased angular spread. Also the MCP
could attribute to a ‘smearing’ of the shadow pattern that is not ac-
counted for by the second term in equation (4.2).

• The normalised rms emittance measured locally by the pepper-pot
method at the TEM grid is increased by various sources in the beam
line, for instance due to non-linear magnetic fields. However, the waist
scan method already accounts for such effects since it determines an
upper bound of the normalised rms emittance of the source. These
could also be the cause of the difference between waist scan results
and the model of the UCP source.

• The waist scan measurements are performed for currents up to 1.8 A
through the magnetic solenoid lens, while the pepper-pot method re-
quires a fixed current of 2.4 A. Perhaps the beam line model from the
waist scan does not describe the behaviour of the bunches at these
higher currents very well and cause a difference in the measured nor-
malised emittances. An indication of the agreement between the fit
results from the two methods can be found in comparing the trans-
verse rms spot size of the bunches at the TEM grid. By extrapolating
the fit results from the waist scan measurements to higher currents
of the solenoid lens, the data shown in figure 4.10 is calculated. The
spot sizes measured by the pepper-pot method show a similar relation
but have larger extreme values, thus for a small part explaining the
discrepancies between the two method.

• The ns electron bunches could have various interactions with the cop-
per TEM grid that cause an increase of the angular spread. For in-
stance scattering of the electrons, image charge effects or local charge
buildup could be introduced upon putting a grid in the path of the
electrons. These effects would cause a systematically higher angular
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Figure 4.9 Transverse normalised rms emittance of ns electron bunches measured
using the pepper-pot method and waist scans at different wavelengths of the pulsed
ionisation laser in comparison to the model of the UCP source.

spread independent of the wavelength of the ionisation laser. Since
transverse emittances at the same level of waist scans are measured,
see figure 4.9, it is not likely these effects play a significant role if at
all present. Pepper-pot measurements with the continuous ionisation
laser of table 2.1 have been performed that use an electron beam of
very low density. There has been observed no difference in the angular
spread, thus ruling out any effects of charge buildup on the TEM grid.
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Figure 4.10 Transverse rms size of electron bunches at the TEM grid as determined
from the fit results of the pepper-pot method and waist scans for both the long axis
and short axis.
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Chapter 5

Fresnel diffraction

By measuring the intensity of diffraction patterns from electron bunches,
their transverse coherence length can be determined directly. The patterns
that are discussed in this chapter are Fresnel diffraction patterns caused by
an edge. First, this chapter explains Fresnel diffraction in general and its
approximations, followed by the elementary case of diffraction at an edge.
The relation between the diffraction pattern and the coherence length of the
electron beam is discussed next and finally what is needed for such experi-
ments in the UCP setup. In case the derivation of the diffraction pattern is
known or of less importance, the reader can skip directly to section 5.5.

5.1 Fresnel’s diffraction integral

To describe the behaviour of a beam of electrons that is diffracted, it is
useful to start at the general integral theorem of Kirchhoff. Its derivation
can be found in many optics books, but summarizing from [35] Kirchhoff’s
integral theorem states the following. For a wave function ψ(r) in free space
satisfying the equation

∇2ψ(r) + k2ψ(r) = 0, (5.1)

with the wavenumber k= 2π
λ , then at any position r=(x, y, z) inside a vol-

ume V the wave function can be completely described by its value at the
boundary δV of that volume according to

ψ(r) =
1

4π

"

δV

{
eik|r0−r|

|r0 − r| ∇ψ(r0)− ψ(r0)∇
(
eik|r0−r|

|r0 − r|

)}
· n̂d2r0. (5.2)

Here n̂ is the normal of the surface of V pointing outwards and the vector
r0 =(x0, y0, z0) indicating the position on δV . Consider the general case of
a wave traveling in the positive z-direction sketched in figure 5.1. When the
wave is incident on a screen with aperture of area A in the x,y-plane, then
Kirchhoff’s integral can be simplified to find the wavefunction in the region
behind the screen. Because equation (5.2) assumes free space in the enclosed
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r0−r
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Figure 5.1 Waves traveling to the point P of observation are disturbed by an
aperture of area A in the xy-plane. The aperture with the addition of area B and
surface C forms the closed surface used in Kirchhoff’s integral theorem.

volume, the integration surface around the point P of interest is chosen as
the composition of three area’s as indicated in figure 5.1. The opaque area
B of the screen has no contribution to the integral since the wavefunction
directly behind these parts of the plane is zero. Also the integration over
C will vanish when the distance from point P to this surface is chosen
suitably large, see for instance [36]. With the integration now limited to the
aperture area A, still further simplifications are needed for equation (5.2) to
be of direct use.

First the wavelength λ of electrons is usually much smaller than the size
of the diffracting object. Electrons with a relatively low kinetic energy of
1 keV have a De Broglie wavelength of about 0.04 nm. A second approxi-
mation can be made if the distance of the typical point of observation P to
A is assumed much larger than the size of the aperture. When setting the
axes corresponding to figure 5.1, these conditions translate to

|r0 − r| � |r0| � λ. (5.3)

Under these approximations the angle the line QP makes with the z-axis is
small and thus enables the expansion of |r0−r| with respect to the distance
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5.1 Fresnel’s diffraction integral

z between screen and point P

|r0 − r| =
√
z2 + (x0 − x)2 + (y0 − y)2

= z +
(x0 − x)2 + (y0 − y)2

2z
+O

(
1

z3

)
. (5.4)

Neglecting the terms of order higher than 1
z in the above expansion, known

as the Fresnel approximation, and substituting it in equation (5.2) yields
Fresnel’s diffraction formula

ψ(r) =
eikz

iλz

ˆˆ

A

ψ(x0, y0)ei
k
2z{(x0−x)2+(y0−y)2}dx0dy0. (5.5)

The wavefunction ψ(x0, y0) can be written as the product of the wave
ψ0(x0, y0) incident on the aperture and a complex transmission function
T (x0, y0),

ψ(x0, y0) = ψ0(x0, y0)T (x0, y0). (5.6)

The amplitude of this transmission function describes the transparency of
the object of diffraction and the phase of T (x0, y0) corresponds to the phase
shift of the wave as it passes the aperture. This assumes the object is
infinitely thin, because this transformation occurs in the x,y-plane. However,
in the areas where |T (x0, y0)|=0 the object must have a sufficient thickness
for it to be opaque to all electrons in the beam. The precise conditions under
which the extent of the diffracting object in the z-direction can be neglected,
are not known. But from early experiments of the electron diffraction by
wires of diameters up to a few mm [37] equation 5.6 still results in an accurate
description. Other authors have found no difference between the diffraction
patterns of light from straight edges of various thickness and materials [38].

As these references already suggest, the (electron) diffraction patterns
that are studied here are all of a one dimensional form. It is then use-
ful to limit the diffracting objects and aperture to rectangular geometries,
enabling the separation of the transmission function into independent func-
tions Tx(x0) and Ty(y0). Applying this to equation (5.6) and substituting
in Fresnel’s diffraction integral leads to

ψ(r) =
eikz

iλz

x2ˆ

x1

y2ˆ

y1

ψ0(x0, y0)Tx(x0)Ty(y0)ei
k
2z{(x0−x)2+(y0−y)2}dy0dx0, (5.7)

where the limits of integration x1, x2, y1 and y2 are the positions of the
boundaries of the rectangular aperture as indicated in figure 5.2.

Thus far the waves that are incident on the object and their sources have
not been specified. This is required first in order to be able to separate and
evaluate Fresnel’s diffraction integral in the x- and y-directions.
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Figure 5.2 Waves traveling from point source S to P are disturbed by the rectan-
gular aperture A.
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5.2 Point source

5.2 Point source

Referring back to the diagram in figure 5.2, the point source S at position
rs =(xs, ys, zs) radiates a spherical wave with constant amplitude E

ψ(r) = E e
ik|r−rs|

|r − rs|
. (5.8)

At the aperture this wave can be approximated by applying the same expan-
sion as in equation (5.4), but here for the case where the distance ds≡|zs|
from S to the aperture is much larger than |r0|. In that case ψ0(x0, y0) can
be expressed as

ψ0(x0, y0) = E e
ikds

ds
ei

k
2ds
{(x0−xs)2+(y0−ys)2}. (5.9)

It can be shown that when the coordinates (x̄, ȳ, 0) of the point P̄ where the
line SP crosses the x,y-plane are used, the following form of (5.7) is found
[35]:

ψ(r) = ψs(r)
ds + z

iλdsz

x2ˆ

x1

y2ˆ

y1

Ty(y0)Tx(x0)e
i k
2

(
1
ds

+ 1
z

)
{(x0−x̄)2+(y0−ȳ)2}

dy0dx0.

(5.10)

Here ψs(r) is the wavefunction at point P according to

ψs(r) =
E

ds + z
e
ik

(
ds+z+

(x−xs)2+(y−ys)2
2(ds+z)

)
, (5.11)

that is the unobstructed spherical wave originating from S in the Fresnel
approximation. The hefty integral in (5.10) can be written in a more com-
pact form after substitution of the new, dimensionless integration variables
u and v defined as

u ≡ (x0 − x̄)

√
2

λ

(
1

ds
+

1

z

)
, v ≡ (y0 − ȳ)

√
2

λ

(
1

ds
+

1

z

)
. (5.12)

Then Fresnel’s diffraction integral becomes the product of the unperturbed
spherical wave ψs(r) and a complex function depending on the diffracting
object

ψ(r) = ψs(r)
1

2i

u2ˆ

u1

Tx(x0(u))ei
π
2
u2du

v2ˆ

v1

Ty(y0(v))ei
π
2
v2dv, (5.13)

where the original boundaries of the aperture are transformed after substi-
tuting them in place of x0 and y0 in equations (5.12).
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Figure 5.3 Illumination from point source S at position (xs, 0, zs) measured at
point P behind a half plane with its geometrical shadow below the extend of the
line SO (dashed).

5.3 Edge diffraction

The previous results show that the wavefunction of an undisturbed spherical
wave ψs(r) is altered by an object in the x,y-plane and can be described by
the integral formula

ψ(r) = ψs(r)
1

2i

u2ˆ

u1

Tu(u)ei
π
2
u2du

v2ˆ

v1

Tv(v)ei
π
2
v2dv, (5.14)

using the dimensionless variables u and v for the respective x- and y-
directions. Only the transmission functions Tu(u) =Tx (x0(u)) and Tv(v) =
Ty (y0(v)) of the diffracting object remain to be specified.

To investigate the disturbance caused by for instance a biprism, elaborate
transmission functions must be employed [39]. In this report, however, the
elementary diffraction pattern that is being studied is the result of an opaque
half plane as sketched in figure 5.3. When the y-axis is chosen to coincide
with the edge of the half plane, the transmission function is independent of
y0, i.e. Ty(y0)=1, and

Tx(x0) =

{
0 for x0 < 0,

1 for x0 ≥ 0.
(5.15)
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5.3 Edge diffraction

Because the diameter of the electron beam is usually much smaller than
the distance of observation from the edge, the aperture can artificially be
extended to infinity without violating the first of the conditions in equa-
tion (5.3). This is necessary for evaluating the above integrals, whose limits
then become u1(x0 =0)=−w, u2→∞, v1→−∞ and v2→∞. With the vari-
able w transformed by the first of the equations (5.12),

w =

(
x+

z

ds
xs

)√
2ds

λz(z + ds)
. (5.16)

Here the relation x̄= ds
z+ds

(
x+ z

ds
xs

)
is used, which can be derived from

geometry of the diagram in figure 5.3. The dimensionless variable w can be
considered as the angle between the line OP and the extend of the line SO,
the latter marks the boundary of the geometrical shadow.

Now the expression in equation (5.14) is only a function of w and its
square is the relative intensity as observable behind the half plane. If
I0≡|ψs(r)|2 is defined as the intensity of the wave when it propagates undis-
turbed, the intensity of the diffracted wave will be

I(w) = I0

∣∣∣∣∣∣ 1

2i

∞̂

−w

ei
π
2
u2du

∞̂

−∞

ei
π
2
v2dv

∣∣∣∣∣∣
2

= I0

∣∣∣∣1 + i

2i

∣∣∣∣2
∣∣∣∣∣∣
ŵ

0

ei
π
2
u2du +

1

2
+

1

2
i

∣∣∣∣∣∣
2

=
I0

2

[(
C(w) +

1

2

)2

+

(
S(w) +

1

2

)2
]
. (5.17)

Where C(w) and S(w) are the Fresnel integrals

C(w) ≡
ŵ

0

cos
(π

2
u2
)

du (5.18)

and

S(w) ≡
ŵ

0

sin
(π

2
u2
)

du, (5.19)

that have the known property lim
w→∞

C(w)= lim
w→∞

S(w)= 1
2 . The intensity of

equation (5.17) relative to I0 is plotted as a function of w in figure 5.4. The
oscillations of I(w) around I0 are commonly called Fresnel fringes and have
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Figure 5.4 Normalised intensity of the Fresnel diffraction pattern by a half plane
as a function of w, the angle relative to the geometrical shadow of the edge.

a decreasing amplitude and increasing frequency. In good approximation,
the fringe maxima can be shown to obey the relation

wn = 2

√
n+

3

8
n = 0, 1, 2, . . . (5.20)

where n= 0 indicates the first maximum. The positions xn of the maxima
can be found from equating wn to (5.16), giving the following expression

xn = − z

ds
xs +

√
(z + ds)

ds

√
2λz

(
n+

3

8

)
. (5.21)

For a certain wavelength λ, the spacing between the intensity peaks is thus
only dependent on the distances ds and z, as is evident from the distance
relative to the first fringe:

xn − x0 =

√
2λz

(z + ds)

ds

[√
n+

3

8
−
√

3

8

]
. (5.22)

5.4 Multiple point sources

A physical electron source cannot be described by a single point source,
because the actual diffraction pattern is a result of multiple point sources.
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5.4 Multiple point sources

When there are multiple point sources present at a distance ds from the edge,
the intensity I0 in equation (5.17) is dependent on the intensity distribution
of these point sources. Since the UCP source has a Gaussian intensity
distribution, I0 can be represented by the function

I0(xs) = I0(0)e
− xs

2

2rx2 , (5.23)

with rx the standard deviation of the source intensity distribution. The in-
tensity of a single point source is now instead of equation (5.17) the following

I(w) = I0(0)e
− xs

2

2rx2F(w), (5.24)

when applying the definition

F(w)≡ 1

2

[(
C(w) +

1

2

)2

+

(
S(w) +

1

2

)2
]
. (5.25)

To find the total intensity of the waves from all point sources, expres-
sion (5.24) must be integrated over xs;

∞̂

−∞

I(w)dxs = I0(0)

∞̂

−∞

e
− xs

2

2rx2F
{(

x+
z

ds
xs

)√
2ds

λz(z + ds)

}
dxs. (5.26)

For ease of computation this equation is normalised to the total intensity
∞́

−∞
I0(xs)dxs =I0(0)rx

√
2π of all point sources. The resulting expression for

the normalised intensity I(x) is

I(x) =

∞̂

−∞

1

rx
√

2π
e
− xs

2

2rx2F
{(

x+
zxs

ds

)√
2ds

λz(z + ds)

}
dxs

=

∞̂

−∞

ds

zrx
√

2π
e
− 1

2

(
zxs/ds
zrx/ds

)2

F
{(

x+
zxs

ds

)√
2ds

λz(z + ds)

}
d

(
zxs

ds

)

= F
(
x

√
2ds

λz(z + ds)

)
~

ds

zrx
√

2π
e
− x2

2(zrx/ds)2 , (5.27)

with the operator ~ indicating a convolution. Equation (5.27) is the intu-
itive result of the convolution between the elementary diffraction pattern of
figure 5.4 with a normalised Gaussian distribution. As will be seen in the
next section, the addition of the diffraction patterns from multiple point
sources causes a decrease in fringe visibility. In other words, the Fresnel
fringes are ‘smeared out’ due to the finite source size.
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Figure 5.5 Normalised intensity of an edge diffraction pattern from waves with
wavelength 0.04 nm and different transverse coherence lengths (ds = 0.07 m and
z = 0.85 m in figure 5.6). The fringes of a coherent wave (dashed line) disappear
when the coherence length decreases (colored lines).

5.5 Requirements on the UCP setup

As seen in section 1.2.2, the transverse coherence length of a collection of
waves is related to their source intensity distribution. The rms source size rx
can be expressed in terms of the coherence length at the edge using equation
(1.9),

rx =
dsλ

2πLc,x
. (5.28)

After substitution in equation (5.27), the normalised diffraction pattern is
expressed as a function of the transverse coherence length,

I(x) = F
(
x

√
2ds

λz(z + ds)

)
~

√
2πLc,x

zλ
e
− 1

2

(
x

zλ/2πLc,x

)2

. (5.29)

This expression is plotted in figure 5.5 for waves with perfect coherency and
for those with limited coherence lengths. The diffraction pattern has been
calculated for the current UCP setup as sketched in figure 5.6. The magnetic
solenoid lens focusses the electron bunch at a distance ds ≈ 7 cm in front
of an edge. The diffraction pattern is then captured by the detector at a
distance z=85 cm after this edge.

For a completely coherent beam, the intensity pattern on the detector
would follow the dashed line in figure 5.5. This is the same pattern as
plotted in figure 5.4, but here as a function of the setup coordinates. Under
the previously stated setup conditions the rms bunch size σe at the edge
is about 100 mm, so the typical transverse coherence length of the electron
bunches are about 20 nm (see section 1.3). As is evident from figure 5.5,
there will be no Fresnel fringes visible for such small coherence lengths.
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Figure 5.6 Sketch of rms electron beam size in current UCP setup for Fresnel
diffraction experiment. The edge in the beam line is positioned here at 85 cm from
the detector, the same position as the grids in the pepper-pot method.

Another drawback of the current setup in light of this edge diffraction
experiment, is the detector resolution. From equation (5.22), the spacing
between the first two intensity maxima is 17 mm. It is clear from section 2.2
that this spacing is too small for the detector to be able to distinguish
individual fringes.

A useful quantity to express the visibility of the fringes can be defined
by taking the ratio between the scaling factors of x from the two functions
in equation (5.29). When defining the dimensionless fringe visibility factor
V as follows:

1

V ≡
zλ

2πLc,x

√
2ds

λz(z + ds)
=

1

2πLc,x

√
2λzds

z + ds
, (5.30)

then a value of V > 1 indicates there is at least one local maximum in
I(x). While higher values mean more fringes occur in the pattern, V < 1
indicate there are none. In figure 5.5 the fringe visibility factor is calculated
for the different cases of the transverse coherence length. The transverse
coherence length at the edge can be approximated by the relation (1.11).
After applying this and noting that z � ds, the fringe visibility factor is
expressed in terms of beam and setup parameters

V ≈ h

mc

σe

εn,x

√
z + ds

2λzds
≈ h

mc

σe

εn,x

√
1

2λds
. (5.31)
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The following options can be considered for making the Fresnel fringes
visible in the UCP setup:

• Increasing the De Broglie wavelength λ makes the fringe spacing in-
crease in size, see equation (5.22). This can be realised by lowering the
acceleration voltage and thus the average kinetic energy of the elec-
trons. However, this way the angular spread of the electron bunches
will grow, see section 2.1. Increasing the wavelength of the ionisa-
tion laser can compensate for this effect, but the effective range of the
ionisation laser is limited to about 485 nm. The optimum accelera-
tion voltage is estimated to be 2 kV, giving an average De Broglie
wavelength of 0.04 nm.

• Another method of increasing the fringe spacing is making the distance
z between edge and detector larger, again see equation (5.22). Due
to physical limitations of the UCP setup, the maximum addition by
moving the detector further away can be approximately 0.6 m.

• Decreasing the distance ds has a similar effect, in that it increases the
distance between the intensity maxima. According to equation (5.31)
it also seems to have the advantage of increasing the visibility of the
Fresnel fringes. However, to accomplish this is, either the magnetic
lens must be positioned closer to the edge or its current must be re-
duced. Both ways will decrease the rms bunch size σe at the edge
approximately linearily with ds, as can be seen from figure 5.6. The
net effect is thus actually a lower fringe visibility V. In order to reach
a fringe spacing of more than 200 mm, so it spans at least several pixels
of the CCD camera, the required distance ds is <0.5 mm.

• Increasing the transverse coherence length Lc,x can be done by low-
ering the normalised emittance, see equation (1.11). The smallest
initial angular spread of the electrons is ∼0.5 mrad, found from waist
scan measurements at acceleration voltages of Vacc = 4 kV. A possi-
ble method of lowering this value could be through polarisation of the
ionisation laser, but no more than about a 30% decrease in angular
spread can be obtained this way [40]. Decreasing the initial normalised
emittance could also be accomplished by making the ionisation volume
smaller. The current initial source sizes of about 30 mm can be low-
ered by applying advanced laser light shaping methods to about 6 mm
[41]. Using both methods, the initial normalised emittance could in
principle be decreased by a factor 7. The transverse coherence length
could thus be raised by the same amount, or more if an aperture is
incorporated in the beam line. However, all these modifications will be
at the expense of less electrons per bunch and a lower overall intensity
of the Fresnel pattern.
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• From equation (1.11) the transverse coherence length can at the same
time be increased by expanding the electron bunches in the transverse
direction through the use of magnetic lenses. The bunch size that
is needed for fringe visibility factors V > 1 can be calculated using
the above conditions and equation (5.31). Applying λ= 0.04 nm, z=
1.45 m, ds<0.5 mm and a low normalised emittance of 1.5 nm·rad, the
estimated minimum rms bunch size σe is in the order of 100 mm. There
are two major obstacles in the way of such a solution. The required
focal lengths of sub-mm sizes are difficult to obtain with magnetic
lenses. The other problem would be the rms spot size σd of the bunches
on the detector. These would reach about 1 m in size, decreasing the
total intensity of the diffraction pattern by at least a factor of 103.

• A viable solution to increase the resolution of the detector is to put a
small pinhole in front of the MCP. By measuring the total intensity
on the detector as a function of the transverse position of the pinhole,
the effective resolution is determined by the pinhole size. When using
a pinhole of 10 mm, some of the requirements on the setup parameters
change for making Fresnel fringes visible. To reach typical fringe spac-
ings of 10 times this size, the distance ds must be at maximum 5 mm.
While this requirement has lightened, the rms bunch size σe at the
edge will now have to become at least 300 mm. Because the bunches
are ∼ 50 mm in transverse size before the magnetic lens, the required
focal length is approximately 50

300 · 5 mm≈ 0.8 mm. Since this result
is the same as without the pinhole before the MCP, the two obstacles
mentioned in the previous alinea remain.

In summary, modifications of elements in the beam line of the UCP
setup are necessary for Fresnel diffraction experiments. The main causes
of this are the limited detector resolution and the relatively small part of
the electron bunch that is coherent. The latter can be expressed as the
ratio between the transverse coherence length and bunch size, known as the
relative transverse coherence length C⊥ ≡ Lc,x/σx. In case of an electron
bunch with the smallest measured normalised emittance of 1.5 nm·rad, this
ratio is according to equation (1.11) at maximum 2.6·10−4. This relative
transverse coherence length is low compared to the high coherent sources
used for Fresnel diffraction experiments in literature [18], where C⊥≈2·10−2.
It can be calculated from equation (5.31) that Fresnel fringes start to occur
for C⊥>2 ·10−3, i.e. for normalised transverse emittances below 0.2 nm·rad.
Thus much work is needed in order to make Fresnel fringes observable in
the UCP setup, which is beyond the scope of this thesis.
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Chapter 6

Conclusion and discussion

In this thesis two alternative methods to waist scans have been investigated
to measure the transverse electron bunch quality of the ultracold plasma
(UCP) setup. First the conclusions from the so-called pepper-pot method
are discussed in this chapter. Secondly, Fresnel diffraction experiments and
their applicability in the UCP setup are considered. The last section presents
a brief outlook on the possible use of these measurement methods in future
UCP setups.

6.1 Pepper-pot method

Waist scan methods are based on a detailed knowledge of the electric and
magnetic fields that influence the electron trajectories. A model of the
sources of these fields is required to describe the behaviour of the bunch
shape and extract the angular spread or normalised rms emittance of the
electron source from multiple detector images. The advantage of the pepper-
pot method is that only the dimensions of the pepper-pot and its distance
with respect to the detector have to be known. In principle a single detector
image is all that is needed to extract the angular spread and transverse rms
emittance of an incident electron bunch. However, for single shot measure-
ments the amount of electrons per bunch are not enough for an accurate
detector image. At least 105 electrons in a single shot will be required to
generate useful fit results. The UCP setup is found to be stable enough for
pepper-pot measurements with multiple consecutive electron bunches. The
resulting transverse rms emittances are only partially in agreement with the
waist scan method and model of the UCP source. The most likely reason is
the microchannel plates in the detector that give rise to an artificial increase
in the angular spread of the electron bunches. The difference between the
measured normalised rms emittances and those predicted by the model of
the UCP source, remains not fully understood. In other experimental setups
without an MCP, the pepper-pot method is proven to be of more use and
shows results that agree with those from waist scan measurements.
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6.2 Fresnel diffraction

The transverse coherence length of the electron bunches from the UCP setup
can in theory be measured directly from the diffraction pattern of a sharp
edge. From Fresnel diffraction theory a formula for the intensity of this
diffraction pattern is derived and calculated using typical parameters of the
UCP setup. The first problem that appeared is that the spacing between the
Fresnel fringes is ≤17 mm, while the detector has a resolution of 95 mm. This
can be overcome by extending the beam line and repositioning the magnetic
solenoid lens. However another problem remains, which is the relatively low
transverse coherence length. This causes the intensity pattern to become a
large blur and no Fresnel fringes will be visible. The energy spread of the
electron bunches is not taken into account in this thesis, but the additional
range of De Broglie wavelengths will also add to the decrease in visibility of
the Fresnel fringes.

6.3 Outlook

The path towards making a ‘molecular movie’ using the UCP setup is still
riddled with many obstacles. Most of all the acceleration energy must in-
crease towards the 100 kV range. This is good news for measurements based
on the pepper-pot method, since this benefits the move to electron detection
without the need for amplification through an MCP. On the other hand, high
energy electrons have smaller De Broglie wavelengths which makes Fresnel
diffraction experiments a less likely option in such setups. Other diffraction
objects besides an edge could be used, but the intensity pattern from Fresnel
diffraction effects still consists of fringes of similar sizes.

Not only electrons but also ion beams can be characterised by use of
pepper-pot methods. Since beam shaping with ions is much more difficult
due to the higher mass, the design of the pepper-pot and detection system
must be chosen careful to match the beam and setup.
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