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"Where you can measure what you are speaking about and express it in
numbers, you know something about it, and when you cannot measure it,
when you cannot express it in numbers, your knowledge is of a meager and
unsatisfactory kind."

– Lord Kelvin





Abstract
Strong adiabatic cooling of gas-vapor mixtures causes supersaturation of the condens-
able components followed by nucleation (droplet formation) and droplet growth. In
absence of foreign particles and cold surfaces, the condensable vapor molecules will
form free clusters (homogeneous nucleation). If the size of such a cluster is larger than
a critical value, it will grow into a droplet of detectable size in a diffusion-dominated
process. If it is smaller, it will simply evaporate.

By optical detection of growing droplets in an expansion wave tube, we determine
the nucleation rate of supercooled water as a function of the supersaturation in air
(temperature of 240 K and pressure of 10 bar). The results are compared with
classical nucleation theory (CNT) and found to be orders of magnitude higher. This
is in agreement with other reported experiments and thus questions the validity of
the CNT.

The nucleation theorem (of Kashchiev) provides a way to deduce the size of the
critical cluster. Experiments on the nucleation rate of water in air yield a value
of n∗ = 21 ± 1 molecules, which is in good agreement with the result for nitrogen
n∗ = 23± 3 (temperature of 240 K and pressure of 10.0 bar). The prediction of the
CNT, n∗ ≈ 30, is within the same range. This is remarkable, since the nucleation
rate differs so much from the CNT value.

The analysis of the optical signals from Mie scattering has been improved by
taking multiple scattering of light into account. This allows us to measure at higher
supersaturations and measure the growth rate of the droplets more accurately.

Measurements of the droplet growth rate have been used as an alternative method
for calculating the supersaturation, next to a calculation from conditions in our
Mixture Preparation Device (MPD). The droplet growth also provides information on
the diffusion coefficient in water-air vapors at extreme conditions (Dv = 1.55 mm2/s
at 245 K and 11 bar), which is beyond the capability of conventional techniques.
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CHAPTER1
Introduction
We are all familiar with the phenomenon of condensation. Waking up on a cold
day, the landscape can be covered by mist and tiny water droplets may cover the
windows. When water vapor cools down, it can get saturated. In the saturated
state, the maximum amount of water is reached that can be present in the vapor
phase. This quantity strongly depends on the temperature. Lowering the tempera-
ture causes water to condense and form droplets of liquid water. This might happen
on contact with a solid surface like a cold window or bottle, or on dust particles in
the air. The type of condensation taking place on foreign particles is called hetero-
geneous condensation. If the temperature of the water vapor is lowered further, the
rate of condensation increases and the water vapor is said to be supersaturated. For
even higher supersaturations, the vapor needs no aerosol or surfaces to condense and
so-called homogeneous condensation takes place.

Figure 1.1: We are familiar with water vapor condensation resulting into mist formation.
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Wilson1 was in 1897 among the first to investigate homogeneous condensation,
using an expansion cloud chamber. By a rapid adiabatic expansion of moist air, fast
enough to prevent the walls from cooling down he prevented condensation on the
walls. Wilson observed the formation of a droplet cloud when the supersaturation
was high enough.

A high supersaturation means that the vapor is far from the equilibrium, i.e.,
the saturated state. By condensing, the vapor moves back towards the saturated
state, until equilibrium is reached. However, condensation requires the formation of
a surface: a boundary between liquid and vapor. Thus, the energy released during
condensation needs to overcome a formation energy barrier. This is shown in Fig-
ure 1.2. Only clusters of molecules above a critical size can bounded in the liquid
phase and grow to macroscopic sizes. The creation of these so-called critical clus-
ters is referred to as nucleation. At high supersaturations, more vapor molecules are
available to form critical clusters, leading to a higher rate of nucleation.
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Figure 1.2: Energy of formation W/kT as function of cluster size n for different supersat-
urations S, at 240 K and 10 bar. The critical cluster size is located at the maxima of W .
Note the shifting of the formation energy maxima to smaller cluster sizes with increasing
supersaturation S.

Current research

The Gas Dynamics group of prof. Van Dongen designed a Pulse Expansion Wave
Tube (PEWT) for nucleation studies at high pressures.2–5 This setup uses a short
pulse of high supersaturation to enable homogeneous nucleation. Because the pulse
is very short, all formed droplets have the same size. This allows optical detection
by combination of Mie scattering techniques and determine the rate of nucleation.
Experiments have been performed for the nucleation of water in He, N2, methane,
propane, nonane + CO2, and the nucleation of nonane and octane in methane. In
2011, the setup has been moved to the group of prof. Smeulders.
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This report describes new nucleation experiments that have been performed after
rebuilding the setup. We studied homogeneous nucleation of water in air. The
experiments were performed at a pressure of 10 bar and a temperature of 240 K,
well below the freezing point of water. However, in the setup, we are able to look
at the nucleation of supercooled liquid water. This brings all sorts of interesting
problems: to calculate the nucleation rate from the measurement data, quantities
like surface tension and the diffusion coefficient are necessary, or alternatively can
be determined. Since these are only known for higher temperatures, a number of
assumptions and extrapolations are required.

An interesting future application of nucleation research is the optimization of the
separation of components from a gas mixture. Natural gas can be purified by the
condensation and subsequently separation of water vapor. A similar process for the
extraction of CO2 from natural gas and exhaust gasses is considered.

Overview

In Chapter 2 we look at the model used to describe homogeneous nucleation. The
important equations are derived for later use.

In Chapter 3 the experimental setup is explained, together with the experimental
procedure. We will discuss the methods used to create a nucleation pulse and describe
the preparation of the gas-vapor mixture and how the supersaturation is calculated.
It is critical to determine the superstation accurately, since it strongly influences the
nucleation rate.

In Chapter 4 we look into more detail at the optical setup, used for measuring the
droplet number density and the droplet growth rate, by Mie scattering techniques.
We describe a new way of determining the supersaturation from measurements of
the growth rate of the droplet radius.

In Chapter 5, the experimental results are presented and interpreted.

Chapter 6 presents the general conclusions of this work, together with a number of
recommendations for future research.
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CHAPTER2
Nucleation and droplet growth
theory
During nucleation, small clusters of molecules are formed. These clusters sponta-
neously gain and loose molecules. The probability of finding a cluster with a size
of n molecules, is proportional to the Boltzmann factor exp(−Wn/kT ), where Wn

is the formation energy. Wn has a maximum at which the rates of gaining and
loosing are equal. In case of water vapor, smaller clusters tend to evaporate, while
the growth rate prevails over the evaporation for larger clusters. Clusters that grow
to macroscopic sizes are called droplets and the growing of droplets is referred to as
droplet growth. The balance between mass and heat transfer to and from the droplet
determines the growth of the droplet. These mechanisms are largely dependent on
the Knudsen number Kn, defined as:

Kn =
l

2rd
, (2.1)

which is the ratio of the collisional mean free path of the vapor molecules, l, and
the radius rd of the droplet. Initially, the droplets are very small and Kn � 1.
This is the free molecular regime, in which the growth is described by the kinetic
process of condensation and evaporation of vapor molecules. In the case of large
droplets Kn � 1, a continuum formulation of transport physics is applicable and
droplet growth is mainly controlled by diffusion. We will discuss these mechanisms
and obtain an expression for the nucleation rate as a function of the droplet growth.
Before we can continue, we need to make some assumptions.

2.1 Droplet model

The nucleation theory we are going to derive is based on the capillarity approxima-
tion, which means that small clusters are considered to have the same properties,
like density and surface tension, as the bulk material.

We assume that the growing droplet is spherical and that it is surrounded by a
supersaturated gas-vapor mixture. That is, one component will remain in the gas
phase during experimental conditions (e.g., carrier gas) and the other is capable of
undergoing a phase transition (e.g., water vapor). The system of growing droplets
and the surrounding gas-vapor mixture is divided into equal spheres with radius Rfar,
each containing a droplet with radius rd � Rfar. Each droplet is assumed to have
a uniform pressure pd, temperature Td and density ρd (referred to with subscript d
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for the droplet). It is also assumed that the droplet is growing at steady-state
conditions. This means that pressure and temperature variations are much slower
than the droplet grows: (

1

p

dp
dt

/
1

n

dn
dt

)
� 1 (2.2)

The interface between the droplet and its surroundings is taken as an infinitely
thin surface layer (subscript s). The surface tension σ is taken equal to that of
the interface between bulk phases with flat interfaces. Parameters defined far from
the droplet are indicated by the subscript far. The droplet model is sketched in
Figure 2.1:

R

R

Figure 2.1: Droplet model.4 The gas-vapor mixture is divided into equal spheres with
radius Rfar, with in each center a droplet with radius rd. Subsript d pertains to the doplet;
subscript s to the droplet surface; subscript far pertains to the outer region.

A single vapor molecule is referred to as monomer. The cluster does not only consist
of condensable vapors, but some molecules of the carrier gas could be included as
well. However, we assume that only vapor molecules are present in the cluster. The
volume vn of a cluster is proportional to the number of molecules n that it consists
of:

vn = nv1. (2.3)

Here, v1 is the average volume occupied by one molecule in the bulk liquid of the
cluster: v1 = M/(ρliqNA), with ρliq the bulk liquid mass density, M the molar mass
and NA Avogadro’s number. Using the radius of a sphere, the radius rn of the cluster
is related to the radius of a singlef monomer r1 by:

rn = (3v1/4π)1/3n1/3 = r1n
1/3. (2.4)

The surface area an of the cluster is given by:

an = 4πr2
n = (36π)1/3v

2/3
1 n2/3 = a1n

2/3. (2.5)
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2.2 Energy of cluster formation

The energy of cluster formation consists of two terms and is given by:

W = −n (µgasv − µeqv ) + anσn
2/3 (2.6)

where µgasv is the chemical potential of the vapor in the gas phase and µeqv that
of the vapor in the liquid phase in equilibrium, and σ is the surface tension. The
first term on the right hand side, the bulk term, describes the release of energy
when a vapor molecule moves from the gas phase to the (bulk) liquid phase. This
difference in chemical potentials characterizes deviation of the vapor state, mixed
with the gas, from thermodynamic equilibrium. This can be quantified by defining
the supersaturation S:

S = exp

(
µgas − µeq

kT

)
(2.7)

where k is Boltzmann’s constant and T the temperature. We can rewrite equation 2.6
using equation 2.7:

W

kT
= −n lnS + n2/3Θ (2.8)

with Θ ≡ a1σ/kT the dimensionless surface energy. The second term on the right
hand side is the surface term, describing the amount of energy needed to form a new
phase boundary, it has a different dependency on n than the bulk term. For small
clusters, the surface term prevails, but when clusters grow the bulk term will take
over for larger n. Figure 2.2 shows a plot of the formation energy W as function of
n for different supersaturations, showing distinctive maxima.
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Figure 2.2: Energy of formation W/kT as function of cluster size n for different supersat-
urations S, at 240 K and 10 bar. Note the shifting maxima for different S.
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The energy of formation reaches its maximum value at the critical cluster size
n∗, found by taking the partial derivative to n of equation 2.8:

n∗ =

(
2Θ

3 lnS

)3

(2.9)

Clusters smaller than n∗ can lower their energy by evaporation and will therefore
evaporate. In contrast, a cluster of a size larger than n∗ decreases its energy by
adding molecules. The cluster can grow to macroscopic sizes, if S remains larger
than unity. The higher the supersaturation, the less molecules are needed to form a
critical cluster.

2.2.1 Supersaturation

The supersaturation is a measure of the deviation from thermodynamic equilibrium.
For a gas-vapor mixture, it is defined as:

S = exp

(
µv(p, T, yv)− µeqv (p, T, yeqv )

kT

)
, (2.10)

where yv is the molar vapor fraction, defined as the ratio of the number of vapor
molecules and the total number of molecules in the gas-vapor mixture. The refer-
ence state is the equilibrium between vapor and liquid, at the same pressure p and
temperature T . The difference in chemical potential between two states is given by:5

µgasv − µeqv = kT ln

(
fv
f eqv

)
, (2.11)

where fv is the fugacity. It accounts for the intermolecular forces between a vapor
molecule (e.g., H2O) and a carrier gas molecule (e.g., N2 and O2) in a mixture. It is
convenient to define the fugacity coefficient Φv, of the vapor:

φv =
fv
yvp

; φeqv =
f eqv
yeqv p

, (2.12)

For an ideal gas, this coefficient is unity. We can use this to rewrite the expression
for the supersaturation S:

S =
φv
φeqv

yv
yeqv

=
φv
φeqv

yvp

hep
eq
v
, (2.13)

in which we used the enhancement factor he:

he = yeqv
p

peqv
, (2.14)

The enhancement factor describes an increase of the vapor fraction when the pressure
p increases above the equilibrium vapor pressure peqv (the saturated state S = 1).
It takes into account the non-ideality of the water vapor. In our experiments, the
vapor fraction is very low compared to the carrier gas component in the mixture.
Therefore, nearly all vapor molecules are surrounded by carrier gas. The ratio φv/φ

eq
v

is thus unity and equation 2.13 reduces to:

8



S ≈ yv
yeqv

=
yvp

hep
eq
v
, (2.15)

which we will use later on to determine the supersaturation during the experiments.
The expressions for peqv and yeqv are given in Appendix B. Note that these quantities
can be measured (indirectly).

2.2.2 Surface tension of water

The surface term of the energy of formation W contains the surface tension σ of the
liquid. Since it is assumed that only pure water is contained inside the droplets, we
take a closer look at the surface tension of water at experimental conditions. We
neglect the influence of the cluster radius rd on the surface tension σ. This surface
tension is assumed to be equal to that of a bulk liquid phase with a flat surface. This
is the capillarity approximation of nucleation theory.

Above the freezing point of water, surface tension is accurately known in litera-
ture.6 However, in the supercooled regime it is difficult to measure and only a few
data sets are available. In the current research, we used the data from Hacker,7 plot-
ted in Figure 2.3 for temperatures down to 251 K. Around 268 K an inflection point
is visible, below this temperature the surface tension shows a stronger temperature
dependency. Above the inflection point, a power fit describes the data best. For the
surface tension of water below 251 K, a linear fit yields the best result. During our
experiments, we have a temperature of 240 K during nucleation, which increases to
245 K during droplet growth.

We also investigate the influence of pressure and carrier gas on the surface tension.
In Figure 2.4 the surface tension for water has been plotted as function of pressure
for different carrier gasses at room temperature T = 293 K. The current report is
concerned only with (synthetic) air at 10 bar, which consists of nitrogen and oxygen.
As can be seen in Figure 2.4, in this case the pressure dependence is negligible.
Luijten3 proposed a model allowing to extrapolate to temperatures as found in our
experiments. We use a linear dependency on temperature:

σ = B1T +B2 (2.16)

with B1 = −1.90× 10−4 N m−1K−1 and B2 = 0.1272 N m−−1, valid at our experi-
mental conditions of T = 245 K.
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Figure 2.3: Surface tension of water as function of temperature. Note the inflection point
at 268 K.3

Figure 2.4: Surface tension of water as function of pressure for different carrier gasses3 at
room temperature (T = 293 K. For pressures up to 10 bar, as considered here, and carrier
gasses such as nitrogen, the reduction of σ is negligible.

2.3 Free molecular regime

2.3.1 Kinetic model

In case Kn � 1, monomers are much more abundant than clusters. Therefore, we
ignore cluster-cluster interactions and only consider changes in cluster size due to
the attachment or detachment of a monomer. The Szilard model8 describes droplet
growth as a series of reversible reactions between monomers and clusters:

... −⇀↽− n− 1
fn−1−−−⇀↽−−−
gn

n
fn−−−⇀↽−−−
gn+1

n+ 1 −⇀↽− ... , (2.17)
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where n is the cluster size; fn the condensation rate (or impingement rate), at which
monomers condense on a cluster of n+ 1 molecules; and gn the evaporation rate at
which monomers evaporate from a cluster of size n. For the entire droplet cloud,
denote the number density of n-sized clusters by ρn. Then the rate of change of the
cluster density is the difference between condensation and evaporation:

dρn(t)

dt
= fn−1ρn−1(t)− (fn + gn)ρn(t) + gn+1ρn+1(t). (2.18)

Next, we define the nucleation rate Jn(t) as the net number of clusters that grow
from size n to n+ 1:

Jn(t) ≡ fnρn(t)− gn+1ρn+1(t). (2.19)

Using Jn we obtain an expression for the kinetic growth in terms of the condensation
to state n and evaporation from state n:

dρn(t)

dt
= Jn−1(t)− Jn(t). (2.20)

Next, we want to find expressions for fn and gn in order to solve the kinetic
equation 2.20. The condensation rate fn is the product of the sticking probability ζ,
the collision frequency per unit area bn and the cluster surface area an:

fn = ζbnan. (2.21)

It follows from kinetic gas theory9 that bn = 1
4ρ1〈v〉, with 〈v〉 =

√
8kT/πm the mean

molecular speed of the monomers. m is the mass of a monomer, k the Boltzmann
constant and T the temperature. For clusters of size n > 20 the sticking probability
ζ is almost unity.5 Using this information, the condensation rate of equation 2.21
can be written as:

fn = ρ1

√
kT

2πm
a1n

2/3 (2.22)

Here, ρ1 is the monomer number density and a1 the (spherical) surface area of one
molecule inside a cluster. Our model assumes that the clusters are spherical, which
is not accurate for very small cluster sizes.

2.3.2 Equilibrium State

To find a relation between fn and gn we look at the phase equilibrium of the saturated
state: S = 1. In this state, the nucleation rate Jn = 0, for all n, so that equation 2.19
reads (refer to equation 2.17 for index notation):

f eqn ρ
eq
n = geqn+1ρ

eq
n+1, (2.23)

11



where the superscript ’eq’ stands for the saturated state, in which the vapor and
liquid phase are in equilibrium. In this state, the number density of clusters ρeqn is
described by a Boltzmann distribution:5

ρeqn = ρeq1 exp

(
−Wn

kT

)
(2.24)

withWn the energy of cluster formation. The cluster number density is proportional
to the monomer number density. At equilibrium, the chemical potentials of the gas
phase and the vapor phase are equal and only the surface term remains:

Wn

kT
= Θn2/3, (2.25)

with Θ the dimensionless surface energy from equation 2.8. Combining equation 2.23
and 2.24 we obtain an expression for the evaporation rate gn (refer to equation 2.17
for index notation):

geqn = f eqn−1 exp (Θ[n2/3 − (n− 1)2/3)

≈ f eqn exp (2
3Θn−1/3), (2.26)

for n� 1. For vapors which consist mainly of monomers, the monomer density ρ1 is
proportional to the partial pressure p1 and thus to the supersaturation S = p1/p

eq
1 ,

for an ideal gas (see equation 2.7). Consequently, as can be seen from equation 2.22,
the condensation rate is proportional to the density and thus to the supersaturation
as well:

fn = Snf
eq
n (2.27)

Furthermore, we assume that the evaporation rate gn is a function of the cluster
size and temperature, and is independent on the monomer density ρ1 in the gas-
vapor phase. Thus, the evaporation rate at thermal equilibrium will be equal to
the evaporation rate at supersaturation conditions for clusters of the same size of
molecules:

gn ≈ geqn . (2.28)

2.3.3 Nucleation theory

Classical Nucleation Theory

In the previous sections, we found expressions for the condensation and evaporation
rates. We now proceed with finding solutions of the kinetic equation (2.20):

dρn
dt

= Jn−1 − Jn = 0, (2.29)

i.e., for steady-state nucleation. The nucleation rate is then independent of cluster
size and the subscript n can be left out. Using equations 2.19, 2.23 and 2.28, the
nucleation rate can be written as:

12



J

f eqn ρ
eq
n

=
fnρn
f eqn ρ

eq
n
− ρn+1

ρeqn+1

. (2.30)

Substituting equation 2.27 and dividing by Sn+1 (i.e., S to the power n+ 1) gives:

J

fnρ
eq
n Sn

=
ρn

ρeqn Sn
− ρn+1

ρeqn+1S
n+1

. (2.31)

Next, we sum over all n, from n = 1 go n = N . By doing so, all successive terms n
and n+ 1 will be canceled, except the last one. We are left with:

J

N∑
n=1

1

fnρ
eq
n Sn

= 1− ρN+1

ρeqN+1S
N+1

. (2.32)

For sufficiently large N , which is the case for homogeneous nucleation, the last term
in the right hand will vanish. Then the nucleation rate at steady-state conditions
can be written as:

J =

(
N∑
n=1

1

fnρ
eq
n Sn

)−1

. (2.33)

In order to determine the nucleation rate, the equilibrium cluster size distribution
ρeqn is required. For this, we assume the Boltzmann distribution from equation 2.24.
Inserting this into the expression for J and combining the terms containing n gives:

J =

(∫ ∞
1

dn
f(n)ρeq1 exp (Wn/kT )Sn

)−1

(2.34)

=

(∫ ∞
1

dn
f(n)ρeq1 exp (−Θn2/3 + n lnS)

)−1

, (2.35)

where the upper integration limit has been extended to infinity, because the exponent
has a sharp peak near some n∗. The term with Θ dominates for small n and the
other term dominates for large n. The argument has a minimum at n∗ and appears
to be qual to the energy of cluster formation (equation 2.8):

Wn

kT
= Θn2/3 − n lnS, (2.36)

in the supersaturated state, at steady-state nucleation. It appears that n∗ is indeed
the critical cluster size of equation 2.9. Substitution yields the energy of formation
of the critical cluster W ∗:

W ∗

kT
=

4

27

Θ3

(lnS)2
. (2.37)

Next, we are going to simplify equation 2.34 and solve the integral. To this end,
we write the formation energy as a second order Taylor expansion about n∗:

Wn ≈W ∗ − Z2πkT (n− n∗)2, (2.38)
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with Z the (dimensionless) Zeldovich factor:10

Z ≡ − 1

2πkT

(
∂2Wn

∂n2

)∣∣∣∣
n=n∗

=
1

3
(n∗)−2/3

(
Θ

π

)1/2

The condensation rate f(n) in equation 2.34 varies slowly in n compared with the
exponential term. Therefore, we take it outside the integral and evaluate it at n = n∗.
Making use of the Taylor expansion of Wn, we obtain:

J = f(n∗)ρeq1 exp

(
−W

∗

kT

)(∫ ∞
1

exp
(
−Z2πkT (n− n∗)2

)
dn
)−1

. (2.39)

This integral is of a Gaussian form, peaking at n = n∗. By extending its interval
to −∞ to ∞, it can be evaluated. Substituting the expressions for f(n) from equa-
tion 2.22, W ∗ from equation 2.37 and Z from equation 2.39, the final expression for
the nucleation rate becomes:

J = ρ1ρ
eq
1 v

liq
1

(
2σ

πm

)1/2

exp

(
− 4

27

Θ3

(lnS)2

)
, (2.40)

where vliq1 is the volume of one monomer within the cluster and m is the molecular
mass of a monomer. This expression is based on the Classical Nucleation Theory
(CNT) and the capillarity approximation, using properties of the bulk liquid phase
at equilibrium.

Nucleation with a carrier gas

In our experiments with nucleation of water vapor, the non-ideality effects of the car-
rier gas (air) must be taken into account. This can be implemented in the monomer
number density ρ1, by using the compressibility factor Zg = p/(yρ1kT ). Because of
the low vapor fraction, Zg is taken as the compressibility factor of the pure carrier
gas. The monomer number density is approximated by:

ρ1 =
yp

ZgkT
=
hep

eq
v

ZgkT
= ρeq1 , (2.41)

where the definition of the enhancement factor he was used (equation 2.14). peqv
is the vapor pressure at the equilibrium state (S=1). With the definitions of v1

(Section 2.1) and Θ, the nucleation rate can now be written in terms of macroscopic,
measurable quantities:

JCNT =

(
hep

eq
v

ZgkT

)2(
2σM

πNA

)1/2 S

ρliq
exp

[
−16π

3

(
M

NAρliq lnS

)2 ( σ

kT

)3
]
. (2.42)

where, σ the surface tension, M the molar mass, NA Avogadro’s number, ρliq the
bulk liquid mass density. A subscript CNT has been used to accentuate the differ-
ence between the theoretical value and the experimental value J . Later on, we will
compare our experimental results with Classical Nucleation Theory.
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Nucleation Theorem

The concept of a critical cluster is important for many theories describing nucleation.
It is in metastable equilibrium with the vapor: a cluster of a slightly larger size will
favor the liquid phase. The formation of critical clusters determines the nucleation
rate. Knowing their size is important for developing more advanced nucleation the-
ories.

Kashchiev11 derived a theory-independent way of determining the critical cluster
size. It is valid for many sorts of nucleation phenomena (gas-to-liquid, liquid-to-
liquid, liquid-to-solid transitions). To begin, the nucleation rate J can be written in
the general form:

J = A exp

(
−W

∗

kT

)
, (2.43)

which follows from equation 2.40. W ∗ is the formation energy of a critical cluster
and A is some proportionality constant, depending on the specific theoretical model
used. It is a weak function of temperature, pressure and supersaturation (compared
to the exponential factor). We use the general definition of the supersaturation
(equation 2.7):

S = exp

(
∆µgas

kT

)
(2.44)

Kashchiev11 showed that the partial derivative of J with respect to S is equal to:(
∂ ln J

∂ lnS

)
T,p

= ∆n∗, (2.45)

where ∆n∗ is the excess number. It is the difference between the actual amount of
molecules in the cluster and the number of molecules in the gas phase that initially
occupied the cluster’s volume. This equation is referred to as the nucleation theorem.
It can be further extended to multi-component systems. For a gas-vapor mixture in
our nucleation experiments, it can be shown that this leads to:5(

∂ ln J

∂ lnS

)
T,p

= ∆n∗v + 1. (2.46)

Since the density of liquid water is much larger than that of water vapor, the excess
number can be taken equal to the number of vapor molecules in the critical cluster:
∆n∗ ≈ n∗. We can now use the nucleation theorem to determine the critical cluster
size n∗ from nucleation rate isothermals J(S).

2.4 Diffusion-controlled growth

Critical clusters that grow to macroscopic sizes are called droplets. Droplets are
detected when their size reaches the order of 10−1 µm, at pressures of 10 bar. The
mean free path l is inversely proportional to the gas pressure pgas:

l =
k T√

2σcoll pgas
, (2.47)
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with σcoll the collisional cross-section. The mean free path at experimental conditions
is l ≈ 10−1 nm, leading to a Knudsen number of 10−3, for just detectable droplets of
10−1µm in size. Kn decreases further with time as the droplets grow. The droplet
growth is expected to be diffusion-controlled and is described by mass and heat
transfer. There is a net mass flow of vapor molecules towards the droplet. Note
that the mass flow will be described in terms of the molar density ρ, instead of the
number density ρn (indicated by subscript n). The following derivation is based on
Labetski’s4 description.

2.4.1 Heat balance

Because of the release of latent heat during condensation, there is a flow of heat away
from the droplet, as depicted in Figure 2.1. The temperature difference between the
droplet and the carrier gas can be estimated by:4

Td − Tfar ≈
ρliqd L

2kg

dr2
d

dt
, (2.48)

where L is the molar latent heat of condensation, kg the thermal conductivity of the
gas and ρliqd is the molar liquid density in the droplet. For our experiments, this
temperature difference is typically about 0.3 K. Therefore, we will neglect this tem-
perature difference due to condensation. We therefore assume the diffusion coefficient
and molar gas density around the droplet to be uniform.

2.4.2 Mass balance

Consider the droplet as described in Figure 2.1, fixed in the origin of coordinates.
Vapor and gas molecules impinge on the spherical surface ad = 4πr2

d with average
diffusion driven velocity us. As a result, the droplet grows and its surface expands in
the radial direction with a velocity drd/dt. The molar mass flow in radial direction
towards the droplet surface is:

Φ = 4πr2
dρ

gas
s

(
drd
dt
− us

)
, (2.49)

where ρgass is the molar density of the gas-vapor mixture at the droplet surface
(indicated by subscript s). The superscript pertains to the gas phase (not specifically
to a gas or vapor molecule). Note that this is the molar density; not the number
density.

For steady-state conditions, the molar flow ρgasu of the gas outside the droplet
is the same everywhere, and equal to the flow at the surface of the droplet. Thus, at
some distance R from the origin we have:

r2
dρ

gas
s us = R2ρgasu (2.50)

as a boundary condition. The molar flow causes a change in the droplet molar mass
at a rate of:
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Φ =
d
dt

(
4

3
πr3

dρ
liq
d

)
= 4πr2

dρ
liq
d

drd
dt
, (2.51)

where we used the assumption that the molar liquid density ρliqd of the droplet is
constant and uniform. Combining equations 2.49 to 2.51 we obtain the equality:

−R2ρgasu =
(
ρliqd − ρ

gas
s

)
r2
d

drd
dt
≡ F. (2.52)

For later convenience, the function F has been introduced, which depends only on
time.

The molar density of the gas-vapor mixture is equal to the sum of the molar
density of the non-condensable gas component, ρgasg , and the molar density of the
vapor component, ρgasv :

ρgas = ρgasg + ρgasv . (2.53)

The diffusion velocity vi of component i = g, v is defined as the deviation between
the average radial velocity wi of component i from the molar average radial velocity
u of the gas-vapor mixture:

vi ≡ wi − u. (2.54)

The diffusion velocities of the gas and vapor components are related to each other
via:

ρgasg vg + ρgasv vv = 0, (2.55)

because the average of the diffusion velocities is zero. Analogous to equation 2.49 we
can find the molar flux Φv of the vapor component by using wv = u+ vv as defined
above. This yields for the vapor:

Φv = 4πr2
dρ

gas
s,v

(
drd
dt
− (us + vs,v)

)
. (2.56)

Likewise, the change in molar content of the droplet due to the vapor component is:

Φv = 4πr2
dρ

liq
d

drd
dt
, (2.57)

where it is assumed that the molar liquid density of the vapor component is con-
stant and uniform and that the droplet only contains vapor molecules. Applying
conservation of mass gives:

−R2ρgasv (u+ vv) =
(
ρliqd,v − ρ

gas
s,v

)
r2
d

drd
dt
≡ Fv. (2.58)

Again, with Fv depending only on time. We can write the molar vapor density in
equation 2.58 as a fraction of the total molar vapor density, by using yv = ρgasv /ρgas

as the molar vapor fraction. Then equation 2.52 and 2.58 can be combined to obtain:
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Fv − yvF = −R2ρgasv vv. (2.59)

Since the molar vapor fraction is very small in our experiments (in the order of 400
ppm), we can find an expression for the diffusion velocity of the vapor by using
Flick’s law:

ρgasv vv = −ρgasDv
dyv
dr

, (2.60)

with Dv the diffusion coefficient of the vapor component in the mixture. With this,
equation 2.59 can be rewritten as:

Fv
R2

= ρgasv Dv
1

1−
(
F
Fv

)
yv

dyv
dR

. (2.61)

Now both sides can be integrated with respect to R, over the entire region around
the droplet (from (rd, ys,v) to (Rfar, yfar,v)). Note that only yv depends on R. We
thus obtain:

Fv

(
1

rd
− 1

Rfar

)
= ρgasDv ln

1−
(
F
Fv

)
yfar,v

1−
(
F
Fv

)
ys,v

. (2.62)

As the vapor fractions yfar,v and ys,v are very small, and Rfar � rd, we can simplify
equation 2.63:

yfar,v − ys,v =
Fv

rdρgasDv
. (2.63)

Inserting the definition of Fv yields:

dr2
d

dt
=

2ρgasDv

ρliqd − ρ
gas
s,v

(yfar,v − ys,v). (2.64)

Furthermore, the molar density of the vapor component at the surface ρgass,v can be
neglected, because ρgass,v � ρliqd . The final result is:

dr2
d

dt
=

2ρgasDv

ρliqd
(yfar,v − ys,v). (2.65)

The diffusion coefficient is calculated with the empirical formula proposed by Mass-
man:12

Dv = D0

(
p0

p

)(
T

T0

)1.8

, (2.66)

with D0 = 0.2178 cm2s−1 the diffusion coefficient for conditions near STP (stan-
dard temperature and pressure), p0 = 1.0325 bar the reference pressure, and T0 =
273.15 K the reference temperature. Massman12 notes that the accuracy of Dv is
about 7% for water in air. Since this law is based on measurements above T = 269 K
we have to use an extrapolation down to 240 K, the temperature at which droplet
growth takes place in our experiments. This is shown in Figure 2.5. Hence the
uncertainty in Dv will be larger than 7%.
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Figure 2.5: Observed and modeled diffusivities for water vapor in air. Figure from Mass-
man.12

During droplet growth, pressure and temperature are (approximately) constant.
In case of an infinite supply of water vapor, i.e., (yfar,v − ys,v) does not change,
all parameters in equation 2.65 are constant: the droplets grow with a constant
speed. The droplet growth rate as function of time is plotted in Figure 2.6 for a
typical experiment with low water content. As expected, the graph shows a linear
relationship between (dr2

d/dt) and time.

2.4.3 Depletion

In case the droplets grow fast enough to deplete the water vapor content of the
mixture, droplet growth will not be a constant during the experiment. Specifically,
this is the case for experiments with a relatively high water content. Due to the
large supersaturation many droplets will be formed. As the droplets grow, yfar,v
decreases and as a result, also the growth rate. The droplet size at time t is now
given by integrating the droplet growth from equation 2.65 from t0 to t:5

t− t0 =
2r2
m

(dr2
d/dt)|t=t0

G

(
rd
rm

)
, (2.67)

where t0 is the time at which the droplet growth begins, right after the nucleation
pulse and rm is the maximum droplet radius reached when the supersaturation de-
creases to unity (for supersaturation below unity the droplets would start to evap-
orate). The factor G takes into account the varying vapor fraction in the mixture,
and is given by:4
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Figure 2.6: Droplet growth rate as function of time obtained from an experiment with
low water content. The droplet starts to grow after the nucleation pulse has ended, around
t0 = 4ms.

G(x) =

∫ x

0

x′

1− x′3
dx′ =

1√
3

[
π

6
− arctan

(
1 + 2x√

3

)]
+

1

6
ln

[
1 + x+ x2

(1− x)2

]
, (2.68)

with x ≡ r/rm. An example of an experiment with depletion is given in Figure 2.7.
As can be seen, droplet growth is not linear in time, but flattens near the end of the
experiment.
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Figure 2.7: Experimental droplet growth rate as function of time at high water content.
The droplet starts to grow after the nucleation pulse has ended, around t0 = 4ms. Droplet
growth rate decreases during the experiment until it flattens.
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CHAPTER3
Experimental setup and procedure
In this chapter, the experimental methods used to study homogeneous nucleation of
water droplets are discussed. The first section describes the method used to create
conditions suitable for homogeneous nucleation and the resulting droplet growth.
Section 3.2 describes how the thermodynamic state parameters are determined from
the measurement data. This is followed by a description of the gas mixture prepa-
ration. The final section summarizes the experimental procedure.

3.1 Pulse Expansion Wave Tube

The Pulse Expansion Wave Tube (PEWT) is an in-house developed wave tube capa-
ble of separating the nucleation process and the process of droplet growth. During
the experiment, a pulse of high supersaturation is created. During this short time
homogeneous nucleation of water takes place. After the pulse, the supersaturation is
reduced, so that the nucleation rate becomes negligible. The supersaturation is, how-
ever, maintained higher than unity, enabling the existing droplets to grow. Because
nucleation only takes place during a short time period, all droplets are of uniform
size. This allows accurate optical determination of the droplet size and number
density.

The pulse of high supersaturation is created by a pressure pulse, as illustrated
in Figure 3.1. A strong adiabatic expansion causes the pressure and temperature to
decrease to a level at which the vapor becomes strongly supersaturated and nucle-
ation takes place. Because the supersaturation depends exponentially on tempera-
ture (equation 2.7), a slight compression reduces the supersaturation (and thus the
nucleation rate) significantly.

The PEWT is a stainless steel tube, consisting of a High-Pressure Section (HPS)
with a length of 1.25 m and a Low-Pressure Section (LPS) with a length of 9.23
m. Both sections are initially separated by a 125 µm thick PET diaphragm. The
HPS is filled with a gas mixture of compressed synthetic air (Linde Gas synthetic
air 4.0 monitoring) and some water vapor at 20.35 bar. A mixture for a typical
nucleation experiment contains 360-460 ppm water vapor, and is prepared in the
Mixture Preparation Device (MPD) as will be described in section 3.3. The LPS
is filled with nitrogen (Linde Gas nitrogen 5.0) at 10 bar. To create the nucleation
pulse, a local widening section has been implemented 0.14 m behind the diaphragm
in the LPS. Here, the diameter of the tube is 41 mm, instead of 36 mm in the rest
of the tube. The geometry of the PEWT is shown schematically on the lower right
of Figure 3.2. See Figure 3.3 for a photo of the PEWT.

When a 50 ms high-current electric pulse is applied to the diaphragm, the PET
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Figure 3.1: Schematic graph of supersaturation S, pressure p and temperature T as func-
tion of time during a nucleation experiment. After the beginning of the nucleation pulse,
the supersaturation increases above unity. The pulse is ended by a slight recompression,
decreasing the supersaturation.

starts to melt and ruptures due to the pressure difference between the HPS and
LPS. A resulting expansion wave (A) travels into the HPS and a compression wave,
or shock wave, (B) travels into the LPS. This is shown on the right side in Figure 3.2.
When compression wave (B) meets the local widening, a weak expansion wave (C)
is sent towards the HPS. This is followed by a weak compression wave (D) when
the initial compression wave (B) leaves the local widening. The experiment is ended
when (B) travels back into the HPS after reflection at the end of the LPS (not
shown).

4.1 Expansion wave tube 119

setup is the use of a widening in the ��� instead of a constriction, which
improves the pressure history a�er the pulse. The �rst experimental results
were presented by Looijmans et al.��� in ����. Later, the tube was used to
study the nucleation of water�,� and nonane�,�,�� at high pressure (��–�� bar).
This setup has also been used for the present work, and will be described in
this chapter. Between the helium and methane experiments of this work, the
setup was slightly changed. In this chapter, the most recent state of the setup
is given, and all examples pertain to the methane experiments. Where rele-
vant, di�erences with the helium experiments are indicated.

4.1 Expansion wave tube

The expansion wave tube is basically a shock tube. The test gas mixture,
which consists of a vapour and one or more carrier gases, is placed in the
���; the ��� contains carrier gas only. When the diaphragm is broken, an ex-
pansion wave (indicated by A in Figure �.�) travels into the ��� and a com-
pression wave or shock wave (B) travels into the ���. Our shock tube has a
locally widened ���; the interaction of the shock wave with this geometry re-
sults in a weak expansion wave (C) and an equally weak compression wave
(D) which are sent in the direction of the ���. When the shock wave reaches
the end of the ���, it re�ects back (not shown).

Near the end wall of the ���, a pressure history shown in the centre of Fig-
ure �.� is realized. When the expansion wave arrives, the pressure decreases
rapidly (a–b). A short time a�er the pressure drop ends, the weak expan-
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x
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b
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d
e

pS
S 

=
 1

expansion wave (A)

expansion wave (C)

shock wave (D)

shock wave (B)

Figure 4.2: Right: schematic x-t plot of the waves in the expansion tube. Centre:
pressure at the end wall of the ���. Le�: supersaturation at the end wall.Figure 3.2: Right: schematic x-t plot of the waves in the tube, together with a geometric
representation of the PEWT. Left: plot of pressure p and supersaturation S as function of
time during the experiment.
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The pressure p during the experiment is measured 5 mm from the end wall of
the HPS. The resulting profile is shown schematically on the left side in Figure 3.2,
together with the supersaturation S. As the first expansion wave arrives at the
measurement section 5 mm from the end wall of the HPS, the pressure decreases
rapidly (indicated by points a-b). A small expansion and a compression wave create
the nucleation pulse (c-d-e). The pulse is followed by a period of constant pressure,
approximately 1 bar higher than the pulse pressure, during which the droplets grow.
When the initial shock wave (B) reflects back from the LPS end wall to the HPS,
the temperature increases and all droplets evaporate, ending the experiment.

Figure 3.3: Picture of the Pulse Expansion Wave Tube (PEWT) and surrounding setup.
The PEWT is the long tube, beginning in the center of the frame, running towards the
upper right corner.

3.2 Thermodynamic state

The thermodynamic state during both the nucleation pulse and the growth phase
needs to be known accurately. The initial temperature of the gas-vapor mixture
(T0) is taken to be equal to the temperature of the walls and is measured at several
locations in the HPS walls with resistance thermometers (Tempcontrol PT-8316,
accuracy 0.03 K). The temperature during the experiment changes too rapidly to
measure directly and is calculated from the pressure signal. The initial pressure p0

and the pressure history during the pulse are measured with a piezoelectric pres-
sure transducer (Kistler type 603B) and a piezoresistive transducer (Kistler type
4073A50, used to calibrate the former). By assuming an isentropic expansion and
neglecting the heat flow between the walls of the HPS and the gas-vapor mixture, the
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temperature history can be calculated using a dedicated equation of state described
by Lemmon et al.13

The pressure as function of time is plotted in Figure 3.4 for a typical experiment.
The pulse duration is determined by looking at the pressure signal of the experiment,
as shown in the inset. The starting time of the pulse is taken at the beginning of
the lowest pressure plateau; the end time of the pulse is taken as the ending of the
plateau. The average pressure during this interval determines the temperature and
the supersaturation during nucleation. The pulse duration ∆t, together with the
droplet number density n of all droplets formed during the pulse, is used to calculate
the experimental nucleation rate J :

J =
n

∆t
, (3.1)

which is the average value during the nucleation pulse. The droplet number density
n is determined from optical measurements, as will be described in Chapter 4. The
nucleation rate at the pressure plateau will be much higher than just above, because it
depends exponentially on pressure (see Figure 3.1). Therefore we neglect nucleation
taking place outside ∆t. ∆t is typically 55± 0.4 ms for our experiments.
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Figure 3.4: Pressure as function of time for a typical experiment, measured 5 mm from
the end wall of the HPS. The inset shows the shape of the pulse and how the pulse duration
is determined. The peaks seen around 15 ms are caused by the initial expansion wave (A
from Figure 3.2) traveling back to the local widening section. There, it partially reflects
back into the HPS, slightly raising pressure when this reflection reaches the end wall.

3.3 Gas mixture preparation

It is important to prepare a gas-vapor mixture with precisely known composition.
For this purpose, a dedicated Mixture Preparation Device (MPD) has been devel-
oped by Hrubý. A detailed description can be found in his report.14 The MPD is
schematically shown in Figure 3.5.
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Figure 3.5: Scheme of the Mixture Preparation Device (MPD) and its connection to the
High Pressure Section (HPS). Dry carrier gas (synthetic air) is supplied at the left side. The
Mass Flow Controllers (MFC 1 and 2, Brooks 5850S) determine the ratio of the saturated
flow and the dilution flow. In the saturators, the dry gas bubbles through liquid water and
gets saturated. It mixes with the dry flow and continues towards the heated box.

Synthetic air is supplied to two mass flow controllers, MFC1 and MFC2 (Brooks
5850S). The flow from MFC1 is lead through the saturators containing water at a
temperature of T = 18 C◦ (measured by the thermometer indicated by T), below
ambient temperature, where it is saturated with water vapor. This flow is written
as a sum of the initial flow entering the saturators, Q0, plus the flow of water vapor
Qw. It contains the water vapor fraction at phase equilibrium yeq :

yeq =
Qw

Qw +Q0
= he(p, T )

peq(T )

p
(3.2)

where he is the enhancement factor (equation B.3), p is the pressure in the saturators
(measured by sensor P1). and psat is the pressure at phase equilibrium (equation B.1).
Because the temperature in the saturators is lower than ambient temperature, the
wet flow Q0 +Qw will not condensate when it leaves the saturators.

The dry flow from MFC2, Qd, mixes with the saturated flow Q0 +Qw to create
the desired water fraction yw for the nucleation experiment:

y =
Qw
Qtotal

=
Qw

Qd +Qw +Q0
. (3.3)

In terms of the saturated water vapor fraction this is equal to:

y =
yeq

1 + (1− yeq)Qd/Q0
. (3.4)

The amount of water vapor in the mixture is thus controlled by the ratio of the
two initial flows Q0 and Qd, set by the mass flow controllers. Before the mixture
enters the PEWT, the pressure is reduced by valve M inside a heated box. Joule-
Thompson cooling (of about 5◦C) necessitates heating of the mixture to above room
temperature. The heated box operates at a temperature of 45◦C.

Instead of producing a limited amount of the mixture, the MPD generates a
continuous flow. This allows flushing the PEWT: a constant flow of 2.0 Nl/hour flows
through the HPS until a constant humidity is reached and the nucleation experiment
can be started. This way, potential vapor deposition or evaporation from walls in
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the test section and the pipe system are avoided by flushing the system with about
20 times its volume.

3.4 Experimental procedure

The experimental procedure begins with the placement of a new PET diaphragm
between the High Pressure Section (HPS) and Low Pressure Section (LPS). Both
sections and the tubing towards the Pulse Expansion Wave Tube (PEWT) are then
evacuated for about 30 minutes by means of a vacuum pump (Alcatel Adixen ACP
15). A vacuum manometer (Edwards 600 Barocel) confirms that a vacuum of about
10−4 bar is reached inside the HPS. The Mixture Preparation Device (MPD) is held
at the same pressure of 25 bar, also in between experiments.

The Mass Flow Controllers (MFC’s) are set such that the ratio of Qd/Q0 is
kept constant. When valve M is opened slightly, the pressure in the MPD will
drop and the MFC’s are activated via a control loop, trying to keep the pressure
in the MPD constant. The flow exiting the MPD gradually fills the HPS and the
surrounding tubing. The pressure is measured by sensor P2 (Figure 3.5). Valve M is
opened further until the desired flow has been reached and the Upstream Pressure
Controller (UPC, Brooks SLA 5820) automatically opens its valve to maintain the
current pressure (20.35 bar for our experiments). In the meantime, the LPS is filled
in steps up to 10 bar to prevent premature rupture of the diaphragm.

When the HPS is filled to 20.35 bar, the flow rate (2.0 Nl/hour) and pressure are
kept constant, so that the HPS and its tubing are flushed for about one hour. This
allows the the HPS to be in equilibrium with the flow. A condensation humidity
sensor (Vaisala HMP 124B) monitors variations in relative humidity. This sensor
reaching a constant value (see Figure 3.6), is the moment when flushing is ended by
closing the valves to the HPS. The gas-vapor mixture now flows directly to the UPC
and to dump, bypassing the HPS.

At this point, all static sensor readings are written down and the data acquisition
system is armed. The system is fired and upon rupture of the diaphragm, the signals
from the dynamic pressure sensor, photodiode and photomultiplier are recorded on a
data acquisition apparatus (LeCroy 6810 Wave- 325 form Recorder). The photomul-
tiplier is used for optical determination of the droplet radius by Mie scattering (see
Chapter 4). Using this droplet radius, the number density of droplets n is calculated
from the absorption of the light beam passing through the HPS, recorded by the
photodiode. Together with the pulse duration ∆t, the experimental nucleation rate
J is found.
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Figure 3.6: Signal representing the relative humidity (in mV) from the humidity sensor
sensor (Vaisala HMP 124B) as function of time. When the relative humidity reaches its
asymptotic value, flushing is ended.
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CHAPTER4
Optical measurement of droplet
radius and number density
After the nucleation pulse, an almost monodisperse cloud of water droplets starts
to grow. When the droplets reach a size of the order of a few hundred nanometers,
they can be detected by means of a laser beam. The setup consists of a photodiode
measuring the extinction of the beam, and a photomultiplier measuring the scattering
of the light at an angle of 90◦. The scattered light shows a characteristic pattern,
which can be fitted accordingly using Mie theory.15 These measurements yield the
droplet growth rate and, consecutively, the droplet number density n. From this we
determine the experimental nucleation rate J = n/∆t, with ∆t the duration of the
nucleation pulse (see equation 3.1).

4.1 Experimental setup

The optical setup is shown in Figure 4.1. The light source is a diode-pumped solid-
state laser (Lasos LasNova GL 3220 T01) with a wavelength of 532 nm, a power
of 20 mW and a beam diameter of 0.7 mm. The polarization of the laser has been
measured and found to be linear, with an angle of φ = 2.0± 0.2◦ with respect to the
vertical plane (see Figure 4.2).

The light enters the high pressure section (HPS) through a window (BK7 optical
glass), positioned under an angle of 6◦ with respect to the light beam to prevent
reflections of the light on both sides of the window from interfering with the main
beam. The inner diameter of the tube is 36 mm. The beam passes through the
measurement section: a plane at 5 mm from the end wall of the tube. The pressure
sensors are located in the side walls at the same distance from the end wall of the
HPS. Most part of the light will continue without being scattered or absorbed and
exits the tube through a window towards the photodiode. The beam is focused by
lens L1. Diaphragm D1 is used to filter forward scattering from the beam.

The scattered light leaves the tube at 90◦ with respect to the light beam via the
cylindrical end wall, which consists of a solid glass cylinder. To select light scattered
at an angle of 90◦, a small aperture D2 is positioned at a right angle together with
lens L2 focusing the light on a photomultiplier tube (Hamamatsu 1P28A). This way,
the angle of the scattered light is limited to a range of 90◦ ± 2◦.
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Figure 4.1: Optical setup.
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4.2 Scattering theory

To determine the droplet size and concentration as a function of time, the scattering
theory as derived by Mie15 has been used. It describes the propagation of light waves
in a medium containing scattering particles.

4.2.1 Scattering intensity

Figure 4.2: Scattering of light by a particle located in the origin. Light travels in the
positive z-direction. The angle of the scattering plane with the x-z-plane is φ. The angle of
the scattered light with the z-axis is θ. Figure by Holten.5

Consider an arbitrary particle placed in the origin of coordinates, as shown in
Figure 4.2. An infinite plane wave travels in the positive z-direction and is disturbed
by the particle. The amplitude of the electric field of this incoming wave is given by:

E0 = e−ikz+iωt,

with k the wave number and ω the frequency of the wave. The amplitude of the
electric field of the outgoing wave is spherical and decreases with the distance from
the center of the particle R =

√
x2 + y2 + z2:

E = S(θ, φ)
e−ikR+iωt

ikR
.

Here, we have introduced the amplitude function S(θ, φ) of the scattering particle
(not to be confused with the supersaturation S). The factor i in the denominator is
added for convenience and k to make S dimensionless. Combining the two equations,
we have:

E = S(θ, φ)
e−ikR+ikz

ikR
E0. (4.1)

The laser light is linearly polarized, so that the amplitude of the wave can be written
in terms of a parallel and a perpendicular component with respect to the scattering
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plane, resp. l and r (see Figure 4.2). Taking into account the effect of polarization,
the scattering in an arbitrary direction is described by the scattering matrix S(θ, φ)
with amplitude functions S1, S2, S3, S4, all functions of θ and φ. The scattering of
the wave is described by:(

El
Er

)
=

(
S2 S3

S4 S1

)
· e
−ikR+ikz

ikR

(
El0
Er0

)
. (4.2)

For spherical particles, which we assume is the case in our experiments, S3 and S4

are zero. Also, S1 and S2 only depend on θ because the situation is axi-symmetric
about the z-axis, as seen from the incoming wave. Thus, the simplified amplitudes
are given by:

Er = S1(θ)
e−ikR+ikz

ikR
Er0;

El = S2(θ)
e−ikR+ikz

ikR
El0.

Now consider a cloud of many particles. Light arriving at a detector, positioned
at an angle θ, is the sum of the amplitudes of the light scattered in that direction.
Because the scattering particles are positioned randomly in space, the phase shifts of
the scattered light are also distributed randomly. Thus, interference phenomena are
not noticed in practice. Consequently, the intensities and not the amplitudes have
to be added:

I(θ, φ) =
∑
i

Ii(θ, φ).

By taking the squares of the moduli we obtain the scattered intensity of the light:

I = |Er|2 + |El|2 =
(i1 + i2)

k2R2
I0, (4.3)

with i1 ≡ |S1(θ)|2 and i2 ≡ |S2(θ)|2. In our experiments, the light is linearly polarized
at an angle φ with the x-axis. Then, El0 = E0 cosφ and Er0 = E0 sinφ, so that:

I =
i1(θ) sin2 φ+ i2(θ) cos2 φ

k2R2
I0. (4.4)

The expressions for i1(θ) and i2(θ) follow from the solutions of the Maxwell equations,
as derived by Mie.15 The polarization of the laser in our setup has an angle of
φ = 2.0 ± 0.2◦ with respect to the x-axis in Figure 4.2. In this case, sin2 φ ≈ 0.001
and the first term i1 can be neglected. We are left with:

I =
i2(θ)

k2R2
I0. (4.5)

Apart from the angular dependence, i also depends on the droplet size and the
refractive index. An example of a solution is given in Figure 4.3 for a scattering
angle of φ = 0◦ and θ = 90.0◦. Here, S is plotted as function of the dimensionless
droplet size α ≡ 2πrd/λ, for two different values of the refractive index. As the
droplets grow, α increases and i shows a characteristic pattern of peaks. Later on,
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Figure 4.3: Solution of i(φ = 0◦, θ = 90.0◦) as function of the dimensionless droplet size
α, for two different values of the refractive index (1.31 and 1.33). As the droplets grow, α
increases and i shows a characteristic pattern of peaks.

this curve will be compared to the experimentally measured intensity as function of
time in order to obtain the droplet size.

It is important to estimate the refractive index accurately, because it has a notice-
able impact on the scattering signal, as can be seen from Figure 4.3. For supercooled
water at temperatures of T = 245 K, typical for the growth phase of the experi-
ment, the refractive index has never been measured.5 Therefore, the value at known
temperatures has to be extrapolated. For wavelengths around λ = 532 nm, the wave-
length of our laser, the imaginary part of the refractive index is very small (about
10−9). Hence, absorption can be neglected.

The IAPWS published results16,17 for the refractive index of water down to a
temperature of 252 K. By extrapolating these results at a wavelength of 532 nm,
Holten5 plotted the refractive index of water at lower temperatures; see Figure 4.4.
From this plot the refractive index is estimated to be 1.33 during the growth phase
of our experiments (at T = 245 K).
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Figure 4.4: Refractive index of supercooled water, relative to vacuum, at 532 nm. Plotted
by using data from IAPWS16,17 and Malila.18 For comparison, the refractive index of ice is
shown as well. Figure from Holtsen.5

4.2.2 Extinction

In the forward direction θ = 0◦ and S1(0) = S2(0), so that the amplitude of the
scattered wave is given by:

E = S(0)
e−ikR+ikz

ikR
E0.

The sum of the amplitudes of the incident and scattered waves is given by:

E0 + E = E0

{
1 +

S(0)

ikR
e−ikR+ikz

}
From this, we can calculate the intensity. At large distance from the origin, kR� 1,
so that in good approximation:

I = |E0 + E|2 ≈ |E2
0 |+ 2|E0E|

= 1 +
2

kR
Re

{
S(0)

i
e−ikR+ikz

}
,

in which we used |E0|2 = 1 and Re(EE0) = 1
2(EE0 + EE0). It is the resulting

intensity per particle. The first term represents the intensity of the incident wave,
while the second term describes the reduction, or extinction, of the wave. The
actual extinction process is not the partial blocking of the wave, but rather a subtle
interference phenomenon. The scattered wave removes some of the energy of the
incident wave by interference, because in the forward direction the scattered light
has the same phase as the incident beam.
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By integrating the second term over the entire cloud, one obtains the total ex-
tinction Cext. This two-dimensional integral contains two Fresnel integrals, each
contributing a factor (2πz/ik)1/2. The result is:

Cext =
4π

k2
Re {S(0)} .

By dividing by the geometrical cross section of a particle with radius rd and intro-
ducing the dimensionless size parameter α ≡ 2πrd/λ = krd, we obtain the extinction
efficiency:

Qext =
4

α2
Re {S(0)} . (4.6)

We can now determine the extinction of a light beam traveling through a particle
cloud. The reduced intensity is given by the law of Lambert-Beer:

I = I0e
−β(rd)d, (4.7)

in which d is the extinction length and β the extinction coefficient, given by:

β = nπr2
dQext. (4.8)

Where n is the droplet number density and rd the radius of a particle. This analysis
is valid up to an optical depth βd of up to 10, as discussed by Van de Hulst.19 As
will be shown later, the maximum optical depth in our experiments does not exceed
this number.

In Figure 4.5 the extinction efficiency Qext has been plotted as function of the
squared size parameter α = 2πrd/λ for a refractive index of 1.33. A characteristic
pattern of peaks appears because of diffraction of the laser light at a particle of
size rd. The extinction efficiency moves towards a value of Qext = 2 because of the
Babinet principle: the radiation removed from the beam due to a particle is equal to
twice the particle’s cross section times the incident flux. This is because the amount
of reflected radiation is the same as the amount diffracted.
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Figure 4.5: The extinction efficiency Qext plotted as function of the squared size parameter
α = 2πrd/λ for a refractive index of 1.33. Qext moves towards a value of 2 because of the
Babinet principle.

4.3 Analysis of the optical signals

4.3.1 Scattering signal

The signal obtained from the photomultiplier displays in time a pattern of multiple
peaks, due to the interaction of the laser light with the scattering particles. An
example of a typical measurement is shown in Figure 4.6. By using Mie theory,
the droplet size as function of time can be derived from the measured intensity.
The signal from the photomultiplier is imported into a Mathematica file originally
written by Holten,5 which is used to fit the theoretical radius-dependent intensity to
the measured intensity.

An important parameter in the fitting procedure is the scattering angle. Since it
is difficult to position the photomultiplier at exactly θ = 90.0◦ with respect to the
laser beam, deviations from this angle have been taken into account. The scattering
function F has been calculated within the range of 88.0◦ ≤ θ ≤ 92.0◦ to incorporate
this. After the initial experiments the angle was determined and kept constant in
later experiments, thereby reducing the amount of fitting parameters.

The observed scattering intensity cannot entirely be predicted by Mie theory
alone. Background scattering is observed, which increases with time. Thus, the
total measured intensity is a function of the intensity from Mie scattering IM and
the background intensity Ib:

Isca = A1IM (θ, rd) + Ib(rd), (4.9)

with A1 a real, positive constant and rd the time-dependent droplet radius. The
background scattering is first assumed to be caused mainly by reflections from the
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Figure 4.6: 90◦ scattering signal from the photomultiplier.

wall of the wave tube. In absence of absorption, it is proportional to the total amount
of scattered light. In terms of the extinction of the laser beam, this can be expressed
as:

Ib(r) = A2

(
1− e−β(rd)d

)
, (4.10)

with A2 a real, positive constant, β the extinction coefficient and d the extinction
length, as defined in section 4.2. The variables A1 and A2 are optimized by the fitting
program. The extinction length is taken equal to the internal diameter of the high
pressure section (d = 36 mm). This is an upper limit, since the light is scattered
somewhere halfway and from there, it continues towards the photo multiplier (a
distance of approximately 23 mm). An example of a fitted signal with background
is given in figure 4.7. As can be seen, the fit works well.

A successful fit of the theory provides the growth rate of the squared radius radius
dr2
d/dt. Using equation 2.67, derived in Section 2.4.3, the time-dependent droplet

radius can be calculated:

t− t0 =
2r2
m

c0
G

(
rd
rm

)
, (4.11)

where t0 is the time at which the droplet growth begins, right after the nucleation
pulse; c0 = dr2

d/dt|t=t0 is the initial growth rate of the squared radius, and rm is the
maximum droplet radius reached when the supersaturation decreases to unity (for
supersaturation below unity the droplets start to evaporate). This equation provides
the physical fitting parameters (t0, c0, rm). The value of t0 is chosen manually by
determining the onset of the scattering signal. G is given by equation (2.68) and
describes the depletion of water vapor. The work of Holten5 shows that sometimes
depletion should be taken into account. This is the case especially when higher water
fractions are used, involving a high growth rate of the droplets.
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Figure 4.7: 90◦ scattering signal fitted for an experiment with a low water content, using
a linear background signal. The fit works well.

The obtained droplet growth can be plotted as function of time. This is done in
Figure 4.8.
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Figure 4.8: Droplet size as function of time. t0 marks the time at which the nucleation
pulse ends and droplet growth starts.
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4.3.2 Extinction signal

In order to determine the nucleation rate, J = n/∆t, one other parameter is required:
the droplet number density n. When the laser beam travels through the droplet
cloud, the attenuation of the signal from the photodiode is described by the law of
Lambert-Beer (equation 4.7):

I = I0e
−βd. (4.12)

with I0 the undisturbed signal intensity at the beginning of the experiment and d
the extinction length. The droplet number density is obtained from the extinction
coefficient β = nπr2

dQext (equation 4.8), using the value of rd = rm calculated by the
fit of the scattering signal an the corresponding cross section Qext calculated from
the theory of Mie. A fit of the extinction signal is shown in Figure 4.9. This fit works
very well.
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Figure 4.9: Extinction of the laser beam, fitted with equation (4.12). This fit works very
well.

4.3.3 Multiple scattering

The fit of the theory, including background scattering, as described above works well
for experiments with a relatively low water content (around 350 ppm). However,
for higher droplet densities, a stronger background than predicted is observed and
multiple scattering should be considered. To obtain a better fit for these cases,
Holten5 used a second order polynomial to describe the background signal to yield
a better fit:

Ib(t) = D1t
2 +D2t+D3. (4.13)
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The experimental signal can be fitted with equation 4.13 quite well, as illustrated by
Figure 4.10. However, this background fit keeps increasing quadratically, eventually
letting signal and background diverge.
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Figure 4.10: A scattering signal fitted using a second order polynomial background Ib(t) =
D1t

2+D2t+D3, as used by Holten.5 The fit works quite well, until the quadratic background
gets too strong for describing the signal.

This report suggests a different, more physical approach. Let us assume that
multiple scattering is a second order effect in terms of the extinction of the laser
light, since this implies that the light has to interact at least twice with the droplets
before reaching the detector. This way, it can be written as:

Ib(r) = A3

(
1− e−β(r)d

)2
, (4.14)

where A3 is a real, positive constant. By combining the original equation for the
background signal assuming a linear dependence on the extinction of the laser beam
(4.10) and equation (4.14) for multiple scattering, we get a description of the total
background signal:

Ib(r) = A2

(
1− e−β(r)d

)
+A3

(
1− e−β(r)d

)2
, (4.15)

where A2 and A3 are fitting parameters.
We now compare equation (4.10) with (4.15) for one particular experiment and

discuss the differences. The physical fitting parameters were kept the same (e.g.
droplet growth, depletion, angle, etc.). Only the model for the background scattering
was altered. The top graph in Figure 4.11 shows the θ = 90◦ scattering signal for an
experiment with a high water content. When using equation (4.10) the theory can
only be fitted up to t = 12 ms, after which theory and experimental data diverge.
The same experiment has also been fitted making use of equation (4.15), as shown in
the middle of Figure 4.11. As can be seen, this fit works extremely well, confirmed
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by a plot of the difference between the experimental signal and the theory in the
bottom part of Figure 4.11.

The link between the time t where the background starts to behave differently
and multiple scattering, is given by Van de Hulst.19 He showed that when the optical
depth βd reaches the range between 0.1 < βd < 0.3, a correction for multiple scat-
tering is necessary. Therefore, the time-dependent optical depth has been separately
calculated for all experiments. It was found that for experiments with low water
content, the optical depth was always lower than 0.1, while for high water contents
indeed the optical depth went through the range indicated by Van de Hulst.19 An
example of such a case is plotted in figure 4.11. It is the experiment discussed above,
where the two different approaches to the background scattering were used. The
time at which the optical depth reaches βd = 0.15 indicates the point in time from
which the quadratic fit significantly contributes to the background. This is when
multiple scattering cannot be neglected anymore.

The same analysis was done for all experiments performed during the current
research. It was found that whenever the optical depth reaches βd = 0.15, indeed
a correction for multiple scattering was needed, consistent with the values indicated
by Van de Hulst.19
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Figure 4.11: Top graph: Experiment with high water content, fitted using the method
where the background scattering is linearly related to the extinction of the laser beam
(equation 4.10). This fit only works until t = 12 ms, after which the theory and experimental
data diverge. Middle graph: Experiment with high water content, fitted using the method
where the background intensity depends both linearly and quadratically on the extinction of
the laser beam (equation 4.15). This fit works extremely well. Bottom graph: The (absolute)
ratio between the experimental signal and the fitted theory is plotted as function of time.
Note that this difference is very small, underlining the quality of the fit.
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4.3.4 Droplet growth rate and supersaturation

From the optical measurements, we can also deduce a value for the supersaturation
during the nucleation pulse. This can be achieved by using the droplet growth rate
to calculate the molar water vapor fraction. We rewrite equation 2.65 to obtain an
expression for the molar water vapor fraction y during droplet growth:

y = yeq +
ρliqd

2ρgasv

1

Dv

(
dr2
d

dt

)
t=t0

(4.16)

where yeq is the molar vapor fraction at phase equilibrium, ρliqd the molar liquid den-
sity, ρgasv the molar vapor density, and Dv the diffusion coefficient12 (equation 2.66).
These values are all calculated for conditions during droplet growth, i.e., after the
nucleation pulse has ended. The value for the droplet growth rate, dr2

d/dt, is de-
termined at the time t = t0 at which the droplet growth begins, right after the
nucleation pulse.

The molar vapor fraction y during growth conditions is assumed to be the same
during nucleation. Hence, the supersaturating during the nucleation pulse can be
determined by comparing y with the equilibrium vapor fraction during the pulse:

S =
y

yeqpulse
. (4.17)

For experiments with normal water content (360-460 ppm in case of our exper-
iments), the square of the droplet radius r2

d grows steadily in time with a constant
growth rate, as shown in Figure 4.12. In case of depletion of water vapor, the droplet
growth rate decreases with time, as in Figure 4.13. Especially for experiments with
relatively high water content, e.g. 450 ppm, the droplets grow at such a high rate,
that only one or two Mie scattering peaks are observed. This makes fitting the
scattering theory somewhat less accurate and, consequently, the determination of
the initial droplet growth rate has an accuracy of 5% when depletion is important
instead of 1% when depletion is negligible.
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Figure 4.12: Experiment with normal water content (375 ppm). Top graph: Fitted scat-
tering signal. The fit works extremely well. Middle graph: droplet size as function of time.
Bottom graph: droplet growth rate as function of time.
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Figure 4.13: Experiment with high water content (450 ppm). Top graph: Fitted scattering
signal. The fit works extremely well: the experimental fit falls directly on top of the signal.
Middle graph: droplet size as function of time. Bottom graph: droplet growth rate as
function of time. 45
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CHAPTER5
Nucleation rate results
The optical measurements yield the droplet number density n. From this we can
calculate an experimental value for the nucleation rate:

J = n/∆t (5.1)

with ∆t the duration of the nucleation pulse (see Section 3.2). In Figure 5.1 the
nucleation rate is plotted as function of the supersaturation S at p = 10 bars and
T = 240 K, where S is calculated from the molar vapor fraction y (equation 3.4)
created in the Mixture Preparation Device (MPD). From this vapor fraction, the
supersaturation during the pulse conditions is found with:

S =
y

yeq
=

y p

hep
eq
v
, (5.2)

where yeq is the molar vapor fraction at phase equilibrium, he the enhancement factor
(equation B.3), p the pulse pressure, and peqv the vapor pressure at phase equilibrium
(equation B.1). The enhancement factor at experimental pressures of p = 10 bars is
slightly larger than unity: he ≈ 1.05, and takes into account the non-ideality of the
water vapor.

The current setup can measure the nucleation rate in the range of 1013 to 1018

m−3s−1, outside this range the optical signal is either too weak to be able to perform
an accurate fit of the theory, or no Mie peaks are detected because the droplets have
grown too fast. All experiments shown in Figure 5.1 have been performed within
this range.

A linear regression model has been fitted through the data set:

ln J = C1 lnS + C2 ≡ Λ(lnS) (5.3)

Following Wonnacott and Wonnacott,20 in a linear regression the residual variance
in the results of N measurements of ln J is estimated by:

Var(ln J) ≈ 1

N − 2

N∑
i=1

(ln Ji − Λi)
2 (5.4)

The factor N − 2 is explained by the fact that if we have a linear fit of two points,
there is no residual standard deviation. The residual standard deviation is given by:

σres =
√

Var(ln J) (5.5)

The variation in the estimated slope of the regression is given by:
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Figure 5.1: Nucleation rate as a function of supersaturation for nucleation of water in air.
A linear regression model (ln J = C1 lnS + C2) has been fitted through the data set. The
ratio of standard deviations is σres/σ0 = 0.084

Var(∂ ln J/∂ lnS) =
σ2
res∑N

i=1(lnSi − 1
N

∑N
j=1 lnSj)2

,

so that, assuming a confidence interval of one standard deviation, the relative un-
certainty in the slope for a linear regression is given by:

√
Var(∂ ln J/∂ lnS)

C2
1

=

√
σ2
res

C2
1

∑N
i=1(lnSi − 1

N

∑N
j=1 lnSj)2

≈
√

σ2
res∑N

i=1(ln Ji − 1
N

∑N
j=1 ln Jj)2

=
σres
σ0

,

where we defined σ0 as the spread in ln J . In this case, σres/σ0 = 0.084. In Table C.1
in the Appendix, the fit data of the linear regression model is given. Experiments 45
and 111 both have a large residual standard deviation of 2.7σ. Therefore, we omit
these experiments when plotting the nucleation rate. This is done in Figure 5.2.
Without measurements 45 and 111 the quality of the fit is better, indicated by a
smaller spread ratio of σres/σ0 = 0.054.
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Figure 5.2: Nucleation rate as a function of supersaturation for nucleation of water in air,
with experiment 45 and 111 omitted. A linear regression model (ln J = C1 lnS + C2) has
been fitted through the data set. The ratio of standard deviations is σres/σ0 = 0.054

5.1 Temperature correction

As the supersaturation strongly depends on temperature (equation 2.7), it is im-
portant that all experiments are performed at a specific temperature T during the
nucleation pulse. The scatter of data points might partially be caused by deviations
of the actual nucleation temperature from this specific temperature. When this devi-
ation is small, we can make a correction of the supersaturation Scorr for the deviation
between the temperature during each experiment T and the average temperature of
the series of experiments T , with the following linear approximation:

Scorr = S +

(
∂S

∂T

)
J

(T − T ) (5.6)

For this we need an expression for S(T, J) and calculate the derivative. This is done
in Appendix A, by using Classical Nucleation Theory (CNT). The result is plotted in
Figure 5.3, again with a linear regression model (ln J = C1 lnS +C2) fitted through
the data points.

The spread ratio σres/σ0 = 0.082 is still large compared to the case of a supersat-
uration not corrected for temperature deviations (all experiments included). If we
omit experiment experiment 45, 46 and 111, which have a large standard deviation
(see Table C.2), Figure 5.4 shows that a much better fit can be obtained. When
composing this graph, a new average temperature T was determined for this set of
experiments. The ratio σres/σ0 = 0.041, is an improvement over the method without
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Figure 5.3: Nucleation rate as a function of supersaturation for nucleation of water in
air. The supersaturation as been temperature-corrected for deviations from the average
temperature over all experiments. A linear regression model has been fitted through the
data set. The ratio of standard deviations is σres/σ0 = 0.082

temperature correction.
It should be noted that experiment 45 and 46 are the first of the measurement

series, after a period of over a month that the setup was not used. This is also the
case for experiment 111, that was performed after a pause of about the same length.
Also, before experiment 111, the Pulse Expansion Wave Tube (PEWT) has been
thoroughly cleaned. All of this might have influenced the first experiments of the
second series, and are a good reason to omit them from the graphs in case of a large
deviation from the regression curve.
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Figure 5.4: Nucleation rate as a function of supersaturation for nucleation of water in
air. The supersaturation as been temperature-corrected for deviations from the average
temperature, with experiments 45, 46 and 111 omitted. A linear regression model (ln J =
C1 lnS + C2) has been fitted through the data set. The ratio of standard deviations is
σres/σ0 = 0.041

5.2 Comparison with classical nucleation theory

It is interesting to compare the experimentally determined nucleation rate to the
nucleation rate predicted by Classical Nucleation Theory (CNT). A convenient way
is to plot the experimental value Jexp divided by the CNT value JCNT. This is done
in Figure 5.5. Here, we used the expression for the theoretical nucleation rate as
derived in section 2.3.3:

JCNT =

(
hep

eq
v

ZgkT

)2(
2σM

πNA

)1/2 S

ρliq
exp

[
−16π

3

(
M

NAρliq lnS

)2 ( σ

kT

)3
]
. (5.7)

where he is the enhancement factor (equation B.3), Zg the compressibility factor of
the carrier gas, peqv the vapor pressure at phase equilibrium (equation B.1), σ the
surface tension (equation 2.16), M the molar mass, NA Avogadro’s number, ρliq the
bulk liquid mass density. These are all macroscopic quantities.

Also plotted in this graph are the measurements of Luijten3 for nucleation of
water in nitrogen. He performed experiments with the same wave tube, but without
the Mixture Preparation Device (MPD) and worked in a regime of lower supersatu-
ration. There exists a large difference between the measured nucleation rate and the
predicted value from CNT. A trend is observed as this deviation seems to decrease
with increasing supersaturation.
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Figure 5.5: Ratio of the experimental and theoretical nucleation rates as a function of
temperature-corrected supersaturation, for different carrier gasses: air and nitrogen. Exper-
iment 45, 46 and 111 have been omitted.

Large deviations from theory, like this report describes, are well known.5 It shows
that performing experiments is of great importance in the field of nucleation research.
A number of reasons contribute to the discrepancy between theory and experiment.
Taking a closer look at the energy of cluster formation, equation 2.6, we see that
for n = 1, a single molecule, the formation energy is not equal to zero. Also, at
these low temperatures, quantities like surface tension are impossible to measure for
supercooled water, hence we use extrapolated values (equation 2.16). This is critical,
since the nucleation rate depends exponentially on surface tension and temperature.
For the small clusters we observe in our experiments it is difficult to define a surface
at all. Also the accuracy of the value for the supersaturation is critical. At high
pressures, the latent heat formed during nucleation may not be negligible any more
and causes the supersaturation to change.

The theoretical nucleation rate can be shifted to match the experiments. The
following correction has been used:

JCNT,shifted(T, S) = 10ε × JCNT(T, S + ε) (5.8)

with ε = 2.1 the correction factor. In the top graph of Figure 5.6, the experimental
nucleation rate, not corrected for temperature, has been plotted (including regression
curve). The rate predicted by CNT (equation 5.7) has also been shown in this graph.
As expected, a deviation from classical theory is observed. When CNT is shifted to
math the results, it can be seen that the slopes doe not agree very well.

However, when we plot the temperature-corrected data together with CNT, the
picture is different. The bottom graph of Figure 5.6 shows that the temperature
correction improves the agreement between the slope of theory and that of the exper-
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iments. Previous reports3,5 also showed a decrease in scatter and a better agreement
with CNT.
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Figure 5.6: Comparison of experimental nucleation rates (including regression fit) with
CNT. CNT has also been shifted such that it falls on top of the measurement data.
Top graph: supersaturation without temperature-correction. Bottom graph: temperature-
corrected supersaturation. We see that the temperature correction improves the agreement
between the slope of theory and that of the experiments.
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5.3 Critical cluster size

From the nucleation rate, we can also calculate the critical cluster size and see
how this compares with CNT. Following the nucleation theorem (Section 2.3.3) of
Kashchiev,11 the slope is given by:(

∂ ln J

∂ lnS

)
T,p

= n∗ + 1, (5.9)

with n∗ the critical cluster size. This assumes that the cluster only contains water
molecules and no dissolved carrier gas. The critical cluster size for the theoretical
value is obtained by substituting equation 5.7 into equation 5.9. This gives:

n∗CNT =
32πM2σ3

3(NAρliq)2(kT lnS)3
(5.10)

with M the molar mass, NA Avogadro’s number, ρliq the bulk liquid mass density
and σ the surface tension. This equation is a function of the supersaturation S (and
also depends strongly on the surface tension). As was already noted at Figure 2.2,
n∗ decreases with increasing supersaturation: the energy barrier of forming a new
phase interface lowers (smaller n∗) when the system moves further out of equilibrium
(increasing S).
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Figure 5.7: The experimental critical cluster size n∗ for nucleation of water in air for our
experiments, compared with the value n∗L found by Luijten3 for the nucleation of water in
nitrogen and the theoretical value n∗CNT as predicted by CNT (equation 5.10) as a function
of the supersaturation.

Equation 5.10 is plotted in Figure 5.7, together with the critical cluster size
n∗ obtained in our experiments. The latter value is found from the slope of the
regression curve, from the data that is corrected for temperature. Since we used
linear regression to find a relation between ln J and lnS, the cluster size is constant.
This yields n∗ = 21 ± 1 molecules for our experiments. The uncertainty is derived
from the the spread in the slope of (d ln J/d lnS), i.e., the critical cluster size n∗:
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∆n∗

n∗
≈ σres

σ0
(5.11)

with ∆n∗ the error in n∗. Also shown in Figure 5.7, is the critical cluster size n∗L
from the measurements of Luijten3 for condensation of water in nitrogen, in which
he found a critical cluster size of n∗L = 23± 3. When applying the same statistics on
his results for nitrogen, a value of n∗L = 22±3 molecules is found. The uncertainty is
larger than for our experiments, partially because we performed more measurements,
over a larger range of supersaturations.

To display the experimental critical cluster sizes for in Figure 5.7, the average
values for the supersaturation were used, since these values are typical for both
measurement series. Comparing the experiments with CNT we find for air, at a
supersaturation of S = 12.5, that the theory predicts a value of n∗CNT = 30 molecules.
For the results with nitrogen, at a supersaturation of S = 10.5, the theory predicts
n∗CNT = 38 molecules. It is remarkable that, despite CNT is a theory far from
complete and orders of magnitude off when predicting the nucleation rate, it can
predict a value of the critical cluster size so close to the experimentally determined
value.

5.4 Determining supersaturation from the droplet growth
rate

It is important to determine value for the supersaturation as accurately as possible.
Therefore, another method to determine the supersaturation is considered. As dis-
cussed in Section 4.3.4, this can be done from the measured droplet growth rate.
This method depends on experimental information obtained within the test section
(HPS), rather than the information from the Mixture Preparation Device (MPD, see
Section 3.3). Hence, it is not sensitive to possible deposition of vapor in the mixing
and supply system.

A plot of J(S) determined by this new procedure is shown in Figure 5.8, fitted
with a linear regression model. As can be seen from this figure, the plotted data
indeed leads to a correlation between J and S, albeit with a higher spread ratio of
σres/σ0 = 0.063. This shows that the method works. It is an interesting indirect way
of calculating S, that gives physical interpretation of our experimental methods.

It should be noted that experiment 111 and 113 have been omitted because of
the rather large standard deviation of 1.9σ and 3.2σ, respectively (see Table C.3).
However, experiment 45 and 46 show a significantly smaller deviation from the re-
gression curve than before and are therefore included. Thus, experiments previously
not usable still hold some valuable information.

Let us now compare the two methods for finding the supersaturation. Figure 5.9
shows how both relate to CNT, which is again shifted to match each series. Both
series seem to overlap quite nicely with the shifted theory. More importantly, we
observe a strong agreement between the slopes of both methods for obtaining the
supersaturation. The slope of the curve obtained from the droplet-growth method
yields a critical cluster size of n∗ = 21± 1.

The series with the supersaturation found from droplet growth show a consistent
shift to lower supersaturation. Part of this difference might be explained by looking
at the diffusion coefficient, Dv. It has been used to determine the droplet growth
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Figure 5.8: Nucleation rate as a function of supersaturation for nucleation of water in air.
The supersaturation has been determined from the droplet growth rate. A linear regression
model (ln J = C1 lnS + C2) has been fitted, which yields a ratio of standard deviations of
σres/σ0 = 0.063.

rate, and thus also for determining the supersaturation in new method. Dv has to be
extrapolated across a temperature range of T = 23 K (see Figure 2.5). If this value
is not correct at this temperature, this will show up as a shift in the supersaturation,
provided that that the calculation of the supersaturation from the MPD leads to
correct value for that series.
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Figure 5.9: Comparison of experimental nucleation rates (including regression fit) and
Classical Nucleation Theory (CNT). CNT has also been shifted such that it falls on top of
the measurement data. The white circles represent the data with a temperature-corrected
supersaturation, calculated from the Mixture Preparation Device (Jexp,MPD); the black cir-
cles represent the data with the supersaturation determined from droplet growth. We see
that there is a strong agreement between the slopes of both experimental methods.

Using equation 4.16 and 4.17 we can get an expression for the diffusion coefficient
Dv in terms of experimental parameters:

Dv =
1

2(Spulse − yeq/yeqpulse)
ρliqd

ρgasv yeqpulse

(
dr2

dt

)
t=t0

(5.12)

where yeq is the molar vapor fraction at phase equilibrium, ρliqd the molar liquid
density, ρgasv the molar vapor density and (dr2/dt)t=t0 , is the initial droplet growth
rate. All parameters are determined at conditions during droplet growth, except for
the parameters with subscripts ’pulse’, which are determined for conditions during
the nucleation pulse.

From Figure 5.9 we estimate that the supersaturation determined by droplet
growth differs a factor 1.08 from the supersaturation calculated from the conditions
in the MPD. This implies that at conditions of p = 10.65 bars and T = 245 K, the
diffusion coefficient would be 1.55 mm2 s−1 instead of 1.70 mm2 s−1.
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CHAPTER6
Conclusion

Experimental methods

Prior to these experiments, the Pulse Expansion Wave Tube (PEWT) has been
moved from the department of Applied Physics (group MTP) to the department of
Mechanical Engineering (group ET). All components have been recalibrated (Mass
Flow Controllers, pressure gauges, thermometers). Experiments show that our setup
is fully functional.

Section 3.1 explains how the PEWT has been used to study homogeneous nu-
cleation of water vapor in air. During a short period of time, a strong adiabatic
expansion brings the gas-vapor mixture in a supersaturated state, far from equi-
librium. Nucleation of supercooled water occurs. After a small recompression, the
supersaturation is slightly decreased, ending the nucleation process, but allowing the
droplets to grow in time. Because the nucleation pulse is very short, the droplet
cloud is almost monodisperse. This allows accurate optical determination of the
droplet radius by Mie scattering at 90◦. Using this measured droplet radius, the
number density of droplets is calculated from the absorption of the light beam pass-
ing through the test section. Together with the pulse duration, the experimental
nucleation rate is found.

By taking multiple scattering of laser light into account, a much more accurate
fit of Mie theory is possible, as described in Section 4.3.3. This decreases the error
in the droplet growth rate and the droplet number density. Also, this allows us to
measure at higher supersaturations.

The supersaturation is determined from the ratio of the Mass Flow Controllers
(MFC’s) inside the Mixture Preparation Device (MPD, Section 3.3). By carefully
calibrating them and setting the flow rates to a specific ratio, a gas-vapor mixture
with a corresponding water fraction is prepared. Potential vapor deposition or evap-
oration from walls in the test section and the pipe system are avoided by flushing
the system with about 20 times its volume.

An alternative way for determining the supersaturation is presented in Sec-
tion 4.3.4, by calculating it from the droplet growth rate. This is an in situ method
within the test section. For this, an extrapolated value of the diffusion coefficient
Dv is used.
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Results

The nucleation rate J has been studied as a function of the supersaturation S at an
average experimental temperature of 240 K and a pressure of 10 bar.

A correction for deviations from the average temperature has been applied, which
shows a decrease of the slope ∂ ln J/∂ lnS of the measurement serie. This is explained
in more detail in Section 5.1. The corrected slope agrees much better with isothermal
the slope of Classical Nucleation Theory (CNT), as showed in figure 5.6.

The experimental nucleation rate has been compared with CNT in section 5.2.
There exists a large difference between the measured nucleation rate and the pre-
dicted value from theory. A trend is observed as this deviation seems to decrease
with increasing supersaturation. Large deviations from theory, like this report de-
scribes, are well known.5 CNT is certainly not an accurate prediction tool. While
more accurate theories have been proposed in literature,5 performing experiments
remains of great importance in the field of nucleation research.

The nucleation theorem developed by Kashchiev11 shows that the slope of the nu-
cleation isothermals is related to the critical cluster size n∗−1. For our experiments,
this yields a critical cluster size of 21±1 molecules, which is in good agreement with
the result for nitrogen n∗ = 23±3 and CNT and n∗ ≈ 30 for CNT (Figure 5.7). The
small difference in n∗ between air and nitrogen could be explained by the dependence
on the supersaturation, as n∗ increases for decreasing S. The fact that the theory
predicts the experimental result reasonably well is remarkable.

Both methods for determining the supersaturation (from the MPD and from the
droplet growth rate) yield the same critical cluster size (Figure 5.9). The shift of
the nucleation rate when using the supersaturation determined from droplet growth
towards lower supersaturations, can be attributed to an error in the estimation of the
diffusion coefficient Dv. This shift of 8% in S is actually of about the same size as
the uncertainty in Dv of 7% at room temperature, which is reported by literature.12

This value was extrapolated from standard conditions (room temperature and 1 bar),
to the experimental conditions (Figure 2.5).

If it is assumed that the supersaturation determined from the Mixture Prepa-
ration Device (MPD) is correct, we alternatively find a new value for the diffusion
coefficient of Dv = 1.55 mm2 s−1, at 245 K and 10.65 bar. Finding information
about the diffusion coefficient of supercooled water at these extreme conditions is
beyond the capability of conventional techniques.

General conclusion and recommendations

The setup has been rebuild at its new location and is capable for performing accurate
nucleation rate measurements. Improvements to the optical signal analysis allows
measurements within a wider range of supersaturations. No significant difference is
found between nitrogen and air as carrier gas.

The difference between the two methods for estimating the supersaturation (from
the MPD and droplet growth) should be further investigated. The absolute water
vapor content can be measured accurately my means of Karl Fisher titration.5 This
can be implemented in the setup without major modifications. From this the actual
supersaturation can be calculated to check the Mass Flow Controllers (MFC’s) and
determine the value for the diffusion coefficient Dv.

Karl Fisher titration can only be used to measure water content, so this has
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to be done before performing measurements on the nucleation of CO2 in future
experiments. For CO2 experiments one will have to rely on the Mixture Preparation
Device (MPD). Also, because the Pulse Expansion Wave Tube (PEWT) can only
measure within a certain a range of nucleation rates, a Wilson expansion chamber
can be used to study the onset of nucleation of CO2. Expansion experiments in a
Wilson chamber do not generate a monodisperse droplet cloud, but are much easier
to carry out than PEWT experiments. They can be used to determine experimental
conditions at which detectable homogeneous nucleation can be expected in PEWT
experiments.
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APPENDIXA
Temperature correction of
supersaturation
From classical nucleation theory (CNT) we have:

JCNT ∼= J0 exp (−AΨ), (A.1)

with:

A =
16πM2

3N2
Ak

3
= constant;

Ψ =
σ3

T 3(lnS)2ρ2
liq

= Ψ(T )

The deviation from the average temperature of the measurements δT yields, in first
order approximation, a correction of the supersaturation Scorr:

Scorr = S +

(
∂S

∂T

)
J

δT (A.2)

For small temperature deviations this becomes:

Scorr = S +

(
∂S

∂T

)
J

(T − T ), (A.3)

with T the average temperature over all experiments. We now use the property:(
∂S

∂T

)
Ψ

(
∂T

∂Ψ

)
S

(
∂Ψ

∂S

)
T

= −1, (A.4)

with:

(
∂Ψ

∂T

)
S

=
3σ3

T 3(lnS)2ρ2

(
∂σ

∂T

1

σ
− 1

T
− 2

3ρ

∂ρ

∂T

)
(A.5)(

∂Ψ

∂S

)
T

=
−2σ3

S(lnS)3 T 3ρ2
(A.6)

to obtain: (
∂S

∂T

)
J

=

(
∂S

∂T

)
Ψ

=
S lnS

2

(
3

σ

∂σ

∂T
− 2

ρ

∂ρ

∂T
− 3

T

)
. (A.7)
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Where it is assumed that J0 is only a weak function of temperature compared to the
exponent. We thus have:

Scorr = S +
S lnS

2

(
3

σ

dσ
dT
− 2

ρ

dρ
dT
− 3

T

)
(T − T ) (A.8)

as the supersaturation, corrected for a deviation from the average temperature of the
measurement series. σ(T ) and ρ(T ) are assumed to be functions only of temperature.
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APPENDIXB
Properties of supercooled water

B.1 Vapor pressure

The vapor pressure of supercooled water is known to within 0.2% down to 235K.
However, below this temperature the uncertainty rapidly increases to about 5% at
200K. The vapor pressure is measured indirectly, by deriving it from heat capac-
ity data, using the Clausius-Clapeyron equation.21 We use one of the most recent
empirical correlations for the vapor pressure at phase equilibrium, peqv , as found by
Murphy and Koop:21

ln (peqv /Pa) = 54.843− 6763.2/T − 4.210 ln(T ) + 0.000367T

+ tanh[0.0415(T − 218.8)](53.878− 1331.2/T (B.1)
− 9.4452 ln(T ) + 0.014025T ),

valid between 123 K and 332 K. During our experiments, T = 240 K during nucle-
ation and T = 245 during droplet growth.

B.2 Water vapor fraction

The water vapor fraction at phase equilibrium, yeqv , can be expressed as function of
measurable parameters:

yeqv =
hep

eq
v

p
, (B.2)

where the vapor pressure at phase equilibrium, peqv , is determined from equation B.1,
and the enhancement factor he is found with:3

ln (he) = b(T )× [p− peqv (T )]. (B.3)

The function b(T ) is described by a third order polynomial:

b(T ) = c0 + c1T + c2T
2 + c3T

3, (B.4)

with c0 = 4.186× 10−2, c1 = 2.87× 10−4, c2 = 6.91× 10−7 and c3 = −5.63× 10−10.
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APPENDIXC
Regression analysis

Exp. lnS ln J ln(J)− F residue (/σres)
45 2.28 35.20 33.17 2.70
46 2.42 35.89 35.27 0.83
48 2.44 35.24 35.69 0.60
50 2.43 34.82 35.54 0.97
52 2.45 35.94 35.87 0.08
53 2.52 37.15 36.87 0.37
54 2.41 34.56 35.14 0.77
55 2.44 35.45 35.67 0.30
56 2.42 35.05 35.38 0.43
57 2.49 36.50 36.49 0.02
58 2.50 36.73 36.64 0.13
60 2.64 39.43 38.84 0.78
61 2.47 36.22 36.08 0.19
62 2.44 36.16 35.66 0.67
63 2.65 39.23 38.98 0.33
64 2.52 37.43 36.84 0.79
67 2.62 38.88 38.54 0.44
68 2.72 40.26 39.97 0.38
69 2.67 39.04 39.19 0.21
71 2.52 36.36 36.96 0.80
72 2.53 37.27 37.03 0.32
111 2.47 34.13 36.16 2.70
113 2.62 38.63 38.49 0.18
116 2.62 38.88 38.53 0.46
117 2.48 34.88 36.23 1.79
118 2.36 34.37 34.45 0.11

Table C.1: Residues of the linear regression model of the uncorrected data points, i.e., raw
data. σres is the standard deviation of the residues.
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Exp. lnS ln J ln(J)− F residue (/σres)
45 2.30 35.20 33.11 2.84
46 2.40 35.89 34.74 1.55
48 2.42 35.24 35.10 0.20
50 2.41 34.82 34.97 0.21
52 2.47 35.94 36.14 0.28
53 2.52 37.15 36.90 0.34
54 2.42 34.56 35.24 0.92
55 2.45 35.45 35.64 0.26
56 2.43 35.05 35.41 0.49
57 2.49 36.50 36.43 0.09
58 2.50 36.73 36.54 0.27
60 2.62 39.43 38.70 0.99
61 2.49 36.22 36.41 0.25
62 2.50 36.16 36.54 0.51
63 2.64 39.23 39.08 0.20
64 2.54 37.43 37.26 0.22
67 2.61 38.88 38.62 0.35
68 2.67 40.26 39.67 0.81
69 2.62 39.04 38.79 0.33
71 2.52 36.36 36.97 0.83
72 2.55 37.27 37.53 0.35
111 2.46 34.13 35.87 2.36
113 2.63 38.63 38.93 0.41
116 2.59 38.88 38.27 0.82
117 2.46 34.88 35.90 1.38
118 2.41 34.37 34.94 0.77

Table C.2: Residues of the linear regression model of the temperature-corrected data
points. σres is the standard deviation of the residues.

68



Exp. lnS ln J ln(J)− F residue (/σres)
45 2.37 35.20 35.30 0.14
46 2.44 35.89 36.81 1.19
48 2.36 35.24 35.22 0.03
50 2.39 34.82 35.75 1.21
52 2.40 35.94 36.10 0.21
53 2.45 37.15 37.16 0.01
54 2.34 34.56 34.74 0.23
55 2.39 35.45 35.81 0.47
56 2.38 35.05 35.52 0.60
57 2.44 36.50 36.83 0.42
58 2.44 36.73 36.85 0.15
60 2.55 39.43 39.26 0.21
61 2.41 36.22 36.33 0.14
62 2.39 36.16 35.77 0.50
63 2.53 39.23 38.71 0.67
64 2.45 37.43 37.01 0.54
67 2.53 38.88 38.70 0.23
68 2.62 40.26 40.60 0.44
69 2.56 39.04 39.38 0.44
71 2.45 36.36 36.99 0.82
72 2.42 37.27 36.51 0.98
111 2.38 34.13 35.58 1.88
113 2.41 38.63 36.16 3.20
116 2.49 38.88 37.94 1.21
117 2.36 34.88 35.26 0.49
118 2.28 34.37 33.40 1.26

Table C.3: Residues of the linear regression model of the data points obtained by the
droplet growth rate. σres is the standard deviation of the residues.
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APPENDIXD
Experimenal data

Exp. p0 (bar) T0 (K) p (bar) T (K) y (ppm) ∆t (ms) n (m−3) J (m−3 s−1)
45 20.363 296.09 9.7053 238.90 359 0.56 1.08× 1012 1.93× 1015

46 20.363 295.55 9.5535 237.37 358 0.54 2.09× 1012 3.86× 1015

48 20.363 294.91 9.5947 237.14 358 0.55 1.10× 1012 2.02× 1015

50 20.363 294.90 9.6051 237.22 357 0.56 7.35× 1011 1.32× 1015

52 20.363 295.51 9.7548 238.80 420 0.59 2.36× 1012 4.04× 1015

53 20.363 295.33 9.6720 238.06 419 0.55 7.43× 1012 1.36× 1016

54 20.363 295.26 9.7657 238.65 394 0.56 5.71× 1011 1.02× 1015

55 20.363 295.49 9.6773 238.23 395 0.55 1.35× 1012 2.48× 1015

56 20.363 295.57 9.6996 238.44 395 0.56 9.35× 1011 1.67× 1015

57 20.363 295.70 9.6195 237.99 409 0.55 3.93× 1012 7.14× 1015

58 20.363 295.91 9.5841 237.88 409 0.57 5.12× 1012 8.99× 1015

60 20.363 295.29 9.5747 237.29 445 0.53 7.07× 1013 1.33× 1017

61 20.363 296.09 9.6978 238.86 430 0.53 2.82× 1012 5.38× 1015

62 20.363 295.84 9.9132 240.15 465 0.52 2.60× 1012 5.05× 1015

63 20.363 294.99 9.6682 237.69 463 0.53 5.72× 1013 1.09× 1017

64 20.363 294.94 9.8252 238.84 445 0.33 5.96× 1012 1.80× 1016

67 20.363 295.24 9.6432 237.76 455 0.39 2.99× 1013 7.67× 1016

68 20.363 294.28 9.6124 236.80 454 0.55 1.68× 1014 3.06× 1017

69 20.363 294.92 9.5433 236.80 435 0.55 4.93× 1013 8.97× 1016

71 20.363 295.24 9.6770 238.01 419 0.54 3.34× 1012 6.18× 1015

72 20.363 295.20 9.8114 238.93 455 0.56 8.64× 1012 1.54× 1016

111 20.402 295.60 9.6768 238.30 410 0.55 3.65× 1011 6.63× 1014

113 20.402 295.83 9.7625 239.10 511 0.57 3.38× 1013 5.98× 1016

116 20.395 294.29 9.7387 237.82 453 0.52 3.98× 1013 7.66× 1016

117 20.395 294.21 9.8019 238.19 403 0.56 7.90× 1011 1.41× 1015

118 20.395 294.40 10.0905 240.37 432 0.51 4.27× 1011 8.46× 1014

Table D.1: The experimental data of the nucleation experiments for water in air.

71



Exp. peqv (Pa) he (-) yeqv (ppm) yv (ppm) SMPD (-) Scorr (-) Sgrowth (-)
45 2054 1.0793 866 359 9.79 - 10.65
46 2051 1.0793 865 358 11.19 - 11.44
48 2052 1.0793 865 358 11.50 11.19 10.61
50 2051 1.0793 864 357 11.39 11.11 10.88
52 2052 1.0793 865 420 11.64 11.87 11.06
53 2052 1.0793 865 419 12.40 12.39 11.63
54 2052 1.0793 865 394 11.10 11.28 10.37
55 2052 1.0793 865 395 11.49 11.54 10.91
56 2052 1.0793 865 395 11.27 11.39 10.76
57 2052 1.0793 865 409 12.11 12.07 11.45
58 2052 1.0793 865 409 12.22 12.14 11.46
60 2053 1.0793 865 445 14.07 13.72 12.85
61 2053 1.0793 865 430 11.79 12.05 11.18
62 2053 1.0793 865 465 11.48 12.14 10.89
63 2048 1.0793 863 463 14.20 14.02 12.52
64 2052 1.0793 865 445 12.38 12.65 11.55
67 2051 1.0793 865 455 13.80 13.66 12.51
68 2051 1.0793 864 454 15.12 14.49 13.69
69 2052 1.0793 865 435 14.38 13.79 12.92
71 2051 1.0793 865 419 12.47 12.44 11.54
72 2053 1.0793 865 455 12.53 12.84 11.28
111 2053 1.0797 861 410 11.85 - -
113 2054 1.0797 862 511 13.76 13.90 -
116 2052 1.0797 861 453 13.79 13.39 12.07
117 2052 1.0797 861 403 11.90 11.71 10.63
118 2050 1.0797 860 432 10.63 11.09 9.73

Table D.2: The data concerning the preparation of the water-air mixtures. Note that the
supersaturations belong to the thermodynamic state during the nucleation pulse.
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Chem., vol. 125, p. 236, 1927.

[9] D. Tabor, Gases, liquids and solids. Cambridge University Press, 1979.

[10] Y. B. Zeldovich, “On the theory of new phase formation: Cavitation,” Zh. Eksp.
Teor. Fiz., vol. 12, p. 525, 1942.

[11] D. Kashchiev, “On the relation between nucleation work, nucleus size, and nu-
cleation rate,” J. chem. Phys., vol. 76, p. 5098, 1982.

[12] W. Massman, “A review of the molecular diffusivities of h2o, co2, ch4, co, o2,
so2, nh3, n2o, no, and no2 in air, o2 and n2 near stp,” Atmospheric Environment,
vol. 32-6, pp. 1111–1127, 1998.

[13] E. Lemmon, R. Jacobsen, S. Penoncello, and D. Friend, “Thermodynamic prop-
erties of air and mixtures of nitrogen, argon and oxygen from 60 to 2000 k at
pressures of 2000 mpa,” J. Phys. Chem. Ref. Data, vol. 29, pp. 331–385, 2000.

[14] J. Hrubý, “New mixture-preparation device for investigation of nucleation and
droplet growth in natural gas-like systems,” Internal report, R-1489-D, Eind-
hoven Univesity of Technology, 1999.

73

http://www.iapws.org/relguide/surf.pdf
http://www.iapws.org/relguide/surf.pdf
http://naca.central.cranfield.ac.uk/reports/1951/naca-tn-2510.pdf
http://naca.central.cranfield.ac.uk/reports/1951/naca-tn-2510.pdf
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Ann. Phys., vol. 330, p. 377, 1908.

[16] IAPWS, “Release on the refractive index of ordinary water substance as a
function of wavelength, temperature and pressure.” http://www.iapws.org/
relguide/rindex.pdf, 1997.

[17] A. Harvey, J. Gallagher, and J. L. Sengers, “Revised formulation for the reactive
index of water and steam as a function of wavelength, temperature and density.,”
J. Phys. Chem. Ref. Data, vol. 27, p. 761, 1998.

[18] J. Malila and A. Laaksonen, “Properties of supercooled water clusters from
nucleation rate data with the effect of non-ideal vapor phase..” http://www.
15icpws.de/papers/99_Nucl-04_Malila.pdf, 2008.

[19] H. V. de Hulst, Light Scattering By Small Particles. John Wiley & Sons, Inc.,
1957.

[20] T. Wonnacott and R. Wonnacott, Introductory Statistics. John Wiley & Sons,
1972.

[21] D. Murphy and T. Koop, “Review of the vapor pressures of ice and supercooled
water for atmospheric applications,” W. J. R. Meteorol. Soc., vol. 131, p. 1539,
2005.

74

http://www.iapws.org/relguide/rindex.pdf
http://www.iapws.org/relguide/rindex.pdf
http://www.15icpws.de/papers/99_Nucl-04_Malila.pdf
http://www.15icpws.de/papers/99_Nucl-04_Malila.pdf


Nomenclature
Subscripts

1 Pertains to one monomer

d Pertains to the droplet

l Pertains to the parallel component of the electric field

n Number of molecules

r Pertains to the perpendicular component of the electric field

s Pertains to the droplet surface

far Pertains to region far from the droplet

Superscripts

eq Pertains to the equilibrium state S = 1

gas Pertains to the gas phase of a component

liq Pertains to the liquid phase of a component

Symbols

α Dimensionless droplet size

β [m−2] Extinction coefficient

∆n∗ Excess number of molecules in the critical cluster

∆t [ms] pulse duration

ε correction factor for shifting the nucleation rate

Λ linear regression curve

λ [m] Wavelength

µ [J] Chemical potential

ω [rad s−1] Angular frequency

l [nm] Mean free path

φi Fugacity coefficient of component i

ρ1 [m−3] Monomer number density
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ρgasi [mol m−3] Molar gas density of component i

ρliqi [mol m−3] Molar liquid density of component i

ρn [m−3] Cluster number density containing n molecules

ρliq [kg m−3] Bulk liquid mass density

σ [N m−1] Surface tension

σ0 standard deviation

σres standard deviation of residues

Θ Dimensionless surface energy

ζ Sticking probability

A1 Coefficient of the total scattering intensity

A2 Coefficient of the background scattering intensity

A3 Coefficient of the multiple scattering intensity

an [m2] Surface area of a cluster of size n

b Proportionality coefficient of enhancement factor

B1 1st order coefficient of surface tension

B2 0th order coefficient of surface tension

bn [m−2 s−1] collision frequency per unit area of n-sized cluster

c0 0th order coefficient of b

C1 1st order coefficient of linear regression curve

c1 1tst order coefficient of b

C2 0th order coefficient of linear regression curve

c2 2nd order coefficient of b

c3 3rd order coefficient of b

Cext [m−2] Extinction

d [m] Extinction length

D1 2nd order coefficient of the quadratic background intensity

D2 1st order coefficient of the quadratic background intensity

D3 0th order coefficient of the quadratic background intensity

E [V m?1] Amplitude of the electric field

fi [bar] Fugacity of component i
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fn [s−1] Condensation rate of n-sized cluster

G Factor describing the depletion of water vapor during droplet
growth

gn [s−1] Evaporation rate of n-sized cluster

he enhancement factor

I [W m−2] Intensity

ij Dimensionless square of scattering matrix component Sj

IM [W m−2] Mie scattering intensity

Isca [W m−2] Total scattering intensity, including background scattering

J [m−3 s−1] Nucleation rate

JCNT nucleation rate as predicted by Classical Nucleation Theory

k [J K−1] Boltzmann’s constant

k [m−1] Wavenumber

kg [W m−1 K−1] Thermal conductivity

Kn Knudsen number

L [J mol−1] Molar latent heat of condensation

M [kg mol−1] Molar mass

m [kg] Mass of a molecule

n [m−3] Droplet number density

n∗ Critical cluster size

NA [mol−1] Avogadro’s number

p [bar] Pressure

Q [Nl hour−1] Flow rate

Qext Extinction efficiency

R [m] Radial distance from the center of coordinates

rd [m] Radius of a droplet

rm [m] maximum droplet radius

rn [m] Radius of a cluster of size n

S Supersaturation

Si Element i of the dimensionless scattering matrix S
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T [K] Temperature

vn [m3] Average volume of n molecules in the bulk material liquid

W [J] Energy of formation

W ∗ [J] Energy of formation for a critical cluster

yi [mol] Molar fraction of component i

Z Zeldovich factor

Zg Compressibility factor of the gas component
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